SOLVABILITY OF THE DIRECT LYAPUNOV FIRST MATCHING CONDITION IN
TERMS OF THE GENERALIZED COORDINATES

by

DEYKA IRINA GARCIA BATISTA

B.S., Technological University of Panama, 1988
M.S., Technological University of Panama, 2001

AN ABSTRACT OF A DISSERTATION

submitted in partial fulfillment of the requirements for the degree

DOCTOR OF PHILOSOPHY

Department of Mechanical and Nuclear Engineering
College of Engineering

KANSAS STATE UNIVERSITY
Manhattan, Kansas

2012



Abstract

There are a number of different types of mechanical systems which can be termed as
underactuated. The degrees of freedom (DOF) of a system are defined by the system’s number of
independent movements. Underactuated mechanical systems have fewer actuators than DOF.
Some examples such as satellites, air craft, overhead crane loads, and missiles have at least one
unactuated DOF.

The work presented here develops a nonlinear control law for the asymptotic stabilization
of underactuated systems. This is accomplished by finding the solution of matching conditions
that arise from Lyapunov’s second method, analogous to the dissipation of energy. The direct
Lyapunov approach (DLA) offers a wide range of applications for underactuated systems due to
the fact that the algebraic equations, ordinary differential equations, and partial differential
equations stemming from the matching conditions are more tractable than those appearing in
other approaches.

Two lemmas of White et al. (2007) are applied for the positive definiteness and
symmetry condition of the KD matrix which is used to define an analogous kinetic energy for the
system. The defined KD matrix and the Lyapunov candidate function are developed to ensure
stability. The KD matrix is analogous to the mass matrix of the dynamic system. The candidate
Lyapunov function, involving the analogous kinetic energy and an undefined potential of the
generalized position coordinates, is presented. By computing the time derivative of the
Lyapunov candidate function, three equations called matching conditions emerge and parts of
their solution provide the nonlinear control law that stabilizes the system.

This dissertation presents the derivation of the DLA, provides a new method to solve the
first matching condition (FMC), and shows the tools for the control law design. The stability is
achieved from the proper shape of the potential, the positive definiteness of the KD matrix, and
the non-positive rate of change of the Lyapunov function. The ball and beam, the inverted
pendulum cart, and, a more complicated system, the ball and arc are presented to demonstrate the
importance of the results because the methods to solve the matching equations, emerging from
the system examples, are simple and easier. The presented controller design formulation satisfies
the FMC exactly without introducing control law terms that are quadratic in the velocities or

approximations. This methodology allows the development of the first nonlinear stabilizing



control law for the ball and arc system, a simple and effective formulation to find a control law
for the inverted pendulum cart, and a stabilizing control of the ball and beam apparatus without
the necessity of approximations to solve the FMC. To illustrate the formulation, the derivation is
performed using the symbolic manipulation program Maple and it is simulated in the
Matlab/Simulink environment.

The dissertation on the solvability of the first matching condition for stabilization is
organized into six different chapters. The introduction of the problem and the previous
approaches are presented in Chapter 1. Techniques for solving of the first matching condition, as
well as the limitations, are provided in Chapter 2. The application of this general strategy to the
ball and beam system appears in Chapter 3. Chapter 4 and 5 present the application of the
method to the ball and arc apparatus and to the inverted pendulum cart, respectively. The
difficulties for each application are also presented. Particularly, Chapter 5 shows the application
of the produced material to obtain an easier formulation for the inverted pendulum cart compared
to previous published controller examples. Finally, some conclusions and recommendations for

future work are presented.
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importance of the results because the methods to solve the matching equations, emerging from
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the FMC exactly without introducing control law terms that are quadratic in the velocities or



approximations. This methodology allows the development of the first nonlinear stabilizing
control law for the ball and arc system, a simple and effective formulation to find a control law
for the inverted pendulum cart, and a stabilizing control of the ball and beam apparatus without
the necessity of approximations to solve the FMC. To illustrate the formulation, the derivation is
performed using the symbolic manipulation program Maple and it is simulated in the
Matlab/Simulink environment.

The dissertation on the solvability of the first matching condition for stabilization is
organized into six different chapters. The introduction of the problem and the previous
approaches are presented in Chapter 1. Techniques for solving of the first matching condition, as
well as the limitations, are provided in Chapter 2. The application of this general strategy to the
ball and beam system appears in Chapter 3. Chapter 4 and 5 present the application of the
method to the ball and arc apparatus and to the inverted pendulum cart, respectively. The
difficulties for each application are also presented. Particularly, Chapter 5 shows the application
of the produced material to obtain an easier formulation for the inverted pendulum cart compared
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Chapter 1 - Introduction Problem and Previous Approaches

1.1 Introduction

For mechanical systems, there is an abundance of methodological designs for controllers
of linear systems; however, this usually requires the system to operate within a specific range.
The situation is radically different for nonlinear systems due to the fact that there are not many
tools that could be applied to the controller design of nonlinear systems having large ranges of
operation. In high performance applications, where a wide range of operating conditions are
encountered, linear methods fail. The situation gets even more complicated when the nonlinear
system to be controlled is underactuated. Underactuated means having fewer actuators than
degrees of freedom. Many control techniques developed for fully actuated mechanical systems
cannot be directly used to stabilize underactuated systems, such as feedback linearization, linear
parameterization, or passivity techniques developed in optimal, robust, and adaptive control,
Slotine and Li (2002). Furthermore, undesirable higher relative degree is not well defined at
some singular points, Hauser et al. (1992) and non-minimum phase behavior may be present,
Khalil (2002). The large diversity of nonlinear phenomena suggests that a simple design
approach to deal with complex nonlinear phenomena is a need. Thus, this is an important
motivation for the design of new tools and procedures.

There has been extensive research during recent years on the control of the underactuated
mechanical systems due to the broad range of real life applications. Stabilization of these
systems has been reached and widely studied until now through benchmark examples involving a
lack of symmetry. Symmetry of the system refers to the fact that the mass matrix does not
depend on the unactuated coordinate, Olfati-Saber (2000). Stabilization is about driving the state
vector X from a given initial condition back to the equilibrium point. The control designs to
stabilize these systems based on symmetry have been developed by methods that usually modify
the Lagrangian of the system.

Using the Euler-Lagrange method, Goldstein (1981), the equations of motion of the
mechanical system are determined as

d (6L( ,q)j_ OL4,) _ oy (1.1)

dr\ aq aq




where q,q, and q € R" represent the vector of the generalized coordinates, velocities, and
accelerations, respectively. L(q,q): R*" — R is the Lagrangian defined as the kinetic energy
minus the potential energy of the system. The vector Q' contains the generalized constraints and
the applied generalized non-conservative forces/moments as the control input (s).

The Lyapunov second method, Ogata (1998), is applied for the development of the
control law. The candidate Lyapunov function is made of intrinsic positive quantities and part is
described as a quadratic matrix product, White et al. (2008 and 2009). The candidate Lyapunov

function used in the Lyapunov direct method is
N .
V(a,4)=24"Kya + (@) (1.2)

where V(q, q): N> — R is the candidate Lyapunov function, ®(q) is a real scalar potential
function of the generalized coordinates, and

K, =P(qgM(g) (13)
where P(q)e ™™ is a matrix defined so that K, € R"" is a symmetric and positive-definite
matrix. The matrix M(q) € R"™ is the positive definite symmetric mass matrix of the dynamic

system.

The time derivative of the candidate function is made non-positive and this concept is the
basis for the Lyapunov application to nonlinear control problems. The control challenge arises
from the nonlinear nature of the governing equations and the underactuation. The time
derivative of the candidate Lyapunov function, together with the equations of motion results in
an equation that is solved by a matching method. When this method is applied, the terms
quadratic in the velocities are grouped together obtaining a set of linear ordinary differential
equations (ODEs). These equations are called the first matching condition. Grouping terms
which are linear in the velocities results in linear algebraic equations (LAEs) and these equations
are called the second matching condition. The third matching condition involves only position
coordinates resulting in linear partial differential equations (PDEs). This methodology is called

the direct Lyapunov approach (DLA).

1.2 Previous approaches
The main challenge when designing controls for underactuated mechanical systems is the

non-linearity of the equations of motion that govern the dynamics together with the manipulation
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of those equations so that a controller can be found. The application of any method is, in
general, a rather difficult task because getting the needed controller involves solving ordinary
and partial differential equations. Generally, control strategies for the stabilization of
underactuated systems can be found in the literature that introduce some non-linear
approximations, modify the symmetry conditions, or switch the controller through singularities.
The early references and inspirational developments pertaining to the current work are
categorized as non-matching based and matching based. Matching based approaches are
developed methods to design a controller by satisfying a set of matching conditions and non-
matching based approaches are those methods applied to underactuated systems that follow other

well-known non-linear control methods.

1.2.1 Non-matching based

Backstepping has become a very popular control design method for nonlinear control
systems because it can guarantee global stability, tracking, and transient performance for strict-
feedback systems, Khalil (1996). Backstepping as a design procedure for the feedback
stabilization of underactuated systems and several controller designs based on the cascade and
passivity paradigms development are presented by Kokotovic et al. (1996). In Olfati-Saber
(2000 - 2001), cascade normal forms for underactuated mechanical systems are introduced for
control design that reduces the system order. The cascade normal forms are three classes of
nonlinear systems, namely, systems in strict feedback form, feedforward form, and non-
triangular linear quadratic form due to the particular lower-triangular, upper-triangular, and non-
triangular structure, respectively, in which the state variables appear in the dynamics of the
corresponding nonlinear systems. Backstepping also was extended to stabilize nonholonomic
systems.

Explicit formulas of smooth time-varying state feedbacks, which make the origin of an
underactuated surface vessel globally, uniformly, asymptotically stable, are proposed by
Mazenc, Pettersen, and Nijmeijer (2002). In this case, the construction of the feedback
extensively relies on the backstepping approach. The feedbacks constructed are time-periodic
functions. Underactuated surface vessels are an example of a non-holonomic system.

Methods for feedback linearization are discussed in Krener, Isidori and Respondek
(1983). It was discussed how a system can be partially and totally linearized by state feedback

and coordinate change. The robustness of this linearization is dependent on the ability to stabilize
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the infinitesimal approximation of the transformed system; however situations can arise where to
obtain stability, linearization must be sacrificed. Further work is presented for designing
asymptotic observers for a class of nonlinear systems. Partial feedback linearization and the
study and analysis of the resulting internal or zero dynamic is crucial in understanding the
behavior of the overall system as discussed by Spong et al. (1995). The collocated partial
feedback linearization result and the application and discussion about the effect of the system
approximation on the size of the region of stability for the Acrobot example are given by Murray
and Hauser (1991).

Stabilization techniques for nonlinear underactuated systems in the Riemannian geometry
context are presented by Bullo (2000). The nonlinear system theory based on differential
geometry methods is presented in Grillo et al. (2009-2011) for stabilizing underactuated
mechanical systems by imposing kinematic constraints that ensures the existence of a Lyapunov
function. The relationship between closed-loop mechanical systems and mechanical systems

with constrains is applied to stabilize a general underactuated system.

1.2.2 Matching based

Andreev et al. (2000 and 2002) discuss matching control laws for underactuated systems
characterized by a linear system of first order partial differential equations. The A-method
transforms the first matching condition of that method into a set of linear PDEs that are
sequentially solved.

The controlled Lagrangian method of Bloch et al. (1997-2000) uses energy shaping to
ensure stabilization of the underactuated mechanical systems with symmetry. The new terms that
appear in the equations of motion define the control inputs. Here the closed-loop dynamics has
an energy conservation law associated with the Lagrangian. The generalized matching conditions
are represented by an over determined set of PDEs. Related and significant works involving
energy methods are in Gomez et al. (2004). In similar works, simplified conditions for
generalized matching of controlled Lagrangians for stabilization of underactuated mechanical
systems are used in Hamberg (2000). Bloch and co-workers developed a method for the
stabilization of mechanical systems with symmetry based on the technique of controlled
Lagrangians. This method systematically provides a control law that stabilizes an unstable

equilibrium by modifying the Lagrangian and also by applying energy shaping. The controlled



Lagrangian for control of underactuated mechanical systems using both kinetic and potential
shaping are in Woolsey et al. (2004).

The interconnection and damping assignment-passivity based control (IDA-PBC) is a
method based on the Hamiltonian to stabilize an equilibrium point with a feedback law that
changes the internal interconnection structure of the system. This change provides an extra
degree of freedom to the IDA-PBC method with respect to the controlled Lagrangian. The
concept of stabilization is passivity. Here a set of nonlinear PDEs need to be solved for the
closed loop Hamiltonian and interconnection structure. In Ortega et al. (2002) and in
Blankenstein, Ortega, and Van der Schaft (2005), it is shown that the controlled Lagrangian is a
special case of the interconnection and damping assignment-passivity based control method by
choosing an appropriate close-loop interconnection structure. In Gomez-Estern, Ortega, Rubio,
Aracil (2001), the stabilization of underactuated mechanical systems simplifies the PDEs
imposed by IDA-PBC technique to a nonlinear ODE system using parametrization of the closed-
loop inertia matrix. An energy-based balance control approach to the ball and beam system
differing from Ortega et al. (2001), is presented in Muralidharan, Anantharaman and
Mahindrakar (2010). Here the model of the system is modified to change the equilibrium points
for an operating point and the matching equations are obtained through the Hamiltonian
formulation. More recently Sandoval, Kelly and Santibafiez (2011) consider the IDA-PBC to
compensate friction by means of a nonlinear observer. Based on the Lyapunov direct method it
was shown that the closed- loop system is asymptotically stable.

The DLA is first presented in White et al. (2006) and an improved formulation of the
approach is addressed in White et al. (2008). It shows how certain parameters preserve the sign
of the candidate Lyapunov function rate of change. There is a recent study on the DLA in White,
Foss, Patenaude, and Garcia (2009) where all of these approaches rely on a matching equation

solution method for tracking control.

1.3 New developments
The previous work using DLA, White et al. (2008), is taken as the starting point of this
dissertation to investigate the problem of solving the first matching condition for the design of
the stabilizing nonlinear control law of underactuated mechanical systems. The general
approach with which this problem is addressed is the use of techniques that solve the matching

equations such that the first matching condition is satisfied in terms of the generalized
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coordinates and certain restrictions. This work applies the method to solve the first matching
condition and to stabilize a collection of underactuated mechanical systems. The attractiveness
of the DLA used in the formulation is that this method offers a wider range of applications and
the obtained LAEs, ODEs, and PDEs are more tractable than those obtained with early methods
applied for the controller design of underactuated mechanical systems.

In this work three system examples are treated which are the ball and beam, the inverted
pendulum cart, and, a more complicated system, the ball and arc. The methods to solve the
matching equations emerging from the ball and beam system are easier to solve than those
appearing in previous controller developments. A simple matching controller for the
stabilization of the inverted pendulum cart is presented. There are previous publications for the
ball and arc system controller design using linearized pole placement and LQR as reported by
Sheng, Renner and Levine (2010), stabilizing under saturated actuator conditions presented in
Aoustin et al. (2009), and using linear matrix inequalities as shown in Abhilash and Mahindrakar
(2008). One contribution of this dissertation is a novel nonlinear controller design for the ball
and arc system using the methodology presented here in. This is the first published nonlinear
controller for such a system. For all the mentioned systems, simulation results are presented to

illustrate the efficacy of the designed nonlinear control laws.



Chapter 2 - System Dynamic and Limiting Applications

2.1 Introduction

The tools and procedures for new design methods should evaluate both advantages and
limitations in order to assess applicability. These procedures should also exploit available
properties to expand the range of application. In this chapter, different methodologies for
solving the first matching condition for underactuated mechanical systems are presented.

The main contribution in this chapter is to obtain a structured formulation that could be
generally applied to underactuated systems as a general nonlinear control design method.

The chapter is organized as follows: In Section 2.2, the Lyapunov stability theory is
discussed. In Section 2.3, the first matching condition formulation is presented. The methods to
solve the first matching condition are shown in Section 2.4. Section 2.4.1 presents the first
matching condition solvability when the control input Fm, and the matrix Fmc, are zero. Section
2.4.2 illustrates the strategy of considering K as a perfect differential. Section 2.4.3 presents the
method of extracting the coefficients of each element of q and solving the FMC. Section 2.4.4
presents the Lagrangian method derivation. Section 2.4.5 presents the first matching condition
solvability with a control input Fm, and the matrix Fmc, . Section 2.4.5.1 presents the strategy
sequence of approaches to apply in developing the formulation. Section 2.4.6 illustrates the
formulations when K is non-constant, K is constant, and for a simple P. In Sections 2.5 and

2.6, the second and the third matching conditions are shown. The application of the linearization
process for parameter selection is explained in Section 2.7 and the general strategy for the
solvability of the first matching condition, as well as the limitations are listed in Section 2.8. The

conclusion is addressed in Section 2.9.

2.2 Lyapunov
Before considering the first matching condition, which is used to find the K, matrix, the
details of the Lyapunov formulation will be presented in this section. The Lyapunov stability
theory is the main tool used in the analysis and synthesis of this development. The Lyapunov
candidate function is defined in Eq. 1.2 and the control input that satisfies the time derivative

constraints of the Lyapunov candidate function along the system trajectories is designed such



that V(q,q)<0, V(q,q)decreases to a constant, and K, =K' > 0. The matrices associated with
the DLA formulation emerge from the dynamic equations. The dynamic equations contain the
positive definite inertia matrix M(q) € %", a matrix C(q,q) € R™" containing the Coriolis and
centripetal coefficients, and the vector G(q) € R” consisting of forces and/or moments

stemming from gradients of conservative fields. The equations of motion are
.. - T
Mlai+Cloahi+Gla)- @

where the generalized coordinate vector is denoted by q € R". Eq. 2.1 is usually a nonlinear,
ordinary differential equation. The quantity » represents the degrees of freedom of the
mechanical system and 7 € R"™ contains the forces or torques for the actuated degrees of
freedom. Note that m<n and it is assumed that the actuated axes are placed in the top of the

equations as shown in Eq. 2.1. The actuation or control input is decomposed into three terms

SHI6'H

where F; will be used with the i matching condition.

consisting of

As presented earlier, the candidate Lyapunov function is expressed in Eq. 1.2. When Eq.

1.2 is differentiated with respect to time, V is found to be

v =qTKDd+§qTKDq+qTV<I>(q): ~q"(K, + Fmc, )q<0 (2.3)

where the matrix Ky, + Fme, € R is symmetric and at least positive semi-definite while

v@(q) 1s the gradient of the potential with respect to the generalized coordinates. The non-
positive right hand side of Eq. 2.3 is a goal of the controller design. Substituting q from the
dynamic equation into the derivative of the Lyapunov candidate function, the time derivative of
V becomes

V= q'K,M(q)"((-Cla.9)ld-Gla)+ )

. (2.4)
+5qTKDq+qTV<I>(q)= -q"(K, +Fmc, )q.

The procedure to solve Eq. 2.4 is to break it into three separate equations that will be called
matching equations. Following a procedure similar to that of White et al. (2008), we decompose

Eq. 2.4 into these three matching equations. Examination of Eq. 2.4 shows that it can be grouped



into portions having the same types of terms. Grouping the terms which are quadratic in the

velocities, a linear ODE with K, F,, and Fme, as unknowns is found to be
T -1 <\ FI 1. .. . o T ; (25)
q KDM(q) —C(q,q)q+ 0 + Eq K,q =-q Fmc,q. :

This last result will be the first matching condition (FMC). Grouping the terms which are linear

in the velocities results in a linear algebraic equation with unknowns F,and K . The equation is

qTKDM(q)‘(F;D:—qTKVq (2.6)

which will be the second matching condition (SMC). Note that if the problem involves viscous

damping, the damping is included in Eq. 2.6. Grouping the terms that are only a function of the
position coordinates results in a linear partial differential equation with F; and CD(q) as

unknowns. This is called the third matching condition (TMC) and is given by
i)’ (-6l || rarvota-o @)

To be seen in a later development, the C(q,q) matrix from the first term of Eq. 2.5 plays

an important role when calculating K. The C(q,q) matrix is defined as

. w1 Omy  omy  Omy |.
C.(qq) =[jk, ilq* = = —0 4 Pei 770k ok 2.8
(@@ =[j kil 2{ ot oa oq }‘1 (2.8)

where my is the ij™ element of the mass matrix M(q)and [jk,i] is the Christoffel symbol of the
first kind (Hicks, 1965). Murray (1994) and Woolsey (2004) show and explain that

T
Vi@~ Clavd)- —G M@ - C(q,q)j (2.9)
is skew-symmetric. This is a special case of the FMC when KD=M(q) for which
M(q)- C(g,4)- C(q,4)" =0. (2.10)

When the FMC is solved, the SMC can be solved by using the results from FMC

solutions. In the third matching condition, the last m-n equations are used to determine the

potential (I)(q) and the first m equations are used to determine the generalized force or control
law term F;. The solutions of these three matching equations leads to the control law which is

achieved by satisfying Lyapunov’s second method and La Salle’s invariance principle, Khalil

(1996). The symbolic manipulation software Maple is used to solve the matching equations.



2.3 The first matching condition

Solving the matching conditions is an important challenge. Once the solution is found,
the parameters involved in the matching equations are selected in terms of the stabilization and

performance.

The FMC is used for the determination of the matrix K, The goal in solving the FMC is
to find the matrix K, such that this matrix is symmetric and positive definite together with the
control input F,, White et al. (2008). Another unknown is the matrix Fme, . In examining Eq.
2.6 and Eq. 2.7, it is seen that the matrix K, plays a role in both second and third matching
conditions. Thus, the nature of K, will have an influence on all three matching conditions,
exemplifying its importance.

By defining the first matching condition control input as
Fo | Fmy 2.11
. =

where Fm, € R™" is a coefficient matrix yet to be determined. It can then be seen from Eq. 2.5

that each term in the first matching condition is pre and post multiplied by the vector of
generalized velocities. By introducing Eq. 2.11 into Eq. 2.5 and stripping off the generalized

velocities, the first matching condition becomes
%KD +KDM(q)1(|:FI(;11}_C(an)J:_ch1~ (212)

This is a linear ordinary differential equation for the matrix K ;. Because Eq. 2.5 has a quadratic

form, the skew-symmetric part of that equation vanishes. Setting the symmetric part of Eq. 2.12

to zero automatically satisfies Eq. 2.5. This operation produces
i, o) ([ |-+ [ |- o) i) s, —pme, 21

The different limiting conditions that result from the solvability of K by using Eq. 2.13

are presented in the sections to follow.
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2.4 Methods for solving the first matching equation
In order to solve the first matching condition for K, and to satisfy all the involved
restrictions, different methods are employed. They are mainly separated into the methods not
containing and containing the input Fm, and the matrix Fmc,. One of the main necessities in
trying to solve the first matching condition is the fact that the input F;is not quadratic in the

velocities. Furthermore, the controller cannot have any singularities for any position
(generalized coordinates). Also the control terms consisting of even functions are undesirable.
If this situation occurs, then a different controller is needed for positive and negative values of
the coordinates and velocities. The solution of the FMC equation is not trivial. Also, one more

constraint that needs to be mentioned is that P(q)must be at least lower triangular as will be

demonstrated later.

2.4.1 First matching condition formulation when Fm,and Fmc, are zero
The first strategy in solving for K, based on the above constraints, is to choose the
elements of Fm, and Fmc, as zero which result is

K, -K,M(q)"(Clq.q))- .14
(C(q.4)) M(q) 'K ,=0.

In order to satisfy Eq. 2.14, n(n+1)/2 equations can be written to determine the same number of
unknown K elements. As mentioned before, in order to get general solutions, K is

determined symbolically.

K, is defined as a product in Eq. 1.3, where P(q) is the matrix that will have a
significant role in the definition of the main controller characteristics and the potential. It is

essential to have a full, non-singular or at least lower triangular P(q)matrix to achieve this
because the first m columns of the P(q) matrix are used to determine the K, matrix in the
SMC. The lack of a full or a lower triangular P(q) matrix represents a problem for the design of

the controller because with a full P(q) matrix, there are a larger number of parameters in the

controller that can be chosen to allow better performance of the system. With fewer parameters,
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it may not be possible to place the poles of a linearized version of the system and controller in

desired locations. This is an example of limited flexibility in the controller.

Solving for the P(q) matrix in Eq. 1.3 shows that
P(q)=K,M(q) - (2.15)

K, must be a symmetric and positive definite matrix. M(q) is inherent to the dynamics of the
system and is a given for the problem. However, when no input F, or matrix Fme, is added to
the FMC, K, can become a multiple of the M(q)matrix. One difficulty that can occur when
K, is a multiple of M(q), is that P(q) is a diagonal matrix. This situation presents a problem for
obtaining a proper K matrix as well as for the controller design. This will be discussed further
when the solution of the SMC is covered. In general, if K is an integer multiple of the mass
matrix M(q), then a non-full P(q) matrix will result. Note that K, = M(q) satisfies Eq. 2.14

where P(q)=I, the identity matrix. This is also shown in Eq. 2.10.

In order to solve Eq. 2.14, some different methods are investigated.

2.4.2 Considering Kp as a perfect differential
One way to find a convenient solution is to directly solve the linear differential equations

of Eq. 2.14. Ifthe FMC in Eq. 2.14 is rearranged to be a perfect differential, the solution is

provided by separation of the q terms. Considering a configuration variable q, and its
corresponding velocity q, and grouping the elements of the Eq. 2.14 that are multiples ofq;,

results in
. < ) . L0 )
KD_zmqiqi =K, _ZaKin (2.16)
i=1 i=1 i

where the terms associated with q; are called m, wherem, =m q,T . Note that Eq. 2.16 is true
only if the partial derivatives of K,, do in fact produces the matricesm, . For square symmetric

matrices, an analytical solution for K can be found in Eq. 2.16 such that it is a perfect

differential of K. For n=2, this is possible when the condition
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0 0

m =—m 2.17
oq, * oq, " ( :

is satisfied. During the application of Eq. 2.17, n(n+1)/2 partial differential equations owing to

the symmetry of them_ , are found. For two of the example systems presented in this
dissertation where the solution of E. 2.14 is attempted, there are three PDEs. Solving Eq. 2.17 for
K, also implies that the constraints mentioned before are to be satisfied. The less complicated
solution found for the ball and beam system by applying this method was a K|, matrix which is
multiple of the mass matrix. It did result in an inconvenient P(q)matrix and will be discussed
later. For the other systems, the obtained solutions for K are not multiples of their respective

mass matrices.

2.4.3 Separation of generalized velocities coefficients in solving the FMC

The method of extracting the coefficients of q and solving the FMC in terms of the
independent generalized coordinates is explained in this section. Grouping all of the terms of

Eq. 2.14 including KD into matrices that multiply q, , results in
> m, g, =0 (2.18)
i=1

for which we require each m = 0 and where the matrices associated with ¢, are called
m, where the m_ are square symmetric matrices. Note that the partial derivatives of K,
appear in the m, . An analytical solution for K, can be found in Eq. 2.18.

During the application of Eq. 2.18 to the FMC, n(n+1)/2 ordinary differential equations,

owing to the symmetry of them, , are found if the symmetry condition of K, matrix is

considered. There are n(n+1)/2 equations associated with each q; which means solving
n(n(n+1)/2 ) equations for the K, elements. If such a situation over determines the problem,

then additional unknowns must be introduced through Fm, and Fmc, .
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2.4.4 Solving for Kp using the Lagrangian method
There is another method to solve for K which is to make K, Lagrangian. When the

control signal corresponding to FMC and Fme; are set to zero, the first matching condition is

T
GKD _KDM-lcj _ _GKD _KDM-lcj. (2.19)

This last result indicates that the resulting matrix in parenthesis is skew symmetric. In Eq. 2.19,
M(q)and C(q,q) are the same matrices specified before. Another expression for Eq. 2.19 is Eq.
2.14. It will be now shown that if K is Lagrangian, then Eq. 2.19 and Eq. 2.14 are

automatically satisfied. The kinetic energy analog of the system appearing in the candidate

Lyapunov function is

T %qTKDq (2.20)
where T is the analogous kinetic energy. Substituting T into Lagrange’s equation shows
d aT aT d . 1 a . T . . S . 1 6 . T .
| = (K.q)-——(a"K.q)=K..d+K.qd——| —q"K.. |q. 2.21
dt(é’qj » - Kod) 2aq(q »d)=Kpii + Ky 2(8qq DJq (2.21)

If Kp is Lagrangian, we have the result

1. (o 10 a0 N [1e (& 1[0 .1 '
ZKD—[KD—Z(aqq KDD_ LKD (KD z(aqq Kpm : (2.22)

Solving Eq. 2.14 is one way to proceed as reported in the previous section. The condition in Eq.
2.22 is particularly convenient for satisfying the first matching condition. When comparing Eq.
2.22 and Eq. 2.19, it is observed that for Ky to be Lagrangian it is necessary that
* 1 a . T ,1
K,-—|—q'K, | =K,M"'C. (2.23)
2\ 0q

From Eq. 2.23 it is appreciated that Eq. 2.14 could be rewritten in a different and more

convenient form as

T
~ 1( 0 . 1({ 0 .¢
K,-—|—q'K, | -=| —q"K, |=0. 2.24
b 2(aqq Dj 2(aqq D] (2.24)
Transposing and subtracting Eq. 2.23 from Eq. 2.24 produces
Tng-1 1( 0 . T
-CM K, +-|—q K, |=0. (2.25)
PAREL]
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In solving Eq. 2.25, it is demonstrated that K is not Lagrangian for the ball and beam
system, as well as for the ball and arc system. The result is different for the inverted pendulum
cart, which has a LagrangianK. Because this method does not work for all the example
systems, this procedure is not applicable as a general solvability method. For those systems for
which K, is Lagrangian, a convenient way of solving the FMC is obtained. Further information

about these formulations are presented in Section A.2 of Appendix A for the ball and beam
system, in Section B.2 of Appendix B for the ball and arc system, and in Section C.2 of
Appendix C for the inverted pendulum cart.

2.4.5 The control input Fm, is non-zero
In this section, the matching conditions for the mechanical systems under study are
presented with two degrees of freedomq, andq,. The FMC is presented as it appears in Eq. 2.13.

The control input can be expressed for the generalized coordinates as

Fm1:|:_F11(q1>qz)é.lz Fu(qlqu)(tll:| (226)
_Fzz(qqu)qz FZZ(quZ)qI

where Fm, is re-defined as Fm, € R™ . Substituting Eq. 2.26 into Eq. 2.11 are such that F, =0
because the rows of Fm, are orthogonal to q. Therefore, there are two unknowns from Fm, and

three unknowns from the K, matrix, considering symmetry. From this formulation two cases

are examined before deciding on the FMC approach. They are:

2.4.5.1 Strategy sequence

1. If K is a constant and in order to satisfy the FMC, an additional input can be added
to Fm, because the solution of the FMC requires at least three unknowns in order to

solve the equations. Eq. 2.26 will be, in this case,

_Fn(ql»(h)(h Hl(q,Q) Fll(q15q2h1j| (2 27)
Fm, = . - .
" |: _Fzz(qnqz)qz F22(q19q2)q1

The problem with this approach is that now, the first matching condition is satisfied,

but F, is quadratic in the velocities.
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2. If K}, is not a constant, in order to satisfy the FMC, at least one of the elements
of K, must be non-constant to solve the FMC using Eq. 2.26. A concern here, is that

the resulting P matrix might be too complicated to be used in solving the TMC for the

potential. This is the main problem using this solvability method.

2.4.6 Choosing the formulation
In this section, the FMC, as it appears in Eq. 2.13, is presented with two degrees of
freedom q,andq,. The K matrix is given as
K, :[Kml (@50:) Kozi(a19,) } (2.28)
Kpu(01:0:)  Kpnl4,54,)
The first matching condition control input matrix is proposed as

Fm, :|:_F11(‘I1»q2)q2 i Fn(qpch)(h +O'j|

_Fzz(qpqz)qz FZZ(qI’qZ)ql (229)

where Fm, is a n X n real matrix. Notice that, there are four unknowns from Fm, and three
unknowns from the K, matrix, considering symmetry. The quantities v and ¢ are functions of q
that will be defined through the linearization process by considering the properties of K, the

convex shape of the potential, the Lyapunov monotonic behavior in time, and the time derivative
of the of the Lyapunov function being non-positive. Substituting Eq. 2.29 into Eq. 2.11,

1.e., Fm, time the vector of generalized velocities is

leq:{‘v‘llgoﬂ_ (2.30)
The Lyapunov FMC contribution is
chl :|:F33 (q’q) F44(q’q):| (2.31)
F,, (q,q) Fys (q,q)

which is also a n % n real matrix. It should be mentioned that Eq. 2.31 could vary according to
the particular system. The requirements on Eq. 2.3 1consist of non- singularities and the sum of

K, + Fem, is positive semi-definite.
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2.4.6.1 KD is non-constant
As was mentioned before, the desired controller should be designed avoiding quadratic

velocities. Due to this, some strategies are needed in order to satisfy the FMC and not having

quadratic velocity terms inF,. In solving the FMC from Eq. 2.13 recall that m , = m qiT .

When K, is non-constant, the solvability process requires that the FMC is organized

into Zm i =0. Here six equation are found and the terms in Fmy, namely, Fn(ql,qz) and
i=1

Fzz(ql,qz) as well as the terms in K, namely, KDll(ql,qz),Kml(ql,qz),and sz(‘lp‘lz) will

be determined to satisfy the FMC. These five unknowns were enough to solve the equations in
the ball and beam example. However, for some cases it can be possible to find a

constant K, through this process. Once the solutions are found, they are substituted in the FMC
so that other, undefined terms can be found. The termsF,, (q, q), F, (q, q), and F (q, q) will
be found to satisfied FMC.

It is important at this point, to find the terms resulting for Fme, such that Fme, does not
include singularities and the sum of K + Fem, is positive semi-definite. Thus, considering the

addition of extra input(s) can be a possibility.

2.4.6.2 KD is constant

To solve the FMC when K ) is chosen to be a constant, it is still important that

K, = KDT and Fmc, (q, q) =Fmc, (q, q)T . In this formulation, three equation are found and the
terms in Fm;, namely, Fu(ql,qz) andF,, (ql,qz) , and one of the terms in Fmc, ,

namely F,, (q, q), will be determined to satisfy the FMC. Then the solution will be substituted in
the FMC to allow the determination of other undefined terms. The termsF,, (q, q), F (q, ('1),
and any extra term, if needed, will be determined to define Fme, so that it is singularity free and

the sum of K + Fem, is positive semi-definite.

2.4.6.3 P is almost constant

To solve the FMC when P is chosen to be almost a constant, it is still important

thatKD(ql »q, ) = KD(ql »q, )T , so the symmetry of K must be enforced making the P,, element
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of P non-constant. Also, the requirement of Fmc, (q, q) =Fmc, (q, q)T remains. The rest of

the formulation follows according to the previous presentation. Three equation are found and

solved to obtain Fll(ql,qz), F,, (ql,qz), and F,, (q,q) to satisfy the FMC. Then the solution will
be substituted in the FMC. The termsF,, (q, q), F (q, q), and any extra term, if needed, will be
determined to satisfy Fme, avoiding any singularities.
Moreover, the solvability of the FMC is a process that particularly depends on the system
under study, K, must satisfy the requirements:
i K=K, >0
ii. K, eR"™ is symmetric and at least positive semi-definite
iii.  Fme, e R is symmetric and the sum of K + Fem, is positive semi-
definite.
There are several steps in finding K, This could be done by applying the methods
presented here. IfK, is too complicated, as it usually is, try setting K, to a constant. If K, is
considered as a constant, the equations must be solved using the input F, and, possible Fmc, on

the right hand side of the FMC. As a result a simple F, is obtained. The values of v and ¢ do not
affect the solution of the FMC, however they will affect the SMC or the TMC when the

linearization process is applied. Finally, solving for the P(q)matrix could be more convenient

depending on the system being treated.

2.5 The second matching condition

This section will present a method to solve the second matching condition by using the

results of the first matching condition solution. Let the SMC input presented in Eq.2.6 to be

ST

where Fm, is a m X n real matrix. Now, by substituting Eq. 2.32 into Eq. 2.6 and recalling

written as

thatP(q)=K ,M(q)"', after removing the pre and post multiplication terms by the generalized

velocity vector and simplifying, the second matching condition is found to be
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P(q){FI;lz} - K. (2.33)

The condition that K be symmetric provides n(n-1)/2 linear algebra equations. This last result
in Eq. 2.33 can be recognized as Lyapunov’s equation (Chen 1998). In order to solve for the

matrix Fm, , Eq. 2.33 is multiply by P(q)f1 to get

F
[ ‘;‘2} =—P(q)'K, (2.34)
for which the K solution is
K,=> PP (2.35)
i=1

where P, is the i column of P(q)and . is a positive constant and functions as a tuning
parameter. Substituting Eq. 2.35 into Eq. 2.34 allows Fm, to be found. When the P(q)matrix is
a diagonal matrix, it presents a problem. The P(q)matrix must be a full matrix or at least lower
triangular to achieve a proper K . By inspection of Eq. 2.35, notice that the first m columns of

the P(q) matrix are used to determine the K, matrix in the SMC. If this constraint is not

satisfied, a SMC contribution to the control law will lack certain terms making it difficult to
select the parameters necessary to place the poles of the linearized version of the system and

controller..

Because K needs to be at least positive- semi definite, the eigenvalues of K are required

to be

eig(K, )>0. (2.36)

2.6 The third matching condition
In order to solve the third matching condition, the first matching equation must be solved,

because the P(q)matrix is needed. From Eq. 2.7, the third matching equation is stated as

F
—P(q)G(q)+P(q)[ (;}+V<I>(q)=0 (2.37)
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where the first m equations in Eq. 2.37 are used to determine the control law contribution F,

while the last n — m rows of the equation provide linear, first order partial differential equations

for the potential.

In taking the time derivative of the candidate Lyapunov function, the potential q)(q) is
assumed to be a function of the generalized positions q alone. In examining Eq. 2.37, it is seen
that P(q)appears in the equation leading to the conclusion that ®(q)also depends on P(q). If Kp
is a constant when applying equation Eq. 2.15, P(q)is a function of the inverse of the mass
matrix, which means that it is a function of q alone. The potential ®(q) is also needed to assure

the stability condition of the system. The Hessian of the potential denotes the second derivative
of the potential with respect to the generalized coordinates. The determinant of the Hessian of

the potential evaluated atq =0 must be a positive. The Hessian H is given by

82®(q1 s qz) azq)(ql ’ qz)

_| 94q,0q, 09,04, (2.38)
0'®(q,,9,) 9'0(a;,9,)
09,09, 09,04,
and the necessary condition on|H| is
det(H)> 0. (2.39)

In order to guarantee that Eq. 2.38 is a positive matrix, its eigenvalues are required to satisfy
eig(H)>0. (2.40)

The method to solve the third matching equation is similar to the matching equations

developed for stabilization as shown in White et al. (2007- 2009).

2.7 Linearization of the system
The different parameters are chosen such that the eigenvalues of the linearized system are
the same as the ones found from the linearized equation of motion. The Hessian of the potential
is tested so that the potential is concave upward at the equilibrium point. It is a convenient way
to choose the parameters. The stabilization will be achieved, once all the mentioned constrains

are satisfied. Lyapunov also needs to be tested. Testing the control law through simulation will
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verify the reliability of the process. To simulate the systems, the quantities of K, K, the

potential, the control inputs, and the coefficients are copied directly from Maple to Matlab using

the command “convert to string” in Maple.

2.8 General strategy

Because effective procedures for designing control laws are very important in nonlinear

control theory, a general procedure for achieving stabilization using the matching equations is

given as a series of steps. These are:

1. Develop the equation of motion for the mechanical system.

2. Determine the specific matrices from the equation of motion.

3. Solve for the K, matrix in the first matching condition, considering

constraints. The steps for finding K are:

a)

b)

c)

First of all, try to solve for K, by applying some of the mentioned
methods to solve the homogeneous, linear differential equations. The
positive definiteness of K must be tested. Methods to determine K,
are:
i.  Perfect differential

ii.  K;Lagrangian

iii. m, =0
If part (a) does not work, solving for K, as a constant or non-constant
together with a non-zero Fm, and possibly a non-zero Fme, is the next
option.
Finally, solving directly for the P(q) matrix could be attempted;

however, the symmetry of K, must be enforced.

Again, it is important to recall that indeed, it is absolutely necessary to test all the

mentioned restrictions when each of the different methods is applied.

4. Calculate K, and F, in the second matching equation.

5. Find the potential ®(q) and the force F, in the third matching equation.
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6. Use linearization or another strategy such as the Hessian of the potential or

potential shape to find the unknown constants. The best strategy to use is to
find the parameters such that K, is positive definite. The matrix K must be
positive definite (semi-definite). After that, the parameters could be tuned
making use of the eigenvalues, the Hessian of the potential, and using

the Fmc, matrix, because it depends on v,c, the elements of K, or the

elements P(q). Another important constraint to take into account is that the

Lyapunov function has monotonic behavior in time and its time derivative is
non-positive.
7. Write the corresponding control law 1 from the matching equations.
8. Test the controller.
In addition, it is important to recall the fact that each system is different, so sometimes

the procedure that works best for one system may not necessarily work for another. The
important point here is the performance, while also considering the best solution for K, that

easily satisfies all the matching conditions.

2.9 Chapter Summary
In this chapter, the methods used to develop a formulation to solve the FMC are
presented. A discussion of the problems and limiting conditions of the methods for solving the

first matching equation are presented for the case when Fm, is and is not zero. WhenFm, =0,
K, is solved using either the perfect differential method, the Lagrangian method, or
them, =0method. Considering the addition of an inputF,, the equations are solved whether

K, is a constant or not. The matrix Fme, can also play a role in the solution. In addition, P(q)

as almost constant is also an important consideration in order to make the potential easier to find.
The strategy for solving the first matching condition, considering the presence of a

control law contribution is based on the K, properties and constraints. To this end, assuming
that K, is not a constant will be the first choice. As a next option, K, will be considered as a

constant testing the corresponding restrictions. Finally, starting with P(q) matrix as almost
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constant could be a possibility. The selected solvability method, in the end, will be based on the

properties of the system and the constraints of the proposed method.
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Chapter 3 - Ball and Beam System

3.1 Introduction

This chapter presents the balancing control for the ball and beam system applying the
direct Lyapunov approach. The physical and challenging problem consists of stabilizing the ball
at the center of the actuated beam which is an equilibrium point. The system consists of a ball
that rolls along a rotating beam, actuated at its mass center. The rolling of the ball is driven by
gravitational forces when the beam is inclined. Because the acceleration of the ball cannot be
directly controlled, the system is underactuated.

The chapter is organized in the following way. Section 3.2 presents the dynamic
equations for the ball and beam system. In Section 3.3, the first matching condition is
formulated. The control contribution of the FMC is presented in Section 3.3.1. In Section 3.4,
the second matching condition formulation is shown. Section 3.5 presents the third matching
condition. The linearized model which is used to select the undetermined parameters is presented
in Section 3.6. Sections 3.7 and 3.8 introduce the potential and the Hessian of the potential
respectively, for the system under study. Section 3.9 illustrates the efficacy of the proposed
control law with simulation. Finally, Section 3.10 contains the conclusion of the Chapter.

This chapter will present a ball and beam control law where the first matching condition
is exactly satisfied and the control law is linear in the velocities. The controller to be presented
is an improvement over White et al. (2007) where approximations where necessary to satisfy the
FMC.

The ball and beam system geometry and the definitions of the physical parameters are
shown in Figure 3.1. The beam has a center located at O, the ball has radius R,, and m is the
mass of the ball. 6 is the angle of inclination of the beam and r is the radial position of the ball

center relative to beam center.
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Figure 3.1: Ball and beam schematic

3.2 The Dynamic Equations
The matching method begins with the mechanical system having the unactuated degree of
freedom r. The position components of the ball center is found in terms of the generalized

coordinates as

x, = rcos(@)— R, sin(9) (3.1)
and
y. = rsin(0)+ R, cos(0) (3.2)
for which the corresponding velocities are
Vx, =7cos(f)—rsin(9)) — R, cos(0)9 (3.3)
and
Vy, = 7sin(0)+rcos(9)d - R, sin(0)0. (3.4)

Note that Eq. 3.1 and Eq. 3.2 account for the ball radius.
As mentioned in Chapter 1, the Lagrangian is determined by the difference between the

kinetic energy (KE) and the potential energy (PE). The Lagrangian is given by

L=KE- PE (3.5)
where
KE=2m(s, + 3, )+ 11,07 + 47,0 -] (3.6)
and
PE = mg(rsin(9)+ R, cos(®)). (3.7)
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Substituting Eq. 3.6 and Eq.3.7 into Eq. 3.5, the governing equations of the motion for the ball
and beam are obtained by applying Lagrangian’s equations. The dynamics of the ball and beam
are given in Section A.lof Appendix A.

The matrices resulting from the particular dynamic system are M(q) which is the inertia
matrix, C( ,q) containing the coriolis and centripetal coefficients, and the vector

G(q) containing the gravity terms. The dynamic equations of motion are

Sy +ZmR,)2 +mr’ —ZmRo j
5 5 +
7 7

i

—5mR, Sm
e )
)l e

2 2
where J,,, =<smR," .

M(q) has the property of M(q)= M(q)T > 0. The coriolis forces and torques of the

second term of the Eq. 3.8 are calculated using Christoffel symbols of the first kind to get

(3.9)

mri  mro
C(q,q)= ) .
(4,9) {—mr@ 0 }

The form of the dynamic equation matrix that contains coriolis and centripetal terms is such that

Eq. 2.9 is a skew- symmetric matrix. Differentiating M(q)with respect to time produces

. 2mrr 0
M(q)= : 3.10
(@ [ 0 0} (3.10)
Putting Eq. 3.9 and Eq. 3.10 into Eq. 2.9 shows that
Lye s (o | 0 —mr (3.11)
SM@-Clad) {m P }

The calculation to get Eq. 3.11 is shown in Section A.1 of Appendix A.

3.3 The first matching condition
The addition of a control input to the FMC, namely F, =Fm,q, can be necessary to

improve the performance of the controller and to help satisfy the FMC. The addition of the

control input to the FMC allows additional parameters for pole placement in the linearized
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version of the system and controller. The addition of this input also provides greater freedom to

solve the FMC because by separating the coefficients of each generalized velocity six equations
are found and must be solved for the K, matrix and unspecific parameters. Another matrix,
called Fme,, which will be considered as a contribution of the FMC to the time derivative of the

Lyapunov function. The FMC can be written as
KD + KDM(q)i1 (le - C(q>q))+ (le - C(qaq))TM(q)il K, +Fme, =0. (3 12)

The K, matrix is given as

| Ko (‘9» ”) KDz1(97r)
Ko Kenton)] o

The elements of the matrix K are function of the generalized coordinates and the solution of
Eq. 3.12 is provided by separation of terms involving € and 7 where the set of unknowns will
be selected later such that the positive definiteness property of K, is satisfied.

The first matching condition control input matrix is proposed as

_ —FH(H,r)f—v F11(9,r)9+0 3.14
F“‘“{ RO Fn(0.p } G.14)

and the Lyapunov FMC contribution is

F33(6’,r,9,f) F44(9,r,9,f) (3.15)
F,(0.r.6.7) ¥ (0.r.60.7)]

Fmc, = {

The input Fm, is added to the FMC because more parameters, namely v and o, are
needed to place the poles of the linearized system in desired locations. All of the terms of Eq.
3.15 and Eq. 3.14 are chosen so thatF,, in the FMC, is linear in the velocities and Fmc, is the

FMC contribution to the control law. The negative of this matrix in Eq. 3.15 is added to the right
hand side of the FMC in order to satisfy Eq. 3.12. Details about the solution of the terms leading
to Eq. 3.12 are given in Section A.3 of Appendix A.
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3.3.1 Actuation added to the first matching condition
The outline of the solution for the ball and beam system is presented considering that
K, is not a constant.
1. Organize FMC into m 7 + mgé + f(q)=0
22m =m,=0
3. Because of symmetry six ODEs are obtained, namely,

m,, =m, =m, }_0

My =My, =My,
4. Solve for K, (6,7),Kp,,(0,7),Kp,,(0,7),Fy(6,7),E,(8,7). These five

unknowns are enough to solve the equations for the ball and beam system.

Substitute the solutions in FMC.
5. Solve resulting equations for F,, (9, r, 0, f’), F, (19, r, 0, f”), and F (49, r, 0, f')to
satisfied the FMC. It is important at this point, to find these results such that

Fmc, does not include singularities.

Solving for the elements of the K, matrix together with the inputs FH(H,r) and F,, (ﬁ,r),

the K, matrix is determined to be a function of . The matrix K, is

(51, +7mR? +5mr )+ C, (51, +7mR +5mr?f  ~35R, m(CZ [ngj +r2jm+§C, +C2j (3.16)
K

b=

-35R, m(Cz [g mR’ +r'7jm +§c, + CzJ 49[@ mR,’ +§C,jm

where the set of unknown constants, C; and C,, will be selected later so that the nonlinear
controller agrees with a linearized controller in a neighborhood of the equilibrium point and

K, >0.

The result of Fm, multiplied by the vector of velocities is

leq{—véw} 3.17)

0
The terms in Fme;, namely, F,, (0, r, 0, 1'"), F,, (0, r, 0, f),and F (49, r, 0, f), will be determined

to satisfy the FMC. The result is
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Fmc, =
' | =250C,Ib—35C,mRov —35C,mRo*c — 25C,omr* - 50C, 70mRooC,

500C, Ib+50vC,mr’+10vC,+70v7 ;mRo’ —250C,Ib—35C,mRov —35C,mRo*c —25C,omr’ —SOC,} (3 1 8)
The elements of the Fme, matrix are calculated such that it is always at least a positive
semi-definite matrix, which is the reason to require its eigenvalues to satisfy
eig(K, +Fmc,)>0. (3.19)
The matrix K, is already symmetric. Using Eq. 2.16, it is seen that

2 2
P(q):{5q+25c21b+35c2mR0 +25C, 0 J (3.20)

~35C,mR, 5C
and the eigenvalues of P(q) are calculated as

5C,
ig(P(q))= . 3.21
eig(Pa)) LCJ+25C21b+35C2mR02+25C2r2} 3:21)

Notice from Eq. 3.20 and Eq. 3.21 that the constant C, cannot be zero.

3.4 The second matching condition
This section will present the solution of the SMC by using the results of the FMC

solution. From Eq. 2.27, if all of the eigenvalues of K, have positive real parts, then K is
symmetric with non-negative eigenvalues. The matrix K is always, at least, positive semi-

definite. The matrix is evaluated by using Eq. 2.29 to get

al5C, +25C, 1+ 35C,mR,? +25C, r* | ~350(5C, +25C, Ib+35C,mR +25C,*)c, m R, | (3.22)

K, =
" |=3505C, +25C, b+ 35C,mR * +25C, 7 )C, m R, 12254C,” m°R,’

and the eigenvalues of K, are calculated as

eig(Kv):{ ) } (3.23)

KvBB

where

Mgz = 0.12aC,°m* R +25aC,> +250aC,C, 1, +350aC,C,mR,’
+250aC,Cymr? +625aC,’1,” +1750aC," I,mR,” +1250aC,’ I, mr* (3.24)
+1225aC,’m*R,} +1750aC,’m* R *r* +1625aC,’ m*r*.

By using Eq. 2.25 the control law contribution is

F,=-55C,01,+7C,0mR’ +5C,0mr’-7C,mR, i+C, 0)a. (3.25)
2 2 b 2 o 2 2 o 1
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The parameters in Eq. 3.24 are chosen such that K, is semi-positive definite. Section A.3 of

Appendix A shows the determination of K and its corresponding eigenvalues.

3.5 The third matching equation
The partial differential equation that needs to be solved for the potential is complicated

and in this case, some approximations are made. The details of this derivation can be found in

Section A.3 of Appendix A.
From Eq. 2.30, the quantity F;is determined by

{FO}} =G(q)-P(1)'V(q) (3.26)
For the ball and beam, Eq. 3.26 consists of two equations, the first of which is
o0(0,r)

) 1 00 (3.27)
F, — mrg cos(6) + mRog sin(0) + — =0 .
s ~mrg cos(6) g sin(6) 5C, +5C,1, +7C,mRo* +5C,mr’

while the second equation is

CZmRo[ aq’(gg’ r)j o0(6,r)

—mgsin(é’)+z ;9 - +l 2 — (3.28)
5(C, +5C,1, +7C,mRo* +5C,mr*)C, 5 C,

Solving Eq. 3.28 for ®(0,r), shows the solution to be

_5(_nsina)
®O.n= 7 -[ cos(ad—P)* da

~¥5ylc,+5C, 1b+7C, mR ), mo

1
S||+7tan™ €, mrys 1 |C,R,m
(c,+5C,1b+7C,mR )

NG (3.29)

+F,

Je+s5c,b+7¢, mR ?)C, m

where
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Jc+50,b+7¢, mR *)C g

Ro CZ
5 _15yle+5c,br7C,mR,’Jeum5
35 C,R, m ’

and

-slc,+5C, b+7C, mR ?)C,mo

11 V5
B=§m +7+/5tan”! Cymr 5 C,R,m :
2Ry Jle+5¢,1b+7¢, mR *Jc,m

o

In Eq. 3.29, the arbitrary function of the characteristic of the PDE in Eq. 3.28 is set equal to the

parameter Fs time the square of the characteristic. Once ®(0,r) is found, it can be substituted

into the Eq. 3.27 to find F3. Solving for F3, the result is

5rmgeos(0)C, +25 rmgcos(0)C, I, + 35rm’ gcos(9)C, R,” -
é 25 r‘?ngcos(H)Cz —5mR,gsin(0)C, — 25 mR, gsin(0)C, I,
—35m’ R gsin(0)C, — 25 m*R, gsin(0)C, r* —(%(D(Q}’)j

. (3.30)
3 2 2 :
(c,+5C,b+7C,mR7 +52mr*)

3.6 Selection of the unknown parameters

By inspection of Eq. 3.8, it is seen that

1 RO
0| _| Iy +mr’ T + 1’ o] | mrr mrf|[0] mgcos(0)— R,mgsin(6) (3.31)
il R, 5y +7mR) +5mr? || 0] |—mrd 0 || F mgsin(0) ]
Ty (J b T I )m

Therefore, after some simple manipulations, Eq. 3.31 can be rewritten as

— 74 2mri6 + rmg cos(0) - mR, 6

o1_ Ty +mr (3.32)
Pl (— TR,z +14R, mri-@ + TR rmg cos(0)— 57, ,r6” + 51, gsin(0) - TmR *r6* — 5mr6* —5mr’g sin(e)) '
7 Joan +mr’
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From Eq. 3.32, the linearized state equations for the ball and beam are found to be

, 0 0 1 0] 0
o1 1 o o o 1] 0
ALl Ime oy gl | (3.33)
g 1, o | I,+mr’ |
il |—2g _Rem& oy R,
L7 I, | _]b+mr2_

The values of the physical parameters of the ball and beam system are listed in Table 3.1.

Table 3.1: Physical parameters of the ball and beam system

Parameter | Explanation Given value
Iy Beam moment of inertia | 0.4 Kg m’
m Mass of ball 1.5Kg
R, Radius of ball 0.02 m
g Acceleration of gravity | 9.81 ms™

Through the same process used to produce Eq. 3.33, the control input is linearized and

after substituting the physical parameter values, the linearized control input becomes

_ 1428571429 (98.51C, C,+49.05C,"+.4129C,"+.28C, F,) |
C, (C,+2.00420C,)
,:30(197.02C,7+.28C, F+196.61C, C,+49.05C) | (3.34)

(C,+2.00C,)°
+(-10.02C,a-5a.C, -v)o
+(1.05C,a+0 )

T

where 7, is the linear control.

A full state feedback control law is applied to the linearized model given by Eq. 3.33 and

the control law is

(3.35)

Y D

r:—KM —[-K1 —K2 —K3 —KA4]
q

’;.
Comparing Eq. 3.34 and Eq. 3.35 and equating like variables, four equations are found. The

matrix K is determined such that the eigenvalues of the linearized closed loop system are -11.950
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+312.049, -1.586, and -0.513 which are based on White et. al (2007) and the positive
definiteness property of K,,. The gain matrix is
K=[13586 —47.59 11.11 -35.62]

and the equations are

1 2 2
Kl—-——{1.43198.51C,C, +197.02C 49.05C," +0.28C,F, ))=0
CZ(C1+2C2)( ( G+ » T T 2 5)) >
1 2 2
K2————10.301197.02C," +196.61C,C, +49.05C,” +0.28C,F. |]|]=0,
(C1+2C2)2( ( 2 21 1 2 5))

K3-10.02C,a + 20.04C,v +10vC, —5aC, =0,

and
K4-1.05C,(-2v+a)=0.

These equations are solved for Fs, o and v. C; and C, are picked based on the positive

definiteness property of K. This property of K, is satisfied provide the principal minors of
K, satisfy the inequalities of

(51, +7mR )} +5mr? )+ C, (51, +7mR” + 5mrf >0
and

(c, (51, +7mR} +5mr?)+ C, (51, +7mR? + 5mr?} )49[@ mR’ +;C1]m

—-35R, m(CZ (ZmRoz +r2jm+;C1 +C2j >0.

The unknown ball and beam parameters values used in the pole placement are listed in Table 3.2.

Table 3.2: Values of the control system

Parameter | Explanation Identified value
C, Coefficient of Kp 0.5
C, Coefficient of Kp 8.5
Fs Coeff. of the ®(0,r) | 5762.2946
o Coefficient from Fm; | 35.62-8.92a.
v Coefficient from Fm; | -87.68a+11.11
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3.7 The potential
The potential o(o,r) is composed of the homogeneous and particular solutions of the
governing PDE, namely
®(0,1)= HS+PS (3.36)
where the homogenous solution is
HS = 0.99F,6%-0.11F,0tan" (1.911) + 0.28 - 2 F,tan" (1.911)". (3.37)

and the particular solution is

PS = 1.78cos(0 —0.5¢" aarctan(1.91r))arctan(-1.73+1620.530°-86.510 arctan (1.91r)
+1.15arctan(1.91r)° )In(1403.428°-74.920 arctan (1.91r)+.99 arctan (1.91r)’
+95.2509554 arctan (1.91r)+1.73)+24.47 sin (6 — 0.5e-1arctan (1.91r))arctan (109.986
-2.93arctan(1.91r)-3.73)-.367¢” cos(00-.53" arctan(1.91r))In(3.-4210.256°
+224.77022arctan(1.91r)-2.99 arctan (1.91r)*+1969580.316*

-210300.486° arctan(1.91r)+8420.50419367 arctan(1.91r)
-149.85614arctan(1.91r)’+.99arctan (1.91r)* )-3.29sin (6

-53¢" arctan(1.917))In(1403.426°-74.920 arctan (1.91r)+.99 arctan (1.91r)’
-95.25095. 54 arctan(1.91r)+1.73)+.73¢” sin (66-.53" arctan(1.91r))8

-.196¢™ sin (06-.53" arctan(1.91r))arctan(1.91r)24.47 sin (0

-.53¢” arctan(1.91r))arctan (109.9801093 arctan(1.91r)+3.73)

+.147¢” cos(Bos(6--1arctan (1.91r))0*-.78¢” cos (8

-.53¢ arctan(1.91r))@ arctan (1.917)+.10e™ cos (6

-.53¢" arctan(1.91r))arctan (1.91r)° (3.38)

obtained from a Taylor series expansion about the point q=0 of Eq.3.29. The number of terms in

the series is six. Figure 3.2 shows a plot of the potential for the ball and beam.
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Figure 3.2: The Potential
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The inflection points of the potential are the points on the graph at which the concavity of
the potential changes. The value of the second derivative just to the left and to the right of each
inflection point helps to determine the intervals of the plot. From the plot in Figure 3.2, it is seen

that O needs to be confined to the interval (-1.2, 1.2), while the ball position 7 needs to be

restricted to the interval (-0.6, 0.6) so that (D(G,r)is a convex function.

3.8 The Hessian
The Hessian of the potential denotes the second derivative of the potential (D(G,r) with

respect to O and r. This matrix, evaluated at the equilibrium point, must be a positive definite
matrix and, thus the eigenvalues have to be positive. These values result from the appropriate
selection of the parameters considering that the potential has to be concave upward with the

Hessian > 0 and a local minimum at the origin. The Hessian is defined as

o'®(0,r) o’®(6,r)

| 00’ 00 0r (3.39)
H= o’o(0,r) *®(6,r)
06 or or?

and is

He 130.6675 —1357.2425 ' (3.40)
—1357.2425 14417.6368
The corresponding eigenvalues of H are
14545.4299

3.9 Simulation
The control law design method is applied to the ball and beam system in order to drive
the states from a given initial condition to the origin and stabilizing them at that point.
Numerical simulation, done using Matlab, confirms that the nonlinear control law stabilizes the
system. The details of the Matlab files used for the simulation are in Section A.4 and A.5 of
Appendix A. The simulation results are presented in the plots for the angular displacement and

angular velocity of the beam together with the position and the linear velocity of the ball. The
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selected control parameters accommodate a large initial angle for the beam as well as an initial
velocity of the ball. In this example, the initial angle of the beam is chosen as 1.5 radians (almost
vertical) and the initial velocity of the ball is chosen as 0.4 m/sec, while the initial angular
velocity of the beam and the corresponding initial position of the ball are equal to zero.

Figure 3.3 illustrates the ball position and velocity as well as the beam angle and angular

velocity as a function of time.

m
1.5 » 5 ‘
o 1
© ‘
= 0 ;
= 8 i |
© - |
g g Bf----------- R =
S -10f----------- e N
@ |
% -15 1
2 o 5 10

r(m)

Ball velocity(m/sec)

10

Figure 3.3: Stabilization of the ball and beam system

Figure 3.4 shows that the elements of P remaining constant after stabilization.
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The Lyapunov function should be monotonically decreasing. The first derivative of the
Lyapunov function needs to be non-positive. Figure 3.6 shows the Lyapunov function value and

its first time derivative.

15000

10000} - - - - ----l-———-

Lyapunov
o
T r___

T
|
|
|
l
|
5000 -~ - ~- - -l - - e e L et BT
|
|
|
|
|
L

-5000
0
Time (s)
x 10°
1 T T T T T T T T T
| | | | | | | | |
| | | | | | | | |
g —
[a) | | | | | | | | |
| | | | | | | | |
B e i s i
a l l l l l l l l l
22 T T T 7T TTTT T Tt
| | | | | | | | |
| | | | | | | | |
_3 L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10
Time (s)

Figure 3.6: Lyapunov Time History and its Time Derivative

Figure 3.7 shows the control law. The behavior shown in Figures 3.3 through 3.6

demonstrates the validity of the Lyapunov candidate function and the derived control law.
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Figure 3.7: Control law

3.10 Chapter Summary

In this chapter, a problem of the stabilization of the underactuated nonlinear ball and
beam system is considered. The procedure is based on the direct Lyapunov approach for the
design of the controller.

There were several attempts in trying to find a controller for the ball and beam which

failed before obtaining the results of the previous section. In the failed attempts, the determined

P(q) matrix was diagonal because the K matrix was a multiple of the mass matrix. This
situation is a problem because the first m columns of the P(q) matrix are used to determine the
K, matrix in the SMC. If P(q)is not at least lower triangular, the control law of the SMC will
have some of the generalized velocity terms missing. At other times, complicated solutions with
singularities were found for K. In order to be realistic, the elements of K, needs to be even
functions of the generalized coordinates.

The solvability of the FMC is not trivial. The FMC is solved for K, and the control
inputF,, considering the design restrictions and properties of the K matrix. The SMC is solved

for K and for the contribution F, . The partial differential equation from the TMC is solved for
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the potential and the control law contribution I, . The derived control law is based on positive
definiteness and symmetry properties of K, the potential shape, and the Lyapunov monotonic

behavior in time. As V( ,q) is negative semi-definite, the stability in the sense of Lyapunov is

assured. The simulation results show that the nonlinear controller design can stabilize the system
effectively even when the initial conditions of the system are relatively large.

The presented controller is an improvement over White et al. (2007) where
approximations were necessary to satisfy the FMC. This controller, determined here in a straight
forward fashion, satisfies the FMC exactly without introducing control law terms that are

quadratic in the velocities or approximations.
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Chapter 4 - Ball and Arc System

4.1 Introduction
In this Chapter, a simple system consisting of a ball rolling on an arc is considered. The
ball and arc system geometry together with the physical parameters are shown in Figure 4.1. The
arc has a center located at O, the arc radius is 7, and the ball has radius R,. The arc is actuated at
O, the arc mass center, located a distance d from the center of the arc. M is the mass of the arc
and m is the mass of the ball. The angle 6 measures the rotation of the arc from the vertical as
shown in Figure 4.1. The angle ¢ measures angular position of the ball from the midpoint of the

arc. The pivot is not placed at the center of the circle to avoid an uncontrollable system,

Wellstead (1983).

¢

Figure 4.1 Ball and arc schematic

The formulation is presented for two cases. One considers the K, matrix as a constant.
The other case considers an almost constant P matrix. The purpose of presenting the two
formulations is to demonstrate that one formulation is more complicated when solving for the
potential. The second formulation is simpler than the first one.

This chapter is organized in five main sections. Section 4.2 presents the dynamic
equations for the ball and arc system. In Section 4.3 a formulation is presented considering a
constant K matrix. The first matching condition, applied to this case, appears in Section 4.3.1.
The system control signals are presented in Section 4.3.1.1. The second matching condition

formulation is shown in Section 4.3.2. Section 4.3.3 presents the third matching condition. The
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selection of the unknown parameters using the linearized model is presented in Section 4.3.4.
Sections 4.3.5 and 4.3.6 introduce the potential and the Hessian for this system. Section 4.3.7
illustrates the efficacy of the proposed control law with simulation. Section 4.4 presents the other
formulation considering an almost constant P matrix. For this part, the first matching condition
can be found in Section 4.4.1. In Sections 4.4.2 and 4.4.3, the second and the third matching
conditions are shown. The linearized model and the selection of parameters are in Section 4.4.4
and the potential and the Hessian of which are in Sections 4.4.5 and 4.4.6, respectively. Some
numerical simulations are illustrated in Section 4.4.7. The conclusion of this chapter is in

Section 4.5.

4.2 The Dynamic Equations

The equation of motion describing the ball and arc system can be found by means of

Lagrange’s equations. The kinetic energy is given by
KE =mrcos(p—0)pd cos(@)é -mrcos(p — 6)92d cos(@)

+ émﬂéz-mr%p b-mrsin(p — )¢ dsin(6)6

. : 4.1)
+ émﬂef +mrsin(p —6)0° dsin(9)
+Laror +11A 6’
2 2
where /4 is the inertia of the arc and the potential energy of the system is
PE=mg (r cos(p—0)—d cos(&)). (4.2)

Substituting Eq. 4.1 and Eq.4.2 in the Euler-Lagrange equations, the governing equations of the

motion for the ball and arc are obtained. These are

[mr? +md’+1,-2mrdcos(p) mr(dcos(p)- r))}{@} N
®

mr(d cos(p)—r)) mr’

_(j)mrd sin(p)— Omrd sin(p) Omrd sin(p)+ gmrd sin(p) Z N (4.3)
Omrd sin(p) 0 17

_mg(rsin(¢)cos(9)—rcos(w)sin(9)+dsin(9)) ~ - e
o) i) MO ol

where M(q) is the inertia matrix, C(q,q) is the matrix containing the coriolis and centripetal

coefficients, and the vector G(q) contains the gravity terms.
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The C(q,q) matrix is

C@.q)= pmrd sip(q;)— émrd sin((/)) Omrd sin((/))+ pmrd sin(qo) - (4.4)
Omrd sin(p) 0
The skew-symmetry formulation is tested. To do this the time derivative of the mass matrix for

this particular system is computed as

M(q):{2mrdsi?(¢)¢?o —mrdsin(go)(/')} (4.5)
—-mrd s1n(go)go 0
The mentioned skew-symmetry condition from Eq. 2.9 is
1 .
0 —mrdsin(p)p—mrdsin(p)p 6
1. . .
7 M@~ Cla,4)= 2 : (4.6)
—Emrdsin(¢)¢+mrdsin(¢)¢9 0

4.3 Development considering a constant K, matrix
In order to apply the DLA, a candidate Lyapunov function will be selected with K as a

constant, symmetric, positive definite matrix. This will be part of the candidate Lyapunov

function.

4.3.1 The first matching condition
As mentioned in Chapter 2, the FMC provides a contribution for the control law. It will
be seen that for the ball and arc case, P(q)is a full matrix, however because P(q) is almost

constant some manipulations of the FMC are necessary in order to provide a solution.

4.3.1.1 Ball and arc system with Fm, and Fmc,
The control input Fm, is now utilized as well as Fme,, however more unknowns appear

in Fmc, compared to the other examples. In this example the control term of the FMC is
. :
0 ¢

Fm :|:—F11(qf,qdol‘f)¢5—.v Fn(qf:qdoff)éfo':| (48)
1 -Fy (‘Zfs qdotf)¢ Fy (‘Zfs qdotf)tg

where
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and because more terms are necessary to avoid singularities for Fme,, Fmc, p is defined as

E,;(af  qdotf )+ Fis(af . qdotf )+ Fyq(af . qdotf ) F,,(af ,qdotf ) } (4.9)
Fy (‘va qdolf) F, (Qfa qdotf) +Fg (va qdolf) +F (‘va qdolf)

Fme,p = {
and because Fme, must be symmetric
Fme, = Fme, p+Fme, p’. (4.10)
The terms v and o are included for this particular system in Fm, in order to reach a positive semi

definite Fmc, matrix.

The matrix Fm, when multiplied by the vector of velocities is found to be

leq:[évj"} @.11)

and Fmc, after some manipulations, can be seen in Section B.3 of Appendix B. The formulation
used in the solution for the control law, the manipulations to avoid singularities in Fme,, and the
matrix Fme, itself is show in Section B.3 (Appendix B).
The elements of the Fme, matrix are calculated such that it is always a positive semi-
definite matrix. The eigenvalues are
eig(K,+Fme,) > 0. (4.12)
The elements of the matrix K, are chosen to be constants so that K, is positive definite

and to get an easily solved partial differential equation for the potential. The FMC will be solved

for two terms of Fm, and one term of Fmc,. The K, matrix for this problem is

KD :|:KD11 KD21 :| (413)
K KDZZ

D21
The set of unknown constants for K, and Fm, will be selected later so that K, is positive
definite, K is positive semi-definite, and K + Fme, is positive semi-definite.
The following solution outline for the ball and arc system is presented considering

that K is constant.

1. Consider chl(q,q): chl(q,q)T

2. Because of symmetry three LAEs are obtained from the FMC.

3. Solve for F,,(q,q), F,,(q,q), and one of the terms in Fme, , namely F,,(q,q)

4. Substitute solutions into the FMC.
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5. The termsF44(q,('1),Fss(q,q),F“( ,4).F.,(q,q)and, Fy(q,q), are added

to Fme, in order to avoid singularities and make Fmc, at least positive semi-

definite.

The resulting Fmc , is

[ Fe,(qf \qdotf)  Fe,,(qf .qdotf) (4.14)
| Fey(qf .qdotf)  Fey,(qf .qdotf)

Fmc,

where

21bsin(@)K ,,,dd + 21bsin(p)K ,,,d + 2sin(@)K ,,,,d dm — cos(pWdK ,,,

+ VK, —4cos(@)mdrK p,,d* sin(¢)+ 2 cos(¢)mdrK ,,,,d* sin(g)
2| —4cos(@)mdrK ,,,d* sin(p)+ 2sin(¢)K ,,,d*6m + 2sin(¢)K ,,,,d 6> m
+25in(¢)K ,,,,dO*m — 4sin(@)mddK > +2sin(¢)mdK ,,,r
—2cos(¢)mK ,,rd* sin(g)— 2¢mK ,,, rd sin(p)+ VK ,,

r(de +1Ib—md* cos(¢)z)
2c08(@)mdrd’K p,, sin(@)+ VK 7 + 4 cos(@)mdrK ,,,,d* sin(g)
+2sin(p)dmdr’K ,, — oK 7 — 4 sin(qﬁ)KDzzd + cos(qﬁ)o-dl([,21
—COS(PWK pyod + VK ot — 0K 1 = 2mrdK ), sin(g)
Flmd?® + 1b—md® cos(¢))

chll(6’¢):

chn(ga ¢) ==

and

Fme (9 ¢) _ Z(sz” + K}t — cos(¢)KD22d)(2q§mrd sin(¢)— o-)
e r(md >+ Ib—md? cos(¢)2) '

The elements of the Fme, matrix are calculated such that K +Fme, is always a positive semi-
definite matrix, which is the reason to require its eigenvalues to satisfy

eig(K, +Fmce,) > 0. (4.15)

By using of Eq.2.16 is seen that P(q) is

Y S,

where
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KD, 7 + KD, ;r — KD, d cos(¢)
F(mdz +1Ib—md? cos(¢)2)
plz(g ¢) _ KD]lmr2 — KD, ,mrd COS(¢)+ KDzll’I’lV2 -2KD, d COS(¢)+ KDZlmd2 +KD,,I,
, mr? (mdz +Ib—md? cos(¢)2) ’
KD, r — KD,,r - KD,,d cos(¢)
I’(md2 +1Ib—md* cos(¢)2)
P(0.9)= KD,mr® — KD,,mrd cos(¢)+ KD,,mr* — 2KD,,d cos(p)+ KD,,md’ + KD, I,
, mr’ (md2 +1b—md? cos(¢)2) ’

P,(0.4)=

P, (0.4)=

and the determinant of P(q) is

det(P(q)= rzm(KD 2D~ R, (4.15)

md’ +Ib—md’ cos(q))z)'
4.3.2 The second matching condition
From Eq. 2.28, the control law contribution Fm, can be found. If all of the eigenvalues
of K have positive real parts, then K is symmetric with non-negative eigenvalues. The

K, matrix is evaluated using Eq. 2.29 to get

K ={K"11(9’¢) KV2|(6>¢) } (416)
' KV21(9’¢) KV22(9>¢) .
where
a(KD, » + KD,,» — KD, d cos(¢))
Kv, (0,64)= 1] 21 21 ’
V”( ¢) mr’ (mdz +Ib—md’ cos(¢)2)
Ko, (0.4) = a(KD,r + KD, ,r — KD, d cos(¢)— KD, ,» — KD,,r + KD,,d cos(¢)))
S mrz(mdz +1Ib—md’ cos(¢)2) ’
Ky (6.4) = a(- KD, ,r — KD,,r + KD,,d cos(p))’
2 mr’ (ma?2 +1Ib—md’ cos(¢)2) ’
and the eigenvalues of K, are calculated as
], @i

where
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d*KD,)’ cos(¢)— KD,,d cos(qﬁ)KDZIr —2KD,,’d cos(¢)r
+2KD,*r* + 2KD, r*KD,, + r*KD,, + KD,,*d* cos(p)’
—2KD,,d cos(¢)KD, r —2KD,*d cos(¢)r + KD, *r* |
+2KD, *r*KD,,

(4.18)

Apa =+

The second matching condition provides the contribution F; for the control law which is

a(— F, 6 rF2¢+F} 0 dcos(¢)— 9 rKD,, —(,/5KD22 r+¢KD22 dcos(¢)) (4'19)

F,= .
’ rz(md"+2deA—2md4cos(¢)2+lj—ZIAmdzcos((b)z+m2d4c0s(¢)4)

4.3.3 The third matching condition
The first row of the TMC provides the equation that is used to determine the control law

contribution F;  From Eq. 2.35, two equations are found which are

F, - mg(r sin(¢)cos(9))— r cos(@) sin(@) + d sin(¢) (420)
o0(6, ¢)

(KDZIer — KD, mrd cos(¢)+ KD,,mr* —2KD,,d cos(¢)+ KD,,md’ + KDZZI) 20

| 2
5 KD, KD, - KD,,

(KD, mr* — KD, mrd cos(@)+ KDy mr* —2KD,,d cos(@)+ KD, ymd’ + KD,,I) aqné;, )
_ =0
KD,,KD,, — KD, *

and

(— KD, r—KD,,r+2KD,,d cos(¢))rm( 6(1)(49, ¢))

—merlsi _ : 00 (4.21)
Jod (sm(¢)cos(9) cos(@) 51n(¢9))+ KDL KD, KDle
+(KD,,r—KD,,r —2KD,,d cos(¢))rm[(m>g;’¢)j =0.
Solving Eq.(4.21) for the potential (I)(H, ¢) results in
1
®(0,¢) = (gcos(@(6.4)) (4.22)

— KD, ;r — 2KD, r + KD,,d — KD,,r + KD,,d

where
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@KD, PKD, -2 KD, *¥r- pKD,,"¥d+ ¢KD,, ¥KD,,r— ¢KD,,YKD,, d
— KD, PKD, r- 0KD,,*¥r+ OKD,,"¥ d + 2KD,, arctan(¢(¢))¥ KD, r
+2KD,, arctan(¢(¢))¥ KD,, » — 2KD,, arctan((#))¥ KD,, d

1 +2r° arctanh( . ¢)jKD22KD +2r° arctanh( re. ¢)jKD22KD“KD21 KD..KD
22 11

Q0,0) =
©.0) (-KD,,r-=KD,,1+KD,,d)KD, ¥

-2r arctanh( (zj¢)jKD22KDIIKD21 d— 2}, arctanh[ (\0}1 ¢)j KDH
-2 Kszarctanh[@) +-2r KDJarctanh(@jd

oKD, WKD, 1-2¢KD,,"¥r- oKD, *Pd+ ¢KD,, PKD,,r— 9KD,, PKD,, d
—OKD,,YKD, r- KD, *¥r+ KD, ¥ d + 2KD,, arctan(¢(¢))¥ KD,, r
+2KD,, arctan(g(¢))¥ KD,, » —2KD,, arctan((¢))¥ KD,, d

1 +2r° arctanh(MjKDnKD“ +2r° arctanh( (. ¢)jKD22KD“KD21 KD.?
(-KD,,r—KD, 1+ KD, d)KD, ¥ ¥ ¥ 2
=2r arctanh(r(iijDzzKDlIKD21 d-2r’ arctanh[ (0 9) ] KD,

-2 KDlearCtanh(@) +2rKD 23arctanh[@}d

— F, coshZ(0,¢)KD,, r—2F, coshZ(0,¢)KD,, r + 2F, coshZ(6,#)KD,, d — F, cosh Z(,¢)KD,, r + F, coshZ(6,4)KD,, d

and where

¥ = /(- KD, ,r — KD, ,r + KD, d \~ KD,y — KD, + KD, d),

arctanh(wj = arctanh (- KD,,r — KD, r + KD, d )cos(p) 1) ’
JCKD, =KD, r + KDyyd ) KD, 7 — KD, r + KD, d ) sin(¢)
COS(co)-lJ

sin(p)

arctan(c(4)) = arctan(

and

~2rK arctanh(@j

-2K,,, arctan(g(¢))‘P +60K,, Y

+2r arctanh(r(z;mjKDHsz
cosh Z(0,4) = cosh

(KDzl\/(KDnr+K1321r_KDzldXKD11r+KDzlr+KDzld)) .

By substituting d)(H, ¢) from Eq. 4.22 into Eq.4.20, the contribution from the TMC to the

control law is

48



rm gsin(q})cos(f))KDﬂ —rm gsin(qﬁ)cos(f))KDz_, KD, —rmg cos(qﬁ)sin(f))KDz, ’

+rmgcos(p)sin(0)KD,, KD,, +mgd sin(0)KD,,’ —m g dsin(0)KD,, KD, —(a%d)(e,¢)jKDz, mr’

- (a% (1)(9,¢))KD2, mr? + [a% <D(9,¢)jKDzl mrdcos(g)- [(%@(‘W))KDH mr’

d d . (o
+ 2[%c1>(¢9,¢))1<1:>22 mrdcos(¢)—[£q>(9,¢)jKDz, md [ae (D(H,gﬁ)jKDzz I,

|~

+(%cp(e,¢)j1@y mr? {%@(&«ﬁ)}w,, mrdcos(p)+ [%ﬂ&@)@n mr?

- 2(%®(9,¢))KD2, mrd cos(p)+ [% (0, ¢)]KD2, md + (%@(e,;ﬁ)jla)n I,

F,=
(kp,, kD, ~KD,’)
(4.23)
4.3.4 Selection of the unknown parameters
By inspection of Eq. 4.3 it is seen that
1 R,
6] | md®+1b-md’cos@)’  rlmd’ +1b—md’ cos(¢)’) (4.24)
6l R, 5J,, +7mR,’ + 5mr?
rlmd?® + 1b—md’ cos(@)?) mr*(md’ + Ib—md’ cos(¢))
{r} B 2¢5mrd sin(qﬁ)ﬁ 20mrd sin(¢)— 2¢5mrd sin(¢) 0 B {mg(r sin(¢)cos(9))— rcos(@)sin(@) +d sin(H)}
0] |-26mrdsin(p) 0 é — mgr(sin(¢)cos() — cos(#)sin(6))
Thus, after some simple manipulations, Eq. 4.24 can be rewritten as
I T —4dmrd sin(¢)9 +2¢%mrd sin(¢)+ mg sin(@) 1
1 o N o )
d” +1b—md” cos(@)’ +20°mrd sm(¢) 2md cos(qﬁ)&sm(zﬁ)
+d cos(¢)mgsin(p)cos(9)— d cos(¢)’ mgsin()
(4.25)

) 7 —4gmr’dsin(p)0 + 24> mr’d sin(¢)+ rmgsin(0)
{0} = —d cos(¢)r +4md* cos(¢)gmrsin(¢)d

—2d? cos(p)p*mrsin(¢)cos()
+d cos(p)mgrsin(¢)cos(8)—d cos(¢) mgsin(0)
+2mr’0*dsin(¢)—4mrd* cos(¢)d? sin(g)
+2md*? sin(p)—md® g sin(g)cos(6)
+21b67dsin(¢)— Ibg sin(¢)cos(@)+ Ibg cos(¢)sin(6)

1
r(mdz +Ib—md’cos(pd )

The linearized equation of motion of the ball and arc is
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[0 0 1 0] [ 0 ]
6 do 9 ?
) mg 0|? 4.26
gl I, ot I, +md’ —md’ cos(g) | ( )
g dmgr-d’mg-1I,g ; r —d cos(¢)
¢ . 0 09 2 2 2
L 1, | _r(]b +md? —md? cos(p) )J

The details of the linearization can be seen in Section B.3 of Appendix B.
Eq. 4.26 also shows the variables of the state vector. The values of the physical
parameters of the ball and arc system are listed in Table 4.1 and are taken from Sheng, Renner,

and Levine (2010).

Table 4.1: Physical parameters of the ball and arc system

Parameter | Explanation Given value
Iy Arc moment of inertia | 0.05 Kg m”
m Mass of ball 0.02 Kg
d Distance to the pivot 0.5 m
r Radius of ball 0.75m
g Acceleration of gravity | 9.81 m s~

By using Eq. 2.2, the control input is

t=F +F+F;5,

(4.27)

Linearizing and substituting for the physical parameters of the system, the linearized control

input becomes

where

B

+(20aKD,, —v + 6.66aKD,, )@ |.

+(200KD,, + 6.66aKD,, + & )¢

7,(KD) = 0.5(
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0.75KD, F,+0188KD,,F, + 0.562KD, F, + 2.45KD,’
+245KD,,KD,, +735KD, KD,, + 735KD, KD,

(4.28)

(4.29)



+(KD) = 0.56KD,*+0937KD, KD, +0188KD, KD,, + 0.25KD, , (4.30)
+0.063KD,,KD,,

—0257KD, *KD,, +0.056F,KD,,> +0.076KD,,’

+0.032F,KD,,KD,, +0.211KD, KD, KD,,
+0.042F,KD, KD,, +0167KD, KD, (4.31)
7 (KD)= +0172KD, KD, +0.031KD,,”KD,, '
+0.094KD, ,KD,,” +0.098KD, *KD,,

+0.041KD,,> +0.032F,KD,,KD,, +0.004F,KD,,’

and

0.063KD,’ +0.422KD,’ +0.844KD, KD,
1,(KD)=| +0.422KD, *KD,, +0.016KD,*KD,, . (4.32)
+0.146KD,,’KD,, +0.094KD, KD,,KD,,

A linear state feedback control law is applied to the linearized model described in Eq.

