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ODEPAKK: An Ordinary Differential Equations Package

John W. Shellenberger

ABSTRACT

ODEPAKK is a FORTRAN software package for the numerical
gsolution of the initial value problem for systems of ordinary
differential equations. The package is a combination and
modification of three previously developed ordinary differential
equation solvers.

ODEPAKK allows the user to employ either a variable-
stepsize, variable-order implicit Adams method or a variable-
stepsize, variable-order backward differentiation method in

solving a given system of ordinary differential equations.



INTRODUCTION

This report introduces ODEPAKK, a software package for the
numerical solution of the initial value problem for systems of
ordinary differential equations. The package combines most of
the features of the GEAR2, GEARBB, and GEARIBA, packages written
by A.C. Hindmarsh, while modifying these somewhat to allow
dynamic dimensioning of variables and including several general
purpose subroutines to relieve the user of providing equivalent
subroutines.

The ODEPAKK package consists of thirteen double precision
subroutines written entirely in ANSI Standard FORTRAN. The

package 1s readily convertible to single precision and trans-

portable to any sizable computer with a standard FORTRAN compiler.



CLASS OF PROBLEMS

The ODEPAKK package numerically solves the initial value
problem for systems of ordinary differential equations (0.D.E.'s)

of the general form:

Aly,t) * ¥ = g(y,t) , y(t)) =y, (1)

o

where A is an N by N matrix, and y = (yl,yz,y3,...yN), y = dy/dt,
and g are vectors of length N. Given the matrix A, the initial
value vector Yo and the function g{y,t), the ODEPAKK package
computes a numerical solution to the system at values of the
independent variable t. Several forms of Equation (1) are
identified within ODEPAKK,

For the matrix A{y,t) the identity matrix, the resulting

form of the ordinary differential equation is:

¥ = 8ly,t) , ylt) =y, .

Therefore, depending on the form of the Jacobian matrix,

g =328 _ [3,\N

ay

3
Iy,
Yil,3=1
ODEPAKK resembles the GEAR2 package when the Jacobian matrix is

represented in full form as an N by N matrix (ICASE = 1), and

resembles the GEARB3 package when the Jacobian matrix is rep-

I

resented in a banded structure (ICASE 2).
ODEPAKK uses the variable ICASE to specify the form of the

system of 0.D.E.'s under consideration, with the following values
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indicating:

TCASE = 1 , v = g(y,t), full Jacobian matrix;
=2 ,y=g(y,t), banded Jacobian matrix;
=3 ,A%y=g(y,t), full or banded Jacobian matrix.

For a non-identity matrix A(y,t), the form of the ordinary

differential equation to be solved is given by Equation (1).

This form of O.D.E. system is referred to as ICASE = 3. 1In

the original GEARIB4, the matrix A and the Jacobian matrix are
required to be of banded or nearly banded form. ODEPAKK eases
the restrictions placed upon the input form of the matrix A

and the Jacobilan matrix (required under certain method options
which are described in the next section), with modifications

that allow both matrices to be Input In either full or banded
form, or any combination. For the Jacobian matrix and the matrix
A in banded form, they need not be of the same bandwidth.

As do the GEARZ, GEARBB, and GEARIB4 packages, the ODEPAKK
software package has incorporated within it an implicit linear
multistep Adams method and an implicit linear multistep backward
differentiation method. The generalized Adams method being use-
ful in solving nonstiff problems whereas the generalized backward

differentiation formula Is useful in solving stiff problems., Imn

the next section these methods are briefly described.



METHODS USED

The ODEPAKK package uses the linear multistep methods of the

form:

§1 ;2
y_ = a, y _, th B: V.4 »
n i=1 3 ‘n-j 3=0 j "o~}

where Yy is an approximation to y(ti), ﬁi = f(yi,ti) is an approx-
imation to ?(ti), and h is a constant step size (h = Eogg = ti).

The two types of linear multistep methods available are the
implicit Adams methods (to order 12), and the backward differenti-
ation formula methods, or Gear's stiff methods (to order 53). For
an order q Adams method Kl = 1 and K2 = q-1, and for an order q
backward differentiation formula K1 = q and K2 = 0. The constants
aj and Bj are constants assoclated with the method and for Bo # 0,
the above equation for Y, is in general, an implicit nonlinear
algebraic system that must be sclved on every step.

To solve this system, three corrector, iteration methods are
available: functional iteration, Newton's chord method with an
analytic Jacobian matrix, and Newton's chord method with the
Jacobian matrix calculated internally by finite differences.

Due to the non-matrix treatment of the functional iteration method,
it is less expensive than the other two methods. However, there
is a loss in the speed of convergence and in general, a smaller

value of h is required for convergence. Newton's chord method

involves a matrix problem, therefore it is more expensive, while



at the same time it converges faster and for larger time step
sizes than does the functional iteration method,.

To compute the values of Y, using an integration formula
of order q and step size h, the following tasks are performed in
taking a time step. Based on the computed solution values at
previous times, an explicit prediction formula is used to estimate
the values of B These predicted values are then used as the
initial values for starting the nonlinear iteration process.

The correction is then performed by using either the functional
iteration or Newton's iteration method to solve the nonlinear
equations of order q for the new soluticn values, Yoo The step
size is reduced and the prediction-correction process is termin-
ated if the iteration process fails to converge.

For successfully computed values of y,» error estimates are
calculated. The values of y, are allowed if they are less than
the error tolerance, EPS. However, if the errors do not conform
to the error tolerance, the prediction-correction process is
repeated with a different h and/or a lower order q until the error
test is passed or a decision is made to terminate the attempt at
taking the time step.

After successfully taking a time step, or after an unsuccess-
ful attempt at taking a time step, a new step size h' and formula
order q' is determined. If the last time step was successful q'
may take on the values q-1, q, or q+l; if not, q' may take on the

values of g-1 or q. Based on the integration formulas of orders



q-1, q, and gq+l, estimates are made as to the respective maximum
time step sizes that may be used and still pass the ervor test.
The formula order that will allow the largest time step size is
then used, with that step size, for the next time step attempt.

A more complete and thorough discussion of these methods,
the control of error, the change of order and step size, and
procedure invelved in taking a time step may be found in references

l, 2, 3, 5, and 6.



INFORMATION REQUIRED IN THE MAIN PROGRAM TO SOLVE THE 0.D.E. SYSTEM

To define the system of ordinary differential equations to

be solved, the user must produce three subroutines and a main

program.

The following is a list and a short description of the

variables that must be defined in the main program. A more complete

description of the variables is given in the ODEPAKK algorithm

in the section describing the input parameters to ODEPARK.

TO

HO

YO

TOUT

EPS

INDEX

the number of first-order ordinary differential equations;
the initial value of the Iindependent variable t;

the initial step size to be attempted on the first step;
a vector of length N, defining the initial values of y

at TO. This vector must be dimensioned in the main
program;

the next value of t at which output is desired;

the relative error bound;

indicates the basic method to be used (Adams method or
backward differentiation method) and the method of
iterative solution (functional iteration, Newton's method
with analytic Jacobian, or Newton's method with Jacobian
calculated by finite differences);

an indicator of the type of call being made to ODEPAKK
(first call for the initialization, continue integration
to next value of TOUT, user has reset N and/or EPS, hit

TOUT exactly, or return output after every step);



ICASE -

MLA, MUA -

WORK -

IWORK -

the form of the 0.D.E. to be solved, the allowed
values are 1, 2, and 3;

the lower and upper bandwidths, respectively, of

the band in the Jacobian matrix. Not required for
ICASE = 1, or when functional iteration is requested
(see MF). If the Jacobian matrix is full then ML
and MU must be input as N-1;

the lower and upper bandwidths, respectively, of the
band in the matrix A. Required only for ICASE = 3.
If the matrix A is full then MLA and MUA must be
input as N-1;

an array used for working storage by the integrator.
It should be initially set to zerc and the array
should be dimensioned to have a size greater than or
equal to that described in the ODEPAKK algorithm;

an integer array which should normally be zero on
input and dimensioned with a length greater than or

equal to N+7.

A typical structure for the main program follows:



FORMAT OF MAIN PROGRAM

IMPLICIT REAL*8(A-H,0-Z)
DIMENSION YQ(#®#%%%%)  WORK(***%%) TIWORK(*¥*k*%)
COMMON /ODE3/ HUSED, NQUSED, NSTEP, NGE, NJE

STOP
END

The symbols **%%% are used to denote numbers which are
specified in the ODEPAKK algorithm under the description of
the input parameters to allocate working storage for the
integrator.

The user must initialize the integrator by setting the
constants N, TG, HO, YO, TOUT, EPS, MF, INDEX, ICASE, ML, MU,
MLA, and MUA. The user must also set the appropriate initial
conditions of the 0.D.E. system into the array YO.

CALL ODEPAK (N, TO, HO, YO, TOUT, EPS, MF, ICASE, INDEX, ML,
* MU, MLA, MUA, WORK, IWORK)

The user should check the variable INDEX for errors after
the initial call to the integrator. 1If no errors have occurred,
the results found in the array YO for time t = TOUT should be
output. TOUT may then be reset to the next output time and
then control should be returned to the call to ODEPAK again
to continue the time integration, or the problem may be termin-
ated. In the event an error has occurred, the user must insert

the appropriate logic to handle this situation.

e




SUBROUTINES TQO BE SUPPLIED BY THE USER

Three subroutines; AMAT, GFUN, and JMAT are to be supplied
by the user. The primary function cf each of these subroutines

follows:

1. Subroutine AMAT defines the matrix A(y,t) for a system of
0.D.E."'s of the form ICASE = 3. For ICASE = 1 and 2, AMAT
may be replaced by a dummy subroutine.

2. Subroutine GFUN computes the right-hand side, g(y,t), of a
system of 0.D.E.'s.

3. Subroutine JMAT computes the Jacobian matrix of‘partial
derivatives, J = 3g/dy. Used only for MITER = l; for MITER

= 0 and 2, JMAT may be replaced by a dummy subroutine.

The form of the three user-supplied subroutines AMAT, GFUN,

and JMAT follows:

] T



SUBROUTINE AMAT (N, MLA, MUA, T, Y, A)
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION Y(1),A(N,1)

This routine defines the matrix A(y,t), used when
ICASE = 3 (A(y,t) * (dy/dt) = g(y,t)).

For ICASE = 3; the user defines matrix A in full form
(as an N by N array) if MLA + MUA = 2 * (N-1); otherwise,
matrix A is defined in banded form (as an N by (MLA + MUA + 1)
array where A(I,J) is stored in location A(I,J-T4+MLA+1)).

The user provides, in the main program, the input
variables MLA and MUA.

Matrix A must not be defined as a diagonal matrix
{(i.e. MLA = MUA = 0).

For MF = 10 or 20, matrix A must be a constant matrix
with respect to T and Y.

For ICASE = 1 and 2; AMAT may be replaced by a dummy

subroutine.

-

RETURN

END

=12~




SUBROUTINE GFUN (N, T, Y, G)
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION Y(N),G(N)

-

This routine computes the function G(Y,T), the right-
hand side of the ordinary differential equation. Here Y
and G(Y,T) are vectors of length N.

GFUN is called in all cases.

RETURN
END

-13-




SUBROUTINE JMAT (N, ML, MU, T, Y, PW)
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION PW(N,1),Y(N)

This routine computes the Jacobian matrix of partial
derivatives of G(Y,T) = (G(1),G(2),...,G(N)).

For ICASE = 1, the Jaccbian is stored in PW as an N
by N array; where PW(I,J) is set to be the partial deriv-~
ative of G(I) with respect to Y(J).

For ICASE = 2, the Jaccbian is stored as an N by
(MLAMU+1) array; where PW(I,J-I+ML+1) is set to be the
partial derivative of G(I) with respect to Y(J).

For ICASE = 3, the Jacobian is stored either in full
or banded form as just described.

JMAT is called only if MITER = 1, otherwise, JMAT

may be replaced by a dummy subroutine

P

RETURN
END

~14-



INFORMATION RETURNED FROM ODEPAKK

After control is returned to the user, the following values

are available to the user's main program, from which ODEPAK was

called:

HO -

YO =

TOUT -

INDEX

the last used step size h, whether the step was success-

ful or not;

the computed wvalues at t = TOUT;

the output value of t;

an indicator of the success of the integration step.

In addition to the above values available after an integration

step, common block OBE3, which the user may access in his main

program, contains some statistical information of interest. Within

this block

HUSED

NQUSED

NSTEP

NGE ki

NJE -

are

the

the

the

the

the

the following values:

step size h last successfully used;

last successful time integration order used;
cumulative number of steps taken;

cumulative number of GFUN calls;

cumulative number of Jacobian evaluations (also

LU decompositions).

=] B



SUMMARY OF ALL PACKAGE ROUTINES

The following thirteen routines are included in the ODEPAKK
package. Their calling sequence and basic functions are described

below.

ODEPAK (N, TO, HO, YO, TOUT, EPS, MF, ICASE, INDEX, ML, MU, MLA,
MUA, WORK, IWORK) -- Allocates storage to save areas, performs
initialization of variables and arrays, performs input error
checks, makes repeated calls to the core integrator, STIFF,
to perform an integration to the next step.

INTERP (TOUT, Y, NO, YO) -- Computes interpolated values of y
at the desired output time TOUT.

STIFF (NO, MSIZE, NPW, NA, NIPIV, Y, YMAX, ERROR, SAVEl, SAVEZ,
SAVE3, PW, A, IPIV) -- Core integrator to perform a single
step of the integration using the Adams or GFAR (BDF) methods.
Controls local error of a step by choosing appropriate step
size and method order.

COSET (METH, NQ, EL, TQ, MAXDER) -- Establishes coefficients for
the integration formulas and the error control.

RES (N, T, H, A, Y, V, R) ~— Computes the residual vector
R=H * G(Y,T) - A(Y,T) # V, given Y and T, for V a given
vector and H the step size.

PMAT (Y, A, NO, CON, MITER, IER, YMAX, ERROR, SAVEl, SAVEZ,

PW, IPIV) -~ For MITER = 1 or 2, sets up the proper Jacobian

matrix.

-16-



DEC (NO, N, ML, MU, B, IP, IER) ~- Performs an LU decomposition
of a full or banded matrix.

SOL (NO, N, ML, MU, B, Y, IP) -- For MITER = 1 or 2, perform
forward and backward substitution to solve a linear algebraic
system given the LU decomposition from DEC.

DIFFUN (N, T, Y, YDOT, A) -— Given Y and T, computes A**-1 * G(Y,T).
Called when ICASE = 3.

ADDA (N, T, Y, P, A, NO, ML, MU) -- Adds the matrix A(Y,T) to
the matrix stored in P, with the assistance of routines ADDB
and ADDBB.

ADDB (N, ILO, IUP, B, F) -— Adds the full matrix F to the banded
matrix B. The resulting sum is placed in matrix F in full
form.

ADDBB (N, NML, MLL, MAXNM, KL, KLL, CL, DLL) -- Adds the banded
matrices CL and DLL. The resulting sum is placed in matrix
DLL in banded form.

URND (U) -- Computes the relative machine precision.

-17=-



STRUCTURE OF THE ODEPAKK PACKAGE

| MAIN |
/////////4DDEPAK
INTERP
| STLFF
COSET
DIFFUN PMAT
SOL DEC

| IMAT

ADDB ADDBB [ AMAT

URND

RES

Note: User-supplied routines are indicated by dashed boxes. A
downward sloping line from one box to another indicates
that the lower routine is called by the upper one.

-18-



LIST OF ERROR MESSAGES

ODEPAKK produces appropriate error messages to inform the

user of an unnatural occurrence. Following is a list of the

possible error messages that may be generated from ODEPAKK.

The first message is a response given to the user to inform

him as to the minimum dimensions of YO, WORK, and IWORK to

avold storage overwrites.

1. TO AVOID POSSIBLE STORAGE OVERWRITES, USER MUST, (AT A MINIMUM),

DIMENSION.. YO (#*#%%*) TWORK(#**%%) AND WORK(***#*),

2. KFLAGC = -1 FROM INTEGRATOR AT T =
ERROR TEST FAILED WITH DABS(H) = HMIN

3. H HAS BEEN REDUCED TO AND STEP WILL BE RETRIED
4. PROBLEM APPEARS UNSOLVABLE WITH GIVEN INPUT

5. KFLAG = -2 FROM INTEGRATOR AT T = H =
THE REQUESTED ERROR IS SMALLER THAN CAN BE HANDLED

6. INTEGRATION HALTED BY ODEPAK AT T =
EPS TOO SMALL TO BE ATTAINED FOR THE MACHINE FRECISION

7. KFLAG = -3 FROM INTEGRATOR AT T =
CORRECTOR CONVERGENCE COULD NOT BE ACHIEVED

8. ILLEGAL INPUT.. INVALID VALUE OF MF

9, ILLEGAL INPUT.. ML AND MU DO NOT CONFORM WITH N
10. ILLEGAL INPUT.. MLA AND MUA DO NOT CONFORM WITH N
11, ILLEGAL INPUT.. EPS .LE. 0.

12, TILLEGAL INPUT.. N .LE. O

13. ILLEGAL INPUT.. (TO-TOUT)*H .GE. O.

14. TILLEGAL INPUT.. INDEX =

-19-



15.

16.

ILLEGAL FORM FOR MATRIX A.. MATRIX A IS A DIAGONAL MATRIX

INDEX = -1 ON INPUT WITH (T-TOUT)*H .GE. 0.
T = TOUT = H =
INTERPOLATION WAS DONE AS ON NORMAL RETURN.
DESIRED PARAMETER CHANGES WERE NOT MADE.

=20~



NOVICE INFORMATION AND TROUBLESHOOTING

To effectively use the ODEPAKK package, several things should
be considered: the proper choice of the method used (i.e. value of
MF), the choice of the initial value of the step size HO, the choice
of the local truncation error estimate EPS, and the consequences of
the ODEPAKK package failing, returning a negative walue of INDEX.

The selection of the method to be used depends on the nature
of the problem and any storage restrictions that may be imposed
by the environment. Since stiffness 1s the major factor in choosing
a value of MF: if the problem is not stiff, one should choose
MF = 10 (Adams methods with functional iteration). If the problem
is stiff then a choice of MF = 22 (Gear's stiff method with the
Jacobian calculated internally by finite differences) should be
considered,

If the stiffness properties of the problem are unknown, then
choosing MF = 10 will give some indication as to whether the problem
is a stiff one. TFor this value of MF; if the values of the step
size h are small compared to the change in the solutions per unit
interval, then the problem is probably stiff.

Regarding step size, the initial value of HO should be chosen
considerably smaller than the average value expected for the problem.
A suggested starting value of HO would be 1.0E-6. It should be
noted that the STIFF routine tests HO, as well as later values of
the step size, to see if it passes the error test (based on EPS),

and if the step size is too large, it is automatically adjusted

21



downward. Note; it is better to choose HO too small since it

will be increased rather rapidly by the algorithm, whereas for
a value of HO too large, the error recovery procedure will be

followed.

The error associated with the solution is controlled by the
value of the parameter EPS, and is an estimate of the local
truncation error, the error committed on taking a single step
with the method, starting with data that is regarded as exact.

A reasonable starting value of EPS would be 1.0E-4, however since
global error is what the user is most interested in, some exper-
imentation may be required to satisfy the user's tolerance on

the error.

An execution time of thirty (30) seconds should be attempted
for an average sized system ran with a compiled version of ODEPAKK.

Due to the complex nature of the construction of ODEPAKK, it
is impossible to enumerate all the possible difficulties the user
may encounter in attempting to solve a system of 0.D.E.'s using
ODEPAKK. The following are some troubleshooting symptoms and

possible causes.

1. Integration Will Not Start.
a. 0.D.E.'s do not satisfy the required form.
b. Inconsistency of the 0.D.E.'s.
¢. Incorrect user-supplied subroutine(s); AMAT, GFUN, or JMAT,
d. Storage overwrites occurring.

e, Wrong initialization, INDEX # 1.

-22-



3.

f. Initial step size, HO, too large,

2. EPS too small for machine word length.

Integration Starts, Then The Step Size Approaches Zero.

a, 0.D.E.'s do not satisfy the required form.

b. Incorrect user-supplied subroutine(s); AMAT, GFUN, or JMAT.
c. Storage overwrites occurring.

Integration Starts But The Step Size Remains Too Small and/or
Cycles.

a. O0.D.E.'s do not satisfy the required form.

b. Incorrect user-supplied Jacobian in subroutine JMAT.

c. Using METH = 1 option and equations are ''stiff".

d. Using MITER = O option and equations are "stiff".

e. Integration is "stuck'" at higher order.

Incorrect Solution Values.

a. 0.D.E.’'s do not satisfy the required form,

b. Solving wrong problem -- bad initialization or definition.
c. Incorrect user-supplied subroutine(s); AMAT, GFUN, or JMAT.
d. EPS too large.

e, Storage overwrites occurring.

i



TLLUSTRATIVE EXAMPLES

The following example problem is provided to illustrate
the use of the ODEPAKK package In solving initial value problems.
After describing the example problem, the required FORTRAN user-
supplied main routine and subroutines are given along with the
output generated from the package. All examples provided were
produced on an IBM 370/158 machine at Kansas State University
using the FORTRAN IV G Level 21 compiler.

One problem, with various configurations, will be used as
a test problem. Thereby, the consistency of solutions may be
seen between the various configuratioms.

The basic form of the problem may be described by the fol-

lowing system of first-order ordinary differential equations:

OBBITAL PROBLEM...

p =Yg (2)

e
-
[

) 2 2

¥, = (“loy)) / (y] + y3)**1.5

Y379,

= (=16y,) / (y> + yo)**1.5
V3 Y17 ¥, 4

e
£~
|

where the initial conditions are given by;

y,0) = 2, y,(0) = 0, y,(0) = 0, y,(0) = 2 * SQRI(3) .

On page 26 is the main program required for the examples
given. Note; at statement number 20, and where ICASE, ML, MU,
MLA, and MUA are defined, additional comments will be made in

each example problem to completely specify these statements.

~24=



The dimension of the Y0 vector is N (in these examples,
N = 4), the dimension of the IWORK vector is N+7 (in these examples,
N+7 = 11), and the dimensicn of the WORK vector has been deter-

mined as prescribed in the ODEPAKK algorithm.

