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Abstract
In this dissertation, we study methods for analyzing the cooccurrence count data derived

from practical fields such as user-item data from online shopping platform, cooccurring word-
word pairs in sequences of texts. Such data contain important information for developing
recommender systems or studying relevance of items or words from non-numerical sources.
There are no observations for covariates and the co-occurrence matrix is typically of so high
dimension that it does not fit into a computer’s memory for modeling.

We extract numerical data by defining windows of cooccurrence using weighted count
on the continuous scale. Positive probability mass is allowed for zero observations. In this
dissertation, we propose several likelihood-based mixture models with shared parameters to
accommodate large amount of zero observations. Shared parameters also contribute addi-
tional difficulty in estimating the model parameters because different parts of the model need
to be considered jointly during estimation. We summarize the relevance of user-item or word-
word pairs by cosine similarity of their unknown dense vector representations. The unknown
values are estimated via the shared parameter alternating regression models. Under this
framework, we present detailed study of Shared parameter Alternating zero inflated gamma
(SA-ZIG) regression and Shared parameter Alternating Tweedie (SA-Tweedie) regression,
along with some applications in the Natural Language Processing (NLP) domain.

For the SA-ZIG regression, canonical link and log link models were considered. Two
parameter updating schemes are proposed along with an algorithm to estimate the unknown
parameters. Convergence analysis is presented analytically. Numerical studies showed that
SA-ZIG with learning rate adjustment has satisfactory performance but the SA-ZIG using
Fisher scoring without learning rate adjustment may fail to find the maximum likelihood
estimate.

For the SA-Tweedie regression, multiple versions of an algorithm with different objective
functions are proposed to estimate the parameters. Both models with and without con-
straints on parameters were studied. Updating formulae were given to obtain parameter
estimates iteratively under each setting. A learning rate adjustment was used along with the
Fisher scoring method to help the algorithm stay on track of optimizing direction. Numerical
studies showed that our algorithm with Fisher scoring and learning rate adjustment outper-
forms the one without learning rate adjustment and gradient descent with Adam update.
Pseudo-likelihood approach with alternating parameter update was also studied but found
to be unsuitable for our shared parameter alternating regression models with unobserved
covariates.

The proposed algorithms were applied to Wikipedia dump data to obtain token/word
vector representations, which are used in some NLP tasks such as finding the most simi-
lar words, sentiment analysis, and Named Entity Recognition task. Detailed analysis and
comparisons were discussed.
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Abstract
In this dissertation, we study methods for analyzing the cooccurrence count data derived

from practical fields such as user-item data from online shopping platform, cooccurring word-
word pairs in sequences of texts. Such data contain important information for developing
recommender systems or studying relevance of items or words from non-numerical sources.
There are no observations for covariates and the co-occurrence matrix is typically of so high
dimension that it does not fit into a computer’s memory for modeling.

We extract numerical data by defining windows of cooccurrence using weighted count
on the continuous scale. Positive probability mass is allowed for zero observations. In this
dissertation, we propose several likelihood-based mixture models with shared parameters to
accommodate large amount of zero observations. Shared parameters also contribute addi-
tional difficulty in estimating the model parameters because different parts of the model need
to be considered jointly during estimation. We summarize the relevance of user-item or word-
word pairs by cosine similarity of their unknown dense vector representations. The unknown
values are estimated via the shared parameter alternating regression models. Under this
framework, we present detailed study of Shared parameter Alternating zero inflated gamma
(SA-ZIG) regression and Shared parameter Alternating Tweedie (SA-Tweedie) regression,
along with some applications in the Natural Language Processing (NLP) domain.

For the SA-ZIG regression, canonical link and log link models were considered. Two
parameter updating schemes are proposed along with an algorithm to estimate the unknown
parameters. Convergence analysis is presented analytically. Numerical studies showed that
SA-ZIG with learning rate adjustment has satisfactory performance but the SA-ZIG using
Fisher scoring without learning rate adjustment may fail to find the maximum likelihood
estimate.

For the SA-Tweedie regression, multiple versions of an algorithm with different objective
functions are proposed to estimate the parameters. Both models with and without con-
straints on parameters were studied. Updating formulae were given to obtain parameter
estimates iteratively under each setting. A learning rate adjustment was used along with the
Fisher scoring method to help the algorithm stay on track of optimizing direction. Numerical
studies showed that our algorithm with Fisher scoring and learning rate adjustment outper-
forms the one without learning rate adjustment and gradient descent with Adam update.
Pseudo-likelihood approach with alternating parameter update was also studied but found
to be unsuitable for our shared parameter alternating regression models with unobserved
covariates.

The proposed algorithms were applied to Wikipedia dump data to obtain token/word
vector representations, which are used in some NLP tasks such as finding the most simi-
lar words, sentiment analysis, and Named Entity Recognition task. Detailed analysis and
comparisons were discussed.
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Chapter 1

Introduction

In real life, a lot of data can be summarized in a data table. It is common to study the

relationship among a response variable and explanatory variables with such tables. In most

of such applications, the data table also present information of explanatory variables. For

example, in regression analysis, the rows of the table represent the observations while the

columns of the table list different covariates and the factors that might contribute to explain

the variations in the response variable. There are various statistical methods available for

these tasks. In this dissertation, we consider modeling also using a data matrix. However,

the matrix differ from those typically used in the regression analysis. Instead, the matrix

presents some aggregated information about the pairs of members that might be from the

same category or different categories.

An example of such data is the user rating of product. For example, Amazon product

rating data in which each user gives rating on some products purchased by the user. The data

table contains as many rows as the number of users and as many columns as the number

of different products/sellers. The interest in analyzing this table is to build models that

recommend products to potential buyers effectively. The entry in the table could also be

amount of time spent on browsing the product by the user. In these tables, we have different

products/sellers and we have different users/buyers but they do not serve as explanatory
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variables. The analysis should extract or model the unavailable information behind the

users or the products in order to make useful recommendations.

Another example of such tables is the Netflix movie rating data. There are a lot of

subscribers and there are many movies. The data matrix contains subscribers’ rating on

movies. Each subscriber may or may not provide ratings for a movie watched. This leads

to a huge sparse data matrix. The data could also be the amount of time watching a

movie, in which case the data contains a lot of missing entries or zero that yield some

positive numbers in continuous scale. The interest in analyzing this data is to find out the

mechanism behind the users that make them decide to watch a movie or the hidden properties

behind a movie that makes subscribers want to watch it. The eventual goal is to effectively

recommend movies to get subscribers’ attention or interests in watching them. This can be

done by predicting the values in the matrix by modeling the underlying mechanism between

subscribers/users and movies/products pairs.

Beyond predicting the value of the data matrix, the modeling process could also learn

or estimate the dense vectors that represent rows or/and columns of the data matrix. The

dense vector refers to much smaller dimension of vector whose entries are mostly nonzero.

The dense vectors need to be in smaller dimension because the total number of unknown

parameters must be less than the total number of data points in the matrix. Suppose the

matrix is n by m. To make a dense representation of the user’s characteristics behind each

row using a d-dimensional vector, we have n by d unknown parameters. Similarly, to make a

dense representation of the product behind a column’s observed data, using a d-dimensional

vector we have d by m unknown parameters. The total number of parameters is d(n+m). In

order to have enough degrees of freedom to estimate all parameters, the dimension d has to

be smaller than half of min(n,m). Even when this is satisfied, estimating a total of d(n+m)

parameters with just the data in the n by m matrix is a challenge. The learned vector

representations are useful to detect relationship across rows and columns, which indicate

relevance between a user and a product. Additionally, the learned dense representations also
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could be used to study clustering among rows or columns. For example, we could group users

having similar dense representations which are indications of having common characteristics

among the group of users. We could also group columns in the data matrix using the

similarity measure with the dense representations. The grouped columns represents similar

products that might be of interest to users.

The third example could be the word-word cooccurence matrix in Natural Language Pro-

cessing (NLP) field. The cooccurrence matrix consists of pairs of target word and context

word. The target word is a specific word of interest in the corpus and the context word is a

word that occurs together with the target word within predefined window size. Hence, the

(i, j)th entry Xij in the cooccurence matrix indicates cooccurrence count of the ith target

word and the jth context word. Since there are numerous words in the corpus and cooc-

currence does not happen frequently, the cooccurrence matrix would have huge dimension

with majority of entries 0. From these sparse counts in the cooccurrence matrix, we hope

to capture underlying mechanism between the target words (rows) and the context words

(columns). The captured mechanism would hopefully help the machine judge what words

are the most plausible context word for a given target word. In addition, the learned dense

vectors could be used to cluster similar words based on cosine similarity. These learned dense

vectors are known as word embeddings and are commonly used in downstream NLP tasks

such as sentiment analysis, word analogy, named entity recognition, etc.

In all these examples, using the cooccurrence count as data is one way of summarizing

information in the data. Of course, the cooccurrence count matrix is not the only way. For

example in the word2vec (Mikolov et al. 2013a,b,c), each word appearing in the context of

a center word or the word appearing as the center word of a context window is treated as a

binary variable. The whole vocabulary is treated as a multi class data with each category

being one word. The probability of one word being the context word (or center word) is

modeled by multinomial logistic regression, in which the dot product of the context word

and center word’s dense representation serves as the η in generalized linear model (GLM),
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and the softmax of the η gives the probability of this word. The problem of this is that

there are too many categories (words). A lot of effort was placed on reducing the calculation

to compute the denominator in the softmax function. Hierachical softmax and negative

sampling are two of such documented efforts. Considering the probability of one word in

the context of another word being very small, and the total number of articles in NLP task

being large, the number of times that the one word appears in the context of another word is

a binomial random variable but could be approximated by Poisson distribution except that

there might be too many zeros. The cooccurrence count in the GloVe paper (Pennington

et al. 2014) considered the aggregated count of the two words appearing in same window

is consistent with the thought of the Poisson approximation but the authors in Pennington

et al. (2014) only modeled the aggregated count with weighted least square regression and

did not consider the fact that the variation of such counts also changes with the mean.

Transformer (Vaswani et al. 2017) and BERT (Devlin et al. 2018) models treat texts as

a sequence with ordering and then use layers of multi-head attention mechanisms to create

intermediate variables before using the softmax at the end. The attention allows to capture

word-word relationship in the whole sequence. A drawback of this model is that there

are too many unknown parameters. For example, the BERT-base model has 110 million

parameters. A model with such a large number of parameters is not suitable to train on any

reasonable sized dataset without big corpus. The BERT model is successful in NLP because

it was trained with huge corpus of text data from BooksCorpus having 800M words and

from Wikipedia having 2,500M words. Essentially, the BERT model works well because the

training data is so big that it has seen everything before going to downstream NLP tasks.

If we change the application to a different domain with much smaller training data, then

the model would seriously overfit because of too many parameters with insufficient degrees

of freedom to estimate them. In this dissertation, we will review how the Transformer and

BERT were built but our effort will not be in this direction because we would like our model

to be easily trainable with medium sized data without overfitting.
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Throughout this dissertation, we will focus on cooccurrence count data. Our cooccurrence

count is not restricted to word-word cooccurrence in NLP. Instead, we use the cooccurrence

count summarized from many potential application domain described earlier. Different from

regular co-occurrence matrix which provides counts of a word appearing in another word’s

context in a paragraph, we consider weighted cooccurrence count in a predefined sequence

such as a sentence. In the NLP setting, it would be cooccurrence of counts for words in

the same sentence but not necessarily recorded as integers. Specifically, first we defined

windows centered at a target word spanning k words to the left and k words to the right

side restricted within the same sentence. All words in the window are considered as context

words. For a context word in the window, the contribution of this word to the target word

in the co-occurrence measure is defined to be the inverse of their separated distance between

two words. That is,

• If two words, wordi and wordj, appear in the same sentence (s) and their separation

dij(s) is no more than k words, then this sentence contributes to the cooccurence count

between these two words by 1/dij(s).

• The overall cooccurrence count between the same pair of words is calculated as the

total contribution from all sentences in the corpus.

• The cooccurrence matrix consists of the pairwise cooccurrence count between every two

words in the vocabulary. For example, if the vocabulary size is 300, the cooccurrence

matrix is 300 by 300 in dimension.

The cooccurrence count Xij in the ith row and jth column of the matrix can be expressed

as

Xij =


∑

s ∈ all sentences 1/dij(s), if dij(s) ≤ k

0, otherwise
(1.0.1)

where dij(s) = separation between word i and word j in sentence s. The closer a context
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word is to the target word, the more contribution it has in relevance of the two words.

This definition applies to other domains beyond the NLP. Consider, for example, if the data

are items purchased from an online platform such as Amazon during a certain period, the

time of each purchase is also recorded. When the entire sequence of purchased items are

considered together, the window defines how the items are related in functionality or being

jointly needed by customers around the same time period. Therefore, the cooccurrence count

captures the adjacency of items purchased together in addition to simple count.

In the next section, we will briefly review relevant literature for these tasks. These

literature contain current development in Recommender systems and in NLP.
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Chapter 2

Literature Review

2.1 The word2vec and GloVe

When we have text data, the first thing we have to consider is transforming the text into

some numerical values so that we could analyze or model them. They are popularly referred

as word embedding which literally embed a word into dense numerical vector space. The two

main streams, the word2vec and GloVe, of the word embedding field in NLP were developed

by Google and Stanford university in 2013 and 2014, respectively. The word2vec models the

probability of one pair of words appearing together with one context window at a time. The

GloVe aggregates the count for the same word pairs in the entire training corpus. These

two are related to each other and both of them have revolutionary effect in NLP field. We

will review these two here since they work with cooccurrence count indirectly (word2vec) or

directly (GloVe).

2.1.1 The word2vec model

The word2vec uses simple neural network structure having one hidden layer for modeling

conditional probability of one word being observed when a sequence of words is given or

modeling conditional probability of a sequence of words being observed when a specific word
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is given. The first case is called continuous bag of words (CBOW) model and the second case

is called skip-gram model. Throughout training the models, they obtain dense word vector

representations and various strategies were used to make the training effective and feasible.

We examine these two models and their strategies in detail in the next several paragraphs.

The CBOW model predicts the center word from a window of surrounding context words.

The order of context words does not influence prediction. On the other hand, the skip-gram

model predicts surrounding context words for the given center word. The predictions are

made by computing conditional probability which utilizes the softmax function.

We illustrate with skip-gram architecture to see how word2vec learns the word embed-

dings. First, collect a large corpus of text (e.g., Google news, Wikipedia, etc.) as the training

data. The skip-gram model look at the position t of each word in the text in a ‘window’.

Denote the center word as c and outside word o in the context. Then represent every word

in the text by two vectors vw, when w is a center word, and uw when w is a outside (con-

text) word. The inner product uT
o vc of the word vectors for c and o represents the similarity

between the two vectors since cos(angle) = uT
o vc

||uo||·||vc|| . Larger inner product gives larger simi-

larity when o and c are similar. The probability of o given c (or vice versa for CBOW) using

the softmax is defined as

P (o|c) = exp(uT
o vc)∑

w∈V exp(uT
wvc)

.

The softmax is computationally extensive because of the following reasons:

• The inner product between vc and the embedding of very word w in the vocabulary V

needs to be computed in order to get the sum in the denominator.

• The parameter space is HUGE. Suppose d is the dimension of the vector size. E.g.,

d = 300 or 500. V is the vocabulary size, say 10000. There are 2 × d × V unknown

parameters to be estimated (can be billions).
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• Therefore, softmax is computationally extensive. It is practically impossible to estimate

the parameters directly.

Mikolov et al. (2013a,b,c) used the Hierarchical softmax method with a binary Huffman

tree and Negative sampling to approximate the softmax and reduce the active number of

computations or the dimension of the parameter space. Essentially, the Hierarchical softmax

replaces the flat softmax with a hierarchical structure that has the words as leaves. Com-

puting the softmax probability of one word only need to follow the path to the leaf node

of that word, without having to consider any of the other nodes (i.e., no need to normalize

over the probabilities of all words in vocabulary). Because the sum of leaf probabilities is 1,

the computed probability is already normalized. Since a balanced binary tree has a depth

of log2(|V |), we only need to evaluate at most log2(|V |) nodes to obtain the probability of

a word. In contrast to the regular softmax, we no longer have center or outside embeddings

uo and vc for every word w. Instead, we have embedding vw for every word w on the leaf

node and embedding vn for each internal node n. The probability of going right (or left) at

a given node n given the word c is computed with logistic model:

Pr(right | node n and given c) = [1 + e−hT vn ]−1 (sigmoid) ,

Pr(left | node n and given c) = 1- Pr(right | node n and given c) ,

where h is the embedding of word c. Note that it uses the dot product between h and the

embedding vn of node n in the tree instead of output word embedding vw. Following the

tree from root down to leaf using conditional probabilities we get P (wj|wi).

Now consider a sequence of text, denote T to be the total number of training words in

the vocabulary. For each t = 1, . . . , T , we write the probability of word t and its surrounding

context words within a fixed window size m given center word wt and θ (i.e., the vector

representations of all words that we will estimate). Assume conditional on the center word,
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each context word is independent of other context word. The joint likelihood function is

L(θ) =
T∏
t=1

∏
−m≤j≤m

P (wt+j | wt; θ) .

The objective function is the (average) negative log-likelihood:

ℓ(θ) = − 1

T
logL(θ) = − 1

T

T∑
t=1

∑
−m≤j≤m

logP (wt+j | wt; θ)

The word vectors are learned by maximizing the probability.

Mikolov et al. (2013a,b,c) used Huffman tree, which is a balanced binary tree developed

in a Ph.D dissertation of a MIT student in 1952. Each leaf of the tree corresponds to a word

in the given vocabulary. The weight of leaf node is proportional to relative frequency of the

word in the leaf. During the tree building process, the weight of an internal node is the sum

of its children nodes so that the weighted path length of a leaf is (its weight × its depth).

The objective function of Huffman tree can be written as

min
all possible placing of leaves

∑
all leaves

weighted path lengths

for the given set of leaves.

Huffman trees assign short binary codes to frequent words, and this further reduces the

number of output units that need to be evaluated. Because the Huffman trees are balanced, it

only requires log2(V ) outputs to be evaluated. The Huffman tree based hierarchical softmax

only requires to compute about log2(Unigram perplexity(V)) outputs, where

Unigram perplexity(V) =

(
V∏
i=1

P (wi)

)− 1
V

,

which is exponentiated average negative log likelihood assuming the words are independent

of each other. The P (wi) could, for example, be estimated based on the frequency of the

10



words in the training corpus.

Another important strategy in word2vec is the Negative sampling. The reason behind

of this is that the size of our word vocabulary is big. With wj and wi go through all words

in the dictionary, the computation is still not affordable. Many word pairs involving most

frequent words do not have much meaning. For example, for ‘the dog jumped on the brown

fox’, word pairs {dog, the}, {brown, the}, {brown, on }, {fox, the} do not really contribute

to the learning. The Negative sampling addresses this by having each training sample only

modifies a small percentage of the parameters, rather than all of them.

With negative sampling, we randomly select just a small number of ‘negative’ words for

each word (say 5 - 20 words work well for smaller datasets, 2 - 5 words for large datasets).

Afterward, use logistic regression for binary class rather than multi-class. For example, with

d=300, |V | = 10000, the total number of unknown parameters is 300 × 10000. For each

word, the parameter update will be done for one positive word, and 5 negative word, i.e., 6

total per word. With d=300, we update 1800 parameters rather than 3 million.

The Negative samples are chosen using word frequency distribution as follows:

• Discard the samples with frequent word (e.g., {dog, the} since ‘the’ is a frequent word)

using the following probability:

P (wi) = 1−
√
t/f(wi),

where f(wi) is the frequency of word wi and t is some number for tuning (≈ 10−5).

• The negative samples are chosen with the following probability (The power 3/4 in-

creases the probability for less frequent words):

P (wi) =
f(wi)

3
4∑|V |

j=1 f(wj)
3
4

The authors presented some observations and recommendations on the word2vec. The
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recommended value for the size of the context window m is 10 for skip-gram, and 5 for

CBOW. Typically, the dimensionality of the vectors is set to be between 100 and 1000.

Quality of word embedding increases with higher dimensionality, however, after reaching

some point, the gain is marginal. The Hierarchical softmax works better for infrequent words

while negative sampling works better for frequent words and better with low dimensional

vectors. As training epochs increase, the Hierarchical softmax stops being useful. The

CBOW model is faster while skip-gram does a better job for infrequent words. Altszyler

et al. (2017) studied word2vec performance in two semantic tests for different corpus size.

They found that the word2vec has a steep learning curve, outperforming another word-

embedding technique Latent Semantic Analysis (LSA) when it is trained with medium to

large corpus size (more than 10 million words). With a small training corpus, however, the

LSA showed better performance. Additionally, they show that the best parameter setting

depends on the task and the training corpus.

2.1.2 The GloVe model

Contrary to the word2vec, which uses the cooccurrence of words indirectly in modeling, the

GloVe model incorporates the cooccurrence of words directly in modeling. The GloVe is a

model for using Global Vectors to give distributed word representations. It is a log-bilinear

regression model for unsupervised learning of word representations and combines the features

of two model families, the global matrix factorization and local context window methods.

We will review the details of the GloVe algorithm in this subsection.

The GloVe collects word co-occurence counts to form a word co-ocurrence matrix X.

Entry Xij represents how often word i appears in context of word j. In the authors’ exper-

iments, they used a context of ten words to the left and ten words to the right, which is

referred as window size. The word pairs that are d words apart contribute 1/d to the total

count. This choice accounts for the fact that distant word pairs are expected to contain

less information about the words’ relationship to one another. Consider only the nonzero
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elements in matrix X. The log(Xij) depends on log(Xi) and log(Xj), where Xi and Xj are

the total counts for words i and j respectively.

Let wi be the vector for the main word, w̃j be the vector for the context word. Then

log(Xij) is proportional to the dot product wT
i w̃j. The dot product takes the local context

into account by enforcing the rule that the embedding vectors of words i and j are similar

if they frequently co-occur in similar context and vice versa. The GloVe model is the log

bilinear model below

log(Xij) = wT
i w̃j + log(Xi) + log(Xj) + error.

where log(Xi) and log(Xj) are bias terms that only depend on words i and j respectively.

During modeling, they are replaced by bi, bj. The wi and w̃j are both unknown parameters

that need to be estimated. The cost function to estimate the unknown parameters is

J =
V∑
i=1

V∑
j=1

f (Xij)
(
wT

i w̃j + bi + bj − logXij

)2
,

where

f (x) =


(

x
xmax

) 3
4

if x < xmax

1 otherwise

with xmax = 100 (see Pennington et al. 2014). Note that the training corpus contains billions

of words in it. In such a large corpus, xmax = 100 is only separating those extremely rare

words from other words. For majority of word pairs that frequently appear together, f(x) is

one, which means sum of squares of errors is used as the loss function. For word pairs that

rarely co-occurs together, the function f(x) provides lower weight than 1, but serves as a

boost in the sum of squares of errors from these rare word pairs. The weighting function f

was chosen to have the following properties:
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• f(0) = 0 and should vanish fast enough such that the limx→0 f(x) log
2(x) is finite.

• f(x) should be non-decreasing so that rare co-occurrences are not overweighted.

The GloVe minimizes the cost function with the AdaGrad (Duchi et al. 2011), stochas-

tically sampling non-zero elements from X, with initial learning rate of 0.05. They ran 50

iterations for vector dimensions ≤ 300, and 100 iterations otherwise. In the end, the model

generates two sets of word vectors, W and W̃ . When X is symmetric, W and W̃ are equiva-

lent and differ only as a result of their random initializations. The sum W +W̃ was taken as

the word vectors, which helps to reduce overfitting and noise and generally improve results

in downstream tasks (Ciresan et al. 2012).

In summary, the GloVe model made a revolutionary move by combining counts for the

same word pairs from all context. It significantly reduced computational demand compared

to the word2vec. However, the GloVe also has some drawbacks in its loss function. The loss

function is just sum of squares of errors with some extra care on the extremely

rare word pairs. For word pairs with no cooccurrence count observed, the loss

function totally ignored whether the model fits the data or not. Further problem

with the GloVe is that the variation of the cooccurence counts is highly likely to

be non-constant. The least squared error loss is not suitable in such case.

2.2 Transformer, BERT and its variants

2.2.1 The Transformer model

The Transformer (Vaswani et al. 2017) is one of the most popular deep learning architectures

that is used for NLP tasks. The transformer architecture lays ground for the popular BERT

model. Success of the transformer models also encouraged application of transformers in

audio and video processing. A major advantage of the transformer models is that they

can capture long term dependency through the use of multi-head attentions. This effectively
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solved the vanishing gradient problem that has plagued convolutional neural network (CNN),

recurrent neural network (RNN), long short term memory (LSTM) network and prevented

deep networks from learning effectively.

The transformer consists of an encoder-decoder architecture. We feed the input sentence

to layers of encoders. The encoders learn the representation of the input sentence and send

the representation to layers of decoders. Each of decoders combines the information from

encoder output and previous decoders to generate the output sentence (target sentence).

The entire transformer architecture contains 6 encoders E1, . . . , E6, and 6 decoders

D1, . . . , D6, a final linear combination, and softmax conversion to probabilities. The in-

puts and outputs of all encoders and decoders are of dimension d = 512. All 6 encoders

are stacked together in serial. E1’s inputs are pre-trained word embeddings with positional

encoding added to it. Ei’s inputs are the output from Ei−1, i = 2, . . . , 6. All 6 decoders are

stacked together in serial. D1 uses the output of E6 and embeddings of the target output

word sequence with positional encoding added to it as inputs. Di uses the output of E6 and

the output of Di−1 as its inputs, i = 2, . . . , 6.

Each encoder has 2 sub-layers:

(1) multi-head self attention which is scaled dot product.

(2) fully connected feed-forward network with ReLU activation.

Each sub-layer has a residual connection around it. That is, the output of each sub-layer is

added back to its input and then followed by layer normalization (Ba et al. 2016).

There are three matrices of unknown parameters to be learned, the query matrix Q, the

key matrix K and the value matrix V. The attention mechanism contains the following:

(1) Compute the dot product between the query matrix and the key matrix. This becomes

the similarity scores.

(2) Divide by the square root of the dimension of the key vector to scale it.
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(3) Apply the softmax function to normalize the scores and obtain the score matrix.

(4) Compute the attention matrix by multiplying the score matrix by the value matrix.

The attentions can be computed parallelly. The resulting attentions are concatenated and

multiplied by a new weight matrix to create the final attention matrix. Multi-head attentions

allow the model to jointly attend to information from different representation subspaces at

different positions.

The decoders are similar to the encoders except for the following:

• Beyond the two sub-layers in each encoder layer, the decoder inserts a third sub-layer,

which performs multi-head “encoder-decoder attention”, in which the queries come

from the previous decoder layer, and the memory keys and values come from the

output of the encoder. This allows every position in the decoder to attend over all

positions in the input sequence.

• The self-attention sub-layer in the decoder stack was modified to only allow to attend

to earlier positions in the output sequence. This is done by masking future positions

before applying the softmax step. The masking ensures that the predictions for position

i can depend only on the known outputs at positions less than i.

The Transformer is the first sequence transduction model based entirely on attention. It

replaced recurrent layers commonly used in encoder-decoder architectures with multi-head

self-attention. The self-attention layer connects all positions with a constant number of

sequentially executed operations, whereas a recurrent layer requires O(n) sequential opera-

tions. In terms of computational complexity, self-attention layers are faster than recurrent

layers when the sequence length n is smaller than the representation dimensionality d. Code

for Transformer is available publicly at https://github.com/tensorflow/tensor2tensor.

Transformer is also extended to image and audio analysis. See Image Transformer https://

arxiv.org/abs/1802.05751 and Music Transformer https://arxiv.org/abs/1809.04281

for some examples.
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2.2.2 BERT (Bidirectional Encoder Representations from Trans-

formers)

BERT model is a multi-layer bidirectional Transformer encoder. It has the same imple-

mentation as original Autoencoder Transformer. BERT takes continuous word vectors from

WordPiece embeddings (Wu et al. 2016) with a 30,000 token vocabulary at the beginning.

The WordPiece embeddings are known to be effective in handling rare words and in en-

hancing accuracy of model. To use the BERT model, we feed a sequence of texts into the

model. The sequence is then tokenized by using WordPiece tokenizer. The sequence can

be an arbitrary span of contiguous text, rather than an actual linguistic sentence. Sentence

pairs are packed together into a single token sequence so that the BERT can model both a

single sentence and a pair of sentences in one sequence to handle a variety of down-stream

tasks such as Question Answer. Hence, a ‘sequence’ refers to the input token sequence to

BERT, which may be a single sentence or two sentences packed together.

Then the input of the BERT model are computed as sum of three embeddings: token

embeddings, segment embeddings, position embeddings. The segment embeddings indicate

which sentence does the token belongs to and the position embeddings hold information

about position of each token in the sequence. The token embeddings are learned by pre-

training on text data from BooksCorpus having 800M words and from Wikipedia having

2,500M words. Then it learns new embeddings for tokens in the sequence by doing pre-

training on task specific text. The pre-training basically refines the token representations

using their contextual information presented in the sequence. If there are downstream tasks

such as sentiment classification then fine-tuning model is done by adding an additional layer

using the output from the pre-training as inputs. The pre-training does 2 jobs. One is

masked language model (MLM). The other one is next sentence prediction (NSP). When

training the BERT model, MLM and NSP are trained together, with the goal of minimizing

the combined loss function of the two strategies.
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• In the masked language model, to avoid trivial prediction of the target word because of

seeing itself in a multi-layered context using left-to-right or right-to-left training, the

mask language model masks 15% of all WordPiece tokens in each sentence at random.

Then the pre-training predicts the masked words.

• For the next sentence prediction task, they choose sentence pairs A and B from any

monolingual corpus. The sentence B was chosen that 50% of time is the actual next

sentence and the other 50% of time is random sentence from corpus. The two sentences

are put together as single sequence for the task. Pre-training of this task is very

beneficial to downstream tasks such as Question Answering and Natural Language

Inference. For this NSP task, the entire input sequence goes through the Transformer

model. The output of the [CLS] token is transformed into a 2 × 1 vector, using a

simple classification layer with the probability of ‘IsNext’ calculated using softmax.

With the WordPiece embeddings, the first token of every sequence is always a special classifi-

cation token ([CLS]). Different sentences are separated with a token [SEP]. The final hidden

state corresponding to [CLS] is used as the aggregate sequence representation for classifica-

tion tasks. The final hidden vector of the ith input token is the vector representation of the

token learned from the BERT model.

In the fine-tuning, task-specific models are formed by incorporating BERT with one

additional output layer. For each task, we simply plug in the task specific inputs and

outputs into BERT and fine tune all the parameters. The learning rate in the fine tuning

task is generally taken to be very small such as 10−4, 10−6 because the pre-trained token

representations were already in good shape.

Comparing different Transformer models, they differ in model architecture as follows.

• Tranformer: 6 encoder layers, 512-dimensional states, 8 attention heads, 6 decoder

layers.

• OpenAI transformer: 12 decoder layers, 768-dimensional states, 12 attention heads.
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For position-wise FFN part, BERT used 3072-dim inner states.

• BERT base: 12 encoder layers, 768-dimensional states, 12 attention heads (Total Pa-

rameters=110M, same size as OpenAI transformer).

• BERT large: 24 encoder layers, 1024-dimensional states, 16 attention heads. For

position-wise FFN part, used 4096-dim inner states. (Total Parameters=345M).

• The Transformer and OpenAI transformer use constrained self-attention where every

token can only attend to context to its left. The BERT transformer uses bidirectional

self-attention.

In summary, BERT is a breakthrough in the use of machine learning in NLP related tasks.

It uses bidirectional embeddings from Transformers to generalize deep bidirectional language

model architectures for learning from context. BERT allows the same pre-trained model to

successfully tackle a broad set of downstream NLP tasks by adding just one additional output

layer. There is no need to do substantial task-specific architecture modifications. It obtains

new state-of-the-art results on eleven natural language processing tasks. BERT is simple

and powerful, marking the beginning of a new era for NLP.

In terms of training, more steps in pre-training help achieve better fine-tuning accuracy.

BERT BASE achieves almost 1.0% additional accuracy on Multi-Genre Natural Language

Inference when trained on 1M steps compared to 500k steps. MLM pre-training converges

slower than left-to-right pre-training, since only 15% of words are predicted in each batch.

But MLM shows improved accuracy very quickly. BERT pre-training takes days (such as 4

days on 16 Cloud TPUs). Its fine-tuning of all results in the paper takes at almost 1 hour

on a single Cloud TPU or a few hours on a GPU.

2.2.3 Variants of BERT

Despite being successful in obtaining state-of-the-art performance using the BERT model

in many NLP tasks, the BERT training time is long due to millions of parameters and
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hence inspired many machine learning researchers to develop variants of BERT. ALBERT,

RoBERTa, ELECTRA, SpanBERT, DistilBERT, and TinyBERT are some popular examples

of the variants. Below we give brief review of these variants. For more detailed explanation

and application examples, we refer the readers to Ravichandiran (2021).

ALBERT (Lan et al. 2020) is a lite version of BERT model aiming to minimize training

time. It includes a few architecture changes to reduce the number of parameters. Specifi-

cally, it uses cross-layer parameter sharing and factorized embedding layer parameterization.

With the cross-layer parameter sharing, not all parameters of all encoder layers are learned.

Instead, ALBERT only learns the parameters of the first encoder layer, and then just share

the parameters of the first encoder layer with all the other encoder layers. The factor-

ized embedding layer parameterization reduces the number of parameters by first projecting

the one-hot-encoded vectors of vocabulary V to the low dimensional WordPiece embedding

space E = 128. The dimension of the WordPiece embedding becomes V ×E = 30, 000×128.

Then, the WordPiece embeddings were projected onto a hidden layer of dimension H = 768.

That is, the dimension is E ×H = 128× 768. Beyond reducing the number of parameters,

ALBERT replaces the NLP task with the Sentence Order Prediction task which is based on

inter-sentence coherence instead of topic prediction.

RoBERTa (Robustly Optimized BERT pre-training Approach) (Liu et al. 2020) is another

popular variant of BERT. It was developed because researchers found that BERT is severely

undertrained. They modified BERT with the following changes in pre-training: use dynamic

masking instead of static masking in the MLM task; remove the NSP task; train with a large

batch size; use Byte-level Byte Pair Encoding as a tokenizer.

ELECTRA (Efficiently Learning an Encoder that Classifies Token Replacements Accu-

rately) (Clark et al. 2020) uses replaced token detection in pre-training stage. The replace

token detection substitutes a token with a different token and train the model to clas-

sify whether the given tokens are actual or replaced tokens, instead of masking a token

with the [MASK] token in MLM. ELECTRA also removed the NSP task from the pre-
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training. Google provided the pre-trained ELECTRA model on Github https:/github.

com/google-research/electra. It provides three different configurations: ‘ELECTRA-

small’ with 12 encoder layers and 256 hidden size; ‘ELECTRA-base’ with 12 encoders and

768 hidden size; ‘ELECTRA-large’ with 24 encoders and 1,024 hidden size.

SpanBERT (Joshi et al. 2020) mostly focuses on Question answering task, especially

the span of text. Instead of masking tokens at random positions, SpanBERT masks the

random contiguous span of tokens. Then, the tokens are fed to SpanBERT and we get the

representation of the tokens. To predict the span of the masked tokens, the SpanBERT model

is trained with the MLM objective and a new objective called Span Boundary Objective

(SBO) at a same time. In the SBO, the model only uses the representation of the tokens

present in the span boundary and the position embedding of the masked token. Therefore,

the loss function of SpanBERT is the addition of the MLM loss and SBO loss.

A large number of parameters and also long training time makes it hard to apply the pre-

trained BERT to smaller devices having limited resources such as cell phones. DistilBERT

(Sanh et al. 2019) was designed to overcome the limitation by transferring knowledge from

a large pre-trained BERT to a small BERT using knowledge distillation. The knowledge

distillation, also referred to as teacher-student learning, is a model compression technique

in which a small model is trained to reproduce the behavior of a large pre-trained model.

The large pre-trained model is the teacher and the small model is the student. A softmax

function with temperature is used to extract knowledge from large network and transfer it

to student network: Pi =
exp(zi/T )∑
j exp(zj/T )

. When T = 1, this formula gives the same probability

distribution as the standard softmax function. By increasing the value of T , the model

retrieves a smoothed probability distribution, which gives more information about other

classes.

To train the student network, the input sentence was fed to both student and teacher

network with T > 1. The output of the teacher network is referred as soft target because

the teacher network is pre-trained network. The prediction from untrained student network
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is called soft prediction. DistilBERT compute the cross-entropy loss between the soft target

and soft prediction and train the student network by minimizing the cross-entropy loss

(also known as distillation loss). Beyond the soft target and soft prediction with T > 1,

the model also gets hard target from the teacher network and hard prediction from the

student network by setting T = 1. Then we compute the student loss as the cross-entropy

between the hard prediction probability and hard target 0 or 1. The final loss function

is the weighted sum of student loss and distillation loss. The student network is trained

by minimizing the above loss function. In summary, the pre-trained network from larger

network serves as the teacher network. Knowledge distillation passes the information in

the teacher network to the student network by minimizing the weighted sum of student and

distillation loss. DistilBERT’s performance is comparable to the original BERT BASE model

as it performed with almost 97% accuracy of the original BERT BASE model. Because of

its lightness, DistilBERT conducts downstream inference task 60% faster than the original

BERT. This makes it easy to deploy on small edge devices. The pretrained DistilBERT is

available publicly by Hugging Face which trained the model on eight 16 GB V100 GPUs for

approximately 90 hours. Some experiments such as question-answering task was done by

researchers on the pretrained DistilBERT with iPhone 7 Plus edge device. Its inference time

was 71% faster than BERT BASE model, and its model weights were only 207 MB.

TinyBERT (Jiao et al. 2019) is another variant of BERT that also uses the knowledge dis-

tillation. In TinyBERT, beyond transferring knowledge from the output layer of the teacher

BERT to the student BERT, it also transfers knowledge from the embedding encoder layers.

This helps the student BERT to learn more information from the teacher. Additionally,

TinyBERT uses a two-stage learning framework that applies the knowledge distillation in

both the pre-training and fine-tuning stage.
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2.3 Models for Recommender systems

A Recommender system makes recommendations for items that are more relevant to a par-

ticular user. Depending on the domain, the recommendation may refer to what product to

purchase, what video to watch from Youtube, what articles to read from web engines, etc.

These are only a few examples. The Recommender systems are beneficial when a particular

user has to make a choice out of numerous, sometimes overwhelming number of options.

There are broad applications for the Recommender systems particulary in digital age. For

example, online stores rely on recommendations from the Recommender systems to suggest

products to highly interested buyers. Netflix uses the Recommender systems to recommend

movies or TV series to matching viewers. How well Recommender systems perform is di-

rectly linked to customer satisfaction and loyalty which are significant factors for business

profits.

Depending on the application domain, the data to be used for Recommender systems

may differ a lot in the format and development stage. In the early stage of Recommender

systems, researchers depend on manually created data such as user profile and item profile

and manually labeled properties. The item profile represents important characteristics re-

garding the item. For example, the directors and actors of a movie, or genre and type of a

movie are important item profile characteristics of a movie which might attract certain users.

Obtaining or curating such data is laborious and difficult to be in large scale. In the past

decade, the data collection for Recommender systems has evolved to implicit data collecting

through collaborative effort of the public. With implicit data collection, the records could

be items that a user views in an online store and the time spent viewing an item, search pat-

terns, browsing history, etc. In the example of music or video recommendations, the data to

be used in their systems are sequences of musics or videos watched by users. In the example

of online shopping, the data are customers’ rating on product purchased or a list of products

purchased by each customer. In the example of online browsing, the data are a collection of

articles or news read/clicked/browsed by a user. Some of the data may be just a collection
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of items together at a single time point while some of the data may have time or spatial

order. A sequence of text is an example of data having spatial order in that the words are

positioned in relative order which provides linguistic meaning and grammatical arrangement.

A sequence of movies watched by a user shows time signature of a user’s watching list.

Earlier efforts that rely on user profiles or item profiles are referred as content filtering.

As we have known, there is difficulty in obtaining the profile data, hence content filtering

approach may not be able to make a recommendation when the data are not available. The

other branch of Recommender systems are referred as collaborative filtering which includes

two main streams: neighborhood based approach and latent factor models. In neighborhood

methods, the users or items are grouped by nearest neighbors. For example, neighborhoods

of a product can be other products that get similar ratings from the same user. Neighborhood

based methods are not as successful as the latent factor models.

Latent factor models try to capture underlying factors for users and items, and use the

latent factors for predicting ratings or preferences on a item for a user. The dot product

between the latent factors of a user and item is used for predicting a rating of the user’s inter-

action on the item. Many successful latent factor models are based on matrix factorization

methods which utilize the dot product between the latent factors. For matrix factorization

models, their input data matrix X is comprised of rows representing users and columns rep-

resenting items so that each cell in the matrix, i.e., Xij, is observed ratings from user-item

interaction. Then the models try to map both users and items to d dimensional latent fac-

tor space. That is, ui ∈ Rd represents latent factor for ith user, and pj ∈ Rd represents

latent factor for jth item. The dot product between these two vectors can be interpreted as

interaction, which reflects the user’s interest on the item, between the ith user and jth item:

r̂ij = u⊤
i pj, where r̂ij = estimated rating of user i on item j.

Once the models are done with mapping/estimating the latent factors ui and pj, ratings can
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be easily predicted. However, the challenging point is estimating the factor vectors.

Earlier models to estimate the hidden factor vectors tried to use singular value decomposi-

tion (SVD) to decompose the input user-item matrix X. The SVD method easily encounters

problem due to sparseness of the user-item matrix. When the method only uses the observed

cells in the matrix, it could easily lead to overfitting. To overcome this problem, researchers

tried to impute missing cells in the data matrix but the imputation made computation ex-

tensive and created unintended bias. More recent studies suggest to use regularized methods

which could avoid overfitting while only using observed ratings. The unknown values in

the matrices can be estimated by minimizing the objective function via a gradient descent

method:

min
u,p

∑
(i,j)∈K

(
rij − u⊤

i pj

)2
+ λ

(
∥ui∥2 + ∥pj∥2

)
,

where K is a set that contains all observed user-item ratings. The matrix factorization

methods can be extended by including bias terms as

r̂ij = µ+ bi + ej + u⊤
i pj, where r̂ij = estimated rating of user i on item j.

where bi and ej are user main effect and item main effect respectively, and µ is overall mean.

Then the parameters can be estimated by minimizing the following objective function

∑
(i,j)∈K

(rij − r̂ij)
2 + λ

(
∥ui∥2 + ∥pj∥2 + b2i + e2j

)
.

