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M(z,t)
V(z,t)

P(z,t)

NOMENCLATURE

Lateral displacement of the beam

Horizontal coordinate of a differential beam element

Length of beam
Moment acting on beam
Vertical component of thrust

Horizontal component of thrust

Angle of beam axis with horizontal

Constant axial load

Time

Longitudinal displacement of beam

Mass per unit length of beam (constant)

Cross sectional area of beam
Moment of inertia of beam

Cross sectional area of beam at
Moment of inertia of beam at z=2
Real numbers

Thrust exerted on beam at z=%

Modulus of elasticity (constant)

iii



Function of £

Function of 1

Eigenvalue of differential equation
Directional control parzmeter

Differential operator

iv



INTRODUCTION

The problem of the influence of transverse vibrations on the dyvnamic
stability of rockets has been dealt with recently in a paper by Huang and
Walker [1). This study idealized the rocket as a free-free elastic beam
with a constant end thrust and a constantly varying cross-sectional area.
It is the purpose of the present study to introduce an additional wvariable
and, using the Huang-Walker paper as a basis for comparison, see what the
effects are on the vibration and stability properties. This new wvariable
provides an approximation of the effect that frictional drag will have on
tockets. A constant axial load is assumed to act along the axis of the
beam and in a direction opposite to the motion of the beam. The simplifying
assumptions made here for the form of the drag force allow for the deriva-
tion and solution of the governing differential equations, and at the same
time provide a basis for discussion of the effects of a motion-opposing
force on a rocket.

The governing differential equation of motion is derived using simple
beam theory; and the characteristic equation for the special case of a beam
with a parabolic surface of revolution is obtained by means of Frobenius'’
method. In addition, a variable indicating the angle of applied thrust is

introduced to further generalize the results.



DERIVATION OF THE EQUATICN OF MOTION

Simple beam theory is used to obtain the governing differential
equation. The effects of longitudinal vibrations are neglected and the
motion is assumed to be planar. Fig. 1 shows a differential beam element
with the relevant forces and couples acting., The plane cof motion is the
w,Z-plane, as shown, where w is the distance from the z-axis to the beam
axis and z is the distance along the beam (the beam begins at z=0 and ends
at z=2 where the thrust is considered to be applied). M(z,t) is the moment
acting on the beam at a distance z and a time t. V(z,t) and P(z,t) are the
vertical and horizontal components, respectively, of the thrust at a given
position and time. The angle o indicates the angle that the beam axis makes
with the horizontal axis at any given point. A constant axial load repre-
senting the drag force is denoted by q and is acting in the direction o.
D'Alembert forces are assumed to be acting as shown in Fig. 1, where u is
the longitudinal displacement of a material element, Tt is assumed that u
is independent of z, that is, that the rocket material is so stiff that
vibrations due to bending occur long before longitudinal vibratiocns. There-
fore, u will be considered dependent only upon t.

D'Alembert's principle vields the following equations of motion:

32u(t) _ »
pA(z) =5 T [Blz,8}] = g (1)
32u(z,t) = 3 3w
QA(Z) 3t =5 3z [V(nst)] + g 82_ ) (2)
aw P ow dz. av dz
and P EE'dz + (EE dz)ngli—) -V dz - (82 dz)(2 )]
+ st dz=0 |, (3a)

2z



. Wvadg dJd3d3ddvl
JHL 40 LN3IW3T3 IVILNIH3431g T "9




where a small angle assumption has been made for o« so that cos o = g%—é i,
and sin o = j: 2 a, Neglecting terms of higher order, Eq. (3a) becomes:
3 9y
P(z,t) Egiw(z,t)] - V(z,t) +~§E{h(z,t)] =0 . (3)

The cross sectional area and the moment of inertia of the beam at a

point z are denoted, respectively, as

L0
AD(EJ s

1l

A(z)

z "
I(z) = IG(EJ (4)

where Ag and Iy are the respective cross sectional area and moment of
inertia of the beam at z=%. The constants m and n are real numbers and
depend upon the choice of rocket shape; for a constant cross sectional
area, m=n=0, and a conical cross section has m=n=l.