-25=



MAIN PROGRAM FOR EXAMPLE PROBLEMS

IMPLICIT REAL*8(A-F,(-2)

CIVMENSICN YOU(4 ) 4WORK (%3], TWCRK(11)
CCMMCN /0DE3/ HUSED yNQUSEDSNSTEP,NCE JNJE
CATA LCUTZ6/

KKT = 0
WRITE(LCOLT,10)

10 FORMAT {23k DEMCNSTRATICN PROGRAM., 15Xy LEHORBITAL PRCBLEMseev//
*13H Y10CT = Y24/,4430H Y2007 = (=16 * Y1) / (¥l * Y1 + Y3 * ¥3),
*EHFR L, Ey £y L3H Y3COT = Y&44/433H Y4007 = [-16 % ¥3) / (Yl * Yl ,
*¥15H+ Y3 % Y3 )=*1,5,//,39F INITIAL VALUES.. Y1{C) = 2, Y2{Q) = Q,
*/9 18X 21HY3(Q) = Gy Y4(C) = 2 * SQRT(3),//])

WRITE{LOLT,20)
20 FORMAT { desfoopstote geobshokogesh ok o e o o ol o o oo e o ok oo o e e ok o afe e ol ool Sl el ok )
N =4
70 = €.0D0
HO = 1.00-5
YO(l) = 2.CDO
Yo{2) = 0.JD0
YO(4) = 2.0D0 * DSQRT(3.0D0O)

TOUT = 1.000
EPS = 1.00-5
MF = 21
INDEX = 1
ICASE = k%
ML = wocEksk
M) = dkdkokok¥k
MLA = Fdftddisk
MUA = dakdokk
WRITE(LOUT 430)MF R ICASEGNyTOyHIJEFS MLy MU MLA,MUA
30 FORMAT{/ 45H MF =,13,15X, THICASE =,134//34H N =,13,7Hy TO =y
“F5,297TKy HO =3E9¢2,8Hy EPS =4,EG.2,//45H ML =413, 5%X,4HMU =,13,
*IIX'BHMLA =,13,5X,EHNUA =y[3y/f’
c §
4Q CALL CCEPAK (Ny 7Oy +O, Y0, TCUT, EFSy MFy ICASE, INDEX, ML, MU,
* MLA, MUA, WCRK, IWORK)

IF (KAT +EQe 0) WRITE(LCLT,50}
50  FORMAT(S5X,1HT, 8Xs2EY1y5X2HY 245X 92HY 24 GX,2HY4,6X5SHCRDER,/ )
KNT = 1
WRITE(LOLT,60) TCLT 4YC(1) ,YO(2),¥0{3),YC{4),NCUSED
60  FORMATIDS.L,4(1PCLL.3),15)
IF (INCEX .EQ. O) GO TC 80
WRITE(LOUT,70) INCEX
7C  FORMAT(//,26H ERROR RETURN WITE INDEX =,13,//)
GO TO S0
8¢  TOLT = TCUT + 1.0D0
IF (TOLT .LE. 13.0CC) GC TO 40
90  WRITE{LCUT,l00INSTEP,NCE,NJE
1CO FORMAT(//,2LH PRCBLENM CCNPLETEC IN, 156K STEPS,/+21X, 15,
#14H~6 EVALUATICNSy/421Xx415,14H J EVALUATICNS,//7)
sTaP
END | -26—



EXAMPLE 1

To solve the basic problem (2) with ODEPAKK using the back-
ward differentiation formulas (METH = 2) and the chord iteration
method with the user-supplied Jacobian (MITER = 1), MF = 21,
Further; for an initial stepsize (HO) of 1.0E-5, a relative
error bound (EPS) of 1.0E-5, and the form of the system of
0.D.E.'s being ICASE = 1 (full Jacobian), the following inser-

tions must be made in the main program previously defined:

1. The dimension of WORK should be at least 65.
2. Statement number 20 should read:

20 FORMAT(/,35H JACOBIAN MATRIX FULL, NO MATRIX A.,//)
3. Set ICASE = 1. ML, MU, MLA, and MUA may be omitted since

they are not required for ICASE = 1,

The following page contains the three user-supplied subrou-
tines required to solve Example 1. Note that subroutine AMAT is
a dummy subroutine since there is no matrix A required in this
example problém. For MF = 10, 20, 12, or 22; JMAT may be replaced
by a dummy subroutine. If MF = 11, then the user supplied subroutines

are identical to those shown on page 28.
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EXAMPLE 1 USER-SUPPLIED SUBROUTINES

SUBROUTINE AMAT (Ny MLEZ, MUAy T, Y, A)
IMPLICIT REAL*8(A-F,C-2)

DIMENSTCN Y1) ,A(N,y1)

RETURN

END

SUBRCUTINE GFUN (N, Ty Y, G)

IMPLICIT REAL*8{A-F,C~1}

DIMENSICN YIN) ,G(N)

DENOM = (Y({L1) * Y(1) + Y{3) * Y(2))*%].5

cl{1) = Y(2)

G{2) = (-16.0D0 * Y(1)) / DEANCM
G(3) = ¥Yi4)

Gl4) = {(-16.0D0 * ¥Y{(3)]) / DENCM
RETURN

END

SUBROUTINE JMAT (N, MLy MU,y Ty Yy Ph)
IMPLICIT REAL%*8{A-F,C-1)

DINMENSICN PW(NsLl)sY{N)

A= Y(1) * Y{1l) + ¥(3) * ¥{3}

AA = Ax%]1,5

BB = A%%(,5

CC = AA * AA

PW(l,1) = 0.0DO

Pw(l,2) = 1.000

PA(l,3) = 0.0D0

PW(l,4) = 0.000

PW(24l) = (AA%(=16.0CO)~-(-16.0C0%Y(1L)*1.5D0%BR*2,000%Y(1}))/CC
PW(242) = 0.0DQ

PW(243) = (16.0D0%Y{1)*1.5C0*BE*2,3CC*Y(3})/CC

PHWi{2y4) = 0,000

PW{341) = 0,0D0

PW(3,3) = 0.000

PuW{3,4) = 1,000

PWl4,1) = (16.,CDO*Y(2)*1.500*%3B%2,CCC*Y (1) )/ CC

PW(44+2) = 0.0D0

PWl4493) = (AAX(=16.0CO)-(~16.0Ca%Y(3)*1.500%RB*2,000%xY(3)}))/CC"
PWl4s4) = CaCDC

RETURN

END
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EXAMPLE 2

Solve the same problem as in Example 1 except treat the
form of the system of 0.D.E.'s as ICASE = 2 (banded Jacobian).
The following insertions must be made in the main program

previously defined to run this example,

1. The dimension of WORK should be at least 81.
2. Statement number 20 should read:

20 FORMAT(/,37H JACOBIAN MATRIX BANDED, NO MATRIX A.,//)
3. Set ICASE = 2, ML = 3 and MU = 1, MLA and MUA may be

omitted since they are not required for ICASE = 2,

The following page contains the three user-supplied
subroutines required to solve Example 2. Note that subroutine
AMAT is a dummy subroutine since there is no matrix A required
in this example problem. For MF = 10, 20, 12, or 22; JMAT may be
replaced by a dummy subroutine. If MF = 11, then the user supplied

subroutines are identical to those shown on page 30.
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EXAMPLE 2 USER-SUPPLIED SUBROUTINES

SUBROUTINE AMAT [Ny NMLA, MLA, T, Y, 4)
IMPLICIT REAL*8{A~F,C-2)

CIMENSICN Y(1) JA{N,1)

RETURN

END

SURROUT INE GFUN [Ny T, Yy G)

IMPLICIT REAL®=B{A~F,(-2)

DIMENSICN Y{N) ,G(N)

CENGM = {Y{l) #= ¥Y{1) + ¥{3) * Y(3)}#%1.5

C(Ll) = Y(2)

G{2) = (-16.0D0 * Y(1)) s DENCWM
G(3) = Y(4)

Gl4) = (-1€.0D0C * Y(2)) / DENCM
RETURN

END

SUBROUTINE JMAT (N, MLy MUy Ty Y, Phw)
IMPLICIT REAL*8(A-F,(C-2)

DIMENSICN PW(N,1),Y(KN)

A=y (1) #® yY{1) + Y¥(2) * ¥Y(3)

AN = A%x*] .5

BB = A¥®(C.5

CC = AR 3% AA

PW(l,1} = C.0DO

PW({ls2) = C.CDC

PWile3) = 0,000

PWll.4) = 0.CDO

PW{l,5) = 1.0D0

PHIZ41) = 0.0D0

PHWI(242) = C.CDC

PWi(243) = (AAF(-16,0C0)~(-1€.0D0%Y{1}*1.5D0+BB*2.,0DC0=Y¥(1)))/CC
Pui2s4) = CaCDO

PW(2+5) = (16.,COC*Y(1)#*1.5DC*RB*2, CCC*Y{3))/CC
PW(341) = 0.0D0

PW{3,2) = 0.0DC

PWi{3,3) = 0,000

PW(3+4) = 0,0D0

PW{3,5) = 1.0D0

PA{4s1) = {16.,0DC*Y(2}%1,5CO0*BB=*2,00C*¥Y{1)}/CC
PWl4,42)} = C.0QDC

PHlA4s3) = (AA%(~16.CCO)-{-1E.00C*Y{3)%1.5DC*BR*2,.000%Y{3})}/CC
Pl4a,4) = 0.000 :

Ph{4+5) = C.0DQ

RETURN

END
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EXAMPLE 3

Example problem 3 solves the general example problem (2) when
the form of the system is A(y,t) * (dy/dt) = g(y,t). In order
to compare results produced with other example problems, first
multiply the right-hand side of the system of 0.D.E.'s by the
same matrix A(y,t). Therefore, the actual form of the system

being solved is:
A(y,t) # (dy/dt) = A(y,t) * g(y,t) , (3)

and the solution produced should agree favorably with the other
example problems.

This same manipulation of the system will be employed for
the remainder of the example problems. This example, and the
remaining, will exploit the various forms in which the matrix A
and the Jacobian matrix may be specified (either of full or of
banded form) and combined in the system under consideration.

The matrix A considered in the remaining examples is of

the form:
— —_
1 2 0 0
1 3 1 0
A=
0 3 2 3
_p 0o 2 {_

In this example, ICASE = 3, the Jacobian of the right-hand

side of Equation (3) and the matrix A will be considered as 1if

..



they were in full form.
The following insertions must be made in the main program

previously defined to run this example:

1, The dimension of WORK should be at least 80.
2. Statement 20 should read:
20 FORMAT (/,37H JACOBIAN MATRIX FULL, MATRIX A FULL.,//)

3. Set ICASE = 3, ML = 3, MU = 3, MLA = 3, and MUA = 3.

The following page contains the three user-supplied sub-
routines required to solve Example 3. For MF = 10, 20, 12, or
22; JMAT may be replaced by a dummy subroutine. If MF = 11,
then the user supplied subroutines are identical to those on page

33.
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EXAMPLE 3 USER-SUPPLIED SUBROUTINES

SUBRCUTINE AMAT (N, NLZ2, MUA, T, Y, A}
IMPLICIT REAL%=8{A-F,(C=7}
CIMENSTCN Y(1),8(N,1}

DO 10 I = 1,4
N0 IC J = 1,4
Allsd) = 0.0D0
A{l,1) = 1.000
A{241) = 1.00D0
All.+2) = 2.000
Al2,2) = 3.000
A{2,2) = 2,000
A{243) = 1.300
Al3,3) = Z.000
Al4,3) = 2.000
A{3,4) = 2,0D0
Al4,4) = 1.0D0
RETURN

END

SUBRCUTINE GFUN (Ny T4 Y, G)
IMPLICIT REAL*B(A-H,C-2}
DIMENSION Y(N),GIN)

AA = (Y(L) * Y{(Ll) + Y(3) * Y({3))**],5

BB = Y{2) + Y(4)

CC = v{l) + Y(3)

G(l) = ¥{(2) - (32.CCC * Y(1) / A4)

Gl2) = BB - (48.0DC * ¥Y(1) / AA}

G{3) = 2,000 * v(4) - ((48.000 /7 AA) *= CC)
G(4} = 2.0D0 * Y(4) - (1£.000 * Y(3) /7 AA}
RETURAM

END

SUBRCUTINE JMAT (Ny ML,y MUy Ty Y,y Ph])
IMPLICIT REAL*8(A-H,C-2)
DIMENSICN PH{N41)sY(N)

AA = [Y(L) = Y(1} + Y{2} % Y{3))=*%1.5

BB = (¥(1l) = Y{(1) + Y(2) * Y{(3)}**%0.5

CC = AA % AA :

PW(l,1) = (AA¥X{-32,0C0)+32,0D0*%Y(1)*1.500*BR*2,0D00*Y{1))/CC
PW{l,3) = 32.,0D0*Y(1)*1.,5CO*BB%2.0DC*Y(3)/CC

Pwl{le4} = 0.0DC

PUl2y1) = (AA%(-48.0C0)+48.,0D0*Y{1)*1,5C0%E83%2,0D0*Y(1))/CC
PW{2,2) = 1.000

PW(243) = (48.0DCxY(1)*1.,5CC*RBE*2.CLC*Y¥Y(3))/CC

PW(2,4) = 1.000

PW(341) = (Ad%(-48.0C0)+48.0C0*Y(L}11.5%BB*2,000*Y(1))/CC+

*[48.CLC*Y(3)*1.500#BB*2,CDO*Y(1})/CC

PW(3,2) = 0.0DO

P{343) = (43,00C%Y(1)*]1.5N0%BB*2.CLCxY(3) }/CC+(AA*(~-48.0D0)+
*48,0D00*%Y(3)*1.5D0%RB#2.00D0%*Y(3)}/CC

PW{3,4) = 2.0D0

PWl(4yl) = {16.CDCxY(2)%1.5CO%BB%2.C0C*Y{1)])/CC

Pi(44,2) = 0,000

Pul443) = (AA*(-16,0C0)+16.0CO*Y(3)*1.5C0*BR*2.000*Y(3))/CC
PH{4s4) = 2,000

RETURN

END -33~



EXAMPLE 4

Referring to the modified problem (3); this example problem
employs the Jacobian matrix in banded form while the matrix A
is treated in full form.

The following insertions must be made In the main program

previously defined to run this example:

1. The dimension of WORK should be at least 88.
2. Statement 20 should read:
20  FORMAT(/,39H JACOBIAN MATRIX BANDED, MATRIX A FULL.,//)

3. Set ICASE = 3, ML = 3, MU = 2, MLA = 3, and MUA = 3.

The following page contains the three user-supplied sub-
routines required to solve Example 4. For MF = 10, 20, 12, or
22; JMAT may be replaced by a dummy subroutine. If MF = 11,

then the user supplied subroutines are identical to those omn

page 335.

.
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10
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EXAMPLE 4 USER-SUPPLAIRLD SUBROQULLNES

SURRCUTINF AMAT (N, ML2, MUAy, T, Y, A)
IMPLICIT REAL®*8(A-H,C-2)

DIMENSI

Cd 10 1
b 10 J

AlT.J)
A(1,1)
Al2Z2,1)
All,2)
Al2y2)
Al2,2)
A{2,3)
Al 3,3)
A(4v3)
Al344])
Al 444)
RETURN
END

CN

T S VA T N T T | N F S AT SO [ N |

Y(1) 3A(N,1)

1:4

1,4
C.0D0
1.J300
1.000
2.000
2.0D0
2.000
1.000
2.C00
2.000
3.000
1.C00

SUBROUTINE GFUN (N, T, Y, G}
IMPLICIT REAL®B{A-F,(~-1)
DIMENSICN Y{N) 4G (N)

AA
3R
e
Gl1)
G(2}
G(3)
Gl 4)
RETUR
END

oo

oo

=

({1} = Y(1) + ¥Y(3) * Y(3)}*=1.6
Y{2) + Y(4)
Yil) + ¥(3)

Y(2) - {32.CC0 * Y(1) / AA)

aa
2.
24

- {48.CDC * Y(1) /7 AA)
0D % ¥Y{4) - ((48.0CC / AA) = CC)
CDJ * Y{(4) - (16.00C * ¥Y{(3) / AA)

SUBRCUTINE JMAT ([N, ML, MUy Ty Yy Ph)
IMPLICIT KEAL*8lA~F,(0-12)
DIMENSIUN OW(Ny1)yY{N)

AA
B3
cC AA
cC 10 J
DO 10 1
PHl{Tlsd)
PWlL s+&)
PrH(1l4%)
PW(lqs€)
PW(2,y3)
PWl2+4)
PA{24+5)
PWi{246)
PU{3421%

Ho# o

<+

[ Y LA | S S | N R { O 1

(Y(L) = Y(1) + Y(3) % Y{(3))**],.¢
(Y(L) % Y1) + Y¥(3) * Y(3))**0,5

AA

1,6

144

0.000
(AAX(-32.0C0)+22.000%Y(1)*1.500*BR*2,0D0=Y(1}}/CC
i.60¢C

32.000*Y(1)%1,5C0%BB*2.0DC*Y(3)/CC

(AA% (=48 ,0C0)+48.000%Y (1) #1.5C0%83%2,000*%Y(1))1/CC
1.CDC

{48.0D0*Y{1)»1,5C0%3F+2.0CC»¥{3)}/CC

1.0D0
(AA%{-48.,0C0)+48.000*Y(1)#1.5%BB%2.300%Y(1)) /CC+

*(48,000%Y(3)%1 J5C0%NE*2,000*%Y{1))/CC

PW(343)
PWl34+4)

0.CDC
(48.000%Y(1)*1L.500%BR*2.00C*Y{3) }/CCH{AAX{-48.0D0)+

*43,0D0%Y(2)*1, 50C*EB*2,000*Y¥(3})/CC

PWi{3,+5)
PW{4,s1)
PA{4,2)
Pwi4,3)
Phl4,4)
RETURN
END

noHouoanH

2.000
(L6.CDO*Y(3)#1.5CO0*BE*2.0C0*Y{1))/CC

0.CDC !
{AAR (16,000} +16.,000%Y(3)#1.5D0%88%2,0D00*Y(3))/CC

2.000
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EXAMPLE 5

Referring to the modified problem (3), this example problem
employs the Jacobian matrix in full form while the matrix A is

treated Iin banded form,

The following Iinsertions must be made in the main program

previously defined to run this example:

1. The dimension of WORK should be at least 76.
2. Statement 20 should read:
20 FORMAT (/,39H JACOBIAN MATRIX FULL, MATRIX A BANDED.,//)

3, Set ICASE = 3, ML =3, MU = 3, MLA =1, and MUA = 1.

The following page contains the three user—-supplied sub-
routines required to solve Example 5. For MF = 10, 20, 12, or
22; JMAT may be replaced by a dummy subroutine. If MF = 11,
then the user supplied subroutines are identical to those on

page 37.
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EXAMPLE 6 USER-SUPPLIED SUBROUTINES

SUBRCUTINE ANAT (M, MLEy MUA, Ts Y, A)
IMPLICIT REAL*B(A-F,(~-Z)
CIMENSICN Y{L1),2(N,1)

A{ly1) = 0.0D0
A{2,1) = 1.4D0
A{3,1} = 24000
Al44,1) = 2.000
A{l,2} = 1.0C0
A(2,2) = 2.000
A(3,2) = 2.0D00
Al4,2) = 1.000
A{l’g} = 2.000
A(2,3) = 1.0D0
A(34+3) = 3.000
Al44,3) = (.0DO
RETURN

END

SUBRCUTINE GFUN {Ny Ty Yy GI
IMPLICIT REAL*8(A-k,(-2)
DIMENSICN Y{N),G(N}

AA = [Y(1} * Y{L) + Y(2) % Y{3)}**x1.5

BB = Y{2) + Y(4&)

CC = Y(1) + Y{3})

Gl1) = ¥Y{2) - (22.000 # Y(1) / ARp)

G(2) = BB - (48.CDC * Y(1} / AA)

G(3) = 2,000 % Y{4) - ((48B.CDC / AA} * CC)
Gl4) = 2,000 * Y(4) - (16,000 * Y(3} / AA)
RETURN

END

SUBRCUTINE JMAT (N, MLy MUy Ty Yy Ph)
IMPLICIT PEAL*B{A-F,0-2)
DINMENSICN PW{N41),Y(N)

AA = {Y(1) * Y{1) + Y{2) * Y([3}}**],.5

BB = (Y(Ll) = Y(1) + Y(3) = Y{(3)}#*0,.E

CC = AA * AA

PW(l,1) = (AAX[-32,0C0)+22.,0D00%Y{1}*1.5D0%R3%2.000xY{L))/CC
Pw(1:2) = loDDO

PH{ls3) = 32.0D0C*kY(1)¥1.5D0*EB*2.,0CC*Y(3)/CC

P{ls4) = 0.000

PA{2s1) = (AA={-48,0C0)+48.,0C0*Y(L)*1.5C0*EB*2.0D0*Y(1)1/CC
PU(2,2) = 1.0D0

PH{243) = (48,.,000%Y(1)*1.5C00488*2.C0C*Y{3))/CC

PW(2,4) = 1.0D00

PWI{341) = (AAR{—48.0C01+48.,0DC*Y{1)*1.5%BB*2.0N0*Y(1))/CC+

% {4B.0007Y(3)%1 .53CO0*BE%2.,0D0*Y(1}1)/CC

PW{3,2}) = C.0DQ

PW(343) = (48.0D0%¥{1)*1.500%8B+2.C0C*Y(3)}/CC+{AA=(-48,0D0)+
#48,0D00*%Y{3}*1.50C*8BB*2.,000*Y(3))/CC

PWl3s4) = 2.CDQ

PU{4 1) = (16.000%Y(2)*1.500%BE+2.00C*Y(1))/CC

PW(442) = C.0QDO _

PW(4y3) = (BA%(~16.0C0)+16.000%Y(2)*1,500%BR*2,0D0*Y(3))/CC
PUl444) = 2.000

RE TURN
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EXAMPLE 6

Referring to the modified problem (3), this example problem
considers both the Jacobian matrix and the matrix A as being of
banded form.

The following insertions must be made in the main program

previously defined to run this example:

1. The dimension of WORK should be at least 108.
2. Statement 20 should read:
20 FORMAT(/,41H JACOBLAN MATRIX BANDED, MATRIX A BANDED.,//)

3. Set ICASE = 3, ML= 3, MU = 2, MLA = 1, and MUA = 1.

The following page contains the three user-supplied sub-
routines required to solve Example 6. Tor MF = 10, 20, 12, or
22; JMAT may be replaced by a dummy subroutine. If MF = 11,
then the user supplied subroutines are identical to those on

page 39.
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EXAMPLE 6 USER=-SUPPLIED SUBROUTINES

SUBRCUTINE AMAT (N, NMLA, MUA, T,y Y, A)
IMPLICIT REAL*8(A-F,C-Z)
DIMENSICN Y(1) ,A(N,1)

#1l,1) = 0.0C0
A{2,41) = 1.0D0
A{Efl’ = 3-000
Aldy1) = 2.000
Al1,2) = 1.CD0
Al2,2) = 3,000
A(3,2) = 2.303
Al4,2} = 1.CD0
A(lyB, = 2,000
Al2,3) = 1.000
A{3,2) = 3.C00
£{443) = C.000
RETURN

ENC

SUBRCLTINE GFUN (N, Ty Yy G)

TAPLICIT REAL*B(A-+,C-2)

DIMENSICN ¥Y{N),CIN)

AA (Y(L) * Y(L1) + Y(3) % Y(3)}*%l.5

B8 Y(2) + Y(4)

cC Y{1) + Y(3)

G(L1l) = ¥(2) - (32.CDC * Y(1) / Aa)

G(2) = BE - {48.0CC * Y(1) / AA}

G{3) = 2.CDGC * ¥(4) - ({(48.0C0 / AA) = CC)
G{4) = 2.000 * Y(4) - (16.0D0 * Y{2) / AA)
RETURN '

END

W oiton

SUBRCUTINE JMAT (N, MLy MUy Ty Yy PHW)
IMPLICIT REAL*B{A-H,C-1)
CIMENS IGN PWiN, 1), Y{N}

AA = (Y(L)} * Y(L) + Y{3) % Y(3}}*71.5
BB = (Y{1) * Y(1) + ¥Y(2) * Y(3))**C.5
CC = AA = AA
DO 10 J = 1,46
CO 10 I = 1,4
19 PA{I,J) = 0.000
Ph(lya) = (AA®(-32,.00001432.000*Y{L}*1,5CO%RRA*2.0D0%Y(1))}/CC
PW{ly5) = 1.000
PAW({ly6) = 32.0D0%Y{L}*1.500%EB*2,0C0*%Y(3)/CC
PW(24y2) = (AA®(-4B,CCC)+43.CDC*Y(L1)*L,5C0%8B%2.000*Y(1))}/CC
Pil244) = 1.0D0
Pr(245) = (48.CDCkY(1)*1.,5C0%38#2.000%Y{(3])1}/CC
PAl2,6) = 1.0DO
PW(342) = (AA%(-48,0C0)+4R . 0C0*Y(1)*1.5*AR#2,0D00*Y{1))/CC+

#(48,00C*Y(3)*1.50C*BE*2.CO0%Y(1))/CC

PW{3+3) = 0.C0D0

PH(3,4) = (48.000%Y(1)#1.5C0%3R*2.0C0*Y (3} )/CC+{AA*(-43.000)+
#48,0D0%Y{2)*1.5CC*BB*2.C00%Y(3))/CC

PWi{34+5) = 2,000

PWl4qsl) = (16.0DC*Y(2)*1.5C0*%BB*2.0C0%Y(1))/CC

PWl4,2)} = 0.0D0

P {43} = (AA¥(-16,0[0)+16.0CO%Y(3)*1.50C*BB*2,0D0*Y(3))1/CC
P(444) = 2.0D0

RETURN

END -39~



CUTPUT PRODUCED FROM EXAMPLE PROBLEM 1

CEMCNSTRATICN PROGRAM. CRBITAL PRCBLEMe..