This model can be even further extended by considering time varying coefficients such as

r̂ij(t) = µ+ bi(t) + ej(t) + u⊤
i (t)pj,

where r̂ij(t) is the estimated rating of user i on item j at time t. The bi(t) and ui(t)
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represent the user’s preference on the item over time, and the ej(t) reflects the trend of

item popularity over time. Again the parameters could be estimated via gradient descent

methods by minimizing the regularized mean squared error. Alternating least squares (ALS)

method could also be used for optimizing the aforementioned objective functions. In ALS

method, it first optimizes with respect to the user matrix while holding the item matrix

fixed. Afterward, it optimizes with respect to the item matrix while holding the user matrix

fixed. The gradient descent method tends to be faster but ALS method has the potential of

allowing parallel processing. See Koren et al. (2009) for further details.

After witnessing many deep-learning models show success in areas such as NLP, image

processing, some authors considered to adapt machine learning models to recommender

systems. One example is Deep neural network (DNN) softmax recommender system. This

system treats the problem as a multiclass prediction. There are as many classes as the number

of items. The input is user query which can be dense or sparse features. The output is the

predicted probability of a user’s interaction with each item. The DNN softmax recommender

system has many hidden layers and nonlinear activation functions. The actual outcome is

that the nonlinear interaction between the user and item is modeled by the inner product

of nonlinear functions of user’s embedding or/and nonlinear functions of item’s embedding

(See Covington et al. 2016 and the references therein). Google researchers found significant

improvement of recommendation accuracy when DNN softmax recommender system is used.

The machine learning scientists at Netflix also actively pursued deep-learning models in

Netflix recommender systems. Unfortunately, after long struggle, the Netflix recommender

system research community reported that the use of powerful deep-learning models not neces-

sarily translate into good recommender systems (Steck et al. 2021). Instead, some weakness

of deep-learning models are observed while applied to recommender systems. One exam-

ple is overfitting. With Netflix’s short term objectives, the deep-learning models may be

misaligned with long term objectives such as user satisfaction. It has been found that adapt-

ing the deep-learning models within the Netflix recommender systems provided very limited
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benefits. Instead, well-tuned traditional methods remained to be very strong competitive

baseline performer in the classic recommendation setting when only user-item interaction

data are used. To get more benefit from deep-learning models, the problems need to be ex-

tended such as by finding good representations for the time domain, or extending the range

and modalities of inputs with additional heterogeneous features and information sources

such as images, texts, and videos. Solving the traditional recommender system problems

with deep-learning sometimes only has limited benefits.

In Recommender systems, unobserved cells in the data matrix are possibly because the

users did not have a chance to provide rating on the items. Such observations are missing.

This is different from zero entries in word-word cooccurrence count matrix in NLP setting.

A zero count for a word pair means this pair of words were never used in the same window

in the entire corpus. Excluding the model fit for zero count in the objective function is

not suitable in NLP setting because it could lead to large fitted value for a zero and this

discrepancy is never taken into account in the objective function if zero entries are ignored

(as in GloVe).
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Chapter 3

Shared parameter alternating

zero-inflated Gamma regression

In this chapter, our goal is to model continuous data with skewed distribution with abun-

dance of zeros but lack of covariate information. The zero inflated gamma observations are

sometimes referred as semi-continuous data because the observations contain a lot of zeros

and the distribution of non-zero are highly skewed continuous data.

Some examples of such data are listed in Mills (2013): insurance claim data, household

expenditure data, precipitation data, etc. Wei et al. (2020) studied and simulated data using

the actual deconvolved calcium imaging data using zero inflated gamma to accommodate

spike of observed inactivity and trace of calcium signals in neural populations. Nobre et al.

(2017) studied amount of leisure time spent on physical activity and the explanatory variables

including gender, age, education level, and annual per capita family income. The zero inflated

gamma model was preferred over multinomial model.

In all of the aforementioned examples, there are explicitly observed covariates or factors

and the two parts of the model parameters are perpendicular to each other such that model

estimation can be done by simply fitting two separate regressions: binomial regression and

gamma regression. Such models, unfortunately, can not be applied to the user-item or cooc-
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currence count matrix data because we do not have covariates being observed. Additionally,

the mechanism that leads to the observed data entries in the data matrix for the binomial

and the gamma part may be of the same nature, in which case shared parameter modeling

would be more appropriate. Therefore, in this chapter, we consider shared parameter model-

ing of zero inflated gamma data using alternating regression. We will consider two different

link functions for the gamma part: canonical link and log link.

Denoting the Bernoulli random variable gij and the Gamma random variable yij as

gij =


0, if 1− pij

1, if pij

, yij =

 0, if gij = 0

Gamma observation, if gij = 1
,

we have probability mass function (pmf) for the Bernoulli random variable and probability

density function (pdf) for the Gamma random variable as follows:

p (gij) = p
gij
ij · (1− pij)

1−gij ,

f (yij | gij = 1) =
1

Γ (vi)
·
(
viyij
µij

)vi

· 1

yij
· exp

(
−viyij

µij

)
.

Product of the two functions generates the joint distribution of the Bernoulli and Gamma

random variable

f (yij, gij) = p (gij) · f (yij | gij) .

By integrating out the Bernoulli random variable, we could obtain pdf of the zero inflated

Gamma (ZIG) distribution as below.

f (yij) =
1∑

x=0

p (gij = x) · f (yij | gij = x)

= (1− pij)
I(yij=0) · [pij f (yij | gij = 1)]I(yij>0)
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From the pdf of the ZIG distribution, we could define likelihood function L on all obser-

vations with the following structures under the assumption that the observations yij’s are

independent of each other conditional on unobserved θi and θ̃j, i = 1, . . . , n, j = 1, . . . , n.

L =
n∏

i=1

Li; ℓ = log(L) =
n∑

i=1

ℓi; ℓi =
n∑

j′=1

ℓij′ ; where ℓij′ = log(f(yij′)).

We will estimate θ and θ̃ alternately. This resembles block coordinate descent in which one

part of parameters is updated while holding the remaining part of parameters as fixed values.

In this estimation scheme, the likelihood function can be treated as a function of either θ

or θ̃ but not concurrently at a same time, where θ = (θ1, . . . ,θn)
⊤, θ̃ = (θ̃1, . . . , θ̃n)

⊤,

θi = (w⊤
i , bi, ei)

⊤ and θ̃i = (w̃⊤
i , b̃i, ẽi)

⊤. When estimating θ, we treat the likelihood as a

function of θ while θ̃ serves as given data. Reversely, when we estimate the θ̃, we treat

the likelihood as a function of θ̃ while θ is treated as given. For clarity, we use separate

notations ℓi and ℓ̃j to refer to these two occasions, i.e.,

ℓi = ℓi(θi; θ̃) =
n∑

j=1

ℓij(θi; θ̃j), ℓ̃j = ℓ̃j(θ̃j;θ) =
n∑

i=1

ℓij(θ̃j;θ)

Note that ℓi and ℓ̃j simply represent the likelihood of a row or a column of the data matrix.

We use ℓi to refer to a function of θi while the log likelihood is for data in the ith row of

the co-occurence matrix and use ℓ̃j to refer to a function of θ̃j while the log likelihood is for

data in the jth column of the matrix. Each of these two likelihood functions could be split

into two components: one corresponds to the Bernoulli part and the other corresponds to
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the Gamma part

ℓi = ℓi(θi; θ̃) = ℓi(θi while θ̃ is known ) = ℓ
(1)
i + ℓ

(2)
i ,

ℓ
(1)
i = ℓ

(1)
i (θi; θ̃) = ℓ

(1)
i (θi while θ̃ is known )

=
n∑

j=1

{I (yij = 0) · log (1− pij) + I (yij > 0) · log pij} ,

ℓ
(2)
i = ℓ

(2)
i (θi; θ̃) = ℓ

(2)
i (θi while θ̃ is known ) =

n∑
j=1

I (yij > 0) · log f (yij | yij > 0) .

Similarly,

ℓ̃j = ℓ̃j(θ̃j;θ) = ℓ̃j(θ̃j while θ is known ) = ℓ̃
(1)
j + ℓ̃

(2)
j ,

ℓ̃
(1)
j = ℓ̃

(1)
j (θ̃j;θ) = ℓ̃

(1)
j (θ̃ while θ is known )

=
n∑

i=1

{I (yij = 0) · log (1− pij) + I (yij > 0) · log pij} ,

ℓ̃
(2)
j = ℓ̃

(2)
j (θ̃j;θ) = ℓ̃

(2)
j (θ̃j while θ is known ) (3.0.1)

=
n∑

i=1

I (yij > 0) · log f (yij | yij > 0) ,

and the alternating regression deals with two separate log likelihood functions:

ℓ(θ; θ̃) =
∑
i

∑
j

ℓij =
∑
i

∑
j

(ℓ
(1)
ij + ℓ

(2)
ij ) =

∑
i

(ℓ
(1)
i + ℓ

(2)
i ),

ℓ̃(θ̃;θ) =
∑
i

∑
j

ℓ̃ij =
∑
i

∑
j

(ℓ̃
(1)
ij + ℓ̃

(2)
ij ) =

∑
j

(ℓ̃
(1)
j + ℓ̃

(2)
j ).

The ℓ
(1)
i part is the traditional log likelihood for binary logistic regression. The ℓ

(2)
i part

is gamma log likelihood restricted to only positive observations. If the two parts do not

share common parameters, then the estimation can be done separately as in Mills (2013).

In our case, however, the ℓ
(1)
i and ℓ

(2)
i share some common parameters wi and w̃j. The link
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function for the logistic model takes form

ηij = log
pij

1− pij
= w⊤

i w̃j + bi + b̃j (3.0.2)

where wi and bi are unknown parameters while treating w̃j and b̃j as known. For the gamma

observations,

log f (yij | yij > 0) = − log Γ (vij) + vij log

(
vij
µij

)
+ (vij − 1) log yij −

vijyij
µij

.

When we use the canonical link, the mean of the response variable and θ and θ̃ are connected

through following formula,

τij = g(µij) = −µ−1
ij = w⊤

i w̃j + ei + ẽj. (3.0.3)

With the canonical link, the likelihood function and score equations are both function of

the sufficient statistic. As the sufficient statistic carries all information about the unknown

parameters, we can restrict our attention to the sufficient statistic without losing any infor-

mation. This link function, however, could have difficulty in the estimation process. The

natural parameter space is {µij : µij > 0}. The dot product part on the right hand side of

equation (3.0.3) may yield an estimate of µij out of this parameter space.

Another link function that is popularly used for Gamma regression is the log link g(µ) =

log(µ) which gives the log linear model:

τij = g(µij) = log(µij) = w⊤
i w̃j + ei + ẽj. (3.0.4)

This model has better interpretation than the canonical link. For each unit increment in

θ̃jk or θik, the mean increases multiplicatively by exp(θik) or by exp(θ̃jk). Even though the

parameters enjoy better interpretation, the estimation could also become a problem in the
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sense that the dot product on the right hand side of (3.0.4) could become large leading to

µij being infinity and hence the estimation algorithm diverges.

In both links, the common dot product w⊤
i w̃j is used to reflect the fact that the cosine

similarity is the key driving force behind the observed data in the table. For example, in NLP,

wi and w̃j each represents a word in a dense vector. Each one of them contains both linguistic

information and word usage information in it. The observations are cooccurrence count that

is linked to relevance between the words and the relevance can be captured with the cosine

similarity. In the example of item-item cooccurrence matrix, wi and w̃j represent the product

information of the items including characteristics, properties, functionality, popularity, users’

ratings on them, etc. The dot product again tells how the two items are relevant to each

other. Sometimes the cooccurrence matrix was derived from a time series such as a sequence

of watched movies in time order from a customer. In this case, the cooccurrence count tells

how often the two items were considered in a similar time frame because the counts were

weighted based on the position separation of the two items in the sequence. The relevance of

these items summarized by the cosine similarity could reflect how the two products are alike

in their property, functionality, etc. Therefore, the dot product serves as major contributor

for the observed count.

In both link functions, the intercepts are allowed to be different from that in the logistic

model for flexibility. In some classical statistical models such as in Moulton et al. (2002),

shared parameter modeling is used by assuming one part of model parameters to be propor-

tional to the other. Such proportionally assumed parameters is meaningful for the case where

covariates are observed. In our case, when the data w̃ is not actually observed, putting in an

additional proportionality parameter will only make the model non-identifiable. This is why

we believe it is better to put flexibility in the intercepts instead of using the proportionality

parameters.

In our case, parameters of Gamma regression part and parameters of Logistic regression

part should be a same set of parameters and estimated simultaneously instead of separate
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set of parameters. Mills (2013) conducted hypothesis testing to compare two groups via

mixture of zero-inflated gamma and zero-inflated log-normal models. However, the parame-

ters from the two model components were modelled separately. In a totally applied setting,

Moulton et al. (2002) considered normal and log-gamma mixture model for HIV RNA data

using shared parameters assuming two parts of the model are proportional to each other.

They proposed such application and simulation, but no inference was given. The shared

parameter modeling was also employed in some literature to achieve some model parsimony.

For example, Wu and Carroll (1988) used shared parameters for both a random effects linear

model and a probit-modeled censoring process. Have et al. (1998) used a similar approach for

simultaneous modeling of a mean structure and informative censoring. Albert et al. (1997)

used shared parameters to model the intensity of a Poisson process and a binary measure of

severity.

3.1 ZIG model with canonical links

In the two parts model, if we use canonical link, the Bernoulli part would be using logit

function while the gamma part would be using negative inverse link. Using the canonical link

with generalized linear models enjoys the benefit that the score equations are a function of

sufficient statistics. Here, we present the model with the canonical links. The negative inverse

link, however, has difficulty to interpret model parameters and also has some restrictions in

terms of the support of the link function, which does not match the positive value of gamma

distribution. More details can be seen as we introduce the model.

Recall that the the log likelihood and the link function for Logistic regression are

ℓ
(1)
i =

n∑
j=1

{I (yij = 0) · log (1− pij) + I (yij > 0) · log pij} ,

ηij = log
pij

1− pij
= w⊤

i w̃j + bi + b̃j,
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wherewi and bi are unknown parameters while treating w̃j and b̃j as fixed. The log likelihood

and the negative inverse link function for Gamma regression are

ℓ
(2)
i =

n∑
j=1

I (yij > 0) · log f (yij | yij > 0) ,

with log f (yij | yij > 0) = − log Γ (vij) + vij log

(
vij
µij

)
+ (vij − 1) log yij −

vijyij
µij

,

τij = g(µij) = −µ−1
ij = w⊤

i w̃j + ei + ẽj.

The log likelihood function for ith row of data is

ℓi = ℓ
(1)
i + ℓ

(2)
i .

To get partial derivatives, we write ℓ
(1)
i as follows

ℓ
(1)
i =

n∑
j=1

(1− gij) · log (1− pij) + gij · log pij

=
n∑

j=1

gij · log
pij

1− pij
+ log (1− pij)

=
n∑

j=1

gij · ηij + log
1

1 + exp (ηij)

=
n∑

j=1

gij · ηij − log {1 + exp (ηij)} .

Note that pij is success probability from Logistic regression, the following formulae hold:

pij =
exp

(
w⊤

i w̃j + bi + b̃j

)
1 + exp

(
w⊤

i w̃j + bi + b̃j

)
∂ηij
∂wi

= w̃j,
∂ηij
∂bi

= 1,
∂pij
∂bi

= pij (1− pij) ,

∂pij
∂wi

=
exp (ηij) · w̃j · {1 + exp (ηij)} − exp (2ηij) · w̃j

{1 + exp (ηij)}2
= pij (1− pij) w̃j.
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Therefore, the first order partial derivatives can be summarized as

∂ℓ
(1)
i

∂wi

=
n∑

j=1

{
gij · w̃j −

exp (ηij)

1 + exp (ηij)
w̃j

}
=

n∑
j=1

(gij − pij) w̃j,

∂ℓ
(1)
i

∂bi
=

n∑
j=1

(gij − pij) .

(3.1.1)

The second order partial derivatives and their negative expectations are

∂2ℓ
(1)
i

∂wi∂w⊤
i

= −
n∑

j=1

w̃jpij (1− pij) w̃
⊤
j = −

n∑
j=1

pij (1− pij) w̃jw̃
⊤
j

=⇒ E

[
− ∂2ℓ

(1)
i

∂wi∂w⊤
i

]
=

n∑
j=1

pij (1− pij) · w̃jw̃
⊤
j , (3.1.2)

∂2ℓ
(1)
i

∂wi∂bi
=−

n∑
j=1

w̃j
∂pij
∂bi

=−
n∑

j=1

w̃jpij (1−pij) =⇒ E

[
− ∂2ℓ

(1)
i

∂wi∂bi

]
=

n∑
j=1

w̃jpij (1−pij) ,

∂2ℓ
(1)
i

∂b2i
= −

n∑
j=1

pij (1− pij) =⇒ E

[
−∂2ℓ

(1)
i

∂b2i

]
=

n∑
j=1

pij (1− pij) .

(3.1.3)

Now, consider the second component of ith log likelihood ℓ
(2)
i

ℓ
(2)
i =

n∑
j=1

I (yij > 0) · log f (yij | yij > 0) =
n∑

j=1

gij · log f (yij | yij > 0)

=
n∑

j=1

gij ·
{
− log Γ (vij) + vij log vij + vij log

(
−w⊤

i w̃j − ei − ẽj
)

+(vij − 1) log yij + vijyij
(
w⊤

i w̃j + ei + ẽj
)}

=
n∑

j=1

gij ·
{
vij log

(
−w⊤

i w̃j − ei − ẽj
)
+ vijyij

(
w⊤

i w̃j + ei + ẽj
)

(3.1.4)

− log Γ (vij) + vij log vij + (vij − 1) log yij} .
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The first order partial derivatives for the ℓ
(2)
i are

∂ℓ
(2)
i

∂wi

=
n∑

j=1

gij ·
{

−vij · w̃j

−w⊤
i w̃j − ei − ẽj

+ vijyij · w̃j

}
,

∂ℓ
(2)
i

∂ei
=

n∑
j=1

gij ·
{

−vij
−w⊤

i w̃j − ei − ẽj
+ vij · yij

}
.

(3.1.5)

The second order partial derivatives and their negative expectations are

∂2ℓ
(2)
i

∂wi∂w⊤
i

=
n∑

j=1

gij · vij · w̃j ·
(
−w̃⊤

j

)
/
(
−w⊤

i w̃j − ei − ẽj
)2

=⇒ E

[
− ∂2ℓ

(2)
i

∂wi∂w⊤
i

∣∣∣∣∣ gij = 1

]
= vij

n∑
j=1
gij=1

w̃j ·
(
w̃⊤

j

)
/
(
−w⊤

i w̃j − ei − ẽj
)2

; (3.1.6)

∂2ℓ
(2)
i

∂wi∂ei
=

n∑
j=1

gij · vij · w̃j · (−1)/
(
−w⊤

i w̃j − ei − ẽj
)2

=⇒ E

[
− ∂2ℓ

(2)
i

∂wi∂ei

∣∣∣∣∣ gij = 1

]
= vij

n∑
j=1
gij=1

w̃j/
(
−w⊤

i w̃j − ei − ẽj
)2

; (3.1.7)

∂2ℓ
(2)
i

∂e2i
=

n∑
j=1

gij · vij · (−1)/
(
−w⊤

i w̃j − ei − ẽj
)2

=⇒ E

[
−∂2ℓ

(2)
i

∂e2i

∣∣∣∣∣ gij = 1

]
= vij

n∑
j=1
gij=1

1/
(
−w⊤

i w̃j − ei − ẽj
)2

. (3.1.8)

All of the aforementioned formulae are working with the ith log likelihood ℓ
(1)
i and ℓ

(2)
i . When

we combine the log likelihood from different rows of data, other rows do not contribute to
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the partial derivative with respect to θi. That is,

∂ℓ

∂wi

=
∂ℓi
∂wi

;
∂ℓ

∂bi
=

∂ℓ
(1)
i

∂bi
;

∂ℓ

∂ei
=

∂ℓ
(2)
i

∂ei
;

∂2ℓ

∂wi∂w⊤
i

=
∂2ℓi

∂wi∂w⊤
i

;
∂2ℓ

∂wi∂bi
=

∂2ℓ
(1)
i

∂wi∂bi
;

∂2ℓ

∂wi∂ei
=

∂2ℓ
(2)
i

∂wi∂ei
;

∂2ℓ

∂b2i
=

∂2ℓ
(1)
i

∂b2i
;

∂2ℓ

∂bi∂ei
=

∂2ℓi
∂bi∂ei

= 0;
∂2ℓ

∂e2i
=

∂2ℓ
(2)
i

∂e2i
.

As a result, the estimation of the components in θ = (θ⊤
1 , . . . ,θ

⊤
n )

⊤ does not need to

happen at a same time. Instead, we can cycle through the estimation of θi, for i = 1, . . . , n,

one by one. After θi is updated during estimation, the estimated value of θ1,θ2, . . . ,θi will

be used when we update θk, k = i+ 1, . . . , n and so on.

The first part of the alternating regression has the following updating equation based on

the Fisher scoring algorithm:

θ
(t+1)
i = θ

(t)
i + S−1

θ(t)

i

U
θ(t)

i

, i = 1, . . . , n, (3.1.9)

For each i and t, this update requires the value of θi and their score equations and information

matrix at tth iteration. One iteration alone here is not taking advantage of the data in the

sense that retrieving the ith row of data takes significant amount of time. Therefore, for

each row of data retrieved, it is better to update for a certain number of times (epochs E).

Specifically, for each epoch, the θ
(t)
i is updated again and again and the updated values are

used to recompute the score equations and information matrix, all of which are used for next

epoch’s update. After all epochs are completed, θ
(t)
i takes the value of θ

(t,E)
i at the end of

all iterations from E epochs based on the updating formula below:

θ
(t,k+1)
i = θ

(t,k)
i + S−1

θ(t,k)

i

U
θ(t,k)

i

, k = 1, . . . , E, (3.1.10)

This inner loop of updates makes good use of the already loaded data to refine the estimate
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of θ
(t)
i so that the end estimate is closer to its MLE when the same θ̃ values are used. Note

that the updated θi in each epoch from (3.1.10) will lead to changes in the score equations

and Fisher information matrix, whose update will in turn lead to better estimate of θi. These

many rounds of updates will reduce the variation of update in θ
(t)
i when we go through many

iterations based on equation (3.1.9). Below are formulae involved in the updating equations:

θ
(t)
i =

(
w

⊤(t)
i , b

(t)
i , e

(t)
i

)⊤
; U

θ(t)

i

=

[(
∂ℓi
∂wi

)⊤
, ∂ℓi
∂bi

, ∂ℓi
∂ei

]⊤
; S

θ(t)

i

=


S
(t)
wi S

(t)
wibi

S
(t)
wiei

S
(t)
biwi

S
(t)
bi

S
(t)
biei

S
(t)
eiwi S

(t)
eibi

S
(t)
ei


with

∂ℓi
∂wi

=
∂ℓ

(1)
i (θ

(t)
i ; θ̃

(t)
)

∂wi

+
∂ℓ

(2)
i (θ

(t)
i ; θ̃

(t)
)

∂wi

,

∂ℓi
∂bi

=
∂ℓ

(1)
i (θ

(t)
i ; θ̃

(t)
)

∂bi
,

∂ℓi
∂ei

=
∂ℓ

(2)
i (θ

(t)
i ; θ̃

(t)
)

∂ei
,

where these partial derivatives are the
∂ℓ

(1)
i

∂wi
,

∂ℓ
(2)
i

∂wi
,

∂ℓ
(1)
i

∂bi
, and

∂ℓ
(2)
i

∂ei
evaluated at θ

(t)
i and θ̃

(t)

using formulae in (3.1.1), (3.1.5), and

S(t)
wi

= E

[
−∂2ℓ

(1)
i (θ

(t)
i ; θ̃

(t)
)

∂wi∂w⊤
i

]
+ E

[
−∂2ℓ

(2)
i (θ

(t)
i ; θ̃

(t)
)

∂wi∂w⊤
i

∣∣∣∣∣ gij = 1

]
;

S
(t)
wibi

= E

[
−∂2ℓ

(1)
i (θ

(t)
i ; θ̃

(t)
)

∂wi∂bi

]
; S

(t)
bi

= E

[
−∂2ℓ

(1)
i (θ

(t)
i ; θ̃

(t)
)

∂b2i

]
; S

(t)
biei

= 0;

S(t)
wiei

= E

[
−∂2ℓ

(2)
i (θ

(t)
i ; θ̃

(t)
)

∂wi∂ei

∣∣∣∣∣ gij = 1

]
; S(t)

ei
= E

[
−∂2ℓ

(2)
i (θ

(t)
i ; θ̃

(t)
)

∂e2i

∣∣∣∣∣ gij = 1;

]
,

where the expectations are based on formulae (3.1.2), (3.1.3), (3.1.6), (3.1.7), (3.1.8) evalu-

ated at θ
(t)
i and θ̃

(t)
if it is in outer loop of update and using the values of θ(t,k) and θ̃

(t,k)

when it is in the inner loop of updates.

This concludes the first part of the alternating ZIG regression. It gives iterative update
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of θ while θ̃ fixed. After we finish update of all θi’s, we move on to treat the θ as fixed to

estimate θ̃.

Starting with ℓ̃j = ℓ̃
(1)
j + ℓ̃

(2)
j , we consider the partial derivatives with respect to θ̃j while

holding θ fixed. The derivations are similar to those for ℓi but still we list them for clarity.

Note that

∂pij
∂w̃j

=
exp (ηij) ·wi {1 + exp (ηij)} − exp (2ηij) ·wi

{1 + exp (ηij)}2
= pij (1− pij)wi,

∂pij

∂b̃j
= pij (1− pij) · 1.

The first order partial derivatives regarding ℓ̃
(1)
j are

∂ℓ̃
(1)
j

∂w̃j

=
n∑

i=1

(gij − pij) ·wi =
n∑

i=1

(gij − pij) ·wi,

∂ℓ̃
(1)
j

∂b̃j
=

n∑
i=1

(gij − pij) =
n∑

i=1

(gij − pij) .

The second derivatives and their expectations are

∂2ℓ̃
(1)
j

∂w̃j∂w̃
⊤
j

=
n∑

i=1

wi ·

(
− ∂pij

∂w̃⊤
j

)
= −

n∑
i=1

wiw
⊤
i pij (1− pij) ,

=⇒ E

[
−

∂2ℓ̃
(1)
j

∂w̃j∂w̃
⊤
j

]
=

n∑
i=1

wiw
⊤
i pij (1− pij) ;

∂2ℓ̃
(1)
j

∂w̃j∂b̃j
= −

n∑
i=1

wipij (1− pij) =⇒ E

[
−

∂2ℓ̃
(1)
j

∂w̃j∂b2j

]
=

n∑
i=1

wipij (1− pij) ;

∂2ℓ̃
(1)
j

∂b̃2j
= −

n∑
i=1

pij (1− pij) =⇒ E

[
−
∂2ℓ̃

(1)
j

∂b̃2j

]
=

n∑
i=1

pij (1− pij) .
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Now, consider the first order partial derivatives of the second component ℓ̃
(2)
j .

∂ℓ̃
(2)
j

∂w̃j

=
n∑

i=1

gij ·
{

−vij ·wi

−w⊤
i w̃j − ei − ẽj

+ vijyij ·wi

}
,

∂ℓ̃
(2)
j

∂ẽj
=

n∑
i=1

gij

{
−vij

−w⊤
i w̃j − ei − ẽj

+ vij · yij
}
.

The second order partial derivatives and their negative expectations are

∂2ℓ̃
(2)
j

∂w̃j∂w̃
⊤
j

=
n∑

i=1

gij · vij ·wi ·
(
−w⊤

i

)
/
(
−w⊤

i w̃j − ei − ẽj
)2

,

=⇒ E

[
−

∂2ℓ̃
(2)
j

∂w̃j∂w̃
⊤
j

∣∣∣∣∣ gij = 1

]
= vij

n∑
i=1
gij=1

wi ·w⊤
i /
(
w⊤

i w̃j + ei + ẽj
)2

;

∂2ℓ̃
(2)
j

∂w̃j∂ẽj
=

n∑
i=1

gij · vij ·wi · (−1)/
(
−w⊤

i w̃j − ei − ẽj
)2

,

=⇒ E

− ∂2ℓ̃
(2)
j

∂w̃j∂ẽj

∣∣∣∣∣∣ gij = 1

 = vij

n∑
i=1
gij=1

wi/
(
w⊤

i w̃j + ei + ẽj
)2

;

∂2ℓ̃
(2)
j

∂ẽ2j
=

n∑
i=1

gij · vij · (−1)/
(
−w⊤

i w̃j − ei − ẽj
)2

,

=⇒ E

[
−
∂2ℓ̃

(2)
j

∂ẽ2j

∣∣∣∣∣ gij = 1

]
= vij

n∑
i=1
gij=1

1/
(
w⊤

i w̃j + ei + ẽj
)2

.

Therefore, the other side of updating equation for the alternating ZIG regression based

on the Fisher scoring algorithm is

θ̃
(t+1)

j = θ̃
(t)

j + S−1

θ̃
(t)

j

U
θ̃

(t)

j

, j = 1, . . . , n,

θ̃
(t,k+1)

j = θ̃
(t,k)

j + S−1

θ̃
(t,k)

j

U
θ̃

(t,k)

j

, k = 1, . . . , E.

Again, for each j and iteration number t, this equation is iterated for certain number of

epochs to get refined estimate of θ̃j based on current value of θ without having to reload
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the data. The quantities in the updating equation are listed below.

θ̃
(t)

j =
(
w̃

⊤(t)
j , b̃

(t)
j , ẽ

(t)
j

)⊤
; U

θ̃
(t)

j

=


∂ℓ̃j

∂w̃j

∂ℓ̃j

∂b̃j
,

∂ℓ̃j
∂ẽj

 ; S
θ̃

(t)

j

=


S
(t)

w̃j

S
(t)

w̃j b̃j
S
(t)

w̃j ẽj

S
(t)

b̃jw̃j

S
(t)

b̃j
S
(t)

b̃j ẽj

S
(t)

ẽjw̃j

S
(t)

ẽj b̃j
S
(t)
ẽj


with

∂ℓ̃j
∂w̃j

=
∂ℓ̃

(1)
j (θ̃

(t)

j ;θ(t))

∂w̃j

+
∂ℓ̃

(2)
j (θ̃

(t)

j ;θ(t))

∂w̃j

,

∂ℓ̃j

∂b̃j
=

∂ℓ̃
(1)
j (θ̃

(t)

j ;θ(t))

∂b̃j
,

∂ℓ̃j
∂ẽj

=
∂ℓ̃

(2)
j (θ̃

(t)

j ;θ(t))

∂ẽj
,

where these partial derivatives are the
∂ℓ̃

(1)
j

∂w̃j

,
∂ℓ̃

(2)
j

∂w̃j

,
∂ℓ̃

(1)
j

∂b̃j
, and

∂ℓ̃
(2)
j

∂ẽj
evaluated at θ̃

(t)

j and θ(t),

and

S
(t)

w̃j

= E

−∂2ℓ̃
(1)
j (θ̃

(t)

j ;θ(t))

∂w̃j∂w̃
⊤
j

+ E

−∂2ℓ̃
(2)
j (θ̃

(t)

j ;θ(t))

∂w̃j∂w̃
⊤
j

∣∣∣∣∣∣ gij = 1

 ;

S
(t)

w̃j b̃j
= E

−∂2ℓ̃
(1)
j (θ̃

(t)

j ;θ(t))

∂w̃j∂b̃j

 ; S
(t)

b̃j
= E

−∂2ℓ̃
(1)
j (θ̃

(t)

j ;θ(t), )

∂b̃2j

 ; S
(t)

b̃j ẽj
= 0;

S
(t)

w̃j ẽj
= E

−∂2ℓ̃
(2)
j (θ̃

(t)

j ;θ(t))

∂w̃j∂ẽj

∣∣∣∣∣∣ gij = 1

 ; S
(t)
ẽj

= E

−∂2ℓ̃
(2)
j (θ̃

(t)

j ;θ(t))

∂ẽ2j

∣∣∣∣∣∣ gij = 1

 .

The expectations involved in above formulae were using the current values θ(t) and θ̃
(t)

at

tth iteration if it is in outer loop of update and using the values of θ(t,k) and θ̃
(t,k)

when it is

in the inner loop of updates.

All of the formulae above assume the parameter vij is known. When it is not known, the

parameter can be estimated with MLE, bias corrected MLE, or moment estimator. Simu-

lation studies in Du (2007) suggested that when the sample size is large, all the estimators

perform similarly but the moment estimator has advantage of easy to compute. If the sample
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size is medium, then bias corrected MLE is better.

The problem we encountered is the canonical link for Gamma regression part. Recall

the canonical link for the Gamma regression is g(µij) = −µ−1
ij = w⊤

i w̃j + ei + ẽj. The left

hand side of the equation is required to be negative because the support of the Gamma

distribution is (0, ∞). However, the right hand side of the equation could freely take any

value in (−∞,∞). Due to this conflict in natural parameter space and the range of estimated

value, the likelihood function sometimes could become NaN because log(w⊤
i w̃j + ei + ẽj)

appears in the likelihood function (see equation (3.1.4)).

3.2 Using log link for Gamma regression

As we discussed the limitation of the canonical link for Gamma regression part in Section

3.1, we utilize the other link, i.e., log link function, to model the Gamma regression part

while maintaining logistic regression part. The settings of the two-parts model are similar

to those in Section 3.1 except modifying the link function from canonical to log link.

For our updating formulae on the model parameters which is based on Fisher scoring

algorithm, consider the derivatives of first part of the ith log likelihood ℓ
(1)
i . These can be

derived similarly as in section 3.1. We will work on each of the partial derivatives in the

following formulae one by one.

∂ℓ

∂wi

=
∂ℓi
∂wi

;
∂ℓ

∂bi
=

∂ℓ
(1)
i

∂bi
;

∂ℓ

∂ei
=

∂ℓ
(2)
i

∂ei
;

∂2ℓ

∂wi∂w⊤
i

=
∂2ℓi

∂wi∂w⊤
i

;
∂2ℓ

∂wi∂bi
=

∂2ℓ
(1)
i

∂wi∂bi
;

∂2ℓ

∂wi∂ei
=

∂2ℓ
(2)
i

∂wi∂ei
;

∂2ℓ

∂b2i
=

∂2ℓ
(1)
i

∂b2i
;

∂2ℓ

∂bi∂ei
=

∂2ℓi
∂bi∂ei

= 0;
∂2ℓ

∂e2i
=

∂2ℓ
(2)
i

∂e2i
.

Recall

ℓ
(1)
i =

n∑
j=1

(1− gij) · log (1− pij) + gij · log pij =
n∑

j=1

gij · ηij − log {1 + exp (ηij)} . (3.2.1)
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Then the first order partial derivatives of ℓ
(1)
i are

∂ℓ
(1)
i

∂wi

=
n∑

j=1

(gij − pij) w̃j,
∂ℓ

(1)
i

∂bi
=

n∑
j=1

(gij − pij) , (3.2.2)

and the second order partial derivatives of ℓ
(1)
i are written as

∂2ℓ
(1)
i

∂wi∂w⊤
i

= −
n∑

j=1

pij (1− pij) w̃jw̃
⊤
j , ⇒ E

[
− ∂2ℓ

(1)
i

∂wi∂w⊤
i

]
=

n∑
j=1

pij (1− pij) · w̃jw̃
⊤
j ,

∂2ℓ
(1)
i

∂wi∂bi
= −

n∑
j=1

w̃jpij (1− pij) , ⇒ E

[
− ∂2ℓ

(1)
i

∂wi∂bi

]
=

n∑
j=1

w̃jpij (1− pij) ,

∂2ℓ
(1)
i

∂b2i
= −

n∑
j=1

pij (1− pij) , ⇒ E

[
−∂2ℓ

(1)
i

∂b2i

]
=

n∑
j=1

pij (1− pij) .

(3.2.3)

Now, consider the second component of ith log likelihood ℓ
(2)
i and same notation is used for

τij = w⊤
i w̃+ei+ ẽj as in previous subsection. Then the log likelihood of observations, which

account for non-zero entries in cooccurrence matrix, corresponding to gamma distribution

can be expressed as

ℓ
(2)
i =

n∑
j=1

I (yij > 0) · log f (yij | yij > 0) =
n∑

j=1

gij · log f (yij | yij > 0)

=
n∑

j=1

gij

{
−log Γ(vij)+vijlogvij+(vij−1)log yij−vijτij−vijyij

1

exp (τij)

}
(3.2.4)

where

log f (yij | yij > 0) = − log Γ (vij) + vij log vij + (vij − 1) log yij − vij · τij − vijyij
1

exp (τij)
.

The equations below give the first order partial derivatives of ℓ
(2)
i with respect to the param-
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eters wi and ei.

∂ℓ
(2)
i

∂wi

=
n∑

j=1

−gij · vij
{
∂τij
∂wi

+
yij
µij

·
(
−∂τij
∂wi

)}
=

n∑
j=1

gij · vij · µ−1
ij (yij − µij) · w̃j,

∂ℓ
(2)
i

∂ei
=

n∑
j=1

gij · vij · µ−1
ij (yij − µij) · 1.

(3.2.5)

To get the second order partial derivatives, first note that

µij = exp (τij) ⇒ ∂µij

∂wi

=
∂µij

∂τij
· ∂τij
∂wi

= µij · w̃j, and
∂µij

∂ei
=

∂µij

∂τij
· ∂τij
∂ei

= µij · 1.

Then the second order partial derivatives and their negative expectations which are compo-

nents of the Fisher information matrix can be derived as

∂2ℓ
(2)
i

∂wi∂w⊤
i

=
n∑

j=1

gij · vij
{
−µ−2

ij · µij · w̃j (yij − µij)− w̃j

}
w̃⊤

j

= −
n∑

j=1

gij · vij ·
{
yij − µij

µij

+ 1

}
w̃jw̃

⊤
j ,

=⇒ E

[
− ∂2ℓ

(2)
i

∂wi∂w⊤
i

∣∣∣∣∣ gij = 1

]
=

n∑
j=1

gij · vij · w̃jw̃
⊤
j ;

∂2ℓ
(2)
i

∂wi∂ei
=

n∑
j=1

gij · vij ·
{
−µ−2

ij · µij · 1 (yij − µij)− µ−1
ij (µij · 1)

}
w̃j

= −
n∑

j=1

gij · vij
{
yij − µij

µij

+ 1

}
w̃j,

=⇒ E

[
− ∂2ℓ

(2)
i

∂wi∂ei

∣∣∣∣∣ gij = 1

]
=

n∑
j=1

gij · vij · w̃j;

∂2ℓ
(2)
i

∂e2i
=

n∑
j=1

gij · vij
{
−µ−2

ij · µij (yij − µij)− µ−1
ij · µij · 1

}
· 1

= −
n∑

j=1

gij · vij
{
yij − µij

µij

+ 1

}
· 1,

=⇒ E

[
−∂2ℓ

(2)
i

∂e2i

∣∣∣∣∣ gij = 1

]
=

n∑
j=1

gij · vij · 1.

(3.2.6)
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The first part of the alternating regression has the following updating equation based on

the Fisher scoring algorithm:

θ
(t+1)
i = θ

(t)
i + S−1

θ(t)

i

U
θ(t)

i

, i = 1, . . . , n,

θ
(t,k+1)
i = θ

(t,k)
i + S−1

θ(t,k)

i

U
θ(t,k)

i

, k = 1, . . . , E. (3.2.7)

This updating equation in (3.2.7) is iterated E times, say E equals 20, for the same i and t

where the t is the iteration number. That is, for each iteration of the update, the estimation

of θi is iteratively updated for 20 epochs. The multiple epochs here allow the estimate of θi

to get closer to its MLE for given current values of θ̃ as the score equations and information

matrix were also updated with the estimated parameter value. There is no need to have too

many epochs because the parameter θ̃ is not the true value yet and still need to be estimated

later. Below are formulae involved in the updating equations:

θ
(t)
i =

(
w

⊤(t)
i , b

(t)
i , e

(t)
i

)⊤
; U

θ(t)

i

=

[(
∂ℓi
∂wi

)⊤
, ∂ℓi
∂bi

, ∂ℓi
∂ei

]⊤
; S

θ(t)

i

=


S
(t)
wi S

(t)
wibi

S
(t)
wiei

S
(t)
biwi

S
(t)
bi

S
(t)
biei

S
(t)
eiwi S

(t)
eibi

S
(t)
ei


with

∂ℓi
∂wi

=
∂ℓ

(1)
i (θ

(t)
i ; θ̃

(t)
)

∂wi

+
∂ℓ

(2)
i (θ

(t)
i ; θ̃

(t)
)

∂wi

,

∂ℓi
∂bi

=
∂ℓ

(1)
i (θ

(t)
i ; θ̃

(t)
)

∂bi
,

∂ℓi
∂ei

=
∂ℓ

(2)
i (θ

(t)
i ; θ̃

(t)
)

∂ei
,

where these partial derivatives are the
∂ℓ

(1)
i

∂wi
,

∂ℓ
(2)
i

∂wi
,

∂ℓ
(1)
i

∂bi
, and

∂ℓ
(2)
i

∂ei
evaluated at θ

(t)
i and θ̃

(t)
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using equations (3.2.2), (3.2.5), and

S(t)
wi

= E

[
−∂2ℓ

(1)
i (θ

(t)
i ; θ̃

(t)
)

∂wi∂w⊤
i

]
+ E

[
−∂2ℓ

(2)
i (θ

(t)
i ; θ̃

(t)
)

∂wi∂w⊤
i

∣∣∣∣∣ gij = 1

]
;

S
(t)
wibi

= E

[
−∂2ℓ

(1)
i (θ

(t)
i ; θ̃

(t)
)

∂wi∂bi

]
; S

(t)
bi

= E

[
−∂2ℓ

(1)
i (θ

(t)
i ; θ̃

(t)
)

∂b2i

]
; S

(t)
biei

= 0;

S(t)
wiei

= E

[
−∂2ℓ

(2)
i (θ

(t)
i ; θ̃

(t)
)

∂wi∂ei

∣∣∣∣∣ gij = 1

]
; S(t)

ei
= E

[
−∂2ℓ

(2)
i (θ

(t)
i ; θ̃

(t)
)

∂e2i

∣∣∣∣∣ gij = 1;

]
.

The expectations involved in above formulae were given in (3.2.3), (3.2.6) except that the

parameters are using the current values θ(t) and θ̃
(t)

at tth iteration if it is in outer loop of

update and using the values of θ(t,k) and θ̃
(t,k)

when it is in the inner loop of updates.

The aforementioned equations conclude one side of the alternating ZIG regression. Now,

consider the other side of the alternating ZIG regression in which updates are done for θ̃

while holding θ fixed. First, consider the first order partial derivatives

∂ℓ̃

∂w̃j

=
∑
i

{
∂ℓ̃

(1)
ij

∂w̃j

+
∂ℓ̃

(2)
ij

∂w̃j

}
=

∂
∑n

i=1 ℓ̃
(1)
ij

∂w̃j

+
∂
∑n

i=1 ℓ̃
(2)
ij

∂w̃j

=
∂ℓ̃

(1)
j

∂w̃j

+
∂ℓ̃

(2)
j

∂w̃j

.