The following boundary conditions are compatible with the physical

system and are assumed to be:

P(z,t)| =0 and ©P(z,t) =T .

z=0 z=2

where Tc is the thrust exerted on the rocket at z=f. Integrating Eq. (1)

with respect to z yields

DAL Lz n+1
(=) gz 4+ B . (5z)

o+l ‘g

P(z,t) =

Evaluating this equation at the boundary points and substituting the boundary
g q P 8 b

conditions gives



_ puAl 0 e T
and P(R,t) = =1 + qf = T. -

(T _-q%) (at+1)

We can now substitute i = — into Eq. (5a). Thus,

pAL

” n+l
P(z,t) = T ~at) &) +aqz . )

To derive the differential equation of motion, Eq. (3) is differentiated

with respect to z giving

3 dw BV , 32M _
P T A =)
. av i
Using Egq. (2) for 5, * Ed- (5) for P(z,t), and
52w z. " 32y
M—EIE‘Z*'Z—EI(J(Q) EZ—
and substituting into Eq. (6a) gives
b B g d iy @y g
PO 32 T 99z T az T Y 3z~ Y% 3z
32 z\" 3% _
+ 327 {[EIO(E) ] g‘z"z‘} =0 . (6)
The wvariables may be non-dimensionalized by taking £ = %<, %E-= %’gr , and
52 _ 1 32 ; _ 3 32
E-EZ—IZW’ and we let 1 = _ - |Ela -
at o Agl* 3t g2
El; 32 bstituted i E 6), th
= oAgl 37T - If these values are substituted into Egq. (6), the non-

dimensionalized parameters may then be taken as

_ EZTC
ko= El, °
. 2

and Q= iq



The differential equation of motion now becomes

n 3%w | 82 m 3%y =3 ..ntl dw -3 .o+l Bw
£ 32 T 382 [g gz]""fag 2= 351-0‘3 [g 5

+6EE2'=D . (7)



THE EIGENVALUE PROBLEM

The above partial differential equation may be solved by separation

-

of the variables £ and 1. This will result in two ordinary differential
o

equations in the form of an eigenvalue problem. Assume,
w(g,t) = ¢(OF(r) . (8
Substituting w(Z,t) into Eq. (7) gives

2 p—— —
EPFy + F %E—z [e%"] + F(F-Q) gg [y + Qeyr = 0

Separating the wvariables, using A2 as the constant of separation, yields

the following pair of equations:
F"+2F =0 ,

and 42 m d?y = =, d ]

£
2

T - M2y =0 . (9)

The boundary conditions for a free-free tapered beam with end thrust,

T, are such that at z=0 and at z=! the moment and shear are equal to zero.

In terms of our non-dimensionalized parameters:

m d%y d m d?y
il Sl = - T
at E=0 : & ae? 0 and & [£ Sl o
2 3 (10)
dg dz B e

The parameter k indicates the angle of thrust and ranges from zero to unity.

, that is, T acts in an axial direction;

=1

When k=0, there is no shear due to

=¥

=

and when k=1, T acts at a slope of

=8
Wy



The force § has no effect on either moment or shear since it is acting
in an axial direction.

Egs. (9) and (10) are the complete formulation of an eigenvalue problem
in terms of the wvariables £, f, and Q. Setting T equal to the entire

differential operator, that is,

a2 . m d? o nt+l 4 -~ d2
T = a‘g'{qm E??J + (T-Q) Eg‘{g EEJ + Qiiagz ’
=1 2

Uy

Eq. (9) becomes:

(T-"A2)y = 0 . (11)



DERIVATION OF THE CHARACTERISTIC EQUATION

FOR A BEAM OF PARABOLIC PROFILE

The special case of a beam with a parabolic surface of revolution is

now considered. The generating line has an equation of the form

o

A 2y (12).

Z
T &

x(z)

The beam cross sectional area and moment of imertia are represented, respec-

tively as
z z, 2
A=Ag(p) and I=Tg() . (13)

Thus, the constants used in the previous calculations are n=1 and m=2,

A desired form of the differential equation is obtained by performing
all possible differentiations in Eq. (9), rearranging terms, and multiplying
through by £2. If the above values for n and m are then substituted, the

following equation results:

d1+7| dB,i’, - - _ i dz»g Y —
g% Gow + 48° v + (287 + Q8% + (T-QEM] 7 + 2(T-Q)E°

-
&
=

o

g—, - 2332y = 0. (14)
5

The boundary conditions are

o . ddv _ =, dy
at E=1 ; 'a'é? =0 and EB- = - Tk[di ;=1. (15)

It is noted that the boundary conditions at £=0 are satisfied identically,
Frobenius' method is used to solwve the above boundary value problem.