Y1DCY = Y2

Y2DCOT = (=16 * Y1) / (YL * Yl + ¥3 * Y3)%%]1,5

Y3DOT = Y4

¥Y4DOT = (-16 * ¥3) / (Yl * Y1 + ¥3 % Y3)*%]1,5
INITIAL VALUES.. Y1(0) = 2, Y2(0) = 0,

Y3{C} = 0y Y4(C) = 2 * SQRT(3)

JACOBIAN MATRIX FULL, NO MATRIX A.
MF = 21 ICASE = 1
N= 4 T0 = 0.0 HO = C.10C-04 EPS = 0.10D-04
ML = O MU = 0 MLA = Q@ MLA = O

TO AVCID POSSIBLE STCRAGE OVERWRITES, USER MUST (AT A MINIMUM)

DIMENSION.. YOf 4)y WORK{ 65), AND IWORK( 11).

T Yl Y2 X3 Y4 - ORDER
1.000 00 5.2430-C1 ~2.267D CC 2.6E7D 0OC 1.5¢7D0 00 4
2.00D 00 -1.712D 00 -2.06%90 QO 3.4550 00 1.2960-01 5
3.C00 00 =-3.526D €0 -1.5538 CC 3.2020 CO0 -5.547D-01 5
4.00D0 00 -4.823D 00 ~-1.047D CO 24550 C0 -9.0340-01 5
5.C00 00 -5.6320 00 -5.7610-C1 1.4520 00 -1.082D 00 5
6,000 00 -5.9820 00 -1.259D-(1 3.274D0-C1 -1.151D Q0 5
7.C00 00 ~5.8850 00 3.,1970-01 -8.2170-01 -1.1322D 00 5
8,000 00 -5.3390 00 T.7710-C1 ~-1.5C7D GO ~-1.C200 00 5
9.00D0 00 -4.3220 0C 1.262D0 0C -2.819D0 00 -T7.7%3D-01 5
l1.000 01 -2.8020 Q0 1.781D 00 -3.392D 00 -3.157D-01 5
1.10D0 01 -7.717D0-01 2.,2490 CC -3.295D 00 6.2890-01 5
1.20D0 01 1.4310 00 1.799D 00 ~1.7770 00 2.6C5D 00 5
1.300 01 1.645D 00 ~1.512D GO 1.423D0 00 2.9C3D0 00 5

FROBLEM CCMPLETED IN

103 STEPS

168 G EVALUATICNS
12 4 EVALUATICNS
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CLTPUT PRCOUCED FROM EXAMFLE PRCELEM 2

DEMCNSTRATICN PRUGRAK. CRBITAL PROBLEM...

Y1DLT = Y2

¥2DOT = (-16 * Y1) /7 (Y1 % Y1 + Y3 * ¥Y3)**],5

Y3ACOT = Y4

Y4DCYT = (=16 * ¥Y3) / (YL * Y1 + Y3 * Y3)**]1.5
INITIAL VALUES.. Y1(C) = 24 Y2(C) = 0O,

¥Y3(0) = 0, Y4(0) = 2 % SQRT(3)

JACGBIAN MATRIX EANCED, NO MATRIX 2.
MF = 21 ICASE = 2
N= 4 T0 = (.C HO = 0.10C-04 EPS = 0.100-04
ML = 3 MU = 1 MLA = O MUA = O

TC AVCID POSSIBLE STCRAGE OVERWRITES, USER MUST (AT A MINIMUM)

DIMENSION.. YOI 4) » WORK( 81) 4 AND IWCRK({ 11).

T Y1 Y2 Y3 Y& CRODER
1.00D 00 5.243E-01 -2.267D 00 2.6870 €O 1.5970 00 4
2,000 00 ~1.712D €0 -2.0690 QO 3.4550 00 1.266D-01 5
3.000 00 —-3.526D0 00 -1.553D €O 3.2020 00 ~-5.£470-01 5
4,000 00 -4.8230 00 ~-1.0470 00 24550 00 -9.0340-01 5
5.000 00 =-5.632D0 0C -5.761D-01 1.452D 0C ~1.082D 00 5
6.C0D0 00 -5.9820 00 -1.2590-01 3.2740-01 =-1.1E51D QO 5
1000 00 -5.885D0 CC 3.197D-01 -8.2170-01 -1.1320 00 5
8.COD 00 -5.3390 CC 7.771D-€1 -1.9C7D 00 -1.C200D0 QQ 5
S.00D 00 ~4.3220 00 1.262D 00 -2.819D 00 ~-7.7930-01 5
1.000 C1 -2.802D 00 1.781D 00 -3.392D 00 -3.1570~-01 5
1.10C 01 -7.717D0-01 2.249D 00 -3.295D 00 6.289D-01 5
1.20D0 01 14310 00 1.799D0 00 =-1.7770 QO 2.6050 00 5
1.20D0 01 1.645D 0C -1.512D CQ 1.423D Q0 2.903D Q0 5

PROBLEM COMPLETED 1IN

103 STEPS

168 G EVALUATIONS
12 J EVALUATICNS

<4T=



OUTPUT PRODUCED FRCM EXAMPLE PRCBLEM 3

DEMONSTRATICN PROGRAM, CRBITAL PROBLEMeas

YipaT = Y2

¥200T = (-16 * Y1} /7 (Y1 * Y1 4+ ¥3 % Y3}*%%*1,.5

Y3DOYT = Y4

Y4DCT = (-16 * Y3} / (Y1l * Y1 + Y3 #* Y3)**].5
INITIAL VALUES.. Y1(0) = 2y Y2(C} = 0Oy

¥3(C) = Gy Y4&4(0) = 2 * SQRT(3)

JACOBIAN MATRIX FULL, MATRIX A FULL.
MF = 21 ICASE = 3
N= 4 T0 = Q0.0 HO = (C.10D-C4 EPS = 0.100-04
ML = 3 MU = 3 MLA = 3 MUA = 3

TO AVOID POSSIBLE STORAGE OVERWRITES, LSER MUST (AT A MINIMUM)

DIMENSION. . YO 4}y WORK( 80)s AND IWORK( 11).

T Y1 Y2 Y3 Y& CRDER
1.00D0 00 5.243D-01 -2.2617D CC 2.6870 00O 1.5¢70 00 4
2,000 00 -1.7120 00 -2.069D 00 3.455D0 00 1.296D-01 5
3.000 00 ~-3.526D 0C ~-1.553D QO 3.202D0 00 -5.547D-01 5
4,000 00 —4.823D0 00 -1.047D Q0 2.455D 0C -9.0340-01 5
5.00D0 00 -5.6320 00 -5.761C-01 1.4%520 00 -1.082D0 00 5
é€.C0D 00 -5.%820 00 -1.2590-Cl1 3.2740~01 =-1.151D QO 5
T.000 00 -5.885D 00 32.197D-01 =-8.,2170~-01 ~1.132D CO 5
8.C0D 00 -5.3390 00 T«7710-01 -1.9C7D 00 -1.020D 00 5
9.00D 00 -4.322D OO0 1.262D0 €C -2.8190 G0 -7.793D-01 5
1.00D0 01 -2.802D 00 1.7810 €O -3.392D 00 =~3.157D-01 5
1.10D0 0V ~17.7170-01 22490 GO0 -3,2950 00 6.2890-01 5
1.20D0 01 1.431D CO 1.799D €O -1.7770 GO 2.€(5D Q0 5
1.30C 01 1.6450 00 ~-1.512D 00 1.423D 00 2.9C30 00 5

FRCBLEM CONMPLETED 1IN

103 STEPS

168 G EVALUATICNS
12 J EVALUATICNS
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CUTPUT PRODUCED FRCM EXAMPLE PROEBLEM 4

DEMONSTRATICN PROGRAV,

Y1DCY
Y2007
Y3D0T
Y4007

INITIAL

tda u

VALLES.. YL(C}
Y31(0)

Y2

(-16 * Y1) /

Y4

{(~16 * Y3) /

(Yl * Y1 + Y3

(Yl * Y1 + ¥3

2y
Oy

¥2{(0)
Y4(Q)

CRBITAL PRCBLEM...

0,

JACOSIAN MATRIX BANDEC, MATRIX A FULL.

ML =

TO AVOID PCSSIBLE STORAGE
DIMENSION. .

T

1.00C
2.00D
3.00C
4. 00D
5.00D
6.00D
T«COD
8.00D
S. 00D
1.00D
1.100
1.200
1.30D

3

00
00
Q0
00
00
00
00
ao
00
01
01
01
a1l

FROBLEM

]
%)

MU

Y Gl

Y1l

5.243L~01
-1.7120 00
-3.526LC 0G0
-4,823D 00
~-5.632D 00
-5.982C QO
-5. 8850 00
-5.339D 00O
-4,3220 00
-2.802D 0Q
~1.7170-01

1.4310 00

1.645D 00C

CCMPLETED 1IN

8.0

ICASE

L}

3

HQ =

VLA

Y2

~2.,2670 00
~2.0690 00
-1.553D CO
-1.0470 QO
-5.761D-C1
-1.259C-01
3.1970-C1
1.7710-01
1.262D 00
1.781D0 CO
2+249D0 00
1.7590 €O
-1.512D COC

103 STEPS

=

C.10C~-04

3

168 G EVALUATIONS
12 J EVALLATICKNSE

W3

* Y3)*%1.5

¥ ¥Y3)k¥1.5

2 * SQRT(2)

EPS

MU A

H
(W1}

8E€) s AND IWCRK( 11}).
¥3 Y4
2.687D0 00 1.5¢70 00
3.455D 04 1.2960~01
3.202D0 0C -5.547D-0Q1
l.42D0 CC -1.C82D 00
3.2740-01 -1.1%51D Q0
-8.2170-01 -1.1320 €O
-1.9C71D 00 -1.C20D QO
-2.819D0 00 -7.793D-01
-3.362D0 0C -3.157D-01
-3.265D 00 6.289D-01
=1.7770 00 2.605D 00
1.423D Q0O 2.5C3D CoO

0.100-04

CVERWRITESs USER MUST (AT A MINIMUM)
4) s WORK(

CRDER

Ul b

(&R S RS RS IR RS I R RS



JQUTPUT PROCUCED FROM EXAMPLE

DEMCONSTRATION PROGRAM.

Y1007
Y2007
Y3DCT
Y4007

INITIAL

e itwu

VALUES.. Y1(O
Y2{0

Y2

(-16 * Y1) / (Y1 *

Y&

(-1& * Y3) /7 (Y1 *

= 2y
=G,

¥l + Y3
Y1l + ¥3

Y2{(0)
Y4(C)

PRCBLEM S5

CRBITAL PRCBLEM...

0

JACOBIAN MATRIX FULL, MATRIX A BANDED.

¥F o= 21
N= 4
ML = 3

TO AVOID POSSIBLE STORACE OVERWRITES,
DIMENSION..

T

1.000 00
2.00C Q0
2.000 00
4,000 00
5« 000 Q0
6.C0D 00
7.00D 00
8.C0D 00
9.00C 00
1.00D 01
1.10D0 01
1.20D 01
1.300 01

MU

i
(a

YOt

¥l

50243[}-(}1
-1.712C 00
-3.526D GO
~4.823C 00
-5.632D 00
-5.982D0 Q0
~5.8850 00
-5.33%9D a0
-4.,3220 00
~2.8020 00
-7.7170-01

1.431D0 00

1.645D €O

PROBLEM CCMPLETED IA

MLA =

4)y WORKI(

Y2

—-2.267D CC
-2..0690 00
-1.553D CC
-1.3470 QO
~-5.7610~-01
-1.259D0-(1
3.197D-01
T«T7T7LD-C1
1.262D0 Q0
1.781D 00
22490 CC
1.799D0 CO
-1.512C €O

103 STEPS

1

168 G EVALLATICNS
12 J EVALUATIONS

44—

¥ Y31**1.5

* Y3)*¥1,5

'
2 % SQRT(3)

EPS

i

MLA

#
f

7€)y AND IWCRK( 11).
Y3 Y4
2.6€7D CO «5S7D 00
3.4550 00 1.2960-01
3.202D 00 -5.547C-01
244550 CC —9.034D-01
1.452D0 00 -1.082D 00
3,274D-01 -1.1i51D Q0
-8.2170-01 -1.122D 00
-1.9C7D 00 ~-1.020D 00
-2.819D0 00 -7.763D-01
-3.3920 00 -3.1:570-01
~3.2950 QQ 6.2890-01
-1.771D OC 2.6C5D0 00
1.423D 00 2.9C30 00

0.10D0-04

USER MUST (AT A MINIMUM)

URDER

[ E, G RE IS, RE RS R IS I RS RT3



CUTPUT PROCUCED FRUWM EXAMPLE PROELEM 6

DEMOUNSTRATICN PRCGRAN. CRBITAL FRCBLEM.os
Y1COT = ¥2
Y2007 = (=16 * Y1) / (Y1l * YL + ¥3 * Y3)%¥1,.5
Y3DCT = Y4
Y4CCT = (~16 * ¥Y3) / (YL * ¥1 + Y3 * Y3)**1.5
INITIAL VALUES.. Y1(C)} = 2, Y2(C) = O,
Y3(C) = 0, Y4(0) = 2 * SQRT(3)

JACOBTIAN MATRIX BANDEDy MATRIX A E#NCEC.

FF = 21 ICASE 3

L}

0.10D~04

=z
L
-
-
(o)
i}

0.0 HO = (C.100-0C4% EFS

ML = 3 MU = 2 MLA = 1 MUA = 1

TO AVDID POSSIBLE STORAGE OVERWRITES, USER MUST (AT A MINIMUM)
CIMENSION.. YOI 4), WORKI( 108), AND IWORK( 11}.

T Y1 Y2 Y3 Y4 CRDER

1.C00 00 5.243D-01 -2.267D 00 2.687D 00 1.597D 00
2.000 00 -1.712D 00 -2.C69D CC 3.4550 00 1.256D-01
2.00D 00 -3.526D 00 -1.553C 00 32,2020 00 -5.5470-01
4.00D0 00 -4.823D 0C -1.0470 CQ 2.455D 00 -9.0340-01
5.000 00 ~5.832D 00 -5.761D-0C1 1.422D0 00 -1.C€2D0 CO
6.C0D 00 -£5.982D0 C0 -1.2590-01 3.274C-01 -1.151D 00
7.000 00 -%5.885C Q0 2.1970-C¢1 -8.217D-C1 -1.122D 00
8.000 00 ~5.3390 GOQ 7.771C-01 -1.907D 00 -1.020D0 QO
S.000 00 -4.322D QC 1.2620 00 -2.819D 00 -7.7930-01
1.000 01 -2.8020 00 1.781D0 00 -3.3%92D0 00 -3.1570-Cl
1.100 01 ~7.T717D-01 2.249D 00 =-3.295D 00 6.289C~-01
1.200 01 1.431D0 QC 1.759D CC -1.777D Q¢ 2.6C5D 00
1.38D 01 1.645D 00 -1.5120 00 1.423D 00 2.5030 CO

(W RS R RE RE R IRV IR Y IS ST IR I

FRCBLEM CONPLETED IN 103 STEPS
168 G EVALLUATICNS
12 J EVALUATICNE
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APPENDIX

Listing of the ODEPAKK subroutines:

ODEPAK
INTERP
STIFF
COSET

RES

DEC
SOL
DIFFUN
ADDA
ADDB
ADDBEB

URND

48



SUBROUTINE ODEPAK {(h, TO, HO, Y0, TCUT, EFS, MF, ICASE, INDEX,
* MLy MU, MLA, MUA, WORK, IWCRK]}
IMPLICIT REAL*8(A-H,0-12)

—— . ————— v —— v " Wi ol e S . T o T

. S T T o et S . S M A S S A T T e S el g S LS. ks e A AL L Al S S T . S T T 4 e o U Al S e S e P S

COEPAKKseesy A PACKAEE FOR THE SCLUTICN CF THE INITIAL VALUE
PROBLEMS FOR SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS,
A(Y!T] * 0DY/0T7 = G‘Y'Tl' Y = (Y(l}’Y(Z,'Q.l'Y(Nl"

A(Y,T) IS A MATRIX; EITHER THE IDENTITY MATRIX, A FULL
MATRIX, OR 2 EANDEC MATRIX. THE JACOBIAN MATRIX IS
REPRESENTED AS EITHER A FULL TR A BANCEL MATRIX.

THE OEPENCENCE OF A(Y,T) EN Y IS ASSUMED TC BE WEAK.

SUBROUTINE ODEPAK IS A DRIVER ROLTINE FGR THE CDEPAKK PACKAGE.

THIS FACKACE 1S £ MERCED VERSICN CF THE CEAR, CEARB, AND THE
CEARIB PACKAGES WRITYEN BY A.C. HIMIMARCK CF THE LAWRENCE
LIVERMCRE LABORATORY FCGR CCC CCMPUTERS. TFE CDC VERSICNS
WERE MODIFIED FCOR USE CN IEM CCMPUTERS IN BCUBLE PRECISICN
AT ARGUNNE NATICNAL LABORATORY.

- ———— T A — . —— - — . W o —— o S AL . S o T S — ————— . "l o

————— . —— i e ey A S VA S e v S e e Sy e e A S G B S SN D G WD W N W M A TED SN e ek e e b e e v i S A A

REQUIRED USER SUPPLTED SUBRCUTINES ...

THE USER MLST SUPPLY 2 MAIN PROGRAM ANLC THREE SUBPRUCRAMS WHICH
CEFINE ORDINARY DIFFERENYIAL EQUATICM WHCSE SOLUTICN IS TO BE
ATTEMPTED. T+E THREE USER-SUPPLIELC SUEPROGRAMS ARE...

1} SUBROUT INE AMAT (ihy MLA, MUA, T, Y, A)
IMPLICIT REAL*B(A-H,C-27)
DIMENSICN Y(L)q A(N,1)

THIS RCUTINE CEFINES THE MATRIX A, USEC WHEN ICASE = 3
(A(Y,T) * (DY/DT) = G(Y,T)).

FOR ICASE = 3¢ TFE USER DEFINES MATRIX A IN FULL FCRM

(AS AN N BY N ARRAY} IF MLA=MUA=N-13 CTHERWISE,

MATRIX A IS CEFINED IN BANCEC FORM [AS AN N BY (MLA+MUA+1)
ARPAY WHERE A{lI.J) IS STCRED IM LCCATICN A(I,J-1+MLA+1)).

THE LSER PROVICESy IN THE MAIN RCUTINE, THE INFUT VARIABLES
MLA AND MUA.

MATRIX A MLST NOT BE DEFINED AS A DIAGCNAL MATRIX (I.E.
MLA=MUA=Q).

FOR MF = 10 CR 20y MATRIX A MLST BE A CCNSTANT MATRIX
WITH RESPECT TC T AND Y.

FOR ICASE = 1,23 AMAT MAY BE REPLACED 8Y A EUMMY SUBROUTINE.

RETURN
END

SUBROLTINE GFUN (Ny Ty Yy G)
IMPLICIT REAL*B8(A-H,0-2)
DIMENSICN Y(N),CG (M)

slslelelaNalolelslolelaslisolaleRelislaoNaNolfolsfetaReke ool e lala el aleo e NeRea N olalefekaRkaie iz e i iR ia i ia ke el
3% ]

49~



OCOO0ONOOO0DOO0OOO OO0 OO 000NN ONNN00

sEeletalaNslelelaTalslalslieigiasNalalaleNale e Ra Re EN;

THIS ROUTINE CCMPUTES TKHE FUNCTICN G(YT), THE RIGHT-HAND
SIGE CGF THE C.CsEe HERE Y AND C(Y,T) ARE VECTORS UF LENGTH
N. GFUN IS CALLEC IN ALL CAZES.

RETURN
END

3} SUERCUTINE JMAT (AN, ML, MU, Ty Y, PW)
IMPLICIT REAL*8(A-H,0-2)
DIMENSICN PWINs1)},Y{N)

THIS ROUTINE CCM#UTES THE JACOBIAN MATRIX CF PARTIAL
DERIVATIVES CF G(Y4T}) = (G(1)4G(2)seaerCIN]}).

FOR ICASE = 1, THE JACOBIAN IS STCRED IN PW AS AN M BY N
ARRAY; WFERE PW(l,J4) IS SET 70 BE THE PARTIAL DERIVATIVE OF
G{I} WITH RESPECT TO Y(J).

FOR ICASE = 2, THE JACGEBIAN 1S STOREC AS AN N BY
(ML+MU+1) ARRAY; WHERE PW(I1,J-I+ML+1) IS SET TC BE TFE
PARTIAL CERIVATIVE CF G{I) WITH RESPECT TO Y(J).

FOR ICASE = 3, THE JACOBIAN IS STCRED EITHER IN FULL OR
BANDED FORM AS JUST DESCRIEEL. NDTE: FOR THE JACCBIAN
FULL, ML=MU=N-13 FCR THE JACCBIAN EANDELC, (MNL+MU)

OLT. ‘2*(N-1’,¢

FULL,y (ML+MU) = (2%KM1)3 FCR THE JACUBRIAN EANDED, (ML+MU}
L Te (2%KM1).

JMAT IS CALLED CNLY IF MITER = 1, CTHERWISE, JMAT MAY BE
REPLACED BY A DUMMY SUBRCUTIANE.

RETURN
END

—— v — ——— T —— o " il <Al ey g et . T i S . A o g o o ol . — e A . ———— L — —— . ——— o ——

METHCDS USECeas

THE ODEPAKK PACKAGE USES THE LINEAR MULTISTEP METHCGDS OF THE FCRM:

K1 kK2
Y(N) = SUM (ALPHA{J) * Y{N-J)) + H * SLM (BETA{J) * YDCT(N-J) .
J=1 J=0

WHERE Y(I) IS AN APPROXIMATION TC Y(T{I)}, YDCT(I) = FIY(I},T(I))
IS AN APPRCXIMATIGN TC YDCT(T{(I})}s ANC + IS A CCNSTANT STEP SIZE
(H = T(I+1) - T(1)).

THE TWC TYPES OF LINEAR BULTISTEFP NETHCCS AVAILABLE ARE THE
IMPLICIT ADAMS METHOCS (71O CRDER 12), AND THE BACKWARD CIFFERENTI-
ATICN FCRMULA METHGLCS, OF CEAR'S STIFF METHODS (70 CRDER 5).