The first order partial derivatives of ℓ̃
(1)
j are

∂ℓ̃
(1)
j

∂w̃j

=
n∑

i=1

(gij − pij) ·wi,
∂ℓ̃

(1)
j

∂b̃j
=

n∑
i=1

(gij − pij) ,
∂ℓ̃

(1)
j

∂ẽj
= 0.

The second order partial derivatives and their expectations are

∂2ℓ̃
(1)
j

∂w̃j∂w̃
⊤
j

=
n∑

i=1

wi ·

(
− ∂pij

∂w̃⊤
j

)
= −

n∑
i=1

wiw
⊤
i pij (1− pij) ,

=⇒ E

[
−

∂2ℓ̃
(1)
j

∂w̃j∂w̃
⊤
j

]
=

n∑
i=1

wiw
⊤
i pij (1− pij) ;

∂2ℓ̃
(1)
j

∂b̃j∂ẽj
= 0;

∂2ℓ̃
(1)
j

∂ẽ2j
= 0; =⇒ E

[
−

∂2ℓ̃
(1)
j

∂b̃j∂ẽj

]
= 0; E

[
−
∂2ℓ̃

(1)
j

∂ẽ2j

]
= 0;
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∂2ℓ̃
(1)
j

∂w̃j∂b̃j
= −

n∑
i=1

wipij (1− pij) =⇒ E

[
−

∂2ℓ̃
(1)
j

∂w̃j∂b2j

]
=

n∑
i=1

wipij (1− pij) ;

∂2ℓ̃
(1)
j

∂b̃2j
= −

n∑
i=1

pij (1− pij) =⇒ E

[
−
∂2ℓ̃

(1)
j

∂b̃2j

]
=

n∑
i=1

pij (1− pij) .

Next, consider the first order partial derivatives of the second component ℓ̃
(2)
j

∂ℓ̃
(2)
j

∂w̃j

=
n∑

i=1

gij · vij · µ−1
ij (yij − µij) ·wi,

∂ℓ̃
(2)
j

∂ẽj
=

n∑
i=1

gij · vij · µ−1
ij (yij − µij) · 1.

To derive the second order partial derivatives, note that frequently used two terms are

µij = exp (τij) ⇒ ∂µij

∂w̃j

=
∂µij

∂τij
· ∂τij
∂w̃j

= µij ·wi and
∂µij

∂ẽj
=

∂µij

∂τij
· ∂τij
∂ẽj

= µij · 1.

Using the two terms, the second derivatives are shown as

∂2ℓ
(2)
i

∂w̃j∂w̃
⊤
j

= −
n∑

i=1

gij · vij ·
{
yij − µij

µij

+ 1

}
wiw

⊤
i ,

⇒ E

[
− ∂2ℓ

(2)
i

∂w̃j∂w̃
⊤
j

∣∣∣∣∣ gij = 1

]
= −

n∑
i=1

gij · vij ·wi ·w⊤
i ;

∂2ℓ
(2)
i

∂w̃j∂ẽj
=−

n∑
i=1

gijvij

{
yij − µij

µij

+1

}
wi ⇒ E

[
− ∂2ℓ

(2)
i

∂w̃j∂ẽj

∣∣∣∣∣ gij = 1

]
=

n∑
i=1

gijvijwi;

∂2ℓ
(2)
i

∂ẽ2j
=−

n∑
i=1

gij · vij
{
yij − µij

µij

+1

}
· 1 ⇒ E

[
−∂2ℓ

(2)
i

∂ẽ2j

∣∣∣∣∣ gij=1

]
=

n∑
i=1

gij · vij · 1.

Therefore, the other side of updating equation for the alternating ZIG regression based

on the Fisher scoring algorithm is

θ̃
(t+1)

j = θ̃
(t)

j + S−1

θ̃
(t)

j

U
θ̃

(t)

j

, j = 1, . . . , n, (3.2.8)

θ̃
(t,k+1)

j = θ̃
(t,k)

j + S−1

θ̃
(t,k)

j

U
θ̃

(t,k)

j

, k = 1, . . . , E. (3.2.9)

The updating equation (3.2.8) is in the outer loop of iterations and the iterations in (3.2.9)
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are in the inner loop of epochs for the same j and t. The quantities involved are

θ̃
(t)

j =
(
w̃

⊤(t)
j , b̃

(t)
j , ẽ

(t)
j

)⊤
; U

θ̃
(t)

j

=


∂ℓ̃j

∂w̃j

∂ℓ̃j

∂b̃j
,

∂ℓ̃j
∂ẽj

 ; S
θ̃

(t)

j

=


S
(t)

w̃j

S
(t)

w̃j b̃j
S
(t)

w̃j ẽj

S
(t)

b̃jw̃j

S
(t)

b̃j
S
(t)

b̃j ẽj

S
(t)

ẽjw̃j

S
(t)

ẽj b̃j
S
(t)
ẽj


with

∂ℓ̃j
∂w̃j

=
∂ℓ̃

(1)
j (θ̃

(t)

j ;θ(t))

∂w̃j

+
∂ℓ̃

(2)
j (θ̃

(t)

j ;θ(t))

∂w̃j

,

∂ℓ̃j

∂b̃j
=

∂ℓ̃
(1)
j (θ̃

(t)

j ;θ(t))

∂b̃j
,

∂ℓ̃j
∂ẽj

=
∂ℓ̃

(2)
j (θ̃

(t)

j ;θ(t))

∂ẽj
,

where these partial derivatives are derivatives
∂ℓ̃

(1)
j

∂w̃j

,
∂ℓ̃

(2)
j

∂w̃j

,
∂ℓ̃

(1)
j

∂b̃j
,
∂ℓ̃

(2)
j

∂ẽj
and

S
(t)

w̃j

= E

−∂2ℓ̃
(1)
j (θ̃

(t)

j ;θ(t))

∂w̃j∂w̃
⊤
j

+ E

−∂2ℓ̃
(2)
j (θ̃

(t)

j ;θ(t))

∂w̃j∂w̃
⊤
j

∣∣∣∣∣∣ gij = 1

 ;

S
(t)

w̃j b̃j
= E

−∂2ℓ̃
(1)
j (θ̃

(t)

j ;θ(t))

∂w̃j∂b̃j

 ; S
(t)

b̃j
= E

−∂2ℓ̃
(1)
j (θ̃

(t)

j ;θ(t), )

∂b̃2j

 ; S
(t)

b̃j ẽj
= 0;

S
(t)

w̃j ẽj
= E

−∂2ℓ̃
(2)
j (θ̃

(t)

j ;θ(t))

∂w̃j∂ẽj

∣∣∣∣∣∣ gij = 1

 ; S
(t)
ẽj

= E

−∂2ℓ̃
(2)
j (θ̃

(t)

j ;θ(t))

∂ẽ2j

∣∣∣∣∣∣ gij = 1

 ,

evaluated at θ̃
(t)

and θ(t) during outer loop of iterations and at θ̃
(t,k)

and θ(t,k) during inner

loop of iterations.

3.3 Convergence analysis

In this section, we discuss the convergence behavior of the algorithm analytically. Our

algorithm contains two components: logistic regression part and gamma regression part. If

these two components’ parameter estimation were independent of each other, then it is the
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situation of standard Generalized Linear Model (GLM) in each part. In our model, the two

components’ estimation can not be separated but the two components in log likelihood are

additive. Hence, the convergence behavior in one component standard GLM case is still

relevant. We will first talk about the convergence behavior in the standard case as this case

applies to the situation when we hold the θ̃ fixed while estimating θ or vice versa.

In the standard GLM setting, most of the parameter estimation converges pretty fast.

There are also abnormal behavior that could happen such as when estimated model compo-

nent gets out of the valid range of the distribution. For example, with the gamma regression,

if the canonical link (negative inverse) is used, the estimated mean may become negative

every now and then even though the distribution requires positive mean. Haberman (1977),

Silvapulle (1981), and Albert and Anderson (1984) presented conditions for the existence of

MLE in logistic regression models. They proved that if there is overlap in the convex cones

generated by the data points, the maximum likelihood estimates of the regression parameters

exist and are unique. On the other hand, if the convex cones generated by data points in

different groups have complete separation or quasi complete separation, then the maximum

likelihood estimates do not exist. Generally, they recommended to insert a stopping rule

if complete separation is found or restart the iterative algorithm with standardized obser-

vations (to have mean 0 and variance 1) if quasi complete separation is found. Albert and

Anderson (1984) also recommended a procedure to check the conditions. For quasi complete

separation, the estimation process diverges at least at some points. This makes the estimated

probability of belonging to the correct group grows to one. Therefore, Albert and Anderson

(1984) recommended to check the maximum predicted probability p(t) for each data point at

tth iteration. If the maximum probability is close to 1 and is bigger than previous iterations’

maximum probability, there are two possibilites that this could happen. Albert and Ander-

son (1984) recommended to initially print a warning but continue the iteration because the

data point is likely to be an outlier observation in its own group and there is overlap in the

two convex cones. In this case, the MLE exists and is unique so the algorithm should be
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allowed to continue. The other possibility is that there is quasi complete separation in the

data. In this case, the process should be stopped and rerun with the observation vectors

standardized with zero mean and unit variance.

Albert and Anderson (1984) also stated that the difficulties associated with complete and

quasi complete separation are small sample problems. With large sample size, the probability

of observing a set of separated data points is close to zero. Complete separation may occur

with any type of data but it is unlikely that quasi complete separation will occur with truly

continuous data.

Marschner (2011) illustrated the non-convergence problem with Poisson regression ex-

ample. The author proposed a simple solution and implemented it in the R glm2 package.

Specifically, if iteratively reweighted least squares (IRLS) produces either an infinite deviance

or predicted values which fall within invalid range, then the amount of update of the param-

eter estimates is repeatedly halved until the update no longer shows the behavior. Moreover,

it made a further step-halving, which checks the updated deviance is making a reduction

compared to that in the previous iteration. If it did not show the reduction, it triggers the

step-halving to make the algorithm monotonically reduces the deviance.

Based on the aforementioned studies illustrating the standard case of GLM convergence

behavior, we will analytically present the convergence behavior of our alternating ZIG re-

gression. To explain the convergence behavior of our algorithm, we cite the theorem from

Silvapulle (1981) after introducing the following two convex cones.

In a binary regression problem, suppose x1, . . . ,xr are covariate values of the observations

in class 1, and xr+1, . . . ,xn are covariate values of the observations in class 0. Let S, F be the

relative interiors of the convex cones generated by x1, . . . ,xr and xr+1, . . . ,xn respectively.

That is,

S =

{
r∑
i

kixi | ki > 0

}
, F =

{
n∑

r+1

kixi | ki > 0

}
.

Below is the theorem from Silvapulle (1981). This theorem is for fitting a Logistic or Pro-

bit model for binomial data with inverse link function given by G and regression parameters
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are given by β of dimension p.

Theorem 1. (Theorem of Silvapulle 1981) Let the condition Π be defined by

Π : S ∩ F ̸= ∅ or one of S, F is Rp(∅ = empty set ).

(i) The mle β̂ of β exists and the minimum set {β̂} is bounded only when Π is satisfied.

(ii) Suppose that l(β) is a proper closed convex function on Rp. Then the mle β̂ exists and

the minimum set {β̂} is bounded if and only if Π is satisfied.

(iii) Suppose that − logG and − log(1 − G) are convex and xi1 = 1 for every i. Then β̂

exists and the minimum set {β̂} is bounded if and only if S ∩ F ̸= ∅. Let us further

assume that G is strictly increasing at every t satisfying 0 < G(t) < 1. Then β̂ is

uniquely defined if and only if S ∩ F ̸= ∅.

This theorem tells that there exists an unique mle β̂ for binomial Logistic or Probit

model when the given data for covariates from different categories have overlap except in

the trivial case that the entire Rp is equal to one of the two convex cones formed by the

covariates. In the case there are separations between the two convex cones, the MLE does

not exist for binomial regression or the solution set {β̂} is unbounded. This latter case could

be a problem in our alternating ZIG regression. Next, we will discuss how this affects the

convergence behavior of our alternating ZIG regression.

For further discussion, we first specify our convex cones. Recall, θ̃ serves as data when

we estimate θi. In our context, the convex cones will be defined through θ̃ while we estimate

θi and through θ while we estimate θ̃j. That is, for estimating θi, the convex cones are

S
θ̃
=


n∑

j=1
yij>0

kjθ̃j | kj > 0

 , F
θ̃
=


n∑

j=1
yij=0

kjθ̃j | kj > 0

 . (3.3.1)

For estimating the θ̃j, the convex cones are denoted as Sθ and Fθ, respectively.
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Firstly, we consider the case that either complete separation or quasi complete separation

exists in the data. We discuss the estimation of θi while holding θ̃ fixed.

According to the theorem, suppose the condition Π is not satisfied. Then there exists

complete separation or quasi separation in S
θ̃
and F

θ̃
. That is, S

θ̃
∩ F

θ̃
= ∅, S

θ̃
̸= Rd+1,

and F
θ̃
̸= Rd+1. Also, suppose S

θ̃
̸= ∅ and F

θ̃
̸= ∅. Then there exists a vector direction cj

such that w̃⊤
j cj ≥ 0 for yij > 0 and w̃⊤

j cj ≤ 0 for yij = 0. Let ℓ
(1)
i (k) be the log likelihood

of the Bernoulli part when the model parameters are updated toward direction cj by k unit.

That is, the original log likelihood ℓ
(1)
i and the updated ℓ

(1)
i (k) are as follows:

ℓ
(1)
i =

n∑
j=1

{I (yij = 0) · log (1− pij) + I (yij > 0) · log pij}

where pij =
exp (ηij)

1 + exp (ηij)
, ηij = w⊤

i w̃j + bi + b̃j

ℓ
(1)
i (k) =

n∑
j=1

{I (yij = 0) · log (1− pij(k)) + I (yij > 0) · log pij(k)}

where pij(k) =
exp

(
ηij + kw̃⊤

j cj

)
1 + exp

(
ηij + kw̃⊤

j cj

) , ηij = w⊤
i w̃j + bi + b̃j

(3.3.2)

• For yij > 0, w̃⊤
j cj ≥ 0. Hence, as k increases, pij(k) increases toward 1. This implies∑n

j=1 I (yij > 0) · log pij(k) increases toward 0.

• For yij = 0, w̃⊤
j cj ≤ 0. Hence, as k increases, pij(k) decreases toward 0. This implies∑n

j=1 I (yij = 0) · log (1− pij(k)) increases toward 0.

Putting the two pieces together, we know that as k increases, ℓ
(1)
i (k) increases for any wi, bi.

Therefore, the maximum can not be reached until k is ∞. This means the MLE does not

exist or the solution set θ̂ is unbounded. This perspective can be also seen by looking partial

derivative of ℓ
(1)
i (k) with respect to k. Note that

∂ℓ
(1)
i (k)

∂k
=

n∑
j=1

{
I (yij = 0) · (−pij(k)) w̃⊤

j cj

}
+

n∑
j=1

{
I (yij > 0) (1− pij(k)) w̃

⊤
j cj

}
.(3.3.3)
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Since the w̃⊤
j cj ≤ 0 when yij = 0, we know the first term is non-negative. Similarly,

w̃⊤
j cj ≥ 0 when yij > 0 implies the second term is non-negative. Therefore, the partial

derivative of ℓ
(1)
i (k) is non-negative. This indicates that the gradient of ℓ

(1)
i is positive unless

w̃⊤
j cj = 0. Therefore, there is no solution for ℓ

(1)
i = 0 except the trivial solution cj = 0 in

Binomial regression alone. Of course, this is not exactly our case because we still have the

Gamma regression component to be considered together.

Now, consider the ℓ
(2)
i component with its first and second derivatives with respect to k.

ℓ
(2)
i (k) =

n∑
j=1

gij

{
oij+vij

[
log yij−

(
τij+kw̃⊤

j cj

)]
−vijyij exp

(
−
(
τij+kw̃⊤

j cj

))}

=
n∑

j=1

gij

oij + vij

log yij

exp
(
τij + kw̃⊤

j cj

)
− vij

yij

exp
(
τij + kw̃⊤

j cj

)
 ,

where oij = −Γ (vij) + vij log vij − log yij.

∂ℓ
(2)
i (k)

∂k
=

n∑
j=1

gijvij

{
−w̃⊤

j cj − yij exp
(
−
(
τij + kw̃⊤

j cj

))
·
(
−w̃⊤

j cj

)}

=
n∑

j=1

gijvij

w̃⊤
j cj

 yij

exp
(
τij + kw̃⊤

j cj

) − 1

 ,

∂2ℓ
(2)
i (k)

∂k2
=

n∑
j=1

gijvijw̃
⊤
j cj

[
yij exp

(
−τij − kw̃⊤

j cj

)
·
(
−w̃⊤

j cj

)]
= −

n∑
j=1

gijvij

(
w̃⊤

j cj

)2
· yij

exp
(
τij + kw̃⊤

j cj

) < 0.

The second derivative implies that ℓ
(2)
i (k) is concave. The term exp

(
τij + kw̃⊤

j cj

)
is the

mean of yij. Hence, ℓ
(2)
i (k) is maximized when yij = exp

(
τij + kw̃⊤

j cj

)
. The first order

partial derivative can be split into two summations: one is when the observed yij is less than
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its mean, the other one is when the observed yij is greater than its mean, i.e.,

∂ℓ
(2)
i (k)

∂k
=

n∑
j=1

gijvijw̃
⊤
j cj

 yij

exp
(
τij+kw̃⊤

j cj

)−1
I (yij>exp

(
τij+kw̃⊤

j cj

))
(3.3.4)

+
n∑

j=1

gijvijw̃
⊤
j cj

 yij

exp
(
τij+kw̃⊤

j cj

)−1
I (yij<exp

(
τij+kw̃⊤

j cj

))
. (3.3.5)

The summation term in (3.3.4) is positive while that in (3.3.5) is negative. The partial

derivative of ℓi is

∂ℓi(k)

∂k
=

∂ℓ
(1)
i (k)

∂k
+

∂ℓ
(2)
i (k)

∂k

From the above discussion,
∂ℓ

(1)
i (k)

∂k
is greater than 0 and

∂ℓ
(2)
i (k)

∂k
has one term positive and the

other term negative. Therefore, in order for the MLE to exist, the term in (3.3.5) must cancel

the total value of
∂ℓ

(1)
i (k)

∂k
and the term in (3.3.4). This is possible if the shape parameter

of Gamma is small enough so that there are more observations having values less than its

mean. However, when the shape parameter is large the Gamma distribution is approximately

Normal. In this case, the observations are symmetrically located on either side of its mean.

This will make the number of observations belonging to the term (3.3.4) and (3.3.5) roughly

equal. Consequently, there will not be extra values left to neutralize
∂ℓ

(1)
i (k)

∂k
. As a result,

for any fixed dispersion parameter ν, if the mean of the Gamma distribution is large and

complete separation or quasi complete separation holds, it is highly likely that the MLE does

not exist.

Next, consider the case when there is overlap in the two convex cones as S
θ̃
and F

θ̃
when

we estimate the θi (i.e., there is neither the complete separation nor the quasi complete

separation in the data). Recall, the ZIG model is a two-parts model with Bernoulli part and

Gamma part. The log likelihood function ℓ
(1)
i corresponding to the Bernoulli part (3.2.1)

can be shown to be strictly concave in θi = (w⊤
i , bi)

⊤. This is because the first component
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gijηij in ℓ
(1)
i , where ηij = w⊤

i w̃j + bi + b̃j, is an affine function which is both convex and

concave, if we hold w̃j and b̃j fixed. The second component − log {1 + exp(ηij)} is strictly

concave as its second derivative is less than 0 as shown below

∂

∂x
[− log {1 + exp(x)}] = − exp(x)

1 + exp(x)
,

∂2

∂x2
[− log {1 + exp(x)}] = − exp(x)

[1 + exp(x)]2
< 0.

Thus, the log likelihood corresponding to the Bernoulli part ℓ
(1)
i is strictly concave. Now,

consider the log likelihood corresponding to the Gamma part ℓ
(2)
i in (3.2.4). We only need

to consider the last two terms −νijτij and −νijyij exp(−τij) because the other terms do not

involve the regression parameters, where τij = w⊤
i w̃j + ei + ẽj. Note that −τij is affine

function of θ̃j, which is both convex and concave and exp(g(x)) is convex if g(x) is convex

(see Boyd and Vandenberghe 2004). This leads to the term −νijyij exp(−τij) being strictly

concave in θ̃j. Hence, we have the ℓ
(2)
i strictly concave in θ̃j = (w̃⊤

j , b̃j)
⊤. Combining the two

concave components ℓ
(1)
i and ℓ

(2)
i , we know that the entire log likelihood for the ith row ℓi is a

strictly concave function for any row i. Additionally, there is overlap in the two convex cones.

Therefore, for any direction in the overlapping area of the convex cones, if we update the

parameter along that direction will lead to the two components of
∂ℓ

(1)
i (k)

∂k
in formula (3.3.3)

are of opposite sign of each other. In this case, −ℓi has an unique minimum when there is

neither complete separation nor quasi complete separation in S
θ̃
and F

θ̃
. Similar arguments

apply when we estimate θ̃j while θ serves as data. That is, an unique MLE estimate of θ̃j

exists when there is neither complete separation nor quasi complete separation in Sθ and

Fθ. This means, the alternating procedure will find the MLE of θ̃j when θ is fixed and will

find the MLE of θi when θ̃ is fixed in this non-separation scenario.

In summary, we conclude that our alternating ZIG regression has an unique MLE in

each side of the regressions and the algorithm converges when there is overlap in data.

The data refer to θ̃ while we estimating θi and refer to θ while we estimating θ̃j. More
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specifically, if there is overlap in data, both the ℓ
(1)
i and ℓ

(2)
i are concave functions and the

two terms in the first order partial derivative in ℓ
(1)
i and ℓ

(2)
i are of opposite sign. The case

for Gamma regression part will always have opposite signs which allow a maximum to exist.

However, when there is complete separation or quasi complete separation, the alternating

ZIG regression will fail to converge with high chance. This is because the first order partial

derivative of ℓ
(1)
i is non-negative and ℓ

(1)
i increases with k. Even though the ℓ

(2)
i component

is well-behaved concave curve, the entire log likelihood, unfortunately, may not have MLE

exist or the solution set may be unbounded especially when the Gamma observations have

large shape parameter.

3.4 Adjusting parameter update with learning rate

In the convergence analysis section, our discussion is based on holding one of the θ or θ̃

fixed while estimating the other one. The Fisher scoring algorithm is a modified version

of Newton’s method. In general, the Newton’s method is an algorithm to solve g′(x) = 0.

This algorithm starts with an initial value x0 and compute a sequence of points via xn+1 =

xn− g′′(xn)
−1g′(xn). The Newton’s method converges fast because the distance between the

estimate and its true value shrinks quickly such that the distance in next step of iteration

is asymptotically equivalent to the squared distance in previous iteration. That is, the

Newton’s method has quadratic convergence order. This convergence order holds when the

initial value of the iteration is in the neighborhood of the true value and the third derivative

g′′′(x) is continuous and g′′(x) is non-zero (cf. page 29 of Givens and Hoeting 2013; Osborne

1992).

The Fisher scoring algorithm is slightly different from the Newton’s method. In the

Fisher scoring algorithm, we replace the −g′′(xn) by its expected value. This algorithm is

asymptotically equivalent to the Newton’s method and therefore enjoys the same asymptotic

property such as consistency of the estimate of the parameter. As sample size gets large,
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the convergence order increases (Osborne 1992). It has some advantages over the Newton’s

method in that the expected value of the Hessian matrix is positive definite which guarantees

the update is uphill toward the direction of maximizing the log likelihood function assuming

that the model is correct and the covariates are true explanatory variables.

As the Fisher scoring algorithm is assuming θ̃ is the true value when we estimate θ or

vice versa, there could be complications when the parameter being fixed is not equal to the

true parameter value. To see this point, note that our updating equations are all written

in the context of using the Fisher scoring algorithm, which relies on the expectation of the

Hessian matrix using correct distribution at the true parameter value. In particular, the

algorithm uses θ̃ as fixed value while estimating θ. The resulting estimate of θ determines

the distribution because the distribution is a function of θ and θ̃. When the parameter

being fixed (such as θ̃) is far from its true value, then the distribution is wrong even though

it is in the right family. And the consequence of using a wrong distribution to compute

the expectation of the Hessian matrix could lead to a sequence of parameter updates that

converges to a limited value unequal to the true parameter (Osborne 1992). In this case, the

algorithm might diverge.

To avoid this parameter update divergence problem, we introduce learning rate adjust-

ment so that the change in parameter estimate is scaled by lr/t1/4. This adjustment is

applied to both inner loop iterations and outer loop iterations. See Algorithm 3 for the work

flow.

Using the learning rate adjustment makes smaller steps in each update before changing

directions. This learning rate adjustment turns out be crucial. The simulation study in next

section will examine the effect of the learning rate adjustment.
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Algorithm 1 Alternating regression

Require: I−1

θ(t)

i

and I−1

θ̃
(t)

j

exist.

t← 0, Loss(t) ← 1020

converged = False
while t ≤ maxit do

while converged = False do
i← 1
while i ≤ n do

retrieve ith row of data from SQLite database.
do n epoch update of U

θ(t)

i

and S
θ(t)

i

and θ
(t+1)
i . ▷ see Algorithm 2

do n epoch update of U
θ̃

(t)

i

and S
θ̃

(t)

i

and θ̃
(t+1)

i .

i← i+ 1
end while

for k = 1, . . . , n do
retrieve kth row of data from SQLite database.

recompute U
θ(t+1)

k

, U
θ̃

(t+1)

k

and their L2 norms using θ(t+1) and θ̃
(t+1)

values.

recompute lossk and l̃ossk using θ(t+1) and θ̃
(t+1)

values.
end for

compute the Loss(θ(t+1), θ̃
(t+1)

).
check if the Relative change in Loss is less than ϵ.

end while
t← t+ 1

end while

Algorithm 2 Epoch update in inner loop of Algorithm 1

for epoch ∈ 1,..., n epoch do
compute U

θ(t)

i

and I
θ(t)

i

.

update θ
(t+1)
i using current value of { θ̃

(t)

j , j=1, . . . , n }, and θ
(t)
i

based on formulae in (3.2.7)
end for
for epoch ∈ 1,..., n epoch do

compute U
θ̃

(t)

i

and I
θ̃

(t)

i

.

update θ̃
(t+1)

i using current value of { θ(t)
j , j=1, . . . , n }, and θ̃

(t)

i

based on formulae in (3.2.9)
end for
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Algorithm 3 Updating equation in alternating ZIG regression with learning rate adjustment

for i = 1, . . . , n do
for k = 1, . . . , E do

θ
(t,k+1)
i = θ

(t,k)
i + lr

t1/4
· S−1

θ(t,k)

i

· U
θ(t,k)

i

θ̃
(t,k+1)

i = θ̃
(t,k)

i + lr
t1/4
· S−1

θ̃
(t,k)

i

· U
θ̃

(t,k)

i

end for
θ
(t)
i ← θ

(t,E)
i

θ̃
(t)

i ← θ̃
(t,E)

i

θ
(t+1)
i = θ

(t)
i + lr

t1/4
· S−1

θ(t)

i

· U
θ(t)

i

θ̃
(t+1)

i = θ̃
(t)

i + lr
t1/4
· S−1

θ̃
(t)

i

· U
θ̃

(t)

i

end for

3.5 A simulation study with ZIG using log link

In this section, we present a simulation study to assess the performance of the alternating

ZIG regression. We found through some experiments that data generation have to be very

careful because the mean of the Gamma distribution was given by µij = exp(w⊤
i w̃j+ei+ ẽj).

When we randomly generate the wi’s and w̃j’s independently from Uniform distribution

with each of them having dimension 50, their dot product could easily become so large that

exponentiated value µij and the variance of the distribution (∝ µ2
ij) become infinity or NaN.

Keeping this point in mind, we generate the data as follows:

• The wij’s were generated independently from Uniform(-0.25, 0.25) with seed 99, i =

1, . . . , 300 and j = 1, . . . , 50.

• The w̃ij = wij, i = 1, . . . , 300 and j = 1, . . . , 50.

• The bi’s and b̃i’s were generated independently from Uniform(0, 0.05) with seed 97 and

96, respectively, i = 1, . . . , 300.

• The ei’s and ẽi’s were generated independently from Uniform(0.1, 0.35) with seed 1

and 2, respectively, i = 1, . . . , 300.

60



• The success probability pij of positive observations was calculated as pij = (1 +

exp(−ηij))−1, where ηij is based on the logit formula (3.0.2).

• Generate Bij independently from Bernoulli distribution with success probability pij,

i = 1, . . . , 300 and j = i, . . . , 300.

• If Bij = 0, set Yij = 0. Otherwise, generate Yij from Gamma distribution with mean

µij = exp(τij) and dispersion parameter νij = 4, where τij is computed based on

formula (3.0.4) for i = 1, . . . , 300 and j = i, . . . , 300.

The matrix containing Yij, i, j = 1, . . . , 300, is the data we used for the alternating ZIG

regression. With the generated data matrix Y , we applied our algorithm to the data with

two different sets of initial values for the unknown parameters. One of the two settings is

to check whether the algorithm would perform well when the parameter estimation is less

difficult when part of the parameters were initialized with true values. The other setting

demands more accurate estimation in both wi and w̃j in the right direction.

In Setting 1, we set all the parameters’ initial values equal to their true values except for

w̃ij, i = 1, . . . , 300, j = 1, . . . , 50. The initial value of w̃ij’s were randomly generated from

Uniform(-0.25, 0.25) with seed number 98. Even though initial values of w, b, b̃, e and ẽ were

set to be equal to the true values, the algorithm was not aware of this and these parameters

were still estimated along with w̃.

In Setting 2, we generated the initial values for all the parameters randomly as follows:

• w’s initial values were generated independently from Uniform(-0.25, 0.25) with dimen-

sion 300 by 50 and seed 102.

• w̃’s initial values were generated independently from Uniform(-0.25, 0.25) with dimen-

sion 300 by 50 and seed 103.

• bi’s and b̃j’s initial values were generated independently from Uniform(0, 0.05) with

seed 104 and 105, respectively, i, j = 1, . . . , 300.
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• ei’s and ẽj’s were independently generated from Uniform(0.1, 0.35) with seed 106 and

107, respectively, i, j = 1, . . . , 300.

We consider both update with learning rate adjustment and without learning rate ad-

justment.

The results of the Setting 1 are presented in Table 3.1 and Figure 3.1. We can see in

Figure 3.1 that even though the norm of the score vectors went up after initially reduced, the

loss function (i.e., the negative log-likelihood) consistently reduces as the iteration number

increases. In the last 5 iterations, the algorithm with no learning rate adjustment reached

lower values of overall loss compared to that with learning rate adjustment. However, the

norm of the score vectors from the algorithm with learning rate adjustment are much smaller

than those from the algorithm with no learning rate adjustment (see Table 3.1).

no learning rate with learning rate
||Uθ||L2 ||U

θ̃
||L2 Overall Loss ||Uθ||L2 ||U

θ̃
||L2 Overall Loss

1 85805.79 88896.77 77998.77 5596.06 5298.31 78313.71
2 86123.05 89012.56 77996.44 5596.00 5303.81 78312.30
3 86614.46 89236.36 77994.11 5581.83 5294.08 78310.92
4 87309.84 89758.44 77991.79 5579.14 5293.48 78309.59
5 87574.27 89699.66 77989.41 5556.29 5286.12 78308.15

Table 3.1: Result of last 5 iterations for norm of the score vectors and overall loss in ZIG
model with log link initialized with true parameters except w̃ which was randomly initialized.
The algorithm with no learning rate achieved lower overall loss than the one with learning
rate but the score vectors’ norms are smaller than for the algorithm with learning rate.
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Figure 3.1: ZIG model without learning rate on top two panels and with learning rate on

bottom panels, both initialized with true parameter values except for w̃. The left panels give

the norm of the score vectors and the right panels give overall loss in log10 scale over iteration. In

the top panels, the norm of the score vector reduced drastically in early iterations but increased over

later iterations even though the overall loss is consistently reduced. In the bottom panels, the norm

of the score vector reduced quickly to a certain level and increased as the other case. However, the

norm started to reduce and stabilized as number of iterations increased. The overall loss is showing

desired reducing trend throughout all iterations.

63



0 100 200 300 400
Itertaion

5

10

15

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200 300 400
Itertaion

5

10

15

20

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200 300 400
Itertaion

5

6

7

8

9

10

lo
g 1

0(
O

ve
ra

ll 
lo

ss
)

update
no_lr
with_lr

0 100 200 300
Itertaion

5.02

5.04

5.06

5.08

5.10

O
ve

ra
ll 

lo
ss

with lr

0 100 200 300
Itertaion

5.0

7.5

10.0

12.5

15.0

17.5

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200 300
Itertaion

5

10

15

20

25

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200 300
Itertaion

5

6

7

8

9

10

lo
g 1

0(
O

ve
ra

ll 
lo

ss
)

update
no_lr
with_lr

0 100 200 300
Itertaion

4.775

4.800

4.825

4.850

4.875

4.900

O
ve

ra
ll 

lo
ss

with lr

0 100 200 300
Itertaion

5

10

15

20

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200 300
Itertaion

5

10

15

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200 300
Itertaion

5

6

7

8

9

10

lo
g 1

0(
O

ve
ra

ll 
lo

ss
)

update
no_lr
with_lr

0 100 200 300
Itertaion

4.90

4.92

4.94

4.96

4.98

5.00

O
ve

ra
ll 

lo
ss

with lr

0 100 200 300
Itertaion

5

10

15

20

25

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200 300
Itertaion

5.0

7.5

10.0

12.5

15.0

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200 300
Itertaion

5

6

7

8

9

10

lo
g 1

0(
O

ve
ra

ll 
lo

ss
)

update
no_lr
with_lr

0 100 200 300
Itertaion

4.800

4.825

4.850

4.875

4.900

O
ve

ra
ll 

lo
ss

with lr

0 100 200 300 400
Itertaion

5

10

15

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200 300 400
Itertaion

5

10

15

20

25

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200 300 400
Itertaion

5

6

7

8

9

10

lo
g 1

0(
O

ve
ra

ll 
lo

ss
)

update
no_lr
with_lr

0 50 100 150 200 250
Itertaion

5.02

5.04

5.06

5.08

5.10

O
ve

ra
ll 

lo
ss

with lr

0 100 200 300
Itertaion

5

10

15

20

25

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200 300
Itertaion

5.0

7.5

10.0

12.5

15.0

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200 300
Itertaion

6

8

10

lo
g 1

0(
O

ve
ra

ll 
lo

ss
)

update
no_lr
with_lr

0 50 100 150 200 250
Itertaion

4.875

4.900

4.925

4.950

O
ve

ra
ll 

lo
ss

with lr

0 100 200 300
Itertaion

5

10

15

20

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200 300
Itertaion

5

10

15

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200 300
Itertaion

5

6

7

8

9

10

lo
g 1

0(
O

ve
ra

ll 
lo

ss
)

update
no_lr
with_lr

0 50 100 150 200 250
Itertaion

4.850

4.875

4.900

4.925

4.950

O
ve

ra
ll 

lo
ss

with lr

0 100 200
Itertaion

5

10

15

20

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200
Itertaion

5

10

15

lo
g 1

0(
||U

|| L
2)

update
no_lr
with_lr

0 100 200
Itertaion

6

8

10

lo
g 1

0(
O

ve
ra

ll 
lo

ss
)

update
no_lr
with_lr

0 100 200
Itertaion

5.04

5.06

5.08

5.10

O
ve

ra
ll 

lo
ss

with lr

Figure 3.2: Comparing performance of the alternating ZIG regression with log link algorithm

with or without learning rate over 8 simulated datasets. Each row is for one dataset.
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The results for Setting 2 are given in Figure 3.2. The first column and the second column

in Figure 3.2 show the norm of the score vectors. The third column is for the overall loss of

two algorithms (with or without learning rate adjustment). The last column is given to show

the algorithm with learning rate adjustment alone because the scale of the third column is

too high to see the reducing trend. In this case, with the initial values of all parameters

generated randomly from Uniform distribution, the uncertainty in the parameters caused

the algorithm without learning rate to breakdown. We see that the algorithm with no

learning rate adjustment struggles to reduce the norms and headed toward wrong direction

throughout the optimization process. On the other hand, the algorithm with learning rate

adjustment had a little fluctuation at the beginning but continued toward the right direction

by reducing both the norm of the score vectors and the loss function as the iterations proceed.

Note that the dataset was identical for these two applications and both algorithms started

with the same initial values. The only difference between the two algorithms is that learning

rate adjustment is used in one algorithm but not in the other algorithm. Hence, the failure

of the algorithm with no learning rate adjustment is due to update being too big which leads

to the algorithm going toward wrong directions.

In summary, we presented shared parameter alternating ZIG regression in this chapter.

The logit link is used for modelling the zero versus positive observations. Two link functions

for the Gamma part were considered: the canonical link and the log link. We derived

updating formulae in both cases. An algorithm is given to alternately update the parameters

θ and θ̃ while holding one of them fixed. The Fisher scoring algorithm with or without

learning rate adjustment were employed in each side of the alternating update. A simulation

study showed that the learning rate adjustment is important in the alternating regression.

Without learning rate adjustment, we saw the algorithm failed to find the right optimizing

direction. Application of the proposed method requires further effort.
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Chapter 4

Alternating Tweedie regression model

with shared parameters

In previous chapter, we have been using the zero inflated gamma to describe cooccurence

count. A Gamma random variable can be thought as a single source of signal from Gamma

distribution or the sum of a fixed number of Gamma distributed signals with the same scale

parameter. That is, if Xi independently follows Gamma distribution with shape parameter

αi and scale parameter β, i = 1, . . . , n, then
∑n

i=1 Xi follows Gamma distribution with

shape parameter
∑n

i=1 αi and scale parameter β. This data generation mechanism may be

suitable in some settings such as the word pair cooccurrence count in an NLP task, where

the articles being analyzed are all from a specific technical field. However, in general, the

sources that created the cooccurrence count most likely do not have homogeneous mechanism

to generate a positive count versus zero. A more realistic scenario is that we have a large

number of sources but not all sources generate positive cooccurrence counts. Instead, some

of them do generate positive counts and the number of such sources is likely to be a random

variable. The Compound Poisson Gamma distribution might fit this setting well. This

distribution is equivalent to the sum of independent Gamma random variables with the

same shape and scale parameters but the number of Gamma random variables is randomly
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distributed from the Poisson distribution rather than being fixed. This distribution is in

the Tweedie family. The same shape and scale parameters are for the same item-item pairs

from difference sources but different item-item pairs could have different shape and scale

parameters. Eventually, these parameters are being modeled in the regression. In this

chapter, we present the alternating Tweedie regression model with shared parameters and

give the parameter estimation in this model. Before we get to the regression, we first have a

more detailed look at the Tweedie distribution and describe how the parameters of Gamma

distribution and Tweedie distribution are related to each other.

The Tweedie distribution family contains several commonly used distributions which are

determined by the power parameter p.

• The Tweedie distribution belongs to exponential family. All exponential dispersion

models that are closed to scale transformation belongs to the Tweedie distribution

family (see Theorem 4.1 of Jorgensen 1997). In particular, if X has Tweedie distribu-

tion with mean µ and dispersion parameter ϕ, then cX has Tweedie distribution with

mean cµ and dispersion parameter c2−pϕ. It has mean and variance relationship as

follows

E(Y ) = µ Var(Y ) = ϕµp,

where ϕ is the dispersion parameter having value greater than 0.

• The Compound Poisson Gamma distribution corresponds to the case that the power

parameter satisfies p ∈ (1, 2). In this case, the distribution has non-negative support

and can have a discrete mass at zero, making it useful to model responses that are a

mixture of zeros and positive values.

• The distributions that correspond to other power values of p:

– When p < 0, the distribution is the Extreme stable distribution.

– When p = 0, the distribution is the Normal distribution.
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– When p = 1, the distribution coincides with the Poisson distribution.

– When p = 2, the distribution is the Gamma distribution.

– When 2 < p < 3, the distribution is the Positive stable distribution.

– When p = 3, the distribution is the Inverse Gaussian distribution.

– When p > 3, the distribution is the Positive stable distribution.

– When p =∞, the distribution is the Extreme stable distribution.

• The mean domain is R if p is 0 or ∞, and is R+ for all other p ̸= 0. Therefore,

except when the distribution is Normal or Extreme stable with p =∞, the log link is

frequently used as the link function for the Tweedie regression.

• The positive zero mass is only allowed when 1 ≤ p < 2. Since our cooccurrence count

has many zeros, we focus our attention to the Compound Poisson Gamma distribution

which is the case when 1 < p < 2.

The Gamma and Poisson distributions together have parameters α, β, and λ. The

Tweedie distribution uses parameters µ, ϕ, p. Next, we will see how they are related in the

case of Compound Poisson Gamma.

Let N ∼ Poisson(λ), Xi
i.i.d.∼ Gamma(α, β). Assume N and Xi’s are independent for all

i. For Y = 0, the probability comes from the Poisson distribution

Pr[Y = 0] =
λye−λ

y!
= e−λ.

For Y > 0, note that Y | N = n ∼ Gamma(nα, β) by additive property of the Gamma

distribution. Then the distribution of Y when Y > 0 can be obtained with the law of total

probability as the product of conditional distribution of Y | N and the marginal distribution

of N ,

fY (y) =
∞∑
n=0

fY,N(y, n) =
∞∑
n=0

fY IN(y | n) · fN(n).
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Recall, N ∼ Poisson(λ) and Y | N = n ∼ Gamma(nα, β). Therefore, for y > 0,

fY (y) =
∞∑
n=0

βnα

Γ(nα)
ynα−1e−βy · λ

ne−λ

n!

= e−βy · e−λ ·
∞∑
n=0

βnx

Γ(nα)
ynα−1 · λ

n

n!

= exp

{
−βy − λ+ log

(
∞∑
n=0

βnα

Γ(nα)
· ynα−1 · λ

n

n!

)}
. (4.0.1)

The above form was derived by using the Poisson distribution and conditional distribution

of Gamma. Meanwhile, the Tweedie distribution has its own canonical form in exponential

family format when Y > 0:

f (y) = exp

{
yθ − κ (θ)

ϕ
+ c (y, ϕ, p)

}
,

where θ = µ1−p

1−p
and κ(θ) = µ2−p

2−p
. This implies that

λ =
µ2−p

ϕ(2− p)
, α =

2− p

p− 1
,

1

β
= ϕ(p− 1)µp−1,

and the c(y, ϕ, p) corresponds to the log sum in (4.0.1).