A solution of the form

p(e) =] a_€° (16)
r=0
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is assumed, where s and the ar's must be determined so that Eq. (14) is

satisfied. The following notation is used:

(s)n = 5(s-1)(s-2)...(s-{(n-1))

3

and (s+r)n = (s+r) (s+r-1)...(str-(n-1))

Substituting Egq. (16) dintc Eq. (14) yields

oo

I ar(r+5)q Er+s + 4 Z a_(r+s), ErTS + Z a (r+s)s 2£r+s
r=0 r=0 * =0
- - 2
+ ] a_ Q) & 4 Z a_(F-3) (x+9, £7°7°
=0
+ Z 2a_(T-Q) (r+s): ARG G L (17)
=0 =0
Collecting like powers of £ gives:
- + +s+1 ;=
z ar[ eF S{(r+s)L + 4(rts); + 2(r+s),} + gr S+1{Q(r+s)2}
r=0
r+s+2 1 rts43 .5
+ (T-Q{(r+s), + 2(r+s) 1} - ¢ 221 =0
For Eq. (17) to represent an equality, coefficients of like powers of £
must be equal to zero. Therefore,
ao[(S)zT- + 4(8)3 + 2(8)2] =0 (18a)
ajl(s+l)y + 4(s+l)3 + 2(s+1),] + 39[6(5)2] =0 (18b)

as[(s+2)y + 4(s+2)3 + 2(s+2),] + a1[Q(s+1)5]

+ ap(T-Q[(s)2 + 2(s)1] = 0 (18¢)
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a [(st3)y + 4(st3)3 + 2(st3)2] + &, [Q(sHi-1),]

+as ,T-QU(sH5-2)7 + 2(sHj-21] - 2, 22 =0

where j>3 .
For an arbitrary ap, Eq. (18a) is a fourth order polynomial in s.

Solution of this equation yields four roots:

sg=0, s;=1, s,=0, and s3=1.

Eq. (18b) becomes:

_ - Q(s)y a
81 = I, ¥ 4(sD); ¥ 2, (20a)
and Eq. (18c) becomes:
ay = —20@DG)g + 2()1] - a1[0(stD)] (503

(s+2)y + 4(s+2)3 + 2(st+2),

Rearranging terms in Eq. (18d) gives the general expression for j>3:

) _ — _
aj—B}‘ - (S+J-—l)2[aj_2 (T-Q) + a1 Q]

35 7 [(s+3),17 ’

We are now in a position to solve for the coefficients, a, of the
solutions to the fourth order differential equation. Egq. (16) represents

the form of our solution. From Eq. (19), sp=0, therefore yqg|= Z arar.
r=0
s=0
Since ag is assumed arbitrary, let apg=1l; then a;=0, and a;=0. The general
term (j>3) is
R T_0 A
.. a, 3 G 1)2[aj_2(T N * a; 5 W
3 [(G)21° ’
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©

- T : y ;

For s;=1 we have y; = £ z a_ £, 1If ap is again assumed equal to unity,
r=0

then a;=0, ajs= :g%%%%%-, and for j>3:

.. fj—SAz - (j>2[ai_2<?-6> 4-aj_l Q]
h] [G+1)2]°

The remaining two solutions are:

V2 =¥vpIlm&+ [ b &
s=0 r=0
. (22)
and U3 =y Ine+e [ b g,
- =0
The complete seolution will be
3
V) = ] AU . (23)

i=0

In order to obtain a finite solution at £=0, we must set A;=A3=0. Therefore,

the complete solution is
W(E) = Ag Yp + Ay Ug . (24)

Substituting the boundary conditions of Eq. (15) into Eg. (24) gives

a’y a2y dy
%3 =0 = (Ag 522+ 4; S5 (24a)
d@ g=1 dlj dt) E=l
d3y =, AU d3yy , =, du a3y, = vy
and _E? + Tk[a‘g—‘ = = Ag['d—,._g + Tk E?} + A [F + Tk —dE ] -
£=1 £=1 s 5 g=1 - g=1

Setting the determinant of the coefficients of Ay and Aj equal to zero and

rearranging terms, results in the characteristic equation:

d2pg d3y; _ d%y; 43y

= rd%y, du 12y, dyg
37 & -z @ Il o - a ] = (25

] = [ oal z
Bl dg dg dg dg =1



The variables in this equation are ¥y, ¥, T, 5, k, and 22, Uy and Yy

may be evaluated at &=1 by computations of the copefficients a_s and T, Q

and k are given for a specific system. Therefore, the characteristic equa-
tion may be solved for the eigenvalues, A<, where A is the natural frequency
of the lateral vibratious.