AN CRDER Q METHOD 1S ICENTIFIED AS BEINC ONE IK WHICH, WHEM THE
EQUATICN FGR Y(N) IS SCLVED WITH ALL PRECEDING Y VALUES EXACT,
THEN FOR SMALL H, Y(N) WILL CIFFER FFCNM THE CCRRECT SOLUTICN OF
THE O.DeE. BY A LOCAL TRUNCATION ERR{R THAT IS CF THE CRDER

H¥% (Q+1).

FCR AN CRDER Q ACAMS METHCD K1 = 1 AMD K2 = Q-1, AND FCR AN CRCER Q
-50~
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BACKWARD DIFFERENTIATICN FCRMULA K1 = € AND K2 = Q0. THE CCNSTANTS
ALPHA(J) AND BETA{J) ARE CCNSTANTS ASSCCIATED wITH THE METHOD

ANC SINCE BETA(O) IS GREATER THAN O, THE ABOVE EQUATION FOR Y(N)
1Sy IN GENERAL, AN IMPLICIT NONLINEAR ALCEERAIC SYSTEM THAT MUST
BE SCLVEC CN EVERY STEP.

T0 SOLVE THIS SYSTEM, THREE CCRRECTCF, ITERATICMN METHRUODS ARE
AVATILABLE: FUNCTICNAL ITERATION, NEWTCNS CHORC METHCD WITH AN
ANALYTIC JACCBIAN MATRIX, AND NEWTCNS CHCRD METHCD WITH TEHE
JACCBIAN MATRIX CALCULATED INTERNALLY BY FINITE CIFFERENCES.
DUE TO THE NCN-MATRIX TREATMENT CF Tkt FUNCTICNAL ITERATIOGN
METHCD, IT IS LESS EXPENSIVE THAM TrE CTHER METHECDS. HCWEVER,
THERE IS A LOSS IN THE SPEEDC OF CONVERGENCE AND IN GENERAL, A
SMALLER VALUE OF H IS RECUIRED FCP CCNVERGENCE. NEWTONS CHORD
METHOD INVOLVES A MATRIX PROBLEM, THEREFCRE IT IS MCRE EXPENSIVE,
WHILE AT THE SAME TIME IT CONVERCES FASTER AND FCR LARGER TIMES
STEP SIZES THAN DOES THE FUNCTICNAL ITERATICN METHCC.

TO COMPUTE THE VALUES CF Y(N)}, USING AN INTECGRATION FORMULA CF

CRODER @ AND STEP SIZE Fy THE FCLLCWIMNG TASKS ARE PERFORMED INMN TAKING
A TIME STEP. BASED ON ThHE COMPUTED SOLLTICN VALUES AT PREVICUS
TIMESy, AN EXFLICIT PRECICTICN FCRNULZS 1S USED TG ESTIMATE THE VALUES
0F Y{N}. THESE PREDICTED VALUES ARE THEN LSEC AS THE INITIAL

VALUES FOR STARTING THE NONLINEAR ITERATION PROCESS. THE CCORRECTICN
IS THEN PERFORMED BY LSING EITHER THE FUNCTICNAL ITERATICON OR
NEWTCNS TTERATION METH+CD TC SOLVE THE NCNLINEAR EQUATICN OF CRDER

@ FOR THE NEW SOLUTICN VALUES, Y(N). TRE STEP SIZE IS RECUCED AND
THE PREQICTICN-CORRECTICN PRCCESS IS TERMINATED IF THE ITERATICN
PRCCESS FAILS TC CCNVERGE.

FGR SUCCESSFULLY COMPUTEL VALUES OF Y(N), ERROR ESTIMATES ARE
CALCULATED. THE VALUES CFf Y(N) ARE ALLCWED 1IF TFEY ARE LESS THAN
THE ERROR TOLERANCE, EPS. HOWEVER, IF THE ERRCRS DC NCT CCNFORM
TC THE ERRCR TOLERANCE, THE FREDICTION~-CORRECTICN PRCCESS IS
REPEATED WITH A DIFFERENT H AND/CUR A LCWER CRDER Q UNTIL THE ERROR
TEST IS PASSEC CR A CECISICN 1S MACE TC TERMINATE THE ATTEMPT AT
TAKING THE TIME STEP.

AFTER SUCCESSFULLY TAlihu A TIME STEP, CR AFTER AN LNSUCCESSFUL
ATTEMPT AT TAKING A TIMF S5TEPy, A NEW STEP STZE F-PRIME AND FORMULA
CRDER Q~PRIME 1S DETERMINFD., IF THE LAST TIME STEP WAS SUCCESSFUL,
Q-PRIME MAY TAKE ON TFE VALUES Q-1,y €, CR Q+135 IFf NOT, Q-PRIME MAY
TAKE ON THE VALUES OF G-1 CR Q. EASED CN THE INTEGRATICN FORMULAS
CF CRDERS Q-1, Q, AND Q+1, ESTIMATES ARE MADE AS TC THE RESPECTIVE
MAXIMUM TIME STEP SIZES "t e™ MAY BE LSED AMD STILL PASS THE ERROR
TEST. THE FCRMULA CORDFER THAT WILL ALLCW THE LARGEST TINE STEP SIZE
IS THEN USECy WITH THAT STEP SIZE, FCR THE NEXT TIME STEP ATTEMPT.

A MCRE CCMFLETE AND TFHORCUGH DISCUSSION OF THESE METHODS, THE
CCNTRCOL OF ERROR, THE CHANGE OF CRCER AND STEP SIZE, AND PROCEDURE
INVOLVED IN TAKING A TIME STEP MAY BE FCUND IN REFERENCES 1y 24 3,
5y AND 6.

A e T — - S ——— N i ———— - T — - —— A T L S b v—— ot o T o v b

REFERENCESeae

le Co. We GEARy NUMERICAL INITIAL VALUE PROBLENMS IN ORDINARY
DIFFERENTIAL EQUATIONS, PRENTICE-HALL, EMNGLEWCCD CLIFFS,
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2. Ae. Co HINDMARSH, GEAF.. ORDINARY DIFFERENTIAL ECUATICN SYSTEM
SCLVER, UCID-30001 REV. 3, LAWRENCE LIVERMCRE LABORATORY,
P.0. BCX 808, LIVERNCRE, CAL. S$4550, DEC. 1974.

3, A. Co FINCMARStH, CEARB.. SOLUTION CF ORDINARY DIFFERENTIAL
EQUATIONS HAVING EANDEO JACOEBIAN, UCIC-30059 REV. 1,
LAWRENCE LIVERMORE LABORATORY, MARCH 1975,

4o PRELIMINARY DOCUMENTATION OF CEARIB.., SCLUTICN CF IMPLICIT
SYSTEMS OF ORDINARY DIFFERENTIAL ECUATICMS WITH EANCED
JACGETANSy LAWRENCE LIVERMCRE LABCRATCRY, UCIC-30130,
FEBRUARY 1S76.

5. A. Co HINOCMARSE, LINEAR NULTISTEP METHCODS FGR ORDINARY
DIFFERENTIAL EGUATICNS.. METHCC FCRMULATICNS,
STABILITY, AND TH+E METHODS OF NORCSIECK AND CEAR,
UCRL-51186 REV. 1, LAWRENCE LIVERMOVE LABCORATCRY, MARCH 1972.

6. A, C. HINDMARSH, COUNSTRUCTICN CF MATHEMATICAL SCFTWARE,
PART IIl.. TKE CCNTROL CF ERROF IN THE GEAR PACKACGE
FCGR CRDINARY CIFFERENTIAL EQUATICNS, UCID-30CE0 PART 3,
LAWRENCE LIVERMCRE LABCRATCRY, AUGLST 1S72.
L.t.Ley AUGUST 1572,
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STCRAGE ALLOCATICN...

THE STORAGE FCR ODEPALE L ALLOCATED DYNAMICALLY BASED TN THE
INPUT PARAMETERS SUPPLiEL TG SUBROUTINE CDEFAK FROM THE USERS MAIN
PROGRAM,

THE ARRAY WORK IS A STCRAGE POCL FOR TEHE WORKING ARRAYSS Y, YMAX,
ERRCR, SAVEl, SAVEZ2, SAVE3, PW, ANC A. THE ARRAY IWORK IS A LIST
OF PCINTERS INTO WORK INCICATING THE STARTING LCCATICNS CF THE
VARIOUS WORKING ARRAYS, ANC IWCORK(8) THRU IWORK(N+7) HOLD THE IPIV
ARRAY. THE FCLUOWING TAPLE ASSUCIATES THE WORK ARC IWCRK ARRAYS..

WORK(1) IS THE BECINKilG CF THE ARRAY Y

IWORK(1) POINTS TO THE BEGINNNING LCOCATICN CF THE ARRAY YMAX IN WORK
IWCRK(2) PCINTS TO THE BEGCINNNING LOCATICN ©F T+E ARRAY ERROR IN WGRK
IWCRK(3) PCOINTS TO THE BEGINNNING LCCATICN CF TFE ARRAY SAVE1l IN WORK
IWORK(4) PCINTS TO THE BEGINNNING LOCATICN CF THE ARRAY SAVEZ2 IN WCRK
IWORK(5) PCINTS TO THE BEGINNNINC LOCATICN GF T+E ARRAY SAVE3 IN WORK
IWORK(&) POINTS TO THE BEGINMNING LUCATICN CF THE ARRAY PW IN WORK
IWORK{7) PCINTS 70 THE BEGINNNINCG LOCATICN CF THE ARRAY A IN WORK
IWCRK(8Y IS THE BEGINNING CF TEE ARRLY IFIV.

THE MINIMUM STIZE CF THE VARIOUS WCRKINC ARRAYS IS ECEFINED AS FOLLOWS.

ARRAY FCR EGR FOR
NAME ICASE = 1 ICASE = 2 ICASE = 3

% o o o ol sk ol ofe ole ol e aicobe o ik b ol o b % ol i e et ool ol e e oo o ofe e sl sdr sl ool A ode ool s ok et e e 3 e ik e sjeole e e afe e e o dlksle e sieale
Y N * MSIZE N * MSIZE N % MSIZE

YMAX N A N

ERRCR N N N

e
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OO0

SAVEL N N A
SAVEZ N N N
SAVE?R Y fs N
PW
FCR MITER = 03 1 1 hNE(2*MLA+MUA+L ).
FGR MITER = 142y N % N NAE(2%ML+MU+ 1}
ANC PW FULL; N % N
AND PW IS FULL N ¥ N
AND MATRIX A
IS EANDED:
AND PW IS BANDED MAX{NEN N={ ML+MU+
AND MATRIX A 1)}
IS FULL3
AND MATRICES PW Nk { 2%MAX (ML, MLA)+
ANC A BANDEDC; MAX{MUMLA)EL)
A
FCR MITEF = 03 1 1 Nk (NLAFMUA+L)
FCR MITER=1,2, 1 1
AND MATRIX A N ®* N
FULL
AND MATRIX A N¥{MLA+MUA+1)
BANDEC AND PW
FULL 3
AND MATRICES PW NE(MAX {MLyMLA) +
ANC A BANDED; MAX( MU MUAI+1])
iP1IVv
FCR MITER = 03 1 1 i
FCGR MITER = 1,235 N A A
WHERE e e »

MAXDER = MAXIMUM CRDER OF METHCD LSED..

5 FOR BCF METHODS (METH = 2},

12 FCR ACAMS METHCDS (METF = 1).
MSIZE = MAXDER + 1

AN QUTPUT MESSAGE 1S PRGLCUCEC FRCM ODEPAK TU INFCRM THE USER OF TEE
MINIMUM STCRACE REQUIREMENTS NEEDED FOR ARRAYS YO, WCRK, AND I1wCRK.

———— . e e ik e MR S T o e B S A W e wh i L NS T T W e A e S ek A S il Gtk e b S Ak il S e b e e i e b 4S8 mmar

CDEPAK IS TO BE CALLED CNCE FCF EACH CUTPUT VALUE QF T, AND
-53-



s EeinlisisltFeleslieclsislaNaEeliaNaNelelsNslalslsRalaiaslalslelafe e Nelala ook e feRafe ks Rskulalsinieieslzia i s ie R e in i e R o)

IN TURN MAKES REPEATED CALLS TC THE CORE INTEGRATCR, STIFF.

THE GENERAL FCRM OF THE CALL TO CDEPAK FCLLCWS:

COEPAKIN 2 TOsHG YO, TCUTyEPSyMF,ICASEy INCEXy ML 9y MU, MLA, MUA, WORK s IWORK])

THE INPUT

A

T0
O
Y&

TCUuT

EPS

MF

ICASE

INDEX

i

PARAMETERS ARE...

THE NUMBER OF FIRST-CRCER DIFFERENTIAL ECQUATIONS.

N MAY BE RECUCED, BLT NEVER INCREASEC, ECURING A PROBLEM.

THE INITIAL VALUE OF T, THE INDEPENCENT VARIABLE
(USED CNLY CN FIRST CALL).

THE NEXT STEP SiZE IN T (LSED FOR INFUT CALY CN THE
FIRST CALL).

A VECTOR CF LENGTH N CONTAINING TEFE INITIAL VALUES CF
Y (USED FOR INPUT OAMLY CN FIRST CALL).

TEE VALUE CF T AT WRICH OUTPUT IS CESIREL NEXT.
INTEGRATICN WILL NCRMALLY GU SLIGHTLY BEYOND TCUuT
ANEC THE PACKAGE WILL INTERPCLATE TC T = TGUT.

THE RELATIVE ERROR BCUNL (USED CNLY CN TFE
FIRST CALL, UNLESS INDEX = -1). SIMGLE STEP ERROR
ESTIMATES CIVIDED BY YMAX(1} WILL BE KEPT LESS THAN
EPS IN ROCT-MEAN-SQUARE NCFNM {I.E. EUCLIDEAN NORM
CIVIDED BY SQRT{(N) ). TrE VECTOR YMAX CF
WEIGHTS IS COMPUTED IN COEPAK. INITIALLY YMAX(I1) IS
ABS{Y(I)), WITH A DEFAULT VALUE CF 1 IF ¥(I}) =0
INITIALLY. THEREAFTER, YMAX{I) IS THE LARGEST VALUE
CF ABS(Y(I)) SEEN SC FAR, CR THE INITIAL YMAX(I) IF
THAT IS LARGER, TO ALTER EITHER CF THESE, CHANCGE THE
APPROPRIATE STATEMENTS IN THE DO-LCOCPS ENDING AT
STATEMENTS 10 AND 7C BELCh.

THE METHOD FLAG (USED CNLY CN FIRST CALL, UNLESS
INDEX = -1}« MF HAS TWC CECIMAL CIGITS, METH AND
MITER (MF = 1C*METH + VITER}.

ALLOWED VALUES.. 10C,11,.12,20,21, AND 22.
FOR ICASE = 3 WITH MF = 10 CR 20, MATRIX A MUST BE
A CONSTANT MATRIX WITH RESPECT TC T AND Y.

METH IS THE BASIC METKFCL INDICATCF..
METH 1 MEANS THE ALCAMS METRODS.
METE 2 MEANS THE STIFF METHCLCS CF CEAR, CR THEE
BACKWARD CIFFERENTIATICN FCRMULAS (EDF).
MITER IS THE ITERATION METHCD INDICATOR AND DETERMINES
HOW THE JACOBIAN MATRIX DC/DY IS TO EE CCMPUTED.

iou

MITER = € MEANS FUNCTIONAL ITERATICM (NC PARTIAL
DERIVATIVES NEECED) .

MITER = 1 MEANS CHCRD METFCD WITH ANALYTIC JACOBIAN.
FOR THIS CPTICN,y, USER SUPPLIES SUERCUTINE
PMAT (SEE CESCRIPTICN BELCK).

MITER = 2 MEANS CHCRD METHCD WITH JACCBIAN CALCULATED

INTERNALLY EY FINITE CIFFERENCES.

TYPE CF DO.D.Ee. TC BE SCLVED. ALLCWEC VALUES.. 142, AND 3.

1 DY/DT = G{Y,T}, FULL JACCBIAN MATRIX.

2 DY/ET = G{Y,T}, BANLCEL JACOBIAN MATRIX.

3 AX(DY/DT) = G{Y,T)}, FLLL OR BANDEC JACOBIAN MATRIX.
INTEGER USEL ON INPUT TG INCICATE TYPE UF CALL,

WITH THE FCLLOWING VALUES AND MEAMNINGS..

1 THIS IS THE FIRST CALL FCR THIS PRCBLEM.
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0 THIS IS NCT TEE FIRST CALL FOR THIS PROBLEM,
AND INTEGRATICN IS 70 COCNTINUE.
-1 TFIS 1S NOT TEE FIRST CALL FOR THE PRCBLEM,
ANG THE USER KAS RESET N ANC/CR EPS.
2 SAME AS 0 EXCEPTY THAT TCUT IS TC BE HIY
EXACTLY (NO INTERPOLATICN IS DCNE).
ASSLMES TCUT .GE. THE CURREANT T.
3 SAME AS O EXCEPT CCANTROL RETURNS TO CALLING
FRCGRAM AFTER CNE STEP. TCUT IS IGNORELC.
SINCE THE NORMAL CQUTPUT VALLE CF INDEX IS 0,
IT NEEC NCT BE RESET FOR NORMAL CCNTINLULATICN.

ML,MU = THE WIDTHS OF THE LCWER ANC UPPER PARTS, RESPECTIVELY,
QF THE BANC IN THE JACCBIAMN MATRIX, NCT CCUNTING THE
MAIN CIAGONAL. THE FULL BANDWIDTE IS ML + MU + 1.
REQUIRED FCR ICASE = 2 AND FCR ICASE = 3, FCR ICASE
= 3 AND TFE JACOBIAN IS A& FULL MATRIX, ML=MU=N-1.

FOR ICASE = 1, ML ANC MU DEFAULT TC N-1 IN OCEPAK.

MLA,MUA = TFE WIDTHS CF THE LUWER AND UPPER PARTS, RESPECTIVELY,
OF THE EANC IN THE MATRIX A, NUT CCUNTING THE MAIN
DIAGONAL. THE FULL BAMNDWICTH IS MLA + MUA + 1.

MLA AND MUA ARE REQUIRED FCR ICASE = 2. FOR MATRIX A
FULLy SET MLA=MUA=MN-1.
FOR ICASE =1 OR 2, MLA AMC MUA CEFAULT TC 0 IN ODEPAK.

THE USER MUST DIMENSICN (AT A MINIMUM]} THE ARRAYS YC, IWORK, AND WORK
IN THE MAIN PROGRAM ACCORDING TC THE FCLLOWING CCNOITICANSese

1} YO (**) - WHERE %% = N
2]  IWORK(%*%x} — WFERE *% = N + 1
3)  WORK(%*:3%) ~ WHERE..
FGR ICASE = 1; *% = N¥(MSIZE+5)+]1+1A+IBy, WFERE ..
FOR MITER = 03
IA=1,
IB = 1.
FOR MITER = 1,23
1A = N % N,
{8 = N,
FOR ICASE = 23 #% = A*(NSIZE+5)41+1A418, WHERE..
FOR MITER = Q3
14 = 1,4
12 = 1.
FCR MITER = 1,23
IA = N (2%NML4+MU+L),
IB = N
FOR ICASE = 33 %% = N*x(MSIZE+S5)+hNPW+NA+NIPIV, WFERE..

FGR MITER = (€3
NFW = N#(2*%VLA+NUA+1},
NA = N*(MLA+MUA+1),
NIPIV = 1.

FCR MITER =142,

ANC NMATRICES PW ANC A FULL
NPW = N * N,
NA = N % N,
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NIPIV = N.

AND PW FULL AND MATRIX A EANDEC
NPw = N * N,
NA = N * (MLA+MUA+L]),
NIPIV = N.

AND FW BANCED AND MATRIX A FULL;
NEW = MAXINHN N* (ML#MU+1),
NA = N * N,
MNIPIV = N,

ANC MATRICES Pw AND A BANDED;
NPW = N¥(2%MAX (ML MLAJINAX(NMU,MUA)HL),
NA = N&(MAX(ML,MLA)+¥AXINL,MLA)+1),
NIFIV = N,

AFTER THE INITIAL CAtL, IF A NCRMAL RETURN GCCURRED AND A NORMAL
CONTINUATICN IS CESIREC, SIMPLY RESET TCUT ANC CALL AGAIN.

ALL CTHEER PARAMETERS WwILL BE READY FCR THE NEXT CALL.

A CHANGE OF PARAMETERS WITH INDEX = -1 CAN BE MACE AFTER

EITHER A SUCCESSFUL (R AN UNSUCCESSFLL RETURN.

—asn — — —— . — —  —— ——— — —— T T—————

THE CUTFUT PARAMETERS ARE...

THE STEP SIZE F USED LAST, WHETHER SUCCESSFULLY CR NOT.

THE COMPUTEC VALUES OF Y AT T = TOUT.

THE CUTPUT VALUE CF T. IF INTEGRATICN WAS SUCCESSFUL,
AND THE INPLUT VALUE OF INDEX WAS NCT 3, TGUT IS
UNCHANGED FRCM ITS INPUT VALUE. CTHERWISE, TCUT
IS THE CURRENT VALUE CF T TC WHICE INTECRATICN
HAS BEEN CCMPLETED.

INTEGER USEC CN QUTPUT TO INCICATE RESULTS,

WITH YHE FOLLOWING VALUES AND MEANINGS..
0 INTEGRAT ICN wWAS COMPLETED TC TOUT OR BEYOND.

-1 THE INTEGRATICN WAS HALTECL AFTER FAILINCG TO PASS TEHE
ERROR TEST EVEN AFTER REDUCING H BY A FACTCR CF
1.E10 FRCM ITS INITIAL VALUE.

=2 AFTER SCME INITIAL SUCCESSy THE INTEGRATICN WAS
HALTEC EITHER BY REPEATED ERROR TEST FAILURES OR BY
A TEST ON EPS, TUC MUCH ACCURACY FAS BEEN REQUESTED.

-3 THE INTEGRATICN WAS HALTEL AFTER FAILINC TC ACHIEVE
CORRECTCR CCNVERGENCE EVEN AFTER RECUCING H BY A
FACTOR CF 1.E10 FRCM ITS INITIAL VALUE.

-4 IMMEDTATE HALT BECAUSE CF ILLEGAL VALUES CF IANPUT
PARAMETERS. SEE PRINTEL MESSAGE.

-5 INDEX WAS -1 CN INPLUT, BLT THE OESIREC CHANGES CF

PARAMETERS WERE NOT IMPLEMENTED BECAUSE TOUT

WAS NOT BEYCMD To INTERPCLATICN TC T = TOUT WAS

PERFORMED AS €N A NCRMAL RETURN. TC TRY AGAIN,

SIMPLY CALL AGAIN WITE INCEX = -1 AND A NEW TCUTY.

HO
YO0
J0UuT

[ ||

INDEX

T0 PROVIDE ACCITICNAL STATISTICS ON THE PROBLENM BEING SCLVED,
THE CCMMON BLCCK ODE3 MAY EE ACCESSELC EXTERNALLY BY THE USER

IF DESIRED. IT CONTAINS THE STEP SIZE LAST USED (SUCCESSFULLY),
THE CRDER LAST USEC (SUCCESSFULLY), THE NUMBER CF STEPS TAKEN
SC FARy THE NUMBER OFf € EVALUATICNS (GFUN CALLS) SC FAR,
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ANC THE NUMBER OF JACOBIAN EVALUATICAS SC FAR.
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IN ADCITICN TC CDEPAK, THE FOLLCUWINC RCUTINES ARE PROVIOEC 1IN
THE PACKACE...