4.1 MLE for alternating Tweedie regression

Once we observe the cooccurence count from the data and assuming the count is from the

Compound Poisson Gamma, we could express probability density function in canonical form

for the cooccurrence counts as below:

For yij = 0 case,

f0(0) = Pr [Yij = 0] = exp (−λij) ,
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where

λij =
µ
2−pij
ij

ϕij(2− pij)
(see page 5 of Bonat and Kokonendji 2017)

For yij > 0 case,

f (yij) = exp

{
yijθij − κ (θij)

ϕij

+ c (yij, ϕij, pij)

}
where

θij =
µ
1−pij
ij

1− pij
=

exp
{
(1− pij)

(
w⊤

i w̃j + bi + b̃j

)}
(1− pij)

,

κ (θij) =
µ
2−pij
ij

2− pij
=

exp
{
(2− pij)

(
w⊤

i w̃j + bi + b̃j

)}
(2− pij)

,

c (yij, ϕij, pij) = log

(
∞∑
k=1

β
kαij

ij

Γ(kαij)
· ykαij−1

ij ·
λk
ij

k!

)
, if 1 < pij < 2, (4.1.1)

c(yij, ϕij, pij)=
1

πyij

∞∑
n=1

Γ(1−αijn)ϕ
n(−αij−1)
ij (pij−1)−αijn

(−1)nΓ(1 + n)(pij−2)ny
−αijn
ij

sin(nπαij), if pij>2, (4.1.2)

c(yij, ϕij, pij) =
1

πyij

∞∑
k=1

Γ
(
1 + k

αij

)
(−yij)k

k!λ
k

αij

ij κ
k

αij
pij (1)

sin

(
−kπ
αij

)
, if pij<0, (4.1.3)

with

λij=
µ
2−pij
ij

ϕij(2−pij)
, αij=

2−pij
pij−1

,
1

βij

= ϕij(pij−1)µ
pij−1
ij , κpij(1)=

(pij−1)−αij

pij−2
(−1)

1
pij−1 .

We use commonly used log link function, which accounts for the mean domain well as

mentioned earlier.

log µij = wT
i w̃j + bi + b̃j, i, j = 1, · · · , n and wi, w̃j ∈ Rd, bi, b̃j ∈ R.

Thus, the log-likelihood function for ith row of data limited to the element yij > 0 case while
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w̃ and b̃ are held fixed is

ℓ
(1)
i (wi, bi; w̃, b̃) =

n∑
j=1

[
yijθij − κ (θij)

ϕij

+ c (yij, ϕij, pij)

]
I(yij > 0), (4.1.4)

and the log-likelihood function for jth column of data limited to the element yij > 0 case

while w and b are held fixed is

ℓ̃
(1)
j (w̃j, b̃j;w,b) =

n∑
i=1

[
yijθij − κ (θij)

ϕij

+ c (yij, ϕij, pij)

]
I(yij > 0), (4.1.5)

where

pij = pi + p̃j, ϕij = ϕi · ϕ̃j.

Here, the power pij is decomposed into two terms additively, one depends on the row and the

other depends on the column index. The dispersion parameter is a scaling parameter so we

wrote it as the product of two dispersion parameters, again one depends on the row and the

other depends on the column. This decomposition is inspired by the fact that the item-item

cooccurrence count data matrix is symmetric. If the data matrix is user-item matrix, this

additive effect may not be sufficient. Unfortunately, if each yij has its own pij, ϕij and µij,

then we do not have enough degrees of freedom to estimate those parameters.

Holding w̃ and b̃ fixed, the total log likelihood ℓ for all rows is

ℓ(w,b; w̃, b̃) =
n∑

i=1

n∑
j=1

{log f (yij) · I (yij > 0) + log f0 (yij) · I (yij = 0)}

=
n∑

i=1

ℓ
(1)
i (wi, bi; w̃, b̃) +

n∑
i=1

n∑
j=1

ℓ
(0)
ij (wi, bi; w̃j, b̃j),

where

ℓ
(0)
ij (wi, bi; w̃j, b̃j) = −λijI (yij = 0) and λij =

µ
2−pij
ij

ϕij (2− pij)
.
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This is because Pr [Yij = 0] = exp (−λij). For yij = 0 case, we also have the log link.

Therefore, log µij = ηij and µij = exp(ηij).

Similarly, holding w and b fixed, the total log likelihood ℓ̃ for all columns is

ℓ̃(w̃, b̃;w,b) =
n∑

j=1

ℓ̃
(1)
j (w̃j, b̃j;w,b) +

n∑
i=1

n∑
j=1

ℓ̃
(0)
ij (w̃j, b̃j;wi, bi),

where

ℓ̃
(0)
ij (w̃j, b̃j;wi, bi) = −λijI (yij = 0) and λij =

µ
2−pij
ij

ϕij (2− pij)
.

To derive partial derivatives for the case yij > 0, note that

µij = κ′ (θij) = exp (ηij) ⇒ ∂µij

∂ηij
= exp (ηij) , Var(Yij) = ϕijµ

pij
ij ,

ηij = log (µij) ,
∂θij
∂µij

=
1

∂µij/∂θij
=

1

κ′′ (θj)
=

1

Vij

=
1

µ
pij
ij

.

The first order derivatives of ith row log-likelihood and jth column log-likelihood which are

components of the Score functions in the case yij > 0 are

∂ℓ
(1)
i

∂wi1k

=
n∑

j=1

∂ℓ
(1)
ij

∂θij
· ∂θij
∂µij

· ∂µij

∂ηij
· ∂ηij
∂wi1k

=
n∑

j=1

yij − µij

ϕij

· 1

Vij

· eηij · w̃jk · I(i = i1)I(yij > 0)

=
n∑

j=1

yi1j − µi1j

ϕi1j

· 1

Vi1j

· µi1j · w̃jk · I(i = i1)I(yij > 0),

∂ℓ
(1)
i

∂bi1
=

n∑
j=1

∂ℓ
(1)
ij

∂θij
· ∂θij
∂µij

· ∂µij

∂ηij
· ∂ηj
∂bi1

=
n∑

j=1

yij − µij

ϕij

· 1

Vij

· µij · I(i = i1)I(yij > 0),

∂ℓ̃
(1)
j

∂w̃j1k

=
n∑

i=1

∂ℓ̃
(1)
ij

∂θij
· ∂θij
∂µij

· ∂µij

∂ηij
· ∂ηij
∂w̃j1k

=
n∑

i=1

yij − µij

ϕij

· 1

Vij

· µij · wik · I(j = j1)I(yij > 0),

∂ℓ̃
(1)
j

∂b̃j1
=

n∑
i=1

∂ℓ̃
(1)
ij

∂θij
· ∂θij
∂µij

· ∂µij

∂ηij
· ∂ηj
∂b̃j1

=
n∑

i=1

yij − µij

ϕij

· 1

Vij

· µij · I(j = j1)I(yij > 0).
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The first order derivatives for ℓ
(0)
ij and ℓ̃

(0)
ij are

∂ℓ
(0)
ij

∂wi1k

= −∂λij

∂µij

∂µij

∂ηij

∂ηij
∂wi1k

= −
µ
2−pij
ij

ϕij

w̃jkI(i = i1)I(yij = 0),

∂ℓ
(0)
ij

∂bi1
= −∂λij

∂µij

∂µij

∂ηij

∂ηij
∂bi1

= −
µ
2−pij
ij

ϕij

I(i = i1)I(yij = 0),

∂ℓ̃
(0)
ij

∂w̃j1k

= −∂λij

∂µij

∂µij

∂ηij

∂ηij
∂w̃j1k

= −
µ
2−pij
ij

ϕij

wikI(j = j1)I(yij = 0),

∂ℓ̃
(0)
ij

∂b̃j1
= −∂λij

∂µij

∂µij

∂ηij

∂ηij

∂b̃j1
= −

µ
2−pij
ij

ϕij

I(j = j1)I(yij = 0).

Hence, the kth component, k = 1, · · · , d, of the score functions corresponding to ith row and

jth column of the log likelihood are

[Uwi
]k =

∂ℓ

∂wik

=
n∑

j=1

{
yij − µij

ϕij

· 1

Vij

· µij · w̃jk · I (yij > 0) +
−µ2−pij

ij

ϕij

· w̃jk · I (yij = 0)

}
,

[
Uw̃j

]
k

=
∂ℓ̃

∂w̃jk

=
n∑

i=1

{
yij − µij

ϕij

· 1

Vij

· µij · wik · I (yij > 0) +
−µ2−pij

ij

ϕij

· wik · I (yij = 0)

}
,

and

Ubi =
∂ℓ

∂bi
=

n∑
j=1

{
yij − µij

ϕij

· 1

Vij

· µij · I (yij > 0) +
−µ2−pij

ij

ϕij

· I (yij = 0)

}
,

Ub̃j
=

∂ℓ̃

∂b̃j
=

n∑
i=1

{
yij − µij

ϕij

· 1

Vij

· µij · I (yij > 0) +
−µ2−pij

ij

ϕij

· I (yij = 0)

}
.

Let βi = (w⊤
i , bi)

⊤ and β̃j = (w̃⊤
j , b̃j)

⊤. From the partial derivatives of the log likelihoods,

we can see that the second order partial derivatives with respect to βi and βi1 is zero when

i is different from i1. That is, the cross terms ∂2ℓ
∂wi∂wi1

= 0 and ∂2ℓ̃

∂w̃i∂w̃i1

= 0 and ∂2ℓ
∂wi∂bi1

= 0

and ∂2ℓ̃

∂w̃i∂b̃i1
= 0 when i ̸= i1. Therefore, the estimation of βi and βi1 can be conducted

separately. Denote

Iβi
=

 Iwiwi
Iwibi

Ibiwi
Ibibi

 , I
β̃j

=

 Iw̃jw̃j
Iw̃j b̃j

I
b̃jw̃j

Ib̃j b̃j

 ,
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where the individual components in the matrix Iβi
and I

β̃j

are negative expectations of the

second order partial derivatives. We list them below and detailed derivation can be found

in Appendix A.

The (k, r)th entry, k, r = 1, . . . , d, of the Information matrix for wi, w̃j, bi, and b̃j

respectively are

[
Iwi1

wi2

]
k,r

= −E
[

∂2ℓ

∂wi1k∂wi2r

]
= −

n∑
i=1

n∑
j=1

E

∂2
(
ℓ
(0)
ij + ℓ

(1)
ij

)
∂wi1k∂wi2r


=

n∑
j=1

µ2
i1j

ϕi1jVi1j

· w̃jk · w̃jr · I(i1 = i2) · I (yi1j > 0) +

n∑
j=1

(2− pi1j)

ϕi1j

· µ2−pi1j
i1j

· w̃jk · w̃jr · I(i1 = i2) · I (yi1j = 0) ,

[
Iw̃j1

w̃j2

]
k,r

= −E

[
∂2ℓ̃

∂w̃j1k∂w̃j2r

]
= −

n∑
i=1

n∑
j=1

E

∂2
(
ℓ̃
(0)
ij + ℓ̃

(1)
ij

)
∂w̃j1k∂w̃j2r


=

n∑
i=1

µ2
ij1

ϕij1Vij1

· wik · wir · I(j1 = j2) · I (yij1 > 0) +

n∑
i=1

(2− pij1)

ϕij1

· µ2−pij1
ij1

· wik · wir · I(j1 = j2) · I (yij1 = 0) ,

Ibi1bi2 = −E
[

∂2ℓ

∂bi1∂bi2

]
= −

n∑
i=1

n∑
j=1

E

∂2
(
ℓ
(0)
ij + ℓ

(1)
ij

)
∂bi1∂bi2


=

n∑
j=1

µ2
i1j

ϕi1jVi1j

· I(i1 = i2) · I (yi1j > 0) +
n∑

j=1

(2− pi1j)

ϕi1j

· µ2−pi1j
i1j

· I(i1 = i2) · I (yi1j = 0) ,

Ib̃j1 b̃j2
= −E

[
∂2ℓ̃

∂bj1∂bj2

]
= −

n∑
i=1

n∑
j=1

E

∂2
(
ℓ̃
(0)
ij + ℓ̃

(1)
ij

)
∂bj1∂bj2


=

n∑
i=1

µ2
ij1

ϕij1Vij1

· I(j1 = j2) · I (yij1 > 0) +
n∑

i=1

(2− pij1)

ϕij1

· µ2−pij1
ij1

· I(j1 = j2) · I (yij1 = 0) .
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The off diagonal components of Iβi
, I

β̃j

are

[
Iwi1

bi2

]
k
= −E

[
∂2ℓ

∂wi1k∂bi2

]
= −

n∑
i=1

n∑
j=1

E

∂2
(
ℓ
(0)
ij + ℓ

(1)
ij

)
∂wi1k∂bi2


=

{
n∑

j=1

µ2
i1j

ϕi1j

· w̃jk

Vi1j

· I (yi1j > 0) +
n∑

j=1

(2− pi1j)

ϕi1j

· µ2−pi1j
i1j

w̃jk · I (yi1j = 0)

}
· I(i1 = i2),

and

[
Iw̃j1

b̃j2

]
k
= −E

[
∂2ℓ̃

∂w̃j1k∂b̃j2

]
= −

n∑
i=1

n∑
j=1

E

∂2
(
ℓ̃
(0)
ij + ℓ̃

(1)
ij

)
∂w̃j1k∂b̃j2


=

{
n∑

i=1

µ2
ij1

ϕij1

· wik

Vij1

· I (yij1 > 0) +
n∑

i=1

(2− pij1)

ϕij1

· µ2−pij1
ij1

wik · I (yij1 = 0)

}
· I(j1 = j2).

Note that the components −E
[

∂2ℓ
∂wik∂bi

]
are non-zero, so we can not separately estimate wi

and bi. They have to be estimated together. Similarly, w̃j and b̃j have to be estimated

together.

Based on the Fisher scoring algorithm, the updating formulae for βi = (w⊤
i , bi)

⊤ and

β̃j = (w̃⊤
j , b̃j)

⊤ are respectively,

β
(t+1)
i = β

(t)
i + I−1

β(t)

i

· U
β(t)

i

,

β̃
(t+1)

j = β̃
(t)

j + I−1

β̃
(t)

j

· U
β̃

(t)

j

.
(4.1.6)

Note that βi and β̃j can not be estimated simultaneously because estimation of βi requires

to use the entire set of {β̃j, j = 1, . . . , n} as fixed values. Reversely, {βi, i = 1, . . . , n} serve

as data when estimating β̃j. Since the estimate of βi relies on the current value of β̃ which

is not necessarily equal to the true value of the parameter, the βi’s estimate is not final

even if the first updating equation in (4.1.6) converged while the same value of β̃ is used.

When β̃ changes in further iterations, the estimate of βi will change too. Running either of
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equations in (4.1.6) is generally referred as the iteratively reweighted least squares (IRLS)

algorithm. In our case, we have to alternatingly rerun IRLS update by switching what is

held fixed. In addition, since all the β̃ are needed when estimating βi but the IRLS update

only works with one component at a time, β̃j, the process internally depends on each other

when we loop through i or j over different iterations. Below we will describe the algorithm

for the estimating process.

The algorithm starts with setting the following initial values:

• Specify values of ϕ and p. ▷ (see Section 4.1.1)

• Initialize elements of β
(0)
i and β̃

(0)

i . For example, with i.i.d. Uniform(-0.5, 0.5) values.

• It is natural to use the negative log likelihood as the loss for fitting each row and col-

umn. However, the log likelihood functions ℓ and ℓ̃ both contain the c(yij, ϕij, pij). This

term does not involve regression parameters β and β̃. Therefore, it is redundant to

compute the term c(yij, ϕij, pij) when estimating β and β̃. This is specially the case for

Tweedie regression because c(yij, ϕij, pij) has log sum of infinite many terms. In Python

package sklearn.linear model.TweedieRegressor, the loss is defined as Half Tweedie de-

viance max(yi, 0)
2−p/(1−p)/(2−p)− yiµ

1−p
i /(1−p)+µ2−p

i /(2−p) when the observed

response is yi (see the Python source code at https://github.com/scikit-learn/

scikit-learn/blob/36958fb240fbe435673a9e3c52e769f01f36bec0/sklearn/_loss/

loss.py). The first term in it does not depend on the regression parameter β. The

other two terms are the negative value of (yθ−κ(θ)) in the log likelihood (6.0.4). There-

fore, using the Half Tweedie deviance as the loss is equivalent to using the -(yθ−κ(θ)).

We define our loss as follows:

Loss(β, β̃) = −
n∑

i=1

n∑
j=1

(yijθij − κ(θij)).

Note that the loss is a function of β and β̃, which will change as the algorithm proceeds.
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• Set convergence threshold such as ϵ = 10−4 and maximum number of iterations

(maxit). We use relative convergence criteria on the loss function by checking if the

relative change in loss defined below is less than the threshold. This is consistent with

glm2 package in R which uses the relative convergence criteria on the log likelihood.

Relative change in Loss =
|Loss(β(t+1), β̃

(t+1)
)− Loss(β(t), β̃

(t)
)|

|Loss(β(t+1), β̃
(t+1)

)|+ 0.1
. (4.1.7)

When the algorithm stops, either the maximum number of iterations is reached or the

algorithm converged. If t is less than maxit, the algorithm has converged. With our loss

definition, we are making an assumption that ϕ and p are not involved in likelihood com-

parison. This makes sense if the likelihood function is evaluated at the same set of ϕ and

p values. If the likelihood has to be compared with different ϕ and p pairs, the likelihood

corresponds to different pairs can not be compared because the infinite summation in (6.0.1),

(6.0.2), (6.0.3) are different.

Also, note that the updating formula (4.1.6) does not have a learning rate. If the model

is completely correct, this updating formula will lead to good estimate of β and β̃. However,

if there is any disturbance or model misspecification, it is likely that I−1U might be updating

the estimated β or β̃ in a wrong direction. This is particularly prone to happen in the case

that the dimension of the parameters is large. Therefore, we would like to consider adaptive

update such that the pace of update is reducing as the number of iterations increases.

Specifically, we introduce a learning rate and adjust it as the iteration number grows in

the following manner:

β
(t+1)
i = β

(t)
i +

lr

t1/4
· I−1

β(t)

i

· U
β(t)

i

, t = 1, 2, . . . ,

β̃
(t+1)

j = β̃
(t)

j +
lr

t1/4
· I−1

β̃
(t)

j

· U
β̃

(t)

j

, t = 1, 2, . . . .
(4.1.8)

where lr is a starting learning rate that could be set to lr = 0.5. As the iterations increase,
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Algorithm 4 Alternating Tweedie regression

Require: I−1

β(t)

i

and I−1

β̃
(t)

j

exist.

t← 0, Loss(t) ← 1020

converged = False
while t ≤ maxit do

while converged = False do
i← 1
while i ≤ n do

retrieve ith row of data from SQLite database.
for epoch ∈ 1,..., n epoch do

compute U
β(t)

i

and I
β(t)

i

.

update β
(t+1)
i using current value of { β̃

(t)

j , j=1, . . . , n }, and β
(t)
i

based on formulae in (4.1.6) or (4.1.8) or Adam update.
end for

for epoch ∈ 1,..., n epoch do
compute U

β̃
(t)

i

and I
β̃

(t)

i

.

update β̃
(t+1)

i using current value of { β(t)
j , j=1, . . . , n }, and β̃

(t)

i

based on formulae in (4.1.6) or (4.1.8) or Adam update.
end for
i← i+ 1

end while

for k = 1, . . . , n do
retrieve kth row of data from SQLite database.

recompute U
β(t+1)

k

, U
β̃

(t+1)

k

and their L2 norms using β(t+1) and β̃
(t+1)

values.

recompute lossk and l̃ossk using β(t+1) and β̃
(t+1)

values.
end for

compute the Loss(β(t+1), β̃
(t+1)

).
check if the Relative change in Loss (4.1.7) is less than ϵ.

end while
t← t+ 1

end while
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the effective learning rate becomes lr
t1/4

, which allows the algorithm to slowly approach the

target in later iterations.

Our learning rate adjustment is just a step size change in the Fisher scoring algorithm.

The glm2 package in R halves the step size when estimated model components become

infinity or out of their range or the algorithm diverges. As the Fisher scoring algorithm

belongs to a bigger category of gradient descent/ascent algorithm, we can look more into

the bigger category. There are many variants of the gradient descent adjustments. See for

example Ruder (2016) for review of different gradient descent algorithms such as Momentum,

Adagrad, Adadelta, RMSprop, Adam etc. The Adam is the most popular update and

becomes default parameter update method for many machine learning algorithms. With

Adam, the direction of update is set to be the ratio of two terms: the exponentially decaying

moving average of past gradients in the numerator, and the square root of exponentially

decaying moving average of past squared gradients in the denominator. Adam combines the

ideas of Momentum and and Adadelta. The moving averages of the gradient and squared

gradient reflect the mean and variance of the gradient. The update is defined as follows:

gt,j = ∇θℓ (θt−1)j ; mt,j = B1 mt−1,j + (1− B1) gt,j, vt,j = B2vt−1,j + (1− B2) g
2
t,j

m0j = v0j = 0; m̂t,j =
mt,j

1− Bt
1

; v̂t,j =
vt,j

1− Bt
2

; θt,j = θt−1,j −
η√

v̂t,j + ϵ
m̂t,j

The authors of this method recommended to set B1 = 0.9, B2 = 0.999, ϵ = 10−8. The second

row of the equations makes corrections for total coefficients because the coefficient behind

m0,j is B
t
1 and m0,j = 0, which lead to the sum of coefficients of non-zero terms being 1−Bt

1.

The same justification holds for vt,j. This update has a step size that takes the steepness

into account, as in Adadelta, but also tends to move in the same direction, as in Momentum.

Most of the gradient descent variants do not use the second derivative of the objective

function, which is because it is often difficult to compute the second derivative. We be-

lieve the use of adaptive learning rate together with the Fisher information matrix in our
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algorithm provides more benefit than the variants of the gradient descent algorithms. This

is because the variants of gradient descent algorithm either ignore the second derivative or

uses squared first derivative to approximate the second derivative. On the other hand, the

Fisher information provides the variance of the first derivative (i.e., Score function) of the

objective function and the inverse of the Fisher information matrix provides the asymptotic

variance for the parameters to be estimated according to likelihood inference (Cox and Hink-

ley 2017). The plots in Figure 4.1 shows how the three updating schemes differ when they

are applied to a simulated dataset generated with alternating Tweedie regression model (see

section 4.2.1). We could see from the left panel which shows the log(loss) for only one row

of data with repeating update over 10 epochs, the Adam update is less effective in reducing

the loss for each epoch compared to the update with or without learning rate adjustment.

When the algorithm continuously updates for over 100 iterations, the log(overall loss) in the

right panel also shows that the Adam update is not reducing the loss as fast as the other

two updating schemes. Avoiding the usage of second derivatives of the objective function

not only shows no advantage in computation time but also is less effective in reducing the

loss. Deriving the second derivatives and implementing it in the Fisher scoring algorithm

achieves better result faster.

Note that in the while loop for i in Algorithm 4, we update βi and β̃i for the same

i. The βi’s estimate depends on current value of β̃ which means recently updated value

of β̃j1 , j1 = 1, . . . , i are used in the calculation. Due to such dependence, all parameter

updates rely on each other. As a result, the updates of different parameters can only be

done sequentially. In addition, it assumes that the data is symmetric so that the ith row and

ith column are same. An advantage of this is that the ith row of data is only loaded once. This

saves some computation time. If the data matrix is not symmetric, then the algorithm needs

to be adjusted by adding another for loop of j such that update for βi, i = 1, . . . , n is done

consecutively followed by update of β̃j, j = 1, . . . , n. In this case, we need to read-in data for

each row while updating the βi’s and then we will need to read-in data again for updating β̃j.
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Figure 4.1: Computed log(loss) and log(overall loss) from simulated dataset using the Fisher
scoring with or without learning rate adjustment, and gradient descent algorithm with Adam
method for parameter update. The left panel depicts how the loss changes over 10 epochs for
one row of the parameter update. As epoch number grows, the loss has a general decreasing
trend but the Adam’s loss has higher values and reduces slower than the other two updates.
The right panel is for overall loss versus number of iterations in log scale. All losses decrease
as the iteration number increases but the Adam update has higher values of the overall loss.
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This potentially wastes some computational time. However, there is some potential benefit in

doing so: successive update for different i’s (or different j’s) are not interdependent on each

other. This makes parallel updating a possible solution. More specifically, when considering

βi’s as the parameter while holding {β̃j, j = 1, . . . , n} as the data, the update for different

i’s is totally free from each other since the calculation of the Information matrix and the

Score function only depends on {β̃j, j = 1, . . . , n}.

Instead of writing our own code for parallel computing, it is tempting to use an existing

parallel computing algorithm to conduct the update. Niu et al. (2011) introduced an update

scheme called Hogwild which allows performing parameter update on CPUs in parallel. It

works with multiple CPU processors by allowing them to access shared memory without

locking the parameters. For this to work, the optimization problems have to be sparse in

that each update only modifies a fraction of all parameters. Under this scenario, they showed

that the Hogwild update scheme achieves almost an optimal rate of convergence because the

possibility of the processors overwrite useful information is small. Our updating equations

(4.1.8) only modify part of the model parameters as i or j points to specific row or column.

However, that is not a sparse update. Even though we are working with only a block out

of all model parameters at a time, there is no guarantee that the parameter update will

be sparse. In fact, the parameters in our model are dense representation of words, items,

or users, and they are not meant to be sparse. Additionally, our computations need to be

carried out on GPUs. This point will be further explained in Chapter 5.

4.1.1 Impact of the parameters p and ϕ

The aforementioned formulae assume pij and ϕij are known. When they are not known,

estimation is needed. The estimation of the dispersion parameters pij and ϕij is intractable

when we use the likelihood approach.
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∂ℓ
(1)
i

∂ϕij

=
n∑

j=1

− 1

ϕ2
ij

(yijθij − κ (θij)) +
∂c (yij, ϕij, pij)

∂ϕij

,

∂ℓ
(1)
i

∂pij
=

n∑
j=1

1

ϕij

[
yij

∂θij
∂pij

+
∂κ (θij)

∂pij

]
+

∂c (yij, ϕij, pij)

∂pij

where c (y, ϕ, p) = log
(∑∞

k=1
βkα

Γ(kα)
· ykα−1 · λk

k!

)
. And ϕ and p are related in the following

manner:

λ =
µ2−p

ϕ(2− p)
, α =

2− p

p− 1
,

1

β
= ϕ(p− 1)µp−1.

Due to excessive calculation involved in the infinite sum, the likelihood estimate of ϕij and

pij is intractable when they need to be estimated for all i = 1, ..., n and j = 1, ..., n. Bonat

and Kokonendji (2017) suggested to use profile likelihood to estimate the ϕ and p. In their

small scale simulation studies, they find that the profile likelihood approach works well,

particularly when true p is 0 or 2 in which case the likelihood approach fails to provide

appropriate estimate with good coverage. However, the profile likelihood uses derivative free

Nelder-Mead algorithm (Nelder and Mead 1965). This algorithm is really slow for large n.

For estimating power p from Tweedie model, traditional practice is to first train a Tweedie

model with an arbitrary specified p and estimate the µ of all observations. The inverse weight

and residuals from the model fit were then used to obtain an estimate of dispersion parame-

ter (scale). Then the µ along with inverse weight, residuals, and scale estimate (ϕ) were used

to estimate p. See the source code of function estimated tweedie power at https://www.

statsmodels.org/devel/_modules/statsmodels/genmod/generalized_linear_model.html#

GLM.estimate_tweedie_power. In our case, we have no covariates to fit the GLM model.

The β̃ and β were alternately updated so we can not use them as the covariates to estimate

the power p even when they were held fixed because the estimate of p will change with the

estimate of β and β̃ and the loss functions correspond to different range of p are no longer

comparable.
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Instead, we will make use of the mean variance relationship Var(Y ) = ϕµp for the Tweedie

distribution. That is, log(Var(Y )) = log ϕ + p log µ. Then we check the log of mean and

log of variance of the observed response variable over different rows. The two appears to

have piece-wise linear relationship. See Figure 4.2 for an example, which was generated for

the January, 2022 Wikipedia dump with vocabulary size 50K. The majority of log µ and

log(Var(Y )) pairs shows clear piecewise linear relationship when log µ is between -4 and 2.

For log mean smaller than -4 or greater than 1, there are limited number of data points.

Based on such piecewise linear relationship, we regressed the log of sample variance against

the log of sample mean of the response variable on each interval. The resulting slope and

intercept estimates presented in Table 4.1 give us estimates of p and δ = log(ϕ) for each

interval shown in Figure 4.2.
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Figure 4.2: Relationship between log of sample mean and log of sample variance from

Wikipedia data with 50K vocabulary size. The three lines in each interval are the fitted linear

regression line and upper and lower bounds with same slope.
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interval index δ̂ δ̂high δ̂low log(µ) lower bound log(µ) upper bound p̂

0 3.030 3.306 2.264 -7.000 -6.000 1.230

1 -1.483 -0.970 -2.607 -6.000 -5.000 0.485

2 -0.438 0.194 -1.180 -5.000 -4.000 0.688

3 -0.115 0.576 -0.607 -4.000 -3.000 0.811

4 0.197 1.099 -0.188 -3.000 -2.000 0.943

5 0.554 1.221 0.161 -2.000 -1.000 1.098

6 0.451 0.984 0.142 -1.000 0.000 0.990

7 0.457 0.887 0.145 0.000 1.000 0.642

8 1.105 1.680 0.809 1.000 2.582 -0.053

Table 4.1: The estimated δ and p from fitting linear regression on log of sample mean and

log of sample variance on each interval. The δ̂high and δ̂low are intercepts from the data points

that are having maximum or minimum signed distance from the fitted regression line while

having corresponding same slope.

In Table 4.1, we have to carefully consider the estimated parameter p̂. The range of p

for Tweedie distribution to be well defined is p ≤ 0, 1 ≤ p < 2, or p ≥ 2, with p = 0

represents Gaussian distribution, p = 1 represents Poisson distribution, and p = 2 represents

Gamma distribution. The interval 0 having p̂ between 1 and 2 corresponds to Compound

Poisson Gamma distribution. For the interval indices 4, 5, and 6, those could be considered

as Poisson distribution having p = 1. The interval 8 could be viewed as Normal distribution

with p = 0. On the other hand, the intervals 1, 2, 3, and 7 have p̂ between 0 and 1

where Tweedie distribution is not well defined. Therefore, we might need to consider other

distribution such as zero-inflated Tweedie distribution.
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4.2 Application: Training new word representations

with small Reuters news dataset

In this section, we present the application of the alternating Tweedie regression to a small

dataset. The small dataset contains news articles downloaded from Reuters news archive

https://www.reuters.com/news/archive/businessnews?view=page&page=5&pageSize=10.

A Python code was written to imitate user clicks and around 2000 articles were downloaded.

These articles were news between 2019 and summer 2021 in Business category. They are

stored in a SQLite database. Using these 2000 articles as training corpus, we created a small

vocabulary with top 300 most frequently used words.

Words are not easy to be directly used in artificial intelligence. Converting each one of

them to a numerical vector will facilitate machine learning techniques to employ words as

features. Here, we would like to illustrate with the small dataset of how to map a word

to d dimensional vector. Such numerical vectors are referred as word representations. The

training dataset is simply the small cooccurrence count matrix derived from the small corpus

using the formula in (1.0.1).

We applied the alternating Tweedie regression described in Section 4.1.1 to this dataset.

To apply the method, we start with assuming Yij = log(Xij + 1) follows the Tweedie dis-

tribution with power parameter pij and dispersion parameter ϕij. This is because the raw

count Xij has too much skewness to fit into the Tweedie distribution family. Additionally,

some cooccurrence counts are very large and some are zero. With the convergence analysis,

we know that the model fitting with large positive counts could have non-convergence prob-

lem if there is complete or quasi complete separation in the dense representations of words

corresponds to the zero or nonzero count words. The histograms in Figure 4.3 show the

skewness calculated for rows of the data matrix based on original cooccurrence count and

log transformed cooccurrence count. The log transformed counts, even though still skewed,

behave much more manageable than the raw count due to its smaller skewness. Due to above
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Figure 4.3: The histograms of skewness for raw count (left panel) and log count (right
panel) of rows in small Reuters dataset. The raw count shows large skewness that majority
are around 6. The log count shows much less skewness.

reason, we work with the log transformed count.

We initialized the model parameters as follows:

• The initial values for the elements of the word representations wi, w̃j and biases bi, b̃j

were randomly generated from Uniform(-0.5, 0.5) independently.

• The dispersion parameter ϕ and the power parameter p were initialized based on

the variance and mean relationship of the Tweedie random variable having format

Var(Y ) = ϕµp. From this relationship, we know logVar(Y ) = δ + p log µ. Therefore,

log Var(Y ) and log µ have linear relationship. Unfortunately, we do not have Var(Y )

and µ and we can not estimate the mean and variance in the each element of the

matrix because there is only single observation. To make the problem manageable,

we compute the sample variance and sample mean using the cooccurrence counts in

the same row. Then we would expect that the sample variance and sample mean pair

across different rows provide the data for depicting the linear relationship. Therefore,

we regress log of sample variance and log of sample mean to find the ϕ and p. The

relationship appears to be piecewise linear (see Figure 4.4). Each piece of the linear

regression is restricted to an interval for the log mean. The estimated δ and p in each

interval are presented in Table 4.2. This is only a rough way of finding reasonable ini-

tial value of ϕ and p, denoted as ϕ̂(0) and p̂(0). Due to symmetry nature of Yij and Yji,
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we need to set V̂ar(Yij) = ϕ̂
(0)
i · ϕ̂

(0)
j µ̂

p̂
(0)
i +p̂

(0)
j

ij . This means we are assuming pij = pi + pj

and ϕij = ϕi · ϕj. This would allow observations in the ith row and those in the ith

column having same variance.
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Figure 4.4: Relationship between log of sample mean and log of sample variance from

Reuters news small dataset with vocabulary size 300. The center line in each interval is

the fitted piecewise linear regression line and upper and lower lines in each interval are lines

having same slope as the fitted line but passing through the data point that is having maximum

or minimum signed distance from the fitted line.

We also included a different interval partition in Table 4.3. This table deviates from

the previous one due to small mistake in converting the cooccurrence count from the sparse

format to the matrix format. We would like to see the impact of different values of ϕ and p

on the model parameter estimation by comparing results obtained with these two different

tables.
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interval index δ̂ δ̂high δ̂low log(µ) lower bound log(µ) upper bound p̂
0 2.955 2.955 2.955 -1.500 -1.000 2.264∗

1 -1.009 -0.896 -1.125 -1.000 -0.500 -1.501
2 -0.202 0.152 -0.450 -0.500 0.000 -0.842
3 -0.127 0.416 -0.432 0.000 0.500 0.561
4 0.077 0.480 -0.237 0.500 1.000 0.197
5 0.776 1.129 0.503 1.000 1.500 -0.475
6 -1.133 -1.039 -1.288 1.500 2.180 0.744

Table 4.2: The estimated δ and p from fitting piecewise linear regression on log of sample
mean and log of sample variance on each interval from Reuters news small dataset. The δ̂high
and δ̂low are intercepts from the data points that are having maximum or minimum signed
distance from the fitted piecewise regression line while having corresponding same slope. Note:
* indicates that the estimated value 2.264 is based on regression with only two observations
which is highly unreliable and we could ignore the interval.

interval index δ̂ δ̂high δ̂low log(µ) lower bound log(µ) upper bound p̂
0 0.190 0.473 -0.034 -0.500 0.000 1.373
1 -0.233 0.282 -0.541 0.000 0.500 0.871
2 0.088 0.504 -0.253 0.500 1.000 0.174
3 0.774 1.135 0.509 1.000 1.500 -0.480
4 -1.133 -1.038 -1.288 1.500 2.000 0.743

Table 4.3: A table similar to Table 4.2 with numbers slightly wrong. This table was obtained
when the sparse format of cooccurrence count was retrieved from the database with some slight
mistake. We kept this table to see how the estimation in the algorithm is affected by this
table.
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Figure 4.5: The histograms of cooccurrence counts in each interval index from the Reuters

news small dataset. The value N represents the number of cooccurrence count values in the

interval.
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In Figure 4.5, we presented distribution of cooccurrence counts in each interval index

from Reuters news small dataset. This figure was created by partitioning the cooccurrence

counts in the entire matrix based on which interval the mean of log count in each row belongs

to. All those rows belonging to the same interval were plotted in the same histogram. There

are only two rows in the interval 0 and majority are zero counts (74.50%). Similarly, the

interval 1 contains counts from four rows and still majority are zero (53.50%). The intervals

2, 3 and 4 contain majority of rows and the shape is highly positively skewed. There are still

plenty of zeros in these intervals (13.56%, 6.08%, 1.50%, respectively), even though they do

not have as much as the intervals 0 and 1. The intervals 5 and 6 have relatively symmetric

shape with small portion of zero counts in interval 5 (0.19%), but none in the interval 6.

Based on these plots, it seems to be reasonable to use Tweedie distribution to describe the

cooccurrence counts.

With the pij and δij given in Tables 4.2 and 4.3, we applied the Tweedie regression with

learning rate adjustment and without learning rate adjustment. The change in the L2 norm

of the model parameters β and β̃ were recorded. The log10 change is summarized in Figure

4.6. Initially, all the log10 changes reduce quickly in early iterations regardless of learning

rate adjustment was used or not and no matter the ‘right’ table or ‘wrong’ table of δ and

p was used. In later iterations, these different updates showed different rate of deduction

in the log of change in L2 norm. The log10 change for the algorithm without learning rate

adjustment seems to have higher values and converges slower than those from the algorithm

with learning rate adjustment. The update with learning rate adjustment was not sensitive

to using the ‘right’ table or ‘wrong’ table of δ and p. Most of the time, they provided similar

results.
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Figure 4.6: The log10 change of L2 norms in three different cases in model parameters β

and β̃ versus number of iterations before the change in β’s or β̃’s norm becomes negligible.

The Solid line and dashed line are results of Algorithm 4 without learning rate adjustment.

The dotted and dot-dashed line are using Algorithm 4 with adjustment of the learning rate

but slightly wrong estimate of the parameters δ and p. The cases with circle and cross symbol

are from Algorithm 4 with adjustment of the learning rate and using the right estimate of

the parameters δ and p as provided in Table 4.2. Learning rate adjustment and using right

table made the algorithm converge faster. Without learning rate adjustment, it takes more

than twice number of iterations before the change becomes negligible.

As we have seen, the impact of adjusting learning rate is not negligible. There is signifi-

cant difference in number of iterations regarding with or without the learning rate adjustment

in Algorithm 4 before the change in β’s or β̃’s norm becomes negligible. The algorithm with

the learning rate adjustment only took 832 iterations. However, without the learning rate

adjustment, it took 2114 iterations to reach the same point which is almost two and half
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times more iterations. We could see from Figure 4.6 that the case without the learning

rate moves constantly in opposite directions around iteration number 400 to 900. On the

other hand, with learning rate adjustment, there were significantly less number of movements

toward opposite direction.

Comments about the alternating Tweedie MLE approach on the small Reuters

data

Our derived formulae are based on Compound Poisson Gamma distribution which is special

case of Tweedie distribution with 1 < p < 2. This case and the case with p = 1, which

corresponds to the Poisson distribution, are the only distributions in the Tweedie family

that allows positive probability mass at zero. Unfortunately, not all of the data are suitable

to be modeled with 1 ≤ p < 2. The p is the power that connects the variance function and

the mean. The small Reuters data that we have tested have several rows that exhibit other

distributional patterns. For example, in Figure 4.7, two rows of cooccurrence counts were

plotted as histograms. Theses two rows have high proportion of zeros and highly skewed.

The left panel of the plot has only 31.7% of values being non-zero and the right panel has

83% being non-zero. The estimated p corresponds to them from Table 4.2 is −1.50 and

−0.83, respectively. Tweedie distributions with these negative powers have support of R

and do not have positive probability at zero. Therefore, in such cases, Tweedie regression

will not be suitable to model the two rows. Beyond the negative p cases, there are also rows

of data that have p between 0 and 1, if the relationship of mean and variance from Tweedie

distribution were to be used. Unfortunately, the distribution do no exist for such cases (see

Proposition 4.2 on p.132 of Jorgensen 1997).
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Figure 4.7: The histograms of cooccurrence count in 73rd and 82nd row of the matrix from

small Reuters news dataset. These two rows show typical cases that can not be modeled with

the power p being between 1 and 2. Theses two cases have big proportion of zeros and have

negative p (-1.50, -0.83, respectively), if Tweedie’s mean and variance relationship were to

be used. With such negative powers p, it is not possible to have probability mass at zero. The

proportion of zeros in theses two rows are 68.3% and 17%, respectively.

In our algorithm, for the cases with p < 0 or 0 < p < 1, it could lead to the fitted

mean count µij being infinity if we force to fit Tweedie regression model. To avoid this from

happening, we temporarily restrict the algorithm to bypass the update of parameter in such

rows by setting an upper bound of L2 norm of the Score vector to be no more than 1015.

This is just a temporary solution that the algorithm could proceed to estimate the rest of

the model parameters. We still need to find alternative distribution models to fit such data.

Similar strategy has been used in GloVe with different threshold (Pennington et al. 2014).

Specifically, they restricted each component of the gradient to be within -100 and +100 in
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the adaptive gradient descent algorithm. Any gradient outside of this range was forced to

take the boundary value -100 or +100.

4.2.1 A small simulation study

In this section, we present a small simulation study using generated data from the Tweedie

regression model. The goal of this study is to examine how fast the algorithms converge.

Specifically, we would like to see how well the Fisher scoring algorithm with and without

learning rate adjustment and the gradient descent algorithm with Adam update model pa-

rameters. The data generation is described below.

• We first retrieved the most frequently used 300 words in 2000 Reuters business news

articles. For each word, a 50-dim vector (w) needs to be generated for usage in the

Tweedie regression model. The model components are as follows:

ηij = w⊤
i · w̃j, µij = exp ηij

where wi = gi/|gi| and w̃j = gj/|gj| with gi and gj being the 50-dim word vec-

tor representations from pre-trained GloVe model for wordi and wordj respectively

(https://nlp.stanford.edu/data/glove.6B.zip). Note that these wi’s can be ar-

bitrarily generated from a distribution. Here, we use the GloVe word vectors so that

the simulation is reproducible. Below are details:

• The Tweedie power parameter pij was generated as pi + pj where pi and pj are inde-

pendently sampled from Uniform(0.5, 1). With this generation mechanism, the power

pij is between 1 and 2 so that the count data follows Compound Poisson Gamma

distribution.

• The dispersion parameter ϕij was generated as ϕi ·ϕj where ϕi and ϕj were taken from

the estimated value of the Reuters news dataset from Table 4.2.
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• The count data Yij = Yji were independently generated from Tweedie distribution with

mean µij, power parameter pij, and the dispersion parameter ϕij.

