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ABSTRACT

We study geometric variational problems for a class of models in quantum field theory
known as Faddeev-Skyrme models. Mathematically one considers minimizing an energy
functional on homotopy classes of maps from closed 3-manifolds into homogeneous spaces
of compact Lie groups. The energy minimizers known as Hopfions describe stable configu-
rations of subatomic particles such as protons and their strong interactions. The Hopfions
exhibit distinct localized knot-like structure and received a lot of attention lately in both
mathematical and physical literature.

High non-linearity of the energy functional presents both analytical and algebraic dif-
ficulties for studying it. In particular we introduce novel Sobolev spaces suitable for our
variational problem and develop the notion of homotopy type for maps in such spaces that
generalizes homotopy for smooth and continuous maps. As the spaces in question are nei-
ther linear nor even convex we take advantage of the algebraic structure on homogeneous
spaces to represent maps by gauge potentials that form a linear space and reformulate the
problem in terms of these potentials. However this representation of maps introduces some
gauge ambiguity into the picture and we work out 'gauge calculus’ for the principal bundles
involved to apply the gauge-fixing techniques that eliminate the ambiguity. These bundles
arise as pullbacks of the structure bundles H <— G — G/H of homogeneous spaces and we
study their topology and geometry that are of independent interest.

Our main results include proving existence of Hopfions as finite energy Sobolev maps in
each (generalized) homotopy class when the target space is a symmetric space. For more
general spaces we obtain a weaker result on existence of minimizers only in each 2-homotopy

class.
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Chapter 1

Introduction

1.1 Preliminaries

The subject of this thesis is a mathematical study of a class of non-linear oc—models that
arise in quantum field theory. We call them Faddeev-Skyrme models although other names
are also used in the literature [GP, Mn]. Mathematically one has a variational problem with
topological constraints for maps from a 3—manifold into homogeneous spaces. The solution
requires some extensive incursions into geometry and topology of such maps that are of
independent interest. This section gives some historical perspective on the problem and its
mathematical treatment.

In 1961 an English physicist T.H.R. Skyrme introduced a new model describing strong
interactions of quantum fields corresponding to mesons. The fields of the model are maps
from R? into S3. The 3-sphere is interpreted as the group SU, of unimodular unitary
complex 2 x 2 matrices and only maps converging to the identity matrix at infinity are
considered. Skyrme’s idea was to add to the standard Dirichlet energy

Ba) = [ ldvfds

an additional stabilizing term
1 2
Eyw) =7 [ 1dv A dpPd
R3
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that would prevent stationary fields from being singular as it happens for harmonic maps.
Here the derivative di) takes values in the corresponding matrix Lie algebra su, and the
wedge product dy A dy = ¥ g—i%dﬂ A dz? is defined using the matrix multiplication.
Because of the condition at infinity the maps v can be identified via the stereographic

projection with maps from S® to S® and one can talk about their topological degree. This

degree serves as a constraint when minimizing the Skyrme functional

B(v) = [ 50l + Jhdw A o d, (1.1)

without a constraint constant maps are obviously the only absolute minimizers.

If the R3 above is replaced by R? and only maps with a certain symmetry are consid-
ered the Fuler-Lagrange equations for the Skyrme functional are related to the sin-Gordon
equation that admits solitons as solutions [DFN]. It was expected that solitonic behavior is
preserved in the 3—dimensional case as well. Skyrme conjectured that the solitons should be
interpreted as combinations of baryonic particles (protons, neutrons, etc.) and the degree of
a map gives the number of such particles, the baryonic number. Solitonic behavior is then
explained by topological reasons — evolution (i.e. a homotopy) does not change the degree
of a map. Solitons of this kind are now called topological [MS]. After the appearence of
the Standard Model of quantum interactions and some experimental evidence the Skyrme
model became accepted as an effective description of meson-baryon interaction.

The Skyrme model was later generalized to consider maps from R3 into G, where G is
a compact semisimple Lie group [DFN]. G is represented by unitary or orthogonal matrices
and the functional has the same form (1.1). If the metric on G is bi-invariant |dv| = |d !
and |dy A dy| = |d =t Adp1p~!] so the functional can be written more intrinsically as

BY) = [ 5lavv P + olldv ™ by do. (1.2

where [a, a] is the Lie bracket of g—valued forms (g is the Lie algebra of G ). In this form
it is explicitly independent of a matrix representation of g.
More Skyrme-type models emerge if one considers maps R3 IINYe /H into the coset space

of G by a closed subgroup H. The first model of this kind was introduced by L.D.Faddeev



in 1975 [Fd1, Fd2]. In his case G/H = SU,/U; ~ S? and one can define energy by simply
restricting (1.1) to the S?—valued maps via the equatorial embedding S? — S3. As in
the case of maps S® — S3 whose homotopy type is characterized by a single number the
homotopy type of maps S® — S? is given by the Hopf invariant. It was expected that
this model will also exhibit solitonic behavior for the same topological reasons. Moreover,
unlike in the case of the original Skyrme model the center of a soliton would be not a single
point but a closed loop, possibly knotted (recall that the Hopf invariant of a map is given
by the linking number of the preimages of two generic points in S® [Ha]). This remained
a conjecture until 1997 when Faddeev and A.Niemi used computer modelling to show that
energy minimizers of the Faddeev functional do have knot-like structure [FN1]. Their result
was later confirmed by more extensive computations in [BS1].

In 1980-s physicists began to consider models for maps taking values in more general
homogeneous spaces (see historical remarks in [BMSS]). They were motivated by attempts
to construct ’effective’ theories that describe the behavior of the Standard Model fields in
asymptotic situations. For instance, the hypothesis of Abelian Dominance suggested by
G.’tHooft ['tH] leads to effective theories for maps taking values in a coset space G/T with
T a maximal torus of G. E.Witten and his collaborators [ANW, Wt1, Wt2] studied models
with G/H being symmetric spaces. Based on some earlier work of Y.M. Cho [Chol, Cho2]
Faddeev and Niemi conjectured in 1997 that the low-energy limit of SUy Yang-Mills theory
is described by an SUy/T Skyrme-type model [FN1, FN2|. Since then the Faddeev-Niemi
conjecture has received considerable attention in the physics literature [Fd3, CLP, Sh1, Sh2].

Mathematical treatment of the Skyrme model and its generalizations has not been very
extensive. Skyrme suggested to look for minimizers that have some special symmetry, the
so-called hedgehog ansatz (see [GP]). In 1983 L.Kapitansky and O.Ladyzhenskaya proved
the existence of minimizers among maps with such symmetry for the Skyrme model on R3.
In two papers [Esl, Es2] M.Esteban apllied the concentration-compactness method of P.-
L.Lions [Ln] to prove existence of minimizers among maps of the degree £1. There was a
gap in her proofs that was fixed later [Es3, LY2]. As for the energy minimizers (Skyrmions)

with higher topological degrees their existence remains elusive to this day (see the discussion
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in [LY2]). On the other hand, if one replaces R? in (1.1),(1.2) by a closed 3-manifold M
the problem becomes more tractable. Existence of minimizers in all homotopy classes has
been established in [Kp| for maps M — S? and more generally for maps M — G in [AK1].

In the case of the Faddeev model the story is even shorter. Back in 1979 L.Kapitansky
and A.Vakulenko proved a low energy bound for Skyrme energy of maps in terms of their
Hopf invariant which was later improved by several authors [MRS, Wr|. An existence theory
for this model has been developed in [LY1] on R? and [LY2] on R3. The authors use the

concentration-compactness method and the following two-sided inequality
CTHQu[* < B(v) < ClQuI"

that complements previously known lower bounds by an upper bound (@, is the Hopf
invariant of ). Sublinear growth of energy along with existence of minimizers for @ = +1
ensures that there are minimizers with arbitrarily large Hopf numbers (although for every
concrete value, say () = 2 one can not tell if a minimizer exists). For the original Skyrme
model the energy growth in terms of the degree is linear [GP| and one can not apply the same
argument. As before the situation improves when R? is replaced by a closed 3-manifold M .
Existence of minimizers in every homotopy class of maps M — S? is proved by D.Auckly
and L.Kapitansky in [AK2].

For more general homogeneous target spaces X = G/H it is not immediately obvious
how to generalize the functionals (1.1), (1.2). N.Manton suggested to interpret di) A di
simply as an element of ¥*T'X ® ¢¥*T'X in which case (1.1) makes sense for an arbitrary
Riemannian manifold X as a target [Mn]. However, this functional does not coincide with
the usual Skyrme functional (1.2) for Lie groups except in the case of SU,. Faddeev and
Niemi suggested a version of the functional for the flag manifold SUx /T in [FN2] but their
way of introducing it only works for this particular case. To the best of our knowledge the
existence of minimizers for such models was not considered in the literature. In fact, the
only result in this direction is a generalization of the low energy bound to SUy/T model
by S.Shabanov [Sh2].

There is however a natural generalization of (1.1),(1.2) that works for arbitrary homoge-

4



neous spaces and reduces to the previously considered functionals in the cases of Lie groups
and flag manifolds. If dgg~! is the Maurer-Cartan form on G then dy ¢~ = ¢*(dgg™").
Let h* be the orthogonal complement to the Lie algebra of H with respect to some invariant
metric on g (e.g. the Cartan-Killing metric). One can see that the form gpry. (g~ dg)g™
is horizontal and invariant under the left action of H on G and therefore descends to a

g-valued form w* on G/H. More precisely, if G —— G/H is the quotient map we define

mw = gpryu (g7 dg)g ™" = Ad.(g) pryy (97" dg) (1.3)

and call w' the coisotropy form of G/H . Obviously when H is trivial w' reduces to dgg~!.

Hence for a map M BNYE /H the Faddeev-Skyrme energy can be defined as
1 12 1 *, L *, 12
B)= | Shwhf + otwt Aptot dm. (L4)
M

and it turns into (1.2) for Lie groups. In this work we refer to minimization problems for
the functional (1.4) on homotopy classes of maps M — G/H as Faddeev-Skyrme models.
The kinds of difficulties we encounter and the kinds of methods we use are very different
from those in the recent papers [LY1, LY2] on the Faddeev model. We do not have to deal
with effects at infinity since the domain M is compact but the topology of a general 3—
manifold is more complicated than that of R® or S®. Much work is required to describe the
homotopy properties of maps M — G/H in a way that relates them to the functional (1.4).
In this endeavor we follow the ideas of [AK1, AK2] on the Skyrme and Faddeev models.
In particular, we represent maps by connections and use formalism of the gauge theory to

analyze them.

1.2 Main results

We consider Faddeev-Skyrme models for M being a closed 3-manifold and X = G/H being
a simply connected homogeneous space of a compact Lie group G. Mathematically we wish
to minimize the functional (1.4) on a homotopy class of maps. As might be expected the

space of continuous maps is insufficient to contain minimizers and has to be enlarged. Before
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we can describe the suitable class of admissible maps we need as in [AK1, AK2] a description
of the homotopy classes more ’explicit’ than the one given in the algebraic topology.

If H*(M,Z) # 0 homotopy classes of maps M — X are no longer indexed by a single
invariant such as the degree or the Hopf number. By the Postnikov classification theorem
[Bo, Ps, W] there is a primary invariant (the 2-homotopy type) defined for any map and
a secondary invariant defined only for pairs of maps that have the same primary invariant.
It turns out that if X is simply connected it admits a representation X = G/H, where
G, H are connected and G is compact and simply connected. Using such a representation

we have

Theorem 1. Two continuous maps M Y X are 2-homotopic if and only if there exists

a continuous map M —— G such that 1 = uyp.

Now the secondary invariant can be defined explicitly in terms of w. Since G is simply
connected and m3(G) = 0 for any Lie group one has m3(G) ~ Hs(G,Z) by the Hurewicz
theorem. Let bg € H3(G,m3(G)) denote the basic class of G, i.e. the one that corresponds
to every homology 3—cycle in G its image in m3(G) under the Hurewicz isomorphism [St,
DK, MT]. Then u*b¢ is the secondary invariant for the pair ¢, .

If H*(M,Z) = 0 as for example in the case of M = S then Theorem 1 says that any
two maps are related by a map into G. In particular we can choose ¢ to be the constant
map and define the secondary invariant for a single map ¢ instead of a pair. One can view
it as a generalization of the Hopf invariant.

In general it is not necessary that the secondary invariant vanish for ¢ and 1 to be
homotopic. In fact there are maps M — G with w*bg # 0 but wy = . For a correct

statement we have to factor out the subgroup generated by such maps:
O, = {w*bg | wp = ¢} < H*(M,m3(Q)). (1.5)
In the case of the classical Hopf invariant this subgroup is trivial.

Theorem 2. Let M —» X and M - G be continuous maps. Then ¢ and 1) = up are
homotopic if and only if uw'bg € O,. The subgroup O, only depends on the 2-homotopy
type of v and not on the map itself.



To get an integral representation for the secondary invariant we need a deRham repre-
sentative for the basic class bg. This has been worked out in [AK1] and we briefly recall the
construction here. If G is a simple group then H3*(M,73(G)) ~ Z and bg is represented
by an integral real-valued form © on G. Explicitly

O :=cqtr(g tdg A g tdg A g~ tdyg),
where ¢¢ are numerical coefficients computed in [AK1] for every simple group. Thus
u*O = cg tr(utdu At du A uT du). (1.6)

In general if G is compact and simply connected then G = G; x --- X Gy, where G}, are
simple groups. Since 73(G) = m3(G1) ® -+ B m3(Gy) =~ ZV:

H*(M,73(G)) ~ H¥(M,7) @ 73(G) ~ Z @ ZN ~ 7N
and we identify H3(M,73(G)) with Z. Therefore b is represented by an integral vector-
valued form, namely © := (04,...,0y), where

O = cq, tr(pry, (9" dg) Apry, (97 dg) Apry (9" dg))

and gy are the Lie algebras of Gj. Accordingly O, from (1.5) becomes a subgroup of Z" .
We can now handle Sobolev maps by picking a smooth reference map ¢ to fix a 2-
homotopy type and allowing u to be a Sobolev map. To fix a homotopy type we require in
addition that [, u*© € O,.
The next step is to relate our topological description to the functional (1.4). It helps to
restate the minimization problem in terms of u and ¢. To this end consider the following

1sotropy subbundles of M x G
Hy:={(m,7) € M x G | p(m) = gH, g~'vg € H},

by :={(m,§) € M x g| p(m) =gH, g'¢g € b}.

Sections of M x G are just maps from M to G and one can see that sections of H, are

(1.7)

exactly the maps from the stabilizer of ¢ (cf. (1.5)):
Staby, := {w: M — G | wp = ¢}. (1.8)
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For g—valued forms a we get the corresponding isotropy decomposition:
o = pry, (@) +pry (a) = al + o (19)

Following [AK1, DFN] we introduce the potential of u by a := u~'du. This is indeed the
gauge potential of a flat connection on the trivial bundle M x G [MM]. Define

Dga = a* + p*w*
then the Faddeev-Skyrme functional (1.4) for ¢ = ug becomes
1 2, 1 2
E,(a) = §|D¢,a| + Z|D¥,a A Dyal® dm. (1.10)
M
Note also that u*© in (1.6) also has a very simple expression in terms of a:
w0 =cgtr(aNaAa) (1.11)

and this is the Chern-Simons invariant of a since da = —a A a.
Let us consider the spaces of maps and potentials suitable for minimizing the functional
(1.10). We use two such spaces. The first is the space £(M,G) of admissible maps u

described in terms of their potentials a = u~'du as follows:

1) a* € L*(A'M ® g);
2) at ANat € LA(A*M ® g); (1.12)
3) all e WH2(A'M ® g).
The second is the sequentially weak closure £'(M, G) of C*(M,G) in £(M,G) with respect
to the following weak convergence:

W1’2
D) w, = u;

2) a Aar Ljal/\aL; (1.13)

W1’2
3) all =l

where of course a,, = u,,'du, and a = u'du.



In view of Theorem 1 we say that a Sobolev map M . X isin the 2 -homotopy sector of
p if ¢ = up for u € E(M, G) (if ¢ happens to be continuous it will indeed be 2-homotopic
to ). Maps M — X that are in a 2-homotopy sector of some smooth map are also called

admissible.

Theorem 3. Every 2-homotopy sector of admissible maps M — X has a minimizer of the

Faddeev-Skyrme energy.

As far as the secondary invariant (1.11) is concerned note that if v € £(M,G) we only
know that a € L*(A'M ® g) and a A a A a is not defined even as a distribution. However

a = al + a* and due to the cyclic property of traces one has for smooth forms
catr(aAana) = co(tr(a)® + 3tr((@)? A at) + 3tr(al A (a1)?) + tr(at)"?).

By (1.12) the righthand side is in L'(A3M) and we take it as the definition of u*© for
u € E(M,G) and a simple group G. Applying the above decomposition to each simple
component one can define ©*© in the general case as well.

A Sobolev map M . X is in the homotopy sector of ¢ if b = up for u € &' (M, Q)
and f w0 € O,. By Theorem 2 this does mean "homotopic’ if ¢ is continuous. Maps

M — X that are in a homotopy sector of some smooth map are called strongly admissible.

Theorem 4. Let X be a symmetric space. Then every homotopy sector of strongly admis-

sible maps M — X has a minimizer of the Faddeev-Skyrme energy.

Note that it is quite possible that admissible and strongly admissible maps are the
same class (that may also coincide with the class of W1? maps with finite Faddeev-Skyrme
energy). This is a question that we do not address in this work. It is related to difficult
problems of approximating Sobolev maps into manifolds by smooth maps [Bt, HL1, HL2]
and establishing integrality of cohomological invariants for Sobolev maps and connections
[AK3, EM, LY2, Ul2].

Let us say a few words about the role the gauge theory plays in proving Theorems 3, 4.

When we attempt to minimize (1.10) the following problem presents itself. The choice of u

9



in Theorem 1 is not unique: without changing 1 it can be replaced by uw, where w is an
element of the stabilizer Stab,. Since the functional (1.10) only depends on ¢ it remains
invariant under this change and therefore admits a non-compact group of symmetries as a
functional of u (or a). As a result sets of maps with bounded energy are not weakly compact
in any reasonable sense. This sort of problem is well known in the gauge theory, where the
group of symmetries is the gauge group of a principal bundle acting on connections. The
gauge theory also gives a way out: one has to fiz the gauge [FU, MM]. This is more than
a mere analogy, the entire problem of minimizing (1.10) can be reduced to a gauge theory
problem and solved as such. We give some details below.

The isotropy subbundles admit the following gauge-theoretic interpretation. Consider
the quotient bundle of a homogeneous space: H — G — G/H . This is a smooth principal
bundle, call it P and so is its pullback ¢*P under a map M —— G /H . Then one has the
bundles Ad(¢*P) (gauge group bundle) and Ad.(¢*P) (gauge algebra bundle) associated
to it in the usual way [FU, MM]. In the next theorem we combine several results from

Chapter 2 (I'(Q)) denotes sections of a bundle Q):

Theorem 5. (i) The bundles H, and Ad(p*P) are isomorphic and identify gauge trans-
formations on ©*P with maps from Stab,,.

(i) The bundles b, and Ad,(p*P) are isomorphic. This isomorphism induces isomorphisms
on differential forms under which gauge potentials and curvatures of connections on ¢*P
are identified with b, —valued (and hence g-valued) forms.

iii) Under the above identifications the gauge action of w € Stab, on b € I'(A'M ®b,) is:
¢ ¢
b = wtbw + wtdw + (wH (@ wH)w — prwt) (1.14)

and the curvatures of b, b are:

F(b) = db+bAb— b, o'~ (gwt A gt (1.15)
F(b") = w ' F(b)w,

where we set (o, B] == a AN+ B Aa (plus!) for 1-forms «, (.

10



If ¢ is a constant map then ¢*w® = 0 and the formulas for gauge action and curvature
reduce to the familiar ones for trivial bundles [DFN, FU, MM].