C

C

C

C

c

c

C

C INTERP(TCUT,Y4NO,Y0) INTERPCLATES TO GET THE OQUTPUT VALUES

c AT T = TCUT, FRCM THE CATA IN THE Y ARRAY,
c STIFFINQO4VSIZEyNPHyMNASNIPIV,YsYMAX,) ERRORySAVELy SAVEZ,SAVE3,PH A,
C IPIV} IS THE CCRE INTEGRATCR RCUTINE. IF
C PERFORMSE A SINGLE STEP AND ASSCCIATED ERRCR
C CCNTRCL .

C COSET(METH,NQEL 4 TC,MAXDER) SETS CCEFFICIENTS FCR USE IN

c THE CORE INTEGRATOR.

c RES{NsT+HsA»Y,V,R) CCFFUTES T+E RESILUAL VECTOR

C R = H¥G(Y,T) - A{Y,T)*%V CIVEN Y ANC T,

c WHERE V IS A GCIVEN VECTOR AND H IS A

C GIVEN STEPSIZE. CALLELC IN ALL CASES.

C PMAT (Y9 AyNOyCONyMITER,JER,YMAX,ERROR, SAVEL4SAVEZ2,FPW,IPIV]) FOR

c ICASE = 1423 FMAT CCMFUTES ANC PRCGCESSES

C THE MATRIX ¢ = I - § * CG/LY.

C FOR ICASE = 3; FMAT CCMPUTES AND PRCCESSES
C THE CHCRD ITERATICN MATRIX P = A - S*LG/DY,
C WHERE § IS A fCALAR,

C CECINOsNML,MU,B,IP,IER) PERFORMS AN LU DECCMPOSITICN CN A

C FULL MATRIX OR A EANDEL LINEAR SYSTEM.

c SOLINOyNyML,MUyByY,IP) SOLVES LINEAR SYSTENS A%Xx = B AFTER DEC

i -AS BEEN CALLEC FCR THE LU CECOMPCSITION

c CF A,

C CIFFUNINsT Y YOOTyA4PHWH, IPIV) USED WHEN ICASE = 25 DIFFUN CCMPUTES
C YOCT = A%*-1 % G, GIVEMN Y AND T, USINC

L ADDA, DEC, AND SOL. CALLEC CMLY (N

C STARTING UP (CN THE FIRST STEP)y AND WHEN

C RESTARTING FRCM A CRASFH.

C ACDCA(N+ToY P, Ay NO,ML,MUY ADDBS THE MATRIX AlY,T) TO THE MATRIX

C ' STCRED IN P. FCR ICASE = 1, P IS AN

c N BY N ARRAY ANC A IS THE ICENTITY MATRIX,
C 1.0 IS ADCEC 70 THE P(I,1} ELEMENT,

C YIELDING A FULL MATRIX. FCR ICASE = 2, P
C IS AN N BY (ML+MU+1) ARRAY ANC A IS THE

c IDENTITYy 140 IS ADDED TG ThE P(I.J-I+ML+1)
c ELEMENT, YIELCING A EANCEU MATRIX. FCR

C ICASE = 3, P AND A MAY BE EITHER FULL OR

C EANDED MATRICES. IF P IS FULL, IT IS AN

C N BY N ARRAY; IF P IS EBANDED, IT 1S AN

C N BY (ML+MU+1) ARRAY. IF A IS FULL, IT

L IS AN N BY N ARRAY; IF A IS BANDEC, IT

C IS AN N BY {MLA+MUA+1) ARRAY. FGR BCTH

C P AND A BANCEC THE RESULT IS A BANDED

c MATRIX3; FCR ALL CTHER CCNFICURATICNS OF

c P AND A, THE RESULT IS A FLLL MATRIX.

C CALLED BY PMAT AND DIFFUN. USES ACCB AND

C ADLCBB TO ASSIST IN SUMMING NMATRICES A AND P.
C ACDB{N,ILC,IUP,B,F)} ALDS THE FULL MATRIX F TC TEE BANDED

C MATRIX Es RESLLT IS A FULL MATRIX. [ILGC ANOC
C TUP ARE THE LCWER AND UPPER BANDWIDTHS,

C RESPECTIVELY, CF THKE EANDELC MATRIX Be.

c ACDBB (N JNML,MLL yMAXNM KL, KLL,CL,DLL) ADDS THE BANDEO MATRICES

C CL AND CLL, OF POSSIBLY DIFFERENT BAND-
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WIDTHS; RESLLT IS PLACEC IN DLL TM EANDED
FCRM,
URND(U) CCMPUTES THE RELATIVE MACHINE PRECISICN. U 1S TFE
SMALLEST POSITIVE NUMBER SUCH THAT
(1.0 + U} CT. 1.0 o
SMALLEST PCSITIVE NUMBER SUCH THAT (1.0 + U) .GT. 1l.0.

NCTE.. PMAT, DEC, AND SCL ARE CALLEC CNLY IF MITER 1 OR 2.

T —— " S L b o . o i e o —— i o ———— — . S — S, S b M e b BE i i —

COMMUNICATICN.w e

EACH SUERCUTINE IN THE PACKACE CCNTAINS 2 COCMMUNICATION SUMMARY
AS INDICATED BELOW. THE FORTRAN FUNCTICNS USED SPECIFIES BRCTH
THE SINGLE ANC CCUBLE FRECISION NAMES,

FACKAGE RCUTINES CALLEC.. INTERP,STIFF,URND

USER ROUTINES CALLED.. NCNE
CALLED B8Y.. USERS MAIN FRCGRAM
FORTRAN FUNCTIONS USEC.. ABS(CAES)FLCAT(DFLCAT) ,MAXO,MAX1(DMAXL),

slslslalelaNelaala¥eRetalolaisinle ksl in e
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CIMENSICN YO(1) sWCRK(1),INCRK(1)}
CCMMCN /CDEL/ TyH.HMINyHMAX,EPSCyURCUNDyNC oy MFC4KFLAGyJSTART
CCMMCN /ODE2/ EPSJsNSCo MLCyMUCsNWoNNL yNOMLyNOWs MLAC, MUAC,MWA
CCMMCN /0ODE3/ HUSEC,NQUSED,NSTEF,NGE,NJE
CCMMCN /ODE4/ ICASS,ITYPE.JK,NML NMU,IFULL

IN THFE FOLLOWING DATA STATEMENT, SET..
LCLT = THE LCGICAL LNIT MUMBER FOR THE CUTPUT OF MESSAGES

DURING THE IMTEGRATICN.

——— ————————— - ————— A T —— . ol S it o T B ———— . o oo S T ——— T i

IF (MFeNE 10 ANDaMFaNEell oANCaMFoNE«12.ANCoMF.NEL20 4AND.
¥MF.NE.21.AND.MF.NE.22) GO TO 210

ICASS = ICASE

IF (INDEX «EQ. Q) GC TC 20

IF (INDEX .EQe. 2) GC TO 25

IF (INDEX <.EQ. -1) CGC 7O 30

IF (INDEX .EQ. 3) GC TO 4¢C

IF (INDEX «NE. 1) GC TO 430

IF (EPS .LE. 0.D00) €C TC 400

IF (N .LE. Q) GO 7O 410

IF ({TO-TOUT)*HO .CE. 0.00) GC TO 420
IF INITIAL VALUES OF YMAX CTHER THAN THCSE SET BELOW ARE DESIRED,
THEY SHCULC BE SET HERE. ALL YMAX(1)} MUST BE PCSITIVE.
IF VALUES FOR HMIN CR HMAX, THE BCUNCS CN ABS(H)s CTHFER THAN
THCSE BELOW ARE CESIREC, THEY SHOULC BE SET BELOw.

IN THE FOLLOWING STATEMENTy DETERMINE..
URCUND = THE UNIT RCUNDGFF OF THE MACHINE, 1.E. TFE SMALLEST
PCSITIVE U SLCH THAT 1. + U «NE, 1o CN THE MACFINE,
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C ALLCCATE STORAGE FUR ALL VECTORS REQUIREC IN ODEPAKK.s Yy YMAX,
C ERRCR, SAVEl, SAVE2, SAVEZ2, PW, A, AND IFlV.
C THIS ALLOCATION IS PERFORMED BETWEEN HERE AND STATEMENT 54.

METE = MF/10

MITER ¥F - 10 * METK
MADER 12

IF (METF .EQ. 2) MACER = 5
MSIZE = MADER + 1

IYS51Z = N * MSIZE

IWORK(Ll) = IYSIZ + 1
IWCRK(2) = IWCRK({1l) + N
IWORK{(3)} = IWORK{2) + N
IWORK{4) = IWCRK(3) + N
IWORK(5) = IWCRK{4) + N
52
CC 10 I = 1,N
WORK{IYSIZ + I) = DABS(YO(I))
IF (WORK(IYSIZ + 1} .EQ. 0.CDC) WCRKUIYSIZ + 1) = 1.0CO
10 WORK(I) = YO(I)
NC = N
T =70
H = HO

IF ((T+H) +EQe T) WFITE(LCUT,15)
15 FCRMAT(35H WARNINC.. T + H = T GN NEXT STEP.)

H¥IN = CAES(HO)

HMAX = CABS(TG - TCLT) * 10.CDO
EPSC = EPS

MFC = MF

JSTART = ¢

NO = N

Vi =

NSQ = NO*NO

NOW = NSQ

EPSJ = DSQRT{LURCUND)
NHCUT = 0

NV = NO - 1

ITYPE = 0

JK = N

IF (ICASE .EQ. 1) GC TC 42
NLC = ML

MUC = MU

NML = MLC

NMU = MLC

MW = ML + MU + 1

JK = Nw

C FCR ICASE = 2 OR 3, CHECK FOR INCONSISTENT VALLES GF ML ANC MU,
c FDF ICASE = 243 CHECK FCR INCONSISTENT VALUES CF ML AND MU.

IF {MW .GT. (N + N - 1}) GO TCO 38C
NOML = NQ * ML
NOW = NQ * MWW
IF (ICASE .EQe 2) CGU TC 45
C

[ o e e e e e s PRS-

C FCR ICASE = 3 CHECK FCR INVALIC CR INCONSISTENT VALUES OF MLA
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C ANC MUA.

IF ((ML + MU} LEQe (2 * NM1)}) JK
IF ((ML + MU) LEQ. (2 * NML)} NCW
MLAC = NMLA

NUAC = MUA

MwA = MLA + MUA + 1

IF ((MWA - 1) .EQ. 0) GC TO 3&5
IF (MWA .GT. (N + b - 1)) GO TG 350

H]
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C FOR ICASE = 33 IF TRE MATRIX A IS FULL, ITYPE =
C A 1S BANDED, ITYPE = 2.

IF THE MATRIX
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IF ({MLA + MUA) .EC. (2 * NFML)) ITYFE
IF ((MLA + MUA) .LTe. (2 * NM1)) ITYPE
MML MAXO (ML ,MLA)
M MU MAXC(MU,4MUA)

Hou

1
2

1}
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€ FCR ICASE = 335 IF THE SUM CF THE JACCBIAN MATRIX ANC THE MATRIX A

C IS FULL, IFULL = 15 CTRERWISE, IFULL = Q.
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IFULL = 1
1F [ (NML + NMU) JNE., (2 * NM1}) IFULL = C
GC TC 47

C TOUTF IS THE PREVIOUS VALUE CF TCUT FOR LSE IN HMAX,

20 FMAX = DABS(TOUT-TOLTP)*1(.CDC
GC TC 80

25 FMAX = DABS{TOUT-TCLTP}*1C.D0
IF ((T-TOUT)*H .GE. C.CO0) GC TOQ 500
GC TC €S

30 IF ((T-TOUT)*H .GE. O.CO0) GC T4 440
JSTART = ~1

NC = N
EPSC = EPS
C
490 IF ((T+K) .EQ. T) WRITE(LOUT,15)
GC TC 55
= m o o e o e e

47 IF (ICASE .EQ. 3) cC 7C &1
NPW = 1
IF (MITER .EQ. C)} GC TC £2
NPW = N * N

v e S " - . A o L A D S . —— A —— T ————
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IF {ICASE .EQ. 1) GO 70O 22
IF (ICASE .EQe 2) NPW = N * (2 * ML + MU + 1)
GC TC &2

51 NPW = N * (2 % MLA + MUA + 1)
IF (MITER LEQ. 0} CC TC 52
NPW = N % N
IF ((ML + MU} .EQe. (2 % AM1)}) GO TO 52
IF ((MLA + MUA) .EQ. (2 * NM1}) NFW = MAXO{NSCsNCW)
IF ((MLA + MUA) LEQ. {2 * NM1)) GC TQ 52
NPW = N % (2 % MAXO(NME,MLA) + MAXC(MU,MUA] + 1)
g2 IWORK({6) = TWCRK{5) + N
NA = 1
IF (ICASE .NE. 2) GC TC 83
NA = N % (MLA + MUA + 1)
IF (MITER .EQ. 0O} €L TC 53
IF (((ML + MU) LEQ. (2 ®= NM1)) LAND, ((MLA + NUA) .NE. (2 * NM1)])
* GO 74 53
NA = N % N
IF ({MLA + MUA)} .EQ. (2 * NM1}) GC TC S3
NA = N % (MAXO{ML,NMLA) + MAXO(ML,NMUA) + 1]
&3 IWORK{(7) = ITwWwCRK(&) + NPHW
NIPIV = 1
IF (MITER JNE. O} NIPIV = N
NWORK IYSIZ + 5 * N + NPW + NA 4+ MNIPIV
NIWGR N + 7
CUTPUT A MESSAGE TO THE LSER INDICATING THE MINIMUM SIZE CF
YO, WORK, ANC IWCRK FE MUST DIMENSICN IN MAIN RCUTINE,
WRITE(6+54 )N NWORK 4 NTIWGR
54 FORMAT(48H TC AVOID PCSSIBLE STCRAGE CVERWRITES, USER MUST,
*16H (AT A MINIMUM) ,/,17H DIMENSICMh.. YO(41I5,8H), WCRK{ 16,
#13H), AND IWORK(41I542F)ey//)
55 CALL STIFF (NO, MSIZE, NPWy NAy NIPIV, WCRKy WORK(IWORK (1)),

HoH

* WORK(TWCRK(2}), WCRK{IWCRK{3)), WCRK{IWORKI4)),
¥ WORK(IWCRK(5)})y WCORK({IWORK(6&))y WCRK{IWORK(T}),
* IWORK(E})

KGO = 1 = KFLAG
GC 7C (€0, 10C, 200, 200}, KGC

KFLAG = Gg —I’ '29 -3

NCR¥AL RETUEN FROM INTECRATOR.

THE WEIGHTS YMAX(1) ARE UPCATED. IF DIFFERENT VALUES ARE CESIRED,
THEY SHCOULD BE SET HERE. A TEST IS MACE FOR EFS BEING TGO SMALL
FGCR THE MACHINE PRECISICA,

ANY CTHFR TESTS OR CALCULATICNS THAT ARE REQUIRED AFTER EVERY

STEP SHCULD BE INSERTEC GHERE.

IF INDEX = 3, YO IS SET TO THE CURRENT Y VALUES CN RETURN.

IF INDEX = 24 H IS CCNTRCLLED TC HIT TCUT (WITHIN RCUNDOCFF

ERROR), AND THEN THE CURRENT Y VALUES ARE PUT IN YO CN RETURDN.

FOR ANY CTHER VALUE CF INDEX, CENTROL RETURNS TO THE INTEGRATOR

UNLESS TOUT HAS BEEN REACHED. THEN INTERPCLATELC VALUES OF Y ARE

CGMPUTELC AND STORED IN YO CN RETURN.

IF INTERPCLATICN IS NCT DESIRED, THE CALL TC INTERF SHOULD BE
-



C REMCVED AND CCNTROL TRANSFERRED TG STATEMENT 5C0 INSTEAD OF 22

€c £ = C.0C
CC 70 1 = 1,.N
AYI = CABS(WORK{I}}
WORK(IYSIZ + I) = DMAXL(WORK{IYSIZ + I),AYI}
70 D =0 + (AYI / WCRK(IYSIZ + 1))#%2
D = D¥(LRCUND/EPS)**2
IF {(C .GT. DFLOAT(N)} GO TO 25¢C
IF {INDEX .EQ. 3) €C TC 500
1F (INDEX .EQe. 2} GO TC 85
80 IF ((T-TOUT)*H .LT. 0.D0) GC TO 4Q
CALL INTERP (TOUT, wCRKy N0y YO)
€0 70 520

€5 IF (((T+H)}-TOUT)I*k JLE. 0.DO) GC 70 40
IF (CABS{T-TOUT} .LE. 1CC.DO*URCUND*HNMAX) GC TO E£CO
IF ((T-TOUT)*H .GE. 0.0C0) GC TC 500
F = (TOLT - T)*(1l.PC - 4.DO*URCUND)
JSTART = -1
GC TC 40C
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CN AN ERROR RETURN FRCM INTEGRATCR, AN IMMECIATE RETURN OCCURS IF

TO RECCVERy H ANC EMIN ARE REDUCED BY A FACTCR CF .1 UP TO 10
TIMES BEFORE GIVING UP.

—————— " S ot vl s T o e e e et e e M D k. e WA W N W S T W .

C
C
C KFLAG = -2y AND RECOVERY ATTEMPTS ARE NMACE CTHERWISE.
C
C
C

100 WRITE (LCUT,1C5) 7T
165 FORMAT(//35H KFLAC = -1 FROM INTECRATCR AT T = ,El6.8/
* 39H ERROR TEST FAILED WITH CABS(E) = HMIN/)
110 IF (NFCUT LEQ. 10) €0 TC 150
NECUT = NBCUT + 1
RMIN = REMIN*,1D0
H = H*.1D0
WRITE (LOLT,115) H
115 FCRMAT(24F F HAS BEEN RELUCEL TO ,E16.8,
* 26H AND STEP WwILL BE RETRIEC//)
JSTART = =1
GG TO 40

150 WRITE (LOUT,1E5)
155 FCRMAT(//44H PROBLENM APPEARS UNSOLVABLE WITE CGIVEN INPUT//)
GG TO 5CC

200 WRITE (LCUT+205) T4H

it —— . —— e T ——— ——

2C5 FORMAT(//235H KFLAG = ~2 FRCM INTECRATCR AT T = E16.845H H =,

% FE16.8/52F THE REQUESTED ERROR 1S SMALLER THAN CAN BE HANDLED//)

GC 740 50¢C

25C WRITE (LCUT,255) T
255 FORMAT(//37H INTEGRATICN HALTEC BY CDEPAK AT T = ,E16.8/

* 56H EPS TOO SMALL TO BE ATTAINED FOR THE MACHINE PRECISICN/)

KFLAG = -2
GC TO 5CC
C
30C WRITE (LOUT.3C5) 7
3C5 FORMAT(//35H KFLAG = -3 FRCM INTECGRATCR AT T = ,El6.8/
* 45H CORRECTCR CCNVERGENCE CCULD NCT BE ACRIEVED/)

60 TO 110
P



310
31¢

380
381

385
386

390
395

400
405

410
415

42C
425

430
435

440
445

500

510
520

WRITE(LCUT,315)

FORMAT(//36H ILLECAL INPUT.. INVALIC VALUE CF MF//)
INDEX = -4

RETURN

WRITE(LCUT,381)

FORMAT(//48H ILLEGAL INPUT.. ML AND MU DC NCT CCNFORM WITE N//)
INDEX = -4

RETURN

KRITE{LOUT,386])

FCRMAT{//52H ILLEGAL FCRM FOR MATRIX A.. MATRIX A IS A DIAGONAL
A6HEMATRIX/ /)

INDEX = -4

RETUEN

WRITE{LOUT,395}

FCRMAT(//50H ILLEGAL INPUT.. MLA ANC MLU BC NCT CCNFORM WITH N//7)
INDEX = -4

RETURN

WRITE (LOUT,4C5)

FORMAT(//28H ILLEGAL INPUT.. EPS JLE. 0./7)
INDEX = -4

RETUEN

WRITE (LOUT+415)

FCRMAT(//25H TLLECAL INPUT.a N <LE. C//)
INDEX = -4

RETURN

RRITE (LCLT,425)

FORMAT(//36H ILLEGAL INPLT.. (TC-TOUTI*H .GE. 0.//)
INDEX = -4

RETURN

WRITE (LOUT,435) INDEX

FCRMAT(//724H ILLEGAL INPUT.. INDEX =,15//}
INDEX = -4

RETURN

WRITE(LOUT,445) T,TCUT,HH

FCRMAT(//744H INCEX = -1 CN INPUT wWITH (T-TOUT)I*H LGE. D./
* 4H T =4E164845H TCUT =4E16.8,6F H =4E16.8/

& 444 INTERPCLATION wWAS DONE AS CN NCRMAL RETUERN./
* 41H DESIREC PARANETER CHANCGES WERE NCT MADE.)

CALL INTERP (TOUT, WCRK, NO, YC)

INDEX = -5

RETURN

TCUT = 7
DO 510 I = 1,N
YO(I) = WORK(I)
INDEX = KFLAG
TOUTP = TCUT

R0 = HUSEC

IF (KFLAG «NE. Q) +C = H

RETURN
————————————————— ENC OF SUBROUTINE UDEPAK ———————=m— s e
END
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SUBROUTINE INTERP (TOLT, ¥, NC, YC)
IMPLICIT REAL*8(A-H,0-21

" T - —— o W T — T — . A — g . " — et St T
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SUBRCUTINE INTERP CEFPLTES INTERPCLATEL VALUES CF THE CEPENDENT
VARTIABLE Y AND STORES THEM IN ¥Y0. THE IMTERPCLATICAMA IS TC THE
PCINT T = TOUT, ANC USES THE NORDSIECK HISTORY ARRAY Y, AS FCLLOWS..

NQ
YOUI) = SUM  Y(I,Jd+1)*S%xJd ,
J=0
WHERE S = —=(T-TOUT)/H.
PACKAGE ROUTINES CALLEC.. NCNE
USER ROUTINES CALLED,. NCNE
CALLED BY.. ODEPAK

FORTRAN FUNCTIONS LUSED.. NONE

A . R Sk i i SR ] S - W A T, i s bl il . D . . e v o b b i il i . Y T S e e A8 b it e
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DIMENSICN YOUNCG)Y(NGC,1)
CCMMCN /OCE1/ T4HyaCUMMY(4),N,IDUMNY(2),JSTART

BC 10 I = 1,N

YOUI) = Y{1,1)
L = JSTART + 1
S = (TOUT - T)/H
S1 = 1.C0
CC 30 J = 241
S1 = S1%S
DC 20 1 = 14N
YO(I) = YCUI} + S1*Y(I,J)
CCNTINUE
RETURN
--------------------- ERD BF SUBREUTINE INTERP wsmommmimmimommm oo s st
END
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SUBROUTINE STIFF (NC, MSIZE, NPW, NA, NIPIV, Y, YMAX, ERRCR,
* SAVEl, SAVE2, SAVE3, PhWs A, IPIV)
IMPLICIT REAL*8(A-H,0~2)
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STIFF PERFORMS ONE STEP OF THE INTEGRATICN CF AN IMNITIAL VALUE
FRCELEM FOR A SYSTEM CF CRDINARY CIFFERENTIAL EQULATICNS.

STIFF IS A VERSICN FCR THE FULL ANC EANCED FCRM CGF TEHE JACCBIAN
MATRIX, AND FCR THE IMPLICIT O.D.Ee WITH FULL CR BAMDED JACCRBIAN
MATRIX.

COMMUN ICAT ICN WITH STIfFF IS DONE WITH THE FCLLCWING VARIABLES...

