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Three-body recombination in helium-helium–alkali-metal collisions at cold temperatures is studied using the
adiabatic hyperspherical representation. The rates for the three-body recombination processes 4He+ 4He+X
→ 4He+ 4HeX and 4He+ 4He+X→ 4He2+X, with X= 7Li, 23Na, 39K, 85Rb, and 133Cs, are calculated at nonzero
collision energies by including not only zero total angular momentum, J=0, states but also J�0 states. The
three-body recombination rates show a relatively weak dependence on the alkali-metal species, differing from
each other only by about one order of magnitude, except for the 4He-4He-23Na system.
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I. INTRODUCTION

Three-body recombination is a three-particle process in
which two particles form a bound state and the third one
carries away the binding energy. This process has attracted
much interest since it is one of the most important loss
mechanisms for trapped ultracold atoms. It is also important
in nuclear physics and in the chemical dynamics of combus-
tion and gas-phase systems. Several experiments have been
carried out on ultracold atomic gases, emphasizing the im-
portance of three-body recombination to determining the
lifetime and stability of these gases �1–3�. One of the most
remarkable tools in these investigations is the use of external
magnetic fields near a Feshbach resonance to control the
atomic interactions, which is characterized by the two-body
s-wave scattering length a. It is also through the measure-
ment of three-body recombination rates, exploiting a Fesh-
bach resonance in an ultracold gas of 133Cs atoms �4�, that
evidence of Efimov physics �5–7� was experimentally seen
for the first time.

On the theoretical side, there have also been numerous
studies of three-body recombination in the past decade. Most
of these investigations use model interaction potentials,
based on the assumption that the three-body recombination
rates in the ultracold limit depend solely on the two-body
scattering length a, but not on the precise shape of the two-
body interaction potential. From earlier studies, the recombi-
nation rate of three identical bosons was predicted �8–11�
�and verified experimentally �3�� to increase with the scatter-
ing length as a4. More recently, a review summarizing the
developments in analytical treatments of zero-temperature
recombination has appeared �12�. D’Incao and Esry �13� pre-
sented both the energy and scattering length dependence of
the three-body recombination rate as well as those of the
vibrational relaxation and collision-induced dissociation
rates for systems including three identical bosons, two iden-
tical bosons, and two identical fermions.

Thus far, however, besides the Ne-Ne-H system studied
by Parker et al. �14�, triatomic helium systems are the only
realistic systems that have been treated fully quantum me-

chanically in the studies of ultracold three-body recombina-
tion. The treatment of triatomic 4He systems is simple com-
pared to other atomic species because there exists only one
dimer bound state that has zero orbital angular momentum
l=0. The large numbers of atom-molecule channels present
for other realistic systems currently pose difficulties for the-
oretical treatments. Several sophisticated helium dimer inter-
action potentials have been developed, such as the LM2M2
potential by Aziz and Slaman �15�, and the HFD-B3-FCI1
potential by Aziz et al. �16�. The latter potential has been
used to calculate the three-body recombination rates of 4He
atoms �17–19�. Kolganova et al. �20� used the LM2M2 and
other potentials to study ultracold collisions of 3,4He atoms
with 4He2 dimers. Jeziorska et al. �21� and Cencek et al. �22�
recently developed not only a helium dimer potential, but
also the retardation corrections and the nonadditive three-
body term, which we adopted in our previous work �23� to
calculate the rates for the recombination processes 4He
+ 4He+ 3,4He→ 4He2+ 3,4He, as well as the collision-induced
dissociation rates.

