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Abstract

The Catalan numbers and mathematical objects enumerated by them have been studied
since the 1700’s. The study of these objects, related objects, and bijections between them is
called Catalan combinatorics. In this thesis, we discuss three areas of Catalan combinatorics.
First, we discuss rational parking functions and the Pak-Stanley bijection from rational
parking functions to alcoves of the Sommers region. Second, we discuss the combinatorics
of the polytope created by taking the convex hull over all vector-parking functions. Last,
we discuss planar tanglegrams, and provide an algorithm to generate them uniformly at

random.

An (m,n)-parking function can be characterized as a function f : [n] — [m] such that
the partition obtained by reordering the values of f fits inside a right triangle with legs of
length m and n. Recent work by McCammond, Thomas, and Williams define an action
of words in [m]™ on R"™. They show that rational parking functions are exactly the words
that admit fixed points under that action. An (m,n)-invariant set is a set A C Z such that
A+m C Aand A+n C A. In the first part of this thesis we define an action of words
in [m|™ on m-invariant sets by removing the jth m-generator from A. We show this action
also characterizes (m,n)-parking functions. Further, we show that each (m,n)-invariant set
is fixed by a unique monotone parking function. By relating the actions on R™ and on
(m,n)-invariant sets we prove that the set of all the points in R™ that can be fixed by a
parking function is a union of points fixed by monotone parking functions. In the case when
ged(m,n) = 1 we characterize the set of periodic points of the action defined on R™ and
show that the algorithm conjectured by Gorsky, Mazin, and Vazirani becomes affine periodic

and provides an inverse to the Pak-Stanley map.



For b = (by,...,b,) € Z%,, a b-parking function is defined to be a sequence (f1, ..., 3,)
of positive integers whose nondecreasing rearrangement g; < g5 < --- < [/ satisfies 5 <
by + -+ + b;. The b-parking-function polytope X, (b) is the convex hull of all b-parking
functions of length n in R™. Geometric properties of X, (b) were previously explored in
the specific case where b = (a, b, b, ...,b) and were shown to generalize those of the classical
parking-function polytope. In the second part of this thesis, we study X,,(b) in full generality.
We present a minimal inequality and vertex description for X, (b), prove it is a generalized
permutahedron, and study its h-polynomial. Furthermore, we investigate X, (b) through
the perspectives of building sets and polymatroids, allowing us to identify its combinatorial

types and obtain a bound on its combinatorial diameter.

A tanglegram consists of two rooted binary trees and a perfect matching between their
leaves, and a planar tanglegram is one that admits a layout with no crossings. In the third
part of this thesis we show that the problem of generating planar tanglegrams uniformly
at random reduces to the corresponding problem for irreducible planar tanglegram layouts,
which are known to be in bijection with pairs of disjoint triangulations of a convex polygon.
We extend the flip operation on a single triangulation to a flip operation on pairs of disjoint
triangulations. Interestingly, the resulting flip graph is both connected and regular, and
hence a random walk on this graph converges to the uniform distribution. We also show that
the restriction of the flip graph to the pairs with a fixed triangulation in either coordinate
is connected and give diameter bounds that are near optimal. Our results furthermore
yield new insight into the flip graph of triangulations of a convex n-gon with a geometric

interpretation on the associahedron.
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Abstract

The Catalan numbers and mathematical objects enumerated by them have been studied
since the 1700’s. The study of these objects, related objects, and bijections between them is
called Catalan combinatorics. In this thesis, we discuss three areas of Catalan combinatorics.
First, we discuss rational parking functions and the Pak-Stanley bijection from rational
parking functions to alcoves of the Sommers region. Second, we discuss the combinatorics
of the polytope created by taking the convex hull over all vector-parking functions. Last,
we discuss planar tanglegrams, and provide an algorithm to generate them uniformly at

random.

An (m,n)-parking function can be characterized as a function f : [n] — [m] such that
the partition obtained by reordering the values of f fits inside a right triangle with legs of
length m and n. Recent work by McCammond, Thomas, and Williams define an action
of words in [m]™ on R"™. They show that rational parking functions are exactly the words
that admit fixed points under that action. An (m,n)-invariant set is a set A C Z such that
A+m C Aand A+n C A. In the first part of this thesis we define an action of words
in [m|™ on m-invariant sets by removing the jth m-generator from A. We show this action
also characterizes (m,n)-parking functions. Further, we show that each (m,n)-invariant set
is fixed by a unique monotone parking function. By relating the actions on R™ and on
(m,n)-invariant sets we prove that the set of all the points in R™ that can be fixed by a
parking function is a union of points fixed by monotone parking functions. In the case when
ged(m,n) = 1 we characterize the set of periodic points of the action defined on R™ and
show that the algorithm conjectured by Gorsky, Mazin, and Vazirani becomes affine periodic

and provides an inverse to the Pak-Stanley map.



For b = (by,...,b,) € Z%,, a b-parking function is defined to be a sequence (f1, ..., 3,)
of positive integers whose nondecreasing rearrangement g; < g5 < --- < [/ satisfies 5 <
by + -+ + b;. The b-parking-function polytope X, (b) is the convex hull of all b-parking
functions of length n in R™. Geometric properties of X, (b) were previously explored in
the specific case where b = (a, b, b, ...,b) and were shown to generalize those of the classical
parking-function polytope. In the second part of this thesis, we study X,,(b) in full generality.
We present a minimal inequality and vertex description for X, (b), prove it is a generalized
permutahedron, and study its h-polynomial. Furthermore, we investigate X, (b) through
the perspectives of building sets and polymatroids, allowing us to identify its combinatorial

types and obtain a bound on its combinatorial diameter.

A tanglegram consists of two rooted binary trees and a perfect matching between their
leaves, and a planar tanglegram is one that admits a layout with no crossings. In the third
part of this thesis we show that the problem of generating planar tanglegrams uniformly
at random reduces to the corresponding problem for irreducible planar tanglegram layouts,
which are known to be in bijection with pairs of disjoint triangulations of a convex polygon.
We extend the flip operation on a single triangulation to a flip operation on pairs of disjoint
triangulations. Interestingly, the resulting flip graph is both connected and regular, and
hence a random walk on this graph converges to the uniform distribution. We also show that
the restriction of the flip graph to the pairs with a fixed triangulation in either coordinate
is connected and give diameter bounds that are near optimal. Our results furthermore
yield new insight into the flip graph of triangulations of a convex n-gon with a geometric

interpretation on the associahedron.
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Chapter 1

Catalan numbers and parking

functions

In this thesis, we present three topics based on periodic points of parking functions [Nel25],
combinatorics of generalized parking-function polytopes [BBC24], and sampling planar
tanglegrams and pairs of disjoint triangulations [BLM*23] in Chapters 2, 3, 4 respectively.
These topics fall under the general umbrella of Catalan combinatorics. In this chapter, we

review many known results and provide background for the rest of the thesis.

1.1 The Catalan Numbers

The Catalan numbers, named after the mathematician Eugéne Charles Catalan, have been

known and studied since the 1700’s [Pak15]. The first several Catalan numbers are
1,1,2,5, 14, 42, 132, 429, 1430, 4862.

Many mathematical objects are enumerated by the Catalan numbers. Including Dyck paths
(1.1.1), regions of Shi hyperplane arrangement in the Weyl Chamber (1.1.2), triangulations of
an (n+2)-gon (1.1.3), rooted binary trees with n+1 leaves (1.1.4). Richard Stanley collected

a list of these objects that eventually became a book [Stal5] of over 200 mathematical objects

1



that are enumerated by the Catalan numbers. We can write a closed form for the Catalan

numbers as well as a recursive form.

Definition 1.1.1 ([Stal5]). The nth Catalan number is c,, is given by

1 /2n "
Cp = ) or equivalentl Cpal = CiCn_i, where cg = 1.
T ( n) q Y +1 ; 0

For the rest of this section, we will highlight several mathematical objects that are enu-

merated by the Catalan numbers.

1.1.1 Dyck Paths

Definition 1.1.2. A square-lattice path is a path P = PP, ... Py, on a n x n grid starting
at (0,n), ending at (n,0), where the path only takes left steps and up steps. One can record
the order of steps as a list of L’s and U’s for left steps and up steps, respectively, or draw

the path on the n x n grid.

Example 1.1.3. Figure 1.1 shows the lattice path LULULULUUULL.

Figure 1.1: The Lattice path LULULULUUULL

Definition 1.1.4. A Dyck path P = P\ P, ... Py, is a lattice path where the path stays below

or equal to the line x/n+y/n =1

Definition 1.1.5. A touch point of a Dyck path is a point of the Dyck path on the line
x/n+y/n =1 that is not (0,n) or (n,0).

Example 1.1.6. Figure 1.2 shows the Dyck path LULLULUU. Which has one touch point
at (3,1).



2110

Figure 1.2: The Dyck path LULLULUU, which corresponds to the Dyck word 2110. The
heights of the left steps has been listed under each left step.

Theorem 1.1.7. [Sta15] The number of Dyck paths on an n x n grid is given by c,,

Definition 1.1.8. A Dyck word is a word d = d,_1d,—5...dy in {0,1,...,n — 1} such that

dogdlg"'gdn_l wheredigi.

Dyck words and Dyck paths are in bijection. The bijection between Dyck words and
Dyck paths is obtained by taking the heights of the left steps of a Dyck path.

Example 1.1.9. The Dyck word from the Dyck path in Figure 1.2 is d = 2110.

1.1.2 Regions of Shi hyperplane arrangement in the Weyl Cham-
ber

The Shi arrangement will be discussed again in Section 1.4. The hyperplane arrangements
in this thesis are written in n variables but are of rank n — 1. For this and other reasons we

will consider all our hyperplane arrangements in W where

W:{(x()wrla'..,xn—l) ERn:‘r0+x1+"'+xn_1 :0}

Definition 1.1.10 ([Shi87]). The Shi arrangement is defined by the hyperplanes

Shi, ={{z; —z; =k} :0<i<j<n—1k={0,1}}, in W.

Definition 1.1.11. The Weyl Chamber V" is the subset of W given by

V' ={(xo, 21, ..., Tp1) ER" 1o+ a1+ -+ 251 =0,20 <21+ < Ty )



Definition 1.1.12. A region of a hyperplane arrangement H is a connected component of

W\ H.

Example 1.1.13. Figure 1.3 Shows Shiz, where the regions in the Weyl Chamber are high-
lighted. Notice that there are c3 =5 regions in the Weyl Chamber.

Figure 1.3: Shiz where the c3 = 5 regions inside the Weyl Chamber are highlighted.

In Section 1.3 we will Observe that these regions are in bijections in Dyck paths.

1.1.3 Triangulations of a convex (n+2)-gon

Consider a convex polygon whose vertices are labeled with 1,2, ..., n. A diagonal of a convex

polygon is the line between vertices ¢ and j such that ¢ and j are not adjacent vertices.

Definition 1.1.14. A triangulation of a convexr polygon is a polygon with the maximal

number of diagonals such that no diagonals intersect except at vertices.
Example 1.1.15. In Figure 1.4 a triangulation of a pentagon is shown.

1

3 4

Figure 1.4: A triangulation of a pentagon

Theorem 1.1.16. [Sta15] The number of triangulations of a convex (n + 2)-gon is c,.

4



1.1.4 Rooted binary trees with n 4+ 1 leaves

A tree is rooted if there is some special vertex called the root, which acts as the start of the

tree.

Definition 1.1.17. A rooted binary tree T = (V, E) is a tree where the root has degree 2

and all other nodes have degree 3 or 1.

We sometimes draw an edge from the root that does not connect to any vertex. This will

also make the root a node of degree 3 and is helpful in some bijections.
Example 1.1.18. Figure 1.5 shows a binary tree.

Theorem 1.1.19. [Stal5] The set of binary planar trees with n+1 leaves and triangulations
of a convex (n+2)-gon are in bijection. A tree is sent to its planar dual with each face labeled

by {1,2,...,n} clockwise.

Example 1.1.20. Figure 1.5 has an example of the bijection between binary trees with n+ 1

leaves and triangulations of a conver (n + 2)-gon.

Figure 1.5: The bijection from binary trees to triangulations.

We will be using this bijection extensively in Chapter 4.

1.2 Extensions of Catalan numbers

There are many extensions of the Catalan numbers. In this work, we focus on two of them,
rational Catalan numbers and b-Catalan numbers. Both can be motivated by constructing
a generalized version of Dyck paths and defining the generalized Catalan number as the

number of generalized Dyck paths.



1.2.1 Rational Catalan numbers

Catalan numbers count the number of Dyck paths in an n x n square grid. The rational

Catalan numbers are motivated by changing the square grid to a rectangle.

Definition 1.2.1. A (m,n) - Dyck path is a lattice paths in an m X n grid from (0,m) to
(n,0) that stays weakly below the line x/n+y/m = 1.

The definitions for Dyck words and touch points remain analogous to Dyck paths in a

square.

Example 1.2.2. Figure 1.6 shows a (9,6)-Dyck word LLLUULLLLLULUUU, which has
a touch point at (6,2) and whose Dyck word is given by d = 322222000.

322222000

Figure 1.6: The (9,6) - Dyck word LLLUULLLLLULUUU, which has a touch point at
(6,2).

Theorem 1.2.3. [Biz54] The rational Catalan number ¢, ,, is given by the number of (m,n)-

Dyck paths. When m and n are coprime, there is a closed formula for rational Catalan

1 m-+n
Con = )
’ m—+n n

When m andn are not coprime, there is a generating function for ¢, ,,. Letm’ =m/ ged(m,n)

numbers given by

and n’ = n/ ged(m,n) then

- 0 = (km/ 4+ kn' — 1)!
Z Cdm/ ,dn' %~ = €XD (Z (k‘m/)'(k,‘n/)' z .

d=0 k=1

(km/+kn'—1)!

W are not always

This is a bit of a miraculous formula, because the terms

integers, but the result is.



Example 1.2.4. Let us demonstrate this formula by finding, cg¢ i.e. the number of (9,6)-
Dyck paths. We have (m’,n') = (3,2) and we are finding the coefficient of 2. Then

= p 3k +2k—1)! ,
Cdm/ dn'% = €XP <
2 D ]

o

(34+2—1)! 6+4-1)!, (9+6-1! 4
; e S @ - T e ¢ +)

4! 9 , 14! ,
= exp ;W“L@Z —i—mz +>
=1

= exp

- 1001
= exp 22z+21z2+7z3+...>
k=1

1001 1 1
:1+<%+2u?+jiﬁﬂan>+§(%+2u?+”)2+6@z+uj3+”.

1 1001 1 1
:1+2z+@1+§@¥+w—§—+§&m+g&f+a”

=1+4+22+2322+37722 + ...

From this we can see that cgg = 377

The rational Catalan numbers enumerate more than just (m,n)-Dyck paths and (m,n)-
Dyck words. They count the number of alcoves in the Sommers Region inside the Weyl
Chamber, which we will show in Chapter 2. They also count (m,n)-invariant sets, (m,n)-

cores, maximal identity Deograms.

Definition 1.2.5. A set A C Z is an n-invariant set if A+n C A. A set A C Z is an
(m, n)-invariant set A if it is both an m-invariant set and n-invariant set. Denote the set

of all (m,n)-invariant sets with M,y ,,.

If Ais an (m,n)-invariant set for any k € Z th A + k is still an (m,n)-invariant set.
We often consider (m,n)-invariant sets up to these shifts. We have several choices for a

representative of each class.

Definition 1.2.6. An (m,n)-invariant set A is 0-normalized if min(A) = 0. We say A is
0-balanced if #Z>0 \ A = #Z o N A.



Theorem 1.2.7. [GM13] The number of 0-normalized (m,n)-invariant sets is cy, .

Definition 1.2.8. If A is an n-invariant set, we say that a € A is an n-generator if

a—n¢A. Wesayaé¢ A is an n-cogenerator if a+n € A.
Definition 1.2.9. The skeleton of A € M,, ,, is the union of m-generators and n-cogenerators.

When ged(m,n) = 1 we can visualize (m,n)-invariant sets as periodic lattice paths.
Consider a lattice with boxes labeled by I(x,y) = —nz — my, where (z,y) are coordinates of
the northeast corner of each box. Observe that the labeling is periodic with period (m, —n).
Given an (m,n)-invariant set A the corresponding periodic path P(A) is the boundary of
the union of boxes labeled by integers in A. The m-generators are the labels just below
P(A) and the n-cogenerators are the labels just right of P(A). The skeleton of A are the

labels of all boxes with the northeast corner on P(A). (see Figure 1.7).

0]—-4 -8
511 =3 =7
10 62 -2 -6
5 11 7 3|-1-5-9
16 12 8 4 0 |—4 -8

5 11 7 3 |-1 -5
128 1 4 0

Figure 1.7: Periodic lattice path corresponding to the (4, 5)-invariant set A = {0,3,4,5,...}.
The 5-generators of A are {0,3,4,6,7} in blue, and the 4-cogenerators are {—4, —1,1,2} in
red.

One can recover the Catalan numbers from the rational Catalan numbers:

Cn = Cn41n



1.2.2 b-Catalan numbers

Catalan numbers count the number of Dyck paths in a n x n square grid. The b-Catalan

numbers are motivated by picking a lattice path and counting all the lattice paths under it.

Definition 1.2.10. Let b = (bo,bl, Ce 7bn—1) € (Z>Q)n. A word d = dn—ldn—l .. .do m
(Zo)™ is a b-Dyck word if d; <by+by+...b; anddy < dy < -+ < d,_;.

Note the discrepancy with the minimal value being 1 and not 0. Using 1 as the minimal
value follows the notation from [Yan01, Yan00, SP02]. These partial sums play an important
role. Given b let .S; = byg+b+- - -+b;. If we consider the word S,,_1.5,,_1 . . . Sp this corresponds

to a lattice path on a n x S,,_; grid.

Definition 1.2.11. Given b define p(b) as the lattice path on a n X S,_1 grid where the

horizontal steps have heights S,_1, Sp_1, ..., 50-

A consequence of having 1 as our minimum value is that the left steps of p(b) all have

unique heights.

Definition 1.2.12. A b-Dyck path is any lattice path starting at (n,1) and ending on (0, S,,)

that is weakly below p(b).

Example 1.2.13. Let b = (3,1,1,2), we calculate S = (7,5,4,3). See that 3211 and 6432

are b-Dyck paths. As illustrated on Figure 1.8

Figure 1.8: When b = (3,1,1,2) we see that 3211 and 6432 are b-Dyck paths, shown in
blue, p(b) is shown in red



1.3 Parking Functions

Parking functions arise as a list of parking car preferences, first studied by Konheim and
Weiss in [KW66a]. Imagine n cars driving on a one-way street with n parking spots ahead.
Each car has a preference w; = f(i) € [n] = {0,1,...n — 1} for the parking spot in which
it wants to park. Each car tries to park in its preferred spot. If the preferred parking spot
is available, it does; if not, the car parks at the first available parking spot after. If all cars
can park, then the function f : {0,1,...,n — 1} — {0,1,...,n — 1} is a parking function.
We write these functions as words p = p,_1Pn_2...p1po where p; = f(i). The requirement

that all cars park can be summarized by

#{j:pj<i}>ifor0<i<n-—1.
Any permutation of a parking function is also a parking function.

Example 1.3.1. All parking functions of length 3 are given by
000, 100,010,001, 110,101,011, 002, 020, 200, 012, 021, 102, 120, 201, 210

Theorem 1.3.2. [KW66b] There are (n + 1)""! parking functions of length n.

If p=pu_1pn_2...p1po is a parking function and ag < a; < --- < a,_1 is its nondecreas-
ing rearrangement then a = a,,_1a,_»...ay has the property that a; < i. This means that
a = a,_ 10,2 ...a9 is a Dyck word. In fact, parking functions can be seen as labeled Dyck

paths.

Definition 1.3.3. A labeling ¢ of a Dyck path D is a bijection from the left steps of P =
PiPy... Py, to {0,1,...,n — 1} such that if P, and Py, are both horizontal steps, then
U(P) < (Piya).

Theorem 1.3.4. Labeled Dyck paths are in bijection with parking functions. The bijection
is given by setting p; to be the height of the left step P; where ¢(P;) = i.
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Example 1.3.5. Consider the Dyck path LULULLLUUU and ¢ given by ((FPy) = 2,((Py) =
1,U(Py) = 0,4(Ps) = 3 and ¢(Ps) = 4. This Dyck path corresponds to the Dyck word
d = 22210 and (P, ) corresponds to the parking function 21022. This is illustrated in Figure
1.9.

43 p = 21022

22210

Figure 1.9: This shows that (LULULLLUUU, () corresponds with parking function p =
21022

Next we want to build the bijection from parking functions to regions of the Shi arrange-
ment. This bijection is called the Pak-Stanley labeling. To do this we will develop some

notation.
Definition 1.3.6. Let Hf; = x; —x; =k in W = {(x0,...,2,-1) € R": S r =0}

Then the Shi arrangement can be seen as
Shi, = {H; : 0<i<j<nke{01}}
Another important hyperplane arrangement is the affine braid arrangement, which is

Br,={H};:0<i<j<nkeZ}

The closures of regions of the affine braid arrangement are called alcoves. The fundamental

alcove is given by

(Io,...,xnfl)EW:$0<£C1<"'<.Z'n,1<‘T0+1

Theorem 1.3.7. [Sta98] Parking functions of length n are in bijection with regions of the

Shi arrangement.
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Following the form of this bijection given in [Maz17]. The Pak-Stanley labeling can be
defined inductively using the following rules: Label the fundamental alcove with the zero

function 00...0. Then follow 2 rules.

e When you cross the hyperplane H}

i j» moving further away from the fundamental alcove,

increase f(i) by 1.

e When you cross the hyperplane H g ;» moving further away from the fundamental alcove,

increase f(j) by 1.

If R is some region and Hr C Shi, is the collection of hyperplanes that separate R from

the fundamental alcove, then the parking function labeling R is

pR(CL) = #{Hzlj A a} - #{HZOJ L) = a}

Example 1.3.8. Figure 1.10 Shows Shis, where each region has been labeled by a parking
function according to [Maz17]. Notice that the alcoves in the Weyl Chamber are labeled by

Dyck words.

210
001 100
HY, 002 000 110
012 010 120
011 020
N4 N v
> /021

Figure 1.10: Shis labeled by parking functions. The Weyl chamber has been highlighted.
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Theorem 1.3.9. Dyck words are in bijection with regions of the Shi arrangement inside the

Weyl chamber.

1.3.1 Extensions of Parking Functions

The extensions of parking functions in this thesis are both motivated by Theorem 1.3.4.

Definition 1.3.10. An (m,n)-parking functions is a word w = w,_ 1w, o ... wiwy € [m]"

such that

#{j:wj<i}szor1§i§m.
m
This is equivalent to a pair (D, ) a rational (m,n)-Dyck path D and row labeling ¢. And

we recover classical parking functions by considering (n + 1, n)-parking functions.

Theorem 1.3.11. [AB15] When m and n are coprime, there are (m)"~' rational parking

functions.

Example 1.3.12. Observe that
020031, 001230, and 321100

are all (4,6)-parking functions.

Definition 1.3.13. Let b = (by,...,b,) € Z,. A b-parking function is a list (51, ..., )
of positive integers whose nondecreasing rearrangement By < fy < --- < Bl satisfies B <

R

This is equivalent to a pair (D, ¢) of a b-Dyck path D and row labeling ¢. And we recover

parking functions by considering (1,1, ..., 1)-parking functions.

Example 1.3.14. See that 3212 is a (1,3, 1, 1)- parking function, and that 3452 is a (2,1,1,1)-

parking function.

In general, if b; = 1 then 1 must be the lowest value of a generalized parking function.

In Chapter 3 we will observe many dichotomies on if by = 1 or b; > 1.
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There is another prominent extension of parking functions, called graphical parking func-
tions. Although there is not much overlap between these types of parking functions and

b-parking functions there is some, which is summarized in [GH16].

1.4 The Affine Symmetric Group and Affine Braid Ar-

rangement

In previous sections, we have had a few results about hyperplane arrangement. Here we
unify some of the notation and define the affine symmetric group and affine braid arrange-
ment. There are various bijections from parking functions to regions or alcoves of hyperplane

arrangements. Let H; = {z; — z; = kn}.