It turns out that the isotropic part al := pry, (a) gives the gauge potential of a connection
on the subbundle ¢*P C M x G under the identification of Theorem 5(ii). Moreover, if u is
replaced by uw and hence a is replaced by a® := (uw) 'd(uw) then (a®)l = (al)*, where
on the right we have the expression from (1.14). In other words, as far as the isotropic parts
are concerned the action of Stab, on maps M — G is conjugate to the action of the gauge

group I'(Ad(p*P)) on connections. Theorem 5(iii) along with the flatness of a implies that
F(al) = d(pry,) A at — (at Aat)l = (prwt A prwt)l (1.16)

and at, at Aat are bounded in L? by the functional (1.10). This is the relation we needed
between the geometry /topology of the maps and the Faddeev-Skyrme functional. Recall that
the Uhlenbeck compactness theorem says that a sequence of gauge potentials with bounded
curvatures is gauge equivalent to a weakly precompact one [Ull, We]. Therefore all can be
controlled by fixing the gauge in Ad.(¢*P). In terms of maps this means that we replace
u by a suitable uw when representing v in the minimization process.

It is interesting to note that Dya transforms as curvature in (1.15), i.e.
D,(a") = w ' (Dya)w. (1.17)

This brings us to the subject of coset models (see [BMSS] and references therein). In general
in a coset model one considers a pair consisting of a principal G bundle and its H subbundle.
In our case M x G and ¢*P form such a pair. As in the standard gauge theory fields are
connections on the G bundle but they are identified only up to gauge transformations on the
H subbundle (the gauge symmetry is 'broken to H’ in physics lingo). Energy functionals
have to be invariant under the gauge group of the subbundle. For our pair it means that
they can only depend on F(al) and D a. Obviously, the functional (1.10) gives an example
of such a model. That Faddeev-Skyrme models can be recast in these terms underscores
the fact that they exhibit both ’string-theoretic’ traits as non-linear o—models and 'gauge-

theoretic’ traits as coset models.
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1.3 Short summary

In Chapter 2 we develop a homotopy classification of maps from a 3—dimensional manifold
into a compact simply connected homogeneous space in terms suitable for analytic appli-
cations. This classification is obtained mostly by applying the classical obstruction theory
to the bundle of shifts. In Section 2.1 we review classical results on low-dimensional homo-
topy groups of homogeneous spaces. The bundle of shifts is introduced in Section 2.2. In
Section 2.3 we prove that two maps v, ¢ are 2-homotopic if and only if they are related as
1 = up and in Section 2.4 we give a necessary and sufficient condition on u to make them
homotopic.

Chapter 3 develops the ideas of [AK2] on representing maps into homogeneous spaces
by connections. In particular a map 2-homotopic to ¢ can be represented by the pure—
gauge connection u~'dw. This representation is not unique but the ambiguity admits a nice
description in terms of gauge theory on coset bundles. Section 3.1 is a review of the theory
of connections and gauge transformations on principal bundles including some useful facts
and formulas for matrix—valued and Lie algebra—valued differential forms that are scattered
in the literature. In Section 3.2 we study the coisotropy form of a homogeneous space which
appears in the formulas for gauge action and curvature on coset bundles and also in the
Faddeev-Skyrme functional. Coset bundles are introduced in Section 3.3 and we develop
‘gauge calculus’ for them that is necessary to prove our minimization results in Chapter 3.

In Section 4.1 we define the Faddeev-Skyrme functional for maps into arbitrary homo-
geneous spaces and its equivalent version for connections. Then we introduce some Sobolev
spaces of maps suitable for the minimization problems involving this functional and extend
the notion of 2—homotopy type to such maps. We prove the existence of minimizers of the
Faddeev-Skyrme functional in each 2—homotopy sector in Section 4.2, and in each homo-
topy sector in Section 4.3 when the target homogeneous space is symmetric. Both proofs
rely on the fundamental gauge-fixing result of K.Uhlenbeck [Ul1] to eliminate the ambiguity
introduced by representing maps as connections.

On the first reading one may skip Chapter 2 entirely, look through last two sections

12



of Chapter 3 for notational conventions and proceed directly to Chapter 4 turning to the

preceeding sections for reference wherever necessary.
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Chapter 2

Maps into homogeneous spaces

In this chapter we describe 2 and 3 homotopy types of maps M Ve /H in terms of liftings
to the group of motions G. The idea comes from a well known construction in algebraic
topology — so called Whitehead tower. In it a topological space X (usually a CW complex)
is included into a tower of fibrations X where each X" is n-connected and a map M N
is n-nullhomotopic if and only if it admits a lift M ﬂ X" to the n-th floor of the tower. If
X = G/H is simly connected then X! = X and if G is simply connected then it is in fact
2-connected since 7, (G) = 0 for any Lie group. Therefore the quotient bundle G "~ G/H
can be seen as a surrogate of the second floor of the Whitehead tower and one may expect

that M -2 G /H is 2-nullhomotopic if and only if it admits a lift

u_ Y

G/H

This is indeed the case and moreover it turns out that since G is a group not only 2-
nullhomotopy but even 2-homotopy type can be characterized similarly: two maps M £,
G/H are 2-homotopic if and only if there is a 'relative’ lift M —— G such that 1 = uy
(Theorem 7). A further result states that they are in fact homotopic if and only if u*bg

takes values in a prescribed subgroup of H3(M,m3(G)) (here bg is the basic class of G, see
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Definition 4).

2.1 Topology of homogeneous spaces

In this section we recall basic facts about topology of homogenous spaces. A smooth manifold
is called homogenous under an action of a Lie group G if the action is transitive. If o € X
is a point the subgroup H,, < G that fixes it is called the isotropy subgroup of xy. Isotropy
subgroups of different points are conjugate and therefore isomorphic to each other. There is
a 1-1 correspondence between points of X and cosets in G/H . If G is a compact Lie group
then H,, < G is closed and by a theorem of Chevalley [Ch] G/H,, is equipped with a natural
structure of smooth manifold so the above correspondence becomes a diffeomorphism. In
other words, as far as compact Lie groups are concerned consideration of homogeneous
spaces is equivalent to that of coset spaces G/H, where H < G is a closed subgroup.

We are mostly interested in simply connected homogeneous spaces: m (G/H) = 0. By
a theorem of D.Montgomery [Mg] if a Lie group G acts transitively on a simply connected
space then so does its maximal compact subgroup K(G),ie. G/H ~ K(G)/(K(G)NH) (~
means diffeomorphic). If Gy, G denote the identity component and the universal cover of
G respectively it is easy to see directly that G/H ~ Go/(GoN H) and G/H ~ G/H where
H := 7' (H) under GLG. Combining these facts we conclude that for simply connected
homogeneous spaces X = G/H we may assume without loss of generality that G is compact,
connected and simply connected. Indeed, if GG is not compact we replace it by the maximal
compact subgroup K (G). If that is not connected we replace it by its identity component,
which is still compact (and which we still denote G' by abuse of notation). Hence now G is
compact and connected. If G is not simply connected we take G. It may not be connected
but by the classification theorem of compact Lie groups G =G %X..xGp X R™, where
CNJk are simple, connected and simply connected [BtD], Applying the Montgomery theorem
once again we replace G by K (é) = G1 X ... x G,, that has all the required properties.

Example 1. CP"! can be presented as a coset space GL,(C)/P, where P is a parabolic
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subgroup of invertible n x n complex matrices of the type

x % *
0 =x *
0 = *

Following the above algorithm we take K(GL,(C)) = U,(C) while P is replaced by (U x
Un-1)(C). The unitary group is already connected so we skip taking the identity component
but f]vn(C) = SU,L(C) x R and K(U,(C)) = SU,(C). The subgroup in the meantime is
replaced by (Uy x U,_1)(C) matrices with determinant 1 which is isomorphic to U,_1(C).
Thus CP"! ~ SU,(C)/U,_1(C) and SU, is compact, connected and simply connected.

From this point on we assume that in X = G/H the group G is compact, connected
and simply connected. By the same theorem of Chevalley [Ch] G ——~ G/H is a fiber bundle

(in fact, a principal bundle) and we can apply the exact homotopy sequence:
T i 0
o— m(G/H) «— m(G) «— mp(H) «— m1(G/H)... (2.1)

where H - G is the inclusion and O is the connecting homomorphism. Since my(G) =

m1(G) = 0 we have
0=m(G) «— mo(H) «— m(G/H) «— m(G) =0 (2.2)

and mo(H) = m(G/H) =0, i.e. H < G is connected. Furthermore, since m(G) = 0 for
any Lie group

0=m(G) — m(H) <& m(G/H) — 7(G) = 0 (2.3)
and mo(G/H) ~ 7 (H) by the connecting homomorphism. Finally, from the next segment

of the sequence: m3(G/H) ~ m3(G)/1.m3(H). Summarizing the discussion of this section we

get the following

Corollary 1. Any compact simply connected homogeneous space X admits a coset presen-
tation X = G/H, where G is compact, connected and simply connected and H < G 1is

closed and connected.
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Remark 1. By a result of Mostow [Ms] the Klein bottle K is a homogeneous space of a
Lie group but not of a compact one. Its fundamental group is m (K) ~ Z X Zs (semi-direct

product) and this shows that simple connectedness of G/H s essential in Corollary 1.

2.2 The bundle of shifts

We assume that X = G/H is a compact simply connected homogeneous space presented as
in Corollary 1, M is a CW complex (e.g., a smooth manifold) and consider continuous maps
M 5. Characterization of homotopy type will follow from the homotopy lifting property
in a certain bundle that we call the bundle of shifts. A particular case of this bundle is used

in [AS] for similar purposes.

Definition 1 (The bundle of shifts). The bundle of shifts of a homogeneous space G/H =
X s the fiber bundle @) over X x X given by:

XxG % X xX.
(2.4)

(z,9) — (z,g7)

To prove that this is indeed a fiber bundle we need some facts from the theory of principal

and associated bundles [BC, Hus, St].

Definition 2 (Principal bundles). Let P be a topological space and H a Lie group that

PxH—P
acts on P on the right: . This action is called a principal map if it is

(p, h) — ph
free and proper. The set of orbits X := P/H s then equipped with a natural topology and

P X
15 a fiber bundle called a principal bundle with the structure group H .
pr+— pH
If P is a manifold and the action is smooth then X also obtains a smooth structure
and the projection 7 is smooth. Taking P = G a compact Lie group and H < G a closed
subgroup we get by the Chevalley theorem a smooth principal bundle G —— G/H called

the quotient bundle, where the principal map G x H — G is just the group multiplication.
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Let F' be another topological space (respectively, smooth manifold), where the structure

HxF —F
group H acts on the left . One can form a set of equivalence classes
(hy f) — p(h) f
P x, F:={[p, fl € Px F|(p, f) ~ (ph, u(h™") f)} (2.5)

that receives a natural structure of a topological space (a smooth manifold). It turns out

Px,F— X
that is a bundle projection that turns P x, F' into a fiber bundle over X

[p, f]— m(p)

called the Borel construction from P and p [Hus].

Definition 3. Let F; =5 X, Fy =5 X be two fiber bundles over X. A continuous
(smooth) map F; L By is a bundle map if the diagram

f
El E2

Y

&

X

commutes, and it is a bundle isomorphism if its inverse is also a bundle map. A bundle
E — X s called associated to a principal bundle P — X if it is bundle isomorphic to a

Borel construction E %= P X, F for some p ,F and F.

Note that if £y —» X is a fiber bundle and F; —> X is a map such that for some

1 s,
/ »

TXTT

Along with a quotient bundle G —— G/H = X consider its Cartesian double G x G =5

invertible F} N E5 the diagrams

F-

f’
El E27 E2
X

commute then F, is also a fiber bundle and Ey ~ F.

X

X x X. This is also a quotient (and hence principal) bundle with G = G x G and
H=HxH<GxG = @, which is its structure group.
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Lemma 1. Let G be a compact Lie group, H < G a closed subgroup and G —— X = G/H
the corresponding coset bundle. Then the bundle of shifts Q —— X x X (2.4) is a fiber

TXT

bundle associated to the quotient double G x G — X x X .

Proof. We will construct an explicit isomorphism between () and the following Borel con-

struction. H x H acts on H on the left by

(Hx Hyx H- % H
(()\1, )\2), h) [ — )\Qh)\fl

Set Ey := ((G x G) x, H "> X), FEy :=(Q and consider the following map

E, L B,
[917927 h] — (91H7 thgl_l)

To begin with F is well defined:
GiALH, gada, )\th/\l) — (g1, M H, 92h9f1) = (g1 H, 92h9f1)-

The inverse is given by (z, g) e [91,901,1], where ¢y H = x. If g1\ is chosen instead with
A € H then [\, gt A\, N1 = [g1,991,1] so F~1 is well-defined. Tt is easy to see that it
is indeed the inverse to F.

We claim that both diagrams (2.6) with 7, ms replaced by 7, « respectively commute.

For instance,

(a0 F)([g1,92,h]) = a(g1H, 92 Hgy ') = (g1 H, g2hH) = (91 H, g2 H) = 7([g1, g2, h]).

Therefore the bundle of shifts () = Fs is indeed a fiber bundle and F is a bundle isomor-

phism. O

Given a pair of maps M #%, X one obtains a single map M () X x X into the base

of the bundle of shifts. The following characterization of the homotopy type follows directly
from the homotopy lifting property in the bundle of shifts.
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Corollary 2. Let G be a compact connected Lie group, H < G a closed subgroup, X = G/H
and M a CW —complex. Then two continuous maps M Y. X are homotopic if and only
if there exists a nullhomotopic M —% G such that 1 = ugp. Given an arbitrary map
M = G maps ¢, up are homotopic if and only if u = uow, where uy is nullhomotopic

and wp = .

Proof. Tf uf is a homotopy that translates ug into constant 1 map then ¢, := ufp translates
upp into ¢ and ®(m,t) := (p(m),y(m)) translates (¢, ) into (¢,1). The former admits
a lift (¢, 1) into @, indeed a o (¢,1) = (p, ). Since @ is a fiber bundle by Lemma 1 the
homotopy lifting property implies that the following diagram can be completed as indicated:

(p, 1)

M x {0} 2 X x G
o
Mx T X x X

By the upper triangle ®,(m,0) = 1 and by the lower one ®;(m,t) = ®y(m,t) = @(m),
Oy (m, 1)@y (m, 1) = Ba(m,t)p(m) = 1by(m). Set ug(m) := Py(m,1) then upp = ¢ and
52(-, t) is a homotopy that translates the constant map 1 into wuy as required.

For the second claim note that u = ugw implies up = ugwe = ugy and is homotopic
to . Conversely, if uy is homotopic to ¢ then by the first claim there is also a second

nullhomotopic ug such that u, = ugp. It suffices to set w = uy L. O

Remark 2. Note that ¢, up homotopic does not imply that u is nullhomotopic. Charac-
terization of such u as products given in Corollary 2 is rather indirect and we will give a

more explicit one in Theorem 7.

2.3 Characterization of the 2-homotopy type

We established above that if v = up and w has a special form u = upw then ¢ and ¢ are

homotopic. If no restriction is imposed on w it is not necessarily so but the restrictions of

20



@, ¥ to the 2-skeleton of M are homotopic at least if m is a 3-dimensional CW complex.
This is in turn sufficient for the existence of such u. This fact is much more complicated
than Corollary 2. We will prove it by reducing both the lifting problem and the 2-homotopy
problem to problems in the obstruction theory [Brd, DK, Sp, St] and then showing that the
obtained obstructions are essentially the same.

Let us start with the lifting problem. As before given two maps M ¥, X define

M (%—wg X x X and consider the ratio bundle:

Qe = (0, 9)"Q = {(m,x,9) € M x X X G|(p(m), 9(m) = (z,92)}
= {(m,g) € M x G|¢(m) = gp(m)}

(2.7)

As is obvious from the second representation sections of this bundle M = Q,, C M x G
have the form o(m) = (m,u(m)), where 1) = up. In other words they play the role of non-
existent 'ratios’ ¢ /. Hence the problem of finding a lift u is equivalent to constructing a
section of the bundle @, which is a standard problem in the obstruction theory.

Let us recall some basic notation following N.Steenrod [St]. Assume that in a fiber
bundle F < E — B the base B is a CW —complex and the fiber F' is homotopy simple
up to dimension n (i.e. m(F) acts trivially on mx(B) for 1 < k < n), where n is the
lowest homotopy non-trivial dimension (i.e. m(F) =0 for 1 <k <n—1 but m,(F) #0).
This means that there is no obstruction to constructing a section up to dimension n and we
may assume that B -5 E is already constructed, here B™ is the n-skeleton of B. Let
A C B be an (n+1) cell of B which we may assume to be contractible (or even a simplex).
Then the restriction E |A is a trivial bundle and we have a trivialization A x F SN A -
Let 71,7 denote the projections to the first and the second factor of A x F'. Then the map
Ty O @gl o0 : 0A — F defines an element of 7,(F"). It turns out that this element does

not depend on a choice of trivialization and
co(A) i= [my 0o @1 o 0ga] € ma(F) (2.8)

is a m,(F)-valued cochain and in fact a cocycle. Its cohomology class ¢, € H"" (B, 7,(F))

is called the primary obstruction to extending o. This cohomology class does not even
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depend on a choice of ¢ on the n-skeleton of B and is an invariant of the bundle £ — B

itself. This invariant is called the primary characteristic class of E and denoted
#(E) :=7¢,.
The characteristic class is natural with respect to the pullback of bundles:
#(p*E) = ¢ x(E)

and the Eilenberg extension theorem claims that a section o can be altered on B™ so as
to be extendable to B™*1) if and only if ¢, = 0. This completely solves the sectioning
problem when 7, (F) =0 for n4+1 <k < dim B (i.e. there are no further obstructions). A
section exists if and only if s(F) = 0.

In our case the bundle in question is H < Qo " M. The fiber is a Lie group so it is
homotopy simple in all dimensions. The first non-trivial dimension is n =1 as m(H) =0
by Corollary 1 and 3(Q,) € H*(M,7(H)). Since m(H) = 0 for all Lie groups and
dim M = 3 there is no further obstruction and a section exists if and only if »(Q, ) = 0.
Thus we want to compute this characteristic class. By naturality »(Qy.) = 2((¢,9)*Q) =
(p,1)*5(Q) and we need to compute s for the bundle of shifts.

Recall from Lemma 1 that @) is isomorphic to the following Borel construction: E =

p Xp H with P = G x G and the action

(Hx H)x H-" H

(()\1, )\2), h) — )\Qh/\l_l

The form of the action suggests that we can ’"decompose’ E into a combination of two simple

bundles £ and E’, namely
E:=Px,H with p(Ah:=Ah

and its dual

E':=Px, H with g/(A\h:=h\"
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(in our case P = G and one can multiply on both sides). We will not explain precisely what

the "decomposition’ means in this case but it should be clear from the proof of Lemma 2(ii).

P—F
Note that E is bundle isomorphic to P itself by so we write »(P) for x(F).
p+— [p,1]

Lemma 2. Let P — X be a principal bundle with the structure group H . Define P =
(PxP— XxX), E, F, E as above and let m, Ty denote the projections from X x X
to the first and the second components. Then

(i) »(P) = »#(E) = —»(E").

(ii) If also H*(X,Z) =0 for 0 <k <n then

#(E) = nyx(P) — nix(P).

Proof. (i) Note that if o(x) = [p, h] gives a section of E then o/(z) = [p, h™!] gives a section
of E'. Also if A 22 P|a is alocal section of P then
Ax F 25 (Px, F)la
(z, f) — [Sa(z), /]
(m(p), (A" f) <= [p. fl,  with Sa(m(p)) = pA,

is a local trivialization of the associated bundle.
We choose a section Sa of P and denote ®o, ¥y the corresponding trivializations of
E, E'. Also if o is the chosen section of £ on B™ then the ¢’ is the one we choose for

E'. By definition:
M0 @3l oo (x) =m0 @3 ([p, A7), T(p) =z =m
= (m(p), ' (A", Sa(m(p)) = Sa(z) = pA
O = () = ()
= (m2 0 @3 ([p, h])7") = (m2 0 @' 0 o)) 7
In other words, e/ (A) = [o-1] if cy(A) = [o], with o being a map A — H and [

denoting a class in m,(H). But in 7,(H) one has [07!] = —[0] (see e.g. [Dy]) for any o and
»(E') =¢y = —¢, = —n(E).
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(ii) Under our assumptions the Kiinneth formula and the universal coefficients theorem

[Brd] imply that

H"NX x X, 7,(H)) ~ H"N (X, 7, (H)) ® H"(X, 7, (H)),

wr— (1w, Bw)

* % *
mw" + Thwe «— (w1, wa),

where x - (1,2¢), = —— (9, 7) for some fixed point zy € X. Let py € P be any point

with 7(pg) = o, then

GE = {(2.[p.po, h]) € X x E| (z,29) = (m(p), 7(po))}

~ {(z,[p,h]) € X x E| n(p) =2} ~ E'

since pg is fixed and 1 reduces to p' on the first component. Analogously, z§§ ~ F.