In addition to the well-studied triatomic helium systems,
there exist other examples of triatomic systems that have
only a small number of atom-molecule channels. The inter-
action potentials between He and alkali-metal atoms, for in-
stance, have very shallow wells. These potentials have been
investigated since the 1970s by Dehmer and Wharton �24�
from scattering experiments. Theoretically, the interaction
potentials for the helium–alkali-metal systems have been ob-
tained by Kleinekathöfer �25,26�. It turns out that the He–
alkali-metal potentials are even weaker than the He-He po-
tential �see Fig. 1� and the 4He–alkali-metal systems support
only one bound state with zero orbital angular momentum
l=0, as well, whereas among the 3He–alkali-metal systems
only 3He-23Na has one bound state with l=0. Therefore, it
follows that for the helium-helium–alkali-metal �4He-4He-X�
systems there exist only two atom-molecule channels: one
corresponding to 4He+ 4HeX and the other to 4He2+X.

In this paper, we study three-body recombination for cold
helium-helium–alkali-metal systems. This work extends the
previous investigations in Refs. �17–19,23�, which dealt with
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cold three-body recombination of helium triatomic systems.
Such a collision process is important in ultracold gas experi-
ments using buffer-gas cooling, since it might limit the life-
times of the trapped atoms. The theoretical treatment of
4He-4He-X systems is still relatively simple since there exist
only two atom-molecule channels, as mentioned above. We
calculate the rates for the three-body recombination pro-
cesses 4He+ 4He+X→ 4He2+X and 4He+ 4He+X→ 4He
+ 4HeX at finite temperatures, taking into account not only
zero total orbital angular momentum, J=0, states but also J
�0 states. As far as we know, this is the first time that
three-body recombination for these systems has been stud-
ied. We adopt the He-He dimer interaction potential by Jezi-
orska et al. �21� and the Kleinekathöfer-Tang-Toennies-Yiu
�KTTY� helium–alkali-metal potential by Kleinekathöfer et
al. �26�.

The key ingredient in our numerical calculations is the
adiabatic hyperspherical representation �17,27,28�. A modi-
fied version of the Smith-Whitten coordinate system
�17,23,29,30� is combined with specific boundary conditions
to impose the permutation symmetry of the two bosonic 4He
atoms. The R-matrix method �31,32� is then used to obtain
the scattering S matrix, which allows us to calculate the
three-body recombination rates K3. Note that the rate equa-
tion for the density of helium atoms in a thermal gas can be
written as

dnHe

dt
= −

2

2!
K3

He2nHe
2 nX −

1

2!
K3

HeXnHe
2 nX, �1�

where nHe and nX designate the densities of helium and
alkali-metal atoms, respectively; and K3

HeX and K3
He2, the rates

for three-body recombination 4He+ 4He+X→ 4He+ 4HeX
and 4He2+X, respectively.

This paper is organized as follows. We explain our
method and give all necessary formulas for calculating the
three-body recombination rates in Sec. II. The results and
discussion are presented in Sec. III. A summary of this work
is given in Sec. IV. We use atomic units throughout except
where explicitly stated otherwise.

II. METHOD

We solve the Schrödinger equation for three interacting
atoms using a combination of the adiabatic hyperspherical

representation �17,23,27,28� and the R-matrix method
�31,32�. In the adiabatic hyperspherical representation, we
calculate eigenfunctions and eigenvalues of the fixed-
hyperradius Hamiltonian in order to construct a set of
coupled radial equations. The R-matrix method is then used
to extract the scattering matrix from these coupled equations.
The method employed is largely the same as detailed in Refs.
�17,23�. We thus give here only a brief outline and note any
differences.

After separation of the center-of-mass motion, any three-
particle system �in the absence of an external field� can be
described by six coordinates. Three of these can be chosen as
the Euler angles �, �, and � that specify the orientation of
the body-fixed frame relative to the space-fixed frame. The
remaining three internal coordinates can be represented by a
hyperradius R and two hyperangles � and �. To define these
internal coordinates, we use a slightly modified version of
the Smith-Whitten hyperspherical coordinates
�17,23,29,30,33,34�. The hyperspherical coordinates �R ,	�
��R ,� ,� ,� ,� ,�� used in this work are defined in Ref. �23�.