Definition 1.4.1. The affine braid arrangement is the hyperplane arrangement H = {Hfj :
0<i<j<n-—1ke€Z} inside of W={xzcR": 3" 2, =0}.

Note that we scale our hyperplane arrangements by n. The regions of the hyperplane
arrangement H are the connected components of W\ H. The closure of a region of the affine

braid arrangement is referred to as an alcove.

Definition 1.4.2. The fundamental alcove Aq is the alcove with boundary conditions given

by xog <xy < - < xp1 < x9+n inside W.

Note the fundamental alcove has boundaries given by H?fu

fori € {1,...,n— 1} and
Hy, o p-

Definition 1.4.3. The height of H;fj is |j —i—nk|. Note that the height Hfj is proportional

to the distance between H{fj and the center of Ag.
The hyperplanes that bound the fundamental alcove are exactly those of height 1.

Definition 1.4.4 ([Shi87]). The Shi arrangement is Shi, = {H; : 0 <i<j<n—1k=
0 ork=1}.
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The Shi arrangement is a sub-hyperplane arrangement of the affine braid arrangement.
The regions of Shi, were shown to be in bijection with classical parking functions in [Sta98§]

by Stanley with correspondence from Pak.

Definition 1.4.5. The k-Shi arrangement is given by k-Shi, = {H{fj 0 <1< g3 <
n—lLke{-k+1,-k+2,...,k}}

The Pak-Stanley construction extends to the k-Shi case, however, the argument is rather
technical. For a more geometric approach, see [Maz17], which took inspiration from the work
of Hopkins and Perkinson in [HP15]. For a more general bijection, we need to introduce the

Sommers region.

Definition 1.4.6 ([Som05]). The Sommers region S is the region in W bounded by all

hyperplanes Hi’fk of height m.

Theorem 1.4.7 ([MTW19], Theorem 6.20). The alcoves inside the Sommers region are in

bijection with parking functions in PW".

The Sommers region and k-Shi arrangements are related through the affine symmetric

group.

Definition 1.4.8. The affine symmetric group :9; consists of bijections w : 7Z — 7 such that

n—1
(n—1)n
1 _ _n=Dn
)w(x+n)=w(x)+n 2)> w(k) 5
k=0
We write elements of S, in window notation w = [w(0),w(1), ... ,w(n—1)]. The generators

S, are given by s; = [0,1,...,i — 1,i+ 1,4, +2,....,n — 1] for i € {1,...,n — 1} and
so=1[-1,1,,2...,n—2,n]. g; acts on W with the generator s; acting by reflection across
the hyperplane H?_Li for 0 < 7 < n and sq acting by reflecting across the hyperplane H}L_LO.
This action sends alcoves to alcoves. Further, the action is free and transitive on alcoves.

The map w — w(Ay) gives a bijection from :92 to the alcoves of the affine braid arrangement.

15



[—134] @ [042]

[132] [024]
[312] [123] [204]

[321] [213] [105]
[—226] [231] [015) [150]

Figure 1.11: Here is S5 with alcoves labeled by affine permutations. The fundamental alcove
is labeled by [123].

The affine permutations that correspond to alcoves inside the Sommers region are call

m-restricted, the set of these affine permutations is denoted m:S'Vn, it can be seen that
"G, ={w e S, w(z) <w 'z +m),Vr €L}
If wte m:S'vn then it is called m-stable. The set of m-stable affine permutations is
5’;’? ={we Sy w(z) < w(z+m),Vo € Z}.

Theorem 1.4.9 ([FV10], Theorem 7.1). The alcoves inside S"*1 region are in bijection
with the regions of the k-Shi,. The bijection takes an alcove labeled by w € S’Zn and maps it

1

to the region containing the alcove labeled by w™". !

The alcove labeled by w™ 1is the unique

alcove in that region with the least number of hyperplanes Hi’fj between it and Ag.

Definition 1.4.10. The centroid of an alcove is the unique point (ro,x1,...Tm_1) in the

interior of the alcove such that all the numbers

are all integers.
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Theorem 1.4.11 (Lemma 2.9 [GMV14]). Centroids of alcoves exist. Moreover, if (xg, ..., Tm-1) €
w(Ag) is the centroid of w(Ap) then

1 [m—i-l m+ 1 m+1
W= |—m— —mx mx
2 0 9 1 9

1.5 Polytopes

There are 2 equivalent definitions for polytopes.

Definition 1.5.1 (Vertex description). A polytope is the convex hull of a finite set of points
i R™.

Definition 1.5.2 (Inequality description). A polytope is the intersection of finitely many

closed half-spaces in R™.
Throughout the this section and the thesis, let e; be the ith standard basis vector in R”

Example 1.5.3. Consider the (n — 1)-standard simplex A, _1 given by the convexr hull of
{e; : 0 <i <n—1}. The standard simplex is in R™ and has dimension n—1. The inequality

description if the standard simplex is given by
{(xo,...,xn1) ER" :xg+ -tz 1=1,2;,>0 for0<i<n-—1}

We will use the 2- and 3-dimensional standard simplices as examples in this section.

Theorem 1.5.4. (Weyl-Minkowski Theorem) All polytopes have both a vertex description

and an equivalent inequality description.

Definition 1.5.5. Given a polytope P and X\ € (R")* the set of points on P where X\ is

mazximized is a face of P.

When a face is a single point, we call it a vertex, and when a face is 1-dimensional, we

call it an edge. A facet is a face whose dimension is one less than the dimension of P. Note
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that a face of a polytope is also a polytope. Polytopes being congruent is more rigid than

what we will need; instead, we consider when polytopes are combinatorially equivalent.

Definition 1.5.6. The face lattice of a polytope P is the poset of faces of P with ordered
by inclusion. A minimal element given by the empty set is usually added to this poset. Two

polytopes are combinatorially equivalent if their face lattices are isomorphic.

€9 €9

€0 €1 €o €1

Figure 1.12: The 2- and 3-dimensional standard simplices

Example 1.5.7. The face lattices of the 2- and 3-dimensional standard simplices are given

by Figures 1.13 and 1.14. In the face lattice we have used e, ...e; as a shorthand for the

k

face that is the convex hull of e;, ..., e;,.
€0€1€2
€€ €0€2 €162
>< ><
€0 €1 €9
%)

Figure 1.13: The face lattice of the 2-dimensional standard simplex As

Definition 1.5.8. Let f;(P) denote the number of i-dimensional faces of P. The f-polynomial
of P is then defined as f(P;t) = > f;(P)t" and the h-polynomial of P is the result of

applying a change of parameter given by h(P;t) = f(P;t —1).
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€p€1€2€3

7N

€p€1€2 €p€1€3 €p€2€3 €1€2€3

A A

€o€1 €p€2 €0€3 €162 €1€3 €2€3

K2

Figure 1.14: The face lattice of the 3-dimensional standard simplex Aj

€3

Example 1.5.9. Consider the 2-dimensional standard simplezx, f(As) = (3,3,1). The f
-polynomial is f(Ag,t) = 3 + 3t +t2, and the h polynomial is

h(Doit) =3+3(t = 1)+ (t— 1) =1+t +1°

Consider the 3-dimensional, then f(As) = (4,6,4,1). The f-polynomial is f(As,t) = 4 +
6t + 4t2 + 13, and the h polynomial is

h(Ag;it) =446(t—1) +4(t — 124+ (-1 =1+t + 1>+

Definition 1.5.10. A generalized permutahedron is a polytope P such that every edge is
parallel to e; —e; for some 0 < 4,7 < n. A simple polytope is a d-dimensional polytope where

each vertex 1s adjacent to exactly d edges.

Observe that for any two vertices v and w that > v; = > w; = k and there is for some
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k > 0 and unique ¢, j € [n] such that
w—v=k(e; — ¢j).

Definition 1.5.11. The tangent cone T,(P) at a vertex v of a polytope is given by
T,(P) = {Z Ao(w — ) Ay > 0} .

Where w ~ v mean w and v are adjacent vertices. Intuitively the tangent cone is the set of

rays from v that point into P.

Definition 1.5.12. The polar cone C° of a set C' in R™ is the given by
C°={yeR": (z,y) <0 forall x € C}.

The polar cone is the negative of the dual cone.

Definition 1.5.13. The normal cone N,(P) of a vertex v is the polar cone of the tangent
cone at v. That is N,(P) = T,(P)°.

For a generalized permutahedron P and vertex v observe that

T,(P) = {Z Aw(W —v) 1 Ay > O}

wn~v

= {Z Aw(€iy — €j0) = Aw > O} )

wn~v

Where w — v = ky(e;, — ej,) for some iy, j, € [n] and k, > 0. Note that ¢, and j, are
unique as k,, > 0. The generating vectors {e;, —e;, : w ~ v} of the tangent cone are the
facet-defining outer normals of the normal cone. Which means the normal cone at v is the

intersection of closed-half spaces



Vertex Normal Cone Descents | Term of h(P,t)

eo | {z1 <@} N{x2 <o} | (1,0),(2,0) t?
€1 {SL’O S Il} N {IQ S $1} (2, 1) t
e {zog < 2} N{x1 <29} none 1

Table 1.1: Computing the h polynomial using Theorem 1.5.14

One can associate to each vertex v a vertex poset (), by setting ¢ <g, j whenever z; < x;
is in the normal cone of v. We denote the covering relations by <. The descent set Des(Q,)

of @, is the set of ordered pairs (¢, j) such that i <o, 7 but ¢ >z j. The number of descents
of @, is des(Q,) = |Des(Q,)|.

Theorem 1.5.14. [PRW08, Theorem 4.2] When P is a simple generalized permutahedron
its h-polynomial is given by

h(Pst)= Y 9@,

veVert(P)
Example 1.5.15. Consider the 2 dimensional standard simplex. Table 1.1 summarizes the

computation of h(P,t) =1+t + t* using Theorem 1.5.1}.

Definition 1.5.16 ([Pos09, Definition 7.1]). Let E be a finite set. A building set on E is a

collection B of nonempty subsets of E that satisfies the conditions:

(B1) If I,J € Band INJ # &, then [UJ € B.

(B2) The singleton {i} lies in B for all i € E.

In this case, we write By.x C B for the collection of mazximal subsets in B under inclusion.

Definition 1.5.17 ([PRWO0S, Definition 6.3]). Let B be a building set in [n]. A nestohedron
Py is a Y-generalized permutahedron with positive coefficients yr only for I € B: PY({y;}) =
2163 yrAg. This is a Minkowski sum where Ay is the convex hull of {e; : i € I}.

We will relate nestohedra to certain complexes formed from building sets.

Definition 1.5.18 ([PRWO08, Definition 6.4]). Let B be a building set on a finite set E. A
nested set of B is a subset N C B\ Buax that satisfies the following conditions:
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(N1) If I,J € N, then either I CJ or I 2> JorINJ=a.

(N2) If Ji,...,J i € N are pairwise disjoint with k > 2, then JyU---U Jy & B.

From this definition, it follows that a subset of a nested set is a nested set. Therefore,
the collection of all the nested sets of B forms an abstract simplicial complex with vertex set
B, called the nested set complex Ag of B. It turns out that the nestohedron Py is always
a simple polytope, and the face lattice of Pg does not depend on the values of the positive
parameters y;, but only on B, and this face lattice is dual to the face lattice of the nested

set complex Ag; see [Pos09, Theorem 7.4].

Example 1.5.19. The collection B = {{0},{1},{2},{0,1,2}} is a building set on [3] with
Bmax = {0,1,2}. Note that a nested set is a subset of B. Each set {i} is abbreviated as i.

The corresponding nested sets and their dimensions as faces in Ag are as follows:

dim = —1 1%}

dim =0 {0}, {1}, {2},
dim=1 {0,1},{0,2},{1,2}

Observe that Pg is a shift by (1,1,1) the two-dimensional standard simplex. Similarly for
the building set B = {{0},{1},{2}.{3},{0,1,2,3}} observe that Pg is a shift by (1,1,1,1)

the three-dimensional standard simplex.

Each of the vertices corresponds to a maximal nested set. In fact, each of the faces of the
nestohedron corresponds to the nested set, which is the intersection of the maximal nested

sets that correspond to the vertices of the face.

Example 1.5.20. In Figure 1.15 is the standard two-dimensional simplexr with each face

labeled by its corresponding nested set.
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{0,1}
{1} {0}

1%}

{12} {2r {02}

Figure 1.15: The 2-dimensional simplex A, with each face labeled by its corresponding
nested set.
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Chapter 2

Periodic points of parking functions

This is a chapter dedicated to periodic points of parking functions. It follows the work in

[Nel25].

2.1 Introduction

Parking functions were first defined in [KW66b], and the generalization to rational parking
functions was studied in [GMV14, ALW15b]. In [MTW19] Jon McCammond, Hugh Tomas,
and Nathan Williams give a new characterization of (m, n)-parking functions. They define

an action of words in [m] = {0,1,...,m — 1} on the Weyl Chamber
VvV ={x = (zo,x1,...,Tm-1) : le =0and g <z < - < X1},

where each letter ¢ acts on £ € V™ by adding m to x;, subtracting 1 from each coordinate,
then resorting the coordinates. Then a word w € [m|" acts on & € V™ from right to left.
The authors of [GMV17] prove that w is an (m,n)-parking function if and only if w has a
fixed point in V™. They further show that the set of fixed points is a convex set of affine
dimension ged(m,n) — 1.

In [GMV17] Eugene Gorsky, Mikhail Mazin, and Monica Vazirani study (m,n)-Dyck

paths when m and n are not relatively prime and (m,n)-invariant sets of Z. A set A C Z
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is (m,n) invariant if A +m C A and A +n C A. When m and n are coprime, there is a
bijection from (m,n)-Dyck paths to O-normalized (m,n)-invariant sets. When m and n are
not coprime the authors define an equivalence relation on (m,n)-invariant sets such that the
equivalence classes are in bijection with (m,n)-Dyck paths.

In this dissertation, we connect the ideas from [MTW19] and [GMV17]. We define an
action of words in [m]™ on bounded and co-bounded m-invariant sets. An (m,n)-invariant
set A is bounded and co-bounded if there are an N, M € N such that Z<_y N A = & and
Z>y C A. The m-generators of A are given be (A +m)\ A = {a; <--+ < a,}. The letter
i € [m] will act on A by removing the a; from A. A word in [m|" acts from right to left. We

prove:

" and A an m—invariant set such that w- A =

Theorem 2.1.1. Let w be a word in [m]
A +n then w is an (m,n)-parking function and A is (m,n) invariant. Furthermore for any

(m, n)—parking function there exists an (m,n)-invariant set such that w- A = A + n.

We connect this action to the bijection G defined in [GMV17] from the equivalence classes

of (m,n)-invariant sets to the set of (m,n)-Dyck paths.

Theorem 2.1.2. The monotone parking function given by the column heights of G(A) is the

unique monotone parking function such that w- A = A +n.

When ged(m, n) = 1 we characterize the points in V™ that are periodic under the action

of a parking function.

Theorem 2.1.3. If ged(m,n) = 1 and p an (m,n)-parking function with fized point x, €
V™, then x, is the centroid of an alcove A, of the hyperplane arrangement H = {x; — x; =
km,1 <i < j<n,keZ}. The setperiodic points of p is exactly A, \ x, and all points in

A, \ z, have period n.

Structure of this chapter: In Section 2, we provide background on parking functions, the
action of words in [m|™ on V™ from [MTW19], the affine braid arrangement, and invariant

sets. In Section 3, we define an action on m-invariant sets and then prove Theorem 1.1.
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In Section 4, we focus on monotone parking functions and prove Theorem 1.2. In Section
5, we show that the set of fixed points of a parking function is the union of fixed points of
monotone parking functions. In Section 6, we consider the case when ged(m,n) = 1 and
classify all the periodic points of an (m, n)-parking function proving Theorem 1.3. In section
7, as a corollary of Theorem 1.3 we are able to resolve conjecture 7.9 from [GMV14] showing

an algorithm to invert the map SP does finish in a finite number of steps.

2.2 Background

2.2.1 Acting by a Parking function:

In [MTW19] Jon McCammond, Hugh Tomas, and Nathan Williams build a new characteri-
zation of (m,n)-parking functions based on an action. Words in {0,1,...,m — 1} = [m] act

on the Weyl chamber
VvV ={x = (z¢,21,...,Tm-1) € R™: le =0and g <z < - < Ty},

where ¢ acts on & by adding m to the ¢th component, subtracting 1 from every component,
then resorting. Differing from [MTW19] we use the convention that words act one letter at

a time from right to left. If w € [m]™ we can think of w as a piecewise-linear function from

V™ oto V™,

Theorem 2.2.1 ([MTW19], Theorem 1.1). Let w € [m]", then w is an (m,n)-parking
functions if and only if w has a fized point in V™. The set of fixed points is convex of affine
dimension ged(m,n) — 1 and contained in an affine subset of dimension ged(m,n) — 1. In

particular, when m and n are coprime, each parking function has a unique fixed point.

2.2.2 Alcoves and the Action of a Parking Function:

We return to a few results about how the action of parking functions relates to alcoves.

26



Theorem 2.2.2 ([MTW19], Lemma 2.3). The action of a word w € [m|™ on V™ is a weak
contraction. If A is an alcove, then w|a : A — w(A) is a linear isometry and w(A) is an

alcove.

Indeed, if &, v € A then acting by letter k translates £ and v to the same alcove, where

they are on the same side of every simple hyperplane HZQ_L Thus, these points will be

e

resorted in the same way.

Theorem 2.2.3 ([MTW19], Lemma 2.3). When m and n are coprime, the unique fized point

of a parking function p € PW]" s the centriod of an alcove.

In [GMV14] the authors define a Pak-Stanely map SP : mg. PE™ given by

SP,(a) =8{B]| 8> a0 <w(f)—wla) <m}.

In conjecture 7.9 of [GMV14] the authors give a possible algorithm to invert SP. In
[IMTW19] the authors show SP is a bijection. Theorem 2.5.12 shows that the algorithm
from [GMV14] converges.

2.2.3 Invariant sets:

We follow the notation from [GMO22] for the equivalence classes defined in [GMV17] for
(m,n)-invariant sets. Let ged(m,n) = d > 1 and © = {A, Ay,...,As_1} be 0-balanced
(m/d,n/d)-invariant sets. For every (zg,z1,...74_1) € R? such that Zf:_ol x; =0 let

d—1

A(zg, ... x4-1) = U(dAi + ;).

i=0
For each A; let S; be its skeleton. Consider the space of all possible shifts xg,...z4_1 and
consider Yo C {z € R : Z?;ol x; = 0} consisting of all shifts xy, ..., x4 1 for which there
exists ¢ and j such that

(dSZ + l‘z) N (de + l’j) £ @.
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See that g is a hyperplane arrangement. If a shift (xg, zq,...,24_1) is integer and there is

an x; in each remainder mod d, then A(xg, z1,...,24-1) is an (m, n)-invariant set.

Definition 2.2.4. Two (m,n)-invariant sets are equivalent if they correspond to the same
connected component of Yg. See that we get hyperplane arrangements for each tuple © of

(m/d,n/d)—invariant sets.

To get all the equivalence classes of bounded and co-bounded (m,n)-invariant sets, one
should consider all possible d-tuples of 0-balanced (m/d,n/d)-invariant sets and for each
such d-tuple consider the set of connected components of the complement to g in the
space of shifts. These should be considered up to symmetry; if two of the sets are equal
A; = Aj, then switching the corresponding shift coordinates x; and x; interchanges the
connected components corresponding to the same equivalence class of (m,n)-invariant sets.
Furthermore, if © is a permutation of © then the regions correspond to the same permutation
of shifts.

In [GMV17] the authors define a bijection G from equivalence classes of (m,n)-invariant
sets M, n/~ to (m,n)-Dyck paths Y, ,, by recording the order in which n-cogenerators and

m-generators are in the skeleton S.

Definition 2.2.5. Given an (m,n)-invariant set A have skeleton S. Let G : My, p/o — Yo
be the map where an equivalence class of (m,n)-invariant sets is mapped to an (m,n)-Dyck
path in the following way. The path of G(A) can be obtained by rearranging the skeleton of
A in increasing order, replacing n-generators by up steps and m-cogenerators by left steps,

from bottom right to top left.
Proposition 2.2.6. [ALW15a], proposition 3.2] G(A) is an (m,n)— Dyck path.
Theorem 2.2.7 ([GMV17],Theorem 1.1). The map G is a bijection.

Example 2.2.8. Consider the two (6,4)-invariant sets

A=Z>0\{1,2,3,5,6,7}

A =750\ {1,2,3,5,7,9,13}.
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Whose respective skeletons are

S ={-4,0,2,4,5,8,9,11,13,17}

S ={-4,0,2,4,7,8,11,13,15,19},

where we have colored 4-cogenerators in red and 6-generators in blue. These are in the same
region of X9 where © = {Z>o\ {1}, Z>0\{1}}, which means they are in the same equivalence
class. This can be seen as the odd generators and cogenerators of A can be shifted by 2

without crossing any even generators or cogenerators, making A'. Figure 2.1 has the result

of G(A) and G(A).

Figure 2.1: This is G(A) = G(A’) from Example 2.2.8.

2.3 Acting on m-invariant sets

Definition 2.3.1. A subset A C Z is an m-invariant set if A +m C A. The set of all

m-invariant sets is denoted by M,,.

Definition 2.3.2. We define an action of words in [m| = {0,1,...m — 1} on the set M,,
of m invariant sets. Let {ap < a; < -+ < am_1} = A\ (A +m) be the m-generators of A.
For j € [m] set j- A = A\ {a;}, note that A\ {a;} is an m-invariant set. Given a word

W= Wp_1...wo in [m] we act on A one letter at a time from right to left
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w- A =w,_i(... (w(wpA))...).

Definition 2.3.3. We define a map ¢ : M,, — V™ from m-invariant sets into the Weyl

Chamber by setting
-1
Z;'leo aj -

¢(A) = (ao,a17 PN ,am_l) - —]_,

m

where ag, ay, . .. am_1 are the m-generators of A and 1 = (1,1,...,1).

Lemma 2.3.4. The map ¢ : M,, — V™ commutes with actions of words in [m] on V™ and

M,,. The image ¢(A) is the centriod of an alcove.

Proof. See that 327" " (a; — @) = 0, thus ¢(A) € V™ and ¢ is well defined. The

m—generators of 7- A are
{CL07 ey, ai+i, ey Qy, G4 + m},

SO

3

o(i - A) = sort((ag,ay, ..., a; +m, ... a;m_1) — 1( ‘ (a; —1)/m))

I
o

sorted. This agrees with i - ¢(A). As the set of m-generators of A contains exactly one
number from each equivalence class modulo m, its clear that ¢(A) is a centriod by Definition

1.4.10. [
Theorem 2.3.5. If w- A = A +n then w is an (m,n)-rational parking function.

Proof. The map ¢ sends shifts of A to the same point so

w- B(A) = d(w - A) = G(A +n) = G(A).

Thus w has a fixed point in V™ and is an (m, n)-parking function. ]
From now on, we denote p as an (m,n)-parking function.
Lemma 2.3.6. If p- A = A+ n then A is an (m,n)-invariant set.
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Proof. We know p - A C A, so A+n C A thus A is (m,n)-invariant.
[l

A slightly stronger statement is true. At every step we must have an (m,n)-invariant

set. Let AW =p, ... poA where AO) = A,
Corollary 2.3.7. If p- A = A +n then AW is an (m,n)-invariant set for all 0 <i < n.

Proof. Consider A® and set p’ = p;_1...popn ... p; then

p - AD =p o popa PPt POA =i po - (A+n) =AY 4 n

By Theorem 2.3.6 A® is an (m, n)-invariant set. O

Example 2.3.8. See Figure 2.2 for the action of p = 103 on the (5,3) invariant set A =
7\ {1,2,4}. We show that p- A = A +3, at each step, we record the 5-generators and AW,
You can also notice that at each step AW is an (m,n)-invariant set and we remove elements
that are also n-generators. Both of these will happen every time you act by a word such that

p-A=A+n.