4.26. The control law is

(4.33)

DS D

r:—Km:[—Kl ~K2 -K3 —K4
q

¢
Comparing Eq. 4.28 and Eq. 4.33 and equating the coefficients on like state variables, four
equations are found. The gain matrix K is determined such that the eigenvalues of the linearized
closed loop system are -76.7918, -4.7457, -11.6366 and, -13.5405 based on the positive
definiteness property of K. The corresponding gain matrix is
K= [82.2743 138.2016 -34.1319 1 18.4029]
which satisfies the equations

01(5.4¢°K ,° +5.4¢"K 0 Ky +1.8¢°€"K ) K 1y, +1.8¢7K ")
(226¢°K ), +7.526°K 5, |2.36€7 Ky, +1.54€” K 0K 5, +2.56¢7K 15, )
0.00 1.56¢"'K,,," +1.76e"K , ,K ,,’ +8.57¢¥K ,’K .’
© +1.89¢"K ,,°K ,, +1.30¢"K .}
2 T (

226¢°K )y, +7.526°K . 23667 Ky, +1.54€” K 5, K 5, +2.56¢7K ), )
K,+6.e+9aK,, +34.13=0,

K, + =0,

2

and

K, +118.40=0.
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The four equations can be solved for F¢, Kp1, 0, and v. Kpy;, o, and Kpy, are chosen based on
the positive definiteness property of K, the potential shape, and the Hessian of the potential.

These values are listed in Table 4.2

Table 4.2: Values of the control system

Parameter Explanation Identified value
Kbp11 Element of Kp 0.8537774058KD21 + 0.3925497477TKD22
lo Term of F; 118.4029000— 20. o. KD21 — 6.6666666680. KD22
Fe Coefficient of ©(0,d) 0.15¢733.8¢" K a1 +2.51e' K po1 K pon +4.14e‘61<D222)
2.26e%K o1 +7.52¢°K o
v Term of F; 34.13190000+ 23.742214780 KD21 + 7.8509949540 KD22

4.3.5 The potential
Once the solution is found for the potential ®(6,¢), it is seen that it is composed of a

homogeneous and a particular solution which can be written as

®(0,¢)=HS+PS (4.34)
where the homogenous solution is
HS = F| cosh| —1.46arctanh M + 6+ 6.25arctan M (4.35)
sm(¢) sm(¢)

and the particular solution is

PS = —212.78 cos| 2.024 — 0.9998 — 6.25 arctan| M +1.46arctanh] M . (4.36)
sm(¢) sm(¢)
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Figure 4.2 presents a plot of the potential for the first formulation of the ball and arc system. The

potential for the ball and arc system is plotted in the interval (-0.2, 0.2) for 0 and for ¢.

Farmulation for KD constant

2171

212

2071

202

1974

Figure 4.2: Potential for the ball and arc system

4.3.6 The Hessian
When taking the second derivative of the potential(I)(H, ¢)with respect to O and ¢, the
Hessian of the potential is found. This matrix is evaluated at the equilibrium point. The Hessian
is

o’'®(0,4) 0’®(6,9)

_| o¢ 000¢ (4.37)
o’'®(0,4) 0°®(0,9)
000¢ o¢*

and substituting for the derivatives in Eq. 4.36, the matrix becomes

_ [727.9019 221.6720} . (4.38)
221.6720 625.9347
The eigenvalues of Eq.4.38 are
- 904.3778 . (4.39)
449 4588
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From Eq. 4.37 and Eq. 4.38 it is noticed that H is a positive definite matrix in the neighborhood

of the origin.

4.3.7 Simulation
The corresponding accelerations & and ¢ are calculated to numerically simulated the ball

and arc system. Figure 4.4 presents the position and the velocity transient behaviors for the ball
and arc. In this example, the initial angle and angular velocity of the arc is chosen as 0.6 radians
and 1.2 rad/sec, respectively. The initial velocity of the ball is chosen as zero, while the position
is 0.2 radians. Figure 4.4 illustrates the ball position and the arc angle, as well as also the

corresponding velocities as a function of time.
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Figure 4.3: Simulation result with initial condition [0.8, 0.3, 1.2, 0]

Figure 4.5 shows that the elements of P remain constant after stabilization.
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Figure 4.7 shows the Lyapunov function value and its first time derivative. Notice that
the Lyapunov function is monotonically decreasing. The first derivative of the Lyapunov

function should be non-positive as illustrated in Figure 4.7.
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Figure 4.6: Lyapunov Time History and its Time Derivative
By using Eq. 4.27 the control law can be calculated, as

F1 =vl- 0'¢5,
o —a(— K it K D~ K D21d cos(¢)+ gk Dot oK D2 —gK D22d cos(¢)+ gk D21r)
2 r(maf2 +Ib—md* cos(¢)2j

and
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- 2 2
F 7@(0.001[ 495K ) (K oo F atan J (§)+135K | cos(g) —165KD21KD22F6atanJ(¢)D

+3969KD1 13 cos(¢)sin(6’)fl764KDl 12KD21 sm( (0, ¢))cos(¢)2

+ 34986KD1 1KD21 sm(E(H ¢))cos(¢)— 155821([)1 1KD21 sin(2(0,4))K D22

+1764KD1 12KD22 s1n(E(9,¢))cos(¢)2 + 6958K sm( (X" ))KD22 cos(¢ )

764K | cos(¢) sin(E(0,¢))K D212—1176c0s(¢) sin(E(0.0)K 50K oy

3 2
)K py” —882K ) “sin(0)K 1

in(6
¢))cos(¢)-2475K ) K oo Fe atan J()
2

+14112K ) 2K cos(¢)sin(5(9,¢))+ 2548 cos(¢)

S1
~7056K ;) Zsin(0)K ) +882K ) 2K o sin(E(0,

~8379K ) | cos(0)sin(g)K 2744101( cos(@) sin(0)K ),
K

D21 DIl
~882K 1 K o sin(0)K ) cos(p) ~1764K o K o cos(@)sin(0)K 1,

+882K .. K cos(¢)sin(¢)cos(9)KD21 +1176 cos(6)51n(¢)cos(¢)KD213 cos(¢)

D11 D22
+637 sin(é’)KDzzKDZI2 cos(¢)f294sin(9)KD22KD212 cos(¢)2
. 2 .
+113 19KD1 1 cos(¢)sm(9)KD21 -1 176KD1 1 51n(0)KD22KD21

2 2
72646KDll cos(¢) sm(E’)KD21

~10584K ) Zsin(p)cos(0)K ) ~1323K ;) Fsin(p)eos(0)K .,

+1323KD1 12 cos(¢)sin(9)KD22 + 2646KD1 2 sin(¢)cos(6’)cos(¢)KD21

~32634K 121( Dy sin(E(0.9))+27832K | 3 sin(2(0, ¢))cos()

+ 2646K 3 cos(¢)sm( (0.9)- 20727KD1 12KD22 sin(2(0,¢))

+12348K 2 cos(@)sin(0)K 1,

~24696K ) sm( (6.¢))-3969K | 3 sin(=(0, ¢))+3528KD11KD21cos(¢)sin(E(9,¢))KD22

+60K ) 12F6 atan J (¢)cos(9)” +1176sin(0)K 1), > cos(p)* ~ 5586sin(0)K ) 2

~1764sin(g)cos(O)K > ~1176sin(0)K , 3 ~2646sin(0)K ), 3 ~7791K ), 2 sin(2(0,9)K 1,

—5292005(¢) sin(Z(0,4))K D213 40425KD1 Xpo1 sm( (0,9)+m(6,9)

where

W (6,4)=294sin(4)cos(0)K K py,” c0s(¢)—294sin(0)K oK 1y,
~3969K ,,,’ sin(¢)cos(8)+4410K ,,, sin(¢)cos(0)K ,,,,” cos(¢)
+45K ,,, cos(p) K . F, atan J () —1485K ,,,* F, atan J(p)
+225K K p,,, F} atan J(¢)cos(¢)2 +15K,,,, cos(gb)2 F, atan J(¢5)KD21
— 600K ,,,’F, atan J(¢)+ 2352K ,,, cos(¢)sin(0)K ,,,K p,,

—441 sin(¢)cos(¢9)K022[(D212

2

D11 D21 D11 D22 D21 D22 D21
(—ZCOS(¢) D21+3KD11 3KD21)

(9[( 2015k, K, 43K . K . +4K 24K K )
1lg) =~

s
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—3¢K oy — 40K W (60,0)— 8K W (0,0)K .y — 36K 0 W (0,0)K 1,
1 + 0K " W(0,8)— 6K ,,,, atan(Y (6, 0)7 (0, 4)K
o, ¢)(3Kn11 + Ky )KI)ZI + 18atan(Z(9, ;15))1(1)1 K p,, +6atan(Z 0,¢§))KD“KDZZKDZ1
—18atan(Z(0,9))K ,,, — 6K ,,,,” atan(Z(0,¢))

E(H,¢): W(

—_ =

sinh(J(6,¢)) = sinh

(6atan(Z(9, #)K 11K pay —6K 0212 atan(Z(0,4)) + 6K D lM(a, #)-2K D2 atan(Z(0, ¢)M(0,¢)
M(0,4)K

D21

atan Y (g) = ((‘"’;gﬁ(gl))

atan Z(0,4) =

(SKDZIr +3KD”j(cos(¢)—1)
1
((3KD11 +1<D21X51<D21 +3K 1))2 sin(g)

and

N [—

M(0.¢)= ((3KD1 1t K1)2115K021 3K 1)) :

See Section B.3 of Appendix B for details about these results. The behavior of the control law to

stabilize the system can be seen in Figure 4.8.
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Figure 4.7: Control law
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4.4 Development considering an almost constant P matrix
Considering the difficulties of trying to find the potential when K is assumed a constant
matrix and the P matrix is a function ofq, a new strategy to develop the controller is used here.
It will be seen that it is possible to use n(n-1)/2 algebraic equations to accomplish the symmetry
condition of the K. Here the p;, element of P enforces symmetry. In this part, the formulation

for the contribution F1 to the control law is kept the same as previously developed when K is

constant. Regarding the control inputs for this formulation, there is a difference when compared
to the previous formulation. In this case, solving for the potential is easier and simpler; also this
formulation allows accommodation of a larger range of initial conditions. Details of the control
law results can be found in the Section B.5 of Appendix B. The K matrix here is chosen as a
constant matrix times the mass matrix, such that the P(q) matrix will almost be a constant

matrix.

4.4.1 The first matching condition
Assume that P(q) is given as

P:|:pll p12:| (4.40)
Dy Pxn

for the ball and arc system. If Eq. 4.40 is considered to accomplish KD(ql,q2 ) = KD(ql,q2 )T , the
symmetry of K must be enforced. Then the upper right hand element of the P matrix is given
by

[p“mr2 — pymrd cos(¢p) + lemr2 —2p,ymrd cos(¢)}

2 2
+ pyymd” + py b — pyymr” + pyymrd cos(4)
Pix = 5 (4.41)

mr

which is not a constant, however, the other elements of the P matrix are constant.

Eq. 4.40 and Eq. 4.41 lead to the elements of the matrix K being functions of the mass
matrix and to the symmetry of K.

Under the above considerations, the K matrix is

KD, (9, ¢) KD21(97 %) } (4.42)

KD = P(q)M(q): { KDzl(e’ ¢) KDzz (99 ¢)
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where

p”mdzr + p, Ibr — p, mr3+ 3p21mr2d cos(¢)— p21md2r — p, Ibr
KD, (6,4)= % + pyymr® =2 pymr’d cos(¢)—d* cos(g) p,mr—2d* cos(p) p,mr +d* cos(@)p,m |,
+d cos(@)p,,Ib + d* cos(¢)p,, Ib + d2 cos(¢) py,mr

KD, (9» ¢) = lemrz —2p,mrd COS(¢)+ pzzmd2 + pylb - Pzzm”z + pymrd COS(¢)’
KD22(0»¢) = mr(— par+ pyd COS(¢)+ pzzr)’

and the determinant of K is

—p212m2d4 —p212[b2 - mpzlzlbr2 —1)212m2012r2 —2p212md21b
+d* COS(¢)2 p2]2m2 —mpy b1’ pyy +mpyyIbr’ pyy — pyymd*r? py,
+ prym’d’r® py, + pym’d*r’ py, +md’ C05(¢)2 )

+ pym’d’rpy, cos(@)+ mpy Ibrpy d cos(@)+ p, *m*d*r* cos(g)’ (4.43)
+ 2p212m2d3r cos(¢)— 2d° cos(gzﬁ)3 p2]2m2r + 2mp212[brd cos(¢)

+ ppmd’r 005(¢)2 pu+d’ COS(¢)2 pum’r’py —d’ C05(¢)3 Pumrpy,
+d? cos(¢)2 2 lzmzr2 Py —d’ cos(gb)p2 M pyyr —md cos(¢)p2 Ubpy,r
+d° cos(g) pyym’rp,

det(KD) =

The control input Fm, is now utilized as well as Fme, , however only one unknown
appear in Fmc, compared to the other examples. The following solution outline for the ball and
arc system is presented considering that P is almost a constant.

1. Consider Fme,(q,q)=Fmc,(q,q)"
2. Because of symmetry three LAEs are obtained from the FMC.

(98]

. Solve for Fn(q,q), F,, (q,q), and one of the terms in Fme, , namely F,,(q,q)
4. Substitute the solutions into FMC.
5. The termsF,, (q,q) ,Fes (q,q) , Feg (q,q) ,F,, (q,q)and, Fss( ,q) , are not necessary

because Fmc, only has F,,(q,q) in it where all the elements of Fmc, are set

equal to F, (q, q) .

The resulting Fmc | is

r _{Fcn(q,Q) Fey (q,9) (444)
! Fe (4,9 Feyi(q,9)

where
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460> mp, r*d sin(¢)¢ +26p, o — 20 gd* sin(p)rmp,, cos(¢)
- 29'3;722mm72 cos(¢)sin(¢)— 291npllr2d sin(¢)¢32
+6%p,dsin(¢)dlb+ 3 p,,6*gmrd sin(p)
- 4;7216'2md2 cos(¢)r sin(¢)¢5 +20%¢d? sin(qﬁ)rmp22 cos(¢)
+20° p, mrd* cos(¢)sin(¢)— 46 gmrd sin(¢)p22
+260°r mp,,dsin(¢)— 2 p,,0° Ibd sin(g)
—20%mp,,r2dsin(g)+ p,, 6> gmd’ sin(p)
+4p, 6°md* cos(g)rsin(p)— 2 p, 6> mrd sin(g)
- r2m¢3p2]d sin(¢)+ 2r’mg*ad sin(qﬁ)p22 + 2r¢p219v
+2r§ ppo +20%p v —2p, 0’ md’ sin(¢)

(r¢2 + 2r¢9 + 9‘2’,)

Fme,, (qsq) =

4.4.2 The second matching condition

The K, matrix is evaluated by using Eq. 2.34 to get

2
Kv:|: apy, Oanpil :| (4.45)
OP11P ap;,

Notice that K is a constant matrix due the fact that the lower elements of P are constants. The

corresponding eigenvalues of K are

eig(Kv):pr 2_|O_Oq7 2i|- (446)

The SMC provides the contribution F, for the control law. The corresponding result is
Fzz—a(p119+p21¢) (447)

4.4.3 The third matching condition

The control law contribution F;is determining from the first row of the TMC and the

second row provides the equation that is used to determine the potential. The first row of the

TMC provides the equation that is used to determine the control law contribution ;. These two

equations are

F, + mg(rsin(¢)cos(8)) - rcos(¢)sin(8) + d sin(¢) (4.48)
oy O2(0:9)
2 20
22 2 2 2 2 2 2 2
mpy, r —mp”rdcos(;zﬁ)pn +mrdcos(¢)p21p2272mp21 rdcos(¢)+mp2] d” + pymr py, + py Ib—mpr°py, — pymrpy

(pllmrz _pllmrdcos(¢)+ 1721’7'"”2 —2p21mrcos(¢)+p21md2 +p211b—p22mr2 + pyymrd COS(¢))%Z’¢)
+ =0

mpﬂzrz 7mpllVdC0S(¢)p2] +mrd COS(¢)p2]p22 72mp2|2rd COS(¢)+mp212d2 Jr1’11’"’”21721 +pz|21b*Fﬂp“V2pzz 7p2,mr2p22
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and

7mgr(sin(¢)cos(€) —cos(¢) sin(@)) (449)
Pﬂ"’”’2 ad:(z’¢)
loi
! mpmzrz —mp,rd COS(¢)P2| +mrd COS(¢)p21p22 - 2mp“2rd COS(¢)+ mpmzdz + Pllmrzpm + Puzlb 7mp11r2pzz 7p21mr2p22
2 00(0.¢)
pomr
i 2 o
mp212r2 —mpyrd COS(¢)F21 +mrd COS(¢)pZIpZZ —ZmpZIZrd COS(¢)+’"PZIZ‘IZ + pllmrzpzl + p21z”’_mpnrzpzz —pﬂmrzpzz
Solving for the potential in Eq. 4.49, the result is
0 2
6F‘5(¢pz} P J TPy P
21
: (4.50)
(0.9)- 1 +4F{Wj ) |
r(p2l +p1|)(p21 +2p|1) p21
2
+4F; [Wj rpmz + A(@, ¢)
P

where

A(e, (p) = 2gcos(— 0+ (p)p2131b— 6gcos(— 0+ (p)pZImerzsz
+ 4gcos(— 0+ (p)pllzmrzpzl-k 3d cos(@)mpzzrpZIpll
+ 2gdcos(9)mp22rp”2— 2¢d cos(@)rnp”3r
- 2gp213 dcos(@)mr— 7gp212 dcos(e)mrp11
-7¢p,, dcos(e)mrp] 2+ gdcos(@)mlrpzzrpZI2
- 4gc0s(— 0+ (p)mpnzrzpzz— 2gmrd p213cos(— 0+ 2(p)
-3 gmrdp212cos(— 0+ 2(p)p] +emrd p2]zcos(— 0+ 2q))p22
+ gmrdp21cos(— 0+ 2(p)p22p“— gmrdpﬂcos(— 0+ 2(p)p112
+ 2gcos(— 0+2 (p)mp213r2+ 6gcos(— 0+ 2(p)mp212r2p11
+2gcos(— 0+ 2¢)mp,,  d* + 4gcos(— 0+ ¢ )mp,,*d’p,,
+ 4gcos(— 0+ (p)p2121bp11— 2gcos(— 0+ 2(p)p212mr2p22 .

By substituting (I)(H, ¢) from Eq. 4.50 into Eq.4.48, the contribution for the control law is Fs.

Details of this contribution for the control law can be seen in Appendix B.

4.4.4 Selection of the unknown parameters
By using Eq. 4.27 when substituting the parameters of the system, the linearized control

law becomes
T, = [719 +7r+ (_ op ; )6 - P21a¢] (4.51)

where T, is the linearized control law,
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21bg;7214 +41bpl 1g]9213 - 3p214gmrd

+2p,, gmd® + p,‘mr’g +2p, mrdp,g

T e L +3py’ pumr’g =3p,, prgmrd (4.52)
(pzl +3pyp +2py )P21 "\ +4p,’pgmd® +2p,’p, gmr

+ 4p212p11F51’ + 2p212p11gm1’dp22
+8F5rp”3

and

_2Ibgp213 —41bp“gp212 +8p213gmrd
_217213gmd2 —p213mr2g + 4p212F.;V
1 —4p212mrdp22g—3p212p“mr2g (453)

T, =— 2 2
(le +3pupn+2py )pzlr ~4p,’pgmd’ +12p,’ p, gmd

—4p, p,gmrdp,, —2p2|p”2gmr2
+12p, p Fir+ 4p2,p112gmrd + 8P112F5 r

Comparing Eq. 4.33 and Eq. 4.54 and extracting coefficients of like variables, four equations are
found. The gain matrix K is determined such that the eigenvalues of the linearized closed loop
system are -76.7918, -4.7457, -11.6366 and, -13.5405, the same as used previously. The
physical parameters and the corresponding gain matrix K are also the same as before. The

equations are

0.96p,," +2.26p,,p,,’

+0.14p,°p,, +1.5p, p, F.
K+ : 1 : 1133 p212p22 P P 25 ~0
(pzl +3pypn +2p) )P21 +0.14p,," p; Py, +0.22p," py,
+ 4,5p112F5p21 + ?’Fspu3
_0-617213 _1-6171117212
~0.29p, p,, +1.5p,’F.
K, + : 1 i 1133 P P Py I's i —0
(pZI +3pupn +2py, )pZI +4.5p, p,,F5+0.07p, py,

-0.29p,,p, Py + 3p112Fs
K, +op,—v=0

and

K,+ p,a=0.
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The four equations are solved for F¢, o, o, and v. The constant a is chosen in order to
accomplish K +Fme,>0. It is important that K, >0, so p21 is chosen such that p1=1.75p1,
P22 is chosen to satisfied the eigenvalues of the Hessian being positive. The constants p2; and pi;
are chosen based on the Hessian, the shape of the potential, and in the positive definiteness
property of K, . The values of the parameters appear in Table 4.3.

Table 4.3: Values of the control system

Parameter | Explanation Identified value
P21 Element of P 1.75p1
P22 Element of P 4e78
Fe Coefficient of 6.256714p212(1.2615p11 +1.2€15p21)/(p21 +p Py +2p,,)
o Coefficient of Fmy | —op, +118.4
v Element of Fmy -0.58ap,, +118.4

4.4.5 The potential
Once the solution is evaluated for the potential ®(6, ), it is noticed that it is composed of
a homogeneous solution which is

HS = 2F6¢2 + 0.000023F66’2 +0.0135F 40 (4.54)

and a particular solution which is
PS = 0.0008 cos(6)—0.0025 cos(— & + ¢)+0.0008 cos(— 6 + 2¢). (4.55)
Figure 4.8 presents a 3D plot of the potential for this second formulation of the ball and
arc system. The potential for the ball and arc system is plotted in the interval (-1.8, 1.8) for 0
and in the interval (-0.8, 0.8) for ¢.
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P is almost constant

Figure 4.8: 3D Plot of the potential for the ball and arc system

4.4.6 The Hessian

From Eq.4.36 the Hessian is found. This is evaluated at the equilibrium point and the

result is

-8 -8
H= 3.99¢ 6.97e (4.56)
6.97¢* 1.22¢7

and its corresponding eigenvalues are

-10
= [11269; . } (4.57)
.0Ze

Eq. 4.56 and Eq. 4.57 prove that H is a positive definite matrix.

4.4.7 Simulation
In the second simulation, the same initial conditions of the previous simulation are used
in order to compare both formulations namely when K is constant and when P is almost
constant. In the simulation, the initial angle of the arc is chosen as 0.8 radians, the ball angular
displacement is 0.3 radians. The initial angular velocity of the arc is 1.2 rad/sec, while the
angular velocity of the ball position is zero. Figure 4.9 illustrates both formulation for the ball
angular displacement and angular velocity, as well as the arc angle and its angular velocity as a

function of time.
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Figure 4.9: Comparison of performance for Kp constant and P almost constant

Figure 4.10 shows that the elements of P remain constant after stabilization. Notice the

different stabilization values for both formulations.
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Figure 4.10: P elements Comparison
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Figure 4.11 shows that the determinant of P matrix is positive. Notice that it is bigger for

the case where K, constant.
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Figure 4.11: Determinant of the Kp and P
Figure 4.12 shows the Lyapunov function performance and its first time derivative. The
behavior shown in Figures 4.12 and 4.9 demonstrates the validity of the Lyapunov candidate

function and the control law.
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Figure 4.12: Lyapunov Time History and its Time Derivative

Considering Eq. 4.27 and using Fy ,F2 and F, , the control law can be calculated. The

details for the calculation of F3 can be found in Section B.4 of Appendix B. The behavior of the

control law to stabilize the system for both formulations is shown in Figure 4.13.
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The second control law formulation just presented will be tested in order to demonstrate
the large range of initial states possible. The initial angle of the arc is chosen as 1.5 radians and
the ball angle as 0.6 radians. The initial angular velocity of the arc is 2 rad/sec, while the angular
velocity of the ball location is zero. Figure 4.14 illustrates the ball angular displacement and the

arc angle, as well as the arc angular velocity and ball location angular velocity as a function of

Figure 4.13: Control law

4.4.8 Simulation

time. The control law stabilizes at the chosen equilibrium point.
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Figure 4.16 shows that the determinant of K, is always positive.

Time (s)

Determinant of the Ky

.
.

Figure 4.16

Figure 4.17 shows the Lyapunov function value and its time derivative. This behavior

demonstrates the validity of the Lyapunov candidate function because it is monotonically

decreasing with time.
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Figure 4.18 shows the performance of the control law.
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Figure 4.18: Control law
4.5 Chapter Summary

In this chapter, the ball and arc system is presented. The problem of stabilization of the
unstable equilibrium of this system is studied.
The control strategy for the stabilization problem has been solved by the direct Lyapunov

method considering the presence of a contribution from the FMC. For the first formulation K,
is a constant and in the second formulation, the P(q) matrix is almost a constant. The FMC is

solved based on the positive definiteness property of K, the proper shape of the potential, and
the monotonically decreasing in time Lyapunov function behavior. All the parameters are
selected under these criteria. The formulation is presented for two cases: considering a constant
K, and an almost constant P(q)matrix. The second formulation is simpler than the first one and
it is easier to solve for a potential. The performance of the controllers appears to be very similar
for both formulations.

The presented control strategy is significant because it is the first nonlinear stabilizing
control law for the ball and arc system. Simulation results for this system are shown making the

origin a point of asymptotic stability.
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Chapter S - Inverted Pendulum Cart System

5.1 Introduction

Using a simple and effective formulation to find a control law for the inverted pendulum
cart, such that the origin is an asymptotically stable equilibrium point, is the challenge presented
in this chapter. The cart can move horizontally by means of a horizontal force which is the only
control input. Because the angular acceleration of the vertical pendulum cannot be directly
controlled, it becomes an interesting underactuated mechanical example.

The state variables x and 0 are defined in the inverted pendulum cart schematic of Figure
5.1. In the figure, M. is the mass of the cart, M, and / are the mass and length of the pendulum,

respectively, and g is the acceleration due to gravity.

Y

Figure 5.1 Inverted pendulum cart system

The formulation is presented for two cases. One case considers the control input from the
FMC to be non-zero. The other case considers the control input from the FMC to be zero.
Indeed, these two formulations are presented in order to demonstrate that for this particular
system the application of a control signal from the FMC is not significant for the purpose of
stabilization.

The chapter is organized as described in this paragraph. Section 5.2 shows the
mathematical model for the inverted pendulum cart system. Section 5.3 presents the first

matching condition. Section 5.4 shows the second matching condition. Section 5.5 presents the
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third matching condition. The selection of parameters from the linear model is shown in Section
5.6. The zero Fiformulation is presented in Section 5.7. Sections 5.7.1 and 5.7.2 introduce the
potential and the Hessian for the system potential under study. Section 5.7.3 illustrates the
efficacy of the proposed control law with simulation. The non-zero F; formulation is presented
in Section 5.8. Sections 5.8.1 and 5.8.2 introduce the potential and the Hessian for this case.
Section 5.8.3 shows the corresponding simulations. Section 5.9 presents the conclusion of the

chapter.

5.2 The Dynamic Equations
From the Lagrange’s equations it is seen that for the inverted pendulum cart system (IPC)

there is an input F acting on the cart and there is no input acting on the pendulum.

d(aé L _p, d(aé _L o (5.1)
dtlox ) ox el o0) o

The Lagrangian is written in terms of the kinetic energy
KE=1M_ ¥’+iM -1 M x’01cos(0)

L1 B BT C2
2°p 2 V4 ’

1
where /, is the centroidal mass moment of inertia of the pendulum given by / , = Eml ? and the

potential energy of the system which is
PE:émglcos(H) (5.3)
where m = M,,. By substituting Eq. 5.3 and Eq. 5.2 into Lagrange’s equations, the governing

equations of motion for the IPC are obtained.

The inertia matrix M(q ), the C(q,q)matrix containing the coriolis and centripetal
coefficients, and the vector G(q)containing the gravity terms are shown in the equation of

motion which are

M, +M, —éMplcos(H) {X}F
i

1 1
—EMPZCOS(H) ZM’J + I,

t)) - éMpé sin(@)é] m .
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{—;Mpolsin(e)} - {ﬂ 54

The C(q,q)matrix is

I N
C(,q)= [0 —Zmlsm(ﬁ)ﬁ} (5.5)
0 0

Indeed, to demonstrate the skew-symmetry, the time derivative of M(q)is

] .
. 0 — =~ mlsin(0)d
M(@)=| ' 4 , (5.6)
= mlsin(0)9 0
4
and Eq. 2.9 shows
0 —éml sin(6)8 . (5.7)

1. .
TM@-Cla.d)=| ,
Emzsin(e)e 0

Further information on this derivation is given in section C.1 of Appendix C.

5.3 The first matching condition
For the inverted pendulum cart system, P(q) is a full matrix. Additional actuation from
F, is not necessary in order to introduce more parameters for the placement of poles of the

linearized system in desired locations. Thus, actuation could be considered or not depending on
the performance of the controller.

The FMC is given by

KD + KDM(q)il(le - C(qr Q))+ (le - C(q, (-I))TM(q)ilKD +Fme, =0. (58)

The solution of the FMC is provided by separation of terms involving X and@. After some
simplifications, the Ky matrix can be shown to be constant. The details of this simplification can
be seen in Section C.3 of Appendix C.

The elements of the matrix K are constants and the partial differential equation that
needs to be solved for the potential is not complicated. The K matrix is given as

c, C
KD{ 3 s } (5.9)
G G
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where the set of unknown constants will be selected later such that the positive definiteness
property of K, is satisfied.
The first matching condition control input matrix is proposed as

— _Fll(x’9)9+v Fu(x,é’))'c+0' (5.10)
le[ ~F,,(x,0)0 Fy, (x,0)x }

Multiplying Fm, by the vector of generalized velocities produces the result

Fm,q{””oﬂ (5.11)
and the Lyapunov FMC contribution is
Fme. — F (x,H,)'C,H:) F44(x,t9,)'c,9:) . (5.12)
"R, (n.0.1.0) Fy(x.0.%.0)

The negative of this matrix is added to the right hand side of the FMC in order to satisfy the Eq.
5.8. Fmc, will be solved for F,, (x, a,x, 6’),F44 (x, 0, x,é),and F, (x, 0, x,ﬁ) to satisfy the FMC
after determining the elements of the K, matrix and the inputs F,,(x,6)and F,,(x,6).

The outline of the solution for the inverted pendulum cart system is presented considering

that K, is not a constant, however after some simplifications it became a constant as can be
noticed in Section C.3 of Appendix C.

1. Organize FMC into m,0+m %+ f(q)=0

2. m,=m_=0

3. Because of symmetry, six equations are obtained which are

m,, =mg,, =m

mxll = mel = mx22

4. Solve the equations of step 3 for K, ,(x,0),Kp,,(x,0),K,,, (x,0),F,(x.0),
andF,, (x,é’). These five unknowns are sufficient to solve the equations.
Substitute the solutions into the FMC.

5. Solve resulting equations for F,, (x, 0,x, 9), F,, (x, o,x, 9), and
F (x, 0,x, 9)t0 satisfied FMC.

The resulting Fme, is
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Fmc,

_| Fme,, (x,60,%,60)  Fme,,(x,6,%,0) (5.13)
Fmcy, (x,0,%,0) Fmc,,(x,0,%,0)

where
Fincy (5,0,4,6) - w(21C, +3 cos(&)C; )’
I{=4mb + 3m cos(6)
Finey(x,0.,6) - 2C,ml* sin(0) - 4C,lo — 6 cos(9)oC, — 4IvC, + 3m2l cos(0)sin(0)AC; — 6 cos(OWC, ,
](, 4mb + 3mcos(0) )
and

.2 2(3cos(9)C, +21C, \mlsin(0)6 - 20)
Fime (X7 0% g) - l(— jlmb + 35m cos(t?)Z ) ‘

It is important at this point, to find these results such that they do not include singularities and
K, + Fmc, is positive semi-definite, so its eigenvalues requires satisfying
eig(K, +Fme,)>0. (5.14)
By using Eq. 2.15, it is seen that P(q) is
202G +3C;cos(0))  6(C,cos(@)mi+2C;mb)
l(— 4mb+ 3mcos(<9)2) Im’ (— 4mb+ 3mcos(6) (5.15)
2(2IC; +3c08(0)C,)  6(C; cos(@)mi+2C,mb '
I~ 4mb+3meos(0) | mi* (- 4mb+3mcos(0) )

P=

and the determinant of Pis

12cc, -c;)

.16
Zm(— 4mb+ 3mcos(9)2) 10

det(P)= -
where m= M, and mb = M .+M,

5.4 The second matching condition
This section will present the solution of the second matching condition. From Eq. 2.28
the matrix Fm, will be determined. If K, is positive definite, then K is symmetric with non-
negative eigenvalues. The matrix K is always positive definite (semi-definite). The matrix is

evaluated by using Eq. 2.29 to get

40(2C,1+3C, cos(0)) 40(2C 1+ 3C; cos())2IC; + 3cos(0)C, )
_ I? (= 4mb+3mcos(9))’ I? (= 4mb+3mcos(9))’ (5.17)
40(2C 1+ 3C; cos())2IC; + 3cos(0)C, ) 40(2C,1+3C; cos(0))
I* (= 4mb+3mcos(9))’ 1?(~4mb+3mcos(0))’

and the eigenvalues of K are calculated as
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eig(Kv){ 0 } (5.18)

ﬂKvIPC

where

4al417C;” + 121008(0)C, C, + 9c0s(0) C,° +4C,’1” + 12C,IC, cos(0)+ 9C, cos(0)’)

A
12(16mb2 — 24mbmcos(0)’ + 9m’ cos(9)4)

KvIPC —

The contribution to the control law from the second matching condition is obtained with

the corresponding P(q). From Eq. 2.28 and multiplying by the generalized velocity vector, the

solution for the control signal F, is

. 2a(215C, + 3cos(0)C, i + 216C, + 3cos(0)AC, ) (5.19)
: (— 4mb + 3mcos(0) )l '

5.5 The third matching equation
The TMC provides two equations. They are

(C, cos(@)mi + 2C, mb)(icp(x,e)] (C, cos(@)mi + 2C5mb{£ cp(x,e)j
1 ox 1 00

Fy+— . _Z -0 (5 20)
T2 C,C, -Cy° 2 C,C,-Cf’
and
imgl ) i (21C; + 3c0s(8)C, )lm[% CD(X,G)) N (2¢,1+3cC; cos(ﬁ))lm(% CD(X,G)) N (5 2 1)
2 6 Cjcﬁ - Cjz 6 Cjcﬁ - Cjz
Solving Eq.(5.21), the corresponding potential is
D(x,0) = Ci (- g€, m(2C,1+3C, cos(0))+ C,In(2C,1 + 3C, cos(0))C,g + T(x.0)) (5.22)

5

where

2

—xC;[4C7 17 - 9C,7 + 2C, arctan[ 008.(0)7 1] 4C71P -9,
1 o sin(6) :
I .
272 2 _ _ 5 B
CdGT=9CT |y arctan[ (2€,1 = 3¢, Yeos(6) 1)J1C52 -4 arctan( (2€,1 = 3¢, Jeosl6) I)JICJCo

V4CF —9¢, sin(0) J4¢ 17 = 9¢ sin(0)

I(x,0)=F,| -

where the arbitrary function of the characteristic of the PDE is chosen as F7 time the square of

the characteristic.
The necessary equation to find F; is provided by the Eq. 5.20. When substituting Eq.
5.22 into Eq. 5.20 the result is
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1

s = - (12C3C6 cos(0) ml’F, arctan(N(x,e))—)
V40717 =9, ¢, (20,0 + 3¢, cos(0)

F

3¢ cos(@)mg sin(&)l

(16C3C6F7mlzarctan(N(x,e))) 27201+ 3C, cos(0)
3 5

i
407 =9 €y (2¢,0+ 3C, cos(0)

1
’ V40717 =9, ¢, (20,0 + 3¢, cos(0)
+ 1 ~ 4IF,mbx
J4C,712 —9C,7 C,(2C,1+ 3C, cos(6)) 2C,1+3C; cos(0) (5.23)
6C, cos(0) ImF, arctan[f - ! + Cf)s(ﬁ)} 8CﬁlF7mbarctan(f - L + C?S(e)]
sin(9) ~ sin(9) sin(9) ~ sin(9)
C,(2C,1+3C, cos(h)) C,(2C,1+3C, cos(h))

(16¢,1° F,mbarctan(N(x,0)))

(12C51'7 cos(0)’ F,marctan(N(x, 9)))

3lcos(6) mF,x  3C5mbgsin(6)

2C,1+3C; cos(8) 2C,1+3C; cos(6)

where

N(x,8)= arctan - - - - +
J4C —9C sin(0)  4C717 —9C sin(0)  4C71 —9C sin(0)  \4C, 1 - 9¢, sin(6)

2c0s(0)C;yl 3C;cos(6) 2C,1 cos(6) 3¢, ]

5.6 Selection of the unknown parameters

By inspection of the Eq. 5.4 it is seen that

_ 4 6cos(0)

H: —dmb+3meos(OF  ll4mb -+ 3meos(0) ) H_[o —éMpzsin(e)qu{ ;0 (9)D~ (5.24)

0 6cos(0) B 12mb 0] | 0 6] | =5 M ,Isin
ll4mb + 3mcos(0) ) mi*(4mb+3mcos(0)’ )

Eq. 5.24 can be rewritten as

_ 4t=210° + 3cos(0)mgsin(0)
H ~ md’ +Ib—md’ cos(0)’ (5.25)

- 3(— 2¢08(60)z + cos(9)msin(0)I0° — 2mbg sin(@)) '
l(— 4mb+ 3mcos(0)’ )

The linearized state equations for the IPC are found to be

0 0 1 0] 0
X0 0 0 1[* .
0| |9 _—_3msg 0| | - 5.26
il —4m, +3m % * —4ml,+3mcos(9)2 F. ( )
il 1y 6m,g 0 0 _9' a 6cos(0) _

| li—4mp+3mi | | l(—4mp+3mcos(9) )_

The values of the physical parameters for the inverted pendulum cart system are listed in Table
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Table 5.1: Physical parameters of the inverted pendulum cart

Parameter | Explanation Given value
M, Mass of the pendulum 1.0Kg
M. Mass of the cart 5.0Kg
I Length of pendulum 0.7 m
g Acceleration of gravity | 9.81 ms™

5.7 Considering F; as zero
As mentioned before, for the inverted pendulum cart system no additional parameters are

needed to place the poles in the desired locations because P(q) is a full matrix. Then v and © are
chosen to be zero for this particular section and Fme, is zero too.

Through the same process used to produce Eq. 5.26, the linearized control input, after
substituting the parameter values, becomes

1L9F, 1-2884 C,’-33.32C,F,-473.82C,C,~71.40C, F, -882.90C; °
14C,+3C,)" 2 1.96C,” +8.40C;C,+9.00C;’ (5.27)
F, = +(0.50C;0+0.230.C, )%

+(0.50C, a+0.24aC,)9

where F, is the linear control. A full state feedback control is applied to the linearized model

described in Eq. 5.26 and is given by

q (5.28)

q

PR TN a U

FL=—K{ }:[—Kl -K2 -K3 -K4
Z

Comparing like terms of Eq. 5.27 and Eq. 5.28, four equations are found. K is determined such
that the eigenvalues of the linearized closed loop system are -5, -3, -2-2i and -2+2i based on the
positive definiteness property of K. The corresponding gain matrix is

K= [—24.2610 169.4551 -25.0697 35.4992]

and the corresponding equations from which the elements of K are found are
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11.9F,
N 1.4C, +3C,

X, - 1-28.8414C;’-33.32C,F,-473.823C;C;-882.90C’-71.4C,F, _ 0
2 1.96C,’+8.4C,C+9C’° '

K, +0.5042Ca + 0.2353aC, = 0
K,+0.17(1.4C;a +3C,) =0

The four equations are solved for F7, C3. Csand C¢. The constant a is picked based on the
positive definiteness property of K.

The values of the control parameters for the inverted pendulum system are shown in the
Table 5.2

Table 5.2 : Values of the control parameters for the inverted pendulum cart

Cj3 | Coefficient of Kp 219.9056/a
Cs | Coefficient of Kp -152.3442/a,
Ce | Coefficient of Kp 141.5007/o

F- | Coefficient for the potential | 304.1079/a
a | Coefficient of K, 3

5.7.1 The potential

From the last row of the TMC, the partial differential equation for the potential ®(x,6)
has been solved and the potential is given by Eq. 5.22. The corresponding potential ®(x,0) is

evaluated and it is seen that it is composed of a homogeneous and a particular solution. The

homogenous solution is

HS = 3.0411x% + 2. 6171xarctanh[2 2645 COS j+ | 1.2985xarctan( cos(0) 1]
sin(6 sm(@)
+0.5631arctanh 2 2645(COS 9) ) +4.8617 xarctanh —2'2645,(003(0)_ 1) arctan —COS.(H)_I (5.29)
sm(@) sin(6) sin(6)
2
+10.4943 arctan| 2250)]
sm(B)
and the particular solution is
PS = 1 4gC53 In (2C31+3C5 COS(H)C‘?ZIZ — 9gC52 In (2Cgl+3c5 C()S(H) (5-30)
W —4gIn(2C,1+3C, cos(0)C,C;)CI° +9g In(2C,1+3C, cos(0)C,C,C;* )
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The plot of the potential is shown in Fig. 5.2. The potential for the inverted pendulum system is

plotted on the interval (-1.5,1.5), for x and on the interval (-0.8, 0.8) for 0.

F1=0

il

Figure 5.2: The potential
5.7.2 The Hessian

Taking the second derivative of the potential ®(x,0) with respect to x and 6 the Hessian
of the potential is found. This Hessian matrix H is

o’0(x,0) 0°D(x,0)

B ox’ oxo6 (5.31)
H= o’0(x,0) 0°0(x,0) |
oxo0 06

When evaluating the Hessian at the equilibrium point, the result is

_ 202.7387 —287.0820 ’ (5.32)
—287.0820 926.5961
and the corresponding eigenvalues of Eq. 5.32 are
[ 1027058 (5.33)
1026.6289

From Eq. 5.32 and Eq. 5.33 it is noticed that the Hessian is a positive definite matrix.

5.7.3 Simulation when F; is zero
In this section some simulations are presented for the inverted pendulum cart. First, the

plots where no actuation is considered are shown. The closed loop system response was
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simulated using MATLAB Simulink for a period of 6 seconds. The cart position and velocity
were initialized at 0.5 m and 1.5 m/s, respectively, while the initial pendulum angle and
pendulum angular velocity were set to 0.8 rad and zero, respectively. Figure 5.3 shows the

stabilization of the states for the indicated initial conditions.

m/sec)

Cart velocity(

I
[0}
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—
i i g
| | =
| | >
| | =
0.5 ‘ | e
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0 — T T 2
| | ©
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| \ =
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o

Time (s)
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Figure 5.3: Simulation result with initial condition [0.4, 0.7, 1.2, 0]

Figure 5.4 shows the simulation result for the elements of the P(q) matrix.
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Figure 5.5 shows that the determinant of the P(q)matrix is positive.
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Figure 5.5: Determinant of the P(q) Matrix
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Figure 5.6 shows the Lyapunov function as a function of time. Notice that the Lyapunov

function is monotonically decreasing.
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Figure 5.7: Control law
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5.8 Considering F; to be non-zero
An alternative formulation for the IPC is considered. The arbitrary inputF, given by
F, =wx (5.34)
was chosen where, from Eq. 5.14, ¢ was selected to be zero.
The addition of this control signal may change some values of the parameters. The
physical parameters and the corresponding gain matrix K are the same as the previous
formulation, when F, is zero. The gain equations from the linearized closed loop system are

59.50F,
7C, +15C;
44¢°C,° +1.66¢°CF, +2.37e°C,C, +3.57¢°C,F, + 4.4166C52)
49C,*+210C,C,+225C,°
K, +v+0.5042C,a +0.2353aC; =0,

1 >

K, +0.0025 i

:O,

and

K, +0.033(7C,a +15C,0t)=0.

The four equations were solved for F; C3, Cs and v. The constants C¢ and o are picked
based on the positive definiteness property of K . The values of the parameters appear in table

5.3.

Table 5.3 : Control values of the IPC system, actuator considered

Parameter | Explanation Identified value
Cs Element of Kp 1.12e-15(3.03e150Cq-2.34e17)/ a
Cs Element of Kp -3.39¢-9(6.30e80.Cs-4.43e11)/ a
F- Coefficient of characteristic | 3.21e-15(1.05e150.C¢-5.39¢16)/ o
a Coefficient of K, 3
Ce Element of Kp 28
v Coefficient of the force Fy 0.28C40-39.32
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5.8.1 The potential

The homogenous solution of the PDE governing the potential is

HS = —4900F,x°C;” +22500F,x°Cs' +5.48¢° FyxCy’ arctanh( COS.(G(%;IJCSZ
sin

—2.52¢°FxCy’ arctanh(MjCE2
sin(0)

+2800F,xC5’+[49C,” — 255C,> arctan[ (jcs ~1.5C; )cos(9) - I)J

49C,* —255C4 sin(6)

— 78400 F,xC51/49C,> — 255C> arctan[(jq —1.5C; J(cos(0) - 13] c,

49C,* - 255C,” sin(0

COS(

2 2
-1.53¢'F, arctanh( n(0 1] C +7.05€"F, arctanh(—cos(e)_lJ cy
Sin

4
sin(@)
cos(6

1 M arctan[ (7C; ~1.5C; Jcos(6) -

49C,* - 255C, sin(0

—1.56¢’F, arctanh ;J

1
(
0s(0)-1 Marcm{ﬁq—1.5C5)(cos(9)—1)} ¢,

-4.39¢°F, arctanh(c_—
2 2 .
49C,> —255C” sin(0)

sin(@

)

)
)
0)
)
©)

2
_19600F,C.* arctan (7€, -1.5C; (cos(0)-1)
49¢,* - 255C” sin(0)

2 (5.35)
+1.09¢°F,C.2 arctan (7€, —1.5C5 fcos(0)-1) ¢,
49C;* -255C4* sin(6)
2
_1.53¢7F,C.? arctan (7€, —1.5C; Jcos(0)-1) c;
49C;* -255C4 sin(6)
and the particular solution is
1
PS=- P(x,0 (5.36)
C52(4C3212 —9C52)( (x ))

where

P(x,0) = 0.01(48069C53 In(1.4C, +3cos(0)C, )Cy° )— 2.2¢°C5° In(1.4C, + 3 cos(0)Cs)
—1.34¢°C,” In(1.4C; + 3 ¢c0s(0)C5 )Cy ' Cs + 6.18e°C, In(1.4C, + 3 cos(0)C; )Cy* Cs.

The plot of the potential when F; is non-zero is shown in Fig. 5.8. The potential for the
inverted pendulum system is plotted in the interval (-1.5,1.5), for x and in the interval (-0.8, 0.8)
for 0.
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Figure 5.8: The potential

5.8.2 The Hessian

The Hessian at the equilibrium point is

=[ 73.51 —287.08} (5.32)
—287.08 1329.51
and the corresponding eigenvalues of the matrix in Eq. 5.32 are
[ 1100847 (5.33)
1392.0189

From Eq. 5.32 and Eq. 5.33 it is noticed that the Hessian is a positive definite matrix.

5.8.4 Simulation considering F;

In this section, some simulations are presented for the inverted pendulum cart. In this
simulation, the same initial conditions are used in order to compare both formulations: when F1
is zero and non-zero. The plots where F; is zero and non-zero are presented here. Figure 5.9
shows the plot of the angular position of the pendulum and the displacement of the cart versus
time starting from the initial conditions x= 0.2 m, x=1.5 m/sec, 6=0.8 rad, and 6=0. Notice that

the control stabilizes the system before 3 seconds for both cases of F; being zero and non-zero.
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Figure 5.9: Comparison of state with F; zero and non-zero

Figure 5.10 plots the simulation results for the elements of the Pmatrix. The difference in
the values of the elements of P are shown in decreasing order for the elements pi2, p22, p11, and

P21, however, it is not significant for stabilization.
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Figure 5.10: P elements Comparison
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Figure 5.11 shows that the determinant of the P matrix is positive. Notice that the

determinant for the F; non-zero case is larger.
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Figure 5.11: Determinant of the P Matrix

Figure 5.12 shows the Lyapunov time history decreasing monotonically. The plot shows
a similar performance for the Lyapunov function and the first time derivative for both

formulations.
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Figure 5.12: Lyapunov Time History and its Time Derivative
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Finally, Figure 5.13 shows the control law stabilizes the IPC. In order to compare both
controller designs, the control law is plotted for both formulations. The performance of the

control law with and without F; is practically the same.
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Figure 5.13: Control law

5.9 Chapter Summary

In this chapter a scheme has been applied to the inverted pendulum cart. The control
design is based on the direct Lyapunov approach to stabilize the system at the equilibrium point
under the constraints of a positive definite K, convex potential shape, and Lyapunov time
behavior so that the asymptotic stability of the state space origin is obtained. The formulation is
presented for two cases, F1=0 and Fy# 0. To carry out this approach, three matching conditions
needed to be solved and the parameter values change for each case.

The feasibility of a simple control technique is presented and information of the
linearized system is obtained. In making the selection of the parameters, the main difficulty is
accomplishing all the required constraints at the same time. After satisfying these constrains, the
controller works well. The performance of the controller is very similar for both formulations

for the purpose of stabilization. It satisfies the desired objective for different initial conditions.
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The simulation results show the advantages of this method with respect to recent studies because
the controller is faster, with a large range of initial states possible and simpler, White et al.

(2006).
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Chapter 6 - Conclusion and Recommendations

6.1 Conclusion
A direct Lyapunov method for underactuated systems has been presented. The matching
method, resulting in three equations, was developed to design the nonlinear system controller.

The FMC is solved for K, ,F,and Fmc,. This step allows the solution of the SMC for K and

F, as well as the TMC for®(q) and F;. The control law requires that the matrix K, is positive

definite, the potential has the proper shape, and the Lyapunov candidate function has a non-
positive time derivative. Three benchmark examples are given. The controller development

details are presented in the Appendices.
The K matrix for the ball and beam is not constant. Finding a non-constant K, for the

ball and arc and the inverted pendulum cart causes problems as seen in the difficulty of solving

the PDE associated with the TMC.

The control coefficient matrix Fm, is applied to facilitate the solution of the FMC. For
the particular case of the ball and beam, P(q)is a diagonal matrix when Fm, is zero. Also an
additional term Fmc,q is included for the ball and beam application in order to improve the
performance of the controller. These terms facilitate the controller development.

From the two formulations presented for the ball and arc, it is seen that by using an
almost constant P(q) matrix a simpler solution method is found. Both formulations appear to be
very similar. However, a less complicated potential and a bigger range in regard to initial
conditions for 0 are possible. The presented controller design procedure is significant because it
has produced the first of nonlinear controller for the ball and arc system and it avoids the use of
esoteric control formulations.

The controller formulation is presented for the inverted pendulum cart. Two situations are
considered: the term F, is zero in one formulation and non-zero in the other. For both situations,

the performance of the controller is very similar. This development presents a convenient

controller design method compared to recent studies because of the ease in solving the matching
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equations. For the inverted pendulum cart, the addition of Fmc, is not significant for
stabilization.

In solving the first matching condition whenF, and Fmc, are zero, attempts to find a
Lagrangian K, were tried for the three examples. It was found that only the inverted pendulum
cart had a Lagrangian K.

All the simulation results, obtained in this dissertation for the nonlinear systems, validate
the effective controller development. The positive definiteness property of K, the proper shape

of the potential, and the monotonic behavior of the Lyapunov time derivative is demonstrated for

the stabilization examples.

6.2 Recommendations
Further study is needed to determine the K| matrix and how it will affect the controller
design, as well to the determination of the potential so that the basin of attraction can be

expanded.

The ball and arc and the inverted pendulum cart examples motivate further studies
because the control term F, modifies the system performance in some cases. Guidelines for the
control determination would be useful. Improvements and new strategies for selecting the
parameters for better performance would also be welcome.

Is rather important to formulate and address what is the determining factor for K, of
some systems to be Lagrangian, i.e. satisfying Eq. 2.25, whereas for other systems not.

Applications to problems involving a larger number of degrees of freedom with the
condition of a lack of symmetry or non-holonomic constraints are areas for further investigation.

The method presented consists in a systematic procedure that could be applied to the

controller design for other systems which would allow a study of parameter variation.

94



References

Abhilash, P. M., & Mahindrakar, A. D. (2008). Stabilization of a circular ball-and-beam
system with input and state constraints using linear matrix inequalities. Systems, Man and
Cybernetics, 2008. SMC 2008. IEEE International Conference on, pp. 3201-3205.

Abhilash, P. M., & Mahindrakar, A. D. (2008). Stabilization of a circular ball-and-beam
system with input and state constraints using linear matrix inequalities. Systems, Man and
Cybernetics, 2008. SMC 2008. IEEE International Conference on, pp. 3201-3205.

Aguilar Ibanez, C. (2009). The lyapunov direct method for the stabilisation of the ball on
the actuated beam. International Journal of Control, 82(12), 2169.

Aguilar-Ibaez, C. (2009). On the stabilization of the ball and beam system using a direct
lyapunov method. Electrical Engineering, Computing Science and Automatic Control, CCE,2009
6th International Conference on, pp. 1-6.

Aguilar-Ibanez, C., & Suarez-Castanon, M. S. (2011, December 20).

Stabilization of the ball on the beam system by

means of the inverse lyapunov approach.

Almutairi, N., & Zribi, M. (2010). On the sliding mode control of a ball on a beam
system. Nonlinear Dynamics, 59(1-2), 221-238.

Andreev, F., Auckly, D., Gosavi, S., Kapitanski, L., & Kelkar, A. (2002). Matching,
linear systems, and the ball and beam. Automatica, 38(12), 2147-2152.

Andreev, F., Auckly, D., Kapitanski, L., Kelkar, A. G., & White, W. N. (2000). Matching
and digital control implementation for underactuated systems. American Control Conference,
2000. Proceedings of the 2000, , 6. pp. 3934-3938 vol.6.

Aoustin, Y., & Formal'skii, A. M. (2009). Beam-and-ball system under limited control:
Stabilization with large basin of attraction. American Control Conference, 2009. ACC '09. pp.
555-560.

Aoustin, Y. (2009). Ball on a beam: Stabilization under saturated input control with large
basin of attraction. Multibody System Dynamics, 21(1), 71-89.

Auckly, D., & Kapitanski, L. W., W.N. (2002). On the lambda-equations for matching
control laws. SIAM Journal on Control and Optimization, 41(5), 1372-1388.

95



Birk, J., & BIRK. (1988). Extended luenberger observer for non-linear multivariable
systems. International Journal of Control, 47(6), 1823.

Blajer, W., & Kolodziejczyk, K. (2011). Improved DAE formulation for inverse
dynamics simulation of cranes. Multibody System Dynamics, 25(2), 131-143.

Blankenstein, G., Ortega, R., & VanDer Schaft, A. (2002). The matching conditions of
controlled lagrangians and IDA-passivity based control. International Journal of Control, 75(9),
645-665.

Bloch, A. M., Leonard, N. E., & Marsden, J. E. (1997). Stabilization of mechanical
systems using controlled lagrangians. Decision and Control, 1997., Proceedings of the 36th IEEE
Conference on, , 3. pp. 2356-2361 vol.3.

Bloch, A. M., Leonard, N. E., & Marsden, J. E. (1998). Matching and stabilization by the
method of controlled lagrangians. Decision and Control, 1998. Proceedings of the 37th IEEE
Conference on, , 2. pp. 1446-1451 vol.2.

Bloch, A. M., Leonard, N. E., & Marsden, J. E. (1999). Potential shaping and the method
of controlled lagrangians. Decision and Control, 1999. Proceedings of the 38th IEEE Conference
on,, 2. pp. 1652-1657 vol.2.

Bloch, A. M., Leonard, N. E., & Marsden, J. E. (1999). Stabilization of the pendulum on
a rotor arm by the method of controlled lagrangians. Robotics and Automation, 1999.
Proceedings. 1999 IEEE International Conference on, , 1. pp. 500-505 vol.1.

Bloch, A. M., Dong Eui Chang, Leonard, N. E., & Marsden, J. E. (2000). Potential and
kinetic shaping for control of underactuated mechanical systems. American Control Conference,
2000. Proceedings of the 2000, , 6. pp. 3913-3917 vol.6.

Bloch, A. M., Dong Eui Chang, Leonard, N. E., & Marsden, J. E. (2001). Controlled
lagrangians and the stabilization of mechanical systems. II. potential shaping. Automatic
Control, IEEE Transactions on, 46(10), 1556-1571.

Bloch, A. M., Leonard, N. E., & Marsden, J. E. (2000). Controlled lagrangians and the
stabilization of mechanical systems. Automatic Control, IEEE Transactions on, 45(12), 2253-
2270.

Bloch, A., Leonard, N., & Marsden, J. (2001). Controlled lagrangians and the
stabilization of euler-poincare mechanical systems. International Journal of Robust and

Nonlinear Control, 11(3), 191-214.

96



Bo Fang, & Kelkar, A. G. (2001). On feedback linearization of underactuated nonlinear
spacecraft dynamics. Decision and Control, 2001. Proceedings of the 40th IEEE Conference on, ,
4. (considered. The spacecraft model considered is fully nonlinear with six degrees of freedom:
three translational and three rotational. It is assumed that the control system has only four control
inputs, i.e., the two degrees of freedom are unactu(TRUNCATED)) pp. 3400-3405 vol.4.

Borokhov, V., & Tyutin, 1. (1998). Canonical structure of symmetry transformations in
classical mechanics: Nondegenerate theories. Physics of Atomic Nuclei, 61(9), 1603-1613.

Bullo, F. (1999). Stabilization of relative equilibria for systems on riemannian manifolds.
American Control Conference, 1999. Proceedings of the 1999, , 3. pp. 1618-1622 vol.3.

Burghardt, A., & Giergiel, J. (2011). Modelling and control of a underactuated sphere
and beam system. Communications in Nonlinear Science Numerical Simulation, 16(5), 2350-
2354.

Chien, T., Chen, C., Tsai, M., & Chen, Y. (2010). Control of AMIRA's ball and beam
system via improved fuzzy feedback linearization approach. Applied Mathematical Modelling,
34(12), 3791-3804.

Chwa, D. (2011). Global tracking control of underactuated ships with input and velocity
constraints using dynamic surface control method. IEEE Transactions on Control Systems
Technology, 19(6), 1357-1370.

Colombo, L., & Zuccalli, M. (2010). Optimal control of underactuated mechanical
systems: A geometric approach. Journal of Mathematical Physics, 51(8), 083519.

Dong Eui Chang. (2010). Generalization of the IDA-PBC method for stabilization of
mechanical systems. Control & Automation (MED), 2010 18th Mediterranean Conference on,
pp- 226-230.

Goldstein, H., Poole, C., & Satko, J. (2000). Classical mechanics (Third Edition ed.).
U.S.A: Addison Wesley.

Gomez-Estern, F., Ortega, R., Rubio, F. R., & Aracil, J. (2001). Stabilization of a class of
underactuated mechanical systems via total energy shaping. Decision and Control, 2001.
Proceedings of the 40th IEEE Conference on, , 2. (presented, through a new parametrization of
the closed loop inertia matrix. Two examples illustrate the method, achieving kinetic and
potential energy shaping in a straightforward manner. The simulation analysis in comparison

with recent studies(TRUNCATED)) pp. 1137-1143 vol.2.

97



Greenwood, D. T. (2003). Advanced dynamics Cambridge UK: Cambridge Univ. Press.

Grillo, S., Maciel, F., & Perez, D. (2010). CLOSED-LOOP AND CONSTRAINED
MECHANICAL SYSTEMS. International Journal of Geometric Methods in Modern Physics,
07(05), 857-886.

Grillo, S., Marsden, J., & Nair, S. (2011). LYAPUNOV CONSTRAINTS AND
GLOBAL ASYMPTOTIC STABILIZATION. Journal of Geometric Mechanics, 3(2), 145-196.

Hamberg, J. (2000). Simplified conditions for matching and for generalized matching in
the theory of controlled lagrangians. American Control Conference, 2000. Proceedings of the
2000, , 6. pp. 3918-3923 vol.6.

Hicks, N. J. (1965). Notes on differential geometry Van Nostrand.

Hirschorn, R. (2002). Incremental sliding mode control of the ball and beam. IEEE
Transactions on Automatic Control, 47(10), 1696-1700.

Isidori, A., Krener, A., Gori-Giorgi, C., & Monaco, S. (1981). Nonlinear decoupling via
feedback: A differential geometric approach. Automatic Control, IEEE Transactions on, 26(2),
331-345.

Jansen Sheng, Renner, J., & Levine, W. S. (2010). A ball and curved offset beam
experiment. American Control Conference (ACC), 2010, pp. 402-408.

Jin-Soo Kim, Gyu-Man Park, & Ho-Lim Choi. (2010). Sliding mode control design under
partial state feedback for ball and beam system. Control Automation and Systems (ICCAS),
2010 International Conference on, pp. 1293-1296.

Kamath, A. K., Singh, N. M., Kazi, F., & Pasumarthy, R. (2010). Dynamics and control
of 2D SpiderCrane: A controlled lagrangian approach. Decision and Control (CDC), 2010 49th
IEEE Conference on, pp. 3596-3601.

Kelkar, A. G., Bo Fang, White, W., & Xin Guo. (2002). Feedback stabilization of
underactuated nonlinear pendulum cart system using matching conditions. American Control
Conference, 2002. Proceedings of the 2002, , 6. pp. 4696-4701 vol.6.

Khalil, H. K. (1992). Nonlinear systems New York : Macmillan Pub. Co. ; Toronto :
Maxwell Macmillan Canada ; New York : Maxwell Macmillan International.

Kolesnichenko, O. (2002). Partial stabilization of underactuated Euler—Lagrange systems

via a class of feedback transformations. Systems Control Letters, 45(2), 121.

98



Li, E., Liang, Z., Hou, Z., & Tan, M. (2009). Energy-based balance control approach to
the ball and beam system. International Journal of Control, 82(6), 981-992.

Lopez Martinez, M., Acosta, J. A., & Cano, J. M. (2010). Non-linear sliding mode
surfaces for a class of underactuated mechanical systems. IET Control Theory Applications,
4(10), 2195-2204.

Machleidt, K., Kroneis, J., & Liu, S. (2007). Stabilization of the furuta pendulum using a
nonlinear control law based on the method of controlled lagrangians. Industrial Electronics,
2007. ISIE 2007. IEEE International Symposium on, pp. 2129-2134.

Marsden, J. E. (1999). Introduction to mechanics and symmetry: A basic exposition of
classical mechanical systems Springer.

Mazenc, F., Astolfi, A., & Lozano, R. (1999). Lyapunov function for the ball and beam:
Robustness property. Decision and Control, 1999. Proceedings of the 38th IEEE Conference on, ,
2. pp. 1208-1213 vol.2.

Ming-Tzu Ho, Sho-Tsung Kao, & Yu-Sheng Lu. (2010). Sliding mode control for a ball
and arc system. SICE Annual Conference 2010, Proceedings of, pp. 791-798.

Muralidharan, V., Anantharaman, S., & Mahindrakar, A. D. (2010). Asymptotic
stabilisation of the ball and beam system: Design of energy-based control law and experimental
results. International Journal of Control, 83(6), 1193-1198.

Murray, R. M., Li, Z., & Sastry, S. S. (1994).

A mathematical introduction to robotic manipulation. Boca Raton, FL.: CRC Press.

Ogata, K. (1998). Modern control engineering. (3rd ed.). Englewood Cliffs, N.J.:
Prentice-Hall.

Olfati-Saber, R. (2000). Cascade normal forms for underactuated mechanical systems.
Decision and Control, 2000. Proceedings of the 39th IEEE Conference on, , 3. pp. 2162-2167
vol.3.

Olfati-Saber, R. (2000). Control of underactuated mechanical systems with two degrees
of freedom and symmetry. American Control Conference, 2000. Proceedings of the 2000, , 6. pp.
4092-4096 vol.6.

Olfati-Saber, R. (2001). Global stabilization of a flat underactuated system: The inertia
wheel pendulum. Decision and Control, 2001. Proceedings of the 40th IEEE Conference on, , 4.
pp. 3764-3765 vol.4.

99



Olfati-Saber, R. (2001). Nonlinear control and reduction of underactuated systems with
symmetry. I. actuated shape variables case. Decision and Control, 2001. Proceedings of the 40th
IEEE Conference on, , 5. pp. 4158-4163 vol.5.

Olfati-Saber, R. (2001). Nonlinear control and reduction of underactuated systems with
symmetry. II. unactuated shape variables case. Decision and Control, 2001. Proceedings of the
40th IEEE Conference on, , 5. pp. 4164-4169 vol.5.

Olfati-Saber, R. (2001). Nonlinear control and reduction of underactuated systems with
symmetry.III. input coupling case. Decision and Control, 2001. Proceedings of the 40th IEEE
Conference on, , 4. pp. 3778-3783 vol 4.

Olfati-Saber, R. (2002). Near-identity diffeomorphisms and exponential &epsi;-tracking
and &epsi;-stabilization of first-order nonholonomic SE(2) vehicles. American Control
Conference, 2002. Proceedings of the 2002, , 6. pp. 4690-4695 vol.6.

Olfati-Saber, R. (2002). Normal forms for underactuated mechanical systems with
symmetry. Automatic Control, IEEE Transactions on, 47(2), 305-308.

Ortega, R., Spong, M. W., Gomez-Estern, F., & Blankenstein, G. (2002). Stabilization of
a class of underactuated mechanical systems via interconnection and damping assignment.
Automatic Control, IEEE Transactions on, 47(8), 1218-1233.

Pan, Z., Ezal, K., Krener, A. J., & Kokotovic, P. V. (2001). Backstepping design with
local optimality matching. Automatic Control, IEEE Transactions on, 46(7), 1014-1027.

Qaiser, N., Igbal, N., Hussain, A., & Qaiser, N. (2006). Stabilization of non-linear inertia
wheel pendulum system using a new dynamic surface control based technique. Engineering of
Intelligent Systems, 2006 IEEE International Conference on, pp. 1-6.

Qaiser, N., Igbal, N., Hussain, A., & Qaiser, N. (2007). Exponential stabilization of a
class of underactuated mechanical systems using dynamic surface control. International Journal
of Control, Automation, and Systems, 5(5), 547-558.

Ravichandran, M., & Mahindrakar, A. (2011). Robust stabilization of a class of
underactuated mechanical systems using time scaling and lyapunov redesign. IEEE Transactions
on Industrial Electronics, 58(9), 4299-4313.

Reyhanoglu, M. (1999). Dynamics and control of a class of underactuated mechanical

systems. IEEE Transactions on Automatic Control, 44(9), 1663.

100



Sandoval, J., Kelly, R., & Santibanez, V. (2011). Interconnection and damping
assignment passivity-based control of a class of underactuated mechanical systems with dynamic
friction. International Journal of Robust and Nonlinear Control, 21(7), 738-751.

Sankaranarayanan, V., Mahindrakar, A., & Abhilash, P. M. (2009). Output feedback
second-order sliding mode control of the cart on a beam system. International Journal of Robust
and Nonlinear Control, 20(5), 561-570.

She, J. (2012). Global stabilization of 2-DOF underactuated mechanical systems—an
equivalent-input-disturbance approach. Nonlinear Dynamics,

Slotine, J. E., & Li, W. (1991), Applied nonlinear control, Prentice Hall.

Valentin Carrillo-Serrano, R. (2010). CONTROL OF THE INERTIA WHEEL
PENDULUM TAKING INTO ACCOUNT THE ACTUATOR DYNAMICS. International
Journal of Innovative Computing, Information Control, 6(12), 5553-5563.

WELLSTEAD, P., CHRIMES, V., FLETCHER, P., MOODY, R., & ROBINS, A.
(1978). BALL AND BEAM CONTROL EXPERIMENT. International Journal of Electrical
Engineering Education, 15(1), 21-39.

WELLSTEAD, P., & Wellstead. (1983). THE BALL AND HOOP SYSTEM.
Automatica, 19(4), 401-406.

White, W. N., Foss, M., & Xin Guo. (2006). A direct lyapunov approach for a class of
underactuated mechanical systems. American Control Conference, 2006, pp. 8 pp.

White, W. N., Foss, M., & Xin Guo. (2007). A direct lyapunov approach for stabilization
of underactuated mechanical systems. American Control Conference, 2007. ACC '07, pp. 4817-
4822.

White, W. N., Foss, M., Patenaude, J., Xin Guo, & Garcia, D. (2008). Improvements in
direct lyapunov stabilization of underactuated, mechanical systems. American Control
Conference, 2008, pp. 2927-2932.

White, W. N., Patenaude, J., Foss, M., & Garcia, D. (2009). Direct lyapunov approach for
tracking control of underactuated mechanical systems. American Control Conference, 2009.
ACC'09. pp. 1341-1346.

Woolsey, C., Reddy, C., Bloch, A., Chang, D., & Leonard, N. (2004). Controlled
lagrangian systems with gyroscopic forcing and dissipation. European Journal of Control, 10(5),

478-496.

101



Zigang Pan, Ezal, K., Krener, A. J., & Kokotovic, P. V. (2001). Backstepping design with
local optimality matching. American Control Conference, 2001. Proceedings of the 2001, , 5. pp.
3557-3562 vol.5.

102



Appendix A - Ball and beam system

The presentation of this Appendix is organized into five major sections. These are:
A.1 Dynamics of the ball and beam system
A.2 Lagrangian KD for the ball and beam system, solving Eq.2.25
A.3 Direct Lyapunov Approach formulation for the ball and beam system
A.4 MATLAB code for running the simulations of the B&B system
A.5 Simulink file for the ball and beam system
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A.1 Dynamics of the ball and beam system
B&B_dynamics.mw
Lagrangian Approach

The Lagrangian (L) is defined as KE-PE, where KE is the kinetic energy and PE is the potential

energy of the system expressed in a minimum set of generalized coordinates. In our case the

generalized coordinates were chosen as 0 and r.

[ > restart;
[> with ( LinearAlgebra) :

>

> x = r(t)-cos(8(t)) —R sin(6(1) );

X, =Tr(t) cos(O(t)) —R,sin(6(t))
>y = r(t)sin(6(t)) + R cos(8(1) );

y.:=r(t) sin(8(t)) +R, cos(O(t))

diff(e(t), 1) + = -J

beam 2

-m-(diﬁ(xc, t)2 + diff(y, t)Z) + 5l

> PE:=mgy;

. PE:=mgy

> PE:=simplify(eval( PE, [y=y,])):

PE:=mg (r(t) sin(6(t)) +R;cos(6(t)) )

> with(VariationalCalculus)
[ ConjugateEquation, Convex, EulerLagrange, Jacobi, Weierstrass]

> L :=simplify(KE — PE);
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1 1 1 -diff (r(t), 1)
ball’ [

1)

)

@)

(4)

(%)
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L:=%RLé(ngr(t)z(%e(t))z—i-ng(% r(t))z—zm @)
R (% r(t)) (% e(t)) +mR: (% 9(t))2+1beam (% e(t))2R§

+ Joa (% r(t))z—sza,, (% r(t)) (% e(t)) Ry + Joai (% G(t))zR(z)

—2mgR2r(t) sin(B(t)) —2mg R cos(O(t) )j

f)efining temporary substitutions and variables

2
> templ = [j—tz ((t) = ddr, diff (r(t), 1) =dr, r(t) =r, O(t) =6, diff (6(t), t) = dtheta,

diff (6(t), t, t) =ddtheta

b

templ := d—z r(t) =ddr d r(t) =dr, r(t) =r,0(t) =0 d 0(t) = dtheta, d—z o(t) (8)
. dt2 b dt b b b dt dt2

=ddtheta

> temp2 := [ddr=diff (r(t), t, t), dr =diff (r(t), t), r=r(t), 8=0(t), dtheta=diff (0(t),
t), ddtheta=diff (0(t), t, t) ];
2
temp2 := [ddr: & r(t),dr= d r(t), r=r(t), 0=0(t), dtheta= d 0(t), ddtheta 9
dt dt dt

d2
=< ot
i ()l

E> variables := [diff (6(t), t t), diff (r(t),t t), diff (8(t), t), diff (r(t),t),0(t), r(t), 9] :

Ltemp = eval(L, templ)
L é (m Rg  dtheta” + m Rg dr —2m Rf, dr dtheta + m R;1 dtheta” + Loeam dtheta® Ri (10)
0
+ g A —2 3, dr dthetaR, + J, ,, dtheta’ R —2mg R>rsin(8) —2mg
R cos(6) )

DL[dr] = diff (Ltemp, dr)
> Eql := simplify(eval(diff (eval(DL[dr], temp2), t) , templ) -diff (Ltemp,r)=0)
Eql = (11)
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(mR3 ddr — m R} ddtheta + Jy,, ddr — J ., ddthetaR) — m R r dtheta’

The first governing equation is

7> Eql := collect(simplify(eval(lhs(Eql) — rhs(Eqgl), temp2) ), variables)
2 2
3 d 2 d
Eql = 5 + 5 (12)
RO R0
d 2
—mr(t) ( ™ ot )) +mgsin(0(t))
IEoIIowing the same procedure for theta
> DL[dtheta] := diff (Ltemp, dtheta)
11 2 3 4 2
DLgineta = = (2R3 r* dtheta— 2 mR} dr +2 m R} dtheta +2 I, dtheta R} (13)
6]
—2 Jp drRy +2 3y dthetaR?)
7> EQ2 := simplify( eval( diff (eval (DL[ dtheta], temp2), t), templ) —diff( Ltemp, 9) ) =1
Eq2 := RL (2mR, rdthetadr + mR, r* ddtheta —m R ddr +m R’ ddtheta (14)
6]
+ I, ddthetaR — J, ., ddr + J,, ddthetaR, +mg R, rcos(6) —mg R2sin(6) )
i =1
The second governing equation is
7> EQ2 = collect(simplify(eval( Ihs( Eq2 —rhs(Eq2) temp2 varlables)
~Jpan Ro —
qu - [m I’(t)2 . ball Ibeam 0 ] (15)

(MRS + Joa) [d—z r(t)]
° - A gt d d

— R +2mr(t)(E r(t)) (E

(6]
+mgcos(6(t)) r(t) —mR,sin(6(t)) g—1

e(t))

[>
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(16)

Summarizing then we have the governing dynamic equations with J, ,, = % ~m-R§ are
Equation 1
i _ 2 2 .
> Eqlc := collect| eval| Eq1, Jball_?'m'Ro ,variables | =0
7 & 7 & d 2
Eqlc:=-—=mR, | — —m|— — -
glc 5m o(dtz e(t)]+5m[dt2 r(t)j mr(t)(dt e(t)) a7
+mgsin(0(t)) =0
Equation 2
_ ) X | i
> Eq2c := collect| eval| Eq2, ‘]ball_g'm'Ro ,variables | =0
7 3
Eq2 (1)2 5 Mo T hean o [dz e(t)J ’ mR [dz (t)] (18)
g2c:= | mr(t)” — — ——m —r
R, dt* 5 %\ af
+2mr(t) (% r(t)) (% O(t)) +mgcos(6(t)) r(t) —mR,sin(6(t)) g —7
>
T mR? R
. 2 5 m o+Ibeam (0] 7 7
> masst := Matrix| 2,2, [mr(t)” + ,— = MR,—— MR,
R, 5 5
Lm
5
i 7 3
Matrix| 2,2, [m P 5 Mo hen 5 R,— — mR
7> mass := Matrix| 2,2, |[mr + R, ,—Smo,—smo,sm
> Mdot := map (diff, masst, t)
2mr(t) (i r(t)) 0
Mdot := dt (19)
0 0
> Mdot == Matrix(2, 2, [2mr- rdot, 0,0, 0]);
2mrrdot 0
Mdot := 0 (20)
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> Cmatrix := Matrix(2, 2, [ mr-rdot, m-r-&ot,-m-r-&ot, 0]);

) mrrdot mr &ot
Cmatrix := (21)
-mr &lot 0

Cmatrix check

Cii(g, adot) = [k, igdot = L[ m + L m - m o
0 don) = [ flador = 5| m o 5 m - m, fado

where m; is the ij™ component of the mass matrix and [jk,i] is the Christoffel symbol of the

first kind.

0 k

> Clli= + im +im im adot + 1 im
= o ass; | 26 ass; | 26 assl,lj ot+ - ( 57 Mass;
0 0
+ —— mass, , — ——- mass, , |-rdot;
90 217 459 1,2]
C11 :=mr rdot (22)
> Cl2 = 1o mass, ; + —— mass o mass &dot + 19 mass
= (69 217 5y L1 59 2,1) 2 (ar 2,1
0 0
+ 5, mass, | — 50 mass, 2) -rdot;
C12 :=mr &ot (23)
1 a 0 1 0
> C21:= > ( mass1 , T PYS g Mass; , — o mass; 1)-6tjot+ B3 (E mass, ,
0
5 mass, , — a mass; 2] rdot;
C21:=-mr &ot (24)
> C22:= + o mass, , + —— mass 9 mass aot + — 9 mass
=5 (69 227 5y L27 3y 2,1] b (ar 2,2
0
+ 5 Mass , — 5 mass, 2) -rdot;

| C22:=0 (25)
> Cmatrix := Matrix(2, 2, [C11, C12, C21, C22]);
mrrdot mr &ot
Cmatrix := (26)
-mr &ot 0

E)ifferentiating the mass matrix with respect to time produces

d° d°
(— 0(t) ] —0ddot, O(t) =6, (— r(t) ) — rddot,
at dt

( gt o(t )) = xdot, ( it )) =rdot, r(t) :r] )J
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2mrrdot 0
Mdot := (27)
0
Because M is Lagrangian % -( Mdot — Cmatrix) is skew-symmetric. The result is
> FMCskew := ( % - Mdot - Cmatrix)
0 -mr &dot
FMCskew := (28)
mr &lot 0
ihis is a special case of the FMC when KD=M, for which
> FMC := ( Mdot — Cmatrix — Transpose (Cmatrix) );
00
FMC = (29)
00

End of the file
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A2 Lagrangian KD_Ball and beam system
[LagrangianKD_B&B.mw

[Eq. 225 Solution- - C'MK_++ (-9 q 'K
D 2 aq D
| > restart
[> with(LinearAlgebra) :
V¥ Definitions
Ibar+% mR(2)+mr2 —% mR,
> mass :=
5 0 5
IbarJr%mR(Z)err2 —% mR,
mass ;= . .
- E m Ro g m
: ‘
> Q= ,
r
0
q:=
r
Aot
> qdot:= :
i rdot
> C := Matrix(2, 2, [mr -rdot, mr-&ot, -mr-&lot, 0]);
c mrrdot mr &ot
- -mr &ot 0
> KD = Matrix(2, 2,[KD11(8, r), KD12(8, r), KD21(8, r), KD22(8, r) 1):
KD11(6,r) KD12(6,r)
KD21(6,r) KD22(6,r)

T

Term 1
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(1.2)

(1.3)

(1.4)



> KDq := Transpose(MuItiply(%- KD, qdot) );
KDq := [% KD11(6, r) &dot +% KD12(6, r) rdot, % KD21(6, r) ot
+% KD22(8, r) rdot}
diff (KDg[1],0) diff (KDg[2], 6
o Termi (KDg[1],6) (q[]);
diff (KDq[1], r) diff (KDq[2],T)
0
Terml := Hi (— KD11(6, r)j adot + + (— KD12(#, r)) rdot,
2 2 o0
100 KD21(6,r) | e&dot + By KD22(6,r) | rdot
2 ( o ’ ) 2 ( 0 | j |
L (9 vour(en)) aot+ L (2 kpiz(e,r) ) rdot, £ (- kp21(6
[2 or ,rj ° Z(Gr ’rjro’z(ar '
1 0
i r)) &dot + > ( o KD22(6, r)) rdot”
VTerm?2
> Term2 = Transpose (Multiply(Multiply (KD, MatrixInverse(mass) ), C) );
KD12(6,r) R KD11(6,r) R
Term2 := [KDll(e’ ") + (6.1 0]mrrdot—[ (6.0,
lbar + m r? lbar + m r? lbar +m r?
1 KD12(6,r) (51bar+7mR;+5mr) ] ( KD21(6, 1)
e mr &ot, | —————-
7 m (1bar +mr?) lbar +m r*
KD22(6,r) R, ] [ KD21(6,r) R,
+ m r rdot
lbar +m r* Ibar +m r*
1 KD22(6,r) (5lbar +7mR;+5mr’) ]
= mr &ot |,
7 m (1bar +mr?)
KD12(6,r) R
KD11(6,r) (6.1) R, ] e ot [ KD21(6, r)
Ibar + m r? Ibar + m r? Ibar +m r?
KD22(8, r) R, ]
+ mr &ot
| lbar +m r*

V¥ The Eq. 2.25 is expresed as the following Eq. This is the
equation to be solved
(> Eq := MatrixAdd(Terml,-Term2);
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(2.1)

(2.2)

3.1)



\4

1 (0 onien)) ot L (-2 koi2(6,n) ) rdot 41
2 (g KOUO | ot 5 [ g KOR(00) oo D

KD11(e,r)  KD12(8,r)R,
_|_
lbar + m r? lbar + m r?
KD12(6, r) (5 Ibar +7mR; +5mr’)

m (1bar +mr?)

Eq:

KD11(,r) R,
lbar +m r?

3
mr &dot, + (— KD21(8,
2 00

mr rdot +

1
+7

0
r)j alot + - (— KD22(#, r)] rdot — [w
2 | o0 Ibar +m r?

KD22(6, r) R, KD21(6, r) R,
+ mr rdot +
lbar +m r? lbar +m r*

KD22(6, r) (5 Ibar +7mR; +5mr’)
m (1bar +mr?)

1
+ - ,

]mrmm

KD11(e,r)
lbar +m r?

1 0 1
; (ar KD11(6, r)j fdot + (

0
> | o KD12(e, r)j rdot — [

or
KD12(6, r) Ro] 10
+ mr6dot,—(—KD21 0, r )6dot
lbar +m r* 2 \or (6.1)
KD21(6,1) KD22(8, r) R,

lbar +m r? lbar +m r*

2 Lor

1 0
+ = (—KDZZ(e,r))rdot—[ )mrédot

Coefficient Matrices of &ot and rdot

> Eql := Matrix( 2, map( coeff, Eq, &lot) );
KD11(6, 1) R,

lbar +m r?

|10
Eql:= H 2 KD11(8,r) +( (5.1)

KD12(8,r) (5 Ibar +7mR2 +5mr? o
+ 1 (6.1) | ° >]mr,1—KD21(e,r)
7 m (Ibar +mr?) 2 09
KD21(6,r) R, 1 KD22(6,r) (5lbar+7mR; +5mr’) ]
+ = mr
Ibar +m r? 7 m (1bar +mr?)
9 KD12(8, r) R
L 2 kpii(e,r) - [ KDLL(6.r) | (6.1) R, ) mr,
2 o lbar + m r? lbar + m r?

5 KD22(6, 1) R
%gKDﬂ(G,r)—[KDZl(e’r) + (6.7) O)mr

lbar +m r° Ibar +m r?
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> EQ2 := Matrix(2, map(coeff, Eq, rdot) );
1 0 KD11(6,r) ~ KD12(6,r) R, J
=||= — KD12(6,r) — mr, 5.2
H2 (8.1) ( lbar + m r? lbar + m r* (2)
KD22(6,r) R
19 oo, [KDZler ( r)o]mr’
2 % lbar 4+ m r? lbar + m r?
1 0 1
[E 5 KD12(9 I') E 6_ KD22 9 r H
¥ Coefficient Matrices of Derivatives and Ky Elements
> KD@:= Matrix(2, map(diff, KD, 8) ):
g 5 ;
— KD11(6,r) — KD12(8,r)
00 00
KD@:= (6.1)
0 0
— KD21(6,r) — KD22(8, r)
00 00
:> KDr := Matrix(2, map(diff, KD, r) );
9 KD11(® 9 KD12( 6
or ) or (6.7)
KDr := (6.2)
9 kp21(6,r) 2 KkpD22(6, 1)
or ' or ’
> DKD = Matrix(8,1, [ ]) :
[> Egsc := Matrix(8, 1, [ 1) :
| > LSCM := Matrix(8, [ 1) :
> forifrom1to4do
forjfrom1to4do
DKD; := KD§(i) :
DKD,; . , := KDr(i);
Egsc; := EqL(i);
Egsc; , , = Eq2(i);
k:=1i44;
I :=j+4
LSCM” := coeff (Eql(i), KDE(j));
LSCMI | := coeff (Eql(i), KDr(}]));
LSCMKJ coeff (Eq2(i), KD@(j));
LSCMKI = coeff (Eq2(i), KDr(j));
end do
L enddo
> map(eval, LSCM);
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%0000000
1
0O 0 0 0 - 0 0 O
2
1
O?OOOOOO
1
OOOOOEOO
1
OO?OOOOO
1
OOOOOOEO
1
OOOEOOOO
1
OOOOOOO?

0 0
The above matrix contents the coefficients of 6_(-) KD and ar KD

:> map(eval, Eqsc);
KD11(6,r) R,

19 vpri(er) +
2 % ’ Ibar +m r?