We rewrite the Schrödinger equation in terms of a res-
caled wave function, which is related to the usual
Schrödinger solution 
E�R ,	� by �E�R ,	�=R5/2
E�R ,	�.
The volume element relevant to integrals over ��E�R ,	��2
then becomes 2dR sin 2�d�d�d� sin �d�d�. The
Schrödinger equation for three particles interacting through
the potential V�R ,� ,�� now takes the form

�−
1

2�

�2

�R2 +

2

2�R2 +
15

8�R2 + V�R,�,����E�R,	�

= E�E�R,	� , �2�

where 
2 is the squared “grand angular-momentum opera-
tor” and its expression is given in Refs. �17,30,34�. The
three-body reduced mass � is given by

�2 =
m1m2m3

m1 + m2 + m3
, �3�

where mi �i=1,2 ,3� are the masses of particle i. In our con-
vention, we shall designate the alkali-metal atom as particle
1 and the 4He atoms as particles 2 and 3.

The interaction potential V�R ,� ,�� used in this work is
expressed as a sum of three two-body terms,

V�R,�,�� = vHeX�r12� + vHeHe�r23� + vHeX�r31� , �4�

where rij are the interparticle distances. For the helium dimer
potential vHeHe�r�, we use the representation of Jeziorska et
al. �21�, and for the helium–alkali-metal potentials vHeX�r�
the KTTY representation of Kleinekathöfer et al. �26�. These
potentials are plotted in Fig. 1. Our interaction potential in
Eq. �4� includes neither retardation nor nonadditive three-
body terms. Based on our experience in Ref. �23�. and the
fact that helium atoms are not very polarizable, we do not
expect the three-body term to contribute significantly. Retar-
dation, however, may have a substantial effect on the rates
�23�. To our knowledge, retardation corrections for HeX sys-
tems are not available. The 4He2 and 4HeX bound-state en-
ergies Evl=E00 and the scattering lengths a calculated with
these interaction potentials are summarized in Table I. These

5 10 15 20
r (a.u.)

-30

-20

-10

0

10

v H
eH

e,
H

eX
(r

)
(1

0-6
a.

u.
)

HeHe

HeLi

HeNa
HeK

HeRb
HeCs

FIG. 1. �Color online� Helium dimer potential curve vHeHe�r�
taken from Ref. �21�. and helium–alkali-metal vHeX�r� potential
curves from Ref. �26�.
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values agree well with the ones given by Refs. �21,26�.
The first step that must be carried out is to solve the

fixed-R adiabatic eigenvalue equation for a given symmetry
J�, with � the total parity, to determine the adiabatic eigen-
functions �or channel functions� and eigenvalues �or poten-
tial curves�. The adiabatic eigenfunction expansion gives the
wave function �E�R ,	� in terms of the complete orthonor-
mal set of angular wave functions ���R ;	� and radial wave
functions F�E�R�

�E�R,	� = 	
�=0

�

F�E�R����R;	� . �5�

The channel functions ���R ;	� and the potential curves
U��R� are eigenfunctions and eigenvalues of the five-
dimensional partial differential equation

� 
2

2�R2 +
15

8�R2 + V�R,�,������R;	� = U��R����R;	� ,

�6�

whose solutions depend parametrically on R. Insertion of
�E�R ,	� from Eq. �5� into the Schrödinger equation from
Eq. �2� results in a set of coupled ordinary differential equa-
tions

�−
1

2�

d2

dR2 + U��R� −
1

2�
Q���R��F�E�R�

−
1

2�
	

����

�2P����R�
d

dR
+ Q����R��F��E�R� = EF�E�R� .

�7�

The coupling elements P����R� and Q����R� involve partial
first and second derivatives of the channel functions �� with
respect to R, and are defined as follows:

P����R� = 

���R;	�� �

�R
�����R;	��� , �8�

and

Q����R� = 

���R;	�� �2

�R2�����R;	��� . �9�

The double-bracket matrix element signifies that integrations
are carried out only over the angular coordinates 	.