5—gen A
{0,3,6,7,9} {0,3,5,6,7,8,9,10,11,12,13,14,...}
{0,3,6,9,12}  {0,3,5,6,8,9,10,11,12,13,14, ...}
{3,5,6,9,12} {3,5,6,8,9,10,11,12,13,14, ...}
{3,6,9,10,12} {3,6,8,9,10,11,12,13,14, ...}

}—lOOJS

Figure 2.2: Acting on the (5, 3) invariant set A = {0, 3,5,6,7,8,9,11,12, ...} by the parking
function p = 103. The 5-generators being replaced in each step is highlighted in red. The
3-generators of A are {0,5,7} which is exactly the set of elements that are removed by p.

Lemma 2.3.9. Let p=py_1,...po, if p- A = A+n and a,, is the p;th m-generator of A®
then ap, is an n-generator of AO . That is, at each step, we remove elements that are also

n-generators of A®.
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Proof. We know A® and AC*+Y are (m,n)-invariant sets from Theorem 2.3.7 and A® \
A+D = Lq, Y. If a,, is not an n-generator of A® then a,, — n € A® and a,, — n € ACHD

but a,, ¢ A+Y which contradicts ATD being an (m, n)-invariant set. O

Lemma 2.3.10. If p- A = A +n and a,, is the p;th m-generator of A then ap, s an
n-generator of . That is at each step we remove elements that are also n-generators of A

the original set.

Proof. The action of a letter removes one element of A. The set of n-generators are given
by A\ (A + n), which means none of the n-generators of A are in p- A = A+ n. As p has

length n at each step, we must remove one of the n-generators of A. n

Lemma 2.3.11. If p- A = A+n then the set UP_ymgen(AW) is the skeleton of A+n as an

(n, m)-invariant set, note the switch in n and m. It is the union of m-generators of A +n

and n-cogenerators of A + n.

Proof. First we show the skeleton S of A+n is a subset of U?_;mgen(A®). In Lemma 2.3.10
it’s shown that of p only removes the n-generators of A. If 2 € mgen(A®) then either it
gets removed at some step of the action or is in mgen(A +n). If x gets removed, then = must

have been an n-generator of A. Observe that n-generators of A are n-cogenerators of A +n.

Now we show the opposite inclusion. As p - A = A + n we know p must remove all
n-generators of A. For any n-generator x of A there is some step where it is removed. That
is there is some i € {1,...,n — 1} such that AC=9\ A® = {7} and r € mgen(Al~Y)

O

The skeleton of A as an (m,n)-invariant set S, and as an (n,m)-invariant set S” are

related. See that S’ =S +n —m.

2.4 The associated monotone parking function

In this section, we define the associated monotone parking function to an (m,n)-invariant

set.
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Definition 2.4.1. A parking function p = p,_1...po s monotone if po < p1 < -+ < pPp_1.

Theorem 2.4.2. Given an (m,n)-invariant set A there is a unique monotone parking func-
tion p such that p- A = A+ n. We call this the associated monotone parking function to
A.

The idea is that we create p in an iterative process by removing the n-generators of
A from smallest to largest. In each step, we record the position of the removed generator

within the set of current m-generators.

Proof. We show that there exists a monotone parking function that removes the n generators
of A in order. Let {ap < a; < --- < a,—1} be the n-generators of A. Set py = 0, as the
minimal element must be an m generator and an n generator. For each i € {1,... ., n—1} we
claim that a; must be an m generator of A® = A\ {ag,...a;_1}. This claims implies that

there exists some 0 < p; < m such that p; - A® = AUGFTD_ See, that A®) has n generators
{G/O—i_na'”?a‘ifl +n7ai7"'7a’n71}7

not necessarily written in order. For the sake of contradiction, assume that a; is not an
m-generator of A® that is a; — m € A®. Then there must be some n generator a of A®
with a + kn = a; —m with k > 0. For some j < i, we must have a = a; + n where q;
is an n generator of A. We know that a; —n ¢ A, thus a; —m —n ¢ A, we arrive at
a; —m —n = a; + kn the left side is not in A, but the right side is, a contradiction. Thus

a; must be an m generator of A®.

Let mgen(A®) = {b(()i), ..} there is some j such that bg-i) = a;, set p; = j. Then
we have p;_1...poA =AY and p,_1...ppA =A+n,5 p=p,_1...po must be an (m,n)-
parking function as it shifts A by n.

We show that any monotone parking function p such that p-A = A+n must remove the
n-generators of A from smallest to largest. From Lemma 2.3.10, we know p must remove

all the n-generators of A. Say p did not remove the n-generators in order and let a; be
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the first n-generator removed out of order. Consider the m-generators of A® which are
{béi),bgi), e bgﬁ?_l}, as shown in the first part of this proof, there must be some k with
a; = b,(f). Then p; > k, as a; is skipped. Then a; will remain an m-generator until it is
removed. Moreover, a; will remain the kth smallest m-generator of A’ until it is removed,

as it is the smallest n-generator of A. Say it is removed on step t, then p; = k and p; > p;

with ¢ < ¢t. Thus, the monotone parking function p is unique.

]

Example 2.4.3. Let A = {0,3,5,6,7,8,...} € M35, The 5-generators of A are {0,3,6,7,9}.

At each step we remove the smallest n-generator of A that appears as an m-generator of

Pi-1---PoA.
Stage | p; Die1-..PolA m-generators
0 0 {0856 78 ...} {0, 5, 7}
1 0 {356 789 ...} {3, 5, 7}
2 1 {5, 6, 78910 ...} {5 67}
3 1 {5 7809, 10, 11 ...} {579}

4|1 {5809 10 11,12...} {50910}

The element removed at each step is in red. See that 11100 - A = {5,8,10,11,12,...} =
A+5, so p= 11100 is the unique monotone (3,5)-associated monotone parking function to

A =1{0,3,5,6,7,8,...}.

There is a connection between the associated monotone parking function and the map G

from [GMV17].

Lemma 2.4.4. The monotone parking function given by the row lengths of the Dyck path

G(A) is the associated monotone parking function for A.

Proof. Let {ag, ...a,_1} be the n-generators of A and associated monotone parking function
P =pn_1...p0. Foreachi € {0,...n—1} we have that a; is the p;th m-generator of A®. Let
S be the skeleton of A +n. For each i let mgen(A®) = {béi), cee bffl)fl} be the m generators
of A®.
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For any monotone parking function we have py = 0 as the minimal element of A is an m

and n generator. So ag = by = by, is an m-cogenerator of A +n and is the minimal element

oW

of S. Now consider p; > py and {bél),. 1} the m-generators of ppA. We know that

{bél), e bl()ll)_l}, a possibly empty set, will not be removed by p; or by any later letter in p as

p is monotone. Thus {b((]l), o b;()ll)—1} will be m-generators of A +n. We also have b},ll) =

which will be an n cogenerator of A +n. So S starts with {ay, b(()l), . ,b](fl)_l, ar}.

Consider py > p; and {b@) e bg)_l} the m-generators of p1poA. As before {b(Z) e bg)_l}

will be m-generators of A + n. The m generators {b(()2), . ,b;?ll} = {bél), . b(l) L} are
already accounted for. Again b,%) = ay is a n-cogenerators of A + n. Thus S starts
1 1 2 (2
{CLmbé),...,b;l) 17(11,[);1)7.. p2) 1,&2}
We can continue this process. At the last step we will need to add {bl(,ﬂl, o m 1} as

they are m generators of A 4+ n that were not added yet. This process will determine all of
S, we have
S = {ag, by, .. b an 0P, b g an WD i B0

p1? » Yp2—1» Di Pn-17

See that the number of m-generators between a;_; and a; is p; — p;_1 which is exactly g;.

The set S is the skeleton of A + n.

Example 2.4.5. Consider the (4,6) invariant set
A = {0,4,5,6,8,9,10,11,12, ... }.

For this set the 6-generators are {0,4,5,8,9,13}, The associated monotone parking function

is p = 311000. At each step, we remove the smallest 6-generator of A that appears as an
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4-generator of AW,

i A® 4-generators of (AD) a; p;
0 {0,4,5,6,8,9,10,11,12,...} {0,5,6,11} 0 0
1 {4,5,6,8,9,10,11,12,13,...} {4,5,6,11} 40
2 {5,6,8,9,10,11,12,13,14,...} {5,6,8,11} 5 0

{6,8,9,10,11,12,13,14,15,...} {6,8,9,11} 8 1

3
4 {6,9,10,11,12,13,14, 15, 16, . {6,9,11,12} 9 1

(S48

)
{6,10,11,12,13,14,15,16,17,...} {6,11,12,13} 13 3
)

(=}

{6,10,11,12, 14, 15,16, 17,18, . {6,11,12,17}

We have highlighted when an 6-cogenerator of A + 6 is removed from A in blue and the
first time an 4-generator of A + 6 is skipped by the action red. The 4-cogenerators of A are
{—4,1,2,7} and the skeleton of A is {—4,0,1,2,4,5,7,8,9,13}.

w = = O O O

Combining Theorem 2.4.4 and Theorem 2.2.7 one obtains.

Lemma 2.4.6. If A and A’ have the same associated monotone parking function then A ~

A/

Proof. The n cogenerators and m generators in the skeleton of A and A’ are in the same

order, thus G(A) = G(A') and A ~ A’ as G is a bijection by Theorem 1.1 in [GMV17]. O
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2.5 Periodic Points

In this section, we study the points in V™ that are not fixed by an (m,n)-parking functions
p. The action of a parking function p on « resorts the coordinates of @ several times. In

this section, we discuss this sorting.

Definition 2.5.1. Let x be in the interior of an alcove. We define the permutation o; 5 of a

letter v acting on x and the permutation o, 4 of a parking function p acting on x as follows.

Let 0, 4 € Sy, be such that

Z"CIZ:O'Z'@(,IO—l,...,Ii_l—1,$i—|—m—1,$i+1—1,...£L'm_1—1)

That is, 0,4 s how the coordinates are resorted when i acts on x. Note that since x is in
the interior of an alcove, all the coordinates of x are distinct, and furthermore, i - x is also

in the interior of an alcove. The permutation of a parking function p = py_1...py on x is

Opx = Opp_1,pn—2..p0z - * - Ip1,pox0po,z-

This works with concatenation. If p and g are words then 0, 42042 = 0pg«. In particular
if x is fixed by p then (0, ,)" = Opt ¢ Where p’ is p concatenated with itself ¢ times.

Definition 2.5.2. Let € € V™ for any i € {0,...,m — 1} let

i*fL’Z(J]O—]_,...,J]Z‘_l—1,J}Z‘+m—17$i+1—17...£L‘m_1—]_>.

That © % x is the shift during the action of 1.
This is a motivating example for why we are now starting to track o,.

Example 2.5.3. Let w = 2100 € PW}3, then the fized point of w is x, = (—4,0,4). We
consider the centers of the 3 centers of alcoves adjacent to A, and see where w maps them.
We have labeled the centers a,b,c where a = (—4,1,3), b = (=3,—1,4), and ¢ = (—5,0,5).

We will find that w-a =b,w-b = Xy, and w-c = Ty,.
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Figure 2.3: In this example w = 2100, we consider the four points, the fixed point x,, =
(=5,0,5) along with @ = (—4,1,3),b = (=3, —1,4), and ¢ = (=5,0,5). Arrows show where
each point is mapped to by the parking function w = 2100.

To highlight the geometry of what is happening, we will show each step of the action of w
on the four alcoves that contain x,a,b and c in Figure 2.4. Recall that the action shifts and
then resorts points. Resorting can be viewed as folding back into the Weyl Chamber. At each
step we showed where we started in blue, the shift in red and the resort is the blue highlighted

area of the next step.

Figure 2.4: We track the four alcoves that contain x,,,a,b and ¢ over the action of w.

During the first step of the action 0 x x,, and 0 x ¢ are separated by Hgyl after the shift
and after sorting that 0 - x,, = 0 - c. See that,image 0 ,, = id and oy, = sp, the impage of

these points are getting closer to each other. Simlarly during the third step 1 %00 - ,, and
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1x00- ¢ are separated by HY,. After the sorting, we have 100 - z,, = 100 - c. At this we have
0100,2, = (12)(01) and o499, = (01).

See that after applying all of w we have w - a = b. This also means ||z, — a| =
|w- 2z —w-al. To illustrate Lemma 2.5.4, see that 04 4, = 0wq. It can also be seen that
w? - a = x,. In this section, we will show that all points outside A, will eventually be

mapped into A,. This example shows that there are some dynamics about the action that

need to be studied.

Lemma 2.5.4. If u,v € V™ are in the interior of alcoves A, and A, respectively, for
i€{0,1,...m—1} we have ||[u—v|| = |li-w—1i-v]| if and only if 0,4, = ;. Furthermore,
if |[u—vl| = ||i-u—1i-v| then there is a linear map T : R™ — R™ such that i|4, = T|a,

and i|a, = T4,

Proof. Tts clear that if i-w and i- v are resorted in the same way then [|[u—v| = |[i-u—i-v]|.
Now suppose that 0;, # 0;y. Let V=0, (v — 1,...,0,+m —1,...,v,, — 1) be v sorted
in the same way as ¢ - u. Then v is not in order, so there is some j such that v; > v,4,. We
can consider the difference between ||i - w — V|| and [|i - w — s;V|| where s,V has v; swapped

with Vjt1-

Let L be the point on the intersection of the hyperplane z; = x;;; and the line segment

from 7 - u to v. Then
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li-u—=vl=lli-w—L|+|L -]

= [li-u— L[ +[|L = ;v

By the triangle inequality, which is strict as v and s;v do not coincide

i+ w— sVl <|li-w— L[ +[|L = s;¥]]

— i u—].

As one resorts, the coordinates of v one goes through several of these reflections. Thus

lu—=v|>|i-u—i-v|.

Now, assume that ||u — v|| = ||i - w — i - v|| we know that the action is piecewise linear
on alcoves. Let T and T’ be the linear map such that i|s, = T|a, and i|a, = T'|a,-
From the definition of the action T(z) = o,,(x — v) and T"(z) = oy,;(x — v) where

v=(1,...,1,1—=m,1,...1). As 0,4, = 0,y we have T =T".
O

This continues to words as well. If [[w -z — w - v| = ||z — V| then oyz = 0wy,
moreover, for each 0 < i < n we have Oy @) = Oy () Furthermore, there is a linear map
T :V™—= T™ such that w|as, = T|a, and w|a, = T[4, where A, and A, are alcoves such

that £ € A, and v € A,.

Lemma 2.5.5. If * and v are from the interior of the same alcove, then for all i €

{0,...,m =1} 00 = 0iv.

Proof. Recall the action of a letter restricted to an alcove is a linear isometry to the alcove

it maps to. Thus all points in the alcove must be sorted the same way, thus 0, , = 0, O

This extends to words. If « and v are in the same alcove, then oy, , = 0y, v for all words

w € [m|". The following lemma is similar to Lemma 2.5 from [MTW19].
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Lemma 2.5.6. If x is a fized point of p and in the interior of some alcove, then the coordi-
nates of © can be partitioned into sets Py, ... P;_q1 of size m/d such that for all 0 <i<d—1

and a # b € P,

1) a—-bedZ 2) a—b¢mZ

Furthermore, if follows that for i # j, a € P;, and b € P; that a — b ¢ dZ.

Proof. As @ is in the interior of an alcove for any coordinates z;, x; we have z; — z; ¢ mZ.
As z is fixed by p for each coordinate x; there is some i and k such that z; —n +mk = x;.
This means x; — z; € dZ while x; — x; ¢ mZ. Given a coordinate x;, consider that m/d

cosets

r;+mZ, z;+d+mZ, x;+2d+mZ, ..., z;+(m—d)+mZ.

Each set contains exactly one coordinate of €. Then each coordinate belongs to a set of m/d
coordinates formed in this fashion. This creates the partition Py, Pi,..., P;_1, which have
both properties.

Furthermore, if ¢ # j with a € P, and b € P; we cannot have a — b € dZ, as each coset

contains exactly one coordinate of «.

O

Consider © = (x1, 2, ...,%,_1) is a fixed point of p and in the interior of some alcove.
Let Fy,..., P;_1 be a partition of coordinates of  from Lemma 2.5.6. For every j and i

such that z; € P; we have z,, ;) is the unique element of P; such that

Topa(j) — Tj +ne€mz

Corollary 2.5.7. If x is fized by p then the permutation o, 4 is d disjoint cycles of size m/d.
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Proof. From the discussion above, if x; € B then z,, ;) € P;, Applying the same logic

several times we arrive at

B =125, %oy 0(5)) Topopali) = Top () Lo yas ()}

Thus o0, , permutes the coordinates in F; in a long cycle. There are d parts F;, thus o,

is d disjoint cycles of size m/d. O

Lemma 2.5.8. If |[pu— pv|| = ||u—v]|| then for every e > 0 there exists W' and v’ such that
u € B.(u), v € B(v) such that o' and v' are in the interior of alcoves and 0y = Opr.
Furthermore, there are alcoves A, and A, such that w € A, and v € Ay, and a linear map

T such that p|a, = T|a, and pla, =T|a, -

Proof. If w and v are already in the interior of alcoves, then by Lemma 5.2 we can take
v’ = u and v/ = v and have 0, v = 0p . If w or v is contained in some hyperplane H € H,
we consider the line segment L connecting w and v, as ||pu — pv|| = ||u — v|| we know, L is
mapped isometrically by p to its image, which must also be a line segment. For any € > 0
one can pick u” € B.p(u) N L and v € B/o(v) N L such that if 4" or v” is contained in
hyperplane Hl-’fj then L C Hz-’fj and each alcove containing u” also contains w, similarly, each
alcove containing v” also contains v. Let w € B./»(0) be any point such that ' = u” + w
and v/ = v + w are in the interiors of alcoves A, and A, such that u,u',u” € A, and
v,v,v" € A,.

Let L' be the line segment from v’ to v/.We claim that p maps L’ to its image isomet-
rically. Indeed, suppose that ||pu’ — pv'|| < ||u’ — V'||. Let k be such that ||px...pou" —
Dk --.poV'|| = ||l = V|| and ||pr+1pk - - - Pow’ — Pr1Dk - - - poV'|| < ||’ —V'||. During the action
of pry1 before sorting, the images of ' and v/ must be on opposite sides of a hyperplane
Hzol 41 = {%; = x;41} for some 7. Thus the alcoves containing the images of u’ and v’ are
separated by H3i+1- The images of u” and v’ cannot lie on HSHI, as they are in the interior

of alcoves. Thus the images of w” and v” are separated by H?

ii+1- LThen pgiq necessarily

sort the images of u” and v” in different ways, thus ||p - v” — p - v"|| < ||[u” — v"||. But
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u”,v" € L so this contradicts that L is mapped isometrically.

Thus L' is mapped isometrically, which means that u’ € B.(u), v/ € B.(v) such that u’
and v’ are in the interior of alcoves, and o, v = 0, by Lemma 5.2.

Furthermore, by lemma 5.2 there is a linear map 7" such that p|a, = T|a, and p|a, =

T|4, as v’ and v’ are in the interior of alcoves with ||[pu’ — pv/|| = ||u’ — V/|. O

From now on assume that m and n are coprime, p is an (m,n)-parking function, the
unique fixed point of p is x,, and A, is the alcove containing x,. Note that according to

Lemma 2.9 from [GMV14] z, must be the centroid of A,,.

Lemma 2.5.9. Given an (m,n)-parking function p, for all € € V™ there is some k € Zx

k+m

such that p**™x = p*z. That is {p*x}, will eventually become fized or periodic, with period

dividing m.

Proof. Consider an x € V™. Acting by a letter or word is a weak contraction, thus

Ip -z — =z <z -z

for all & € V™. First consider x in the interior of some alcove. If we consider the set
{p* -z}, because the action is a weak contraction, this set can only intersect finitely many
alcoves in V™ as the distance to x, is bounded. Thus, for some k < j point z* x7 are
in the same alcove of V™, say p*z,p’z € A. We know p isometrically maps alcoves to
alcoves, thus pU=% : A — A. It is well known that alcoves have dihedral symmetry Ds,,, so

Imtky — pFx and repeated

pU=*) : A — A can only be one of 2m possible maps. Thus p—*)
action of p must become periodic.

When the action becomes periodic, the distance to x, will stop decreasing and |p*z —
z,|| = ||[p"a — x| for all j > 0. By Theorem 2.5.4 0 5, = 0, pi+i, and by Corollary 2.5.7

Op,z, & cycle of length m. Thus o, yktiz = 0p prtig, 18 the same cycle of length m for all j.

Then

m — 5 —
Up,mp = Opmay, = id = Op,pktma,
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The linear map p™|A,, is the identity map, thus p™|p’ A, must also be the identity map
by Lemma 5.6. Which implies that p/*™ . & = p’ - z.

Now consider x on the boundary of some alcove A’. Let ' be a point in the interior of
A’. Then for any word w we have ||wx — wz'|| = ||z — &’||, as each letter maps alcoves to
alcoves isometrically. By the above, there is some j such that p™|,ja : PP A" — p? A’ is the

identity map and p|,; 4 has period m.

Now we can classify all the periodic points of a given parking function.

Lemma 2.5.10. If x, is fized by a parking function p = p,_1...po, then there is some
0<k<nand0<i<m where py_...pox, = o) such that \:vz(fi) - ngi)+1| = 1. Which
means if Ay is the alcove containing @, then py ... poA, has a facet contained in the hyperplane

H3i+1 ={z; = x4} for some i.

Proof. By Corollary 2.5.7, we know that o, ,, is a cycle of length m, and all coordinates of
x, have distinct remainders mod m. Let ; = 0 mod m and z; = 1 mod m. Without
loss of generality, say that z; < z; and thus i < j. As 0,,, is a cycle, there is a minimum ¢
such that (0 4,)" (i) > (0p,z,) (5). Then (0pz,) (i) < (0ps,) '(j) and there is a minimal

0 <k <n—1 such that

Opr_1...p0p" L,z (Z) > Opy_ypopt—1z (])

Set i = 0y oopopt(D)s J = Op opopt(J), and T = pr_o...pop’ - ®. See that ¢ < j and
> 0p

T; < 75 and o0y, 7(i) w12(J). As T; — T changes sign from negative to positive, it

must be that p,_1 = i, Acting by a letter does not change the remainders mod m, thus

o~

~

%

5

mod m. Acting adds m to a coordinate, thus z; + m > f;, that means that

+ 1. Since all the coordinates are integer, distinct, and ordered, we must have

ok

5:7—1- 1. This means that the alcove that contains Z has a facet contained in Hgi 41
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Lemma 2.5.11. Given p a parking function, let x, be its fized point in V'™, and A, be the
alcove containing x,. The set of periodic points of p is exactly A, \ x, all points of A, \ =,

have period m.

Proof. If z is in the interior of Ay, then o, ,, = 0, , which is a cycle of length m. Thus for
any point & € A, we have p™ - & = x, thus all points in the closure are periodic.

For any point # not in the alcove. By Theorem 2.5.9 there is some k such that ||p*x —
z,|| = ||pFx — =z, for all j > 0. Assume p*z is not in the alcove that contains z,. Then
by Theorem 2.5.10 there is an ¢ such that ’:CZ( — :cz+1| = 1, which means py_; ... p1pox, is
in an alcove with a facet contained in H) i1 = {z; = x;;1}. Let :I:Z’D = Pr—1-.-p1po, and
x' = pe1...p1pox, then p’ = pyq...popn_1...pe fixes x, and {p'*z'}) becomes periodic.
If we consider the points {p*x’ p*+t1g’ p*+2z’ ... p™ " 1z} there is t where p’**'x’ and

x are separated by HY; . In this sorting step p’**'z’

must have gotten closer to @;,. Thus
{p*x} must eventually be in A,.

]

This last lemma shows that if & is not in the alcove fixed by p then [p"z—z,| < |z —x,|.

Because alcoves are mapped isometrically to alcoves, we get the following:

Corollary 2.5.12. The centroid of the fundamental alcove xy € Ay will converge to the fixed
point of m, € A, under the action of p. i.e. p*- @y — x,.

2.6 Fixed points of parking functions

It was shown in [MTW19] that the set of all fixed points of an (m,n)-parking function
is a convex set of dimension d — 1 in V™. Recall the notation from Section 2.2.2. Let
© = (Ag,Aq,...,Ay_1) be a tuple of O-balanced (m/d,n/d)-invariant sets. For each O,
let Vo be a copy of the hyperplane {z € R? : ZZ _0 x; = 0}, and consider the hyperplane
arrangement Yo C Vg consisting of all shifts xg, ..., z4_1 for which there exists ¢ and j such
that

(dS; + x;) N (dS; + x;) # 2,
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where S; is the skeleton of A;.