1 KD12(6,r) (51bar+7mR;+5mr)
+ = mr|,

7 m (1bar +mr?)
B KD12(8,r) R
L 2 kpui(er) - [ KDLL(6.1) 6.1 R,
2 o lbar +m r? lbar +m r?
19 KD21(6,r) R,
= — KD21(6, 1) +
2 (6.1) Ibar +m r*

1 KD22(6,r) (51bar +7mR;+5mr)
+ = mr|,

7 m (1bar +mr?)
(10 KD22(, r) R
19 oie, r)_[KD21(9, JIN (6,1) R,
|2 or lbar + m r? Ibar +m r?

9 KD12(6,r) R

190 mraten _[KDll(e, JI (6.1) R,
2 99 lbar + m r? Ibar +m r?
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[ KD11(6,r) R,
lbar +m r?

o
2 KD12(6, r) |

(18 KD22(®,r) R
l—KD22(6, r)—[ KD21(6, 1) (6.1) 0]mr,
2 lbar 4+ m r? lbar +m r*

L

2 KD22(6, r)

KD11(6.r)

:> Eqem == MatrixAdd(Eqgsc, Multiply(-LSCM, DKD) );

1 KD12(6,r) (5 Ibar +7mRZ +5mr’)

7 m (Ibar + mr?)

|

[ KD21(6,r) R,

+
Ibar +m

lbar + m r?

KD12(6,r) R,
mr

lbar + m r°
1 KD22(8,r) (5 Ibar +7mRZ +5mr’)

7 m (Ibar +mr?)

> RSCM := Matrix(8, 4, [ 1) :
> forifrom1to8do
for jfrom 1to4 do

KD22(6,r) R
Eqem := ( KD21(®, r) (6,1) R, J .
lbar +m r° lbar +m r?
( KD11(6,r) ~ KD12(8,r) R, J
- mr
lbar + m r? lbar 4+ m r?
0
( KD21(8,r) ~ KD22(6,r) R, J
- mr
lbar +m r° lbar +m r?

RSCM, ; = coeff (Eqem(i), KD(j));
end do
. enddo
> map(eval, RSCM);
R,mr o 1 (51bar +7mR; +5mr) r 0]
lbar + mr? " 7 Ibar + mr? o
[_ o aoa _ﬂyoa
lbar +m r? lbar + m r?
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Derivs := l

0,

2mr

2R0mr

0,-<

lbar +mr> 7
i 2Romr
lbar + mr>
2Romr

. R,mr 01 (5Ibar+7mR§+5mr2)r
"lbar+mr 7 lbar 4+ m r? ’
mr Romr
0,_ y Uy, T ]
Ibar +m r* Ibar—i—er_
Rmr ]
—L,O,-O—,O,
I Ibar +m r* lbar +m r* ]
0,0,0,0],
R mr
0, - —"— 0, -— ,
lbar +m r* lbar + m r?
0,0,0,0]

V Extract Coefficient Matrices

> Derivs := Multiply(MatrixInverse(LSCM),-RSCM);
2 (5 Ibar+7mR§+5mr2) r

lbar +m r?
2 (5Ibar+7mR§—|—5mr2) r

7 lbar +m r?

2mr

0

_Ibar+mr2’ " lbar +mr* |

0,

2Romr

0,

2mr

0

lbar +mr>  Ibar +mr _’
2R,mr |

0, 2mr

i) i) 10
_Ibar+mr2 Ibar +m r? ]

2R0mr

0,0,0,04,

0,0,0,0

lbar +mr*  lbar +mr _’

> M@= Derivs[[1.4], [1.4]]
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2R,mr 2 (5Ibar+7mR(2)+5mr2)r
M@:=||-———,0, - = , 01,
lbar + m r? 7 lbar 4+ m r?
o 2R,mr . 2 (5Ibar+7mR§+5mr2)r]
" lbar+mr 7 lbar +m r° ’
2mr 2R,mr
1 M 101
_Ibar—l—mr2 Ibar +m r* ]
omr 2Romr
O’ 1 M
| lbar + m r? Ibar+mr2_
| kD11(8, T) |
KD12(8, r)
> KDS := :
KD21(8, r)
KD22(8, r)

> MOKD = Multiply(M6, KDS):
MEKD :=

> MrKD := Multiply(Mr, KDS):

2R,mrKD1(6,1) 5 (5 Ibar +7mR; +5mr’) rkD21(6, r)
Ibar +m r* 7 Ibar +m r?
2R,mrKD12(6,r) 5 (5lbar+7mR+5mr’) rkD22(6, r)
Ibar +m r* 7 Ibar +m r*
2mrKkD11(e,r) = 2R,mrKD21(6,r)
Ibar +m r? Ibar +m r?
2mrKD12(6,r) ~ 2R,mrKD22(8,r)
Ibar + mr? Ibar +m
> Mr:= Derivs[[5..8], [1.4]];
2mr 0 2R,mr 0
Ibar +m r? Ibar +m r?
2R mr
Mr = 0 2mr 0 0
Ibar +m r* Ibar + mr?
0 0 0 0
0 0 0 0
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2mrKD1L(0.r) 2R, mrKD21(6,r)

Ibar +m lbar +m r?
MrKD = | 2mrKD12(6.r)  2R,mrKD22(6,r) (75)
Ibar +m r? lbar +m r°

V¥ Generate Differential Equations

> dKD = simplify( map(diff, M&KD, r) + map(diff,-MrKD, 0) );

dKD := H-3 L (-7 R, m* P KD11(6, r) +7 R, mKD11(6, r) Ibar (8.1)

7 (Ibar—i—mrz)2

d s 3( 0
+7R0mr(g KD11(#, r)) lbar +7 R, m"r (ﬁ KD11(#, r))

+10 m P KD21(6, r) Ibar +5m’ ¥ KD21(6, r) —7 m*KD21(6, r) R?
d
+5KD21(, r) Ibar® +7 KD21(6, r) mR’ Ibar +5r (E KD21(6, r) ) Ibar’

0 )
+107° (5 KD21(6, r)) lbarm+7r (E KD21(8, r)) m R Ibar

5 5
3( 0 2 .2 s( 0 2
77 (ar KD21(8, r)j m?RZ 457 (ar KD21(6, r)) m
5 b a( 0
+7mr(£ KD11(8, r)) lbar + 7 me r (5 KD11(8, r)j

d s a( O
+7R0mr(£ KD21(#, r)) lbar +7 R, m"r (g KD21(#, r))”

[% L 5 (—7 R, m’ ¥ KD12(6, r) +7 R, mKD12(6, r) Ibar
(1bar +mr?)

d s 3( 0
+7Romr(§ KD12(#, r)) lbar +7 R, m"r (§ KD12(#, r))

+10 m P KD22(8, r) Ibar +5m’ ¥ KD22(6, r) —7 m” *KD22(6, r) R

5
+5KD22(6, r) Ibar® + 7 KD22(6, r) mR2 Ibar +5 r (E KD22(, r) ) Ibar’

0 0
+10¢ (§ KD22( 8, r)j lbarm+7r (5 KD22( 6, r)) nglbar
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5 5
71 (g KD22(, r)j meRZ 4510 (5 KD22(6, r)) m’

5 5
+7mr (@ KD12(8, r)) Ibar + 7 mé r® (5 KD12(8, r)j

d s a( O
+7R0mr[¥ KD22(6, r)j lbar +7 R, m"r (g KD22(#, r))”

1
[ (Ibar-|-mr2)2 (2 m (_mrzKDll(e, r) +KD11(e, r) Ibar
o (% o r)) lar -+ (% KD11(6, r)) m—R,m? KD21(8, r)

5 (0
+R KD21(8, ) Ibar +R_r (— KD21(6, r)) lbar +R,_ 1 (— KD21(6,

o)) ar ar

[ ( 1 e (Zm (—erKDiz(e, r) +KD12(6, r) Ibar
Ibar +m

d 0
+r (5 KD12(6, r)) Ibar + r° (& KD12(86, r)) m— R, mr* KD22(6, r)

5 (0
+R KD22(6, ) Ibar +R_r (g KD22(8, r)) lbar +R, 1 (— KD22(8,

o)) ar

> dKD, —dKD;

2 1
= 5 (-7 R,m’ ¥ KD12(6, r) +7 R, mKD12(6, r) Ibar (8.2)
(Ibar +mr?)

0 2 3( D
+7R,mr ( o KD12(6, r)) lbar +7 R, me r (ar KD12(®, r))

+10 m P KD22(8, r) Ibar + 5 m* ¥ KD22(6, r) —7 m* r KD22(6, r) R?

5
+5KD22(6, ) Ibar +7 KD22(6, r) mRZ Ibar +5 1 (5 KD22(8, r) ) Ibar’

d 0
+10P (E KD22(6, r)j Ibarm +7r (g KD22(6, r)) mRy Ibar

5 5
+71 (5 KD22(6, r)) M2 R2 4510 (E KD22(6, r)) m’

0 23( 0
+7mr | — KD12(6,r) | lbar +7m“r’ | — KD12(6, r)
00 00
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0 ) 3(
+7R0mr[£ KD22(®, r)j lbar +7 R me r (5 KD22(6, r)))

1
 (bar +m )’ (Zm (-mrzKDll(e, r) +KD11(8, r) Ibar

o o
r (5 KD11(8, r)) lbar + (5 KD11(6, r)) m —R,mr>KD21(6, r)

5 (0
+R KD21(6, ) Ibar +R_r (g KD21(8, r)) lbar +R, 1 (— KD21(8,

)] ar

> deql := dKD;;

degl := - 2 L

2

/ (Ibar + mr?)
0 0

+7R,mr (g KD11(6, r)) lbar + 7 R, m’ r° (§ KD11(6, r))

(—7 R,m’ P KD11(6,r) +7R,mKD11(6,r) Ibar  (8.3)

+10 mPKD21(6, r) Ibar +5 m’ r* KD21(6, r) —7 m’ P KD21(6, r) R?

(o}

5
+5KD21(6, r) Ibar® +7 KD21(6, r) mRZ Ibar +5 1 (E KD21(8, r) ) Ibar’

d 0
+10P° (E KD21(6, r)j Ibarm +7r (g KD21(6, r)) mR; Ibar
d 0
+7r3(§KD21(9, r)) m2R§+5r5(E KD21(6, r)) m?
0 23( 0
+7mr (5 KD11(86, r)) Ibar +7 m"r (a_e KD11(®, r)j

0 0
+7R,mr [5 KD21(6, r)j lbar +7 R, m’ r° (5 KD21(6, r)))

> deqg2 := dKD,,
deq2 := % L > (—7 R,m’ P KD12(6,r) +7R,mKD12(6,r) Ibar  (8.4)
(Ibar + mr?)
d d
+7R,mr (g KD12(®, r)) Ibar + 7 R, m’ r° (§ KD12(8, r))

+10 mPKD22(6, r) Ibar +5 m’ r* KD22(6, r) — 7 m’ P KD22(6, r) R?

(o}

5
+5KD22(6, ) Ibar +7 KD22(6, r) mRZ Ibar +5 1 (E KD22(8, r) ) Ibar’

d 0
+10P (E KD22(6, r)j Ibarm +7r (g KD22(6, r)) mR; Ibar
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0 0
3( 9 2 )2 5( 90 2
77 (ar KD22(8, r)j m?RZ 457 (ar KD22(6, r)) m
d s 3( O
+7mr | — KD12(6,r) | Ibar +7 m“r’ | — KD12(6, r)
00 00
i) 5 O
+7R0mr(—KD22(9, r)) lbar +7 R, m"r (—KDZZ(G, r))j
00 00

> deq3 := dKDj;

deq3 := L 5 (2 m (—mrzKDll(e, r) +KD11(6, r) Ibar (8.5)
(Ibar +mr?)
9 5( 0
+r (§ KD11(8, r)) Ibar + (g KD11(8, r)) m—R,mKD21(6, r)

5 (0
+R_ KD21(6, r) Ibar +R_r (E KD21(6, r)) Ibar + R, r (g KD21(6,

7)m))

> degd = dKD,;

deqg4 := L 5 (2 m (—m ¥ KD12(6, r) +KD12(6, r) Ibar (8.6)
(Ibar +mr?)
5 s/ 0
+r (g KD12(8, r)) Ibar + (g KD12(8, r)) m—R,mKD22(6, r)

5 (0
+R KD22(6, ) Ibar +R_r (E KD22(6, r)) lbar +R,_ 1 (g KD22(6,

7)m))

V¥ Temporary variables

0 0 0
> Temp := | — KD11(6,r), — KD12(6, r), — KD21(6,r),
00 00 00

d 0 0
KD11(6, r), = KD12(6,r), - KD21(6, ), - KD22(6, r), KD11(6,

ar
r), KD12(8, r), KD21(8, r), KD22(8, r) } :

> deql := collect(deql, Temp);

d
(7mribar +7m*r®) (— KD11(6, r)]
2 0

(10.1)
/ (Ibar+mr2)2

deql:= -
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d
(7R mribar+7 R m” ) | — KD21(,r)
_2 ®
! (Ibar +mr?) ?
9
2 (7R,mrlbar +7R,m’ ) (E KD11(6, r )
! (Ibar+mr2)
—% L 2((10r3Ibarm+7rmR§Ibar—|—5rlbar2—|—7r‘°’m2R§
(Ibar +mr?)
d
5 2\ (9
+51°m?) (ar KD21(8, r))j
2 (-7R,m*¥"+7R,mlbar) KD11(6, r)
2
/ (1bar + mr?)
—% L ((10mPlbar +5m? " — 7 mE PR+ 5 Ibar?
(Ibar + mr?)

+7mR; Ibar) KD21(6, 1))
> deg2 := collect(deqg2, Temp);

) (7mrIbar +7 m?F) (i KD12(8, r)j

deg2 := - (10.2)
! (Ibar+mr2)
0
(7R,mrlbar +7R,m’ ) (— KD22(6, r j
_2 0
2
! (Ibar +mr?)
0
2 (7R,mrlbar +7R,m’ ) (E KD12(e, r )
/ (Ibar+mr2)
—% L 2((10r3Ibarm+7rmRﬁIbar+5rlbar2+7r3m2R§
(Ibar + mr?)

+51°m) (% KD22(8, r))j

(-7R,m*r* +7R,mlbar) KD12(6, r)

(Ibar +m rz)2

L ((10mr* tbar +5m®r* —7 m* * R + 5 Ibar’

(Ibar + mr?)
+7 mR? Ibar) KD22(6, ))

:> deg3 := collect(deqg3, Temp);
122



\ 4

2m (rlbar +r’m) (i KD11(s, r))

deq3 := or 5 (10.3)
(Ibar +mr?)
0
2m (R, rlbar +R; r3m) (E KD21(86, r))
+
(Ibar—i—mrz)2
. 2m (-mr* +lbar) KD11(6,1) 2m (-R,mr* +R, Ibar) KD21(6, r)
. (Ibar+mr2)2 (Ibar+mr2)2
> deg4 := collect(deq4, Temp%;
2m (rIbar +r’m) (a— KD12(8, r))
deq4 := L (10.4)
(Ibar + mr?)
0
2m (R, rlbar +R; r3m) (5 KD22(, r))
+
(Ibar—i—mrz)2
. 2m (-mr +lbar) KD12(6,1) 2m (-R,mr* +R, Ibar) KD22(6, r)
i (tbar +m)* (1bar +mr?)”
PDE Solution
> sys4 = [deql, deq2, deq3, deg4]; ;
(7mrIbar + 7 m? ) (— KD11(6, r))
| o2 B
sysd = e 5 (11.1)
(Ibar +mr?)
0
) (7 R,mr Ibar +7 R, m’ r3) (5 KD21(6, r)j
! (Ibar+mr2)2
0
2 (7R,mrIbar +7R,m’ ) (E KD11(, r )
! (Ibar+mr2)
~2 1 2((10r3Ibarm+7rmRﬁIbar+5rlbar2+7r3m2R§
! r
(Ibar +mr)

+51°m) (% KD21(8, r))j
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2 (-7R,m ¥ +7R,mibar) KD11(6,r)

/ (Ibar+mr2)2
_2 L ((10m P tbar +5m? r* —7 n? ¥ R2 45 Ibar?
7 2 °
(Ibar +mr?)
d
(7 mribar +7m*r®) [5 KD12(6, r))
+7 mR? Ibar) KD21(6, 1) ), % >
(Ibar + mr?)
9
2.3
., (7R, mr Ibar + 7R’ ) EKDZZ(O,r)j
2
/ (1bar + mr?)
9
~, (7Rymribar+ 7R, F) (§ KD12(6, r )
! (Ibar+mr2)
_2 1 ((10r3Ibarm+7rmRZIbar—|-5rlbar2-|—7r‘°’m2R2
7 2 0 0
(Ibar +mr?)

+51°nf) (% KD22(6, r)))

2 (-7R,m ¥ +7R,mibar) KD12(6,r)

! (Ibar—i—mrz)2
—% L ((10mPlbar +5 " — 7 PR+ 5 Ibar?

(Ibar +mr?)

0
2m (rlbar +r’m) (§ KD11(8, r))

+7 mR? Ibar) KD22(6, 1) ),

(Ibar—i—mlz)2
3 0
N 2m (R, rlbar +R;r’'m) (E KD21(6, r))
(Ibar—i—mrz)2

2m (-m¢® + Ibar) KD11(6, r)

+ 2
(Ibar +mr?)
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2m (-R,mr* +R, Ibar) KD21(6, r)

+ 2
(Ibar +mr?)
2m (rlbar +r*m) (% KD12(#, r))
(Ibar—i—mrz)2

0
2m (R, rlbar +R; r3m) (E KD22( 6, r))

+ 2
(1bar + mr?)

om (-mr+Ibar) KD12(6,r)  2m (-R,mr* +R, Ibar) KD22(6, r)
+ 2 + 2
i (Ibar +mr’) (Ibar +m )
> sol4 := pdsolve(sys4, [KD11(8, r), KD12(8, r), KD21(6, r), KD22(6,r) |);

(Ibar +m %) U‘[—E %) de—l—_CZ)

7

sol4 := |[KD11(6,r) = , (11.2)
B (_F3(0) r+r_F4(9)) R, KD12(6, 1)
( 5 _F1(9)
) (Ibar +mr?) [J(7 - ]de+_c1]
- r
~ (LF1(e) r+r_F2(e)) R, KD21(6,1) = _F3(6) + _F4r(e) KD22(6, 1)
= F1(0) + _F2r(9) l
:> pdetest(sol4, sys4);
L [0,0,0,0] (11.3)
rhs(sol4 h 14
o KDE (so 1) r s(so 2) ’
rhs(sol43) rhs(sol44)
(Ibar +mr?) (‘(—E M) de +_C2]
7 m
KDF := : . (11.4)
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(_F3(68) r+_F4(8)) R,
r ,

(Ibar +mr?) U(—% ‘Fin(e) j a6 +_C1] (_F1(8) r+_F2(0)) R,

}. _

_F3(8) + =

1 220

(1bar +mr?) U(% %) 0 +_cz]

r

r r
F4(0) F1(8) + _F2(0)

> KDF :=

(_F3(6) r+_F4(8)) R,
r )

(Ibar +mr?) U(i —Fin(e) )de +_c1]

7
r

(_F1(6) r+_F2(8)) R,
r

_F3(8) + -F4r(e) ,_F1(8) + F2(9)
| (Ibar-l—er) U(‘% %) de+_C2]
KDF := - (11.5)
~ (_F3(6) r+_F4(0)) R
: ,
5 _F1(e
(Ibar +mr) U(7 o ) jd9+—01] ~ (LF(6) r+_F2(6)) R,
r r
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F4(0) F2(0)

,_F1(8) + =——

> KDFdot = Matrix(map( diff, KDF, 8) ) - &ot + Matrix(map(diff, KDF, r) ) - rdot;

5 (lbar+mr®) _F3(8)

KDFdot := | | &dot -5 om (12.1)
((i Fg(e)jr+i F4(9))R
do ~ do ~ ° 5 F3(90)
— + rdot ZmH(—— j
r 7 m
(Ibar +mr?) U(% _F?;Tfe) jde+_cz) F3(0) R
d9+_C2j— : 5 - °
L (LF3(0) r+ _F4(8)) Ry alot | - 5 Ubar+me) Fi(e)
r2 7 rm
((i F1(e)]r+i FZ(G))R
do ~ do ~ ° 5 _F1(0)
— + rdot Zm(‘(—— j
r 7 m
(1bar + mr?) U(% —F?n(e) )d6+_C1J F1(0) R
d9+_C1]— : 5 - 2
(_F1(8) r+_F2(8)) R, J
+
r2
d
d a0 O _F4(8) d
&ot | — F3(0) + . — > , &dot E_Fl(e)
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rdot _F2(0)

o |

:> QKD := Transpose (Multiply(KDF, qdot) );

[ (Ibar +mr?) U(i %j de+_czj

4 ra(e) J

7

QKD := (12.2)
F3(6) r+ _F4(06))R
_ (LF3(0) r+ Fa(0))R, |
r
(Ibar +mr?) [M—é _F1(6) jd9+_C1j
7 m
_+_ o
r
F1(6) r+ _F2(06))R
_ (LF1(6) r— (8)) R, ] rdot, [_Fs(e) + —F4r(e) )6dot+ [_Fl(e)
+ @) rdot
}he differentiation of IITKD with respect to q is going to be called dKDIq
> dKDIq := Matrix(z, 2, [diff(QKDl, 9), diﬁ(QKDZ, 9), diff (QKD,, 1),
diff (QKD,, 1) ]);
dKDIq = | | adot | -2 (ibar + m ") _F3(6) (12.3)
i 7 rm
d d
— _F3(8) | r+— _F4(8) |R
~ ({de (6) ao 0 )R | .5 (par+mr) Fi(6)
r 7 rm
die_m(e) r+die_Fz(e) R,
- rdot, &dot i_F3(6)
r de
9 Fa(0) 4 Fa(e)
de d de
+ +| — _F1(6) + ———— | rdot |,
r de
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{zmms 19)0rse

(Ibar +mr?) U[? _F3( de+_02J

_F3(6) R,
r

(_F3(6)r+ _F4(8))R

+ P % | @adot + rdot Zm[‘[(—% —an(e) jde
+_01] ) (Ibar +mr?) U(i%) d6+_C1J i —Fl(f) .

N (_F1(8) r+_F2(9)) ROJ _ _F4(6) adot  rdot_F2()
% ’ % %

> Ltest := KDFdot — % Transpose (dKDIg) — %-dKDIq;

rdot [2 m U(—% —F?n(e) ) o +_C2] (12.4)

) (5 200 ) o )

Ltest :=

(Ibar + mr®) _F1(8)
rm

[EEOREEDIN

r

5
=

5 (bar+mr) _F1(8) ([;_9 F1(9)j +%_F2(9))RO]

7 rm r

+% rdot [Zm (J(—% %) ae —i—_Cl]
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(Ibar +mr?) U[i —F?n(e) )de+_01J

7 _F1(8) R,
_ 5 _ :
(_F1(8) r+_F2(8)) R, 1 5 _F3(6)
+ 2 J—E[Zm[J(—7 Tjd@—l—_CZ]
(Ibar +mr?) U[% _F::n(e) )de+_02J F3(6) R,
_ : 5 _ r
+ (LF3(6) rtz‘m(e)) i wot—% ot G?—G_Fs(e)
4 Fa(e) 4 Fa(e)
+ a6 . ]_%[die_l(e)+ a9 , ]rdot,
4 Fae)
%ajot d F3(0) + do : _ rdot_rlz4(e)

de+_c2] ) (1bar + mr?) U(% —F‘:’rfe) jde+_cz) i

L (LF3(O)r+ FAO))R | 1 [2m“(% ﬂjde

r 2 m
(Ibar +mr?) U(% —Fin(e) Jd6+_C1J F1(0) R
+_C1] - > i E—
d
.\ (_F1(6) r+_F2(8)) R, aot| & Fi(e) + d—e_Fz(e) J
r ’ de ~ r




i N _F4((:2) &lot
> Ltest = simplify( eval(Ltest, [_F2(0) =F2,_F1(6) =F1, _F4(6) =0, _F3(0)
=0]));

Ltest-:Hi rdot (7m?r® C2 —7Ibar C2m+5rF1lbar+5Filmr’)
' 7 m r?

1 1 3 [

—= = (-10 @lotr F1 Ibar — 10 &ot P FIm —5rdot F1 ( |1d0) mr
i e (J1d0)
+7 rdot_C1m?r® +5 rdot F1 ([1 de) Ibar — 7 rdot _C1 m Ibar

+7 rdot mR, F2 — 7 @dot m”r* _C2 + 7 &lot Ibar _C2 m) ]

(12.5)

14 mp

otm°r"_C2 — ot Ibar _C2 m — 5 rdot
L 1 (7 @aotm?r® C2—7 adotibar C2m —5rdot F1 (|1
de) mr* 47 rdot_C1 m®r* +5 rdot F1 ([1 de) Ibar — 7 rdot _C1 m Ibar

+ 7 rdotmR, Fz), O”

> solve(Ltest, ;)

{F1=F1, Ibar=1lbar,_C2=_C2,m=m,r=r,rdot=0}, kFl (12.6)

-1 C2m (—mr2+|bar) , Ibar=1Ibar, C2=_C2,m=m,r=r, rdot =rdot
5 (Ibar+mr?) r
{F1=F1,Ibar=-mr%, _C2=0,m=m, r=r, rdot = rdot}

:> Ltest := simplify(eval( Ltest, [F1=0, _C2=01]));
y rdot (_C1mr*—_C1 Ibar + R, F2)

0, >
p rdot (_C1mr*—_C1 lbar + R, F2)
2 3

:> Ltest := simplify(eval( Ltest, [ C1=0,F2=01]));

(12.7)

Ltest :=

, 0

00
Ltest := (12.8)
00

> KDtest i= simplify(eval( KDF, [_F2(6) =F2, _F1(8) =F1, _F4(0) =0, _F3(0)

=0]));
(12.9)
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2 (lbar+mr?)
r

" 11 _
KDtest.—H -3 rm(SIbarFl(A[lde) 7lbarm C1  (12.9)

+5mrPF1 ([1de) —7m2r2_C1+7F1R0mr+7mR0F2)},

Flr+F2
r

:> KDtest := simplify(eva!(KDtest, [F1=0, C2=0])); _
-_Cllbar—_Clmr +R,F2

0,

0 _

KDtest := ' (12.10)

0 F2
r

:> KDtest := simplify(eval( KDtest, [ C1=0,F2=01));

KDtest := (12.11)

. Asa conclusion KD is not Lagrangian for the ball and beam system.
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A.3 Direct Lyapunov Aproach for the B&B System
B&B DLA Fml.mw

[ > restart:

[> with ( LinearAlgebra) :

V Definitions
q is a vector of generalized coordinates
0
> q:=
r
0
q:= (1.1)
r
édot is a vector of generalized velocites
edot
> qdot:=
i rdot
Centripetal and coriolis matrix
m-r-rdot m-r-&lot
> C:=
-mr- &lot 0
E)efine the mass matrix
_ 7 , , 7 7 7 _
> mass = Matrlx[z, 2, [lb‘f’ 5 ‘m-Ro% +m-r7,- 5 -m-Ro,- 5 -‘m-Ro, 5 m]]
Ib + ; mRo” +m r? —; mRo
mass ;= 1.2
L m Ro L m .
5 5

Gravitational and Forces vector

rmgcos(6) —Romgsin(0)
> G:=
mgsin(0)

‘Because more parameters are needed in order to place the poles
in desired location v and ¢ are added to Fm1

—F11(6, r) rdot —v F11( 6 r) -0dot + o

-F22(, r) -rdot F22(6, r) -&dot
This matrix is added in order to satisfy FMC

> Fml:=
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F33(qf, qdotf) F44(qf, qdotf) |

> Fmcl := ;
L F44(qgf, qdotf) F55(qf, qdotf)

V First Matching Condition

In this section the linear partial differential equations that determine the elements of the
K;, matrix will be determined.

Starting form of the matrix K. K, is not a constant
KD11(6,r) KD21(6r)

KD21(6,r) KD22(6,r)
The time derivative of KD is
> KDdotT := simplify (map( diff, &lot-KDT, 8) + map(diff, rdot-KDT, r));

d d
KDdotT := | | aot (ae KD11(®, r)] + rdot ( KD11(6, r) j @2.1)

> KDT :=

or

édot [aae KD21(8, r)) + rdot (aar KD21(9,r) ) }

5 5 5
adot [ KD21(8, r)) + rdot ( KD21(8, r) ) adot [ KD22(6, r))
o or o

+ rdot (f?r KD22(6, r) ”

First Matching Condition with inputs Fm1 and matrix Fmcl
> FMCsim := simplify(KDdotT + Multiply (KDT, Multiply(MatrixInverse(mass),
(Fm1—C))) + Transpose (Multiply (KDT, Multiply(MatrixInverse(mass),
(FmML1—C)))) +Fmcl) :

V Symmetry proof
> SymTest = FMCsim,; , —FMCsim, ,;
i SymTest:=0 (2.1.1)
> mth = simplify(Matrix(Z, 2, [coeﬁ(FMCsimL " 6b|ot), coeff(FMCsimL ”
i edot ), coeff (FMCsim, ,, élot), coeff (FMCsim, ,, &ot) |) ) :
> mR := simplify (Matrix(2, 2, [ coeff (FMCsim, ,, rdot), coeff (FMCsim, ,,
i rdot), coeff (FMCsim, ,, rdot), coeff (FMCsim, ,, rdot) ])) :
[> sys == simplify([mR; 1, MR, ;, MR, ,, mth, 4, mth, ,, mth, ;1) :

Solving for the KD elements and orthogonal control inputs in sys the result is going
to be called Forsol

(> Forsol := pdsolve(sys, [F11(6,r), F22(6, r), KD22(6,r), KD21(6, 1),
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KD11(6, 1) ]);

Forsol := {F11(®6,r) =F11(6,r), F22(6,r) =F22(6, r), KD11(6,r) =0, 2.1.2)
KD21(6, r) =0, KD22(6, r) =0}, {F11(e, r) =0, F22(, r) =0, KD11(#,
r)=_C1(5Ib+7mRo”+5mr),KD21(6,r) =-7m_C1 Ro, KD22(6, r)

=7m_C1}, |F11(6,r) =mr, F22(0, r) =F22(9, r), KD11(6, r)

2
= C1(5Ib+7mRo*+5mr)", KD21(6,r) =-7m_C1 (5Ib+7 mRo?

49 m?Ro®> C1 (5 Ib+7mR02—|-5mr2)2
+5mr?) Ro, KD22(6, 1) = —= — 5

% ((%Roz—krz)erlbj

F11(6, 1)
- (25m_C2 ((% Roz—i-rz) m+|b)2r)/((5lb+7mRoz

+5mr?) (_C1+5 _C2lb+7_C2mRo*+5_C2mr)), F22(6,r) =

—(175m2_C2 ((% Roz—i-rz) m+|b)2rRo)/((5lb+7mRoz

2
+5mr) (_Cl+5 C2Ib+7_C2mRo®+5_C2mP)), KD11(8, )

2
= C1(5Ib+7mRo’+5mr) + C2 (5Ib+7mRo*>+5mr)",

KD21(6, ) = -35m ((% R02+r2j Com+ &

s Cl+ C2 Ib) Ro,

KD22(6, r) =49 m (_Cz mRo® + % _01j }

Soluition 4 is selected to avoid KD being a multiple of the mass matrix.
The result when substituing Forsol in FMC is going to be called FMCtest
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> FMCTest := simplify(evaI(FMCsim, [Forsol4l 1 Forsol, ,, Forsol, 5,
Forsol, ,, Forsol, 5]));

FMCTest:= [[-50v_C21Ib—10v _C1 + F33(qf, qdotf) — 70 v_C2 mRo?
—50v_C2mr4 256 C2Ib+25 C2omrP+35 C2mRov
+35_C2mRo’c + 50 _C1 + F44(gf, qdotf) |,

[256 C2Ib+25 C2omr+35 _C2mRov +35 C2mRo’c+506 Cl

+ F44(qf, qdotf ), -70 mRo 6 _C2 + F55(qf, qdotf ) ||

Substituing the solution Forsol in Fm1
> Fml:= simplify(evaI(le, [Forsol4, v Forsol, ,, Forsol, 5 Forsol, ,,
Forsol, 5])):

2

Fml:= l - (5 m_C2rrdotlb+7 m2_02 rrdot Ro® + 5 m _C2 r® rdot +v _C1

+5v C2Ib+7v_C2mRo?+5v_c2mr?)/(_C1+5 C21b

+7 _C2mRo*+5 _C2mr?), (5m_C2r &lotlb+7m?_C2 r &lot Ro
+5m° _C2r@lot+0 _Cl+50_C2Ib+7 _C2mRo’°6+5_C2omr)
/(C1+5 C2Ib+7 _C2mRo®+5 _c2mP) ],
7rdotRor C2 m?
Cl+5 C2Ib+7 _C2mRo’°+5 C2mr?’
7 @otRor_C2m?

i Cl+5 C2Ib+7 _C2mRo’+5 _C2mr
Solving for the inputs the solution is called binputs
> binputs := solve( {FMCTest, ;, FMCTest, ,, FMCTest, ,1, [F33(qf, qdotf),

F44(qf, qdotf ), F55(qf, gqdotf) ]);
binputs := [ [F33(qf, qdotf) =50 v_C21b+10v_C1 +70v_C2mRo’
+50v_C2mr’ Fa4(gf, qdotf) = -256 _C21b—25 C2omr
—35 C2mRov—35 _C2mRo’°c —506 _C1, F55(qf, gdotf)
=70mRoo_C2]]

Substituing the solution binputs in FMCTest

> FMCTest := simplify( eval( FMCTest, [ F33(qf, qdotf) =50 v _C2 Ib
+50v_C2mrP+10v_C1+70v_C2 mRo? F44(qf, qdotf) =
-256_C2Ib—35 C2Romv—25 C2omr*—35_C2Ro’mo
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— 50 _C1, F55(qf, qdotf) =70 Romo _C2]) );

FMCTest := (2.1.6)
FMC is satisfied!
Multiplying Fm1 times the velocity generalized coordinates
> Fl:= simplify(Multiply(Fm1, qdot) );
- &lotv +rdot o
Fl:= 2.1.7)
0

:Substituing the solution binputs in Fmcl

> Fmcl := simplify(eval(Fmc1, [F33(qf, gdotf) =50 v_C21b+50v_C2m
+10v_C1+470v_C2mRo’ F44(qf, qdotf) = -256_C2 Ib
—35 C2Romv—25 C2omr*—35 C2Ro’mo —506 _C1, F55(qf,
qdotf) =70 Romo _C2]) );

Fmcl:=[[50v_C2Ib+10v _Cl1+70v_C2mRo*+50v_C2m"r (2.1.8)
-256 _C2Ib—25 C2omr"—35_C2mRov —35_C2mRo’c
—56_C1],

[-256 C21b—25 C2omr*—35_C2mRov —35_C2mRo’o

—506_C1,70mRoc _C2]]

éubstituing the solution Forsol in KD matrix.
The solution 4 is selected in order tu avoid multiple of the mass matrix for KD

> KDT = simplify(eval(KDT, [Forsol, ,, Forsol, ,, Forsol, 5 Forsol, ,,
Forsol, 51));

KDT:=[[5 _ClIb+7 ClmRo*+5 Cimr+25 C2Ib*+70 _C2lbmRo® (2.1.9)
+50 C2lbmrP+49 _C2m’Ro*+70 _C2m°Ro’rP +25 _C2m*r"
-7m(_ C1+5 C2Ib+7_C2mRo’°+5_C2mr’) Ro},
[-7m( C1+5 C2Ib+7 _C2mRo°+5 _C2mr’) Ro,7m (7_C2mRo®

 +_c1)]]

going to matlab

> convert(KDT, string)

"Matrix(2, 2, [[5*_C1*Ib+7*_Cl1*m*Ro"2+4-5* Cl*m*r"2+4-25* C2* (2.1.10)
Ib"2+70* _C2*Ib*m*Ro"2+-50* C2*Ib*m*r"24-49* C2*m"2*Ro™N+70*
_C2*m"2*Ro"N2*r"2+25* C2*m"2*r"\4,-7*m*(_C1+5* C2*lb+7* C2*
m*Ro"2+5* C2*m*r"2)*Ro],[-7*m*(_C1+5* C2*Ib+7* _C2*m*

Ro"24-5* C2*m*r"2)*Ro,7*m*(7*_C2*m*Ro"2+_C1)]])"
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The determinant of the KD matrix is
> simplify(Determinant(KDT) );
175m_C21b* C1+350 C2lbm’r* Cl+175 _C2m’r* C1 (2.1.11)

+245 Cllb_C2m?Ro*>+245 C1lm°r* C2Ro’+35m_C1%1b
+35 _C1°m? P

The P matrix and its determinant are
> P := simplify(Multiply(KDT, MatrixInverse(mass) ) );

5 C14+25 C2Ib+35 C2mRo>+25 C2mr? 0 }

p:= (2.1.12)

-35_C2mRo 5 _C1

> Determinant(P);
i 25( Cl1+5 C2lb+7 _C2mRo*+5 _C2mr?) Cl (2.1.13)
The P matrix eigenvalues are
> simplify(Eigenvalues(P));

5 C1

(2.1.14)
5 Cl1425 C21b+35 C2mRo°+25 _C2mr

V¥ Second Matching Condition

Define the matrix Kv
The Kv matrix is obtain by the product of the first column of the P matrix and its
transpose

> Kv := o-Multiply(Column(P, [1]), Transpose (Column(P, [1])));
2
Kv := Hoc (5 Cl+25 C2Ib+35 C2mRo*+25 C2mr?)", -350,(5_C1 (3.1

+25 C21b+35_C2mRo®+25_C2mP) _C2mRo),
[-350,(5_Cl+25 C21b+35_C2mRo*+25_C2mr) _C2mRo,

. 12250_C2*mPRo?]]
The vector F2 is obtain by the product of the inverse of the P matrix and the Kv matrix.
This result is then multiply by the vector of generalized velocities

> F2f := - Multiply(MatrixInverse(P), Kv);
2
1 o(5_C1+25_C2Ib+35_C2mRo*+25_C2mr)
5 Cl+5 C2Ib+7 C2mRo*+5 _C2mp

70 (5 Cl+25 C2Ib+35 C2mRo*+25 _C2mr’) _C2mRo
Cl+5 C2Ib+7 _C2mRo’+5 _C2mr

Fof := , (3.2)

138



2
7 _C2mRoo (5_C1+25_C21b+35_C2mRo”+25_C2mr)

5 (Cl1+5 C2Ib+7 C2mRo*+5 _C2mr) Cl
N 7a(5 Cl+25 C21b+35 _C2mRo*+25_C2mr’) _C2mRo
C1 !

49 C2°m*Ro’a (5 C1+25 C2Ib+35 C2mRo®+25_C2mr?)
(C1+5 C2Ib+7 C2mRo*+5 _C2mr) C1
245 o, _C2% m? Ro?
C1
:> simplify(Eigenvalues(Kv) );
o]
[1225 0._C2?mPRo®+250a_C12+250_C1 C2Ib+3500_C1_C2mRo?
+2500_Cl_C2mr* +6250_C2%1b* + 1750 o._C2° Ib m Ro®
+1250 o _C2%1om r? + 1225 0._C2%> m?Ro* + 1750 o« _C2? m? Ro® 1
+6250_C22m r]]
> Fm2= simplify(Multiply (F2f, qdot) );
Fm2:=[[-5 (&lot_C1+5 ot _C2Ib+7 ot _C2 mRo*+5 &dot_C2mr?
—7_C2mRordot) a],

[o]]

V¥ Third Matching Condition

Define the gradient of the ®(6, r)

0 0
> PHM:=Matr|x[2,1, gd)(e,r),gq)(e,r)});

0

— D0, r
” (6,r)

PHM :=

2 o(e,n)
or '

ijsing the third matching condition two equations can be obtained

> TMC := convert( , Matrix | — convert(G, Matrix)

+ Multiply(MatrixInverse(P), PHM);

TMC:=||F3—mrgcos(6) +mRogsin(0)
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% o(6,r)

L1

5 C1+5 C2Ib+7 _C2mRo°+5 C2mr |

9
_C2mRo(—CI>(e,r))
—mgsin(e)—i-l ®
5 (C1+5 C2Ib+7 _C2mRo*+5 C2mr?) Cl
d

_’_l §¢(e,r)

5 C1

i?rom the second row of TMC ®(6, r) is found
> TMCphi = TMC, ;;

_C2mRo (a% (6, r))

. . 7
TMCphi := -mgsin(6) + — 4.3)
(6) 475 (C1+5 C2Ib+7_C2mRo°+5_C2mr’) C1
2 o(en)
NER
i 5 C1
> solphi = pdsolve(TMCphi);
(g c1( C1+5 C21lb
N
. _ 5
solphi :=®(, r) = - 4.4)

+7 _C2mRo?) sin(_a))

1 1
_C2Rocos 7 C2mRo _a
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—% [[EJ (Cl1+5 C2Ib+7 _C2mRo?) C2m 0

—7_C2mRoarctan( Camry5 J] ﬁ]
) _C2m

J(Cl+5 C2Ib+7_C2mRo?

/J (Cl1+5 C2Ib+7_C2mRo?) _CZmJ

J5V(Cl+5 C2Ib+7_C2mRd?) CZmJJ da+_F1

%([ (Cl1+5 C2Ib+7 _C2mRo?) C2m @
—7_C2mRoarctan( _C2mry5 J] ﬁ]
J(Cl+5 C2Ib+7 C2mRd?) C2m

/J (Cl+5 C2Ib+7_C2mRo?) _CZmJ

i?rom the first row of TMC F3 is found
> 3 := simplify(F3 — (TMC, ;) );

f3:= —% (—5 mrgcos(0) _ClL—25mrgcos(8) _C21b 4.5)

—35mPrgcos(8) C2Ro*—25m’r*gcos(6) _C2+5mRogsin(6) C1

+25mRogsin(0) C2Ib+35m?Ro>gsin(6) _C2

0
+25m’Rogsin(6) _C2r + - D (6, r))/(_Cl +5 _C21b
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. +7_C2mRo*+5_C2mp)
> Philifii := simplify(rhs(solphi));
)

Philifii := % (g C1( CL+5 C2Ib+7 _C2mRo?) sin(_a)) (4.6)

1 1
_C2 Rocos[ 35 _C2mRo [(5_a

J(C1+5_C2Ib+7_C2mRo®) _C2m

—5J( C1+5 C2Ib+7 _C2mRo?) C2m @

+7J5 _C2mRo arctan[

c2mry5 ]J

J(C1+5_C2Ib+7_C2mRo®) _C2m
2

ﬁ]] da+_F1

% ([EJ (C1+5 C2Ib+7_C2mRo®) _C2m 0

—7_C2mRoarctan( camry5 J]ﬁ]
) _C2m

J(ClL+5 C2Ib+7_C2mRo’

/J (Cl1+5 C2Ib+7_C2mRo?) _CZmJ

There are only 6 terms in theTaylor series because the length of F,
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0
> Philifi == taylor| = | expand| — =) 14 5 0,6 | +F5

! cos( _ad—p)
(% ([EJ (C1L+5 C2Ib+7 _C2mRo*) C2m 0
+7 arctan[ _Camry5 ] _C2Ro m] ﬁ]

J(Cl+5 C2Ib+7 C2mRo?) _C2m

2
/J (Cl+5 C2Ib+7 C2mRo?) _C2m ] :
O -
5 nsin(_a) da 4.7)

Philifi := (
[ ! J (cos(_ad) cos(B) +sin(_ad) sin([3))2

5 n__g2_ 10 n dsin(p) o
14 cos(B)® 2L cos(p)’

5 n(18823in([3)2—cos(B)2+682cos(B)2) o
168 COS(B)4

1 m3dsin(B) (—cos(B)2+1262sin([3)2+882cos([3)2) 6°+0(¢°)
2 cos(p)°

++ L : Fs
5 (C1+5 C2Ib+7_C2mRo°) _C2m

~J5J( Cl+5 C2Ib+7 _C2mRo®) C2m ©

2
+7_C2mRoarctan( _C2mry{5 J] ]
J(C1+5_C2Ib+7_C2mRo?) _C2m

O -
nsin(_a) d a

( (cos(_ad) cos(B) +sin(_ad)sin(B))”

o | 5
> Philifi := [ 5
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\ 4

5 n 2 10 nmdsin(B) 3
+> gl
14 cos([})2 21 cos(B)3
5 M (6 82cos(B)2—cos(B)2+18 625in([3)2) 4
+ ) 0
168 COS(B)

_ 1 mn3sin(B) (—cos(B)2+12623in([3)2+862cos([3)2) o
21 cos(B)’

+ 1 L : F5
5 (C1+5 C2lb+7 _C2mRo°) C2m

V5 (Cl+5 C21b+7 _C2mRo?) C2m 6

2
+ 7 arctan camry5 ]_CZ Ro m] ] :
J(Cl+5 C2Ib+7 _C2mRo?) _C2m

input contribution from FMC, F,
> Fl:= simplify(F11>;

F1:= -é&otv +rdotc 4.8)

input contribution from SMC, F,
> F2:= simplify(Fle);

F2:= -5 (&lot_Cl1+5 &lot_C2Ib+7 &lot_C2mRo” +5 &lot_C2mr? 4.9)

.~ —7_C2mRordot) a
Input contribution from TMC, F,

> F3:=simplify(eval( 3, (8, r) =Philifi) ) :

Contribution from FMC to Lyapunov, Fmc,

> Fmcl = Fmcl,;
Fmcl:=[[50v_C2Ib+10v _Cl1+70v_C2mRo*+50v_C2mr, -256_C2 Ib (4.10)

—25 C2omr*—35_C2mRov—35_C2mRo’°c —506 _Cl1],
[-256 C21b—25 C2omr*—35 _C2mRov—35_C2mRo’c —506 _Cl,
70mRoc_C2]]

The control input of the system is

Define the control law
| > Fc := simplify(eval(F1 + F2 + F3)) :
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\ 4

(C1+5 C2Ib+7 C2mRo?) Clg 5
Ro_C2 ’

1 (5J(_(:1+5_c:2|b+7_cszc)2)_czm)J?B
35 _C2Rom ’

> FC = S|mp||fy eval FC, T]:

—5J( Cl+5 C2Ib+7_C2mRo®) _C2m 6

1 1
35 C2Rom

+7\/?arctan[ C2mry5 ]_CZ Ro m)
) C2m

J(Cl+5 C2Ib+7_C2mRo?
1))

> Fc = simplify(eval(Fc, [ C1=05, C2=85])):

Linearization of the control law

[> T:= [ diff (Fc, 0) diff (Fc, r) diff (Fc, &dot) diff (Fc, rdot) |:

> 71 = simplify(eval(T, [&ot=0, rdot=0 ])):
T2 is the linearized control law

[> 72 := simplify(eval( 71, [ r=0,6=0])) :

[ > sysid == [Ib=0.4,m=15, g=9.81, Ro=0.02]:
> LCond = [6=0, &ot=0,r=0, rdot=0]:

The equation of motion of the ball and beam system is

> Eqgs = simplify -Multiply(C, qdot)

)

Eqs__H_ -T+2mrrdot &lot +mrg cos(6) —mRor ot
. Ib+mr

Multiply

T
MatrixInverse(mass), H

(6.1)

[—1 #(—7Ror+14Romrrdotajot+7Romrgcos(9)
7 Ih4+mp
—5Ibr6b|ot2+5lbg sin(0) —7mRor &dot’ —5mr &lot’
+5mrgsin(0))]]
> A
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= [[0,0,1,0],

[0,0,0,1],

[diff (Eqs[1], 0), diff (Egs[1], r), diff (Egs[1], &ot), diff (Egs[1], rdot) ],
[diff (Egs[2], ), diff (Eqs[2], r), diff (Egs[2], &ot), diff (Eqs[2], rdot) | ];

A=

0,0, 1, o\, (6.2)

0,0,0,1

 mrgsin(0) _ 2mrdot &ot + mgcos(6) —mRo alot”
lb+mr* Ib+mr

N 2 (-t +2mrrdot &ot+mrg cos(6) —mRorédotz) mr
(Ib+mr)°

_2mrrdot—2mRor6dot _2mr6b|ot
Ib+mr2 ’ Ib—i—mr2 ’

i)

1 -7Romrgsin(8) +51bgcos(8) +5mr*gcos(0)
7 Ib+mr

1

211
7 Ib+mp

(14 Ro m rdot &dot +7 Romg cos(8) —5 Ib adot’

—7mR026dot2—15mr26dot2+10mrgsin(e)) +

1
(Ib+mr2)2 (

-7Rot+ 14 Romrrdot &ot +7 Romr g cos(0) —51br &dot’

~ |

+51bgsin(6) —7mRoZrédotz—SmrS6dot2—|—5mrzgsin(e)) mr),

1 14 Romr rdot — 10 Ibr &dot — 14 m Ro® r &dot — 10 m r* ot
7 Ib+mr

~ 2mRor &dot

| Ib+mr

> A:=map(eval A LCond);

6.3)
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0 0 10
0 0 01
A=| 0 %9 00 (6.3)
_9 _Romg
79 T 00
> A:=eval(A sysid); _
0 0 10
0 0 01
A= (6.4)
0 ~36.78750000 0 O
~7.007142857 -0.7357500000 0 O

0
0
> B=| . :
diff (Egs[1], 1)
diff (Egs[2], 1)
0
0
1
B=| —— 6.5
Ib+mr? (65)
Ro
Ib+mr*
E> B := simplify(map(eval, B, LCond)) :
> B := simplify(map(eval, B, sysi@) ):
0
0
B:= (6.6)
2.500000000
0.05000000000

> LinCi= 72
> LinC3 := map(eval, LinCi, sysid);
LinC3 := [ -4.416148739 — 0.02281060922 F5, 14.71500000 + 0.002321945366 F5, (6.7)

-87.67850000 o — 1.000000000 v, 1.000000000 & + 8.925000000 o

:> k := [ 135.8576, -47.5957, 11.1124, -35.6208];
k:=[135.8576, -47.5957, 11.1124, -35.6208] 6.8)
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> LinC3 :=-map(eval, LinC3, [ _C1=0.5, C2=8.5]);
LinC3 := [4.416148739 + 0.02281060922 F5, -14.71500000 — 0.002321945366 F5, (6.9)

87.67850000 o + 1.000000000 v, -1.000000000 ¢ — 8.925000000 o]

> sol = solve( {LinC3, -kj, LinC3; -k;, LinC3, -k,});

sol := {F5=5762.294642, o.= o, v = -87.67850000 0. + 11.11240000, & (6.10)
= 35.62080000 — 8.925000000 o}

> K= map(eval, LinC3, [F5=5762.294642, o.= ¢, v = -87.67850000 o
+11.11240000, ¢ = 35.62080000 — 8.925000004 t]);

K:= [ 135.8576000 -28.09473334 11.11240000 -35.62080000 + 4. 107 o ] (6.11)

j‘he gain matrix is
> K := map(eval, K, [0.=0.001]);

K := [ 135.8576000 -28.09473334 11.11240000 - 35.62080000 ] (6.12)
> Acl:= eval(A-Multiply(B, K));
Acl:=[[0.,0.,1.,0.] (6.13)
[0.,0.,0.,1.],
[ -339.644000000000005, 33.4493333499999963, - 27.7809999999999988,
89.0520000000000067 ],
[ -13.8000228570000001, 0.668986667000000090, - 0.555620000000000003,
1.78104000000000018 ]
> EACLi := Eigenvalues(Acl);
[ ~11.9503753772407784 + 12.0489417753864583 | |
-11.9503753772407784 — 12.0489417753864583 | 614

EACLi :=
-1.58607741179245587 + 0. |

-0.513131833725887887 + 0. |

:> KDf := simplify(eval(KDT, [ C1=0.5, C2=8.5]));
KDf := [ [2.500000000 Ib + 3.500000000 m Ro’ + 2.500000000 m r? (6.15)

+ 212.5000000 Ib? 4 595. Ib m Ro® + 425. Ib m r* + 416.5000000 m? Ro”
+595. m? Ro® r* + 212.5000000 m? r*, -3.500000000 m (1. + 85. Ib
+119. mRo® + 85. mr*) Ro],
[ -3.500000000 m (1. + 85. Ib+ 119. mRo® 4 85. m r*) Ro,
3.500000000 m (119. mRo® 4 1.) ||
:> KDf := simplify(eval(KDf, [Ib=0.4,m=1.5, g=9.81,Ro0=0.02 ]));
KDf := [ [35.14504994 + 259.2855000 r* + 478.1250000 r*, - 3.682497000 (6.16)
— 13.38750000 r*,
[ -3.682497000 — 13.38750000 r*, 5.624850000 ||
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> Determinant(KDf );
Kvf := simplify(eval(Kv, [ F5=5762.294642, o.= 0, v = -87.67850000 o

+11.11240000, 6 = 35.62080000 — 8.925000004 o¢]) ) :
i 184.1248500 + 1359.843188 r* + 2510.156250 r*
| > Kvf := simplify(eval(Kvf, [ C1=0.5,_C2=85])):

> Kuvf := simplify(eval( Kvf, [Ib=0.4,m=1.5, g=9.81, Ro=0.02, ®=0.001]));

2
Kvf = | [2.500000000 102 (1.75357 10° + 6.37500 10° ?), -0.7825306125 (6.18)

(6.17)

— 2.844843750 ]
-0.7825306125 — 2.844843750 I, 0.07965562500 ||

|
> P
P

:= simplify( Multiply(KDf, MatrixInverse(mass))) :
> P = simplify(eval(P, [Ib=0.4,m=1.5, g=9.81,Ro=0.02]));
| 87.67850000 + 318.7500000 r 0. 6.19)
' -8.925000000 2.500000000 '

> Philif = simplify( eval( Philifii, [ F5 =5762.294642, o.= 0, v = -87.67850000 o
+ 11.11240000, ¢ = 35.62080000 — 8.925000004 o ]) ) :

:> Philif := simplify(eval(Philif, [_ C1=0.5, C2=85,Ib=04, m=15, g=9.81,
Ro=0.02]));

Philif := 0.7142857143 (6.20)

1011913041 | . 936555313 936555313
——————= (sin(_a)) cos(— a———————0

2000000 50000000 —> 50000000
1999999999 476670801 )2 4999999999
+ 2000000000 arCta”( 250000000 r)) d—aj +—F1(_ 5000000000 °
| 2660356487 arctan(476670801 r))
50000000000 250000000

> Philif := simplify| 0.7142857143
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1011913041 . 936555313 936555313
————"——"= (sin(_a)) cos(— — ==

2000000 50000000 —* 50000000 °
1999999999 476670801 )2
+ 2000000000 amta”( 250000000 r)) )d—a) +FS (
| 4999999999 . 2669356457 arctan( 476670801 r))z)_
5000000000 50000000000 250000000 !
Philif := 0.7142857143 (6.21)
0
1011013041 COS( 036555313 936555313
2000000 50000000 —> 50000000
1999999999 476670801 )2 2
+ eooasoocs n( oo r)) d_aj +0.9999999996 F5 0

—0.1067742595 F5 0 arctan(1.906683204 r)
+ 0.002850185622 F5 arctan(1.906683204 r)2

> intLf2 := 0.9999999996 F5 62 —0.1067742595 F5 0 arctan(1.906683204 r)
+ 0.002850185622 F5 arctan(1.906683204 r)2 :

> taylor(sin(% ) t:O);

i Lo f4o(f) (6.22)
I 68 1205
> taylor(cos[%j,t:O);
1— 4+ ¢4 o(f) (6:23)
. 20 24 %
> taylor( (cos(t))% t=0);
11—t + % t* +0o(t%) (6.24)
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> intTL := simplify 0.7142857143-(—1011913041 )

2000000

o |-

'[COS[ 5

ke
N——
N—

(T L6
0 66 120 8

2 1 4
1_ -
( t+3t)

o
—
|
[
/—.\
28
5
o [
Ne—
N——

([(1- L2+ L1 ¢
2§ 248
. dt
(1—t+§t)

:> ti := simplify(0-(8) —P);

i ti=05—B (6.25)
IR : _ 936555313 ., _ 936555313
> intLl := mmphfy(eval(lntTl, [8— 50000000 " B= 50000000 G
+ 1999999999 arctan( 476670801 rj] ))
2000000000 250000000 ’
intL1 := 1.782827863 cos(6 — 0.05338712971 arctan(1.906683204 r) ) arctan( (6.26)

-1.732050808 + 1.154700539 t*) + 3.294107309 sin (0
—0.05338712971 arctan(1.906683204 r) ) In(t* + 2.542459757 t

+ 1.732050808) — 3.294107307 sin(©

—0.05338712971 arctan(1.906683204 r) ) In( -1. t* + 2.542459757 t
—1.732050808) — 0.0003668223189 cos( 6

—0.05338712971 arctan(1.906683204 ) ) In(3. — 3. £ +t*)

+ 24.46655598 sin (0

— 0.05338712971 arctan(1.906683204 r) ) arctan(2.935779648 t

— 3.732050805) + 24.46655598 sin (0

—0.05338712971 arctan(1.906683204 r) ) arctan(2.935779648 t

+ 3.732050805) -+ 0.00001959196682 sin (6

—0.05338712971 arctan(1.906683204 r) ) t + 1.045958875 10 cos( 6
—0.05338712971 arctan(1.906683204 r) ) t*

o [ _ 936555313 . _ 936555313
> U= S'mp"fy(e"a'(“’ [8' 50000000 ' P~ ~ 50000000
1999999999 (476670801 er)

0

* 2000000000 2" 250000000
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_ 936555313

fi= 0— 1999999999 t ( 476670801 j

i 25000000 2000000000 ° "'( 250000000 '
> intLfl := simplify(eval(intL1, [ t=ti]));
intLfl := 1.782827863 cos(6 — 0.05338712971 arctan(1.906683204 r) ) arctan( (6.28)

-1.732050808 + 1620.526790 6° — 86.51527393 0 arctan(1.906683204 r)
+ 1.154700538 arctan(1.906683204 r)2) +3.294107309 sin( 6

— 005338712971 arctan(1.906683204 r) ) In(1403.417367 6°

— 74.92442500 6 arctan(1.906683204 r)

+0.9999999990 arctan(1.906683204 r)2 +95.24616774 0

— 2.542459756 arctan(1.906683204 r) + 1.732050808) —3.294107307 sin( 6
— 005338712971 arctan(1.906683204 ) ) In( - 1403.417367 6°

+ 74.92442500 6 arctan(1.906683204 r)

—0.9999999990 arctan(1.906683204 r)? 4 95.24616774 6

— 2.542459756 arctan(1.906683204 r) — 1.732050808)
—0.0003668223189 cos( 0 — 0.05338712971 arctan(1.906683204 r) ) In( 3.
—4210.252101 92 +224.7732750 0 arctan(1.906683204 r)

— 2.999999997 arctan(1.906683204 r)? + 1.969580306 10° o'
—2.103004785 10° 63 arctan(1.906683204 r)

+ 8420.504193 92 arctan(1.906683204 r)2

— 149.8488499 6 arctan(1.906683204 r)3

4 0.9999999980 arctan(1.906683204 r)4) + 24.46655598 sin ( 0
—0.05338712971 arctan(1.906683204 r) ) arctan( 109.9808011 6

— 2.935779647 arctan(1.906683204 r) — 3.732050805) + 24.46655598 sin( 0
—0.05338712971 arctan(1.906683204 r) ) arctan(109.9808011 6
—2.935779647 arctan(1.906683204 r) + 3.732050805)

+ 0.0007339584247 sin ( 0 — 0.05338712971 arctan(1.906683204 r) ) 0
—0.00001959196681 sin ( 0

—0.05338712971 arctan(1.906683204 r) ) arctan(1.906683204 r)

+0.0001467916850 cos( 6 — 0.05338712971 arctan(1.906683204 r) ) 92
—0.000007836786729 cos( 6
—0.05338712971 arctan(1.906683204 r) ) 6 arctan(1.906683204 r)

(6.27)
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+1.045958874 10 cos(©
— 0.05338712971 arctan(1.906683204 r) ) arctan(1.906683204 r)?

> intLfl := 1.782827863 cos(6 — 0.05338712971 arctan(1.906683204 ) ) arctan(
-1.732050808 + 1620.526790 62 — 86.51527393 0 arctan(1.906683204 r)
+ 1.154700538 arctan (1.906683204 r)2) —0.0003668223189 cos( 6
—0.05338712971 arctan(1.906683204 r) ) In( 3. —4210.252101 92
+224.7732750 0 arctan(1.906683204 r)
— 2.999999997 arctan (1.906683204 r)% + 1.969580306 10° 64
—2.103004785 10° 63 arctan(1.906683204 r)
+8420.504193 62 arctan (1.906683204 r)?
— 149.8488499 6 arctan(1.906683204 r)3
+0.9999999980 arctan(1.906683204 r)4) —3.294107309 sin( 6
—0.05338712971 arctan(1.906683204 r) ) In( 1403.417367 92
— 74.92442500 6 arctan(1.906683204 r)
+0.9999999990 arctan(1.906683204 r)? — 95.24616774 0
+ 2.542459756 arctan(1.906683204 r) + 1.732050808) + 3.294107309 sin( 6
—0.05338712971 arctan(1.906683204 r) ) In( 1403.417367 62
— 74.92442500 6 arctan(1.906683204 r)
+0.9999999990 arctan(1.906683204 r)? + 95.24616774 0

— 2.542459756 arctan(1.906683204 r) + 1.732050808) + 24.46655598 sin (0
—0.05338712971 arctan(1.906683204 r) ) arctan(109.9808011 6

— 2.935779647 arctan(1.906683204 r) — 3.732050805) + 24.46655598 sin (0
—0.05338712971 arctan(1.906683204 r) ) arctan(109.9808011 6

— 2.935779647 arctan(1.906683204 r) + 3.732050805)
+0.0007339584247 sin(6 — 0.05338712971 arctan(1.906683204r) ) 6
—0.00001959196681 sin( 6

—0.05338712971 arctan(1.906683204 r) ) arctan(1.906683204 r)
+0.0001467916850 cos( 6 — 0.05338712971 arctan(1.906683204 r) ) 6
—0.000007836786729 cos( 0

—0.05338712971 arctan(1.906683204 r) ) 0 arctan(1.906683204 r)

+ 1.045958874 10”' cos( 0

—0.05338712971 arctan(1.906683204 r) ) arctan(1.906683204 r)2 :
Philif := simplify(intLfl + intLf2) :

2

v The Potential ®
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B PhiGraphi := simplify(eval(Philif, [Ro0=0.02,g=9.81, m=1.5,1b=14])) :

B PhiGraph := simplify(eval(PhiGraphi, [F5=5762.294642] )) :

| > PhiGraph := intLf1:

[> f:= (0, r) >PhiGraph :

> plot3d(f(6,r),6=-15..15,r=-26.. 2.6, axes = FRAME, orientation = [30,
757, style=PATCH)

407

V¥ The Hessian

> Hessiani := simplify( eval( Matrix(2, 2, [ diff (diff (Philif, r), r), diff (diff (Philif,
r), 8), diff (diff (Philif, ), r), diff (diff (Philif, 8),0)]), [r=0,0=0]));
Hessiani :=

0.02072336243 F5 + 11.25340666 -184.1275842 — 0.2035846872 F5
-184.1275842 — 0.2035846872 F5  2893.047494 + 1.999999999 F5
:> Hessiani := simplify(eval(Hessiani, F5 =5762.294642));
130.6675270 -1357.242536
-1357.242536 14417.63677

Hessiani :=

:> Determinant(Hessiani);
41809.640

:> Eigenvalues(Hessiani);
2.87441765140283678 + 0. |

14545.4298793485959 + 0. |
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: T . _ 936555313 ,_ 936555313
> IntLf3 := S|mpI|fy(evaI(|ntTl, [6— 50000000 ' B= 50000000
1999999999 476670801 _ 936555313
PP arctan(— r), t=——————— GD)
2000000000 250000000 50000000

0

+

intLf3 := 1.782827863 cos(® — 0.05338712971 arctan(1.906683204 r) ) arctan( 8.5)
-1.732050808 + 405.1316975 92) + 3.294107309 sin( 6
—0.05338712971 arctan(1.906683204 r) ) |n(350.85434l7 92 + 47.62308387 6
+1.732050808) — 3.294107307 sin (@
—0.05338712971 arctan(1.906683204 r) ) In( -350.8543417 62
+ 47.62308387 6 — 1.732050808) —0.0003668223189 cos( 6
— 005338712971 arctan(1.906683204 r) ) In(3. — 1052.563025 6°

+1.230087691 10°6") + 24.46655598 sin ( 6

—0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
—3.732050805 ) + 24.46655598 sin (0
—0.05338712971 arctan(1.906683204 r) )
+ 3.732050805) + 0.0003669792124 sin (
—0.05338712971 arctan(1.906683204 r) )

—0.05338712971 arctan(1.906683204 r) )

rctan(54.99040054 6

a
0
0 + 0.00003669792127 cos( 6
e2

0 . 0 .
— intLf3 + — intLf2
09 00

> IintPHI2 := simplify| eval N 5 :
5 Cl1+5 C2Ib+7Ro _C2m—i—5_C2mr2

[ C1=05,_C2=85,1b=04,m=15, g=9.81,Ro=0.02]

> Fm3i := % (5rmgcos(8) _C1+25rmgcos(6) _C21Ib
+35rm’gcos(8) Ro>_C2+25rm’gcos(f) C2—5mRogsin(6) _Cl
—25mRogsin(0) _C2Ib—35m?Ro’gsin(0) _C2
—25m?Rogsin(8) C2F)/(_ Cl+5 C2Ib+7Ro®_C2m

i +5 . C2mr):
> Fma3i := simplify(eval(Fm3i, [_ C1=0.5,_C2=85,1b=04, m=15, g=9.81,Ro
=0.02]));
Fm3i = - L (0.0001000000000 ( (8.6)

1.75357 10° + 6.37500 10° r?
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-2.580378256 10™° r cos(0) — 9.380812500 10" r* cos(0)
+5.16075651 10° sin(0) + 1.876162500 10%sin(0) r*))

> F3 = simplify(Fm3i + intPHI2) :

> F2 := simplify(eval(F2, [_C1=0.5,_C2=85,1b=04, m=15, g=9.81,Ro
=0.02]));
F2 := -0.0005000000000 ( 1.75357 10° &ot + 6.37500 10° &ot ¥ — 17850. rdot) 0. (8.7)

> F1 = simplify(eval( F1, [F5 =5762.204642, o.= t, v = -87.67850000 o
+ 11.11240000, 6 = 35.62080000 — 8.925000004 o!]) ;
F1 := 87.67850000 &ot o, — 11.11240000 &dot -+ 35.62080000 rdot (8.8)
— 8.925000004 rdot o
"> Fmcl = simplify( eval( Fmc1, [_C1=05,_C2=85, 1b=04,m=15, g=981,
Ro= 0.02]) ) :

> Fmcl:= simplify(eval(chl, [F5=5762.294642, o.= 0, v = -87.67850000 o
+11.11240000, o = 35.62080000 — 8.925000004 oc]) );

Fmcl := [ [ -15375.03872 o + 1948.637127 — 55895.04375 r* o + 7084.155000 ¥,  (8.9)
-3222.356483 + 1565.061225 o — 11354.13000 r* + 2844.843751 * 0.,
[ -3222.356483 + 1565.061225 o — 11354.13000 r* + 2844.843751 1 0,
635.8312800 — 159.3112501 o] |

> F3:= simplify( eval( F3, [F5=5762.294642, o.= ¢, v = -87.67850000 o
L +11.11240000, ¢ = 35.62080000 — 8.925000004 o.]) ) :
> F3 := simplify(eval(F3, [ _C1=0.5, C2=85,1b=04,m=15, g=9.81,Ro

\ 4

=0.02])):

Variables to matlab

> convert(F1, string)

"'87.67850000* 6dot *alpha-11.11240000* 06dot™ +35.62080000*rdot-8.925000004*  (9.1)
rdot*alpha™

:> convert(Fmcl, string)
"Matrix(2, 2, [[-15375.03872*alpha+1948.637127-55895.04375*r"2* 9.2)

alpha-+7084.155000%12,-3222.356483 +1565.061225*alpha-11354.13000*
(2-+2844.843751*2*alpha],[-3222.356483 4 1565.061225*
alpha-11354.13000%r"2+2844.843751*r"2*alpha,635.8312800-159.3112501*

alpha]])”

:> convert(F2, string)
"'-.5000000000e-3*(175357.* 6dot” +637500.* 0dot *r"2-17850.*rdot)*alpha™ 9.3)
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| > convert(F3, string) :

> convert(Philif, string)
"1.782827863*cos(theta-.5338712971e-1*arctan(1.906683204*r))*arctan 9.4)

(-1.732050808+-1620.526790*theta”*2-86.51527393*theta*arctan(1.906683204*
r+1.154700538*arctan(1.906683204*r)"2)-.3668223189e-3*cos
(theta-.5338712971e-1*arctan(1.906683204*r))*In(3.-4210.252101*
theta""2+224.7732750*theta*arctan(1.906683204*r)-2.999999997*arctan
(1.906683204*r)"2+-1969580.306*theta”4-210300.4785*theta™3*arctan
(1.906683204*r)+8420.504193*theta"2*arctan(1.906683204*r)"2
-149.8488499*theta*arctan(1.906683204*r)"3+.9999999980*arctan
(1.906683204*r)"4)-3.294107309*sin(theta-.5338712971e-1*arctan
(1.906683204*r))*In(1403.417367*theta2-74.92442500*theta*arctan
(1.906683204*r)+-.9999999990*arctan(1.906683204*r)"2-95.24616774*
theta+2.542459756*arctan(1.906683204*r)+1.732050808)+3.294107309*sin
(theta-.5338712971e-1*arctan(1.906683204*r))*In(1403.417367*theta"2
-74.92442500*theta*arctan(1.906683204*r)+.9999999990*arctan

(1.906683204*r)"2+4-95.24616774*theta-2.542459756*arctan(1.906683204*r)
+1.732050808)+24.46655598*sin(theta-.5338712971e-1*arctan(1.906683204*

r))*arctan(109.9808011*theta-2.935779647*arctan(1.906683204*r)
-3.732050805)+24.46655598*sin(theta-.5338712971e-1*arctan(1.906683204*r))

*arctan(109.9808011*theta-2.93577964 7*arctan(1.906683204*r)-+3.732050805)
+.7339584247e-3*sin(theta-.5338712971e-1*arctan(1.906683204*r))*

theta-.1959196681e-4*sin(theta-.5338712971e-1*arctan(1.906683204*r))*arctan

(1.906683204*r)+.1467916850e-3*cos(theta-.5338712971e-1*arctan

(1.906683204*r))*theta”2-.7836786729e-5*cos(theta-.5338712971e-1*arctan

(1.906683204*r))*theta*arctan(1.906683204*r) +.1045958874e-6*cos

(theta-.5338712971e-1*arctan(1.906683204*r))*arctan(1.906683204*r)

A2+.9999999996*F5*theta”2-.1067742595*F5*theta*arctan(1.906683204*r)

. +.2850185622e-2*F5*arctan(1.906683204*r)"2"
> Fmcl := simplify(eval( Fmcl, [F5 =5762.294642, o.= o, v = -87.67850000 o

+11.11240000, ¢ = 35.62080000 — 8.925000004 o, _C2=10.8,_C1=0.5,1b
=0.4,m=15, g=9.81,R0=0.02]));

Fmcl = [ [ -15375.03872 o, 4 1948.637127 — 55895.04375 r* o + 7084.155000 I, (9.5)
-3222.356483 + 1565.061225 o — 11354.13000 r* + 2844.843751 r 0.,
[ -3222.356483 + 1565.061225 o, — 11354.13000 r* + 2844.843751 r*
635.8312800 — 159.3112501 o] |

o is chosen very small to garanty the positive definiteness of the Fmc1 matrix
(> Fmcl := simplify(eval( Fmcl, [o=0.001]));
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1933.262088 + 7028.259956 ¥  -3220.791422 — 11351.28516 r°
Fmcl ;= (9.6)

-3220.791422 — 11351.28516 635.6719687

> convert(Fmcl, string)
"Matrix(2, 2, [[1933.262088+7028.259956*r"2,-3220.791422-11351.28516*r"2], 9.7)

[-3220.791422-11351.28516*r"2,635.6719687]])"

The control law numerical value is

> tauf := simplify(eval(F1 +F2 +F3,[_C1=0.5_C2=85,Ib=04,m=15, ¢
L =9.81,R0=0.02])) :

> tauf = simplify(eval(tauf, [F5=5762.294642, o.= 0, v = -87.67850000 o
+ 11.11240000, ¢ = 35.62080000 — 8.925000004 ¢ ]) ) :

> tauf = simplify(eval(tauf, [0 =0.001]) );
tauf := - (2.000000000 10% ( -8.109795405 102" 6° — 1.566009438 10%* rdot )

+5.000000000 107" rdot ¥ 6" — 5.000000000 10?2 &ot r* 6’
+2.500000000 10% @dot r* 6° — 1.760226417 10%! aot r* 6°
—7.222723510 10% @dot r* 6™ — 5.000000000 10™% sin(6) 6
+2.000000000 10 sin(6) 6° — 4.470452874 10 sin(6) 6°
+3,000000000 102 sin(6) 6° + 3.667843448 10% sin(6) 6"
+4.598891022 107 @ot r* 6" — 1.651715854 102 cos( 6
— 0.05338712971 arctan(1.906683204 r) ) In( -350.8543417 6 + 47.62308387 6
—1.732050808 ) + 1.839303287 10%7 sin(0
— 0.05338712971 arctan(1.906683204 r) ) In(3. — 1052.563025 6°
+1.230987691 10°60") + 1.651715855 10! cos( 6
— 0.05338712971 arctan(1.906683204 r) ) In(350.8543417 6° + 47.62308387 6
+1.732050808) -+ 5.000000000 10 sin(8) ¥ 6 — 2.500000000 10'° r* cos(8) 6°
+18.126033480 10% r cos(8) 6 — 3.845404647 10° @ arctan(1.906683204 r)
+2.500000000 102 sin(6) r*6° — 2.000000000 107 sin(8) 6"
— 1.625206697 10° sin(8) r?6° + 1.537106441 10%° adot ¥ 9
— 2.537884557 10% alot 20" +2.720751661 10%° aot > 6™
+1.638147013 102 6" + 5000000000 10%° &dot r* 6™
— 4.939490965 10% adot r* 0™ + 7.743156370 10 aot r* 6™
+1.444201541 10" adot r* 0 + 4.374546822 10% aot r* 0°
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— 2.250000000 10 @dot 6° + 2.500000000 10" rdot 6

+5.004457950 10?2 @dot r* + 5.000000000 10 sin(6) 6"

— 4560602953 10% sin(6) # 6" + 2.058817068 10% cos(6

— 0.05338712971 arctan(l 906683204 ) ) In(350.8543417 6° + 47.62308387 6
+1.732050808) 6°° — 6.176451205 10%” cos(6

— 0.05338712971 arctan(l 906683204 ) ) In(350.8543417 6° + 47.62308387
+1.732050808) 6" + 4.682363872 10%° cos( 6

— 0.05338712971 arctan(l 906683204 ) ) In(350.8543417 6° + 47.62308387
+1.732050808) 6'° — 3.229726184 10°° sin(®

— 0.05338712971 arctan(1.906683204 r) ) 6'° -+ 1.268002548 10°" sin (6
—0.05338712971 arctan(1.906683204 1)) 6~ — 4.062500000 10°° sin( 6
—0.05338712971 arctan(1.906683204 r) ) 99 —6.273057500 10*° sin (0

— 0.05338712971 arctan(1.906683204 ) ) 6" + 1.111005108 10% sin(6) 6
— 1.834357488 10 sin(6) 6" + 7.149210725 10%" sin () 6"
+5.519956695 10*! rdot ¥ 6* -+ 4.885382496 10% ot

— 4.736775320 10%° adot 6™ — 2.763680375 10%° @ot 6™ + 5.778605565 102 6
— 5.262360750 107 @&dot6° — 1.687987106 10° adot 6°

+6.250022940 10™ sin (6 — 0.05338712971 arctan(1.906683204 r) ) ©
+1.790065221 10%* @ot ¥ — 9.005547060 10™* cos( 6

— 0.05338712971 arctan(1.906683204 r) ) 6° + 5.000000000 102 r cos(6) 6’
— 4500000000 10% rcos(6) ' — 2.019496676 10°° ¥ cos(6) 6°

— 5.555025545 10%* r cos(6) 6° + 2.228534829 102 sin (6

— 0.05338712971 arctan(1.906683204 r) ) arctan( -1.732050808
+405.1316975 0°) 6 -+ 3.342802244 10% sin( 6

— 0.05338712971 arctan(1.906683204 r) ) arctan ( - 1.732050808
+405.1316975 6°) 0" + 8.667447530 10%7 sin(®

—0.05338712971 arctan(1.906683204 r) ) arctan( -1.732050808
+405.1316975 6°) 0" + 3.342802244 107 sin (6

— 0.05338712971 arctan(1.906683204 r) ) arctan( -1.732050808

|_\

2
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+405.1316975 6°) 0" — 2.534176331 10%° sin (6

— 0.05338712971 arctan(1.906683204 r) ) arctan( -1.732050808
+405.13169756°) 0 — 1.114267414 10° sin(®

— 0.05338712971 arctan(1.906683204 r) ) arctan( - 1.732050808
+405.13169756°) 0 + 1.254566984 10° sin (6

—0.05338712971 arctan(1.906683204 r) ) arctan( -1.732050808
+405.1316975 6°) ©° + 3.088713030 102 sin (6

— 0.05338712971 arctan(1.906683204 r) ) arctan( -1.732050808
+405.1316975 0°) 6° — 7.676126000 10> sin (6

— 0.05338712971 arctan(1.906683204 r) ) arctan( - 1.732050808
+405.1316975 0°) 6 + 1.647053654 10° cos( 0

— 0.05338712971 arctan(1.906683204 r) ) In(350.8543417 6 + 47.62308387 6
+1.732050808 ) 6° + 2.058817068 10" cos( 6

— 0.05338712971 arctan(1.906683204 r) ) In(350.8543417 6 -+ 47.62308387 6
+1.732050808) © + 1.491044050 102" cos(

— 0.05338712971 arctan(1.906683204 r) ) In(350.8543417 6° + 47.62308387 6
+1.732050808) 6" — 2.341738230 10** cos(6

— 0.05338712971 arctan(l 906683204 ) ) In(350.8543417 6° + 47.62308387
+1.732050808) 0" + 2.510472020 10% cos(

— 0.05338712971 arctan(l 906683204 ) ) In(350.8543417 6° + 47.62308387 6
+1.732050808) 6'° — 4.117634138 10%° cos(6

—0.05338712971 arctan(l 906683204 1) ) In(350.8543417 0 + 47.62308387 6
+1.732050808) 6 — 6.176451205 10%° cos(e

— 0.05338712971 arctan(l 906683204 ) ) In(350.8543417 6° + 47.62308387
+1.732050808) 0" — 1.601472742 1038 cos( 6

— 0.05338712971 arctan(l 906683204 ) ) In(350.8543417 6° + 47.62308387
+1.732050808) 0" — 2.607692364 10%° sin(

— 0.05338712971 arctan(1.906683204 ) ) In(3. — 1052.563025 6°
+1.230087691 10°6") 6'° + 2795589462 10% sin (6
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— 0.05338712971 arctan(1.906683204 r) ) In(3. — 1052.563025 6
+1.230987691 10°6") 6' + 3.125000000 10%° sin (6

— 0.05338712971 arctan(1.906683204 1)) 6" — 5.000000000 10% sin () ¥
+4,038993350 10% sin(6) 26" + 5.000000000 10% sin(8) ¥ 6"
— 6.926304495 10% @lot 8™ + 2.220227018 10" rdot 6™

— 2.380205328 10%° rdot 6™ + 3.561187500 10% rdot 6

— 5.344281250 10% rdot 0™ + 7.425378905 10 @dot 6™

— 6.667113940 10% r* cos(8) 0'° — 1.833921724 102 r cos(8) 0"
— 2000000000 10% r cos(6) 6* + 3.334349065 10> 1 cos(6) 6"
+5.000000000 102 sin(6) 26’ — 6.668698135 10% sin(8) ¥ 6"
— 2.352389072 10° sin (0 — 0.05338712971 arctan(1.906683204 r
— 3.125000000 10%° sin (6 — 0.05338712971 arctan(1.906683204 r
+3.672989381 10% sin (6 — 0.05338712971 arctan (1.906683204 r
+ 1.250000000 10?2 sin(® — 0.05338712971 arctan(1.906683204 r
+5.234217095 10°° sin (0 — 0.05338712971 arctan(1.906683204 r
+8.925899105 102 cos( 0 — 0.05338712971 arctan (1.906683204 r)
— 3.217540288 10°° cos(® — 0.05338712971 arctan(1.906683204 r
+1.257313590 10°7 cos(0 — 0.05338712971 arctan(1.906683204 r

( 6
(
(
(
(
(
(
(
+1.803402052 10 cos(® — 0.05338712971 arctan (1.906683204 )
(
(
(
(
(
(
(

0
0

0
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e16
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()]
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11
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0
0
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e18
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— 3.125000003 107 sin (6 — 0.05338712971 arctan(1.906683204 r
+ 8.932240930 10 sin (0 — 0.05338712971 arctan(1.906683204 r
— 5.216375930 10>* sin(0 — 0.05338712971 arctan(1.906683204 r
— 2.293620080 10°* sin(6 — 0.05338712971 arctan(1.906683204 r
+1.148521622 10" cos(0® — 0.05338712971 arctan(1.906683204 r
— 2.107067714 10°® cos(© — 0.05338712971 arctan(1.906683204 r)
+ 4585278988 10 cos(® — 0.05338712971 arctan(1.906683204 r
— 4.585278988 10" sin(© — 0.05338712971 arctan(1.906683204 r) ) In(3.
— 1052563025 6° + 1.230987691 10°6") 6° — 6.877918475 102 sin (6
— 0.05338712971 arctan(1.906683204 r) ) In(3. — 1052.563025 6

17
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15
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+1.230987691 10°6") 6'* — 1.783354000 10 sin (6

— 0.05338712971 arctan(1.906683204 r) ) In(3. — 1052.563025 6
+1.230987691 10°6") 6** — 6.877918475 102 sin (6

— 0.05338712971 arctan(1.906683204 ) ) In(3. — 1052.563025 6°
+1.230087691 10°6") 6*° + 5.214145785 10%° sin( 6

— 0.05338712971 arctan(1.906683204 r) ) In(3. — 1052.563025 6
+1.230987691 10°6") 6'° + 2.292639493 10%° sin (6

— 0.05338712971 arctan(1.906683204 r) ) In(3. — 1052.563025 6
+1.230987691 10°6") 6*° — 2.581310175 102 sin (6

— 0.05338712971 arctan(1.906683204 ) ) In(3. — 1052.563025 6°
+1.230987691 10°6") 6° — 6.355122100 10% sin( 6

— 0.05338712971 arctan(1.906683204 r) ) In(3. — 1052.563025 6
+1.230987691 10°6") 0 + 1579386546 10°° sin( 6

— 0.05338712971 arctan(1.906683204 r) ) In(3. — 1052.563025 6
+1.230987691 10°6") 6 + 1.223327799 107 cos(6

— 0.05338712971 arctan(1.906683204 r) ) arctan (54.99040054 6
—3.732050805) 6 + 1.529159749 10™ cos(6

— 0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
— 3.732050805) 6 + 1.107453682 10°° cos( 0

—0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
—3.732050805) 6 — 1.739295782 10% cos(6

— 0.05338712971 arctan(1.906683204 r) ) arctan (54.99040054 6
—3.732050805) 6'° + 1.864620622 10°" cos(6

— 0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
—3.732050805) 6" — 3.058319498 10%* cos( 6

—0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
—3.732050805) 6 — 4587479247 10 cos( 6

— 0.05338712971 arctan(1.906683204 r) ) arctan (54.99040054
—3.732050805) 6" + 2.752344093 10%° cos(6
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— 0.05338712971 arctan(1.906683204 1)) 6'° + 1.834111594 10" sin (6

— 0.05338712971 arctan(1.906683204 r) ) In(3. — 1052.563025 6
+1.230987691 10°60") 6 + 2.292639493 10% sin (6

— 0.05338712971 arctan(1.906683204 ) ) In(3. — 1052.563025 6°
+1.230987691 10°6") 6 + 1.660383784 102 sin (6

— 0.05338712971 arctan(1.906683204 r) ) In(3. — 1052.563025 6
+1.230987691 10°6") 6" — 2.318046715 10 cos(6

— 0.05338712971 arctan(1.906683204 r) ) In(350.8543417 6 -+ 47.62308387 6
+1.732050808) 6° — 5.706973945 10 cos( 6

— 0.05338712971 arctan(1.906683204 r) ) In(350.8543417 6° + 47.62308387 6
+1.732050808) 6 -+ 1418307583 10°2 cos(6