We applied the alternating Tweedie regression algorithm to the generated data. For com-

parison, the gradient descent algorithm with Adam update was applied to the data. For the

Adam update, we used the Adam optimizer (torch.optim.Adam) from the PyTorch package.

A learning rate scheduler was used to reduce learning rate based on torch.optim.lr scheduler.ReduceLROnPlateau.

The default setting of this function is used, which specifies the loss does not improve in 10

epochs, the learning rate is reduced by factor of 0.1. With the Adam update, computa-

tionally we only need to compute the loss and keep track of gradient of loss with respect

to parameters being updated by setting .requires grad (True) for the parameter. The gradi-

ent was computed with the .backward() method of the loss tensor. The parameter update

was done with the optimizer’s .step() method. The optimizer’s gradient was reset to zero

within each epoch with the .zero grad() method. For fair comparison, the innermost for

loops of epoch are set to be 10 for all three update methods: with and without learning rate

adjustment and Adam update.
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Figure 4.8: The loss reduction was compared within epochs among three different updates:

the alternating Tweedie regression algorithm with and without learning rate adjustment, and

Adam update. The results are from the first iteration and first row of data matrix in our

Algorithm 4.

Figure 4.8 shows how different parameter update method performs within the innermost

loop in our alternating Tweedie regression. The three different update methods are Fisher

scoring type update with and without learning rate adjustment, and gradient descent Adam

update. The loss reductions presented are from the first iteration and first row of data matrix

in Algorithm 4. All three lead to quick reduction of the loss within 5 epochs. The updates

with or without learning rate adjustment reach stable loss value quickly. On the other hand,

the Adam update does not stabilize as fast as the other two methods. Further, note that the

with or without learning rate adjustment updates’ loss values are small compared to that of

the Adam update. Taking into account the fact that all three updates used same simulated
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data and started with identical initial values, the difference in the loss values are purely due

to different updating schemes. Deriving the first and second derivatives manually and using

the Fisher scoring algorithm makes a difference in finding right direction of the update. This

point is even more obvious when we look at the overall loss over many iterations of updates in

Figure 4.9. This figure contains the loss of all rows and columns of the data matrix from over

120 iterations. The Adam algorithm decreased the overall loss as the iteration increases but

it is not as effective as the other two updating methods. Since the Adam update is inefficient

in finding the right optimizing direction in the alternating Tweedie regression algorithm, we

exclude it from further discussion and only compare the Fisher scoring type update with or

without learning rate adjustment in more detail.
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Figure 4.9: The overall loss over iterations among three different update methods: with or

without learning rate adjustment and the Adam update. The Fisher scoring type update with

or without learning rate adjustment started with lower overall loss than the Adam update,

and reduces the overall loss faster as the iteration number increases.
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Figure 4.10: The log10 scaled norm of the score vector and the overall loss as iteration
proceeds from simulated data. The top panel shows norm of the score vector in log10 scale for
two cases: with learning rate, and without learning rate. The bottom panel illustrates log10
overall loss versus iteration for the two cases. Overall, both cases are reducing the overall
loss and the norm of score vector. The case with no learning rate is faster to reduce the
overall loss in earlier iterations but may not achieve the minimum overall loss in the end.
The case with learning rate moves slowly in earlier iterations but shows advantage in the end
by finding smaller value in the overall loss.
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Figure 4.11: The overall loss in log10 scale during iteration between 110 and 170 for the
two cases: with learning rate, and without learning rate. The update without learning rate
adjustment is stabilized in a certain value before reaching the minimum overall loss. The
algorithm with learning rate adjustment continuously reduces the overall loss until satisfying
the convergence criterion, even though it was less effective in earlier iterations compared to
the one with no learning rate.
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Figures 4.10 and 4.11 show more detailed examination of the Fisher scoring update with

or without learning rate adjustment. We can see from Figure 4.10, during the first 20

iterations, the two cases behave similarly in the norm of score vector. However, from 20th

to around 130th iteration, the update with no learning rate is more effective in reducing the

overall loss than the one with the learning rate. This is not the case for the norm of the

score vector. From 20th to around 80th iteration, update with no learning rate is a little

less effective in reducing the norm of the score vector than the update with learning rate.

However, from 80th to 120th iteration, the case with no learning rate is more aggressive than

the one with learning rate. After 120th iteration until convergence, the no learning rate case

starts to sacrifice U
β̃

severely to improve Uβ while maintaining the overall loss in the same

neighborhood. On the other hand, small updates with learning rate adjustment help to make

the algorithm achieve lower overall loss. Figure 4.11 shows how the log loss changes in the

last 60 iterations. The one with no learning rate fluctuates a little bit around the same value

617109.2 and was trapped there causing the algorithm to believe the convergence criterion is

satisfied. The one with learning rate consistently reduces the overall loss and achieves smaller

overall loss 617105.8 when the convergence criterion is satisfied. To verify this pattern is not

happened by chance, we generated 8 more datasets and applied the algorithm to them. The

results are summarized in Figure 4.12. Basically, the behavior of the algorithm is same as

we illustrated above.

The first column of Figure 4.12 shows the L2 norm of the score vector Uβ in log10 scale

over all iterations for both with and without learning rate. Both cases perform well during

the first 20 iterations by reducing the L2 norm of the score vector Uβ quickly. It is a little

surprising that the one with learning rate adjustment was also able to achieve this because

with learning rate adjustment lr
it1/4

, the updated amount in β̂ only gets between a half

and a quarter of the amount received from the update without learning rate adjustment.

During iterations 20 to 200, the algorithm with learning rate adjustment updates the β̂

by a much smaller fraction (23.6% to 13.3%) of the amount updated using the algorithm
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Figure 4.12: Comparing performance of the alternating Tweedie regression algorithm with
or without learning rate over 8 simulated datasets. Each row is for one dataset.
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with no learning rate adjustment. As a result, the algorithm with learning rate adjustment

cautiously stays around the estimated value from previous iteration and approaches the

target little by little. The result of this is that reducing the learning rate at later iterations

optimizes the objective function more efficiently and consistently compared to the algorithm

without learning rate adjustment. We see the norm of Uβ achieves lower value faster in the

case with learning rate adjustment than the other case. Further, there is less fluctuations

when learning rate adjustment is used. This means the algorithm without learning rate

adjustment often over-corrects its estimate for the model parameters in later iterations. The

second column illustrates the L2 norm of score vector U
β̃

in log10 scale over all iterations for

both with and without learning rate. For the U
β̃

part, very similar pattern was observed as

the first column.

The third column of Figure 4.12 shows overall loss in log10 over all iterations. Overall

trend is both reduces the loss quickly in early iterations and gradually slow down toward

the optimal loss. It seems like both with and without learning rate performs similarly

well. However, if we look in more detail, we could observe some difference as shown in

the last column of the figure. Compare to the reduction in norm of Uβ and U
β̃
, the loss

function reduces consistently without much fluctuations. This aspect shows that the loss is

not a monotone function with regard to Uβ’s and U
β̃
’s norms and there are possibly many

different solutions giving similar loss value.

The last column of Figure 4.12 is the zoomed in detailed performance near the end (i.e.

near convergence) of the algorithm for 8 simulated datasets. The two updates, with or

without learning rate, seemed to have different curves but both achieved similar final loss

value in all except for one dataset in the sense that they only differ at the second digit after

the decimal point. An exception happened in the last row of Figure 4.11 for the overall

loss: the update with no learning rate moved out of the region around the optimal solution

leading to a sudden drastic increase in the loss function and couldn’t get out of there. Upon

convergence, the algorithm stayed there at the much higher final loss value.
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In summary, we compared performance of the alternating Tweedie regression algorithm

among three different update methods. The Adam update performed well in the sense that

it reduces the loss both within the innermost loop over epochs and throughout the iterations

in the outer loop. However, when compared to the Fisher scoring update with or without

learning rate adjustment, the Adam is inefficient since its overall loss or loss within each epoch

reduces slower than the other two updating schemes. The Fisher scoring update without

learning rate adjustment optimizes the algorithm in the right direction but sometimes fails

to detect the right direction as we have seen in multiple simulated datasets. The Fisher

scoring update with learning rate adjustment performed the best because it consistently find

the right direction to reduce the overall loss and reach the smallest loss value among these

three update methods. In the end of all iterations, the difference of overall loss between with

and without learning rate adjustment is negligible compared to its magnitude.

4.3 Gaussian pseudo-likelihood for alternating Tweedie

regression

In previous section, we studied the alternating Tweedie regression likelihood approach while

treating pij and δij fixed. Even though our numerical study in the Reuters small dataset

suggests that the choice of p and δ do not make significant difference in the estimation of

the regression parameters, it is likely that our ‘wrong’ table of p and δ is reasonably close to

the ‘right’ table. In this section, we explore the pseudo-likelihood approach because Bonat

and Kokonendji (2017) presented numerical studies showing better performance of pseudo-

likelihood and quasi-likelihood than maximum likelihood approach when p is around 0 or 1.

Bonat and Kokonendji (2017) also found in their simulation study that the pseudo-likelihood

approach and the quasi-likelihood approach have similar efficiency when the data have small

variations but the pseudo-likelihood is more efficient when the variation is large. We would

like to derive the pseudo-likelihood approach for our alternating Tweedie regression and
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assess its performance. We will consider two forms of the pseudo-likelihood: one is to use

Gaussian distribution for all observations regardless of zero or positive case, and the other

one is to use Poisson distribution for zero observations as in Compound Poisson Gamma but

use Gaussian distribution for positive observations. This effort is to help the model adapt

large proportion of zeros.

Throughout this section, we denote δij = δi + δ̃j, pij = pi + p̃j, and ϕij = exp(δij).

4.3.1 Gaussian pseudo-likelihood for all observations

The Gaussian pseudo-log likelihood from (i, j) element of the cooccurrence matrix as

log f(yij) = −
1

2
log(2π)− 1

2
δij −

1

2
pij · log µij −

1

2

(yij − µij)
2

exp (δij)µ
pij
ij

, (4.3.1)

i, j = 1, · · · , n. Note that this pseudo-likelihood formula (4.3.1) follows Bonat and Koko-

nendji (2017). When a zero observation is observed, the pseudo-log likelihood contribution

from this zero observation is

log f0 = −
1

2
log(2π)− 1

2
δij −

1

2
pij · log µij −

1

2

µ
2−pij
ij

exp (δij)
.

This log likelihood value may be very different from the Tweedie log likelihood for zero

observation, µ
2−pij
ij / exp(δij)/(2− pij). If there are not many zero observations, this could be

fine. However, if there are a lot of zero observations, we see potential problem could occur

because of this discrepancy.

In our alternating regression, we have parameters θi =
(
w⊤

i , bi, δi, pi
)⊤

, θ̃j =
(
w̃⊤

j , b̃j, δ̃j, p̃j

)⊤
.

When we estimate θi while holding θ̃j fixed, we denote the log likelihood of (i, j)th observa-

tion in the data matrix as ℓij(θi; θ̃j). On the other hand, when we estimate θ̃j while holding

θi fixed, we denote the log likelihood of (i, j)th observation in the data matrix as ℓ̃ij(θ̃j;θi).

Both of them refer to same quantity in the right hand side of equation (4.3.1). Different

notation here is to emphasize that the function is treated as different functions of some of
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parameters.

The parameters and the mean µ are connected with the following structure:

µij = exp(ηij), where ηij = log µij = w⊤
i w̃j + bi + b̃j, wi, w̃j ∈ Rd.

This implies

∂µij

∂ηij
= µij,

∂ηij
∂wi

= w̃j,
∂µij

∂wi

=
∂µij

∂ηij

∂ηij
∂wi

= µijw̃j.

The total pseudo-log likelihood from all rows of the data matrix is

n∑
i=1

n∑
j=1

f(yij) = −
n2

2
log(2π)− 1

2

n∑
i=1

n∑
j=1

δij −
1

2

n∑
i=1

n∑
j=1

pij · log µij −
1

2

n∑
i=1

n∑
j=1

(yij − µij)
2

exp (δij)µ
pij
ij

.

When estimating θ, the total pseudo-log likelihood is denoted as LP (θ; θ̃). Similarly, when

estimating θ̃, the total pseudo-log likelihood is denoted as L̃P (θ̃;θ). The first derivatives of

LP (θ; θ̃) are obtained as below.

∂LP (θ; θ̃)

∂wi

= −1

2

n∑
j=1

pijw̃j +
∂

∂wi

[
−1

2

n∑
i

n∑
j

(yij − µij)
2

exp(δij)µ
pij
ij

]

= −1

2

n∑
j=1

pijw̃j −
1

2

n∑
j=1

{
∂

∂µij

[
(yij − µij)

2 µ
−pij
ij

exp(δij)

]
· ∂µij

∂wi

}

= −1

2

n∑
j=1

pijw̃j −
1

2

n∑
j=1

{[
−2 (yij − µij)

exp(δij)µ
pij
ij

− pij (yij − µij)
2

exp(δij)µ
p+1
ij

]
µijw̃j

}

= −1

2

n∑
j=1

pijw̃j +
n∑

j=1

(yij − µij) w̃j

exp(δij)µ
pij−1
ij

+
1

2

n∑
j=1

pij (yij − µij)
2

exp(δij)µ
pij
ij

w̃j.

Let

fij =
(yij − µij)

exp(δij)µ
pij−1
ij

, gij =
(yij − µij)

2

exp (δij)µ
pij
ij

. (4.3.2)

105



The first order partial derivatives for θi part can be written as

∂LP (θ; θ̃)

∂wi

= −1

2

n∑
j=1

pij ·wj +
n∑

j=1

fij · w̃j +
1

2

n∑
j=1

pij · gij · w̃j,

∂LP (θ; θ̃)

∂bi
= −1

2

n∑
j=1

pij +
n∑

j=1

fij · 1 +
1

2

n∑
j=1

pij · gij · 1,

∂LP (θ; θ̃)

∂δi
= −n

2
+

1

2

n∑
j=1

gij,

∂LP (θ; θ̃)

∂pi
= −1

2

n∑
j=1

log (µij) +
1

2

n∑
j=1

log (µij) · gij.

For θ̃j part,

∂L̃P (θ̃;θ)

∂w̃j

= −1

2

n∑
i=1

pij ·wi +
n∑

i=1

fij ·wi +
1

2

n∑
i=1

pij · gij ·wi,

∂L̃P (θ̃;θ)

∂b̃j
= −1

2

n∑
i=1

pij +
n∑

i=1

fij · 1 +
1

2

n∑
i=1

pij · gij · 1,

∂L̃P (θ̃;θ)

∂δ̃j
= −n

2
+

1

2

n∑
i=1

gij,

∂L̃P (θ̃;θ)

∂p̃j
= −1

2

n∑
i=1

log (µij) +
1

2

n∑
i=1

log (µij) · gij.

Now, compute the second order partial derivatives for Sθi
and S

θ̃j

where

Sθi
=



Swi
Swibi Swiδi Swipi

Sbiwi
Sbi Sbiδi Sbipi

Sδiwi
Sδibi Sδi Sδipi

Spiwi
Spibi Spiδi Spi


, S

θ̃j

=



Sw̃j
Sw̃j b̃j

Sw̃j δ̃j
Sw̃j p̃j

S
b̃jw̃j

Sb̃j
Sb̃j δ̃j

Sb̃j p̃j

S
δ̃jw̃j

Sδ̃j b̃j
Sδ̃j

Sδ̃j p̃j

S
p̃jw̃j

Sp̃j b̃j
Sp̃j δ̃j

Sp̃j


.(4.3.3)
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The components of Sθi
are given below

Swi
= E

[
−∂2LP (θ; θ̃)

∂wi∂w⊤
i

]
=

n∑
j=1

{
w̃j · w̃⊤

j

exp (δij) · µ
pij−2
ij

+
w̃jw̃

⊤
j · p2ij
2

}
,

Sbi = E

[
−∂2LP (θ; θ̃)

∂b2i

]
=

n∑
j=1

{
1 · 1

exp (δij)µ
pij−2
ij

+
1 · 1 · p2ij

2

}
,

Sδi = E

[
−∂2LP (θ; θ̃)

∂δ2i

]
=

n

2
,

Spi = E

[
−∂2LP (θ; θ̃)

∂p2i

]
=

1

2

n∑
j=1

(log µij)
2 ,

Swibi = E

[
−∂2LP (θ; θ̃)

∂wi∂bi

]
=

n∑
j=1

{
1

exp (δij)µ
pij−2
ij

+
p2ij
2

}
· w̃j · 1,

Swiδi = E

[
−∂2LP (θ; θ̃)

∂wi∂δi

]
=

1

2

n∑
j=1

pij · w̃j,

Swipi = E

[
−∂2LP (θ; θ̃)

∂wi∂pi

]
=

1

2

n∑
j=1

pij · w̃j · log (µij) ,

Sbiδi = E

[
−∂2LP (θ; θ̃)

∂bi∂δi

]
=

1

2

n∑
j=1

pij,

Sbipi = E

[
−∂2LP (θ; θ̃)

∂bi∂pi

]
=

1

2

n∑
j=1

pij log (µij) ,

Sδipi = E

[
−∂2LP (θ; θ̃)

∂δi∂pi

]
=

1

2

n∑
j=1

log (µij) ,
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Similarly, the components of S
θ̃j

are given below

Sw̃j
= E

[
−∂2L̃P (θ̃;θ)

∂w̃j∂w̃
⊤
j

]
=

n∑
i=1

{
wi ·w⊤

i

exp (δij)µ
pij−2
ij

+
wi ·w⊤

i · p2ij
2

}
,

Sb̃j
= E

[
−∂2L̃P (θ̃;θ)

∂b̃2j

]
=

n∑
i=1

{
1 · 1

exp (δij)µ
pij−2
ij

+
1 · 1 · p2ij

2

}
,

Sδ̃j
= E

[
−∂2L̃P (θ̃;θ)

∂δ̃2j

]
=

n

2
,

Sp̃j = E

[
−∂2L̃P (θ̃;θ)

∂p̃2j

]
=

1

2

n∑
i=1

(log µij)
2 ,

Sw̃j b̃j
= E

[
−∂2L̃P (θ̃;θ)

∂w̃j∂b̃j

]
=

n∑
i=1

{
1

exp (δij)µ
pij−2
ij

+
p2ij
2

}
·wi · 1,

Sw̃j δ̃j
= E

[
−∂2L̃P (θ̃;θ)

∂w̃j∂δ̃j

]
=

1

2

n∑
i=1

pij ·wi,

Sw̃j p̃j
= E

[
−∂2L̃P (θ̃;θ)

∂w̃j∂p̃j

]
=

1

2

n∑
i=1

pij ·wi · log (µij) ,

Sb̃j δ̃j
= E

[
−∂2L̃P (θ̃;θ)

∂b̃j∂δ̃j

]
=

1

2

n∑
i=1

pij,

Sb̃j p̃j
= E

[
−∂2L̃P (θ̃;θ)

∂b̃j∂p̃j

]
=

1

2

n∑
i=1

pij · log (µij) ,

Sδ̃j p̃j
= E

[
−∂2L̃P (θ̃;θ)

∂δ̃j∂p̃j

]
=

1

2

n∑
i=1

log (µij) .

Therefore, our updating formula using Fisher scoring algorithm without learning rate ad-
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justment is

θ
(t+1)
i = θ

(t)
i + S−1

θ(t)

i

· U
θ(t)

i

, i = 1, · · · , n,

θ̃
(t+1)

j = θ̃
(t)

j + S−1

θ̃
(t)

j

· U
θ̃

(t)

j

, j = 1, · · · , n,

and the algorithm with learning rate adjustment has update

θ
(t+1)
i = θ

(t)
i +

lr

t1/4
S−1

θ(t)

i

· U
θ(t)

i

, i = 1, · · · , n,

θ̃
(t+1)

j = θ̃
(t)

j +
lr

t1/4
S−1

θ̃
(t)

j

· U
θ̃

(t)

j

, j = 1, · · · , n.

4.3.2 Gaussian pseudo-likelihood for positive observations and Pois-

son for zeros

In previous subsection, we used the Gaussian distribution as the pseudo-likelihood for all

observations. In real data, however, the proportion of zeros may be too big to be reasonably

modeled by Gaussian distribution. Therefore, we consider to respect the Poisson mechanism

in Compound Poisson Gamma distribution. Note that the reason of using the pseudo-

likelihood is because we had trouble for estimating the power parameter pij and dispersion

parameter ϕij due to three different forms of infinite summation involved in the likelihood

function when pij is in different range. Here, we will try to adopt Poisson distribution

for zero observations but Gaussian pseudo-likelihood just for the positive observations to

avoid dealing with the infinite summation in Compound Poisson Gamma. In this case, the

pseudo-log likelihood is

ℓ = log

[∏
i,j

f (yij)

]
=
∑n

i=1

∑n
j=1 {log f (yij) · I (yij > 0) + log f0 (yij) · I (yij = 0)}

=
∑n

i=1

∑n
j=1 ℓ

(P )
ij · I (yij > 0) +

∑n
i=1

∑n
j=1 ℓ

(0)
ij · I (yij = 0) .
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The first double summation has same formula as the LP (θ; θ̃) and L̃P (θ̃;θ) given in previous

subsection except that the summation is restricted to only positive observations. For yij = 0,

Pr [Yij = 0] = exp (−λij) , where λij =
µ
2−pij
ij

ϕij (2− pij)
, ϕij = exp(δij),

ℓ
(0)
ij = −λij, log µij = ηij ⇔ µij = exp (ηij) .

As in previous subsection, we assume δij = δi + δj and pij = pi + pj.

The first order partial derivatives for ℓ
(0)
ij are

∂ℓ
(0)
ij

∂wi1k

= −∂λij

∂µij

∂µij

∂ηij

∂ηij
∂wi1k

= −
µ
2−pij
ij

ϕij

w̃jkI(i = i1)I(yij = 0),

∂ℓ
(0)
ij

∂bi1
= −∂λij

∂µij

∂µij

∂ηij

∂ηij
∂bi1

= −
µ
2−pij
ij

ϕij

I(i = i1)I(yij = 0),

∂ℓ
(0)
ij

∂δi1
= −∂λij

∂ϕij

· ∂ϕij

∂δi1
=

λij

ϕij

· ϕijI(i = i1)I(yij = 0) = λijI(i = i1)I(yij = 0)

∂ℓ
(0)
ij

∂pi1
=

{
µ
2−pij
ij · log (µij)

ϕij (2− pij)
+

µ
2−pij
ij

ϕij (2− pij)
2

}
I(i = i1)I(yij = 0)

=

{
λij log (µij) +

λij

2− pij

}
I(i = i1)I(yij = 0)

Similarly, the first order partial derivative for ℓ̃
(0)
ij

∂ℓ̃
(0)
ij

∂w̃j1k

= −∂λij

∂µij

∂µij

∂ηij

∂ηij
∂w̃j1k

= −
µ
2−pij
ij

ϕij

wikI(j = j1)I(yij = 0),

∂ℓ̃
(0)
ij

∂b̃j1
= −∂λij

∂µij

∂µij

∂ηij

∂ηij

∂b̃j1
= −

µ
2−pij
ij

ϕij

I(j = j1)I(yij = 0)

∂ℓ̃
(0)
ij

∂δ̃j1
= λijI(j = j1)I(yij = 0),

∂ℓ̃
(0)
ij

∂p̃j1
=

{
λij log (µij) +

λij

2− pij

}
I(j = j1)I(yij = 0).
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Therefore, the first order partial derivatives combining yij > 0 and yij = 0 cases are

∂ℓ

∂wi

=
∂ℓP

(
θ; θ̃

)
∂wi

+
n∑

j=1

∂ℓ
(0)
ij

∂bi
,

∂ℓ

∂bi
=

∂ℓP
(
θ; θ̃

)
∂bi

+
n∑

j=1

∂ℓ
(0)
ij

∂bi
,

∂ℓ

∂δi
=

∂ℓP
(
θ; θ̃

)
∂δi

+
n∑

j=1

∂ℓ
(0)
ij

∂δi
,

∂ℓ

∂pi
=

∂ℓP
(
θ; θ̃

)
∂pi

+
n∑

j=1

∂ℓ
(0)
ij

∂pi
,

where ∂ℓPi

(
θi; θ̃

)
/∂wi and so on follow similar formulae as in previous subsection except

that they are restricted to positive observations only. That is,

∂ℓP (θ; θ̃)

∂wi

=
n∑

j=1

{
−1

2
pij · w̃j + fij · w̃j +

1

2
pij · gij · w̃j

}
I(yij > 0),

∂ℓP (θ; θ̃)

∂bi
=

n∑
j=1

{
−1

2
pij + fij · 1 +

1

2
pij · gij

}
I(yij > 0),

∂ℓP (θ; θ̃)

∂δi
=

n∑
j=1

{
−1

2
+

1

2
gij

}
I(yij > 0),

∂ℓP (θ; θ̃)

∂pi
=

n∑
j=1

{
−1

2
log (µij) +

1

2
log (µij) · gij

}
I(yij > 0).

For θ̃j part, the first order partial derivatives combining yij > 0 and yij = 0 cases are

∂ℓ̃

∂w̃j

=
∂ℓ̃P

(
θ̃;θ

)
∂w̃j

+
n∑

i=1

∂ℓ̃
(0)
ij

∂b̃j
,

∂ℓ̃

∂b̃j
=

∂ℓ̃P
(
θ̃;θ

)
∂b̃j

+
n∑

i=1

∂ℓ̃
(0)
ij

∂b̃j
,

∂ℓ̃

∂δ̃j
=

∂ℓ̃P
(
θ̃;θ

)
∂δ̃j

+
n∑

i=1

∂ℓ̃
(0)
ij

∂δ̃j
,

∂ℓ̃

∂p̃j
=

∂ℓ̃P
(
θ̃;θ

)
∂p̃j

+
n∑

i=1

∂ℓ̃
(0)
ij

∂p̃j
,

where ∂ℓ̃Pj

(
θ̃j;θ

)
/∂w̃j and other such derivatives follow similar formulae as in previous
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subsection except that they are restricted to positive observations. They are,

∂ℓ̃P (θ̃;θ)

∂w̃j

=
n∑

i=1

{
−1

2
pij ·wi + fij ·wi +

1

2
pij · gij ·wi

}
I(yij > 0),

∂ℓ̃P (θ̃;θ)

∂b̃j
=

n∑
i=1

{
−1

2
pij + fij · 1 +

1

2
pij · gij

}
I(yij > 0),

∂ℓ̃P (θ̃;θ)

∂δ̃j
=

n∑
i=1

{
−1

2
+

1

2
gij

}
I(yij > 0),

∂ℓ̃P (θ̃;θ)

∂p̃j
=

n∑
i=1

{
−1

2
log (µij) +

1

2
log (µij) · gij

}
I(yij > 0).

The second order partial derivatives for ℓ
(0)
ij are

∂2ℓ
(0)
ij

∂wi1k∂wi2r

= −(2− pij)

ϕij

· µ2−pij
ij · w̃jr · w̃jk · I(i = i1 = i2)I(yij = 0),

∂2ℓ
(0)
ij

∂wi1k∂bi2
= −(2− pij)

ϕij

· µ2−pij
ij · w̃jk · I(i = i1 = i2)I(yij = 0),

∂2ℓ
(0)
ij

∂bi1∂bi2
= −(2− pij)

ϕij

· µ2−pij
ij · I(i = i1 = i2)I(yij = 0),

∂2ℓ
(0)
ij

∂wi1∂δi2
=

∂

∂ϕij

{
−
µ
2−ϕij

ij

ϕij

· w̃j

}
· ∂ϕij

∂δi2
I(i = i1 = i2)I(yij = 0)

=
µ
2−pij
ij

ϕ2
ij

· w̃j · ϕijI(i = i1 = i2)I(yij = 0) =
µ
2−pij
ij

ϕij

· w̃jI(i = i1 = i2)I(yij = 0)

∂2ℓ
(0)
ij

∂wi1∂pi2
= µ2−pij · log (µij) ·

1

ϕij

· w̃jI(i = i1 = i2)I(yij = 0)

∂2ℓ
(0)
ij

∂bi1∂δi2
= −

∂ℓ
(0)
ij

∂bi1
I(i = i1 = i2)I(yij = 0),

∂2ℓ
(0)
ij

∂bi1∂pi2
= −

∂ℓ
(0)
ij

∂bi1
· log (µij) I(i = i1 = i2)I(yij = 0)

∂2ℓ
(0)
ij

∂pi1∂pi2
=

{
λij

(
log µij +

1

2− pij

)2

− λij

(2− pij)
2

}
I(i = i1 = i2)I(yij = 0)

∂2ℓ
(0)
ij

∂δi1∂δi2
= −λijI(i = i1 = i2)I(yij = 0)

∂2ℓ
(0)
ij

∂δi1∂pi2
= −

{
λij log(µij) +

λij

2− pij

}
I(i = i1 = i2)I(yij = 0)
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∂2ℓ̃
(0)
ij

∂w̃j1k∂w̃j2r

= −(2− pij)

ϕij

· µ2−pij
ij · wir · wjk · I(j = j1 = j2)I(yij = 0),

∂2ℓ̃
(0)
ij

∂w̃j1k∂b̃j2
= −(2− pij)

ϕij

· µ2−pjj
ij · wik · I(j = j1 = j2)I(yij = 0),

∂2ℓ̃
(0)
ij

∂b̃j1∂b̃j2
= −(2− pij)

ϕij

· µ2−pij
ij · I(j = j1 = j2)I(yij = 0)

∂2ℓ̃
(0)
ij

∂w̃j1∂δ̃j2
= −

∂ℓ̃
(0)
ij

∂w̃j

I(j = j1 = j2)I(yij = 0),

∂2ℓ̃
(0)
ij

∂w̃j1∂p̃j2
= −

∂ℓ̃
(0)
ij

∂w̃j

· log (µij) I(j = j1 = j2)I(yij = 0),

∂2ℓ̃
(0)
ij

∂b̃j1∂δ̃j2
= −

∂ℓ̃
(0)
ij

∂b̃j
I(j = j1 = j2)I(yij = 0),

∂2ℓ̃
(0)
ij

∂b̃j1∂p̃j2
= −

∂ℓ̃
(0)
ij

∂b̃j
· log (µij) I(j = j1 = j2)I(yij = 0),

∂2ℓ̃
(0)
ij

∂p̃j1∂p̃j2
=

{
λij

(
log µij +

1

2− pij

)2

− λij

(2− pij)
2

}
I(j = j1 = j2)I(yij = 0),

∂2ℓ̃
(0)
ij

∂δ̃j1∂δ̃j2
= −λijI(j = j1 = j2)I(yij = 0),

∂2ℓ̃
(0)
ij

∂δ̃i1∂p̃i2
= −

{
λij log(µij) +

λij

2− pij

}
I(i = i1 = i2)I(yij = 0)
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The components of the Fisher information matrix Sθi
for ℓ

(0)
ij case are

S(0)
wi

= −E

[
n∑

j=1

∂2ℓ
(0)
ij

∂wi∂w⊤
i

∣∣∣∣∣ yij = 0

]
=

n∑
j=1

(2− pij)

ϕij

· µ2−pij
ij · w̃j · w̃⊤

j · I(yij = 0),

S
(0)
wibi

= −E

[
n∑

j=1

∂2ℓ
(0)
ij

∂wi∂bi

∣∣∣∣∣ yij = 0

]
=

n∑
j=1

(2− pij)

ϕij

· µ2−pij
ij · w̃j · I(yij = 0),

S
(0)
bi

= −E

[
n∑

j=1

∂2ℓ
(0)
ij

∂b2i

∣∣∣∣∣ yij = 0

]
=

n∑
j=1

(2− pij)

ϕij

· µ2−pij
ij · I(yij = 0),

S
(0)
δi

= −E

[
n∑

j=1

∂2ℓ
(0)
ij

∂δ2i

∣∣∣∣∣ yij = 0

]
= −

n∑
j=1

λijI(yij = 0),

S
(0)
δipi

= −E

[
n∑

j=1

∂2ℓ
(0)
ij

∂δi∂pi

∣∣∣∣∣ yij = 0

]
=

n∑
j=1

{
λij log(µij) +

λij

2− pij

}
I(yij = 0),

S(0)
pi

=−E

[
n∑

j=1

∂2ℓ
(0)
ij

∂p2i

∣∣∣∣∣ yij = 0

]
=−

n∑
j=1

{
λij

(
log µij+

1

2−pij

)2

− λij

(2−pij)2

}
I(yij = 0),

S
(0)
wiδi

= −E

[
n∑

j=1

∂2ℓ
(0)
ij

∂wi∂δi

∣∣∣∣∣ yij = 0

]
=

n∑
j=1

∂ℓ
(0)
ij

∂wi

I(yij = 0),

S(0)
wipi

= −E

[
n∑

j=1

∂2ℓ
(0)
ij

∂wi∂pi

∣∣∣∣∣ yij = 0

]
=

n∑
j=1

∂ℓ
(0)
ij

∂wi

· log (µij) I(yij = 0)

= −
n∑

j=1

µ
2−pij
ij

ϕij

w̃jηijI(yij = 0)

S
(0)
biδi

=
n∑

j=1

∂ℓ
(0)
ij

∂bi
I(yij = 0), S

(0)
bipi

=
n∑

j=1

∂ℓ
(0)
ij

∂bi
log (µij) I(yij = 0)

(4.3.4)
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The components of the Fisher information matrix S
θ̃j

for ℓ̃
(0)
ij case are

S
(0)

w̃j

= −E

[
n∑

i=1

∂2ℓ̃
(0)
ij

∂w̃j∂w̃
⊤
j

∣∣∣∣∣ yij = 0

]
=

n∑
i=1

(2− pij)

ϕij

· µ2−pij
ij ·wi ·w⊤

i · I(yij = 0),

S
(0)

w̃j b̃j
= −E

[
n∑

i=1

∂2ℓ̃
(0)
ij

∂w̃j∂b̃j

∣∣∣∣∣ yij = 0

]
=

n∑
i=1

(2− pij)

ϕij

· µ2−pij
ij ·wi · I(yij = 0),

S
(0)

b̃j
= −E

[
n∑

i=1

∂2ℓ̃
(0)
ij

∂b̃2j

∣∣∣∣∣ yij = 0

]
=

n∑
i=1

(2− pij)

ϕij

· µ2−pij
ij · I(yij = 0),

S
(0)

δ̃j
= −E

[
n∑

i=1

∂2ℓ̃
(0)
ij

∂δ̃2j

∣∣∣∣∣ yij = 0

]
= −

n∑
i=1

λijI(yij = 0),

S
(0)

δ̃j p̃j
= −E

[
n∑

i=1

∂2ℓ̃
(0)
ij

∂δ̃j∂p̃j

∣∣∣∣∣ yij = 0

]
=

n∑
i=1

{
λij log(µij) +

λij

2− pij

}
I(yij = 0),

S
(0)
p̃j

=−E

[
n∑

i=1

∂2ℓ̃
(0)
ij

∂p̃2j

∣∣∣∣∣ yij = 0

]
=−

n∑
i=1

{
λij

(
log µij+

1

2−pij

)2

− λij

(2−pij)2

}
I(yij = 0),

S
(0)

w̃j δ̃j
= −E

[
n∑

i=1

∂2ℓ̃
(0)
ij

∂w̃j∂δ̃j

∣∣∣∣∣ yij = 0

]
=

n∑
i=1

∂ℓ̃
(0)
ij

∂w̃j

I(yij = 0),

S
(0)

w̃j p̃i
= −E

[
n∑

i=1

∂2ℓ̃
(0)
ij

∂w̃j∂p̃j

∣∣∣∣∣ yij = 0

]
=

n∑
i=1

∂ℓ̃
(0)
ij

∂w̃j

· log (µij) = −
n∑

i=1

µ
2−pij
ij

ϕij

wiηijI(yij = 0),

S
(0)

b̃j δ̃j
=

n∑
i=1

∂ℓ̃
(0)
ij

∂b̃j
I(yij = 0), S

(0)

b̃j p̃j
=

n∑
i=1

∂ℓ̃
(0)
ij

∂b̃j
log (µij) I(yij = 0).

(4.3.5)

The components in the Fisher information matrix are given below.

Swi
= SP

wi
+ S(0)

wi
, Swibi = SP

wibi
+ S

(0)
wibi

, Swiδi = SP
wiδi

+ S
(0)
wiδi

,

Sbi = SP
bi
+ S

(0)
bi

, Sbiδi = SP
biδi

+ S
(0)
biδi

, Sbipi = SP
bipi

+ S
(0)
bipi

Sδi = SP
δi
+ S

(0)
δi

, Sδipi = SP
δipi

+ S
(0)
δipi

, Spi = SP
pi
+ S(0)

pi
.
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where S
(0)
wi , S

(0)
wibi

, etc. are given in (4.3.4) and

SP
wi

= E

[
−∂2ℓP (θ; θ̃)

∂wi∂w⊤
i

∣∣∣∣∣ yij > 0

]
=

n∑
j=1

{
w̃j · w̃⊤

j

exp (δij) · µ
pij−2
ij

+
w̃jw̃

⊤
j · p2ij
2

}
I(yij > 0),

SP
bi

= E

[
−∂2ℓP (θ; θ̃)

∂b2i

∣∣∣∣∣ yij > 0

]
=

n∑
j=1

{
1 · 1

exp (δij)µ
pij−2
ij

+
1 · 1 · p2ij

2

}
I(yij > 0),

SP
δi

= E

[
−∂2ℓP (θ; θ̃)

∂δ2i

∣∣∣∣∣ yij > 0

]
=

1

2

n∑
j=1

I(yij > 0),

SP
pi

= E

[
−∂2ℓP (θ; θ̃)

∂p2i

∣∣∣∣∣ yij > 0

]
=

1

2

n∑
j=1

(log µij)
2 I(yij > 0),

SP
wibi

= E

[
−∂2ℓP (θ; θ̃)

∂wi∂bi

∣∣∣∣∣ yij > 0

]
=

n∑
j=1

{
1

exp (δij)µ
pij−2
ij

+
p2ij
2

}
· w̃jI(yij > 0),

SP
wiδi

= E

[
−∂2ℓP (θ; θ̃)

∂wi∂δi

∣∣∣∣∣ yij > 0

]
=

1

2

n∑
j=1

pij · w̃jI(yij > 0),

SP
wipi

= E

[
−∂2ℓP (θ; θ̃)

∂wi∂pi

∣∣∣∣∣ yij > 0

]
=

1

2

n∑
j=1

pij · w̃j · log (µij) I(yij > 0),

SP
biδi

= E

[
−∂2ℓP (θ; θ̃)

∂bi∂δi

∣∣∣∣∣ yij > 0

]
=

1

2

n∑
j=1

pijI(yij > 0),

SP
bipi

= E

[
−∂2ℓP (θ; θ̃)

∂bi∂pi

∣∣∣∣∣ yij > 0

]
=

1

2

n∑
j=1

pij log (µij) I(yij > 0),

SP
δipi

= E

[
−∂2ℓP (θ; θ̃)

∂δi∂pi

∣∣∣∣∣ yij > 0

]
=

1

2

n∑
j=1

log (µij) I(yij > 0),

Sw̃j
= SP

w̃j
+ S

(0)

w̃j

, Sw̃j b̃j
= SP

w̃j b̃j
+ S

(0)

w̃j b̃j
, Sw̃j δ̃j

= SP

w̃j δ̃j
+ S

(0)

w̃j δ̃j

Sb̃j
= SP

b̃j
+ S

(0)

b̃j
, Sb̃j δ̃j

= SP
b̃j δ̃j

+ S
(0)

b̃j δ̃j
, Sb̃j p̃j

= SP
b̃j p̃j

+ S
(0)

b̃j p̃j

Sδ̃j
= SP

δ̃j
+ S

(0)

δ̃j
, Sδ̃j p̃j

= SP
δ̃j p̃j

+ S
(0)

δ̃j p̃j
, Sp̃j = SP

p̃j
+ S

(0)
p̃j
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where S
(0)

w̃j

, S
(0)

w̃j b̃j
, etc. are given in (4.3.5) and

SP

w̃j
= E

[
−∂2ℓ̃P (θ̃;θ)

∂w̃j∂w̃
⊤
j

∣∣∣∣∣ yij > 0

]
=

n∑
i=1

{
wi ·w⊤

i

exp (δij)µ
pij−2
ij

+
wi ·w⊤

i · p2ij
2

}
I(yij > 0),

SP
b̃j

= E

[
−∂2ℓ̃P (θ̃;θ)

∂b̃2j

∣∣∣∣∣ yij > 0

]
=

n∑
i=1

{
1 · 1

exp (δij)µ
pij−2
ij

+
1 · 1 · p2ij

2

}
I(yij > 0),

SP
δ̃j

= E

[
−∂2ℓ̃P (θ̃;θ)

∂δ̃2j

∣∣∣∣∣ yij > 0

]
=

1

2

n∑
i=1

I(yij > 0),

SP
p̃j

= E

[
−∂2ℓ̃P (θ̃;θ)

∂p̃2j

∣∣∣∣∣ yij > 0

]
=

1

2

n∑
i=1

(log µij)
2 I(yij > 0),

SP

w̃j b̃j
= E

[
−∂2ℓ̃P (θ̃;θ)

∂w̃j∂b̃j

∣∣∣∣∣ yij > 0

]
=

n∑
i=1

{
1

exp (δij)µ
pij−2
ij

+
p2ij
2

}
·wiI(yij > 0),

SP

w̃j δ̃j
= E

[
−∂2ℓ̃P (θ̃;θ)

∂w̃j∂δ̃j

∣∣∣∣∣ yij > 0

]
=

1

2

n∑
i=1

pij ·wiI(yij > 0),

SP

w̃j p̃j
= E

[
−∂2ℓ̃P (θ̃;θ)

∂w̃j∂p̃j

∣∣∣∣∣ yij > 0

]
=

1

2

n∑
i=1

pij ·wi · log (µij) I(yij > 0),

SP
b̃j δ̃j

= E

[
−∂2ℓ̃P (θ̃;θ)

∂b̃j∂δ̃j

∣∣∣∣∣ yij > 0

]
=

1

2

n∑
i=1

pijI(yij > 0),

SP
b̃j p̃j

= E

[
−∂2ℓ̃P (θ̃;θ)

∂b̃j∂p̃j

∣∣∣∣∣ yij > 0

]
=

1

2

n∑
i=1

pij · log (µij) I(yij > 0),

SP
δ̃j p̃j

= E

[
−∂2ℓ̃P (θ̃;θ)

∂δ̃j∂p̃j

∣∣∣∣∣ yij > 0

]
=

1

2

n∑
i=1

log (µij) I(yij > 0).