A point (zg, x1, ..., 24-1) in aregion of Xg corresponds to the shift of © = (Ag, Ay, ..., Ay_1),

specifically
d—1

A(l’o, .. .f[)d_l) = LJ(dAz + 337,)

=0

We consider the configuration space
W ={(0, (zo,...,24-1)) : © = (Ao,...,Ay_1) and (zg,...,2q-1) & Ze}-

One can extend the map ¢ : M, , — V™ (Definition 2.3.3 from section 3) to W. Consider
a point (O, (zg,...,xq-1)) € W. For each invariant set A; of the tuple © = (Aq, ..., Ag_1),

let A; be the set of m-generators say A; := {aio, a1, ... ,aim/d_l}. Then ¢ : W — V™ is

given by
d—1
(O, (wo,...,24-1))) = sort (U dA; + SU@> — 1k,
i=1
where
d d—1,m/d—1 1 d—1
]{Z = E Z ai,j + d ZIZ
1=0,7=0 =0

The union is a set of m distinct numbers thought of as a sorted point in V. The m-

cogenerators are part of the skeleton of each A;, and thus do not intersect; the m-generators

are a shift by m/d from m-cogenerators and thus all coordinates of ¢((O, (xo, ..., x4-1))) are
distinct.
We have a result similar to Lemma 2.3.11 in this setting. Let cord((zo,...,%m/a-1)) =

{xo, ... %mja—1} be the coordinates of a point as a set. Recall that S; is the skeleton of A; as
an (m,n)-invariant set, now let S the skeleton of A; as an (n, m)-invariant set. Note that

this switch of m and n also occurs in Lemma 2.3.11.

Lemma 2.6.1. Let ¢((©, x)) be a fized point of p and for each i let M; = p;—1 ... pop((©, x)).
Then

n

S = U (cord(M;) + i)

=0
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18 the skeleton
d—1

S' = JdS| +z;i+n.

=0
Proof. With an unbalanced action, we have p-¢(0, ) = ¢(0, ) +n. If y € cord(4(0, x)+
n) C S then for some j we have y € dA; + x; + n, that is y corresponds to an m-generator
of Ajand y € S'.

The unbalanced action replaces a coordinate z; € cord(x) in V™ by z; + m and then
sorts. If y € cord(S) \ cord((¢(O,x) + n)) then for some ¢ € {0,1,...,n — 2} we have
y € cord(p; ...pop(0, x)). Then for some j and k we have y = da + km where a € A; is an
m-generator of A;. Then y+n =da+km+n € dA;+xz;+n, but y ¢ dA; + x; +n because
y ¢ cord((¢(©, )+ n)). That is y is an n-cogenerator of A; +n. Thus y € S’

O

Lemma 2.6.2. If (O, (zg,...2x4-1)) € W and (O, (yo,...ya-1)) € W are from the same re-

gion of X9 and p € PW is such that p fixes ¢((O, (xo, ... xq-1))), then p fires 4((O, (yo, - .- Ya-1)))-

Proof. Let (O, (xg,...24-1)) = (0, ) and (O, (yo, ...vys—1)) = (O, V) be as in the statement
of the lemma. Foreachi € {0,...,d—1},let A; = {a;0, @1, .., 0 n/a—1} be the m-generators
of A;. If p does not fix ¢((©,v)), then during the action the coordinates must have been
sorted differently. Consider the first time they are not sorted the same way. That is some ¢

such that

Opi—1...p0,¢((0,2)) = Op;—1...p0,9((O,v))

but

Opipi—1...90,6((0,)) # Opipe—1...90,6((O,v)) -

That means there is some (i1, ji, k1) and (is, j2, ko) such that

daiml + T4y + k:lm +m < dai27j2 + Ty —+ k?gm

dah,jl + Uiy + k‘lm +m > daiz,h + Yiq + k’gm.

Visually changing the shifts from x to v changes how elements sort.
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m

T

da; j +x; + kym da,j, +x; + kym

m

da; j +yi + kym daiyj, +Yi, + kam

By lemma 2.6.1, we know Jypi_1 ... pop(0, ®) = Uy dS!+z;+n = S where S is the
skeleton of A; as an (n, m)-invariant set. We know that da;, ;, + z;, + kym +m € S. This
inequality is saying that Uf:_ol dS! + x; +n and Uf:_ol dS! + y; + n are in a different order.
But that means that ¢(©, ) and ¢(O,v) must be in different connected components of the

complement to Yg.

]

Lemma 2.6.3. If (O, (xg,...24-1)), (0, (Yo, ...Ya—1)) € W are from the same region of 3y
and p € PW such that p fized ¢((O©, (xg,...x4-1))), then for each k € {0,1,...,n— 1} the

coordinates of p. ... pod((O, (Yo, - ..Ya—1))) are distinct.

Proof. By Lemma 2.6.2 p also fixes ¢(©, (o, - --Yya—1)). By Lemma 2.6.1 the skeleton S’ has
unique coordinates. This means for each k the coordinates of py ... ped((©, (vo, - --Ya-1)))
are distinct.

]

A region of Yo can be fixed by multiple parking functions, and some parking functions
fix multiple regions. These regions have a unique monotone parking function that fixes every
A(zg,...,Tq_1) in that region.

The image of a region of ¥g is the set of fixed points for the monotone parking function
that region corresponds to. The image of all of the g is an arrangement of (d — 1) affine

subspaces, which is the union of all fixed points of all parking functions.

Example 2.6.4. Consider m =3 and n =4 and A = Z>q. All of the parking functions p
such that p- A = A +n are
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{0000, 0001, 0011, 0010, 0100, 0002, 0012}.

Now let m = 6,n =4 and © = (Ao, A1) where Ag ={—1,1,2,3,4,5,...} and Ay = Z>o.
Then Sy ={-3,—1,0,1,3} and Sy = {-2,—1,0,1,2} Consider

A(=3.5,3.5) = {—5.5,-1.5,0.5,2.5,3.5,4.5,6.5,... } and

A(—45.45) = {—6.5,—2.5,—0.5,1.5,3.5,4,5,5.5,6.5,7.5,... }.

See that (0, (—3,5,3.5)) and (0, (—4,5,4.5)) are in different connected components of the

complement to Yo becasue

(280 — 3) N (25, +3) = {=9, -5, -3, -1,3 N {~1,1,3,5,7} = {~1,3) £ @.

These sets correspond to the points

zo = ¢(0,(—3,5,3.5)) = (—7,-3,1,2,4,6) and

o = ¢(O, (—4,5,4.5)) = (—8.5,-4.5,—0.5,2.5,4.5,6.5).1

Both zy and @, are fized by the (6,4)-parking function p = 2140.

Corollary 2.6.5. An (m,n)-parking function will fiz the image of a union of regions from

Yo under ¢.

Proof. If p is a parking function it must fix some A. If a parking function fixes any A in a

region by Theorem 2.6.2 it fixed the whole region. Thus p fixes a union of regions in >y. [

2.7 Inverting the map SP

In [GMV14] Gorsky, Mazin, and Vazirani defined a map SP : me, PE'™ named after the

Pak-Stanley map.
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SP(i) = #{j > 10 < u(i) —u(j) <m}

Gorsky, Mazin, and Vazirani showed that it is bijective for m = kn £+ 1, conjectured that it
is bijective for all coprime m and n, and provided a conjectured algorithm to invert SP. In
[IMTW19] McCammond, Thomas, and Williams proved that SP is a bijection for all coprime
m and n. Here we present two algorithms to invert SP. The algorithm from [GMV14] is
presented in Algorithm 2.7.1 and we translate that algorithm to the notation from [MTW19]
in Algorithm 2.7.7. In this section, we show both algorithms create the same intermediate
function and that function becomes affine periodic. By affine periodic we mean there is some
N > 0 such that for all x > N we have U(x +n) = U(z) + n. This leads to an inverse to
the map SP.

Algorithm 2.7.1. Computing SP~! from [GMV14].

Given p € PF". First, we extend p periodically p(i + kn) = p(i) for k € Z and
0 <i < n-—1. We construct an injective function U : N — N as follows: Think about

inputting outputs one at a time on the table

Initial step: Place 0 under the leftmost 0. That is we set U(min{j : p(j) = 0}) = 0.

General Step: We want to place a € N on the table. We assume we have already placed

{0,1,2,..., a0 — 1}. We place « in the leftmost position ¢ with the following 2 properties:
1. «is to the right of & —m. That is i > U~ (a — m)
2. HU(i) = a then p(i) = #{Bla —m < B < a,UY(B) > i}

If we never place a value in the ith position we set U(i) = 0.
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The condition that « is placed to the right of @ —m insures that U~} (o — m) < U™ (a)
which we will call being m-restricted, following the same property from affine permutations.
See that we can always place «, as there will be a non-minimal position where p(i) = 0 we
can place a.

It is useful to track how far positions are away from having property 2 of the general

step.

Definition 2.7.2. For all i such that U(i) > o — 1 let

ta(i) = p(i) — #{Bla —m < B <, U (B) > i}
See that to(i) = p(i) and the general step can be rephrased as: Place « in the leftmost position
such that t,(i) =0 and i > U~ (o — m)
Lemma 2.7.3. When t,(i) and t,_1(i) are both defined, we have t,_1(i) — t, (i) € {0,1}

Proof. See that

tam1(i) —ta(i) = —#{Bla—1-m < B <a—-1,U(B) > i} + #{fla—m < B <, U () >}
= —#{BlB=0a—-m U (B) > i} + #{B|B = —1,U(B) > i}.

Each of these sets is either empty or is exactly one element. Thus |t,_1(i) — t,(7)] < 1. We

have

(
ta1(i)+1 i>Ua)and i < U Yo —m)

ta(t) =9 ta1(i) =1 i< U Ya)andi> U (o —m)

ta—1(7) else.

If to 1(i) —to(i) = —1 then U~ (o —m) > i and i > U~!(«) which contradicts that we place

a to the right of a — m. O]

Lemma 2.7.4. While defined t,(i) is non-negative.

51



Proof. 1f t,_1(i) = 0 and we were to try to place a such that t,(i) = —1 then i < U~ !(«)
and i > U"'(a — m) by Lemma 2.7.3, but this means i had both property 1 and 2 and is

more left than where we placed . Thus ¢,(7) is non-negative. ]
Lemma 2.7.5. If U(i) = oo then there is some [ with tg(i) =0 and p(i) = m — 1

Proof. For some large o we have placed the last m — 1 numbers to the right of ¢ then

ta(i) = p(i) — #{Bla—m < f < a,U(f) > i} Sm—1—(m—1)=0.

As p(i) is bounded by m — 1. Thus p(i) =m — 1. O

Lemma 2.7.6. In Algorithm 2.7.1, for every i € Zso we have U(i) < co. That is there are

no gaps left by this algorithm.

Proof. For the sake of contradiction, let i € Z~0 such that U(i) = co. Then p(i) = m — 1,
by Lemma 2.7.5. Let 5 be the minimal such that ¢5(i) = 0. When scanning to place 3, we
must see {5 —1,..., 8 —m + 1} must be placed to the right of . If we do not place at i it
must be that § —m is also to the right of 4. But then t5_1(:) =0, as {# —2,...,5—m} are
all to the right of i. O

An alternative to this inverse is the following.
Algorithm 2.7.7. Computing SP~! in the language of [MTW19]

Given p € PF!™. First, we extend p periodically p(i + kn) = p(i) for k € Z and

0 <2< n—1. We will construct a function V' : Z>y — Z>( inductively as follows:
Oth step: let i = 0,5, = {0,1,...m — 1}.

For a finite set S C Z, let S[k] denote that kth element of S when sorted from smallest

to largest.

ith step for ¢ > 0: Let a = S;[p(7)], set V(i) = o and S;41 = (S; \ {a}) U{a + m}.
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In summary, this algorithm is starting at the point (0,1,...,m — 1) repeatedly acting by

p one letter at a time without balancing and recording the coordinate p; acted on.

Lemma 2.7.8. For alli € Z> there is some j with V(j) =i. That is there are no gaps in
the output of V.

Proof. See that, as p € PF we must have some ¢ with p(i) = 0. So in Algorithm 2.7.7,
we set V(i) equal to the minimal number of set S;. This means that there cannot be some

number that stays in .S; forever. n

Example 2.7.9. Consider the parking function p = 10002 € PF2. First we work out finding
SP~(p) using Algorithm 2.7.1.

i 0123456 78 9 10 11 12 12 14 15 16 17 18
pi)=1t(i)|2 0 0 01 2000 1 2 0 0 0 1 2 0 0 0
U@/tai) |1 0 001 2000 1 2 0 0 0 1 2 0 0 0

00101200071 2 0 0 0 1 2 0 0 0
2010120001 2 0 0 0 1 2 0 0 0
2013120001 2 0 0 0 1 2 0 0 0
20130140071 2 0 0 0 1 2 0 0 0
2013514001 2 0 0 0 1 2 0 0 0
2013514601 2 0 0 0 1 2 0 0 0
2 01350467 1 2 0 0 0 1 2 0 0 0
2 01358467 1 2 0 0 0 1 2 0 0 0
2 01358467 0 1 9 0 0 1 2 0 0 0
2 0135846710 1 9 0 0 1 2 0 0 0
2 0135846710 1 9 1 0 1 2 0 0 0
2 0135846710 0 9 11 12 1 2 0 0 0
2 0135846 7 1013 9 11 12 1 2 0 0 0
2 0135846 7 10 13 9 11 12 0 1 14 0 0
2 0135846 7 10 13 9 11 12 15 1 14 0 0
2 0135846 7 10 13 9 11 12 15 1 14 16 0
2 0135846 7 10 13 9 11 12 15 0 14 16 17
2 0135846 7 10 13 9 11 12 15 18 14 16 17

Table 2.1: We use Algorithm 2.7.1 to compute U (i) where p = 10002

We also go through Algorithm 2.7.7 to find SP~(p)
In both examples, see that the algorithms output the same balanced affine permutation

based on the last n entries. In this case, the output is u = [3,0,1,2,5]. Further in these
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i | pQ) S; V(i)
0 2 | 01,2 | 2
110 | (01,5 | o
2| 0| (1,35 | 1
30 0| (3,45 | 3
4] 1] (4,56 | 5
50 2 | (4,68 | 8
6| 0 | (4,6,11) | 4
71 0 | (67,11) | 6
8| 0 | (7911 | 7
9| 1 |(910,11)| 10
10| 2 | (9,11,13) | 13
11| 0 | (9,11,16) | 9
12 0 | (11,12,16) | 11
13 0 | (12,14,16) | 12
141 1 (14,15,16) | 15
15| 2 | (14,16,18) | 18
16| 0 | (14,1621) | 14
17 0 | (161721) | 16
18] 0 | (17,1921) | 17
19 1 | (19,2021) | 20

Table 2.2: We use Algorithm 2.7.7 to compute V(i) where p = 10002

examples, we can see that U(i) = V(i) for all i.

Lemma 2.7.10. Algorithm 2.7.1 and Algorithm 2.7.7 have the same output, that is U(i) =
V(i) for all i.

Proof. Both of these algorithms impose the restriction that if U(i) = a —m and U(j) = «
then ¢ < j. If we know U(i) mod m, we can reconstruct U (i) from this. For Algorithm
2.7.1, we start with U(0) = py as you need to place {0,1,...,ps — 1} to have p, inversions
at U(0). In Algorithm 2, we set V(0) = {0,1,...,m — 1}[po] = po. Say U(j) = V(j) for all
J < i, we consider U (i) and V(7).

On the general step of Algorythm 2.7.1 if we placed « in the ith position, then

1. « is the smallest element in its congruence class mod m that was not placed earlier.
Furthermore all smaller numbers in a’s congruence class mod m were placed to the

left of position ¢. Therefore a € S;.
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2. Exactlly p; numbers from {o—1.... o —m+ 1} were placed to the right of position i.
Let R be the set of these numbers. For every r € R there is a unique element r’ € S;
such that m|r — " and 7 < r < a. And vice versa, that is for every element s’ € S;

such that s’ < « there is a unique s € R such that m|s — s’ and s’ < s < .

Therefore, o = S;[p;] = V(i) which means U(i) = V(i).
[

Note that for Lemma 2.7.10 we only use that fact that p is a parking function to know
that there is some ¢ with p(7) = 0. Both these algorithms output the same function as long
as there is some i where p(i) = 0 even if p is not a parking function. But when p is not a

parking function, neither of these algorithms will become affine periodic.
Corollary 2.7.11. If p is a parking function, both of these algorithms become affine periodic.

Proof. We show there is some N such that for ¢ > N we have U(i + n) = U(i) + n. The
set Sy can be thought of as the point € = (0,1,2...,m — 1) € V™ then the general step is
acting without balancing by the letter p(7). That means S;, is a shift of p®-(0,1,...,m—1).
By Theorem 2.5.11 we know p®- (0,1,...,m — 1) will converge to the alcove that contains
the fixed point of p. Because (0,1,2,...,m) is a centroid of an alcove, it will converge to
the fixed point in a finite number of steps. Once p*- (0,1...,m — 1) converges to the fixed

point, the algorithm will become affine periodic in n steps or less. ]

Note that this resolves conjecture 7.9 from [GMV14].
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Chapter 3

The Parking Polytope

This chapter is dedicated to the parking polytope. It follows the work in [BBC*24].

3.1 Introduction

A classical parking function of length n is a list (ay, o, ..., ) of positive integers whose
nondecreasing rearrangement o) < of < --- < o/, satisfies o/ <. It is well-known that the
number of classical parking functions of length n is (n + 1)"~!. This number surfaces in a
variety of places; for example, it counts the number of labeled rooted forests on n vertices
and the number of regions of a Shi arrangement in R” (see [Yanl5| for further discussion).
Let PF,, denote the convex hull in R™ of all classical parking functions of length n. In 2020,
Stanley [Sta20] asked for the volume and the number of vertices, facets, and lattice points
of PF,. These questions were first answered by Amanbayeva and Wang in [AW22] and
independently (regarding the volume, number of vertices, and number of facets) by Stong
in [Sto22]. Recently, Behrend obtained a general formula for the Ehrhart polynomials of
partial permutahedra [BCC*23, Theorem 1], the m = n — 1, ¢ = 1 case of which yields
an expression for the number of lattice points in PF,, that is more concise and explict than
the Amanbayeva—Wang formula. In this article, we present results on the combinatorial and

geometric properties of the convex hull of a generalization of classical parking functions,
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namely b-parking functions.

Definition 3.1.1. Let b = (by,...,b,) € Z%,. A b-parking function is a list (51,...,[5n)
of positive integers whose nondecreasing rearrangement 3y < i < --- < [/ satisfies i <

b+ b

This generalization of parking functions has been previously explored from an enumera-
tive perspective by Yan [Yan00, Yan01, Yan15] and Pitman and Stanley [SP02]. In [HLVM24],
Hanada, Lentfer, and Vindas-Meléndez generalized the classical parking-function polytope
to the b-parking-function polytope X,(b), i.e., the convex hull of all b-parking functions
of length n in R” for b = (by,...,b,) € Z%,. The work of Hanada, Lentfer, and Vindas-
Meléndez focused on the b-parking-function polytope in the special case when b = (a, b, b, ...,b).
In particular, they described the face structure and provided a closed volume formula for
the b-parking-function polytope in that special case. These parking-function polytopes have
surprisingly arisen in different guises and in connection to other polytopes and combinatorial
objects, including partial permutahedra [BCC*23, BCC*22, HS22], Pitman-Stanley poly-
topes [HLVM24, SP02], polytopes of win vectors [Bacl8, BMW97], and stochastic sandpile
models [Sel24].

In this dissertation, we explore b-parking-function polytopes for general b. Our con-
tributions about b-parking-function polytopes lend themselves to fruitful exploration from
different perspectives and propose connections to seemingly unrelated combinatorial objects.
We present definitions, terminology, and references in each relevant section. The chapter is

structured as follows:

e We begin Section 3.2 by studying the b-parking-function polytope from a polyhedral
perspective. We show that X,,(b) is (apart from a single degenerate case) an n-dimensional
simple polytope (Theorem 3.2.2 and Theorem 3.2.3(a)), and we give explicit descriptions of
the vertices, facets, and edges of X,,(b) (Theorems 3.2.3(b) and 3.2.3(c) and Theorem 3.2.7,
respectively). We then show that, up to an affine unimodular isomorphism, X, (b) is a
generalized permutahedron (Theorem 3.2.12). We conclude the section by presenting the

h-polynomial and f-vector of X, (b) (Theorems 3.2.16 and 3.2.17, respectively).

57



e In Section 3.3 we take a building-set perspective to study X,(b), which allows us to
completely characterize the face structure of X, (b) for any b € Z2, (Theorem 3.3.9). As
a consequence, we show that, up to combinatorial equivalence, every b-parking-function
polytope is either the classical parking-function polytope PF, or the stellohedron St,
(Theorem 3.3.11).

e We identify X, (b) as a special polymatroid (Theorem 3.4.3) in Section 3.4 and use this

perspective to derive linear bounds on its combinatorial diameter (Theorem 3.4.4.

e In Section 3.5, we revisit the classical parking-function polytope PF, and summarize its
known and new connections to other established families of polytopes. We conclude by
adding a description of PF,, as a projection of a relaxed Birkhoff polytope (Theorem 3.5.1),
and X,,(b) as a projection of a relaxed-partition polytope (Theorem 3.5.3).

3.2 Polyhedral perspectives on X,(b)

Fix, throughout this work, a positive integer n and a vector b = (by,...,b,) € Z%,. The
following definition introduces our main object of study, i.e., a polytope associated to b-
parking functions, which we denote X,,(b). Standard references on polytopes include [Gn03]

and [Zie95).

Definition 3.2.1. The b-parking-function polytope X,,(b) is the convex hull of all b-parking

functions in R™.

Recall that the linear action of the symmetric group &,, on R is defined by 7 (3" | a; €;) =
Z?Zl a; ex(; for all m € &,,, where ey, ..., e, is the standard basis of R". Note that by defi-
nition, the polytope X, (b) is invariant under the action of &,,. For convenience, we use the

notation

S; ::ij for 1 <i<n and vip:=(1,...,1,Sk1,Sks2,...,5) € R" for 0 < k < n.

J=1
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Further observe that the v, are b-parking functions, so v; € X,(b) for all k. We will
see below that the permutations 7(vy) of the v are precisely the vertices of X, (b) (Theo-
rem 3.2.3(b)).

A theme that will appear early in our study of X, (b) is that the case in which b; = 1
behaves differently from when b, > 2. Indeed, if by > 2, then the b-parking functions
Vo, V1,...,V, are distinct, and the index k in v}, is precisely the number of entries in v;, that
equal 1 for all & > 0. However, if by = 1, then vo = v; = (1,5, 55,...,5,). This trivial
coincidence has important consequences for the structure of the polytope X, (b). Figure 3.1
shows the b-parking-function polytopes X3(1,2,3) (left) and X3(2,3,4) (right). Note also
that there may be lattice points in X, (b) that are not b-parking functions. For example,

(2,2,2) is in X3(1,2,3) but is not a (1,2, 3)-parking function.

(1,1,9)
‘\
. T1,5.9)
) 5,8

(5,1,9) R ———CA]
T5.2,9)

!

!

!

!

. (1)9,5)
! 29,5

(1.1,1)

Figure 3.1: The polytopes X3(1,2,3) (left) and X3(2,3,4) (right).

We begin by proving that, with the exception of a single “degenerate” case, X, (b) is an

n-dimensional polytope.

Proposition 3.2.2. Ifn = 1 = by, then dim(X,(b)) = 0. However, if n > 2, or ifn =1
and by > 2, then dim(X,, (b)) = n.

Proof. In the degenerate case n = 1 = by, the polytope X,,(b) contains only the point (1)
in R'. In all other cases, X,(b) is n-dimensional because, if b; > 2, then {v; : 0 < k <n}

is a set of n + 1 affinely independent points in X, (b), and, if by = 1, but n > 2, then
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{(52,1,85,...,5,)}U{vy : 1 <k <n}isasetof n+1 affinely independent points in X,,(b).
[

In view of Theorem 3.2.2, we exclude the degenerate case n = 1 = by from this point for-
ward. That is, we proceed throughout the rest of this chapter with the additional assumption

that either n > 2 or, if n = 1, then b; > 2. Thus, dim X,,(b) = n.