Therefore from naturality and (i)

~ ~ ~

%(E) =mx(E) + mysx(E) = nix(E) + ng(zgﬁ)

= My %(E') + m5%(E) = m5%(P) — 7} 3(P)

The next example gives an application of the primary characteristic class.

Example 2. Let P be a principal U, = U, (C) bundle and Uy < U, sit in it block diagonally.
Then U, acts on U, /Uy on the left and we have an associated bundle Ey, := P x, (U,/Uy).
N.Steenrod [St] defines the k-th Chern class of P as

ce(P) = #(Ex_1).

FEquivalence to other definitions is proved in [BH] (Appendix 1). For k =1 this is exactly the
bundle E from Lemma 2. Hence in this case »x(P) = c¢,(P) € H*(X,m(U,)) ~ H*(X,Z).

In our case P is the quotient bundle G — X and we write »(G) with the usual abuse

of notation (of course »(G) also depends on H < G). It is easy to compute »(Q., ) now
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since Quyp = (,1)*Q and Q = E for the quotient bundle G — X:
%(ng,w) = x#((0,¥)*Q) = (p, V)" #(Q)) by naturality
= (p, V)" (m32(G) — my2(G)) by Lemma 2
= (m2 0 (9,1))"5(G) — (m1 0 (¢, ¥))"2(G)

= " x(G) — 0" (G).

Corollary 3. Let X = G/H be a simply connected homogeneous space presented as in
Corollary 1, M be a 3-dimensional CW —complex and M Y2 X continuous maps. Then

a continuous M —— G with v = up exists if and only if
*(G) = ¢"(G),
where »(G) is the primary characteristic class of the quotient bundle G — X .

Remark 3. In fact the conditions of Lemma 2 are satisfied with n =1 if H s connected
and X is simply connected (simple connectedness of G is not necessary). Hence Corollary 3
can be applied directly to U,, homogeneous spaces without reducing them to SU,, ones as long

as the subgroup H < U, 1is already connected.

Now we also want to reduce characterization of 2-homotopy type of maps M — X to
computing an obstruction. This requires more data from the obstruction theory. Let B be
a CW —complex and B Y% F be two maps homotopic on B Y by & : B x [ — F.
If A Cc B™ is an n-cell then

(A xI) c (Bx{oy) | JB" ™ x D JB x{1})
so ® is defined on it and O(A x I) ~ S™. Therefore we can set
da(,9)(A) := [P((A x I))] € T (F)

and this defines a ,(F)—valued cochain on B called the difference cochain [St]. It turns

out to be a cocycle and its cohomology class

d(, 1) = do(p, 1)
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does not depend on a choice of homotopy on B™~Y. Obviously dg(y,v) € H*(B, 7, (F)).
The homotopy ® can be extended from B™~2 to B™ (it may have to be altered on B"~1)
if and only if d(p,%) = 0. The difference is natural

d(po f,o f) = fd(e,v)

and additive

d(p, x) = d(p, ) + d(, x)

Since ¢ is always homotopic to itself d(p,¢) = 0 and additivity implies

Now let n be the lowest homotopy non-trivial dimension of F' and F' be homotopy
simple up to this dimension. Then any two maps into F are homotopic on B™ Y and

d(p, ) is defined for any pair. It is called the primary difference between ¢ and 1 [St].

Theorem (Eilenberg classification theorem). If the primary difference is the only ob-

struction to homotopy, i.e.
m(F)=0 for n+1<k<dimB

then ©,v are homotopic if and only if d(p,1)) = 0. Moreover, for any w € H"(B, m,(F))
and a given B — F there is B Y F such that d(p, V) =w.

In other words, in conditions of the theorem maps are classified up to homotopy by their
primary differences with a fixed map ¢ and their is a one-to-one correspondence between
homotopy classes and H"(B, m,(F')). In general one can only claim that ¢, ¢ are (n+¢—1)-
homotopic, where (n + ¢) is the next after n homotopy non-trivial dimension of F'. In our
case B = M, F = X, n = 2 since X is simply connected and ¢ = 1 since generally
speaking m3(X) # 0. So M Ve X are 2-homotopic if and only if d(p, ) = 0.

We can do a little better. For any connected space F there are two special maps
F — F': the identity idr and the constant map ptp(x) = x¢ € F'. The primary difference

E(idF,ptF) only depends on F itself (since all constant maps into a connected space are
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homotopic to each other). This class can also be described more explicitly. If mo(F) = ... =
Tn—1(F) = 0 then by the Hurewicz theorem Hy(F,Z) =...=H, 1(F\Z) =0 , H,(F,Z) ~
7,(F') and by the universal coefficients theorem H"(F,m,(F)) ~ Hom(H,(F,Z),m,(F)).
Let m,(F) X, H, (F,Z) be the Hurewicz isomorphism. The basic class br € H"(F, m,(F))
is the class that corresponds to the homomorphism H,(F,Z) " mn(F') under the above

isomorphism.

Definition 4 (The basic class). The basic class bp € H"(F,m,(F)) is the cohomol-
ogy class that maps every homology class in H,(F,Z) into its image in m,(F) under the

Hurewicz isomorphism (bp is also called fundamental or characteristic class of F' by some

authors [DK, MT, St]).

Note that d(idg,pty) € H"(F,7,(F)) as well and one can show [St] that

d(idFa ptF) =bp

t
Now let H Y% X be any continuous maps and M "X X be a constant map. Then by

naturality and additivity

d(p,v) = d(ep, Ptary) + C_Z(PtM,)o V)
a(@a ptM,X) - a(,lvba ptM,X)
= d(idx o, pty o) — d(idx o9, pty oy))

= "d(idx, pty) + ¥*d(idx, ptyx) = ¢*bx — ¢ bx.

(2.9)

Corollary 4. In the conditions of Corollary 2 the maps ¢, ¥ are 2-homotopic if and only
if ¥*bx = ¢*bx.

This condition has the same form as in Corollary 3 with s(G) replaced by by. The

next example demonstrates a relation between the two classes in a simple case.

Example 3. The complex projective space CP™ can be represented as SU,,1/U,. Since
7o(CP") ~ Z the basic class bepn € H?(CP", mo(CP™)) ~ H*(CP",Z) is just the generator

of the second cohomology under this identification — the Poincare dual of the hyperplane class.
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On the other hand, by Example 2: 3(SUpy1) = ¢1(SUny1) and the first Chern class of this
bundle is also known to be the generator (under the identification m (U,) ~ 7 ) [BT]. Hence

with the above identifications we must have »(SU,1) = Lbcpn .

In general, »(G) € H*(X,m(H)) and by € H?*(X,m(X)) but from (2.3) we have
m1(H) =~ m3(X) under the connecting homomorphism. The rest of this section is denoted
to establishing that s(G) = —0 o by . Since the connecting homomorphism in this case is

an isomorphism once the relation is established Corollaries 3,4 directly imply

Theorem 6. Let X be a compact simply connected homogeneous space and M a 3-dimensional
CW complex. Then three conditions are equivalent for continuous M LA

(i) ¢, ¥ are 2-homotopic (i.e. homotopic on the 2-skeleton of M );

(ii) ¥*bx = ¢*bx € H*(M,m2(X)), bx is the basic class of X ;

(iii) There ewists a continuous M —— G such that ¢ = up, where X = G/H as in
Corollary 1.

Note that equivalence of the first two conditions is just a particular case of the Eilenberg
classification theorem. An additional notion we need to tie »#(G) to by is the transgression

[DK, HW, MT, Sp, St].

Definition 5 (Transgression). Let F < E —— B be a fiber bundle and A an Abelian
group. An element o € H"(F,A) is called transgressive if there are cochains & € C™(E, A)
and n € C"™Y(B,A) such that

=«

0§ = ',

where the bar denotes the corresponding cohomology class and § is the cohomology differen-

(2.10)

tial. When « is transgressive classes 7% := 1 € H"™(B,A) are called its (cohomology)
transgressions.

Dually, an element a € H,1(B,A) is transgressive if there exist chains w € Cpyq(E, A)
and v € C,(F,A) such that

(2.11)



with 9 denoting the homology differential. Any Tpa =70 € H,(F,A) is called a (homology)

transgression of a.

Note that 7*(dn) = §(7*n) = 6*¢ = 0 and én = 0 since 7* is injective on cochains.
Analogously, 0v = 0 so taking 77, T makes sense. Also note that &, n (respectively w, v)
when they exist may not be unique and hence 7%, 74 really map into a quotient of the
cohomology (homology) group. For the case of homology we are only interested in the case
A =7. There is an A-valued pairing (the Kronecker pairing [DK]) between H*(Y,A) and
H.(Y,Z) given by evaluation of cochains on chains, 7# and 74 are dual to each other with

respect to this pairing. Indeed, when «, a are transgressive

T a(a) = T(Tw) = 7n(w) = 66(w) = £(Ow) = (1v) = "E(v) = ¥E(D) = a(rya) (2.12)

One has to be careful with the ambiguity in 7# and 74 in (2.12), in general it only says
that 7%, T4a can be adjusted so that the equality holds.

Unlike the connecting homomorphism 7,1(B) N 7, (F) which is everywhere defined
and unambiguous the homology transgression 74 in general maps from a subgroup of
H,+1(B,Z) to a quotient of H,(F,Z). In a sense it ’imitates’ the non-existent connect-
ing homomorphism in homology [DK]. More precisely, spherical classes in H,1(B,Z) are
always transgressive and the diagram

Rur(B) — 2 ()
Hp Hrp (2.13)

H,r(B,Z) 2 H,(F.Z)
commutes. Here Hp, Hp are Hurewicz homomorphisms and it is understood that Hp(9(z))
is just one of transgressions of Hp(z). Commutativity can be established by inspecting the
definitions of 7, and 0 (see [Hul).

There is a case when the transgression is unambiguous. When H*(B,A) =0 for 0 < i <

k and H7(F,A) =0 for 0 < j <l aresult of J.-P. Serre says that H™(F, A) -, H™ (B, A)
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is well-defined and one has the Serre exact sequence [HW, MT]:

0 — HY(B,A) == HY(E,A) -5 HY(F,A) 75 H2(B,A) = .. 25 HM17Y(FA).
(2.14)
Analogous statement is also true for the homology transgression. Conditions of the Serre
exact sequence are satisfied in particular if n, n + 1 are the lowest homotopy non-trivial

dimensions for F' and B respectively and & = n + 1, [ = n. In this case one has the

following [St] (see also [BH], Appendix 1):

Theorem (Whitehead transgression theorem). Let F < E —— B be a fiber bundle
with the fiber F' being homotopy simple up to dimension n and let n, n+ 1 be the lowest
homotopy non-trivial dimensions of F' and B respectively. Then the primary characteristic

class of E 1is transgressed from the minus basic class of F', i.e.
»(E) = —1%bp € H"™ (B, 7, (F)) (2.15)
Using (2.15) it is not difficult now to relate s¢(E) also to the basic class of B.
Corollary 5. In conditions of the Whitehead transgression theorem

#(E) = —dobp, (2.16)

where T,11(B) 2, mn(F) is the connecting homomorphism (cf. [Nk2]).

Proof. By the universal coefficients theorem [Brd]:
0 — Ext(H,(B,Z),m,(F)) — H""Y(B,7,(F)) — Hom(H,,;1(B,Z), m,(F)) — 0

is exact and since n + 1 is the lowest homotopy non-trivial dimensional of B the group
H,(B,Z) = 0 and the Ext term vanishes. Hence the elements of H"™ (B, m,(F)) are
completely determined by their pairing with integral homology classes. By the Serre ex-
act sequences both transgressions H"(F, 7, (F)) -, H" (B, m,(F)) and H,,,(B,7Z) —
H,(F,7Z) are unambiguous. Thus using (2.12),(2.13) and (2.15) we have
#(E)(a) = —="bp(a) = —bp(rga) = —Hp'(tga) = —0(H5' (a))
— —9(bp(a)) = —9 0 bs(a).
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Since a € H,+1(B,Z) is arbitrary (all elements are spherical by the Hurewicz theorem and

hence transgressive) we get (2.16). O

In our application the bundleis H «— G — X = G/H and n = 1 since H is connected.

Therefore,

#(G) = —doby € HXA(X, m(H))

as required for Theorem 6.

2.4 Secondary invariants and the homotopy type

By the Eilenberg classification theorem maps M — X are 2—homotopic if and only if they
have the same pullbacks of the basic class by . This pullback ¢*by is known as the primary
invariant of a map ¢. If m3(X) = 0 then 2-homotopy type gives the entire homotopy type
(recall that we only consider a 3-dimensional M), otherwise some secondary invariants
have to be specified. Unlike in the case of the primary invariant these classical secondary
invariants require a pair of maps to be defined and the definiton is not constructive [Bo, MT].
This is inconvenient for our purposes so we use the following bypass. As was proved in
Section 2.2 a continuous map ¢ = wug is homotopic to ¢ if and only if u = uow with a
nullhomotopic uy and wy = ¢. In this section we derive an explicit characterization for
such u in terms of u*bg, where by is the basic class of G. In other words, we are using
u*bg as a secondary invariant of a pair 1, ¢ while for the lift u it is a primary invariant
and is defined straightforwardly.

Let (M,G) denote the space of continuous maps M — G and (M,G)p the space of
maps M — X that have the form ue for u € (M,G). We denote further

Stab, = {w € (M, G)|lwp = ¢} (2.17)
and call it the stabilizer of . Then one has the following fibration
(M,G) == (M,G)p

U — UP.
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If vp = up then w := u~'v € Stab, and the fiber of this fibration is exactly the Stab,.
To show that this is indeed a fibration we follow an idea from [AS]. By definition [Brd]| we

need to complete the diagram as indicated

A x {0} Fo, (M, G)

R4

Il (2.18)

AxT—Le r ey
where I := [0,1]. Set Fy(m,a) := Fy(a)(m) and f(m,a,t) := f(a,t)(m). Recall from
Lemma 1 that the bundle of shifts (2.4) is a fiber bundle and therefore a fibration so the

following diagram can be completed as indicated:

F
(MxA)xOM)»GxX

«

(MxA)"wM»XxX

Inspecting the definitions of F, f one concludes that the original diagram can be completed
as well using ®.

Denote

[Ma G] = 7T0((M, G))>
(M, G)p] == mo((M, G)p).

Using the homotopy exact sequence of the fibration

Stab, < (M, G) - (M, Q)¢

which is
7T-O(Stab%’) — 77-0((‘1\47 G))ﬂ-* - WO((Ma G)@) — 0.
one gets
Ae) ~ .
(M, G)p| ~ roo(Staby) (~ means bijection). (2.19)
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Note that [M, G] is the set of homotopy classes of continuous maps M — G and [(M, G)y)]
is the set of homotopy classes of continuous maps into X = G/H 2-homotopic to ¢ by
Theorem 6.

If G is compact simply connected 7, (G) = m2(G) = 0 and it follows from the Eilenberg

classification theorem that
(M, G] ~ H?’(M7 m3(G))
[u] — u"bg

is a group isomorphism. Under this isomorphism the subgroup .7 (Stab,,) = m(2(Stab,,))

is mapped into a subgroup of H*(M,m3(GF)) that we denote O,, i.e
O, = {w*bg | w € Stab,} < H*(M,m3(Q)). (2.20)
With this notation (2.19) becomes
(M, G)g] = H*(M, 75(G))/O,. (2.21)

Although the definition (2.20) uses the map ¢ explicitly we will show that in fact this
subgroup only depends on its 2-homotopy type. To this end we need the following Lemma
which essentially follows from the Hopf-Samelson theorem [Dy, WGI:

Lemma 3. Let m,m be the natural projections from G x G to the first and the second

GxG-5 @G

factor and be the multiplication map. Then
(91, 92) — 9192

m*bg = mibg + T bg, (2.22)
and given two maps M —> G
(u-v)'bg = u"bg + v*bg. (2.23)
Proof. Since G is simply connected by the Kiinneth theorem
H3(G x G,7Z) = H3(G,Z) x 1 + 1 x H3(G,Z),
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where 1 € Hy(G,Z) is the class of a point (and one can take 1 € G) and X is the cross-

product of homology classes [Brd, Dy]. By the universal coefficients
0 — Ext(Hy(G x G,7Z),73(G)) — H*(G x G, m3(G)) — Hom(Hs(G x G,Z),73(G)) — 0

and the first term vanishes since Hy(G x G,Z) = 0. Thus elements of H*(G x G,Z) are

determined by evaluation on homology classes and

m*bg(z x 14+ 1 x w) =bg(m.(zx 1+ 1xw)) =bg(z+ w)
= bg(m(z X 1) + m2.(1 X w))
=be(m(z X 14+ 1 X w) +ma(z x 1+ 1xw))
since 1. (1 X w) = mo.(2 x 1) =0

= (mibg + mbg)(z x 1 + 1 X w) as claimed in (2.22).
Furthermore,
(u-v)'bg = (mo (u,v))bg = (u,v)"(7ibg + T3bg) = u"bg + v*bg
as claimed in (2.23). O

Corollary 6. O, only depends on the 2-homotopy type of ¢ or equivalently on p*bx and
not on ¢ itself.

Proof. By Theorem 6 1 is 2-homotopic to ¢ if there is M —— G such that 1 = up.

Therefore
Staby = {w|wy = ¥} = {wjwup = up} = {w|u'wu € Stab,} = u(Stab,)u "
Therefore by the definition (2.20)

O, = {w*bg|w € Staby} = {(uw'u"")*bg|w’ € Stab,}

= {u"bg + (w')*bg — u'bg|w’ € Stab,} = O, by Lemma 3
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Hence O, = Oy, and since every s € H?*(M,m(X)) is presentable by a ¢ one can
talk about O,,.

Summarizing the above discussion we conclude:

Theorem 7. Two continuous maps M Y X are homotopic if and only if ¥ = up and

u*bg € O, for some M = G.

It is instructive to compare this characterization to the classical one given by the Post-
nikov classification theorem [Bo, Ps, WJ]. Its formulation uses a homotopic operation known
as the Whitehead product m(X) X me(X) — m3(X) [Brd, WG] to define a cup product
of my(X)—valued cohomology classes and a cohomology operation known as the Postnikov

square Ps: H' (M, mo(X)) — H?*(M,m3(X)) [Bo, Nk1, Ps, WJ].

Theorem (Postnikov classification theorem). Let M be a 3-dimensional CW-complex
and X a connected simply connected complex of any dimension. The two continuous maps
M 2% X are 2-homotopic if and only if Y*bx = ¢*bx =: 3¢. There exists 1; homotopic to
Y on M and equal to p on the 2 -skeleton. The primary difference d(p, J) € H3(M,m3(X))
15 then defined and independent of a choice of such 1}? The maps 1, ¢ are homotopic if and
only if there exists o € HX(M, m5(X)) such that d(¢,V) = 3 — a + Ps(a). In particular,

~ H*(M, m3(X))
(M, G)p] ~ ©*bx — HY(M,m9(X)) + Ps(H{(M, m5(X)))

(2.24)

As one can see from the Postnikov theorem the definition of the classical secondary
invariant requires the map 1 to be 'preconditioned’ by a 2-homotopy and we are not aware
of a more explicit procedure for defining it. Also notice that the classical invariant takes
values in H3(M,w3(X)) whereas u*bg € H3(M, m3(G)). The relation between the two can
be derived using that m3(X) ~ 7m3(G)/w.m3(H) by (2.3), in particular if 2,m3(H) = 0 as in
the case of U; in SU, our invariant can be identified with the classical one. For M = S? all
maps are 2—homotopic to the constant map and the secondary invariants can be given for
a single map rather than a pair by fixing ¢ to be the constant map. If also X = SU,/U;

both definitions give the classical Hopf invariant.
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For applications in Chapter 4 it is convenient to reinterpret the basic class and the
secondary invariant in terms of the deRham cohomology. Let us start with the group
H3(G,m3(G)). Recall that we assume that G is compact connected and simply connected.