Denote θi =
(
w⊤

i , bi, δi, pi
)⊤

, θ̃j =
(
w̃⊤

j , b̃j, δ̃j, p̃j

)⊤
. For different i’s, say i1 ̸= i2, the

estimation of θi1 and θi2 can be done separately because the partial derivatives with respect

to θi1 and θi2 are zero. Therefore, the updating formula using Fisher scoring algorithm

without learning rate adjustment is

θ
(t+1)
i = θ

(t)
i + S−1

θ(t)

i

· U
θ(t)

i

, i = 1, · · · , n,

θ̃
(t+1)

j = θ̃
(t)

j + S−1

θ̃
(t)

j

· U
θ̃

(t)

j

, j = 1, · · · , n,
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and the algorithm with learning rate adjustment has update

θ
(t+1)
i = θ

(t)
i +

lr

t1/4
· S−1

θ(t)

i

· U
θ(t)

i

, i = 1, . . . , n,

θ̃
(t+1)

j = θ̃
(t)

j +
lr

t1/4
· S−1

θ̃
(t)

j

· U
θ̃

(t)

j

, j = 1, . . . , n,

where Sθi
and S

θ̃j

are the Fisher information matrices with structure given in (4.3.3) using

components defined in this subsection.

4.3.3 Numerical performance

We tried to apply the pseudo-likelihood approaches to one of the datasets generated for as-

sessing alternating Tweedie MLE approach. For that dataset, the alternating Tweedie MLE

approach gave satisfactory results when the Fisher scoring algorithm was used regardless of

using learning rate adjustment or not or using gradient descent algorithm with Adam up-

date (see Section 4.2.1, particularly, Figures 4.8, 4.9). For the same dataset, we applied both

pseudo-likelihood approaches in Section 4.3.1 and 4.3.2 to see how the algorithm performs.

The exact same initial values of parameters were used as in the case of alternating Tweedie

MLE approach.

The two pseudo-likelihood approaches differ in how they model the probability of zero

observations. This difference, unfortunately, is not sufficient to correct the algorithm’s wrong

direction in parameter update. We observed consistent behavior for both approaches. Both

algorithms lead to NaN or infinite values in intermediate estimate of model components at

the very early stage of iterations (see Figures 4.13, 4.14). Some truncations applied to these

estimated model components only made some corrections that did not pull the algorithm to

correct estimating direction. Both algorithms failed to proceed after only a few iterations.

We will give a little more detail about the Gaussian pseudo-likelihood plus Poisson results in

the next two paragraphs. The other one has very similar behavior and we skip the details.

Using the pseudo-likelihood method with learning rate adjustment, the non-zero observa-
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tions’ score vectors have huge magnitude (mostly a few thousands to 7000) but the amount

of update is small. If the update is in the right direction, even small update per iteration

could lead to optimizing the objective function and therefore reducing the magnitude of the

score vectors. Unfortunately, what we observed after the first iteration of parameter update

is that all the score vectors became NaN because some of the estimated µij are close to

zero (below 10−7) and some are close to infinity (exp(568)) for non-zero observations. In

formula (4.3.2), we can see that near zero value of µij will lead to large fij and gij, and the

near infinity value of µij makes the fij and gij become near infinity. The large value such

as exp(568) is practically stored as infinity in computer which lead to the fij and gij to be

NaN. As a result, the pseudo-likelihood algorithm could not proceed.

We tried to truncate the estimated µij such that the µ̂ij is between 0.1 and 1010 for

positive observations and between 10−5 and 9 for zero observations. The range for the zero

case is because the probability of zero is less than 10−4 if the Poisson distribution has mean

at least 9. With such truncation implemented in the algorithm, we are able to see more

iterations of parameter estimation. However, the diverging behavior persists. Figures 4.14

presented the estimated µ and η for positive observations at the end of 3rd iterations. Most

of the estimated µ’s are either close to zero or infinity. This small simulation shows that the

pseudo-likelihood approach does not have the ability to estimate the parameters when no

covariates are observed. The nice behavior reported in the literature for pseudo-likelihood

Tweedie regression critically depends on covariate values being available which is the case in

most statistical inference.

In summary, pseudo-likelihood approach failed to provide updates toward the optimiza-

tion direction and therefore is not recommended in alternating models when covariates are

not observed.
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Figure 4.13: Gaussian pseudo-likelihood estimates ηij and µij at 11th iteration for only
positive observations based on the formulae in section 4.3.1. The top panel shows the line
plot of the η̂ij with the value of η̂ij on vertical axis. These values are either close to zero or
very big. The bottom panel shows the µ̂ij truncated at 1036. Most of the µ̂ij are either zero
or infinity (internally in computer) if it were not truncated. Even though there are sufficient
number of µij’s having values within a few thousands, the small number of large ones make

the algorithm diverge despite that the amount of update on θ̂ and
̂̃
θ was restricted to be

within [-100, 100] during iterations.
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Figure 4.14: The estimated ηij and µij at 3rd iteration for only positive observations. The
top panel shows the line plot of the η̂ij with the value of η̂ij on vertical axis. These values
are either close to zero or very big. The bottom panel shows the µ̂ij truncated at 1036. Most
of the µ̂ij are either zero or infinity (internally in computer) if it were not truncated.
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Chapter 5

Computational Strategy

5.1 Obtaining data, pre-processing, and constructing

SQLite DB for sparse format co-occurrence matrix

We would like to use Wikipedia dump files as data for estimating the word vectors. The

files contain copies of all Wikipedia pages in xml format provided by Wikipedia. They are

available on the webpage

https://en.wikipedia.org/wiki/Wikipedia:Database_download. We downloaded the

January 20th, 2022 version from https://dumps.wikimedia.org/enwiki/20220120/. There

are 61 partitioned bz2 compressed files, each of which contains xml version of page con-

tents. The size of individual file ranges from about 300 MB to 1 GB. The total size of

all files is 19 GB compressed (expands to over 86 GB when decompressed). After all 61

bz2 files were downloaded, we first need to parse the files. Each bz2 file is still too large

to fit in memory for direct parsing. Instead, we parse one line of a bz2 file at a time

using the WikiXmlHandler() class from webpage https://gist.github.com/WillKoehrsen/

1c3afe1786cb36296b82892bd3a914f4#file-sax_content_handler-py. To extract titles and

article contents from each xml page, we used another layer of parsing with the parse com-

mand from mwparserfromhell Python package. Afterward, simple pre-processing was done
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to remove empty/white spaces and non-article content such as REDIRECT and thumbnail,

and the contents in <> which are usually html tags and styles etc. Once the removal is com-

pleted, the collected titles and article contents were written into SQLite databases. Each

bz2 file leads to one database.

From the databases collected, each article was converted to lower case and then tokenized

by using RegexpTokenizer from the nltk Python package. Then unique words from each

tokenized article were collected to build vocabulary, which consists of all unique words in all

articles in all databases. The entire vocabulary had about 12.8 million unique words and we

exploited the top 400K most frequently used words in our study.

Next, we built co-occurrence matrix corresponding to the top 400K vocabulary. Different

from regular co-occurrence matrix which provides counts of a word appearing in another

word’s context in a paragraph, we consider weighted co-occurrence count for words in the

same sentence. Specifically, first we defined windows centered at a target word spanning k

words to the left and the k words to the right side restricted within the same sentence. All

words in the window are considered as context words. For a context word in the window,

the contribution of this word to the target word in the co-occurrence measure is defined to

be the inverse of their separated distance between two words. That is, the co-occurrence

count Xij in the ith row and jth column of the matrix is given by

Xij =


∑

s ∈ all sentences 1/dij(s), if dij(s) ≤ k

0, otherwise

where dij(s) = separation between word i and word j in sentence s. The closer a context

word is to the target word, the more contribution it has in relevance of the two words.

In addition to modifying the regular co-occurrence matrix to a sentence-level weighted

co-occurrence matrix, we reformed the regular co-occurrence matrix in a sparse format to

overcome the limited memory restriction on CPU. In the sparse format, the row and column

index of non-zero entries along with its weight were recorded. The zero entries and their
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indices were implied from the sparse format without needing any storage space. Regular

format of matrix, i.e. dense matrix, containing all entries has physical limitation in terms of

memory size when its dimension is large. For example, we explored the data loading and the

calculation using dense format, the total memory being used were 54.29 GB and 222.59 GB

for 50K by 50K and 100K by 100K matrices, respectively. Among the use of the memory,

20 GB and 80 GB were totally reserved by loading the matrices in these two cases. This is

because each entry in the matrices is a floating point number and requires eight bytes for

storage. Further computation with the given matrices is in need of even more space on the

memory. In our experiment, therefore, we used the weighted co-occurrence matrix in sparse

format. Note that the sentence-level co-occurrence count is our focus because this will avoid

windows crossing different sentences.

Though conceptually it is easy to construct the sparse format co-occurrence matrix when

the data are coming from a database, we had to construct one single co-occurrence matrix

from 61 partitioned and pre-processed databases. Due to handling multiple DB and their

size, we went through multiple steps to create the single co-occurrence matrix in sparse

format:

• For a word pair with words i and j, we computed 1/dij(s) from each pre-processed

database and recorded it along with index i and j onto 61 new databases. The size of

databases has huge variation, from 6 GB to 52 GB, since the row and column indices

are not unique yet.

• Continuing from the newly created 61 databases, we constructed another 61 databases

consist ofXij and unique row and column index i and j. The calculation ofXij was done

by using GROUP BY clause from SQLite. This operation is done on SQLite databases

instead of done on Python because the command behind the database operation is

written in C which is much more efficient than the Python.

• The Xij’s from different databases need to be combined but it is impossible to read
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them into the memory simultaneously. In fact, the maximum number of databases

that can be handled is 10 in default setting. Thereafter, we generated intermediate

12 databases. This is done by splitting the previous 61 databases into 12 groups

with roughly five databases per group. And then the content in each group were

concatenated together by first attaching corresponding databases and then take the

union and finally grouped by i and j index. These are achieved by command ATTACH

DATABASE, UNION ALL, and GROUP BY clause from SQLite.

• Similar operation was done to combine every 4 of the 12 databases leading to 3 inter-

mediate databases. The size of these 3 databases is much larger than the original or

the earlier version of intermediate databases.

• The final step was constructing the single co-occurrence matrix from integrating the

3 intermediate databases in the similar way and stored into SQLite database. In the

end, the sizes of the single co-occurrence matrix in sparse format were 15.96 GB, 25.15

GB, 34.25 GB, and 42.74 GB according to their vocabulary size 50K, 100K, 200K, and

400K, respectively.

Such incremental operations to reduce 61 to 12 and then to 3 and finally to one database are

critical before any further inference can be done because loading all entries into the memory

is unfeasible due to memory restriction. The sparse format not only overcomes the limitation

of memory size but also enhances computational efficiency. The efficiency comes from the

fact that we only need to retrieve corresponding one row of co-occurrence matrix from this

final database instead of loading all entries on the memory and go through all of them.

To achieve even better computational time for loading data, we implemented a less mem-

ory demanding technique when fetching one row of the co-occurrence matrix. Note that one

row of the co-occurrence matrix corresponds to many rows in the database. The technique

involves two points:

• Utilizing the special column ‘rowid’ in SQLite table. The rowid is automatically gen-
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erated for most SQLite databases tables when they are initiated. The SQLite tables

use B-Tree structure to store their data with each entry for one row using rowid as

the key. This implies fetching or sorting is fast in use of the rowid. According to the

SQLite documentation, “Searching for a record with a specific rowid, or for all records

with rowids within a specified range is around twice as fast as a similar search made

by specifying any other PRIMARY KEY or indexed value”. This rowid feature could

significantly reduce the search time especially when we have a lot of rows since it takes

at most log2(n) steps to locate the rows from the B-Tree structure, where n is the

number of rows in the entire table.

• Restricting number of entries. To make the computation more efficient, we further

restrict the search to only look-up a portion of the rowids without going through the

entire table. For example, if we are retrieving the first row of the co-occurrence matrix

having vocabulary size 400K from the SQLite database, we specify a range by setting

rowid from 0 to 400K with the WHERE command because there are at most 400K

entries in that row. This is feasible because the recorded row indices (different from

rowid) were already ordered in a non-decreasing order. Consequently, when we retrieve

data having row index exactly equals to 0, there is no need to go beyond 400K entries.

At the same time, we mark the number of entries already retrieved so that it can be

used to specify the starting value of rowid for the next row.

These two strategies reduced significant amount of time for retrieving data. Specifically,

it took around 376.42 seconds for retrieving one row of the co-occurrence matrix having

vocabulary size 400K when we do not use these two strategies. With the strategies, it only

took around 0.61 seconds.
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5.2 Some detailed computational concerns and strate-

gies

The large vocabulary size, it could take weeks or months to complete all necessary iterations

until convergence. The computing resources we could access, unfortunately, does not allow

non-interrupted computation using high memory for such a long time. For example, with

Google Colab Pro membership, it only allows at most 24 hours of continuous computation

time. With Beocat cluster machines, submitted jobs are often preempted in which case

the job is terminated and rescheduled possibly to a different machine. Additionally, Beocat

restricts a job to have maximum of 30 days of running time. Due to these restrictions, we

need to write out intermediate results for any submission of job. For some of problems, we

could resume by reading in the intermediate results and restart the algorithm. Some jobs are

still a problem when we try to resume. A serious one is combining multiple databases into

one database. If the operation is interrupted/terminated before it completes, resuming will

restart from the beginning which will lead to duplicated entries in the resulting database. If

the resulting database is not huge, we could easily add an additional field/attribute/column

to record the stage of the combining and avoid rewriting into it by searching the record.

Unfortunately, with such a large database, the searching is a problem as it took too much

time. So, we can not make the algorithm to do a search every time when we are about to

combine and write a content into it. In this subsection, we document some of our successful

strategies to allow computing and resuming the algorithm without trouble.

First thing to consider is what intermediate results have to be written out. Some of the

important ones are current estimate of word vectors and the iteration number. The iteration

number turns out to be critical because it enters the updating equation:

β
(t+1)
i = β

(t)
i +

lr

t1/4
I−1

β(t)

i

U
β(t)

i

. (5.2.1)

127



If the iteration number t is not updated, the algorithm could diverge. For example,

with small Reuters data, consider to set maxit = 2 and the number of epochs to be 1, and

resume twice. At the end of fifth and sixth iterations, the result was showing large amount

of divergence as shown in the firs half of Table 5.1. On the other hand, when the algorithm

runs 6 iterations without being interrupted (see the second half of Table 5.1), the result,

which is correct computation, shows totally different converging pattern. Therefore, the

iteration number should be written out and reloaded when the algorithm is resumed after

interruption.

t resume number of times resume ||U
β(t)

i

|| ||U
β̃

(t)

i

||

1 False NA 163391.56 167462.34

2 False NA 26318.22 20618.02

1 True 1 8665.76 6915.76

2 True 1 2737.99 2217.22

1 True 2 5001087.00 4000937.00

2 True 2 5000456.00 4000385.50

1 False NA 163391.56 167462.34

2 False NA 26318.22 20618.02

3 False NA 8778.63 7063.61

4 False NA 3572.46 2980.23

5 False NA 1788.05 1502.75

6 False NA 1047.08 867.63

Table 5.1: Iteration number t affects the updating direction when the algorithm is resumed

or not. Keeping track of the correct iteration number is critical for the algorithm to update

toward right direction.

5.2.1 CPU-GPU parallelization

Co-occurrence matrix for the entire vocabulary has massive size (45.88 GB for vocabulary

size 400K, 36.77 GB for vocabulary size 200K, 26.99 GB for vocabulary size 100K, and

17.13 GB for vocabulary size 50K, all in sparse format). Such sizes make it impossible to
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load the entire co-occurrence matrix into memory and conduct estimation. To make the

estimation feasible, we load one row of the co-occurrence matrix at a time directly from

the SQLite database and the counts in the row are used to compute the score vector and

information matrix. These are used in formula (5.2.1) to update the estimate of the word

vector corresponding to the row of the co-occurrence matrix. Even though the update is

using word counts in the row, the mean word counts depends on the word vectors of other

words that appeared in any window of this word. That is, this update depends on word vector

representations of all other words either directly or indirectly. Consequently, the estimate of

the word vector for this word is updated while we go through the estimation of all the other

words. When the algorithm updates go through all the other words(rows), it completes one

iteration. Unfortunately, the counts can not be stored in the memory while the algorithm

moves on to the next row in the iteration. As a result, the data retrieval from the database

has to be repeated when the algorithm goes through each iteration. Many iterations are

needed for the algorithm to converge. Upon convergence of the algorithm, each row of the

co-occurrence matrix was retrieved as many times as the number of iterations. This creates

a huge computational burden. To get an idea how much time is needed in the computation,

the columns labeled ‘sequential’ in Table 5.2 reports the computation time of loading data

for one row of the cooccurrence matrix from SQLite database and completing one iteration of

parameter update for estimating word vectors on Google Colab with a machine having CUDA

version 11.3 and CUDA device Tesla P100-PCIE-16GB and PyTorch version 1.11.0+cu113.

It takes between 0.4 days to 21.8 days to complete one iteration of parameter update. This

is too long to be practical.
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Table 5.2: Computation time of loading data for one word from SQLite database and com-

pleting one iteration of parameter update for estimating word vectors on Google Colab with a

machine having CUDA version 11.3 and CUDA device Tesla P100-PCIE-16GB and PyTorch

version 1.11.0+cu113.

vocab
d = 300 d = 100 d = 50

num chunks = 30 num chunks = 4 num chunks = 10

size
sequential CPU-GPU sequential CPU-GPU sequential CPU-GPU

parallel parallel parallel

400K
per row 4.7 sec 4 sec 1.8 sec 0.95 sec 1.3 sec 0.6 sec

per itr 21.8 days 18.5 days 8.3 days 4.4 days 6.0 days 2.8 days

200K
per row 2.3 sec 1.96 sec 1 sec 0.57 sec 0.9 sec 0.4 sec

per itr 5.3 days 4.5 days 2.3 days 1.3 days 2.1 days 0.9 days

100K
per row 1.22 sec 1.05 sec 0.5 sec 0.39 sec 0.47 sec 0.3 sec

per itr 1.4 days 1.2 days 0.6 days 0.5 days 0.5 days 0.3 days

50K
per row 0.68 sec 0.59 sec 0.35 sec 0.27 sec 0.35 sec 0.22 sec

per itr 0.4 days 0.3 days 0.2 days 0.2 days 0.2 days 0.1 days

To speed up the computation, for each combination of vocabulary sizes and dimension

of word vectors, we design the algorithm with CPU-GPU parallel processing and compared

it with the sequential computation. The sequential method iteratively retrieves a row from

the database and then computes the parameter update in a linear fashion, in which the time

for data retrieval and time for computation are stacked on each other. The data retrieval

accesses the database which is only allowed in CPU. On the other hand, updating parameter

estimates can be done on GPU more efficiently. The two processes have to be done in a linear

way in general because the estimation can not be implemented until the data is available.

In the iteration over different rows, we have parallelized the data retrieval for the next row

and the parameter updating on current row on two different processes. More specifically,

the following is done:

• The data retrieval is done on a child process by using multiprocessing from Python
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package.

• The estimation of parameters is done on the main process with a GPU device using

PyTorch.

• Once a row is fetched, it is stored in a queue object for GPU to use. The queue is a

shared memory object that connects the child process and the main process.

• The GPU gets the data from the queue object and removes them from the queue.

• Once the queue is empty, the child process retrieves next row of data while the GPU

device conducts the computation for current row’s parameters update. These two run

parallelly to save time.

• It generally takes longer time to compute parameter update on GPU than data retrieval

from the database on CPU. The total time of the child process and the main process

for vocabulary size 50K, 100K, 200K, and 400K is 0.35, 0.47, 0.90, and 1.30 seconds

respectively when the dimension of word vectors is 50, and is 0.68, 1.22, 2.30, and 4.70

seconds when the dimension of word vectors is 300 (see Table 5.2). Fetching a row

takes 0.09, 0.17, 0.35, and 0.7 seconds for vocabulary size 50K, 100K, 200K, and 400K

respectively.

• Due to large size of the data, the data retrieval on CPU would only proceed when the

queue is empty. This helps to reduce memory usage so that there are enough resources

devoted to computation.

In Table 5.2, there is another strategy hiding behind of sequential or parallel computation.

This is reflected in num chunks which is the number of chunks to partition the co-occurrence

counts in one row of the data into groups such that each group only contains a small number

of entries. This is essentially doing batch processing to reduce the demand on GPU memory

while achieving shorter computation time required to process the entire row of data. One

row of data contains as many entries as the vocabulary size even though some of them are
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zeros. Note that zero entries also contribute to computing the log likelihood function so they

also need to be processed by computing their corresponding parts in the score vector and the

information matrix which involves computing as many matrices of dimension (d+1)×(d+1)

as the number of entries in a batch. The computation and the memory usage have a trade-

off in the batch calculation. This is because the Fisher information matrix contains outer

product of all the wi and w⊤
i , and the w̃j and w̃⊤

j . These outer products could not be

calculated directly due to memory constraint if no loop is used and using loop is exorbitantly

slow. We used ‘einsum’ function to make the computation speed acceptable and without

resorting to loops. The ‘einsum’ converts the outer product calculation into the sum of 3d

array in smaller batches. The best batch size differs for different dimension of word vectors.

Through trial and errors, we find that the values 30, 4, and 10 work well for dimension of

vectors being 300, 100, and 50 respectively. These values, however, are not strict. A big

range of values could work well. For example, with number of chunks equals 10 and the

dimension equals 100, the required computation time for one row is similar to the case with

num chunks = 4 and d = 100. Similarly for num chunks = 4, d = 50, the computation is

close to that of num chunks = 10, d = 50 that are reported in Table 5.2.

5.3 Other computational efforts

Beyond the strategies described in previous section, we experimented many other ways to

make the computation feasible. The ways we consider are parallel computing with multipro-

cessing Python package on CPU, Numba Python package with CPU, etc. In what follows,

we will briefly describe what are these and computational capacity and their performance in

our application.

Under the multiprocessing package, we tried the Pool class, Manager class, and shared

memory objects. With the Pool class, we defined a function to compute the components of

the score vector and information matrix for beta part for one row of co-occurrence matrix.

132



This function was used with the apply async() and starmap async() methods to achieve the

parallel computation for different entries of the row. The computation was done with numpy

arrays which does not support GPU computation so it was calculated on CPU. Both the

apply async() and starmap async() could implement parallel computing by simply specifying

target function that needs to be parallelized. The only difference between those two are how

we pass arguments of the target function. The former one passes the arguments as normal

Python functions, while the latter one, on the other hand, passes the arguments as an iterable

(collection of the argument values to be applied by the function one at a time). The ‘ async()’

on both methods stands for asynchronous option which does not require computation results

to be collected in order from different processors. We experimented these two cases on

smaller database of size 5.91 GB. The performance of the apply async() was very slow and

the calculation for parameter update in one row of the cooccurence matirx did not finish even

after running for 45 minutes. The starmap async() completed its computation in around 16

minutes. Note that without the parallelization on CPU, the computation time was only 1

minute to give the result of the score vector and information matrix. So, the Pool class using

the apply async() and starmap async() is very inefficient.

The reason of ineffectiveness of the Pool class mainly comes from the fact that the row

data has to be copied to as many times as the number of processes when it was provided as

input argument. The multiple processes end up demanding more memory than the single

process. If the data contains a lot of entries, the impact of multiple copies could be huge.

Furthermore, computation results from the different processes have to be collected via com-

munication among them, which induces the overheads. We tried to bypass the drawbacks

through sharing data or objects among multiple processes. To share the data or objects, the

multiprocessing package provides two ways: the Manager class and shared memory objects.

The Manager class controls the data/objects on a server process, which is created when-

ever Python is initiated. The server process allows other processes to access and modify

the data. The shared memory objects are objects created on shared memory space so that
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other processes could manipulate the objects allocated in the shared memory space. The

shared memory objects are ctypes arrays/objects which make implementation fast but have

restriction on their types accepted such as Array, Value, etc. On the contrary, the Manager

class is more flexible by allowing arbitrary types such as lists, dictionaries, Array, Value, etc.

Its execution, however, is slower than the shared memory objects. With the same smaller

experimental database and function described from previous paragraph, the computation

time using the Manager class and shared memory objects were around 2 minutes and 44

seconds, respectively. Recall that the motive for using the multiprocessing package is to

reduce computation time. The computation time for the Manager class was still slower than

1 minute, which is the time to complete without CPU parallelization. The shared memory

objects showed improvement, however, it was not enough. We hoped the computation re-

garding one row to be done within a second since our computation needs to cycle through

as many of rows as the vocabulary size for one iteration and the algorithm needs many

iterations to converge. With all these experiments, we conclude that CPU parallelization is

not fast enough for our computation to complete in a timely manner if we are considering

many iterations. Similarly, totally relying on GPU is also not possible because the database

access can only be done in CPU.
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Chapter 6

Alternating Tweedie regression with

linear and quadratic constraints

In this Chapter, we consider Alternating Tweedie regression with constraints on parame-

ters to help identifiablity issue. We will consider three different versions of constraints and

use Lagrange multiplier approach to estimate the model parameters under the alternating

scheme. In one version, we place linear constraint on parameters. In the other two versions,

we place quadratic constraints on the model parameters. The reason of considering different

versions of constraints is to see how different constraints affect the speed of convergence

for model parameter estimates. In classical regression, model estimates with quadratic con-

straints tend to converge faster than linear constraints. In our alternating setting, we have

significant challenge arising from the alternating scheme in high dimensions. The quadratic

constraints lead to huge Hessian matrix that are not block diagonal and too large to store in

the memory or to compute its inverse. Consequently, we have to design a better strategy to

obtain parameter update while using the Hessian matrix. Note that many gradient descent

variants (including the popular Adam algorithm) have been serving the purpose of avoiding

Hessian matrix in the literature. We choose to not go in that direction because the study

in the earlier chapters of this dissertation has confirmed that ignoring the Hessian matrix
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leads to much slower convergence of parameter estimates and could not achieve as well in

the objective function as the alternating Fisher-Scoring methods we proposed.

In all three subsections of this Chapter, we assume that the data are suitable to be

modeled with Tweedie distribution, which has the following canonical form in exponential

family format when Y > 0:

f (y) = exp

{
yθ − κ (θ)

ϕ
+ c (y, ϕ, p)

}
,

where θ = µ1−p

1−p
and κ(θ) = µ2−p

2−p
. and the c(y, ϕ, p) corresponds to the log sum

log
(∑∞

n=0
βnα

Γ(nα)
· ynα−1 · λn

n!

)
if the data has Compound Poisson distribution.

For Yij in the ith row and jth column of the co-occurrence matrix, the density function is

f (yij) = exp

{
yijθij − κ (θij)

ϕij

+ c (yij, ϕij, pij)

}
,

where

θij =
µ
1−pij
ij

1− pij
=

exp
{
(1− pij)

(
w⊤

i w̃j + bi + b̃j + u
)}

(1− pij)
,

κ (θij) =
µ
2−pij
ij

2− pij
=

exp
{
(2− pij)

(
w⊤

i w̃j + bi + b̃j + u
)}

(2− pij)
,

c (yij, ϕij, pij) = log

(
∞∑
k=1

β
kαij

ij

Γ(kαij)
· ykαij−1

ij ·
λk
ij

k!

)
, if 1 < pij < 2, (6.0.1)

c(yij, ϕij, pij)=
1

πyij

∞∑
n=1

Γ(1−αijn)ϕ
n(−αij−1)
ij (pij−1)−αijn

(−1)nΓ(1 + n)(pij−2)ny
−αijn
ij

sin(nπαij), if pij>2, (6.0.2)

c(yij, ϕij, pij) =
1

πyij

∞∑
k=1

Γ
(
1 + k

αij

)
(−yij)k

k!λ
k

αij

ij κ
k

αij
pij (1)

sin

(
−kπ
αij

)
, if pij<0, (6.0.3)

with

λij=
µ
2−pij
ij

ϕij(2−pij)
, αij=

2−pij
pij−1

,
1

βij

= ϕij(pij−1)µ
pij−1
ij , κpij(1)=

(pij−1)−αij

pij−2
(−1)

1
pij−1 .
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This implies that we will use the log link function in all three subsections:

log µij = w⊤
i w̃j + bi + b̃j + u, i, j = 1, · · · , n; wi, w̃j ∈ Rd, bi, b̃j, u ∈ R.

While w̃ and b̃ are held fixed , the log-likelihood function for the ith row of data limited

to positive yij is

ℓ
(1)
i (wi, bi; w̃, b̃) =

n∑
j=1

[
yijθij − κ (θij)

ϕij

+ c (yij, ϕij, pij)

]
I(yij > 0), (6.0.4)

and while w and b are held fixed, the log-likelihood function for jth column of data limited

to the element yij > 0 case is

ℓ̃
(1)
j (w̃j, b̃j;w,b) =

n∑
i=1

[
yijθij − κ (θij)

ϕij

+ c (yij, ϕij, pij)

]
I(yij > 0), (6.0.5)

where

pij = pi + p̃j, ϕij = ϕi · ϕ̃j.

Holding w̃ and b̃ fixed, the total log likelihood ℓ for all rows is

ℓ(w,b; w̃, b̃) = =
n∑

i=1

n∑
j=1

ℓij(w,b; w̃, b̃)

=
n∑

i=1

n∑
j=1

{log f (yij) · I (yij > 0) + log f0 (yij) · I (yij = 0)}

=
n∑

i=1

ℓ
(1)
i (wi, bi; w̃, b̃) +

n∑
i=1

n∑
j=1

ℓ
(0)
ij (wi, bi; w̃j, b̃j),

where

ℓ
(0)
ij (wi, bi; w̃j, b̃j) = −λijI (yij = 0) and λij =

µ
2−pij
ij

ϕij (2− pij)
.

This is because Pr [Yij = 0] = exp (−λij). For yij = 0 case, we also have the log link.
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Therefore, log µij = ηij and µij = exp(ηij).

Similarly, holding w and b fixed, the total log likelihood ℓ̃ for all columns is

ℓ̃(w̃, b̃;w,b) =
n∑

i=1

n∑
j=1

ℓ̃ij(w̃, b̃;w,b) =
n∑

j=1

ℓ̃
(1)
j (w̃j, b̃j;w,b) +

n∑
i=1

n∑
j=1

ℓ̃
(0)
ij (w̃j, b̃j;wi, bi),

where

ℓ̃
(0)
ij (w̃j, b̃j;wi, bi) = −λijI (yij = 0) and λij =

µ
2−pij
ij

ϕij (2− pij)
.

Since ℓij(w,b; w̃, b̃) and ℓ̃ij(w̃, b̃;w,b) are referring to the same terms except that they

are treated as functions of different parameters, we denote both of them as ℓij when it is not

necessary to distinguish between the two.

In the next three subsections, we add constraints to the model parameters and outline

how to estimate the parameters in each case.

6.1 Alternating Tweedie regression with linear con-

straints: version 19-4

In this subsection, we consider the log link function and the following linear constraints,

log µij = w⊤
i w̃j + bi + b̃j + u, i, j = 1, · · · , n; wi, w̃j ∈ Rd (6.1.1)

s.t.
n∑

i=1

bi = 0,
n∑

j=1

b̃j = 0,
n∑

i=1

n∑
j=1

w⊤
i w̃j = 0. (6.1.2)

The decomposition in (6.1.1) mimics the two-way ANOVA. The u, bi and b̃j represent the

overall effect, row main effect, and column main effect, respectively. The w⊤
i w̃j represents

the interaction effect between the row and column. In our data setting, it would be the

user-item or word-word interaction. Such decomposition was also used in the literature for
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recommender systems except that they used least squared method to estimate the model

parameters. It is well known that least squares method is suitable for data that have constant

variance but not valid if the data have heteroscedasticity. Different from the ANOVA model

estimate, here we estimate the unknown quantities under the alternating Tweedie regression

framework with the constraints.

Using Lagrange multiplier on all constraints will lead to three Lagrange multiplier coef-

ficients. The objective function including the Lagrange multipliers to estimate these param-

eters can be written as

H =
n∑

i=1

n∑
j=1

ℓij + λ1

n∑
i=1

bi + λ2

n∑
j=1

b̃j + λ3

n∑
i=1

n∑
j=1

w⊤
i w̃j

= H1 +H2 +H3 +H4,

where H1, H2, H3, H4 refer to the four summations in their order. The first order partial

derivatives are

∂H

∂wi1k

=
n∑

i=1

n∑
j=1

∂ℓij
∂wi1k

+ λ3

n∑
j=1

w̃jk,

∂H

∂bi1
=

n∑
i=1

n∑
j=1

∂ℓij
∂bi1

+ λ1, (6.1.3)

∂H

∂u
=

n∑
i=1

n∑
j=1

∂ℓij
∂u

,

∂H

∂λ1

=
n∑

i=1

bi,
∂H

∂λ2

=
n∑

j=1

b̃j,
∂H

∂λ3

=
n∑

i=1

n∑
j=1

w⊤
i w̃j,

∂H

∂w̃j1k

=
n∑

i=1

n∑
j=1

∂ℓij
∂w̃j1k

+ λ3

n∑
j=1

wik,

∂H

∂b̃j1
=

n∑
i=1

n∑
j=1

∂ℓij

∂b̃j1
+ λ2. (6.1.4)
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To obtain the estimates of λ3 for given current value of w̃, note that

∂H

∂wi1

=
n∑

i=1

n∑
j=1

∂ℓij
∂wi1

+ λ3

n∑
j=1

w̃j, ∀i1.

Setting above partial derivative to zero, we get λ̂3 based on one row, which is

λ̂3,i1 = −

(
n∑

j=1

w̃⊤
j

n∑
j=1

w̃j

)−1 n∑
j=1

w̃⊤
j

n∑
j=1

∂ℓi1j
∂wi1

. (6.1.5)

Considering all rows, we obtain the estimate λ̂31 from combining the row estimates. Similarly,

combining the estimates for all columns leads to another estimate λ̂32. Then we take an

average to obtain the λ̂3.

λ̂31 =

(
−n

n∑
j=1

w̃⊤
j

n∑
j=1

w̃j

)−1 n∑
j=1

w̃⊤
j

n∑
i=1

n∑
j=1

∂ℓij
∂wi

, (6.1.6)

λ̂32 =

(
−n

n∑
i=1

w⊤
i

n∑
i=1

wi

)−1 n∑
i=1

w⊤
i

n∑
i=1

n∑
j=1

∂ℓij
∂w̃j

, (6.1.7)

λ̂3 =

(
λ̂31 + λ̂32

)
2

. (6.1.8)

Similarly, we obtain the estimate of λ1 and λ2 by setting the equations (6.1.3) and (6.1.4)

to zero respectively:

λ̂1 = −
1

n

n∑
i=1

n∑
j=1

∂ℓij
∂bi

, λ̂2 = −
1

n

n∑
i=1

n∑
j=1

∂ℓij

∂b̃j
. (6.1.9)

Note that the estimates in equations (6.1.5) - (6.1.9) rely on the current parameter values

of w and w̃. When w and w̃’s estimates are updated, these parameter estimates will need

to be updated again.
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To estimate other unknown quantities, we consider the second order partial derivatives

∂2H

∂wi1k∂wi2r

=
n∑

i=1

n∑
j=1

∂2ℓij
∂wi1k∂wi2r

,
∂2H

∂wi1k∂bi2
=

n∑
i=1

n∑
j=1

∂2ℓij
∂wi1k∂bi2

,

∂2H

∂bi1∂bi2
=

n∑
i=1

n∑
j=1

∂2ℓij
∂bi1∂bi2

,
∂2H

∂λ2
1

=
∂2H

∂λ2
2

=
∂2H

∂λ2
3

= 0,

∂2H

∂u2
=

n∑
i=1

n∑
j=1

∂2ℓij
∂u2

=⇒ −E
[
∂2H

∂u2

]
=

n∑
i=1

n∑
j=1

µ
2−pij
ij

ϕij

,

∂2H

∂wi1k∂u
=

n∑
i=1

n∑
j=1

∂2ℓij
∂wi1k∂u

=
n∑

i=1

n∑
j=1

∂2ℓij
∂u2

w̃jk · I (i = i1) ,

=⇒ −E
[

∂2H

∂wi1k∂u

]
=

n∑
j=1

µ
2−pi1j
i1j

ϕi1j

· w̃jk,

∂2H

∂wi1k∂λ1

=
n∑

i=1

n∑
j=1

∂2ℓij
∂wi1k∂λ1

= 0,
∂2H

∂wi1k∂λ2

=
n∑

i=1

n∑
j=1

∂2lij
∂wi1k∂λ2

= 0,

∂2H

∂wi1k∂λ3

=
n∑

i=1

n∑
j=1

∂2ℓij
∂wi1k∂λ3

+
n∑

j=1

w̃jk =
n∑

j=1

w̃jk,

=⇒ −E
[

∂2H

∂wi1k∂λ3

]
= −

n∑
j=1

w̃jk,

∂2H

∂bi1∂u
=

n∑
i=1

n∑
j=1

∂2ℓij
∂bi1∂u

=
n∑

i=1

n∑
j=1

∂2ℓij
∂u2

· I (i = i1) ,

=⇒ −E
[

∂2H

∂bi1∂u

]
=

n∑
j=1

µ
2−pi1j
i1j

ϕi1j

,

∂2H

∂bi1∂λ1

=
n∑

i=1

n∑
j=1

∂2ℓij
∂bi1∂λ1

+ 1 = 1, =⇒ −E
[

∂2H

∂bi1∂λ1

]
= −1,

∂2H

∂bi1∂λ2

=
∂2H

∂bi1∂λ3

= 0.

When treating w̃, b̃ as fixed values, we estimate w, b, u, λ1, and λ3. The term that contains
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λ2 becomes a constant because this term does not involve w, b, u and should be excluded.

In this case, λ2 cannot be estimated because
∑n

j=1 b̃j may not be equal to zero for given b̃.

To derive the updating equation, we denote expectation of negative second order derivatives

with respect to β and Λ = (u, λ1, λ3)
⊤ as R with

R =

 A B

C D

 , and β =
(
β⊤

1 ,β
⊤
2 , · · · ,β⊤

n

)
, βi =

(
w⊤

i , bi
)⊤

,

where

A = Diag [Ai, i = 1, . . . , n] , Ai = −E

{
n∑

i1=1

n∑
j=1

∂2ℓi1j

∂βi∂β
⊤
i

}
, C = B⊤ and

B =



B1

B2

...

Bn


is a n(d+ 1)× 3 matrix with blocks Bi of dimension (d+ 1)× 3 given by

Bi =

 −E
[

∂2H
∂wi∂u

]
−E

[
∂2H

∂wi∂λ1

]
−E

[
∂2H

∂wi∂λ3

]
−E

[
∂2H
∂bi∂u

]
−E

[
∂2H

∂bi∂λ1

]
−E

[
∂2H

∂bi∂λ3

]
 , D = Diag

{
−E

[
∂2H

∂u2

]
, 0, 0

}
3×3

.

A good trait of using this decomposition of R is that A is a block diagonal matrix whose

inverse can be obtained as

A−1 = Diag
[
A−1

i , i = 1, . . . , n
]
.

Even though the dimension of A is too large to be manageable (n(d+1) dimensional square

matrix.), Ai is only (d+1)×(d+1), which could be handled for reasonable vector dimension d.

Let K = D − CA−1B. If K is invertible,
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then

R−1 =

 A−1 + A−1BK−1CA−1 −A−1BK−1

−K−1CA−1 K−1

 .

(see Lu and Shiou 2002). Let U =

 Uβ

UΛ

 be the score vector, where Uβ is n(d + 1)

dimensional vector, UΛ =

[
Uu Uλ1 Uλ3

]⊤
is 3×1 vector. Then our updating formula for

the model parameter (β⊤,Λ⊤)⊤ is

 β̂

Λ̂


t+1

=

 β̂

Λ̂


t

+
lr

t
R−1U

=

 β̂

Λ̂


t

+
lr

t

 A−1 + A−1BK−1CA−1 −A−1BK−1

−K−1CA−1 K−1


 Uβ

UΛ


=

 β̂

Λ̂


t

+
lr

t

 A−1Uβ + A−1BK−1CA−1Uβ − A−1BK−1UΛ

−K−1CA−1Uβ +K−1UΛ

 .

The advantage of writing this way is that A−1Uβ and A−1B both have much smaller column

dimensions. Hence, we could avoid storing A−1 but storing A−1Uβ and A−1B instead. The
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terms in the updating formula can be computed as follows:

A−1B =



A−1
1 B1

A−1
2 B2

...

A−1
n Bn


, where A−1

i Bi is a (d+ 1)× 3 matrix,

CA−1 =
(
A−1B

)⊤
=

[
B⊤

1 A
−1
1 , B⊤

2 A
−1
2 , · · · , B⊤

n A
−1
n

]
,

CA−1B =
[
B⊤

1 A
−1
1 B1 +B⊤

2 A
−1
2 B2 + · · ·+B⊤

n A
−1
n Bn

]
is a 3× 3 matrix,

A−1Uβ =



A−1
1 Uβ1

A−1
2 Uβ2

...

A−1
n Uβn


, A−1

i Uβi
is a (d+ 1)× 1vector,

CA−1Uβ =
n∑

i=1

B⊤
i A

−1
i Uβi

:= ∆, ∆ is a 3× 1 vector,

A−1BK−1 =



A−1
1 B1K

−1

A−1
2 B2K

−1

...

A−1
n BnK

−1


, A−1

i BiK
−1 is a (d+ 1)× 3 matrix,

A−1BK−1UΛ =



A−1
1 B1K

−1UΛ

A−1
2 B2K

−1UΛ

...

A−1
n BnK

−1UΛ


, A−1

i BiK
−1UΛ is a (d+ 1)× 1 vector,
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A−1BK−1CA−1Uβ =



A−1
1 B1K

−1∆

A+
2 B2K

−1∆

...

A−1
n BnK

−1∆


, A−1

i BiK
−1∆ is (d+ 1)× 1 vector.

Therefore, the first n(d+ 1) rows of the R−1U is



A−1
1 Uβ1

+ A−1
1 B1K

−1∆− A−1
1 B1K

−1UΛ

A−1
2 Uβ2

+ A−1
2 B2K

−1∆− A−1
2 B2K

−1UΛ

...

A−1
n Uβn

+ A−1
n BnK

−1∆− A−1
n BnK

−1UΛ


,

and the next three rows of R−1U is K−1 (UΛ −∆).