3.2.1 Vertices, facets, and edges of X, (b)

In this subsection, we describe the vertices, facets, and edges of the b-parking-function poly-
tope X,,(b). In particular, we find that X, (b) is a simple polytope, meaning that the number
of edges of X,,(b) that are incident to each vertex of X,,(b) is n. Here and below, we use the

standard notation [n] == {1,2,...,n}.
Theorem 3.2.3.
(a) The polytope X,,(b) is simple.
(b) The set of vertices of X,(b) is {m(vg) : m € &, and 0 < k < n}.

(¢) The minimal inequality description of X,,(b) is as the set of points (x1,...,x,) in R®

such that x; > 1 for 1 <i<n and

ZSBZ- < Zn: Si, (b-parking)

icl i=n—|I|+1

or, equivalently,

I

el

IN

S min {111} bujn.
j=1

for all nonempty I C [n] if by > 2, and for all nonempty I C [n] with |I| # n — 1 if
by = 1. In other words, these inequalities are precisely the facet-defining inequalities

for X,(b).
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Before proceeding to the proof of Theorem 3.2.3, we note that, even when b; = 1, every
point in X,,(b) satisfies the (b-parking) inequalities for all subsets I C [n], including those
where |[I| = n — 1. However, when b; = 1, these “|/I| = n — 1”7 (b-parking) inequalities
are redundant because they follow from the (b-parking) inequality for [n]| together with the
inequalities x; > 1. For, let m € [n] and I := [n] \ {m}. Then the (b-parking) inequality for
[n] (with by = 1) is

Z$Z<Z]bn j+1t+n.

i€[n]

Thus, subtracting the inequality z,, > 1 yields

Z$Z<Z]bn 1+ (n—1) me{J 11} brjt1,

el

which is the (b-parking) inequality for /. Nonetheless, none of the other inequalities can be
eliminated, as the following proof demonstrates inter alia.

We also remark here that Theorem 3.2.3 can be proved using the established theory
of polymatroids. See Section 3.4 for further discussion of this connection. However, for
completeness, we provide a proof here of Theorem 3.2.3 that does not rely on that theory. In
fact, it is the details of the proof of Theorem 3.2.3 that motivate the forthcoming connections

with generalized permutahedra and polymatroids.

Proof of Theorem 3.2.3. We temporarily write P(b) for the polytope of points in R™ sat-
isfying the system of inequalities given in Theorem 3.2.3(c). The outline of the proof is
as follows. We first prove that X,(b) C P(b). We then prove that the vertices of P(b)
are all of the form 7(vy) as in Theorem 3.2.3(b). Thus, the vertices of P(b) are b-parking
functions, which proves the converse containment P(b) C X, (b), giving us X,,(b) = P(b)
and the “C” direction of Theorem 3.2.3(b). In the course of proving that every vertex of
P(b) is of the form 7(vy), we will have shown that each such vertex satisfies precisely n of
the inequalities given in Theorem 3.2.3(c), which demonstrates that X, (b) is simple (The-

orem 3.2.3(a)). We will then show that every point of the form 7(vy) is in fact a vertex
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of X,(b), completing the proof of Theorem 3.2.3(b). Finally, we will see that each of the
inequalities in Theorem 3.2.3(c) is satisfied with equality by some point in X,,(b). This fact,
together with the fact that every vertex of X,,(b) satisfies exactly n such inequalities, implies
that the system of inequalities in Theorem 3.2.3(c) is minimal and thus will complete the
proof of Theorem 3.2.3.

To prove that X,,(b) C P(b), it suffices to show that every vertex of X,(b) is in P(b).
To this end, let v = (vy,...,v,) € R™ be a vertex of X, (b), and let I C [n]. Write

/

v = (v],...,v]) for the weakly increasing reordering of v. Thus, the final || coordinates of

v/, namely v;,_ 741, Uy p42: - - - 5 U, are the |I] weakly largest coordinates of v. Moreover, v

Y Un

is a b-parking function (because the vertices of the convex hull of a finite set are elements

of that set), so 1 < v < 22:1 b; for 1 <i <n. Hence, v; > 1 for 1 <i <mn, and

n

PRI W N W > bj = Y min{n—j+1,[I]} b
icl i=n—|T|+1 i=n—|I|+1 j=1 j=1 i=max{j,n—|I|+1} j=1

Reversing the order of summation yields that v satisfies Inequality (b-parking). Thus,
X,(b) C P(b).

We now prove the converse containment. Let w = (wy,...,w,) be a vertex of P(b). It
suffices to show that w is a b-parking function. Since P(b) and the set of b-parking functions
are both invariant under the action of &,, on R”, we may suppose that w; < --- < w,. We
will show that w = v}, for some k, making w evidently a b-parking function.

Let Z be the family of all nonempty subsets I C [n] such that

dowi= ), S (3.1)
iel i=n—|I|+1
and furthermore such that |I| # n — 1 if b = 1. Thus, Z indexes the set of inequalities
of the form (b-parking) that the vertex w satisfies with equality. Let k£ be the number of
coordinates of w that equal 1. Since P(b) is a polytope in R", and w is a vertex of this

polytope, w satisfies with equality at least n of the inequalities that define P(b). Hence,
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|Z| > n— k.
For each I C [n],let I, == {n—|I|+1,n— |I|+2,...,n}, so that I, comprises the last

|I| elements of [n]. (We will see below that in fact I = I, for all I € Z.) Since

zn: Si:Zwig Xn: w; < Xn: S, forallI€Z

i=n—|T|+1 iel i=n—|I|+1 i=n—|I|+1

(where the middle inequality holds because w is weakly increasing, and the last inequality

holds because w € P(b)), we have that

Zwi = z”: w; forall I eT (3.2)

iel i=n—|I|+1
and, in particular, by Equation (3.1), that I, € Z for all [ € Z. Moreover, note that
Equation (3.2) is an equation of two sums, each of which is a sum of the same number |I| of
terms, and that the /' term on the left-hand side of Equation (3.2) is bounded above by the
(" term on the right-hand side for 1 < ¢ < |I|. Tt follows that the /™ term on the left-hand
side equals the /' term on the right-hand side for 1 < ¢ < |I|. In particular, the first terms
on each side are equal:

Wiin(I) = Wn—|I|+1 forall I € T. (33)

Since w € P(b), we have in particular that

Z w; < Z S; for all I C [n], (3.4)

i=n—|I|+2 i=n—|I|+2

while, from Equations (3.1) and (3.2),

i=n—|I|+1 i=n—|I|+1
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Subtracting Inequality (3.4) from Equation (3.5) yields that

Wy —|T|+1 > Sn_|[|+1 forall I € Z. (36)
Moreover, since w € P(b),
> w;< Y S forall IC[n]such that [I] <n—1. (3.7)
i=n—|I| i=n—|I|

Subtracting Equation (3.5) from Inequality (3.7) yields

Wn—1| < Sny] for all I € Z such that [I| <n — 1. (3.8)

Since S,,—|1| < Sn—|1}41, it follows from Inequalities (3.6) and (3.8) that

Wh—|1] < Wp—|1]+1 for all I € 7 such that |I| <n —1. (3.9)

We now get that, in fact, I = I, for all I € Z, since otherwise we would have an I € 7
with |7| < n—1and min(/) < min(/;) = n—|I|+1, and so, from Equation (3.3) and wyin(r) <
Wn— 1| < Wy1141, We would get that w,_|; = wy,_ 741, contradicting Inequality (3.9). Thus,
every element of 7 is of the form I = I; .= {j,j+ 1,...,n} for some 1 < j <n.

We will now show that w = v, = (1,...,1,Sks1, Skio,-.-,5,). However, we must
separately consider two cases. For the first case, suppose that w; > 1 for all j such that
I, € Z. Since wy = --- = wy = 1, it follows that j > k 4 1 for all j such that [; € Z. In
other words, every I € 7 is of the form I; with k41 < j < n. But there are only n — £ such
subsets of [n], and |Z| > n—k, so we must have that Z is precisely the set {Iy11, lgi2,. .., In}-
Subtracting the (b-parking) equation for I;,1 from the equation for I;, we get that w; = S;
for k+1 < j <n-—1, and the I, equation itself states that w,, = S,. Thus, w = v}, € X,,(b),
and moreover w satisfies precisely k + |Z| = n of the inequalities in Theorem 3.2.3(c) with

equality.
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This leaves the case in which w; = 1 for some j such that I; € Z. From Inequality (3.6), it
follows that S; = 1. Since 1 < 5 < --- < S,,, we get that j = 1 and hence b; = S; =1 =w,
and [n] = I; € Z. (Recall that we are also now assuming that n > 2 because we have excluded
the degenerate case n = 1 = b; in the remarks following Theorem 3.2.2.) Furthermore, k = 1
because, since [n] = I; € Z, we may subtract the (b-parking) inequality for [ from the

(b-parking) equation for [n] to get that

which, together with k£ > 1 (because w; = 1), implies that k = 1. Thus, |Z| > n — 1. Now,
since by = 1, the set Z does not contain the subset I because |I5| = n—1, so Z must contain all
n — 2 subsets I, ..., I,." Hence, Z = {[n], Is,...,I,}. Subtracting the (b-parking) equation
for I3 from the (b-parking) equation for [n] and applying w; = 1 = by yields wy = Sy. For
3 < j < n—1, subtract the (b-parking) equation for /;;; from the equation for I; to get
that w; = S;. Finally, the I, equation itself states that w, = S,,. Thus, we have again found
that w = v, € X,,(b) and that w satisfies precisely k + |Z| = 1+ 1 + (n — 2) = n of the
inequalities in Theorem 3.2.3(c) with equality.

Since, in both cases, w € X,,(b), we now have that P(b) = X,,(b). We have also found
that every vertex of P(b) equals m(vy) for some 7 € &,, and 0 < k < n, so we have now
proved that every vertex of X, (b) has this same form. In addition, we have found that
the number of inequalities in Theorem 3.2.3(c) that the vertex w satisfies with equality is
precisely n, so X,,(b) is simple (proving Theorem 3.2.3(a)) and moreover no inequality given
in Theorem 3.2.3(c) that supports X, (b) is redundant. In particular, since every point of
the form vy with 0 < k < n satisfies precisely n of the inequalities in Theorem 3.2.3(c) with
equality, it follows that every such point is a vertex of X, (b). This completes the proof of
Theorem 3.2.3(b).

The final claim is that this is a minimal system of inequalities. Since X, (b) is simple, it

IThe claim that there are exactly n—2 such subsets is the point at which this argument fails in the degenerate
case n =1 = b;.
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remains only to show that every inequality in this system supports X,(b). Of course, the
inequalities of the form x; > 1 are all satisfied with equality by the point (1,...,1) € X,,(b).
For the (b-parking) inequalities, let I C [n] be given, and let k := n — |I|. Then vy, satisfies
the (b-parking) inequality for I, with equality. Let 7 € &,, be any permutation under which
the image of I is I. Then 7w(vy) is a point in X,,(b) that satisfies the (b-parking) inequality
for I itself with equality. O]

As a corollary of Theorem 3.2.3(b), we enumerate the vertices of X,,(b). When b; = 1
(and so vo = vy), the number of vertices is the same as in the case of the classical parking-

function polytope PF,. However, when b; > 2, an additional n! vertices come into play.

Corollary 3.2.4. If by = 1, then the number of vertices of X,(b) is n! (% +-- 4+ l,)

n:

Otherwise, if by > 2, then the number of vertices of X,(b) is n! (& + & + -+ ).

n:

Proof. When b; > 2 and k > 0, or when b; = 1 and k > 2, each vertex v of X, (b) of the
form 7(vy) (7 € 6,,) corresponds to the unique pair (1, o) of the k-subset I C [n] of entries
of v that equal 1 and the bijection o: [n — k] — [n]\ I such that o(j) is the position of S; in
v for £+ 1 < j <n. On the other hand, when b; = 1 and k € {0,1}, so that vy = vy, each
vertex of the form 7(vy) corresponds to the unique permutation in &,, (namely, 7) such that
7(j) is the position of S; in v for 1 < j < n. Thus, X, (b) has >"p_ (})(n — k)! vertices if
by >2,0rnl+ 3, (1) (n— k)! vertices if b = 1. O

As an immediate corollary of Theorem 3.2.3(c), we enumerate the facets of X,,(b).

Corollary 3.2.5. If by = 1, then the number of facets of X,(b) is 2" — 1. Otherwise, if
by > 2, then the number of facets of X,,(b) is 2" +n — 1.

See Theorem 3.2.17 below for a formula for the number of k-dimensional faces of X,,(b)
forall k=0,1,...,n.
From the characterization of the vertices and facets of X, (b) in Theorem 3.2.3, it is

straightforward to describe the facets that contain a given nondecreasing vertex v;. To this
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end, define the following notation:

Lj={(z1,...,3,) € Xu(b) : z; =1} for 1 <j<n,

Uy = {(z1,...,2,) € Xn(b) : X0 = > 1. Si} for 1 <j<mn,with j #2if by = 1.
Thus, L, is the facet of X,,(b) defined by the inequality x; > 1, and Uj is the facet of X,,(b)
defined by the (b-parking) inequality for the subset I = I; == {j,j +1,...,n} (where j # 2

if by = 1). In particular, it is routine to check that the facets that contain the vertex vy are

as follows.
Lemma 3.2.6. Fiz k € Z with 0 < k <n.

(a) If by > 2, or if by =1 and k > 2, then the n distinct facets that contain vy are

Li, Loy Ly, Upir, Upsos - .. U,

(b) If by =1 and k € {0,1} (i.e., v = vo = vy), then the n distinct facets that contain vy,
are

Ly, Uy, Us, Uy, ..., U,.

Proof. Since X,,(b) is simple and n-dimensional, it suffices to confirm that the n given facets

contain vy. N

We will now use Theorem 3.2.6 to describe the precise conditions under which two vertices
of X, (b) share an edge. An informal summary of the conditions is as follows: Two vertices

v and w share an edge if and only if either

1. the vertices are the same, except that the minimum entry > 1 in one vertex is a 1 in

the other vertex; or

2. the vertices are the same, except that two entries of the form S;_; and S; swap posi-

tions.
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In addition, we find that the edge vectors are all parallel to roots in the root system B,
with lengths easily expressed in terms of the entries of the vector b defining X,,(b) or by

their partial sums.

Proposition 3.2.7. Let v and w be vertices of X,,(b). Fizm € &,, andk € Z with0 < k <n

such that v = (vy).

(a) If by > 2, orif by =1 and k > 2, then v and w share an edge of X,(b) if and only if

one of the following conditions holds:

(1) w=(mo(j,k))(vg_1) for some 1 < j <k, in which case
w— v = (S — e,

(informally, the vertices are the same, except that one of the 1 entries in v is Sk

inw); or

(2) w=(mo(j—1,75))(vk) for some k+2 < j <n, in which case

(informally, the vertices are the same, except that the S;_; and S; entries swap

positions);* or

(3) k<n—1and w = m(Viy1), in which case

W=V =—(%+41 — l)erpsn
(informally, the vertices are the same, except that the Syy1 entry in v is a 1 in
w).3

(b) If by =1 and k € {0,1} (i.e., vi =vg=vy), then v and w share an edge of X, (b) if

and only if one of the following conditions holds:

2When b; = 1 and k € {0,1} (so that v, = vo = v1), we must use k = 0 for this equation to hold.
3When b; = 1 and k € {0,1} (so that v, = vo = v1), we must use k = 1 for this equation to hold.
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(1) w=(mo(j—1,7))(v1) for some 2 < j < n, in which case

W —V =Dbj(€r(j-1) — €x(j)

(informally, the vertices are the same, except that the S;_1 and S; entries swap

positions); or

(2) w = m(vsy), in which case

W —V = —bgeﬂ-@)
(informally, the vertices are the same, except that the Sy entry in v is a 1 in w).

Proof. For both parts of the theorem to be proved, note that we will be done once we have
proved the “if” direction, since we will then have found n vertices that are adjacent to v,
which must be all of the vertices that are adjacent to v, because X, (b) is simple and of
dimension n by Theorem 3.2.3(a) and Theorem 3.2.2. Thus, the “only if” direction will
follow immediately. Note also that the calculation of the difference vector w — v under each
condition is straightforward.

To prove the “if” direction of Proposition 3.2.7(a), suppose that by > 2, or b = 1 and

k > 2, as in Lemma 3.2.6(a). Thus, the facets that contain vy are

Li,Lo, ... Ly, Upsr, Upsa, . U (3.10)

By the &, invariance of X, (b), the vertices v and w share an edge if and only if 7—!(w)
lies on all but one of these facets. Now, if w = (7o (j,k))(vy_1) for some 1 < j < k, then
71 (w) = (4, k)(vi_1) lies on all facets in (3.10) except L;. If w = (mo(j—1,7))(vy) for some
k+2<j<n,then 77 H(w) = (j — 1,7)(vx) lies on all facets in (3.10) except U;. Finally, if
k<n—1and w = m(vy1), then 771 (w) = v, lies on all facets in (3.10) except Up.

To prove the “if” direction of Proposition 3.2.7(b), suppose that by = 1 and k € {0, 1},
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as in Lemma 3.2.6(b). Thus, the facets that contain v = vy = v; are
L, U,,U3,Uy, ..., U,. (3.11)

If w= (70(1,2)(vo), then 77 1(w) = (1,2)(vo) lies on all facets in (3.11) except L;. If
w = (mo(j—1,5))(vo) for some 3 < j < n, then 771 (w) = (j — 1,7)(vp) lies on all facets
in (3.11) except U;. Finally, if w = 7(vy), then 7~ '(w) = vy lies on all facets in (3.11)

except Uy. O

Recall that, given a vertex v of a polytope P, the tangent cone T,(P) at v is the cone
generated by the edge vectors pointing from v to its neighbors in the edge graph of P. That
is,

To(P) = { Z Aw(W —v) : Ay > 0 for all vertices w ~ v },

weVert(P):

W~V
where we write w ~ v when w and v are adjacent vertices of P. As a corollary of Theo-

rem 3.2.7, we get an explicit description of the tangent cone at each vertex of X, (b).

Corollary 3.2.8. Let v be a vertex of X,(b). Fizm € &, and k € Z with 0 < k < n such
that v = w(vy). Let Ty = Ty (X,(b)) be the tangent cone at v.

(a) Suppose that by > 2, or that by = 1 and k > 2. Then Ty is generated by
{eﬂ(j) : 1 S] S k} U {_eﬂ(k+1)} U {eﬂ(jfl) — eﬂ-(j) sk + 2 S j S n}

ifk<n—1, and by {e; : 1 <j<n} ifk=n.

(b) Suppose that by =1 and k € {0,1}. Then T, is generated by

{exgny =€) 1 2<i<n} U {-exy}-
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3.2.2 X,(b) is equivalent to a generalized permutahedron

Generalized permutahedra (sometimes spelled permutohedra) form a widely studied class of
polytopes with a rich theory and many interesting subclasses. One definition of a generalized
permutahedron is that it is a polyhedron whose normal fan is a coarsening of the braid
arrangement. For sources on generalized permutahedra, we recommend [Dok11, JR22, Pos09,
PRWO08]. We use an equivalent characterization. (See [JR22, Theorem 2.3|.) Here and below,
we write ey, ..., e, for the standard basis vectors in R", and €, ..., €,, €, for the standard

basis vectors in R" 1.

Definition 3.2.9. A polytope in R" is a generalized permutahedron if and only if every

edge is parallel to e; — e; for some i,j € [n] with i # j.

We show that the lifting of X,,(b) is a generalized permutahedron, from which it, and
X, (b) itself, immediately inherit a variety of combinatorial and geometric results and prop-
erties. Let B =3 ) | S, = > 1_,(n—k+1)bg, and let £: R — R"! be the affine map that
“vertically projects” R™ onto the hyperplane H = {x € R""! : 2y + -+ + 2z, + 7,41 = B}
via (21,...,2n) = (T1,..., T, B — Y i, ;). Using this mapping, Proposition 3.2.11 below

follows.

Definition 3.2.10. Let X,,(b) := {{(x) : x € X,,(b)} be the lifting of X,,(b) to the hyperplane
H. We call X,(b) the lifted b-parking-function polytope.

Proposition 3.2.11. The verter set of X,,(b) is {{(v) : v is a verter of X,(b)}. Further-
more, the minimal inequality description of X, (b) is the minimal inequality description of

X, (b) together with the additional equality 1 + - -+ + x, + Tpy1 = B.
Building off this combinatorial structure, we have the main result of this subsection.

Theorem 3.2.12. The lifted b-parking-function polytope X, (b) is a generalized permutahe-

dron.

Proof. Proposition 3.2.11 implies that the edges of X,,(b) lift to edges of X,,(b) in the natural

way: [v,w] is an edge of X, (b) if and only if [¢(v), £(w)] is an edge of X,,(b). If [v,w] is an
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edge of X,,(b) with v—w = c¢(e;—e;), then >~ v; = > "  w;. Thus {(v),41 = B—> - v; =
B — 3" wi, s0 l(v) —U(w) = c(e; —€;). If [v,w] is an edge of X, (b) with v — w = ce;,
then > " v, —> " jw; =c Thus, (V)1 =B—=> 1 ;=B —=>" wi—c=4L0V)pt1—c,
so {(v) — {(w) = c(e; — e,41). By Proposition 3.2.7, all edges of X,,(b) are of this form.

Hence, X,,(b) is a generalized permutahedron. ]

We may now apply established results about generalized permutahedra to X, (b). One
such result is [JR22, Corollary 4.8], which provides a formula for the number of lattice
points of a generalized permutahedron. Since lifting a polytope does not change the number
of lattice points of a polytope, by applying the formula we obtain the number of lattice points
of X,,(b). Furthermore, we note that the enumeration of b-parking functions is not known
in the form of a completely closed formula [Yan00, Yan01], but by applying the formula of
[JR22, Corollary 4.8], we obtain an upper-bound for the number of b-parking functions since
all b-parking functions will be lattice points in X,,(b).

Additionally, by a theorem of Backman and Liu [BL24]|, Theorem 3.2.12 implies that
X, (b), and hence X,(b) itself, admits a regular unimodular triangulation. For a definition
of and further details about regular unimodular triangulations, see [HPPS21]. We can also
express X,(b) as a Minkowski sum of simplices. In order to do that, we begin by express-
ing X,(b) in the notation introduced by Postnikov [Pos09] for generalized permutahedra.

Following from [Pos09, Section 6], every generalized permutahedron can be expressed as
PZ({z}) = {(:zcl, ce, X)) € R Z% = Z[n)s le > z; for any subset I C [n]} :
i=1 iel
for some collection of real parameters {z;} over subsets I of [n] with z5 = 0.

Proposition 3.2.13. The lifted b-parking-function polytope X, (b) is the generalized permu-

tahedron PZ, | ({z1}) in which the values of the parameters z; for @ # I C [n+ 1] are given

by
|| ifn+1¢1,

Sl+52+"'+5|[|_1 an+1€[
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Proof. From Theorem 3.2.11, consider the defining inequalities,

in S Sn + Sn—l + - F Sn—\IH-lv

i€l
for any I with |[I| =k, n+1¢ I, and 21 + ... 4+ 241 = Y., Si. Subtracting these two
yields the inequality

Z ;> S1 4+ S+ -+ Sjppgipa-1-

i€n+1\I

This shows that X,,(b) can be described in terms of the following inequalities:

x; > 1, for 1 <i<n,

[7]-1
Z[Ezz ZS” forall I C [n+ 1) withn+1 € I,
el

n+1

Z:Bi = Z Si7
i=1

\ =1

since they recover the defining inequalities in Theorem 3.2.3. To match with Postnikov’s
definition of PZ,({z/}), we can add the following redundant inequalities obtained from

x; > 1 which have no effect on the solutions of the above system of inequalities:

Zmiz |I| forall I C [n+ 1] such that n+ 1 ¢ I.

iel
These inequalities give all the values of z; for all nonempty I C [n + 1]. O

In [ABD10], Ardila, Benedetti, and Doker prove that any generalized permutahedron can

be written as a signed Minkowski sum of scaled standard simplices. Specifically,

PZ({z}) = PY{y}) = Y wr A,

IC|[n]

where y; = > ;- (— DI=Vlz; and Ap == conv{e; : i € I}, for each I C [n]. In the case that

yr > 0 for all I, we call this a )-generalized permutahedron, which enjoys a variety of special
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properties including, if it is an integral polytope, Ehrhart positivity and h*-real-rootedness

[Pos09]; for more on these properties, see [BS21, Bral6, Liul9].