— 0.05338712971 arctan(1.906683204 r) ) In(350.8543417 6 + 47.62308387 6
+1.732050808 ) 6° — 1.647053654 10'® cos(

— 0.05338712971 arctan(1.906683204 r) ) In( -350.8543417 6° + 47.62308387 6
—1.732050808) 6° — 2.058817067 10*° cos( 6

— 0.05338712971 arctan(1.906683204 r) ) In( -350.8543417 6° + 47.62308387 6
—1.732050808) © — 1.491044049 10%’ cos( 0

— 0.05338712971 arctan(1.906683204 r) ) In( -350.8543417 6 + 47.62308387 6
—1.732050808 ) 6" + 2.341738228 10** cos( 6

—0.05338712971 arctan(l 906683204 ) ) In( -350.8543417 6° + 4762308387
—1.732050808) 6" — 2.510472019 10% cos(6
—0.05338712971 arctan(l 906683204 1) ) In( -
— 1.732050808) 6'° -+ 4.117634134 107 cos(6
—0.05338712971 arctan(l 906683204 1)) In( -
—1.732050808) ©° -+ 6.176451200 102 cos( 0
—0.05338712971 arctan(l 906683204 1)) In( -
— 1.732050808) 6" + 1.601472741 1038 cos( 0
—0.05338712971 arctan(l 906683204 1) ) In( -
— 1.732050808) 6" + 6.176451200 10%" cos(6

350.8543417 0° + 47.62308387 0
350.8543417 0 + 47.62308387 0
350.8543417 6 + 47.62308387 0

350.8543417 6 +47.62308387 6
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— 0.05338712971 arctan(l 906683204 1) ) In( -350.8543417 6” -+ 47.62308387
— 1.732050808) 6" — 4.682363869 10°° cos(6
— 0.05338712971 arctan(l 906683204 1) ) In( -
—1.732050808) 6" — 2.058817067 10% cos( 6
—0.05338712971 arctan(l 906683204 1)) In( -
— 1.732050808) 6" + 2.318046714 102 cos( 0
— 0.05338712971 arctan(1.906683204 ) ) In( -
— 1.732050808) 6 + 5.706973945 10%° cos( 0
— 0.05338712971 arctan (1.906683204 r) ) In(
— 1.732050808 ) ©° + 6.259651110 10%° cos(
— 0.05338712971 arctan(1.906683204 ) ) 6'' — 1.254484160 10% sin(6) 6"
+1.333422788 10" sin(0) P 6'° — 2.784933059 10%° arctan (1.906683204 ) 6
+9.171787435 10%° r cos(6) 6 — 9.832659965 10% r cos(6) 6"

— 1.418307582 10% cos(® — 0.05338712971 arctan(1.906683204 ) ) In(
-350.8543417 6° + 47.62308387 6 — 1732050808 ) ©° — 1.358710888 10°° sin (6
— 0.05338712971 arctan(1.906683204 r) ) arctan - 1732050808
+405.13169756°) 6"~ — 8.914139310 10'° sin (6

—0.05338712971 arctan(1.906683204 r) ) arctan( -1.732050808

+405.1316075 6°) ©° — 1.114267414 10™ sin (6

— 0.05338712971 arctan(1.906683204 r) ) arctan( -1.732050808

+405.1316975 0°) 6 — 8.069788345 10%° sin (6

— 0.05338712971 arctan(1.906683204 r) ) arctan - 1732050808
+405.13169756°) 6" -+ 1.267389241 10%* sin (6

—0.05338712971 arctan(1.906683204 r) ) arctan( -1.732050808

+405.1316075 6°) 0" — 1.189473166 10%° cos(

—0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
—3.732050805) 6" — 4587479247 102 cos(0

— 0.05338712971 arctan(1.906683204 r) ) arctan (54.99040054
—3.732050805) 6'° — 8.257032275 107 cos(6

350.8543417 0 + 47.62308387 0

350.8543417 6 + 47.62308387 0

350.8543417 62 +47.62308387 0

~350.8543417 0~ + 47.62308387 0
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— 0.05338712971 arctan(1.906683204 1)) 6 + 2500000000 10% r cos(6) 6°
— 4000000000 102 r cos(6) 6" — 3.574605363 10%° 1 cos(8) 0"

— 1500000000 107 sin(8) 6" + 2.137037500 10%’ rdot 26’

— 3.561437500 10% rdot ¥ 6" — 6.664832900 10%° @&lot 2 6°

+1.094972150 102 @dot 26" + 8.071503985 10> rdot ¥ 6™

— 8.653095670 10®° rdot ¥ 6'° — 1344712564 10%° rdot 6°

+1.958903125 102 rdot 6 + 1.293841177 10% sin(6)

+5.074563335 10* @lot 28" + 5.562360750 10% adot ¥ 6™

+5.762294640 10° 0" + 1.226790588 10 cos(

— 0.05338712971 arctan(1.906683204 r) ) arctan (54.99040054 6 — 3.732050805 )
— 8.939371950 107 sin (@ — 0.05338712971 arctan (1.906683204 r) ) arctan
~1.732050808 + 405.1316975 6°) + 1.167981879 102 sin(6) 6
+1.966531992 10%" sin(6) 6~ — 1.815799177 102 sin(6) 6°

+5.000000000 10% adot r* 6™ + 2.500000000 10 ot r* 6

+1.226790588 10% cos( 0

— 0.05338712971 arctan(1.906683204 r) ) arctan (54.99040054 6 + 3.732050805 )
+6.272420795 10% r cos(6) 6" + 2280301475 10" * cos(6) 6

— 5.000000000 10% 3 cos(8) 6™ — 2123064514 10% r* cos(6) 6
+9.078995890 10%° r cos(6) 6° + 4.246129026 102 sin(6) r* 6"

— 5000000000 10" r cos(6) 6 — 6.601230490 10%° sin () 6

— 5839909400 10% r cos(6) 6" + 3.300615248 107" r° cos(0) 6°
+2.235226439 10% r cos(6) 6° +5.000000000 102" r cos(8) 6’
+5.000000000 10%  cos(8) 6 + 1.641208225 10% &lot 6™

+1.518373406 10*! rdot 6*" + 8.905468750 10%° rdot 6"

— 1.908258125 10%° sin (6 — 0.05338712971 arctan (1.906683204 ) ) 6
+1.153621394 10% arctan (1906683204 r) 6'* + 1.780093750 10% rdot r 6’
+1.783093750 10%* rdot ¥ 6" — 5.362360750 102 &ot * 6’

— 1.089972150 10%° @&lot 6 — 2.351841528 10%* 3 cos(6)

— 1.440573660 1077 6" — 2.160860489 102 6 + 4.962015753 10%° 6°
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—9.017120355 10%° cos(© — 0.05338712971 arctan(1.906683204 r 2

) ©
— 1907656678 10%° cos(© — 0.05338712971 arctan(1.906683204 1) ) 6
— 2.349420562 10*! cos(© — 0.05338712971 arctan(1.906683204 1) ) ©
) ®
) ©

(
3
(
(
+3.665175788 10°° cos(® — 0.05338712971 arctan (1.906683204 r
(
(

-

[{e}

+9.038359330 102 cos( — 0.05338712971 arctan(1.906683204 r) ) ©°

+3.477765203 10" cos(
— 0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
—3.732050805) 6'° + 1.529159749 10°° cos(6

— 0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
—3.732050805) 6" — 1.721699216 102 cos(
—0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
—3.732050805) 6° — 4.238781088 10%° cos( 6

— 0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
—3.732050805) 6 + 1053429613 10°° cos(6

— 0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
—3.732050805) ©° + 1.223327799 107 cos( 6

—0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
+3.732050805) 6° + 1529159749 10 cos(6

— 0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
+3.732050805) 6 + 1.107453682 10%° cos( 0

— 0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
+3.732050805) 6" — 1.739295782 10%° cos( 6

—0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
+3.732050805) 6" + 1.864620622 10> cos(0

— 0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
+3.732050805) 6'° — 3.058319498 102 cos(6

— 0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
+3.732050805) ©° — 4.587479247 10% cos( 6

—0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
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+3.732050805) 6" — 1.189473166 10%° cos( 6

—0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
+3.732050805) 6" — 4587479247 102 cos(0

— 0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
+3.732050805) 6°° + 3.477765203 10° cos(6

— 0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
+3.732050805) 0" + 1.529159749 10% cos( 6

—0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
+3.732050805) 6" — 1.721699216 10% cos(0

— 0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
+3.732050805) 6 — 4.238781088 10°° cos(6

— 0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
+3.732050805) 6° + 1.053429613 10% cos( 6

—0.05338712971 arctan(1.906683204 r) ) arctan(54.99040054 6
+3.732050805) 6° — 6.469205885 102 r cos( ) -+ 1.384931822 10* aot 6™°
+1.646208225 10%2 @ot 6 — 7.149650760 102 @ot r* 6°

+ 2.500000000 1027 @dot r* 6° — 1.735613694 10** @lot 26"
—1.613917310 10* rdot 2 0™ — 1.780593750 10°° rdot 26"
—8.192681280 10% ™" — 2.160860489 10> ™ + 8.783004380 10% 6™
+7.202868300 1032 0 — 5.602827675 10* 0™

— 3.085031654 102 arctan(1.906683204 r) + 4.195016366 10> &ot 6

— 5.988506825 102 @dot 6 + 7.202868300 10'° 6° + 1.812102485 102 sin (0
— 0.05338712971 arctan(1.906683204 r) ) — 4.888622978 10 rdot 2 6°
+4.703683056 107 sin(6) ¥ — 5.487360750 10°* alot 2 6°
+8.902968750 10%° rdot r* © — 3.563687500 10° rdot 26"

+1.967079942 10% rdot r* 0° + 4.329586998 102 6~ arctan (1.906683204 r)
+1.812104329 10%® cos(© — 0.05338712971 arctan(1.906683204 ) ) 6
+1.780093750 10 rdot © + 1.780593750 108 rdot ©°

+5.410842940 103 rdot 6° — 5.342531250 10 rdot 6
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— 4.439399179 10* rdot 0™ + 1.153621394 10°° arctan(1.906683204 ) 6™

— 3.000000000 102 sin(6) 26" +5.216487700 10% 6° — 1.996611664 103 6’
+2.991188879 10%° arctan (1.906683204 r) 6"

—3.076323717 108 6° arctan (1.906683204 r)
— 8.745596720 10*" arctan(1.906683204 1) 6
— 3.845404647 10°" arctan (1.906683204 1) 6

+1.065933660 10°2 arctan (1.906683204 1) 6

— 2.649077790 10** arctan (1.906683204 1) 6

+4.373837387 10%° arctan(1.906683204 r) 6'° — 2.512208622 10° @ot ¥ 6°
+1.615935386 10%° aot 26" — 5.693134670 10 rdot r2

— 6.856230640 10%° @dot 6° + 4.410153532 102 ot 6"

+2.197764843 107 rdot 6 — 1413674786 10°° rdot 6

— 5537360750 10° @dot 6 -+ 7.989844080 1077 rdot r 6

— 5.139331055 10% rdot ¥ 6" — 2.756180375 10™° &lot 2 6

+1.102472150 10 adot 2 6° — 6.184995780 10% alot 0’

+7.690809295 102 arctan (1.906683204 1) 6

_ 4688993945 10% arctan (1.906683204 1) 6'2) ) / ((1.75357 10°

+6.37500 10° ) (4.000000001 10° — 1.403417368 10'2 6°

+1.641316923 10 6") (4.385679270 10™° 6° -+ 5.952885485 10° 6
+2.16506351 10°) (4.385679270 10'° 6° — 5.952885485 10° 6
+2.16506351 10°) (1.20000 10° — 4.2102521 107 6°

+4.923950764 10°0") (1.492820321 10° + 3.023944152 10 §°

— 4104539372 101 ) (1.492820321 10° + 3.023944152 10" §°

+4.104539372 10 9) )

il“he potential numerical value is
> phif :== PhiGraph;
phif := 1.782827863 cos(6 — 0.05338712971 arctan(1.906683204 r) ) arctan( 2)

-1.732050808 + 1620.526790 92 —86.51527393 0 arctan(1.906683204 r)
+ 1.154700538 arctan(1.906683204 r)z) —0.0003668223189 cos( 0

— 0.05338712971 arctan(1.906683204 ) ) In(3. — 4210.252101 6°
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+224.7732750  arctan (1.906683204 r) — 2.999999997 arctan (1.906683204 r)?
+1.969580306 10° 6" — 2.103004785 10° 6 arctan (1.906683204 r)

+ 8420.504193 92 arctan(1.906683204 r)2

— 149.8488499 6 arctan (1.906683204 r)°

+0.9999999980 arctan (1.906683204 r)*) — 3.294107309 sin (6

— 0.05338712971 arctan(1.906683204 r) ) In(1403.417367 6°

— 74.92442500 6 arctan(1.906683204 r) -+ 0.9999999990 arctan (1.906683204 r)2
— 95.24616774 © + 2.542459756 arctan(1.906683204 r) + 1.732050808 )
+3.294107309 sin (6

— 0.05338712971 arctan(1.906683204 r) ) In(1403.417367 6~

— 74.92442500 6 arctan(1.906683204 r) -+ 0.9999999990 arctan (1.906683204 )2
+95.24616774 0 — 2.542459756 arctan(1.906683204 r) + 1.732050808 )

+ 24.46655598 sin (6

— 0.05338712971 arctan(1.906683204 r) ) arctan(109.9808011 6

— 2.935779647 arctan(1.906683204 r) — 3.732050805) -+ 24.46655598 sin ( 6
—0.05338712971 arctan(1.906683204 r) ) arctan(109.9808011 6

— 2.935779647 arctan (1906683204 r) + 3.732050805) -+ 0.0007339584247 sin (6

—0.05338712971 arctan(1.906683204 r) ) 6 — 0.00001959196681 sin( 6
—0.05338712971 arctan(1.906683204 r) ) arctan(1.906683204 r)
+0.0001467916850 cos( 6 — 0.05338712971 arctan(1.906683204r) ) 6
—0.000007836786729 cos( 0

—0.05338712971 arctan(1.906683204 r) ) 0 arctan(1.906683204 r)
+1.045958874 10 cos( 6

— 0.05338712971 arctan(1.906683204 r) ) arctan(1.906683204 r)2

2
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%N NNNAN%N%%%%%  A-4 BALL AND BEAM SIMULATION  %%%%%%%%%%%%%%
0096969969969 %6%%%%% B_B_Nonlinear_Sys.m %6%6%6%6%6%%6%6%6%%6%%6%
%%

function dxdt = B_B_NonLinear_Sys(u)

%% Main Vectors

theta = u(®); % feedback array
r = u(2);
thetadot = u(3);
rdot = u(4);

%% Generalized quantities
q = [theta r]"; % Generalized coordinates
qdot = [thetadot rdot]"; % Generalized velocities

%% Physical parameter values

Ro = 0.02; % meters - radius of ball
Ib = 0.4; % kg m"2 - inertia of beam
m = 1.5; % kg - mass of ball

g = 9.81; % m/sec”2 - acceleration of gravity
%% Linear model parameters

C2 = 8.5;

C1 = 0.5;

F5 = 5762.294642;

alpha = 0.001;

nu = -87.67850000*alpha+11.11240000;

sigma = 35.62080000-8.925000004*alpha;

%% The G, M, C, P and KD matrices
%gravity terms
G = [m*g*r*cos(theta)-...
m*g*Ro*sin(theta); m*g*sin(theta)];
%mass matrix
mass = [1b+7/5*m*RoN2+m*r"2 . ..
7/5*m*Ro; -7/5*m*Ro 7/5*m];
%centripetal and coriolis forces matrix
C = [m*r*rdot, m*r*thetadot; -m*r*thetadot, 0];
%% FMC

KD =v
[5*C1*1b+7*C1*M*RoN2+5*C1*M*r"2+25*C2* 1b"2+70*C2* Ib*m*R0oN2+50*C2* I b*m*r"2+49* ¢
C2*mN2*RoNM+ . . .
70*C2*mA2*RON2*FN2+25*C2*mA2* N4, -7* ¢
(C1+5*C2*Ib+7*R0oN2*C2*m+5*C2*m*r"2) *m*Ro; -7*(C1+5*C2*Ib+. . .
7*RON2*C2*m+5*C2*m*r"2)*m*Ro, 7*(7*RoN2*C2*m+C1)*m] ;

P = KD*inv(mass);
DETP = det(P);
%% SMC
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% Kv Matrix

Kv = [alpha*(5*C1+25*C2*1b+35*R0o"N2*C2*m+25*C2*m*r"2)"2,-35*alpha* ¢
(6*C1+25*C2*1b+35*RoN2*C2*m+. . .

25*C2*m*r~2)*C2*m*Ro; -35*al pha* ¢
(6*C1+25*C2*1b+35*R0oN2*C2*m+25*C2*m*r"2)*C2*m*Ro , 1225*al pha*C2/"2*m~"2*Ro"2] ;

%% Evaluating the control law

%FMC input
F1 = 87.67850000*thetadot*alpha-11.11240000*thetadot+35. ¥
62080000*rdot-8.925000004*rdot*alpha ;

%SMC input
F2 = -5*/
(thetadot*Cl+5*thetadot*C2* I b+7*thetadot*C2*m*Ro"2+5*thetadot*C2*m*r"2- v
7*C2*m*Ro*rdot)*alpha ;
%TMC input
F3 = -.1000000000e39*(.3845404647e21*atan(1.906683204*r)*theta™9+. ¢
3678606574el2*sin(theta-. ..
.5338712971e-1*atan(1.906683204*r))*log(3.-1052.563025 ¢
*thetan2+123098.7691*theta™4)-.3303431709el6*cos(theta-...
.5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta”2- ¢
47 .62308387*theta+1.732050808)+.2453581176el7*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta- ¥
3.732050805)-.1000000000e24*sin(theta)*theta™13-. ..
.3000000000e12*sin(theta)*theta”3-.1000000000e15*sin(theta) v
*thetan5-.3668714974e30*sin(theta)*theta™10+. ..
.1200000000e20*sin(theta)*theta”9-.5000000000e17*sin(theta) ¢
*thetan7+.3624208657e18*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*theta-.3202945482e33*cos ¥
(theta-.5338712971e-1*atan(1.906683204*r))*10g(350.8543417*thetan™2+ . ..

47.62308387*theta+1.732050808)*theta™14-.8235268275e15*cos(theta-

-5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta2+. ..
47.62308387*theta+1.732050808)*theta7-.1141394790e25*cos(theta-.
5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta™2+. ..
47.62308387*theta+1.732050808)*theta”6+.2836615166e27*cos(theta-.
5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta™2+. ..
47.62308387*theta+1.732050808)*theta”8+.1235290241el4*cos(theta-.
5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta™2+. ..
47.62308387*theta+1.732050808)*theta5-.4636093434e19*cos(theta-.
5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta™2+. ..
47.62308387*theta+1.732050808)*theta™2+.4117634136e24*cos(theta-.
5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta™2+. ..

v

v

v

v

v

v

47.62308387*theta+1.732050808)*theta”15+.5020944041e31*cos(theta- ¢

.5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta™2+. ..

47.62308387*theta+1.732050808)*theta™12+.2214907366e23*cos(theta- ¢

.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta- . . .

3.732050805)*theta™4+.6955530406e35*cos(theta-.5338712971e-1*atan ¢

(1.906683204*r))*atan(54.99040054*theta-3.732050805)*thetan16+. . .

.6116638995e23*cos(theta-.5338712971e-1*atan(1.906683204*r))*atan ¥

(54 .99040054*theta-3.732050805)*theta™13-. . .
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.3478591564e30*cos(theta-.5338712971e-1*atan(1.906683204*r))*atan ¥
(54.99040054*theta-3.732050805)*theta™10-. . .
.1529159749e20*cos(theta-.5338712971e-1*atan(1.906683204*r))*atan ¢
(54.99040054*theta-3.732050805)*thetan9-. . .
.1223327799e22*cos(theta-.5338712971e-1*atan(1.906683204*r))*atan ¥
(54.99040054*theta-3.732050805)*theta™1l-. ..
.2378946331e34*cos(theta-.5338712971e-1*atan(1.906683204*r))*atan v
(54.99040054*theta-3.732050805)*thetan1l4- . ..
.6116638995e16*cos(theta-.5338712971e-1*atan(1.906683204*r))*atan ¥
(54.99040054*theta-3.732050805)*thetan7+. . .
.1440573660e28*theta™16+.1756600876e35*theta™13-. ¢
7202868297e22*theta™10+.9924031511e30*thetan9-.1638536256e33*theta™11l+. ..
625000000. *sin(theta-.5338712971e-1*atan(1.906683204*r))*theta- ¥
1801114918 .*cos(theta-.5338712971e-1*atan(1.906683204*r))*theta™2+. ..
.7335686894e35*sin(theta)*theta”16+.8492258060e23*sin(theta) v
*rn2*theta™4-.1320246099e21*sin(theta)*r"2*theta™2+. ..
.1815799179e22*r*cos(theta)*theta”2-.1167981880e25*r*cos(theta) ¥
*theta™4+.6601230494e22*r*3*cos(theta)*theta™2-...
.3250413394e26*sin(theta)*r*2*theta”6+.8077986701e28*sin(theta) ¥
*r~2*theta”8+.2000000000e19*r*cos(theta)*thetan7+. ..
.1000000000e11*r*cos(theta)*theta+2000000000.*sin(theta) ¥
*r~2*theta-.2000000000e15*sin(theta)*r"2*thetans-. ..
.1000000000e13*sin(theta)*r2*theta”3+.1000000000e14*r*cos(theta) ¥
*thetan3+.1000000000el7*r*cos(theta)*thetan5+. ..
.1000000000e18*sin(theta)*r"2*theta”™7-.1333739626e31*sin(theta) ¢
*r~"2*theta”10+.2000000000e20*sin(theta)*r"2*thetan™9-. ..
.3000000000e17*r~3*cos (theta)*theta”5+.1834357487e32*r*cos(theta) ¥
*thetan10+.6668698128e32*r"3*cos(theta)*theta™10-. ..
.2000000000e22*r"3*cos(theta)*thetan9-.9121205900e34*sin(theta) ¥
*rn2*theta”™14-.1000000000e24*sin(theta)*r"2*theta™13+. ..
.2587682354e17*sin(theta)+.2881147320e26*theta”14+. ¢
5982377759e35*atan(1.906683204*r)*thetan14+.1046843419e31*sin(theta-. ..
.5338712971e-1*atan(1.906683204*r))*theta”16-.4587240159e19*sin ¢
(theta-.5338712971e-1*atan(1.906683204*r))*theta™17-. ..
.1254611546e32*sin(theta-.5338712971e-1*atan(1.906683204*r)) ¥
*thetan14+.1250000000e18*sin(theta-. . .
.5338712971e-1*atan(1.906683204*r))*theta”7-.4704778144e26*sin ¢
(theta-.5338712971e-1*atan(1.906683204*r))*theta™6+. ..
.7345978756e28*sin(theta-.5338712971e-1*atan(1.906683204*r)) ¢
*thetan8+.1250001376el6*sin(theta-. ..
.5338712971e-1*atan(1.906683204*r))*theta”5+.1875000000e13*sin ¢
(theta-.5338712971e-1*atan(1.906683204*r))*thetan3+. ..
.2536005094e32*sin(theta-.5338712971e-1*atan(1.906683204*r)) ¥
*thetan12-.6459452369e30*sin(theta-. ..
.5338712971e-1*atan(1.906683204*r))*theta”10+.1733489506e33*sin ¥
(theta-.5338712971e-1*atan(1.906683204*r))*atan(-1.732050808+. ..
405.1316975*theta”2)*theta”14+.4457069658e15*sin(theta-. ¢
5338712971e-1*atan(1.906683204*r))*atan(-1.732050808+. ..
405.1316975*theta”2)*theta’7+.6177426062e24*sin(theta-. ¥
5338712971e-1*atan(1.906683204*r))*atan(-1.732050808+. . .
405.1316975*theta”2)*theta”6-.1535225201e27*sin(theta-. ¢
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5338712971e-1*atan(1.906683204*r))*atan(-1.732050808+. ..
405.1316975*theta”2)*theta”8-.6685604488e13*sin(theta-. ¢
5338712971e-1*atan(1.906683204*r))*atan(-1.732050808+. . .
405.1316975*theta”2)*theta”5+.2509133970e19*sin(theta-. ¢
5338712971e-1*atan(1.906683204*r))*atan(-1.732050808+. . .
405.1316975*theta”2)*thetan2-.2228534829e24*sin(theta-. ¢
5338712971e-1*atan(1.906683204*r))*atan(-1.732050808+. . .
405.1316975*theta”2)*theta”15-.2717421776e31*sin(theta-. ¥
5338712971e-1*atan(1.906683204*r))*atan(-1.732050808+. . .
405.1316975*theta”2)*theta”12+.3320767568e18*sin(theta-. ¢
5338712971e-1*atan(1.906683204*r))*10og(3.-1052.563025*thetan2+. ..
123098.7691*theta™4)*theta™4+.1042829157e31*sin(theta-. ¢
5338712971e-1*atan(1.906683204*r))*10g(3.-1052.563025*thetan2+. ..
123098.7691*theta™4)*theta™16+.9170557975e18*sin(theta-. ¢
5338712971e-1*atan(1.906683204*r))*1og(3.-1052.563025*theta™2+. ..
123098.7691*theta™4)*theta”13-.5215384728e25*sin(theta-. ¢
5338712971e-1*atan(1.906683204*r))*1og(3.-1052.563025*theta™2+. ..
123098.7691*theta™4)*theta™10-.2292639493el15*sin(theta-. ¢
5338712971e-1*atan(1.906683204*r))*1og(3.-1052.563025*theta™2+. ..
123098.7691*theta™4)*theta”9-.1834111594el17*sin(theta-. ¢
5338712971e-1*atan(1.906683204*r))*1og(3.-1052.563025*thetan2+. ..
123098.7691*theta™4)*theta™11-.7690809294e26*atan(1.906683204*r) ¢
*thetan15-.5569866119e24*atan(1.906683204*r)*theta™-. ..
.1749119343e37*atan(1.906683204*r)*theta™16-.1538161859e25*atan ¥
(1.906683204*r)*thetan™N13+. ..
.3076323717e23*atan(1.906683204*r)*theta™11+.1254484159e36*r*cos ¥
(theta)*theta™14+.4560602950e36*r"3*cos(theta)*theta™1l4-. ..
.1000000000e26*r~3*cos(theta)*theta”13-.4246129029e25*r~3*cos ¥
(theta)*theta™4-.1111005109e30*r*cos(theta)*thetan8+...
.1625206696e28*r"3*cos(theta)*theta”6-.4038993351e30*r"3*cos ¥
(theta)*thetan8+.1785179822e24*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*theta”5-.6435080575e30*cos ¢’
(theta-.5338712971e-1*atan(1.906683204*r))*theta™11-. ..
.1805727720e20*cos(theta-.5338712971e-1*atan(1.906683204*r)) ¥
*thetan10-.1808014854e22*cos(theta-. . .
.5338712971e-1*atan(1.906683204*r))*theta™12-.4698841125e26*cos ¢
(theta-.5338712971e-1*atan(1.906683204*r))*thetan7+. ..
.7330351569e28*cos(theta-.5338712971e-1*atan(1.906683204*r)) ¥
*thetan9-.3815313354e21*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*theta”3+.2514627181e32*cos ¥
(theta-.5338712971e-1*atan(1.906683204*r))*theta™13-. ..
.4214135429e31*cos(theta-.5338712971e-1*atan(1.906683204*r)) ¥
*thetan15+.9187072038el2*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*theta”6-2292639493.*cos ¥
(theta-.5338712971e-1*atan(1.906683204*r))*theta™4+. ..
.1786448188e24*sin(theta-.5338712971e-1*atan(1.906683204*r)) ¥
*thetan4+.1251930222e31*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*theta™17+.1100937638e19*cos ¥
(theta-.5338712971e-1*atan(1.906683204*r))*theta™1l4- . ..
.1100937638e12*cos(theta-.5338712971e-1*atan(1.906683204*r)) ¥
*thetan8+.5504688186e20*cos(theta-. ..
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.5338712971e-1*atan(1.906683204*r))*theta™16-.1043275186e30*sin ¢
(theta-.5338712971e-1*atan(1.906683204*r))*thetan™18-. ..
.3993223329e28*thetan7+.4321720978el17*thetan6-. ¢
2881147320e19*theta”8+.1043297540e26*thetan5-.3816516251e21*sin(theta- . ..
.5338712971e-1*atan(1.906683204*r))*theta”2+.3303431709e16*cos ¥
(theta-.5338712971e-1*atan(1.906683204*r))*10g(350.8543417*thetan2+. ..
47.62308387*theta+1.732050808)+.2453581176el7*cos(theta-. v
5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3.732050805)- . ..
.6170063307e18*atan(1.906683204*r)-.1787874390el6*sin(theta-. ¥
5338712971e-1*atan(1.906683204*r))*atan(-1.732050808+. . .
405.1316975*theta”2)+.1155721113e20*theta+. ¢
8659174001e21*theta2*atan(1.906683204*r)-.1120565535e37*theta™15+. . .
.3624204971e18*sin(theta-.5338712971e-1*atan(1.906683204*r))-. ¥
1000000000e27*r*cos(theta)*theta™15+. ..
.1429842145e33*sin(theta)*r~2*theta”™12-.6000000000e22*sin(theta) ¥
*r~"2*theta™11-.1966531992e34*r*cos(theta)*theta™12-. ..
.7149210723e34*r~3*cos(theta)*theta”12+.1000000000e24*r"~3*cos ¥
(theta)*thetan11+.4470452877e27*r*cos(theta)*theta™6-. ..
.1333422788e38*r~3*cos(theta)*theta”16+.2666845576e36*sin(theta) ¥
*r~"2*theta”16-.1000000000e26*sin(theta)*r"2*theta™15-. ..
.3667843448e37*r*cos(theta)*theta”16+.1538161859¢e18*atan ¢
(1.906683204*r)*thetan7+.2131867321e27*atan(1.906683204*r)*thetan6+. ..
.8747674774e31*atan(1.906683204*r)*theta”10-.9377987891e33*atan ¥
(1.906683204*r)*thetan12-.4117634136e24*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta”2- ¢
47 .62308387*theta+1.732050808)*thetan15-.3443398436e20*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054* theta- ¥
3.732050805)*theta”2+.3058319498e25*cos(theta- . ..
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta- ¥
3.732050805)*theta™15+.3729241246e32*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054* theta- ¢
3.732050805)*theta™12+.2214907366e23*cos(theta- . ..
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3. ¢
732050805)*thetan4+.6955530406e35*cos(theta-. . .
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3. ¥
732050805)*thetan16+.6116638995e23*cos(theta-. . .
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3. ¢
732050805)*thetan13-.3478591564e30*cos(theta-. . .
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3. ¥
732050805)*thetan10-.1529159749e20*cos(theta-. . .
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3. ¢
732050805)*thetan9-.1223327799e22*cos(theta-. . .
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3. ¥
732050805)*thetan™11-.2378946331e34*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3. ¥
732050805)*thetan™14-.6116638995el16*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3. ¢
732050805)*thetan7-.8477562175e25*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3. ¥
732050805)*thetan6+.2106859226e28*cos(theta-. . .
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3. ¥
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732050805)*thetan8+.9174958494el4*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3. ¥
732050805)*thetan5-.3443398436e20*cos(theta-. . .
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3. ¢
732050805)*thetan2+.3058319498e25*cos(theta-. . .
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3. ¢
732050805)*thetan15+.3729241246e32*cos(theta-. . .
.5338712971e-1*atan(1.906683204*r))*atan(54.99040054*theta+3. ¥
732050805)*thetan12-.5298155580e29*atan(1.906683204*r)*thetan8+. ..
.2534778482e29*sin(theta-.5338712971e-1*atan(1.906683204*r))*atan ¥
(-1.732050808+405.1316975*theta™2)*theta™10+. ..
.1114267414e19*sin(theta-.5338712971e-1*atan(1.906683204*r))*atan ¥
(-1.732050808+405.1316975*theta”2)*theta9+. ..
.8914139312e20*sin(theta-.5338712971e-1*atan(1.906683204*r))*atan ¢
(-1.732050808+405.1316975*theta”2)*theta™11- . ..
.5020944041e31*cos(theta-.5338712971e-1*atan(1.906683204*r))*log¥
(350.8543417*theta”2-47.62308387*theta+1.732050808)*thetan™12+. ..
.2982088099e22*cos(theta-.5338712971e-1*atan(1.906683204*r))*log ¥
(350.8543417*thetan2+47.62308387*theta+1.732050808)*theta™4+ . . .
.9364727744e34*cos(theta-.5338712971e-1*atan(1.906683204*r))*log ¢
(350.8543417*thetan2+47.62308387*theta+1.732050808)*theta™16-. ..
.5068352662e34*sin(theta-.5338712971e-1*atan(1.906683204*r))*atan ¢
(-1.732050808+405.1316975*theta”"2)*thetan16+. ..
.8235268275e22*cos(theta-.5338712971e-1*atan(1.906683204*r))*log ¢
(350.8543417*thetan2+47.62308387*theta+1.732050808)*theta™13-. ..
.4683476459e29*cos(theta-.5338712971e-1*atan(1.906683204*r))*log ¥
(350.8543417*theta”2+47.62308387*theta+1.732050808)*thetan10-. ..
.2058817068e19*cos(theta-.5338712971e-1*atan(1.906683204*r))*log ¢’
(350.8543417*theta”2+47.62308387*theta+1.732050808)*thetan9- . ..
.8477562175e25*cos(theta-.5338712971e-1*atan(1.906683204*r))*atan ¥
(54.99040054*theta-3.732050805)*thetan6+. . .
.2106859226e28*cos(theta-.5338712971e-1*atan(1.906683204*r))*atan ¢
(54.99040054*theta-3.732050805)*thetan8+. . .
.9174958494el14*cos(theta-.5338712971e-1*atan(1.906683204*r))*atan ¥
(54.99040054*theta-3.732050805)*thetan5-. . .
.1271024421e21*sin(theta-.5338712971e-1*atan(1.906683204*r))*log ¢
(3--1052.563025*thetan2+123098.7691*theta”™4)*thetan6+. ..
.3158773092e23*sin(theta-.5338712971e-1*atan(1.906683204*r))*log ¥
(3--1052.563025*thetan2+123098.7691*theta”™4)*thetan8+. ..
1375583696.*sin(theta-.5338712971e-1*atan(1.906683204*r))*log(3. ¢
-1052.563025*thetan2+123098.7691*theta”4)*thetan5- . ..
.1647053654e21*cos(theta-.5338712971e-1*atan(1.906683204*r))*log¥
(350.8543417*thetan2+47.62308387*theta+1.732050808)*theta™11-. ..
.1621959083e23*theta™3-.1293841177e19*r*cos(theta)-. ¢
4703683057e19*r"3*cos(theta)+.9407366115el7*sin(theta)*r"2-...
.2307242788el16*atan(1.906683204*r)*theta”5-.3566708000e29*sin ¥
(theta-.5338712971e-1*atan(1.906683204*r))*log(3.-...
1052.563025*theta”2+123098.7691*theta™4)*thetaN14-. v
9170557975el11*sin(theta-.5338712971e-1*atan(1.906683204*r))*log(3.-...
1052.563025*theta”2+123098.7691*theta™4)*thetar7-. ¢
4457069658e22*sin(theta-.5338712971e-1*atan(1.906683204*r))*atan(-. ..
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1.732050808+405.1316975*theta”"2)*theta”13-.1613957669e22*sin ¢
(theta-.5338712971e-1*atan(1.906683204*r))*atan(-1.732050808+. . .
405.1316975*theta”2)*theta™4-.5162620354e15*sin(theta-. ¢
5338712971e-1*atan(1.906683204*r))*1og(3.-1052.563025*thetan2+. ..
123098.7691*theta™4)*theta™2+.4585278986e20*sin(theta-. ¥
5338712971e-1*atan(1.906683204*r))*1og(3.-1052.563025*thetan2+. ..
123098.7691*theta”4)*theta”15+.5591178924e27*sin(theta-. ¢
5338712971e-1*atan(1.906683204*r))*10og(3.-1052.563025*thetan2+. ..
123098.7691*theta™4)*theta™12-.2982088099e22*cos(theta-. ¢
5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta™2-. ..
47.62308387*theta+1.732050808)*theta™4-.9364727744e34*cos(theta-.
5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta™2-. ..
47.62308387*theta+1.732050808)*theta™16-.8235268275e22*cos(theta
-5338712971e-1*atan(1.906683204*r))*10g(350.8543417*thetan2- . ..
47.62308387*theta+1.732050808)*theta”13+.4683476459e29*cos(theta-
-5338712971e-1*atan(1.906683204*r))*10g(350.8543417*thetan2- . ..
47.62308387*theta+1.732050808)*theta”10+.2058817068e19*cos(theta-
-5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta2- . ..
47.62308387*theta+1.732050808)*theta”9+.1647053654e21*cos(theta-.
5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta™2- ...
47.62308387*theta+1.732050808)*thetan11+.3202945482e33*cos(theta-
.5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta™2-. ..
47.62308387*theta+1.732050808)*thetan14+.8235268275e15*cos(theta-
.5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta™2-...
47.62308387*theta+1.732050808)*thetan7+.1141394790e25*cos(theta-.
5338712971e-1*atan(1.906683204*r))*10g(350.8543417*thetan2-. ..
47.62308387*theta+1.732050808)*theta”6-.2836615166e27*cos(theta-.
5338712971e-1*atan(1.906683204*r))*10g(350.8543417*thetan2-. ..
47.62308387*theta+1.732050808)*theta”8-.1235290241el4*cos(theta-.
5338712971e-1*atan(1.906683204*r))*10g(350.8543417*thetan2-. ..
47.62308387*theta+1.732050808)*theta”5+.4636093434e19*cos(theta-.
5338712971e-1*atan(1.906683204*r))*10g(350.8543417*theta™2-. ..

V4

V4

4

4

4

V4

V4

4

4

V4

V4

47.62308387*theta+1.732050808)*theta"2+.3276294025e38*thetar17-. ¢

5762294639e24*theta12-.3000000000e25*sin(theta)*theta™15+. . .

200000000.*sin(theta)*theta-.3631598357e20*sin(theta)*theta™2+. ¢
2335963760e23*sin(theta)*theta™4+.2222010218e28*sin(theta)*theta™8-. ..

.8940905754e25*sin(theta)*theta”6+.3933063986e32*sin(theta) v
*thetan12-.2508968320e34*sin(theta)*thetan™14)/(175357 . +. ..

637500.*r”~2)/ (4000000001 . -.1403417368e13*theta2+. ¥
1641316923el15*theta”4)/(120000.-42102521 . *thetan2+. ..

4923950764 .*thetan4)/(.4385679270ell*thetan2-5952885485. ¢
*theta+216506351.)/(.4385679270ell*thetan2+5952885485.*theta+. . .

216506351.)/(1492820321.+.3023944152e12*theta™2-. ¢
4104539372e11*theta)/ (1492820321 .+.3023944152e12*thetan2+. ¢
4104539372ell*theta);

tau = F1+F2+F3;
%% Lyapunov
Fmcl =[1933.262088+7028.259956*r"2,-3220.791422-11351.28516*r"2; ¥
-3220.791422-11351.28516*r"2,635.6719687] ;
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PHi =1.782827863*cos(theta-.5338712971e-1*atan(1.906683204*r))*atan ¥
(-1.732050808+1620.526790*thetan2-. ..
86.51527393*theta*atan(1.906683204*r)+1.154700538*atan ¥
(1.906683204*r)"2)-.3668223189e-3*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*1og(3.-4210.252101 ¢
*thetan2+224.7732750*theta*atan(1.906683204*r)-. ..
2.999999997*atan(1.906683204*r)"2+1969580.306*theta™4- ¢
210300.4785*theta”3*atan(1.906683204*r)+. ..
8420.504193*theta”2*atan(1.906683204*r)"2-149.8488499 ¢
*theta*atan(1-906683204*r)"3+.9999999980*atan(1.906683204*r)"4)-. ..
3.294107309*sin(theta-.5338712971e-1*atan(1.906683204*r))*log ¥
(1403.417367*theta”2-74.92442500*theta*atan(1.906683204*r)+. ..
.9999999990*atan(1.906683204*r)"2-95.24616774*theta+2. ¢
542459756*atan(1.906683204*r)+1.732050808)+3.294107309*sin(theta-...
.5338712971e-1*atan(1.906683204*r))*10g(1403.417367*theta”2- ¢
74.92442500*theta*atan(1.906683204*r)+. ..
.9999999990*atan(1.906683204*r)”2+95.24616774*theta- ¢
2.542459756*atan(1.906683204*r)+1.732050808)+. . .
24 .46655598*sin(theta-.5338712971e-1*atan(1.906683204*r)) ¢
*atan(109.9808011*theta-2.935779647*atan(1.906683204*r)-. ..
3.732050805)+24 .46655598*sin(theta-.5338712971e-1*atan ¢
(1.906683204*r))*atan(109.9808011*theta-. ..
2.935779647*atan(1.906683204*r)+3.732050805)+.7339584247e- ¢
3*sin(theta-.5338712971e-1*atan(1.906683204*r))*theta-. ..
.1959196681e-4*sin(theta-.5338712971e-1*atan(1.906683204*r)) ¢
*atan(1.906683204*r)+.1467916850e-3*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*theta™2-.7836786729%- ¢
5*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*theta*atan(1.906683204*r) ¥
+.1045958874e-6*cos(theta-. ..
.5338712971e-1*atan(1.906683204*r))*atan(1.906683204*r)"2+. ¢
9999999996*F5*theta2-. . .
.1067742595*F5*theta*atan(1.906683204*r)+.2850185622e- ¥
2*F5*atan(1.906683204*r)"2;

Vc = 0;
\ = 0.5*qgdot"*KD*qdot+PHi+VcC;
Vdot = -—qdot"*(Kv+Fmcl)*qdot;

%% Evaluate the Dynamics

qdotdot = inv(mass)*([tau;0]-C*qdot-G);

ddtheta = gdotdot(l);

ddr = gdotdot(2);

%% M-File Output

dxdt =[thetadot;rdot;ddtheta;ddr;tau(1);P(1,1);P(1,2);P(2,1);P(2,2);V; V¥

Vdot;PHi ;DETP];
%% End of the Function
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A.5 Simulink file for the ball and beam system

States | ’
Thetadot_Theta
i t
| ntegrator > ik P smou
Interpreted s States To Workspace
’ MATLAB Fcn States —
Control law & Simulation
rdot_r
pll 1 _
P simoutt
amout3
Tau — (I To Workspace
To Workspace3 l:‘
m — sSmout2 P11
] To Workspace? ]
Vdot [ P12
smouts 4 |-:22 & P21
To Workspace4 B — I:I
PHI smouth

To Workspaceb
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Appendix B - Ball and arc system

The presentation of this Appendix is organized in eight major sections. These are:
B.1 Dynamics of the ball and arc system
B.2 Lagrangian KD for the ball and arc system, solving Eq.2.25
B.3 Direct Lyapunov Approach formulation for the ball and arc system, case
when Kp is a constant
B.4 MATLAB code for running the simulations of the Ball and Arc system
B.5 Simulink file, case when Kp is a constant
B.6 Direct Lyapunov Approach formulation for the ball and arc system when the
lower triangular part of the matrix P elements are constant
B.7 MATLAB code for the simulations of the Ball and Arc system

B.8 Simulink file, case when P is almost constant
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B.1 Dynamics of the ball and Arc system
Ball and Arc_dynamics.mw

Lagrangian Approach

The Lagrangian (L) is defined as KE-PE, where KE is the kinetic energy and PE is the potential
energy of the system in terms of the generalized coordinates. In our case the generalized
coordinates are expresed in terms of as ¢, and 6.

[ > restart;
E> with ( LinearAlgebra) :
> KE:= %-m-(Velxz + Vely?) + %-Ib-(diff(e(t),t))z;
1 > 1 d 2
KE = - m (Ve +Vely’) + - Ib (E e(t)) )
> x =T sin(¢(t) —0(t)) +d-sin(0(t));
X, = rsin(¢(t) —6(t)) +dsin(0(t)) 2)
> y, = rcos(¢(t) — (1)) —d-cos(8(t) );
Y, =rcos(o(t) —6(t)) —dcos(6(t)) €)
> v, = diff(xc,t);
v, == rcos(o(t) —8(t)) (% o(t) — (% e(t))) +dcos(6(t)) (% e(t)) @)

> vy:— dlff( )

vy——rsin(q)()—e )) (—(1) ( ))—i—dsm (%G(t)) (5)
> KE:= simplify (eval( KE, [ Velx=v,, Vely=v ] ;
KE :=mrcos(d(t) —0(t)) ( (

2

j d cos(6 % ) —mrcos((t) (6)

E¢

|
D
—
N
VRN
c:.|o_
@
—
N—

(7)
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t PE:=mgy
> PE:=simplify(eval( PE, [y=y,])):
PE:=mg (rcos(¢(t) —0(t)) —dcos(0(t)))

:> with(VariationalCalculus)
[ ConjugateEquation, Convex, EulerLagrange, Jacobi, Weierstrass]

> L= simplify(KE — PE);

L:=mrcos(d(t) —0(t)) (% ¢(t)) d cos(0(t)) (% G(t)) —mrcos(d(t)

+mrsin(o(t) —6(t)) (—e(t)) dsin(@(t))—i—%mdz(% (t))

2

+% Ib (% G(t)) —mgrcos(d(t) —0(t)) +mgdcos(0(t))

E)efining temporary substitutions and variables

= gdot, ¢(t) =0

> temp2 := [ajdot, @ddot, &dot, ¢dot, ¢d0t2];
i temp2 = [6ddot, ¢ddot, &dot, gdot, ¢dot2]
> EL1 := EulerLagrange(L, t, [6(t), 0(t)])[1]=0
d

EL1:=-mrsin(o(t) —0(t)) (% (b(t)j d cos(0(t)) (E O(t)) +2mrsin(o(t)

2

—0(t)) (% G(t)) d cos(0(t)) —mrcos(d(t)
d

—0(t)) (% ¢(t)j dsin(6(t)) (E e(t)) +2mrcos(o(t)

181

d° d° d
> t 1:= — 0(t) | =&dot, 6(t) =6, | — o(t) | =¢ddot, | — O(t) | = &ot,
emp [dﬁ()] ot, 8(t) [d€¢uj addo (m u) 0
d _ |
ﬂa¢m)—Wm¢m—ﬂ,
templ := & 0(t) = addot, 6(t) =6 & o(t) = gddot, L o(t) = aot, & ot
i ’ P >t 4t

()
(8)
)

(10)

(11)

(12)

(13)



2
e(t)j dsin(0(t)) +mgrsin(o(t) —6(t)) +mrsin(o(t)

" o(t) — ( jt o(t ))j ( gt o(t )) dcos(0(t)) —mrcos(d(t)

—G(t)jdcos( )—mrz[ t2¢ )+mﬁ(%9(t))

+mrcos(d(t) —0(t)) (%q)(t)—( )) (% )dsm o(t))
L2
% &
> EL2 = EulerLagrange(L,t, [ 6(t), (t)])[2]1=0

EL2 :=-mgrsin(¢(t) —0(t)) —mgdsin(0(t)) +mrsin(p(t) —0(t)) (— o(t (14)

+mrsin(¢(t)—9(t))[ e(t)stm( (t)) =0
)

2
—0(t)) (j—tz o( )] dcos(0(t)) +mrcos(d(t)
—em)f%¢mjmmwun(%ﬁuﬂ—zmmme—ﬁm)f%¢m

d d

— (E G(t))) (E O(t)) dcos(0(t)) +2mrcos(d(t)

2
—0(t)) e(t)] d cos(0(t)) —2mrcos(o(t)

2 d2
—0(t)) G(t)j dsin(6(t)) +mr [E ¢(t)) +mrcos(0(t)
d d . .

—0(t)) o(t) — (E o(t ))j (E q>(t)j dsin(0(t)) +mrsin(o(t)

¢(t)] dsin(0(t)) +mrsin(o(t)

—0(t)) q)(t)) d cos(0(t)) ( d o(t )) mr (d—z G(t)j —2mrcos(0(t)
dt dt?
—o(t)) ¢uw—(ieu)j(ie(ﬂdaﬂem)—zmmmwﬂ)

D
—
~+
~—
~—
7~ N -/ N -/ N -/ N -/ N -/ N -/

=[S ,C_LY\)‘CLN &le 2o e-b‘c:.m &le gla ,C_Lb‘cn

e(t)] dsin(0(t)) —2mrsin(¢(t)

|
D
—_
—
~—
N—
VR

2 5 d2 dz
(t)j dcos(0(t)) —md (E e(t)] —1b [E e(t)) =0

The first governing equation is
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LEquationl
> EQ@:= expand(eval EL1 templ));

—mgrcos(0) sin(6) —mr &dotd cos(e)zcos(q)) —mr* gddot + m r* addot

i —mr &ddot d sin(e)zcos(q)):O
> EQ@ := collect(EQH, temp2);
EQA:=(-mrd cos(e)zcos(q)) +mr—mrd sin(e)2 cos(¢) ) @ddot —m r* gddot
+(mrd cos(e)2 sin(¢) +mrd sin(e)2 sin(¢) ) adot” +m g rsin() cos(0)
. —mg rcos(¢) sin(0) =0
The second governing equation is
[Equation2
| > EQ¢ := simplify(eval(EL2)) :
[> EQg¢ := expand(eval(EQg, templ )) :
> EQ¢ := collect(EQg¢, temp2);

EQg:=(2mrd cos(e)zcos(q)) —mr+2mrd sin(e)zcos(q)) —md®— Ib) @idot
+(-mrd cos(e)zcos(q)) +mrf—mrd sin(e)zcos((b)) gddot + (
-2mrd cos(G)zsin(q)) —2mrd sin(G)zsin(q))) ¢dot &dot
+(mrd cos(e)zsin(q)) +mrd sin(6)2sin(q))) ¢d0t2—mg rsin(¢) cos(0)
+mgrcos(¢) sin(0) —mgdsin(0) =0

:> G :=-simplify(Matrix(2, 1, [ —mgrsin(¢) cos(8) + mgrcos(¢) sin(0)
—mgdsin(0), mgrsin(¢) cos(6) —mgrcos(d) sin(0)]));

-mg (-rsin(¢) cos(8) +rcos(¢) sin(6) —dsin(0))
mgr (-sin(¢) cos(0) + cos(¢) sin(0))

G:=

> mass :=-simplify( M atrlx( [2mrd cos(e)zcos(q)) —mr
+2mrdsin(6 ) (1))—mdz—lb,—mrdcos(e)zcos(q))—i—ml’2

—mr]));

mr—2mrdcos(¢) +md*+1b mr(-r+dcos(o))
mass :=

mr(-r+dcos(0)) mr

> masst := —simplify( Matrix(z, 2, [2 mrd cos(0(t) )2 cos(d(t)) —m r

—mrdsin(0(t) )zcos(q)(t) ),-mrdcos(0(t) )zcos(q)(t)) +mr
—mrdsin(0(t) )zcos((b(t) ),-m rz])) :
183

(
EQO:= mr &lot’ d cos(6 ) in(0) +mr6d0t2dsin(9)zsin(¢) +mgrsin(¢) cos(0)

os(
—mrdsin(0 ) cos(0), mrdcos(e)zcos(q)) +mr2—mrdsin(6)2cos((l)),

+2mrdsin(6(t)) cos(o(t)) —md®— b, -mrdcos(8(t))” cos(d(t)) +mr

(15)

(16)

(17)

(18)

(19)



> masstdot := map(diff, masst, t)

2mrdsin(o(t)) (% q)(t)) -mrdsin(o(t)) (% ¢(t))
masstdot := . (20)
-mrdsin(¢(t)) (E q)(t)) 0
:> Mdot := map(diff, masst, t);
2mrdsin(d(t)) (% q)(t)) -mrdsin(¢(t)) (% q)(t))
Mdot := q (21)
-mrdsin(o(t)) (E ¢(t)j 0
Cmatrix is defined as ) )
o k 1 K
Cij(q, qdot) =[jk, i]Jqdot = > a_qk mi; + a_q‘ m i~ aqi m k]qdot

where m;; is the ij™ component of the mass matrix and [jk,i] is the Christoffel symbol of the
first kind.

KB 0 0
> Cl1 = % (— mass1 L+ YS massljl—g masslylj-édot—i—% (a—q) mass,
0
—— mass —— mass ot;
69 217 59 1, 2] o
i Cll:=mrdsin(¢) ¢dot (22)
i 1 (0 0 0 1 (0
> Cl2:= — | — mass, , + — mass, , — —— mass, , |-&ot+ — | — mass, ,
2 (o6 00 08 7 2 {90 »
0 0
+ —— mass, | — —— mass, , |-¢dot;
96 217 59 2,2] o
i C12:=mrdsin(¢) &ot —mrdsin(¢) ¢dot (23)
i 1 (0 0 0 1 (0
> C2l = — | — mass, ,+ — mass, ,— —— mass, , |-&ot+ — [ — mass, ,
2 (06 ’ 06 ’ 00 ’ 2000 ’
0 0
+ — mass, , — —— mass, , |-¢dot;
% 227 54 1,2) od
i C21:=-mrdsin(¢) &dot (24)
R 1 (0 0 0 1 (0
> C22 = 5 (— mass, , + a—q) mass,; , — a_¢ mass, 1] - edot + 5 (a—q) mass, ,
0 0
+ 5 mass, , — a mass, 2) - gdot;

C22:=0 (25)
184



> Cmatrix := Matrix(2, 2, [C11, C12, C21, C22]);
mrdsin(¢) ¢gdot mrdsin(¢) &ot —mrdsin($) ¢dot
-mrdsin(¢) &ot 0

E)ifferentiating the mass matrix with respect to time produces
> mdot := Matrix(2, 2, [-2mrdsin(¢(t)) gdot, mrdsin(o(t)) ¢dot,
mrdsin(o(t)) ¢dot )

Cmatrix :=

mdot :=

-2mrdsin(¢(t)) gdot mrdsin(o(t)) ¢dot
mrdsin(o(t)) gdot 0

:> Mdot := simplify(eval(Mdot, templ ));
2mrdsin(¢) ¢dot -mrdsin(¢) ¢dot

-mrdsin(¢) gdot 0

Mdot :=

>
Because M is Lagrangian % -( Mdot — Cmatrix) is skew-symmetric. The result is

> FMCskew := (% Mdot—Cmatrix);
FMCskew :=
HO, % mrdsin(¢) gdot —mrd sin(¢) wot},

[—% mrdsin(¢) ¢gdot +mrdsin(¢) aiot,OH

ihis is a special case of the FMC when KD =M, for which
> FMC := ( Mdot — Cmatrix — Transpose (Cmatrix) );

00
00

FMC =

End of the file
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B.2 Lagrangian KD_Ball and Arc system
[LagrangianKD_B&Arc.mw

1

Eqg. 2.25 Solution - - c'Mk_+= (iq'TK ) =0
D aq D

2

[ > restart:
B with(LinearAlgebra) :

\ 4

\ 4

Definitions

> mass := simplify(Matrix(2, 2, [2mrd cos(e)zcos(q>) —mr
+2mrdsin(9)zcos(¢) —md®—1Ib, -mrd cos(9)2c03(¢) +mr
—mrd sin(e)zcos(q)),—m rd cos(e)zcos(q)) +mr
—mrdsin(e)zcos(Q)), —mr)));

-mr+2mrdcos(¢) —md*—1Ib -mr (-r+dcos(¢))
mass := (1.1)
-mr (-r+dcos(¢)) -mr
0
> =
. r
edot
> qdot:= :
i gdot
> C= Matrix(2, 2, [ -2 gdotmrdsin(¢), -2 &dotmrdsin(¢)
+2 gdotmrdsin(¢),2 &otmrdsin(¢),0]);
C -2 gdotmrdsin(¢) -2 @otmrdsin(¢) +2 ¢dotmrdsin(o) 12)
" | 2@aotmrd sin(¢) 0 '
> KD = Matrix(2, 2, [KD11(6, ¢), KD12(8, ¢), KD21(8, &), KD22(8, ¢) ]);
KD11(#, KD12( 6,
~ (6,0) (6,9) (L3)
KD21(6, §) KD22(6,¢)
Term1
> KDq = Transpose(MuItiply(%- KD, qdot) );
KDq := [% KD11(8, o) &dot + % KD12(8, o) ¢dot, % KD21(8, o) &dot 2.1)
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1
+ - KD22(6, 9) ¢d0t}

diff (KDq[1], 6) diff (KDq[2],8) |
diff (KDq[1], ) diff (KDg[2], ) |

Terml:= H% [% KD11(6 q))) &dot + % (% KDlZ(O,(b)j ¢dot, (2.2)

> Terml :=

% (% KD21(9,¢)j 6dot+% (% KD22(9,¢)) gdot |,

(% KD11(6 q))j ot + — (% KD12(6, )) gdot,

o (% KD21(9,¢)) ot + — (% KD22(9,¢)) gdot

> Term2 := Transpose (Multiply(Multiply (KD, MatrixInverse(mass) ), C) );
KD11(6, 0)

2[ mdz—i—lb—mdzcos(q;)2
KD12(8, ) (-r-+dcos(0)) Jqﬁdotmrdsin(q))
r(md2+lb—md2cos(q))2)
KD11(6,¢) (-r-+dcos(0))
+2
( r(md2+lb—mdzcos(¢)2)
_ KD12(8,¢) (mr"—2mrdcos(¢) +md*+ Ib)
mr? (md? + Ib—md?cos(¢) )
i KD21(6, ¢) N KD22(8,9) (-r-+dcos(o))
mdz—i—lb—mdzcos(q>)2 r(mdz—i—lb—mdzcos(q))z) ]
KD21(6,0) (-r+dcos(¢))
r(md2+lb—mdzcos(¢)2)
_ KD22(8,¢) (mr"—2mrdcos(¢) +md*+ Ib)
mrz(mdz—i—lb—mdzcos(q))z)
) KD11(6, ¢) N KD12(6,¢) (-r—+dcos(¢))
( md2+lb—md2cos(q))2 r(md2+lb—md2cos(¢)2) ]

Term2 := (3.1)

gotmrdsin(¢), -2 (

gdotmrdsin(o) +2

Gotmrdsin(¢) ]

KD21(6, ¢)
md? + Ib — md® COS(¢)2

-2 @otmrdsin(¢) +2 gdotmrdsin(¢)), [—
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KD22(8,¢) (-r+dcos(0))
+ 2
r(md®+1b—md?cos(¢)”)

+2 ¢dotmrdsin(¢))]

) (-2 &otmrdsin(¢)

V¥V The Eq. 2.25 is expresed as the following Eq. This is the

equation to be Solved

> Eq = MatrixAdd(Term1,-Term2);

1 1

Eq:= [? [% KD11(9,¢)) &lot + - (% KDlZ(O,(b)j gdot + 2

KD11(6, ¢) N KD12(6,¢) (-r+dcos(¢)) ]
md2-|—lb—mdzcos(q))2 r(md2+lb—mdzcos(q))2>
_ KD11(6, %) (-r+dcos(¢))
d —2
gaotmrdsin(o) [ r(md2+lb—md2cos(¢)2)
_ KD12(8,¢) (mr"—2mrdcos(¢) +md*+ Ib)
mrz(mdz—i-lb—mdzcos((b)z)

1 (0 1 (0
> (g KD21(e,q>)j ot + - (5 KD22(9,¢)) gdot + 2

Gotmrdsin(¢),

i KD21(8, ¢) N KD22(8,¢) (-r+dcos()) ]
mdz—i—lb—mdzcos(q))2 r(md2+lb—md2cos(q))2>
) KD21(6, ) (-r+dcos(¢))
d -2
gootmrdsin(¢) [ r(md2+lb—mdzcos(¢)2)
~ KD22(8,¢) (mP—2mrdcos(¢) + md”+Ib)
mrz(mdz—i—lb—mdzcos(q))z)

[% (% KDll(G,(b)j 6dot+% (% KD12(9,¢)) oot — [

adotmrdsin(¢) ]

i KD11(6, ¢) N KD12(8,¢) (-r+dcos(6)) ] (
mdz—i—lb—mdzcos(q))2 r(md2+lb—md2cos(q))2>

-2 @otmrdsin(¢) +2 gdotmrdsin(¢)), % (% KD21(9,¢)] édot

KD21(6, ¢)
md? + Ib — md® cos(q>)2

+% [% KD22(6,¢)) gdot — (
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KD22(8,¢) (-r+dcos(0))
+ 2
r(md®+1b—md?cos(¢)”)

+2 ¢dotmrdsin(¢))]

J (-2 &otmrdsin(¢)

V¥ Coefficient Matrices of &dot and ¢gdot

> Eql := Matrix(2, map( coeff, Eq, &lot) );

0 KD11( 6, -r
R
_ KD12(8,¢) (mr"—2mrdcos(¢) +md* + Ib)

mr (md2+lb—mdzcos(q))2)
KA KD21(6,¢) (-r+dcos(d))
00 r(md®+1b—md®cos(6))
_ KD22(8,¢) (mr"—2mrdcos(¢) +md*+Ib) mrdsin(¢)]
mr (md2+lb—mdzcos(¢)2) |

Kl KD11(6, ¢)
00 mdz—i-lb—mdzcos(q>)2
KD12(8, ) (-r-+dcos(0)) 1 0
r (md2+lb—mdzcos(q))2) 2 5 KD21(6.0) +2
) KD21(6, ¢) N KD22(6,¢) (-r-+dcos(¢))

md2+|b—md2COS((l))2 r(md2+lb—mdzcos(¢)2>
> Eq2 := Matrix(2, map( coeff, Eq, ¢dot) );

mrdsin(o),

N |

KD21(0, ¢) — 2 [

% KD11(6, ¢) +2 | -

+ mrdsin(o),

om]

) KD11(8, 0) : 52)
md” + Ib — md® cos( o)
KD12( 6, -r+dcos i 0
i r (mcf2 +¢I)b(—md2cos(§>q))g)) J mrasin(e). % 5 (D22(6.0) 12
KD21(6, ¢) N KD22(6,¢) (-r-+dcos(¢))
md2+|b—md2COS((l))2 r(md2+lb—mdzcos(¢)2>
1 KD11(6, ¢)

0
<~ KD12(6,0) —2 | -
[2 00 (6.0) [ mdz—i-lb—mdzcos(q>)2

19
Eq2 _H 2 KD12(6, ) +2

] mrd sin(q))\,

KD12(6,¢) (-r+dcos(¢))
+ 2
r(md?+1b—md?cos(6)”)

mrdsin(o),

1 O
> 5 KD22(8, o) —2 (
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N KD22(6, ¢) (-r+dcos(

L ) KD21(6, )

mdz—i—lb—mdzcos((p)2 r(md?+1b—md?cos(¢)°)

V Coefficient Matrices of Derivatives and Kp Elements

KD@:=
o 0

Ky

KD¢ := 3

| > DKD := Matrix(8,1, [ ]) :
| > Eqsc := Matrix(8,1, [ ])
| > LSCM := Matrix(8, [ ])
> forifrom1to4do
forjfrom1to4do

:> map(eval, LSCM);

DKD; := KD§(i) :

DKD, , , = KDg(i);

Egsc; := Eql(i);

Egsc; , , = Eq2(i);

k:=1i44;

| :=j+4

LSCM, ; = coeff (Eq1(i), KD( j));
LSCM“ := coeff (Eql(i), KDg(j));
LSCMKj := coeff (Eq2(i), KDE(j));
LSCM, | := coeff (Eq2(i), KDg( j));
end do

end do

> KD@ := Matr iX(Z, |||ap(diII, KD, 9) );
— KDll(e ¢) — KD12(9 ¢) -
k) k)

d
- KD21(9, ) P KD22(6, ¢)

> KD¢ := Matrix(2, map(diff, KD, ¢) );
0 0
— KD11(6, ¢) P KD12(6, ¢)

9 Kp21(6,6) - KD22(6, 0)
% T ’
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% O 0 0 0 0 O o
1
O 0 0 0 = 0 0 O
2
1
0O - 0 0 0 0 0 O
2
1
0O 0 0 0 O > 0 0
(6.3)
0 0 1 0O 0 0 0 O
2
1
O 0 0 0 00 — 0O
2
1
0O 0 O o 0O 0 0 O
1
O 0 0 0 0 0 O o
0} . » d 9
The above matrix contents the coefficients of 6_(-) KD and 6_ KD
:> map(eval, Eqsc);
0 —
%—KDll(e,q))—Z KD11(26,¢)( r+2dcos(¢3) (6.4)
00 r(md?+1b—md?cos(¢)°)
_ KD12(8,¢) (mr"—2mrdcos(¢) +md*+Ib) mrdsin(9)
mrz(md2+lb—mdzcos(¢)2) |
0
L = kp11(e,¢) +2| - KD11(6, ) -
2 % md? + Ib —md® cos( o)
KD12(26,¢) (—r+2d cos(¢g) mrdsin(9) |
r(md®+1b—md?cos(¢)°)

1 O
> g KD21(8, ¢) —2 [

KD21(6,¢) (-r+dcos(d))
r(md2+lb—md2cos(¢)2)
_ KD22(8,¢) (mr"—2mrdcos(¢) +md*+Ib)
mrz(md2+lb—mdzcos(¢)2)
KD21(, ¢)
2 2 2
md“+Ib—md* cos(¢)

mrd sin(¢)],

1 O
[? 5 KD21(6, ¢) +2
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KD22(6, ¢) (-r+dcos(0))
+ 2
r(md®+1b—md?cos(¢)°)
0 KD11(6, ¢)
G md?+1b—md? cos(0)
KD12(6, ¢) (-r+dcos(9)) mrdsin(d))‘,
(md +1Ib—md COS(¢)2)
0 KD11(8, ¢)
30 md? +1b—md? cos(¢)
KD12(6, ¢) (-r+dcos(¢)) mrdsin(¢)\,
r(md®+1b—md?cos(0)?)
0 KD21(6, ¢)
" md2+|b—md2003(¢)2
KD22(9 o) ( r+dc08(¢)) i
+1b— md2c05(¢)2) mrdsm(q})"

J mrd sin(¢)],

% KD12(6, 0) +2 | -

+

1
2

KD12(8, ¢) —2 [

+

KD22(6, ¢) +2

1
2

+

r(md
Kl KD21(6, 0)
) md?+Ib—md? cos(6)”
KD22(8,¢) (-r+dcos(6))

‘ |

md?+1b—md cos(¢)2)

> Eqem := MatrixAdd(Eqsc, Multiply( -LSCM, DKD) ):
KD11(6,¢) (-r+dcos(¢))

r(md2+lb—md2cos(¢)2)
_ KD12(8,¢) (mP—2mrdcos(¢) + md”+ Ib)
mrz(mdz-l—lb—mdzcos(q))z)
[2 [ KD11(6, ¢)
mdz—i-lb—mdzcos(q>)2
KD12(8, ) (-r-+dcos(¢)) :
r(md2+lb—md2cos(¢)2) erdsm(q))],
_2 [ KD21(8, ¢) (-r+dcos(¢))
r(md2+lb—mdzcos(¢)2)
~ KD22(8,¢) (mP—2mrdcos(¢) + md”+Ib)
mrz(mdz-l—lb—mdzcos(q))z)

% KD22(6, §) — 2 [

+

mrdsin(¢)

-2

Eqcm :=
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mrdsin(q))],

mrdsin(q))],

(6.5)



5 (- KD21(6, ¢)

[ [ mdz—i-lb—mdzcos(Q))2
KD22(6,¢) (-r+dcos(¢))
r(md2+lb—md2cos(q))2)

[2 [ KD11(6, ¢)

mderIb—mdzcos(q))2
KD12(8,¢) (-r+dcos(0))

+
r (md? + 1b—md?cos(9)”)

e KD11(6, 0)

[ [ md? + Ib — md® cos( o)
KD12(8, ) (-r-+dcos(0)) .

! r(md2+lb—mdzcos(¢)2) erdsm(d))‘,

[2 [ KD21(6, ¢)

md?

J mrd sin(q))‘,

) mrd sin(¢)],

2

—i—lb—mdzcos(Q))2
N KD22(6,¢) (-r+dcos(d))
r(md2+lb—md2cos(q))2)
e KD21(6, ¢)
[ ( md2+lb—mdzcos(¢)
N KD22(8,¢) (-r+dcos(0))
r(md2+lb—md2cos(¢)2)
> RSCM := Matrix(8, 4, [ ]) :
> forifrom1to8do

for jfrom 1 to4 do
RSCM; ; == coeff (Eqem(i), KD(j));

end do
end do

:> map(eval, RSCM);
~2(-r+dcos(¢)) mdsin(o)

md2-|—lb—md2cos(q))2
2 (mr*—2mrdcos(¢) +md® + Ib) dsin(¢) 0
r(md2+lb—mdzcos(¢)2) ’ ]
2mrdsin(¢) 0 2 (-r+dcos(o)) mdsin(o)
md2+lb—mdzcos(¢)2” md2+|b—md2COS(¢)2

J mrd sin(q))‘,

2

s

’O’
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(6.6)



2 (-r+dcos(o)) mdsin(o)
md? + Ib — md? cos(q>)2
2 (mP—2mrdcos(¢) +md?+Ib) dsin(o)
r(md2+lb—md2cos(¢)2) |
2mrdsin(¢) 0

0, - IOI

0, -

2 (-r+dcos(¢)) mdsin(¢) |

mdz—i—lb—mdzcos(q))2 md2—i—lb—md2cos(¢)2

) 2mrdsin(¢) 0 2 (-r+dcos(o)) mdsin(o)
md2+lb—md2cos(q>)2’ | md2+lb—md2cos(q>)2

2mrdsin(¢) 0. - 2 (-r+dcos(o)) mdsin(o)
_md2+lb—mdzcos(¢)2' | md2+lb—md2cos(q>)2

_ 2mrdsin(¢) 0

0, -

’O’
101

2 (-r+dcos(o)) mdsin(o) |

md2+|b—md2COS((l))2 md2+|b—md2COS(¢)2

0 2mrdsin(¢) 0 -

2 (-r+dcos(¢)) mdsin(o) |

mdz—i-lb—mdzcos((j))2 md2+lb—mdzcos(q>)2

V Extract Coefficient Matrices

> Derivs = Multiply(MatrixInverse(LSCM),-RSCM);
4 (-r+dcos(d)) mdsin(o)

mdz—Hb—mdzcos(q))2
~4(mrP—2mrdcos(¢) + md* +Ib) dsin(¢) 0
r(md2+lb—md2cos(¢)2) ’ \
4 (-r+dcos(¢)) mdsin(o)

md2+|b—md2COS((l))2
~4(mP—2mrdcos(¢) +md®+1b) dsin(¢)
r(md2+lb—md2cos(¢)2) ‘

Derivs := , 0,

0, ’ 01

194

4mrdsin(¢) 0 _4(-r+dcos(¢)) mdsin(9) 0'
_md2+lb—md2cos(¢)2, | md2+lb—mdzcos(q>)2 ’ _’
'0 4mrdsin(o) 0.2 (-r+dcos(d)) mdsin(¢) |

| md2+lb—md2cos(¢)2, | md2—i—lb—md2cos(¢)2 ’

4mrdsin(¢) 0 4 (-r+dcos(¢)) mdsin(¢) O-
_md2+lb—mdzcos(¢)2, | md2+lb—md2cos(q>)2 |

(7.1)



'0 4mrdsin(6) o - 4 (-r+dcos(¢)) mdsin(o) |
| md2+lb—md2cos(¢)2, | md2+lb—mdzcos(q>)2 1
. 4mrdsin(¢) 9 4 (-r+dcos(¢)) mdsin(o) 0

md2+lb—mdzcos(¢)2’ | md2+lb—mdzcos(q>)2 ’ |

'0 i 4mrdsin(¢) 0 4 (-r+dcos(¢)) mdsin(o) ‘
| md2+lb—md2cos(q))2’ | md2—i—lb—md2cos(¢)2 |

> M@= Derivs[[1..4], [1..4]];

4 (-r+dcos(¢)) mdsin(o)
mdz—i-lb—mdzcos(q>)2
~4(mP—2mrdcos(¢) +md®+1b) dsin(¢) 0

r(md2+lb—md2cos(¢)2) |
4 (-r+dcos(¢)) mdsin(o)

mdz—i—lb—mdzcos(q))2

~4(mP—2mrdcos(¢) + md®+1b) dsin(¢)

r(md2+lb—md2cos(q>)2) \

4mrdsin(¢) 0 4 (-r+dcos(¢)) mdsin(¢)
_md2+lb—mdzcos(¢)2' | md2+lb—md2cos(q>)2 |
_ 4mrdsin(¢) 0 4 (-r+dcos(¢)) mdsin(9) ‘
md2+lb—md2cos(¢)2' | md2+|b—md2COS(¢)2

M@ =

101

0,

’O’

101

0,

| KD11(8, 0)
KD12(6, ¢)
KD21(8, ¢)
KD22(8, ¢)

> M6KD := Multiply(M6, KDS):
4 (-r+dcos(¢)) mdsin(o) KD11(6, ¢)

md2+lb—mdzcos(q>)2
4 (mr*—2mrdcos(¢) +md?+1b) dsin(¢) KD21(6, ¢)
r(md2+lb—mdzcos(¢)2)
4 (-r+dcos(¢)) mdsin(o) KD12(6, ¢)
md2+lb—mdzcos(q>)2

> KDS :=

M&KD :=
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4 (mr?—2mrdcos(¢) +md® + Ib) dsin(¢) KD22(6, o)
r(md2+lb—mdzcos(¢)2) |

4mrdsin(¢) KD11(8,¢) 4 (-r+dcos(¢)) mdsin(¢) KD21(6, ¢)

md2—|-lb—md2cos(q>)2 md2+lb—mdzcos(q>)2

4mrdsin(¢) KD12(68,0) 4 (-r+dcos(¢)) mdsin(¢) KD22(6, ¢)
mdz—Hb—mdzcos(q))2 md2+lb—md2cos(q>)2

> Mg = Derivs[[5..8], [1.4]];

Mo = : 4mrd singq)) 0, - 4 (—r:—dcos(¢))2mdsin(2¢) ’0\1 (7.4)
md® + b —md cos(¢) md° + b —md cos(¢)
'0 4mrdsin(¢) o - 4 (-r+dcos(¢)) mdsin(o) '1
| md2+lb—md2cos(¢)2' | md2+|b—md2COS(¢)2
4mrdsin(¢) 9 4 (-r+dcos(¢)) mdsin(o) 0',
md2+lb—mdzcos(¢)2’ | md2+lb—mdzcos(q>)2 ’ |
'0 ) 4mrdsin(o) 0 4 (-r+dcos(¢)) mdsin(o) ‘
_’ md2+lb—md2cos(q>)2’ | md2+lb—md2cos(q>)2
I\7¢KN[|)¢!<:D := Multiply(Mg, KDS); 7.5

4mrdsin(¢) KD11(6, ¢)
mdz—Hb—mdzcos(q))2
4 (-r+dcos(¢)) mdsin(¢) KD21(8, ¢)
md?+1b— mdzcos((b) ]
4mrdsin(¢) KD12(68,¢0) 4 (-r+dcos(¢)) mdsin(¢) KD22(6, ¢)
mdz—i—lb—mdzcos((b)2 md2—i—lb—md2cos(¢)2

_4mrdsin(¢) KD11(6, 9) N 4 (-r+dcos(¢)) mdsin(o) KD21(6, 0)
mdz—i-lb—mdzcos(q>)2 md2—|-lb—md2cos(q>)2
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_4mrdsin(¢) KD12(6, ¢) N 4 (-r+dcos(¢)) mdsin(o) KD22(9, 0)

md2+lb—mdzcos(q))2 de—Hb—mdzcos((b)2

V¥ Generate Differential Equations
> dKD = simplify(map(diff, MGKD, ) + map(diff,-MgKD, 6) ):

dKD := H- [4d (mzrzsin(q)) (% KD11(®, q))) d?

+mZsin(o) [% KD11(9,¢)) Ib —m? P sin () (% KD11(8,
¢)] d2cos(¢)2—|—m25in(¢) (
0
00
q;)j rzdzcos(q>)2
—msin(¢) (

+msin(¢) ( KD21(6, ¢)

—m?sin( o) ( KD21(6,¢)) rd> cos(¢)
% KD21(#, q))) rdcos(¢) Ib+m?sin(¢) (% KD21(6,
¢)] rd®cos(¢)’ +2dmKD21(6, ¢) rlb+dmKD11(8, ¢) rIb

+m25in(¢)( KD11(8, )jrzdz—i-msm(q))(%KDll( )jrzlb

0
00
—nsin(9) (% KD11(6,0) | # ¢ cos(o) + o KDLL(6,0)
+2d®m?KD21(6, ¢) r —m?sin(¢) (% KD11(6, ¢)j rd* cos(¢)
o Kl 2. 0

msin( o) (6(1) KD11(9,¢)) rdcos(¢) lb+m"sin(o) (aq) KD11(#,

¢)] rd® cos(¢)3—cos(¢) KD21(6, ¢) m*r? d + cos(¢) KD21(6, ¢) mr* Ib

+cos(¢)° KD21(6, ¢) m? P d? — cos(¢) KD21(6, ¢) m? d*
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o
00

—2c0s(0)° KD21(8, 0) m’rd® — 4 cos(6) KD21(6, ¢) mrd Ib

+cos(0)° KD21(6, ¢) m?d* +sin(0) (

+cos(9)° KD21(8, 0) Ibmd? + sin(¢) (% KD21(6, ¢)] m? ¢ d?
+sin(6) (% KD21(6,¢)) m#1b—sin(o) [% KD21 (8,
¢)j m2|2d2cos(q>)2—25in(¢) (% KD21(6,¢)] m® r d® cos(¢)
. a _ d
—2sin(0) (a¢ KD21(9,¢)] mrdcos(6) Ib+2sin(0) (aq) KD21 (8,
2 3 3 . i 2
¢)j m“rd’cos(¢)” +2sin(0) (aq; KD21(9,¢)) md* 1b
s 9 2 4 2 9

sin(¢) (aq) KD21(6, ¢) | m“d*cos(d)” —sin(d) [6(1) KD21(,
¢)] Ibm d®cos(6)” —m?cos(¢) KD11(8, o) > d? + mcos(o) KD11(,
0) 1b+m?cos(9)° KD11(6, o) P d? — m? cos()” KD11(6, ¢) rd®
-2 mcos(¢)2KD11(6, ) rd b+ cos(¢) KD21(6, ¢) Ib*

i i 2 2 4 2 \h 2 4 2
+sin(¢) (aq) KD21(9,¢)) Ib)j/(r(m d*+2md®Ib—2m?d* cos(¢)
+Ib2—2Ibmd2c03(¢)2+m2d4cos(q>)4))},

[— [4d (deDiz(e,q)) Flb+2dmKD22(8, 0) rIb
— m?sin(6) (a_ae KD22(9,¢)] rd®cos(o) +mesin(o) [% KD22(,

q))j rd®cos(0)> +sin(0) ( KD22(9,¢)) me b

0
00
—sin(0) (% KD22(6,¢)) m? 2 d cos(0) — 2 sin(¢) (% KD22(#,
q))] m®rd®cos() — 2sin(¢) (% KD22(e,q))j mrdcos(¢) Ib

+25sin(0) (% KD22(9,¢)] m2rd3005(¢)3+23in(¢) (% KD22( 6,

198



¢)] md?1b—sin(o) (% KD22(9,¢)] m? d* cos(¢)°
s 9 2 2, 224 9

sin(¢) (aq) KD22(6,¢)) Ibmd? cos(d)” +m* sin(¢) (69 KD12(#,
¢)] d®> +mrsin(o) (% KD12(6 q))j Ib—m? sin(¢) [% KD12(®,

q))j d2c08(¢)2—|—mzsin(¢) (% KD22( e, )j 2 d?

8|

+msin(0) (
)] * d% cos( ¢

KD22(6, )) 21b—m’sin(¢) (% KD22(6,

\_/

—msin(q)) (% KD22(9,¢)) rdcos(¢) Ib

+mecos(0) KD12(8, ¢) 2 1b—2mcos(¢)° KD12(8, o) rd Ib
+mPsin(6) (% KD12(8, )] 2 d? + msin(0) (% KD12(8, )) Z1b
— P sin(0) (% KD12(6, )] 2 & cos(6)® — me sin() (% KD12(6,
o) | recos(o) ~msin(e) (. KDL2(0.) | rdcos(o) o

+msin(0) (% sz(e,q))] r o cos(0)° + 1 cos(6) > KD12(6, 0) P ¢?
— P cos(0)’ KD12(6, ) rd® +sin(o) (% KD22(6 q))j Ib?

—cos(¢) KD22(6, o) m? P d? + cos($) KD22(6, &) mr Ib

+cos(0) KD22(6, 0) m? 2 d? — 2 cos()” KD22(8, ¢) mrd®

— 4cos() KD22(8, &) mrd Ib—m? cos(¢) KD12(6, ¢) P o’
+d®*m?KD12(6, ¢) r +2 d*m?KD22(8, ¢) r —cos(¢) KD22(6, o) m* d*
+cos(0)° KD22(8, ¢) m?d* +sin(0) (% KD22(6, q))j m? d*
+cos(0)° KD22(8, o) Ibm d? + sin (o) (% KD22(, )] m? P ¢

+cos(¢) KD22(6, o) Ibz))/(r(m2d4+2mdzlb—2m2d4cos(q>)2+Ib2
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—2Ibmdzcos(q))z+m2d4COS(¢)4))]1
[(4md (—sin((b) (% KD21(9,¢)] d cos(6) 1b—2 cos(0)” KD21(8,

6) d 1b+cos(d) KD21(6, 0) r1b-+sin(o) [ KD21(9,¢)) I

0
00
0
+rsin(¢) (% KDll(G,(b)) Ib+sin(¢) (5 KD21(G,¢)) rib
+rsin(0) (% KDll(G,(b)j Ib+rcos(6) KD11(8, ¢) Ib
—cos(9)° KD21(6, ¢) d®m — cos(6) KD21(8, &) rmd’ + cos(¢)° KD21(6,
o) rmd? +sin(¢) (% KD21(9,¢)) rmd® —sin(o) (% KD21(6,
q))] rmd?cos(9)” +d KD21(6, o) 1b+ d*KD21(6, &) m
0
—sin(0) (% KD21(6, q))) d3acos(¢) m+sin(¢) (% KD21(6,
¢)j d3003(¢)3m+rsin(¢) [5 KD11(, ¢)) m d?
—rsin(0) (% KDll(G,(b)j md?cos(9)” +sin(0) (% KD21(6,
q))] rmd® —sin(¢) [% KD21(9,¢)) rmdzcos(q>)2a
—sin(0) (% KD21(6, q))) d®cos(¢) m—sin(o) (5 KD21(#,
¢)j dcos(¢) 1b+sin(¢) (% KD21(6, ¢)j dgcos(q))sm
—rcos(0) KD11(6, ¢) md2+rcos(¢)3KDll(e, ) md?
+rsin(0) (% KDll(G,(b)) md? —rsin(o) (% KDli(e,
¢)j mdzcos(q))z)j/(m2d4+2mdzlb—2m2d4cos(¢) + 1

—21lbmd? cos(q))2 +m? d4005(¢)4) }

[(4md (—sin(q)) (% KD22( e, ¢)j d®cos(¢) m+cos(¢) KD22(6,
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®) rib+rsin(o) (% KD12(9,¢)] Ib +sin( o) (% KD22(9,¢)] rib
+rsin(o) (% KD12(6,¢)) Ib—2 cos(¢)>KD22(6, ¢) d Ib
—rcos(0) KD12(8, 0) md? +rcos(o)’ KD12(6, o) md?

: 0 2 i 9
+rsin(¢) (&b KDlZ(G,(b)j md° —rsin(¢) (aq) KD12(#,
¢)j m d? cos(¢)2—cos(¢) KD22(6, ¢) rmd2+cos(¢)3KD22(9, ) rmd?