In order to solve the adiabatic Eq. �6�, we expand the
channel function on Wigner D functions �17�

���R;	� = 	
K

�K��R;�,��DKM
J ��,�,�� . �10�

The quantum numbers K and M denote the projections of J�
onto the body-fixed and space-fixed z axes, respectively. K
takes the values J ,J−2, . . . ,−�J−2� ,−J for the “party-
favored” case, �= �−1�J, and J−1,J−3, . . . ,−�J−3� ,−�J
−1� for the “parity-unfavored” case, �= �−1�J+1, since K
should be even for even parity and odd for odd parity �30�.
The resulting complex coupled equations in � and � are
solved by expanding �K��R ;� ,�� onto a direct product of
fifth order basis splines �35� in � and �.

The identical particle symmetry of the two 4He atoms can
be built into the adiabatic equations via the boundary condi-
tions. If we let particles 2 and 3 be the identical ones, then
the permutation operation P23 corresponds to

� → 2� − �, � → � + �, � → � − �, � → 2� − � ,

DKM
J → �− 1�JD−KM

J . �11�

Consideration of this operation results in boundary condi-
tions at �=0,

�− 1�J+K�−K��R;�,0� = �K��R;�,0� ,

�− 1�J+K+1� ��−K�

��
�

�=0
= � ��K�

��
�

�=0
, �12�

and at �=�:

�− 1�J�−K��R;�,�� = �K��R;�,�� ,

�− 1�J+1� ��−K�

��
�

�=�

= � ��K�

��
�

�=�

. �13�

With these, we need only consider the range �� �0,��. Note
that these boundary conditions differ from those described in
Refs. �17,23�, and the so-called postsymmetrization proce-
dure used there is no longer necessary.

We generate the basis splines for � from 100 mesh points,
while we use 120 mesh points for �. For small hyperradii R,
a uniform mesh is employed; for large R, the mesh is de-
signed so that it becomes dense around the two-body coales-
cence points at �� ,��= (� /2,�−2 arctan�m2 /��) and
�� /2,�� where the potential surface V�R ,� ,�� changes
abruptly. This leads, for example, to a total basis size of
50 752 in the case of the 3− symmetry. We autoparallelize the
computer program in order to run it on multiple CPU cores.
Typically, a calculation of the 15 lowest eigenvalues of the
adiabatic Eq. �6� takes about 12 minutes of wall clock time
using eight 1.6-GHz-Itanium2 CPU cores on an SGI Altix
4700 supercomputer.

TABLE I. 4He2 and 4HeX bound-state energy E00 �1 a.u.
=3.1577465�108 mK� and scattering lengths a calculated with the
two-body potentials from �21,26�.

System
E00

�a.u.�
E00

�mK�
a

�a.u.�
a

�Å�

4He2 −5.472�10−9 −1.728 165.4 87.53
4He7Li −1.780�10−8 −5.622 92.29 48.84

4He23Na −9.178�10−8 −28.98 44.14 23.36
4He39K −3.547�10−8 −11.20 62.96 33.32

4He85Rb −3.253�10−8 −10.27 64.27 34.01
4He133Cs −1.566�10−8 −4.945 85.63 45.31
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In practice, we solve the adiabatic Eq. �6� for a set of
about 200 radial grid points Ri up to R
2000 a.u. in order
to obtain the potential curves U��R� and the coupling matrix
elements P����R� and Q����R�. For R�2000 a.u. these are
extrapolated using their known asymptotic forms. The other
details of the numerical calculations are explained in Refs.
�17,23�.