Proposition 3.2.14. The lifted b-parking-function polytope %n(b) 15 the signed Minkowski

sum Zlg[nJr” yr/\r, where

.

1 ifn+1¢1 and|I| =1,

0 if I ={n+1}, orifn+1¢ 1 and|I| > 2,
a by — 1 ifn+1€l and|I| =2,

Z'” 5(—1 )\1|+j—1(|1|];3>bj+2 ifn+1el, |I|>3

and Ay = conv{e; : i € I} forall I C[n+1].

Proof. We write X,(b) = PZ({21}), with z; as given in Theorem 3.2.13. By [Dokll,
Prop. 2.2.4], this becomes P7;({21}) = > ;cp,yy yrdr, where the yrs are determined by
zr = ) ;e yo for all nonempty I C [n +1].

1 if1<i<n,
First note that yg;y = zp) =

0 ifi=n+1.
For I C [n+1] not containing n+1 with |I| > 2, we apply the principle of inclusion—exclusion

to get
1]

n= 0 = Yo

JCI k=0

For I C[n+ 1] withn+1 € I, |I| > 2, then again by the principle of inclusion—exclusion,

yr :Z(_l)III—IJIZJ: Z (=)=l 4 Z (=)=,

JCI JCI\{n+1} JeL,
n

17]-1

= —Yn{n1) + Z(_ |I\ k— 1(|[| )ZS (3‘12)
k=1

When |I| = 2, yy = —1 + b;. For |I| > 3, the second term on the right-hand side of
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Equation (3.12) can be rewritten as

1I]-1 1|1 |1]— |I|-1—¢
e (1= (11
-1 7 ¢ lI]-1  |1]—
e 1112 e 1112
:Z;(;bi)(_l)' Z(m—l—) Z Z S (T

[]-1

B () B (17

i=2
Hence, for |I| > 3,

[1]-1 1]-3

1 I1-3 (1] —3
— -1 [I]—1—1 ’ b — |[\ 1 —1)* bito. 0
=0 (1 = e e (M

Theorem 3.2.14 allows us to determine from b = (b,...,b,) whether X,(b) is a Y-
generalized permutahedron. In particular, the liftings of PF,, and of the specific b-parking-
function polytope X,,(a, b) studied in [HLVM24] (where (a,b) :=b = (a,b,b,...,b)) are both

Y-generalized permutahedra.

3.2.3 h-Polynomial of X, (b)

We now consider the h-polynomial of the b-parking-function polytope. Recall the back-
ground on h-polynomials and its computation via vertex posets in Section 1.5. The stel-
lohedron St,, is a simple generalized permutahedron first defined by Postnikov, Reiner, and
Williams [PRWO08] as the nestohedron for a certain building set (see Section 3.3 for more
details), which is intimately connected to X,(b). The h-polynomial of St, is the binomial
Eulerian polynomaial

n

Ay(z) =1+ z; (Z) An(2),

where Ax(2) = > s, z9¢(9) i the Eulerian polynomial [PRWO0S].
From Theorem 3.2.3(a) and Theorem 3.2.12, we have that X,(b) is a simple general-
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ized permutahedron. By [PRWO08, Theorem 4.2], the h-polynomial of a simple generalized
permutahedron can be computed using its vertex posets.
Since the face numbers of X,,(b) do not change after the lifting ¢, we may use this equation

to compute the h-polynomial of X,,(b). We characterize the vertex poset for every vertex of

m(n—1) w(n—1)
| |
| |
7(2) m(k+2)
(1) w(k+1)
| |
n+1 n+1 n+1
SN RN
w(1)w(2) - w(k) 1 2--n
(a) The k = 0 case (b) The 1 <k <n—1 case (¢) The k = n case

Figure 3.2: The vertex poset QO in Lemma 3.2.15(a)

Lemma 3.2.15. Let ¥V be a vertex of X,(b). Fixnm € &, and k € Z with 0 < k < n such

that ¥ is the image under the lifting ¢ of the vertex mw(vy) of X,(b).

(a) If by > 2, orif by =1 and k > 2, then the vertex poset Qv has the covering relations

m(j)<n+1 for1<j <k,
n+1<n(k+1),

(7 —1)<7n(j) fork+2<j<n.

(See the Hasse diagrams in Figure 3.2.)

(b) If by =1 and k € {0,1} (in which case vy = vo = vy ), then the vertex poset Qg has

76



the covering relations

(1) <m(2) <--- <7(n),

n+1<m(2).

(See the Hasse diagram in Figure 3.5.)

m(n)

m(n—1)

(1) n+1

Figure 3.3: The vertex poset Qv in Lemma 3.2.15(b)

Proof. Let v = m(vy), so that Vv = £(v). The normal cone at ¥ is the polar of the tangent

cone at V. From the formula for the affine projection ¢, we have that {(w)—{(v) = L(w —vV)

n

forall w € R", where L: R™ — R is the linear map (z1, ..., 2,) = (T1,..., Tp, — D oy ).
To compute the tangent cone of X,,(b) at ¥, we apply L to the generators of T, (X, (b)) given
in Theorem 3.2.8. Now,

~

L(e;j) =€ —€np1

for 1 < j < n. Thus, the tangent cone T of X,(b) at ¥ is generated as follows:

(a) If by > 2, or if by = 1 and k > 2, then 7T is generated by

{erg) —@ny1 : 1 < J <k} U {—€rpr1) t i1} U{Crjn) —€x(j) : k+2<j<n}

if k<n-—1,and by {€; —€,41 : 1 <j<n}ifk=n.
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(b) If by =1 and k € {0, 1}, then T is generated by

{/éw(j_l) ) €n(j) ° 2 < j < n} U { e7r —|—en+1}

These generating vectors of the tangent cone are the facet-defining outer normals of the

normal cone. Thus, for example, in the case where b; > 2 and k£ < n — 1, the normal cone

at v is defined by the inequalities

Tr(j) < Tpy for 1 <j <k,

Tl < Tr(kt1)s

Tr(j—1) < Tr(j) for k+2<j <mn;

and the other cases are handled similarly. These inequalities determine the covering relations

given in the statement of Theorem 3.2.15. O

Theorem 3.2.16. The h-polynomial of X,,(b) is

An(2) —nzd,_1(z) ifby =1,

gn(z) if by > 2.

When by = 1 one can write h(X,(b);2) =1+ 23 4 420 (3) Ax(2).

Proof. Consider first the case in which b; > 2. From Figure 3.2 (corresponding to Lemma 3.2.15(a)),

we see that Qr(v,y contains 1 + des(m(k + 1),...,7(n)) descents if 0 < k < n —1, and 0

descents if £ = n. Thus, enumerating vertices as in the proof of Theorem 3.2.4,

n

Z Ldes(Qv) _ ki Z Z 1+des(o) +1=1+ ZZ (Z) ZG: des(o) _ En(z)
-0 (SIS

veVert (X, (b)) Cln]: 0€6,_ k=1
\I|=n—k

Now consider the case in which b; = 1. From Figures 3.2 and 3.3, we see that Qrv,)

contains 1 + des(m) descents if k =1, 1 +des(m(k+1),...,m(n)) descents if 2 < k <n—1,
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and 0 descents if kK = n. Again enumerating vertices as in the proof of Theorem 3.2.4,

-1

Z Zdes(QV) _ Z 1+des(w + Z Z Z 1+des(o) +1

3

veVert(X, (b)) €S, k=2 ICln|: 0€6G,_}
|[I|=n—k
n—2 n B
> (k> DA b Y = A (2) —nzdna(z). O
k=1 ceS TeEG

Since the h-polynomial of X,,(b) depends only on whether b; = 1 or b; > 2, comparing
with results on faces numbers of X,,(a,b,b,...,b) in [HLVM24, Prop. 3.14], we immediately

have the following result giving all face numbers of X,,(b) for all b.
Corollary 3.2.17. Let fi be the number of k-dimensional faces of X,,(b) fork=0,1,....,n

Then,

Sy () n—k =S —j+1ln—k—j+1) ifb =1,

S (= k=)St—j+1ln—k—j+1)  ifbh>2

fr =

where S(n, k) is the Stirling number of the second kind.

3.3 A building set perspective

In this section, we completely characterize the face structure and identify the combinato-
rial types of all b-parking-function polytopes. In particular, we show that even though not
every b-parking-function polytope is a nestohedron (see Theorem 1.5.17), up to combina-
torial equivalence, every b-parking-function polytope is either the classical parking-function
polytope PF,, (if by = 1) or the stellohedron St,, (if b; > 2).

We consider the Y-generalized permutahedron associated with a certain class of collec-
tions B. Recall some background on building sets, nestohedra, and nested set complexes

from Section 1.5.
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Example 3.3.1. Consider the collection

B={{1},{2},{3}.{4},{1,2,4} ,{1,3,4},{2,3,4},{1,2,3,4}}

is a building set on [4]. Note that a nested set is a subset of B. To simplify the notation,
in this example and in Figure 3.4 each set {i} is abbreviated as i, and each set {i,j, k} is
abbreviated as ijk. The corresponding nested sets and their dimensions as faces in Ag are

as follows:

dim = —1 @

dim = 0 (1}, {2}, {3}, {4}, {124} , {134} , {234}

dim=1  {1,2},{1,3},{2,3},{1,4},{2,4} ,{3,4}, {1,124} , {1,134},
{2,124} {2,234}, {3,134} , {3,234} , {4,124} , {4,134} , {4,234}

dim = 2 {1,2,3},{1,2,124} . {1,3,134},{2,3,234} , {1,4, 124},

{1,4,134} ,{2,4,124} . {2, 4,234}, {3,4,134} , {3, 4, 234}

This building set’s nestohedron is the simple polytope in Figure 3.4, which is combinatorialy
equivalent to the classical parking function. Fach of the vertices corresponds to a maximal
nested set. In fact, each of the faces of the nestohedron corresponds to the nested set that is

the intersection of the maximal nested sets that correspond to the vertices of the face.

{1,2,124}
/ | \
{2,4,124) ——— {1,4,124}
|
|
|
|
/ 1 \

{2, 4,234} {1,2,3} {1,4,134}
{z&zk %3, 134}
~ ~
{3,4,234) —— {3,4,134}

Figure 3.4: The nestohedron from Theorem 3.3.1.

There are two special families of vectors b for which X, (b) is a translation by €, of a
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nestohedron whose face structure can be determined without much more work.

Definition 3.3.2 ([PRWO08, Section 10.4]). A stellohedron St, is a nestohedron for the
building set

{1} {2},....{n ) U{SU{n+1}:SC[n]}.

Proposition 3.3.3. Letb € Z2. Let y; (I C [n+1]) be the associated coefficients given in
Theorem 3.2.1/. Assume that y; = Z‘j[:lg?’(—l)”'*j_l(‘I|j_3)bj+2 > 0 for all sets I for which
n+1e€l and || > 3,

(a) If by > 2, then the b-parking-function polytope X,(b) is combinatorially equivalent to

the stellohedron St,,.

(b) If by =1, then X,,(b) is combinatorially equivalent to the nestohedron for the building

set

{{1}, {2}, ..., {n}}u{SU{n+1}: S C[n], |S| #1}.

Proof. From the assumption of Theorem 3.3.3, observe that X, (b) is combinatorially equiv-

alent to the following Minkowski sum:

X,(b) 2 X, (b) = Z Agy + x(br) Z Agins1y + Z ASufn+1}s
i=1 i=1 SCnl, |S]>2
where y : Z~o — {0, 1} is the indicator function getting value 1 if b; > 2 and getting value
0 if b = 1. Note that if b; > 2 the indices of the standard simplices in the above Minkowski
sum range over the collection {{1},{2},...,{n}}U{SU{n+1}: @ # S C [n]}. If we add
{n 4+ 1} to this collection, the building set that results corresponds to the stellohedron St,,.
Adding Ag,41) to the Minkowski sum only translates the polytope by €,,; and does not

change the face structure. Hence, we have

X,(b) = Z Apy + Z Asugnt1y + Dgngry = Sty,.
i=1 SC[n], S#2
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If by = 1, after adding Ag,11y to the Minkowski sum, we have

X, (b) = Z ANy + Z Asumn+1y + Dnyy-

i=1 SCln], |S|>2

The indices of the standard simplices in the above Minkowski sum range over the collection

{1} A2} A} ULS U {n+ 1} S C [n], |S] £ 1},

which is also a building set. Therefore, X,,(b) is combinatorially equivalent to the nestohe-

dron corresponding to this building set. O]

We will see later in Theorem 3.3.11 that the two face structures in Theorem 3.3.3 are the
only combinatorial types that can occur on X,,(b) for any b € Z2, even if the corresponding

yr do not satisfy the positivity conditions of Theorem 3.3.3. We introduce the notation

Bs:, = {{1},{2},....,{n}}u{SU{n+1}:S5 C [n]},

Ber, = {{1},{2},... . {n}}U{SU{n+1}: 8 C[n], |S| £ 1},

for the two building sets in Theorem 3.3.3. We also introduce some terminology from
[BHM 22| to characterize the nested sets. We say a subset I C [n| and a (nonempty)
chain F = (A; € --- € A;) in the Boolean lattice (2I",C) are compatible, denoted by
I < F,if I C min(F) = A;. If F is the empty chain &, then we consider every subset [
to be compatible with @. The nested sets for Bs;, and Bpg, are characterized in the next

propositions.

Proposition 3.3.4 ([Lia24, Prop. 5.3]). The nested sets for Bsy, have form {{i}},.; U
{Au{n+1}} 5, where I C [n] and F C 2"\ {[n]} is a chain such that I < F is a

compatible pair.

The building set and the collection of nested sets in Theorem 3.3.1 is the case of n = 3

of the proposition below.
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Proposition 3.3.5. The nested set for Bpr, is of the form {{i}},.; U{A} scr, where I C

el
n41] and |I| <2 ifn+1€ I, and F C 20U\ {[n + 1]} is a chain such that |min(F)| > 3

and n+ 1 € min(F), and I < F is a compatible pair.

Proof. Let N be a nested set for Bpg,. Let I be the subset consisting of ¢ € [n + 1] for any
singleton {i} € N and F be the collection of all subsets in N that are not a singleton. By
the definition of nested set for Bpg,, we must have n + 1 € A and |A| > 3 for any A € F.
Pick any Ay, A € F. Then we always have n +1 € A; N Ay # . Hence one of A; or A,
must be a subset of the other and therefore F is a chain. For any ¢ € I, we must have i € A
for all A € F; otherwise, there exists A’ € F such that {i} and A’ are disjoint subsets in
N with A" U {i} € Bpg,, which violates the condition (N2) in the definition of nested sets
(Theorem 1.5.18). This implies I C min(F), so [ < F. If n+1 € I and |I| > 3, then the
union of all singletons in 7, which is [ itself, is in Bpp,, which again violates condition (N2).
Thus, we have |I| <2 if n+ 1 € I. Conversely, it is routine to check that such a collection

{{i}}ie; U {A} 4o 7 satisfies conditions (N1) and (N2) of Theorem 1.5.18. O

In order to understand the face lattice of X,,(b) in terms of building sets, we now general-
ize the notation U; for certain facets of X, (b) introduced immediately before Theorem 3.2.6

by setting

Ur = {(171,...,13”)6%”(1))22%’1: Z Sz},

il i=n—|I|+1

for all nonempty I C [n], except in the case |I| = n — 1 if by = 1. Thus, U is the facet of
X, (b) defined by the (b-parking) inequality for the subset /. In terms of this notation, the
facets U; defined prior to Theorem 3.2.6 are given by U; = Uy, where I; == {j,7 +1,...,n}.
Comparing the supporting hyperplanes of the facets of X, (b) in Theorem 3.2.3(c) and the

two building sets in Theorem 3.3.3, we immediately arrive at the following lemma.

Lemma 3.3.6. Let B := Bs,, if by > 2, and let B := Bpg, if by = 1. The facets of X,,(b) are
in one-to-one correspondence with the elements of B\ Bz = B\ {[n+ 1]} via the following
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bijection:
L, — {Z}, U[n}\s — SU{n—l—l}

for alli € [n], all proper subsets S C [n] if by > 2, and all proper subsets S C [n] with |S| # 1

if by = 1.

For any B € B\ {[n + 1]}, we denote by Fp the corresponding facet of X,,(b) under the

bijection in Theorem 3.3.6.

Lemma 3.3.7. Let B = Bpg, if by =1, and let B == Bs, if by > 2. Then the map

N — ﬂ Fg
BeN
is a bijection between the maximal nested sets N (i.e., the facets of Ag) and the vertices of

X, (b).

Proof. Consider by = 1. The maximal nested sets for Bpg, are of the form {{i}}c; U{A4; C
Ay C© ... C A,y } satisfying the condition of Theorem 3.3.5 and [A;1| — |A;| = 1 for
all i. If n+ 1 ¢ I, then the corresponding vertex can be obtained as a vector in R" by
placing 1s in positions I, then placing S, in position [n + 1]\ A, 7, placing S,_; in position
An_i11 \ An_j1j-1, and so on, and in the final step placing S|;4+1 in position A, \ Ay. In this
way, we fill out all n entries of the vector in R”, and the resulting vector is the permutation
of vy which is a vertex by Theorem 3.2.3(b). If n4+1 € I, then I = {{i}, {n+ 1}} for some
i € [n]. Then we obtain the vertex as a vector in R" by placing 1 = b; = S in position ¢,
placing S, in position [n+ 1]\ A, _2, placing S,,_; in position A, 5\ A,_3, etc., placing Sz in
position A\ A, and in the final step placing Sy in position A; \ {i,n+ 1}. In this case, the
resulting vector is the permutation of vi = vy which is also a vertex by Theorem 3.2.3(b).
As a result, this gives a bijection between the maximal nested set for Bpg, and the vertices
of X,,(b) for by = 1 via the intersections of facets corresponding to the maximal nested sets.

For the case of b; > 2, the proof is similar. O
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Remark 3.3.8. In both cases by =1 and by > 2, one can further consider the vertex posets
Q. for every v in the set of vertices Vert(X,,(b)) (see Subsection 3.2.3) cooperating with the

bijection in Theorem 3.53.7. It gives the following commutative diagram

Vert(X,,(b)) > {mazimal nested sets for B}

\ /

{Q, : v € Vert(X,,(b))}.

For example, the following are the correspondences between the weakly increasing vertices of

X, (b) for by =1 and their vertex posets and the mazximal nested sets:

n

n—1 T‘I
k42 n—1
{1}, {n+1},
) ) | O S PlOgn+1},
L. L, Sky1,.. ., | «—— k+1 <+—— 1 [kt1u{n+1}, (17 Soy.n Sn) A E— 3 — [Blu{n+1},
4 | (n—1]U{n+1} \ (n—1]U{n+1}
n+1 / 2 \
12 - kK 1 n+1

With the aid of Lemma 3.3.6 and Lemma 3.3.7, we can completely characterize the face

structure of the b-parking-function polytope for any b as follows.

Theorem 3.3.9. Let B := Bpg, if by = 1, and let B .= Bs;, if by > 1. Then the map

Ap — {nonempty faces of X,(b)}, where Nv+— Fy = ﬂ Fg
BeN
is an isomorphism between the dual of the face lattice of the nested set complexr Ag and the

face lattice of X,,(b).

Proof. We will give the proof in detail only for the case in which b; = 1. A similar approach
works for the case in which b; > 2.

Consider b = (by,...,b,) with by = 1. We first prove that the map from the nested
sets in Ap,. to the set of nonempty faces of X, (b) is well-defined. From Theorem 3.3.6,

the singleton nested set {B} € Ap,. corresponds to the facet F of X,(b). Since any
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intersection of facets is a face of the polytope, we know Fy is a face of X,,(b) for any nested
set N € Ap,. . For any nested set N, the face Fy is nonempty by Theorem 3.3.7 because
Fn contains those vertices that correspond to the maximal nested sets containing N. Hence,
the map is well-defined.

Now we check the injectivity of the map. By Theorem 3.2.3(a), X, (b) is a simple poly-
tope. In a simple polytope, every nonempty intersection of facets determines a unique face.
Hence, the injectivity of the map follows.

We now show that the map is surjective. Let N’ be a subset of Bpg, such that the face
Npgens Fp is nonempty. Say N’ = {{i} }icyr U{A} acr for some I’ C [n+1] and F' consisting

of non-singleton subsets in Bpg, , then

() Fs = (ﬂ LZ) N ( N U[nM> .

BeN' iel’ AeF’

We now show that N’ must be a nested set for Bpg, (Recall Proposition 3.3.5).

e By definition of Bpg,, we have n +1 € A and |A| > 3 for any A € F’ right away.

e First, for any A € F' we must have I’ C A; otherwise, there is j € I’ but j ¢ A for some
A € F'. Then this face N pen I is contained in the intersection of the facets F; N Upyp 4,
which is an empty set since j € [n] \ A. One can check the defining equations of the
hyperplanes that there are no vertices of X,,(b) in this intersection. This contradicts the

assumption that the face is nonempty.

e Second, we claim if n41 € I’, then |I'| < 2. This is because the face )z 5/ F5 is contained
in the facet U, whose supporting hyperplane is Z?:l x; =8, +S_1+ ...+ 5. Any
vertex of X,,(b) on Uy, is the permutation of (S1,S5,...,5,) = (1,5,...,5,) which has
exactly one coordinate being 1. Thus, I’ does not contain more than one element that is

not n + 1.

e In the final step, we show that 7' must be a chain. Let A;, Ay € F’ with |A;] < |As| then

we must have A; C A,. If not, there exists j € Ay, but j ¢ As. Notice that any vertex
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v = (v1,...,v,) of X,(b) on the facet Up, 4, has coordinates satisfying

{Ui NS [TL] \ A2} = {Sn) Sn—la s 7S\A2|+1};
while the vertex v on Up,\ 4, has coordinates satisfying
{vizie ]\ At} ={Sn, -, Sjass1s - -5 Sjay 1 -

Then there is no vertex of X, (b) that lies on Upp 4, and U, 4, simultaneously since all

the vertices have at most one coordinate equal to any one of S, S,—1,. .., 54,41

Therefore, by Theorem 3.3.5 the subset N’ is a nested set for Bpf, .
Now the map is a bijection. By the definition of the map, it is clear that any two
nested sets satisfy Ny C N, if and only if Fy, O Fu,. Therefore, the map is a poset

isomorphism. O

Recall, as discussed immediately following Theorem 1.5.18, that given a building set
B c 2" the face lattice of the nestohedron Pz = res Y11 (where yr > 0) is completely
determined by the building set B and is dual to the face lattice of the nested set complex Ap.
It is somewhat surprising that the face lattice of X, (b) is determined by the two building
sets Bpp, and Bs;, because from Proposition 3.2.14 we have seen that for most cases of b
the polytope X, (b) is not a nestohedron (or a translation of one). It will be interesting to
understand how the value of y; affects the face structure of > £1Cn] yr/A;. More concretely,
can we characterize the parameters {y;} (with no positivity constraint on y; € R) such that
Yo £1C[n] yr/A\y is combinatorially equivalent to Pg for a given building set B?

From Theorem 3.3.9, we can explicitly tell which facets intersect at a given face and all
the vertices on this face by observing the nested set corresponding to the face, as illustrated

in the following example.

Example 3.3.10. Forb = (1,b,...,bs), consider the nested set N = {{1}, {3} }U{{1,3,4,7},{1,2,3,4,7}
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Then the face Fy is the intersection of the following facets of Xg(b):
L, = {X S :{6(1)) 1T = 1},[/3 = {X S :{6(b) T3 = 1},

U{27576} = {X - .'{6(b) . T2 +I5+CL’6 = SG+S5+S4}, U{576} = {X & %G(b) . JZ5+ZE6 = S6+S5}.