The updating formula for the parameter β̃ follows alternating scheme as in previous

chapters. Let Ũ =

 Ũ
β̃

ŨΛ

 where ŨΛ =

[
Ũu Ũλ2 Ũλ3

]⊤
, Ũ

β̃
is n(d + 1)× 1 vector, ŨΛ

is 3× 1 vector. Then our updating formula for the model parameter
(
β̃

⊤
, Λ̃⊤

)⊤
is

 ̂̃
β̂̃
Λ


t+1

=

 ̂̃
β̂̃
Λ


t

+
lr

t
R̃−1Ũ

=

 ̂̃
β̂̃
Λ


t

+
lr

t

 Ã−1Ũ
β̃
+ Ã−1B̃K̃−1C̃Ã−1Ũ

β̃
− Ã−1B̃K̃−1ŨΛ

−K̃−1C̃Ã−1Ũ
β̃
+ K̃−1ŨΛ

 ,
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with the first n(d+ 1) rows given by

̂̃
βt +

lr

t



Ã−1
1 Ũ

β̃1

+ Ã−1
1 B̃1K̃

−1∆̃− Ã−1
1 B̃1K̃

−1ŨΛ

Ã−1
2 Ũ

β̃2

+ Ã−1
2 B̃2K̃

−1∆̃− Ã−1
2 B̃2K̃

−1ŨΛ

...

Ã−1
n Ũ

β̃n

+ Ã−1
n B̃nK̃

−1∆̃− Ã−1
n B̃nK̃

−1ŨΛ


,

and the last three rows given by
̂̃
Λt +

lr
t
K̃−1

(
ŨΛ − ∆̃

)
, where

Ã−1
i = −

[
E

{
n∑

i1=1

n∑
j=1

∂2ℓi1j

∂β̃i1∂β̃
⊤
i1

}]−1

, B̃i =

[
−E

[
∂2H

∂β̃i∂u

]
−E

[
∂2H

∂β̃i∂λ1

]
−E

[
∂2H

∂β̃i∂λ3

] ]
,

D = Diag

{
−E

[
∂2H

∂u2

]
, 0, 0

}
3×3

, K̃ = D −
n∑

i=1

B̃⊤
i Ã

−1
i B̃i, ∆̃ =

n∑
i=1

B̃⊤
i Ã

−1
i Ũβi

.

The computation of K−1 and ∆ requires knowing the value of Ai, Bi, and Uβi
from all

rows i = 1, . . . , n. As a result, the parameter update for β and Λ couldn’t be done row by

row. Instead, the algorithm has to go through all rows of data before one parameter update

can be conducted. Similarly, computation of K̃−1 and ∆̃ will need to wait until all Ãj, B̃j,

and Ũ
β̃i

from all columns are available j = 1 . . . , n. Consequently, β̃ and Λ̃ are updated

only once after all columns of the data have been visited. Due to this restriction along with

the fact that data retrieval from the database has to be done one row at a time, the memory

demand becomes a significant challenge in the computation.
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6.2 Alternating Tweedie regression with quadratic con-

straints: version 19-5

In this subsection, we consider Alternating Tweedie regression with the log link function and

the following quadratic constraints:

log µij = w⊤
i w̃j + bi + b̃j + u, i, j = 1, · · · , n; wi, w̃j ∈ Rd

s.t.

(
n∑

i=1

bi

)2

= 0,

(
n∑

j=1

b̃j

)2

= 0,
n∑

i=1

M2
i = 0,

n∑
j=1

M̃2
j = 0,

where Mi =
n∑

j=1

w⊤
i w̃j, and M̃j =

n∑
i=1

w⊤
i w̃j.

Mathematically, these constraints are identical to the following constraints which are

identical to those used in two-way ANOVA:

n∑
i=1

bi = 0,
n∑

j=1

b̃j = 0, Mi = 0, ∀i, M̃j = 0 ∀j.

Including them in quadratic forms in the objective function will allow us to restrict the

Lagrange multipliers to be negative. Specifically, using Lagrange multiplier on all constraints

will lead to four Lagrange multiplier coefficients. The objective function using Lagrange

multiplier to estimate these parameters is

H∗ =
n∑

i=1

n∑
j=1

ℓij +
λ1

2

(
n∑

i=1

bi

)2

+
λ2

2

(
n∑

j=1

b̃j

)2

+
λ4

2

n∑
j=1

M̃2
j +

λ5

2

n∑
i=1

M2
i

= H1 +H2 +H3 +H5 +H6,

where λ1, λ2, λ4, λ5 < 0 and H1 to H6 correspond to the five summations in the definition.

Note that Mi and M̃j are both functions of w and w̃, therefore H5 and H6 would both show

up in the optimization process.
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The first order partial derivatives from H5 and H6 are

∂H5

∂wi1k

=
∂H5

∂M̃j

· ∂M̃j

∂wi1k

= λ4

n∑
j=1

M̃j · w̃jk,

∂H6

∂wi1k

=
∂H6

∂Mi

· ∂Mi

∂wi1k

= λ5

n∑
i=1

Mi ·
n∑

j=1

w̃jk · I (i = i1) = λ5Mi1

n∑
j=1

w̃jk,

∂H5

∂w̃j1k

=
∂H5

∂M̃j

· ∂M̃j

∂w̃j1k

= λ4

n∑
j=1

M̃j ·
n∑

i=1

wik · I (j = j1) = λ4M̃j1

n∑
i=1

wik,

∂H6

∂w̃j1k

=
∂H6

∂Mi

· ∂Mi

∂w̃j1k

= λ5

n∑
i=1

Mi · wik.

Hence the first order partial derivatives of H can be written as

∂H

∂wi1k

=
n∑

i=1

n∑
j=1

∂ℓij
∂wi1k

+ λ4

n∑
j=1

M̃jw̃jk + λ5Mi1

n∑
j=1

w̃jk,

∂H

∂bi1
=

n∑
i=1

n∑
j=1

∂ℓij
∂bi1

+ λ1

n∑
i=1

bi, (6.2.1)

∂H

∂u
=

n∑
i=1

n∑
j=1

∂ℓij
∂u

,

∂H

∂λ1

=
1

2

(
n∑

i=1

bi

)2

,
∂H

∂λ4

=
1

2

n∑
j=1

M̃2
j ,

∂H

∂λ5

=
1

2

n∑
i=1

M2
i .

∂H

∂w̃j1k

=
n∑

i=1

n∑
j=1

∂ℓij
∂w̃j1k

+ λ4M̃j1

n∑
i=1

wik + λ5

n∑
i=1

Mi · wik,

∂H

∂b̃j1
=

n∑
i=1

n∑
j=1

∂ℓij

∂b̃j1
+ λ2

n∑
j=1

b̃j.

The formulae for estimating λ̂1, λ̂2, λ̂4, λ̂5 can be directly obtained from setting the first

derivatives to zero as in section 6.1. Specifically, setting some of the first order derivatives
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to zero gives us

∂H

∂wi

=
n∑

j=1

∂ℓij
∂wi

+ λ̂4

n∑
j=1

M̃jw̃j + λ̂5

n∑
j=1

w̃jMi = 0, (6.2.2)

∂H

∂w̃j

=
n∑

i=1

∂ℓij
∂w̃j

+ λ̂4M̃j

n∑
i=1

wi + λ̂5

n∑
i=1

Miwi = 0. (6.2.3)

(6.2.2) and (6.2.3) hold for all i and j. Therefore, we can sum up all rows and columns to

obtain the following equations:

n∑
i=1

n∑
j=1

∂ℓij
∂wi

+ λ̂4n

n∑
j=1

M̃jw̃j + λ̂5

n∑
j=1

w̃j

n∑
i=1

Mi = 0, (6.2.4)

n∑
i=1

n∑
j=1

∂ℓij
∂w̃j

+ λ̂4

n∑
j=1

M̃j

n∑
i=1

wi + λ̂5n
n∑

i=1

Miwi = 0. (6.2.5)

Denote

a1 =
n∑

i=1

n∑
j=1

∂ℓij
∂wi

, b1 = n
n∑

j=1

M̃jw̃j, c1 =
n∑

j=1

w̃j

n∑
i=1

Mi,

a2 =
n∑

i=1

n∑
j=1

∂ℓij
∂w̃j

, b2 =
n∑

j=1

M̃j

n∑
j=1

wi, c2 = n
n∑

i=1

M1 ·wi.

Then the equations (6.2.4) and (6.2.5) can be rewritten as

a1 + b1λ̂4 + c1λ̂5 = 0

a2 + b2λ̂4 + c2λ̂5 = 0

We solve the equations for λ̂4 and λ̂5 as follow.

b⊤2 a1 + b⊤2 b1λ̂4 + b⊤2 c1λ̂5 = 0 (6.2.6)

b⊤1 a2 + b⊤1 b2λ̂4 + b⊤1 c2λ̂5 = 0 (6.2.7)
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Subtracting (6.2.7) from (6.2.6) provides b⊤2 a1 − b⊤1 a2 =
(
b⊤1 c2 − b⊤2 c1

)
λ̂5. So that

λ̂5 =
b⊤2 a1 − b⊤1 a2
b⊤1 c2 − b⊤2 c1

.

Similarly the λ̂4 can be obtained as


c⊤2 a1 + c⊤2 b1λ̂4 + c⊤2 c1λ̂5 = 0

c⊤1 a2 + c⊤1 b2λ̂4 + c⊤1 c2λ̂5 = 0

=⇒ λ̂4 =
c⊤1 a2 − c⊤2 a1
c⊤2 b1 − c⊤1 b2

.

For λ̂1, equation (6.2.1) can be summed up for all rows. Then it can be solved for λ̂1 as

n∑
i=1

n∑
j=1

∂ℓij
∂bi

= −λ̂1n
n∑

i=1

bi =⇒ λ̂1 = −

(
n

n∑
i=1

bi

)−1 n∑
i=1

n∑
j=1

∂ℓij
∂bi

.

In a similar way,

λ̂2 = −

(
n

n∑
i=1

b̃j

)−1 n∑
i=1

n∑
j=1

∂ℓij

∂b̃j
.

The estimate of other unknown quantities will need the alternating scheme. Next we

describe the details and challenges in estimating the other parameters with the alternating
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Fisher scoring algorithm. Consider the second order partial derivatives

∂2H

∂wi1k∂wi2r

=
n∑

i=1

n∑
j=1

∂2ℓij
∂wi1k∂wi2r

+ λ4

n∑
j=1

w̃jrw̃jk + λ5

n∑
j=1

w̃jr

n∑
j=1

w̃jk · I(i1 = i2),

=⇒ −E
[

∂2H

∂wi1k∂wi2r

]
= −E

[
n∑

i=1

n∑
j=1

∂2ℓij
∂wi1k∂wi2r

]
− λ4

n∑
j=1

w̃jrw̃jk − λ5

n∑
j=1

w̃jr

n∑
j=1

w̃jk · I(i1 = i2).

∂2H

∂wi1k∂bi2
=

n∑
i=1

n∑
j=1

∂2ℓij
∂wi1k∂bi2

=⇒ −E
[

∂2H

∂wi1k∂bi2

]
= −E

[
n∑

i=1

n∑
j=1

∂2ℓij
∂wi1k∂bi2

]
.

∂2H

∂bi1∂bi2
=

n∑
i=1

n∑
j=1

∂2ℓij
∂bi1∂bi2

+ λ1 =⇒ −E
[

∂2H

∂bi1∂bi2

]
= −E

[
n∑

i=1

n∑
j=1

∂2ℓij
∂bi1∂bi2

]
− λ1.

∂2H

∂u2
=

n∑
i=1

n∑
j=1

∂2ℓij
∂u2

=⇒ −E
[
∂2H

∂u2

]
=

n∑
i=1

n∑
j=1

µ
2−pij
ij

ϕij

.

∂2H

∂λ2
1

=
∂2H

∂λ2
2

=
∂2H

∂λ2
4

=
∂2H

∂λ2
5

= 0,
∂2H

∂bi1∂λ2

=
∂2H

∂bi1∂λ4

=
∂2H

∂bi1∂λ5

= 0.

∂2H

∂wi1k∂λ1

=
n∑

i=1

n∑
j=1

∂2ℓij
∂wi1k∂λ1

= 0,
∂2H

∂wi1k∂λ2

=
n∑

i=1

n∑
j=1

∂2lij
∂wi1k∂λ2

= 0.

∂2H

∂wi1k∂u
=

n∑
i=1

n∑
j=1

∂2ℓij
∂wi1k∂u

=
n∑

i=1

n∑
j=1

∂2ℓij
∂u2

w̃jk · I (i = i1) ,

=⇒ −E
[

∂2H

∂wi1k∂u

]
=

n∑
j=1

µ
2−pi1j
i1j

ϕi1j

· w̃jk.

∂2H

∂wi1k∂λ4

=
n∑

i=1

n∑
j=1

∂2ℓij
∂wi1k∂λ4

+
n∑

j=1

M̃jw̃jk =
n∑

j=1

M̃jw̃jk,

=⇒ −E
[

∂2H

∂wi1k∂λ4

]
= −

n∑
j=1

M̃jw̃jk.

∂2H

∂wi1k∂λ5

=
n∑

i=1

n∑
j=1

∂2ℓij
∂wi1k∂λ5

+Mi1

n∑
j=1

w̃jk = Mi1

n∑
j=1

w̃jk,

=⇒ −E
[

∂2H

∂wi1k∂λ5

]
= −Mi1

n∑
j=1

w̃jk.
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∂2H

∂bi1∂u
=

n∑
i=1

n∑
j=1

∂2ℓij
∂bi1∂u

=
n∑

i=1

n∑
j=1

∂2ℓij
∂u2

· I (i = i1) ,

=⇒ −E
[

∂2H

∂bi1∂u

]
=

n∑
j=1

µ
2−pi1j
i1j

ϕi1j

.

∂2H

∂bi1∂λ1

=
n∑

i=1

n∑
j=1

∂2ℓij
∂bi1∂λ1

+
n∑

i=1

bi =
n∑

i=1

bi,

=⇒ −E
[

∂2H

∂bi1∂λ1

]
= −

n∑
i=1

bi.

To derive the updating equations, denote

R =

 A∗
n B

C D

 , βi =
(
w⊤

i , bi
)⊤

, β =
(
β⊤

1 ,β
⊤
2 , · · · ,β⊤

n

)
.

where

A∗
n = A+ In ⊗ S +

(
1n1

⊤
n ⊗ T

)
where 1n is a column vector of 1s, S has (r, k)th entry

srk =

 λ5

∑n
j=1 w̃jr

∑n
j=1 w̃jk for r = 1, . . . , d; k = 1, . . . , d ,

0 if r = d+ 1 or k = d+ 1.

T has (r, k)th entry

trk =


λ4

∑n
j=1 w̃jrw̃jk for r = 1, . . . , d; k = 1, . . . , d,

0 if max(r, k) = d+ 1 and min(r, k) < d+ 1,

λ1 if r = k = d+ 1,
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with

A = Diag [Ai, i = 1, . . . , n] being a n(d+ 1) dimensional square matrix, where

Ai = −E

{
n∑

i1=1

n∑
j=1

∂2ℓi1j

∂βi∂β
⊤
i

}
, A−1 = Diag

[
A−1

i , i = 1, . . . , n
]
,

B =
[
BT

1 , BT
2 , · · · , BT

n

]T
being an n(d+ 1)× 4 matrix with

Bi =

[
−E

[
∂2H

∂βi∂u

]
− E

[
∂2H

∂βi∂λ1

]
− E

[
∂2H

∂βi∂λ4

]
− E

[
∂2H

∂βi∂λ5

]]
,

C = B⊤ and D = Diag

{
−E

[
∂2H

∂u2

]
, 0, 0

}
3×3

.

Note that A∗
n is not a block diagonal matrix because it can be written as

A∗
n =



A1 + S + T T · · · T

T A2 + S + T
...

...
. . . T

T · · · T An + S + T


=

 A∗
n−1 Ťn−1

Ť⊤
n−1 Dn

 ,

where Ťn−1 = 1n−1 ⊗ T . Computing (A∗
n)

−1 is computationally challenging and infeasible

because the dimension of A∗
n is n(d+ 1)× n(d+ 1).

To compute R−1U , we will see that we need (A∗
n)

−1Uβ and (A∗
n)

−1B where Uβ and

B are defined soon. Instead of computing (A∗
n)

−1 directly, we iteratively/incrementally

compute (A∗
n)

−1Uβ and (A∗
n)

−1B without actually storing/loading (A∗
n)

−1. That is, we

loop through the rows in iterations. For the mth iteration, we compute (A∗
m)

−1 Um and

(A∗
m)

−1 Ťm via (A∗
m)

−1 Um−1 and (A∗
m)

−1 Ťm−1 obtained from the previous iteration, where

Um =
[
U⊤
β1

, U⊤
β2

, . . . , U⊤
βm

]
, Ťm = 1m ⊗ T , for m ≥ 2. This computation will rely on the

inverse of 2× 2 block matrices.
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From Lu and Shiou 2002, let K = D − C(A∗
n)

−1B. If K is invertible, then

R−1 =

 (A∗
n)

−1 + (A∗
n)

−1BK−1C(A∗
n)

−1 −(A∗
n)

−1BK−1

−K−1C(A∗
n)

−1 K−1

 .

Let U =

 Uβ

UΛ

 where UΛ =

[
Uu Uλ1 Uλ4 Uλ5

]⊤
, Uβ is n(d + 1) × 1 vector, UΛ is

4× 1 vector. Then our updating formula for the parameter
(
β⊤,Λ⊤)⊤ is

 β̂

Λ̂


t+1

=

 β̂

Λ̂


t

+
lr

t
R−1U

=

 β̂

Λ̂


t

+
lr

t

 (A∗
n)

−1 + (A∗
n)

−1BK−1C(A∗
n)

−1 −(A∗
n)

−1BK−1

−K−1C(A∗
n)

−1 K−1


 Uβ

UΛ


=

 β̂

Λ̂


t

+
lr

t

 (A∗
n)

−1Uβ + (A∗
n)

−1BK−1C(A∗
n)

−1Uβ − (A∗
n)

−1BK−1UΛ

−K−1C(A∗
n)

−1Uβ +K−1UΛ

 .

Each component of the above updating formula can be rewritten as below counting on our

incremental computation strategy. Denote

A∗
n=

A∗
n−1 Ťn−1

Ť⊤
n−1 Dn

, B=

B̌n−1

Bn

, Uβ=

Ǔn−1

Uβn

, Ďn=
(
Dn − Ť⊤

n−1

(
A∗

n−1

)−1
Ťn−1

)−1

,

where Ťn−1 = 1n−1 ⊗ T , B̌n−1 =
(
B⊤

1 , B
⊤
2 , . . . , B

⊤
n−1

)⊤
, Ǔn−1 =

(
U⊤
β1

, U⊤
β2

, . . . , U⊤
βn−1

)⊤

.

The key components in the updating formula is (A∗
n)

−1B, (A∗
n)

−1Uβ, and K. Note that K

can only be computed when all the calculations up to the last row n are completed since it
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involves (A∗
n)

−1 which is obtained by incrementally.

(A∗
n)

−1B =

(A∗
n−1

)−1
+
(
A∗

n−1

)−1
Ťn−1ĎnŤ

⊤
n−1

(
A∗

n−1

)−1 −
(
A∗

n−1

)−1
Ťn−1Ďn

−ĎnŤ
⊤
n−1

(
A∗

n−1

)−1
Ďn


B̌n−1

Bn


=

(A∗
n−1

)−1
B̌n−1+

(
A∗

n−1

)−1
Ťn−1ĎnŤ

⊤
n−1

(
A∗

n−1

)−1
B̌n−1−

(
A∗

n−1

)−1
Ťn−1ĎnBn

−ĎnŤ
⊤
n−1

(
A∗

n−1

)−1
B̌n−1 + ĎnBn

,
(A∗

n)
−1Uβ =

(A∗
n−1

)−1
+
(
A∗

n−1

)−1
Ťn−1ĎnŤ

⊤
n−1

(
A∗

n−1

)−1 −
(
A∗

n−1

)−1
Ťn−1Ďn

−ĎnŤ
⊤
n−1

(
A∗

n−1

)−1
Ďn


Ǔn−1

Uβn


=

(A∗
n−1

)−1
Ǔn−1+

(
A∗

n−1

)−1
Ťn−1ĎnŤ

⊤
n−1

(
A∗

n−1

)−1
Ǔn−1−

(
A∗

n−1

)−1
Ťn−1ĎnUβn

−ĎnŤ
⊤
n−1

(
A∗

n−1

)−1
Ǔn−1 + ĎnUβn

.
Note that in the (A∗

n)
−1B and (A∗

n)
−1Uβ,

(
A∗

n−1

)−1
Ťn−1,

(
A∗

n−1

)−1
B̌n−1,

(
A∗

n−1

)−1
Ǔn−1, and

Ďn are computed from previous iteration incrementally. Denote

A∗
m=

A∗
m−1 Ťm−1

Ť⊤
m−1 Dm

, B̌m =

 B̌m−1

Bi

 , Dm=Am + S + T,

Ťm−1=1m ⊗ T, Ďm=
(
Dm − Ť⊤

m−1

(
A∗

m−1

)−1
Ťm−1

)−1

,

155



for m = 2, . . . , n and set Ť1 = T , B̌1 = B1. Then

(A∗
m)

−1Ťm =

(A∗
m−1

)−1
+
(
A∗

m−1

)−1
Ťm−1ĎmŤ

⊤
m−1

(
A∗

m−1

)−1 −
(
A∗

m−1

)−1
Ťm−1Ďm

−ĎmŤ
⊤
m−1

(
A∗

m−1

)−1
Ďm


Ťm−1

T


=

(A∗
m−1

)−1
Ťm−1+

(
A∗

m−1

)−1
Ťm−1ĎmŤ

⊤
m−1

(
A∗

m−1

)−1
Ťm−1−

(
A∗

m−1

)−1
Ťm−1ĎmT

−ĎmŤ
⊤
m−1

(
A∗

m−1

)−1
Ťm−1 + ĎmT

,
(A∗

m)
−1B̌m =

(A∗
m−1

)−1
+
(
A∗

m−1

)−1
Ťm−1ĎmŤ

⊤
m−1

(
A∗

m−1

)−1 −
(
A∗

m−1

)−1
Ťm−1Ďm

−ĎmŤ
⊤
m−1

(
A∗

m−1

)−1
Ďm


B̌m−1

Bm


=

(A∗
m−1

)−1
B̌m−1+

(
A∗

m−1

)−1
Ťm−1ĎmŤ

⊤
m−1

(
A∗

m−1

)−1
B̌m−1−

(
A∗

m−1

)−1
Ťm−1ĎmBm

−ĎmŤ
⊤
m−1

(
A∗

m−1

)−1
B̌m−1 + ĎmBm

,
(A∗

m)
−1Ǔm =

(A∗
m−1

)−1
+
(
A∗

m−1

)−1
Ťm−1ĎmŤ

⊤
m−1

(
A∗

m−1

)−1 −
(
A∗

m−1

)−1
Ťm−1Ďm

−ĎmŤ
⊤
m−1

(
A∗

m−1

)−1
Ďm


Ǔm−1

Uβm


=

(A∗
m−1

)−1
Ǔm−1+

(
A∗

m−1

)−1
Ťm−1ĎmŤ

⊤
m−1

(
A∗

m−1

)−1
Ǔm−1−

(
A∗

m−1

)−1
Ťm−1ĎmUβm

−ĎmŤ
⊤
m−1

(
A∗

m−1

)−1
Ǔm−1 + ĎmUβm

.
Similarly, we could apply alternating and incremental scheme to update the parameter

β̃. Let Ũ =

 Ũ
β̃

ŨΛ

, where ŨΛ =

[
Ũu Ũλ2 Ũλ4 Ũλ5

]⊤
, Ũ

β̃
is n(d + 1)× 1 vector, and

ŨΛ is 4× 1 vector. Then our updating formula for the parameter
(
β̃

⊤
, Λ̃⊤

)⊤
is

 ̂̃β̂̃
Λ


t+1

=

 ̂̃β̂̃
Λ


t

+
lr

t


(
Ã∗

n

)−1

Ũ
β̃
+
(
Ã∗

n

)−1

B̃K̃−1C̃
(
Ã∗

n

)−1

Ũ
β̃
−
(
Ã∗

n

)−1

B̃K̃−1ŨΛ

−K̃−1C̃
(
Ã∗

n

)−1

Ũ
β̃
+ K̃−1ŨΛ

 .

(
Ã∗

n

)−1

Ũ
β̃
and

(
Ã∗

n

)−1

B̃ both need to be incrementally computed. Their row dimension

increases by d + 1 for each iteration. K̃−1 has to be computed in the end after all columns

have been visited. The incremental nature requires much large memory usage compared to

the algorithm in section 6.1.
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6.3 Alternating Tweedie regression with quadratic con-

straints: version 19-6

In previous section, one serious obstacle is that the T submatrix appears in all blocks,

including diagonal and off-diagonal blocks. Here we consider different objective functions as

the subtasks of the alternating scheme under the same settings as in previous section 6.2.

That is, assuming the log link function and the following constraints:

log µij = w⊤
i w̃j + bi + b̃j + u, i, j = 1, · · · , n; wi, w̃j ∈ Rd

s.t.

(
n∑

i=1

bi

)2

= 0,

(
n∑

j=1

b̃j

)2

= 0,
n∑

i=1

M2
i = 0,

n∑
j=1

M̃2
j = 0,

where Mi =
n∑

j=1

w⊤
i w̃j, and M̃j =

n∑
i=1

w⊤
i w̃j.

Instead of using Lagrange multiplier on all constraints in the overall objective function

H∗ =
n∑

i=1

n∑
j=1

ℓij +
λ1

2

(
n∑

i=1

bi

)2

+
λ2

2

(
n∑

j=1

b̃j

)2

+
λ3

2

n∑
j=1

M2
i +

λ4

2

n∑
i=1

M̃2
j

= H0 +H1 +H2 +H3 +H4,

where λ1, λ2, λ3, λ4 < 0, we consider only part of the objective function during each stage

of the alternating scheme. Specifically, let

H = H0 +H1 +H3 and H̃ = H0 +H2 +H4.

Then, we alternately optimize H with respect to wi, bi, u, λ1, λ3 and H̃ with respect to
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w̃j, b̃j, u, λ2, λ4. For computing the score vector,

∂H3

∂wi1k

=
∂H3

∂Mi

· ∂Mi

∂wi1k

= λ3

n∑
j=1

Mi

n∑
j=1

w̃jk · I(i = i1) = λ3Mi1

n∑
j=1

w̃jk,

∂H4

∂w̃j1k

=
∂H4

∂M̃j

· ∂M̃j

∂w̃j1k

= λ4

n∑
i=1

M̃j ·
n∑

j=1

wik · I (j = j1) = λ4M̃j1

n∑
j=1

wik.

The first order partial derivatives are

∂H

∂wi1k

=
n∑

i=1

n∑
j=1

∂ℓij
∂wi1k

+ λ3Mi1

n∑
j=1

w̃jk, (6.3.1)

∂H

∂bi1
=

n∑
i=1

n∑
j=1

∂ℓij
∂bi1

+ λ1

n∑
i=1

bi, (6.3.2)

∂H

∂u
=

n∑
i=1

n∑
j=1

∂ℓij
∂u

,

∂H

∂λ1

=
1

2

(
n∑

i=1

bi

)2

,
∂H

∂λ3

=
1

2

n∑
i=1

M2
i .

We estimate λ̂1 and λ̂3 as in previous sections 6.1 and 6.2 by setting equations (6.3.1) and

(6.3.2) to zero respectively for all rows. Then we obtain

λ̂1 = −

(
n

n∑
i=1

bi

)−1 n∑
i=1

n∑
j=1

∂ℓij
∂bi

,

λ̂3 = −

(
n∑

i=1

Mi

n∑
j=1

w̃⊤
j

)−1 n∑
j=1

w̃⊤
j

n∑
i=1

n∑
j=1

∂ℓij
∂wi

.

To estimate other unknown quantities with alternating scheme, consider the second order
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partial derivatives

∂2H

∂wi1k∂wi2r

=
n∑

i=1

n∑
j=1

∂2ℓij
∂wi1k∂wi2r

+ λ3

n∑
j=1

w̃jr

n∑
j=1

w̃jk · I(i1 = i2),

=⇒ −E
[

∂2H

∂wi1k∂wi2r

]
= −E

[
n∑

i=1

n∑
j=1

∂2ℓij
∂wi1k∂wi2r

]
− λ3

n∑
j=1

w̃jr

n∑
j=1

w̃jk · I(i1 = i2).

∂2H

∂wi1k∂bi2
=

n∑
i=1

n∑
j=1

∂2ℓij
∂wi1k∂bi2

,
∂2H

∂λ2
1

=
∂2H̃

∂λ2
2

=
∂2H

∂λ2
3

=
∂2H̃

∂λ2
4

= 0,

∂2H

∂bi1∂bi2
=

n∑
i=1

n∑
j=1

∂2ℓij
∂bi1∂bi2

+λ1, =⇒ −E
[

∂2H

∂bi1∂bi2

]
=−E

[
n∑

i=1

n∑
j=1

∂2ℓij
∂bi1∂bi2

]
− λ1.

∂2H

∂u2
=

n∑
i=1

n∑
j=1

∂2ℓij
∂u2

, =⇒ −E
[
∂2H

∂u2

]
=

n∑
i=1

n∑
j=1

µ
2−pij
ij

ϕij

.

∂2H

∂wi1k∂u
=

n∑
i=1

n∑
j=1

∂2ℓij
∂wi1k∂u

=
n∑

i=1

n∑
j=1

∂2ℓij
∂u2

w̃jk · I (i = i1) ,

=⇒ −E
[

∂2H

∂wi1k∂u

]
=

n∑
j=1

µ
2−pi1j
i1j

ϕi1j

· w̃jk.

∂2H

∂wi1k∂λ1

=
n∑

i=1

n∑
j=1

∂2ℓij
∂wi1k∂λ1

= 0, qquad
∂2H

∂bi1∂λ3

= 0,

∂2H

∂wi1k∂λ3

=
n∑

i=1

n∑
j=1

∂2ℓij
∂wi1k∂λ3

+Mi1

n∑
j=1

w̃jk = Mi1

n∑
j=1

w̃jk,

=⇒ −E
[

∂2H

∂wi1k∂λ3

]
= −Mi1

n∑
j=1

w̃jk.

∂2H

∂bi1∂u
=

n∑
i=1

n∑
j=1

∂2ℓij
∂bi1∂u

=
n∑

i=1

n∑
j=1

∂2ℓij
∂u2

· I (i = i1) ,

=⇒ −E
[

∂2H

∂bi1∂u

]
=

n∑
j=1

µ
2−pi1j
i1j

ϕi1j

.

∂2H

∂bi1∂λ1

=
n∑

i=1

n∑
j=1

∂2ℓij
∂bi1∂λ1

+
n∑

i=1

bi =
n∑

i=1

bi,

=⇒ −E
[

∂2H

∂bi1∂λ1

]
= −

n∑
i=1

bi.
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Let

R =

 A B

C D

 , βi =
(
w⊤

i , bi
)⊤

, β =
(
β⊤

1 ,β
⊤
2 , · · · ,β⊤

n

)

where A = Diag [Ai, i = 1, . . . , n] is n(d+ 1) dimensional square matrix with

Ai = −E

{
n∑

i1=1

n∑
j=1

∂2ℓi1j

∂βi∂β
⊤
i

}
+ S, (6.3.3)

and S has (r, k)th entry srk as

srk =


λ3

∑n
j=1 w̃jr

∑n
j=1 w̃jk for r = 1, . . . , d; k = 1, . . . , d

0, if max(r, k) = d+ 1,min(r, k) < d+ 1

λ1, if r = k = d+ 1

.

A−1 = Diag
[
A−1

i , i = 1, . . . , n
]
, A is n(d+ 1) dimensional square matrix.

B =



B1

B2

...

Bn


, Bi is (d+ 1)× 3 matrix. Then B is n(d+ 1)× 3 matrix.

Bi =

 −E
[

∂2H
∂wi∂u

]
−E

[
∂2H

∂wi∂λ1

]
−E

[
∂2H

∂wi∂λ3

]
−E

[
∂2H
∂bi∂u

]
−E

[
∂2H

∂bi∂λ1

]
−E

[
∂2H

∂bi∂λ3

]
 .

C = B⊤, D = Diag

{
−E

[
∂2H

∂u2

]
, 0, 0

}
3×3

. (6.3.4)
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Let K = D − CA−1B. If K is invertible, then from Lu and Shiou 2002

R−1 =

 A−1 + A−1BK−1CA−1 −A−1BK−1

−K−1CA−1 K−1

 .

Let U =

 Uβ

UΛ

 where UΛ =

[
Uu Uλ1 Uλ3

]⊤
, Uβ is n(d + 1) × 1 vector, UΛ is 3 × 1

vector. Then our updating formula for parameter
(
β⊤,Λ⊤)⊤ is

 β̂

Λ̂


t+1

=

 β̂

Λ̂


t

+
lr

t
R−1U

=

 β̂

Λ̂


t

+
lr

t

 A−1 + A−1BK−1CA−1 −A−1BK−1

−K−1CA−1 K−1


 Uβ

UΛ


=

 β̂

Λ̂


t

+
lr

t

 A−1Uβ + A−1BK−1CA−1Uβ − A−1BK−1UΛ

−K−1CA−1Uβ +K−1UΛ

 .

Each term in the updating formula is exactly the same as their counterpart in section 6.1

except the components of the matrix A is augmented as in (6.3.3).

Working with the column data while treating w and b as fixed, the partial derivatives

are

∂H̃

∂w̃j1k

=
n∑

i=1

n∑
j=1

∂ℓ̃ij
∂w̃j1k

+ λ4M̃j1

n∑
i=1

wik,

∂H̃

∂b̃j1
=

n∑
i=1

n∑
j=1

∂ℓ̃ij

∂b̃j1
+ λ2

n∑
i=1

b̃j,

∂H̃

∂λ2

=
1

2

(
n∑

j=1

b̃j

)2

,
∂H̃

∂λ4

=
1

2

n∑
j=1

M̃2
j .
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Setting the first two equations to zero for all j1 to solve for the estimate of λ2 and λ4 yields

λ̂2 = −

(
n

n∑
j=1

b̃j

)−1 n∑
i=1

n∑
j=1

∂ℓ̃ij

∂b̃j
,

λ̂4 = −

(
n∑

j=1

M̃j

n∑
i=1

w⊤
i

)−1 n∑
i=1

w⊤
i

n∑
i=1

n∑
j=1

∂ℓ̃ij
∂w̃j

.

The following second order partial derivatives are needed to compute the updated parameter

estimates:

∂2H̃

∂w̃j1k∂w̃j2r

=
n∑

i=1

n∑
j=1

∂2ℓ̃ij
∂w̃j1k∂w̃j2r

+ λ4

n∑
i=1

wir

n∑
i=1

wik · I(j1 = j2),

=⇒ −E

[
∂2H̃

∂w̃j1k∂w̃j2r

]
= −E

[
n∑

i=1

n∑
j=1

∂2ℓ̃ij
∂w̃j1k∂w̃j2r

]
− λ4

n∑
i=1

wir

n∑
i=1

wik · I(j1 = j2).

∂2H̃

∂w̃j1k∂b̃j2
=

n∑
i=1

n∑
j=1

∂2ℓ̃ij

∂w̃j1k∂b̃j2
,

∂2H̃

∂b̃j1∂b̃j2
=

n∑
i=1

n∑
j=1

∂2ℓ̃ij

∂b̃j1∂b̃j2
! +λ2, =⇒ −E

[
∂2H̃

∂b̃j1∂b̃j2

]
=−E

[
n∑

i=1

n∑
j=1

∂2ℓ̃ij

∂b̃j1∂b̃j2

]
−λ2.

∂2H̃

∂w̃j1k∂λ2

=
n∑

i=1

n∑
j=1

∂2ℓ̃ij
∂w̃j1k∂λ2

= 0,
∂2H̃

∂b̃j1∂λ4

= 0.

∂2H̃

∂w̃j1k∂λ4

=
n∑

i=1

n∑
j=1

∂2ℓ̃ij
∂w̃j1k∂λ4

+ M̃j1

n∑
i=1

wik = M̃j1

n∑
j=1

wik,

=⇒ −E

[
∂2H̃

∂w̃j1k∂λ4

]
= −M̃j1

n∑
j=1

wik.

∂2H̃

∂b̃j1∂λ2

=
n∑

i=1

n∑
j=1

∂2ℓ̃ij

∂b̃j1∂λ2

+
n∑

j=1

b̃j =
n∑

j=1

b̃j, =⇒ −E

[
∂2H̃

∂b̃j1∂λ2

]
= −

n∑
j=1

b̃j.
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Let Ũ =

 Ũ
β̃

ŨΛ

 where ŨΛ =

[
Uu Ũλ2 Ũλ4

]⊤
. The updating equation is

 ̂̃
β̂̃
Λ


t+1

=

 ̂̃
β̂̃
Λ


t

+
lr

t
R−1Ũ

=

 ̂̃
β̂̃
Λ


t

+
lr

t

 Ã−1 + Ã−1B̃K̃−1C̃Ã−1 −Ã−1B̃K̃−1

−K̃−1C̃Ã−1 K̃−1


 Ũ

β̃

ŨΛ̃


=

 ̂̃
β̂̃
Λ


t

+
lr

t

 Ã−1Ũ
β̃
+ Ã−1B̃K̃−1C̃Ã−1Ũ

β̃
− Ã−1B̃K̃−1ŨΛ̃

−K̃−1C̃Ã−1Ũ
β̃
+ K̃−1ŨΛ̃

 ,

where Ã = Diag
[
Ãi, i = 1, . . . , n

]
is n(d+ 1)

Ãi = −E

{
n∑

i1=1

n∑
j=1

∂2ℓi1j

∂β̃i1∂β̃
⊤
i1

}
+ S̃, (6.3.5)

and S̃ has (r, k)th entry s̃rk as

s̃rk =


λ4

∑n
i=1 wir

∑n
i=1 wik for r = 1, . . . , d; k = 1, . . . , d,

0, if max(r, k) = d+ 1,min(r, k) < d+ 1,

λ2, if r = k = d+ 1

.

B̃ =
[
B̃⊤

1 , B̃⊤
2 , · · · , B̃⊤

n

]⊤
is an n(d+ 1)× 3 matrix with

B̃i =

[
−E

[
∂2H

∂β̃i∂u

]
− E

[
∂2H

∂β̃i∂λ2

]
− E

[
∂2H

∂β̃i∂λ4

]]
,

and C̃ = B̃⊤, K̃ = D − C̃Ã−1B̃, with D was defined in (6.3.4).

Compared to the version in section 6.2, the A−1 and Ã−1 here can be computed directly
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because A and Ã are block-diagonal matrices.

Numerical performance of these different versions of algorithms will be discussed in the

forthcoming chapter.
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Chapter 7

Numerical evaluation of the proposed

algorithms for word embedding and

applications to NLP tasks

Previously we have planned to use the same vocabulary size of 400,000 as GloVe to learn

word embeddings using a Wikipedia dump data. The January 2022 Wikipedia dump has

around 4 billion tokens. We encountered more trouble than we expected during preprocess-

ing of the compressed text and converting the raw text data into co-occurrence counts. We

exploited the computational techniques described in Chapter 5. At the stage of combining

the co-occurrence counts from 62 enormous sized databases into smaller number of databases,

we had serious trouble because Beocat constantly preempted some of the running processes

and restarted them as new processes. The trouble happens when each submitted job incre-

mentally takes a large chunk of data from a database to summarize and write into another

databases. Many processes ran parallelly together on one task. When preemption happened,

the re-run processes were restarted to continue writing into the new databases. The content

includes both the already completed part before the preemption and those that have not

been summarized and written out previously. We tried many times to re-run the code but
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never had any of the submission executed successfully to complete without preemption. This

leads to repeated co-occurrence counts to part of the data. Each time of resubmitting the

job, it takes weeks to run. In the end, we feel that we can not trust the final combined

database. Instead, we decided to use smaller vocabulary size. Rather than using words to

form the vocabulary, we chose to use WordPiece tokens, which has the potential to alleviate

problems with rare or unseen words.

The WordPiece tokenizer of Wu et al. 2016 divides words into a limited set of common

subword units referred as wordpieces. This tokenizer was used in BERT (Devlin et al.

2018) to tokenize words into subword tokens. We adopted the same tokenizer. The most

commonly used BERT base uncased version has 30,522 WordPiece tokens. Removing some

international characters leads to 26,531 tokens for us to use. With WordPiece tokenization,

the word ‘cucumber’ is broken into the sequence of characters ‘cu’, ‘##cum’, ‘##ber’,

where ## indicates that the character is a middle part of the word. We tokenized the

entire training corpus with this tokenizer and obtained token-token co-occurrence counts

(Xij) based on our definition

Xij =


∑

s ∈ all sentences 1/dij(s), if dij(s) ≤ k

0, otherwise

where dij(s) = separation between token i and token j in sentence s, k is pre-determined

window size 10. The sparse entries of the co-occurrence counts were stored in a sqlite

database for model training.

With these 26,531 tokens in our vocabulary, we are able to carry out the model estimation

for the SA-Tweedie models described in Chapters 4 and 6. The model in Chapter 4 are

referred as version 19-3 in further discussions. Those in Chapter 6 are referred as versions

19-4, 19-5, and 19-6, respectively. The calculation details are similar to those described in

Chapter 5 except that the units are WordPiece tokens instead of words.
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7.1 Numerical performance on algorithm convergence

behavior

In this subsection, we present the result of SA-Tweedie model fitting and estimation using

the Wikipedia dump data. The dataset and preprocessing were described in Chapter 5.

The SA-Tweedie model was applied to the log(co-occurrence count+1) of token-token

pairs in the entire Wikipedia dump data. The reason that we decide to use log count is

because the skewness of the raw counts are too big to be modeled well. From the co-

occurrence matrix, we explored the raw count data in each row to compute the sample

skewness. The histogram of the sample skewnesses from different rows are given in the left

panel in Figure 7.1. We can see that most of the skewness values are much larger than 40. It

is very difficult to model the data if the skewness is over six. The log-counts seems to have

sample skewness values mostly within 6. Even after log-transformation, the data in most of

the rows are still very skewed (see Figure 7.2 for histogram of some randomly selected rows)

and have plenty of zero observations. For this reason, we decided to model the log-counts

using the alternating Tweedie regression model we proposed in Chapters 4 and 6.
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Figure 7.1: Histogram of skewness for each row in raw co-occurrence count matrix (left

panel) and the log co-occurrence count (right panel) constructed from Wikipedia dump.
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Figure 7.2: Histogram of co-occurrence count after log transformation. The index i indicates

row index in the co-occurrence matrix. 18 rows are randomly selected.

Recall that in Chapter 4, we defined our objective loss function as

Loss(β, β̃) = −
n∑

i=1

n∑
j=1

(yijθij − κ(θij)). (7.1.1)

This loss is in fact the main part of the deviance loss function in Tweedie regression since

it changes with the model parameter β and β̃ while the remaining term in the deviance is

fixed for given pij’s and observed yij’s. Note that the deviance loss is given by

Deviance loss = 2

(
n∑

i=1

n∑
j=1

y
2−pij
ij

(1− pij)(2− pij)
− yijθij + κ(θij)

)
.