III. RESULTS AND DISCUSSION

Since both the 4He2 and 4He–alkali-metal molecules have
only a single l=0 bound state, three-body recombination is
allowed only for the parity-favored cases, that is, �= �−1�J.
In the following, we therefore limit ourselves to J�

=0+,1− ,2+, etc. For each of these cases, the lowest adiabatic
potential curve �=0 corresponds asymptotically to a
4He–alkali-metal molecule with one 4He atom far away.
Since this molecule has only l=0, the orbital angular mo-
mentum of the relative motion between the molecule and the
atom should be l2,31=J. This potential asymptotically be-
haves as

U0�R� −
1

2�
Q00�R� → E00

HeX +
l2,31�l2,31 + 1�

2�R2 , for R → � ,

�14�

where E00
HeX is the energy of the 4He–alkali-metal molecule.

The second lowest adiabatic potential curve �=1 corre-
sponds asymptotically to two 4He bound in a dimer with the
alkali-metal atom far away, with the angular momentum of
the relative motion l1,23=J. Similarly, this potential asymp-
totically behaves as

U1�R� −
1

2�
Q11�R� → E00

He2 +
l1,23�l1,23 + 1�

2�R2 , for R → � ,

�15�

where E00
He2 is the energy of the 4He dimer. All the higher

channels �=2,3 , . . . for each J� correspond to three-body
continuum states i.e., all three atoms far away from each
other as R→�. Recall that in the adiabatic hyperspherical
representation the three-body continuum is rigorously dis-
cretized since the adiabatic Hamiltonian depends only on the
bounded hyperangles. These three-body continuum channel
functions correlate asymptotically to the hyperspherical har-
monics. Therefore, the corresponding potential curves be-
have as

U��R� →
��� + 4� +

15

4

2�R2 , for R → � . �16�

In principle, � can take on any non-negative integer value,
but their possible values are restricted by the requirements of
permutation symmetry �36�. Figure 2 shows the potential
curves U��R� as functions of the hyperradius R for the
4He-4He-7Li system with the J�=0+ symmetry. Note that we
have also calculated potential curves for the other
4He-4He–alkali-metal systems with several symmetries J�,

but they present similar features as the J�=0+ 4He-4He-7Li
potential curves.

The scattering observables were obtained by solving the
coupled Eqs. �7� using a combination of the finite element
method �FEM� �32� and the R-matrix method �31,32�. Typi-
cally, about 12 adiabatic channels �thus �max=11� are used,
and 104 elements, in each of which fifth order polynomials
are used to expand the radial wave function, extend from R
=10 to 5�105 a.u. The scattering S matrix is then extracted
using the R-matrix method. Each energy took less than 1
minute of wall clock time using one 1.6 GHz Itanium2 pro-
cessor on an SGI Altix 4700 supercomputer. We have
checked the stability of the S matrix with respect to the final
matching distance, number of FEM sectors, and the number
of coupled channels, and have found our results accurate to
three significant digits.

When the three-body system has two identical bosonic
atoms, the total event rate constant for three-body recombi-
nation is expressed as

K3 =
k

�
�3 = 	

J,�
K3

J� = 2 ! 	
J,�

	
�=2

�max 32�2J + 1��2

�k4 �Sf←�
J� �2.

�17�

Here, �3 is the generalized three-body recombination cross
section, K3

J� the partial recombination rate corresponding to
the J� symmetry, and k= �2�E�1/2 the hyperradial wave num-
ber in the incident channel. Sf←�

J� represents scattering from
the initial three-body continuum channels ��=2, . . . ,�max� to
the final atom-molecule channels ��= f =0 or 1� for the J�

symmetry. The factor �2!� derives from the number of indis-
tinguishable bosonic particles.