- 0 2 _ g 0
+sin(6) (aq) KD22(9,¢)) rmd?—sin(6) (aq) KD22(6,
2 2 . i

¢)j rmd-cos(¢)” —sin(¢) [ % KD22(9,¢)) dcos(¢) Ib
+sin(0) (% KD22(6,¢)) d®cos(6)>m +rsin(9) (% KD12(6,
¢)] md? — rsin(0) [% KD12(9,¢)) md? cos(9)’
+sin(6) (% KD22(6,¢)) rmd® —sin(6) (% KD22(,
¢)j rmdzcos(¢)2—sin(¢) (% KD22( 6, ¢)) d*cos(¢) m
—sin(6) (% KD22(9,¢)) dcos(6) Ib +sin(0) (% KD22(6,
q))j & cos(0)m + rcos(6) KD12(8, ¢) Ib + sin(0) (a% KD22(9,¢)] rIb
—cos(0) KD22(8, ) d®m +d*KD22(6, 6) m +d KD22(8, ) ij)/

(m?d*+2md?1b—2 m? d4cos(¢)2 +1b* — 2 Ibm d? cos(q>)2
i +m2d4cos(¢)4)”
> dKD, — dKD;

- (4d [d mKD12(6, ) rlb+2dmKD22(8, ) rIb—m’sin(0) (% KD22(8, (8.2)

¢)] rd®cos(¢) +m?sin(o) [% KD22(9,¢)) rd3cos(¢)3

+sin(6) (% KD22(6, q>)) m b —sin(0) [% KD22(,
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o) | P ¢ cos(o)” ~2sin(o) (- KD22(0,9) ) v cos(o)
—2sin(0) (% KD22(6,¢)] mrdcos(6) Ib+2sin(0) (% KD22(,
¢)] o r d® cos(6)® + 2 sin (o) (% KD22(9,¢)) md? Ib

—sin(6) (% KD22(G,¢)) m?d* cos(6)” —sin(0) [% KD22(®,
q))] Ibm d2 cos(o)” + m? P sin(¢) (% KD12(9,¢)) o

)
+mr’sin() [% KD12(9,¢)) Ib—m? ¥ sin(¢) (% KD12(6,
q))j d2c08(¢)2—|—mzsin(¢) (% KD22( e, )j  d?

+msin( ( KD22(6 Jrzlb m? sin ( (—KDZZ(G

aslc»

)] * d% cos( ¢

\—/

—msm(q)) (@ KD22( 6, ¢)j rdcos(¢) Ib

+mecos(0) KD12(8, ¢) 2 1b—2mcos(¢)° KD12(8, o) rd Ib
2. KA 2 0
+mPsin(6) (ag) KD12(8, )] 2 d? + msin(0) (6(1) |<D12(a )) Z1b
—_— 2 1 _ J— 2 1 _
m*sin(¢) (6¢ KD12(#, )]  d? cos(q)) m”sin( o) (a(b KD12(6,
3 o 0
¢)j rd’cos(¢) —msin(o) ( % KD12(6,¢)) rdcos(¢) Ib
+m’sin(¢) (% KD12(6,¢)] rdgcos(¢)3+m2cos(¢) KD12(6, ¢) r* d?
—mzcos(q)) KD12(6, ¢) rd® +sin(o) (% KD22(6 ¢)) Ib?
—cos(¢) KD22(6, o) m? ¥ d? + cos(¢) KD22(6, &) mr Ib
+cos(0) > KD22(6, 0) m? 2 d? — 2 cos()” KD22(8, ¢) mrd®
—4cos(q))2KD22(e, o) mrdIb—m?cos(¢) KD12(6, ¢) r* d?

+d*m?KD12(6, 0) r+ 2 d*m* KD22(6, ¢) r —cos(¢) KD22(6, ¢) m?* d*
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+cos(6) KD22(6, 0) m2d* +sin(0) (% KD22(8, q))j m? d*

+cos(0)° KD22(8, o) Ibmd? + sin () (% KD22(6,¢)] m? P d?
+cos(0) KD22(6, ) Ibz)j/(r(m2d4+2mdzlb—2m2d4cos(¢)2+lb2
—21Ibmd®cos(6)’ +mPd*cos(0)’)) — (4md (

~sin(6) (% KD21(9,¢)) d cos(6) Ib— 2 cos(0)>KD21(8, ¢) d Ib

+ cos(¢) KD21(6, 6) r Ib +sin(6) (% KD21(6, q>)) b

+rsin(o) (% KDll(G,q))) Ib+sin(9) (% Kozl(e,q))j b
+rsin(o) (% KDll(G,(b)j Ib+rcos(6) KD11(8, ¢) Ib

— cos(9)° KD21(6, ¢) d®m — cos(6) KD21(8, o) rmd® + cos(¢)° KD21(6,
o) rmd? +sin(o) (% KD21(9,¢)] rmd? —sin(o) (% KD21(8,

q))] rmd?cos(9)” +d KD21(6, o) 1b+d*KD21(6, &) m

—sin(¢) (% KD21(6, q>)) d®cos(¢) m+sin(o) (% KD21(6,

o) | cos(0)" m - rsin(o) [ o KD11(0,0) | mf

—rsin(0) (% KDll(G,(b)j md?cos(9)” +sin(0) (% KD21(6,

o) | rmd—sin(o) (o KD21(0,0) | rmcos(o)’

—sin(6) (% KD21(6,¢)) d® cos() m —sin(0) (% KD21(8,

o) | deos(9) 1o +sin(e) - KD21(6.0) | cos(e)’m

—rcos(¢) KD11(6, ) md? +rcos(¢)° KD11(8, ¢) md®

+rsin(0) (% KDll(G,(b)) md? —rsin(o) (% KD11(6,
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\ 4

\ 4

\ 4

q))jmd cos( ¢ )) m*d* +2md?Ib—2m’ d* cos(¢)” + I
2

—21lbmd? cos(0) +m?d cos(¢)4)
[> deql := dKD, :
[> deq2 := dKD,:
[> deg3 := dKDj :
> deqd := dKD,:

Temporary variables
7> Temp = | - KD11(6, ¢), 0 KD12(6, ¢) 0 KD21(6, ¢) 0 KD22(6, ¢)
P [ 4 64 T e T e e

9 kp11(6,0), L KD12(6, 0), - KD21(6, 0), - KD22(8, 0)
o a0 3 A o
KD11(6, ), KD12(8, 0), KD21(8, 0), KD22(6, ¢) | :

[ > deqgl := collect
[> deg2 = collect
[ > deg3 := collect
(> deqg4 = collect

PDE Solution

[> sys4 := [deql, deqg2, deq3, deg4]:
£> sol4 := pdsolve(sys4, [KD11(8, ¢), KD12(6, ), KD21(6, &), KD22(8, 0) ]) :
> pdetest(sol4, sys4);

deql, Temp) :
deg2, Temp) :
deq3, Temp) :
deqg4, Temp) :

= = = =

[0,0,0,0] (11.2)
rhs(sol4l) rhs(sol42)

> KDF :=

rhs(sol43) rhs(sol44)

[> KDFdot := Matrix(map( diff, KDF, 8) ) - &lot + Matrix( map( diff, KDF, ¢))

-gdot :
(> QKD := Transpose (Multiply(KDF, qdot) ) :
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> dKDIg == Matrix(2, 2, [diff (QKD;, 8), diff (QKD,, 8), diff (QKD;, ¢),
diff (QKD, ¢) ]) :

> Ltest -= KDFdot — % Transpose (dKDIq) — %-dKDIq:

> Ltest := simplify(eval( Ltest, [ C1=01]));

00
Ltest := (12.1)
00

> KDtest := simplify(eval( KDF, [ C1=0]));

1 —_cl(—e+q>) —%_cln
KDtest:= | |0, ———— \e _Cl{-e _C3cos(¢)dmr (12.2)
rdmsin(o)
- ¢ 2 _% " -4 ¢
+ C2e ~ cos(¢) md“+e _C3lb—_C2e ~ dmr

Lo
+e ! _C3d2m ;

-c (-06+0) -— CT Cc o
Cle ! (e 271 _C3cos(9) +_C2e ! ) H
sin(¢)

. Asa conclusion KD is not Lagrangian for the ball and arc system.
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V¥ B.3 Direct Lyapunov Aproach for the B&Arc System KD

B&Arc DLA Fml KD.mw
| > restart:

[> with ( LinearAlgebra) :
q is a vector of generalized coordinates

0
i ¢
qdot is a vector of generalized velocites
edot

gdot

Cmatrix is the matrix of Centripetal and coriolis forces

> Cmatrix :=-Matrix(2, 2, [ -2 gdotmrdsin(¢), -2 é&otmrdsin(¢)
+2 gdotmrdsin(¢), 2 &otmrdsin(0),0]);

2 gdotmrdsin(¢) 2 @otmrdsin(¢) —2 gdotmrdsin(o)
-2 @otmrdsin(¢) 0

> q:=

> qdot:=

Cmatrix := (1.2)

Define the mass matrix and its inverse

> Mass := - simplify( Matrix(2, 2, [2mrd cos(e)zcos(q)) —mr
+2mrd sin(e)zcos(q)) —md®—1Ib, -mrd cos(e)zcos(q)) +mr
—mrdsin(e)zcos(q)),—m rd cos(e)zcos(q)) +mrP—mrd sin(e)zcos(q>),
-m?]));

F—2mrd +md®+1b -r+d
Viass = m mrdcos(d) +m mr(-r+dcos(¢)) 12)

mr(-r+dcos(0)) mr

> |Mass = MatrixInverse(Mass);
1 -r+dcos(9)

de—Hb—mdzcos((p)2 r(md2+lb—mdzcos(q))2)
IMass := (1.3)

-r+dcos(0) mr —2mrdcos(¢) +md*+Ib
r(md2+lb—md2cos(¢)2) ml’2<md2+|b—md2COS(¢)2)
§; is the Gravitational Forces vector
mg (rsin(¢) cos(6) —rcos(¢) sin(6) +dsin(0))

-mgr (sin(o) cos(6) —cos(0) sin(0))
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Fm1 Control law matrix for FMC, Eq. 4.8
-F11(qf, qdotf) -¢dot +v F11(gf, qdotf) -&lot — o

-F22(gf, qdotf ) -¢dot F22( gf, qdotf ) -6dot

:chl control law matrix for FMC, Eg. 4.9 and Eq. 4.10
> Fmclp = [[ F33(qf, qdotf) + F55(qf, qdotf) + F66(qf, qdotf), F77(qf, qdotf) ],
[F88(qf, qdotf), F44(qf, qdotf) + F66(qf, qdotf) + F55(qf, qdotf) ]];

Fmclp := [ [F33(qgf, qdotf) + F55(qf, qdotf) + F66(qf, qdotf ), F77(qf, gdotf ) ], (1.4

[F88(qf, qdotf ), F44(qf, qdotf) + F66(qf, qdotf) + F55(qf, qdotf ) ]]
> Fmcl := Fmclp + Transpose(Fmclp);

Fmcl = [[2 F33(qf, qdotf ) + 2 F55(qf, gdotf ) + 2 F66(qf, qdotf ), F77(qf, qdotf)  (1.5)
+ F88(qf, gqdotf) ],
[F77(qf, gdotf) + F88(qf, qdotf ), 2 F44(qf, gdotf ) + 2 F66(qf, gdotf)
+ 2 F55(qf, qdotf) 1]

> Fml:=

First Matching Condition
KD is a constant
KD11 KD21

i KD21 KD22
The time derivative of KD is
> KDdot := simplify (map(diff, &lot-KDT, 8) + map( diff, ¢gdot-KDT, ¢) );

> KDT :=

KDdot := (2.1)

First Matching Condition with inputsFm1 and Fmcl

> FMCsim := simplify(KDdot + Multiply (KDT, Multiply (IMass, (Fm1-Cmatrix)))

L + Transpose (Multiply (KDT, Multiply (IMass, (Fm1-Cmatrix)))) + Fmcl) :
> F1 := simplify(Multiply(Fm1, qdot) );

_ | édotv — gdoto

Fl:= 2.2
0 (2.2)

Simtest represents the symmetry proof for the FMC
> Simtest := simplify(FMCsimzy 1 — FMCsimy 2);
| Simtest:= 0 (2.3)
[> Sys = simplify( {FMCsiml’ p FMCsim, ;, FMCsim, 2}) -
Solving for the forces on sys the result is going to be called forsol

(> forsol := solve(sys, [F11(qf, gdotf), F22(qf, qdotf), F33(qf, qdotf) ]);

/N AN\
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forsol := | | F11(qf, qdotf) = ( -F88(qf, qdotf ) &dot m? r® d? KD21 sin(q>)2

— F88(qf, qdotf ) adot m? KD22 sin(q>)2 d* r —m adot F88(df,
qdotf) Ibr KD22 d%sin(6)° + m gdot F44(qf, qdotf) 1bKD21d cos() P
— mKD11 &dot F44(qf, gdotf ) 1bd cos(¢) r* — F44(qf,

qdotf) adot KD11 m?d° cos(¢) sin(q>)2 r* — F44(df,

qdotf) gdot m? r* KD22 d? sin(q>)2 — F44(qf, qdotf ) gdot m® r* d* KD21 sin(q>)2

— F44(qf, qdotf ) gdot m* KD22 sin(q>)2 d*r —2 KD222 d sin(¢) adot” I

— KD22 r F77(qf, qdotf ) &dot Ib? + KD21 r F55(qf, qdotf ) 1b* &dot

— KD22 r F44(qf, qdotf ) ¢dot Ib” — 2 F66(qf,

qdotf) &dot m? ¥ d* KD21 cos( ¢) sin(q>)2 + 2 m gdot F66 (of,

qdotf) I0KD22 *d cos(¢) — F77(qf, qdotf) &ot m* r* d” KD21 sin(q>)2

— KD22 r F55(qf, qdotf ) ¢dot Ib* + KD21 r F44(qf, qdotf ) Ib* &dot + F44(df,
qdotf) edot m? r* d* KD21 sin(q))2 + F44(qf, qdotf ) @dot m? KD21 sin(q))2 d*r
+ 2 F44(qf, qdotf ) gdot m* r* d® cos(0) sin(q>)2 KD22 + F55(qf,

qdotf) @dot m* r* ¢> KD21 sin(0)° + F66(qf, qdotf ) adot m? KD21sin () d*r
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+ F66/(qf, qdotf ) gdot m? r* d® KD21 cos(¢) sin(¢)2 — m ¢dot F66(df,
qdotf) Ibr KD22 d%sin(¢)° + m &dot F66(qf, qdotf) Ibr d> KD21 sin(0)°

+ F66(qf, qdotf ) adot KD11 m? d? sin(q>)2  — 2 adot” m? KD222 sin(¢) d°
— 2 F55(qf, qdotf) ot m? ¥* d® KD21 cos( ¢) sin(q>)2 — 2 m &dot F55(df,
qdotf) 10 KD21d cos(¢) ¥ 4 2 m gdot F55(qf, gdotf ) 1b KD22 r* d cos(¢)

+ m gdot F55(qf, qdotf ) IbKD21d cos(¢) r* — F55(df,

qdotf) edot KD11 m?d° cos( ) sin(q>)2 ¥ —mKD11 &ot F55(df,

qdotf) Ibd cos(¢) r* — F55(qf, gdotf ) gdot m? r* KD22 d? sin(q>)2 — F55(df,
qdotf) gdot m® r® d> KD21 sin(q))2 — F55(qf, qdotf ) ¢dot m? KD22 sin(q))2 d*r
—m &lot F77(qf, qdotf ) 1b KD22 r* —m &lot F77(qf, qdotf) Ib KD21 r®
—m &dot F77(qf, qdotf ) Ibr d? KD22 — KD22 r F88(qf, qdotf ) &dot Ib?

+ F55(qf, qdotf ) adot m2 KD21sin(6)” d* r + 2 F55(qf,

qdotf) gdot m? r* d® cos(¢) sin(q>)2 KD22 + F55(df,

qdotf) gdot m? r* d* KD21 cos( ) sin(q>)2 + m &lot F55(f,

qdotf) Ibr d? KD21 sin(q))2 — m gdot F55(qf, qdotf) Ibr KD22 d? sin(¢)2

209



+ F55(qf, qdotf ) adot KD11 m? d? sin(q))2 P — 2 gdot’ m? r* KD222 d sin(¢)
— 4 @dot” m? ¥ KD21 d sin(¢) KD22 —2 adot” m? r* d KD212 sin(¢)

— 12 @lot” m? 2 d* KD21sin(¢) KD22 + 8 &lot” m? r? d° KD22% sin(¢)°

— 12 adot’ m* P d* KD22 sin(0) + 8 &dot” m? P d® KD22 KD21 sin(0)°

— 2 &dot” m? P d* kD212 sin () + 2 F88(qf,

qdotf) adot m? r* d° cos(¢) s.in((p)2 KD22 + F88(df,

qdotf) edot m? r* d> KD21 cos( ¢) sin(q>)2

+25in(¢)° KD22 ¢® P KD11 adot’ m> — KD212sin(6)* dr m &dot
+rKD22d? sin(q))2 KD11 m édot 6 — 3 m gdot 6 ¥ KD22° d cos(¢)

— KD22 r F66/(qf, qdotf ) gdot Ib* — 4 m gdot o ¥ KD21d cos($) KD22

—m gdot o ¥ KD21%d cos(¢) — m ¢dot o d° cos(§) KD22>

+v &lot IbKD22° d cos(0) + 2 (,/)dot2 mIbd®sin(¢) cos(¢) KD22r

— 4 1b &dot gdot md? sin( &) cos( ) KD22° r + 3 m &dot v ¥ KD22% d cos(¢)
+4m ot v P KD21 d cos(¢) KD22 + m &dot v ¥ KD21%d cos( o)

+m @dotv d* cos(¢) KD22%> — & gdot Ib KD22? d cos( o)
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+6 g/jdot2 m?r® d%sin(¢) cos(¢) KD222

+38 ¢§dot2 m? r® d* KD21 cos( ) sin(¢) KD22

+2 ¢§dot2 m? r* d® KD21% cos(9) sin(¢) + 2 ¢§dot2 m?d* cos(¢) KD22%sin(¢) r
— 12 @ot gdot m* r* d sin( &) cos(¢) KD22>

— 16 ot gdot m” r* d? KD21 cos(¢) sin(¢) KD22

— 4 @ot gdot m” r* d? KD217 cos(¢) sin(¢) — 2 m &lot F44(qf,

qdotf) IbKD21d cos(d) r* + 2 m gdot F44(qf, qdotf ) Ib KD22 r* d cos( o)

+ F44(qf, qdotf ) gdot m? * d® KD21 cos(6) sin()* + m @lot F44(qf,

qdotf) Ibrd? KD21 sin(q))2 — m gdot F44(qf, qdotf ) 1br KD22 d? sin(q>)2

+ F44(qf, gqdotf ) &dot KD11 m? d? sin(q;)2 P+ 2 m &dot F77 (df,

qdotf) IbKD22 r*d cos(¢) + m &ot F77(qf, gdotf ) IbKD21d cos( o) r*

— 8 @lot gdot m” I d° KD22° s.in((p)3

— 4 &lot gdot m? &> KD22 KD21sin ()"

+38 &lot gdot m? > d> KD21 sin () KD22 + 2 &dot gdot m? * d*sin(¢) KD21

— 4 1b adot’ m P KD222 d sin(¢) — 4 Ib &ot” m P KD21 d sin(¢) KD22
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— 2 Ib adot’ m P d KD21 sin(¢) —41b adot” m d° KD222 sin(0)

— 2'm gdot & r d* KD222 sin(q>)2 —m gdot o r KD21 d? KD22 sin(q>)2
-2 ¢§dot2 mIbr® KD22°d sin(¢) +8 adot” mé P ¢’ sin(¢) cos( o) KD222
— m gdot F66(qf, qdotf ) 1b KD22 r* —m &dot F88(qf, qdotf ) Ib KD22 r®
— m &dot F88(qf, qdotf ) Ib KD21 r* —m &dot F88(qf, gdotf) Ibr d* KD22
— 2 gdot” m Ib KD21 d sin(¢) KD22

+12 @dot” m? r d? KD21 cos(0) sin(6) KD22

+ 4 adot’ m? P d? KD212 cos(0) sin(o) + 8 adot” m? d* cos(9) KD22%sin( o) r
+4 gdot” m?rd* KD21 cos( ) sin(¢) KD22

— 4 @dot gdot m d* cos( ) KD22%sin( ) r

+8 Ib &dot” m d? sin() cos(¢) KD22*r

+41b &dot” mrd? KD21 cos( ) sin(¢) KD22

+ 4 1b &dot gdot m r* KD22? d sin( ) — m gdot F66(qf, gdotf) IbKD21 r®
— m gdot F66(qf, qdotf ) 1br d? KD22 4+ m &dot F66(qf, qdotf ) IbKD21 1

+ m @&dot F66(qf, qdotf ) Ibr KD21 d* + KD21 r F66(qf, gdotf ) 1b* &dot
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+m &dot F55(qf, qdotf ) Ib KD21 r* + m ¢gdot 6 KD22° r* + m &dot F55(qf,
qdotf) Ibr KD21 d> — m gdot F55(qf, gdotf ) 1b KD22 r* —m ¢dot F55 df,
qdotf) 1b KD21 r* — m gdot F55(qf, qdotf ) Ibr d” KD22

+ 4 1b &ot gdot m ¥ KD21 d sin(¢) KD22

+2 Ib &ot gdot m ¥ d KD212sin(¢) +2 m &dot v r d> KD22 sin(0)°

+m &lotv r KD21 d® KD22'sin () — 2 gdot’ m? ¥ KD22d sin ()

—4 g/jdot2 m? r* KD21d sin(¢) KD22 — 2 (bdot2 m® r* d KD21%sin(¢)

—6 ¢§dot2 m? ¥ d* KD22%sin(¢) + 4 ¢)dot2 m® ¥ d° KD22 sin(q>)3

+2 gdot” m? P d® KD22 KD21 sin () — 4 gdot’ m? P d® KD21 sin () KD22
+ 4 @dot gdot m? r* KD222 d sin(¢) + 8 &ot gdot m? r* KD21 d sin(¢) KD22
+ 4 @ot gdot m” r* d KD21% sin(¢) + 12 ot gdot m? ¥* d° KD22% sin(¢)
+25in(¢) KD22d r IbKD11 &dot’ m

—25sin(¢)° KD22 d® ¥ KD11 ot gdot

—2sin(0) KD22d r Ib KD11 ot gdot m +m KD11 &dot F66(qf, qdotf) 1br®

+mKD11 &lot F55(qf, qdotf ) 1br® — KD21° r & &ot Ib + m &lot F44(qf,
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qdotf) 1b KD21 r* + m édot F44(qf, qdotf) Ibr KD21 d* — m ¢gdot F44 (df,
qdotf) 1b KD22 r* — m gdot F44(qf, qdotf ) 1b KD21 r* —m gdot F44(qf,
qdotf) Ibrd? KD22 +m KD11 &lot F44(qf, qdotf ) 1br® — F77(df,

qdotf) adot m? r* KD22 d? sin(q))2 — F77(qf, qdotf ) adot m? KD22 sin(q))2 d*r
+ 2 F77(qf, qdotf) &dot m* ¥ d* cos(¢) s.in((p)2 KD22 + F77(df,

qdotf) adot m® r* d°> KD21 cos(¢) sin(q>)2 —m &dot F77(df,

qdotf) 1br KD22 d? sin(q))2 — 2 F44(df,

qdotf) adot m? r* d* KD21 cos( o) sin(q>)2 + m ¢dot F66(qf,

qdotf) b KD21d cos(¢) ¥ — 2 m &dot F66(qf, gdotf ) 1b KD21 d cos(¢) r*
— F66(qf, gdotf ) edot KD11 m? d* cos( ) sin(q))2 r

+ 2 m gdot o r* KD22 KD21 + m gdot o r° KD21? + 3 m gdot & r d* KD22
+2m gdot 6 r KD21 d? KD22 — v &dot IbKD22 KD21 r — v ot IbKD22? r
—m @adotv PKD21% — m &ot v KD222 r* — 2 m &dot v r* KD22 KD21
—3madotvrd?KD22° — 2 m &dot v r KD21 d? KD22

+ 6 ¢gdot IbKD22 KD21 r 4 o ¢dot b KD22% r + KD22 r IbKD11 &ot
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—mKD11 ot F66(qf, gdotf) Ibd cos(¢) r* — F66(df,
qdotf) gdot m® r* KD22 d? sin(q))2 — F66/(qf, qdotf ) gdot m? r° d° KD21 sin(q))2
— F66(qf, qdotf ) gdot m? KD22'sin(0)” d*r + F66(qf,

qdotf) edot m? r* d> KD21 sin(q))2 + 2 F66(df,

qdotf) gdot m? r* d° cos(¢) s.in((p)2 KD22 + 2 m &dot F88(df,

qdotf) 1bKD22 r*d cos(¢) + m &dot F88(qf, qdotf ) IbKD21 d cos( o) r

— F88(qf, qdotf ) adot m® r* KD22 d? sin(¢)2) / ( @ot” r ( -KD21% 1b
+KD11KD22 Ib + d®m KD22 KD11sin(6)° — kD212 ¢’ msin(6)°) ),
F22(qf, gdotf ) = (cos(q)) m ( -2 KD21r gdot KD22d

+2 @lot KD22° r v d + &dot F77(qf, qdotf) r IbKD22d

— KD21 d &dot F66(qf, qdotf ) r Ib + cos(¢) KD11 r* &dot F55(qf,

qdotf) m d? sin(q>)2 +cos(¢) ot KD21 r* F55(gf, qdotf) m d? sin(q>)2

— 2 KD212d? m i adot’ sin(q>)3 — edot F77(qf, qdotf ) mr d° sin(q))4 KD22
— ot F77(qgf, qdotf) r lbKD22 d sin(q>)2 —2 @otKD22°rv d sin(q))2

+ 4 KD22° PP (,7)dot2 md?sin(¢) —4 KD22° 2 (,7)dot2 m d? sin(q>)3
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—cos(¢) @dot F77(qf, qdotf ) r* IbKD22 — cos(¢) ot F77(qf,

qdotf) m r* d? sin(q>)2 KD22 + &ot F77(qf, qdotf ) mr d® sin(q))2 KD22

+ 4 cos(d) KD22? r® gdot m &dot d sin(¢)

—2c0s(¢) KD222 P gdot’ md sin(¢) + KD22 d* gdot F44(qf,

gdotf) m rsin(q>)2 — KD22 d* gdot F44 (qf, qdotf ) m rsin(q))4

+2KD2Lr gdot KD22d osin(6)° + 4 KD21 ¥ gdot” KD22 m d° sin ()

— 4KD21 P gdot” KD22 m d?sin(0)° — cos(¢) &lot F88(gf,

qdotf) m 2 dsin(6)” KD21 + cos() KD11 ¥ &lot F55(qf, gdotf ) Ib
—cos(¢) KD21 ¥ gdot F55(qf, qdotf ) Ib — cos(¢) KD22* d* gdot & sin(q>)2
—2cos(¢) KD21° P m adot’ d sin(0)

+ 4 cos(9) KD22° d* gdot m r &dot sin(¢) + KD21 d* &ot F44(qf,

qdotf) m rsin(q>)4 +2 KD212d?m ¥ &dot’ sin(0)

— 8 KD21 r* gdot KD22 m d? éot sin (o)

+8 KD21 2 gdot KD22 m d? &lot sin(6)° + 8 KD21 ¥ KD22 m d” &dot” sin(0)

— 2KD22 md* &dot’ sin(q>)3 — 4 cos(9) KD22? d* gdot m r &dot sin(q))3
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— 4cos(¢) KD2L P gdot” KD22md sin( ) + 2 KD222m d* &lot” sin ()

+ @&dot F88(qf, qdotf) r Ib KD22 d

+8cos(¢) KD21 1 gdot KD22 m ot d sin (o)

+4cos(9) KD21? r* gdot m &dot d sin () — cos(¢) KD21 r* gdot F66 (df,
qdotf) 1b— 8 KD21 ¥ KD22 m d? &dot’ sin () + cos(¢) KD11 r &dot F66/qf,
qdotf) 1b + cos(¢) KD11 r* &ot F66(qf, gdotf ) m d? s.in((p)2

+2cos(¢) KD21d*KD22mr aot” sin(q>)3

— 4 cos(¢) KD21d*KD22m &lot” sin(0)

— 4 cos(9) KD21r* KD22m adot” d sin(¢) —KD21d &lot F44(qgf, qdotf) r 1b
—2cos(9) KD22° Ib adot’ r d sin() + cos(¢) KD22? d? gdot &

—2cos(¢) KD21 Ib &lot’ rd sin() KD22 + cos(6) KD212F gdot &
—cos(¢) ot F77(qf, qdotf ) m r* d sin(q>)2 KD21 — cos(¢) édot F88(df,
qdotf) r? IbKD21 — &dot F88(qf, qdotf) mr d® sin(q))4 KD22

—cos(¢) adot F88(qf, qdotf) r* IbKD22 — cos(¢) ot F88(qf,

qdotf) m r* d? sin(q>)2 KD22 — cos( ) KD22 r* gdot F55(qf, gdotf ) m d® sin(q))2
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—cos(¢) KD22 r* gdot F66(qf, gdotf ) m d? sin(q>)2

— 2 KD22 b &dot” dsin()° — cos(0) @dot KD212 v

+cos(¢) 6ot KD22% d?v sin(q>)2 —2cos(9) KD222m¢® adot’ d sin(¢)
—cos(¢) adot KD222d?v + cos(§) KD11 r* &dot F44(qf, qdotf ) Ib
—6cos(¢) KD22°md° adot” rsin(¢) +4 cos(o) KD22° md* adot” rsin(q>)3
—2cos(¢) KD22% ¢ gdot” mrsin(¢) + 2 cos() KD21 P gdot KD22 6
—2cos(¢) KD212 1 g/jdot2 mdsin(¢) — 2 cos(¢) &dot KD21r* v KD22
+2 cos() KD222 d® gdot” mrsin(0) > + cos(o) KD21 P &lot F44(qf,
qdotf) Ib + cos($) KD22* ¥ gdot & + cos( o) KD11 r* &ot F44(qf,
qdotf) m d? sin(q>)2 — KD21 d® &dot F44(qf, qdotf ) m rsin(q))2
+KD21d @dot F44(f, qdotf ) r Ibsin(0)° +2 KD22 r gdot d o sin ()
+2 KD222 Ib aot’ 0 sin () — 8 KD22% P gdot m d &dot sin( )
+8KD222 P gdot m d? @lot sin()° + 6 KD222m ¥* &dot’ d sin ()
—6KD222m P @&lot” d?sin(0)° — cos(¢) Aot KD22* P v

—cos(¢) KD21 r* gdot F55(qf, gdotf ) m d? sin(q>)2 — KD21 d® adot F55(qf,
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gdotf) m rsin(q>)2 + KD21 d* &dot F55(qf, qdotf ) m rsin(¢)4

+cos(¢) @dot KD21 r* F66(qf, gdotf) md? sin(q>)2

—cos(¢) KD22 r* gdot F66(qf, gdotf ) b+ cos(¢) adot KD21 r* F66(df,
qdotf) Ib + KD22 d ¢dot F66(qf, gdotf ) r Ib — KD22 d ¢dot F66(qf,

gdotf) rIb sin(q>)2 + KD22 d* gdot F66 (qf, qdotf ) m rs.in((p)2

—KD22d? gdot F66(qf, qdotf ) mr s.in((p)4 + KD21d édot F66(qf,

qdotf) r Ibsin(q>)2 — KD21 d* &dot F66/(qf, qdotf ) m rsin(q>)2

—cos(¢) KD21 r* gdot F66(qf, gdotf) m d? sin(q>)2 + KD21 d® adot F66(qf,
gdotf) m rsin(q>)4 — &dot F88(qf, gqdotf ) r Ib KD22 d sin(q>)2 + &dot F88(df,
qdotf) mrd® sin(q>)2 KD22 — cos(¢) KD22 r* gdot F44(qf, gdotf ) Ib

+ KD22 d gdot F44(qf, qdotf) r Ib — KD21 d &dot F55(qf, qdotf) rIb

+ KD22d gdot F55(qf, qdotf) r1b — 2 KD22*r gdotd o

—cos(¢) KD21 r* gdot F44(qf, gdotf) md? sin(q>)2

+cos(¢) KD21 r adot F44(qf, qdotf ) md2sin(0)°

—cos(¢) KD22 r* gdot F44(qf, gdotf) m d? sin(q>)2
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—cos(¢) KD21 r* gdot F44(qf, gdotf ) Ib — KD22 d gdot F44(df,

qdotf) r Ibsin(q>)2 + KD21 d &ot F55(qf, qdotf) rIb sin(q>)2

—cos(¢) KD22 r* gdot F55(qf, gdotf ) Ib+ cos(¢) @dot KD21 r* F55(df,
qdotf) Ib — KD22 d3 gdot F55(gf, qdotf) mrsin(o)* -+ KD22 d® gdot F55(qf,
qdotf) m rsin(q>)2 + 2 &dot KD21rv KD22d — KD22 d ¢dot F55(dff,

qdotf) rlb sin(q>)2 — 2 ot KD21rv KD22d sin(q>)2 —cos(¢) &dot F77(df,

gdotf) 2 1bkD21) ) / (-1 +sin(6)?) ot (-KD212 Ib + KD11KD22 Ib

+d®mKD22KD11sin(0)° —KD212d?msin(¢)°) ), F33(qf, qdotf ) =

- 1 (2sin(¢) d P &lot m gdot” KD11

r(Ib—i—mdzsin(q))z) adot’
—2cos(¢) &lot mKD1Lrd’sin(¢) + 2 d KD21sin(¢) adot Ib
+sin(¢)2d2rF55(qf, qdotf ) (,/)dotzm —|—sin(¢)2d2rF77(qf,
qdotf) edot gdot m + 2 adot’ m d KD21 sin(0)
— 2 &lotm gdot” P d KD21 sin(¢) + 2 &lot’ m gdot  d sin(¢) KD22
+2 @dot’ mKD21 ¢° sin(0) —|—sin(¢)2d2rF88(qf, gdotf ) &dot gdot m
—4sin(¢) dr adot’ m ¢dot KD11 + cos(¢) ¢dot20 KD22d
—4cos(d) adot” mr d’ KD21sin(¢) —cos(¢) ¢dot &dotv KD22d
—cos( o) adot’ v d KD21 + cos(¢) ¢dot o Aot d KD21
+ 4 cos(0) 6dotm(/ﬁdot2rd2 KD22sin(¢) +sin(¢)2d2rmF55(qf,
qdotf) &lot” + 2 adot mKD11sin(¢) d P +2 m gdot’ ¥ d sin(¢) KD22
+2mgdot’ P d KD2Lsin(¢) + 2 &dot” m gdot KD22 d3sin ()
— 4 &dotm ¢d0t2r2d sin(0) KD22+sin(q))2d2rF44(qf, qdotf) ¢d0t2m
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+ sin(q>)2 d® r m F66(qf, qdotf) adot’

—2cos(¢) &dotm ¢§dot2 rd? KD21sin(¢) +sin(¢)2 d® r F66(qf,

qdotf) (bdot2 m — 4 cos(¢) adot” m gdot r d* KD22 sin ()

+ 2 cos( o) adot’ m gdot r &> KD21 sin(¢) + 2 d'sin(¢) KD22 adot’ gdot 1b
—2cos(¢) m ¢§dot3 rd?KD22sin(¢) —2 adot’ m gdot ¥ d KD21 sin(¢)

+ @lot” v KD21 1 — (/jdot2 o KD21r + ¢gdot &dot v KD21 r —r &dot ¢ ¢dot KD11
+rIb F66(qf, qdotf) 6b|ot2 + r F66(qf, qdotf) gzﬁdot2 Ib — ¢dot 6 &dot KD21 r

-+ r F88(qf, qdotf ) &lot ¢dot Ib + r F77(qf, qdotf ) &dot ¢dot Ib

— (bdot2 o KD22 r 4 r F55(gf, gdotf) ¢dot2 Ib + r Ib F55(gf, gdotf) tsblot2

|+ rF44(qf, gdotf) gdot’ Ib + gdot @ot v KD22 1 + v KD11 éot’) |]
forsol, are the solutions to Eq. 2.3

Testing the forces on the First matching condition equation the result is going to be called
FMCltest

> FMCtest := simplify(evaI(FMCsim, [forsoIL T forsolly o forsolly 3]) );

00
FMCtest := (2.5)
00
FMC is satisfied!

S Flae Sirm;,”fy(eval(Fl, [forsoIL p forsol 5, forsolly3]) );
@dot v — gdot &
0

(2.6)

> Fcl:= simplify(eval( Fmcl, [ forsol, 4, forsol, ,, forsol; 5]));
Fol:= H 2.7)
B 1
(md®+1b—md? cos(¢)2) r &dot’
—2cos(¢) @lot mKD11rd’sin(¢) + 2 d KD21sin(¢) adot Ib
+2 @dot’ m P d KD2Lsin(¢) — 2 &dotm gdot” ¥ d KD21 sin (o)
+2 &dot” m gdot 2 d sin(¢) KD22 + 2 adot’ mKD21 d* sin ()
— 45sin(¢) d P &lot” m gdot KD11 + cos(¢) gdot” ¢ KD22d
— 4 cos(0) adot’ m r ¢° KD21 sin(¢) —cos(¢) ¢dot Aot v KD22d

(2 (2sin(¢) d r? adotm ¢§dot2 KD11
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—cos(0) adot’ v d KD21 + cos(¢) ¢dot o Aot d KD21

+4cos(¢) @&lotm gdot” rd? KD22sin(¢) + 2 adot mKD11sin(¢) d P
+2m ¢d0t3 dsin(¢) KD22 4+2m (bdot3 * d KD21sin(¢)

+2 @lot'm gdot KD22 d*sin(¢) — 4 &dotm (/ﬁdot2 rdsin(¢) KD22
—2cos(¢) &dotm ¢§dot2 rd? KD21sin(¢)

— 4 cos(0) alot” m gdot r d® KD22 sin ()

+ 2 cos( o) adot’ m gdot r &> KD21 sin(¢) + 2 d'sin(¢) KD22 adot’ gdot 1b
—2cos(¢) m ¢§dot3 rd?KD22sin(¢) —2 adot’ m gdot ¥ d KD21 sin(¢)

+ @lot” v KD21 1 — (/jdot2 o KD21r + ¢gdot édot v KD21 r —r &dot ¢ ¢dot KD11
— d?r F88(qf, qdotf ) &dot gdot m cos(¢)2 + r F66(gf, qdotf ) ¢)dot2 Ib

— gdot o &dot KD21 r + r F88(qf, qdotf ) &lot gdot Ib + r F77(qf,

qdotf) édot ¢dot 1b — (bdot2 o KD22 r 4 r F55(gf, gdotf) ¢dot2 Ib + r F44(qf,
qdotf) gdot” Ib + gdot Gdot v KD22 r + rv KDL édot’ + d? r F44(qf,

qdotf) ¢)dot2 m — d? r F44(qf, qdotf ) ¢)dot2 m cos(¢)2 + d? r F66(qf,

gdotf) (bdot2 m — d® r F66(qf, qdotf ) ¢dot2 m cos(q>)2 + d? r F55(df,

qdotf) gzﬁdot2 m—d*r F55(qf, qdotf) ¢)dot2 m cos( (1))2 +d*r F77(qf,

qdotf) adot gdot m — d®r F77(qf, qdotf ) &dot ¢gdot m cos( q))2 + d? r F88(qf,

qdotf) &dot ¢dotm) ) F77(qgf, qdotf ) + F88(df, qdotf)],
[F77(qf, gdotf ) + F88(qf, gqdotf), 2 F44(qf, qdotf ) + 2 F66(gf, qdotf)
+ 2 F55(qf, qdotf) 1]

:> F1:= simplify(evaI(Fll) );
F1:= &lotv — ¢dot G (2.8)
iemprl is calculated in order to avoid singularities on Fmcl
> tempfTl := solve( - ¢>dot2 o KD21r + gdot &dot v KD22 r + gdot &dot v KD21 r

—r &lot 6 gdot KD11 — 2 cos(d) m ¢dot3 rKD22 d’ sin(¢)
—2cos(¢) adotm ¢dot2 rd?KD21sin(¢) +2m ¢dot3 r* KD22 d sin(¢)
— 2 &otm ¢dot2 KD21dsin(¢) ¥ — 4 ot m (bdot2 * KD22 d sin(¢)
+25in(¢) d P &lot m gdot’ KD11 + 2 m gdot” KD21 d sin(¢) 12
— d®r F88(qf, qdotf) &ot gdot m cos(q>)2 + d? r F55(qf, qdotf) ¢>dot2 m
— d? r F55(qf, qdotf) ;/ﬁdot2 m cos( ¢)2 + d? r F66(qf, qdotf) ¢d0t2 m
+r F66(qf, qdotf) ¢dot’ Ib — gdot & &lot KD21 r
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+ cos(¢) ¢dot o &dot KD21d + cos(¢) gzﬁdot2 o KD22d

+ 4 cos(6) @dotm (/ﬁdot2 rKD22 d?sin( ) —d*r F66(qf

qdotf) ¢dot2 m cos(q>)2 + d? r F77(qf, qdotf) &dot gdot m — 4> r F77(qf
gdotf) &dot gdot m cos(¢) >+ dr F44(qf, qdotf) (;)dot2 m — d? r F44(qf,
qdotf) q)dot2 m cos(q))2 + d? r F88(qf, qdotf) &lot gdot m + r F55(qf
qdotf) gdot” Ib + r F44(qf. qdotf) gdot” Ib + r F88(qf, qdotf) &dot gdot Ib
+ r F77(qf, qdotf) &dot ¢dot Ib — (/ﬁdot2 o KD22r

—cos(¢) ¢dot @dot v KD22d, F77(qf, qdotf) ) :

Fmcl is the Lyapunov contribution from FMC. F77 (qf, qdotf ) and F44(qgf, gdotf) are
the parameters to reach Fmcl at least positive semi-definite

[> Fcl := simplify(eval(Fcl, F77(qf, qdotf) =tempfT1)) :
tempfT2 is calculated in order to avoid singularities on Fmcl

> tempfT2 = solve( - gdot 6 KD21r — ¢gdot 6 KD22 r + d’r F44(qf, qdotf) gdot m
+d*r F55(qf, gdotf) ¢dot m + d*r F66(qf, gdotf) gdotm
+cos(¢) gdot o KD22d + r F44(gf, gdotf) ¢dot Ib + r F66(qf, gdotf) ¢dot Ib
+ r F55(gf, qdotf) ¢dot Ib — 2 cos(¢) m (/jdot2 r KD22 d*sin(¢)
— d? r F44(qf, qdotf) gdot m cos(q))2 — d? r F66(gf, qdotf) gdot m cos(q))2
+2m gdot” P KD22d sin(6) + 2 m gdot’ KD21sin(0) d ¥ — d?r F55(qf,

L gdotf) g¢dot m cos(¢)2, F44(qf, qdotf)) .

> Fcl = simplify(eval(Fcl, F44(qf, qdotf) =tempfT2));

Fcl::H— L (2 (21bdsin(¢) KD22 gdot 2.9)
r(md?+1b—md?cos(¢)”)

+2 Ibd KD21sin(¢) adot — 2 m gdot * d KD21sin (o)

+2cos(p) mgdotrd?KD21sin(¢) 4+ v KD21r —4sin(¢) d ¥ m gdot KD11
+2m gdot KD22 d* sin() +2 &dot m ¥ d KD21sin(¢) — cos(¢) v d KD21
—4cos(¢) adotmrd?KD21sin(¢) + rvKD11 +2 @&lot mKD11sin(¢) d r?

+2d*KD21sin(¢) &otm —2 cos(¢) adotm KD11 rd*sin(¢)
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— 4 cos(9) m gdot r > KD225sin(¢) + 2 m gdot ¥ d sin() KD22) ),

- r(md2+|b—1md2cos(¢)2) (-2 cos(¢) m gdot r d® KD21 sin (o)

+vKD21lr—roKD11 —o KD21r+vKD22r —cos(¢) v KD22d

—2'm gdot ¥ d KD21sin(¢) +2sin(¢) d ¥ m gdot KD11 + cos(¢) o d KD21

+ 4 cos(9) m gdot r d> KD22sin(¢) — 4 m gdot * d sin( ) KD22) |,

- L ~— (-2 cos(¢) m gdot r d” KD21sin ()
r(md?+1b—md?cos(6)°)

+vKD21r —roKD11 — 6 KD21r +v KD22r —cos(¢) v KD22d
—2'm gdot *d KD21sin(¢) +2sin(¢) d ¥ m gdot KD11 + cos(¢) o d KD21

+ 4 cos(9) m gdot r d> KD225sin(¢) — 4 m gdot * d sin( ) KD22),

2 (KD22r —cos(¢) KD22d +KD21r) (2 ¢dotmrdsin(¢) — o)
r(md?+ Ib—mdzcos(q))z)

:> tempfT3 := simplify(solve(tempfT2 — tempfT1, F55(gf, qdotf) ) );

tempfT3 := - (r F44(qf, qdotf) gdot Ib + r F66(qf, gqdotf ) ¢dot Ib + r F88((f, (2.10)

qdotf) &lot Ib — gdot 6 KD22 r — ¢dot 6 KD21 r + &lot 6 KD22 r

+ @dotv KD21r —r &ot 6 KD11 + &lot v KD22 r — &dot r F66(qf, gdotf ) Ib
— @otd?r F66(qf, qdotf ) m — &dot cos(¢) o KD22d + &dot d*r F66 (qf,
gdotf) m cos(q>)2 —2cos(¢) m (/ﬁdot2 rd? KD22sin(¢)

— 4 @ot m gdot ¥ d KD21sin(¢) +2m q)dot2 dsin(o) KD22 — d®r F88(qf,
qdotf) édotm cos(q>)2 +2m gzﬁdot2 *d KD21sin(¢) —cos(¢) &otv KD22d
+2sin(0) d r* &lot m gdot KD11 + cos(¢) o adotd KD21

+6cos(¢) adotm gdot r d® KD22sin(¢) + cos(¢) ¢dot o KD22d

+d*r F44(qgf, qdotf ) ¢dot m + d*r F66(qgf, gdotf) ¢dotm — d*r F66 (gf,
gdotf) gdot m cos(q>)2 — 6 adot m gdot r* d sin(¢) KD22

—2cos() adotm gdot r d® KD21sin(¢) — d® r F44(qf, gdotf ) gdot m cos(q>)2
+d*r F88(qf, qdotf ) &ot m) /(r (d2 gdotm — d? gdot m cos(q>)2 — @dot Ib
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+ ¢dot Ib + 6dotd2mcos(¢)2 — &otd?m))

E> FMCforsol := simplify(eval( forsol, [ F55(gf, qdotf) =tempfT3])) :
> FMCtestl := simplify(evaI(FMCsim, FMCforsoIl) );

FMCtestl := | [ (2 (r F44(qf, qdotf) ¢dot Ib -+ r F66(qf, qdotf ) gdot Ib + r F55(qf,  (2.11)
qdotf) gdot Ib + r F88(qf, qdotf ) &lot Ib — ¢gdot 6 KD22 r — ¢gdot 6 KD21 r
+ &dot 6 KD22 r + édot v KD21 r —r &dot 6 KD11 + &dot v KD22 r — F55((f,
qdotf) m rd® ot — adot r F66(qgf, gdotf ) 1b + F55(df,
qdotf) mr d? cos(q>)2 @dot — Ib F55(qf, qdotf ) r &dot — &dot d* r F66(qf,
qdotf) m — &dot cos(¢) o KD22 d + adot d r F66(qf, qdotf ) m cos(q>)2
—2cos(d) m (,/)dot2 rd?KD22sin(¢) — 4 &ot m gdot ¥ d KD21 sin(¢)
+2m q)dot2 dsin(o) KD22 — d®r F88(qf, qdotf) &dotm cos(q))2
+2m ¢dot2 r*d KD21sin() —cos(¢) @dotv KD22d
+25sin(¢) d r* adot m gdot KD11 + cos(¢) o &dot d KD21
+6cos() adotm gdot r d? KD22sin(¢) + cos(¢) ¢dot o KD22d
+d?r F44(qf, qdotf ) ¢dot m + d’r F66 (gf, qdotf ) ¢dot m + dr F55(qf,
qdotf) gdot m — d* r F66(qf, qdotf ) ¢dot m cos(q>)2
—6 ot m gdot ¥ d sin(¢) KD22 — 2 cos(¢) édot m gdot r d* KD21 sin(¢)
— d? r F55(gf, qdotf ) gdot m cos(q))2 — d? r F44(qf, qdotf ) gdot m cos(¢)2
+d? r F88(qf, qdotf ) adotm)) / (r (d? gdot m — d? gdot m cos(q>)2 — &dot 1b
+ gdot Ib + &dot d? mcos(q>)2 — adotd®m) ), 0],
[0, (2 (r F44(qf, gdotf) gdot Ib + r F66(qf, qdotf ) gdot b+ r F55(f,
qdotf) ¢dot Ib + r F88(qf, qdotf ) &dot Ib — gdot 6 KD22 r — ¢dot 6 KD21 r
+ &dot 6 KD22 r + édot v KD21 r —r &dot 6 KD11 + &dot v KD22 r — F55(df,
qdotf) m rd® @dot — &lot r F66 (qgf, gdotf ) b 4+ F55(df,
qdotf) mr d? cos(q>)2 ot — Ib F55(qf, qdotf ) r &dot — &dot d* r F66(qf,
qdotf) m — &dot cos(¢) o KD22 d + adot d r F66(qf, qdotf ) m cos(q>)2
—2cos(p) m (/jdot2 rd?>KD22sin() — 4 &dot m gdot ¥ d KD21 sin(¢)
+2m qﬁdot2 dsin(o) KD22 — d* r F88(qf, qdotf ) &dotm cos(q>)2
+2m ¢dot2 r*d KD21sin(¢) —cos(¢) &otv KD22d
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+25sin(¢) d r* adot m gdot KD11 + cos(¢) o &dot d KD21

+6cos() adotm gdot r d? KD22sin(¢) + cos(¢) ¢dot o KD22d
+d2rF44(qf, qdotf) gdotm +d2rF66(qf, qdotf) gdotm +d2rF55(qf,
qdotf) gdot m — d* r F66(qf, qdotf ) gdot m cos( ¢)2

— 6 ot m gdot ¥ d sin(¢) KD22 — 2 cos(¢) édot m gdot r d* KD21 sin(¢)
— d? r F55(qf, qdotf ) gdot m cos(q))2 — d? r F44(qf, qdotf ) gdot m cos(¢)2

+ d* r F88(qf, gdotf ) 6dotm))/(r (2 gdot m — d? ¢dotmcos(¢)2— &dot 1b

+ gdot Ib+ edot & m cos( ) — ot & m) ) |]

> Forsol8s := solve(FMCtestl, ,, F88(qf, qdotf) );

Forsol88 := - L 5 (rF44(qf, qdotf) gdot 1b (2.12)

r gdot (md® + 1o —md?cos(¢)°)
+r F66(qf, gdotf ) gdot Ib + r F55(qf, gdotf ) gdot Ib — ¢gdot 6 KD22 r
— ¢dot 6 KD21r + ot 6 KD22 r + &dot v KD21r —r &ot 6 KD11
+ &ot v KD22 r — F55(qf, qdotf) m rd® &dot — adot r F66(qgf, gdotf) Ib
+ F55(qf, qdotf ) mr d? cos(q>)2 &dot — Ib F55(qf, qdotf ) r &dot
— edot d* r F66/(qf, qdotf ) m — &dot cos(¢) o KD22 d + ot d? r F66(qf,
gdotf) m cos(q>)2 —2cos(d) m (,/)dot2 rd?KD22sin (o)
— 4 @dot m gdot ¥ d KD21sin(¢) +2m q)dot2 dsin(¢) KD22
+2m ¢d0t2 r*d KD21sin() —cos(¢) @dotv KD22d
+25sin(¢) d r* adot m gdot KD11 + cos(¢) o &dot d KD21
+6cos() adotm gdot r d? KD22sin(¢) + cos(¢) ¢dot o KD22d
+d?r F44(qf, qdotf ) ¢dot m + d’r F66 (gf, qdotf ) ¢dot m + dr F55(qf,
qdotf) gdot m — d* r F66(qf, qdotf ) ¢dot m cos((p)2
— 6 ot m gdot ¥ d sin(¢) KD22 — 2 cos(¢) édot m gdot r d* KD21 sin(¢)

- d®r F55(qf, qdotf ) ¢dot m cos(q))2 — d%r F44(qf, qdotf ) gdot m cos(q))2)
> FMCtestl := simplify (eval(FMCtestl, F88(qf, gdotf ) = Forsol88) );

FMCtestl := (2.13)

B FMC is satisfied!
> KDT := simplify(eval(KDT, [KD11(6, ¢) =KD11, KD21(6, ¢) = KD21, KD22(#,
¢) =KD22]));
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KD11 KD21
KD21 KD22

KDT :=

:> Detti := Determinant(KDT);
Detti := KD11 KD22 — KD21?

> Eigenvalues(KDT )

% KD22 + % KD11 + % J KD22% — 2 KD11 KD22 + KD11? + 4 KD21
1 1 1 7 2 2
- KD22+ - KD11— - J KD22% — 2 KD11 KD22 + KD11? + 4 KD21

> P = simplify(Multiply(KDT, IMass) );
[ KD11lr+ KD21r—KD21cos(¢) d

r(md®+ Ib—mdzcos(q))z)
1
me® (md? + Ib—mdzcos(q))z)

P:=

(KD11mr* —KD11mrcos(¢) d

+KD21mr? —2KD21mrcos(¢) d + KD21 md? + KD21 Ib) l

KD22r —cos(¢) KD22d + KD21r
r(md®+ Ib—mdzcos(q))z)
1
me® (md? + Ib—mdzcos(q))z)

(KD21m r® —KD21 mrcos(¢) d

+KD22m P — 2 KD22mrd cos(9) + KD22md? + KD22 Ib) H

:> Determinant(P);
KD11 KD22 — KD21?

?m(md®+ Ib—mdzcos(q))z)

v Second Matching Condition

7> Kv := o-Multiply(Column(P, [1]), Transpose (Column(P, [1])));
o (KD1Lr + KD21r — KD21 cos(6) d)*

? (md?+ Ib—mdzcos((p)z)2

Kv:=
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1
r (mdz—i-lb—mdzcos(q))z)
—KD21cos(¢) d) (KD22r —cos(¢) KD22d + KD21r)) ]

> (0 (KD11r +KD21r

1
? (md? + Ib—mdzcos(q>)2)

> (o0 (KD11r+KD2Lr

—KD21cos(¢) d) (KD22r —cos($) KD22d + KD21r)),

o (KD22 r — cos(6) KD22d +KD21r)° H

? (md? + b —md? cos(q))z)2

> convert(Kyv, string);

"Matrix(2, 2, [[alpha*(KD11*r+KD21*r-KD21*cos(phi)*d)"2/r*2/(m*d"2+1b-m*  (3.2)
d"2*cos(phi)*2)"2,alpha*(KD11*r+KD21*r-KD21*cos(phi)*d)/r*2/(m*d"2 +
Ib-m*d"2*cos(phi)*2)"2*(KD22*r-cos(phi)*KD22*d+KD21*r)],[alpha*
(KD11*r+KD21*r-KD21*cos(phi)*d)/r"2/(m*d"2 +Ib-m*d"2*cos(phi)"2)"2*
(KD22*r-cos(phi)*KD22*d+KD21*r),alpha*(KD22*r-cos(phi)*KD22*d +

| KD21*r)"2/r"2/(m*d"2 +Ib-m*d"2*cos(phi)*2)"2]])"

> F2fi= Multiply(MatrixInverse(P), Kv) :

:> simplify(Eigenvalues(Kv) );

0l, (3.3)

| (o (2 KD21% 2 + 2 KD21 P KD22 — 2 KD21 r KD22 cos(¢) d + KD22?
— 2 KD222rcos(9) d + KD222 cos(9)” d? + KD112 P + 2 KD11 P KD21
— 2 KD11rKD21 cos(6) d —2 KD21r cos(¢) d + KD21 cos(0)’ d%) ) /
(P (mPd*+2md*Ib—2 m2d4cos(¢)2+ Ib* — 2 Ibmdzcos((p)2

4
 +midcos(e)")) ]]
> F2m := - Multiply(F2f, qdot) :
[> F2 := simplify( F2m1) :
Input contribution from SMC, F,

> convert(F2, string)
"-alpha*("6dot *KD11*r+ 6dot *KD21*r-'6dot *KD21*cos(phi)*d+ ¢dot *KD21*  (3.4)
r+"¢dot"*KD22*r-"dpdot" *KD22*cos(phi)*d)/r/(m*d"2+Ib-m*d"2*cos(phi)*2)"
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¥ Third Matching Condition

> PHM- vt 2.1 [a% (6, 0), % @(6,9) ]

> TMC := convert[ , Matrix | — convert(G, Matrix)

+ Multiply(Matrixinverse(P), PHM);

TMC =

F3+mg (rsin(¢) cos(6) —rcos(¢) sin(0) +dsin(0)) (4.1)

1
KD11 KD22 — KD21?

((Kozler—KDmmrcos(q)) d + KD22m P

—2KD22mrd cos(d) +KD22 md? + KD22 Ib) (% ®(6, q))J)

- L ((KDllmr2—KD11mrcos(q>)d+KD21mr2

KD11 KD22 — KD21°
9
—2KD21mrcos(¢) d + KD21 md? + KD21 Ib) (a (6, 0) ) ) }

-mgr (sin(¢) cos(8) —cos(d) sin(0))

(KD22r —cos(¢) KD22d +KD21r) rm | — ®(#6, q))j

KD11 KD22 — KD21°
)
(KD11r+KD21r—KD21lcos(¢) d) rm | — @(6, q))j

+

KD11 KD22 — KD21?

> TMCphi := simplify(eval( TMC, ;, KD21=KD21(9)));

TMCphi := - L o (mr (g sin(6) cos(8) KD11KD22 4.2)
o

KD11 KD22 — KD21
—gsin(¢) cos(0) KD21((1))2 —gcos(0) sin(6) KD11 KD22

+gcos(0) sin(8) KD21(0)* + (% @ (6, ¢)) KD22 r — (% @ (6,
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q))j cos(0) KD22d + (% ®(6, q))j KD21(6) r — [% o(6, q))j KD11r

- (% q>(e,¢)) KD21(9) r+ (% q>(e,¢)) KD21() cos(¢) d))
:> solphi := pdsolve(TMCphi);
solphi:=®(6,¢) = - U(b[ - (g sin [_b — ( (4.3)

[ -KD22r +cos(_b) KD22d —KD21( b) r
)

KD11r +KD21(_b) r —KD21(_b) cos(_b) d d—b) —o

-KD22 r + cos(
) KD11r + KD21(

KD22d — KD21(6) s dq)] (KD11KD22

o
o) r—KD21(¢) cos(¢)

—KD21(_b)?) J / (KD11r 4 KD21(_b) r —KD21(_b) cos(_b) d) J d_b]

+ F1le— -KD22r +cos(¢) KD22d —KD21(¢) r ;
) KD11r+KD21(¢) r—KD21(¢) cos(¢) d

"> PhiliF := simplify(rhs(solphi)):

¢
PhiliF := - [‘ (_ [gsin[_b _ U -KD22r +cos(_b) KD22d —KD21(_b) r (4.4)

KD11lr+ KD21(_b) r—KD21(_b) cos(_b) d

-KD22r +cos(¢) KD22d —KD21(¢) r
KD11r + KD21(¢) r—KD21(¢) cos(¢)

d_bj o+

. dq)] (KD11 KD22

— KD21(_b)?) ] / (KD11r 4 KD21(_b) r —KD21(_b) cos(_b) d) ] d_b]

+_F1[e— [[ -KD22r + cos(¢) KD22d —KD21(9) r dq’)]
| KD11r +KD21(9) r —KD21(0) cos(¢) d

> Philif = simplify(eval( PhiliF, [KD21(_b) =KD21, KD21(¢) =KD21]) );

0
[ 1 .
Philif:= U [ KD11r + KD21r — KD21cos(_b) d (g S'n[—b * (45)

KD22r —cos(_b) KD22d + KD21r b—o—
) KD11r+ KD21r—KD21cos(_b)d —

KD22r —cos(¢) KD22d + KD21r
KD11lr+ KD21r—KD21cos(¢) d

+_Fl[e+(KD22r—cos(¢) KD22d +KD21r | )

dq)] J (KD11 KD22 — KD21?) J ) d_b)

KD11r + KD21r —KD21cos(¢) d
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1
KD11lr + KD21r —KD21d

> Philif := simplify[int[ (( -KD21?

KD21r + KD22r — KD22d é) _0
KD11lr +KD21r—KD21d '

([ KD2Lr +KD22r — KD22d cos(¢) " & | +Fe-cosh| 6
KD11r +KD21r —KD21d cos(0)

N im( KD21r + KD22 r — KD22d cos(¢) m :
i KD11r+KD21r—KD21d cos(¢)
£> Philif := simplify(eval( Philif, [E=0¢]) ) :
> 3 := simplify(FB — (TMCL 1))
1

£3:= . (—mg rsin(¢) cos(8) KD11KD22
KD11KD22 — KD21

+KD22KD11) g sin (g + int(

+mgrsin(¢) cos(6) KD212 +mgrcos(¢) sin(0) KD11KD22
—mgrcos(¢) sin(6) KD21> —mgdsin(6) KD11 KD22

+mgdsin(6) KD212 — [i cp(e,q))j KD2Lm r + (% o(8,

q>(e,¢)j KD22m P + 2 (i (6,

®) | KD21mrcos(¢) d — ( s

®) | KD22mrdcos(¢) — ( <1>(e,q>)j KD22 md* — (% D(0,

6) | KD221b + (% c1>(e,¢)) KD11mr? — (% o (6,

o) | KD21 Ib)

Input contribution from TMC, F,
[> F3 := simplify(eval( f3, [®(6, ¢) =Philif]) ) :

V¥ The control input of the system is

[ > Fc:= simplify(FL + F2 +F3) :
> 71i = diff (Fc, 6) :
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> i = diff (Fc, ¢) :
> 730 := diff (Fc, &lot) :
> T4 = diff (Fc, ¢dot) :

> 1= simplify(eval( 71i, [cos(¢) =1])) :

[> 71 := simplify(eval( 71, [cos(0) =1]) ) :

> 71 = simplify(eval( 71, [sin(¢) =0,sin(8) =0,$=0,6=0])) :

> 72 = simplify(eval( 72i, [cos(¢) =1, cos(8) =1]) ) :

> 72 = simplify(eval( 72, [cos(8) =1,sin(0) =0,sin(8) =0,6=0,0=0])) :

> 73 := simplify(eval( 73i, [¢=0,0=0 ]));
. —ochDll—rocKDlilr—i-rvIb+0cKD21d 5.)

- simplify(eval( 72i, [6=0,06=0 ]));
721::_rocKD22+rGIb—i—lg(erDZI—ocKDZZd 52)

> T:=simp|ify([ n R B 721]):

Linearization of control law
> sysidl = [R,=0,r0=0, la=1b]:

sysid2 :== [m=0.02, Ib=0.05,9g=9.8,r=0.75,d=0.5] :
[> LCond := [6=0, &lot=0, ¢ =0, gdot=0] :

> Eqgs := simplify| Multiply| IMass,

T
0 - Multiply(Cmatrix, gdot) — G] ] J;

- md2+|b_1md2cos(¢)2 (-1 +4 gdotmrdsin(o) &lot (6.1)
-2 ¢dot2mrdsin(¢) —mgdsin(0) —2 aiotzmrdsin((p)

+2md?cos(0) 6dotzsin(q)) —dcos(¢) mgsin(¢) cos(0)
+dcos(q))2mgsin(e))],

L 5 (rt—4 gdotmr®dsin(o) &lot
r(md®+1b—md’cos(¢))

+2 ¢dot2mr2dsin(¢) +rmgdsin(6) —dcos(¢) t
+4d*cos(¢) gdotmrsin(o) &dot — 2 d? cos(o) ¢dot2mrsin(q>)
+dcos(d) mgrsin(o) cos(0) —dcos(¢)2mg rsin(0)

+2mr26dot2dsin(q)) —4mrd?cos(¢) 6dotzsin(q>) +2md? ajotzsin(q))
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Eqgs :=




—md®gsin(¢) cos(0) +2 1b 6dot2dsin(¢) —1Ibgsin(¢) cos(0)
)

+1Ibgcos(o) sin(0))]]
> A
= [[0,0,1,0],
[0,0,0,1],
[diff (Eqs[1],0), diff (Eqs[1], ¢), diff (Eqs[1], &dot), diff(Eqgs[1], ¢dot) ],
[diff (Egs[2], ), diff (Eqs[2], ¢), diff (Eqgs[2], &dot), diff (Egs[2], ¢dot) ]]:

> A= map(eval, A, LCond) :
> A:=eval(A, sysidl) :
> A :=eval(A sysid2);_

0 0 10|
0 0 01

A= (6.2)
0 1.960000000 0 0
13.06666666 -12.41333333 0 0

0
0
> B:=|
diff (Egs[1], 1)
diff (Egs[2], 1)
> B:= simplify(map(eval, B, LCond) ) :
E> B := simplify(map(eval, B, sysidl)) :
> B = simplify(map(eval, B, sysid?) );
0
B:= 0 (6.3)
P 20. .
| 6.666666666 |
| > LinCi:=-T:

[> LinC := map(eval, LinCi, sysidl):
| > LinCl := map(eval, LinC, sysid2):
E> LinC3 := map(eval, LinC1, LCond):

> k= 822743 138.2016 -34.1319 118.4029 |;

k:=| 82.2743 138.2016 -34.1319 118.4029 | (6.4)
> solve({ k- LinC3,;, k,- LinC3,, ks~ LinC3; k,- LInC3, 1);
[FG (6.5)
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_ 1
2.265359 10° KD21 + 7.51853 10° KD22

10Y7 KD21% + 2.512230276 10'7 KD22 KD21 + 4.146003213 10*° KD22%) ),

(1.158550537 10 (3.805640687

KD11 = 0.8537774058 KD21 + 0.3925497477 KD22, KD21 = KD21, KD22
=KD22, 0.= o, v = 34.13190000 + 23.74221478 0. KD21

+7.850994954 0. KD22, & = 118.4029000 — 6.666666668 o KD22

—20. a KD21}

> K= simplify(eval(LinC& [FG

_ 1
2.265359 10° KD21 + 7.51853 10° KD22

10Y7 KD212 + 2.512230276 10%7 KD22 KD21 + 4.146003213 10*° KD22%) ),

(1.158550537 107 (3.805640687

KD11=0.8537774058 KD21 + 0.3925497477 KD22, KD21 = KD21, KD22
=KD22, 0.= o, v = 34.13190000 + 23.74221478 0. KD21

+7.850994954 0, KD22, ¢ = 118.4029000 — 6.666666668 0. KD22

—20. 0 KD21])) :

> K = simplify(eval(K, [KD21=-8, o= - (m-d® + Ib— m-d?-0.01)°, KD22
I =25])) -
> K := simplify(eval(K, sysid2) );

K:= [ 82.27303888 138.1617159 -34.13190000 118.4029000 ] (6.6)

> Acli= eval(A-Multiply(B, K));

Acl:=[[0.,0.,1,0.], (6.7)
[0.,0.,0.,1.],
[ -1645.46077760000003, -2761.27431799999977, 682.638000000000034,
-2368.05799999999999 ],
[ -535.420259151817959, -933.491439237891996, 227.545999977245401,

| -789.352666587731392]]

> EACLi := Eigenvalues(Acl);

[ -76.7102449890722369 + 0. | |

_ - 4.80474800020141224 + 0. |

EACLi := (6.8)
-11.0097791129625779 + 0. |

-14.1898944854941575 + 0. |

> Dett := evaI(Detti, [FG
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_ 1
2.265359 10° KD21 + 7.51853 10° KD22

10'7 KD21% + 2.512230276 10% KD22 KD21 + 4.146003213 10*° KD22?) ),

(1.158550537 10 (3.805640687

KD11=0.8537774058 KD21 + 0.3925497477 KD22, KD21 = KD21, KD22

=KD22, oo =0, v =34.13190000 + 23.74221478 o. KD21

+ 7.850994954 o0 KD22, 6 =118.4029000 — 20. oo KD21

— 6.666666668 o0 KD22]);
Dett := (0.8537774058 KD21 + 0.3925497477 KD22) KD22 — KD21 (6.9)
0 2

> Dettf := eval( Dett, [KD21=-8, o= P (m-d? + Ib —m-d>0.01) ", KD22 =25 );
| Dettf := 10.58811115 (6.10)
 where Detti is denined as the determinant of KD

¥ The Potential ®

This part is made in order to simplify the potential
| > Philif:

> Philifw := eval(Philif,
|/ V(KDIir F KDZLr —KD21d) (KDIlr 1 KD2ir + KD2id) =¥)):

> Philifwl = evaI(PhiIif\N,

arctan( ((KD11r +KD21r +KD21d) (-1 +cos(6)))/

(V (KDI1r+ KD21r —KD21d) (KDILr+ KD21r +KD21d) sin(¢)))

I :arctan(r(e—\}"(w]l) :

> Philifw2 = evaI(PhiIifwl, ~1+cos(9)

sin(¢)
J (KDILr+KD2Lr—KD21d) (KDILr +KD21r + KD21d) :‘PU;

arctan (

) —arct(<(0) ).

Philifw2 := | -g cos( [ -0 KD21 W KD11r—2 ¢ KD21° W r + ¢ KD21* W d (7.1)

— o KD21¥Y KD22r + ¢ KD21 ¥ KD22d + 6 KD21 ¥ KD11r + 6 KD21*Wr
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— 0 KD21° W d + 2 P arctan [ F(e—\f) ] KD11? KD22

+2 P arctan [ L\I’ﬁ’) ] KD11 KD22 KD21

— 2 rarctan ( 1“(9—\;()) j KD11KD22KD21d

— 2 P KD21? arctan[—r(e’ o) ] KD11 — 2 ¥ KD21? arctan[—r(e’ o) ]
N N

+2 rKD21% arctan ( 1“(9—\Pm J d —2KD22arct(¢(¢)) ¥ KD1lr

—2KD22arct(¢(¢)) W¥KD21r+2KD22arct(¢(0)) W KD21 dj /

((KD11r+KD21r

—KD21d)

KD21+ (KD1lr + KD21r —KD21d) (KD1lr +KD21r +KD21d) ))
KD11KD22 +g cos( ( -9 KD21 W KD11r —2 ¢ KD21° ¥ r + ¢ KD21* W d

— o KD21WKD22r + ¢ KD21¥Y KD22d + 6 KD21 ¥ KD11r + 6 KD21*Wr
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— 0 KD21° W d + 2 P arctan [ F(e—\f) ] KD11? KD22

+2 P arctan [ L\I’ﬁ’) ] KD11 KD22 KD21

— 2 rarctan ( 1“(6—\;()) j KD11KD22KD21d

— 2 P KD21? arctan[—r(e’ o) ] KD11 — 2 ¥ KD21? arctan[—r(e’ o) ]
v v

+2 rKD21% arctan ( 1“(9—\P¢ﬂ J d —2KD22arct(¢(¢)) ¥ KD1lr

—2KD22arct(¢(¢)) W¥KD21r+2KD22arct(¢(0)) W KD21 dj /

((KD11r+KD21r

—KD21d)

KD21+ (KD1lr + KD21r —KD21d) (KD1lr +KD21r +KD21d) ))
KD21% + F6 cosh[ ( -2 rKD21% arctan ( @ ]

—2KD22arct(g(¢)) ¥ +0KD21 W + 2 rarctan[&q’ﬁ))) KD11 KDZZ)
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/(KD21\/ (KDI1r +KD21r—KD21d) (KD11r+ KD21r+KD21d) ))
KD1lr +2F6 cosh[ ( -2 rKD21% arctan(r(e—\l’lmj

—2KD22arct(¢(¢)) ¥ +0KD21 W + 2 rarctan[L\{'lmj KD11 KDZZJ

/(KD21\/ (KDILr + KD21r —KD21d) (KDILr + KD2Ir + KD21d) ))
KD21r — F6 cosh( [ -2 rKD21? arctan[&q’ﬂ’) J

—2KD22arct(g(¢)) ¥ +0KD21 W + 2 rarctan[L\{'lmj KD11 KDZZJ

/(KD21\/ (KDIL1r + KD21r —KD21d) (KDILlr+ KD21r + KD21d) ))
KD21d + F6 cosh[ [ -2 r KD21% arctan [ r(e_;q)) ]

—2KD22arct(g(¢)) ¥ +0KD21 W + 2 rarctan[L\{'lmj KD11 KDZZJ

/(KD21\/ (KDILr + KD21r —KD21d) (KDILr + KD2Ir + KD21d) ))
KD22r — F6 cosh( [ -2 rKD21% arctan [ &q’f’) J

—2KD22arct(¢(¢)) ¥ +0KD21 W + 2 rarctan[r(e—\{'lmj KD11 KD22J
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/(KDZl\/ (KD11r + KD21r —KD21d) (KD1lr+ KD21lr + KD21d) )

KDZZdJ (KD11r +2KD21r —KD21d + KD22r —KD22d)

:> PhiGraphi := simplify(evaI(PhiIif, [RO:O, ro=0, la=1b, m=0.02, Ib=0.05, ¢
=9.8,r=0.75,d =0.5])):

> PhiGraph = simplify[eval(PhiGraphi, [F6

= 5 L : (1.158550537 10°® (3.805640687
2.265359 10° KD21 + 7.51853 10° KD22

10" KD21% + 2512230276 10*" KD22 KD21 + 4.146003213 10'® KD22%) ),
KD11 =0.8537774058 KD21 + 0.3925497477 KD22, KD21 = KD21, KD22
=KD22, o=, v = 34.13190000 + 23.74221478 0. KD21

+7.850994954 o KD22, & = 118.4029000 — 6.666666668 o KD22

_zo_ammm :

> PhiGrapht := simplify(eval(PhiGraph, [KDZl =-8, a=r-(m-d® + Ib — m-d?

2
i .0.01)°, KD22=25]) ) :
where KD21 and KD22 are the tunning parameters to get the convex shape of the
potential.
o is the tunning parameter for the positive definiteness property of Fmcl
[> f:= (0, r) >PhiGrapht:
> plot3d(f(6,r),0=-0.2..0.2,0=-0.2 .. 0.2, axes = FRAME, orientation = [35,

751, style=PATCH, title =" KD constant");

239



\ 4

KD constant

phi . theta

The Hessian

> Hessiani := simplify(eval( Matrix(2, 2, [ diff (diff (Philif, ¢),
®), 0), diff (diff (Philif, 8), ¢), diff (diff (Philif, 6),0)]))) :

:> Hessian := simplify( eval( Hessiani, [sin(q)) =sin(¢ +0.1* (10" 15) ) ])) ;

£> Hessian := simplify( eval( Hessian, [6 =0, 0=0]) ) :
> Hessian := simplify(eval(Hessian, [m=0.02, Ib=0.05, g =9.8, r=0.75, d
=0.5])) :

> Hessian = simplify(eval(Hessian, F6

_ 1
2.265359 10° KD21 + 7.51853 10° KD22

10'7 KD21% + 2.512230276 10% KD22 KD21 + 4.146003213 10*° KD22?) ),

(1.158550537 10 (3.805640687

KD11=0.8537774058 KD21 + 0.3925497477 KD22, KD21 =KD21, KD22
=KD22, oo =0, v =34.13190000 + 23.74221478 o. KD21

+ 7.850994954 o, KD22, ¢ =118.4029000 — 6.666666668 o0 KD22

—20. aKD21])) :

> Hessian == simplify(evaI(Hessian, [KD21 =-8, a=r(m-d®+1b— m-d2-0.01)2,
KD22=25])):
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Hessian :=
221.2876183 625.9346949

727.9019701 221.2876183 \

> Determinant(Hessian);

4.066508876 10°

> Eigenvalues(Hessian);

904.003209398076592 + 0. |
449.833455601923333 + 0. |

V Variables to matlab

[> F3 = simplify(eval(F3, sysid2)) :
| > Fmcl = simplify(eval(Fmc1l, sysid2) ) :

> convert(F1, string);

"“Bdot *nu-"¢dot *sigma”

:> convert(Fmcl, string);
"Matrix(2, 2, [[2*F33(qgf,qdotf)+2*F55(qf,qdotf)+2*F66(qf,qdotf),F77(qf,qdotf) +

F88(qf,qdotf)],[F77(qf,qdotf)+F88(qf,qdotf),2*F44(qgf,qdotf) +2*F66(qf,qdotf)
+2*F55(qgf,qdotf)]])"

:> convert(F2, string)
"-alpha*("6dot *KD11*r+ 06dot" *KD21*r-"6dot *KD21*cos(phi)*d+ ¢dot *KD21*

r+ ¢dot *KD22*r-"¢pdot" *KD22*cos(phi)*d)/r/(m*d"2+Ib-m*d"*2*cos(phi)"2)"

:> convert(F3, string)
"'.1000000000e-2*(225.*KD11*KD21*F6*sinh((-6.*KD21"2*arctan((3.*KD11+5.*

KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))
-2.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*

KD21))N(1/2) +theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21)) (1/2)
+6.*arctan((3.*KD1145.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*

KD11+5.*KD21))(1/2)/sin(phi))*KD11*KD22)/((3.*KD11+KD21)*(3.*
KD11+5.*KD21))(1/2)/KD21)*cos(phi)*2+4410.*KD11*sin(phi)*cos(theta)*

KD21/2*cos(phi)-294.*sin(theta)* K D22*K D212 +3528.*KD11*KD21*sin((-3.