By the universal coefficients theorem [Brd, DK] the following sequence is exact:
0 — Tor(H*(G,Z),n3(Q)) — H*(G, m3(Q)) — H*(G,Z) @ 73(G) — 0.
Since G is a simply connected Lie group H?(G,Z) = 0 and the torsion term vanishes so
H*(G,m3(Q)) ~ H*(G,Z) @ 73(G).

Since G is also compact it is a direct product of simple components G = Gy X --- X Gy

and therefore

Fg(G) ~ 7T3(G1) DD 7T3(GN).

The sum on the right ~ Z" because 73(I") ~ Z for any simple Lie group I" [BtD]. Thus
H3*(G,ms(Q)) ~ H¥(G,Z) @ ZV

Both third cohomology groups H*(G,Z), H*(M,Z) are free Abelian, the first one by the
Hurewicz theorem and the second by Poincare duality since M is a closed connected 3—
manifold (if M is not orientable H3(M,Z) = 0). This means that not only are elements of
H3(G,7Z) ® ZV completely represented by integral classes in H?(G,R) ® RY but also that
their pullbacks are completely characterized as integral classes in H3(M,R) @ RY. But real
cohomology classes from H3(G,R)@RY are represented by RY —valued differential 3—forms
by the deRham theorem [GHV].

Let © be a differential form that represents bg. Being RY —valued it is a collection

© =(01,...,0y) of N scalar 3—forms and the pullback
w0 = (u'Oy,...,u"Oy)

is defined as a vector—valued 3—form. We can go one step further. Assuming M orientable

H3(M,Z) ~ Z and again by the universal coefficients:
H¥*(M,73(G)) ~ H}M,7) @ n3(G) ~ H*(M,Z) @ Z ~ 7.
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The last isomorphism is given by evaluation of cohomology classes on the fundamental class
of M or in terms of differential forms by integration over M [GHV]. Thus we get a combined

isomorphism

HE (M, 75(G)) = 2
2.25
u'bg — /u*@ = (/ U0y, .. .,/u*@N). (225)
M

M M

Under this isomorphism the subgroup O, < H*(M,73(G)) is transformed into a subgroup

of Z" and we denote its image by the same symbol, explicitly

0, = {/ w*O | w € Stab,} < ZV. (2.26)
M

Now Theorem 7 can be restated as

Corollary 7. Two continuous maps M YA X are homotopic if and only if ¢ = up and

[u© €, for some M = G.
M

If M is not orientable then the secondary invariant is always 0.
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Chapter 3

Gauge theory on coset bundles

As we know from the previous chapter 2-homotopic maps M Y% X into a homogeneous
space X = G/H are related by a ’lift” M — G, namely ¢ = up. Therefore if we want to
minimize a functional within a given homotopy type we can fix a reference map ¢ to fix a
2-homotopy type and consider all maps of the form wup.

As was demonstrated in [AK1] it is even more convenient to work with the 1-form
a = u~'du instead of u for a number of reasons. First, unlike maps M — G differential
forms form a linear space that allows straightforward definition of Sobolev spaces. Second,
a can be interpreted as a gauge potential of a pure-gauge connection on M x G and the
Faddeev-Skyrme functional admits a very nice representation in these terms that allows
use of technics from the gauge theory. Finally, the stabilizer subgroup of the reference
map Stab, := {w : M — Glwy = ¢} turns out to be isomorphic to the group of gauge
transformations of the quotient bundle H — G — G/H pulled back by ¢ (Lemma 8).
This fact is very useful in the description of secondary invariants. All of this leads to the
idea of restating the whole problem in terms of gauge theory on the quotient bundles and
their pullbacks that we call coset bundles.

Note that trivial bundles can be seen as pullbacks of the one-point quotient bundle

By abuse of notation we use the symbol for the total space to denote a bundle, for instance ¢*G denotes

a pullback of a bundle H — G — G/H regardless of what H is.
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G — G — pt. Quotient bundles are distinguished from general principal bundles by
having a group as the total space. This leads to many nice constructions on their pullbacks
analogous to constructions on trivial bundles and not available in the general case. Two
examples are invariant connections and untwisting of gauge potentials (see Definition 12).
After introducing some general notions and fixing the notation we devote the rest of this
chapter to description of these constructions. It turns out that gauge potentials on ¢*G can
be realized as g-valued (not just bundle-valued) forms on M and we derive formulas for the
gauge action and curvature in this representation (Theorem 8). As a consequence we can

1

interpret the coisotropy form w— in terms of the simplest invariant connection prb(g_ldg)

on ¢*G (Corollary 9).

3.1 Connections on principal bundles

In this section we fix the notation and list some basic facts and formulas about Lie algebra
valued, matrix valued and connection forms for future reference (see [BM, FU, GHV, MM]|
among others).

Let E be a Euclidian space and End(E) the algebra of linear operators on it. Exterior
k-form is a multilinear antisymmetric map EF -2 R, the space of such forms is denoted
AFE and |a| := k is called the degree of . If M is a smooth manifold then a differential
k-form « is an assignment of an exterior k-form «,, to each tangent space T,,M, that
varies smoothly with m € M, the notation is I'(A*M). Smooth here means C*, however
we will later use Sobolev spaces of forms such as L? and W'2. If R is replaced by End (E)
as a set of values we talk about matrix valued forms instead of scalar ones and denote their

space I'(A*M @ End(E)). For each form a we define its differential T'(A*M @ End(E)) 2,
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(A1 M @ End(E)) by

k+1
da<X17 cee 7Xk+1) = Z(_l)i+1XiOé(X17 s 7Xi7 s 7Xk+1>+

i=1

k+1
+ ) (D)™Ma((X X X X X X)) (31)
1<j=1

where as usual X; are vector fields, X f is the derivative in the direction of X of a function

f, [X,Y] is a bracket of vector fields and X means omission. For each pair of forms we

define the wedge product T(A*M @ End(E)) x D(ALM @ End(E)) -5 D(A*M @ End(E))

1

aAB(Xy, ..., Xpp) = T

Z sgn(0)a(Xoay, - s Xo) B(Xopr1)s - - - Xoperny)  (3.2)

O'ES)H_l

where S, is the group of permutations of n elements and sgn (o) is the sign of a permutation,

and the graded commutator

o, B]( X1, .o Xig) k:'l' Z sgn (o) [ Xo(1), - - Xo)) B(Xotkr1), - - s Xowsn)] (3.3)

065k+1

with [£,7] :== &n—n& in End(E). Note that for scalar forms always [«, 5] = 0. If g is a Lie
algebra then one may consider g—valued forms a € T'(A*M ® g) with the differential (3.1)
and the graded commutator (3.3), where [£,7] means the Lie bracket in g but the wedge
product is no longer defined. To help this note that by the Ado theorem there is always a
faithful representation g < End(E) [BtD] that can be used to define (3.2). Of course in
general o A 3 is no longer g— but only End(E)—valued.

If G is a Lie group with the Lie algebra g then the adjoint action of G on g extends to
forms

(Ad.(9)a)(X1,. ... Xp) = Ad(g)(a(X1,. .., X)) (3.4)

If G is a compact Lie group then it also has a faithful representation G < End(E) which

induces the corresponding representation g < End(E) and this is always the one we use.
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The following properties are more or less straightforward from the definitions (see [BM]):

Wedge-commutator relations
(i) (nB)Ay=an(BA7)
(i) o8] = a A B — ()15 A
(ii) [8, 0] = —(~1)17[3,q]
(iv) a A = 1/2]a, o
(v) [@oANa,a) =[a,aNa] =0
Cancellation formula
(vi) [[a, 8], 8] = [a, BAB], 8] odd (3.5)
Adjoint action
(vii) Ad.(g)(a A B) = (Ad.(g)a) A (Ad.(g)p)
(viti) d(Ad.(g)a) = Ad,(g)(da + [g"dg, a])
Product rules
(ix) d(a A B) =da A B+ (—1)a A dp
(x) dlev, 8] = [dev, 8] + (=1)*/[ev, d 3]
(xi) d(a A a) = [da,a] = —|a,da), |a| odd.
It is worth pointing out that by (3.5)(iii) for forms of odd degree one has contrary to the
intuition
[, Bl =a NG+ B Aa.
Again for forms of odd degree the wedge square a A « is invariantly defined by (3.5)(iv)
although in general a A 3 is not g—valued and depends on a choice of representation for g.
If a is a g—valued form and ® is an End(g)-valued one then ® A a can be defined by the
expression (3.2) if 'multiplication’ there is interpreted as application of an operator from
End(g) to an element of g. The product rule (3.5)(ix) still applies but generally speaking
(3.5)(1) fails: (PAQ)AB#PA(aAf).

Given a Lie group G its Lie algebra g is canonically identified with the tangent space at
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identity T1G. Left action of G on itself also gives a canonical isomorphism between g = T1G
and T,G for any g € G. Namely, if L,g := vg then the isomorphism is 771G Lo, T,G and
we write abusively ¢g§ := L,§ for £ € g, g € G. One then gets a tautological g-valued 1-
form 0 on G: 01(g€) := £. Tt is traditionally denoted g~'dg and called the (left-invariant)
Maurer-Cartan form for it satisfies L7607, = 61, for any g € G'. Analogously one can define
the right-invariant form 0z = dgg~' using the right action of G on itself.

Let H <= P -=» M be a smooth principal bundle with the structure group H (see
Definition 2), h be the Lie algebra of H and Rj denote the right action of H on P (G is

reserved since for the quotient bundles we have P = G).

Definition 6 (Connection forms). An h-valued 1—form A € TY(A'P®¥b) on P is called

a connection form if
1)1*A = h~'dh
(3.6)
2)R;A =Ad.(h HA
According to this definition the Maurer-Cartan form g~'dg is a connection form on the
principal bundle G — G — pt over one point. If H <— ) — N is another H-bundle and
Q L. pPisa morphism of H-bundles, i.e. f(qh) = f(q)h then a connection form A on P

pulls back to a connection form f*A on (). Automorphisms of P that cover the identity

P / P
7r T (3.7)
d
M M

are called gauge transformations and form a group denoted Aut(P) or G(P). The above

remark gives an action of gauge transformations on the space of connection forms.

Definition 7 (Curvature forms). Given a connection form A on P the b —valued 2-form
F(A):=dA+ AN A is called the curvature form of the connection A. Any curvature from

satisfies

1) F(A) =0 (F(A) is horizontal) (38)
2)RiF(A) = Ad. (R )F(A) (F(A) is equivariant) .
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Let Ag be a fixed reference connectionon P and A be an arbitrary one then the difference
A— Ay is also horizontal and equivariant. Unlike the connection forms themselves that only
form an affine space the differences A — Ay form a linear one. Horizontality implies that if
X € T,P is alift of X € T,,M with 7(p) =m, i.e. m. X = X the value (A — Ap)(X) only
depends on X and not on a choice of the lift. This property allows one to descend forms
on P to forms on M. If the value were also independent of a choice of p in the fiber over
m (invariance) we could obtain an h—valued form on M. As it is however, one has to deal
with bundle-valued forms.

Consider the following Borel construction (see (2.5) or [Hus]). The structure group H
acts on h on the left by the adjoint representation Ad, and we set Ad,(P) := PXxaq,h. This
is a vector bundle over M with fibers isomorphic to the Lie algebra . Bundle—valued forms
are defined in the same way as End(E)-valued ones in the beginning of this section except

a,, now takes values in the corresponding fiber Ad,(P),, of the bundle. The notation is

a € T(APM @ Ad,(P)).

Definition 8 (Gauge potentials). The gauge potential o of a connection A on P with
respect to a reference connection Ag is an Ad.(P)—-valued 1-form on M given by o, (X) =

[p, (A — Ag)(X)], where w(p) =m and X is an arbitrary lift of X to T,P.

One can check that taking ph instead of p gives the same value. There is one-to-one
correspondence between the gauge potentials and the connection forms but the fact that
they are bundle—valued is a nuisance. For coset bundles we will give a different presentation
of connections by 'untwisted’ gauge potentials that are g—valued forms (not h—valued forms)
in Section 3.3.

The gauge transformations can also be described in a similar fashion. Since H acts on

HxH2%H
the left on itself by the adjoint action we can set AdP := P xaq H.

(A, h) — ARAT?
Elements of a fixed fiber form a group under the multiplication [p, hq] - [p, ha] := [p, h1hs]

and therefore so do the sections of Ad P. There is an isomorphism Aut(P) ~ I'(AdP) and

both groups are known as the gauge group of P [MM].
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3.2 The coisotropy form

In this section we introduce the coisotropy form of a homogeneous space that plays a central
role in our formulation of the Faddeev-Skyrme energy. On a Lie group one has two canonical
forms, the left-invariant one g~'dg and the right-invariant one dgg~!. Note that the
latter although not invariant under the left action is however left Ad,—equivariant, i.e.
L..(dgg™) = Ad.(7)dg g~'. On a homogeneous space G/H we only have left action of the
group G and although it is impossible to define a meaningful g—valued left—-invariant form
on G/H it is possible to define a left—equivariant one at least when G' admits a bi-invariant
Riemannian metric (e.g. when G is compact [BtD]). This form is our coisotropy form and

1

it reduces to dg g~ when H is trivial.

We start by fixing a bi-invariant Riemannian metric on G'. On the Lie algebra g of G

identified with the tangent space TiG this metric induces the isotropy decomposition

g=habh"

with h being the Lie algebra of H. Since the metric is bi-invariant

(Ad.(9)¢, Ad.(g)n) = (&, 7).

If A* denotes the adjoint of A with respect to the metric then
(Adi(9))" = Adi(g9)™" = Adu(g7").

In other words, Ad.(g) is an isometry on g for any g € G. If h € H then Ad(h)H C H and
by differentiation Ad,(h)h C h. With Ad.(h) being an isometry it also yields Ad,(h)h* C
b1 and both subspaces of the isotropy decomposition are Ad,(H)-invariant. If pry, Pry.
denote the corresponding orthogonal projections then the invariance implies that Ad.(h)
commutes with both of them.

Now the adjoint action ad of g on itself is the derivative of the Ad, action of G on g

and the isometric property translates into
ad; = —ad;
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for any ¢ € g and we also have that b, h* are invariant under ade. Since aden = [£, 7] the

invariance can be expressed as

[l Ch, [b,b7]Ch (3.9)

The coset space X = G/H inherits a metric from G by the Riemann quotient con-
struction [Pe]. If G = X is the quotient map set (S,T)x := (S,T)g, where S, T
are the unique lifts of S, T to TG that are orthogonal to the kernel of the projection
TG ™ TX . Bi-invariance implies that (-,-)x is invariant under the left action of G on X:
(LgiS, Ly T)x = (S,T)x. Moreover, G is the isometry group of the Riemannian manifold
X [Ar, Pe].

Let xo := 1H = (1) € X then the projection g = T'G -~ T,, X identifies b with the
tangent space to X at xg. Left action of G on X allows one to extend the isomorphism
of b+ to an arbitrary 7, X but since there is more than one way to present = as gz, this
isomorphism is not canonical. Note that every vector in 7, X has the form g¢(m.§) for

¢ € g=T1G (we take the liberty of writing ¢7" instead of L,.T").

Definition 9 (The coisotropy form). The coisotropy form wt € T(A'X ® g) of X is

w(g(mg)) = Adu(g) pry (€) (3.10)

or equivalently

T wh = Ad.(g) pry, (9~ "dg). (3.11)

There is another description of the coisotropy form that makes it more transparent that
it is well-defined (does not depend on a choice of g in = = gxy). It uses the isotropy

subalgebra of a point. Recall that the isotropy subgroup of a point x € X is
H, :={y e Glyx = x}.
If © =gxg=gH then vgH = gH is equivalent to v € Ad(g)H and
H, = Ad(g)H, x=gH.
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By analogy we define the isotropy subalgebra b, of x € X and the coisotropy subspace hx:

be := Ad.(g)h, = =gH
by == Ad.(9)b"

This is well-defined since Ad,(gh) = Ad.(g)Ad.(h) and both b, h* are Ad,(H)-invariant.

Moreover, (3.9) implies
[B2:0a] € 0oy [ b ] C (3.12)

Here is a more geometric interpretation. In the same spirit as ¢7" denotes the action of an
element of G on a tangent vector in X we can write £x for the action of a vector in g on

a point in X . Both are induced by the left action of G on X and rigorously

d
{x = T exp(t&)x[i—o-

Since G acts transitively, for each © € X the map & — &x is onto T, X and its kernel is
exactly the isotropy subalgebra h,. The next lemma establishes some important properties

of the coisotropy form.
Lemma 4. (i) w' is well-defined and
WH(Ex) = pryg (€). (3.13)

(il) Liwt = Ad.(y)w*, i.e. wh is left-equivariant.

(iii) Wt (S)| = |S| for any S € TX .
Proof. (i) Since {x € T, X it has the form
9(m.€) = o = EgH = g€ H,
where z = gH. Thus one can take £ = Ad,(g~1)¢). Now by (3.10)
wh(er) = wh(g(m.€)) = Adu(g) pry: (€) = Ad.(g) pry: (Adu(g71)€) (3.14)
By linear algebra if m is a subspace of a Euclidian space and U is an isometry then
prym = Upr, U* = Upr, U™}
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and since Ad,(g) is an isometry we obtain from (3.14)

WL(@?) = PTad.(g)pt (&) = PryL €3]

as required. Since the last expression depends only on € X and not on g € G we conclude
that w' is well defined.

(ii) Since in our notation L.,S = ~S"

Liw(g(m€)) = wh (79(mf)) = Adu(vg) prys (€)
= Ad.(7)(Ad.(g) prye (€)) = Adu(7)w (g(m.8)).

(iii) Since Ad,(7) is an isometry and the metric on X is left-invariant it suffices to check
the equality for z = zo, g = 1. But there the lift of S = 7.£ is exactly S = pry.(§) since
Ker 7, = h. Therefore by definition of the Riemann quotient: |S|:= [S| = |w*(9)]. O

Remark 4. For most of the above it would have been sufficient to fiz an Ad,(H)—invariant
m C g which is coisotropic, i.e. g = b+ m (direct sum). With a bi-invariant metric
one just takes m = . In general, closed subgroups of Lie groups that admit existence
of such a subspace are called reductive [Ar, BC, KN]. Obuviously, in a compact Lie group
every closed subgroup is reductive. We chose to use a metric since we need it to define the

Faddeev-Skyrme functional anyway.

As one can see from Lemma 4 the coisotropy form is just a way to rewrite tangent vectors
on X as vectors in g in an algebraically nice way (the Maurer-Cartan form dgg~' plays

the same role on G). The next example gives a more explicit description in the case of

CP! = SU,/Uj.

Example 4 (The coisotropy form of CP'). Recall that SU, is represented by

z W ) )
SU, = z,w e C|z|" + Jw| =1
~w Z
z 0
U, = ZGC,’Z‘:l <SU2
0 z
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zZ o w
It is convenient to use the isomorphism — 2z +wj € H with the algebra of

—w z
quaternions and use the quaternionic notation. In this notation
G =SU;={qeH]|q| =1}
H=U ={qeCll|q =1}
(3.15)
g=su,={¢€H|Re(q) =0} =ImH
h=u;={q¢geC|Re(q) =0} =ImC =R

There is a useful embedding

cP!' L H

qUi — qig~" = Ad.(q)i

with the image

7(CPY=8*={¢eImH]| |¢/=1} CImH =g

and it is convenient to identify CP with this image.
We will now compute the coisotropy form under this identification. Since by Lemma 4 (ii)
wt s left-equivariant it suffices to compute it for xo = w(1) that is mapped into i under T.