To find the mode shapss of the system, we rearrange Eq. (24a) so that

d®yn

A L __(_GLE__ 2

AG d“ilg1 ¢
@) e

Since from Eq. (24) it may be seen that ¥ = AgygtAi;y;, we get,

i 2
_ 2%yp/dE , (26)

for the mode shape.
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COMPUTER SOLUTICN OF THE CHARACTERISTIC EQUATION

The Huang-Walker paper consisted of a sclution of this preoblem with
Q=0. The purpose of this paper was to vary the parameter Q in order to see
how vibration and stability properties would be affected. Therefore, the
objective of the computer work was to solve the characteristic equation for
various values of Q at different values of T and k so that a thorough com-
parison of the results of the two studies would be possible.

The program used included a main program, a subroutine consisting of a
root finding technique based on straight line interpolation and a mode shape
evaluation, and a function subroutine which evaluated the characteristic
eguation by finding the required number of coefficients necessary for the
convergence of the infinite series. To insure that there were no mistakes
in the root finding technique ancther type of method in which a step by step
operation which searches for sign changes was used [3]. The results checked.
Included below is a copy of the program used on the 360/50 computer in

Fortran IV language.



IMBLICIT REAL*E (A-
CCMNCN RS4R2PRI
FCRNVAT(4F12.5
FCRMATLZ2I1T)
X=LEMD& SCQULARED
REAC(Y,2)IPRINTLILAST
WRITE(2,2)IFRINT, TLAST
REAZ(1.1)X%,CELI CCELLCELX
REAC{L1,1)XVAX
WRITE(3,1)X,CELI,CCEL,CELX
WRITZ(2,1)XNMAX

15

CALL ROCTIXyCEL Tl sCLFEL g CEL Xy XMAX g TLAST o XSy XL Y5, YL IPRINT)

STCF
ENC



OO OO OO OO

SUBROUTINE RCCT(XyCELT JCCEL4CELXyXMAXyILAST o KSyXLyYS,Y
IL, IFRINT)

IMPLICIT REAL*8 (A-FH,T-2)

THIS SUBRCULTINE CALLS FULA(X)

IPRINT=1 PRINTS XS, XL,YS,%L. IPRINT=C COES KNCT PRINT.
RCCTS OF THE TRAANSCENCENTAL FQUATICN FLN(X)

CELI IS THE TRITIAL INCRENEART

CCEL IS THE FACTCR FCR CINVIZING THE INTERVALW. CCELKL.C
CELX IS THS ACCLRACY ©ON [HE SOLUTICAH

XvAx IS THE MAXIwMLM THAT THT ARCUNMEAT X MAY BECCNE
TLAST 1S THE NUNMBER OF RCCTS RESIREC

COMFON RS ZRZPRINMLSZPRIN,N

FCOMAT(4F 27 4 F)

FORMAT (4E1€.8,15)

FCRMAT(2F124.5)

FCRMATI(IL])

FCRVMAT(Zz16.2)

CIMENSTICN TRAR(CLIT),QRAR(LILI) 2K (11)

CINMENSICN FL203),G(223)

e 222 I=1,11

X==€{CL.C

REAC{L1,201)TE2AR(1),CBAR{T ), AK(T)
WRITEA(3,20 ) TEARLT),C3AR(T Y, AKIT)

ILI=%

m

LT ST S I 6 |
[ I T s T s |
—__d = Y

ECC455

Vo)