*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)*KD11-4. *phi*
KD21/2*((3.*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)-1.*phi*KD21*((3.*
KD11+KD21)*(3.*KD11+45.*KD21))\(1/2)*KD22 +3.*theta*KD21*((3.*
KD11+KD21)*(3.*KD1145.KD21))\(1/2)*KD11 +theta*KD21/2*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))(1/2)+18.*arctan((3.*KD11+5.*KD21)
*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) (1/2)/sin(phi))*
KD1172*KD22+6.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11*KD22*KD21-18.*
KD2172*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*
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KD11+5.*KD21))(1/2)/sin(phi))*KD11-6.*KD21”3*arctan((3.*KD11+5.*
KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))
-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))(1/2)*KD11-2.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+
KD21)*(3.*KD11+5.*KD21))(1/2)*KD21)/((3.*KD11+KD21)*(3.*KD11+5.
*KD21))"(1/2)/(3.*KD11+KD21)/KD21)*KD22*cos(phi)-3969.*KD113*sin
(phi)*cos(theta)-5586.*KD11*sin(theta)*KD21"2-1764.*sin(phi)*cos(theta)*
KD21"3+-3969.*KD11"3*cos(phi)*sin(theta)-882.*KD11/2*KD22*sin(theta)
-441 *sin(phi)*cos(theta)*KD22*KD21"2-8379.*KD11*sin(phi)*cos(theta)*
KD2172-1176.*KD11*KD22*sin(theta)*KD21+1176.*sin(phi)*cos(theta)*
KD21"3*cos(phi)-4410.*KD11*cos(phi)*2*sin(theta)*KD21"2+11319.*KD11*
sin(theta)*KD2172*cos(phi) +637.*KD22*sin(theta)*KD21"2*cos(phi)-294.*
KD22*cos(phi)*2*sin(theta)*KD21/2+1323.*KD1172*KD22*cos(phi)*sin
(theta)-2646.*KD11"2*cos(phi)*2*sin(theta)*KD21-1176.*cos(phi)*2*sin((-3.*
phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD11-4.*phi*
KD21"2*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)-1.*phi*KD21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD22+3.*theta*KD21*((3.*
KD11-+KD21)*(3.*KD11+5.*KD21))(1/2)*KD11+theta*KD21/2*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) +18.*arctan((3.*KD11+5.*KD21)
*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))*
KD1172*KD22+6.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11*KD22*KD21-18.*
KD21/2*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*
KD11-+5.*KD21))(1/2)/sin(phi))*KD11-6.*KD21/3*arctan((3.*KD11+5.*
KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))
-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))(1/2)*KD11-2.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+
KD21)*(3.*KD11+5.*KD21))(1/2)*KD21)/((3.*KD11+KD21)*(3.*KD11+5.
*KD21))N(1/2)/(3.*KD11+KD21)/KD21)*KD22*KD21"2-660.*KD21"2*F6*
sinh((-6.*KD21"2*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11 +
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))-2.*KD22*arctan((cos(phi)-1.)/sin
(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) +theta*KD21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))(1/2) +6.*arctan((3.*KD11+5.*KD21)*
(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))*KD11*
KD22)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/KD21)-1176.*
KD21/3*sin(theta)-2646.*KD11”3*sin(theta) +6958.*cos(phi)*sin((-3.*phi*
KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-4.*phi*
KD2172*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)-1.*phi*KD21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD22+3.*theta*K D21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)*KD11 +theta*KD21"2*((3.*
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KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) +18.*arctan((3.*KD11+5.*KD21)
*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))*
KD1172*KD22+6.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))(1/2)/sin(phi))*KD11*KD22*KD21-18.*
KD21/2*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*
KD11+5.*KD21))(1/2)/sin(phi))*KD11-6.*KD21/3*arctan((3.*KD11+5.*
KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))
-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))(1/2)*KD11-2.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+
KD21)*(3.*KD11+5.*KD21))(1/2)*KD21)/((3.*KD11+KD21)*(3.*KD11+5.
*KD21))M(1/2)/(3.*KD11+KD21)/KD21)*KD22*KD2172-495.*KD11*KD22*
F6*sinh((-6.*KD21"2*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))-2.*KD22*arctan((cos(phi)-1.)/sin
(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) +theta*KD21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))(1/2) +6.*arctan((3.*KD11+5.*KD21)*
(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))*KD11*
KD22)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/KD21)-165.*KD22*
F6*sinh((-6.*KD21"2*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))-2.*KD22*arctan((cos(phi)-1.)/sin
(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) +theta*KD21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))(1/2) +6.*arctan((3.*KD11+5.*KD21)*
(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))*KD11*
KD22)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/KD21)*KD21-2475.*
KD11*F6*sinh((-6.*KD21"2*arctan((3.*KD11+-5.*KD21)*(cos(phi)-1.)/((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))-2.*KD22*arctan((cos
(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) +theta*
KD21*((3.*KD11-+KD21)*(3.*KD11+5.*KD21))(1/2) +6.*arctan((3.*
KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"
(1/2)/sin(phi))*KD11*KD22)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)
/KD21)*KD21+1764.*KD11/2*KD22*sin((-3.*phi*KD21*((3.*KD11+KD21)
*(3.*KD11+5.*KD21))N(1/2)*KD11-4.*phi*KD21"2*((3.*KD11+KD21)*(3.*
KD11+5.*KD21))N(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))"(1/2)*KD22+3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))M(1/2)*KD11+theta*KD21"2*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))"(1/2)+18.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))(1/2)/sin(phi))*KD1142*KD22 +6.*arctan((3.*
KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"
(1/2)/sin(phi))*KD11*KD22*KD21-18.*KD21"2*arctan((3.*KD11+5.*KD21)*
(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11
-6.*KD21"3*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.
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*KD11+5.#KD21))(1/2)/sin(phi))-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)*KD11-2.*KD22*arctan((cos(phi)
-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD21)/((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)/(3.*KD11+KD21)/KD21)*cos
(phi)"2+4-34986.*KD11*cos(phi)*sin((-3.*phi*KD21*((3.*KD11+KD21)*(3.*
KD11+5.*KD21))N(1/2)*KD11-4.*phi*KD212*((3.*KD11 +KD21)*(3.*
KD11+5.*KD21))N(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))N(1/2)*KD22+3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))"(1/2)*KD11+theta*KD2172*((3.*KD11-+KD21)*(3.*KD11+5.*
KD21))"(1/2)+18.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11"2*KD22 +6.*arctan((3.*
KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"
(1/2)/sin(phi))*KD11*KD22*KD21-18.*KD21"2*arctan((3.*KD11+5.*KD21)*
(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)/sin(phi))*KD11
-6.*KD21/3*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.
*KD11+5.#KD21))(1/2)/sin(phi))-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)*KD11-2.*KD22*arctan((cos(phi)
-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD21)/((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)/(3.*KD11+KD21)/KD21)*
KD2172-15582.*KD11*KD21*sin((-3.*phi*KD21*((3.*KD11+KD21)*(3.*
KD11+5.*KD21))N(1/2)*KD11-4.*phi*KD212*((3.*KD11 +KD21)*(3.*
KD11+5.*KD21))(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))N(1/2)*KD22+3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))"(1/2)*KD11+theta*KD2172*((3.*KD11-+KD21)*(3.*KD11+5.*
KD21))"(1/2)+18.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11"2*KD22 +6.*arctan((3.*
KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"
(1/2)/sin(phi))*KD11*KD22*KD21-18.*KD21"2*arctan((3.*KD11+5.*KD21)*
(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)/sin(phi))*KD11
-6.*KD21/3*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.
*KD11+5.#KD21))(1/2)/sin(phi))-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)*KD11-2.*KD22*arctan((cos(phi)
-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD21)/((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)/(3.*KD11+KD21)/KD21)*
KD22+60.*cos(phi)*2*F6*sinh((-6.*KD21"2*arctan((3.*KD11+5.*KD21)*
(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD1145.*KD21))(1/2)/sin(phi))-2.*
KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))
N1/2)+theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))\(1/2) +6.*
arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*
KD21))\(1/2)/sin(phi))*KD11*KD22)/((3.*KD11+KD21)*(3.*KD11+5.*
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KD21))"(1/2)/KD21)*KD21"2-1764.*KD1172*KD21*sin((-3.*phi*KD21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)*KD11-4. *phi*KD21"2*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)-1.*phi*KD21*((3.*KD11+KD21)
*(3.*KD11+5.*KD21))"(1/2)*KD22+3.*theta*KD21*((3.*KD11+KD21)*(3.*
KD11+5.#KD21))"(1/2)*KD11+theta*KD2172*((3.*KD11+KD21)*(3.*
KD11+5.#KD21))"(1/2)+18.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11"2*KD22 +6.*
arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*
KD21))(1/2)/sin(phi))*KD11*KD22*KD21-18.*KD21"2*arctan((3.*KD11+5.
*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi)
)*KD11-6.*KD21”3*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))-6.*KD22*arctan((cos(phi)-1.)/sin
(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD11-2.*KD22*
arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*
KD21)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/(3.*KD11+KD21)
IKD21)*cos(phi)*2+882.*KD11"2*KD22*sin((-3.*phi*KD21*((3.*KD11 +
KD21)*(3.*KD11+5.*KD21))*(1/2)*KD11-4.*phi*KD21"2*((3.*KD11 +
KD21)*(3.*KD11+5.*KD21))(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3.*
KD11+5.#KD21))"(1/2)*KD22+3.*theta*KD21*((3.*KD11+KD21)*(3.*
KD11+5.#KD21))"(1/2)*KD11+theta*KD2172*((3.*KD11+KD21)*(3.*
KD11+5.#KD21))"(1/2)+18.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11"2*KD22 +6.*
arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*
KD21))(1/2)/sin(phi))*KD11*KD22*KD21-18.*KD21"2*arctan((3.*KD11+5.
*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi)
)*KD11-6.*KD21”3*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))-6.*KD22*arctan((cos(phi)-1.)/sin
(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD11-2.*KD22*
arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*
KD21)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/(3.*KD11+KD21)
/IKD21)*cos(phi)+135.*KD11"2*cos(phi)"2*F6*sinh((-6.*KD21"2*arctan((3.*
KD11+5.#KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"
(1/2)/sin(phi))-2.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*
KD11+5.#KD21))(1/2) +theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))"(1/2)+6.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11 +
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11*KD22)/((3.*KD11 +
KD21)*(3.*KD11+5.*KD21))"(1/2)/KD21)-7644.*KD11*cos(phi)*2*sin((-3.*
phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-4.*phi*
KD2172*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)-1.*phi*KD21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD22+3.*theta*KD21*((3.*
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KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)*KD11+theta*KD2172*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) +18.*arctan((3.*KD11+5.*KD21)
*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))*
KD1172*KD22 +6.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11*KD22*KD21-18.*
KD2172*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*
KD11+5.#KD21))(1/2)/sin(phi))*KD11-6.*KD21”3*arctan((3.*KD11+5.*
KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)/sin(phi))
-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))N(1/2)*KD11-2.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+
KD21)*(3.*KD11+5.*KD21))*(1/2)*KD21)/((3.*KD11+KD21)*(3.*KD11+5.
*KD21))(1/2)/(3.*KD11+-KD21)/KD21)*KD21"2+14112.*KD11"2*KD21*
cos(phi)*sin((-3.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*
KD11-4.*phi*KD2172*((3.*KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)-1.*
phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD22 +3.*theta*
KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11 +theta*
KD2172*((3.*KD11+KD21)*(3.*KD11+5.*KD21))*(1/2) +-18.*arctan((3.*
KD11+5.#KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))*
(1/2)/sin(phi))*KD11"2*KD22 +6.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/(
(3.*KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11*KD22*KD21
-18.*KD21"2*arctan((3.*KD11+-5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*
(3.*KD11+5.#KD21))*(1/2)/sin(phi))*KD11-6.*KD21"3*arctan((3.*KD11+5.*
KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)/sin(phi))
-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))N(1/2)*KD11-2.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+
KD21)*(3.*KD11+5.*KD21))(1/2)*KD21)/((3.*KD11+KD21)*(3.*KD11+5.
*KD21))(1/2)/(3.*KD11+-KD21)/KD21)-10584.*KD11”2*sin(phi)*cos(theta)*
KD21+45.*KD11*KD22*cos(phi)*2*F6*sinh((-6.*KD21"2*arctan((3.*
KD11+5.#KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"
(1/2)/sin(phi))-2.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*
KD11+5.#KD21))"(1/2) +theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))"(1/2)+6.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11 +
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11*KD22)/((3.*KD11 +
KD21)*(3.*KD11+5.*KD21))"(1/2)/KD21)+294.*sin(phi)*cos(theta) *KD22*
KD2172*cos(phi)-5292.*cos(phi)*2*sin((-3.*phi*KD21*((3.*KD11+KD21)*(3.
*KD11+5.#KD21))"(1/2)*KD11-4.*phi*KD21"2*((3.*KD11+-KD21)*(3.*
KD11+5.#KD21))"(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))"(1/2)*KD22+3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))"(1/2)*KD11+theta*KD2172*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))"(1/2)+18.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
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KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11"2*KD22 +6.*arctan((3.*
KD11+5.#KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"
(1/2)/sin(phi))*KD11*KD22*KD21-18.*KD21"2*arctan((3.*KD11+5.*KD21)*
(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))*KD11
-6.*KD21”3*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.
*KD11+5.*KD21))(1/2)/sin(phi))-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD11-2.*KD22*arctan((cos(phi)
-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD21)/((3.*
KD11+KD21)*(3.*KD11+5.*KD21))(1/2)/(3.*KD11+KD21)/KD21)*
KD2173-40425.*KD11*KD21"2*sin((-3.*phi*KD21*((3.*KD11+KD21)*(3.*
KD11+5.#KD21))*(1/2)*KD11-4.*phi*KD21"2*((3.*KD11+KD21)*(3.*
KD11+5.#KD21))"(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))"(1/2)*KD22+3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))"(1/2)*KD11+theta*KD2172*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))(1/2)+18.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11"2*KD22 +6.*arctan((3.*
KD11+5.#KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"
(1/2)/sin(phi))*KD11*KD22*KD21-18.*KD21"2*arctan((3.*KD11+5.*KD21)*
(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))*KD11
-6.*KD21”3*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.
*KD11+5.#KD21))(1/2)/sin(phi))-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD11-2.*KD22*arctan((cos(phi)
-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD21)/((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/(3.*KD11+KD21)/KD21)-1485.*
KD1172*F6*sinh((-6.*KD21"2*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))-2.*KD22*arctan((cos
(phi)-1.)/sin(phi))*((3.*KD11+-KD21)*(3.*KD11+5.*KD21))"(1/2) +theta*
KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) +6.*arctan((3.*
KD11+5.#KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"
(1/2)/sin(phi))*KD11*KD22)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)
IKD21)+2646.*KD1172*sin(phi)*cos(theta)*cos(phi)*KD21+882.*KD11*
KD22*sin(phi)*cos(theta)*cos(phi)*KD21+2646.*KD11"3*cos(phi)*sin((-3.*
phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-4.*phi*
KD2172*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)-1.*phi*KD21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)*KD22 +3.*theta*KD21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD11+theta*KD21/2*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) +18.*arctan((3.*KD11+5.*KD21)
*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*
KD11"2*KD22 +6.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11*KD22*KD21-18.*

247



KD21/2*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*
KD11+5.%#KD21))(1/2)/sin(phi))*KD11-6.*KD21”3*arctan((3.*KD11+5.*
KD21)*(cos(phi)-1.)/((3.*KD114+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))
-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))(1/2)*KD11-2.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+
KD21)*(3.*KD11+5.*KD21))N(1/2)*KD21)/((3.*KD11+KD21)*(3.*KD11+5.
*KD21))M(1/2)/(3.*KD11+-KD21)/KD21)-32634.*KD11"2*KD21*sin((-3.*phi*
KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-4.*phi*
KD21/2*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)-1.*phi*KD21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD22+3.*theta*KD21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)*KD11 +theta*KD21"2*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) +18.*arctan((3.*KD11+5.*KD21)
*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*
KD11"2*KD22 +6.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))(1/2)/sin(phi))*KD11*KD22*KD21-18.*
KD21"2*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*
KD11+5.*KD21))(1/2)/sin(phi))*KD11-6.*KD21”3*arctan((3.*KD11+5.*
KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))
-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))(1/2)*KD11-2.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+
KD21)*(3.*KD11+5.*KD21))N(1/2)*KD21)/((3.*KD11+KD21)*(3.*KD11+5.
*KD21))N(1/2)/(3.*KD11+-KD21)/KD21)-24696.*KD21"3*sin((-3.*phi*KD21*
((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-4.*phi*KD21"2*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)-1.*phi*KD21*((3.*KD11+KD21)
*(3.*KD11+5.*KD21))N(1/2)*KD22+3.*theta*KD21*((3.*KD11+KD21)*(3.*
KD11+5.*KD21))"(1/2)*KD11+theta*KD21"2*((3.*KD11+KD21)*(3.*
KD11+5.*KD21))"(1/2)+18.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*
KD11+KD21)*(3.*KD11+5.*KD21))(1/2)/sin(phi))*KD11"2*KD22 +6.*
arctan((3.*KD11+5.#KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*
KD21))(1/2)/sin(phi))*KD11*KD22*K D21-18.*KD21"2*arctan((3.*KD11+5.
*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi)
)*KD11-6.*KD21"3*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))-6.*KD22*arctan((cos(phi)-1.)/sin
(ph1))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD11-2.*KD22*
arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*
KD21)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)/(3.*KD11+KD21)
/KD21)-3969.*KD1173*sin((-3.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.
*KD21))M(1/2)*KD11-4.*phi*KD2172*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))"(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)*
KD22+3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*
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KD11+theta*KD21"2*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) +18.*
arctan((3.*KD11+5.¥KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*
KD21))M(1/2)/sin(phi))*KD11"2*KD22 +6.*arctan((3.*KD11+5.*KD21)*(cos
(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)/sin(phi))*KD11*
KD22*KD21-18.*KD21"2*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*
KD11-+KD21)*(3.*KD11+5.*KD21))N(1/2)/sin(phi))*KD11-6.*KD21"3*
arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*
KD21))(1/2)/sin(phi))-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+
KD21)*(3.*KD11+5.*KD21))(1/2)*KD11-2.*KD22*arctan((cos(phi)-1.)/sin
(ph1))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD21)/((3.*KD11 +
KD21)*(3.*KD11+5.*KD21))"(1/2)/(3.*KD11+KD21)/KD21)-1323.*
KD11/2*sin(phi)*cos(theta)*KD22-7791.*KD2172*sin((-3.*phi*KD21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)*KD11-4.*phi*KD21"2*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)-1.*phi*KD21*((3.*KD11+KD21)
*(3.*KD11+5.*KD21))"(1/2)*KD22+3.*theta*KD21*((3.*KD11+KD21)*(3.*
KD11+5.*KD21))N(1/2)*KD11+theta*KD21"2*((3.*KD11+KD21)*(3.*
KD11+5.*KD21))"(1/2)+18.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*
KD11-+KD21)*(3.*KD11+5.*KD21))(1/2)/sin(phi))*KD11/2*K D22 +6.*
arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*
KD21))(1/2)/sin(phi))*KD11*KD22*KD21-18.*KD21"2*arctan((3.*KD11+5.
*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi)
)*KD11-6.*KD21”3*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))-6.*KD22*arctan((cos(phi)-1.)/sin
(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD11-2.*KD22*
arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*
KD21)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/(3.*KD11+KD21)
/IKD21)*KD22-7056.*KD1172*sin(theta)*KD21-20727.*KD11"2*KD22*sin(
(-3.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD11-4.*
phi*KD21"2*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)-1.*phi*KD21*(
(3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD22+3.*theta*KD21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)*KD11 +theta*KD21"2*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) +18.*arctan((3.*KD11+5.*KD21)
*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))*
KD11"2*KD22+6.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi))*KD11*KD22*KD21-18.*
KD21/2*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*
KD11+5.*KD21))(1/2)/sin(phi))*KD11-6.*KD21”3*arctan((3.*KD11+5.*
KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))
-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))(1/2)*KD11-2.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+
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KD21)*(3.*KD11+5.*KD21))(1/2)*KD21)/((3.*KD11+KD21)*(3.*KD11+5.
*KD21))(1/2)/(3.*KD11+KD21)/KD21)+27832.*KD21”3*sin((-3.*phi*
KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)*KD11-4.*phi*
KD21"2*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)-1.*phi*KD21*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)*KD22+3.*theta*KD21*((3.*
KD11-+KD21)*(3.*KD11+5.*KD21))N(1/2)*KD11+theta*KD21/2*((3.*
KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) +18.*arctan((3.*KD11+5.*KD21)
*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))*
KD1172*KD22+6.*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+
KD21)*(3.*KD11+5.*KD21))(1/2)/sin(phi))*KD11*KD22*KD21-18.*
KD21/2*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*
KD11+5.*KD21))(1/2)/sin(phi))*KD11-6.*KD21~3*arctan((3.*KD11+5.*
KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi))
-6.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+KD21)*(3.*KD11+5.*
KD21))(1/2)*KD11-2.*KD22*arctan((cos(phi)-1.)/sin(phi))*((3.*KD11+
KD21)*(3.*KD11+5.*KD21))(1/2)*KD21)/((3.*KD11+KD21)*(3.*KD11+5.
*KD21))N(1/2)/(3.*KD11+KD21)/KD21)*cos(phi)-1176.*sin(theta)*KD21"3*
cos(phi)"2+2548.*sin(theta)*KD21"3*cos(phi) +15.*KD22*cos(phi)*2*F6*sinh
((-6.*KD21"2*arctan((3.*KD11+5.*KD21)*(cos(phi)-1.)/((3.*KD11+KD21)*
(3.*KD11+5.#KD21))"(1/2)/sin(phi))-2.*KD22*arctan((cos(phi)-1.)/sin(phi))*(
(3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) +theta*KD21*((3.*KD11+
KD21)*(3.*KD11+5.*KD21))"(1/2) +6.*arctan((3.*KD11+5.*KD21)*(cos
(phi)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)/sin(phi))*KD11*
KD22)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/KD21)*K D21 +2352.
*KD11*cos(phi)*sin(theta)*KD22*KD21-1764.*KD11*sin(phi)*cos(theta)*
KD22*KD21-882.*KD11*KD22*sin(theta)*KD21*cos(phi)"2+12348.*
KD1172*cos(phi)*sin(theta)*KD21)/(9.*KD11/2 +15.*KD11*KD21+3.*
KD11*KD22+4.*KD21"2+KD22*KD21)/(3.*KD11+3.*KD21-2.*cos(phi)*
. KD21)"
> convert(Philif, string);
"1/(KD11*r+2*KD21*r-KD21*d+KD22*r-KD22*d)*(-g*cos((-phi*KD21*(
(KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r +KD21*d))*(1/2)*KD11*r-2*
phi*KD21/2*((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"
(1/2)*r+phi*KD2172*((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r +
KD21*d))"(1/2)*d-phi*KD21*((KD11*r +KD21*r-KD21*d)*(KD11*r+KD21*
r+KD21*d))N(1/2)*KD22*r+phi*KD21*((KD11*r+KD21*r-KD21*d)*
(KD11*r+KD21*r+KD21*d))(1/2)*KD22*d+theta*KD21*((KD11*r+
KD21*r-KD21*d)*(KD11*r+KD21*r +KD21*d))*(1/2)*KD11*r +theta*
KD2172*((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))(1/2)*
r-theta*KD2172*((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))
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NL/2)*d+2*r"2*arctan((KD11*r+KD21*r+KD21*d)/((KD11*r+-KD21*r-
KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)*(cos(phi)-1)/sin(phi))*
KD1172*KD22+2*r2*arctan((KD11*r +KD21*r+KD21*d)/((KD11*r+
KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)*(cos(phi)-1)/sin(phi))*
KD11*KD22*KD21-2*r*arctan((KD11*r+KD21*r+KD21*d)/((KD11*r+
KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)*(cos(phi)-1)/sin(phi))*
KD11*KD22*KD21*d-2*r"2*KD21"2*arctan((KD11*r+KD21*r+KD21*d)/(
(KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)*(cos(phi)-1)
/sin(phi))*KD11-2*r"2*KD21/3*arctan((KD11*r +KD21*r+KD21*d)/((KD11*
r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)*(cos(phi)-1)/sin
(phi)) +2*r*KD21"3*arctan((KD11*r+KD21*r+KD21*d)/((KD11*r+KD21*r-
KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)*(cos(phi)-1)/sin(phi))*d-2*
KD22*arctan((cos(phi)-1)/sin(phi))*((KD11*r+KD21*r-KD21*d)*(KD11*r+
KD21*r+KD21*d))"(1/2)*KD11*r-2*KD22*arctan((cos(phi)-1)/sin(phi))*(
(KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))*(1/2)*KD21*
r+2*KD22*arctan((cos(phi)-1)/sin(phi))*((KD11*r+-KD21*r-KD21*d)*(KD11*
r+KD21*r+KD21*d))N(1/2)*KD21*d)/(KD11*r+KD21*r-KD21*d)/KD21/(
(KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))*(1/2))*KD11*
KD22+g*cos((-phi*KD21*((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+
KD21*d))"(1/2)*KD11*r-2*phi*KD21"2*((KD11*r+KD21*r-KD21*d)*
(KD11*r+KD21*r+KD21*d))"(1/2)*r +phi*KD212*((KD11*r+KD21*r-
KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)*d-phi*KD21*((KD11*r+
KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)*KD22*r+phi*KD21*(
(KD11*r+KD21*r-KD21*d)*(KD11*r-+KD21*r +KD21*d))*(1/2)*KD22*d +
theta*KD21*((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))*
(1/2)*KD11*r+theta*KD21"2*((KD11*r+KD21*r-KD21*d)*(KD11*r+
KD21*r+KD21*d))(1/2)*r-theta*K D2172*((KD11*r+KD21*r-KD21*d)*
(KD11*r+KD21*r+KD21*d))(1/2)*d+2*r"2*arctan((KD11*r+KD21*r+
KD21*d)/((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)*
(cos(phi)-1)/sin(phi))*KD1172*KD22 +2*r"2*arctan((KD11*r+KD21*r +
KD21*d)/((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))(1/2)*
(cos(phi)-1)/sin(phi))*KD11*KD22*KD21-2*r*arctan((KD11*r+KD21*r+
KD21*d)/((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d)) (1/2)*
(cos(phi)-1)/sin(phi))*KD11*KD22*KD21*d-2*r"2*KD21"2*arctan((KD11*r+
KD21*r+KD21*d)/((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*
d))™(1/2)*(cos(phi)-1)/sin(phi))*KD11-2*r"2*KD21"3*arctan((KD11*r+KD21*
r+KD21*d)/((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"
(1/2)*(cos(phi)-1)/sin(phi)) +2*r*KD21”3*arctan((KD11*r+KD21*r+KD21*d)
/((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)*(cos(phi)
-1)/sin(phi))*d-2*KD22*arctan((cos(phi)-1)/sin(phi))*((KD11*r+KD21*r-
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KD21*d)*(KD11*r+KD21*r+KD21*d))N(1/2)*KD11*r-2*KD22*arctan((cos
(phi)-1)/sin(phi))*((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))
N1/2)*KD21*r+2*KD22*arctan((cos(phi)-1)/sin(phi))*((KD11*r+KD21*r-
KD21*d)*(KD11*r+KD21*r+KD21*d))N(1/2)*KD21*d)/(KD11*r+KD21*r-
KD21*d)/KD21/((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"
(1/2))*KD21"2 +F6*cosh((-2*r*KD21”2*arctan((KD11*r+KD21*r+KD21*d)/
((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)*(cos(phi)
-1)/sin(phi))-2*KD22*arctan((cos(phi)-1)/sin(phi))*((KD11*r+KD21*r-KD21*
d)*(KD11*r+KD21*r+KD21*d))"(1/2) +theta*KD21*((KD11*r+KD21*r-
KD21*d)*(KD11*r+KD21*r+KD21*d))(1/2)+2*r*arctan((KD11*r+KD21*
r+KD21*d)/((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"
(1/2)*(cos(phi)-1)/sin(phi))*KD11*KD22)/KD21/((KD11*r+KD21*r-KD21*d)
*(KD11*r+KD21*r+KD21*d))*(1/2))*KD11*r+2*F6*cosh((-2*r*KD21/2*
arctan((KD11*r+KD21*r+KD21*d)/((KD11*r+KD21*r-KD21*d)*(KD11*r+
KD21*r+KD21*d))"(1/2)*(cos(phi)-1)/sin(phi))-2*KD22*arctan((cos(phi)-1)
/sin(phi))*((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)
+theta*KD21*((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))*
(1/2)+2*r*arctan((KD11*r+KD21*r+KD21*d)/((KD11*r+KD21*r-KD21*d)*
(KD11*r+KD21*r+KD21*d))(1/2)*(cos(phi)-1)/sin(phi))*KD11*KD22)
/IKD21/((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2))*
KD21*r-F6*cosh((-2*r*KD21"2*arctan((KD11*r+KD21*r+KD21*d)/((KD11*
r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)*(cos(phi)-1)/sin
(phi))-2*KD22*arctan((cos(phi)-1)/sin(phi))*((KD11*r+KD21*r-KD21*d)*
(KD11*r+KD21*r+KD21*d))"(1/2) +theta*KD21*((KD11*r+KD21*r-KD21*
d)*(KD11*r+KD21*r+KD21*d))(1/2) +2*r*arctan((KD11*r+KD21*r +
KD21*d)/((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))(1/2)*
(cos(phi)-1)/sin(phi))*KD11*KD22)/KD21/((KD11*r+KD21*r-KD21*d)*
(KD11*r+KD21*r+KD21*d))"(1/2))*KD21*d+F6*cosh((-2*r*KD21"2*
arctan((KD11*r+KD21*r+KD21*d)/((KD11*r+KD21*r-KD21*d)*(KD11*r+
KD21*r+KD21*d))"(1/2)*(cos(phi)-1)/sin(phi))-2*KD22*arctan((cos(phi)-1)
/sin(phi))*((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)
+theta*KD21*((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))*
(1/2)+2*r*arctan((KD11*r+KD21*r+KD21*d)/((KD11*r+KD21*r-KD21*d)*
(KD11*r+KD21*r+KD21*d))"(1/2)*(cos(phi)-1)/sin(phi))*KD11*KD22)
/IKD21/((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2))*
KD22*r-F6*cosh((-2*r*KD21"2*arctan((KD11*r+KD21*r+KD21*d)/((KD11*
r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)*(cos(phi)-1)/sin
(phi))-2*KD22*arctan((cos(phi)-1)/sin(phi))*((KD11*r+KD21*r-KD21*d)*
(KD11*r+KD21*r+KD21*d))"(1/2) +theta*KD21*((KD11*r+KD21*r-KD21*
d)*(KD11*r+KD21*r+KD21*d))"(1/2) +2*r*arctan((KD11*r+KD21*r +
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KD21*d)/((KD11*r+KD21*r-KD21*d)*(KD11*r+KD21*r+KD21*d))"(1/2)*
(cos(phi)-1)/sin(phi))*KD11*KD22)/KD21/((KD11*r+KD21*r-KD21*d)*
 (KD11*r+KD21*r+KD21*d))"(1/2))*KD22*d)"
The control law numerical value is
> tauf := simplify[eval(Fl +F2 +F3, [FG

_ 1
2.265359 10° KD21 + 7.51853 10° KD22

10Y7 KD212 + 2.512230276 10%" KD22 KD21 + 4.146003213 10*° KD22%) ),

(1.158550537 10 (3.805640687

KD11 =0.8537774058 KD21 + 0.3925497477 KD22, KD21 = KD21, KD22
=KD22, oo =0, v =34.13190000 + 23.74221478 o. KD21
+ 7.850994954 o KD22, ¢ = 118.4029000 — 6.666666668 o0 KD22

))

2
> tauf := simplify(eval(tauf, [KD21 =-8, = (m-d? + Ib —m-d%-0.01) ", KD22

=25])):

> tauf = simplify(eval(tauf, sysid2));
tauf ;= [0.002000000000 [—1.51916500 108 sin(¢) cos(0)

—20. a KD21

+ 259624000 10° cos( ) sin(©) + 3.545267777 10*° adot
— 1.229168756 10 gdot — 1.52321000 10° sin(6) cos(0)’
+1.312049277 10*" gdot cos( ) — 3.785894573 10'° @ot cos(¢)

+2.665670400 10" sin (2.051996670 ¢ —0.9999999808 6

+1.461707192 arctanh[ 5.715233488 (cos(¢) —1.) ]

sin(¢)

— 6.250000032 arctan [ cos(¢) —1. ] j cos(0)
sin(0)

— 850500000 10° cos(0)° sinh(
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1461706399 arctanh | 2:7+2233488 (cos(¢) —1.)
(o)
+6.250000000 arctan[ = ] + e) +3.8720000 10" cos( ) sinh
Sln
©1.461706399 arctanh| > 715233488 (cos(¢) —1.)
sin(¢)
cos(¢) — 1. . \
+ 6.250000000 arctan T +0 | 4+ 1.4684500 10" sin(0) cos(d)
SIn

+3.410773433 10° alot cos(6)° — 1.182667026 10 gdot cos()°

+3.82233000 10° sin (2.051996670 ¢ — 0.9999999808 6

+1.461707192 arctanh[ 5'715233488E°°S( 0) —1.) ]

sin(¢)

— 6.250000032 arctan [ cos(¢) —1. ] ] cos(6)*
sin(¢)

+1.055935072 10 gdot cos(d)” — 1.01277000 108 sin(6)

— 2.423335000 10° sin (2.051996670 ¢ —0.9999999808 6

+ 1461707192 arctanh[ 5.715233488 (cos(¢) —1.) ]

sin(¢)

— 6.250000032 arctan [ cos(¢) —1. j ] cos(0)°
sin(0)

— 3.027374440 10° @dot cos(¢)° — 2.3603500 107 cos( o) sin(6)

+ 4.686000000 10° sinh (

~1.461706399 arctanh( 5'715233488EC°5( ¢0) —1.) J

sin(¢)

+6.250000000 arctan [ cos(¢) —1. ] + ej
sin(¢)

— 2.357063500 10" sin (2.051996670 ¢ —0.9999999808 6
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+1.461707192 arctanh[ 5.715233488 (cos(¢) —1.) ]

sin(¢)
— 6.250000032 arctan [ cos(¢) —1. J ]

sin(¢)
+1.3810500 107 sin () cos(8) cos(0)’
+ 1.61529500 10° sin (&) cos(0) cos(d)

— 1.4684400 10" sin(¢) cos(0) cos(q>)3

— 2.061790000 10° sin (2.051996670 ¢ —0.9999999808 6

+1.461707192 arctanh[ 5715233488 (cos(¢) —1.) ]
sin(0)
— 6.250000032 arctan [ % J ] cos(d))z) J / (-1.87946 10° cos(0)’
|

+2.067450 10° — 2.197801 10° cos(6) -+ 1.99800 10° cos(¢)°)

The potential numerical value is
| > phif :== PhiGraph:

> phif = simplify[eval(phif, [FG

_ 1
2.265359 10° KD21 4 7.51853 10° KD22

10'7 KD21% + 2.512230276 10% KD22 KD21 + 4.146003213 10*° KD22?) ),

(1.158550537 10 (3.805640687

KD11=0.8537774058 KD21 + 0.3925497477 KD22, KD21 = KD21, KD22
=KD22, o.=a, v =34.13190000 + 23.74221478 a0 KD21
+ 7.850994954 a0 KD22, 6 = 118.4029000 — 6.666666668 o0 KD22

))

> phif :== simplify( eval(phif, [KD21=-8, 0= (m-d? + Ib — m-d%-0.01)°, KD22

=25]))

:> phif := simplify(eval( phif, sysid2) );

—20. a KD21
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phif := -212.7856499 COS(2.051996670 ¢ —0.9999999808 6

+1.461707192 arctanh[ 5.715233488 (cos(¢) —1.) ]
sin(0)
— 6.250000032 arctan[ ] ] +413.1093621 cosh[
Sln
-1.461706399 arctanh S. 715233488 (cos(¢) —1.)
9n(¢)
+ 6.250000000 arctan[ ] N 9)
Sln
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%UUNNNNANNANAN%%%%%%%  B.4 BALL AND ARC SIMULATION KD %%%%%%%%%%%%%%%%%%
O006%6%6%6%6%6%6%6%6 %% %% %% %% B&Arc_Nonlinear_Sys.m 9606%6%6%6%6%6%6%6%6%6%6%6%%6%%6%
function dxdt = B_Arc_NonLinear_Sys(u)

%% Main Vectors

theta = u(®); % fTeedback array
phi = u(2);
thetadot = u(3);
phidot = u(4);

%% Generalized quantities
q = [theta phi]~; % Generalized coordinates
qdot = [thetadot phidot]~; % Generalized velocities

%% Physical parameter values

r = 0.75; % arc"s radius

d = 0.5; % distance from the center of the arc
Ib = 0.05; % kg m*2 - inertia of beam

m = 0.02; % kg - mass of ball

g = 9.81; % m/sec™2 - acceleration of gravity
%% Linear model parameters

KD21 = -8;

KD22 = 25;

alpha = r"2*(m*d"2+1b-m*d"2*0.01)"2;

F6 = 1.158550537*10"(-8)*(3.805640687*10"17*KD21"2+2 . ¢

512230276*10"MN17*KD22*KD21+. . .
4.146003213*10"16*KD2272)/(2-.265359*1076*KD21+7 .51853*10°5*KD22) ;

KD11 .8537774058*KD21+.3925497477*KD22;

nu 34.13190000+23.74221478*alpha*KD21+7 .850994954*al pha*KD22;

sigma = 118.4029000-20.*alpha*KD21-6.666666668*alpha*KD22;

epsilon =0.1*(10"-15);

%% The G, M, C, P and KD matrices
%gravity terms

G = -[m*g*r*sin(phi)*cos(theta)- m*g*r*cos(phi)*sin(theta)+...
m*g*d*sin(theta) ; -m*g*r*sin(phi)*cos(theta)+m*g*r*cos(phi)*sin ¢

(theta)];
%mass matrix

mass = [m*r~"2-2*m*r*d*cos(phi)-. ..
m*d™2+1b,m*r*(-r+. ..
d*cos(phi));m*r*(-...

r+d*cos(phi)),m*r"2];
%centripetal and coriolis forces matrix

C = ~[-phidot*m*r*d*sin(phi),-phidot*m*r*d*sin(phi)+. ..
phidot*m*r*d*sin(phi) ;phidot*m*r*d*sin(phi),0];

%% FMC
% KD matrix

KD = [KD11, KD21;KD21,KD22];
% P matrix

P = KD*inv(mass);
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% Determinant of P matrix
DETP = det(P);
%% SMC
% Kv Matrix
Kv = [alpha*(KD11*r+KD21*r-KD21*d*cos(phi))"2/r"2/(m*d"™2+1b-. ..
m*d~2*cos(phi)”~2)72,alpha*(KD11*r+KD21*r-KD21*d*cos(phi))/r"2/ ¢

(m*d"2+. ..

Ib-m*d~2*cos(phi)2)"2*(KD21*r+KD22*r-KD22*d*cos(phi)) ;alpha* ¥
(KD11*r+...

KD21*r-KD21*d*cos(phi))/r~2/(m*d"2+1b-m*d*2*cos(phi)"2)"2* ¢
(KD21*r+. ..

KD22*r-KD22*d*cos(phi)),alpha*(KD21*r+KD22*r- . ..
KD22*d*cos(phi))"2/r”2/(m*d™2+1b-m*d”*2*cos(phi)"2)"2] ;

%% Evaluating the control law

%FMC input
F1 =thetadot*nu-phidot*sigma;
%SMC input
F2 =66.66666665*alpha*(3.*thetadot*KD11+3.*KD21*thetadot-2. ¥

*thetadot*KD21*cos(phi)+3.*phidot*KD21+3.*phidot*KD22-. ..
2 _.*phidot*KD22*cos(phi))/(-11.+cos(phi)"2);
%TMC input
F3 =.1000000000e-2*(-1176 . *sin(theta)*KD2173+637 . *sin(theta) ¥
*KD22*KD21"2*cos(phi+epsilon)-15582.*KD11*KD21*sin((-- ..
3.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-4. ¢
*phi*KD2172*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))" ¢
(1/2)*KD22+3.*theta*KD21*((3.-*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11+theta*KD21"2*((3.*KD11+KD21)* ¢
(3-*KD11+5.*KD21))N(1/2)+. ..
18.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¢
(3-*KD11+5.*KD21))™(1/2)/sin(phi+epsilon))*KD11MN2*KD22+. . .
6.*atan((3-*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¢
(3-*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22*KD21- . ..
18.*KD21/2*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3. ¢
*KD11+KD21)*(3-*KD11+5.*KD21))~(1/2)/sin(phi+epsilon))*KD11-. ..
6.*KD21"3*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))-...
6.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-2_*KD22*atan((cos(phi+epsilon)-...
1.)/sin(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2) ¥
*KD21)/ ((3.*KD11+KD21)*(3.*KD11+5.*KD21))™(1/2)/(3.*KD11+...
KD21)/KD21)*KD22-882.*KD11*sin(theta)*KD22*KD21*cos(phi+epsilon) ¥
N2+4410.*KD11*sin(phi+epsilon)*cos(theta)*KD21M2*cos(phi+epsilon)+. ..
2352.*KD11*sin(theta)*KD22*cos(phi+epsilon)*KD21-2646.*KD11/3*sin ¥
(theta)-24696.*KD21"3*sin((-3.*phi*KD21*((3.*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-4.*phi*KD2172*((3.*KD11+KD21) ¢
*(3.*KD11+5.*KD21))N(1/2)-1.*phi*KD21*((3.*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)*KD22+3 . *theta*KD21*((3.*KD11+KD21) ¥
*(3.*KD11+5.*KD21))"N(1/2)*KD11+theta*KD2172*((3.*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)+18.*atan((3.*KD11+5.*KD21)*(cos ¥
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(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))~(1/2)/sin(phi+epsilon))*KD1172*KD22+6.*atan((3.*KD11+5. ¢

*KD21)*(cos(phi+epsilon)-1.)/((3-*KD11+KD21)*(3.-*KD11+...
5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22*KD21-18.*KD21/ 2*atan ¥

((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3-*KD11+. ..

KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11-6. ¢
*KD21M3*atan((3-*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3-*KD11+. ..

KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))-6.*KD22*atan ¥
((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.-*KD11+KD21)*(3.*KD11+...

5.*KD21))"(1/2)*KD11-2.*KD22*atan((cos(phi+epsilon)-1.)/sinv¢
(phi+epsilon))*((3-*KD11+KD21)*(3.*KD11+. ..

5.*KD21))"(1/2)*KD21)/((3-*KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)/ ¥
(3-*KD11+KD21)/KD21)-1485_.*KD11"2*F6*sinh((-- ..
6.*KD2172*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))-2.*KD22*atan((cos ¥
(phi+epsilon)-...
1.)/sin(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) ¥
+theta*KD21*((3-*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)+. ..
6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¥
(3.*KD11+5.*KD21))(1/2)/sin(phi+epsilon))*KD11*KD22)/((3.-*KD11+. ..

KD21)*(3.*KD11+5.*KD21))"(1/2)/KD21)-20727 .*KD11"2*KD22*sin((-3. ¢
*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-. ..

4 .*phi*KD2172*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)-1. ¢
*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)*KD22+. ..

3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) ¥
*KD11+theta*KD21M2*((3-*KD11+KD21)*(3.*KD11+5.*KD21))™N(1/2)+. ..

18.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¢
(3-*KD11+5.*KD21))™(1/2)/sin(phi+epsilon))*KD11"2*KD22+6 . *atan((3-*KD11+. ..

5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¢
~N(1/2)/sin(phi+epsilon))*KD11*KD22*KD21-18_*KD21"2*atan((3.*KD11+. ..

5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¥
~N(1/2)/sin(phi+epsilon))*KD11-6.*KD21"3*atan((3-*KD11+. . .

5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¢
~(1/2)/sin(phi+epsilon))-6.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon)) ¥
*((3.*KD11+. ..

KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-2.*KD22*atan((cos ¥
(phi+epsilon)-1.)/sin(phi+epsilon))*((3.-*KD11+KD21)*(3.*KD11+. ..

5.*KD21))"(1/2)*KD21)/ ((3-*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)/ ¥
(3-*KD11+KD21)/KD21)-4410.*KD11*sin(theta)*KD21"2*cos(phi+epsilon)"2- . _.

1764 .*KD21"3*sin(phi+epsilon)*cos(theta)-294.*sin(theta) v
*KD22*KD21/"2+2548 . *cos(phi+epsilon)*sin(theta)*KD21"3-3969 . *KD11"3*sin ¢
(phi+epsilon)*cos(theta)+. ..

15.*KD21*F6*sinh((-6.*KD21"2*atan((3.*KD11+5.*KD21)*(cos ¢’
(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)/sin(phi+epsilon))-¢

2.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)+theta*KD21*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))™N(1/2)+6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/v¢
((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22)/((3. ¥
*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)/KD21)*KD22*cos(phi+epsilon)"2- ¢
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1176.*cos(phi+epsilon)"2*sin((-3.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)*KD11-4 . *phi*KD2172*((3.*KD11+KD21)*(3.*KD11+5. ¢
*KD21))™N(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3.*KD11l+. ..
5.*KD21))"(1/2)*KD22+3 . *theta*KD21*((3.*KD11+KD21)*(3.*KD11+5. ¢
*KD21))N(1/2)*KD11+theta*KD21M2* ((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)+18.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/¢
((8.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD117M2*KD22+. ..
6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3-*KD11+KD21)* ¥
(3-*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22*KD21- . . .
18.*KD21"2*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3. ¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11-6.*KD21"3*atan ¢
((3.*KD11+...

5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¥
~(1/2)/sin(phi+epsilon))-6.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon)) ¢
*((3-*KD11+. ..

KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-2.*KD22*atan((cos ¥
(phi+epsilon)-1.)/sin(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))*(1/2) ¥
*KD21)/((3-*KD11l+...

KD21)*(3.*KD11+5.*KD21))"(1/2)/(3.*KD11+KD21)/KD21)*KD22*KD21" 2~ ¥
2475.*KD11*F6*sinh((-6.*KD21"2*atan((3.*KD11+. ..

5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¢
~N(1/2)/sin(phi+epsilon))-2._*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon)) ¢
*((3-*KD11+. ..

KD21)*(3.*KD11+5.*KD21))"(1/2)+theta*KD21*((3.*KD11+KD21)*(3. ¥
*KD11+5.*KD21))N(1/2)+6 . *atan((3-*KD11+. ..

5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¢
~N(1/72)/sin(phi+epsilon))*KD11*KD22)/ ((3.-*KD11+KD21)*(3.*KD11+. ..

5.*KD21))"(1/2)/KD21)*KD21+3528 . *KD11*KD21*sin((-3.*phi*KD21*((3. ¢
*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)*KD11-4 . *phi*KD21"2*((3.*KD11l+. ..

KD21)*(3.*KD11+5.*KD21))"(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3. ¥
*KD11+5.*KD21))N(1/2)*KD22+3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+. ..

5.*KD21))"(1/2)*KD11+theta*KD2172*((3.*KD11+KD21)*(3.*KD11+5. ¢
*KD21))™N(1/2)+18 . *atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+. ..

KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11/2*KD22+6. ¥
*atan((3.-*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3-*KD11+KD21)*(3-*KD11+. ..

5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22*KD21-18.*KD21"2*atan ¢
((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11l+. ..

5.*KD21))"(1/2)/sin(phi+epsilon))*KD11-6.*KD21"3*atan((3.*KD11+5. ¢
*KD21)*(cos(phi+epsilon)-1.)/((3-*KD11+KD21)*(3.*KD11+. ..
5.*KD21))(1/2)/sin(phi+epsilon))-6.*KD22*atan((cos(phi+epsilon) ¢
-1.)/sin(phi+epsilon))*((3-*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)*KD11-...
2.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD21)/ ((3.*KD11+KD21)*(3.*KD11l+. ..
5.*KD21))"(1/2)/(3.*KD11+KD21)/KD21)*KD22*cos(phi+epsilon)-882. ¢
*KD1172*KD22*sin(theta)+882.*KD11*KD22*sin(phi+. ..
epsilon)*cos(theta)*cos(phi+epsilon)*KD21-1176.*KD11*KD22*sin ¢
(theta)*KD21-10584.*KD11"2*sin(phi+epsilon)*cos(theta)*KD21-. ..

2646 .*KD11"2*sin(theta)*KD21*cos(phi+epsilon)”~2-40425. v
*KD11*KD21/2*sin((-3.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11- ¥

4 _*phi*KD2172*((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)-1. ¢
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*phi*KD21*((3-*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)*KD22+. ..
3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))*(1/2) ¥
*KD11+theta*KD21M2*((3-*KD11+KD21)*(3.*KD11+5.*KD21))™N(1/2)+. ..
18.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¢
(3-*KD11+5.*KD21))™N(1/2)/sin(phi+epsilon))*KD11MN2*KD22+ . . .
6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¢
(3-*KD11+5.*KD21))™(1/2)/sin(phi+epsilon))*KD11*KD22*KD21- . . .
18.*KD21~2*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3. ¥
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11-. ..
6.*KD21"3*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3. ¢
*KD11+KD21)*(3-*KD11+5_*KD21))~(1/2)/sin(phi+epsilon))-. ..
6.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3. ¢
*KD11+KD21)*(3-*KD11+5_*KD21))"(1/2)*KD11-2.*KD22*atan((cos(phi+epsilon)-. ..
1.)/sin(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) ¥
*KD21)/ ((3.*KD11+KD21)*(3.*KD11+5.*KD21))™(1/2)/(3.*KD11+...
KD21)/KD21)+882.*KD11/2*KD22*sin((-3.*phi*KD21*((3.*KD11+KD21)* ¥
(3.*KD11+5.*KD21))"(1/2)*KD11-4 . *phi*KD2172*((3-*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"N(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3. ¢
*KD11+5.*KD21))N(1/2)*KD22+3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)*KD11+theta*KD21/2*((3.*KD11+KD21)*(3.*KD11+5. ¢
*KD21))N(1/2)+18.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11l+...
KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11"2*KD22+6. ¢
*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+...
5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22*KD21-18.*KD21"2*atan ¢
((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3-*KD11+KD21)*(3.*KD11+...
5.*KD21))"(1/2)/sin(phi+epsilon))*KD11-6.*KD21"3*atan((3.*KD11+5. ¢
*KD21)*(cos(phi+epsilon)-1.)/((3-*KD11+KD21)*(3.*KD11+. ..
5.*KD21))~(1/2)/sin(phi+epsilon))-6.*KD22*atan((cos(phi+epsilon) ¢
-1.)/sin(phi+epsilon))*((3-*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)*KD11-2.*KD22*atan((cos(phi+epsilon)-1.)/sin¥
(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)*KD21)/((3-*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)/(3.*KD11+KD21)/KD21)*cos ¥’
(phi+epsilon)+1764._.*KD11"2*KD22*cos(phi+epsilon)"2*sin((-3.*phi*KD21*((3. ¢
*KD11l+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-4 . *phi*KD2172*((3.*KD11+KD21) ¢
*(3.*KD11+5.*KD21))™N(1/2)-1.*phi*KD21*((3.*KD11+. ..
KD21)*(8.*KD11+5.*KD21))"(1/2)*KD22+3 . *theta*KD21*((3.*KD11+KD21) ¢
*(3.*KD11+5.*KD21))N(1/2)*KD11+theta*KD21M2*((3.*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)+18.*atan((3.*KD11+5.*KD21)*(cos ¥
(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+. ..
epsilon))*KD1172*KD22+6 . *atan((3.*KD11+5.*KD21)*(cos(phi+epsilon) ¢¥
-1.)/((3-*KD11+KD21)*(3.*KD11+5.*KD21))™N(1/2)/sin(phi+. ..
epsilon))*KD11*KD22*KD21-18.*KD21"2*atan((3.*KD11+5.*KD21)*(cos ¥
(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+. ..
epsilon))*KD11-6.*KD21"3*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon) ¥
-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)/sin(phi+epsilon))-...
6.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.¢
*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)*KD11-2.*KD22*atan((cos(phi+epsilon)-...
1.)/sin(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) ¥
*KD21)/ ((3-.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)/(3.*KD11+...
KD21)/KD21)+2646 .*KD11”2*sin(phi+epsilon)*cos(theta)*cos ¢
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(phi+epsilon)*KD21+225_*KD11*KD21*F6*sinh((-6.*KD21"2*atan((3.*KD11+. ..
5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¥
~N(1/2)/sin(phi+epsilon))-2_*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+...
epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)+theta*KD21* ¢
((3.*KD11+KD21)*(3-*KD11+5.*KD21))N(1/2)+6 . *atan((3-*KD11+. ..
5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¢
~N(1/2)/sin(phi+epsilon))*KD11*KD22)/ ((3-*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)/KD21)*cos(phi+epsilon)"2+2646.*KD11"3*cos ¥
(phi+epsilon)*sin((-3.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)*KD11-4_*phi*KD2172*((3.*KD11+KD21)*(3.*KD11+5. ¢
*KD21))™N(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)*KD22+3 . *theta*KD21*((3.*KD11+KD21)*(3.*KD11+5. ¢
*KD21))N(1/2)*KD11+theta*KD21M2*((3-*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)+18.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/¢
((3.*KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)/sin(phi+epsilon))*KD117"2*KD22+ . . .
6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¥
(3-*KD11+5.*KD21))~(1/2)/sin(phi+epsilon))*KD11*KD22*KD21- . ..
18.*KD21"2*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3. ¢
*KD11+KD21)*(3.*KD11+5.*KD21))~(1/2)/sin(phi+epsilon))*KD11-. ..
6.*KD21"3*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3. ¢
*KD11+KD21)*(3.*KD11+5_*KD21))"(1/2)/sin(phi+epsilon))-. ..
6.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3. ¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-2 . *KD22*atan((cos(phi+epsilon)-1.) ¢
/sin(phi+. ..
epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)*KD21)/((3. ¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/(3-*KD11+KD21)/KD21)~-. . .
660.*KD2172*F6*sinh((-6.*KD21"2*atan((3.*KD11+5.*KD21)*(cos ¥
(phi+epsilon)-1.)/((3-*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+._ ..
epsilon))-2.*kKD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))* ¢
((3.*KD11+KD21)*(3-*KD11+5.*KD21))"(1/2)+theta*KD21*((3-*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)+6 . *atan((3.*KD11+5.*KD21)*(cos ¥
(phi+epsilon)-1.)/((3-*KD11+KD21)*(3.*KD11+. ..
5.*KD21))™(1/2)/sin(phi+epsilon))*KD11*KD22)/ ((3.*KD11+KD21)*(3. ¢
*KD11+5.*KD21))™N(1/2)/KD21)-. ..
7791 .*KD2172*KD22*sin((-3.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5. ¢
*KD21))N(1/2)*KD11-4 . *phi*KD2172*((3.*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"N(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3. ¢
*KD11+5.*KD21))"(1/2)*KD22+3 . *theta*KD21*((3.*KD11l+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11+theta*KD21/2*((3.*KD11+KD21)* ¢
(3-*KD11+5.*KD21))"(1/2)+18.*atan((3-*KD11+. ..
5_*KD21)*(cos(phi+epsilon)-1.)/((3-*KD11+KD21)*(3.*KD11+5.*KD21)) ¢
~N(1/2)/sin(phi+epsilon))*KD1172*KD22+6 . *atan((3.*KD11+. . .
5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¥
~N(1/2)/sin(phi+epsilon))*KD11*KD22*KD21-18.*KD21"2*atan((3.*KD11+. ..
5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¥
~N(1/2)/sin(phi+epsilon))*KD11-6.*KD21"3*atan((3.*KD11+. ..
5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¢
~N(1/2)/sin(phi+epsilon))-6.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+...
epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-2. ¥
*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.*KD11+KD21)*(3. ¢
*KD11+. ..
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5.*KD21))"(1/2)*KD21)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/ ¥
(3-*KD11+KD21)/KD21)-5586.*KD11*sin(theta)*KD21"2-. ..
1176.*sin(theta)*KD2173*cos(phi+epsilon)"2+45.*KD11*cos ¥
(phi+epsilon)"2*F6*sinh((-6.*KD21"2*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon) ¥
-1.)/((3-*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))-2_.*KD22*atan ¢
((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3-*KD11+KD21)*(3-*KD11+...
5.*KD21))~(1/2)+theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))* ¢
(172)+6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11l+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22)/((3. ¢
*KD11+KD21)*(3-*KD11+5.*KD21))"(1/2)/KD21)*KD22-. ..
7056.*KD11~2*sin(theta)*KD21+27832.*KD2173*sin((-3.*phi*KD21*((3. ¥
*KD11+KD21)*(3-*KD11+5.*KD21))"(1/2)*KD11-. ..
4 _*phi*KD2172*((3.*KD11+KD21)*(3.*KD11+5.*KD21))™N(1/2)-1. ¢
*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)*KD22+. ..
3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) ¥
*KD11l+theta*KD21/"2*((3-*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)+. ..
18.*atan((8.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¢
(3-*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11/"2*KD22+. . .
6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¢
(3-*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22*KD21- . . .
18.*KD21"2*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3. ¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11-. ..
6.*KD21"3*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))-...
6.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3. ¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-2.*KD22*atan((cos(phi+epsilon)-...
1.)/sin(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))*(1/2) ¥
*KD21)/ ((3-.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)/(3.*KD11+...
KD21)/KD21)*cos(phi+epsilon)+294.*KD22*sin(phi+epsilon)*cos ¥
(theta)*KD2172*cos(phi+epsilon)-3969.*KD11"3*sin((-3-*phi*KD21*((3.*KD11l+. ..
KD21)*(3.*KD11+5.*KD21))"N(1/2)*KD11-4 . *phi*KD21"2*((3.*KD11+KD21) ¢
*(3.*KD11+5.*KD21))™N(1/2)-1.*phi*KD21*((3.*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)*KD22+3 . *theta*KD21*((3.*KD11+KD21) ¥
*(3.*KD11+5.*KD21))"(1/2)*KD11+theta*KD2172*((3.*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)+18.*atan((3.*KD11+5.*KD21)*(cos ¥
(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+. ..
epsilon))*KD1172*KD22+6 . *atan((3.*KD11+5.*KD21)*(cos(phi+epsilon) ¥
-1.)/((3-*KD11+KD21)*(3.*KD11+5.*KD21))™(1/2)/sin(phi+. ..
epsilon))*KD11*KD22*KD21-18.*KD21"2*atan((3.*KD11+5.*KD21)*(cos ¢
(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+ ...
epsilon))*KD11-6.*KD21 3*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon) ¥
-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)/sin(phi+epsilon))-...
6.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3. ¢
*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)*KD11-2.*KD22*atan((cos(phi+epsilon)-...
1.)/sin(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) ¥
*KD21)/ ((3.*KD11+KD21)*(3.*KD11+5.*KD21))(1/2)/(3.*KD11+...
KD21)/KD21)+12348.*KD11”2*cos(phi+epsilon)*sin(theta)*KD21+1323. ¢
*KD1172*cos(phi+epsilon)*sin(theta)*KD22-1323_.*KD11/2*KD22*sin(phi+. ..
epsilon)*cos(theta)+1176.*sin(phi+epsilon)*cos(theta)*KD21"3*cos ¥
(phi+epsilon)-1764.*KD11*sin(phi+epsilon)*cos(theta)*KD22*KD21-. ..
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32634 .*KD1172*KD21*sin((-3.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5. ¢
*KD21))N(1/2)*KD11-4.*phi*KD2172*((3.*KD11+KD21)*(3.*KD11l+. . .
5.*KD21))"(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))" ¢
(1/2)*KD22+3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)*KD11+theta*KD21/2*((3.*KD11+KD21)*(3.*KD11+5. ¢
*KD21)H)™N(1/2)+18 . *atan((3-.*KD11+5.*KD21)*(cos(phi+epsilon)-. ..
1.)/((3-*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon)) ¢
*KD1172*KD22+6 . *atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11l+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22*KD21- ¥
18.*KD21"2*atan((3-*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.-*KD11l+. ..
KD21)*(3-*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11-6. ¢
*KD21"3*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3. ¥
*KD11l+. ..
5.*KD21))"(1/2)/sin(phi+epsilon))-6.*KD22*atan((cos(phi+epsilon) ¢
-1.)/sin(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))~(1/2)*KD11-2.*KD22*atan((cos(phi+epsilon)-1.)/sin¢
(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD21)/((3-*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)/(3.*KD11+KD21)/KD21)-5292. ¢
*KD2173*sin((-3.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11- ...
4 . *phi*KD2172*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)-1. ¥
*phi*KD21*((3-*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)*KD22+. ..
3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) ¥
*KD11l+theta*KD21M2*((3.-*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)+. ..
18.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¢
(3-*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD117M2*KD22+. . .
6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¢
(3-*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22*KD21- . . .
18.*KD21"2*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3. ¢
*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)/sin(phi+epsilon))*KD11-. ..
6.*KD21"3*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.¥
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))-...
6.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.v¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-2.*KD22*atan((cos(phi+. ..
epsilon)-1.)/sin(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¥
~N(1/2)*KD21)/((3-*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)/(3-*KD11+. ..
KD21)/KD21)*cos(phi+epsilon)”2+135_*KD11~2*cos(phi+epsilon) ¢
N2*F6*sinh((-6.*KD21M2*atan((3.-*KD11+5.*KD21)*(cos(phi+...
epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin¥
(phi+epsilon))-2_.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+...
epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)+theta*KD21* ¢
((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)+6.*atan((3.*KD11l+. ..
5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¥
~N(1/72)/sin(phi+epsilon))*KD11*KD22)/ ((3-*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)/KD21)-7644 .*KD11*cos(phi+epsilon)"2*sin((-3. ¢
*phi*KD21*((3-*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)*KD11-. ..
4 . *phi*KD2172*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)-1. ¥
*phi*KD21*((3-*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)*KD22+. ..
3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) ¥
*KD11l+theta*KD21"2*((3.-*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)+. ..
18.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¢
(3-*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11M2*KD22+. . .
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6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¥
(3-*KD11+5.*KD21))™(1/2)/sin(phi+epsilon))*KD11*KD22*KD21- . . .
18.*KD21"2*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3. ¢
*KD11+KD21)*(3-*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11-. ..
6.*KD21"3*atan(((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3. ¥
*KD11+KD21)*(3-*KD11+5_*KD21))"(1/2)/sin(phi+epsilon))-. ..
6.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3. ¢
*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)*KD11-. ..
2.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD21)/ ((3-*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)/(3-*KD11+KD21)/KD21)*KD21"2+60. ¢
*KD217"2*F6*sinh((-6.*KD21™2*atan((3-*KD11+. ..
5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¢
~N(1/2)/sin(phi+epsilon))-2.*KD22*atan((cos(phi+...
epsilon)-1.)/sin(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¢
~N(1/2)+theta*KD21*((3-*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)+. ..
6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¢
(3-*KD11+5.*KD21))~(1/2)/sin(phi+epsilon))*KD11*KD22)/((3-*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)/KD21)*cos(phi+epsilon)"2+6958. ¢
*KD22*KD2172*sin((-3.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)*KD11-4.*phi*KD2172*((3.*KD11+KD21)*(3.*KD11+5. ¢
*KD21))N(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3.*KD11l+. ..
5.*KD21))"(1/2)*KD22+3 . *theta*KD21*((3.*KD11+KD21)*(3.*KD11+5. ¢
*KD21))N(1/2)*KD11+theta*KD21M2* ((3-*KD11+KD21)*(3.*KD11+. ..
5.*KD21))(1/2)+18 . *atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/ ¢
((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+. ..
epsilon))*KD1172*KD22+6 . *atan((3.*KD11+5.*KD21)*(cos(phi+epsilon) ¥
-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))™N(1/2)/sin(phi+...
epsilon))*KD11*KD22*KD21-18.*KD21"2*atan((3.*KD11+5.*KD21)*(cos ¢
(phi+epsilon)-1.)/((3-*KD11+KD21)*(3.*KD11+. ..
5.*KD21))~(1/2)/sin(phi+epsilon))*KD11-6.*KD21"3*atan((3.*KD11+5. ¢
*KD21)*(cos(phi+epsilon)-1.)/((3-*KD11+. ..
KD21)*(3-*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))-6.*KD22*atan ¢
((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3-*KD11l+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-2.*KD22*atan((cos ¥
(phi+epsilon)-1.)/sin(phi+epsilon))*((3-*KD11+KD21)*(3.*KD11l+. ..
5.*KD21))”(1/2)*KD21)/ ((3-*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/ ¢
(3.*KD11+KD21)/KD21)*cos(phi+epsilon)-...
165.*KD22*KD21*F6*sinh((-6.*KD21"2*atan((3.*KD11+5.*KD21)*(cos ¥
(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))™N(1/2)/sin(phi+epsilon))-2.*KD22*atan((cos(phi+epsilon) ¢
-1.)/sin(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"N(1/2)+theta*KD21*((3-*KD11+KD21)*(3.*KD11+5.*KD21))" ¢
(172)+6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.-*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22)/((3. ¥
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/KD21)-. ..
1764 .*KD11"2*KD21*sin((-3.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5. ¢
*KD21))N(1/2)*KD11-4 . *phi*KD2172*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))" ¢
(1/2)*KD22+3 . *theta*KD21*((3-*KD11+KD21)*(3-*KD11+. ..
5.*KD21))"(1/2)*KD11+theta*KD2172*((3.*KD11+KD21)*(3.*KD11+5. ¢
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*KD21))N(1/2)+18 . *atan((3.*KD11+5.*KD21)*(cos(phi+. ..
epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin¥
(phi+epsilon))*KD11"2*KD22+6 . *atan((3.*KD11+5.*KD21)*(cos(phi+. ..
epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))*(1/2)/sin¥
(phi+epsilon))*KD11*KD22*KD21-18.*KD21"2*atan((3-*KD11+. ..
5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¢
~(1/2)/sin(phi+epsilon))*KD11-6.*KD21"3*atan((3-*KD11+. ..
5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¥
~N(1/2)/sin(phi+epsilon))-6.*KD22*atan((cos(phi+epsilon)-...
1.)/sin(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2) ¥
*KD11-2.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+. ..
epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD21)/((3. ¥
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/(3.*KD11+. ..
KD21)/KD21)*cos(phi+epsilon)”"2+34986.*KD11*KD212*sin((-3. ¢
*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-. ..
4. *phi*KD2172*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)-1. ¥
*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)*KD22+. ..
3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2) ¥
*KD11l+theta*KD21M2*((3-*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)+. ..
18.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)7/((3.*KD11+KD21)* ¢
(3-*KD11+5.*KD21))N(1/2)/sin(phi+epsilon))*KD11MN2*KD22+ . . .
6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)* ¢
(3.-*KD11+5.*KD21))N(1/2)/sin(phi+epsilon))*KD11*KD22*KD21- . . .
18.*KD21"2*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3. ¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11-. ..
6.*KD21"3*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3E. ¢
*KD11+KD21)*(3-*KD11+5_*KD21))"(1/2)/sin(phi+epsilon))-. ..
6.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.¢
*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)*KD11-. ..
2.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.¥
*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)*KD21)/((3.*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)/(3.*KD11+KD21)/KD21)*cos ¥’
(phi+epsilon)+14112_*KD11”2*cos(phi+epsilon)*sin((-3.*phi*KD21*((3.*KD11l+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-4 . *phi*KD21/2*((3.*KD11+KD21) ¥
*(3.*KD11+5.*KD21))™(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)*KD22+3.*theta*KD21*((3.*KD11+KD21)*(3.*KD11+5. ¢
*KD21))"™(1/2)*KD11+theta*KD21/2*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)+18.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/¢
((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+. ..
epsilon))*KD1172*KD22+6 . *atan((3.*KD11+5.*KD21)*(cos(phi+epsilon) ¢
-1.)/((3-*KD11+KD21)*(3.*KD11+5.*KD21))™(1/2)/sin(phi+. ..
epsilon))*KD11*KD22*KD21-18.*KD21/2*atan((3.*KD11+5.*KD21)*(cos ¥
(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))™(1/2)/sin(phi+epsilon))*KD11-6.*KD21"3*atan((3.*KD11+5. ¢
*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))~(1/2)/sin(phi+epsilon))-6.*KD22*atan((cos(phi+epsilon) ¥
-1.)/sin(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)*KD11-2.*KD22*atan((cos(phi+epsilon)-1.)/sinv¢
(phi+epsilon))*((3.*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)*KD21)/((3-*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)/(3.*KD11+KD21)/KD21)*KD21+3969. ¥
*KD11"3*cos(phi+epsilon)*sin(theta)-495.*KD11*KD22*F6*sinh((-. ..
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6.*KD212*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3. ¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))-...

2.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)+theta*KD21*((3.*KD11+KD21)*(3.*KD11+...

5.*KD21))"(1/2)+6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/¢
((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+. ..

epsilon))*KD11*KD22)/ ((3.-*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2) ¥
/KD21)-294 .*KD22*cos(phi+epsilon)"2*sin(theta)*KD21M2- . _ .

441 _*sin(phi+epsilon)*cos(theta)*KD22*KD21°2+11319.*KD11*sin ¥
(theta)*KD21"2*cos(phi+epsilon)-8379.*KD11*sin(phi+. ..

epsilon)*cos(theta)*KD2172)/(9.*KD11"2+15.*KD11*KD21+3. ¢
*KD11*KD22+4 .*KD21"2+KD21*KD22)/ (3.*KD11+3.*KD21-2.*cos(phi+epsilon)*KD21);

tau = F1+F2+F3;

%% Lyapunov
Fmcl = [-.2000000000e-8*(~-.1766666666ell*phidot*sin(phi)*KD22-. ¢
1766666666e11*KD21*sin(phi)*thetadot+. ..

2000000000 . *cos(phi)*thetadot*KD11*sin(phi)+3999999999.*cos(phi) ¥
*phidot*KD22*sin(phi)-...

2999999999 . *thetadot*KD11*sin(phi)+3999999999.*cos(phi+epsilon) ¢
*thetadot*sin(phi)*KD21-2000000000.*cos(phi)*phidot*sin(phi)*KD21+...

2999999999 . *phidot*KD21*sin(phi)+6000000000.*sin(phi) ¢
*phidot*KD11+.1333333333el2*cos(phi)*nu*KD21-...

.2000000000e12*nu*KD21-.2000000000e12*nu*KD11)/(-11.+cos(phi) ¥
~2), -1000000000e-6*(-30000000 - *phidot*KD21*sin(phi)-. ..

20000000.*cos(phi)*phidot*sin(phi)*KD21+40000000.*cos(phi) ¥
*phidot*KD22*sin(phi)-60000000.*phidot*sin(phi)*KD22+. ..

30000000.*sin(phi)*phidot*KD11+2000000000.*nu*KD22+1333333333. ¢
*cos(phi)*sigma*KD21-1333333333.*cos(phi)*nu*KD22-_ _ .

2000000000 . *sigma*KD21+2000000000 . *nu*KD21-2000000000. ¥
*sigma*KD11)/(-11.+cos(phi)”"2);.1000000000e-6*(-.- - -

30000000 . *phidot*KD21*sin(phi)-20000000.*cos(phi)*phidot*sin(phi) ¢
*KD21+40000000.*cos(phi)*phidot*KD22*sin(phi)-. ..

60000000 . *phidot*sin(phi)*KD22+30000000.*sin(phi) ¢
*phidot*KD11+2000000000.*nu*KD22+1333333333.*cos(phi)*sigma*KD21-. ..

1333333333.*cos(phi)*nu*KD22-2000000000. *sigma*KD21+2000000000. ¢
*nu*KD21-2000000000.*sigma*KD11)/(-11.+. ..

cos(phi)”2), .1000000000e-8* (5999999998 . *phidot*KD21*sin(phi) ¥
+5999999998 . *phidot*sin(phi)*KD22-. ..

3999999999 . *cos(phi)*phidot*KD22*sin(phi)-. ¢
3999999999e12*sigma*KD21-.3999999999e12*KD22*sigmat. . .

.2666666666e12*cos(phi)*KD22*sigma)/(-11.+cos(phi)”™2)];

PHI =.2000000000*(-196 . *cos((-3.*phi*KD21*((3.*KD11+KD21)*(3.*KD11+5. ¥

*KD21))(1/2)*KD11-4_ *phi*KD21/2*((3.*KD11+. . .
KD21)*(3.*KD11+5.*KD21))"(1/2)-1.*phi*KD21*((3.*KD11+KD21)*(3. ¥

*KD11+5.*KD21))(1/2)*KD22+3 . *theta*KD21*((3.*KD11+. . .
KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11+theta*KD212*((3.*KD11+KD21)* ¢

(3.*KD11+5.*KD21))"(1/2)+18.*atan((3.*KD11+. . .
5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¢
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~N(1/2)/sin(phi+epsilon))*KD117M2*KD22+6 . *atan((3.*KD11+. ..
5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¥
~N(1/2)/sin(phi+epsilon))*KD11*KD22*KD21-18_*KD21™2*atan((3.*KD11+. ..
5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¥
~N(1/2)/sin(phi+epsilon))*KD11-6.*KD21"3*atan((3-*KD11+. . .
5.*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¢
~(1/2)/sin(phi+epsilon))-6.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon)) ¢
*((3.*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-2.*KD22*atan((cos ¥
(phi+epsilon)-1.)/sin(phi+epsilon))*((3-*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)*KD21)/ ((3-*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)/ ¢
(3-*KD11+KD21)/KD21)*KD11*KD22+196 . *cos((-3.*phi*KD21*((3.*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)*KD11-4 . *phi*KD2172*((3.*KD11+KD21) ¢
*(3.*KD11+5.*KD21))N(1/2)-1.*phi*KD21*((3-*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)*KD22+3 . *theta*KD21*((3.*KD11+KD21) ¢
*(3.*KD11+5.*KD21))"(1/2)*KD11+theta*KD217"2*((3.*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)+18.*atan((3.*KD11+5.*KD21)*(cos ¥
(phi+epsilon)-1.)/((3-*KD11+KD21)*(3.-*KD11+. ..
5.*KD21))"(1/2)/sin(phi+epsilon))*KD1172*KD22+6 . *atan((3.*KD11+5. ¢
*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22*KD21-18.*KD21 2*atan ¢
((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3-*KD11+KD21)*(3.*KD11+...
5.*KD21))~(1/2)/sin(phi+epsilon))*KD11-6.*KD21"3*atan((3.*KD11+5. ¢
*KD21)*(cos(phi+epsilon)-1.)/((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))™(1/2)/sin(phi+epsilon))-6.*KD22*atan((cos(phi+epsilon) ¢
-1.)/sin(phi+epsilon))*((3-*KD11+KD21)*(3-*KD11+5_*KD21))"(1/2)*KD11-. ..
2.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.¢
*KD11+KD21)*(3.*KD11+5.*KD21))"N(1/2)*KD21)/ ((3.*KD11+KD21)*(3.*KD11l+. ..
5.*KD21))"(1/2)/(3.*KD11+KD21)/KD21)*KD21"2+15 . *F6*cosh((-6. ¢
*KD21M2*atan((3-*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/((3-*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))-2.*KD22*atan ¥
((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.-*KD11+KD21)*(3.*KD11+...
5.*KD21))"(1/2)+theta*KD21*((3.*KD11+KD21)*(3.*KD11+5.*KD21)) ¢
(172)+6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsillon)-1.)/((3.*KD11+. ..
KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22)/((3. ¥
*KD11+KD21)*(3-*KD11+5.*KD21))"(1/2)/KD21)*KD11+. ..
20.*F6*cosh((-6.*KD21"2*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon) v
-1.)/((3.-*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)/sin(phi+epsilon))-...
2.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)+theta*KD21*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))™N(1/2)+6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/v¢
((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22)/((3.*KD11+KD21)*(3. ¢
*KD11+5.*KD21))"(1/2)/KD21)*KD21+. ..
5.*F6*cosh((-6.*KD21"2*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon) ¥
-1.)/((3.*KD11+KD21)*(3.*KD11+5.*KD21))N(1/2)/sin(phi+epsilon))-...
2.*KD22*atan((cos(phi+epsilon)-1.)/sin(phi+epsilon))*((3.¢
*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)+theta*KD21*((3.*KD11+KD21)*(3.*KD11+. ..
5.*KD21))"(1/2)+6.*atan((3.*KD11+5.*KD21)*(cos(phi+epsilon)-1.)/¢
((3.*KD11+KD21)*(3.*KD11+5.*KD21))"(1/2)/sin(phi+epsilon))*KD11*KD22)/((3. ¢
*KD11+. ..
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KD21)*(3.*KD11+5.*KD21))~(1/2)/KD21)*KD22)/(3.*KD11+4. ¥

*KD21+KD22);

Vc = -210;

\Y = 0.5*qdot"*KD*qdot+PHI+VcC;
Vdot = -qdot*"*(Kv+Fmcl)*qdot;

%% Evaluate the dynamic

qdotdot = inv(mass)*([tau;0]-C*qdot-G);

ddtheta = qdotdot(l);

ddphi = qdotdot(2);

%% M-File Output

dxdt =[thetadot;phidot;ddtheta;ddphi;tau(l);P(1,1);P(1,2);P(2,1);P(2,2);¥

V;Vdot;PHI ;DETP];
%% End of the Function
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B.5 Simulink file for the ball and arc system, KD constant

> Interpreted
M ATLAB Fen

Simulation & control Law

L fmout3

To Workspace3

amoutd

To Workspaced

—>

Thetadot_Theta

states
I ntegrator 1
» s
States
P I
] s
7 ——P  smout2
I:' To Workspace?2
Vdat
hl I
[=TH] Fmouts

To Workspaceb
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P smout
To Workspace
phidot_phi
P smoutt
—.-IZI To Workspace1
P11
|—>|:' P12
P21 [ |
g
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B.6 Direct Lyapunov Aproach for the Ball andArc System P
B&Arc DLA Fml P.mw

\ 4

[ > restart:
E> with(LinearAlgebra) :

0
¢

> q =
(>
q is a vector of generalized coordinates
edot

¢dot

édot is a vector of generalized velocites

> C:=-Matrix(2,2, [-mrdsin(¢) ¢dot, -mrdsin($) &ot+mrdsin(¢) gdot,
mrdsin(¢) &ot,0]);

> qdot:=

| mrdsin(¢) gdot mrdsin(¢) adot —mrdsin(¢) gdot W
| -mrd sin(¢) &dot 0 .
Cmatrix is the matrix of Centripetal and coriolis forces
Define the mass matrix
[ >
> mass = -simplify( Matrix(2, 2, [2mrd cos(e)zcos(q)) —mr
+2 mrdsin(9)2c05(¢) —md*—1Ib, -mrd cos(e)zcos(q)) +mP
—mrd sin(e)zcos(q)),—m rd cos(e)zcos(q)) +mr
—mrdsin(e)zcos(q)), —m#]));
mr*—2mrdcos(¢) +md?>+1b mr(-r+dcos(¢))
mass = (1.2)
mr(-r+dcos(o)) mr

[> IMass := MatrixInverse(mass) :

| mo(rsin(o) cos(e) ~reos(e) sin(e) + dsin(e))
i N -mgr (sin(o) cos(6) —cos(0) sin(6))
— F11(gf, qdotf ) -gdot —v F11(qf, qdotf ) -&dot — &
> Fml:=

-F22( gf, gqdotf ) -gdot F22(gf, qdotf ) -&dot
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Fmcl control law matrix for FMC, Eq. 4.14
1 1
F33(qf, qdotf)  F33(qf, gdotf)
> Fmcl =
1 1
F33(qf, qdotf)  F33(qf, gdotf)
>
>

V First Matching Condition

> KDT := simplify(Multiply(Matrix(2, 2, [ p11, p12, p21, p22]), mass) );

KDT:=[[p1lmr® —2plimrdcos(o) +pll md®+pll lb—pl2 mr
+p12mrdcos(o), mr (-pllr+plldcos(¢) +pl2r)],
[p21mr® —2p21 mrdcos(o) +p21 md? + p21 Ib —p22 m

. +p22mrdcos(¢), mr(-p21r+p21dcos(¢) +p22r) ]

Forcing the symmetry condition p12 is

> solve( KDT, , —KDT, 4, p12)

L( 11mr*—pllimrdcos(d) +p2l mrP —2p2l mrdcos(¢) + p21 md?

mr*
+p21llb—p22mr* +p22mrdcos(¢))

> KDT := simplify(eval(KDT, p12=—1 (pLLm P —pllmrdcos(o) + p2l mr

mr
—2p21mrdcos(¢) +p21md2+p21Ib—p22mr2+p22mrdcos(¢)))j

koT:= |5

T(pllmd2r+p11Ibr—p21mr3+3p21mr2dcos(q>) —p21md2r
—p21ibr+p22mr* —2p22mr’d cos(¢) —dzcos(q))zpllmr

—2d° cos(¢)2p21mr+d3cos(q)) p21 m+dcos(d) p21 Ib
+d2cos(¢)2p22mr), p2lmr* —2p21l mrdcos(d) +p21 md? + p21 Ib

—p22m PP +p22mrdcos(6) |,
[p21mr2—2p21mrdcos(¢) +p21md2+p21 Ib—p22mr2
+p22mrdcos(o), mr (-p21r+p2ldcos(¢) +p22r)]]

>
[>

symmetry test for KD
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> simplify(KDT, , —KDT, ;);

i 0 Q2.4)
> KDdot := simplify (map(diff, &lot-KDT, 8) + map( diff, ¢gdot-KDT, ¢) );
KDdot := H— %((,/ﬁdotd sin(¢) (3p2imrP —2p22mr* —2pllmrdcos(o) (2.5)

—4p21mrdcos(¢) +p2l md? +p21 Ib+2p22mrdcos(d))),

gdotmrdsin(o) (2 p21 —p22) |,

gdotmrdsin(¢) (2p21 —p22), - gdotmrp21dsin(o) ”

E‘irst Matching Condition with inputFm1 and matrix Fmcl

> FMCsim := simplify(KDdot + Multiply (KDT, Multiply (IMass, (Fm1—C)))
+ Transpose (Multiply (KDT, Multiply (IMass, (Fm1—C)))) +Fmcl) :

> Fm1 := simplify(Multiply(Fm1, gdot) );
-@otv — ¢gdot o

0

Fml:= (2.6)

symmetry test for FMC
> simplify(FMCsimL , — FMCsim, 1)
B 0 2.7
[> Sys = simplify( [FMCsimly 1 FMCsimZ 1 FMCsimZ, 2]) :
Solving for the forces on sys the result is going to be called forsol
> forsol := pdsolve(sys, [F11(qgf, qdotf), F22(qf, gdotf ), F33(qgf, qdotf) ]);

forsol .= [Fll(qf, qdotf) :% (—d (2 d® m? &dot r? (2p21 +pll — p22)2 (- &ot 2.8)
+ ¢dot) cos(¢)2—3d (((% &dot (-3 &ot + ¢dot) p21 —% ((-2pl11
+ 4 p22) &dot + ¢gdot p11) (—6dot+¢dot)) ? + d? p21 &ot (—% &lot
+¢dot)) m + Ib p21 &dot (—% 6dot—|—¢dot)) (2 p21 +p11

—p22) mreos() + ((-4 adot’ p21% + ((10 p22 — 6 p11) Got’

+4 gdot (pll — 2 p22) &ot — 2¢dot p22—|—p11))p21—2(p11—p22)(
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- @dot + gdot) ( (-pll 44 p22) &dot + gdotp1l) ) r* —2 d? (—% @dot ( gdot
—6 @ot) p21 + (2 pll — 4 p22) alot” — % gdot (pll —p22) &dot + (

—% p22 +p11) (z)dotz) p21 % + d* adot p212 (gdot — 2 6d0t)) m?
+2|b((% adot ( gdot —6 &lot) p21 + (-2 pLl + 4 p22) dot”

+% gdot (pll — p22) ot — (% p22+pll) ¢dot2) %

+ d &dot p21 ( gdot — 2 ajot)) p21 m + ot p21% Ib° ( gdot — 2 6dot))

sin(¢) —2 (—d(2p21+p11—p22) ((—cédot—z (— Y,

N |

-l-cs) (z)dot) p21 + pl11 (¢dot0+6dotv)) mrcos(¢) + (((—o &ot — 2 (
—%v+c) (z)dot) p21% + (((—G+v) pll +p22 (o +v)) Aot — gdot ((c

— V) pll —3p22 (c—%

v))) P2+ ((piv-+p22 (6 —3v)) @t
(011522 (o) dot) pua ) P+ (o ot —2 [~ v

+c) motj p21 +pll (¢doto+motv)) pzl) m + Ibp21 ((-omot—z (
-3 v+ adot) p21 +pi1 (¢doto + aotv) | r)/((¢d0t+6dot)2(

-mrdp2l (2 p21 +pll —p22) cos(¢) + ((p21 —p22) (p21 + pll) r

+p212d?) m+p2121b) r), F22(qf, gdotf) = % (m(d(-2d ((gdot
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+ 2 &ot) p21 —pl1 &ot) (2 p21 + pll —p22) m ( - &lot + ¢gdot) r cos( o)
+ ( ( (4 (,/)dot2+4 &dot gdot — 4 6b|ot2) p212+ ((6 p22 —2pll) adot’

+4 gdot (pll — p22) &lot + 2 gdot’ (pll —p22)) p21 + 2 pll ( - &Kot

+ (,/ﬁdot)2 (p11 —p22)) r? +d? (gdot — 2 @lot) ( (gdot + 2 &dot) p21

— pl1 &dot) p21) m + (gdot — 2 @lot) ( ( gdot + 2 &dot) p21

—pl1 &ot) Ibp21) sin(0) — 21 (-p21 + p11)? (gdot o + ot v) ) r)/
((gdot + 6blot)2 (-mrdp21 (2 p21 +p1l —p22) cos(d) + ((p21

—p22) (p21 +pll) P +p21%d?) m+p2121b) ), F33(gf, qdotf)

= (r ¢dot2 + 2 r gdot &lot + adot” r) / (4 6dot2mp11 dsin(¢) ¢dot + 2 &ot p11 r gdot &
—2 @ot’ gdot d”sin(¢) rmpllcos(¢) — 2 adot” p22 mrd®cos(o) sin(¢)

—2 @dotmpll r ¢dot2d sin(¢) +p21 adot” gdotd sin(¢) 1b

+3p21 adot” gdotm P dsin(o) — 4 p21 adot” m o’ cos(d) rsin(¢) gdot

+2 @ot” gdot d”sin(¢) rm p22 cos(¢) + 2 6dot3mp11 rdcos(¢) sin(o)

— 4 &dot’ gdotm P d sin(¢) p22 + 2 6b|ot3r2mp22 dsin(¢)

—2p21 adot’ Ibd sin(¢) —2 6dot3mp11 dsin(o)

+p21 adot’ gdotmd>sin(o) +4p21 adot’ m d? cos() rsin(o)

—2p21 adot’ m - d sin(¢) —rPm ¢§dot3 p21dsin(¢)

+2rm (bdot2 Gotd sin(¢) p22 + 2 r ¢dot p21 ot v + 2 r¢d0t2 p2lc

+2 @ot” pllrv —2p21 ajot3md3sin(¢))}

Testing the forces on the First matching condition equation the result is going to be
called FMCtest

> FMCitest := simplify(evaI(FMCsim, forsol));
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00
FMCtest := 2.9)
00

FMC is satisfied!
> Fml:= simplify( evaI(le, forsol) );

-@otv — ¢gdot o
0

Fml:= (2.10)

> Fmcl = simplify(evaI(chl, forsol)) :

> #f33so0l :=so|ve( -r ;/ﬁdot2 F33(qf, gqdotf) — 6dot2 F33(qgf, qdotf) r + 2 6dot2 pllrv
+2r ¢dot2 p2loc — adot” £33 ¢5dot2 r—2p21 adot” P md sin(¢)
—mr ¢dot3 p21dsin(¢) —2 p21 adot’ Ibd sin(¢)
+2 &dot m P2 p22 dsin(¢) —2 adot’ pll P mdsin(o)
—2p21 aot’ md® sin(¢) + 4 p21 adot’ o’ cos(¢) mrsin(¢)
—2 @lot’ ¢ cos(d) p22mrsin(o) + 2 adot” p11 rd”cos(¢) msin(¢),
F33(qgf, qdotf) ) ;

| > #Fmcl :=simplify(eval(Fmcl, F33(qf, qdotf ) =f33sol));

soIve(chlll 1 r ( aot” + ¢dot2), f33)

>
> soIve(chlZ ,— T ( aot” + ¢dot2), f44)
> Fl:= simplify(evaI(lel) );

Fl:= -@&otv — g¢dot o (2.11)
> convert(KDT, string)

"Matrix(2, 2, [[(p11*m*d"2*r+pll*1b*r-p21*m*r"3+3*p21*m*r*2*d*cos(phi)- (2.12)
p21*m*d 2*r-p21*1b*r+p22*m*r"3-2*p22*m*rr2*d*cos(phi)-d*2*cos(phi)"2*
pll*m*r-2*d"2*cos(phi)*2*p21*m*r+d”3*cos(phi)*p21*m+d*cos(phi)*p21*
Ib+d"2*cos(phi)*2*p22*m*r)/r,p21*m*r"2-2*p21*m*r*d*cos(phi)+p21*m*
d"2+p21*1b-p22*m*r*2+p22*m*r*d*cos(phi)],[p21*m*r2-2*p21*m*r*d*cos
(phi)+p21*m*d"2+p21*1b-p22*m*r"2+p22*m*r*d*cos(phi),m*r*(-p21*r+

| p21*d*cos(phi)+p22*1)]])"
> simplify( Determinant(KDT) )
-p21° m? d* — p212 Ib* + m p21 Ib ¥ p22 — p11 m? d® ¥ p21 + p11 m? d? % p22 (2.13)

+p21 m? d* P p22 + md? cos((p)2 p21%1b 4+ p11 m*d* r p21 cos(¢)
+mplllbrp2ldcos(¢) +p212m? # d? cos(q))2 +2p21°m*d*rcos( o)
—2d° cos(q))3 p21% m?r — p22 m? ¥ d cos(q))2 p21 + d? cos(q>)2 p1l m? ¥ p21
—d cos(¢)3pll mrp21 —d° cos(q>)2 pll m? P p22 —mp21°Ibr?
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—p22?m?d? 2 — 2 p21°md® Ib + d* cos(9)* p21%m? —mpll b p21
+mpll IbrPp22 —d3cos(¢) p21 m?p22 r —md cos(d) p21 Ibp22 r
+d° cos(q>)3 p22 m? rp21 +2mp21%1brd cos(¢)

:> P := simplify(Multiply(KDT, MatrixInverse(mass) ) );

p= lel, er (p2L1b—p22m P + p22 mrd cos(6) +pllmP 2.14)
m

—2p2imrdcos(¢) +p2lmd®+p2i mr —pllimrdcos(¢)) |,

|

:> Determinant(P);

. er (-p22 mpll P+ p2121b — p21 p22 m 2+ p21 p22 mrd cos() 2.15)
m

+p2l mpll ¥ —2p21°mrdcos(o) + p21>md® + p21%m r2
. —p2lmpllirdcos(¢))

> Determinant(KDT);

-p21°m? d* — p212 10> + m p21 Ib ¥ p22 — p11 m? d® ¥ p21 + p11 m? d? % p22 (2.16)
+p21 m? d® P p22 + md? cos(q))2 p21%1b 4+ p11 m* d* r p21 cos(¢)
+mplllbrp2ldcos(¢) +p21m? r* d? cos(q>)2 +2 p21°m? d* r cos( o)
—2d° cos(q>)3 p21% m? r — p22 m? % d? cos(q))2 p21 +d? cos(q>)2 pll m® ¥’ p21
—d cos(q>)3 pll m*rp21 —d? cos(q>)2 pll m* ¥ p22 —mp21% 1o r
—p2?m?d? i — 2 p21°md® Ib + d* cos(9)* p21%m? —mpll b p21
+mpll Ibr?p22 —d3cos(¢) p21 m?p22 r —md cos(d) p21 1bp22 r
+d° cos(q>)3 p22 m? rp21 +2mp21%1brd cos(¢)

> convert(KDT, string) ;

"Matrix(2, 2, [[(p11*m*d"2*r+pll*1b*r-p21*m*r"3+3*p21*m*r"2*d*cos(phi)- (2.17)
p21*m*dA2*r-p21*1b*r+p22*m*r"3-2*p22*m*r"2*d*cos(phi)-d*2*cos(phi)"2*
pll*m*r-2*d~2*cos(phi)*2*p21*m*r+d~3*cos(phi)*p21*m+d*cos(phi)*p21*
Ib+ad"2*cos(phi)*2*p22*m*r)/r,p21*m*r"2-2*p21*m*r*d*cos(phi)+p21*m*
d"2+4+p21*1b-p22*m*r"2+p22*m*r*d*cos(phi)],[p21*m*r2-2*p21*m*r*d*cos
(phi)+p21*m*d"2+p21*1b-p22*m*r"2+p22*m*r*d*cos(phi),m*r*(-p21*r+
p21*d*cos(phi) +p22*)]])"

[le,pZZ
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Second Matching Condition

> Kv := o-Multiply(Column(P, [1]), Transpose (Column(P, [1])));

apll®  opllp2l
Kv:= @3.1)
apllp2l  ap21?