ICASE = T7TYPE CF C.C.E. TC BE SCLVED.

1 OY/DT = G(Y,T), FULL JACUOBIAN MATRIX

2 DY/DT = G(Y,T)y EBANCEL JACOBIAN MATRIX

3 A*(DY/DT) = G(Y4T), FULL COR BANDED JACCBIAN MATRIX
ITYPE = FORM CF MATRIX A USELC WHEN ICASE = 2,

0 DEFALLT VALUE FCR I(ASE = 1,2.

1 A IS A FLULL N BY M MATRIX.

2 A IS A EANDED N BY (MLA+MUA+1) MATRIX.

Y AN N BY LMAX ARRAY CCNTAININC THE CEPENDENT VARIABLES

AND THEIR SCALED DERIVATIVES. LMAX IS 13 FOR THE ADAMS
METHCDS ANC 6 FOR THE GEAR METHCCS. LMAX - 1 = MAXDER
IS THE MAXIMUM CROER AVAILABLE. SEE SUBROUTINE COSETY.
Y(IsJ+1) CCONTAINS THE J-TH CERIVATIVE CF YtI), SCALED BY
HE®J/FACTOGRIAL(J) (J = CylreneshG)a

NO A CONSTANT INTEGER .GE. Ny LSED FCR DIMENSICNING PURPOSES.
T THE INCEPENDENT VARIABLE. T 1S UPCATED CN EACH STEP TAKEN.
H THE STEP SIZE TU BE ATTEMFTEC CN THE NEXT STEP.

H IS ALTERED BY THE ERROR CCNTRCL ALGCRITHM DURING THE
PROBLEM. FH CAN BE EITHER PCSITIVE COF NEGATIVE, BUT ITS
SIGN MUSTE REMAIN CONSTANT THRGUGHMCOLT THE PRCBLEM,

HMIN, THE MINIMUM ANC MAXIMUM ABSOLUTE VALUE OF THE STEP SIZE

HMA X YO BE LSEC FCR THE STEP. THESE MAY EBE CFANGEC AT ANY
TIME, BUT WILL NOT TAKE EFFECT UNTIL THE NEXT K CHANGE.

EPS THE RELATIVE ERRCR BCUNC. SEE DESCRIFTICN IN GDEPAK.

URCUND THE UNIT RCUNDOFF CF THEE MACFINE.

N THE NUMBER CF FIRST-CRLER LCIFFERENTIAL EQUATICNS.

MF THE METHOD FLAG. SEE DESCRIFYTION IN OCEPAK,

KFLAG A CCMPLETICN CCOE KWITH THE FOLLOWING MEAMINGS..
0 THE STEP WAS SUCCESFUL.
-1 THE REQUESTED ERRCR COULC NCT BE ACHIEVED
WITH AES(H) = +MIN.
-2 ThE REQUESTEC ERRCR IS SMALLER TEAN CAN
BE HANDLED FOR THIS PRCGBLEWM,
=3 CCRRECTCR CCNVERGENCE COULD NCT BE
ACHIEVEC FCR 2ES(H) = EVMIN.
CN A RETURN WITH KFLAG NEGATIVE, THE VALUES OF T AND
THE Y ARRAY ARE AS CF THE BECINNING CF THE LAST
STEP, AND H IS THE LAST STEP SIZE ATTEMFTEC.
JSTART AN INTEGER USEL CN INPUT AMC CLTPUT.
CN INPUT, IT HAS THE FCLLOWING VALUES ANC MEANINGS..
¢ PERFORM THE FIRSV STEP,.
«GT.0 TAKE A NEW STEP CCONTINUINC FRCM THE LAST.
«LT.0 TAKE THE MEXT STEF WITH A NEw VALUE QF
He EPSy Ny AND/CR MF.
CN EXITs JSTART IS NCy THE CURRENT CRDER OF TEE METHOD.
YMAX AN ARRAY OF N ELEMENTS WITE WHFICH THE ESTIMATED LCCAL
ERRORS IN ¥ ARE CCMPARED.
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ERROR AN ARRAY OF N ELEMENTS. EFRRCR(I}/TQ(2) IS T+E ESTIMATED
ONE-STEP ERRCR IN Y(1).
SAVE1,SAVEZ4SAVE3 THREE WORKING STCRAGE ARRAYS, EACK CF LENGHT N.
PHW A BLOCK CF LOCATIONS USED FOR PARTIAL CERIVATIVES IF
MITER IS NCT O. SEE DESCRIPTION IN CDEPAK.
IPIV AN INTEGER ARRAY OF LENGTH N LSED FCR PIVCTY
INFORMATICN IF MITER = 1 OR 2.
MLoMU THE LOWER ANC UFPER HALF EANCWICTHS, RESPECTIVELY, CF THE
CHORD ITERATION MATRIX. SEE DESCRIPTION IN ODEPAK,
MLA,MUA THE LOWER ANC UFPER HALF BANCWIDTHSs RESPECTIVELY, COF
THE A MATRIX; LSED WHFEN ICASE = 3, SEE DESCRIPTION IN
ODEPAK.
PACKAGE RCLTINES CALLEC.. COSET,CIFFUN,FMAT,RES,SCL
USER RCOUTINES CALLEC.. GFUN
CALLED BY.. CDEPAK
FORTRAN FUNCTIONS LSED.. ABS(DABS) yFLCAT(DFLOAT} ,MAXL{DMAX1),
MIN1(DMINI)

. ———— "t 8 P L W A o e M e A S ek T — . T For i ———— b vt S g ] o

CIMENSICN Y(NO,MSIZE),YMAX(NO)},ERRGR(NO}, S&VEI(NCJ:SAV=2(hGl
DIMENSICN SAVE3(NO) +PW(NPW) JA(NA) JTFIVINIPIV)

CIMENSICN EL(13),7Q{4)

CCMMCN /ODEL/ ToHeHMINyHMAXEPS URKCUNC,NyMF4KFLAG,JSTART
COMMCN /ODE2/7 EPSJsNSCyMLCyMUC, MW gAML 4NOML o NCWyMLA, MUA, MKA
CCMMCN /CDE3/ HUSEL,NCUSED,NSTEP+NCE,NJE

CCMMCN /COE4/ ICASEITYPE,JK,MNML4AML,IFULL

CATA EL(2)/1.D0O/y COLDLO/1.DO/

KFLAG = C
TOLE = T
IF (JSTART .GT. 0) €8 TG 200
IF (JSTART .NE. 0) GO TO 120
CN THE FIRST CALL, THE CRDER IS SET TO 1 ANC THE INITIAL YDQT IS
CALCULATED. RMAX IS THE MAXIMUM RATIO 8Y WHICH H CAN BE INCREASED
IN A SINGLE STEP. 1IT IS INITIALLY 1.E4 TO COMPENSATE FGR THE SMALL
INITIAL H, BUT THEN IS NCRMALLY EQUAL TC 10. IF A FATILURE
GCCURS (IN CORRECTOR CGNVERGENCE CR ERRCR TEST), RMAX IS SET AT 2
FGR THE NEXT INCREASE.
CALL GFUN (N, T, Y, SAVE1)
ANN = NSQ
IF (ICASE .EQ. 2) NNN = NOW
IF (ICASE .EQ. 2) GC TC 105
DO 10C I = 1,NNN
100 FW(I) = C.0DO
105 IF (ICASE .EQ. 3) CALL DIFFUN (Ns T, Y, SAVELl, A, PW, IPIV)
DO 110 I = 1,N ,
110 Y(142) = H¥SAVEL(1)
METH = NF/10
MITER = MF - LO*METH

M =1

L = 2

100UB = 3
RMAX = 1.D+04
RC = 0.00
CRATE = 1.00
EPSCLD = EPS
HOLD = F
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MFOLD = MF

NCLD = N

NSTEP = (

NSTEPY = O

NGE = 1

NJE = O

IRET =1

IF {ICASE «NE. 1) IRET = 3
GC TG 130
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IF THE CALLER HAS CHANGEL METH, CCSET IS CALLEC TC SET
THE COEFFICIENTS OF THE METHCD. IF TRE CALLER KRAS CHANGED
Ny, EPSy OR METH, THE CCNSTANTS £, EODM, EUP, ANE ENC MUST BE RESET.
E 1S A CCMFARISON FOR ERRORS OF THE CURRENY CORDER NC. EUP IS
TO TEST FOR INCREASING THE ORDER, ECM FCR DECREASING THE ORDER.
BND IS USED TO TEST FCR CCNVERGEMCE CF TrE CCRRECTCR ITERATES.
IF THE CALLER HAS CHANCEL kK, Y MUST EE RESCALEC.
IF H OR METH HAS BEEN CHANGED, ICCUB IS RESET TO L + 1 TO PREVENT
FURTFER CHANGES IN H FOR THAT MANY STEPS.
12C IF (MF .EQ. MFOLD) GO TC 150
MEQ = METF
MIO = MITER
METH = MF/10
MITER MF - 10%METH
MFOLD = MF
IF (MITER JNE. MIO} IWEVAL = MITEFR
IF (METH .EQ. MEC)} €O TC 150
IbouB = L + 1
IRET = 1
130 CALL COSET (METH, NGy ElLy TGy MAXCER)
LMAX = MAXDER + 1
RC = RC*EL(1)/0LOLO
CLDLO = EL(1)
140 FN = DFLCATIN)

EDN = FA*(TQ(1)*EPS )*k*2
E = FN.(TQ(Z)*EPS)*%x2
EUP = FA*(TQ(3)*EPS)*32
BND = FME(TQU4)*EPS)%**2
GO T0 (160, 170,y 20C), IRET

150 IF ((EPS +EQ. EPSCLC) .ANC. (N +E€C. MACLD)) CGC TO 160

EPSOLD = EPS
NCLD = N
IRET = 1

¢C 70 140

160 1F {H .EQ. HCLD)} GC TC 2CC
RF = H/FCLD

F = HCLC
IREDCC = 3
GC 70 175
17C RH = DMAX1(RHHMIN/CABS{H)}
175 RH = DMIN1(RH,HMAX/CABS(H},RMAX)
Rl = 1.CO
DO 180 J = 2,L
Rl = RL1*RH
ODC 18C I = 1,.A
18¢C Y(Isd4) = Y(I,J)*R1
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H = H*RH

RC = RC*RH

100UB = L + 1

IF {(IRECC LECQ. Q) CC TL 690
THIS SECTICN COMPUTES THE PREDICTELC VALUES BY EFFECTIVELY
MULTIPLYING TRE Y ARRAY BY THE PASCAL TRIANGLE MATRIX.
RC IS THE RATIO OF NEw 7O CLD VALUES OF THE CCEFFICIENT H*EL(1l).
WHEN RC CIFFERS FROM 1 BY MORE THAN 20 PERCENT, CR THE CALLER HAS
CHANGED MITER, IWEVAL IS SET TC MITER TC FORCE TFE PARTIALSe P, TO
BE UFDATED, IF PARTIALS ARE USED. IN ANY CASE,s THE FARTIALS
ARE UPDATEE AT LEAST EVERY 20-TH STEF. FOR ICASE = 1,23
P=1-H*EL(1)*(DG/DY)., FOR JCASE = 2, P IS THE CKCRC ITERATICN MATRIX
A-E*EL {1)*(DC/DY).

200 IF (CABS(RC-1.D0} .GT. €.3DC) IKEVAL = MITER

IF (NSTYEP +GEe. NSTEFJ+20) IWEVAL = MITER

T=T+ H

£C 210 J1 = 1,4NQ

DO 210 J2 = J1l,.ANG¢
J o= (NG + J1) - J2
DC 210 I = 14N
210 YiI.Jd) = Y(1,J) + Y(I,J+1)

(e e e e e e e e e e e —————————————

OO0 O00

C UP 7O 3 CORRECTOR ITERATICNS ARE TAKEN. A CONVERGENCE TEST 1s
C MADE ON THE R.M.S. NCENM CF EACH COFRECTICN, USING BNDy WHICH
C IS DEPENDENT CGN EPS. THE SUM OF THE CCRRECTICAS IS ACCUMULATEL
C IN THE VECTCGR ERROR(I). THE Y ARRAY IS MNCT ALTERED IN THE CGRRECTOR
C LOCP. THE UPDATED Y VECTCR IS STCREL TEFMPORARILY IN SAVElLl.
C THE UPCATELC H*YCOT IS STCRED IN SAVE:z.
C _______________________________________________________________________

220 CO 230 I = 14N

SAVE2(I) = Y(I,2)
230 ERROR (I} = 0,00
M =20

CALL RES (Ns Ty Hy, Ay Y, SAVEZ, SAVE3)
NGE = NGE + 1
1F (IWEVAL .LE. 0) €O TO 290

e — - —— —— L — T i —— o ; — o it o - VS T W W - —————

C
C 1IF INDICATED, THE MATRIX P IS REEVALLATEL BEFORE STARTING THE

C CORRECTCR ITERATION. IWEVAL IS SET TO O AS AN INDICATCR THAT THIS
C HAS BEEN DCNE. P IS CCMPUTEC ANC FRCCESSED IN PSET.

C

o o i e it s e .l ] il . TP Sl T T T T Y o e ey, s S S AR SO AR S M S YO i o S U T > . O o e ™ "l e, S i b bt

IWEVAL = 0O
RC = 1.C0
NJE = NJE + 1
NSTEPJ = NSTEP
IF (ICASE .EQ. 3) GO TO 250
€CC TG (250, 240), FMITER
¢
(i i S e A e e e i
C 1IF ICASE = 1, JK = A
C IF ICASE = 24 JK = MW

S S — S—
240 NGE = NGE + JK
Z28C CON = =-1.000 #* H * EL(1}
CALL FMAT (Y, A, MNOy CCh, MITER, IER, YMAX, ERRCOR, SAVEl, SAVE2,
* Phwy IPIV)
1F (IER .NE. C) GO TO 42¢C
GO TO 350

=68



c
290 IF ((MITER .EQ. 0) +ANC. {ICASE .NE. 2)) GQ TO 370

C COMPUTE THE CCRRECTCR ERRCOR, R StB (M), AND SCLVE THE LINEAR
C SYSTEM WITH THAT AS THE RIGHT-HAND SIDE AND P AS THE CCEFFICIENT
C MATRIX, USING THE LU CECCMPCSITICN IF MITER = 1 CR 2.
[ e e e e e e e e e e e e e e e e e e e e e e e e e e . e
3936 L = (.DG
DC 380 I = 1,N
ERROR({I) = ERRCR{I) + SAVE3(I)
D =D + (SAVE3(I) / YMAX(I))#*2
SAVEL(1I) Y(Y,1) + EL(1l) * ERROR(I}
38C SAVE2(I) Y{1,2) + ERRCR(1)

Hn

C._.............._.._-—......._......_.... — o s s

C TEST FOR CCNVERGENCE. 1IF M.GT.0, AN ESTIMATE CF THE CONVERGENCE
C RATE CONSTANT IS STORED IN CRATE, ANC THIS IS LSED IN THE TEST.

4C0 IF (M ,NEe O} CRATE = DMAX1(.SDC*CRATE,D/C1)
If ((D*DMIN1(1.0042.0C*CRATE)) +LE. BND) GC TC 450
L = 0D
M =M+ 1
IF (M .EQe 3) GO TO 410
CALL RES (Ny T4 Hy A, SAVEl, SAVEZ2, SAVE3)
G0 TO 20

B e e T R —— —

C —
C THE CORRECTOR ITERATICN FAILED TC CCNVERGE IN 3 TRIES. IF PARTIALS
C ARE INVCLVED BUT ARE NCT UP TO DATE, THEY ARE REEVALUATED FOR TEE
C NEXT TRY. CTHERWISE THE Y ARRAY IS RETRACTED TC ITS VALUES
C BEFORE PREDICTION, AND H IS REDUCELC, IF FCSSIBLE. IF NGT, A
C NO-CONVERGENCE EXIT IS TAKEN.
i e e g e e S
410 NCE = NCGE + 2
IF (IWEVAL +EC. -1) GC TC 440
42¢ T = TOLD
RMAX = 2.CO0
DC 430 J1 = 1,NQ
DO 43C J2 = J1.NG
J = (NG + J1)} - J2
DC 430 T = 1,NA
43¢0 Y(I,4d) = Y(I,4) - Y(I,J%1)
IF (CABS(H) .LE. FMIN#*1.000010C) GO TC 680
RH = .25CC
IREDO = 1
CC TC 170

44C IWEVAL = MITER
GC TC 220

C THE CORRECTOR HAS CONVERGED. IWEVAL IS SET TC -1 IF PARTIAL

C DERIVATIVES WERE USEL, TO SIGNAL THAT THEY MAY NEED UPLATING ON
C SUBSEQUENT STEPS. THE ERRGR TEST IS MAEE ANC CCNTRCL PASSES TO
C STATEMENT 500 IF IT FAILS.

C _______________________________________________________________________
45C IF (MITER JNE. 0) IWEVAL = -1
NGE = NGE + M
C = G.DO

DD 460 I = 1,N
460 0D =D + (ERROR(II/YMAX(I) )*=2
IF (D «GT. E} GO TC 500
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C AFTER A SUCCESSFUL STEPs UPCATE THE Y ARRAY.
C CONSIDER CHFANGING H IF IDCUB = 1. CTHERWISE DECREASE IDCUB BY 1.
¢ IF 1COUB IS THEN 1 AND NC .LT. MAXCER, THEN ERROR IS SAVED FCR
C USE IN A POSSIBLE CRDEF INCREASE CN THE NEXT STEF.
C 1IF 2 CHANGE IN H IS CONSICERED, AN INCREASE OR DECREASE IN CRDER
€ BY CNE IS CCNSIDEREDC ALSC. A CHANGE IN kR IS MACE ONLY IF IT IS BY A
C FACTOR OF AT LEAST 1.1. 1IF NOT, ICOLB IS SET TC 1Q TC PREVENT
C TESTING FOR THAT MANY STEPS.
(s sl e A Ol S A R
KFLAG = O
IREDC = O
NSTEP = NSTEP + 1
HUSED = H
NQUSED = W@
CC 470 J = 1,L
DC 470 I = 1,N
470 Y{Isd} = Y(I,J} + EL{JI*ERRCR(I)

IF (1D0UB +EQ. 1) GC TO E20
ICOUE = ICCUR - 1
IF (IDOUB .GT. 1} GC TO 7CO
IF (L .EQ. LMAX) GO 7O 7CC
OC 450 I = 1,N
490 Y{I,LMAX) = ERRCR(I)
¢C Y0 700
C ———————————————————————————————————————————————————————————————————————
C THE ERROR TEST FAILED. KFLAG KEEPS TRACK OF MULTIFLE FAILURES.
C RESTORE T ANC THE Y ARRAY 7C TFEIR PREVIOUS VALUES,: AND PREPARE
C TO TRY THE STEP AGAIN. CCMFUTE T+E CPTIMUM STEP SIZE FOR THIS OR
C CNE LOWER CRCER.
500 5 5 0 o A N s e i
5C0 KFLAG = KFLAG - 1
T = TCLE
DT 518 J1 = 1,N¢
DC 51C J2 = J1l,4NC
J = (NG + J1)} - J2
RO 51C I = 1,K
510 Y(Isd) = Y(1,4J)} - Y(1,J+1)
RMAX = Z2.CQ
IF (DABS{H) .LE. HMIN*1,000C1CC} €GO TIC &6C
IF (KFLAG .LE. =-3) €GO T0O &40
IREDC = 2
PR3 = 1.020
GC TC 540
(o o ol A L ot o A Bl S B
C REGARDLESS COF THE SUCCESS OR FAILURE OF THE STEF, FACTORS
C PR1, PR2, AND PR3 ARE CCMPLTED, BY WFICEKE H COULD BE CIVICEL
C AT CRDER NQ - 1, CRDER NC, CR CRGCER NG + 14 RESPECTIVELY.
C IN THE CASE COF FAILURE, PR3 = 1.E2C TQ AVGILD AN ORDER INCREASE.
C THE SMALLEST OF THESE IS DETERMINEU ANL THE NEW CROER CEOSEN
C ACCORDINGLY. 1I¥ THE CRCER IS TO BE INCREASED, WE CCMPUTE CNE
C ADDITIGNAL SCALED DERIVATIVE.
o o S g Al A A s el A R
520 PR3 = 1.LC20
IF (L <EQe LMAX) GCL TC 540
01l = 0.D0
CO 530 I = 1,N
5320 D1 = €1 + ((ERRCRITI) - YUILLMAX))/YMAX(T})2%2
ENQ3 = 5C0/0FLOAT(L+1)
PR3 = ((DL/EUP)**ENC3)*1.4D0 + 1.40-06
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540 ENG2 = LSCC/CFLOATI(IL)
PR2 = ({(D/E)**ENQ2)*1.2D0 + 1.2L-C6
FR1 = 1.D2C
IF (NQ EC€. 1} CO TC 5é&é0
C = 0.DC
00 550 I = 14N
550 D =D + (YUI,L)/YNMAXUI))%*2
ENQYl = «S5DC/DFLCAT(NG)
PR1 = ({D/EDN}**ENQ1)*1.300 + 1l.3LC-Cé
5¢C IF (PR2 .LE. PR3) GC TC 570
IF (PR3 JLT. PR1} GC TC 5S0
GC TO 580
C
570 IF (PRZ .GT. PR1) GC TO 580
NEWQ = NC
RH = 1.CC/PR2Z
GC TA &2¢C
c
5€0 NEWQ = NG - 1
RH = 1.C0/PR1
GC TC €20
C
590 NEWG = L
RH = 1.DB0/PR3
IF (Rt .LT. 1.1D0)} GO T0O 610
CC 600 I = 14N
60C Y(I,NEWQ+1) = ERRCR(I)*EL(L)/CFLOAT(L)
CC 70O 639
C
&€1Cc 1IDOUB = 1C
CC ¥O 700
C
€20 IF ((KFLAG +EQ. 0) .ANDs (RE .LT. 1.1C0}) GC TC 610
C—-———————— e e e s o o . A ! . ot S o . . o T o i i i Sl St R T S o e e i S S S S, Il R e Al .
€ IF THERE IS 2 CFANGE CF CRCER, RESET NQs L, ANC THE COEFFICIENTS.
C IN ANY CASE K IS RESET ACCORDING TC RH AND THE Y ARRAY IS RESCALED.
C THEN EXIT FRCM 690 IF THE STEP WAS Ok, OR REDO THE STEP CTHERWISE.
c ———————————————————————————————————————————————————————————————————————
IF (NEWC .EQ. NQ) €C TO 170
€30 NC = NEWQ
L = NQ + 1
IRET = 2
GC TQ 130
c ______________________________________________________ -
C CCNTROL REACHES THIS SECTION IF 3 CR MCRE FAILURES FAVE QCCURED.
C 1T 1S ASSUMED THEAT THE DERIVATIVES THAT HAVE ACCUMULATED IN THE
C Y ARRAY EAVE ERRUORS CF THE WRONG ORDER. HENCE THE FIRST
C DERIVATIVE IS RECOMPUTEL, ANC THE CRCER IS SET TC 1. THEN
C kK IS REDUCED BY A FACTGCR CF 10, ANC THE STEP IS RETRIEC.
C AFTER A TOTAL OF 7 FAILURES, AN EXIT IS TAKEN WITE KFLAG = -2.
C ______________________________________________________________________
640 IF (KFLAEG .EGQG. -7) GC 7O 67¢C
RH = .1C0
RH = DMAX1(HMIN/DABS{H) 4RH)
¥ = H¥RE
IF (YCASE LNE., 3} MGE = NGE + 1
CALL GFUN (Ns T, Y, SAVEL)}
IF {ICASE .EQ. 3) CALL DIFFUN (N, T, Y, SAVEl, A, PW, IPIV)
IF (ICASE <EQ. 3) NJE = NJE + 1
DO 650 I = 14N



c

€50

Y(I,2)
IWEVAL =
ICCUB = 10
IF (NQ .EQ.
e = 1
L =2
IRET = 3
¢C TC 130

= H¥*SAVE1(1)
MITER

1} GG TC 2CC

i ——————— A ——— A ——— - _— T . 0. W ——— - ———— - ————— "

ALL RETURNS ARE MADE THRCUGH

10

e —— - -

THIS SECTICA,

K

IS8 SAVED IN RCLD

ALLOW THE CALLER TC CHANCE H OGN THE NEXT STEP.