The face Fy is 2-dimensional and has 4 vertices:
(]-7 S47 17 ]-7 S57 Sﬁ)a (]-7 847 ]-a S37 557 86)7 (17 S47 17 ]-7 SG7 S5)a (]-7 847 ]-a S37 567 55)

Corollary 3.3.11. For any b = (by,bs,...,b,) € ZZ,, the b-parking-function polytope
X, (b) is combinatorially equivalent to the classical parking-function polytope PF,, if by =1

or is combinatorially equivalent to the stellohedron St, if by > 2.
Next, we provide a visualization of the two 3-dimensional cases of Theorem 3.3.11.

Example 3.3.12. The combinatorial type of X,(b) is as in Figure 3./ when n = 3 and
b1 =1 and is as in Figure 3.5 when n = 3 and by > 2. The coordinate of each vertex can be

obtained by using the bijection described in the proof of Theorem 3.5.7.

} {4,

y

12,3, 134}

77 {434,234 RED
2347 ‘ ‘ 1,3,
13,34,234 34,134)

p——— 1

Figure 3.5: The combinatorial type of X, (b) when n =3 and b; > 2.

Up to this point we have observed X, (b) as a generalized permutahedron and have
characterized its combinatorial types through the use of building sets. In the next section,

we exhibit X,,(b) as a special polymatroid, which allows us to obtain further results.
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3.4 A polymatroid perspective

Here we study the b-parking-function polytope through a polymatroid lens. Polymatroids
are a class of polyhedra that were introduced by Edmonds [EdmO03] in 1970 as polyhedral
generalizations of matroids. We note that generalized permutahedra are equivalent (up
to translation) to polymatroids. By exhibiting X, (b) as a polymatroid, we are able to
draw conclusions about properties such as its combinatorial diameters. For background on
combinatorial diameters see [YKK84, KS10]. We begin by recalling a few helpful terms and

definitions from matroid theory [OxI11].

Definition 3.4.1. Let f : 2"l — R be a set function. The function f is said to be submodular
if for every XY C [n] with X CY and every z € [n|\'Y, the following inequality holds:
f(XU{z}) = f(X)> f(YU{z}) — f(Y). The polymatroid associated with such a function

f 1is the polytope
Py = {xER” cx; >0 for alli € [n], Z% < f(S) for all S C [n]}
i€S

A set function f: 2"l — R is said to be nondecreasing if, for every X,Y C [n] with
X CY, we have f(X) < f(Y). Henceforth, let fi,: 2" — Z-( be the set function defined
by setting fi(2) := 0 and

fo(l) = —|]|+Zmin{j,|]|} br—jt1, for & £ 1 C [n].
j=1
Proposition 3.4.2. The function fy, is a nondecreasing submodular function.

Proof. By construction, fy is integer and nondecreasing. It remains to be shown that f},
is submodular. Observe that fy,(1) = —|I| 4+ > 7_, min {j, |I|} b, ;41 only depends on the
cardinality |I| of I, so we write fu(|1]) = fu(I). It suffices to prove that I C J C [n] =
So(lIl+1) = fu(l]) = fu(lJ] +1) = fo(]J]), or equivalently

i<j<n = fuli+1)—=fuli)) > fu(i+1) - fuli)
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The difference fp(i 4+ 1) — fp(7) is

foli+1) = fp(i) = —=(i+1) = (=) + Y _(min{i+ 1, k} —min {i, k}) by = =1+ D bypy1.
k

k=1 =i+1

ASb:(bl,...,bn)GZn

>0

> buke1 = Y buoke for i< j.

k=i+1 k=j+1
Thus, fp is submodular. O
We translate the inequality description of X,,(b) (Theorem 3.2.3(c)) to a description of
the form Py. Setting y; := x; — 1, one obtains
r,>1 & y; >0 forallie n,

and the remaining constraints in Theorem 3.2.3(c) take the form

> ow < min {1} by & D>y < I+ Y min {4, 1]} byjsa.
1

iel J= i€l J=1

Note that this transformation corresponds to the translation of X,,(b) by —(1,...,1) € R™.

The resulting polymatroid is now described as

X (b) = {y eR" : y; >0 forall i€ [n], Zyi < fu({) for all I C [n] },

el
which proves the following.

Theorem 3.4.3. The polytope X!, (b) is a polymatroid. In fact, X, (b) is a special polyma-
troid for which upper bounds on the sum of entries in any set I depend only on the cardinality

1]

The polytopes X,,(b) and X/,(b) are combinatorially equivalent. Thus, we can leverage
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the theory of polymatroids to obtain results about X,,(b). In particular, we note that known
results about polymatroids allow for alternate directions to recover Theorem 3.2.3. Topkis
[Top84] studied extreme point adjacency in polymatroids [Top84, Corollary 5.4], and his
work can be used to deduce Theorem 3.2.3(a). Shapley’s observation on the structure of the
vertices of a polymatroid [Sha71] can be used to obtain Theorem 3.2.3(b). Edmonds [Edm03]
showed that we can optimize linear functions over polymatroids in strongly polynomial time
by certifying total dual integrality through the greedy algorithm. In turn, this yields another
direction for proving the inequality description in Theorem 3.2.3(c).

Next, using Theorem 3.4.3 and Theorem 3.2.7, we can carry over known upper bounds on
the combinatorial diameters of polymatroids [Top92] to X, (b), of the form min{2n, sn(n —
1) + 1}. Recall that the combinatorial diameter of a polytope is the diameter of its edge
graph, that is, the maximum length of a shortest edge-path between two vertices. We now
provide a direct proof of these upper bounds, which allows us to improve them for the case

b1 = 1 and see tightness in all cases.

Theorem 3.4.4. If by > 1, the combinatorial diameter of X, (b) is ezactly min{2n, sn(n —

1)+ 1}. If by = 1, the combinatorial diameter is ezactly min{2(n — 1), sn(n —1)}.

Proof. Note that 2n < tn(n — 1) 4+ 1 and 2(n — 1) < n(n — 1) if and only if n > 5. For
n < 4, tightness of the bounds can be verified exhaustively. For example, for n = 3, it is
clear from Figure 3.1 that the combinatorial diameters of X3(1,2,3) and X5(2,3,4) are 3 and
4, respectively.

We provide an argument for the bounds 2n and 2(n — 1). Let wy = m(vy) be a vertex of
X, (b) where k < n. By Theorem 3.2.7, wy, is adjacent to wy1 = m(Vvyy1), which corresponds
to reducing the (k + 1)™ entry of v, to 1. Consider the path P, = (W, Wry1,..., Wp_1,1)
on X,(b), where Py ends at v, = w,, = 1. Because Py begins at wy, the length of Py is
at most n when b; > 1. Concatenating paths when necessary, we have a path of length at
most 2n between any two vertices of X,(b) with b > 1. A path of this length is realized
when traveling between the vertices wg = (b, S, ..., S,) and 7' (wg) = (Sn, Sn_1, ..., 52, b1).

When b; = 1, wy = wy, so P has length at most n — 1. A path of length 2(n — 1) is realized
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when travelling between vertices wy = (1,55, ...,.5,) and @' (wy) = (S,, Sn_1, ..., 59, 1).

It remains to show tightness. We exhibit that the paths constructed above are shortest
paths between the given pairs of vertices. For b; > 1, the bound 2n for a path between
wo and 7’(wy) is achieved through a combination of n reductions and n increases of entries
S;, and no swaps. A path that exclusively uses swaps requires at least %n(n — 1) steps,
and so is not better. Let S; be the largest value that is reduced during an edge walk. It
can be seen that any walk where 7 = 1 has to perform the same number of swaps as one
exclusively using swaps; any walk where j = n — 1 has to perform at least two further steps
(in addition to n — 1 reductions and n — 1 increases). Let now 2 < j < n — 2. Then the
number of swaps required to arrive at a vertex where the j largest values S,,...,S,_;+1 are
in the target positions is bounded below by j(n — 7). (For every 1 < iy < iy < n, it takes
19 — 11 swaps to move S;, to the position in which 5;, lies; in a best case, the target positions
for Sy, ..., Sn_j+1 start these swaps with values Sj,...,S;.) Combined with the at least j
reductions and j increases, the path has length at least 2j + j(n — j) > 2j +2(n —2) > 2n.

An analogous argument with n— 1 in place of n shows tightness of 2(n—1) for by = 1. 0O

3.5 Conclusion - Further perspectives

Recall that the classical parking-function polytope PF,, is the convex hull of all parking
functions of length n in R™. As noted in [HLVM24, Remark 2.10] and [BCC*22, Remarks

4.8 and 4.9], there are other alternative perspectives on PF,,. It can be viewed as:

e a special case of the main object of study for this chapter, namely the b-parking-function

polytope when b = (1,1,1,...,1),

e a particular partial permutahedron P(n,n — 1) as defined in [HS22] and further studied in
[BOC+23, BCCH22),

e a specific polytope of win vectors as defined by Bartels et al. in [BMW97] for the case of the

complete graph on n vertices (the work of Backman [Bac18, Theorem 4.5 and Corollary
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4.6] provides alternate routes for computing the volume and lattice-point enumerator of

PF,), and
e cssentially as the stochastic sandpile model for the complete graph [Sel24].

In addition to these interpretations, as direct corollaries to Theorem 3.2.12, Theorem 3.3.9,

and Theorem 3.4.3, we can also add that (a lifted version of) PF,:
e is a special generalized permutahedron,
e can be associated with a building set, and
e is a special type of polymatroid, respectively.

We conclude by adding an interpretation of the classical parking-function polytope as a
projection of a relaxed Birkhoff or assignment polytope, and an interpretation of b-parking-

function polytopes as projections of relaxed partition polytopes.

3.5.1 Relation of PF, to Birkhoff/assignment polytopes

Consider an assignment problem for n cars and n parking spots, represented with decision
variables x;; € {0, 1} indicating car ¢ being assigned to spot j. The linear relaxation of this
problem yields the Birkhoff polytope, also called the assignment polytope or the polytope of

doubly stochastic matrices:

injzl foralll1 <i<n

j=1

Zl‘zj:l forall1 <j5<n

=1

ziy; >0 forall1<i<n, 1 <5 <n.

See [Bir4d6, BR74] and [Zie95, Example 0.12] and [Bru06, Chapter 9], as well as references

within, for the extensive literature on these classical polytopes. Due to the total unimodu-
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larity of the underlying constraint matrix and integrality of the right-hand sides, the vertices
satisfy z;; € {0, 1} [Bir46, BR74, VN53]. In fact, they are in one-to-one correspondence with
all possible assignments of cars to parking spots. We will prove that a linear projection of a
mild relaxation of this polytope gives PF,,.

To this end, note that either of the two types of equality constraints in the description
of the assignment polytope, combined with the nonnegativity constraints, implies an upper

bound of z;; < 1. This allows an equivalent description of the form

injzl foralll1 <i<n

j=1

inj21 forall1 <j<n
i=1

2;; >0 foralll1 <i<n, 1<j<n.

Informally, each car is assigned to precisely one spot, and each parking spot requires at least
one car assigned to it, which is only possible if one retains a one-to-one assignment.

We now perform a relaxation where we allow for the assignment of multiple cars to
the same (preferred) parking spot, following the design of PF,: the i'" car to arrive picks
from the first ¢ spots. To represent the corresponding conditions o) < i in a nondecreasing
rearrangement of the entries, one can replace the set of constraints » . x;; > 1 by sums of

the first k& constraints for 1 < k < n:

injzl foralll1 <i<n
j=1
k

Zzn:xijzk forall1 <k <n

j=1 i=1

2y; >0 foralll1<i<n, 1 <5 <n.

As > @ > 1forall 1 < j <n implies Z?Zl o i >k for all 1 < k < n, this feasible

set, which we call BF,,, is a relaxation of the assignment polytope. Note that the associated
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constraint matrix lost total unimodularity. As part of our arguments below, we will prove
that BF,, is integral, i.e., it has integral vertices.

We consider the linear projection ¢, : R” — R™, (z;;) — (D"5=1 JTij)i=1,..m, i-€., Where
the ¢*" entry is 2?21 jxij. Note that for integral (z;;) in BF,, or PF,,, z;; = 1 holds for exactly
one j, the parking spot j for car .. We show that the projection of BF,, results in exactly
PF,, i.e., ¥, (BF,) = PF,.

Theorem 3.5.1. The polytope PF,, is the linear projection of the relaxed Birkhoff/assignment
polytope BF,,, under ,.

Proof. Recall that PF, is an integral polytope in R™. Thus, for a € PF,,, which may have
fractional components, there exists a convex combination a = >, A,a’ of integral parking
functions a‘. Let x* = (zf;) € {0, 1} be defined by zf; = 1if and only if af = j. Then
X= Ax’ lies in BF,, and projects onto a under v,,.

Conversely, let now x € BF,,. We have to prove that its projection 1, (x) = a lies in PF,,.
To this end, we first prove that BF,, is integral. Let x be fractional and consider a bipartite
graph G with V(G) = CU P, |C| = n = |P|, and edges (i,7) from C to P if and only if
0 < x;; < 1; informally, it is a representation of only the fractional assignments of parking
spots to cars. If there exists a cycle in the undirected graph underlying GG, one can send flow
along either orientation of that cycle and obtain a new feasible solution. In this case, x is
not a vertex of BF,,.

If there does not exist a cycle in GG, then there exist at least two nodes with degree 1 in
each connected component, as any tree has at least two leaves. By Z;;l x;; = 1 for all cars
1, the degree of i € (' in any component is at least two. Thus, there are at least two parking
spots j', 7" € P with degree 1, as well as a path between j' and j”. Let j < j” and note
that the constraints ;/:1 Yo x> j and Z?;l Yo i > j” must be satisfied strictly.
By sending (maximal) flow along the oriented path from j’ to j”, one obtains a new feasible
solution with a strictly larger set of active constraints. This again implies that x is not a
vertex of BF,,.

We conclude that BF,, is an integral polytope with all vertices in {0, 1}"2. By the same
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arguments as above, x = 22:1 M\x’ is a convex combination with x € {0, 1}”2. Let a‘ =
¥, (x*) be the projection of x under 1,,, and observe it is an integral parking function. Thus,
X projects to a convex combination a = ), \a’ of integral parking functions a’. This

proves the claim. O]

Remark 3.5.2. As an anonymous reviewer noted, it is shown in [HS22, Theorems 5.27
69 5.28] that similar projections of other relazations of the Birkhoff polytope give partial
permutohedra, of which certain cases are (up to translation) b-parking-function polytopes.
As an example, consider [HS22, Theorem 5.27] withn > m — 1 and z = (1,2,...,n). Then
the projection of the polytope of m x n doubly substochastic matrices PPerm(m,n) under

¢, : R™*™ — R™, such that

n
(@i)1<icmisien = | D Jay )
1<i<m

Jj=1

is the partial permutahedron P,(m,n), which coincides (up to translation) with X,,(b) where

b=(mn—-m+2,1,...,1).

3.5.2 Relation of X,(b) to partition polytopes

Most of the proof for Theorem 3.5.1 transfers to b-parking-function polytopes X, (b). By
using z;; € {0,1} to indicate car i being assigned a number 1 < j < S,,, one can formulate

the set of b-parking functions in the form

Sn
injzl foralll1 <i<n
j=1
Sk n
Zinjzk foralll1<k<n
j=1 i=1

zi; >0 foralll1<i<n, 1<5<85,,

and the projection (z;;) — (Zfﬁl J%ij)i=1,..n gives X,(b) by the same arguments.

A relation of this system to well-known polytopes is more involved than for PF,. The
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system can be seen as a relaxation of so-called (bounded-size) partition polytopes [BV21,

BV22]. Partition polytopes are special transportation polytopes and generalized Birkhoff or

assignment polytopes. They are named for representing the (possibly fractional) assignment

of n items to ¢ clusters, where one specifies the total weight x; assigned to each cluster j. A

bounded-size partition polytope specifies lower and/or upper bounds on this weight instead

of an exact weight. For our purposes, we set £ = S,, and only use lower bounds. Formally,
Shn

injzl foralll <i<n

j=1

inj Zlij for all 1 S]SSTZ
=1

iy >0 foralll<i<n, 1<j5<5,.

The first type of constraintguarantees that each item is assigned to a cluster (or partially
to multiple clusters). The second type of constraintguarantees that each cluster receives a
certain minimum weight. Note that S,, > n for any X,,(b) that is not also a classical parking
function PF,; informally, there are more clusters than items. For the existence of a feasible
solution, it is necessary that at least some of the x; satisfy x; < 1.

Let So = 0 and ¢ € [n], and set k; = ﬁ for S;_1 < 7 < S;. One can represent the
conditions 5/ < S; in a nondecreasing rearrangement of the entries by replacing the set of

constraints Z:.L:l x;; > kj by sums of the first S; constraints for 1 < k < n. This gives the

above relaxed system.

Corollary 3.5.3. The polytope X,,(b) is a linear projection of a relazed bounded-size parti-

tion polytope.
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Chapter 4

Tanglegrams

This chapter is dedicated to tanglegrams. It follows the work in [BLM™23].

4.1 Introduction

A tanglegram consists of two rooted binary trees and a perfect matching between their
leaves. They initially arose in computer science and biology [BBB*12, Cha02, MBKK15].
Tanglegrams are drawn in the plane using layouts such as the ones shown in Figure 4.1.
Layouts with the fewest number of crossings possible are of interest in applications such as

estimating the number of horizontal gene transfers between species [VASJG09].

L

Figure 4.1: Two layouts for the same tanglegram.

Combinatorial interest has grown recently, and enumerating several variations of tan-
glegrams has been studied [BKM17, Ges21, RRW18]. Algorithms for uniform sampling of
tanglegrams were established in [BKM17] and [Fus16], and properties of random tanglegrams
were studied in [KW16].

A tanglegram is planar if it has a layout with no crossings, and we refer the reader to

[CSW19, Liu22, LPR"07, RRW18] for many interesting results about them. The second
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author established a characterization of all planar layouts of a planar tanglegram in [Liu22]
and then proposed the problem of efficiently sampling planar tanglegrams uniformly at ran-
dom. In this dissertation, we consider this problem. Note that one can use the algorithms in
[BKM17] and [Fus16] to sample tanglegrams uniformly at random until a planar tanglegram
is generated, but results in [BKM17] and [RRW18] imply that planar tanglegrams are rare.

In their work enumerating planar tanglegrams, Ralaivaosaona, Ravelomanana, and Wag-
ner [RRW18] introduced irreducible planar tanglegrams, which are planar tanglegrams that
cannot be constructed from smaller tanglegrams. We make this definition precise in Sec-
tion 4.2. Let P and Z respectively denote the set of planar and irreducible planar tangle-

grams. [RRW18, Theorem 1] gives a relation between the generating functions

T(z) = Z z Tl

TeP
1
H(z) = §m2 + Z 2!,

TET: [T|>2

(4.1)

where |7| denotes the number of leaves in the component trees of 7. Their sequences of
coefficients can be found at [OEI, A257887,A349408]. Letting Irr(7) denote the irreducible
tanglegram formed by contracting each of the smaller tanglegrams in 7 to a pair of matched

leaves, we generalize these generating functions to also account for Irr(7") by defining

T(x,y) =Y alThy ™Dl
TeP

1
H(w,y) = H(zy) = go*y* + Y "7l
TEL: |T|>2

We establish a generalization of the relation on T'(x) and H(x) from [RRW18, Theorem 1].

Note that substituting y = 1 recovers the original result.

Theorem 4.1.1. The following holds:
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Using this result, we establish Theorem 4.3.2, which reduces the problem of generating
planar tanglegrams uniformly at random to computing coefficients of T'(x, y) and generating
irreducible planar tanglegram layouts uniformly at random. In their work enumerating
planar tanglegrams, Ralaivaosaona, Ravelomanana, and Wagner [RRW 18] also established a
natural bijection between irreducible planar tanglegram layouts and pairs of triangulations of
a convex polygon that do not share a diagonal. We call these pairs of disjoint triangulations.
Hence, one can instead consider the problem of generating pairs of disjoint triangulations
uniformly at random.

Triangulations of a convex n-gon are one of many objects enumerated by the Catalan
numbers. Sampling Catalan objects uniformly or approximately uniformly at random has
been an active area of research over the last several decades. Approaches include direct meth-
ods using properties of Catalan numbers [AS92, BBJ17, R85, Boltzmann sampling with the
generating function relation [DFLS03], and Markov chains on flip graphs of Catalan objects
[EF22, MT97, MRS01]. Enumerative results suggest that pairs of disjoint triangulations
are significantly more complicated than individual triangulations. In particular, there is no
known simple formula in n for the number of pairs of disjoint triangulations of an n-gon,
even after fixing one of the triangulations [AR16, RRW18].

We extend the flip operation on single triangulations to a new flip operation on the pairs
of disjoint triangulations of an n-gon. We write D,, for the graph whose vertices are pairs of
disjoint triangulations and whose edges are given by flips, and we call this the flip graph on
pairs of disjoint triangulations. The flip graph Ds is shown in Figure 4.2. Our flip operation
implies many surprising properties for D,,. In particular, we can define a Markov chain (X;)
from a random walk on D,,. We set X, to be an arbitrary vertex and, for ¢ > 0, choose X;

uniformly at random among the vertices adjacent to X;_;.

Theorem 4.1.2. For a fized n > 5, let (X;) be the Markov chain defined above. Then as
t — 00, (X;) converges to the uniform distribution on the vertices of D, in total variance

distance.
Theorem 4.1.2 gives a method for near uniform sampling of pairs of disjoint triangulations.
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Figure 4.2: The flip graph Ds. Single lines indicate when only one triangulation is changed,
and double lines indicate when both are changed.

The mixing time of X; is a topic of continued study. Our general method is similar to one
used by Heitsch and Tetali to study meanders, which are also pairs of Catalan objects subject
to some property [HT11]. More specifically, a meander is a pair of noncrossing matchings
of 2n points that form a cycle, such as the one shown in Figure 4.3. Heitsch and Tetali also
constructed a Markov chain that converges to the uniform distribution, and the mixing time

of their Markov chain also remains open.

Figure 4.3: An example of a meander, with each noncrossing matching color-coded.

In order to prove Theorem 4.1.2, we show that D,, is regular and connected. In the

process, we bound the diameter of D,,. In particular, we prove the following.

Theorem 4.1.3. For any positive integer n > 5, the graph D,, is simple, connected, and

2(n — 3)-regular, with diameter at most 4n — 16.

The proof of Theorem 4.1.3 provides novel insight into the classical flip graph of tri-
angulations of an n-gon. Namely, we show in Theorem 4.4.5 that the induced subgraph
of triangulations of an n-gon disjoint from some fixed triangulation is always connected.
The flip graph in this case is the set of vertices and edges of the associahedron, a polytope

that plays a fundamental role in algebraic and geometric combinatorics, see [CSZ15] and
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references therein. Our results may be rephrased within that context. The facets of the
associahedron are in natural bijection with the set of diagonals of the polygon. A triangu-
lation corresponds to a vertex of a given facet if and only if that triangulation contains the
diagonal corresponding to that facet. Therefore, we have shown that for any fixed vertex
v of the associahedron, the induced subgraph consisting of all vertices that do not share a
facet with v is still connected with small diameter, a property that one can study for any
polytope as discussed in Problem 4.

This chapter is organized as follows. In Section 4.2, we outline background on tanglegrams
and summarize relevant results in [RRW18] on planar tanglegrams, including their connection
with pairs of disjoint triangulations. In Section 4.3, we prove Theorem 4.1.1 and apply it
to construct our algorithm for sampling planar tanglegrams. In Section 4.4, we define our
flip graphs on pairs of disjoint triangulations and establish Theorems 4.1.2 and 4.1.3. We

conclude in Section 4.5 with open problems.

4.2 Preliminaries

A rooted binary tree is a tree with a distinguished vertex called the root where each vertex
has zero or two children. We consider children to be unordered, so these are different from
the plane binary trees enumerated by the Catalan numbers.

A tanglegram T = (L, R, 0) is formed from an ordered pair of rooted binary trees (L, R)
with the same number of leaves and a perfect matching o between the leaves of L and
R. The size of a tanglegram, denoted |7, is the common number of leaves in the two
trees forming the tanglegram. An isomorphism between two tanglegrams 7 = (L, R, o) and
T'= (L', R',0’) is an isomorphism of the underlying graphs that maps L to L’ and R to R'.
See [BKM17, MBKK15] for more details. All tanglegrams in this chapter are considered up
to isomorphism.