:> convert(Ky, string)
"Matrix(2, 2, [[alpha*p11/2,alpha*pl1*p21],[alpha*pll*p21,alpha*p2172]])" 3.2)

:> F2f := - Multiply(MatrixInverse(P), Kv);

F2f := H(pZZmrzocpllz)/(—pZZmp11r2+p212Ib—p21 p22mr*
+p21p22mrdcos(d) +p21 mpll ¥ —2p21°mrdcos(o) + p21° md?
+p21°mr* —p2. mplirdcos(¢)) — ((p21 Ib—p22mr
+p22mrdcos(¢) +pllmr® —2p2l mrdcos(o) +p21 md? + p21 mr®
—plimrdcos(¢)) apll p21)/(—p22mp11r2+p212Ib—p21 p22 mr*
+p21p22mrdcos(d) +p21 mpll ¥ —2p21°mrdcos(o) + p21° md?
+p21°mr* —p2L mpllrdcos(¢)), (p22 mr? apll p21)/(

-p22 mpll P 4 p212 1b —p21 p22 m ¥ + p21 p22 mrd cos(¢) + p21 mpll r

—2p21°mrdcos(¢) +p21°md® + p21°mr* —p2l mpllrdcos(¢))

—((p211b—p22mr®+p22mrdcos(d) +pllmrP —2p2lmrdcos(¢) +p2l md? +p2l mr? -
+p21°md® +p21°mr® —p2l mplirdcos(o))],

]

:> simplify(Eigenvalues(Kv) );

o p21° + o, p11°

O “
(3.4)
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> F2 := simplify(Multiply(F2f, qdot) );
-0 (pll ot + p21 gdot)
0

F2:= (3.5)

Third Matching Condition

> PHM:= Matrix[Z, 1, [% D(6, q)),_ a% D(6,0) _
(6, 9)
PHM := @4.1)

@(6,9)

0
0
3

%0

F3

> TMC = convert( , Matrix | — convert(G, Matrix)

+ Multiply(MatrixInverse(P), PHM) :
> TMCphi = TMC, y;
TMCphi := -mgr (sin(¢) cos(8) —cos(¢) sin(8)) + (le mr? (% D (6, 4.2)
o) ] )/(—p22 mpll P +p21% Ib — p21 p22 m ¥ + p21 p22 mr d cos( ¢)
+p2l mpll ¥ —2p21°mrdcos(o) + p21>md® + p21%m r2
—p2implirdcos(¢)) — (pll mr (% D(6,0) j]/(-pzz mpll

+p21%1b—p21p22 m ¥ + p21 p22 mrd cos(¢) + p21 mpll P
2 p21°mrdcos(o) + p21°md? +p21°mr* —p21 mp1lrdcos(o))
> solphi := pdsolve(TMCphi);

_ 1
p21lr

solphi := (6, ¢) g [ 4.3)

1
p21 +2pll
(p21 +2p11) 06 n -2¢op21 —2pllo ))
p21 p21
279
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—p22) cos(



1

. 2 2 _
+ 02l + pil [(((d +1°) m+1b) p21% + m? (pll — p22) p21

(p21 +p11) 6 n -op21 —plle jj
p21 p21

—p22 mpll ) p21 cos[

_ % d cos(6) mrp21 (2 p2l + pll _pZZ)JJ +_F1( ¢ p21 +pll6 )

7 p21
> f3:= simplify(F3 - (TMCL 1))

f3:= - (ngdsin(e) 02127 + m? g d'sin(6) p21 pll P — ( @ (8, (4.4)

o) p22mr2+(%d>(e,¢)jpllmrz—i-(%d)(e,q)) 021 m d?
+ %q>(e,¢))p21mr2+[%<b(e,¢)]p21|b+(

o
®) | p22mrdcos(¢) —2 (% q)(e,q))) p21 mrdcos(d) — (

o) | p1imrdcos(¢) +2m’g rzcos((b)zsin(e) p21°d

—3m?grcos(0) sin(0) p212d? +mgdsin(0) p21%1b+m? g d*sin(6) p21°
—m?gdsin(0) p22 pll ¥ —m’gdsin(6) p21 p22

—m?g d®sin(6) p21 pllrcos(d) +m?gd®sin(6) p21 p22 rcos( )

—m?g rsin(¢) cos(0) p22 p1l +mgrsin(o) cos(6) p21%1b

—m?g Psin(¢) cos(8) p21 p22 +m’g r*sin(¢) cos(8) p21 p22 d cos(d)
+m?gsin(¢) cos(6) p21 p1l —2m*g rsin(¢) cos(8) p21%d cos( o)
+m?grsin(o) cos(0) p212d? +m’ g r’sin(o) cos(0) p21?

—m?g sin(¢) cos(0) p21 p1ldcos(d) +m’gricos(o) sin(6) p22 pll
—mgrcos(¢) sin(6) p21%1b+m” g r*cos(o) sin(0) p21 p22

—m?g rzcos(q))zsin(e) p21p22d —m’ g r’cos(o) sin(0) p21 pll
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—m?grPcos(¢) sin(0) p212 + mg rzcos(q))zsin(e) p21plld

—pzzmrz(% (I)(e,q)))j/(—pZZmpllr2—|—p212Ib—p21p22mr2

+p21p22mrdcos(d) +p2l mpll ¥ —2 p21°mrdcos(¢) + p21°md?
 +p22®mrP —p21mpllrdcos(¢))
> Philifii := simplify(rhs(solphi));

o1 1 ¢p21+p116) 2
PR = S (021 + 2 p11) (p2l +pil) (4—F1( p21 rpll

+6_F1( ¢p21p—2|—1p116 ) rp21pll +2gcos(-6+¢) p21°md? + 4 g cos(

-0 +0) p21°md®pll +2 g cos( -6 +¢) p21°mr? +6 g cos( -6

+0¢) p21°mrPpll +4gcos(-6 +¢) p21°Ibpll 4 4 g cos( -6

+¢) p21 mp11°r* —2 gcos( -6 + ) p21%p22 mr* — 6 g cos( -6

+0¢) p2lp22mrPpll —4gcos( -6+ d) p22 mpll®rP —2 gmrd p21> cos(
-04+2¢) —3gmrdp212cos(-6 +2¢) pll —gmrd p21 cos( -6

+20) p11®+gmrdp212cos(-6 +2¢) p22 + gmrd p21 cos( -6

0p21 +pllo
p21

+2¢) p22pll +2_F1[ )rp212—7gp21dcos(e)mrpll2

—2gp213dcos(8) mr+gdcos(6) mp22 rp21?

+3gdcos(6) mp22 rp21 pll —7 g p21°dcos(6) mrpll

—2gdcos(6) mp113r+2gdcos(6) mp22rpll® 42 g cos( -6
+0) p21°1b)

2
— 1 _ q>p21+p119)
> Philifii := r (p21 1 pll) (p2l +2pil) [6 F6 ( 021 rp2l pll

2 2
+4F6 ( 0 pﬂp;rlpll 0 ) rp11% +2 F6- ( ¢ p21p—2|-1p11 o j r p212

+60) pl1®mr?p21 +3 gdcos(6) mp22 rp21 pll
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+2gdcos(0) mp22 rpl1® —2gdcos(6) mpl1®r—2gp21°dcos(6) mr
—7gp212dcos(8) mrpll —7gp21dcos(6) mrpll?
+gdcos(8) mp22 rp21® —4 g cos( -0 +¢) mpll®r* p22
—2gmrdp213cos(-6+2¢9) —3gmrdp21cos(-6+2¢) p1l
+gmrdp21%cos(-06 +2¢) p22 +gmrdp2l cos( -6 +2 ¢) p22 p1l
—gmrdp2Lcos(-6+20¢) pll®+2gcos(-6 +¢) mp21® ¥ +6 g cos( -0
+60) mp21° P pll +2gcos(-0 + ) mp213d? +4 g cos(-6
+6¢) mp21°d®p1l +4 gcos(-6 +¢) p21% 1bpll — 2 g cos( -6
L +0) p21°mrfp22) :
> F2i= simplify(FZl);
F2:= -o (pll &ot + p21 ¢dot) (4.6)
| > F3 = simplify(eval( 13, ®(6, 0) = Philifii) ) :

V¥ The control input of the system is

E> Fc := simplify(eval(F1 + F2 + F3)) :

> T:=| diff (Fo @) diff (Fc,0) diff (Fc, &dot) diff (Fc, gdot) |:
[> 71 := simplify(eval( T, [ &ot =0, ¢gdot=0 |)) :

> 72 := simplify(eval( 71, [ $=0,0=0 ]));
72 = [— L
(p21% +3p21 pll +2 p11%) p21°r

(21bgp21* +4 1bp1l g p21® (5.1)
—3p214g rmd +2p214gmd2+p214g r2m+3p213p11mgr2
—3p213pllgrmd +4p213p11gmd2+2p213g rp22md
+2p212p112mgr2+2p212pllgrp22md +4p212p11 F6r

+12 p11°F6 rp21 + 8 F6 rp1l®),

- L (-21bgp21® —4Ibpll g p21°
(p21% + 3 p21 p1l +2 p11?) p2ir

—p213g r2m—2p2139 md2+8p213g rmd—4p212pllgmd2

+12 p212pllgrmd—4p21zg rp22md—3p212p11mgr2+4p212F6r

—4p21pllgrp22md—2p21p112mgr2+12 p21 pl1 F6r

+4p21pl1®gmrd +8pl1°F6r), -apll —v, -a.p2l — o]
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V Linearization
[> sysid := [RO =0,r0=0,la=1lb,m=0.02,1b=0.05,g=9.8,r=0.75,d = 0.5] :

> LCond = [0=0, &lot=0, ¢ =0, gdot=0]:

> Eqgs = simplify| Multiply -Multiply(C, gdot)

L (t—2mrdsin(¢) gdot &dot (6.1)
md” + Ib — md® cos(¢)

+mrdsin(¢) ¢dot2+mgdsin(9) +mrdsin(¢) adot’
—md?cos(¢) sin(¢) adot” + d cos(d) mgsin(o) cos(0)
—dcos(q))zmgsin(e))],

[_ L 5 (-rt+2mrdsin(¢) gdot adot
r(md®+1b—md*cos(¢)°)

—mrdsin(¢) ¢dot2—rmgdsin(e) +dcos(0) T

—2d%cos(¢) mrsin(¢) ¢gdot &dot + d? cos(¢) mrsin(o) ¢dot2
—dcos(d) mgrsin(¢) cos(0) +dcos(q))2mg rsin(0)
—mrdsin(o) aiot2+2mrdzcos(¢) sin(0) 6dot2—md33in(¢) adot”
+md?gsin(¢) cos(0) — Ibdsin(o) adot” + Ibgsin(¢) cos(0)

~ —1Ibgcos() sin(6))]]
> A

T
MatrixInverse(mass), [[

Eqgs =

= [[0,0,1,0],

[0,0,0,1],

[diff (Eqgs[1],0), diff (Eqs[1], ¢), diff (Egs[1], &ot), diff ,
[diff (Egs[2], 0), diff (Eqs[2], ¢), diff (Eqs[2], &dot), diff (Egs[2], ¢dot) ]]:

~—~
m
o)
w
—
[
—
(@]
—
N—
[E—

:> A := map(eval, A, L(_:ond);

0 0
0 0
— dmg
A=| 0 m 00 (6.2)

g —dmgr+mdzg+lbg 00
r rib
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> A:=eval(A sysid);

0 0 10|
0 0 01

A= (6.3)
0 1.960000000 0 0
13.06666666 -12.41333333 0 0

diff (Egs[1], 1)
diff (Egs[2], 1)

0
0
1
B:= mdz—i—lb—mdzcos((b)2 ©.4)
i -r+dcos(¢)
r(mad®+ Ib—mdzcos(q))z)
E> B := simplify(map(eval, B, LCond)) :
> B = simplify(map(eval, B, sysid} );
B:= ° (6.5)
20.
6.666666664
> LinCi = 72;
LinGi = | - L (21bgp21* +41bpligp2l®  (6.6)

(p21% +3p21 p1l +2 p11%) p21°r

—3p214g rmd +2p214gmd2+p214g r2m+3p213p11mgr2
—3p213pllgrmd +4p213pllgmd2+2p213g rp22md
+2p21°p11°mg P +2p21°pllgrp22 md + 4 p21°pl1 F6 r

+12 p11°F6 rp2l + 8 F6 rpll®),
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- > L > (-21bgp21® —4 Ibpll g p21°
(p21° +3p21pll +2pll°) p2ir

—p2139 rzm—2p213g md2+8p2139 rmd—4p212pllgmd2

+12 p212pllgrmd—4p2129 rp22md—3p212p11mgr2+4p212|:6r
—4p21pllgrp22md—2p21pll®mgr’+12p2l pllF6r
+4p21p11igmrd +8pll®F6r), -apll —v, -ap2l — o]

:> LinC3 :=-map(eval, LinCi, sysid);

LinC3 := > . ~—— (1.333333333 (0.9677500 p21* (6.7)
(p21° +3p21 pll + 2 pl1°) p21

+2.2662500 p11 p21° + 0.147000 p21° p22 + 0.2205000 p21% p11°

+0.147000 p21% p11 p22 + 3.00 p21° p11 F6 + 9.00 p11° F6 p21

+6.00 F6 p11°) ), 5 L -—— (1.333333333 (
(p21° +3p21 pll + 2 pl1°) p21

-0.6002500 p21° — 1.6047500 p11 p21? — 0.294000 p212 p22 + 3.00 p21° F6
—0.294000 p21 p11 p22 + 0.0735000 p21 p11% + 9.00 p21 pl1 F6
. +6.00p11°F6)), 0pll +v, a.p2l + o]
> k= 822743 138.2016 -34.1319 118.4029 |;
k:=| 822743 138.2016 -34.1319 118.4029 | (6.8)

> sol = solve( {LinC3, -k, LinC3, -k, LinC3; -ky, LinC3, -k,}. [F6, ot v, p22]);

sol := [F6 6.9)

_ 6.250000002 10** p21* (1.209628800 10*° p11 + 1.203879467 10*° p21)
p21% + 3. p21 p11 + 2. p11°
~0.0001000000000 (10000. G — 1.184029 10°)

p21

_0.0001000000000 (10000. & p11 — 1.184029 10° p11 — 3.41319 10° p21)
B p21

p22 = -704.8602043 p11 + 413.1835035 p21”

> K:= map[eval, LinC3, [FG
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_ 6.250000002 104 p21? (1.209628800 10™ p11 + 1.203879467 10™° p21)
p21% + 3. p11 p21 + 2. p11?
0.0001000000000 ( 10000. ¢ — 1.184029 10°)
i p21 v
_0.0001000000000 (10000. p11 ¢ — 1.184029 10° p11 — 3.41319 10° p21)
p21 '

p22 = -704.8602043 p11 + 413.1835035 p21D:
> solve( -7.874677297 p11 + 4.582064414 p21 > 0)
i {pl1=p11,1.718587210 p11 < p21} (6.10)
E> K := map(eval, K, [p21 =1.75- p11]):
> sol2 == solve( {K; -k,});
sol2 := (6.11)

> K :=map(eval, K, [p11=0.5]);

K:= [ 82.27430002 138.2016001 -34.13190000 118.4029000 ] (6.12)

[ >
> Acl := eval(A-Multiply(B, K));

Acl:=[[0.,0.,1,0.], (6.13)
[0.,0.,0.,1.],
[ -1645.48600039999997, -2762.07200199999988, 682.638000000000034,
-2368.05799999999999 ],
[ -535.428666587268481, -933.757333628129004, 227.545999908981571,
-789.352666350925574 1]

:> EACLI := Eigenvalues(Acl);
-76.7044076387869040 + 0. |

| -4.80892851458787796 + 0. |
EACLi := (6.14)
-10.9746454501303639 + 0. |

-14.2266847474219578 + 0. |

> KDf := simplify[eval(KDT, lFG

_ 6.250000002 10 p21* (1.209628800 10*° p11 + 1.203879467 10*° p21)
p212 + 3. p11 p21 + 2. p11?
0.0001000000000 (10000. ¢ — 1.184029 10°)
i p21 v
_0.0001000000000 (10000. p11 ¢ — 1.184029 10° p11 — 3.41319 10° p21)
p21 '

p22 = -704.8602043 p11 + 413.1835035 p21D ] :
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> KDff := simplify(evaI(KDf, [RO:O, ro=0,la=1b,m=0.02,Ib=0.05g=9.8,r
=0.75,d =0.5]))

KDff := [ [ - 7.874677297 p11 + 4.582064414 p21 — 6.138585884 p21 cos( ) (6.15)
+10.57290307 p11 cos(d) — 3.529301020 cos( ) pil
+2.055917517 cos( )’ p21, -4.582064414 p21 -+ 3.083876276 p21 cos(6)

+7.929677298 p11 — 5.286451532 p11 cos(0) |

[ -4.582064414 p21 + 3.083876276 p21 cos(¢) + 7.929677298 p11

— 5.286451532 p11 cos( ), 4.637064414 p21 + 0.007500000000 p21 cos(¢)
—7.929677298 p11]]

> KDff := simplify(eval(KDff, [p21 = 1.75 p111)) :
> KDff := simplify(eval(KDff, [p11=0.5]));

KDff := [ [0.07196771350 — 0.08481111500 cos( o) + 0.03427731750 cos(0)’,  (6.16)
-0.04446771300 + 0.05516597550 cos(¢) |,
[ -0.04446771300 + 0.05516597550 cos( ¢ ), 0.09259271300
+ 0.006562500000 cos(¢) ]]

:> solve(Determinant(KDff ) > 0) ;
| Warning, solutions may have been lost
>

> simplify( Determinant(KDff ) ) ;
0.004686308342 — 0.002474393578 cos(¢) — 0.0004260279730 cos( ¢)2 (6.17)

| +0.0002249448961 cos(¢)
> simplify(Eigenvalues(KDff ) ) ;

Kvf := simplify(eval [ Kv, | F6

_ 6.250000002 10 p21* (1.209628800 10*° p11 + 1.203879467 10*° p21)
p212 + 3. p11 p21 + 2. p11?
0.0001000000000 ( 10000. ¢ — 1.184029 10°)
i p21 v
_0.0001000000000 (10000. p11 ¢ — 1.184029 10° p11 — 3.41319 10° p21)
p21 ’

p22 = -704.8602043 p11 + 413.1835035 p21D ];

[ [0.08228021325 — 0.03912430750 cos( ) + 0.01713865875 cos(0)”
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+2.500000000 10 (3.333960241 10'° — 6.342270641 10'° cos( )
+7.643335046 10" cos( ) — 2.505633930 10 cos(0)°

) a2
+4.699737980 10°cos(0) ") |,
0.08228021325 — 0.03912430750 cos( ) -+ 0.01713865875 cos( )

— 2500000000 107 (3.333960241 10*° — 6.342270641 10™° cos(¢)
+7.643335046 10%° cos(¢)” — 2.505633930 10™° cos(9)°

Y
+4.699737980 10° cos(0) ") 2”

ot e [ [ © 0.0001000000000 (10000. 5 — 1184029 10°) p11?
- 021

: (6.18)

-0.0001000000000 (10000. ¢ — 1.184029 10°) p11 |,

[ -0.0001000000000 (10000. ¢ — 1.184029 10°) p11,
-0.0001000000000 (10000. 6 — 1.184029 10°) p21]]
:> Kvf := simplify(eval( KVf, [RO =0,r0=0,la=1b,m=0.02, Ib=0.05,g=9.8, r
=0.75,d=05]));

Ky = [ [ ~0.0001000000000 (10000. G — 1.184029 10°) p11®

021 , (6.19)

-0.0001000000000 (10000. ¢ — 1.184029 10°) p11 |

[ -0.0001000000000 (10000. ¢ — 1.184029 10°) p11,
-0.0001000000000 (10000. ¢ — 1.184029 10°) p21]]

> Kvf := simplify(eval(Kvf, [p21 = 1.75 p11]));
Kvf:= [ [ -0.00005714285714 (10000. ¢ — 1.184029 10°) pi1, (6.20)

-0.0001000000000 (10000. ¢ — 1.184029 10°) p11],

[ -0.0001000000000 (10000. ¢ — 1.184029 10°) p11,

-0.0001750000000 (10000. ¢ — 1.184029 10°) p11]]
> Kuf = simplify(eval(Kvf, [p11=0.5])):

Kyt -0.2857142857 ¢ + 33.82940000 -0.5000000000 o + 59.20145000 621)
vf = .
-0.5000000000 ¢ +59.20145000 -0.8750000000 ¢ + 103.6025375
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\ 4

The Hessian

> Hessiani = simplify(eval( Matrix(2, 2, [diff (diff (Philifii,8),0) ,
diff (diff (Philifii, 8), ¢), diff (diff (Philifii, ), 8), diff (diff (Philifii, ¢), ¢) ]
). [¢=0,6=0])):

> Hessiani = simplify[eval(Hessiani, F6

_ 6.250000002 10** p21* (1.209628800 10*° p11 + 1.203879467 10*° p21)
p21 +3.p21 pl1l1 + 2. pll
0.0001000000000 (10000. ¢ — 1.184029 10°) y
p21 ’
_0.0001000000000 (10000. p11 & — 1.184029 10° p11 — 3.41319 10° p21)
p21 ’

p22 = -704.8602043 p11 + 413.1835035 p21D J :
E> Hessiani := simplify(eval(Hessiani, sysid) ) :

[> Hessiani = simplify(eval(Hessiani, [p21 =1.75 p1l])) :
[>

> Hessiani := simplify(eval(Hessiani, [ p11=0.5,6=0]));

o 40.83306874 69.35588125
Hessiani := (7.1)
69.35588125 123.4747812
> Eigenvalues(Hessiani);
1.42195222348257744 + 0. | 7.2)
162.885897716517405 + 0. | )

The Potential @

> PhiGraphi := 5|mpI|fy(evaI(Ph|I|f|| [R0=0, ro=0, la=1b, m=0.02, Ib=0.05, ¢
=9.8, r—0.75,d—05 N):

> PhiGraph —smphfy[eval(PhlGraphl [

_ 6.250000002 10** p21* (1.209628800 10*° p11 + 1.203879467 10*° p21)
p21 +3.p21 pl1l1 + 2. pll
0.0001000000000 (10000. ¢ — 1.184029 10°) y
p21 ’
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_0.0001000000000 (10000. p11 ¢ — 1.184029 10° p11 — 3.41319 10° p21)
- p21

p22 =-704.8602043 p11 + 413.1835035 p21‘ j ];

PhiGraph := - (1.000000000 10°® ( -1.726016000 10%° p21* cos(8) p11
+4.157141004 10" cos(0) p113 p21% — 3.024072000 10%° p11° 6°
— 1504849334 10° p21° ¢” + 7.521728345 10° p213 cos( - 1. 6 + 2. ) p11°
—9.200963328 10° p21* cos(-1. 0 + 2. &) pl1 + 3.204932827 10*° cos( -1. 6
+¢) p21°p112 4+ 5.126761332 10" cos( -1. 6 + ) p21* p11
— 4029598333 10° p21° cos( - 1. 6 + 2. &) + 1.197446167 10'° cos( - 1. 6
+¢) p21° —1.088019832 10'° p21° cos(0) p11?
— 6.048144000 10'° p11% ¢ p21 6 — 1.509161334 10™ p11° ¢ p21% ©
—1.205316800 10™ p213 ¢ p11% 6 — 3.009698668 10™° p21* ¢ p11 6
—2.002019000 10" cos( -1. 6 4 ¢) p21 p11*
+6.689076670 10'% p21 cos(0) p11* + 2.652795335 10'° p21% cos( -1. ©
+2.0) p11° + 1.383486001 10'° p21 cos(-1. 6 + 2. ¢) p11?
— 1.245541633 10" cos( - 1. 6 + ¢) p21? p11°® — 4.029598333 10° p21° cos(6)
— 6026584001 10'° p212 p11% 0” — 7.545806668 10'° p21° p112 ¢’
— 6026584001 10'° p21° p11 o — 3.024072000 10%° p11° ¢” p21°
— 1504849334 10™° p213 p112 6 + 2.766972002 10™° cos(0) p11°

— 8289156005 10'° cos( - 1. 6 + ¢) p11® — 7.545806668 101 p116° p21)) /

((p21+2.pl1) (p21 +p1l) (p21® +3.p21 p1l +2. p11?))
[> PhiGraph = simplify(eval(PhiGraph, [p21 =1.75-p11] )) :
> PhiGraph := simplify(eval( PhiGraph, [p11=05,6=0] ));

PhiGraph := 61.55472556 ¢~ + 20.09950222 6~ -+ 70.34825780 ¢ 6

+0.6718354076 cos(0) — 1.619422904 cos( - 1. 6 + ¢) + 0.3135231860 cos(
 -10+2.9)
> PhiGraph := 70.34825780 ¢ 6 + 0.6718354080 cos(8) — 4.619422892 cos( - 1. 6
+0) +20.09950222 6 + 0.3135231860 cos( - 1. 6 + 2. d)
+61.55472556 ¢ :
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L> f:= (6, ») —PhiGraph :
> plot3d(f(6,¢),06=-1.0..1.0,$=-0.6.. 0.6, axes = FRAME, orientation = [40,
801, style=PATCH, title ="P is almost constant");

P is almost constant

> with( plots)
[animate, animate3d, animatecurve, arrow, changecoords, complexplot, 8.3)

complexplot3d, conformal, conformal3d, contourplot, contourplot3d, coordplot,
coordplot3d, densityplot, display, dualaxisplot, fieldplot, fieldplot3d, gradplot,
gradplot3d, graphplot3d, implicitplot, implicitplot3d, inequal, interactive,
interactiveparams, intersectplot, listcontplot, listcontplot3d, listdensityplot,
listplot, listplot3d, loglogplot, logplot, matrixplot, multiple, odeplot, pareto,
plotcompare, pointplot, pointplot3d, polarplot, polygonplot, polygonplot3d,
polyhedra_supported, polyhedraplot, rootlocus, semilogplot, setcolors,
setoptions, setoptions3d, spacecurve, sparsematrixplot, surfdata, textplot,

| textplot3d, tubeplot]

The following plot indicates one of the bigger levels of the potential

> implicitplot( f(6,9),6=-2..2,¢6=-1..1)
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> convert(F1, string)

"-"0dot *nu-"¢dot *sigma"

:> convert(Fmcl, string)
"Matrix(2, 2, [[(4* 6dot "2*m*pl1*r 2*d*sin(phi)* ¢dot™ +2*6dot *pll*r* ¢dot *

sigma-2*"0dot "2* ¢dot *d"2*sin(phi)*r*m*pl1l*cos(phi)-2* 0dot "3*p22*m*r*
d~2*cos(phi)*sin(phi)-2* 0dot *m*pl1*r2* ddot 2*d*sin(phi) +p21*

"0dot "2* odot *d*sin(phi)*1b+3*p21* 6dot A2* dpdot *m*r 2*d*sin(phi)-4*
p21* 6dot A2*m*d”2*cos(phi)*r*sin(phi)* ¢dot™ +2* 6dot *2* dpdot *d"2*sin
(phi)*r*m*p22*cos(phi)+2*'0dot *3*m*pl1*r*d"2*cos(phi)*sin(phi)-4*

‘0dot "2* odot *m*r " 2*d*sin(phi)*p22+2* 0dot A3*r*2*m*p22*d*sin(phi)-2*
p21*'0dot "3*Ib*d*sin(phi)-2* 0dot *3*m*pl1*r 2*d*sin(phi) +p21* 0dot "2*
“‘ddot™*m*d"3*sin(phi)+4*p21* 6dot *3*m*d 2*cos(phi)*r*sin(phi)-2*p21*
“0dot A3*m*r2*d*sin(phi)-r*2*m* ¢dot *3*p21*d*sin(phi) +2*r"2*m*
“odot™2* 0dot *d*sin(phi)*p22+2*r*"¢pdot *p21* 0dot *nu +2*r*"pdot ~2*p21*
sigma+2*'0dot "2*pl1*r*nu-2*p21* 0dot *3*m*d"*3*sin(phi))/r/(ddot "2+2*
‘0dot *"¢dot” + 0dot *2),(4* 6dot A2*m*pl1*r 2*d*sin(phi)* ¢dot” +2* 6dot *
pll*r*‘¢dot *sigma-2*'0dot *2* dpdot *d"2*sin(phi)*r*m*pll*cos(phi)-2*

‘0dot A3*p22*m*r*d"2*cos(phi)*sin(phi)-2*"0dot *m*pl1*r"2* ddot 2*d*sin
(phi)+p21*6dot *2* odot *d*sin(phi)*1b+3*p21*'6dot ~2* dpdot™ *m*r 2*d*sin
(phi)-4*p21* 6dot "2*m*d"2*cos(phi)*r*sin(phi)* ¢dot” +2*'6dot 2* ¢pdot™*
d”2*sin(phi)*r*m*p22*cos(phi)+2* 0dot *3*m*pl1*r*d~2*cos(phi)*sin(phi)
-4*"gdot "2* dpdot *m*r 2*d*sin(phi)*p22+2*6dot *3*r"2*m*p22*d*sin(phi)
-2*p21*'6dot *3*Ib*d*sin(phi)-2* 6dot *3*m*pl1*r 2*d*sin(phi) +-p21*

‘0dot A2* pdot” *m*d"3*sin(phi)+4*p21* Bdot "3*m*d”2*cos(phi)*r*sin(phi)
-2*p21*6dot "3*m*r " 2*d*sin(phi)-r*2*m*"¢dot ~3*p21*d*sin(phi) +2*r"2*m*
“odot™2* 0dot *d*sin(phi)*p22+2*r*"¢pdot *p21* 0dot *nu +2*r*"pdot ~2*p21*
sigma+2*'0dot "2*pl1*r*nu-2*p21* 0dot *3*m*d"*3*sin(phi))/r/(ddot "2+2*
‘0dot *"¢dot” + 6dot *2)],[(4* 6dot "2*m*pll*r 2*d*sin(phi)* ¢dot” +2*6dot *
pll*r*‘¢dot *sigma-2*'0dot "2* dpdot *d"2*sin(phi)*r*m*pll*cos(phi)-2*
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‘0dot A3*p22*m*r*d"2*cos(phi)*sin(phi)-2*"0dot *m*pl1*r"2* ddot 2*d*sin
(phi)+p21*6dot *2* odot *d*sin(phi)*1b+3*p21*'6dot ~2* dpdot *m*r 2*d*sin
(phi)-4*p21* 0dot "2*m*d"2*cos(phi)*r*sin(phi)* ¢dot” +2*'6dot 2* pdot™*
dr2*sin(phi)*r*m*p22*cos(phi)+2* 0dot *3*m*pl1*r*d~2*cos(phi)*sin(phi)
-4*"gdot "2* ddot *m*rr2*d*sin(phi)*p22+2*6dot *3*r"2*m*p22*d*sin(phi)
-2*p21*'6dot *3*Ib*d*sin(phi)-2* 6dot *3*m*pl1*r 2*d*sin(phi) +-p21*
‘0dot A2* pdot” *m*d"3*sin(phi)+4*p21* Bdot *3*m*d*2*cos(phi)*r*sin(phi)
-2*p21*6dot "3*m*r " 2*d*sin(phi)-r*2*m*"¢dot *3*p21*d*sin(phi) +2*r"2*m*
“odot™2* 0dot *d*sin(phi)*p22+2*r*"¢pdot *p21* 0dot *nu +2*r*"pdot ~2*p21*
sigma+2*'0dot "2*pl1*r*nu-2*p21* 6dot *3*m*d"*3*sin(phi))/r/(ddot "2+2*
‘0dot * ¢dot” + 0dot *2),(4* 6dot A2*m*pl1*r 2*d*sin(phi)* ¢dot” +2* 6dot *
pll*r*‘¢dot *sigma-2*'0dot *2* dpdot *d"2*sin(phi)*r*m*pll*cos(phi)-2*
‘0dot A3*p22*m*r*d"2*cos(phi)*sin(phi)-2*"0dot *m*pl1*r2* ddot ~2*d*sin
(phi)+p21*6dot *2* odot *d*sin(phi)*1b+3*p21*'6dot ~2* dpdot™ *m*r 2*d*sin
(phi)-4*p21* 06dot "2*m*d"2*cos(phi)*r*sin(phi)* ¢dot” +2*6dot 2* ¢pdot™*
dr2*sin(phi)*r*m*p22*cos(phi)+2*0dot *3*m*pl1*r*d~2*cos(phi)*sin(phi)
-4*"gdot "2* dpdot *m*r 2*d*sin(phi)*p22+2*6dot *3*r"2*m*p22*d*sin(phi)
-2*p21*'6dot *3*Ib*d*sin(phi)-2* 6dot *3*m*pl1*r 2*d*sin(phi) +-p21*
‘0dot A2* pdot”*m*d"3*sin(phi)+4*p21* Bdot *3*m*d*2*cos(phi)*r*sin(phi)
-2*p21*'6dot "3*m*r " 2*d*sin(phi)-r*2*m*"¢dot ~3*p21*d*sin(phi) +2*r"2*m*
“odot™2* 0dot *d*sin(phi)*p22+2*r*"¢pdot *p21* 0dot *nu +2*r*"pdot "2*p21*
sigma+2*'0dot "2*pl1*r*nu-2*p21* 6dot *3*m*d"*3*sin(phi))/r/(ddot "2+2*
| 6dot™* ¢dot” +6dot *2)]])"
[>
> convert(F2, string)
| "-alpha*(p11*'6dot” +p21* ¢pdot’)"
> convert(F3, string)
"-(-4*m"2*g*r4*cos(phi)*sin(theta)*p2175*p11-2*m"2*g*r*3*cos(phi)*2*sin
(theta)*p2173*p22*d*pl172-2*m"2*g*r™*4*cos(phi)*sin(theta)*p21"3*
pl1r3+8*p2172*p22*m*r"2*d*cos(phi)*F6*pl172*phi-m"2*g*r*4*cos(phi)*
sin(theta)*p2176+4*p2175*Ib*F6*r*phi+8*p21*p22*m*r*2*d*cos(phi)*F6*
pl173*theta-2*p2175*p22*m"2*r*d~3*cos(phi)*g*sin(-theta+phi)-4*p21°4*
p22*mA2*r*d"3*cos(phi)*g*sin(-theta+phi)*pl1-6*p21"5*p22*m 2*r*3*d*cos
(phi)*g*sin(-theta-+phi) +12*p2173*m*d"2*F6*r*p1172*theta +8*p21"3*m*
d"2*F6*r*pl172*phi+4*p217M4*1b*F6*r*pll*theta+12*p21"4*m*d " 2*F6*r*
pl1*phi+8*p2172*m*d"2*F6*r*pl173*theta-4*p21°4*p22*m*r*d*cos(phi)*
g*sin(-theta+phi)*Ib*pll+42*p2174*p22°2*m"2*r*3*d*cos(phi)*g*sin(-
theta+phi) +10*p22*m~ 2*r*4*g*sin(-theta+phi)*p21"3*p1112-3*p22*m"2*
r3*g*d*p2173*sin(-theta+2*phi)*pl172-2*p2176*m 2*r"4*g*sin(-theta+phi)
+p22/2*mA2*r"3*g*d*p217M4*sin(-theta+2*phi) +p22/2*m"2*r3*g*d*
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p21°3*sin(-theta+2*phi)*pl1-4*p22*m"2*r"3*g*d*p21°5*sin(-theta+2*phi)
-1*p22*mN2*r"3*g*d*p21°4*sin(-theta+2*phi)*pll+8*p2115*p22*mA2*r"\2*
d"2*cos(phi)*g*sin(-theta+2*phi) +6*p2173*p2272*m"2*r"3*d*cos(phi)*g*
sin(-theta+phi)*pll+4*p2172*p22/2*m”2*r*3*d*cos(phi)*g*sin(-theta+phi)*
pl1n2-2*p2174*p2272*mA2* " 2*d"2*cos(phi)*g*sin(-theta+2*phi)-2*p21"3*
p22/°2*m"2*r"2*d"2*cos(phi)*g*sin(-theta+2*phi)*p11+4*p21*3*1b*g*sin(-
theta+phi)*p22*m*pl172*r"2+4*p2176*1b*g*m*r*d*sin(-theta+2*phi) +-6*
p2175*Ib*g*m*r*d*sin(-theta+2*phi)*p11+2*p21™4*Ib*g*m*r*d*sin(-
theta4-2*phi)*pl172+4*p2175*m*d 2*F6*r*phi+4*m~2*g*d*sin(theta)*
p2175*r"3*pll-m*g*rr2*cos(phi)*sin(theta)*p21°6*1b-3*m*g*r*2*cos(phi)*
sin(theta)*p2175*1b*p11-2*m*g*r"2*cos(phi)*sin(theta)*p21"4*1b*p11"2+4*
p2176*m"2*r"3*g*d*sin(-theta+2*phi)-2*p2175*Ib*g*m*r*d*sin(-theta+2*
phi)*p22-2*p2174*1b*g*m*r*d*sin(-theta+2*phi)*p22*p11-4*p21"5*m"2*
dr*g*sin(-theta+phi)*pl1-4*p2176*m 2*d"2*g*sin(-theta-+phi)*r"2+2*m"2*
g*d"3*sin(theta)*p21/4*r*p11/2-4*p2174*p22*m*r"3*F6*phi+4*m"2*g*r 4*
sin(phi)*cos(theta)*p21"5*p11+5*m”2*g*r*4*sin(phi)*cos(theta)*p21°4*
pl172+2*m"2*g*r™4*sin(phi)*cos(theta) *p21"3*p1173+3*m” 2*g*r"3*sin
(phi)*cos(theta)*p2174*p22*d*cos(phi)*pll+5*m~2*g*d*sin(theta)*p21°4*
r3*pl1n2-8*p22*m*r"\3*F6*pl174*theta-4*p2173*p22*m*r"3*F6*pll*
theta+4*p2173*m"2*d"2*g*sin(-theta+phi)*p22*p1172*r"2 +4*p2176*m"2*
d"3*g*r*sin(-theta+2*phi) +6*p2175*m"2*d"3*g*r*sin(-theta+2*phi)*

pll +4*p2173*m"2*pl173*r"3*d*cos(phi)*g*sin(-theta+phi) +3*m”2*g*d"3*
sin(theta)*p2175*r*pll+-4*p21™4*m"2*pl172*r*d"3*cos(phi)*g*sin(-theta+
phi) +14*p21"5*m"2*p11*r*3*d*cos(phi)*g*sin(-theta+phi) +14*p21"4*m"2*
pl172*r~3*d*cos(phi)*g*sin(-theta+phi) +4*p2174*m*pl172*r*d*cos(phi)*g*
sin(-theta+phi)*1b-20*p21"4*m"2*p11*r*3*d*cos(phi)*g*sin(-theta+phi)*p22
-18*p2113*m"2*p1172*r"3*d*cos(phi)*g*sin(-theta-+phi)*p22-16*p21°5*
mA2*pl1*r " 2*d"2*cos(phi)*g*sin(-theta+2*phi)-4*p21"2*m"2*p11"3*r"3*d*
cos(phi)*g*sin(-theta+phi)*p22-10*p21°4*m"2*p1172*r"2*d"2*cos(phi)*g*sin
(-theta+2*phi)-2*p21"3*m"2*p1173*r"2*d"2*cos(phi)*g*sin(-theta+2*phi)
+12*p21M*mA2*pll*r 2*d"2*cos(phi)*g*sin(-theta+2*phi)*p22 +m"2*g*
d"3*sin(theta)*p2176*r-+m”2*g*r*4*sin(phi)*cos(theta) *p21°6+4*p21"3*
mA2*p11/2*r"2*d"2*cos(phi)*g*sin(-theta+2*phi)*p22-28*p21°4*m*pl1*
rA2*d*cos(phi)*F6*phi-28*p2173*m*p1172*r"2*d*cos(phi)*F6*theta+2*m"2*
g*r*3*sin(phi)*cos(theta)*p2173*p22*d*cos(phi)*p11*2+m~2*g*d*sin(theta)*
p2176*r"3+m"2*g*r*3*sin(phi)*cos(theta) *p21"5*p22*d*cos(phi)-12*p2175*
mA2*pl1*r"2*g*sin(-theta+phi)*d"2-8*p21"5*m"2*pl1*r*4*g*sin(-theta+
phi) +10*p21"5*m*pl1*r*d*cos(phi)*g*sin(-theta+phi)*1b +2*p2174*m"2*
d"3*g*r*sin(-theta+2*phi)*p1172-2*p2175*m"2*d"3*g*r*sin(-theta+2*phi)*
p22-2*p2174*mA2*d"3*g*r*sin(-theta+2*phi)*p22*pll+4*p21"4*m*d"2*F6*
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r*pll*theta-+m*g*r*2*sin(phi)*cos(theta)*p21°6*Ib +3*m*g*r"2*sin(phi)*cos
(theta)*p2175*1b*pll+2*m*g*r 2*sin(phi)*cos(theta)*p21°4*1b*p11/2+m"2*
g*d"2*sin(theta)*p21"5*p22*r*2*cos(phi)-2*p21°6*Ib"2*g*sin(-theta +phi)
+3*m"2*g*d"2*sin(theta)*p2174*p22*r~"2*cos(phi)*pll+2*mA2*g*d"2*sin
(theta)*p2173*p22*r~2*cos(phi)*pl172+4*m"2*g*r*4*cos(phi)*sin(theta)*
p22*pl1*p21M4+5*mA2*g*r*4*cos(phi)*sin(theta) *p22*p1172*p2113+2*p22*
m*r’"2*g*sin(-theta+phi)*p2175*1b-4*p2175* b 2*g*sin(-theta+phi)*pll+2*
m~2*g*r~4*cos(phi)*sin(theta)*p22*p1113*p2172-11*m"2*g*d*sin(theta)*
p22*pl1*r"3*p2174-12*m 2*g*d*sin(theta)*p22*p1172*r"3*p2113-4*m"2*g*
d*sin(theta)*p22*p11"3*r"3*p2172-8*p21"4*m"2*p 117 2*r"2*g*sin(-theta+
phi)*d"2+4*p2176*m"2*r*d"3*cos(phi)*g*sin(-theta+phi) +4*p2174*p22*m*
rA2*d*cos(phi)*F6*phi+4*p2173*p22*m*r"2*d*cos(phi)*F6*pl1l*theta-8*
p217M4*m*pl172*r"2*g*sin(-theta+phi)*1b-2*p2175*p22*m*r*d*cos(phi)*g*
sin(-theta+phi)*1b-10*p21"4*m"2*p1172*r*4*g*sin(-theta+phi)-4*p21"3*
mA2*p1173*rr4*g*sin(-theta+phi) +4*p2172*m” 2*p1113*r*4*g*sin(-theta +
phi)*p22+10*p21"5*m”2*p11*r"3*g*d*sin(-theta+2*phi) +m”"2*g*r*4*cos
(phi)*sin(theta)*p21"5*p22 +2*p22/2*m"2*r"3*g*d*sin(theta) *p1172*p21°2
-10*m"2*g*d"2*sin(theta)*p21°5*p11*r*2*cos(phi)-9*m~2*g*d"2*sin(theta)*
p2174*pl172*r"2*cos(phi) +8*p217r4*mA2*pl172*r"3*g*d*sin(-theta +2*phi)
+2*p2173*m"2*p1113*r\3*g*d*sin(-theta+2*phi) +4*p2176*m”"2*r"3*d*cos
(phi)*g*sin(-theta+-phi)-2*m”"2*g*r*3*sin(phi)*cos(theta)*p21°6*d*cos(phi) +
mA2*g*r"2*sin(phi)*cos(theta)*p2176*d"2-16*p22*m*r"3*F6*p1l1*p21"3*
phi-16*p22*m*r"3*F6*pl172*p21/2*theta-20*p22*m*r"3*F6*pl172*p2172*
phi-20*p22*m*r"3*F6*p1173*p21*theta+20*p213*m*pl1r2*r"3*F6*phi-12*
p2175*m*pll*r 2*g*sin(-theta+phi)*1b+3*m"2*g*r 2*sin(phi)*cos(theta)*
p2175*d"2*pll 4-2*m”2*g*r"2*sin(phi)*cos(theta)*p21°4*d"2*p1112-28*
p2173*m*pl172*r"2*d*cos(phi)*F6*phi+2*m~2*g*d*sin(theta) *p21/3*
pl1n3*r"3-8*p22*m*r"3*F6*pl13*phi*p21+20*p2172*m*pl1r3*r"3*F6*
theta+-8*p217"2*m*p1173*r"3*F6*phi+8*p21*m*pl1r4*r"3*F6*theta+2*
m~2*g*r"3*cos(phi)"2*sin(theta)*p21"3*p1173*d-28*p21"2*m*pl173*r"2*d*
cos(phi)*F6*theta-8*p2172*m*p1113*r"2*d*cos(phi)*F6*phi-8*p21*m*pl1r4*
r"2*d*cos(phi)*F6*theta-4*p21°6*1b*g*sin(-theta+phi)*m*d"2 +-4*p21°5*m*
r3*F6*phi+4*p21°4*m*r"3*F6*pll*theta-8*p21°4*m*r"2*d*cos(phi)*F6*
pll*theta+4*p2176*m*r*d*cos(phi)*g*sin(-theta+phi)*Ib+10*p2175*m"2*
pll*r*d~3*cos(phi)*g*sin(-theta+phi)-8*p2116*m”2*r"2*d"2*cos(phi)*g*sin(-
theta+2*phi)-8*p21"5*1b*g*sin(-theta+phi)*m*d"2*p11-4*p2176*1b*g*sin(-
theta+phi)*m*r"2-8*p2175*m*r"2*d*cos(phi)*F6*phi-2*m”2*g*d"2*sin
(theta)*p2173*pl1173*r"2*cos(phi)-3*m”2*g*d*sin(theta)*p21"5*p22*r"3 +12*
p2173*p22*m*r"2*d*cos(phi)*F6*pl1*phi+2*m”2*g*r"3*cos(phi)*2*sin
(theta)*p2176*d-2*p21°6*m"2*d"4*g*sin(-theta+phi) +-16*p21°4*m*pl1*r"3*
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F6*phi+16*p2173*m*pl172*r"3*F6*theta+7*m”2*g*r"3*cos(phi)*2*sin
(theta)*p2175*d*pll+7*m"2*g*r*3*cos(phi)"2*sin(theta)*p2174*d*
p1172+2*p22*m"2*r™4*g*sin(-theta+phi)*p21°5+8*p22*m"2*r*4*g*sin(-
theta+phi)*p21°4*pl1+6*p22*m*r"2*g*sin(-theta+phi)*p21°4*1b*pl1+
p22/°2*m"2*r"3*g*d*sin(theta)*p21°4 +3*p22/2*m"2*r"3*g*d*sin(theta)*
p2173*p1l1l+3*m*g*d*sin(theta)*p21"5*Ib*r*pll +2*m*g*d*sin(theta)*
p21M*1b*r*pl1ni2 4+ 12*p2172*p22*m*r"2*d*cos(phi)*F6*p11/2*theta-4*
m~2*g*rr4*sin(phi)*cos(theta)*p22*pl1*p2174+2*p22*m 2*r"2*g*sin(-
theta+phi)*p2175*d"2 +6*p22*m"2*r"2*g*sin(-theta+phi)*p21"4*d"2*p11-3*
mA2*g*r 2*cos(phi)*sin(theta)*p2176*d"2 +m*g*d*sin(theta)*p21°6*1b*r-
m~2*g*r*4*sin(phi)*cos(theta)*p2175*p22-5*m"2*g*r*4*sin(phi)*cos(theta)*
p22*pl172*p2173-2*m”2*g*r 4*sin(phi)*cos(theta)*p22*p1173*p2172-7*
m~2*g*r"3*sin(phi)*cos(theta)*p21°5*pl11*d*cos(phi)-7*m"2*g*r*3*sin(phi)*
cos(theta)*p21"4*pl1172*d*cos(phi)+12*p2174*1b*F6*r*pll*phi+12*p2173*
Ib*F6*r*pl172*theta+8*p2113*1b*F6*r*pl172*phi+8*p2172*Ib*F6*r*
pl173*theta-2*m”"2*g*r"3*sin(phi)*cos(theta)*p2173*p11°3*d*cos(phi)-5*
m~2*g*rr4*cos(phi)*sin(theta)*p21°4*p11°2-m”2*g*r"3*cos(phi)"2*sin(theta)
*p2115*p22*d-3*m"2*g*r *3*cos(phi)*2*sin(theta)*p21°4*p22*d*p11)/p21°2/r/
(p217M4* 1" 2*m+-p2174* b +3*p2113*m*d"2*pll+-2*p2 1" 2*m*d"2*pl1r2 +-2*
p21*r"2*m*pl173+p2174*m*d"2-2*cos(phi)*p21°4*r*m*d-7*cos(phi)*
p2173*r*m*d*pl1-7*cos(phi)*p21"2*r*m*d*pl1°2+cos(phi)*p2173*r*p22*
m*d-+3*cos(phi)*p21"2*r*p22*m*d*pll +2*cos(phi)*p21*r*p22*m*d*p11/2
-2*cos(phi)*p21*r*m*pl1r3*d-4*p2172*r"2*p22*m*pll-5*p21*r"2*p22*m*
pl172-2*r"2*p22*m*pl1734-3*p2113*Ib*pll+2*p2172*1b*pl1r2-p21/3*r"2*
| P22Fm+4*p21N3* A 2Fm*pll+5*p2112* N 2*m*pl112)”
> convert(Philifii, string) ;

"(6*F6*(phi*p21+pll*theta)2/p21*r*pll+4*F6*(phi*p21 +pll*theta)"2/p21"2*
r*pl172+2*g*cos(-theta+phi)*p2173*m*d*2+4*g*cos(-theta+phi)*p2172*
m*d"2*p11+2*g*cos(-theta+phi)*p21"3*m*r"2+6*g*cos(-theta+phi)*p21°2*
m*r"2*pl1+-4*g*cos(-theta+phi)*p21°2*1b*pl1+4*g*cos(-theta+phi)*p21*
m*pl172*r"2-2*g*cos(-theta+phi)*p2172*p22*m*r"2-6*g*cos(-theta+phi)*
p21*p22*m*r"2*pl1-4*g*cos(-theta+phi)*p22*m*pl1r2*r"2-2*g*m*r*d*
p2173*cos(-theta+2*phi)-3*g*m*r*d*p21°2*cos(-theta+2*phi)*pll-g*m*r*d*
p21*cos(-theta+2*phi)*pl172+g*m*r*d*p21°2*cos(-theta+2*phi)*p22 +g*
m*r*d*p21*cos(-theta+2*phi)*p22*p11+2*F6*(phi*p21 +pll*theta) 2*r-7*
g*p21*d*cos(theta)*m*r*pl172-2*g*p21°3*d*cos(theta)*m*r+g*d*cos(theta)*
m*p22*r*p21°2+3*g*d*cos(theta)*m*p22*r*p21*pl1-7*g*p21°2*d*cos(theta)
*m*r*pll-2*g*d*cos(theta)*m*pl1”3*r+2*g*d*cos(theta)*m*p22*r*
pl172+2*g*cos(-theta+phi)*p2173*1b)/(p21+2*pl11)/r/(p21+pll)"
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The control law numerical value is
> tauf == simplify[eval(Fl +F2 +F3, [FG

_ 6.250000002 104 p21? (1.209628800 10™ p11 + 1.203879467 10™° p21)
p21° + 3. p21 p11 + 2. p11°
0.0001000000000 ( 10000. ¢ — 1.184029 10°)
) p21 v
_0.0001000000000 (10000. p11 ¢ — 1.184029 10° p11 — 3.41319 10° p21)
p21 ’

p22 = -704.8602043 p11 + 413.1835035 p21D J :

E> tauf := simplify(eval(tauf, [p21 =1.75- p11])) :
> tauf = simplify( eval(tauf, [p11=0.5,6=0]) ) :

[>
> tauf := simplify(eval(tauf, sysid));
tauf := (0.1000000000 (2.914079373 10'2 6 + 5.099638909 10'2 ¢ (8.9)

—1.237133449 10"? @ot + 4.291591956 10™ gdot — 2.572350105 10™° sin(6)
— 4380892814 10" sin( -1. 0 + ¢) -+ 3.301040038 10°sin(-1. 6 + 2. )
+5.328112868 10° sin(¢) cos(0) — 7.203626066 10° cos( ) sin(6)

— 2.692634414 10" cos(¢) ¢ + 1.371467370 10™° cos(¢) sin(-1. 0 + 2. ¢)
— 3541980758 10'% cos(¢) sin(-1.6 + ¢) + 6.532125366 10™ &dot cos(¢)
— 2.265981651 10™ gdot cos( ) — 1.538648234 10*? cos(¢) ©
+2.813269799 10° cos(¢ ) sin(6)

— 2.813269799 107 sin(¢) cos() cos(¢))) / (-3.624566623 10°

+1.913788961 10° cos(0) )

il“he potential numerical value is
> phif := PhiGraph;
phif := 70.34825780 ¢ 6 + 0.6718354080 cos(6) — 4.619422892 cos(-1. 6 +¢) (8.10)

+ 20.09950222 62 +0.3135231860 cos( -1. 6 + 2. ¢) + 61.55472556 ¢2
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%N NNANNAN%N%%%%%%%  B.7 BALL AND ARC SIMULATION P %%%%%%%%%%%%%%%%%%
O006%6%6%6%6%6%6%6%6 %% %% %% %% B&Arc_Nonlinear_Sys.m 9606%6%6%6%6%6%6%6%6%6%6%6%%6%%6%
function dxdt = B_AP_NonLinear_Sys(u)

%% Main Vectors

theta = u(®); % fTeedback array
phi = u(2);
thetadot = u(3);
phidot = u(4);

%% Generalized quantities
q = [theta phi]~; % Generalized coordinates
qdot = [thetadot phidot]~; % Generalized velocities

%% Physical parameter values

r = 0.75; % arc"s radius

d = 0.5; % distance from the center of the arc
Ib = 0.05; % kg m*2 - inertia of arc

m = 0.02; % kg - mass of ball

g = 9.81; % m/sec™2 - acceleration of gravity
%% Linear model parameters

sigma =0;

pll = 0.5;

p21 = 1.75*pl1;

F6 = 6.250000002*10"(-14)*p2172*(1.209628800*10"M15*pl1+1. ¢
203879467*10M15*p21)/ (p2172+3 . *p21*pll+2 . *pllin2);

alpha = -(0.1000000000e-3*(10000.*sigma-1.184029*10"6))/p21;

nu = (0.1000000000e-3*(10000.*p11*sigma-1.184029*10"6*p11-3.41319¢
*10MN5*p21))/p21;

p22 = -704.8602043*p11+413.1835035*p21;

%% The G, M, C, P and KD matrices
%gravity terms
G = —-[m*g*r*sin(phi)*cos(theta)- m*g*r*cos(phi)*sin(theta)+. ..
m*g*d*sin(theta) ; -m*g*r*sin(phi)*cos(theta)+m*g*r*cos(phi)*sin ¢
(theta)];
%mass matrix
mass = [m*r"2-2*m*r*d*cos(phi)-...
m*d™2+1b,m*r*(-r+...
d*cos(phi));m*r*(-...
r+d*cos(phi)),m*r"2];
%centripetal an coriolis matrix
C = —-[-phidot*m*r*d*sin(phi),-phidot*m*r*d*sin(phi)+...
phidot*m*r*d*sin(phi) ;phidot*m*r*d*sin(phi),0];

%% FMC
%KD matrix
KD =[(pl1*m*d"2*r+pll*Ib*r-p21*m*r"3+3*p21*m*r ,2*d*cos(phi)- ¥
p21*m*dN2*r-p21*1b*r+p22*m*r"3—-. ..
2*p22*m*r~2*d*cos(phi)-d~2*cos(phi)"2*pll*m*r-2*d~2*cos(phi) ¢
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N2*p2l*m*r+d”~3*cos(phi)*p2l*m+. ..
d*cos(phi)*p21*1b+d*2*cos(phi)N2*p22*m*r)/r,p21*m*r"2- ¢«

2*p21*m*r*d*cos(phi)+p21*m*d"2+. ..
p21*1b-p22*m*r"2+p22*m*r*d*cos(phi) ; p21*m*r~2-2*p21*m*r*d*cos(phi) ¥

+p21*m*d~2+p21*1b-. . .
p22*m*r~"2+p22*m*r*d*cos(phi) ,m*r*(-p21l*r+p21*d*cos(phi)+p22*r)];
%P matrix

P = KD*inv(mass);
%Determinant of KD matrix

KDdet = det(KD);

%% SMC

%Kv Matrix
Kv = [alpha*pl172,alpha*pll*p21;alpha*pll*p21,alpha*p2172];

%% Evaluating the control law

%FMC input
F1 = -thetadot*nu-phidot*sigma ;
%SMC input
F2 = -—alpha*(pll*thetadot+p2l*phidot);
%TMC input
F3 = —(mM"2*g*d*sin(theta)*p2176*r 3+m*g*d*sin(theta) v

*p217M6* 1b*r+3*m*g*d*sin(theta)*p21"5*Ib*r*pll+...
2*m*g*d*sin(theta)*p21°4* 1b*r*pl1°2+m 2*g*r*4*sin(phi)*cos(theta) ¥
*p217M6-. ..
7*m"2*g*r~3*sin(phi)*cos(theta)*p21°5*d*cos(phi)*pll- ¢«
7*mn2*g*r~3*sin(phi)*cos(theta)*p21~4*d*cos(phi)*pl172-. ..
2*m~2*g*r~3*sin(phi)*cos(theta)*p21°3*d*cos(phi)*p113-¢
20*p21r4*d*cos(phi)*p22*m"2*r~3*g*sin(-theta+phi)*pll-...
4*p217M4*d*cos(phi)*p22*m*r*g*sin(-theta+phi)*1b*pll- ¢
18*p2173*d*cos(phi)*p22*m"2*r"3*g*sin(-theta+phi)*pl172+._ ..
2*p217°4*d*cos(phi)*p22/2*m 2*r"3*g*sin(-theta+phi)-8*p21/2*d*cos ¥
(phi)*pl1N3*m*r"2*F6*phi-. ..
4*p2172*d*cos(phi)*pliN3*m " 2*r"3*g*sin(-theta+phi)*p22- ¢
8*p21*d*cos(phi)*pliN4d*m*r"2*F6*theta-. ..
28*p21~4*d*cos(phi)*pll*m*r"2*F6*phi-28*p2173*d*cos(phi) ¥
*pl1n2*m*r"2*F6*theta+. . .
10*p2175*d*cos(phi)*pll*m*r*g*sin(-theta+phi)*lb+m*g*r *2*sin(phi) ¢
*cos(theta)*p2176*Ib+. ..
3*m*g*r 2*sin(phi)*cos(theta)*p21°5*1b*pll+2*m*g*r*2*sin(phi)*cos ¥
(theta)*p217M4*1b*plln2-. ..
3*mM2*g*d*sin(theta)*p217°5*p22*r"3-11*m"2*g*d*sin(theta) v
*p21M*p22*r"3*pll-12*m2*g*d*sin(theta) *p21"3*p22*r"3*plin2- . ..
2*m~2*g*d"2*sin(theta)*p2173*cos(phi)*pl1lN3*r 2-¢
4*p2176*m*d 2*g*sin(-theta+phi)*1b+4*p21M6*m"2*d"3*g*r*sin(-theta+. ..
2*phi)+6*p2115*m"2*d"3*g*r*sin(-theta+2*phi)*pll-m"2*g*r~4*cos ¥
(phi)*sin(theta)*p2176+2*p21"5*p22*m*r"2*g*sin(-theta+. ..
phi)*1b+p2174*p22/2*m2*r"3*g*d*sin(-theta+2*phi) ¢
+2*p21N5*p22*mN2*r~"2*g*sin(-theta+phi)*d™2-. ..
8*p21°4*p11/2*mA2* r"2*g*sin(-theta+phi)*d 2- ¢
8*p21°4*pl1r2*m*rr2*g*sin(-theta+phi)*1b-4*p2173*p11r3*m 2*rM4*g*sin(- ¢
theta+. ..
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phi)+mr2*g*d"3*sin(theta)*p2176*r+3*m"2*g*d"3*sin(theta) ¥
*p21N5*r*pll+2*mN2*g*dN3*sin(theta) *p21M*r*pl1n2+. ..
6*p21™M4*p22*mN2*r"2*g*sin(-theta+phi) ¢
*AdN2*pl1+6*p2174*p22*m* ra2*g*sin(-theta+phi)*1b*pl1+2*p21/M4*m A 2*dA3*g*r*sin(- ¥
theta+. ..
2*phi)*pliN2-2*p21r5*m " 2*dN3*g*r*sin(-theta+2*phi)*p22- ¢
2*p21nM4*mN2*dN3*g*r*sin(-theta+2*phi)*pll*p22- . ..
4*mA2*g*rr4*cos(phi)*sin(theta)*p2175*pll-5*mr2*g*r~4*cos(phi) ¥
*sin(theta)*p21M4*plin2+2*m 2*g*r"3*cos(phi)”2*sin(theta)*d*p2176+. . .
7*mN2*g*r23*cos(phi)2*sin(theta)*d*p2175*pll+7*m"2*g*r~3*cos ¥
(phi)"2*sin(theta)*d*p217M4*pl1n2+mA2*g*r " 2*sin(phi)*cos(theta) *p2176*d 2+ . . .
3*mA2*g*rr2*sin(phi)*cos(theta) *p21/5*d A 2*pll1+2*m2*g*r " 2*sin ¢
(phi)*cos(theta)*p2174*dN2*pl1r2+4*m " 2*g*r~4*sin(phi)*cos(theta) ¥
*p21N5*pll+. ..
5*mr2*g*r~4*sin(phi)*cos(theta) *p21M4*pll1r2+2*m N 2*g*r™4*sin(phi) v
*cos(theta)*p2113*pllN3+mA2*g*d~2*sin(theta)*p2175*cos(phi) *p22*r"2+ . . .
3*mA2*g*d"2*sin(theta)*p21°4*cos(phi)*p22*r"2*pll+2*m " 2*g*d 2*sin ¢
(theta)*p217r3*cos(phi)*p22*r"2*plln2-. ..
8*d*cos(phi)*p2175*m*r "2*F6*phi-8*d*cos(phi) ¥
*p21M*m*r"2*F6*theta*pll+4*d*cos(phi)*p2176*m*r*g*sin(-theta+phi)*lb- ...
28*p2173*d*cos(phi)*pllr2*m*r"2*F6*phi-m"2*g*r~3*cos(phi)”"2*sin ¢
(theta)*p211"5*d*p22-3*m"2*g*r*3*cos(phi)"2*sin(theta)*p21™M*d*p22*pll- ...
2*mA2*g*r~3*cos(phi)~2*sin(theta) ¥
*p211N3*d*p22*pliN2+2*mA2*g*r~"3*cos(phi)N2*sin(theta)*p2113*d*plin3-. ..
2*m"2*g*r~3*sin(phi)*cos(theta)*d*cos(phi)*p2176+m 2*g*r"3*sin ¢
(phi)*cos(theta)*p2175*d*cos(phi)*p22+. ..
3*m"2*g*r~3*sin(phi)*cos(theta)*p21r4*d*cos(phi) ¥
*p22*pll+2*m"2*g*r"3*sin(phi)*cos(theta)*p21"3*d*cos(phi)*p22*pl1n"2- . ..
2*p2176*m " 2*rM*g*sin(-theta+phi)+6*p21°3*d*cos(phi) ¢
*p22/2*mN2*r~3*g*sin(-theta+phi)*pll+. ..
4*p2172*d*cos(phi)*p22/2*m 2*r "3*g*sin(-theta+phi) ¥
*pl1n2+8*p2172*d*cos(phi)*p22*m*r"2*F6*pl1~2*phi+. . .
8*p21*d*cos(phi)*p22*m*r"2*F6*p1l173*theta+4*p21°r4*d*cos(phi) ¢
*p22*m*r"2*F6*phi+4*p2173*d*cos(phi)*p22*m*r"2*F6*theta*pll-. ..
2*p21°5*d*cos(phi)*p22*m*r*g*sin(-theta+phi)*1b+12*p2173*d*cos ¥
(ph1)*p22*m*r"2*F6*pll*phi+4*p21"3*m 2*d~2*g*sin(-theta+. . .
phi)*plln2*p22*r"2-m"2*g*r*4*sin(phi)*cos(theta)*p21°5*p22- ¢«
4*mA2*g*r™M4*sin(phi)*cos(theta)*p21M4*p22*pll-. ..
5*mA2*g*rr4*sin(phi)*cos(theta)*p21/3*p22*pll1r2+m 2*g*rr4*cos ¢
(phi)*sin(theta)*p21"5*p22+4*m " 2*g*r~4*cos(phi)*sin(theta)*p21™M4*p22*pll+. ..
5*mr2*g*r~4*cos(phi)*sin(theta)*p21°3*p22*pl1/2-3*m 2*g*r~2*cos ¢
(phi)*sin(theta)*p2176*d"2-10*m"2*g*r*"2*cos(phi)*sin(theta)*p21"5*d™"2*pll-. ..
9*mA2*g*r~2*cos(phi)*sin(theta)*p21/M4*d " 2*pl1i1n2- ¢
8*p22*m*r"3*F6*pllr4*theta+4*p2175*m*r*3*F6*phi+4*p21°5* 1b*F6*r*phi+20*p2113* ¢
m*r"3*F6*plln2*phi-. ..
v
8*p22*mM*r"3*F6*pl173*phi*p21+20*p2112*m*r"3*F6*pl1/3*theta+4*p21 M 4*m*r"3*F6*t ¢
heta*pll1+16*p21™M*m*r"3*F6*pll*phi+16*p2113*m*r*3*F6*pll~2*theta-. ..
8*d"2*cos(phi)*p2116*m 2*r"2*g*sin(-theta+2*phi)+4*d~3*cos(phi) ¥
*p2176*m2*r*g*sin(-theta+phi)+4*d*cos(phi)*p2176*m 2*r 3*g*sin(-theta+phi) ¢
+
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12*p21~2*d*cos(phi)*p22*m*r"2*F6*pl11°2*theta+8*p21°5*d 2*cos(phi) ¥
*p22*mA2*r " 2*g*sin(-theta+2*phi)+12*p2174*d~2*cos(phi) *p22*m 2*r "2*g*sin(- ¢
theta+. ..

2*phi)*pl1+4*p21~3*dr2*cos(phi)*p22*m 2*r 2*g*sin(-theta+2*phi) ¥
*plin2-2*p21nM4*dr2*cos(phi) *p22/2*mA2*r~"2*g*sin(-theta+2*phi)- . . .

2*p2173*d"2*cos(phi ) *p22/2*m " 2*r"2*g*sin(-theta+2*phi)*pll- ¢
2*p2176*mN2*dM*g*sin(-theta+phi)-20*p2172*p22*m*r"3*F6*pl1™2*phi- . . .

20*p21*p22*m*r"3*F6*pl1°3*theta-4*p21°4*p22*m*r"3*F6*phi- ¢
2*p21n5*dN3*cos(phi)*p22*m™2*r*g*sin(-theta+phi)-. ..

4*p21°4*d"3*cos(phi)*p22*m " 2*r*g*sin(-theta+phi)*pll- ¢
6*p2175*d*cos(phi)*p22*m"2*r~"3*g*sin(-theta+phi)-. ..

4*mA2*g*d*sin(theta)*pliN3*p22*r"3*p21r2-m*g*rr2*cos(phi)*sin ¢
(theta)*p2176*1b-3*m*g*r~2*cos(phi)*sin(theta)*p21"5*Ib*pll-. ..

2*m*g*r~2*cos(phi)*sin(theta)*p21°4*1b*pll1r2-2*m " 2*g*r*4*sin(phi) ¢
*cos(theta)*pllN3*p22*p2172+2*m " 2*g*r*4*cos(phi)*sin(theta) v
*pliN3*p22*p2172+. ..

4*m~2*g*d*sin(theta) ¢
*p21N5*pll*rA\3+8*p2113* I b*F6*r*pll/2*phi+8*p21/2* 1b*F6*r*pl1°3*theta+4*p217M4* v
Ib*F6*r*theta*pl1+12*p21™M4*1b*F6*r*pll*phi+. ..
v
8*p2112*pl1N3*m*r"3*F6*phi+8*p21*pl1r4*m*r"3*F6*theta+12*p21/3* Ib*F6*r*plln2* ¢
theta-2*p2176*1b"2*g*sin(-theta+phi)-...

4*p21173*p22*m*rr"3*F6*theta*pll-16*p21°3*p22*m*r"3*F6*pll*phi- ¥
16*p2172*p22*m*r"3*F6*pll/2*theta+5*m"2*g*d*sin(theta) *p21™M4*pll 2*r"3+. ..

2*m"2*g*d*sin(theta) *p2113*pliN3*r"3-4*p2175*m2*dM*g*sin(- ¢
theta+phi)*pl11-8*p21"5*m*d"2*g*sin(-theta+phi)*1b*pll-...

28*p2172*d*cos(phi)*pl1r3*m*r " 2*F6*theta-16*p21°5*d~2*cos(phi) ¥
*pl1*mA2*r "2*g*sin(-theta+2*phi)-10*p2174*d~2*cos(phi)*pll1r2*m 2*r " 2*g*sin(- ¢
theta+. ..

2*phi)-2*p21~3*d~2*cos(phi)*pl11r3*m 2*r " 2*g*sin(-theta+2*phi) ¥
+10*p2175*d"3*cos(phi)*pll*m " 2*r*g*sin(-theta+phi)+. ..

4*p21°4*d"~3*cos(phi)*plin2*m 2*r*g*sin(-theta+phi)-4 ¢
*p2175*1b"2*g*sin(-theta+phi)*pll+14*p2175*d*cos(phi)*pll*m"2*r"3*g*sin(- ¢
theta+phi)+. ..

14*p21™M4*d*cos(phi)*pllr2*m2*r "3*g*sin(-theta+phi)+4*p21°4*d*cos ¥
(phi)*plir2*m*r*g*sin(-theta+phi)*Ib+. ..

4*p21°3*d*cos(phi)*pl1r3*m " 2*r~3*g*sin(-theta+phi) ¢
+8*p21M4*mA2*rr4*g*sin(-theta+phi)*p22*pl11+10*p211r3*m N 2*r*4*g*sin(-theta+ . . .

phi)*pl172*p22+3*p22/2*m " 2*r23*g*d*sin(theta) ¥
*p21n3*pll+2*p22°2*mA2*rA3*grd*sin(theta) *pl1t2*p2172+. ..

p22/2*mA2*r"3*g*d*sin(theta)*p21™M4-4*p21°6*m*r 2*g*sin(- ¢
theta+phi)*1b+8*p2113*m*d N 2*F6* r*pll1M2*phi+4*p2176*m " 2*r"3*g*d*sin(-theta+. ..

2*phi)+10*p2175*m " 2*r"3*g*d*sin(-theta+2*phi) ¢
*p11+8*p21™M4*m " 2*r~3*g*d*sin(-theta+2*phi)*pl172-4*p2175*m " 2*r"3*g*d*sin(- ¢
theta+. ..

2*phi)*p22-7*p21r4*m " 2*r~"3*g*d*sin(-theta+2*phi)*pl1*p22- ¢
4*p2176*mN2*r"2*g*sin(-theta+phi)*d"2-12*p2175*m " 2*r"2*g*sin(-theta+. . .

phi)*d"2*p11-2*m"2*g*r~4*cos(phi)*sin(theta) v
*p2173*plin3+4*p2113*Ib*g*sin(-theta+phi)*pllN2*p22*m*r "2+ . .

2*p2173*pl1n3* M 2*r"3*g*d*sin(-theta+2*phi)-3¢
*p217"3*pl11r2*m " 2*r~3*g*d*sin(-theta+2*phi)*p22-8*p2115*m2*r"4*g*sin(- ¢
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theta+. ..
phi)*pl11-12*p21°5*m*r"2*g*sin(-theta+phi)*lb*pll-v¢
10*p2174*mN2*rr4*g*sin(-theta+phi) *pl1/2+2*p2175*m 2*r~4*g*sin(-theta+phi) ¢
*p22+. ..
4*p2172*pl1n3*mA2*r~r4*g*sin(-theta+phi) ¢
*p22+4*p2176* Ib*g*d*m*r*sin(-theta+2*phi)+6*p21°5* Ib*g*d*m*r*sin(- ¢
theta+2*phi)*pll+. ..
2*p217M4* 1b*g*d*m*r*sin(-theta+2*phi)*pl172-2*p21/5* 1b*g*d*m*r*sin ¢
(-theta+2*phi)*p22-2*p21™4*1b*g*d*m*r*sin(-theta+2*phi)*pll*p22+...
p2173*p22/2*mA2*r"3*g*d*sin(-theta+2*phi) ¢
*p11+8*p21/2*m*dN2*F6* r*pl173*theta+4*p2115*m*d " 2*F6* r*phi+4*p2174*m*d " 2*F6*r ¢
*theta*pll+. ..
12*p21M4*m*dN2*F6* r*pll*phi+12*p2113*m*d " 2*F6*r*pll72*theta) ¥
/p2172/ v/ (5*p21NM2*r " 2*plln2*m+ . . .
4*p2173*r"2*pll*m+3*cos(phi)*p21r2*r*d*p22*m*pll+2*cos(phi) v
*p2l*r*d*p22*m*pllr2-7*cos(phi)*p2173*r*d*m*pll-2*cos(phi)*p21™M4*r*d*m+. . .
2*p21*r"2*pllin3*m+2*p21°2* 1b*pl1°2+3*p21°3* 1b*pll- ¢
pP2173*r"2*p22*m+p21°4*m*d~2+cos(phi) *p2173*r*d*p22*m-2*cos(phi) ¢
*p21*r*d*plliN3*m-. ..
7*cos(phi)*p21/2*r*d*m*pllN2-5*p21*r"2*pl1r2*p22*m- ¢
4*p21N2* N 2*pll*p22*m-2*r"2*pliN3*p22*m+. . .
3*p21IN3*Fm*dN2*pll+2*p21n2*m*dN2*pliN2+p21M4* A 2*m+p21°M4* 1 b) ;
tau = F1+F2+F3;

%% Lyapunov
Fmcl = [1/3*(3*p21*thetadot "2*phidot*m*r "2*d*sin(phi)-4¢
*p21*thetadot2*m*d~2*cos(phi)*r*sin(phi) ¥
*phidot+2*thetadot*pll*r*phidot*sigma+. ..
2*thetadot"2*pll*r*nu+2*thetadot”"2*phidot*d™2*sin(phi)*r*m*cos ¢
(phi)*p22-2*p21*thetadot"3*1b*d*sin(phi)+2*r*phidot*p21*thetadot*nu- . . .
2*thetadot”"3*d"2*cos(phi)*p22*m*r*sin(phi)-«¢
r"2*m*phidot”"3*p21l*d*sin(phi)+2*r "2*m*phidot~2*thetadot*d*sin(phi)*p22+. ..
2*thetadot"3*m*pll*r*d~2*cos(phi)*sin(phi)-2v¢
*p21*thetadot"3*m*r"2*d*sin(phi)+p21l*thetadot"2*phidot*m*d"3*sin(phi)-...
2*thetadot"3*m*pll*r "2*d*sin(phi)-2v¢
*thetadot*m*pll*r~2*phidot™2*d*sin(phi)+2*thetadot"3*r"2*m*p22*d*sin(phi)+...
4*thetadot"2*m*pll1*r~2*d*sin(phi)*phidot-¢
4*thetadot"2*phidot*m*r"2*d*sin(phi)*p22+p21*thetadot2*phidot*d*sin(phi)*Ib- ¢
2*thetadot”"2*phidot*d™"2*sin(phi)*r*m*cos(phi)*pll- ¢
2*p21l*thetadot"3*m*d"3*sin(phi)+2*r*phidot"2*p21l*sigma+. ..
4*p21*thetadot”3*m*d*2*cos(phi)*r*sin(phi))/r/ ¢
(phidot™2+thetadot”~2+2*phidot*thetadot) ,1/4* ¢
(3*p21l*thetadot™"2*phidot*m*r~2*d*sin(phi)-...
4*p21*thetadot~"2*m*d"~2*cos(phi)*r*sin(phi) ¥
*phidot+2*thetadot*pll*r*phidot*sigma+2*thetadot"2*pll*r*nu+...
2*thetadot”2*phidot*d*2*sin(phi)*r*m*cos(phi)*p22-«¢
2*p21l*thetadot"3*Ib*d*sin(phi)+2*r*phidot*p21l*thetadot*nu-...
2*thetadot”"3*d"2*cos(phi)*p22*m*r*sin(phi)-v¢
r"2*m*phidot"3*p21*d*sin(phi)+2*r"2*m*phidot"2*thetadot*d*sin(phi)*p22+._ ..
2*thetadot"3*m*pll*r*d~2*cos(phi)*sin(phi)-2¢
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*p2l*thetadot"3*m*r"2*d*sin(phi)+p2l*thetadot”"2*phidot*m*d"3*sin(phi)-...
2*thetadot"3*m*pll*r "2*d*sin(phi)-2v¢
*thetadot*m*pll*r~"2*phidot"2*d*sin(phi)+2*thetadot"3*r"2*m*p22*d*sin(phi)+...
4*thetadot"2*m*pl1*r~*2*d*sin(phi)*phidot- ¢
4*thetadot"2*phidot*m*r"2*d*sin(phi)*p22+p21*thetadot2*phidot*d*sin(phi)*lb- ¢
2*thetadot”"2*phidot*d™"2*sin(phi)*r*m*cos(phi)*pll- ¢
2*p21l*thetadot"3*m*d"3*sin(phi)+2*r*phidot™"2*p21*sigma+. ..
4*p21*thetadot"3*m*d~2*cos(phi)*r*sin(phi))/r/ ¥
(phidot~2+thetadot”"2+2*phidot*thetadot);1/4* ¢
(3*p21*thetadot™"2*phidot*m*r "2*d*sin(phi)-. ..
4*p21*thetadot2*m*d~2*cos(phi)*r*sin(phi) ¥
*phidot+2*thetadot*pll*r*phidot*sigmat+2*thetadot2*pll*r*nu+. ..
2*thetadot”2*phidot*d*2*sin(phi)*r*m*cos(phi)*p22-«¢
2*p2l*thetadot"3*Ib*d*sin(phi)+2*r*phidot*p2l*thetadot*nu- ...
2*thetadot"3*d*2*cos(phi)*p22*m*r*sin(phi)- ¢
r"2*m*phidot"3*p21*d*sin(phi)+2*r"2*m*phidot"2*thetadot*d*sin(phi)*p22+. ..
2*thetadot"3*m*pll*r*d~2*cos(phi)*sin(phi)-2¢
*p2l*thetadot"3*m*r "2*d*sin(phi)+p2l*thetadot”"2*phidot*m*d"3*sin(phi)-...
2*thetadot"3*m*pll*r "2*d*sin(phi)-2¢
*thetadot*m*pll*r"2*phidot™"2*d*sin(phi)+2*thetadot"3*r"2*m*p22*d*sin(phi)+...
4*thetadot™2*m*pl1*r "2*d*sin(phi)*phidot-¢
4*thetadot2*phidot*m*r "2*d*sin(phi)*p22+p21l*thetadot2*phidot*d*sin(phi)*Ib- ¢
2*thetadot”"2*phidot*d™2*sin(phi)*r*m*cos(phi)*pll- ¢
2*p21*thetadot"3*m*d"3*sin(phi)+2*r*phidot"2*p21*sigma+. ..
4*p21*thetadot"3*m*d~2*cos(phi)*r*sin(phi))/r/ ¥
(phidot"2+thetadot”2+2*phidot*thetadot) ,1/4*¢
(3*p21*thetadot™"2*phidot*m*r~2*d*sin(phi)-...
4*p21*thetadot2*m*d~2*cos(phi)*r*sin(phi) ¥
*phidot+2*thetadot*pll*r*phidot*sigma+2*thetadot"2*pli*r*nu+. ..
2*thetadot™2*phidot*d"2*sin(phi)*r*m*cos(phi)*p22- ¢
2*p21*thetadot"3*Ib*d*sin(phi)+2*r*phidot*p21*thetadot*nu-. ..
2*thetadot~3*d"2*cos(phi)*p22*m*r*sin(phi)-¢
r"2*m*phidot"3*p21l*d*sin(phi)+2*r*"2*m*phidot~2*thetadot*d*sin(phi)*p22+. ..
2*thetadot"3*m*pll*r*d~2*cos(phi)*sin(phi)-2¢
*p2l*thetadot"3*m*r "2*d*sin(phi)+p2l*thetadot”"2*phidot*m*d"3*sin(phi)-...
2*thetadot"3*m*pll*r 2*d*sin(phi)-2¢
*thetadot*m*pll*r "2*phidot™"2*d*sin(phi)+2*thetadot"3*r "2*m*p22*d*sin(phi)+. ..
4*thetadotN2*m*pll1*r~2*d*sin(phi)*phidot- ¢
4*thetadot"2*phidot*m*r~2*d*sin(phi)*p22+p21*thetadot"2*phidot*d*sin(phi)*lb- ¢
2*thetadot”2*phidot*d*2*sin(phi)*r*m*cos(phi)*pll-v¢
2*p21l*thetadot"3*m*d"3*sin(phi)+2*r*phidot"2*p21*sigma+. ..
4*p21*thetadot"3*m*d~2*cos(phi)*r*sin(phi))/r/ ¥
(phidot"2+thetadot”2+2*phidot*thetadot)];

PHI =(-6*g*cos(-theta+phi)*p21*p22*m*r"2*pll-4*g*cos(-theta+phi) v
*pLIN2*p22Fm*r2+. . .

4*F6*(phi*p21+theta*pl1)"2/p2172*r*pl1n2-2*g*p21~3*d*cos(theta) ¢
*m*r-. ..
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7*g*p21~2*d*cos(theta) *m*r*pll-7*g*p21l*d*cos(theta)*m*r*plin2- ¢
2*g*d*cos(theta)*m*pliN3*r+. ..
g*d*cos(theta)*m*p22*r*p21°2+3*g*d*cos(theta) ¢
*M*p22*r*p21*pll+2*g*d*cos(theta)*m*p22*r*plln2+. ..
2*F6*(phi*p2l+theta*pl1)/"2*r+2*g*cos(-theta+phi)*p2113*1b+6*F6* ¥
(phi*p21+theta*pl1)"2/p21*r*pll-. ..
2*g*d*m*r*p21°3*cos(-theta+2*phi)-3*g*d*m*r*p21~2*cos(- ¥
theta+2*phi)*pll-g*d*m*r*p21l*cos(-theta+. ..
2*phi)*pllr2+g*d*m*r*p21°2*cos(-theta+2*phi)*p22+g*d*m*r*p21*cos ¥
(-theta+2*phi)*pll*p22+. ..
2*g*cos(-theta+phi)*p2113*m*d~2+4*g*cos(-theta+phi) ¢
*p2172*m*dN2*pll+2*g*cos(-theta+. ..
phi)*p2173*m*r "2+6*g*cos(-theta+phi)*p2172*m*r"2*pl1+4*g*cos(- ¥
theta+phi)*p2172*1b*pll+. ..
4*g*cos(-theta+phi)*p21*plir2*m*r~2-2*g*cos(-theta+phi) v
*p21n2*p22*m*rn"2)/ (p21+2*pll)/r/(p21l+pll);
Vc = 0;
\ 0.5*qdot"*KD*qdot+PHI+VcC;
Vdot -qdot**(Kv+Fmcl)*qdot;

%% Evaluate the Dynamics

qdotdot = inv(mass)*([tau;0]-C*qdot-G);
ddtheta = qdotdot(l);
ddphi = gdotdot(2);

%% M-File Output

dxdt =[thetadot;phidot;ddtheta;ddphi;tau(l);KD(1,1);KD(1,2);KD(2,1);KD(2,2);¥
V;Vdot;PHI ;KDdet];

%% End of the Function
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B.8 Simulink file for the ball and arc system, P almost constant

_—’E

thetadot_theta

states
Integrator > 1
s
> Interpreted States
MATLAB Fcny
Simulation & control Law
L g
smout3 =
au
To Workspace3 |:l
smout2
Vv
I: To Workspace2
Vdot
smout4
To Workspace4 e o I:I
PHI smoutb

To Workspaceb
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P smout
To Workspace
phidot_phi
P smoutt
—>|:| To Workspace
KD11
(]
I—b|:| KD12
KD21
]
KD22



Appendix C - Inverted pendulum cart system

The presentation of this Appendix is organized in six major parts. These are:
C.1 Dynamics of the inverted pendulum cart system
C.2 Lagrangian KD for the inverted pendulum cart system, solving Eq.2.25
C.3 Direct Lyapunov Approach formulation for the inverted pendulum cart
system, inverted pendulum cart system case when F; is and is not considered
C.4 MATLAB code for the simulations of the IPC system
C.5 MATLAB code for the simulations of the IPC system when F; non-zero
C.6 Simulink file for the inverted pendulum cart system when F; is zero and non-

Zero
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C.1 Dynamics of the Inverted Pendulum Cart system
IPC_dynamics.mw
Lagrangian Approach

The Lagrangian (L) is defined as KE-PE, where KE is the kinetic energy and PE is the potential
energy of the system expressed in a minimum set of generalized coordinates. In the current case
the generalized coordinates are x, and 6.