. ——— . ————— . - —— W . ———— T ——— — - —————— i ——— ——— —— ——— ——

KFLAG = -1
GC 1C 700
KFLAG = -2
GC 70 7CC
KFLAG = -3
GG TC 700
RMAX = 10.CO
HCLD = H
JSTART = NQ
RETURN

END
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SUBRGUT INE CCSET (METF, NQ, EL, TC, MAXDER)
IMPLICIT REAL%*8(A-H,0~2)
REAL PERTST

— —— —— v ————— ————— ———— — —— T —— T ———— T T Sy oA -

———— A S el o M A s A A GAD VS N Y g b S A ek - S S g — i T S, S i A Bl I T S . O W W Tt T, by D, e Sk P S s

COSET IS CALLED BY STI1FF AND SETS COEFFICIENTS FOR USE THERE.

THE VECTOR EL, OF LENGTH NQ + 1, DETERFINES THE BASIC METHCO.

THE VECTOR TQ, OF LENCGTE 4, IS INVCLVED IN ADJLSTING THE STEP SIZE
IN RELATICN TC TRUNCATICN ERROR., ITS VALUES ARE GIVEN BY THE
PERTST ARRAY,

THE VECTORS EL AND TG CEPEND ON METH ANC NQ.

CCSET ALSO SETS MAXDER, THE MAXIMUM CRODER OF THE METHOD AVAILABLE.
CURRENTLY THIS IS 12 FOR THE ADANS AMND 5 FOR THE BDF METHCCS.

LMAX = MAXDER + 1 IS THE NUMBER CF CCLUMNS IN THE Y ARRAY.

THE MAXIMUM ORDER USED MAY BE RELDUCEL SINPLY 8Y CHANCGING THE

THE NUMBERS IN STATEMENTS 1 ANC Z BELCH.

OO0 00

THE COEFFICIENTS IN PERTST NEED BE GIVEN TU CNLY ABCUT

CNE PERCENT ACCURACY. THE ORDER IN wWHICH THE GRCUPS APPEAR BELOW
IS.« COEFFICIENTS FOR CRDER NQ - 1, CCEFFICIENTS FCR ORDER NQ,
COEFFICIENTS FOR ORDER NC + 1. WITHIN EACH GRCUP ARE THE
COEFFICIENTS FOR THE ACAMS METRCDS, FOLLGWED BY THGSE FOR THE
GEAR METHODS. SEE REFEREMCE 3 FCR DETAILS,

PACKAGE ROUTINES CALLEC.. NCNE
USER ROUTINES CALLED.. NCNE
CALLED BY.. STIFF
FORTRAN FUNCTIONS USEC.. CBLEsFLCAT(CFLCAYT)

i T —————— T — A — T T T T - — T — T i el =i oy D e g S i

OO0 O0000

S T —— e iy A i S — o o — ey A A A A — o o T B . S . ——— T . SO . it i S S . S S

DIMENSICN PERTST(124+24+2),EL(13),TC(4)

CATA PERTST / 1eCEC,1.C0ECs2.CECy1.CECy3. 15EE-1,7.407E-241.391E-2,
2el18B2E-312.945E~413.492E-573.692E~6943.524E~T,
1.(ECy1le0EQyCoeBEC 1 Co166T7EC4.167E-241.0EC0,1.0EQ,
1.CECy1.0ECy1a0ECy1CECy1.CEQy2.CEEQy12.0EQ,
244CECy37.89E0453.33E0470.08E04+87.97E04106.9€E0,
126.7TE0y147.4EC1168.8E0,191.0E0,
2e0E044e5E097333E0+10.42EC+13.7E091.0E0,1.0EQ,
1e0EQs+1e0ECy1.0EC,y e 0EQ41.0EQ0,12.0E0+24.0E0,
37e89E0153433ECy 104 08EQE€7.STEC»106.9EC,1264TEQ,
147.4FE09168.8EC+191.0E041.0EQ0y3.0EQ0+6.0E0Q,
S.167TE0912.5ECy+10ECys1.0EQ91.0EC+1.CEQ41.0ED,
1.0ECy1.0ECy1.GEC /

N o0~ Oy

€0 70 (1+2)s METH

1 MAXDER = 12
GC TO (101,4102,103+104,105,1064107,1084109,110,111,5112), NQ

2 MAXLER = 5
GO TO (201+2C2,203+2044+205) hQ

C _______________________________ e e Sk A L A 4 bk ol S o o
C THE FOLLOWING COEFFICIENTS SHOULL EE DEFINED TC MACHINE ACCURACY.

C FOR A GIVEN CRDER NQs THEY CAN BE CALCULATED BY USE CF THE

C GENERATING PCLYNOMIAL L(T)y, WHOSE COEFFICIENTS ARE EL(I}..

C LET) = EL(L1) + EL(2)3¥T + s.a + EL{NG+1)%T#%NQ.

C FOR THE IMPLICIT ADAMS METHCDS, L(T) IS CGIVEN EY

t OL/DT = (T+#1)%*{T+2}% ... *(T+NQ-11}/K, L{-1)} = C,

C WHERE K = FACTCRIAL(MNG-1),

c

FOR THE CEAR METHOCLS,
~73=
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LIT) = (T+1}*(T+2)* <0 *(T+|\C)/K,
WHERE K = FACTORTAL(N@)*{1 + 1/2 + 444 + 1/NQ).
THE CRDER IN WHICH TEE GROUPS APPEAR BELCW 1S..
IMPLICIT ACAMS METHQDS CGF CRDERS 1 TC 12,
BACKWARD DIFFERENTIATICN NETHOCUS CF CRLCERS 1 TC &,
101 EL(1l} = 1.000
GC TG 9400
102 ELll) = 0.500
EL(3) = C.5D0
60 7O 9GO
103 EL(1) = 4,16666666EC6€6667D-01
EL(3) = 0.75D0
EL{4) = 1.66666€6666666667D~-C1
GC 170 900
1C4 EL(1) = C.375D0
EL(3) = 9,166L666£6€66€£6667D-01
EL{4) = 3,3332333333333333D-01
EL(S)} = 4.16E66ELEELE666E6TD-02
¢C TO 900
105 EL(1) = 2.4861111111311111D-C1
EL{3) = 1.04166666€€60666667D0
EL{4} = 4.8611111111111111D-01
ELIS) = 1.0416666CEE6€66667D-01
EL{6) = £,3333333333333333D-03
GO TO 9GO0
106 EL(1) = 3.,2986111111111111D-01
EL(3) = 1.14166¢6666L666667D+0C
EL(4) = 0.,€250+00
EL(S} = 1,77083323333333333D-01
EL{&) = 0.025D+00
EL(7) = 1.390888€6888€8888890-0732
G0 10 9C¢C
107 EL(1) = 3,155919321216931220~-0C1
EL(3) = 1.225D+00
EL{4) = 7.51851851€51851¢€5D0~-C1
EL{5} = 2.5520833332323333330-01
EL(E) = 4,68611111111111111D-02
EL(7) = 4,.,8611111111111111D0-02
ELI{B8) = 1.5841269841269841D-04
GC TG 90¢C
108 EL(1) = 3.0422453703703704D-01
ELI3) = 1.2G€42E5T7142E5714D+00
EL{4) = 8.6851E51851851¢852D-C1
EL(5) = 3.35763836888888889D0-01
EL(6) = T.771717711771171178D-02
EL(T) = 1.0648148148148148D-02
EL{(8) = 7.9365079365079365D-04
EL{9) = 2.48015873C15E£732C2D-C8E
GC 70 900
109 EL(1) = 2.548680C044CS1711D~-01

.



11¢

111

112

201

202

203

EL(3) = 1.35892£65714285714D+00
EL(4) = S.,765542322804232800-0C1
ELIS) = 0.4171875D0+00

EL(6) = 1.11254166€€6€66670-01
EL(7) = C.01875D+CC

EL(8) = 1.93452380652380650-03
EL(S9) = 1.116C714265711428€6D-C4
EL{10)= 2.7557319223585891D-C¢€
GO TO 900

EL{l} = 2.8697544642857143D-01
EL(3) = 1.414484126%841270D+00
EL(4) = 1.C77215608465¢C85D+CC
EL{5) = 4.985670194C035273D-01
EL(6) = 0.1484375D+00

EL{7) = 2.5C6C57CS87€543210-02
EL(8) = 3,72C2380952380952D-03
EL(S) = 2.996E584€56CE64656D-C4
EL(10)= 1.,3778659611992845D-0¢%
EL(11)= 2.75573192239€5€910~C7
GC TC 900C

EL(1l) = 2.801B95G€44393672D-C1
EL(3) = 1.46448412€6S€4127CD+CC
EL{4) = 1.1715145502645503D+00
EL(5) = 5.,793%8190C2527337~-0C1
EL(6) = 1.8832286155202822D-01
EL(7) = 4,14303€2€54220588D~-02
EL{B) = €.21114417S€541795D-03
EL(9) = 6.2520667985417989D-04
EL(10)= 4.0417401526512€64C0~C5
EL{11)= 1.51565255721922400-C¢
EL(12)= 2,505210838544171S0C-C8
GC T4 900

EL(1) = 2.742€5540(31595G6D-C1
EL(3) = 1.50963€67243867124D+CC
EL(4) = 1.2602711640211640D+00
EL(5) = 6.592341820€87€543D-C1
ELIB) = 2.30458002€45502650-01
EL(7) = 5.56972461C%222216D-02
EL(8) = 9.439484126<841270D-C2
EL(9) = 1.1192749665312169D~-03
EL(10)= $.09391534236153439D-05
EL(11)= 4.8225308641575309D-C6
EL(12)= 1.5031265021265031D-07
EL{12)= 2,CB7€7156SETEE6CSSD-CS
GC TG 900

EL{1) = 1.00+400

GC 10 9GO0

EL{1l) = 6.66666666EL6€666TD-01
EL(3) = 3,3333333333333333D-01
GC TO 900

EL{1) = 5.4545454545454545D-01
EL{3) = EL(1)

EL{4) = $.CSC909C9CSCSC9CSD~-02
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GC TO 900

204 EL(1) = C.48D+00C
EL{3}) = 0.70+00
ELL4) = C.2D+00
EL(5) = 0.02D+C0
GC 70 <900

205 EL{1) = 4.37S5620432792€204D-C1
EL(3) = 8.2116788321167883D-01
EL{4) = 3.10218¢7810218S78D-C1
ELI5) = 5.47445255471445255D-C¢
EL(6) = 3.,64963503€49635040-03

S0C DEC 910 K = 1.3

910 TC(K) = DBLE(PERTST(NG,METF,K)}
TQ(4) = 0.5D0 * TQ(2)/DFLOAT(NG + 2)
RETURN

A e e it -t

____________ END CGF SUBRCLTINE COSET
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SUBRCUTINE RES (Ny Ty Ky Ay Yy Vs R)
IMPLICIT REAL*8(A-F,0-2)

C _______________________________________________________ —— ——
C ____________________________________________________________________
C RES COMPUTES THE RESICUAL VECTCR R = H * G(Y,T) - A(Y,T) * V
C CGIVEN Y ANC T, WHERE v If£ A GIVEN VECTCR AND H IS A GIVEN STEPSILZE.
C CALLED FCR ALL VALUES LF MF,
c
C FCR ITYPE = Gy A IS THE IDENTITY FAIRIX.
c FCR ITYPE = 14 A IS A FULL MATRIX.
c FCR ITYPE = 2, A IS A BANDED MATRIX WITH UPPER AND LOWER BAND-
C WIDTHS, MLA ANC MUA, RESPECTIVELY. THE TOTAL
c BANDWICTH IS MWA = NLA#MUA+L.
C
C PACKAGE ROUTINES CALLEC.. NONE
C USER RCUTINES CALLED.. GFUN
C CALLED BY.. STIFF
C FCRTRAN FUNCTIONS USEC.. NCNE
£ e . e o e 5 e 1 i e e 0
4555 e 5 i o 8 s e e 3t e e e S —
DIMENSICN A(1):Y(L)sV{1),R{1)
CCMMCN /0ODE2/ EPSJsNSQsMLCyNUC, MW NML1 sNONL NOW,MLA, MUA, MKWA
CCMMCN /CCE4/ TCASE,ITYPE,JKyNML,AML, IFULL
c
CALL GFUN (Ny Ty Y, R}
1Tl = ITYPE + 1
GO 7C (10,430,450), IT1
C
e e e e e e e e e e e e e e e e e e e = o

C TFHE MATRIX A IS THE TDENTITY MATRIX; SC THE DESIREC RESULT IS
C R =H % G(Y,T) - V.

10 CO 2C I = 14N
20 R(I) =+ & R{I) - Vv{I}
RETURN

C THE MATRIX A IS A FULL MATRIX; SC THE CESIRED RESULT IS
C R =H ¥ G(Y,T) - A(Y,T) * V.
[ et i e e e e o s g L S o R
30 DG 4C I = 14N
R(I) = & * R(I)
EQ 40 J = 1,N
40 R{I) = R(I} - A(I + N * (J - 1)) * v(J)
RETURN

C TEE MATRIX A IS A BANDED MATRIX; SC THE CESIRED RESULLT IS
C R = H * G(‘I’gT’ - A(Y,T, ®* V,
(e e e = " - — - - A - o v
5C IF = N % MhA
I1J = MLA = N + 1
O 7C¢ I = 1:N
RII}y = K * R{I)
DO €0 J = 14N
IK = 1J + N * (J - 1)
IF {IK «LT. 1} GO TC 60
IF (IK .GT. IP) GC TC 60
R{I) = REI) - 2(IK) * V({J)
€0 CONTINUE
-77=



7C I = IJ - N + 1
C
RETURN
Cmmmm e e e m END OF SUBROLTINE RES —=—==——m————mmm e m—mm e o
END

-78-



SUBROUTINE PMAT (¥, Ay, NGOy CCh, MITER, IER, YMAX, ERRCR, SAVEl,
A SAVEZ2s PW, IPIV)

IMPLICIT REAL*8(A-~H,0-2)
c ____________________________________ . e e i A o o S S o S . S T S o T o S o S
C S o T o o S T . " AR I o o S - T oo o o o T S s i A T e S T S T 7 ot} 7 AT W S
C PMAT IS CALLED TO CCMPLTE AND PRCCESS THE MATRIX
C P = A - F¥EL{1)%Jy, WKHERE J IS AN APPROXIMATICN TC THE JACOBIAN
C (NCTE.. FCR ICASE = 1423 A = I). MATRICES A ANLC J = CG/DY MAY
C EACH BE TREATED IN EITHER FULL CR BAMDED FORM. J IS COMPUTEC,
C EITHER BY THE USER-SUPFLIED ROUTINE JMAT IF MITER = 1, OR BY FINITE
DIFFERENCING IF MITER = 2. 4 1S STCREC IN PW ANC IS REPLACED BY P,
USINE CCN = ~H*EL{1)s THEN P IS SUBJECTED TO LU DECCMPCSITICN
IN PREPARATICN FCR LATER SOLUTICN CF LINEAR SYSTEMS WITH P AS THE
COEFFICIENT MATRIX.

IN ADDITICN TO VARIAELES CESCRIBED PREVICUSLY, COCMMUNICATION
WITH PMAT USES THE FOLLOWING..

EPSJ = SQRT(UROUNC}s USED IN THE ANUMERICAL JACCBIAN INCREMENTS.
M = ML + MU + 1.

NM1 = NO - 1.

NOML = NQ * ML,

ICASE = TYPE OF Q.C.E. TC BE SCLVED.
1 DY/DT = G(Y,T), FULL JACCBIAN MATRIX
2 DY/CT = G{Y,T)y BANDEC JACOBIAN MATRIX
3 AX{DY/DT) = G(Y,T)y FULL CR BANDED JACOBIAN MATRIX

PACKAGE ROUT INES CALLEC.. ACDA,CEC

USER ROUTINES CALLED.. GFUNy JMAT

CALLED BY.. STIFF

FCRTRAN FUNCTIONS USED.. ABS(CABS)yMAXO,MAX1{(OMAX1),MIND,
SQRT{DSERT)

T —— o S A i S T — " T A A At W - . . . O S A e e - — T —— T

DIMENSICN Y(NO,1),A(1)},YMAX(1),ERROR(L)+SAVEL(1),SAVE2(1)
CIMENSICN PWIL),IPIV(L)

COMMCN /CDE1/ T.H,DU¥NY(3),URCUNC 4N, ICUMMY{3)

CCMMCN /ODE2/ EPSJsNSQeML,MU,MW4NNL NCML 4NOK,MLA ,MUA, MW A
CCMMCN /CDE4/ ICASELITYPE,JKMMLyNMU, IFULL

C
IF (MITER .EQ. 2) GC 7C 20
Cmwormmm e e e e e o i e e
C IF MITER = 1, CALL JMAT AND MULTIPLY BY SCALAR.
o ot o e e e e e e 4 e —_—
CALL JMAT (N, MLy MU, Ty Y, Ph)
—mmrm————— - i e e et . . —_—

C FOR ICASE =1 BANC ICASE = 3 WITH FULL JACCBIAN, MNOW = NSQ.

CC 10 T = 1,NOMW
10 Ph{I) = PW(I) * CCN
GO TO 140
[ it e e e o 4 i 1 o e S e e e o 0
C 1IF ICASE = 1 AND MITER = 24 MAKE N+1 CALLS TO GFUN TO APPROX. J.
C IF ICASE = 2 AND MITER = 2, MAKE Mwh+1 CALLS TC GFUN TO APPROX. J.
C IF ICASE = 3 ANDC MITER = 24 MAKE MW+1 CALLS TC CFUN TO APPROX. J.
1 et o e Sl e v e i e g o e A A A s o e e e e
20 CALL GFUN [Ny Ty Y, SAVEZ)

D = G-ODO
0O 3C 1 = 1,N



30 D =D + SAVE2(1)*%2
RO=DABS(H)*DSQRT(D}*1.0DC3%*URCUND

C THE CRIGINAL VALUES CF Y{ ,1) ARE SAVEC TEMFCRARILY IN ERRCR( ).

‘ A L L S . o s S e S s S . i i g il . ———

CC 4C 1 = 14N

4C ERROR(I) = Y(1,1)
50 J1 =0
C ________________________________________________________________________
C FOR ICASE = 13 JK = N
C FOR ICASE = 23 JK = MW
C FOR ICASE = 3 AND FULL JACCBIAN; JK = N
C FOR ICASE = 3 ANC BANDEC JACOBIAN; JK = MW
e e e e e ———_— e e 8 o o b o o e e e

JKK = MING(JK,N)
CC 130 J = 14JKK
KMAX = (K=J)/MW + 1
DO 70 K = 1,KMAX
I =4+ (K-1) * MW
R = DMAXI(EPSJ*YMAX(I),R0O}
70 Y{I,1}) = Y(I,1} + R
CALL GFUN (N, T4 Y, SAVEL)
IF (ICASE .EQ. 1) GC TO 110
IF ((ICASE .EQ. 3) «AND. ((ML + ML) .EQ. (2 * NM1))) GO TO 110
J1 = J * NC + NCVML
pC 10C K = 1,KMAX

Jd = J + (K~1) * KW

R = CMAXL(EPSJ*¥MAX(JJ)4RC)
0 = CON/R

Il = NMAXO({JJ-MU,1)

12 = MINC(JJ+ML 4N}

IT = J1 — NM1 * I1

DO 90 I = 11,12
PW(II} = (SAVEL(I) - SAVE2(I)) * D
20 IT = I1 - NN}
Y(JJs1) = ERRCR{JJ)
ERRCR(JJ) = 0.0DC
160 J1 = J1 + NOW
GG TO 130

110 D = CCAh/R
DO 12C 1 = 14N
120 PW{I+J1) = (SAVEL(I} - SAVEZ2(I1)) * D
Y(Js1) = ERROR(J)
ERROR(J) = C.QODO
JL = J1 + NO
129 CONTINUE

FOR ICASE=1,23 ACD THE IDENTITY MATRIX TO PWe.
FOR ICASE=3; ADD THE MATRIX A(Y,T) TC FW.

. —— T — - ——— o " T ——— S o —— e o . s v

140 CALL ADEA Ny T, Y, PWy A, NGy MLy ML)
CALL DEC (NO, N, NNML, NMU, PW, IP1V, IER)
RETURN
(mmmm—mmmmmmmmmmmmmm——e— END OF SUBROUTINE PMAT =~——m—m e
END

-80~



OO0

OO0t 0

I
i

1€

SUBRQUTINE DEC {(NCIM®, N, ML, MU, &, IF, IER)
IMPLICIT REAL*8(A-H,(-2)
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SUBRCUTINE DEC YIS CIVICED INTO TwC PCRTICNS.. CNE PCRTICN
PERFORMS THE MATRIX TRTIANGULARIZATICN BY GAUSSIAN ELIMIMATICHA
TO A MATRIX INK FULL FCRNM3 THE SECCAND PCRTICN PERFCRMS ThHE LU
CECOMPOSITION GON A MATRIX IN BANDEC FURMN,

PACKAGE ROUTINES CALLEC.. NGNE

USER ROUTINES CALLED.. NCNE

CALLED BY.. DIFFUN, PMAT
FORTRAN FUNCTIONS USED.. ABS(CABS),MIND

—— s ——————— —— ——— ———— - —— . — ——— T S T = — . =k ST T e S A S

R e —————— Y. ———— " T T " o T T Yolp o o . ———— — ——— A T - ——— >

DIMENSICN B(NDIM,1),IF(N)
CCMMCN /CCE4/ ICASE,ITYPEsJKoNML,NMU, IFULL

T — T ——— T T — - —— o - W D W . W e il e b U A —— ) b i

S —— i — Y i ik i WS s o o e e AL o A S A i i i P e M ———— it S —— ———— o - —— T —

IF (ITYPE .EQ. QO) GC 70O {1,1CC), ICASE
IF ((ICASE .EQ. 3) .AND. (IFULL .EQ. C)) GO TO 10C

. S T W e Atk A o —— o T i T "l i T ey T S ——— - — T . A D T M ‘. e AR} S

MATRIX TRIANGULARIZATICN BY GAUSSIAN ELIMINATICN.
INPLTe W
N = CRDER OF MATRIX,
ADIM = CECLARED CIFMENSICN OF ARRAY E .
B = MATRIX TO BE TRIANGLLARIZED.
CUTFUT « W
B{IsJ)y LoLE.J UFPER TRIANGULAR FACTCR,y, U .
B{IsJ)y I.GT.J MULTIPLIERS = LOWER TRIANGULAR FACTCR, I - L.
IP{K)y KolTaN = INCEX CF K-TK PIVLT ROW.
IP{N) = (-1)**(NUMBER CF INTERCHANGES) OR C .
IER = 0 IF MATRIX B IS NONSINGULAR, OR K IF FCUNC TC BE
SINGULAR AT STACGE K.
USE SOL TO OBTAIN SCLUTICK OF LINEAR SYSTEM.
DETERMIB) = IP(N)I*Bl1,1)3B{2,2)%...%E(N,N).
IF IP(N)=0y B IS SINGULAR, SCL wWILL CIVILCE BY ZEROQO.