Differentiating T one gets

T,,CP' = T;S?

ffo L [57 Z]

where as usual T;S? is identified with a subspace in ImH. Therefore by Lemma 4 (i)

i (E20) = Dy (€) = prys (€) = gile,i] = 5ilr (o).

Hence if we identify T,,CPY with T;S* and write wi- as a form on ImH it becomes wi-(n) =
%z’n. Analogously identifying T,CP' with T,)S* C ImH and using the left equivariance
we get wy () = i7(x)(r(€x)). Thus

1
wy(n) =g, g€, neT,s (3.16)
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Geometrically this means that wt takes half of a vector in a tangent plane to S? and rotates
it by 90° counterclockwise in that plane. The resulting vector is interpreted as an element

of g =ImH = R3.

Although we do not reflect it in the notation w' depends on a choice of presentation
X = G/H and a choice of a bi-invariant metric on G. We want to investigate this depen-
dence now. Recall that in Section 2.1 assuming X simply connected we used the following

operations on G to obtain the presentation of Corollary 1:
1. Taking the identity component G, and replacing G/H by Go/(Go N H);
2. Taking the universal cover G —— G and replacing G/H by G/x (H);

3. Taking a maximal compact subgroup K(G) and replacing G/H by
K(G)/(K(G)NH).

Since G is compact its universal cover decomposes [BtD]:

G:Glx---xéka"

with K(é) =Gy x--xGLaG being a normal subgroup of G. Moreover, by the Mont-
gomery theorem [Mg] K (G) still acts transitively on X and therefore G = K(G) -7 (H).
Analogously, Gy < G and since X is connected one also has G = Gy - H. In other words,

the above three operations are particular cases of the following two:
(R1) G is replaced by a cover G —— G and X = G/H = G/7~(H);

(R2) G is replaced by a normal subgroup N <G such that G = N - H and
X =G/H = N/(NnH).

It turns out that given a bi-invariant metric on G the metrics on G and N can be chosen
so that the metric on X and the coisotropy form w* stay the same. This means that the
presentation of Corollary 1 can be used without loss of generality even assuming that a

homogeneous space X comes equipped with a metric and a coisotropy form.
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Lemma 5. Given a bi-invariant metric on G define a metric on G from (R1) by pullback
and on N from (R2) by restriction. Then the Riemann quotient metric on X and wh are

the same in the new presentation of X .

Proof. Note that in both cases we obtain a bi-invariant metric on G and N respectively
(for G since 7 is a group homomorphism). We will give a proof for (R2), for (R1) it is
analogous and simpler.

If S,T € T,X we can choose their lifts S, T € T,,G with n € N, x = nH since G = NH.
Then (S,T), = (S,T)q = (S,T)y by definition of the Riemann quotient [Pe]. Let wy, wg

denote the coisotropy forms induced from N, G respectively. We have the diagram:

]

N G
TN TG
id
X X

By (3.11)
TNWG = UTgwe = 1" (Ad.(g) pry. (97" dg)) = Ad.(n) pry. (n”'dn)
But G = N-H implies g = n+ b, where n is the Lie algebra of N and hence h* C n. The
orthogonal complement to nNh in n is n N (nNh)L and therefore by Definition 9
mhvwy = Ad,(n) DLy (- (7).
But since h* C n C g we have
nN(nNbh)t=nnbt=htcCg.
Therefore myws = Thwy and wg = wy since T is mono. O

Remark 5. Both operations (R1),(R2) can be interpreted in terms of principal bundles.
In (R1) we have a bundle P = (G — X) and a normal subgroup =—*(1) a7 L(H) of
the structure group 7 *(H) and pass to the quotient bundle P/m~'(1) [Hus]. In (R2) the
structure group H<G reduces to (NNH)<H and N is the total space of the bundle obtained
from the original one by the reduction of the structure group [Hus, KNJ. Thus our 'changes

of presentation’ are just quotients and reductions of the bundle H — G — X.
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3.3 Trivial bundles and coset bundles

This section provides the main technical tools needed for application of the gauge theory
to the Faddeev-Skyrme models in the next chapter. After reviewing briefly some special
constructions that are available on trivial principal bundles (trivial connection, pure-gauge
connections, global gauges, etc.) we proceed to generalize them to coset bundles and develop
some necessary 'calculus’ for such bundles.

Trivial bundles are the simplest principal bundles and their total spaces are products
P = M x G. The principal action is multiplication by G on the right in the second
component

(MxG)xG— MxG
((m,g),7) = (m,g7)

and the projection is the projection M x G — M to the first component. Trivial bundles
and only those can be obtained by pullback from the bundle over one point G — pt.
Indeed, in general pullback of a principal bundle P —— X by a map M —— X is

" P = {(m,p) € M x Plp(m) =n(p)}

and for Py := (G — pt) the defining condition trivializes leaving just M x G.

For each pullback bundle there is a canonical bundle morphism M x P O ¢*P =2 P
that allows 'transfer’ of connection forms: every connection A on P induces a connection
m3A on ¢*P. For P, the left-invariant Maurer-Cartan form 6 = g~'dg gives a canonical
connection and 7360y (also denoted g~'dg when no confusion can result) is called the trivial
connection on M x G. More connections can be obtained by using gauge transformations
(bundle automorphisms) f of M x G. Since f(m,gy) = (m, fo(m, g)y) we have fo(m,g) =
f2(m,1)g = u(m)g, where M — G and f(m,g) = (m,u(m)g). Conversely, any map into
G induces a gauge transformation and we have a one-to-one correspondence between maps

M — G and Aut(M x G). Applying them to the trivial connection we get new ones:

frm3(g™dg) = (20 f)"(g™'dg) = (ug)"d(ug)
=g 'uw N dug +udg) = Ad.(¢" ") (v tdu) + g 'dg. (3.17)
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Such connections are called pure-gauge since they are trivial up to gauge equivalence (one
could define 'pure-gauge’ connections on any principal bundle with a reference connection
Ap as those of the form f*Ay but this is not common). Thus we have a canonical choice
of a reference connection Ay := 7w3(g 'dg) = g 'dg (by our abuse of notation) and may
consider differences A — Ay. The reason that the gauge potentials from Definition 8 had
to be bundle-valued was that the differences A — A, although horizontal are not invariant

under the right action of the structure group. We only have Ad,-equivariance:
Ry (A— Ao) = Ad, (g7 (A — Ap).

On a trivial bundle (and, as we will see shortly on a coset bundle) this can be fixed by
a correction factor Ad,(g). Indeed, the form Ad.(g)(A — Ap) is horizontal, invariant and

therefore descends to a g—valued form on M.

Definition 10 (Untwisted gauge potentials on trivial bundles). The untwisted gauge
potential of a connection A on M x G is the form a € T'(A' @ g) satisfying

mia = Ad,(g9)(A — g 'dg). (3.18)

It is immediate from (3.18) that for pure-gauge connections A = f*(g~'dg) one gets a =
u~ldu. Note that conventionally a is introduced via ’local gauges’ and is called ’connection
in a local gauge’ rather than gauge potential [MM, DFEN] (of course, on trivial bundles
local gauges happen to be global). It is in this sense that a is a 'pure-gauge connection’ in
[AK1, AK2]. We use the above construction instead because it conveniently generalizes to
coset bundles while global gauges do not.

The ’'untwisting’ can also be applied to curvature forms. For the untwisted gauge po-

tential a of a connection A define F(a) by
m1F(a) = Ad.(g9)F(A). (3.19)
Then a simple computation shows that
F(a) =da+aAa. (3.20)
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Connections (potentials) with F(A) =0 (F(a) = 0) are called flat. Every pure-gauge con-
nection is flat as can be seen directly from the expression a = u~'du for the potential. The
converse is true if m; (M) = 0, otherwise there is a topological obstruction to constructing
a developing map u called the holonomy [AK1, KN].

Now let us replace the one-point bundle G SN RN pt by a quotient bundle H ——
G "+ G/H =: X. Most of the above generalizes to pullbacks of these bundles under
maps M — X that generalize trivial bundles M x G and are next to them in complexity.

Formally:

Definition 11 (Coset bundles). A principal bundle is called a coset bundle if it is iso-
morphic to a pullback of a quotient bundle H — G — G/H = X, where H < G is a closed
subgroup of a Lie group G.

Given M %5 X we have
G :={(m,9) e M xG| p(m)=gH} C M xG

and any connection form A on the trivial bundle M x G restricted to ¢*G has the isotropy

decomposition:

A=pryA+pry A=Al + A+ (3.21)

Since Ad,(h) commutes with pry it follows immediately from (3.6) that Al is a connection
form on ¢*G. Therefore the reference connection Ag = g~ tdg on M x G gives us a natural

choice of a reference connection on ¢*G':

By := A} = (g7 dg) = pry(g~"dg) (3.22)

Since ¢p*G C M x G the correction factor Ad,(g) is still available and we can copy Defini-
tion 10 to set

Definition 12 (Untwisted gauge potentials on coset bundles). The untwisted gauge
potential of a connection B on ©*G is the form b€ T'(A'M ® g) satisfying

Ad.(9)(B — (g7 "dg)!) = ib. (3.23)
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Note that B can also be represented by a usual gauge potential § from Definition 8
which is an Ad.(¢*G)-valued 1-form. This bundle has fiber b while b is a g— but not
h—valued form. Thus to 'untwist’ the potentials we have to pay by enlarging the target
algebra.

To establish a relation between twisted and untwisted potentials we need the following

notion.

Definition 13 (Isotropy subbundle of algebras). Given M —» X = G/H define the

1sotropy subbundle of M X g:

by :={(m,§) € M x g £ € bymy}
={(m,&) € M x g| £ € Ad.(g)b, p(m) =gH}.

The isotropy subbundle is clearly a vector bundle with fiber §. Each fiber has a Rieman-
nian metric by restriction from M x g. The following Lemma explains why the 'untwisting’

is possible.

Lemma 6. There is an isometric isomorphism of vector bundles
Ad.(¢"G) — b
(m, [g,€]) = (m, Ad.(g)¢)

that induces isomorphisms on differential forms
T(A*M @ Ad,(¢*G)) ~ T(APM @ b,) C T(AFM @ g).

The gauge potential B of a connection B is transformed by this isomorphism into its un-

twisted gauge potential b.

Proof. Tt is easy to see that the above map as well as the map

[)Lp — Ad*((p*G)

(m,n) — (m, [, Ad.(g7")n])
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are both well-defined and inverses of each other. Therefore they are both isomorphisms and
they are isometric because Ad.(g) is an isometry. Now let S € T,,M,p(m) = gH. Then
by Definitions 8,12

B(S) = (m,[g,(B = (g7"dg)")(S)))
— Ad.(9)(B — (g7'dg))(S) = m1b(S) = b(m1..S) = b(S)

and (#+— b as claimed. O

Notational convention: Since we have little use for the (twisted) gauge potentials of Def-
inition 8 from now on expressions 'gauge potential’ or 'potential’ will refer to the untwisted
ones of Definitions 10,12 unless otherwise stated. Since the isomorphism of Lemma 6 is
isometric results stated in the literature for twisted potentials (such as the Uhlenbeck com-
pactness theorem [Ull, We| that we use in Section 4.2) are trivially rephrased in terms of
our untwisted ones. We utilize such rephrasings without special notice.

The isotropy decomposition of connection forms has a parallel for the gauge potentials.

Definition 14 (Isotropy decomposition of gauge potentials). Let A be a connection

on M x G with potential a of Definition 12 then all, a* are defined by

mal := Ad.(g)(Al = (g7 dg)"),

(3.24)
mat = Ad.(g) (AT — (g7'dg)").
Obviously, 7 (al 4+ at) = Ad,(g)(A — g 'dg) so a = al +a*.
We now want to compute the isotropic and coisotropic components explicitly.
Lemma 7. Components of a are given by
al = pry, (a), at = prbgp_(a). (3.25)
If A, is a pure-gauge connection with the potential a, = u~'du then
ay = Ad,(u™ ) (up) 'wt — p*wt. (3.26)
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Proof. Let ¢(m) = gH then DTy, = Prad.(g)h = Ad,(g) pry Ad.(¢g7") and since (m,g) €
©*G always satisfies p(m) = gH we have

5 (pry, (@) = Prag, g (mra) = Ad.(g) pry Ad.(g7 ") (Ad.(g) (A — g~ 'dg))
= Ad.(g) pry(A — g7 dg) = Ad.(9)(Al — (g7 dg)) = 7}d]

L=a—adl.

Since 7j is mono we have the first formula. The second formula follows from a
For the third one recall that A, = f;(g'dg), where f, is the second component of the
gauge transformation

MxG-LsMxa

(m, g) — (m, u(m)g)

It is easy to see by inspection that the following diagram commutes:

fa

G G
T ™
M X

Therefore,

= Ad((wom) ) friwt

= Ad.((wom) ") f5 Ad.(g) (g dg)* by (3.11) (3.27)
= Ad.((uom) ") Ad.((wom)g)(f3(g 'dg)") since fo = (uom)g

= Ad.(g9)4,

When u is the constant 1 map this equality turns into
T (") = Ad(g) (9 dg)* (3.28)

Subtracting (3.28) from (3.27) and using the definition (3.24) we get the desired formula.
O
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Example 5 (Isotropy decomposition on CP'). Recall from Ezxample j that on CP! =
SU, /Uy we can identify sus with the space ImH of purely imaginary quaternions and uy

with {R C ImH. Therefore

pry(6) = (€, 1) = Re(ei)i = * T8 = EEE Lo i)

Dry. () = € — 1€ — i) = 5(€ + i) = si(—i€ + i) = 2ilt,],

where bt = ui is the linear span of j, k. Also recall that we can identify CP itself with

the unit sphere S? in ImH. Under this identification a map M —— CP' turns into a map
M 25 5% with
¢(m) = qiqg™" = qig, if p(m) = qU;.

With this notation:

pry, (€) = Ad.(q) pry(Ad.(¢1)€) = Adu(q)(Ad.(g )&, i)i
= (&, Ad.(q)i) Adu(q)i = (£, 0)0

since Ad.(q) is an isometry and (£,m) € R and therefore commutes with all quaternions.

Analogously
1
pry: (6) = 501€, ).

Thus by (3.25) we get in terms of ¢:
d'=(a,)0, a*=gla,q]. (3.29)
These are the expressions used in [AK2)].

Gauge transformations on coset bundles can also be 'untwisted’ into GG-valued maps.
Recall from the end of Section 3.1 that for general principal bundles gauge transformations
can be described as sections of the bundle Ad(P) = P xxq H. Just as we described Ad,(P)
as isomorphic to a subbundle of M x g in Lemma 7 we can describe Ad(P) as isomorphic

to a subbundle of M x G.
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Definition 15 (Isotropy subbundle of groups). Given M —*» X = G/H the isotropy
subbundle of M x G relative to a closed subgroup H < G is

Hy, = {(m,v) € M x G|y € Hym)}
={(m,v) € M x G|y € Ad.(g)H, ¢(m)=gH}.

This is a fiber bundle with fiber H. Sections of this bundle are maps M —— G that
satisfy w(m) € Hy(m) for all m € M. Recall that we denoted

Stab,, := {M — Glwy = ¢}.
By analogy to Lemma 7 one obtains

Lemma 8. There is an isomorphism

Ad(¢*G) — H,
(m, [g,A]) — (m, Ad(g)A)

that induces isomorphism of the gauge group T'(Ad(p*G)) — T'(H,), i.e
I'(H,) = Stab, ~ I'(Ad(¢*G)) (3.30)

Proof. The isomorphism is proved word to word as in Lemma 7 with Ad in place of Ad,. For
the second claim note that w(m) = ghg™! for some h € H and w(m)p(m) = w(m)gH =
ghg~tgH = gH = p(m), the converse follows similarly. O

Thus instead of being represented by sections of a twisted bundle with fiber H gauge
transformations are represented by G—valued maps. As in the case of gauge potentials the
untwisting comes at a price of extending the target space. Also note that Lemma 8 gives a
gauge description of the stabilizer of a reference map. This description will play a crucial
role in applications to minimization in the next chapter.

Recall that the main function of gauge transformations is their action on connection
forms — the gauge action. As connections are now presented by (untwisted) gauge potentials

be'(A'M®g) (Definition 12) and gauge transformations by maps M — G we would like
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to have an explicit expression for the action of w on b. Similarly, curvature of a connection
B on ¢*G is a horizontal equivariant 2-form on ¢*G and after applying the correction
factor Ad,(g) we can make it invariant and descend it to M. Again we would like an
explicit expression for the result in terms of the potential . This prompts the following

definition.

Definition 16 (Gauge action and curvature for gauge potentials). Let f, be the
gauge transformation corresponding to the map M — G, w € I'(H,) and b be the potential
of a connection B. Then b" denotes the gauge potential of the transformed connection f;B.

The curvature potential F(b) is defined by
m F(b) = Ad.(¢9)F(B) = Ad.(g9)(dB + B A\ B). (3.31)

Obviously, F(b) € T'(A*M ® g), moreover F'(b) € I'(A*M ® b,) since dB + B A B s
h—valued. Note that usually F'(3) is defined for a twisted potential 5 from Definition 8 and
is an Ad,(P)—valued 2-form descended from F(B). This F(3) corresponds to our F(b)
under the induced isomorphism of Lemma 7.

Before we derive explicit expressions for 6", F'(b) let us make several preparations. First,

it is convenient to extend the notation ||, L to all g—valued forms on ¢*G and M:

Rl = pry(R) for R e T(A*(p"G) ® g)

R* = pr,.(R)
’ (3.32)
rll = pry (1) forr € I(A*M ®g).
rto= prb$(r)

By (3.21), (3.25) this agrees with the previous notation for A and a.

Second, note that every connection form B on ¢*G is the isotropic part of a (non-unique)
connection A on M x G. It is easy to see using the gauge potentials b. By Definition 12 one
has that b is an h,-valued 1-form. But h, C g and it can also be treated as a g-—valued
one. By Definition 10 any g-valued 1-form represents a connection on M x G. Let A

denote this connection for b treated as a g-valued form then B = Al as required. More
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explicitly we have

b= Ad,(g)(B — (g7 'dg)l) on ¢*Gc M xG
mia = Ad,(g)(A — g 'dg) on M x G

and therefore

A= B+ (g7 dg)* (3.33)

on ¢*G. It can be uniquely extended to the entire M x G by equivariance. This is the
minimal extension of B. More generaly we could take any f)i—valued 1-form 6 on M, set
a=>b+0 and take A on M x GG that corresponds to a.

Third, the gauge transformation f,, from Definition 16 can be found explicitly. By

Lemma 8 w corresponds to a section o of Ad(¢*G) given by

a(m) = (m, [g,Ad.(g~ )w(m)])

In its turn by the isomorphism between I'(Ad(¢*G)) and Aut(p*G) (see e.g. [MM]) this

section corresponds to

fu(m,g) = (m, g Ad. (g )w(m)) = (m,w(m)g).

Although we obtained it as a gauge transformation of ¢*G only, it obviously extends to a

gauge transformation of M x G that we denote by the same symbol. If A is a connection

on M x G with the gauge potential a then the gauge potential a" of fA is easily found
to be [DFN, MM]:

a* = Ad,(w)a +w tdw. (3.34)

Now we are ready to derive the promised formulas. The coisotropy form w' makes an

important appearence here. The idea of the proof is to extend a connection on ¢*G to a

connection on M x G, use the well-known formulas for potentials on a trivial bundle and

then 'project’ to the potentials on a coset bundle.
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Theorem 8. Let B be a connection on ©*G, b be its (untwisted) gauge potential and w be
a section of H, C M x G. Then
(i) b = Ad, (w b+ w tdw — (Ad,(w™) — Ip*w
(ii) F(b*) = Ad,(w ") F(b) (3.35)
(iii) F(b) =db+bAb— [b,o*w'] — (¢*wt A g wh)l.

Proof. (i) Let A be the minimal extension of B to M x G then we have for the potentials

a,b then
mra” = Ad.(9)(frA — g 'dg) by Definition 10
and
b = 7t () = Ad.(g)(f2 Al — (gL gad) by Definition 12
= Ad,(9)((fz )1 — (g7tdg)) since pry commutes with f;
= 75 (a®)] by Definition 14.