(=}
R

T 1

~

fl

|

—

-

—
[ Y]
o RV
> I~
1 L
~
[
+
> =
-
-

YS = ¥
[F(X,3T.xFAX) CGC TC 51¢<
X = X + CEL
Y=FLN(X, TEEZR(I)Y4CEAR(TI),,AK{I))
TF{ZAT=Y) 112,527,173

110 XL = X
YL = Y

127 X = XS - YSHE{(XL-XS)}/{YL-YS})
TR{XL—XS-CELX) SCT,132,132

137 Y=FLN({X,TRAR(T)88AR[1)44%(1))
CFL = CEL*CCEL
[F(Z2a7=Y) 147,5CC,10°2

147 XL X
YL Y
X = X - [EL
Y=FLNAIX, TRARLIT ), CRAR(T) yAK{T))
IF(ZaZ*Y) 14C,5(0C,15C

W n



1580 *S = X
¥S = ¥

GC TC 12<

ECC TUI=IUT+1
TF{IPRINTLEQ.LC) GO TO ST
WRITEL(3,4)  XSyXLaY¥S,YL
BRITE(Z,20C)THRAR(T)ZQEAR{TI) s XRS5,

C
1426

EC 43¢ J

r=d

N=4
CSI=(C-1.21/25.¢C
F(l)=1.2C
F{2)1=3.¢C
F{2)=C.C
Flal=xX/3¢&.C
Cili=1.2
G{2)1=C.C

CI2)={CEARLI)-TRARII)}/1ELC
Clay=(X+{CAR (D)= {TBAR(I)-CEARCINI)/B3.C) /14443
R=F{l)+r{4)F{CST#=3)
S=G(L)*CSI+C{3)*{CSI+*x2)+C {4 )= (ST %4)
4032 h=N+1
C=CLCAT ()
FINI=(FIN=3)2X=(CL-2.C1F(L-3,C)F(FIN-2)}*{TRBAR(I)-CBARI(I
13V +FIN-1)30BAR(II) )V I/ ({C-14C) #0200 ) %%
GIMI=(CUAN=3)FX=-(C-1.3)1*(L-2.2)* (GIN-2)}*{TRAR(T)-QEAR(]
21 1+CIN-1)%C

BARCTIVII/AC*{E-1.0) ) %%2
R=R4F(N)IF(CSI*F(A-1))
S=S5+4G (NI = (CST%=N)

IF{NJLELN) CC TC 4C3

404 ANCLDE=R-[{RZPRIN/SZFRIN)I*EL)
IF{J.5C.1) CIv=aAMDLCE
ANCRM=ANMCLCE/CIV
WRITE(3,271)ANCRY

400 CONTINUE
SCO CCNTINUE
EL2 TFUILAST-ILT) 51C,513,1%
E12 CCERTINUE
WRITE(2,2C03) 10T
202 CCNTIAUE
RETLRAN

ENC



()
{

2

[W9]

s o3
(S

COUBLE PRECISICHM FUNCTICH
IMPLICIT RELLFE (B8-FH,(-1)
COMNON REZRZPRIVMZS2PRIV, ¥
FOCRMATI{A4EZ DB}
CIMENSICN A(222),B{(202)
NCCEF=2C¢
=4
TEST=1.C
=1,7
All)=1.C
B(2)=T.C
A{3)=2.C
Al4)=X%X/3¢
E(1)=1.C
9(2}=J.u
B{3}=(CBAR-TRAR) /18

FUN{X,TEAR,QBAR, AK)

Ela)=(X+(CQEARS(TEB AQ‘uuaﬁl}f L}/ 154.0

RPRINE=3,C%A(4)
Q2PRIM=6.CHA(4)
RZPRIM=E.CHA(4)

SPRINE=1.C43.CHB(3)+4,7 B (4)

SZPRINVM=6.OFE(3)+12.0%8(4)
S3PRIM=E.CFE(3)1+24.0%B1(4)
=M1}

FSAVE=RS
IF(TBARLAELC.LC
TE{CEAR «EC.L WG
C=FLOAT (M}

A(M}=(A(M-3)EX-(L-2.2)%(C~
21 ECBARII/U(C-1.00%([0-2.7
B{M)=(R(&~3 X (C-1.C)*({C-
1-1)=CRBAR)Y/(C*{C-1aT ) )2 =2
RPRIME=RFPRINE+ (C-1.T)x2(M)