Figure 3�a� shows the partial rates K3
J� for the J�=0+, 1−,

2+, 3−, 4+, and 5− symmetries and their total K3 for three-
body recombination 4He+ 4He+ 7Li→ 4He+ 4He7Li as func-
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FIG. 2. �Color online� Adiabatic hyperspherical potential curves
U��R� for the 4He-4He-7Li system with J�=0+. The first and sec-
ond lowest potential curves are the atom-molecule channels, and
correspond asymptotically to 4He+ 4He7Li and 4He2+ 7Li, respec-
tively. The higher channels represent the three-body continuum
channels, and the values of � indicate the asymptotic behavior of
the potential curves, as given in Eq. �16�. The inset shows the
threshold region at large hyper-radii.
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tions of the collision energy E. At the lower collision ener-
gies, the partial recombination rates behave as K3

J��E�min,
where �min is the minimum value of � in Eq. �16� allowed by
permutation symmetry. For J�=0+, 1−, 2+, 3−, 4+, and 5−

symmetries—that is, parity-favored cases—we have �min=0,
1, 2, 3, 4, and 5 respectively, as predicted by a generalized
Wigner threshold law �36�. This threshold behavior holds for
any triatomic system, including two identical bosons, inde-
pendent of the final recombination channel. For the whole
energy range 10−3�E�10 mK, the total of the partial re-
combination rates is converged to three digits with respect to
the number of symmetries J�, and thus can be considered as
the definitive total three-body recombination rate, unless the
J�=6+ or higher J states happen to be large. As a rule of
thumb, the threshold regime can be characterized as energies
smaller than the smallest energy scale which is typically a
molecular binding energy. For each partial rate, the threshold
regime is defined as the range of energies over which the
generalized Wigner threshold law holds and can only really
be determined a posteriori. This definition is sufficient theo-
retically, but only the total rate is physically observable, so
the experimental threshold regime can be defined as the en-
ergy range over which the 0+ rate dominates. The precise
energy ranges from these two definitions need not coincide,
especially when the 0+ rate is suppressed. In our case, the
smallest energy is the 4He2 binding energy of 1.7 mK. In Fig.
3�a�, the partial recombination rates satisfy the generalized
Wigner threshold law or the total rate is constant so that the
threshold regime is attained for E�0.02–0.06 mK—about
two orders of magnitude smaller than the binding energy.
This observation is in rough agreement with that for a purely
helium collision system �23�. In the ultracold limit E→0, we
obtain a total recombination rate of K3=5.12�10−28 cm6 /s.
For the energies larger than about 0.1 mK, the partial rates

with higher J become comparable to the 0+ rate.
The partial rates K3

J� and their total K3 for recombination
to the other available molecular channel, 4He+ 4He+ 7Li
→ 4He2+ 7Li, are presented in Fig. 3�b�. At the lower colli-
sion energies, their behavior matches the above discussed
threshold behavior. Unlike the 4He+ 4H7Li channel, how-
ever, the 5− rate contributes at the few percent level at higher
energies. The convergence of the total rate at energies above
roughly 1 mK is less certain. The 0+ partial recombination
rate oscillates slowly as a function of the collision energy,
while small oscillations are observed in the J�2 rates. In the
ultracold limit E→0, we obtain a total recombination rate of
K3=2.21�10−28 cm6 /s. This value is on the same order as
�and slightly smaller than� the one for 4He+ 4He+ 7Li
→ 4He+ 4He7Li.

The results for the three-body collision 4He+ 4He+ 23Na
resulting in 4He+ 4He23Na and 4He2+ 23Na are presented
in Figs. 4�a� and 4�b�, respectively. We notice that the
recombination rates to 4He+ 4He23Na are significantly
smaller than the ones to 4He+ 4He7Li shown above. The re-
combination rate to 4He+ 4He23Na is constant only for un-
usually low energies, that is, E�2 �K, and the 2+ partial
recombination rate becomes rapidly comparable to the 0+