Therefore b* = (a®)!l. Since pry, commutes with Ad.(w™") for w € I'(H,) we have further
v = (e = (Ad,(w™Ha + wldw) = Ad,(w)al + (w™tdw)l.
But by definition of the minimal extension b = al = ¢ and
b = Ad,(w™ )b+ (wtdw)l. (3.36)
When we = ¢ the equality (3.26) becomes
(w™dw)* = Adu(w™p'w — pw* (3.37)
and therefore
(wrdw) = wldw — (wtdw)t = wldw — (Ad, (w™Y) — I wt
Substituting this into (3.36) we get the required formula.

61



(ii) For any horizontal equivariant form R on ¢*G one has Ad.(g)R = 7njr with a unique

form r on M. We claim that then
Ad,(9)(faR) = 7} (Ad.(w™")r). (3.38)

Indeed,
fo(Adu(g)R) = Ad.((w o m)g) i, R = Ads(w o m) (Ad.(g) [, R)

and
Adu(g)(f3R) = Ad.((w o m) ™) fu(mir) = Adu((wom) ) (mi 0 fu)'r
= Ad,((wom) Hrir = 7f(Ad.(w)r).
Applying (3.38) to R = F(B) = dB + B A B one obtains
Ad.(g)F(f3,B) = Adu(9)(foF(B)) = m(Ad.(w™)F (b)) = m{F ("),

which implies (ii) since 7} is mono.

(iii) Again let A be the minimal extension of B. Even though for potentials a = b we
now have two different curvatures: one induced from the curvature of A by (3.19), the other
induced from the curvature of B by (3.31) and they are not equal. To avoid confusion we

denote the former F (a) for the duration of this proof only. Thus

T F(b) =i F(a) = Ad.(9)(dB + B A\ B)
T F(a) = Ad.(¢9)(dA+ AN A)

Since A is the minimal extension by (3.33)

dA =dB +d(g 'dg)*

ANA=BAB+[B,(g7'dg) ]+ (¢ dg)*" A (g~ dg)*

Since g~ 'dg is flat it satisfies
d(g~'dg) = —(g~'dg) A (g™ dg)
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Decomposing g~ 'dg = (¢g'dg)! + (97'dg)* and taking into account (3.9) we get

d(g~'dg)* = —(g 'dg A g tdg)t = —[(g " dg)!, (g7 dg)*] — (g dg)* A (g~ dg)*)*.

Putting it together:

dA+ANA=dB+d(g'dg)r + BAB+ (B, (g7 dg)*] + (g7 dg)*" A (g7 dg)*
= dB+BAB+[B, (g7 dg) " 1+(g " dg) " N(g'dg)* —[(g~'dg)", (g7 dg)*]—((g"dg)* A(g~'dg)™)*

=dB+BAB+[(B— (g 'dg)"), (g7 dg)" ]+ (g 'dg)" A (g~ dg)*")].

Now apply Ad.(g) to both sides and distribute it under A and [-,-] using (3.5)(vii) and
under the ||, L signs using that Ad.(g)pr, = pr, Ad.(g). Since

Ad.(g)(B — (g7 "dg)") = 7}b

by (3.24) and
Ad.(g)(g™ " dg)" = mi(p"w")

by (3.28) the equality turns into
miF(a) = 7 F () + mi[b. "] + mi(o"wh At

Removing 7} and recalling that F(a) = da+aAa = db+bAb by (3.20) we get the required

formula. .

Note that the formulas from Theorem 8 look like their analogs for trivial bundles with
‘correction terms’ depending on the pullback of the coisotropy form ¢*w=®. If ¢ is a constant
map and the bundle ¢*G is trivial then p*w’ = 0 and we recover the formulas for trivial
bundles.

An interesting consequence of Theorem 8 is

Corollary 8.
(@) + p*wt = Ad,(w ) (at + p*wh) (3.39)
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Proof. By direct computation from (3.36)

(@) = a" — () = Ad.(w™)a + v dw — Ad,(w)al — (w™dw)!

O

Comparing (3.39) to (3.35)(ii) we see that the quantity a' + @*w! ’transforms as cur-
vature’. This reflects the following situation for connections. In a principal bundle the only
local gauge-equivariant functional of a connection A is its curvature F'(A) but only if we
consider the gauge action induced by that same bundle. If on the other hand, we consider
the gauge action induced by a subbundle the curvature is joined by the coisotropic part A+

with respect to this subbundle. It follows from (3.24) and (3.28) that
Ad,(9) A+ = 7t (a® + ¢*wh). (3.40)

Such ’partial gauge equivalence’ arises in coset models of quantum physics [BMSS]|. The
gauge principle implies in this situation that physical Lagrangians should be functions of
at+¢*wt, F(al). The Faddeev-Skyrme functional (reformulated for potentials) will depend
on the first quantity only (see Definition 20).

Taking ¢ = idx and b =0 in (3.35)(iii) corresponds to computing the curvature poten-
tial of the reference connection (¢g~'dg)! on the quotient bundle H — G — G/H = X .

Corollary 9. The curvature potential of the reference connection (g~ 'dg)l on G "= X is
F(0) = —(wr Awh)l (3.41)

This is another indication of a role the coisotropy form plays in geometry of homogeneous
spaces. It becomes especially nice for symmetric spaces [Ar, Br2, Hl]. There in addition to

relations (3.9) one also has
[he.pt]Ch
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and (3.41) becomes
F(0) = —wt Awt.

Finally projecting (3.35) to b, b and taking into account (3.12) we get
Corollary 10. For any gauge potential on a coset bundle ©*G one has

F(b) = (db)l +bAb— (p*wh A p*wh)!
(db)* = [p"w™, ]
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Chapter 4

Faddeev-Skyrme models and

minimization

After topological and gauge-theoretic preliminaries in the first two chapters we are ready
to introduce our version of the Faddeev-Skyrme functional for general homogeneous targets
and prove existence of minimizers of different topological types. Since regularity theory for
Skyrmions is lacking the main difficulty is to balance regularity requirements that allow a
notion of 'topological type’ to be introduced against compactness properties that lead to
consideration of more singular maps. We end up with admissible maps of Definition 22
that have meaningful "2—-homotopy sectors’ (generalizing 2-homotopy type) and strongly
admissible maps of Definition 24 that have meaningful homotopy sectors’. Both spaces
are 'large enough’ to ensure compactness. We analyze the primary minimization (within
each 2-homotopy sector) for arbitrary homogeneous spaces in Section 4.2 and the secondary
minimization (within each homotopy sector) for symmetric spaces in Section 4.3.

It turns out to be technically convenient (and perhaps even more 'natural’) to write the
Faddeev-Skyrme functional for (pure-gauge) potentials rather than maps. In particular our
main tool in the the proof of existence of minimizers is based on the K.Uhlenbeck’s gauge-
fixing procedure for connections [Ull, We|]. The reason the Faddeev-Skyrme functional is

so interesting analytically is that additional regularity comes not from control over higher
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derivatives of maps but 2-determinants of the first derivatives. This type of conditions has
been intensively studied recently (see [GMS4] and references therein) and can be utilized
using the fact that wedge products of Sobolev forms are 'better’ than predicted by the
Sobolev multiplication theorems [IV] due to ’cancellation of singularities’” in determinants.
In our case this works especially well for symmetric spaces (Section 4.3), where additional

symmetry leads to more cancellations.

4.1 Faddeev-Skyrme energy

In this section we introduce our version of the Faddeev-Skyrme functional, and compare it
to other 'Skyrme functionals’ found in the literature. Then we introduce admissible maps
and their 2—homotopy sectors and give a precise formulation of the primary minimization
problem.

Let X = G/H be a homogeneous space with G a compact Lie group and H < G a
closed subgroup. G is equipped with a bi-invariant metric that induces an inner product on
g and a Riemann quotient metric on X (see Section 3.2). Recall that the coisotropy form
wt on X is defined by:

mwh = Ad.(g)(g" dg)",

where G —— X (Definition 9). If £ — M is a Riemannian vector bundle over M and

w € T(A*M ® E) we set as usual
|win| == sup{|wm (S1, ..., 5%)|e| Si € TouM, |Silrm =1}, m € M. (4.1)

for the norm of the form at the point m. Given a map M ¥, X we have dyp € T(AN'M ®
P*TX) and *wt € T(A'M ®g) so |di|, [*w| are defined at each point. By Lemma 4(iii)

[ wh(s)] = lw (¥uS)] =[] = [d(S)]

for any S € TM and hence |dy| = [ w™|.
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Definition 17 (Faddeev-Skyrme functional). The Faddeev-Skyrme energy of a map
M -2 X s X ,
B(6) = [ Slavf? + 10wt Avtet dm
M . . (4.2)
= / §|1/1*wL|2 -+ é—lhb*wL A w2 dm.
M

The second expression does not require using the bundle ¢*T'X that is only defined for

smooth ¢. By (3.41)
—(Wrwt At = —pr(wt Awh)!

is the pullback of the curvature potential of the reference connection on G — X . Perhaps
in view of this it would have been more natural to replace *w® A ¢*w’ in (4.2) by its
parallel component and in fact all our arguments for primary minimization still go through
if this is done. As for the secondary minimization we only consider symmetric spaces so
(wt Awh)l = wt Awt anyway.

Now let us compare our definition to some similar ones.

Example 6. (Lie groups) Here H = {1} and X = G is a compact Lie group. The Skyrme
functional is usually written as [AK1]:

1 1
E(u) = / §|du|2 - Z—L|u_1du A u”tdul? dm. (4.3)
M

The coisotropy form becomes

wh = Ad,(g9)g 'dg = dgg".

Since the metric is bi-invariant |dgg~*| = |g~'dg| and moreover since Ad,(g) is an isometry

|dgg™" Adgg™'| = Ad.(g)(g~ dg A g~ dg)| =g dg A g~ dg|.
Hence our functional (4.2) coincides with (4.3) as u*(dgg™") = duu™'.

(The 2—sphere) The functional of the Faddeev model can be written as [AK2/:

B(w) = [ Hwl + 710 x duf? dm (1.4

M
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where M 2, S? and
(dyp x dip)(S,T) := dp(S) x dip(T)

Here on the right £ x n is the cross-product of two vectors in R® (we assume S* — R3 as
the unit sphere so di is R3—valued). As in Ezample 4 identify R® ~ ImH, the space of

purely imaginary quaternions and use the quaternionic notation. Then we have

Exn=1[6n=En—n

1

and as we computed in Example / w#(q) &) = %W(q)ﬁ with 7(q) = qiq~'. Since vectors in

ImH are orthogonal if and only if they anticommute, § € Tr4)S* Ln(q) and n(q)* = i* = —1

we have:

) Nk &) = Sr(@)sm(@n — 5m(@m(a)6 = (~laVén -+ wla)ne)

= i(&n —n¢) = }l[f,n]-

Therefore *w AY*wh = Tdy x dip and up to constant multiples (4.4) is the same as (4.2).

(Riemannian manifolds) N.Manton [Mn] suggested a definition of a ’Faddeev-Skyrme

functional’ that works for maps M Y. N between arbitrary Riemannian manifolds:

Bu(®) i= [ Sld0f + {ldv A dof dm, (45)

M

where dip A dip € T(A*M @ ¢*(T'N)"?) is defined by

dip A dip(S,T) = dip(S) @ di(T) — di(T) @ di(S).

Since dip N\ dy is universal any quadratic antisymmetric expression in components of diy

factors through it. In particular there is a smooth section L of (¢*(TN)"?)* such that
V (wh Awh) =< L,dip Adyp > .

Therefore E(¢) < CEp(Y) for some C > 0.
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However even for Lie groups (4.5) is strictly stronger than the usual one (4.3). Indeed,

P (wt Awh) takes values in g of dimension say n and the fiber of (TG)"? has dimension

n(n—1)
2

strictly greater than n for n > 3. Therefore (4.5) controls all components of dip N
di while (4.3) only controls some linear combinations. Nonetheless, for X = SUy ~ S3

Manton’s functional coincides with (4.3) and for X = S? it coincides with (4.4).

(Symplectic manifolds) In the original formulation of the Faddeev model the functional

(4.4) was written differently:

Ba(v) = [ 3ldul*+ v dm, (46)
M

where ) is the volume form of S?. Since S? is 2-dimensional its volume form is also
a symplectic form and (4.6) can be generalized to M YN with any symplectic target
manifold N (see [Ar] for definitions). In contrast to (4.5) which is stronger than our
functional (4.2) Eg, is in fact much weaker for ¢*Q only controls one linear combination of
components in dpAdip. In fact, the symplectic form can be chosen so that Eg,(¢) < CE(¢).

It can be shown that the curvature potential (—w Aw)Il “contains’ all possible invariant
symplectic forms on G/H [Ar] (i.e. all those if they exist can be recovered by contracting
it with some g*—valued functions). In other words, (4.2) with ¥*wt A ¢*wh replaced by
(V*wt Ap*wh)l can be obtained as a sum of functionals (4.6) with Qs forming a basis
in the space of invariant symplectic forms. This is essentially how L.Faddeev and A.Niemi

introduce their 'Skyrme functional’ for complex flag manifolds [FN2.

So far we wrote the Faddeev-Skyrme functional (4.2) having in mind only smooth (or at
least C'') maps 1. But it is well-known that spaces of such maps lack necessary weak com-
pactness properties for solving minimization problems [GMS4] and we need to use Sobolev
maps.

A traditional way of defining Sobolev maps between Riemannian manifolds is the follow-
ing (see e.g. [Wh, HL1, HL2]). Let N be a Riemannian manifold and N < R" an isometric

embedding into a Euclidian space of large dimension. Then the spaces W*?(M,R") are de-
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fined in the usual way and one sets
WHEP(M, N) := {¢p € WHP(M,R™)|[¢p(m) € N a.e.} (4.7)
Note that the Faddeev-Skyrme energy density in (4.2)
() i= gl P It At (45)

is defined almost everywhere for any ¢ € W12(M, X). Of course it does not have to be

integrable and we define the ’space’ of finite energy maps:

Wy (M, X) : = {¢ € WH(M, X)le(¢) € L'(M,R)} 0

= { € WM, X)|E(y) < oo}, Y

Note that neither W2(M, X) nor Wy*(M, X) are Banach spaces or even convex subsets
of a Banach space and the word ’space’ can only mean metric or topological space.

Since m3(G) = 0 smooth maps are dense in Wh2(M,G) [HL2] but not in Wh?(M, X)
because m(X) # 0. This means in particular that formulas derived for smooth maps can
not be extended to Sobolev maps into X simply by smooth approximation. For instance
we can extend the formula (3.26) to u € W'?(M, G) but we have to keep ¢ smooth (or at
least C1).

We now want a notion of 2-homotopy type for maps in Wé2(M ,X). In general for
Wh?P(M, N) maps such a notion was introduced by B.White [Wh] but his n-homotopy
type is defined only for [p] > n (-] is the integral part). In our case this only yields 1-
homotopy type which is not very interesting since 7 (X) = 0 by assumption. In the case of
the Faddeev-Skyrme functional additional regularity comes not from integrability of higher
derivatives but from integrability of 2-determinants of the first derivatives. One needs
a version of m—homotopy type that takes advantage of this regularity information. Our
alternative is motivated by Theorem 8 which claims that two continuous maps M ve X

are 2-homotopic if and only if there is a continuous 'lift” M —= G with 1 = up.

Definition 18 (2-homotopy sector). We say that ¢,¢ € Wy*(M, X) are in the same
2-homotopy sector if there is a map u € WY2(M, G) such that ¢ = up a.e.
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Note that if N is compact Wh?(M,N) C L*(M,N). Therefore the product rule
and the Sobolev multiplication theorems [P1] imply that W%2(M,G) is a group that acts
on W12(M, X). In particular, Wé’Q(M,X) is divided into disjoint 2-homotopy sectors.
However, W2(M,G) no longer acts on W4*(M, X). In fact, even if ¢ is smooth and
u € Wh2(M,G) the product ¢ = up may not have finite Faddeev-Skyrme energy. Indeed,
by (3.26)

*wt = Ad, (v) (v du)t + g wt)
(4.10)
Yrwt Aot = Ad,(u)((udu)t A (utdu)t + [(uidu)®, ofwt] F pfet A ptet)
and E (1) < oo is equivalent to
(u™tdu)t A (urdu)t € LAH(A’M @ g),

which does not hold for an arbitrary a € W'2(M, G). Despite the appearence this condition
still depends on ¢ since L stands for pry L To avoid cumbersome symbols we often do not
reflect dependence on ¢ in the notation assuming that a reference map is fixed once and

for all.

Definition 19 (Finite energy lifts). We say that w € WY?(M,G) has finite energy if
E(uyp) < oo or equivalently ((u='du)*)"? € L*(A’M ® g). The notation is Wg*(M,G).

We can fix a 2-homotopy sector in WEQ(M ,X) by choosing a smooth reference map

v € C*°(M, X) and considering all maps in Wéﬂ(M, G)e. Since
WEH(M,G)e N WM, X) = W5 (M, G)p

by (4.10) these maps exhaust the entire 2-homotopy sector of ¢. Note however that it is
unclear if

Wi (M, X) = | ] Wi (M, G)y
peC'>

contains all finite energy maps. In this respect we can only guess:

Conjecture 1. Fvery 2-homotopy sector of finite energy maps contains a smooth repre-

sentative, i.e. Wé’Z(M,X) = WA (M, X).
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Although C*(M, X) is not dense in W?(M, X) it is dense in WEQ(M, X) (in the W12
norm) since all such maps are of the form ue and u € W2(M,G) can be approximated
by smooth maps. In other words, if this conjecture is true it implies that Wé2(M ,X) is
essentially ’smaller’ than W12(M, X). For X = S? this conjecture is proved in [AK3] but
the proof relies heavily on the fact that in U; — SU, — S? the subgroup H = U; is
Abelian.

Appearence of (u~'du)t in (4.10) suggests a formulation of the Faddeev-Skyrme energy
in terms of gauge potentials. Denote a := u~'du then since Ad,(u) is an isometry (4.10)

yields
[prwt| = |p*wt +at (411)
[Prwt At = |(p'wt +at) A (gt +at)].

Definition 20 (Faddeev-Skyrme functional for potentials). Denote
Dya = ¢*w' +at,

where a € L*(A'M ® g) is a gauge potential. Then for a fived reference map M 2 X the
Faddeev-Skyrme energy of a is

1 1
E,(a) := /§|D@a|2 + Z|D@a A Dyal* dm. (4.12)

M

By (4.10), (4.11) for u € W'?(M,G) one has
E(up) = Ey(u"du),

where E is the Faddeev-Skyrme functional (4.2) for maps. By analogy to Definition 19 we

now define

Definition 21 (Finite energy potentials). A gauge potential a € L*(A'M ® g) has
finite energy if E,(a) < oo or equivalently a*™ A a™ € L*(A’M ® g). We denote this space
LL(AM'M ®g).

The presentation 1) = ue when it exists is not unique. Any w € W1?(M, G) satisfying

wyp = @ a.e. produces another lift u = ww with ¥ = uy. In terms of potentials this
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manifests as gauge freedom: we established in Lemma 8 that such w are sections of the
isotropy subbundle H, C M x G isomorphic to Ad(¢*G) whose sections are gauge trans-
formations. Changing u to uww corresponds to changing a to a¥ = Ad,(w™)a + w™tdw
and by Corollary 8

Dy(a") = Ad.(w™")Dy(a). (4.13)

Therefore E,(a") = E,(a) as expected. By the way, this holds for any gauge potential a,
not just pure-gauge potentials a = u~'du. If one wants to consider non-flat potentials a
the functional (4.12) should be augmented by the Yang-Mills term |F(al)|?:

EYM(q) = /1\D¢a\2 + i\D¢a A Dal’ + %]F(a”)\Q dm. (4.14)

2
M

We will only consider pure-gauge potentials and functionals (4.12) but our results trivially
extend to arbitrary potentials with the functional (4.14).