REFERENCE. .
Ce Bs MCLER, ALGCRITHM 423, LINEAR EQUATICN SCLVEF,
CeA.CeMe 15 (1972), P. 274,

IER = 0
IP(N} = 1
IF (N .EQ. 1} GC TC 70
NM1I =N -1
£C 60 K = 14MMl
KP1L = K + 1
M=K

DO 10 I = KF1l.k
IF (DABS(B{I4K)) .GT. DABS(B(NM,K})} M = ]
IPIK} = M
T = B(M,4K)
IF (M .EQ. K} GO 70 20
IFIN} = -1IP(N) '
BIMsK) = BlK4K)}

B{K,K} T
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20 IF (T .EQ. 0.T0) €O TC 80

T = 1.DC/7
DG 30 I = KP1,N
20 B{I 4K) = ~B(I 4K3}*T
DO 50 J = KP1,N
T = B{N,J)
B{MsJ) = B(K,J)
B(Kyd) = T

IF (T .EQ. 0.LCO) €C TC 50
CO 40 I = KP1l,N

40 B(Isd) = BL{I,4J) + BII,K)*T
50 CCNTINUE
60 CCNTINUE
10 K =N
IF (B(N,N) .EQ. 0.D0O) CGC TO 8C
RETURN

ec IER = K
IP(N) =
RETURN

C

o v T e i A A S S i A A AR e B e S S e A A - ] b — e i o A T S S " ] s A T —— —— ————

LU CECOMPOSITION OF BAND MATRIX A.. L#*L = P*A , WFERE P IS A
PERMUTATICON MATRIX, L IS A UNIT LCWER TRIANGULAR MATRIX,
AND U IS AN UPPER TRIANGULAR MATRIX.
CROER GF MATRIX.
N BY (2%ML+MU+1) ARRAY (CNTAINING THE MATRIX A ON INPUT
AND ITS FACTCRED FCRM Ch CUTPLT.
ON INPUT, B{I,K) {lsLEaloLELN) CONTAINS THE K-TH
DIAGUNAL CF Ay COR A(I,J) IS STCRED IN E(I,J-1+ML+1).
ON CQUTPLT, B CONTAINS THE L ANC U FACTCRS, WITE
U IN COLUMNS 1 TC ML+MU+1l, ANLC L IN CCLUMNS
ML+MU+2 TO 2*¥L+NMU+1.
MLoyMU = WIDTHS OF THE LOWER AND UPPER PARTS GF ThE EAND,s NCT
CCUNTING THE MAIN DJAGCNAL.TOTAL BANDWIDTH IS ML+MU+l1.

=
il

NDIM = TFE FIRST DIMENSICN {(CCLUMN LEMGTHE) CF THE ARRAY E,
NDIM MUST BE .GE. N.

1P = ARRAY OF LEAGTH N CCNTAININC PIVOT INFCRMATION.

1ER = ERRDR INDICATOR..

0 IF NC ERRCE,
K IF THE K-Tk PIVOT CHCSEN WAS ZERC (A IS SINCGULAR).
THE INPUT ARGUMENTS ARE NDIM, N, ¥L, ML, B.
THE CUTPUY BRGUMENTS ARE By IP, 1ER.
1c0 IER = 0
IF (N «EQe 1) GO TC 192
LL = ML + MU + 1}
NI = N -1
IF (ML .EQe 03 GO TC 122
CC 130 1 = 1.ML

IT = bU + 1
K=M+1 -1
DO 110 J = 1,11

110 B(IyJ) = BL{I,J+K)
K=1I + 1
DO 120 J = K,LL

120 B({Isd) = 0.00

120 CONTINLE
132 LR = ML 82—



DC 190 NR = 1,Nl1

NP = NR + 1
IFf (LR .NE. N) LR = LR + 1
MX = NR

XM = CABS(B(NR,1))
IF (ML .EQ. 0) GC TC 142
DO 140 I = NP,LR
IF (DABS(B(Is1}) JLE. XM) GC 1O 140

MX = 1
XM = DABS(B(I,1)})
140 CCNT INUE

142 IP(NR) = MX
IF (MX +EQ. NR) GC TC 160
DO 150 1 = 1,LL
XX = B(NR,I)
B{NRs1I) = B(MX,1I)
150 E(MX41) = XX
160 XM = B{NR,1)
IF (XM .EQ. 0.CC) GC TO 2CC
B{NR,s1) = 1.DO/XM
IF (ML .EQ. 0) GC TC 190
XM = —B(NR,1)
KK = FINCUN-NR,LL-1}
DO 180 I = NP,LR
J=LL + 1~ MR
XX = B(I,1)%XM
BINRyJ) = XX
DC 170 I1 = 1,KK

17C B{I,I1) = B(I,II+1) + XX¥B{AR,II+1)
180 BlI,LL) = 0.00

150 CCNTINMUE

12 NR = N

IF (B{N,1) .EC. 0.CC} GO TO 2CO

RETURN
c
200 IER = NR
RETURN
Cmmmmmm—m—m—m———————e—eee ENC OF SUBROUTINE L[EC ——==----c—moommmmm oo
END

-83-



SUBRCUTINE SGL (NDIM, My ML, MUy Esy Y, IP)
IMPLICIT REAL*8(A-H,0-Z)

C SUBRCUTINE SOL IS DIVICED INTO TwO PCRTICNS.. CNE PCRTICN

C SOLVES THE LINEAR SYSTEM B®X = Y, WHERE NATRIX £ IS A TRIANGULAR-
C IZEC MATRIX OF FULL FCRM; THE SECOND PCRIICN SCLVES THE LINMEAR

C SYSTEM AxX = C, WHERE FATRIX A IS THE LU OECCMFOSITICN MATRIX IN
C BANDED FCRM,

C
C FPACKAGE ROUTINES CALLEC.. NONE
C USER ROUTINES CALLED.. NCNE
C CALLED BY.. DIFFUNy STIFF
C FORTRAN FUNCTIONS USEC.. MINC
I oo s 5 RS S 8 5 9 R
Cmmmmmm e J— e
CIMENSIChN BINCIM,1)4Y(N),IP(N)
COMMON /ODE4/ ICASESITYPE,JK MML,AML,IFULL
C
O S S S
C DETERMINE WHETHER THE MATRIX B IS FULL CR BANDEC.
1 o e A 51 S i A58 . A 55 S Sl e s 5 5 A S 5
IF (ITYPE +EC€. 0) GC TO (1,100}, ICASE
If ((ICASE .EQ. 3) LAND. (IFULL .EQ. C)) GO TC 1CC
c
(e s i o A e Y it o e Pt e i e ek

C SCLUTICN OF LINEAR SYSTEM, B*X =Y .

C INPUT..

C N = CRDER OF MATRIX.

C KDIM = DECLAREC DIMENSICN OF ARRAY B .

c e TRIANGULARIZED NMATRIX COBTAINED FRCM CECa
c Y RIGHT KAND SIDE VECTOR.,
C

C

L

C

Hou

IP = PIVOYT VECTOR CEBTAINMELD FRCM LEC.
DO NOT USE IF DEC HAS SET TER «NEe. O.
CUTPUT .

Y = SCLUTICN VECTCOR, X .

1 IF (N +EQ« 1) GO 7O 5¢C
KMl = N - 1
CO 20 K = 14NM1
KP1 = K + 1
M = IP(K)
T = Y(M)
Y(M) = Y{K)
Y{(K} = T
0C 10 1 = KFPL,N
10 Y{I) = Y{I} + EB(I.K)=%Y
20 CONTINUE
CC 40 KE = 1,NKM1
KM1 = N - KB
K = KM1 + 1
YIKY = YUK)/B(K,K)
T = —1.0D0 * Y(K)
DU 30 1 = 1,KM1
30 Y(I} = Y{(I) + B{T1,K)=*T
40 CONTINUE
50 Y(1) = ¥{1)/B(1l,1)
RETURN
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SCLUTICN OF A%X = C CIVEN LU DECCMFCSITICN CF A FRCM LCEC.
Y = RIGHT-HAND VECTCR €, CF LENGTH Ny, CN INPUT,
= SOLUTICN VECTOR X CN CULTPLT.
ALL THE ARGUMENTS ARE INPUT ARGUMENTS.
THEE CUTPUT ARGU¥MENT IS Y.
10C IF (N JEC. 1)} GO 7O 160
NI =N-1
LL = ML + MU + 1
IF (ML .EQ. 0) GO TC 132
CC 130 NR = 1,N1
IF (IP{NR} +EQe. NR) GO 70O 110
J = IP(NR)
XX = Y{NR)
Y(NR) = ¥Y(J)
Y{J) = XX
110 KK = MINGIN-NRsML)
DC 120 I = 1,4KK
120 Y(NR+I) = Y(NR+I) + Y(NRI*B(NR,LL+T)
130 CONTINUE
122 LL =1L -1
Y{N) = Y(N)}*B(N,1)
KK = 0
ODC 15C NB = 1,4N1
NR = N - NB
IF (KK «NE. LL) KK = KK + 1
DP = C.DO
IF (LL .EQ. 0) GO 70 15¢
DO 14C I = 14KK

140 DP = DP + BINR,I+1)}*Y(NR+I)
150 Y{NR}) = (Y{(NR) - CP)#B(NR,1)
RETURN
C
160 YI1) = Y(1)*E(1,1)
RETURN
e — END OF SUBROUTINE SOL ~————rsmmoe s i s et o e
END
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SUBRCUTINE DIFFUN (Ny T, Y, YDOT, A, PW, IPIV)
IMPLICIT REAL*8(A-H,0-2)

[ e o i e e e e e o e e e o e e T e e e e e . e e
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SUBRCUTINE DIFFUN IS CALLED ONLY FCR ICASE = 3, THIS RCUTINE
CCFPUTES FUY,T) = ALY, T)*x-1 * G{Y,T).

PACKAGE ROUTINES CALLED.. ADDA,DEC,SCL
USER RCUTINES CALLEC.. NONE

CALLED BY., STIFF
FORTRAN FUNCTIONS USED.. MAXO

i e —r— — —— —— - - T ——r _——— T T — " ——rr ok ) Sk s s i P ———

. A e Sl S oy aa i S —

OO0 OOOGOO0

A A - W i o b v e e i RS e S A S A S e b Tuk e o W W S M W S S ek e o AR ol e e ke b A Sl S e e e i i — ———

CIMENSICN Y(N),YODOT(N) A(L)PW(1}),IPIV(1l}
CCMMCN /ODE2/ EPSJJNSQ,ML,MU, MW, NM]1 JNOML ,NOW , MLA ,MUA MW A
COMMCN /CDE4/ I1CASE ITYPEJKyNML,AML,,IFULL

AN = NSC

IF ((ML + MU) .EQ. (2 * NNMP)) GC TQ 20
IF [(MLA + MUA) .NE. (2 * NM1)}) GC TO 10
NN = MAXO(NOW,NSQ)

GO TO 20

10 NN = N * (NML + NVU + 1)
20 CO 30 I = 14NN
30 PY({I} = Q0.0D0
NO = KML + 1
CALL ADEA (N, T, Yy PW, Ay NC,y ML, ML)
CALL DEC (NOy N, NMLy NMU,y PW, IPIV, IER)
CALL SOt (NOy N, NML, NMU, PW, YDCT, IPIV)
RETURN
e s e ERE OF SUBBCUTINE CIFFUN ———o s

END
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SUBRCUTINE ADCA (Ny T4 Yy PKs A, NO, MLy NU)
IMPLICIT REAL*8(A-H,0-1}

A — — A e T ——— T —— i — . Y e i AP b e o i e e v NP S S S e M W AR = A il ks il vt ol T T —
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ACL2 ADCS THE MATRIX A{Y,T) TO THE MATRIX P. BCTH MATRICES, A
AND P, MAY BE IN EITHER FULL OR BANDED FORM,

ICASE = TYPE OF O.04E. TO BE SCLVEC.

1 DY/DT = G(Y4Tdy FULL JACCBIAN MATRIX

2 DY/DT = G(Y,T), BANDEC JACUBIAN MATRIX

3 A*(CY/DT) = G(Y,T)y, FULL OR BANDED JACOBIAN MATRIX
ITYPE = FORM OF MATRIX A LSED WrEN ICASE = 3.

0 CEFAULT VALUE FOR ICASE = 1,2.
1 A IS A FULL N BY N MATRIX.
2 A IS A BANDED N BY {NLA+MUA+1) MATRIX.

FOR ICASE = 3, A CALL 70 ULSER-SUPFLIED RCUTINE ANMAT CEFINES THE
MATRIX A.

PACKAGE ROUTINES CALLEC.. ADDB,ADLCES
USER RCUTIMNES CALLEC.. AMAT
CALLED BVYee DIFFUN,FMAT
FORTRAN FUNCTIONS LSEC.. NONE
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CIMENSICN PW(1),¥(1),A(1)
COMMCN /0DE2/ EPSJyASCyMLCyMUCy MW oNNML ¢NOML oy NOW, ML A, MUA, MW A
CCMMCN /ODE4/ ICASELZITYPE,JK,NML,NML,IFULL

C
GO TC (104304+50), ICASE
C
(e o e s 78 T T e £ o
[ = = e o
C C.C.E. IS CF FORM ICASE = 13 ADD 1.C TG CIAGCNAL ELEMENTS CF Pw.
() e e e o e o
£ = e e e it e i e e e e - -
1¢C Jd =1
BCC 20 I = 1,N
PW(J) = PW(J} + 1.0CC
20 J=J+ (NO + 1)
RETURN
C
C....___ ——— i i ——— i ] 2 A} et T —————— . ——— 3 " o o A . g e s
C _______________________________________________________________________

C C.C.E. IS CF FORM ICASE = 2, ADD 1.C TO APPROPRIATE DIAGONAL
C ELEMENTS OF BANDED MATRIX PW.

[ om e e e e o e
[ 5 01 o i e e S A o I AR e e i e i

30 DC 40 I = 14N

40 PWINOML + T) = Pw(NCML + I) + 1.0CO

RETUFRN

c
C-————— —— e e i . e i o s S S A A i O . S ) . o o e e e e S St o o, S e .
e 4 e im0 5 5509 B i A
C 0.C.E. IS CF FURM ICASE = 3,
e e e e i G o i i i
[ oo ot e st i et e o o e e o o e o o R i . e

50 CALL AMAT (N, MLA, MLA, T, Y, A)
G e



C CHECK TO SEE IF MATRIX A AND MATRIX PW IS INPUT AS FULL OR BANDED,

C TREAT THE CCMBINATICN APFRCPRIATELY.

c ______________________ —————— ————— > A S A T o
IF (ITYPE .NE. 1) GLC TG 70
IF ((ML + MU) .KE. (2 * K¥M1)) GC TG 80

C._....__............._._ . S S . S i S A T 1 - T . o S T o 3. oy D ST e i ] T T2

C C.D.E. IS CF FORM JCASE = 3, BCTH A AMD PW ARE FULL. TGHE

€ RESULTING SUM OF A AND PW IS A FULL MATRIX, PWe.

(o o e 5 ey S A S A ) o v om0 e R S TR
DO 60 I = 1,NKSQ
60 PW(I) = PW(I) + A(I)
RETURN
C
C ________ i ———f—— T ——(—— S . T T e A3 S Aok 4P ot Pt T i A e e v A AN e S T e o S o Sl T T T2 S —

C C.D.E. IS OF FORM ICASE = 33 A IS BAMDEE WHILE PW IS BANDED OR
C FULLs; THE RESULTING SUM WILL BE A FULL CR BANDED MATRIX PW.

7C IF ({ML + MU} JNE. (2 * NM1)}) GC ¥C 1CQ
Cm——————— Eo s e o e B ST B o R i P
C AT THIS PCINT, A IS CF BANDED FCRM, WHILE PW IS FULL. THE
C RESULTING SUM OF A AND Pw IS A FULL MATRIX, PW. CALL ACDB TC ADD
C THE FULL MATRIX PW TC THE FANDED MATRIX A.

T e
CALL ACTB (N, MLA, MUA, A, PWl
RETUEN

C

C ______________________________________________ — e o . . . o . e, e A

C AT THIS PCINT, A IS FULL, WHILE PW IS EANDEC. TFE RESULTING

C SUM CF A AND PW IS A FLLL MATRIX, PW, CALL ADCE TC ADC THE FULL

C MATRIX A TC THE BANDEC MATRIX PW.

C _________________________ B e e At A A A S ——— T ————

80 CALL ADCB (N, ML, MLy Phy A)
DC 90 I = 1,NSQ
S0 PW(T) = A(I)
CALL AMAT (N, MLA, MUA, Ty Y, A)
RETURN
C

m e e o e e e e e e e e e e e e e e e e ———

C Co.C.E. IS CF FORM ICASE = 33 A IS A EANCED N BY (MLA + MUA + 1)
C NMATRIX AND Pw IS A BANCED N BY (ML + MU + 1) MATRIX. THKE

C RESULTING MATRIX IS CF BANDED FORM WITH BANDWIDTHS CF NML ANC
C NMUy WHERE NML = MAXIMUM(NL,MLA) ANC NMU = MAXIMUM(MU,MUA}.

100 MAXNM = NO * (NML + MMU + 1)
KKPPU = NC * (NML + MU + 1)
KKPAU = NQ * (NML + MUDA + 1}

IF (ML LT. MLA)} GE€ TC 110

C THE LOWER EANDWILCTEK OF MATRIX P IS GREATER THAN CR EQUAL TC THE
C LOWER BANDWICTH CF MATRIX A,

e e e e e e e e e = o
CALL ADCEB (N, N¥Ly MLA, MAXNN, KKP AU, KKPPU, A, PW)

RETURN

e A ————— . T ——— i i e S AL e - . i ke H e S T W . — - - - T " 0o S W - -

c
C
C THE LOWER BANDWIDTH OF MATRIX A IS GREATER THAN THE LOWER EANDWIDTH
C COF MATRIX P.

c

e —— gy A A M S e e s e i A A W A NS R A M M S S W WS W M W Wl M AN S R e e W TN e N e M A N T M S S ww -

110 CALL ADCBB (Ns NML, ML, MAXNM, KKPPL, KKPAU, Pk, A)
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CC 120 I = 1,VMAXNN

120 PW(Il = A(1Y)
CALL AMAT (N, MLA, MUA, T, Y, A)
RETURN

----------------------- END OF SUBROUTINE ADDA ~—=m——m oo e
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SUBRCUTINE ADCB (N, ILC, IUP, B, F)
IMPLICIT REAL*8(A-H,0-2)

C——————— s p—— S e s 2 i 2 . o e . e o T

OO0

O

-

A U — o s 7 D D e Y . S S A ——— W W T A Y A Sy T, A ——— - ——— " T — " o a2, 7}

SUERCUTINE ADCB ADOS THE FULL MATRIX F TC THE BANDEC MATRIX B.

ILC AND IUP ARE THE LUOWER AND UPPER BANDWIDTHS, RESPECTIVELY,

CF THE BANDED MATRIX B. THE DIMENSICN GF THE FULL MATRIX F IS

N BY Ny, WHILE THE CIMENSION OF THE BANDED MATRIX B CN INPUT IS

N BY (ILC+IUP+l). TFHE RESULTING SUM OF MATRICES B AND F IS PLACED
IN MATRIX F IN fFULL FCRM.

PACKAGE ROUTINES CALLEC.. NCNE
LSER ROUTINES CALLED.. NCNE
CALLED BY.. ADCA
FORTRAN FUNCTICNS USEC.. NCNE

DIMENSICN B(1),F(1)

MMé = TLC + TUP + 1

CO 10 J = 14N
CO 10 I = 14N
K =J-1+1LC +1

IF (K .LE. Q) GC TC 10
IF (K .GT. MM) GC TC 10
Id = N=*(J - 1) + [
IK =N * (K- 1) + I
F{(IJ}) = F(IJ} + E(1IK)
CCNTINUE
RETURN
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SUBROUTINE ACCBB (N, NML, MLL, MAXNN, KL,
IMPLICIT REAL*8(A~H,0-Z)

KLLs CLy

£ o e e e e e e e o e e e e e 8 8 e k08 e o e B S S

OO0

&

THE LCWER

BANDWIDTH CF MATRIX DLL IS GREATER THAN CR EQUAL TO THE LOWER
THE RESULTING SUM GF CL AND DLL IS PLACED

——— " o i S T RS S S T . T — - S T A . e i W S Sy S T T — i i - .

e s~y e A L T A A P A - A T W S A S A A ———————

SUERCUTINE ACCBR ACDS THE BANDED MATRICES CL AND DiLL.
BEANDWIDTH CF MATRIX CL.
IN MATRIX DLL IN BANDEC FCRM.
PACKAGE ROUTINES CALLELC.. NCNE
USER ROUTINES CALLED.. NCNE
CALLED BY.. ACDA
FORTRAN FUNCTIONS USED.. NCNE
DIMENSICN CL(1)},DLL(])
KKL = N % (NML - MLLI
BC 3¢ I = 1,MAXNM
XOLL = C.0CO
XCL = C.CDO
IF (I «GT. KKL) GC TQ 10
GC 10O 2¢C
10 JL = I - KKL
IF (1 .LE. KL) XCL = CLAJL)
24 IF (1 JLE. KLL) XBLL DLLITY
30 DLL(I) = XDLL + XCL
RETURN
END

END OF SUBROLTINE ADDBB —=————-—
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SUBRCUTINE URND (U)
IMPLICIT REAL*B(A-H,C-2)

i im0 et e a0 o e e
o e S Sl e 1 S o
€C U IS THE SMALLEST PCSITIVE NUMBER SUCH THAT (1L.0+4U}) .GT. 1.0 .
C U IS5 COMPUTEC APPROXIMATELY AS A POWER OF 1./2.
C
C THIS CODE IS COMPLETELY EXPLAINEL ANL COCUMENTED IN THE TEXT,
C COMPUTER SCLUTION GF CRDINARY CIFFERENTIAL EQUATIONS: THE INITIAL
C VALUE PROBLEM BY L. Fo. SHEAMPINE AND M. K. GCRCCN.
L
C PACKAGE ROUTINES CALLEC.. NONE
C USER ROUTINES CALLED.. NCNE
C CALLED BY.. CDEPAK
C FORTRAN FUNCTIONS USED.. NCNE
C _____________________________ —_— ————— —— — - —
C ___________ | i T P S T S T o o . S M T T Sy . Tt S o o S e S o T T 0 A 77 . s
HALFU = 0.5D0
50 TEMP1 = 1.0D0 + HALFU
IF(TEMP1 .LE. 1.0LC) €O TG 100
FALFU = 0.5DC * HALFU
GC TG S0
c
100 U = 2.0CC * HALFU
RETURN
Cmmrmer e v e e ENC CF SUBRCLTINE URND =——s—sacm—mmm s i —
END

.
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ABSTRACT

ODEPAKK is a FORTRAN software package for the numerical
solution of the iInitial value problem for systems of ordinary
differential equations. The package is & combination and
modification of three previously developed ordinary differential
equation solvers.

ODEPAKK allows the user to employ either a variable-stepsize,
variable~order implicit Adams method or a variable-stepsize,
variable-order backward differentiation method in solving a

given system of ordinary differential equations.
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