The value of the constant term
∑n

i=1

∑n
j=1

y
2−pij
ij

(1−pij)(2−pij)
= 8.9043 × 108 stays fixed for fixed
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pij’s and observed yij’s. This value represents the major part in the loglikelihood function

under the saturated model that each observation has its own mean. Its value gives us an

idea of the magnitude of our loss function defined in equation (7.1.1).

We use relative convergence criteria on the loss function by checking if the magnitude of

change in the loss function compared to the absolute value of current loss function is less

than a predefined threshold. In computation, we set the convergence threshold as ϵ = 10−4

and the maximum number of iterations (maxit) was set to be 100. That is, the model is

said to be converged if the relative change in Loss below is less than 10−4.

Relative change in Loss =
|Loss(β(t+1), β̃

(t+1)
)− Loss(β(t), β̃

(t)
)|

|Loss(β(t+1), β̃
(t+1)

)|+ 0.1
. (7.1.2)

For the models with constraints given in Chapter 6, we add the parameter constraints in

the loss function in (7.1.1). Then the relative convergence criteria is used to assess whether

the model has converged.

Figures 7.3, 7.4, and 7.5 present the loss curves from training the 19-3, 19-4, and 19-6

versions of the algorithms. The loss function of the 19-3 version behave nicely in that it

drastically goes down in very few iterations. The loss functions maintained a monotone

decreasing trend for all embedding dimensions. The algorithm for d = 100 and d = 300

converged based on the relative convergence criterion. Upon convergence, the values of the

loss function are−8.2186×108 and−8.3284×108 for d = 100 and d = 300, respectively. Their

relative loss change values are 9.7895 × 10−5 and 9.4375 × 10−5, respectively. The d = 768

case has not converged yet during the writing. The current loss value is −8.3812×108, which

gives the relative loss change value 0.0011.

The version 19-4 of the algorithm in Figure 7.4 oscillates back and forth like the trajectory

of a pendulum. The magnitude of the loss decreases as the iteration increases slowly. This

happens because the linear constraints in the objective function does not have a control of

the direction. Consequently, the algorithm repeatedly corrects the change in the previous
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iteration. Currently the initial learning rate was set to be 0.5, which is the same as all the

other versions of the algorithms. With this learning rate, this version 19-4 algorithm might

converge over hundreds or thousands of iterations. For this algorithm, reducing the learning

rate may help the algorithm to converge faster.

The 19-5 version’s quadratic constraints were carried into both parts of the alternating

regression process. Even though it was a good intention but the greedy nature exhausted

the available memory allocated to the process. Consequently, there was no iteration ever

finished. The machine was busy swapping data between RAM and hard drive all the time.

Therefore, we were not able to proceed the training process of version 19-5.

The 19-6 version shown in Figure 7.5 shows drastic oscillation in the beginning of the

training process for both embedding dimensions 50 and 100. The embedding dimension 100

case quickly finds the right direction and starts to optimize the objective function mono-

tonically. For embedding dimension 50, however, the curve kept oscillates as the training

process moves on. But the magnitude of the oscillation reduces. This might be again due to

initial learning rate 0.5 being too large for the 50-dimensional case. One interesting point is

that we expected the higher dimensional vector to give lower loss. In this scenario, however,

the d = 50 case reached lower loss value than the d = 100 case after the 20th iteration even

though its loss curve is not monotone.
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Figure 7.3: Trajectory of the training process of version 19-3 of SA-Tweedie. Three different

embedding dimensions, 100, 300, and 768, are considered. The left panel shows the entire

training process. The right panel shows the details after the third iteration. The model

achieved much lower loss with higher embedding dimensions.
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Figure 7.4: Trajectory of the training process of the version 19-4 of the SA-Tweedie algo-

rithm. Two different embedding dimensions 50 and 100 were considered.
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Figure 7.5: Trajectory of the training process of version 19-6 of the SA-Tweedie algorithm.

Two embedding dimensions, 50 and 100, were considered.

7.2 Real data analysis using SA-Tweedie

7.2.1 Word similarity and word analogy

In this subsection, we illustrate applications of our pretrained word embeddings fromWikipedia

dump in some NLP tasks. We would like to use the cosine similarity between word embed-

ding vectors to find most similar words for a given word. For example, given a query word

‘billion’, we would like to return the top 10 words that have the highest cosine similarity.

We will compare the words returned by using SA-Tweedie and GloVe embeddings. The 10

words were chosen by the algorithm from the vocabulary that each algorithm was trained

on. The SA-Tweedie version 19-3 only has 26531 tokens. Even though it has the potential
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ability to give vector representation for unseen words by combining those from sub-word

tokens, we have not figured out an effective way to combine them yet. Some of the tokens

of SA-Tweedie’s vocabulary are sub-word tokens added with ##. For example, the word

‘cucumber’ does not exist in SA-Tweedie’s vocabulary. Instead, ‘cu’, ‘##cum’, ‘##ber’ are

in its vocabulary. Unfortunately, none of these tokens carry the meaning of cucumber. These

tokens won’t be helpful in word similarity or word analogy task since they are not full words.

Hence searching within the vocabulary would lead to no useful information. In this regard,

the small vocabulary size put SA-Tweedie in disadvantage for word analogy tasks compared

to those that has huge vocabulary sizes such as GloVe that has 400,000 tokens or Word2Vec

that has one million tokens. For this reason, we do not pursue large scale word analogy

analysis here. What we find in our experiment is that SA-Tweedie’s vector representations

could accurately find semantically similar words if they are in SA-Tweedie’s vocabulary. For

syntactic tasks such as “like is to unlike as certain is to ?”, SA-Tweedie may not do as

well because SA-Tweedie was trained with WordPiece tokens instead of extended collection

of words. For this particular example, SA-Tweedie returned ‘whereas’ and GloVe returned

‘furthermore’ as the closest answer. Neither of them is close to the correct answer ‘uncertain’.

More examples like these are listed in Table 7.1. Both GloVe and SA-Tweedie answered cor-

rectly for questions regarding city-nation, family, comparative, and past tense sections with

high accuracy. However, for opposite, plural, and superlative sections, both embeddings

answer incorrectly with relatively low accuracy. In general, both embeddings show good

performance at semantic related questions than those from syntactic in word analogy task.

Next we will illustrate the delicate difference between GloVe and SA-Tweedie with a few

more examples. Tables 7.2 and 7.3 list the top ten most similar words to ‘billion’, ‘kansas’,

‘south’, and ‘china’ returned from using GloVe and SA-Tweedie embeddings.

• For ‘billion’, most of the top words returned from both embeddings align with com-

mon sense. SA-Tweedie embedding captured more words in financial sectors such as

‘estimated’, ‘investment’, and ‘assets’ which frequently appear with the word ‘billion’.
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Answers
Given triplets GloVe SA-Tweedie

Correct

athens greece berlin germany germany
man king woman queen queen
strong stronger soft softer softer
jumping jumped running ran ran

Incorrect

like unlike certain furthermore whereas
banana bananas lion lambs beasts
big biggest tall tallest largest
big biggest tallest second-largest skyscraper

Table 7.1: Word analogy triplets (in first three columns) and the top answer return from
GloVe and SA-Tweedie. The first four examples received correct answers from both but the
last four examples received incorrect answers from both embedding methods except for ‘tallest’
from GloVe.

The two numbers 1.2 and 1.3 returned by GloVe are weird.

• For ‘kansas’, the words returned from both embeddings are mostly neighbor states in

the midwest. In GloVe’s result, four out of 10 are not states in the midwest (texas,

arizona, kan., colorado). Only one of those from SA-Tweedie is not a state in the

midwest. The similarity scores are very different. SA-Tweedie’s similarities are all

above 0.9, but GloVe’s are at most 0.7.

• For ‘south’, the top four returned words from SA-Tweedie are ‘south’, ‘north’, ‘west’,

and ‘east’, which are all directions. On the other hand, the top four returned words

from GloVe are ‘south’, ‘north’, ‘africa’, ‘korea’. Even though South Africa and South

Korea may appear together frequently, ‘africa’ and ‘korea’ do not represent the semantic

category of the word ‘south’.

• For ‘china’, the top two words returned from both embeddings are identical. The next

few top words from GloVe are a mix of cities and provinces. SA-Tweedie’s returned

top words are mostly at the same level, i.e. countries. Additionally, the similarities for

SA-Tweedie’s returned words are at least 0.8 while those from GloVe are all less than

0.8 except for the word china itself.
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Top 10 most similar words to ‘billion’ Top 10 most similar words to ‘kansas’

Rank GloVe SA-Tweedie GloVe SA-Tweedie

Words Similarity Words Similarity Words Similarity Words Similarity

1 billion 1.00 billion 1.00 kansas 1.00 kansas 1.00

2 million 0.80 million 0.84 missouri 0.70 oklahoma 0.94

3 trillion 0.77 dollars 0.80 oklahoma 0.68 missouri 0.93

4 dollars 0.76 estimated 0.77 texas 0.64 iowa 0.92

5 $ 0.70 percent 0.76 nebraska 0.63 minnesota 0.92

6 dlrs 0.68 investment 0.76 minnesota 0.61 illinois 0.92

7 euros 0.68 millions 0.75 arizona 0.58 nebraska 0.92

8 worth 0.66 $ 0.74 iowa 0.57 indiana 0.91

9 1.2 0.66 assets 0.72 kan. 0.56 arizona 0.90

10 1.3 0.66 cost 0.72 colorado 0.56 ohio 0.90

Table 7.2: Top 10 most similar words to ‘billion’ and ‘kansas’ based on cosine similarity of

word vectors from GloVe and SA-Tweedie.
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Top 10 most similar words to ‘south’ Top 10 most similar words to ‘china’

Rank GloVe SA-Tweedie GloVe SA-Tweedie

Words Similarity Words Similarity Words Similarity Words Similarity

1 south 1.00 south 1.00 china 1.00 china 1.00

2 north 0.81 north 0.97 chinese 0.79 chinese 0.89

3 africa 0.69 west 0.96 beijing 0.77 japan 0.86

4 korea 0.66 east 0.94 taiwan 0.68 korea 0.86

5 southern 0.63 western 0.88 shanghai 0.62 india 0.85

6 east 0.62 united 0.88 mainland 0.62 hong 0.84

7 west 0.62 central 0.87 guangdong 0.61 taiwan 0.83

8 korean 0.61 northern 0.87 tibet 0.58 asia 0.83

9 african 0.60 southern 0.87 hong 0.58 europe 0.83

10 southeast 0.58 city 0.86 kong 0.57 america 0.81

Table 7.3: Top 10 most similar words to ‘south’ and ‘china’ based on cosine similarity of

word vectors from GloVe and SA-Tweedie.

For these returned words, we projected the word vectors onto the first two principal

components. They are shown in Figure 7.6 for GloVe and Figure 7.7 for SA-Tweedie. The

cosine similarity between words is reflected by the angle between the two vectors formed with

the origin, which is shown as the intersection point of the two blue lines. Those returned by

SA-Tweedie are aligned tightly on similar vector directions. On the other hand, those from

GloVe have bigger angles for its returned words similar to ‘china’ and ‘south’. This shows

that GloVe has trouble to capture the relationship among these words.

7.2.2 IMDB sentiment analysis

In this subsection, we present an analysis of binary text classification task on famous bench-

mark movie review data (IMDB data) from Stanford. They constructed a collection of 50,000
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Figure 7.6: The top 10 most similar words to ‘billion’, ‘kansas’, ‘south’, and ‘china’ returned
by GloVe are projected on to the first two principal components.

reviews from IMDB. Each movie review has no more than 30 reviews. The dataset consist

of even number of positive and negative reviews for both training and test set. The training

and test set both have 25,000 reviews respectively. They considered only highly polarized

reviews: a negative review has a score below 4 out of 10, and a positive review has a score

above 7 out of 10. The dataset does not contain neutral reviews.

To analyze the data, we first conducted data cleaning. Common abbreviations were

replaced by plain words such as ‘omg’ to ‘oh my god’, ‘lol’ to ‘laugh out loud’. HTML tags,
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Figure 7.7: The top 10 most similar words to ‘billion’, ‘kansas’, ‘south’, and ‘china’ returned
by SA-Tweedie are projected on to the first two principal components.

emojis, and punctuations are removed from raw reviews to get better quality of sentiment

from text reviews. After cleaning the reviews, we split the given training set to training

and validation set with the ratio of 7 to 3, which are for fitting and optimizing a model

via parameter tuning, respectively. While splitting, we tried to preserve equal number of

positive and negative reviews. Consequently, we have a training set consists of total 17,500

reviews with 8,748 negative and 8,752 positive reviews. The validation set has total 7,500

reviews with 3,752 negative and 3,748 positive reviews.

179



We further preprocessed the texts. The keras.preprocessing.text.Tokenizer is used to

tokenize the reviews. Afterward, the distribution of the number of words in every review

was obtained to determine how many tokens will be fed into a model during the training

process. The number of word counts has a highly skewed distribution (see figure 7.8). We

adopted 80th percentile 318 as maximum input length in a model. Majority of reviews have

less than 318 word counts. Such reviews were padded with zeros to reach the common

length. This is because each review will be represented by a matrix of dimension 318 by 300.

Carrying such big matrices around is memory inefficient. Instead, a vocabulary is created

and each movie review text is converted to a sequence of indices that point to the locations

of the tokens in the vocabulary. The vocabulary for this specific task was defined as the

most frequent 10,000 words from the reviews in the training dataset.
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Figure 7.8: The histogram of word count in individual review.

We adopted the Bidirectional Long Short-Term Memory (BiLSTM) model as a classifier.

BiLSTM model was popularly used in NLP field before Transformer-based models came out

since it could capture the context of the given text sequence by utilizing long and short term

180



memory in a bidirectional way. Unlike its predecessor RNN model which uses only short term

memory, BiLSTM could more efficiently capture the context of a long sequence. BiLSTM

is a relatively compact model compare to Transformer based models, such as BERT, which

have a lot of layers in them. Hence, BiLSTM is frequently used in token based language

models. The architecture of the model contains the following components sequentially:

• embedding layer (10,000 by d): d-dimensional random embedding with data from

uniform (-0.05, 0.05), or pretrained SA-Tweedie or GloVe embedding, where d=100,

300, or 768 (if available);

• one layer of bidirectional LSTM (hidden dimension 512);

• GlobalMaxPool1D layer for global max pooling operation to downsample by taking

the maximum value within each row;

• Densely-connected linear layer followed by a rectified linear unit (ReLU) activation

(output dimension=256);

• Densely-connected linear layer with softmax activation (output dimension=2).

The model parameters were updated using the Adam optimizer with default learning rate

0.001. The learning rate was adjusted by a factor of 0.2 using ReduceLROnPlateau when

there is no improvement in validation loss for consecutive two epochs. The training loop will

check at the end of every epoch whether the loss is no longer decreasing. When the number

of epochs with no improvement reaches two, the training process stops. The best estimates

of model parameters are taken to be those that give the minimum validation loss. Then the

resulting model is applied to the test data to predict review sentiment.
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Figure 7.9: The typical trajectory of training and validation loss from text classification task

on IMDB dataset. Top panel: GloVe embedding with fine-tuning; middle panel: SA-Tweedie

embedding with fine-tuning; bottom panel: random embedding with fine-tuning.

Figure 7.9 shows the typical trajectory of the training process. The training loss reduces
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until the model stops training according to the stopping criterion for all three cases. The

BiLSTM model captures a lot of information about the data and takes very few epochs

to show overfitting if the training process does not stop. In Figure 7.9, the minimum of

validation loss is achieved at epoch one for GloVe and SA-Tweedie embeddings, but the

random embedding achieved the minimum at epoch 2 with larger loss value.

There are negative and positive reviews. For each category of the reviews, positive (pos)

or negative (neg), we compute precision and recall rate for each algorithm applied to the test

data. The precision and recall are defined as follows. Consider any category of interest, for

example, the positive review category, the precision and recall for this category are computed

as

precision =
TP

TP + FP
, recall =

TP

TP + FN
,

where TP refers to the number of true positive reviews, FP refers to the number of negative

reviews predicted to be positive, and FN refers to the number of positive reviews predicted

to be negative. The F1 score is the harmonic mean of the precision and recall:

F1 score =

(
precision−1 + recall−1

2

)−1

.

Table 7.4 presents the prediction results for the test data after each model has been

trained with the training dataset. It can be seen that the random embedding has lower

prediction performance in precision, recall and F1-scores. This data set is a well balanced

binary classification data. Therefore, the F1 score is equal to the classification accuracy.

The GloVe and SA-Tweedie have comparable performance, with GloVe having slightly higher

accuracy. Figure 7.10 shows the loss and F1 scores for the three top performing settings under

each embedding. The training loss and training F-1 score curves exhibit similar monotone

pattern in all three panels as epoch increases. The validation loss curves have simple pattern

for the random and SA-Tweedie embedding but changed direction for the model with GloVe
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Category Precision Recall F1 score Support

Random
neg 87.03 88.11 87.57 12500
pos 87.96 86.86 87.41 12500
avg 87.49 87.49 87.49 25000

SA-Tweedie
neg 89.81 88.17 88.98 12500
pos 88.38 89.99 89.18 12500
avg 89.09 89.08 89.08 25000

GloVe
neg 89.43 89.44 89.44 12500
pos 89.44 89.43 89.44 12500
avg 89.44 89.44 89.44 25000

Table 7.4: Text classification performance on the IMDB test dataset. The global seed was
set to be 1111. These are the best performance for each embedding chosen from results with
hidden dim = 256, 512, 768, and embedding dimension d=100, 300, 768 with the exception
that GloVe does not have 768 dimensional embeddings available.

embedding. The F1 scores for GloVe and SA-Tweedie here are slightly higher than the best

results reported in the original paper (Maas et al. 2011) whose authors made the IMDB

dataset available to the public. Modern transformers and many models with complicated

architecture may have achieved even better results. But we refrain from resorting to those

complicated models because our purpose is to see how our proposed embedding can be

utilized in practice.
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Figure 7.10: Training trajectory of the best performed models in IMDB text classification

task. Top panel: random embedding achieved with embedding dimension 300 and hidden dimension

256; middle panel: SA-Tweedie embedding achieved with embedding dimension 768 concatenation

and hidden dimension 512 ; bottom panel: GloVe embedding achieved with embedding dimension

100 and hidden dimension 768. Test loss and F1 score are marked along with their value.
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7.2.3 Application to NER task on CoNLL-2003 data

In this section, we consider Named Entity Recognition (NER) task using the CoNLL-2003

English benchmark dataset. CoNLL-2003 is a collection of documents from Reuters newswire

articles. Each sentence in the dataset is annotated with nine categories representing the

beginning or inside of a named entity from four entity types: person, location, organization,

and miscellaneous. The nine categories are B-LOC, B-MISC, B-ORG, B-PER, I-LOC, I-

MISC, I-ORG, I-PER, O. The ‘O’ category is used for cases that do not belong to any of

the four entity types.

The authors of Pennington et al. 2014 presented their result of analysis for this dataset.

They used a comprehensive set of 437,905 discrete features that comes with the standard

distribution of the Stanford NER model (Finkel et al. 2005). In addition, they added 50-

dimensional vectors for each word of a five-word context as continuous features. With these

features as input, they trained a conditional random field (CRF) with exactly the same

setup as the CRFjoin model of Wang and Manning 2013. They reported F1-weighted score

93.2% and 88.3% on the validation and test set performance. In this subsection, we present

our result of using a simple BiLSTM model with GloVe, random embedding, or SA-Tweedie

embedding with 100 or 300 dimensional word vector representations. The GloVe performance

in this simple model (around 88% on test set) concurs with the numbers reported by Wang

and Manning 2013 as described above. The simple model with SA-Tweedie embedding

achieved over 91% in F1-weighted score for the test dataset.

For our analysis, the vocabulary was generated from the training data. It contains all

tokens with at least one count. The training and test data were both converted to lower

case. Note that lower or upper case letters do contribute to the NER task since many

named entities are in upper case letters. By converting to lower case letters, we increased

the difficulty level of the NER task.

We tried with a similar model architecture as used in the previous subsection (BiLSTM

+ GlobalMaxPool1D + Dense layer with ReLU + Dense layer with softmax activation).
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Unfortunately, these two datasets have very different nature. The IMDB data has more

tokens in each movie review and only two possible outcomes (pos or neg). This translated

to more information in the input variable and relatively easier task for the output prediction

since it is binary case. The NER task on CoNLL-2003 data, on the other hand, has generally

very short input text compared to the IMDB data. The output variable has 9 categories

which are highly unbalanced. The O class is the majority and many other classes have

very small number of observations. Such unbalanced multi-class classification is much more

challenging than the binary classification case.

For this task, we used a simpler version of bidirectional LSTM model using our token

embedding to perform the classification. The model architecture starts with an embedding

layer using the pre-trained token embedding from either SA-Tweedie or GloVe, followed by

a bidirectional dynamic RNN layer with variable input size padded to common length and

512 hidden units, a max pooling layer with output dimension 512, a linear layer with output

dimension 256 and relu activation, and then a linear activation layer at the end with output

dimension 9. The loss function was taken to be the cross entropy.

The model training used dataloader with batchsize = 256 to load the data. The tokens

and labels are padded to the same maximum length for all text data in the same batch.

Adam with lr =0.001 was used to conduct parameter update. No weight decay was used

(i.e. weight decay =0) and amsgrad = False. The maximum L2 norm of gradients w.r.t all

parameters were truncated (i.e. clipped) at 10% of the total norm.

15 epochs were trained to fine tune the embedding vectors and other model parameters.

Within the 15 epochs, the best model parameter estimates were chosen to be those that leads

to the smallest validation loss. GloVe often took 1 to 2 epochs to reach its best validation

loss. Random embedding took 7 to 8 epochs to reach its lowest validation loss. SA-Tweedie

took 4 to 5 epochs to reach its best validation loss. The model with the lowest validation

loss was then selected and applied to the test data.

The results with max pooling dimension 512 are presented in Table 7.5. The random
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Embedding Random GloVe SA-Tweedie
Seed 12 42 111 12 42 111 12 42 111
Epoch 5 8 7 2 2 2 5 5 4
Valid loss 0.231 0.234 0.214 0.932 0.910 0.870 0.194 0.183 0.189
Valid F1 B-LOC 32.51 33.41 33.08 33.01 33.09 32.14 33.69 33.40 33.01
Valid F1 B-MISC 15.64 16.15 15.75 15.10 14.54 14.28 16.20 15.71 16.05
Valid F1 B-ORG 20.37 20.16 21.19 19.62 17.55 19.57 19.47 21.2 21.33
Valid F1 B-PER 24.57 23.96 24.39 22.44 21.96 22.37 24.45 24.66 24.39
Valid F1 I-LOC 3.71 4.84 4.45 4.43 4.55 4.85 5.05 5.04 4.85
Valid F1 I-MISC 4.90 4.97 4.42 3.44 3.72 3.91 4.29 4.82 4.75
Valid F1 I-ORG 7.27 7.65 8.01 5.64 5.57 5.98 6.78 8.31 7.86
Valid F1 I-PER 17.18 18.69 18.76 11.73 11.88 11.99 17.92 19.00 17.81
Valid F1 O 93.36 93.27 93.76 95.47 95.40 95.50 96.38 96.23 96.41
Valid F1-weighted 93.22 93.61 94.09 93.13 92.87 93.13 94.85 95.14 95.01
Test loss 0.390 0.448 0.404 1.565 1.530 1.469 0.335 0.334 0.339
Test F1 B-LOC 28.07 27.75 27.92 27.92 28.15 27.49 27.46 27.16 26.91
Test F1 B-MISC 10.58 10.90 11.03 10.15 10.05 9.43 11.28 11.08 11.10
Test F1 B-ORG 22.73 23.06 24.11 20.68 18.21 20.26 22.64 24.48 24.89
Test F1 B-PER 17.73 17.28 17.48 13.81 13.64 13.90 17.00 17.30 16.40
Test F1 I-LOC 2.85 4.15 3.47 3.57 3.52 3.93 3.69 3.82 3.44
Test F1 I-MISC 2.53 2.57 2.43 2.04 2.20 2.21 2.46 2.65 2.75
Test F1 I-ORG 8.70 9.04 9.13 6.75 6.65 7.19 8.70 9.58 9.58
Test F1 I-PER 13.21 14.82 14.69 4.88 4.96 5.08 12.82 13.94 11.64
Test F1 O 89.00 88.28 89.18 93.72 93.75 93.67 95.15 94.33 95.33
Test F1-weighted 88.18 87.78 88.72 88.67 88.48 88.66 91.00 91.06 91.05

Table 7.5: Validation and test metrics using random, GloVe, or SA-Tweedie embedding for
NER task. Embedding dimension was 300 for all three methods, and used BiLSTM model
with max pooling output dimension 512. Seed: global seed set for random number generation
on both CPU and GPU. Epoch: the epoch number that validation loss reached the minimum.
Random embedding were generated from the uniform (-0.05, 0.05) as is the default setting
in Tensorflow Keras.

embedding and GloVe both achieved less than 94% in weighted F1 score on the validation

data and less than 89% in weighted F1 score on the test data. SA-Tweedie achieved around

95% on weighted F1 score on the validation data and 91% weighted F1 score on the test

data.

To get a sense of how good SA-Tweedie performs, we can compare it with the result

from BERT models. In the BERT models on the NER task, case-preserving WordPiece

models along with the maximal document context provided by the data were used to learn
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Dev F1 Test F1
Fine-tuning approach
BERT large 96.6 92.8
BERT base 96.4 92.4

Feature-based approach (BERT base)
Embeddings 91.0 -
Second-to-Last Hidden 95.6 -
Last Hidden 94.9 -
Weighted Sum Last Four Hidden 95.9 -
Concat Last Four Hidden 96.1 -
Weighted Sum All 12 Layers 95.5 -

Table 7.6: F1 score reported in Devlin et al. 2018 from various BERT model on NER task
of CoNLL-2003 data (Table 7 of Devlin et al. 2018). The fine-tuning approach takes the
representation of the first cased WordPiece sub-token of each word as the input and fine tune
the pretrained BERT as a classification task. The feature-based approach froze the parameters
from one or more layers of the pretrained BERT and used them as input to 768-dimensional
BiLSTM for the tagging task.

the context specific representation of words. The F1 score of various BERT models on the

validation and test set is given in table (7.6). Fine-tuning approach for both BERT large

and base model achieved F1 score on test set as 92.8 and 92.4 respectively. On the validation

set, BERT large and base showed F1 score 96.6 and 96.4 respectively. Note that BERT large

model has 24 hidden layers with 1024-dimensional embedding, and BERT base model has

12 hidden layers with 768-dimensional embedding. The total number of parameters is 345

million for BERT large model and 110 million for BERT base mode. In their feature-based

approach, which estimate only BiLSTM model parameters while keeping BERT parameters

fixed, the 768-dimensional BiLSTM used in BERT still has a lot more parameters than our

512-dimensional BiLSTM. Our simple one-layer BiLSTM model using SA-Tweedie embed-

ding with a max pooling layer has much less number of parameters. Keeping these model

complexity in mind, BiLSTM with pretrained SA-Tweedie embedding offers a shortcut to-

ward better performance while using a simpler model. Given the small architecture of our

model, both validation and test performance of SA-Tweedie are encouraging.

What we presented in this section are for one setting of the analysis. We also exper-

imented on some other model settings. In particular, we considered varying the model
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architecture a little bit by changing the max pooling output dimension. When max pooling

is used, we considered max pooling output dimension 256 and 512. When no max pooling is

used, we denote the max pooling dimension as 1024, which is equal to the output dimension

from the previous RNN layer. Further settings include differentiating capital versus lower

case letters by adding an additional dimension in the vector representation, for which the

value was taken to be the indicator of whether capital letters are present in the word. The

result varies for all embedding methods.

For SA-Tweedie, we also considered using the representation of only first piece of the

WordPiece tokens from any word as an alternative. For some words, the WordPiece tokenizer

splits one word into multiple pieces of tokens. The SA-Tweedie gives vector representation

for all pieces separately. In the end, the representation of the word need to either combine

the representation from different pieces or take just the representation of the first piece

alone. The authors of Devlin et al. 2018 presented results of NER analysis with BERT using

first piece token only. To combine the representation vectors from pieces to form a single

representation of the word, many methods have been explored in the literature (cf. Wu

et al. 2016 and the references therein). In general, some form of positional encoding is used

to preserve the relative location of the token in the word. The positional encoding is then

included along with the token representations throughout the model parameter estimation

process. What form of positional encoding to use is also an active research area in the NLP

community. See Dufter et al. 2021 for a survey of different positional encoding methods. We

used the simple form of positional encoding provided by Vaswani et al. 2017. That is, the

positional encoding is a matrix that has number of columns equal to the dimension of the

word representation. The number of rows is equal to the number of tokens from the word.

Suppose there are k WordPiece tokens and let pos enumerate the positions of the tokens in
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the word. The positional encoding for the ith column in the pos row is given by

PE(pos,2i) = sin
( pos

100002i/d

)
,

PE(pos,2i+1) = cos
( pos

100002i/d

)
,

where pos = 0, . . . , k − 1, i = 0, . . . , d/2. Generally, we see that the SA-Tweedie with only

first piece token performs better than using combination of the token pieces.

Figure 7.11 shows the comparison of performance from all three embedding methods.

For the NER task, the SA-Tweedie embedding gives the best results in that the overall

F1-weighted scores are consistently higher than those from GloVe and random embedding.

This pattern can be seen by directly comparing performance under the same seed and the

same lower case condition shown in Figure 7.11.
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Comparing F1−Weighted scores on NER Test Set under different settings with d = 300

Figure 7.11: Weighted F1 score on NER test set for different settings. All embeddings used

300-dimensional representations.

The random embedding even outperformed the GloVe embedding in this task. Further

investigation show that the model using GloVe embedding tend to quickly overfit (see Figure

7.12) in just a couple of epochs.
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Figure 7.12: Training and validation loss along with training and validation weighted F1

score for 15 epochs. Top row: random embedding with global seed 42. Middle row: GloVe

embedding with global seed 42. Bottom row: SA-Tweedie embedding with global seed 42. The

loss and weighted F1 score for test data are marked with cross marks with value given beside

them.
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In fact, majority of the GloVe cases show drastic overfit starting from the second epoch.

The random embedding starts with no information and then progresses little by little to

reduce the training loss until a certain point. The SA-Tweedie is in between the the two.

A few epochs of training and parameter updates still benefits the model with SA-Tweedie

embedding.

A slight surprise happens when we compare the models that convert all words to lower-

case letters with those that are cased. It is often thought that named entities tend to use

capital letters and therefore keeping capital letters may improve the performance. This is

the case with the random embedding. The middle two panels in Figure 7.11 show that the

extra information of capital versus lower case letters provides an additional boost to the

model using random embedding. On the other hand, the trend is opposite for GloVe or SA-

Tweedie embedding. We see a slight decay here in the performance of using capital letters

compared to the lower cases for both embedding methods. This tells that the embeddings

themselves already carried more information than what was provided in the extra column of

indicator variable of capital versus lower case letters. Instead of being beneficial, the single

extra dimension of indicator variable we added in the model served as a nuisance. To make

capital letters helpful in prediction, the embedding of the words with capital letters should

be learned during the whole training process instead of compensating at the end. We could

not take this direction for the dissertation due to time limitation. A more suitable approach

is to learn word embeddings for both capital and lower case words from the start but this

significantly increases the computational demand which requires access to many TPUs or

pods of GPUs for extended time access. In the current settings, SA-Tweedie using only first

piece token and lower case letters outperforms all other methods and settings.

We also examined different options of vector representations including using β alone,

using β̃ alone, concatenation of the β and β̃, and average of β and β̃. These settings were

solely experimented on SA-Tweedie embeddings since they are not available for the GloVe or

random embedding. Our experiments show that using β or β̃ alone appear to be sufficient
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and they give better results than using the average embeddings (results not shown). Figure

7.13 shows the weighted F1 score for the test set using embedding dimension d = 100.

Compared to the results with d = 300, all models exhibited slightly lower performance

in the d = 100 case. In this figure, we presented the results of using β or β̃ alone from

three different versions of SA-Tweedie. The 19 3 june17 and 19 3 june30 versions refer to

SA-Tweedie embedding obtained from Chapter 4. The dates refer to when the embeddings

were retrieved from the training process. In both cases, the model training process is close to

convergence but not converged yet. There were no constraints in those model parameters. As

we know the model without constraints on parameters could have many different solutions.

The 19 3 june17 and 19 3 june30 versions are just two of the many possible approximation

to the solutions. Their performance appear to be similar in some cases but each also has

its own value. For example, the 19 3 june17 version with β seems to have slightly lower

performance when the max pooling dimension is 512 when compared to the 19 3 june30

version, which improved the performance for max pooling dimension 512 but at the expense

of slightly increasing the variation in performance with max pooling dimension 256. The

difference is not very significant in Figure 7.13. The 19 6 june30 version refers to the SA-

Tweedie model described in subsection 6.3 of Chapter 6, in which quadratic constraints are

included in the objective function. The constraints help with model identifiability and also

lead to slightly better performance. In the top right corner panel of Figure 7.13, it achieved

the best performance. Unfortunately, we only trained on d = 100. The constraints add

considerable computational cost. We will have to defer further investigation of the 19-6

version in future study.

In terms of how the various model embeddings perform under different max pooling

dimensions, we see that SA-Tweedie and random embedding both show better performance

when no max pooling layer (corresponds to max pooling dim = 1024) was included and the

same seed is used. The bidirectional RNN layer in the architecture has output dimension

1024. The max pooling reduces the output dimension to a lower number which corresponds
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to summarizing the information from a higher dimension to a lower dimensional space. Such

max pooling seems to be helpful for GloVe embedding as we see that the model with GloVe

embedding showed better prediction in weighted F1 score when the max pooling dimension

is 512 compared to the GloVe embedding model without max pooling. The SA-Tweedie or

random embedding did not enjoy such contribution. Instead, both the SA-Tweedie or random

embedding models showed better performance when no max pooling layer was included

compared to their counterparts with a max pooling layer.
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Figure 7.13: F1 wieghted score on NER test set for different settings. All embeddings used

100-dimensional representations.

It is still possible to adjust some of the tuning parameters to achieve better performance of
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prediction. For example, with SA-Tweedie embedding of dimension d = 768 from 19 3 june30

version, the concatenation of β and β̃ leads to weighted F1 score of 94.83% for the validation

data and weighted F1 score of 91.24% on the test data. Figure 7.14 depicts the training

trajectory. The validation loss increases slowly as the number of epochs increases. The

validation F1-weighted score quickly rises to the near 94% and stayed around there for a

while.
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Figure 7.14: Training and validation loss curve and F1-weighted score on NER task from

SA-Tweedie embedding using concatenated β and β̃ with 768-dimensional representation.

The loss and F1-weighted score on test set is marked along with their value.
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Discussion and Summary

In this dissertation, we studied methods for analyzing the co-occurrence count data from

unstructured text data. We extracted numerical data by defining windows of co-occurrence

of word-word pairs using weighted count on the continuous scale. Positive probability mass

is allowed for zero counts.

We proposed several likelihood-based mixture models with shared parameters to ac-

commodate large amount of zero observations. We modeled the relevance of user-item or

word-word pairs by cosine similarity of their unknown dense vector representations. Due

to no covariates observed, we have to alternately use part of the model parameters as fixed

values to update the remaining part of the parameters. The unknown values are estimated

via the shared parameter alternating regression models. Under this framework, we presented

detailed study of Shared parameter Alternating Zero Inflated Gamma (SA-ZIG) regression

and Shared parameter Alternating Tweedie (SA-Tweedie) regression, along with some ap-

plications in the Natural Language Processing (NLP) domain.

For the SA-ZIG regression, canonical link and log link models were considered. Two

parameter updating schemes are proposed along with an algorithm to estimate the unknown

parameters. Convergence analysis is presented analytically. Numerical studies showed that

SA-ZIG with learning rate adjustment has satisfactory performance but the SA-ZIG using

Fisher scoring without learning rate adjustment may fail to find the maximum likelihood

estimate.

For the SA-Tweedie regression, multiple versions of an algorithm with different objective

functions are proposed to estimate the parameters. Both models with and without con-

straints on parameters were studied. Updating formulae were given to obtain parameter

estimates iteratively under each setting. A learning rate adjustment was used along with
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the Fisher scoring method to help the algorithm stay on track of optimizing direction. The

model without constraints on parameters (19-3 version) reduces the loss function quickly as

the number of iteration increases even though the model parameters are not uniquely iden-

tifiable. The model with linear constraints has very slow convergence. The model with 19-6

version of the quadratic constraints had huge up and downs initially but was able to stabilize

as the iterations increase. Simulation studies showed that our algorithm with Fisher scoring

and learning rate adjustment outperforms the one without learning rate adjustment and gra-

dient descent with Adam update. Pseudo-likelihood approach with alternating parameter

update was also studied but found to be unsuitable for our shared parameter alternating

regression models with unobserved covariates.

The proposed 19-3 and 19-6 versions of the algorithms were applied to Wikipedia dump

data to obtain dense token/word vector representations, which are used in some NLP tasks

such as finding the most similar words, sentiment analysis, and Named Entity Recogni-

tion (NER) task. Through experiments, we found that the word vectors trained from SA-

Tweedie could find semantically similar words if the words are in its training vocabulary.

Due to WordPiece tokenization used in forming the vocabulary, the SA-Tweedie embeddings

are not very good as syntactic tasks. Comparisons with GloVe and random embeddings

were made in sentiment analysis and in NER task. The SA-Tweedie had slightly lower or

comparable performance to GloVe in a large scale moview review sentiment analysis but

clearly outperformed GloVe in the CoNLL-2003 NER task. Both GloVe and SA-Tweedie

pre-trained embeddings showed advantage in giving improved prediction accuracy and F1

scores compared to random embeddings.

Current results of our NLP analysis pertains to words in the vocabulary. Future study

could be extended to obtaining vector representation of unseen words via combining Word-

Piece token representations with positional encoding. Context-based word embeddings may

be obtained by fine-tuning a simple BiLSTM or Attention based Transformer in a language

model with the pre-trained token embedding plus positional encoding. This requires exten-
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sive further experiments.

A popular subject in statistical modeling is the inference on model parameters. Here, we

would like to clarify that such inference may not be feasible and not of practical interest in

matrix factorization problem. Considering only the ith row of data yi1, yi2, . . . , yin, and we

are in the 19-3 version framework. Denote Ii(βi), Ui(βi) to be the negative expectation of

the Hessian matrix and the Score vector for ith row, where βi = (w⊤
i , bi)

⊤. The parameter

updating equation is equivalent to the iteratively reweighted least square formula. That is,

β̂i,t+1 = β̂i,t + lr ·I−1
(
β̂i,t

)
U
(
β̂i,t

)
,

⇔ I
(
β̂i,t

)
β̂i,t+1 = I

(
β̂i,t

)
β̂i,t + lrU

(
β̂i,t

)
⇔ β̂i,t+1 =

(
X̃⊤M̃itX̃

)−1

X̃⊤M̃itz̃it.

where M̃i,t = diag
(
M̃i1,t, . . . , M̃in,t

)
, z̃i,t = (z̃i1,t, · · · , z̃in,t), and

M̃ij,t =
1

Vij

(
∂ηij
∂µij

)2∣∣∣∣ ˆβi,t

, with ηij = log µij = w̃⊤
j ·wi + b̃j + bi,

z̃ij,t = η̂ij,t + lr

[
(yij − µij)

∂ηij
∂µij

]∣∣∣∣
βi=

ˆβi,t

, X̃ =


1 w̃11 · · · w̃1d

...
...

. . .
...

1 w̃n1 · · · w̃nd

 .

Given w̃j, b̃j, j = 1, 2, · · · , n, β̂i has limiting distributionN
(
βi, G̃i(βi, β̃)

)
where G̃i(βi, β̃) =(

X̃⊤M̃iX̃
)−1

X̃ ′M̃i Var(z̃i)M̃iX̃
(
X̃⊤M̃iX̃

)−1

(Assume certain regularity conditions hold).

Similarly, given wi, bi, i = 1, 2, · · · , n, ̂̃βj has limiting distribution N
(
β̃j, Gj(β, β̃j)

)
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where Gj(β, β̃j) =
(
X⊤MjX

)−1
X⊤Mj Var (zj)MjX

(
X⊤MjX

)−1
,

with Mj =
1

Vij

(
∂ηij
∂µij

)2∣∣∣∣ ˆ
β̃j,t

, with ηij = log µij = w⊤
i w̃j + bi + b̃j

X =


1 w11 · · · w1d

...
...

. . .
...

1 wn1 · · · wnd


zj,t = (zj1,t, · · · , zjn,t) , zkj,t = η̂kj,t + lr

[
(ykj − µkj)

∂ηkj
∂µkj

]∣∣∣∣
β̃j=

̂̃
βj,t

,

Even though β̂ and
ˆ̃
β each is approximately normal given the other one, the circular depen-

dence on each other make it impossible to consider inferences. Additionally, it may not be

meaningful to consider the inference of β or β̃. This is because what we need is the relative

position of all word vectors in some space. There are many such spaces available. Below is

an example.

Consider two different parameterizations for log(µij) = w⊤
i w̃j + bi + b̃j:

wi, w̃j, bi, b̃j (7.2.1)

cwi,
w̃j

c
, bi, b̃j (7.2.2)

That is, in parameterization (7.2.1), wi is vector representation for token i, w̃j is vector

representation for token j. In parameterization (7.2.2), cwi is vector representation for token

i, w̃j/c is vector representation for token j, where c is any nonzero constant in R. Both

parameterizations give the same log(µij) and the same cosine similarity between the two

tokens. Therefore, testing if wi or w̃j is equal to specific given value is not of practical

interest. In fact, reparameterization with any scaling or permutation in elements in wi and

w̃j could still lead to the same log(µij). Clearly the model parameters are not uniquely

defined. Instead, what we care is the dot product between the two vectors. Instead of

201



inference on β or β̃, there are research interested in studying the identifiability after allowing

permutation and scaling. See for example, Fu et al. 2019 and Gillis and Rajkó 2023 and the

references therein. Model identifiability is beyond the scope of this dissertation.
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Appendix A

Appendix A: Second order partial

derivatives of log likelihood of

alternating Tweedie regression

The second order partial derivatives for ℓ
(0)
ij and ℓ̃
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ij are
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Note that above second order derivatives and their expectations are equal since the canonical

link is used.

Next, we will consider the second order partial derivatives and their expectations for the

case that yij > 0:

∂2ℓ
(1)
ij

∂wi1k∂wi2r

=
∂
(
∂ℓ

(1)
ij /∂wik

)
∂wi2r

=

∂
(

yij−µij

ϕij

)
∂wi2r

µij

Vij

w̃jk I(i= i1= i2) +
yij − µij

ϕij

∂
(

µij

Vij
w̃jk

)
∂wi2r

I(i= i1= i2)

 I(yij > 0).

Taking negative expectation, we get
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and the negative expectation is
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Below is about the off diagnol elements in the Information matrix which is non zero.
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