rate at about 0.03 mK. However, the generalized Wigner
threshold law is satisfied for collision energies one order of
magnitude larger, so that, in this sense, the threshold regime
corresponds to energies E�0.03 mK. This is similar to the
case of recombination to 4He2+ 23Na in �b�, for which the
total recombination rate is constant only below about 1 �K
and the 2+ rate dominates over the 0+ rate at about E
=0.01 mK. In the ultracold limit E→0, the recombination
rate for 4He+ 4He+ 23Na→ 4He+ 4He23Na approaches K3
=2.28�10−29 cm6 /s, while the rate for 4He+ 4He+ 23Na
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J�=0+, 1−, 2+, 3−, 4+, and 5− symmetries as functions of the colli-
sion energy E for the three-body recombination processes �a� 4He
+ 4He+ 7Li→ 4He+ 4He7Li and �b� 4He+ 4He+ 7Li→ 4He2+ 7Li.
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→ 4He2+ 4He23Na tends to a nearly identical value of K3
=2.32�10−29 cm6 /s.

Figure 5 presents the three-body recombination rates for
the 4He-4He-39K system. In the same way, the results for
three-body recombination rates for the 4He-4He-85Rb and
4He-4He-133Cs systems are presented respectively in Figs. 6
and 7. We find that all these partial recombination rates ex-
hibit similar characteristics whichever alkali-metal species is
involved. In the zero-energy limit E→0, the total recombi-
nation rate K3 tends to a constant value where the 0+ partial
rate dominates. At higher collision energies �that is, more
than 10−2–10−3 mK depending on the species and channel�
the other symmetries—notably 2+—become dominant over
the 0+ symmetry, while the contribution from the 1− case is
relatively weak. Several energy-dependent oscillations can
be observed for the J�2 symmetries. The total three-body
recombination rates at the zero-energy limit are summarized
in Table II. Surprisingly, the rates for all systems lie within a
relatively narrow range with the largest only about a factor of
20 more than the smallest. Further, we note that the threshold
recombination rate for 4He+ 4He+ 4He→ 4He2+ 4He is 9.93
�10−28 cm6 /s and for 4He+ 4He+ 3He→ 4He2+ 3He is
9.83�10−27 cm6 /s �23�. Both of these are larger than any
rate found here.

Given the progress in understanding the universal behav-
ior of ultracold three-body scattering for weakly bound sys-
tems, it is tempting to try to analyze the present zero tem-
perature results in relation to the universal expressions for K3
�12,13,37�. Unfortunately, even though the HeX systems are
weakly bound, these scattering lengths do not generally sat-
isfy the universality requirement a�r0 where r0 is a charac-
teristic length scale of the two-body potentials. For van der
Waals potentials, one way to determine r0 uses the C6 coef-
ficient and the two-body reduced mass �2: r0= �2�2C6�1/4.

We obtain r0�21–28 a.u. for all of the HeX potentials. The
systems closest to this limit are 4He7Li and 4He133Cs with
a /r0
4. It is known, however, that 4He2—with
a /r0
16—is just barely in the universal regime, making it
unlikely that the present rates will show universal behavior.
Ignoring the likely nonuniversality of our results and apply-
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FIG. 5. �Color online� Partial rates K3
J� and their total K3 for the

J�=0+, 1−, 2+, 3−, 4+, and 5− symmetries as functions of the colli-
sion energy E for the three-body recombination processes �a� 4He
+ 4He+ 39K→ 4He+ 4He39K and �b� 4He+ 4He+ 39K→ 4He2+ 39K.
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J� and their total K3 for the

J�=0+, 1−, 2+, 3−, 4+, and 5− symmetries as functions of the colli-
sion energy E for the three-body recombination processes �a� 4He
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+ 85Rb.
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sion energy E for the three-body recombination processes �a� 4He
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ing the universal expectations anyway, we still face the ques-
tion of which universal results to use. These systems can be
treated as having three large, roughly equal scattering lengths
in which case �8,9,12�

K3 � a4 sin2�s0 ln
a

r0
+ �� , �18�

where s0 is a constant that depends on the mass ratio, � is a
short-range three-body phase that depends on the details of
the potentials, and a is taken to be �aHeHeaHeX