The definition of space L%(A'M ® g) imposes no additional restriction on all. Since
we consider only pure-gauge potentials a = u~'du there is however a hidden restriction. It

follows by smooth approximation in W2(M,G) that such a satisfy
da+aANa=0 (equalityin W *(A’M @ g)),

i.e. are distributionally flat. Projecting the flatness condition to b, one finds that F (all) €
L*(A’M ® g) (see Lemma 9). In addition to that by Lemma 8 stabilizing maps wy¢ = ¢
represent gauge transormations exactly on the bundle where all is a gauge potential. In other
words, the Faddeev-Skyrme functional (4.12) allows gauge-fizing of al without changing its
value. Along with the bound on F(all) this gives us control over the isotropic component

1

while the coisotropic one a— is controlled directly by the functional. For technical reasons

explained in the next section (see the discussion after (4.24)) to use the gauge-fixing we

need to restrict the class of finite energy maps.

Definition 22 (Admissible maps, lifts and potentials). A gauge potential a is admis-
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sible if
1) a*t € L*(A'M ® g),

2) at Aat e LAH(A’M @ g), (4.15)
3) al e WH2(A'M @ g).
The space of admissible potentials is denoted E(AM'M ® g). A lift M - G is admissible
if uldu € EMM ®g), a map M Y5 X is admissible if Y =wup for a smooth ¢ and an
admissible w. We write E(M,G), E(M,X) for admissible lifts and maps respectively and

often shortly Ep instead of E(M,G)y for the admissible 2—-homotopy sector of .

Note that conditions 1), 2) of (4.15) simply mean a € L%(A'M ® g) and hence u €
Wy*(M,G), whereas 3) is stronger since generally one only has all € L*(A'M ® g). Obvi-

ously,

EMX)= | €

peC>®

is analogy to Wé}(M , X) and of course
ENM®g) G LEANMeg), £M,G) S Wi (M,G).
Nonetheless we believe in

Conjecture 2. For any smooth ¢ and finite energy u there is an admissible u € E(M,G)

with wp = uyp (every finite energy lift is equivalent to an admissible one). Equivalently,
E(M, X) = WE (M, X).

Of course, u may and will depend on . Together Conjectures 1, 2 imply that any finite
energy map has the form ¢ = up with ¢ smooth and u admissible. In the next section
we will prove Conjecture 2 for the case when H is a torus (Corollary 11). Along with the

result of [AK3] on Conjecture 1 for X = S? this implies
Wy (M, S?) = £(M, S?).

In terms of potentials Conjecture 2 means that every finite energy pure-gauge potential is

gauge equivalent to an admissible one and hence the latter are sufficient for minimization.
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We already mentioned that unlike W'?(M, G) the space Wé2(M ,G) is not a group.
Neither is £(M,G). In fact, even if v € W*?(M,G) the product uv may not have finite

energy. This is because
(uwv) " td(uv)*t = (Ad, (v Hu" du) ™t + (v dw)*

and Ad,(v™!) does not commute with L so even the term ((Ad,(v=")u~tdu)*)"? may not
be in L?.
However, if w € W*2(H,), L.e. if in addition to W*?* regularity w stabilizes ¢ then uw
is again admissible. Indeed, F(uwy) = E(uyp) < oo guarantees conditions 1), 2) in (4.15)
and 3) holds because
(Ad, (w Hu tdu) = Ad, (w™) (v tdu)!

and (w™'dw)l € W2(A'M ® g). In other words, gauge-fixing by a W2 transformation
leaves us within the class of admissible potentials. This will be crucial in the proof of
Theorem 9.

We can now state our primary minimization problems for both maps and potentials.
Minimization problem for maps Find a minimizer of the Faddeev-Skyrme energy (4.2)

in every 2—homotopy sector of admissible maps:
E(Y) — min, 1 € Ep (4.16)

Minimization problem for potentials Find a minimizer of the Faddeev-Skyrme energy

(4.12) among all flat admissible potentials
E,(a) — min, a€&A'M®g), da+ala=0 (4.17)

Note that the above two problems are equivalent only if 71 (M) = 0. In general, if one wants
an exact reformulation of the minimization problem for maps in terms of potentials one has
to introduce generalized holonomy for Sobolev connections and require Hol(a) = 1 instead
of flatness. This is indeed done in [AK1]. However using the fact that gauge-fixing does not
spoil admissibility and keeping track of lifts u directly along with their potentials we can

and will when solving (4.16) avoid the use of holonomy altogether.
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Another remark concerns the fact that the 2—homotopy sector even for continuous maps
characterizes only the 2-homotopy type but not the homotopy type. Of course if 73(X) = 0,
e.g. X =CP", n > 2 there are no additional invariants and the two notions are equivalent.
In general, however the 2-homotopy sector £p should be subdivided into subsectors by
secondary homotopy invariants and more subtle secondary minimization should be carried
out within each subsector. When X is a symmetric space this will be done in Section 4.3

(see also [AK2, AK3] for the case of the Faddeev model).

4.2 Primary minimization

In this section we first establish some analytic relations between isotropic and coisotropic
parts of flat potentials. A simple application of these relations is a proof of Conjecture 2 for
Abelian H. Then we discuss the Uhlenbeck compactness theorem and the Wedge product
theorem in our context and prove the main result (Theorem 9) on the existence of minimizers
in the problem (4.16). Unlike in the case of maps problems with smooth approximation do
not arise for differential forms since the relevant spaces are linear. Hence we derive formulas
for C'*° forms and use them for Sobolev ones assuming extension by smooth approximation
wherever necessary.

In this section and the next it will be convenient to denote ® := Pry, and treat it as an
End(g)-—valued function with d® € T'(A'M @ End(g)). Differentiating the obvious relation
Pal = all we get

d® Aal = (I — ®)dal = (da)*. (4.18)
Analogously differentiating (I — ®)a* = a* yields
dd A at = —®(dat) = —(da™)!. (4.19)

In the proof of Theorem 9 we will need Sobolev estimates on F(al) and da' in terms of
the Faddeev-Skyrme functional. The next Lemma will be used to obtain such estimates for

distributionally flat gauge potentials.
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Lemma 9. Let a € L*(A'M ® g) be a distributionally flat gauge potential, i.e.
da+aNa=0 in WA’M®g).

Then
(i) F(aly = d® A at — ®(at Aat) — D wh A p*wh) (4.20)
(i) dat = —d® A dl — dd A at — [dl at] — (I — ®)(at A at)

Proof. (i) By the product rule and flatness:

dal = d(pa) = d® A a+ ¢(da) = d® A a— D(a A a)
= d® Aa— 0((al +at) A (a4 ab))
=dd Aa— 0l Adl 4 [al at] 4+ at Aat).

By (3.12) and (3.5)(iv) the form all A al takes values in b, and [al,at] in b . Therefore
dal nal)=dl Adl and @[l at] = 0.
Thus we get
dal +al Aal = dd Aal +dd At — D(at Aat). (4.21)

By (3.42):
F(all) — (daH)II +al Aal — (@ wh A gp*wl)”
= &(dal + al' A all — p*wt A prwt).
Subtracting p*w A p*wt from both sides of (4.21), applying ® and taking into account
that ®(d® A all) = 0 by (4.18) we get (i).
(ii) Plugging a = all + a* into da +a A a =0 one gets

Now rewriting dall +all Aall by (4.21) and taking all terms except da* to the righthand side

gives (ii). O
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Lemma 9 implies that flat potentials are better than they ’should be’. This is not
surprising since for a in L? the relation da = —a A @ implies that da which is a priori only

in W2 is actually in L'. If moreover a € L%4(A'M ® g), then (4.20) yields
F(ayeL* and (dat)l e L2

The other component (da)* is ’spoiled’ by the term [al, a*] which will only be in L3/2
even assuming that a is admissible, i.e. al € W12,

As a first application of Lemma 9 we will prove Conjecture 2 in the case when H is
Abelian (and hence a torus [BtD]). For this case it is convenient to use the usual (twisted)
gauge potentials of Definition 8. In general their presentation by a differential form will
depend on a choice of local trivialization of Ad,(¢*G) bundle. Such a trivialization can be

given by a local gauge, i.e a local section of the coset bundle ¢*G:
M>U -5 ¢*G.

In this gauge by Lemma 6
a = Ad,.(y Ha,

where a is the (globally defined) untwisted gauge potential of Definition 12. Change of
gauge from v to yv with U 2 H changes a to'

Ad,((ww) Ha = Ad, (v ) Ad. (v Da = Ad, (v H)a.

When H is Abelian Ad,(H) acts trivially on h and « is a globally defined section of
A'M ® b. Similarly, a gauge transformation ) is a globally defined section of M x H | i.e.

an H—valued map.

Tt may seem odd that « is not changed to Ad.(v~!)a + v~ 'dv as usual. The latter gives the gauge
potential with respect to a new reference connection — the trivial connection in the trivialization given by
the section yv. If we keep the same reference connection and only use the new trivialization to write a
bundle-valued form « as a Lie algebra valued one the expression is just Ad,(vr~!)a. The difference is that
in contrast to the usual convention in gauge theory [DFN, MM] we are only using local gauge to trivialize

the Ad, bundle but not to simultaneously change the reference connection to the trivial one.
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There is nothing specific to coset bundles involved here. In any principal bundle with

an Abelian structure group H the bundles
Ad,(P) =P xaq, H and Ad(P)=P xaq H

are trivial and there is no need to 'untwist’ gauge transformations or potentials. Since the

relations between 'twisted” and 'untwisted’ objects:
a=Ad,(ya, A=Ady Hw and F(a)=Ad.(y ')F(a)

are given by multiplication by smooth maps (albeit only locally defined) Sobolev conditions
imposed on a, w, F(a) are equivalent to those imposed on «, A, F(«) respectively.
A simple computation shows that for any Abelian principal bundle the gauge action on

potentials with respect to any reference connection has a very simple form:
ot =a+ 2ld), (4.22)
and the curvature reduces to the differential:
F(a) = da. (4.23)

This is the reason we prefer a-s to a-s (compare (4.22), (4.23) to (3.35)(i),(iii)).
Since H is a torus the exponential map h —» H is globally defined and onto. Taking

A == exp(€) with M — b we turn (4.22) into
o =+ dé

By a result of [IV] if a,da € LP then there is £ € W and & € WP such that
a=a—d.

In other words, any differential form in L? with the differential also in L? is W1?—cohomologous

to a WP form. Since £ € W'P(M, h) implies ) := exp(§) € WHP(M, H) and
A =a=a+dé=a+2td\
this result restated in terms of gauge theory reads:
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Lemma 10. In a principal bundle with an Abelian structure group every LP potential with

LP curvature is gauge equivalent by a WP gauge transformation to a WP potential.

Due to the isometric isomorphism of Lemma 7 this lemma applies to the untwisted potentials

and transformations a,w just as it does to the twisted ones a, \.
Corollary 11. If X = G/H and H is a torus then Conjecture 2 holds.

Proof. We have to prove that if ¢ = up with ¢ € C*°(M,X) and u € WE’Q(M, G) then
there is u € (M, G) such that ¢ = Uyp. Let a = u~*du then a € L2 is flat and F(al) € L2
by Lemma 9. Since Lemma 10 applies to untwisted potentials there is w € W'?(H,,) such
that

(ah® = (a®)l with @ = (uw)~d(uw).

Set uw := uw. Then up = uy and hence u € Wé’z(M, () by Definition 19. Moreover, by
construction (u~'du)l € W'? and @ € £(M,G) by Definition 22. O

To extend this result to general homogeneous spaces one needs Lemma 10 without the
word "Abelian’. Since a nonlinearity in curvature F(«) is involved more care is required.
For instance, by the Sobolev multiplication theorems [Pl] the product a A o with o € WP

is in LP only for 2p > dim M. Nonetheless we still believe that the following holds.

Conjecture 3. Let P — M be a smooth principal bundle and 2p > dim M . Suppose
a € [P(N'M ® Ad, P)
15 a gauge potential on it with
F(a) € LP(A*M ® Ad, P).
Then there exists a gauge transformation A € WHP(Ad P) such that

ot = Ad,(A Do+ A tdh € WHP(A'M @ Ad, P).
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Since our M is 3—dimensional and p = 2 Conjecture 3 implies Conjecture 2 for any simply
connected X (the proof is the same as in Corollary 11).

The proof of Corollary 11 is indicative of the way we apply gauge-fixing to maps into
homogeneous spaces. This trick will also be used to prove the main result of this section on
existence of minimizers in (4.16). In addition we need two more results to establish weak

compactness and lower semicontinuity. First is the result of K.Uhlenbeck [Ull, We]:

Theorem (Uhlenbeck compactness theorem). Let P — M be a smooth principal

bundle and 2p > dimM . Consider a sequence of gauge potentials on M
o, € WPA'M @ Ad, P)  with  ||F(a)||r, < C < oo.

Then there exists a subsequence o, and a sequence of gauge transformations \,, € W??(Ad P)
such that

o "0 and ||F(a)|]z, < C. (4.24)

Note that in the Uhlenbeck compactness theorem «,, are assumed from the start to be in
WP rather than just in L?. If our Conjecture 3 were true one could replace this assumption
with o, € LP(A'M ® Ad, P) and allow \,, € W'(Ad P). We will use this compactness
theorem to fix the gauge for the isotropic parts al, of potentials in a minimizing sequence.
This means that we need all € W'2(A'M ® g) from the start to apply the theorem and
these are the 'technical reasons’ we cited before for restricting to the admissible maps.
The second result we need concerns weak convergence of wedge products. Recall that
even for scalar functions weak convergence of factors to limits in L? does not imply even

distributional convergence of the product to the product of the limits. For instance,
. L2 . 9 1 2 1
sin(nz) =0 on [0,1], but sin“(nz) = 5(1 — cos(2nx)) = 5 # 0.

Still the Hodge decomposition of differential forms yields [RRT] (see also [IV] for a different
approach):

2 2
Theorem (Wedge product theorem). Assume that v, Bov, we B w are sequences of

L? differential forms on a compact manifold M and dv, , dw, are precompact in W12,
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Then

Un Awn 20 Aw (in the sense of distributions).

Here as usual D(A*M ® End(E)*) is the space of test forms (C* with compact support)
and D'(A*M ® End(E)) is the dual space relative to the inner product in L? [GMS4]. In
the above example the precompactness condition fails: dsin(nz) = ncos(nz) is unbounded
even in D’.

It will be convenient for us to use the Wedge product theorem in a slightly weakened
form. By a Sobolev embedding theorem L* < W~1P compactly if % < %—i—% (n = dimM).
For a 3-dimensional M and p = 2 this gives s > g. Thus we can replace precompactness

in W~12 by boundedness in L%t with ¢ > 0.

Theorem 9. Fvery 2-homotopy sector of admissible maps has a minimizer of the Faddeev-

Skyrme energy.

Proof. We denote by - (i>) the weak (the strong) convergence in a Banach space L. All
constants in the estimates are denoted by C even though they may be different. Passing to
subsequences is also ignored in the notation. This does not lead to any confusion.

Recall that we assume G — End(E) for a Euclidean space E and u € W?(M,G)
means u € W?(M,End(E)) with u(m) € G a.e. Let 1, = u,p be a minimizing sequence
of admissible maps in a sector £p and a, := u,'du,. The proof is divided into several
steps.

Gauge-fixing
By definition
E(unp) = Ey(a,) < C < 0.

It follows by inspection from (4.12) that
llat||e <C < oo and ||at Aar|[2 < C < oo.

Then by Lemma 9(i) also

I|F(al)||2 < C < .

83



Since u,, are admissible a,Hl € W2 and we may apply the Uhlenbeck compactness theorem

to all. After passing to a subsequence we get a sequence of gauge transformations w, €
W?22(H,) such that

(alyen = (o)l WA° gl

But

a = Ad,(w, Ya, +w, 'dw, = (u,w,)  d(u,w,)
and wu,w, are still admissible. Therefore we can drop w, from the notation and assume
that wu, are preselected to have the isotropic components alrll weakly convergent in W12,
Compactness
Let u,, be the gauge-fixed minimizing sequence from the previous step. Since G is compact
it is bounded in End(E) and

|ltn]| L= < C < 0.

1

+ are bounded in L?. Therefore so are

By gauge-fixing and (4.12) both al, a
anp = al‘l + a# = u;ldun and du, = u,a,.

We conclude that

||unHW1,2 <(C<oo

1,2
and after passing to a subsequence u, — u.

Since W2 < L? is a compact embedding we have u,, L%, « and since u,, are bounded
in L also u;* 2, u~!. But the strong convergence in L? implies convergence almost
everywhere on a subsequence and we have u(m) € G a.e. so that u € W'?(M, G).

The differential d : W1? — L? is a bounded linear operator and hence it is weakly

continuous. Therefore

du, 2 d d wildy, =a, Ba=uld
Uy, w and w, du, =a, = a:=u du.

Moreover, by the preselection of u, we have in addition

| W
n

all e WHH(A'M ® g).

Qa
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Closure

In view of (4.12)

la: Aat| < C < oo

and (possibly after passing to another subsequence)
1oa L LR
a,; Na, = A.

Since a is bounded in L? and al) is bounded in W2 we have by the Sobolev multiplication
theorem [Pl]:

la}, axlllzs < C < o0
and and hence by Lemma 9

||dai;HL3/2 < C < .

But 3/2 > 6/5 and the Wedge product theorem now implies
a#/\ai g/ai/\aL.
By uniqueness of the limit in D’ one must have A = a* A et and
at A ar Katnate L*(A°M ® g).

Along with the previous step this yields u € £(M,G) and hence ¥ := up € £(M, X). This
is the map we were looking for.

Lower semicontinuity

E in (4.2) is not a weakly lower semicontinuous functional of ¢ and neither is E, in (4.12)

as a functional of a. However,
~ 1 1
B(r, A) = 3l + 311
is a weakly lower semicontinuous functional of a pair (see [BIM]):

(r,A) € L*(A'M ® g) x L*(A*M ® g)

But obviously,
E,(a) = E(Dwa, Dga A Dya).
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By the above
2 2
Dga, = O wt +ak LN Dya and Dya, A Dya, n Dya A Dya.
Therefore,

E(Y) = BE,(a) = E(Dya, Dya A Da)

<liminf E(Dy,a,, Dya, A Dya,) = liminf E,(a,) = liminf E(¢,).

n—oo n—o00 n—oo
Since 1, was a minimizing sequence in Ep and 1 = up € Ep it is a minimizer of (4.2) in
the 2-homotopy sector of ¢. O

The minimization for flat potentials (problem (4.17)) is analogous and simpler.

Corollary 12. For every smooth ¢ € C*(M,X) there exists a minimizer of the Faddeev-
Skyrme energy (4.12) among admissible flat potentials.

Proof. The proof is essentially the same as in Theorem 9 so we only sketch it. We gauge-fix

e e . | w2 [
a minimizing sequence a, to have ap, — a' and get

L? L2
a# 4aL, ai/\a# NS

directly from the functional E, and the Wedge product theorem. Now

L2 W71,2
a, = a, da, — da,

and da,, = (da,)! + (da,)* is bounded in L3/? and hence precompact in W~%2. Applying

2
the Wedge product theorem again we get a,, A a, L a A a. Therefore
W71,2
0=da, +a,Na, — da+aAla
and a is admissible and distributionally flat. a

Remark 6. If a, are not just flat but pure-gauge it follows from a result in [AKI1] that
2
on a subsequence a, LN a, where a s also pure-gauge. Using this result one could prove

Theorem 9 without introducing u, explicitly but such a proof requires a lengthy discussion of
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holonomy for distributional connections. Note also that the argument of Corollary 12 works
gust as well for the functional (4.14) and non-flat potentials. In this case there is no need
in flatness and Lemma 9 since ||F(aﬂl)||L2 are bounded directly by the functional. Of course,

the minimizers will no longer be flat either.

For X = S? Theorem 9 is proved in [AK2] (Theorem 4). In fact the result there is
stronger: €y is subdivided into subsectors by additional Chern-Simons invariants and there
is a separate minimizer in each subsector. This already shows that a minimizer in £ is not
unique. But even if 73(X) = 0 and the 2-homotopy sectors characterize homotopy classes
completely there is little hope that the minimizers of (4.2) are unique since the functional

is nowhere near being convex.