E“Q["—R.:PQI"+{C l.3)%(L-2
P3PRIM=RAPAIM+(C-1.0)%(C-2

SPRIME= SFRI‘E+C 3(“)
S2paT ™
S2PRIM

FUN=RS
RETLRY
ENC

JJTYH(A(M=-2)%(TBAR-QBAR)+A(M
)} g

2T )F(B(M=2)F(TBAR-CRAR}+R(M
L)AL

«2E(L-2L )AL

PR IN-S2PATFERIPR M HTEARSAKS (R2PRINASPRINE-
M

18
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ANATYSIS OF RESULTS

The results obtained from the preceding program are shown on the follow-
ing graphs. Some difficulty was encountered in obtaining values near the
natural frequency origin, because at 12=0 the differential equation is
satisfied didentically. Therefore the wvalue of the characteristic equation
becomes very small as A2 approaches zero in the function subroutine and the
computer does not have a high enough accuracy to clearly distinguish lower
roots, When double precision was introduced there was only a slight improve-
ment. In some cases several roots very close together resulted. Because of
this some of the values shown on the graphs have been indicated by dotted
lines. These are the values obtained which seemed the most reasonable in

terms of the previous study by Huang and Walker, and the expected results.
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THE EFFECTS OF DAMPING ON THE NATURAL FREQUENCIES

The results obtained in the Huang-Walker paper are shown on Figs., 2,

7 and 12, It mav be seen from these that as the thrust goes from zero to
¥ g

dy
de

point. That is, the thrust angle has a greater effect on the natural

the lines of constant mode rotate counterclockwise about their lowest

frequencies at high thrusts that it has at relatively low thrusts. The
same is true when shear is applied tc the system. A comparison of Figs. 6,
11 and 16 shows this clearly.

An interesting‘result of the addition of damping may be cbserved on
Figs. 11 and 16. The damping causes the constant mode shape curves to come
together on the real side of the thrust axis; this is exactly the way a
beam of uniform circular cross section behaves [1]. From this it would
seem that damping might tend to decrease the effects of the parabolic shape
of the beam. Further analysis would be necessary tc see if there were any
numerical correlation between the case of the undamped prismatic beam and
the case under consideratiom.

The three series of Figs. 2 through 6, 7 through 11, and 12 through 16,
indicate the effects of air friction on natural frequencies for constant
thrust angle. The lines of constant mode maintain the same slope and move
to the left as the damping increases. Since the lines remain parallel it
appears that the amount of thrust has little influence on the effects of
damping for constant k, and increased damping will lower the natural frequen-
cies independent of thrust.

In Figs. 6, 11, and 16, where there is high damping, the first two lines
of constant mode do not appear. This would indicate that at high damping the

first mode shape to be reached is the third mode shape. This result, along
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the discussion of mode shapes which follows, leaves certain questions
for further work in this area, since the problem of damped mode shapes

complicated one,
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THE EFFECTS OF DAMPING ON THE MODE SHAPES

Fig. 17 indicates the first four mode shapes of the parabolic beam with
no damping, zero thrust angle, and very small thrust. Fig. 18 shows the
effect of damping on the third mode Shape* for a constant thrust and twe
different thrust angles. These graphs are typical of those for the other

mode shapes. It may be seen that as the damping increases the mode shape

becomes less clearly defined.

*A damped mode shape has been defined here as one which has the same general
shape as the undamped mode shape, or a different shape which mav be clearly
shown to have progressed from the undamped shape (such as for high damping
in Fig. 17). The question of whether these can be considered mode shapes
at all is an interesting one since they do represent solutions of the
characteristic equation, and yet they do not look like what is generally
considered to be a mode shape; however, for the purposes of the present
study the above definition has been used.
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ABSTRACT

The problem of the influence of transverse vibrations on the dynamic
stability of rockets has been dealt with recently in a paper by Huang and
Walker, This study idealized the rocket as a free-free elastic beam with a
constant end thrust and a constantly varying cross-sectional area. It is
the purpose of the present study to introduce an additional variable and,
using the Huang - Walker paper as a basis for comparison, see what the effects
are on the vibration and stability properties. This new variable provides
an approximation of the effect that frictiomal drag will have on rockets,

A comstant axial load is assumed to act 2long the axisg of the beam and in

a direction opposite to the motion of the beam. The simplifying assumptions
made here for the form of the drag force allow for the derivation and solution
of the governing differential equations, and at the same time provide z basis
for discussion of the effects of a motion-opposing force on a rocket.

The governing differential equation of motion is derived using simple
beam theory; and the characteristic equation for the special casze of a beam
with a parabolic surface of revolution is obtained by means of Frobenius'

method. In addition, a variable indicating the angle of applied thrust is

introduced to further generalize the results,