2 �1/3. These sys-
tems can also be treated as having two different scattering
lengths satisfying r0�aHeX�aHeHe. Under this condition, the
recombination rates should be �37�

K3
He2 � aHeHe

4 ,

K3
HeX � aHeX

2 aHeHe
2 sin2�s0 ln

aHeX

r0
+ �� . �19�

Finally, one might argue that only aHeHe is large enough to be
considered to be in the universal regime so that �38�

K3
HeHe � aHeHe

4 ,

K3
HeX � aHeHe

2 . �20�

Although these expressions would seem to indicate similar
rates for all X here, the missing proportionality constants
depend on the species. Since none of these scenarios apply
perfectly to the present systems due to the relatively small
scattering lengths, we simply plot �K3 versus aHeX /r0 in Fig.
8. We observe that the scattering length dependence �K3

HeX

� �aHeX /r0�4 holds for recombination to the heteronuclear
molecules. On the other hand, for a given alkali-metal spe-
cies, the recombination rate to the 4He dimer is roughly on
the same order as the rate to 4HeX molecules and satisfies the

same dependence, that is �K3
HeHe� �aHeX /r0�4. As stated

above, though, these systems really do not lie in the univer-
sal regime, so the analysis represented by Eqs. �18�–�20�
should not be expected to apply. The reason for such simple
behavior in this nonuniversal regime is not known, but is an
interesting question to explore.

IV. SUMMARY

In this work, we have studied three-body recombination
in 4He-4He–alkali-metal collisions at cold temperatures. We
have calculated the partial three-body recombination rates up
to the J=5 symmetry. In the ultracold limit, the total recom-
bination rate is constant and the J�=0+ symmetry dominates,
but at the collision energies larger than about 0.01 mK the
higher J states become rapidly dominant. We have also found
that the threshold regime is limited to unexpectedly low col-
lision energies, that is, less than some tens of �K when we
expected roughly 1 mK �the binding energy of 4He2�. The
rates K3 for recombination 4He+ 4He+X→ 4He+ 4HeX at
threshold depend on the 4He-X scattering length a and be-
have as K3�a4, whereas those for 4He+ 4He+X→ 4He2+X
are roughly on the same order as the ones to the hetero-
nuclear molecules. At low energies, all these recombination
rates are significantly smaller than the ones for 4He+ 4He
+ 3,4He→ 4He2+ 3,4He. As an extension of this work, the
He+X+X collision processes are also interesting, but the
large number of He+X2 channels for alkali-metal atoms X
currently pose technical difficulties.
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TABLE II. Total three-body recombination rates K3�E→0� in
the zero-energy limit for the 4He-4He–alkali-metal systems.

Initial channel Final channel
K3�E→0�
�cm6 /s�

4He+ 4He+ 7Li 4He+ 4He7Li 5.12�10−28

4He2+ 7Li 2.21�10−28

4He+ 4He+ 23Na 4He+ 4He23Na 2.28�10−29

4He2+ 23Na 2.30�10−29

4He+4He+ 39K 4He+ 4He39K 7.79�10−29

4He2+ 39K 8.34�10−29

4He+ 4He+ 85Rb 4He+ 4He85Rb 6.60�10−29

4He2+ 85Rb 8.53�10−29

4He+ 4He+ 133Cs 4He+ 4He133Cs 1.74�10−28

4He2+ 133Cs 1.45�10−28
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FIG. 8. �Color online� The filled circles show the mass-scaled
recombination rates �K3 for the processes 4He+ 4He+X→ 4He
+ 4HeX plotted against the 4He-X scattering length aHeX /r0 �X
= 7Li, 23Na, 39K, 85Rb, and 133Cs�. The filled triangles correspond
to recombination to the 4He dimer. The dashed line indicates the
�aHeX /r0�4 dependency of the mass-scaled rate.
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