4.3 Secondary minimization for symmetric spaces

In the primary minimization we considered minimizing (4.2) over the entire set Ep. If
E(M, Q) is replaced by C*(M,G) this would correspond to minimizing over all smooth
maps 2-homotopic to ¢. To minimize over maps that are homotopic to ¢ one needs to
add a constraint given by the secondary invariants (Section 2.4). By Corollary 7 for smooth
maps this constraint can be given in terms of u as [u*© € O, where O is an R —valued

M
3—form representing the basic class of G (Definition 4) and
0, = {/ w*O | wp = ¢} < ZV. (4.25)
M

It is worth reminding that O, only depends on the 2-homotopy type of .
We will need an explicit expression for the deRham representative ©. When G is a

simple group one can take the normalized Cartan 3—form [CE]:
O :=cqtr(g tdg A g tdg A g~ tdyg),

where c¢ is a numerical coefficient that ensures integrality. These coefficients are computed

explicitly for all simple groups in [AK1]. These authors also give a generalization of the above
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O to arbitrary compact groups. For simply connected ones it reduces to the following. Let
g=9g1D - -Dgn be the decomposition of the Lie algebra of G into simple components. For
any g-valued form a let o := pr,, (o) denote its orthogonal projection to g, with respect

to some invariant metric on g. Then let

O = cg, tr((g~"dg)" A (g7 dg)" A (g7 " dg)*)
and
O = (@1,...,@]\/)

is the required representative. Therefore for smooth maps
w0y, = ca, tr((utdu)® A (urdu)F A (uTrdu)F) = cq, tr(a A aF A ab), (4.26)

where as usual a = v~ 'du. Note that the expression on the right is defined almost every-
where as a form even if u is just a W12 map.

It is easy to see from the product rule and the definition of Sobolev norms that
1o |lws < [leflwes
for any form «. Moreover, for any pair of forms «, 3
(@ AB)F =a" A

since elements from different g, always commute. Therefore if a is admissible we have for

each k:
1) (ah)f € L*(A*M ® g)

2) (aM)* A (aH)* = (at Aah)F € LH(A’M @ g) (4.27)
3) () e WHHA'M @ g).
By the way, each a* separately may not be admissible since in general (a*)I # (all)*,
(a*)* # (a™)".
Even though u*© is defined almost everywhere as a form in order to integrate it over M

we need it to be defined at least as a distribution. Since we only know that a* € L? the triple
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product a®AafAa* is not even in L' and one can not use the expression (4.26) for integration
directly. To take advantage of the conditions (4.27) we decompose a* = (all 4+ a*)*, plug
it into a® A a® A a* and use the distributive law. The resulting sum will have terms like
(at)* A (al)e A (at)* that are still not in L'. Fortunately, we only have to integrate traces
of such terms and the situation can be helped.

Since tr(&; - - - &,) is invariant under cyclic permutations of & -s by definition of the wedge

product (3.2) we get for any cyclic permutation o and 1-forms oy:
tr(Qoy A A Qo)) = (—1)7tr(an Ao Aay) = (1) (g A A ).

As a corollary for any forms a, 3 the wedge cube tr((a + 3)") reduces to the binomial

form

tr((a+ B)"?) = tr(a™®) + 3tr(a” A B) + 3(a A ?) + tr(B").
Applying it to a = (al)* =: al*, 5 = (a1)* =: a** we get
tr(a® A a* A d¥) =

tr(al® A al® A al®) + 3tr(al® A al® A atF) + 3tr(al® A atF A atF) 4 tr(att A atE A atF).

(4.28)
From (4.27) and the Sobolev multiplication theorems we derive
1) a®* Aalf AalF e 12
2) al* A al® A att e 155
(4.29)

)
)
3) al®* A gt At e 132
4) aF A att A et e L
Overall tr(a* Aa* Aa*) € L' and hence u*©;, can be defined for admissible u as an L! form
by replacing tr(a® A a® A a¥) in (4.26) by the righthand side of (4.28). If u just has finite
energy we only know al* € L? and the first two terms are not in L'. Thus, in general the
secondary invariants are not even defined for all finite energy maps. There is a case when
they actually are. If G is a simple group and the subgroup H is Abelian we have [h, h] =0
and hence all A al = 0 so the 'bad’ terms vanish. In particular X = SU, /U is such a case

or more generally, flag manifolds X = SU,,1/T", where T™ is a maximal torus.
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Even though secondary invariants are defined for all admissible maps they do not behave
well. More exactly, it is unclear if one can approximate an admissible u by smooth maps
in such a way that «*© is approximated in L! or even in D’ by the corresponding smooth

forms. For the latter one would need!
D/
a,fk A a,fk A a#k = att A att A att,

By the Wedge product theorem this happens if d(a’ A a) is bounded in LS/°*¢. But in

general by (3.5)(xi) and Lemma 9

d(a* A a*) = [da*, a™]

= —[d® Aallat] — [dD A at,at] = [[al, a1, at] = [(I — ®)(at Aat),at]. (4.30)
The first term is in L*? and so is the third one due to the cancellation formula (3.5)(vi)
[[al,a*],at] = [a, at A at] € L2
However a priori we only have
[d® Aa*,at]) € L' and [(I —®)(a" Aat),at] € L,

while 1 < 6/5. Without smooth approximation we do not know if f u*O are still integral
and the secondary constraint [ u*© € O, < Z" makes sense. To ]geal with this problem
we have to confine ourselves té\/[ symmetric spaces and strongly admissible maps.

Recall that X = G/H is a symmetric space if there is a homomorphic involution G — G
that fixes H pointwise [Ar, Br2, Hl]. What is important to us is that in addition to the

usual relations

bl ch . [b.b']Ch (4.31)

in a symmetric space one also has

h bt Ch (4.32)

'The other three terms converge trivially.
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and therefore
[b,;,b,] C by (4.33)
Since & = pry, and I —® = pry L we have immediately

(I —®)(atAat)=0 (4.34)

and one of the singular terms vanishes altogether. Differentiating (4.34) gives a second
relation

(I — ®)d(a™ Aat) =dd A (at Aat). (4.35)
Formulas of Lemma 9 can now be improved.

Lemma 11. Let X = G/H be a symmetric space and a € L*(MM ® g) a distributionally
flat gauge potential. Then

(i) F(a) = dp Aat — at A at — 't A ptwt
(i) dat = —d® A all — dd A at — [l o] (4.36)
(iif) d(a* A at) = =[d® A dl at] 4+ d® A (at Aat).

Proof. (i), (ii) follow directly from Lemma 9 and (4.34).
(iii) We need to simplify (4.30) for symmetric spaces. Since d® A at = —®(dat) takes

values in b, and [al,a*] in [h,, 5] C b, we have that
[d® A at,at] + [[al, at], 0]
is b —valued. On the other hand
d® Aal = (I — ®)dal
is b5 -valued and by (4.32) [d® A all,a*] takes values in b,. Thus

dd(at Nat) = —[dPd Adl at]

(I — ®)d(a* Aat) = —[d® A at,at] - [[dl, at], at].
Adding them together and using (4.34) gives (iii). O
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Lemma 11(iii) implies d(a* A at) € L*? for an admissible a and the difficulty we had

with the convergence of 4*© is eliminated. Let us formalize this observation.

Definition 23 (Convergence in £(M,G)). A sequence u,, € E(M,G) weakly converges
to u in E(M,G) if for a, = u, 'du, and a :=u"'du one has

1) uy, Ay (and hence a;- = a®)

2) a- Aax Rt nat (4.37)

1,2
3) a” VV_\ (l”
n .

We denote this convergence by u, Eou. The strong convergence %, is obtained by replacing

the weak convergences above by the strong ones in the same Banach spaces.

Keep in mind that although the notation does not reflect it the definition of the space
E(M,G) does depend on the homogeneous space under consideration since this space de-
termines the isotropic decomposition all + a' of a potential a. Now the above discussion

yields:

Lemma 12. If X is a symmetric space then wu, Sou implies u;© D w0 and therefore the

secondary invariants of u, converge to those of u:

/u;@ — /u*@.
M M

Our next observation is that the weak convergence also behaves well with respect to
the gauge-fixing. For two sequences of maps u, LN U, Uy, £ v does not necessarily imply
Uy Un, L wv. As a matter of fact, u,v, may not even belong to £(M,G). Recall that in
the proof of Theorem 9 we had to multiply u,-s from a minimizing sequence by ’gauge
transformations’

w, € W??(H,) = {w € W**(M,G)| we = ¢}
to control the norms of a,”%

E . [0k 2.9 W22
Lemma 13. Let u, — u and either w, — w or w, € W**(H,) and w, — w then

E
Up Wy — UW
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Proof. C* case follows trivially from the definition. For the second case note that 2) in
(4.37) can be replaced by
Dopan A Dyan 2 Dya A Da (4.38)
with Dya := a*™ + p*w™ (see Definition 20). The gain is that for a*" = (u,w,)™" d(u,w,)
and w,, € W*?(H,)
Dy(a¥") = Ad,(w, ") (Dya,) ae. (4.39)
Since W%2(M,G) C C°(M, @) by the Sobolev embedding theorems we have

Wy <, w, Ad.(w,?) 2, Ad,(w™)

and therefore

Dy(ay™) A Dy(ap") = Ad(wy")(Dypan A Dyay)

2 Ad,(w™)(Dya A Dya) = Dy(a®) A D(a®).

The conditions 1), 3) in (4.37) can be checked similarly using in (4.39) and the fact that

Ad,(w™') commutes with DTy, Prys When wp = o. O

There is one more thing that one would like to have for the secondary invariants. For

smooth maps M —% G Lemma 2 and (2.25) imply

/mm@:/w@+/w@ (4.40)

M M M

Of course one can not expect (4.40) to hold when both u, v are just admissible (the lefthand
side may not be defined in this case) but even assuming that v is smooth it is unclear if
(4.40) holds for all admissible u. Thus to have the secondary invariants behave 'reasonably’

we need to work with maps that are 'closer’ to smooth ones than arbitrary admissible maps.

Definition 24 (Strongly admissible maps). Denote by £'(M,G) the sequentially weak
closure of C*(M,G) in E(M,G). We call elements of E'(M,G) strongly admissible. For
maps into X set p € E'(M,X) if v =wup for ue &(M,G), p € C®°(M,X).
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Similarly constructed spaces have been used in [Esl, GMSI1] for similar minimization
problems. It may well be that
EM,X)=¢&"(M,X)

but the question is still open even for X = SU, (see [Es2]). If & # £ one may ask whether

the Lavrentiev phenomenon takes place, i.e.

Juf E(v) = inf E(v) < inf E(y)?

This phenomenon is known to take place for the Dirichlet energy [GMS2]. Just from the
definition we can only claim that W*2?(M,G) C £'(M,G) (in fact it is contained even in

the strong closure of C* in &).

Definition 25 (Homotopy sector). An element ¢ € E'(M, X) is in the homotopy sector
of ¢ and we write Y € &, if

1) Y =up with uwe&(M,QG)

4.41
2) /u*@zO mod O, (4.41)

M
If ¢y € C'(M, X) then ¢ € &, if and only if ¢ is homotopic to ¢ by Theorem 7.

The next Lemma shows that strongly admissible maps are 'topologically reasonable’.

Lemma 14. Let X = G/H be a symmetric space, M 5 G a smooth reference map. Then

(i) (integrality) For a strongly admissible map uw € E'(M,G) the secondary invariants are

/u*@GZN.

M
(ii) (stabilizer) If w € W2*(M, Q) stabilizes ¢, i.e. w € W*?(H,) then

integral:

/w*@ =0 mod O,
M
(iii) (additivity) If u € &'(M,G) and either w € C*(M,G) or w € W*?(H,,) then uw €

E'(M,G) and
/(uw)*@ = /u*@—l—/w*@ (4.42)

M M M
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(iv)(change of reference) If ¢ is smooth and homotopic to ¢ then
!l /
gso - 555

(v)(smooth representative) Every homotopy sector of strongly admissible maps contains

a smooth representative, 1.e.

gmx)= |J €&

peC>®(M,X)
Proof. (i) Let u, be smooth and u, ~ u. Then [u:© € Z¥ and by Lemma 12 [u*© €
- M M
(ii) If F' is any manifold then W22(M, F') C C°(M, F) (recall that dimM = 3) and therefore
C>(M, F) is dense in W*2(M, F') [Bt]. Since the approximation property is local it extends
to bundles and C*(H,,) is dense in W*?(H,). Since [w*© € O, for w € C*(H,) we get

M

(ii) by passing to limit.

2,2

(iii) As we know (4.42) holds for smooth u, w (see (4.40)). If u, Sou, wy 5 w then by

Lemma 13 u,w, L uw and by Lemma 12 this implies convergence of f (upw,)*©. Hence
M

(4.42) holds in the limit.

(iv) Since @, ¢ are both smooth and homotopic it follows from Corollary 2 that there is

a smooth v such that @ := vy and v is nullhomotopic, in particular [v*© = 0. Also

M
Oz = O, by Corollary 6. Let ¢ = up € &, be arbitrary. By definition of £, we have
Ju*® =0 mod O,. Set u:=wuv~! then ¢ = ug and by (iii):
M

/ﬁ*@:/u*@+/(v_1)*@:/U*G—/U*@zo mod O, = Og.

M M M M M

Thus ¢ € £ and &, C &. The other inclusion follows by switching ¢ and @.

(v) By definition of £'(M,X) for any map ¢ € C*°(M,X) there is ¢ € C*(M,X) and
ue &' (M,G) with ¢ = up. Then the vector

V::/ﬁ*@

M
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is in Z" by (i). By the Eilenberg classification theorem [St] there is a v € C*°(M, G) such

/U*@:V.

M
Set w :=uv™!, p = vy then still ¢ = up. By (iii) v € &'(M,G) and

/u*@:/ﬂ*@—/v*@zo
M M M

so ¢ € &, where ¢ is smooth by construction. a

that

Thus we found a class that is closed under both the gauge-fixing and weak limits. It may
even be argued (see [GMS1]) that this class is more 'natural’ than (M, X') for minimization
since we really want to minimize energy over smooth maps. An essential restriction of course
is that it only works for symmetric spaces but this appears to be the natural generality. Our

main secondary minimization result is next.

Theorem 10. Let X be a symmetric space. Then every homotopy sector of strongly ad-

missible maps contains a minimizer of Faddeev-Skyrme energy.

Proof. We proceed as in the proof of Theorem 9 by choosing a minimizing sequence ,, =

Unp, U, € E'(M,G) and [u:© € O,. Gauge-fixing replaces w, by u,w, with w, €
M

W?2(H,) and by Lemma 14(ii), (iii)

/(unwn)*@ = /u;i@ —|—/wa@ =0 mod O,,
M M M
i.e. we may assume having u,w, from the start and drop w, from the notation. Now
1,2
setting a,, = u,'du, we have al "= all since u, is gauge-fixed. As in the proof of primary

minimization we establish on a subsequence



where a := v 'du. But this means that u, £ w and by Lemma 12

* D/ *
ue = u'e,

n

ie. [u*© € O,. Since u is a limit in € of maps from & it is in & itself and hence
M
Y =up € &,. Asin the proof of Theorem 9
E(y) < liminf E(i,)

n—oo

and since ¢, was a minimizing sequence ¢ is a minimizer in & . a
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Conclusions

In this section we describe some directions for future work suggested by the study of Faddeev-
Skyrme models. Due to rich geometric and analytic structure Faddeev-Skyrme models mani-
fest multiple connections with the geometric knot theory, the theory of harmonic maps, non-
linear elastisity and other classical fields. Different interpretations of the energy functional
lead to a number of non-trivial geometric, topological and analytic questions.

One of the central problems in the geometric knot theory is minimizing magnetic energy
among all divergence-free fields (closed 2—forms) with a given helicity [CDG]|. The Faddeev-
Skyrme functional on homogeneous spaces can be considered as a non-Abelian generalization
of this problem with vector fields replaced by pullbacks of the curvature forms and the sec-
ondary invariants playing the role of helicity. This suggests a study of minimizers involving
subtle properties of a map, e.g., related to the knot type of its solitonic center as in [FH].
This should help answer questions like: at what energy levels should one expect the ap-
pearence of a particular knot as the center of a minimizer? Are there several minimizers in
the same homotopy class? Currently the fine geometry of the Faddeev-Skyrme minimizers
remains purely conjectural even in the case of S* [FN1, LY2].

From analytical point of view the Faddeev-Skyrme functional is very similar to function-
als in the theory of harmonic maps and non-linear elasticity [EL, GMS4]. Indeed if in the

expression for energy
1 “1p2 L -1 —1)2
E(u) = §|duu |* + Z|duu ANduu™|* dx.

the metric on G is bi-invariant then |duu~!| = |du| and the first term describes Dirichlet

energy of u. The same holds for homogeneous spaces as |u*w'| = |du|. The second
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term is reminiscent of expressions for elastic energy in non-linear models (in fact when
G = SU, ~ S? it coincides with one of them).

It is well known that for harmonic maps with a target space X the phenomenon of
"bubbling’ occurs, i.e. spherical components split off at the limit when m5(X) # 0. Similar
effects are known in the elasticity theory as ’cavitation’. When m9(X) = 0 (no bubbling)
regularity theory for harmonic maps implies that solutions are Holder continuous. Results
of my thesis imply that when X is a symmetric space bubbling does not happen for the
Faddeev-Skyrme energy even if mo(X) # 0. In the presense of additional non-linear terms
however even the absense of 'bubbling’ or 'cavitation’ is no guarantee that minimizers are
Holder continuous [GMS4]. They may be mildly singular and behave "like smooth maps’ for
the purposes of integration by parts. It is curious to find out what happens in the cases of
simply connected Lie groups and non-simply connected symmetric spaces as the targets.

Questions about bubbling underscore the absense of a regularity theory for Faddeev-
Skyrme minimizers similar to the one for harmonic maps [EL]. An important step in this
direction would be proving Conjectures 1, 2 that provide an explicit description of admissible
maps (as finite energy maps) and ensure density of smooth maps among them in the topology
dictated by the energy functional. Establishing these links is necessary for applying classical
ideas of regularity theory to maps described via gauge potentials. For S? as the target
equivalents of these conjectures are proved in [AK3].

It does not seem likely that no bubbling occurs for an arbitrary simply connected ho-
mogeneous X . However, the gauge methods seem to be well suited for proving that it is
avoided when the target space is a flag manifold X = G/T (T is a maximal torus of a
Lie group G). The flag manifold targets appear in the Faddeev-Niemi conjecture [FN2]
which states that the SU,;/T" Faddeev-Skyrme model describes the low-energy limit of
the SU,, .1 Yang-Mills theory. This motivates studying the topology of the configuration
spaces of the SU,1/T" Faddeev-Skyrme models and comparing it to the topology of the
Yang-Mills configuration space. For the case of the 2—sphere the fundamental group and the
real cohomology ring of the configuration space were computed in [AS] and it is instructive

to generalize the computation to the case of flag manifolds.
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One can also try to replace closed 3-manifolds as domains of the maps in Faddeev-
Skyrme models. Whereas the results of this thesis generalize to bounded domains in R?
rather straightforwardly, it is not the case with non-compact manifolds, unbounded domains
in R? or even R? itself. As suggested by [KV, LY2] an important step in analyzing Faddeev-
Skyrme models on R? is to obtain an asymptotic growth estimate for energy of minimizers
as a function of their topological numbers (the degree, Hopf invariant, etc.). We know
that the growth is linear for Lie groups and fractional with power 3/4 for SUy/U;. It is
interesting that for bounded domains there is a linear lower bound on energy even if the
Dirichlet term |du|? is dropped [CDG]. One would want to find analogous growth estimates
for other homogeneous spaces GG/H and investigate the dependence of the power of the
growth on a way H sits inside of G for both bounded and unbounded domains.

The concentration-compactness method used in [LY2] so far does not give complete solu-
tion to the existence of Faddeev-Skyrme minimizers on R? or its unbounded domains. The
minimization problem on R? has a specific difficulty of maps 'jumping’ from one homotopy
class to another at the limit due to effects at infinity. On the other hand, the Uhlenbeck
compactness theorem has been recently generalized to some non-compact manifolds in [Wr].
Hopefully the gauge methods of this work combined with these new results will lead to a

complete solution for R3.
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