Tanglegrams are drawn in the plane using layouts, where L is embedded in the plane left
of the line x = 0 with leaves on x = 0, R is embedded in the plane right of x = 1 with leaves

on x = 1, and the matching ¢ is drawn using straight lines. A crossing in a layout is any
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intersecting pair of lines induced by o. In general, a tanglegram has multiple layouts, and a
tanglegram is planar if it has a layout in which none of the straight lines induced by o cross.

Examples are shown in Figure 4.4.

Figure 4.4: A layout for each of the 13 tanglegrams of size four.

For a tanglegram T = (L, R, o), suppose that for the internal vertices u € L and v € R,
the descendants of u and v are matched by 0. When u and v are not the roots of L and R,
the subtrees rooted at v; and v, with the matching induced by o is a proper subtanglegram
of T.

A tanglegram 7T is irreducible if it contains no proper subtanglegrams. For any tangle-
gram T, its irreducible component, denoted Irr(7), is the tanglegram obtained by contract-
ing each maximal proper subtanglegram to a pair of matched leaves. If 7' is an irreducible
tanglegram, then 77 extends to T if Irr(7T) = T'. Observe that in Figure 4.4, the last two
tanglegrams are irreducible and not planar. Of the eleven planar tanglegrams, five are ir-
reducible, three have an irreducible component of size two, and three have an irreducible
component of size three.

We now state two results of [RRW18]. Note that the first result can also be derived as a

consequence of [Liu22, Theorem 1.1].

Proposition 4.2.1. [RRW18, Proposition 5] Every irreducible planar tanglegram T with
|T| > 3 has exactly two planar layouts. Moreover, the two planar layouts are mirror images

of one another.
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Theorem 4.2.2. [RRW18, Theorem 4] For any n > 2, there is a bijection between the
following sets:

e the set of planar layouts of irreducible planar tanglegrams of size n, and

e the set of ordered pairs of disjoint triangulations of an (n + 1)-gon.

We describe this bijection. Starting with the two plane binary trees in a planar layout
of T = (L,R,0), draw lines from the root and all leaves to infinity. Then take the plane

dual. Label the region above the root in each tree as 1. In L, proceed clockwise, and in R,

proceed counterclockwise. An example is shown in Figure 4.5.

o 2 5

4 3 4
Figure 4.5: The plane dual bijection from Theorem 4.2.2.

4.3 Planar tanglegrams

In this section, we consider the problem of uniformly sampling planar tanglegrams. We
first establish Theorem 4.1.1 and its consequences. We then apply these results to reduce
the problem of uniformly sampling planar tanglegrams to the corresponding problem for
irreducible planar tanglegrams or their layouts in Theorem 4.3.2.

Recall the generating functions defined in Equations (4.1) and (4.2). We now prove
Theorem 4.1.1, which generalizes part of [RRW18, Theorem 1].

Proof of Theorem /.1.1. We rewrite the right hand side of Equation (4.3) as

(H(T(x),y) - T(xij) + (T(x)Qyz ; T<x2)y2> +ay (4.4)

The third summand xy accounts for the unique tanglegram where both trees consist of a

single vertex. For the remaining summands, we consider those with irreducible component
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size two and greater than two separately.

To interpret the first summand, observe that H(z,y)— x22y2 counts irreducible tanglegrams
of size at least 3, where each term x*y* corresponds to an irreducible planar tanglegram of
size k. Theorem 4.2.1 implies that irreducible tanglegrams of size at least 3 have no sym-
metry. Consequently, given an irreducible tanglegram 7T of size k > 2, fixing a layout of
T and replacing matched leaves from top-to-bottom with planar tanglegrams (7;)_, pro-
duces a distinct tanglegram for each selection of (7;)F_,. The generating function T'(x)*
counts ordered k-tuples of planar tanglegrams, and replacing pairs of matched leaves with
planar tanglegrams corresponds to replacing x with T'(x). Hence, H (T (z),y) — T(QTW is the
generating function for planar tanglegrams with |Irr(7)| > 3.

To interpret the second summand, tanglegrams with |Irr(7)| = 2, we must start with
the unique layout for the unique tanglegram of size two and replace matched leaves with 77
and T,. However, interchanging the order of 7; and 75 produces an isomorphic tanglegram.

Observe that T'(z)?y? double counts the cases when 77 # T, and T'(2?)y? counts the cases

when 77 = 75. Hence, w enumerates planar tanglegrams with |Irr(7)| = 2. O

Note that once we can efficiently compute the coefficients of T'(z) and H(z), we can
efficiently perform the composition to generate the coefficients of T'(z,y). Using known

values of T'(z) and H(z) from [OEI, A257887,A349408], we give some coefficients of T'(z, y)

in Table 4.1.

n, k 2 3 4 5 6 7 8 total
2 1 1
3 1 1 2
4 3 3 ) 11
5 13 9 20 34 76
6 90 46 70 170 273 649
7 747 312 360 680 1638 2436 6173
8 7040 2580 2435 3570 7371 17052 23391 63429

Table 4.1: The number of tanglegrams of size n with irreducible component size k.

We respectively use the notation ¢, and t,; for the coefficient of 2" in T'(z) and z"y*

in T'(z,y). We also use the notation h,, for ¢, ,, which is the number of irreducible planar
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tanglegrams of size n. Recall that a composition of n is a decomposition of n into an ordered
sum of positive integers, and we use the notation (a;)%_, = n to denote this. The preceding

theorem and proof imply the following corollary.

Corollary 4.3.1. Let 2 < k < n. The number of ways to extend a size k irreducible planar
tanglegram into a size n planar tanglegram, denoted c, i, s independent of the irreducible

planar tanglegram. Moreover,
(a) if n is even, then t, o = % (Z;:ll titn—i + tn/g),
(b) if n is odd, then t, o = %Z?;ll titn—i, and

(C) ka % 2, th6n thi' - hk . Z(ai)éc:l’:n talta2 . 'tak'
Note that c,, = tn i/l

Using these ¢, constants, we define a procedure for uniformly sampling planar tangle-
grams that encodes the techniques from Theorem 4.1.1, assuming an algorithm for uniformly
sampling irreducible planar tanglegram layouts. Hence, this reduces the problem of gener-

ating planar tanglegrams to generating irreducible planar tanglegrams or their layouts.

Theorem 4.3.2. The following procedure generates a planar tanglegram of size n > 3 uni-

formly at random.

1. Choose an integer 2 < k < n with probability % and generate an irreducible planar

tanglegram layout L of size k uniformly at random.

2. (a) If k # 2, select (a;)¥_, = n with probability M and independently generate

planar tanglegrams (T;)5_, of sizes (a;)%_, uniformly at random.

(b) If n is odd and k = 2, select (ay,as) = n with probability % and independently
generate planar tanglegrams (T1,T2) of sizes (ay,as) uniformly at random.

(c) If n is even and k = 2,

tn/2
2¢n,2

e with probability , generate a single tanglegram Ty = Ty of size n/2 uniformly

at random, and
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e otherwise, select (a1, as) E n with probability Zﬁ%

i=1 itn—i

and independently gener-

ate planar tanglegrams (Ti,T2) of sizes (aq,as) uniformly at random.

3. In all cases, output the tanglegram corresponding to L with matched leaves replaced from

top to bottom by {T;}r_,.

Proof. The definition of ¢, ; and the results of Theorem 4.3.1 imply that all of the necessary
quantities in steps (1) and (2) sum to 1. We show that each tanglegram of size n can be
generated in two ways, and each of these possibilities has probability %

Consider a planar tanglegram 7 with |Irr(7)] > 3. To generate 7 in the algorithm, we

must first generate one of the layouts of Irr(7) in step (1). Theorem 4.2.1 implies that there

hrene 1 cnk
tn 2h T 2t

are two possibilities £; and L5, and observe that each of them has probability
of being generated. For each L;, a unique list of tanglegrams (’7;]-)?:1 must replace the

matched leaves in £; from top-to-bottom to construct 7. Letting a; ; = |7; ;|, we see in that

taQ...ta,C 1

. = L Hence,
Cn,k taltag---vtak Cn,k

1
Cn,k

the probability (7;,]-)?:1 is generated in step (2) is given by Loy

each of the two ways of generating 7 has probability 027;—: . = i of being generated, so
the probability 7 is generated is %

Next, consider a planar tanglegram 7 with |Irr(7)| = 2. This requires first generating
the unique layout £ for the unique planar tanglegram of size 2. If n = |T| is odd, then
two possibilities (77,75) and (7%,71) extend £ to T. Letting a1 = |7;| and ay = |72/, the

probability of obtaining 7 is given by

h2 Cp,2 tal ta2 1 4 ta2 ta1 1 1
tn 2Cn72 Zfaltaz 2Cn72 tag tal

Note that hy = 1, so this term disappears in the product above.
Now consider when n = |7 is even. Suppose T requires replacing the matched leaves in

L with the same tanglegram 7’. With probability n/2 L we generate 7' twice in the

2¢cn 2 ’ tn/2

first case of (2¢), so T has a
hatns tap 11

tn 2Cn,2 Zfn/? Qtn

probability of being generated this way. The probability of generating T by generating 7~
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twice in the second case of (2c) is

hQCn,Q ) (1 o tn/2 ) ) tn/Qtn/Q . 1
tn 2071,2 Z?;ll tztn—z tn/2tn/2

Using Theorem 4.3.1, hy = 1, and ¢, 2 = %, 2, this simplifies to

Cn,2 . Zizl hzhn—z 1 1

tn 20n,2 Z?:_ll tztn—z - 2tn .

The case when 7T requires replacing matched leaves in £ with two distinct tanglegrams is
done using the same properties, where we note that there is no way to generate 7 in the

first case of (2¢) but two ways to generate it in the second case. ]

Note that the procedure in Theorem 4.3.2 can be applied recursively when generating
{T:}%_,, except that the tanglegrams of size 1 and 2 should be generated directly since they
are unique. For efficiency reasons, one can also directly generate all planar tanglegrams
below a certain size. From this, we see that uniform sampling of planar tanglegrams can
be reduced to computation of the coefficients in T'(z,y) and uniform sampling of irreducible

planar tanglegram layouts.

4.4 Pairs of disjoint triangulations

In this section, we consider the problem of uniformly sampling pairs of disjoint triangula-
tions, which is equivalent to uniformly sampling irreducible planar tanglegram layouts by
Theorem 4.2.2. In Subsection 4.4.1, we construct our flip graph D,, on the pairs of disjoint
triangulations of an n-gon. We then establish Theorems 4.1.2 and 4.1.3 using Theorem 4.4.4
and Theorem 4.4.6. In Subsection 4.4.2, we describe the operation on irreducible planar

tanglegram layouts that corresponds to flips in D,,.
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4.4.1 A flip graph on pairs of disjoint triangulations

Throughout this subsection, we fix a labeling of the convex n-gon using [n] = {1,2,...,n},
and use pairs (a,b) with a,b € [n]| to denote diagonals. For a triangulation 7', we use the
notation (a,b) € T to denote that the diagonal (a,b) is in the triangulation 7.

If (a,b) is a diagonal of a triangulation 7', then deleting (a, b) creates a unique quadri-
laterial (a,a’,b,b") for some o',b' € [n]. A flip at (a,b) € T replaces (a,b) with (da’,V'),
resulting in another triangulation of the n-gon. We extend the flip operation to pairs of

disjoint triangulations. An example is shown in Figure 4.6.

Definition 4.4.1. Let (T3, T,) be an ordered pair of disjoint triangulations of an n-gon, and

suppose (a,b) € T; for some i € [2]. A flip at (a,b); € (T1,T3) is defined as
(a) flip (a,b) € T;, and
(b) if the resulting diagonal (a’,¥’) is in T} for j # i, then flip (a/, V') € T}.

When only (a) is performed, we refer to this as a single flip, and when both (a) and (b) are

performed, we refer to this as a double flip.
2 1 2 1 2 1 2 1
3@6 3@6 — 3@6 3 6
4 5 4 ) 4 ) 4 )
§ ; - §§
Figure 4.6: A (double) flip at (2,4); with the corresponding irreducible planar tanglegram
layouts shown.

Lemma 4.4.2. Let (T1,T3) be an ordered pair of disjoint triangulations of an n-gon. If
(T7,T3) is obtained from (T1,T3) by a flip at (a,b);, then (T1,T%) is also a pair of disjoint

triangulations. Furthermore, (T1,Ty) can also be obtained from (T7],T}) by some flip.
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Proof. Without loss of generality, assume we flip the edge (a,b) € T} to obtain 7. If after
the flip, the new diagonal (a’,b") does not coincide with any diagonals of 75, then we are
done. Note that in this case, we have that T, = T3, and the flip (a’,b")2 allows us to obtain
(T1,T3) from (17,T3).

Otherwise, we flip (a/,b") in the second polygon to obtain Tj. The resulting diagonal
(a",0") crosses (a/,V'), and hence cannot appear in 7]. Hence, (T7,T3) is a pair of disjoint
triangulations. In this case, observe that the flip (a”,b")y allows us to obtain (77, 75) from

(13, T3). =

The mutual reachability between two pairs of disjoint triangulations allows us to now

formally define the flip graph on pairs of disjoint triangulations.

Definition 4.4.3. Let D,, denote the (undirected) graph with vertices corresponding to

ordered pairs of disjoint triangulations of an n-gon and adjacency given by flips.

Observe that D3 is a single vertex graph and D, is a path graph on two vertices. Hence,
we are primarily interested in the cases n > 5.

For a given (11,T5) € D, there are 2(n — 3) diagonals on which a flip can be performed.
It is not difficult to see that if n > 5, then flipping at different diagonals results in different

pairs of disjoint triangulations.
Lemma 4.4.4. For any integer n > 5, the flip graph D, is simple and 2(n — 3)-regular.

Proof. 1t suffices to show that for any pair (7}, 73) of disjoint triangulations, a flip at (a,b) €
Ty and a flip at (¢,d) € Ty cannot result in the same pair (77,73). Let (a’,V) € T] and
(¢, d’) € Ty be the diagonals obtained by flipping (a,b) € T} and (¢, d) € T» respectively. If
(T7,T%) is obtained from (77, 73) by flipping (a,b) € T, then (¢’,0') = (¢,d), and if (T7,T3)
is obtained from (77,73) by flipping (¢,d) € T, then (¢/,d’) = (a,b). This implies that
(a,c,b,d) is a quadrilateral in both T} and T5. Since n > 5, this implies that 77 and Ty share

a diagonal, which is a contradiction. O

Let 7, denote the flip graph for triangulations of an n-gon. For any triangulation S of

an n-gon, the subgraph of 7,, induced by the set of triangulations disjoint from S is denoted
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7.(S). Pournin showed in [Poul4] that the diameter of T, is 2n — 10 for n > 12. We show
connectedness of D,, and a linear diameter bound for D, by first showing corresponding

statements for 7,(95).

Theorem 4.4.5. Let n > 5, and let S be a triangulation of the n-gon. Then T,(S) is

connected, and its diameter is at most 2n — 8.

Proof. Every triangulation contains a diagonal of the form (i, +2), so we assume without loss
of generality that S contains the diagonal (2,n). Let A denote the triangulation consisting of
{(1,) : 3 <i < n—1}, which is called a standard triangulation in Chapter 1 of [DLRS10]. We
show that every triangulation 7" disjoint from S is connected to A by a path in 7,(S) of length
at most n—4. In fact, we claim that if T’ contains d edges of the form {(1,7) : 3 <i <n—1},
then it is connected to A by a path in 7,(S) of length at most n — 3 — d. Note that d > 1,
as (2,n) ¢ T implies the existence of some diagonal of the form (1,7).

We prove the claim by induction on n — 3 —d. If d = n — 3, then T'= A, and these
triangulations are connected by a path of length n — 3 — (n — 3) = 0 as needed. Now
suppose d < n — 3, and let 3 < 41 <19 < ... < ig < n — 1 denote the indices such that
(1,7;) € T for all 4;. Since d < n — 3, it must be that i;,; —¢; > 1 for some j € {1,...,d}.
Consider the polygon with vertices {1,4;,7;+1,4;+2,...,4;41} with triangulation 77 induced
by T. Observe that 77 cannot contain any edges of the form (1,%¢), and since i;, 1,741 are
consecutive vertices, this can only occur if (i;,4;41) € T7. Flipping this diagonal results in
(1,7) for some i; < " < i;41. Note that this diagonal (1,¢') cannot appear in S since S
contains (2,n). Hence, flipping (i;,%;41) in 7" results in some triangulation 7" disjoint from
S that contains d 4+ 1 diagonals of the form {(1,7) : 3 < i < n — 1}. By the inductive
hypothesis, 7" and A are connected by a path in 7,(S) of length at most n —3 —d — 1, and
hence T is connected to A by a path in 7,(5) of length at most n — 3 — d.

Now let T7 and T, be any two triangulations disjoint from S. Choosing A as above, we
see that each T; is connected to A by a path of length at most n — 4 in 7,(S), implying T}

and Ty are connected by a path of length at most 2n — 8. O

Pournin’s result for diam(7,) when n > 12 combined with known values for 5 <n < 12
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implies that for all n > 5, we have diam(7,) < 2n — 8. Hence, the above result implies the

following statements for D,,.

Corollary 4.4.6. Forn > 5, the flip graph D,, is connected and

diam(D,,) < diam(T,) + 2n — 8 < 4n — 16.

Proof. Let (T1,Ts),(T3,Ty) € D,,. Then there is a path of length at most diam(7,) in D,
from (11,T3) to (T3, T) for some T disjoint from 73. By Theorem Theorem 4.4.5, there is a
path from (73,7T) to (T3,T4) of length at most 2n — 8 in D,,. O

It is well known that a random walk on a regular connected graph converges to the
uniform distribution in total variation distance if it is aperiodic. Aperiodicity follows from
the fact that D,, contains cycles of size 3 for all n > 5, which is shown using the standard
triangulations in Figure 4.7. This implies that Theorem 4.1.2 follows from Theorem 4.1.3,

which is immediate from Theorem 4.4.4 and Theorem 4.4.6.

Figure 4.7: A pair of disjoint triangulations where two sequences of flips (n,2),,(2,4); and
(n,2)q, (1,3)2, (2,4); both result in the original pair again.

4.4.2 Rotations of irreducible planar tanglegram layouts

In this subsection, we establish the operation on planar layouts of irreducible planar tangle-
grams that corresponds to flips in pairs of disjoint triangulations. Our operation uses the
well-known rotation on plane binary trees, which is given in Figure 4.8. Note that our re-
sulting correspondence is not the first of its kind, and we refer the reader to [STT88, Lemma

1] for one such example.

Lemma 4.4.7. Let P be a rooted plane tree and T be its plane dual triangulation. The

following operations correspond:
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N

rotation at u

Figure 4.8: The rotation operation on rooted binary trees. A portion of the plane duals are
shown in blue.

e a rotation at vertex v € V(P), and

e a flip at the diagonal inT corresponding to the two regions separated by the edge between

v and its parent.

Proof. Suppose v is the left child of its parent u. If the regions of the plane dual surrounding
v and u are {a, b, ¢, d} as in Figure 4.8, then observe that a rotation at v replaces the diagonal
(a,c) in the dual with (b, d) while preserving all remaining diagonals. This is precisely a flip
at the diagonal (a,c). When v is the right child of its parent, then a similar argument

applies. ]

We now generalize the rotation operation to planar layouts of irreducible planar tangle-
grams. Note that any such planar layout is determined by the two component plane binary
trees P, and P, as all edges between matched leaves must be horizontal. Hence, we denote a
planar layout simply as (P, P,). Furthermore, in the plane dual bijection of Theorem 4.2.2,
if two vertices v and v form the roots of a proper subtanglegram, then the regions adjacent

to their parent edges form the shared diagonal in the dual of (P, P).

Definition 4.4.8. Let (P, P,) be a planar layout of an irreducible planar tanglegram. A
rotation at u € V(P;) UV (P,) is defined as

(a) rotate u € V(F;), and

(b) if a proper subtanglegram is formed, then rotate at the vertex v € V(P;) whose subtree

forms part of a proper subtanglegram, where j # i.
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Theorem 4.4.9. Let L,, be the graph on planar layouts of irreducible planar tanglegrams of

size n with edges given by rotations. Then L, is isomorphic to Dy 1.

Proof. A bijection between the vertices of £, and D, is given by Theorem 4.2.2, so
it suffices to show that the rotation and flip operations correspond appropriately. Let
(P, P), (Py, Py) € V(L) with respective plane dual pairs of triangulations (71, T3), (17, T3) €
V(Dy+1). We claim that (P], Py) can be obtained by some rotation in (Py, P,) if and only if
(T7,T3) can be obtained by some flip in (77, T5).

Suppose (P], Py) can be obtained from (P;, P,) by some rotation, which we assume with-
out loss of generality is at some v € V(P;). By Theorem 4.4.7, we have that 77 is obtained
from T by some flip. If (P}, P;) does not contain any proper subtanglegrams, then the result
follows. Otherwise, a proper subtanglegram in (P], P,) corresponds to a shared diagonal in
(T7,T3), and we know that there is only one shared diagonal in (77, T3). Observe that there is
a unique flip in 75 that removes the shared diagonal in (77, 7%). The rotation in P, described
in Theorem 4.4.8(b) removes the proper subtanglegram in (P/, P»), and hence this rotation
in P, and the necessary flip in 73 must coincide. We conclude that (77, 73) is obtained from

(Ty,Ts) by some flip. A similar argument implies the converse. ]

4.5 Open Problems

Running the Markov chain on D,, from Theorem 4.1.2 sufficiently many iterations allows for
approximately uniform sampling of pairs of disjoint triangulations. Determining the number

of iterations needed remains open, similar to the Markov chain in [HT11].

Problem 1. Determine the mizing time of the Markov chain from Theorem 4.1.2 and the

meanders Markov chain from [HT11].

Note that a trivial upper bound for the mixing time of the Markov chain on D, is
O(|V(D,)|?) [LP17, Proposition 10.28]. We suspect that this bound can be improved signifi-

cantly because the mixing time for a random walk on 7, is polynomial in n [MT97, MRS01],
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while |V(D,,)| grows rapidly with respect to n [RRW18]. The computer data given in Ta-

ble 4.2 supports our suspicion that O(|V(D,)|?) is not a useful upper bound for the mixing

time of D,,.
n 5 6 7 8 9
V(D,)| 10 68 546 4872 46782
iterations 3 7 14 25 39
o9 0.5590... 0.7287... 0.8478... 0.9512... 0.9677...

Table 4.2: For each n, the number of iterations needed for the total variation distance from
the uniform distribution to be smaller than 1/4 regardless of the initial vertex chosen, and
the second largest eigenvalue of the transition matrix.

The Markov chains discussed in this chapter allow for near-uniform generation of the
corresponding elements. Another natural question is what properties a “typical” element
has. One surprising result of [KW16] is that as n — oo, generating a tanglegram of size
n uniformly at random becomes similar to generating two rooted plane binary trees on n
leaves independently and uniformly at random. Konvalinka and Wagner used this result to

establish asymptotic properties of tanglegrams.

Problem 2. Study properties of pairs of disjoint triangulations, meanders, and planar tan-
glegrams generated uniformly at random. In the case of planar tanglegrams, establish ana-

logues of results in [KW16].

Known enumerative results for meanders [OEI, A005315] and pairs of disjoint triangula-
tions [RRW18] imply that these objects are not in bijection with each other. However, it is

possible that other connections exist by applying certain bijections between Catalan objects.

Problem 3. Exzplore connections between pairs of disjoint triangulations, meanders, and

other pairs of Catalan objects satisfying some property.

Finally, we pose a problem involving our construction of D,,. Our techniques on D,, can

be generalized much further in the broader language of polyhedra.

Problem 4. For a given simple polytope P, explore the graph on pairs

{(u,v) :u,v € V(P), u and v are not contained in the same facet}
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with edges constructed in a manner similar to in D,,. Determine what analogues of Theo-

rem 4.1.3 hold and when this is the graph of an abstract polytope.
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