[ > restart;
E> with(LinearAlgebra) :
d 2
— 0(t) |I
SIS R E M J L
> KE:= — (d ) + -Mp~[ dt x (1) 7 -cos(0(t)) | + 5 "Mp
d 2
[ (?e( ))' . d 2
| T sin(en) | )0 )
B .-l
> PE:= ng .cos(O(t)) :
PE := % mglcos(0(t)) Q)
:> with(VariationalCalculus)
| [ ConjugateEquation, Convex, EulerLagrange, Jacobi, Weierstrass] 2
> L :=-simplify(KE — PE);
1 d > d :
L= -5 Me (5 x(0 ) = 5 Mp (5 x(t)) 3)
1o (4 d L4 ) p
+ Mp(dt (t)) (dt o(t ))Icos(e(t)) : Mp(dt e(t)) |
1 d 2
— 3 Ip(dt o(t )) + 5 mglcos(0(t))

befining temporary substitutions and variables

d’ _ _ (& _ d _
[ g x(t)] =xddot, x (t) =x, [ g ot )] = @ddot, ( it x(t)) = xdot,

(i e(t)) — @lot, (1) =6 |

> templ :=

dt
I G e @ e A d
templ = [ e X(t) =xddot, x(t) =x, @ 0(t) = &ddot, di X(t) =xdot, di o(t) 4)
= @&ot, 6(t) =06

> temp2 = [xddot, &ldot, xdot, &dot, xdotz, 6dot2];
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temp2 = [xddot, &ldot, xdot, &dot, xdot’, aiotz] (5)
> ELL= EulerLagrange(L, t, |

o(t)])[1]

B d? 1
EL1:—MC( (t)j—l—Mp[ j oM ( 9()j|cos(9(t)) (6)

0

dt*
1 d
] 3 Mp(dt
> EL2 := EulerLagrange(L,t, [x(t),0(t)])[2]

Elo.. ] . 1 & 1 d >
.——Emglsm(e(t))——Mp _t2 (1) Icos(e(t))+ZMp — 0(t) | | )

2
+Ip(d— 9(t)j=0

ot )) Isin(6(1)) =

Il
S

i dt’
The first governing equation is
[Equationl
> EQx := expand(eval(EL1, templ));
EQx := Mc xddot + Mp xddot — % Mp @ddot | cos(8) + % Mp &dot’ | sin(6) =0 @®)

:> EQx := collect(EQXx, temps2);
EQx := Mc xddot + Mp xddot — % Mp éddot | cos(0) + % Mp &ot’ | sin(0) =0 9)

The second governing equation is
[Equation2

> EQ@ := simplify(eval(EL2)) :
[> EQ@ := expand(eval(EQ®6, templ )) :
> EQ& := collect(EQ®, temp2);

EQH:= % Mp xddot I cos(8) + (% Mp I? + Ip) addot — % mglsin(6) =0 (10)

> mass := simplify(Matrix(z, 2, [(Mc + Mp) , —% Mp |l cos(0),— % Mp-I cos(0),
1 Mo .
(5 Mor+in)])):

Mc + Mp % Mp 1 cos(8)
mass := (12)

1L 1 o
5 Mp | cos(6) s Mp = + Ip

> mass := simplify(eval(mass, [Ipz% m- I2 (Mc + Mp) =mb, Mpsz );

(12)
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mb —% m 1l cos(0)
mass := (12)
—lmlcos(e) Lonp
2 3

> masst := simplify(Matrix(z, 2, [(Mc +Mp), — % Mp 1 cos(0(t)),— % Mp

1 cos(0(t)), (i Mp 1> + Ip)D) :

> masst —S|mpI|fy(evaI(masst [Ip—% m- I2 (Mc + Mp) =mb, Mpsz):

> Mdot = map (diff, masst, t);

1 d
0 2 mlsin(6(t)) (dt G(t))
Mdot := (13)

imlsm( (t))(ie(t)j 0

2 dt
Cmatrix check ; )

o k_ 1] 0 0 K

Cij(q, qdot) =[jk, i]Jqdot” = > aqk mi; + aqj m i~ aqi Jk]qdot

where m; is the ij™ component of the mass matrix and [jk,i] is the Christoffel symbol of the
first kind.

> Cll =+ o mass, | + o mass o mass xdot + 9 mass
2 (6){ L7 9x LT ax l’lj 2 (ae L1
0 0
+ 55 Massy | — 5 mass; 2] - ot;
| Cll1:=0 (14)
7> Cl2 = + o mass, ; + 9 mass o mass xdot + 109 mass
2 0x 2,1 90 1,1 0x 2,1] 2 (ae 2,1
0 0
+ 0 mass, | — 5 Mass, 2] - dot;
Cl12 = % m1sin(6) adot (15)
B 1 0 0 1 0
> C21:= > ( mass1 2t 5 Mass; 50 mass,; 1] -xdot + 5 (E mass, ,
0
+ 5 Mass, 5 — 26 ——- Mmass,; 2) edot;
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i C21:=0 (16)

0 0 0
> C22 := % ( mass2 , T PYS - mass; ,— 50 mass, 1] -xdot + % (5 mass, ,
0
5 ass, , — 26 ——- Mmass, 2) &dot;
i C22:=0 (17)
> Cmatrix := Matrix(2, 2, [C11, C12, C21, C22]);
) 0 imlsin(e) edot
Cmatrix := 2 (18)

0 0
E)ifferentiating the mass matrix with respect to time produces

2
> Mdot = simplify(eval[Mdot, (d— x(t)] =xddot, x(t) = (d—tz ] &ldot,

0 ; mlsin(6) &dot
Mdot := | (19)
> mlsin(6) &dot 0
Because M is Lagrangian % Mdot — Cmatrix is skew-symmetric. The result is
> FMCskew := ( %-Mdot—Cmatrix);
0 —imlsin(e) &dot
FMCskew := | (20)
Zmlsin(e) &dot 0

ifhis is a special case of the FMC when KD =M, for which
> FMC := ( Mdot — Cmatrix — Transpose (Cmatrix) );

00
00

FMC := (21)

End of the file
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C.2 Lagrangian KD _Inverted Pendulum Cart system

[LagrangianKD_IPC.mw

[Eq. 225 Solution- - C'MK_++ (-9 g 'K_) =0
D 2 aq D

> restart

> with(LinearAlgebra) :

V Definitions

. . . . . 2
> mass := Matrix| 2, 2, | mb,- m-1-os(8) ' mL-cosl8) ’ n U
2 2 3
1
mb ) m1cos(6)
mass := . 1
1 1
5 mcos(0) 3 ml
i X
> =
xdot
> qdot:=
élot
> C:= Matrix(z’ 2 [0’ m'l-sm(ze)-allot,o,OD;
0 L mlsin(6) &lot
C:= 2
0 0
[>
| > KD = Matrix(2, 2, [KD11(x, 8), KD12(x, 8), KD21(x, 8), KD22(x, 8) ]) :

VTerml

> KDq = Transpose(MuItiply(%- KD, qdot) );
KDq := [% KD11(x, 0) xdot—i—% KD12(x, 8) &ot, % KD21(x, 6) xdot
+% KD22(x, ) 6dot}
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(2.1)



\ 4

\ 4

diff (KDq[1], x) diff (KDqg[2], x)
diff (KDq[1],0) diff (KDq[2],0) |

Terml := H% (i KD11(x, 9)) xdot + + (

> Terml =

oX 2 \ X

5

- kp12(x, e)) adot, 2.2)

1 (0 1 (@

5 (ax KD21(x,9)) xdot + 3 (ax KD22(x,G)) adot
o

1 1 a
— | — KD11(x,0) | xdot+ — | — KD12(x, 0) | &ot,
2 [ KOL®) oot 5 g Kor2(x0)

1 0 1 0
— | — KD21(x,0) | xdot+ — | — KD22(x, 0) | &ot
2(69 ( )) 2(69 ( )j

Term 2
> Term2 = Transpose (Multiply(Multiply (KD, MatrixInverse(mass) ), C) );

Term2 := HO O\, (3.1)

1 (  4KD11(x8)  6KD12(x 6) cos(6)
2 ( —4mb+3mcos(9)2 I(—4mb+3mcos(e)2)
1 (_ _ 4KD21(x6) __6KD22(x,6) cos(6)
2 [ —4mb—i—3mcos(9)2 I(—4mb+3mcos(e)2)

]mlsin(e) &lot,

]mlsin(e) Gdot

The Eqg. 2.25 is expresed as the following Eq. This is the
equation to be Solved

> Eq := MatrixAdd(Term1, - Term2);

3 5
Eq:= H% (& KD11(x, e)) xdot+% (& KD12(x, e)) adot, 4.1)

ox 2

1 (0 1
2( KD21(x,e))xdot+ (ax

3
- KkD22(x, e)) adot

1 0 1 0 1
[2 (ae KD11(x,6))xdot+ > (ae KDlZ(x,G)j ot — [

___4KD11(x 6) - 6 KD12(x, 0) cos(e)2 m1lsin(6) &lot,
-4mb+3 mcos(6) | (-4 mb+3mcos(6)

1 (0 1 (0 1

5 (ae KD21(x,G))xdot+ > (ae KD22(x,9)j ot — [
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\ 4

\4

L | 4KD21(x8)  6KD22(x,6) cos(8)

5 >— | mlsin(6) &lot
-4 mb+3 mcos(0) | (-4 mb+3mcos(6))

Coefficient Matrices of xdot and &lot

> Eql := Matrix(2, map(coeff, Eq, xdot) );

(@3 ¢>)

KD11(x, 0) KD21(x, 8)

Eql:= (5.1)

KD11(x, ) KD21(x, )

N[ N
gl |

N N
Ble 2l

> Eqg2 := Matrix( 2, map( coeff, Eq, &ot) );

5 5
Eq2 = H L 2 kp12(x 0), £ = Kp22(x, 0)

2 X 2 ox ’ (5.2)
)

4 KD11(x, 6
-4 mb + 3 mcos

~—

1 1
[2 s KD12(x,0) — [
6

—~
D
~—
N

KD12(x, 8) cos(0)
| (-4 mb—i—3mcos(e)2
~ 4KD21(x0) __ 6KD22(x, ) cos
—4mb-|—3mcos(e)2 | (-4 mb+3mcos

—~ |
D
~—

N—
3
2,
>
—~
D
~—

L —

—_—

Coefficient Matrices of Derivatives and Kp Elements

> KDx:= Matrix(2, map(diff, KD, X) );

d
— KD11(x, 6)

- KD12(x, 0)

KDx:= (6.1)

KD22(x, 8)

Qo @l

9 KD21(x, 6)
ax l

> KD := Matrix(2, map(diff, KD, 8) );

d d

— KD11(x, ) — KD12(x, 6)

) 0

KD@:= (6.2)
d 0

— KD21(x, 0) — KD22(x, 8)

0 0

| > DKD := Matrix(8,1, [ ]) :
| > Eqsc :== Matrix(8,1, [ ])
| > LSCM := Matrix(8, [ ]) :

(> for i from 1 to 4 do
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for jfrom 1to4 do

DKD; := KDx(i) :
DKD; . , == KD#(i);
Eqsc; := Eql(i);
Eqsc; , , = Eq2(i);
k=144,
l:==j+4
LSCM, ; := coeff (EqL(i), KDX(}j));
LSCM, | := coeff (EqL(i), KD( ) );
LSCM, ; := coeff (Eq2(i), KDx(}));
LSCM, | = coeff (Eq2(i), KD@(j));
end do
. enddo
> map(eval, LSCM);
% 0 0 00 0 0 0
1
0O 0 0 0=~ 0 0 O
2
1
0O =~ 0 0 0 0 0 O
2
1
0O 0 0 0 O > 0 0
1
0 0 > 0O 0 0 0 O
1
0 0 0 0 0 O > 0
1
0O 0 0 - 0 0 0 O
2
1
0O 0 0 0O 0 0 O >

0 0
The above matrix contents the coefficients of X KD and 6_9 KD

:> map(eval, Eqsc);

1 0O
> KDll(x 0) |,

[% % KD11(x, e)],

314

(6.3)

(6.4)



0

0

0

0

0

Eqem = (. 4KDL(x8) 3
[ —4mb—i—3mcos(6)2 4

0

» 4KD21(x,0) 3
—4mb—i—3mcos(e)2 4

| > RSCM := Matrix(8,4, [ ]) :
> forifrom1to8do
for jfrom 1to4 do
RSCM” = coeff (Eqem(i), KD(j));
end do
end do

315

o
> o KD21(x,9)],
S
2 KD21(x,9)],
1 O
> o KDlZ(x,G)],
0
19 kp1a(x 0) —4[-—4KDLXO)
2 8 -4 mb +3mcos(6)
3 KD12(x,0) cos(© .
-4mb+3mcos(6)
o
> o KD22(X,6)],
[ 0
19 kpoa(x0) —a [ —4KDAXO)
2 8 -4 mb +3mcos(6)
3 KD22(x,6) cos() msin(6)
4 -4mb+3mcos(6)

:> Eqem == MatrixAdd(Eqgsc, Multiply(-LSCM, DKD) );

KD12(x, 0) cos(0)

-4 mb+3mcos(6)

KD22(x, ) cos(0)

-4 mb+3mcos(6)

5 J msin(0)

5 J msin(0)

(6.5)



> map(eval, RSCM);
0,0,0,0

0,0,0,0],
0,0,0,0],
0,0,0,0],

0,0,0,0],

16 msin(0)

3cos(0) msin(0)

IOI

0,0,0,0

16 msin(0)

i —4mb+3mcos(e)2 -4 mb +3mcos(6 ’

3cos(6) msin(0)

0, ’ Ol

V Extract Coefficient Matrices

Derivs := HO 0,0, 0],
-0, 0,0, 0-,
-0, 0,0, 0-,
_O, 0,0, O_,
-0, 0,0, 0-,

0,0,0,0],
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—4mb—|—3mcos(9)2 —4mb—|—3mcos(6)2

> Derivs = Multiply(MatrixInverse(LSCM),-RSCM);

(6.6)

(7.1)



32msin(0)

6 cos(0) msin(0)

, 0

"> Mx = Derivs[[1.4], [1.4]]

— ’O’_
—4mb—i—3mcos(6)2 —4mb—i—3mcos(9)2
'0 ) 32msin(0) o - 6 cos(6) msin(0)
| —4mb+3mcos(e)2’ | —4mb+3mcos(9)2

(0000 |
00O00O0
Mx :=
0000
0000
KD11(x, ) |
KD12(x, 8)
> KDS := ;
KD21(x, 8)
KD22(x, 8)
KD11(x, ) |
KD12(x, 0)
KDS :=
KD21(x, 0)
KD22(x, 8)
> MxKD := Multiply(Mx, KDS): o
0
0
MxKD :=
0
0
> M@:= Derivs[[5..8], [1..4]];
M@ := HO, 0, 0,0],
0,0, 0,0],
i 32msin(0) __6cos(6) msin(6) 0'
—4mb+3mcos(6)2” —4mb+3mcos(9)2’
'0 ) 32msin(0) o - 6 cos(6) msin(0)
| —4mb+3mcos(e)2’ | —4mb+3mcos(9)2
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> M&D = Multiply(M6, KDS);
0
0
32msin(0) KD11(x,0)  6cos(06) msin(6) KD21(x, )
ME&KD = | ~ o 2
-4 mb+3mcos(9) -4mb+3 mcos(6)
~ 32msin(6) KD12(x,0)  6cos(6) msin(6) KD22(x, 6)
-4 mb+3mcos(9) -4 mb—i—3mcos(6))2

V¥ Generate Differential Equations

> dKD = simplify( map( diff, MxKD, 8) + map(diff,- MOKD, x) );
' 0
0

2 msin(6) (16 (& KDll(x,e)) +3 cos(8) (% KD21(x, e)j)

dKD := 2
-4 mb+3mcos(0)

2msin(8) (16 (& KDlZ(x,G)) +3cos(6) (& KD22(x, e)j)

-4 mb+3mcos(6))2

> dKD,—dKD;

2 msin(8) (16 (% KD11(x, e)j +3cos(6) (& KD21(x,9)))

-4mb+3 mcos(e)2
> deql = dKD;;

i deql:=0

> deq = dKD,;

i deg2:=0

> deq3 = dKD;;

2msin(8) (16 (& KDll(x,G)) +3cos(6) (& KD21(x, e)j)

deg3:= 5
-4 mb + 3 mcos(0)

> deg4 := dKD,;
2 msin(6) (16 (& KD12(x, e)) +3 cos(8) (& KD22(x, e)j)

deqg4 :=

-4 mb—i—3mcos(6)2
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(8.1)

(8.2)

(8.3)

(8.4)

(8.5)

(8.6)



\ 4

\ 4

Temporary variables

d d d d
> Temp = | - KD11(x,8), - - KD12(x 6), - - KD21(x 6), - - KD22(x,8),

d d d d
— KD11(x, 0), — KD12(x, 8), — KD21(x, 8), — KD22(x, 8),
%) %) %) %)

KD11(x, 6), KD12(x, 8), KD21(x, 8), KD22(x, 8) |:

> deqgl := collect(deql, Temp);
degl:=0

:> deg2 := collect(deqg2, Temp);
deg2:=0

:> deg3 := collect(deq3, Temp);

32 msin(0) (& KD11(x, e))

-4mb+3 mcos(e)2

6 msin(0) cos(8) (% KD21(x, e))

deg3 =

* 2
-4mb+3mcos(0)

:> deg4 := coIIect(deq4é Temp);
32 msin(6) (& KD12(x, e))

deqg4 := 5
-4mb+3mcos(6)

6 msin(8) cos(8) (% KD22(x, e))

T 2
-4mb+3mcos(0)

PDE Solution
> sys4 := [deql, deq2, deq3, deg4];

32 msin(6) (& KD11(x, e))

sys4:= |0, 0, 5
-4mb+3mcos(0)

oX

6 msin(8) cos(8) (i KD21(x,6)) 32 msin(6) (i KD12(x,9))

ox

T 2
-4mb+3mcos(0)
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-4mb+3 mcos(e)2

(10.1)

(10.2)

(10.3)

(10.4)

(11.1)



6msin(0) cos(0) (i KD22(x, G))

OX
+ 2
i -4mb+3mcos(0)
> sol4 := pdsolve(sys4, [KD11(x, 6), KD12(x, 6), KD21(x, 8), KD22(x, 0) |);
sol4 := {KDll(x, 0) = _116 cos(0) KD21(x,0) +_F2(6),KD12(x,0) = (11.2)
- 116 cos(0) KD22(x,0) +_F1(6), KD21(x, ) =KD21(x, 8), KD22(x, 0)
=KD22(x, ) }
:> pdetest(sol4, sys4);
L [0,0,0,0] (11.3)
rhs(sol4,) rhs(sol4,
o KDE (S0l4y) rhs(sold;) '
rhs(sol43) rhs(sol44)
KDF := (11.4)

3 3
16 cos(0) KD21(x, 0) + _F2(0) 16 cos(0) KD22(x, 0) +_F1(0)

KD21(x, ) KD22(x, 0)

> KDFdot i= Matrix(map(diff, KDF, x) ) -xdot + Matrix( map( diff, KDF, 6) ) - &lot;

0
KDFdot := H— % xdot cos(0) (& KD21(x, e)) + &dot (% sin(0) KD21(x, (12.1)

0) — g5 cos(0) - KD2A(x0) | + £ F2(0) ).

3 0 3 .
- xdotcos(0) (ax KD22(x,9)) +6d0t( - sin(6) KD22(x,0)

_ % cos(6) (% KD22(x, e)) + die _F1(e) ) }

3 5 9
[(& KD21(x, e)) xdot + &t [5 KD21(x, 6) j xdot (& KD22(x, e))
> QKD := Transpose (Multiply(KDF, qdot)

);
QKD := [(1% cos(8) KD21(x, 0) +_F2(6)) xdot + (13—6 cos(6) KD22(x, 0) (12.2)

5
+ (— KD22(x,9)) ot
o
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L +_F1(e)) édot, KD21(x, 8) xdot + KD22(x, 0) wot}

The differentiation of q?KD with respect to q is going to be called dKDIq

> dKDIq := Matrix(2, 2, [diff (QKD,, x), diff (QKD,, x), diff (QKD,, 8),
diff (QKD,, 6) |);

dKDIq := H% xdot cos(8) (& KD21(x, e)) ~ 3 cos(0) (i KD22(x,  (12.3)

16 ox
)) &dot, (— KD21(x, )) xdot + (& KD22(x, e)) 6dot},
[(% 0) KD21(x, 8) — % cos(6) (% KD21(x, e))

d 3
o F2(6 )) xd0t+6dot( = sin(6) KD22(x, 0)

- 1% cos(8) (% KD22(x, e)) + % _F1(6) ) (% KD21(x, e)) xdot

|

> Ltest := KDFdot — % Transpose (dKDIq) — %~dKDIq;

adot (13—6 sin(0) KD21(x, 6) — 1% cos(6) (% KD21(x, e)j (12.4)

5
+ (— KD22(x,9)) ot
o

>

Ltest :=

d

+ s _Fz(e)j - % cos(0) (& KD22(x, e)) &lot,

3 0 1 3 .
- & xdot cos(6) (ax KD22(x,9)) +5 6dot( & Sin(6) KD22(x,6)

0 d
— — cos( — KD22(x,0) | + — _F1(0)
% de
3 0
- ( sin(6) KD21(x,6) — - cos(6) (ae KD21(X,9))
d 1 (0 1 (0
o F2(G)j xdot — 2 (ax KD21(x,9)) xdot — 3 (ax KD22(x,

&
L (9 wp21(x 8) ) xdot + ot [~ kD21(x ) | — £ (L kD22
[2( (x )XO o(ae % J Z(OX .
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sin(8) KD21(x, 8) — 1% cos(0) (% KD21(x, e))

+ & _FZ(G)) ot — — ot [% sin(9) KD22(x, 6)
( _Fl(e)),xdot (& KD22(x,9))

— (% KD21(x, 9)) xdot]

> kd22sol == pdsolve( Ltest, , KD22(x, 6) )
a
kd22sol := KD22(x, 8) = (a_e KD21(x, 0) dx + _F1(0) (12.5)

:> Ltest := simplify(eval( Ltest, kd22sol) );
Ltest := H1—16 adot (3 sin(8) KD21(x, 8) + 16 (% _F2(6) ) j (12.6)

3 9 3 : -0
3 xdot cos(0) [ae KD21(x,e)] + 35 &lot sin(0) (‘ ” KD21(x, 0)

3 : 3 &
dxj + 35 @otsin(0) _F1(0) — ET) édot cos(0) [[Q KD21(x, 0) dx]

_ 3 &lot cos(0) (die _Fl(e)) +% édot (i _Fl(e))

32 de
3 xdotsin(0) KD21(x, 0) — L dot [ 4 F2(0)
32 ’ 2 do ~
1 (0 1 d
-4 (ax KD21(X,9))xdot— > mot(ae KD21(x,9)H,

1 (0 1 0
[2 (ax KD21(x,e)) xdot + - @ot ( . KD21(x,6)j

0
3 xdotsin(0) KD21(x, 0) + 3 xdot cos(6) (5 KD21(x, e))

32 32
1 d 3 . 5

— 5 xdot (E _FZ(G)) — - @otsin(6) U@ KD21(x, 8) dxj

3 @otsin(6) _F1(0) + 3 édot cos(6) & KD21(x, 8) dx
32 - 32 e ’

32

+ - @dot cos(6) (% _Fl(e)) —% &lot (& _Fl(G)),O”
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> kd21sol := solve( Ltest; ;, KD21(x, 8) )

16 diﬂ -F2(6)
kd2lsol := - — —————— 12.7
i 3 sin(0) 12.7)
> Ltest := simplify(eval( Ltest, KD21(x, 8) =kd21sol) );
Ltest:= | |0, L L > | -9 édot _F1(8) cos(e)4 (12.8)
96 sin(0) (-1 +cos(8)°)

+ 48 xdotcos(e)3 [dd_ezz _FZ(G)J —9sin(0) 6dotcos(e)3 (die _Fl(e))

3

+48 ot cos(0)° ([ 1 o d—g_Fz(e)
(J1)
: do

256 alot [ 2= Fa(6 0)°
+ 0 > _F2(8) | cos(8)

do
+48'sin(8) Aot ((f—e _Fl(e)j cos(8)
+48sin(8) xdot (%_FZ(G)) cos(8)” + 48 sin(0) ot ([1
d 2 2
dx) [? _Fz(e)] cos(0)” +18 &lot_F1(6) cos(6)
d2

— 48 xdot cos(0) +95sin(6) Aot cos(0) [;‘—e_Fl(e)j

10x) (dd—; _FZ(G)] — 96 Aot cos(6) ([1

—

(
dx) (1 FZ(O)J + 256 @dot cos(0) sin(0) ((;j—e _F2(e)j
+485sin(0) &lot ([1 dx) [— _Fz(e)] —9 adot_F1(0)

d |:1(e)) — 256 @dot (d—z _F2(8) ) ] ]
do

4
96 Sln(e) (_1+COS(9)2> [ ngt_Fl(e) COS(O)
+ 48 xdot cos(6)’ [dd—(; _FZ(G)J —95in(6) &lotcos(8)’ (die _Fl(e))
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>

flsol :=_F1(0) =

16 1
| 3 @ot (3sin(8) —sin(36))

+48 &lot cos(6)° ([1 o) & (0
| [ do” ~ ]
d? 2

+ 256 &dot (—2 _FZ(O)J cos(0)
do

+48sin(0) ot (;—e _F1(6) j cos(6)

+48sin(8) xdot (%_FZ(G)) cos(0)” + 48 sin(0) @lot ([1

d? 2 2
dx) [E_FZ(O)] cos(0)” +18 &lot_F1(8) cos(6)

— 48 xdot cos(0) & _F2(0)

+95sin(6) Aot cos(0) [;—e _F1(0) j

—

1x) [dd—; _Fz(e)] — 96 ot cos(8) ([1

(
dx) (i FZ(O)J + 256 @dot cos(0) sin(0) (;—e _F2(e))
+485sin(0) adot ([1 o) [d—zz _F2(9)] —9 @lot_F1(8)

" _Fl(e)j — 256 ot (dd—; _FZ(G)J], o”

> flsol := dsolve(Ltest, ,, _F1(8));

1
" 3cos(0) —16 [

d2
32 @dot (—2 _FZ(G)J
do

2

— 3 xdot [d—z _F2(9)] cos(36) + 3 xdotcos(6) [d—zz _FZ(G)J

do do
d® d*
—3 @dotx | —5 _F2(8) | cos(36) + 3 edotcos(6) x | — _F2(8)
de do
d d
— 32 adot (—2 _FZ(G)J cos(2 0) — 3 xdot [@ _Fz(e)j sin(36)
de
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—35in(8) xdot (% _Fz(e)) — 3 ot x [d—z _Fz(e)] sin(36)
do
15 & _ d -
sin(8) &lot x [ " _Fz(e)] 32 ot ( " _F2(9)) sin(26)
+24 motcos(e)x(%_lrz(e)) de+_<31)

:> Ltest := simplify(eval( Ltest, f1sol));

— 1 1 3 a3
Ltest.—HO, > (8] (-1 700x(6)) [[005(6) (Jl dx) [E_FZ(G)] (12.10)
—X & F2(0) cos(6)3+sin(e) [1dx & F2(6) | cos(0)
[des ) ] () [ole2 ]
—sin(0) cos(e)zx (d—z _F2(9)] +cos(8) x [d_33 _FZ(G)J
de de
—2cos() ([1 o) (die_Fz(e)) —cos(0) ([1 o) [dd—; FZ(G))
+2cos(8) x (%_FZ(G)) +sin(0) ([1dx) (dd—zz Fz(e)]
~ 0

—sin(0) x (d—z _F2(0) ]] 6dot]
do

1 1 3 (1) (2
[ - sin(0) (—1+cos(e)2> [[COS(G) Uld ) [de3 _FZ(G)]

—X (d—3 F2(0) cos(6)3+sin(e) ([1 dx) [d—z FZ(G)J cos(0)
do° ~ do’
—sin(0) cos(e)zx (d—z _F2(9)] +cos(8) x [d_33 _FZ(G)J
do de
d d’
—2cos() ([1 o) (d—e_Fz(e)) —cos(0) ([1 o) [E_FZ(G))
+2cos(8) x (%_FZ(G)) +sin(0) ([1dx) (dd—zz Fz(e)]
: 0
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> f2sol := dsolve( Ltest, ,, _F2(8));

f2sol :=_F2(08) =_Cl+ _C2cos(0) +_C3 (12.11)
1 arctanh[ sinte) ) (-1+cos(20)) .
2 sin(0)

:> Ltest := simplify(eval( Ltest, f2sol));

Ltest := [0, % sin(le)6 (wot_CS (2 005(6)3(‘[1 o) sin() —2cos(e)2( (12.12)

Jl dx) arctanh(

1 . .
in(6) ) sin(20) sin(0)

— 3 xcos( e)4 arctanh

sinte) ) sin(20) sin(0) —cos(e)3 ([1

+3 cos(e)4 ([1

dx) arctanh| —
sin(0)

(
1
sin(0)

dx) arctanh( sin(26) sin(0)

+2 cos(e)zxarctanh sinte) ) sin(20) sin(0)
+cos(9)3xarctanh( sinte j —2cos(9)3xsin(9) —cos(e)5 ([1
dx) arctanh( n(6) +xcos(e)5arctanh( sin%e) j
—3xcos(6)5arctanh sinte) ) cos(26) —3cos(e)3 ([1
dx) arctanh( in(6) cos(26) —2 cos(e)3 ((1 dx) sin(6) cos(20)
+3 cos(e)gxarctanh sinte) ) cos(20) —2cos(0) xsin(0) cos(26) — (
[1 dx) arctanh( sinte) ) sin(20) sin(0)
1

+xarctanh( j sin(20) sin(0) +3 cos(e)5 ([1

sin(0)
1
sin(0)

dx) arctanh( ) cos(26) +2 cos(8)° xsin(8) cos(26)
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+2cos(0) xsin(0) —4cos(9)2 ([1 dx) sin(20) —2xcos(e)4sin(2 0)

+4cos(6)2xsin(2 0) +2cos(0) ([1 dx) sin(0) cos(20) +2cos(6))4 ([1

dx) sin(26) + 2 cos(® ([1 dx) arctanh( i j —2c0s(0) (Jl
dx) sin(0) — 2 cos( xarctanh( sin j 1 dx) sin(20)
—2xsm(29))j :

[% sml . (ajot C3 (2 cos(6)° (Jl dx) sin(0) —2 cos(8)’ (Jl

arctan sin(26) sin(0)

—3xcos(6) " arctanh sinte) ) sin(20) sin(0) —cos(e)3 ([1

arctanh( smle +3 cos(e)4 ([1
arctanh( sin(26) sin(0)
sin(

+2 cos(e)zxarctanh sinte) ) sin(26) sin(0)
+cos(e)3xarctanh( sinte) j —2cos(e)3xsin(e) —cos(e))5 ([1
dx) arctanh( 5n(6) —|—xcos(e)5arctanh( sinte) ]
-3 xcos(e)sarctanh sinte) ) cos(20) —3 cos(e)3 (Jl
dx) arctanh( sin(6) cos(20) —2 cos(e))3 ([1 dx) sin(0) cos(206)
+3 cos(e)sxarctanh sin%e) ) cos(20) —2cos(0) xsin(0) cos(26) — (
Jl dx) arctanh( sinte) ) sin(20) sin(0)

+xarctanh( j sin(20) sin(8) +3 cos(e)5 ([1

sin(0)
1

dx) arctanh( 5n(6) j cos(26) +2 cos(9)3xsin(9) cos(26)
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+2cos(0) xsin(0) —4cos(9)2 ('1 dx) sin(20) —2xcos(e)4sin(2 0)

+4cos(6)2xsin(2 0) +2cos(0) (‘1 dx) sin(0) cos(20) +2cos(6)4 (‘1

dx) sin(26) +2 cos(® ([1dx arctanh(

j —2cos(0) ([1

dx) sin(0) — 2 cos( xarctanh( j 1 dx) sin(20)
sin(

etz o

> Ltest := simplify(eval( Ltest, ([1 dx) :x) );

sm

Ltest := 00 12.13
est=1 g (12.13)
> KDtesti
= H—l—% cos(0) KD21(x, 6) +_F2(0), —% cos(6) KD22(x, 0)
+_F1(9)},

[KDZl(x, 8), KD22(x, 0) H :

5
> KDtest == simplify(eval[ KDtesti, [KDZZ(X, 0) :( . KD21(x,0) cx

s

KDtest := H% cos(8) KD21(x, 8) +_F2(8), % cos(0) U% KD21(x, (12.14)

0) dx) . 1% cos(8) _F1(6) +_F1(9)],

[KDZl(X, 0), % KD21(x,8) dx +_F1(8) ”

d
F2(8
16 do ~ (6)

KD21(x,0) = 3 W

> KDtest := simplify| eval| KDtest,

|

cos(0) i_FZ(e) + _F2(0) sin(0)
KDtest := ( a9 )

(12.15)

sin(0)
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L L o [16cos(9) ([1 ox) [d—zz_Fz(e)] sin(6)

-1+ cos de

—16.cos(6)° ([1 ) (die F2(6) ] —3cos(6) _F1(6)

+3 cos(e)s_Fl(e) +16 _F1(0) —16 _F1(0) cos(e)z) ]

F
_16 _d8 ,i L 16sin(0) ([1
3 3 2
sin(6) -1 +cos(0) :

2 Foe ]—16 cos(0) ([1 o) (;'—9 Fz(e)) —3_F1(9)

> KbDtest := simplify(eval( KDtest, [ f1sol]));

cos(6) (- F2(6)) +_F2(6) sin(6)
KDtest .= (de )

sin(0)

1 1 2 d
T m 48 cos(0) (Jl dx) (E_FZ(e)j &dot

—16cos(e)2” L o [-166dot[d—22_F2(e)]
0

| sin(8) (-1 +cos do

+3xdotcos(6)3 (d—zz _FZ(O)J — 3 xdot cos(0) [d—zz _FZ(G)J
de

3

d 3 d
+ 3 ot x [—3 _F2(6)] cos(6)” — 3 &ot cos(0) x [—3 F2(9)]
de de
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+16 ot (dd—; _FZ(G)J cos(8)° +3sin() xdot [d% _FZ(O)J cos(6)°
d’ : 2
+ 3 ot x [—2 _F2(6)] sin(©) cos(0)
do
+3sin(0) &dot x & F2(0) | + 16 &dotcos(0) sin(0) a4 F2(0)
[ o’ ( do ~ )

—6 @&otcos(0) x | — _F2(0) | | d6 | —3 cos(6)” _C1 ot —48sin(0)
" 2 (

[1 o) (d—zz _FZ(G)J @dot cos(6) + 16 (

1
sin(0) (-1 +cos(9)2) [

de ‘
d’ 3
-16 @ot | — _F2(6) | +3xdotcos(8)" | — _F2(8)
ade de
P2 P 2
—3xdotcos(8) | —5 _F2(6) | +3 &dotx | — _F2(8) | cos(8)
de de
—3 @otcos(8) x | —5 _F2(8) | +16 adot | — _F2(6) | cos(6)
de de
+3sin(0) xdot (% _FZ(G)J cos(e)2
d? . 2
+3 @dotx | — _F2(6) | sin(6) cos(6)
de
. d* . d
+3sin(0) ot x [—2 _F2(6) | + 16 ot cos(0) sin(6) (E _FZ(G)J
de
— 6 adot cos(8) x (dle F2(9) )] 6| +3_c1 ajot] ‘

330



d
_16 do
3 sin(0)

F2(8) )

sin(e)2 édot (3 cos(0) —16)

% -48sin(0) (

‘[1 o) (dd—; _FZ(G)J @dot cos(6) + 256 sin () &dot ([1

5 + 48 cos(e)2 ([1 dx) (% _FZ(G)) &ot

dx) & _F2(8)
de

— 256 @dot cos(6) ([1 o) (% _FZ(G)) +16

{ 1 : (—166d0t[d—22_F2(9)]
| sin(8) (-1 +cos(6)") do
3( d d’
+ 3 xdot cos(9) [—2 _FZ(O)J — 3 xdot cos(0) [—2 _FZ(O)J
de de
d° 3 d’
+ 3 &ot x [—3 _F2(6)] cos(0)” — 3 &dotcos(0) x [—3 _FZ(G)J
de de
+16 ot (dd—; _FZ(G)J cos(8)” +3sin(6) xdot (d% _FZ(G)) cos(8)°
d? : 2
+ 3 ot x [d_ez _F2(6)] sin(©) cos(0)
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5 + 16 &dot cos(0) sin(0) (die _FZ(G)J

+3sin(0) @otx [d—_FZ(G)
do

— 6 &dot cos(6) x (% _FZ(G)JJ de

+ 3 _C1 &dot — 16 cos(e)2 (

[ L > (—16 ajot[d—zz_FZ(G)]
sin(0) (-1 +cos(8)°) do

s d? d?
+ 3 xdot cos(0) [—2 _FZ(G)J — 3 xdot cos(0) [—2 _F2(9)]
do de
P 2 £
+ 3 Aot x [—3 _F2(e)] cos(0)” — 3 &dotcos(0) x [—3 _FZ(O)J
de de
+ 16 &dot (dd—; _FZ(G)J cos(e)2 +3sin(0) xdot (die _FZ(G)J cos(e)2
d? : 2
+ 3 ot x [d_ez _FZ(G)J sin(©) cos(0)
+3sin(6) Aot x & F2(0) | +16 &dotcos(0) sin(0) d F2(0)
[ o’ ~ ( do ~ )

— 6 @lot cos(0) x (die _F2(0) )] de) —3005(6)2_C1 motN

| > KDtest := simplify(eval( KDtest, [ f2sol])) :
> KDtest := simplify(eval( KDtest, [([1 dx) =XD) :

:> KDtest := simplify(eval( KDtest, [ C3=0]));
1

1 -— C1
C 16 -C
KDtest := 16 1 (12.17)
— C2
3 = 3cos(0) —16

>
KD should be symmetric
> solve( KDtest, ; — KDtest, ,, _C2)

3 @ (12.18)

256

> KDtest := simplify(eval( KDtest, [_CZ =- % _ClD );
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1

C1 -5g C1
KDtest := 1 1 (12.19)
= cC1
16 3cos(0) — 16

>

As a conclusion KD is Lagrangian for the inverted pendulum cart system.
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C.3 Direct Lyapunov Aproach for the IPC System
IPC F1 DLA.mw

[> re_start:
[ > with ( LinearAlgebra) :

V Definitions
q is a vector of generalized coordinates

X
> Q=

0
qdot is a vector of generalized velocites

xdot

> qdot:=
&lot

g:matrix is the matrix of Centripetal and coriolis coefficients
m-1-sin(0) -®
> C:= 2
0 0

Define the mass matrix and its inverse, where mb is the mass of the cart + pendulum,
m is the mass of the pendulum

ol ol . 2
> mass := Matrix| 2, 2, | mb,- m-| COS(O) " m-| COS(G) ; m-| ;
2 2 3
1
mb ey mlcos(0)
mass = 1 L (1.1)
1 1
> mlcos(0) 3 mil
> Imass = Matrixlnverse(mass);
. 4 ) 6 cos(0)
-4 mb+3mcos(e)2 | (-4 mb+3mcos(6)2)
Imass ;= (1.2)
6 cos(0) 12 mb
2y 0 2
| (-4 mb+3mcos(6)) mI? (-4 mb+3mcos(6)")

:G is the vector with the Gravity terms
0
> G:=| m.g-lsin(8)
S E—
Fm1 Control law matrix for FMC, Eq. 3.13. Because more parameters are needed
in order to place the poles in desired location v and ¢ are added to Fm1l
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—F11(x,0) -6dot + v F11(x, 0) xdot+ o

-F22(x, 6) -6dot F22(x, ) -xdot

Fmcl1 control law matrix for FMC, Eq. 5.10. This matrix is added in order to satisfy the
FMC

> Fml:=

F33(qf, gdotf) F44(qf, qdotf)
F44(qf, qdotf) F55(qf, gdotf)

{> Fmcl :=

V First Matching Condition

In this section the linear partial differential equations that determine the elements of the KD
matrix will be found.

KD is not a constant
KD11(x,8) KD21(x, )
KD21(x,0) KD22(x,6)

j’he time derivative of KD is
> KDdotT := simplify (map(diff, xdot-KDT, x) + map( diff, 6dot-KDT, 6) );

5 5
KDdotT := | |xdot (6x KD11(x, e)j + ot [ae KD11(x, 6) j @.1)

> KDT =

xdot (('?x KD21(x, e)j + &dot [; KD21(x, e)”,

dot [ 2 kD21(x 0) | + @dot [ - KD21(x 6) |, xdot [ - KD22(x, 6)
ot 57 KO21(10) | + ot £ KO21(30) | st 5, K022(0))
i?irst Matching Condition with inputsFm1 and matrix Fmc1l

> FMCsim := simplify(KDdotT + Multiply (KDT, Multiply(MatrixInverse(mass),

(Fm1—C))) + Transpose (Multiply (KDT, Multiply(MatrixInverse(mass)
(Fm1—-C)))) +Fmcl) :

5
+ &lot ( KD22(x, e)]
o

SimTest represents the symmetry proof

> SymTest := FMCsimll 5~ FMCsimZ, 1
| SymTest:=0 2.2)
> mx= simplify(Matrix(Z, 2, [coeff(FMCsimll T xdot), coeff(FMCsimL o xdot),
i coeff (FMCsim, ;, xdot), coeff (FMCsim, ,, xdot) ]) ) :

> mth = simplify ( Matrix(2, 2, [coeﬁ(FMCsimly ;» &dot), coeff (FMCsim, ,, &ot),
coeff (FMCsim, ,, &dot), coeff (FMCsim, ,, &dot) |) ) :
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> syse= simplify( [mthy ;, mth, 3, mth, 5, mx; 5, Mm%, 3, M, ,])

V¥ Solving for the forces on sys the results will be called
Forsol

> Forsol i= pdsolve(sys, [F11(x, 0), F22(x, 8), KD22(x, 8), KD21(x, 6),
KD11(x, 6)]);

Forsol := {F11(x, 8) =F11(x 0), F22(x 8) =F22(x, 6), KD11(x ) =0, @.1)
KD21(x 8) =0, KD22(x, 0) =0}, [Fn(x, o) = - 2F22(x0)mb L) o)
mcos(0)

=F22(x, 6), KD11(x, 6) =0, KD21(x, 6) =0, KD22(x, 6) :_01}, {Fll(x,

cos(0) F22(x, 0)
I

0) = % JF22(x,8) =F22(x, 8), KD11(x, 8) =_C1,

KD21(x, 8) =0, KD22(x, 6) :o}, {Fll(x, 0) = % ((—6 ml(_C10

+ C2)cos(6) +12mb (_Clx—4 C3)) F22(x,6) —31*_Clm (—% mb

+mcos(9)2)j/(l ((—%_Clx+6_03) cos(8) +1(_C10

1

+ C2) ) mj, F22(x 0) =F22(x, 0), KD11(x 0) =~ (_C18 + c2)’

KD21(x, 0) = -

I

(Cle+ C2) (_Clx—4_C3),KD22(x, 8)

:% (_Clx —4_03)2}, lFll(x, 0) = (2 Im ((_Cl C5- C2 C4)6

+(-

+4((_C1 C6—2 C4*) 0+ ( Cl C5— _C2 _C4)x+ _C2 Cb

N [

c2*+ c1 _cs) X+ C2 C5—2 C4 _03) cos(0)

—2 _C4_C5) mb)/((—8_C42 +4 C1_C6)6 +((8_Cl _C5
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—8 C2 C4)x+8 C2 C6—16 C4 C5)0+ (-2 C2?+4 C1 _C3)x

+(-16_C4 C3+8 C2 C5)x—8 _C52+8 _C3 _C6),F22(x,0) =

-(2| (((—3_C42+%_C1_C6)9+(%_C1_C5—%_02_C4)x
—i—%_CZ_CG —3_c4_05) cos(8) + | ((_Cl_CS _Cc2 caye+ (
—%_sz+_01_c3) x—|—_C2_C5—2_C4_C3)) m)/((—lZ_C42
+6 Cl C6)6°+ ((12_CL_C5—12 C2 C4)x+12 C2 C6

—24 C4 C5)0+ (-3 C2*°+6_Cl _C3)%x°+(-24 _C4 C3

+12 C2_C5)x—12_C5°+12 _C3 _C6),KD11(x, 8) =~ CL6 + _C286

N |

+_C3,KD21(x, 8) = % (- Clx+2 C4)8— % x_C2+ _C5 KD22(x, 8)

:%_C1x2—2_04x+_C6}

Solution 5 is selected for being simpler

Testing the forces and KD values on the FMC, the rsult will be called FMCtest

> FMCTest := simplify(evaI(FMCsim, [Forsols‘ 1 Forsolsy o Forsol5‘ 3 Forsolsy e
Forsol; 51));

1
| (-4mb+3mcos(6)

FMCTest :=

(6 Clcos(6) vex—4 CLIVE (3.2)

—8lv_C3+6cos(6) v_C2x—12cos(6) ve_C4 —12cos(06) v_C5

— 4 F33(gf, qdotf ) I mb + 3 F33(qgf, qdotf ) m1 cos(e)2 —8lv_C20),

1
1 (-4 mb+3mcos(e)2)

% (-6 _Clcos(8) vx°

—3_Clxmlcos(6)sin(0) ®6+4_Clxlve+6_Clxcos(6)c6
—4 Cll66 +2 ClmlPsin(6) 68 +4 _C3mPPsin(6) ®—8 C3lc
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+24xcos(0) v_C4+6xcos(0) o_C2—3xmlcos(0) sin(6) o_C2
+4xlv_C2—-81v0_C4—8F44(qf, gdotf ) I mb + 6 F44(df,

gdotf) mlcos(9)2+4mlzsin(9) ®_C20+6mlcos(8)sin(6) o _C5
+6mlcos(0)sin(6) w6_C4—8lc_C20—12cos(8) 66 _C4
—12cos(8) 6 _C5—81v_C5—12cos(0) v_C6) ],

1

5 (-6 _Clcos(8) v
| (-4 mb+3mcos(6)

1
2

—3_Clxmlcos(6)sin(0) ®w6+4_Clxlve+6_Clxcos(6)c6

—4 Cllc6 +2 _ClmPsin(8) 06 +4 _C3mPsin(6) ®—8 C3lc

+24xcos(0) v_C4+6xcos(0) o_C2—3xmlcos(0) sin(6) o_C2

+4xlv_C2—-81v6_C4—8F44(qf, qdotf) I mb + 6 F44(qf,

qdotf) mlcos(9)2+4mlzsin(e) ®_C26+6mlcos(0) sin(8) _C5

+6mlcos(0)sin(6) ®6_C4—8lc_C26—12cos(0) 66 _C4

—12cos(8) 6 _C5—81v_C5—12cos(6) v_C6),

1

| (-4mb+3 mcos(e)z)
+3 C1x¥*mlcos(6)sin(0) @+4 Clxlo®—2 _Clxmlsin(6) w6
+24xcos(8) o_C4—12xmlcos(6) sin(6) o _C4—2xml*sin(6) ®_C2
+4xlc C2—81c660 _Ca+4mFsin(6) @ _C5—12cos(6) o_C6

— 81 _C5 — 4 F55(qf, qdotf ) I mb + 3 F55(qf, gdotf) m 1 cos(8)

+6mlcos(8)sin(8) o _C6+4mlsin(0) e _c4)]]

i“esting the inputs on Eq. 5.9, the rsult will be called FTiTest

> Fml:= simplify(eval(Fml, [Forsol; ,, Forsols ,, Forsolg 5, Forsol; ,,
Forsoly, 5])) -

(-6 _C1x*cos(0) &
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> F1 := simplify(Multiply(Fm1, qdot) );
ot ¢ + xdot v
0

F1:= (3.3)

> Fmcl = simplify(eval(Fmcl, [Forsolg ;, Forsolg ,, Forsolg 5, Forsols ,,
Forsol; 5]))

Solving for Forsol in system of equations from the FMC, the result will be called var3
> var3:= solve( {FMCTestl’ T FMCTestZ’ T FMCTestZ’ 2}, [F33(qf, qdotf), F44(qf,

qdotf), F55(qf, gdotf) ]);

F33(qf, qdotf) = - L —(2v(3_Clcos(6) 6x  (3.4)

| (-4 mb+3mcos(6)

var3:=

—2_C11 92—4I_C3 +3cos(0) _C2x—6cos(0) 6_C4 —6cos(0) _C5

—41_C28) ), Fa4(qf, qdotf)

_1 1 2
5 (6 _C1cos(8) vx

2 | (-4mb+3mcos(6))

+3_Clxmlcos(0)sin(6) ®6—4 Clxlve—6_Clxcos(6)c6

+4 Cllo® —2 _ClmPsin(8) 06 —4 C3mPsin(6) ®+8 C3lc
—24xcos(0) v_C4—6xcos(0) o_C2+3xmlcos(0) sin(6) o_C2
—4xlv_C2+81v0 _C4—4mlPsin() o _C20

—6mlcos(0) sin(6) _C5—6mlcos(6)sin(6) ®6_C4+8lc_C26

+12c0s(0) 60 _C4+12cos(6) 6 _C5+81v_C5+12cos(0) v_C6),

F55(qf, qdotf) = - L ,—(-6_C1 X2 cos(0) o
| (-4 mb+3mcos(6))
+3 C1x*mlcos(6) sin(6) ®+4 Clxlo®—2 Clxmlsin(6) w6
+24xcos(8) o_C4—12xmlcos(6) sin(6) ®_C4—2xml*sin(6) o _C2
339




+4xl6_C2—8166_C4+4mlsin(0) ®_C5—12cos(6) o_C6
. —8lc_C5+6mlcos(8)sin(6) w_C6+4ml°sin(8) 6 _C4)]]
Testing the final control inputs on the FMC, the result will be called FMCtest
> FMCTest := simplify(evaI(FMCTest, var31))

00
FMCTest := (3.5
00
The FMC is satisfied !
Substituing the solution Forsol in Fmcl
> Fmcli == simplify(evaI(chl, var31) );
. 1 2
Fmcli:= || - —(2v(3_Clcos(p) 6x—2_C110 (3.6)
| (-4 mb+3mcos(6)”)

— 41 C3+3cos(8) _C2x—6cos(0)® _C4—6cos(8) C5—41_C29)),

1

| (-4 mb+3mcos(9)2)
+3_Clxmlcos(0)sin(6) ®6—4 _Clxlve—6_Clxcos(6)c6
+4 Cllo® —2 _ClmPsin(8) 06 —4 C3mPsin(6) ®+8 C3lc
—24xcos(0) v_C4—6xcos(0) o_C2+3xmlcos(0)sin(6) _C2
—4xlv _C2+81ve _C4—4mlPsin() o _C20
—6mlcos(0) sin(6) w_C5—6mlcos(8)sin(6) w6 _C4+8lc_C26
+12cos(8) 60 _C4+12cos(8) 6_C5+81v_C5+12cos(8) v _C6)],

1 1

£ 5 (6 _C1cos(8) vx
| (-4 mb+3mcos(6))

% (6 _C1cos(8) vx

+3_Clxmlcos(0)sin(6) ®6—4 Clxlve—6_Clxcos(0)c6
+4 Cllo® —2 ClmPsin(6) 06 —4 C3mPsin(6) ®+8 C3lc
—24xcos(0) v_C4—6xcos(0) o_C2+3xmlcos(0)sin(6) w_C2

—4xlv_C2+81v0 _C4—4mlPsin() o _C20
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—6mlcos(0) sin(6) w_C5—6mlcos(8)sin(6) w6 _C4+8lc_C26

+12cos(8) 60 _C4+12cos(0) 6 _C5+81v_C5+12cos(8) v_C6)

B 1

: >—((416_C4+6cos(6) _C6—2_Clxl6
| (-4 mb+3mcos(6))

+3cos(0) _Clx*—12cos(0) x_C4—2x|_C2+41_C5) (mlsin(6) o
—20))]]

in order to avoid odd functions C1=0, C2=0, C4=0
> Fmcli = simplify(eval(Fmcli, [ C1=0, C2=0,_C4=0]));
. 4v (21_C3+3cos(6) _C5)
Fmcli:=

: 3.7
| (-4mb+3 mcos(e)z)
1

| (-4 mb+3mcos(9)2)
+3mlcos(0) sin(6) w_C5—6cos(0) c_C5—41v_C5
—6.cos(0) v_C6) ],
1
| (-4 mb+3mcos(9)2)

(2 _camPsin(6) o—4 C3lo

(2_c3mPsin(6) o—4 _C3lo
+3mlcos(0) sin(6) _C5—6cos(6) 6_C5—41v_C5

6 cos(6) v_C6), - 2 (3cos(B) _C6+21_C5) (mlsin(6) ®—20)
L - I(—4mb+3mcos(6)2)

Substituing the solution Forsol into the KD matrix
> KDT := simplify( evaI(KDT, [Forsol5, p Forsolg ,, Forsolg 5, Forsolg ,,
Forsoly, 5])):

KDT := H% C16°+ C20+ C3, % Clx0+6 C4— % x_C2 +_05}, (3.8)
1 1 1 2
[— 5 C1x0+0_C4— 2 x_C2+ C5, 5 CLX¥—2_Cax +_C6H
in order to avoid odd function C1=0, C2=0, C4=0
> KDT := simplify(eval(KDT, [ _C1=0, _C2=0, C4=0]));
Cc3 _C5
KDT := (3.9)
C5 _C6
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The determinant of the KD matrix is

> simplify(Determinant(KDT) );

i _C3 C6— _C5° (3.10)
The P matrix and its determinant are

> P = simplify(Multiply(KDT, MatrixInverse(mass) ) );

~2(21_C3+3cos(6) _C5) 6 (_C3cos(6) ml+2 _C5mb)
B | (-4 mb+3mcos(9)2) mi? (-4 mb+3mcos(e)2)
o ~2(3cos(6) _C6+21_C5) 6 (_C5cos(6) ml+2_C6mb) G40
| (-4 mb+3mcos(9)2) mi? (-4 mb—|—3mcos(9)2)

:> Determinant(P);
12 ( c3 c6— C5?)

) Pm (-4 mb+3mcos(e)2)

(3.12)

V¥ Second Matching Condition

Define the matrix Kv
The Kv matrix is obtain by the product of the first column of the P matrix and its

transpose

7> Kv := o-Multiply(Column(P, [1]), Transpose (Column(P, [1])));

40(21_C3+3cos(6) _C5)° @1

Kv:=

(-4 mb+3mcos(e)2)2

40 (21_C3+3cos(6)_C5) (3cos(6) _C6+21_C5)
2

2 i)

)
> (-4mb+3mcos(6)°)
40 (21_C3+3cos(6) _C5) (3cos(6) _C6+21_C5)
IZ(—4mb+3mcos(G)2)2 |
40 (3cos(8) C6+21_C5)°

2 ( -4mb+3m cos(e)z)2
> convert(Ky, string)

"Matrix(2, 2, [[4*alpha*(2*I*_C3+3*cos(theta)*_C5)"2/1"2/(-4*mb+3*m*cos 4.2)
(theta)*2)"2,4*alpha*(2*1*_C3-+3*cos(theta)*_C5)/1"2/(-4*mb +3*m*cos(theta)
A2)N2*(3*cos(theta)* _C6+2*1*_C5)],[4*alpha*(2*1*_C3+3*cos(theta)*_C5)
N1"2/(-4*mb+3*m*cos(theta)"2)"2*(3*cos(theta)* _C6+2*I*_C5),4*alpha*(3*

| cos(theta)*_C6+2*I*_C5)"2/I"2/(-4*mb+3*m*cos(theta)"2)"2]])"
The vector F2 is obtain by the product of the P matrix and the Kv matrix.
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This result is then multiply by the vector of generalized velocities

> F2f :==-Multiply(Matrixinverse(P), Kv);
2
Forem || - 2 (_C5cos(6) ml+2_Cé6mb) o (21_C3 +3cos£92) _C5) 43)
(c3 c6— _C5%) P(-4mb+3mcos(8))
2
5) (3.¢0s(6) _C6+2I_C5))/((_C3_C6—_052) 2(-4mb+3mcos(6)®))
-(2 (_C5cos(6) mI+2_C6mb) o (21_C3
+3cos(0) _C5) (3cos(6) _C6 +2|_c5))/((_c3_ce — c5%) P
24 2
~4mb+3mecos(6)°) )
n 2 (_C3cos(0) ml+2_C5mb) o (3cos(0) _C6+2 I_C5)2
> ,
(c3 c6— _C52) 2 (-4mb+3mcos(6)°)
0,0
> _simplify(EigenvaIues(Kv));
0l, 4.4)
[(40 (4P _C52+121_C5 C6cos(8) +9_C62cos(0)° +4 7 _C3?
1121 _C3_C5cos(8) +9_C52cos(6)2) )/ (12 (16 mb? — 24 mb m cos(6)
i +9mzcos(9)4))]]
> Fm2 := simplify(Multiply(F2f, qdot) );
Fm2:= 4.5)
L > (200 (2 xdot] _C3
| (-4 mb+3mcos(6)”)
+ 3 xdot_C5 cos(0) + 2 édot|_C5 + 3 ot _C6cos(0)) ) |,
|
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L
V Third Matching Condition

Define the gradient of the ®(x, 0)
B 0 0

> PHM:= Matrix[Z, 1, ax <I)(X, 9), % d)(x, 9) X
5 /
& (D(X, 9)
PHM := 9 (5.1)
— @(x, 0)
00

ijsing the third matching condition two equations can be obtained

> TMC = convert( , Matrix | — convert(G, Matrix)

+ Multiply(Matrixinverse(P), PHM);

. (LC5cos(6) m1+2_C6mb) (& o(x, e))

TMC:= | |F3 + — (5.2)
2 _C3 C6— _C5°
9
(_C3cos(8) ml+2_C5mb) (— cp(x,e)J
1 ®
2 _C3 C6— _C5° ’
d
(3cos(6) _C6+21_C5)1m (— (I)(x,e))
lmglsin(é))—— > Ox
2 6 C3 C6— C5
0
| (21.c3+3c05(0) C5) Im (5 ®(x, e)j
+ _
i 6 _C3 C6— _C5°
From the second row of TMC ®(6,r) is found
> TMCphi := TMC, ;
9
. (3cos(8) C6+21 _C5)Im (& cp(x,e))
TMCphi:= = mglsin(6) — = (5.3)
2 (0)=7% _C3 C6— _C5°
d
| (21.C3+3c0s(6) C5) Im (a_e o(x, e))
+ [
6 _C3 C6— _C5°

:> solphi := pdsolve(TMCphi);
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solphi := ®(x, 8) = % ~g_C5%In(21_C3+3cos(8) C5) +gin(21 C3  (54)

+3cos(0) _C5) _C6_C3

+ F1 L x C5y 4P Cc3*—9 C5°

| _cs5J4P c#—9 c5
(21 C3—3 C5) tan(% e)

+41 _C52 arctan

J4P c3?—9 c5?
1

(21 C3—3 C5) tan(i 0

J4rP c3?—9 Cc5°

— 4 | arctan ) _C6_C3

+2 C6arctan (tan (% e) ) JaP c3?—9 c52 || c5
i*‘rom the first row of TMC F3 is found
> f3:= simplify(FS — (TMCL 1) );

= L L 9 9
8= & el o (( o @(x0) | Imcos(8) C5+2 (o o(x (5.5)

e)) comb— (% ®(x e))_cs cos(8) m1—2 (% o (x e))_CS mb)

:> Philifii := simplify(rhs(solphi) );

Philifii := % ~g_C5%In(21_C3+3cos(8) _C5) +gln(21_C3 (5.6)
+3cos(0) _C5) C6 _C3+ F1f- L
5/ 4P c3¥—9 C5°

“x_C5J4P c¥—9 C5°

+4I_C52arctan[ (21_C3—3 _C5) (-1+cos(6)) ]

J4P? c3?—9 c5%sin(0)
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(21_C3—3_C5) (-1+cos(0))
J4P _c3>—9 _c5%sin(0)

+2 Coarctan| —+%0) ) 7 e =g o7 || cs
sin(0)

— 4 | arctan [ ] _C6_C3

> Philifi == simplify % ~g_C5%In(21_C3+3cos(8) _C5) +glIn(21_C3

+3cos(8) _C5) _C6_C3+F7|- L
Cc5 4P c3?—9 C5°

-x_C5J 4P Cc3?—9 C5°

-1+ cos(0)

+2 _C6 arctan -
sin(0)

] J4ar c¥—9 c5

+4I_C52arctan[ (21.C3-3 C5) (-1 +cos(8)) ]

J4P_c3>—9 _c5%sin(0)
2

41 arctan| (21=C3=38.C5) (c1+cos(8)) | 6 3]) o5
J4P? _c3>—9 52 sin(0)

input contribution from FMC, F,
> Fli = simplify( F1,);
F1li:= &ot ¢ + xdotv (5.7)

input contribution from SMC, F,
> F2i:= simplify(Fle);

F2i:= (5.8)

20 (2xdotl _C3 + 3 xdot_C5cos(0) +2 édotl_C5 + 3 ot _C6 cos(0) )
| (-4mb+3 mcos(e)z)
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Input contribution from TMC, F,

> F3i == simplify(eval( f3, ®(x, 8) = Philifi) ) :

Contribution from FMC to Lyapunov, Fmc,

> Fmcli == Fmcli;

v (21_C3+3cos(6) _C5)

| (-4 mb+3mcos(9)2)

- L ~—(2_C3mPsin(6) ®—4 _C3lo
| (-4 mb+3mcos(0))

+3mlcos(0) sin(6) _C5—6cos(6) 6 _C5—41lv_C5

—6.cos(0) v_C6) ],

: L —(2_camPsin(6) o—4 _C31c
| (-4 mb+3mcos(6))

Fmcli:= : (5.9

+3mlcos(0) sin(6) w_C5—6cos(0) c_C5—41v_C5

2 (3cos(0) _C6+21_C5) (mlsin(8) ®—20)
| (-4mb+3 mcos(e)z)

—6cos(8) v_C6), -

V¥ The control input of the system is

Define the control law
E> Fc := simplify(eval(F1i + F2i + F3i) ) :

> T=| diff (Fe,x) diff (Fc, @) diff (Fc,xdot) diff (Fc, &lot) |:

> T1:= simplify[eval(T,

2cos(0) _C31—3_C5cos(0) —2_C31+3_C5 0 _
sin(0) V4 _C3°P—9 _C52

arctan (

> 71 := simpllfy[eval(ﬂ, [arctan[ 1;;](;(:)(9) j =0 U] :

[> 71 := simplify(eval( 71, [ 6dot=0 ])) :
> 71 —S|mpI|fy(evaI(71,[cos( )=1,xdot=0]));

1 (-4mb+3m)
71"[ 2I_C3-|—3_C5 ’ (©-1)
1

417 C3*+121 C5 C3+9 _C5°
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\ 4

+24m _C3P F7xsin(6) +9_C31g_C5m+12_C31_C5gmb
+161° C5F7Tmb—121> C5F7m+181m_C5F7xsin(0)

+241_C6F7Tmb+241_C5F7xsin(6) mb—181m_C6 F7

3vim+6oa C5+4al C3—4vIimb
| (-4mb+3m) ’
3clm+6oa_C6+40al_C5—4cimb
I (-4mb+3m)
jz is the linearized control law
> 72 = simplify(eval( 71, [ 6=0,x=0]) );
| (-4mb+3m)F7 1 1
21 C3+3.C5 "2 4) c3°+121_C5_C3+9 _C5°

+18 _C5°mbg),

2 =

(6.2)
-6gml> C3>—161° C5F7mb—9 C3lg C5m—12 C31_C5gmb

+121” C5F7Tm+18Im_C6F7—241 C6F7mb—18 C5°mbg),

3vim+6a C5+40l C3—4vIimb
I (-4mb+3m) ’

3c6lm+6a_C6+40al_C5—4cimb
I (-4mb+3m)

Linearization of the control law and system

(> sysid := [mb=5m=1,1=.7,0=9.81]:
> LCond = [x=0,xdot=0,0=0, &ot=0]:
The equation of motion of the inverted pendulum cart system is

Multiply -Multiply(C, qdot)

T
MatrixInverse(mass), H

> Eqgs = simplify
~4t—2mlsin(6) o ot +3cos(6) mgsin(6)

<
-4 mb—i—fﬂmcos(e)2

Egs = (7.1)
3 (-2cos(6) t+cos(0) mlsin(6) m ot —2mbgsin(0))

1 (-4 mb+3mcos(e)2)
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I

>

A=

>
>

A
= [[0,0,1,0],
[0,0,0,1],
[diff (Egs[1], x), diff (Eqs[1], ©), diff (Eqs[1], xdot), diff(Egs[1], &ot) ],
[diff (Eqs[2], x), diff (Eqs[2], ©), diff (Egs[2], xdot), diff (Egs[2], &ot) ]];

[en)

0,0,1, O‘,

0,0,0,1

-2mlcos(0) coédot—3sin(9)2mg +3005(6)2mg

0, - :
-4mb+3mcos(0)

_ 6(41—2mlsin(6) o Aot +3cos(6) mgsin(6)) mcos(6) sin(6) 0

(—4 mb + 3 mcos.(e)z)2

2mlsin(0) o
-4 mb+3mcos(e)2

0,

3 (25sin(e) r—sin(e)zmIcoajot+cos(6)2ml(o @dot —2 mb g cos(0) )
| (-4 mb+3mcos(9)2)

+ L > (18 (-2cos(8) 1

| (-4 mb+3mcos(e)2)

+cos(8) mlsin(6) w &lot —2mbgsin(6)) mcos(0) sin(0)), 0,

3cos(0) msin(0) o
-4 mb+3mcos(e)2

map(eval, A, LCond) :
eval(A, sysid);

A:
A:
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0
0

[0 0 10|

0 24.73109243 0 O

0 0 01
0 1.731176470 0 O

0
0

4

17
0.5042016808

> B:=
diff (Egs[1], 1)
diff (Egs[2], 1)
[> B := simplify(map(eval, B, LCond) ) :
> B := simplify(map(eval, B, sysid_) );
> LinCi= 72
> LinC3i := map(eval, LinCi, sysid);
i | 11.9 F7
LinC3t= = 4 ca+3 C5
1 1

(-28.8414 C3°—33.32 C5F7

4 F1=0
[>

LinC3 :=

2 196 C3*+84 C3 _C5+49 C5°
—473.823 _C3 _C5—71.4 _C6F7—882.90 C5%), 1.000000000 v

—0.5042016808 o. _C5 — 0.2352941177 o._C3, 1.000000000 ©

| —0.5042016808 o._C6 — 0.2352941177 o _C5 |
The gain matrix is
> k= [-24.2610, 169.4551, -25.0697, 35.4992];

k:=[-24.2610, 169.4551, -25.0697, 35.4992]

11.9 F7
14 C3+3 C5'

> LinC3 :=-map(eval, LinC3i, [v=0,06=0]);
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- > : ~(-28.8414_C3°—33.32_C5F7
2 196 _C3°+84_C3_C5+9 C5

—473.823 C3 C5—71.4 _C6F7 —882.90 C5%),0.5042016808 . _C5

+0.2352941177 o._C3, 0.5042016808 o. _C6 + 0.2352941177 o._C5

> sol = solve( {LinC3, -k, LinC3, -k, LinC3; -k, LinC3, -K,});

sol = [F? _ 304.1079958 . C3= 219.9055702  C5=- 152.3441711 . Cé 8.2)
o o o
_ 1415006931  _
-, 0=
R
S Ki— map(eval, LinC3, [F? _ 304.1079958 . C3= 219.9055702 . C5=
o o
152.3441711 _ 1415006931  _ .
-, Co=————,a=a )
o o
K:= [ -24.26099999 169.4551000 -25.06970001 35.49919997 ] 8.3)
> Acli= eval(A-Multiply(B, K));
Acl:=[[0,0.,1.,0.], 8.4)
[0.,0.,0,1.],
[5.70847058588235257, -38.1406117652941106, 5.89875294352941104,
-8.35275293411764608 ],
[12.2324369728467843, -60.7084538101320845, 12.6401848821937772,
-17.89875629192930971]]

:> EACLI := Eigenvalues(Acl);

-5.00006536005109581 + 0. |
) -2.99993244076262888 + 0. |
EACLI := 8.5)
-2.00000277379308944 + 2.00001956630095235 |
-2.00000277379308944 — 2.00001956630095235 |

Evaluating the matrices with the parameters values

> KDf == simplify(eval(KDT, [F? - 3041079958~ g - 2199055702 " g -
(0 o
1523441711 . _ 1415006931 _ T\).
(A9234LL | g - 1415006931 a_am,
(0 o
2109055702 1523441711
o (0
KDf := (8.6)
1523441711 1415006931
o o
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> KDf := simplify(eval(KDf, [Ib=0.4, m=15, g=9.81,R0=0.02, a=3]));
73.30185673 -50.78139037
-50.78139037 47.16689770

KDf := 8.7)

:> Determinant(KDf );
878.671570 (8.8)

3041079958 ., _ 219.9055702 (. _

> Kvf = simplify(eval(Kv,
o o
152.3441711 _ 1415006931  _ _
-———, Co=—77, oc—ocDj :
o o

> Kuf = simplify(eval(Kvf, [¢=3])) :
> Kvf := simplify(eval(Kvf, sysid) );

F7=

Kvf = (8.9)

1
400. — 120. cos(8)* +9. cos(6) "

(0.0001000000000 (5.683774646 10°

cos(6)’ — 7.657447275 10° cos(8) + 2.579117856 10°) ),

] 1 (0.0002000000000

400. — 120. cos(e)2 +9. cos(e)4
-3.104316405 10° cos(0) -+ 8.93368848 10° + 2.639608874 10° cos(0)°) ) |,

] 1 (0.0002000000000 (

400. — 120. cos(e)2 +9. cos(e)4
-3.104316405 10° cos(8) -+ 8.93368848 10° + 2.639608874 10° cos(8)°) )

1
400. — 120. cos(8)* +9. cos(6)”

cos(6) — 4.927269897 10° cos(8) -+ 1.237799811 10°) ) H

(0.0001000000000 (4.903456199 10°

E> P := simplify( Multiply(KDf, MatrixInverse(mass)) ) :
> P := simplify(eval(P, sysid));
> . | | 1:000000000 107 (-2.932074269 10° + 4.352690604 10° cos(0) )
-20. +3. cos(6)°
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~1.000000000 10°" (6.283016293 10° cos(6) — 6.218129434 10'°)
-20. +3. co3(8) \
~1.000000000 10”" ( -2.031255616 10° + 4.042876947 10° cos(8) )
-20. +3. cos(6)°
5.000000000 10 (8.70538121 10° cos(0) — 1.155107699 10™°)

i -20. +3. cos(6)°
> Philif := simplify(evaI[Philifi, [F? - 304.1079958
o o
152.3441711 _ 1415006931  _ _
SDIANL gy JAS0GL ).
| o o
[> Philif :== simplify(eval(Philif, sysid) ) :
> Philif := simplify(eval(Philif, [a.=3]) );
Philif := 2153.034264 — 169.7426569 In(3.310406433 10’ (8.11)
—4.9143281 10" cos(©) ) + 101.3693320 x*

Cg = 219.9055702 o _

| 87.23733370 x arctanh | 2284484578 (1. +cos(0) )
sin(0)
+ 376.6164630 x arctan| —L+¢03(8).
sin(0)
2.264484578 (-1. +cos(6)) )
+ 18.76887280 arctanh| — : '
sin(0)
| 162.0559960 arctan | 2284484578 (-1 +¢0s(8)) oy
sin(0)
-1. +cos(0) ?
(sin(8))(-1. +cos(0))) + 349.8098430 arctan| ——————*
i sin(0)
C E e Simp”fy(eval(lzli’ [F7 _ 3041079958 . _ 219.0055702 . _
(04 (04

152.3441711 _ 141.5006931  _ )
(2L g - 1415006931 a_am .

| o o
> F1:= simplify(eval(F1, [¢=3,v=0])) :
> Fmcl = simplify(eval[chli, F7= 304.1079958 , C3= 219.9055702 , C5=
o o
152.3441711 _141.5006931 _ D j )
-, b=, 0= :
o o

> Fmel = simplify(eval(Fmcl, [a=3])) :
| > FmclMatlab := simplify(eval(Fmc1, sysid)) :
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> F2i= simplify(eval(FZi, [F? - 3041079958~ o5 - 2199059702 g -
o o
152.3441711 _141.5006931 _ ]
(102347 - g - 1415006931 a_am,
o o
F2:= - L ——(2.000000000 107" ( -4.398111404 10° xdot | (8.12)
| (-4.mb+3.mcos(6))
+4.570325133 10° xdot cos(0) + 3.046883422 10° &ot |
| —4.245020793 10° &lot cos(6) ) )
> F2:= simplify(eval(F2, sysid)) :
> F2i= simplify(eval(F2, [=3,v=0,0=0])) :
> F3= simpnfy(eval(Fsi, [F? _ 3041079958~y _ 219.9055702 (5 _
o o
152.3441711 1415006931  _ _
ANy L))
o o
> F3:= simplify(eval(F3, sysid)) :
[> F3 := simplify(eval(F3, [@=3,v=0,6=0])) :
> convert(F1, string)
"“0dot *sigma” (8.13)

[> Fmc1Matlab := simplify(eval( Fmc1lMatlab, [oo=3,v=0,6=0])) :

> convert(FmclMatlab, string) ;
"Matrix(2, 2, [[0.,.1000000000e-6*sin(theta)*omega*(-1026225995. 4-1523441712.* (8.14)

cos(theta))/(-20.43.*cos(theta)"2)],[.1000000000e-6*sin(theta)*omega*
(-1026225995.+1523441712.*cos(theta))/(-20.+3.*cos(theta)"2),
-.1000000000e-6*sin(theta)*omega*(2830013863.*cos(theta)-1421878931.)/
| (-20.+3.*cos(theta)*2)]])"

> convert(F2, string)

"-.1000000000e-6*(-8796222811.*xdot+.1305807181el1*xdot*cos(theta) 8.15)
+6093766845.* 6dot "-.1212863084e11* 6dot *cos(theta))/(-20.+3.*cos(theta)

oy
> convert(F3, string)

"-.9716473972e-1*(-6082068288.*arctanh(2.264484578*(-1.+cos(theta))/sin(theta)) (8.16)
+912310243.*cos(theta)*2*arctanh(2.264484578*(-1. +-cos(theta))/sin(theta))

-7520109265.*cos(theta)*sin(theta)-.1413466400e11*x-.2625718776el1*arctan(
(-1.+cos(theta))/sin(theta))+3938578165.*cos(theta)2*arctan((-1. +cos(theta))
/sin(theta))+2120199600.*cos(theta)2*x+.7442446524e11*sin(theta))/
(-99312193.+147429843.*cos(theta))"

:> convert(Philif, string)
"2153.034264-169.7426569*In(33104064.33-49143281.*cos(theta)) +-101.3693320* (8.17)
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x"2+-87.23733370*x*arctanh(2.264484578*(-1. +-cos(theta))/sin(theta))
+376.6164630*x*arctan((-1. +-cos(theta))/sin(theta))+18.76887280*arctanh
(2.264484578*(-1.4-cos(theta))/sin(theta))"2+162.0559960*arctanh

(2.264484578*(-1.+cos(theta))/sin(theta))*arctan((-1. +cos(theta))/sin(theta))
+349.8098430*arctan((-1. +cos(theta))/sin(theta))"2"

V¥ The Potential ®
[> PhiGraphi := simplify(eval(Philifi, sysid) ) :

> PhiGraph := simplify[eval(PhiGraphi, [_03 = w, C5=

o
_ 141.5006931  _ } )j )
=, oa=u .

L (04 o
> PhiGraph := simplify(eval( PhiGraph, [a=3] ));
PhiGraph := 2153.034270 — 169.7426571 In(3.310406433 10’ 9.1)
—4.9143281 10" cos(0) ) 4 0.9999999990 F7 x°

2.264484578 (-1. +cos(0)) )

B 152.3441711, C6

+ 0.8605890160 F7 x arctanh [

sin(0)
43715289977 F7 x arctan| —=+05(8).
sin(0)
2.264484578 (-1. +cos(8)) \°
+0.1851533644 F7 arctanh| — : :
sin(0)
+1.598668875 F7 arctanh( 2'264484578_ ( (_91)' +cos(0)) ] arctan(1
Sin

2
/(sin(e) )(-1.+cos(0))) + 3.450844910 F7 arctan(_l'_'_—cos(e)]

i sin(0)
> PhiGraph := 0.9999999990 F7 x*

+ 0.8605890160 F7 x arctanh[

2.264484578 (-1. +cos(8) ) )
sin(0)
-1. +cos(0) ]2
sin(0)
-1. +cos(0)
sin(0)
(sin(0))(2.264484578 (-1. +cos(6))))
2.264484578 (-1. +cos(8) ) JZ _
sin(0) '

+ 3.450844910 F7 arctan(

+ 1.598668875 F7 arctan( J arctanh( 1 /

+0.1851533644 F7 arctanh(
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\ 4

L> PhiGraph = simplify[eval(PhiGraph,

£7 = 304.1079958 } j) :

o

> PhiGraph := simplify( eval( PhiGraph, [a=3] )) :

[> f:= (x,0) —>PhiGraph :

> plot3d(f(x,6),0=-0.8..0.8,x=-15.. 1.5, axes = FRAME, orientation = [205,
801, style=PATCH, title =" F1 =0");

The Hessian

> Hessiani = simplify( (Matrix(2, 2, [ diff (diff (Philifi, x), x), diff (diff (Philifi, x),
. 8), diff (diff (Philifi, 8), x), diff (diff (Philifi, 8),0)]))) :
> Hessiani := simplify( eval( Hessiani, [cos(8) =1,x=0]) );
o 2F7 (21 C5+3 C6)
Hessiani := HZ F7, 21 C3+3 C5 l (10.1)
[2F7(2I_C5+3_C6) 1
21 C3+3_C5 ' 412 c32+121 C5 _C3+9 C5°
-6g C61 C3*+6 _C3 C5°gl—9 C3 C59 C6-+8F7 C5°F
. +24F7_C6 _C51+9_C5°g+18F7_C6°)]]
> Hessian = simplify(eval(Hessiani, F7= 304.1079958 , C3= 219.9055702 ,
o o
C5=- 152.3441711 . C6= 141.5006931 o= OLD );
o o
Hessian := H—608'2159916 , (10.2)
o
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_ 608.2159916 (3.046883422 10° | — 4.245020793 10°)
o (4.398111404 10° 1 — 4570325133 10°)

_ 608.2159916 (3.046883422 10° | — 4.245020793 10°)
o (4.398111404 10° | — 4.570325133 10°)

- (100. (1.043413771 10° g | — 1.084269985 10° g — 5.646372299 10° I
+1.573343282 10'° | — 1.096017475 10'°) ) / (ot (1.934338392 10° I°
— 4020159817 10° | + 2.088787182 10%) ) |]

> Hessian := simplify(eval(Hessian, sysid) );

608.2159916 861.2460905 —
) o o
Hessian := (10.3)
_ 861.2460905  2779.788406
a o

> Hessian := simplify(eval( Hessian, [a0=3]) );
202.7386639 -287.0820302
-287.0820302 926.5961353

Hessian := (10.4)

> Determinant(Hessian);
1.054407703 10° (10.5)

> Eigenvalues(Hessian);

102.705819174577528 + 0. |

(10.6)
1026.62898002542261 + 0. |

v F1 iS non-zero

> LinC3 = -simplify(eval(LinC3i,6=0) );
LinC3 ‘= 59.50000000 F7
~17..C3+15._C5"

1
49. C3%+210. C3 _C5+225. C5°
+1.66600 10° _C5 F7 +2.369115 10° C3 _C5 + 3.57000 10°> _C6 F7
+4.414500 10° _C5%) ), -v + 0.5042016808 0. _C5 + 0.2352941177 o _C3,

0.5042016808 o._C6 + 0.2352941177 o._C5]
> sol = solve( {LinC3, -k, LinC3, -k, LinC3; -k, LinC3, -k, });
3.207194748 10" (1.051071429 10" o._C6 — 5.390677767 10™°)

sol ;= {F7= ,  (11.2)
o

(11.1)

(0.002500000000 (1.44207 10° C3?
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1123661653 10™° (3.035422690 10" o._C6 — 2.338099784 10*')

_C3 :
o
cr = _ 3:399999999 10" (6.30252101 10° o._C6 — 4.437400000 10'%) -
— a R

=_C6, =0, v=-0.2778938021 o. _C6 + 39.32216563

> K:= map[eval, LinC3, [F?

3.207194748 10 (1.051071429 10" o._C6 — 5.390677767 10'°)

= , C3
(04

1123661653 10™'° (3.035422690 10" o._C6 — 2.338099784 10*') 5=

- . . C5=

~ 3.399999999 10°° (6.30252101 10° o _C6 — 4.437400000 10*°)

, _C6
o

=_C6, =0, v=-0.2778938021 o._C6 + 39.32216563 U ;

Notice that only the variuables affected by the input F1 and _C6 are going to be
modified. Now _C6 =50

> K :=map(eval K, [a=3,_C6=28]);
K:=[ -24.26100010 169.4551009 -25.06970000 35.49920001 ] (11.3)
> Acl := eval(A-Multiply(B, K));
Acl:=[[0.,0.1.,0.] (11.4)
[0.,0., 0., 1.]
[5.70847061176470572, -38.1406119770588177, 5.89875294117647098,
-8.35275294352941167 ],
[12.2324370283089703, -60.7084542639135947, 12.6401848771517624,
| -17.8987563120973796 1]
> EACLi := Eigenvalues(Acl);
- -5.00006502647233653 + 0. |

EACLI -2.00000275508543801 + 2.00001946515687745 | (11.5)

1= .

-2.00000275508543801 — 2.00001946515687745 |
-2.99993283427765700 + 0. |

Evaluating the matrices with the parameters values from actuation case, the results are:

> KDf = simplify[eval(KDT, [F?
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3.207194748 10" (1.051071429 10" o._C6 — 5.390677767 10°)

= , C3
(04

1123661653 10™'° (3.035422690 10" o._C6 — 2.338099784 10*') o5 =

- . . C5=

~ 3.399999999 10°° (6.30252101 10° o _C6 — 4.437400000 10*°)

, C6
o

=_C6, =0, v=-0.2778938021 o._C6 + 39.32216563 n ] ;

[> KDf := simplify(eval(KDf, [Ib=0.4,m=1.5, g=9.81,Ro=0.02,C6=50])) :
> KDf := simplify(eval(KDf, [a.=3, _C6 =28]));

7.927630577 -9.709466673
KDf := (11.6)
-9.709466673 28
> Determinant(KDf )
i 127.6999131 (11.7)
> Kvf:= simplify(eval[va, lF?
_3.207194748 10" (1.051071429 10" o._C6 — 5.390677767 10™°) -
a '
_1.123661653 10" (3.035422690 10" o._C6 — 2.338099784 10*') 5=
(x LR
~ 3.399999999 10 (6.30252101 10° o _C6 — 4.437400000 10'°) -
o T
= C6, au=a, v =-0.2778938021 o._C6 + 39.32216563 ]) ] :
> Kvf == simplify(eval(KVf, sysid)) :
> Kuvf := simplify(eval(Kvf, [a =3, _C6=28]));
Kvf .= (11.8)

1
400. — 120. cos(8)* +9. cos(6)”

(0.0001000000000 (5.683774646 10°

cos(6)’ — 7.657447275 10° cos(8) + 2.579117856 10°) ),

1
_ - (0.0002000000000

400. — 120. cos(e)2 +9.cos(0)
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-3.104316405 10° cos(0) -+ 8.93368848 10° + 2.639608874 10° cos(0)°) ) |,

- L - (0.0002000000000 (
400. —120. cos(0)" +9. cos(0)

-3.104316405 10° cos(8) -+ 8.93368848 10° + 2.639608874 10° cos(8)°) )

L +(0.0001000000000 (4.903456199 10°
400. — 120. cos(0)" +9. cos(0)

cos(6) — 4.927269897 10° cos(8) -+ 1.237799811 10°) ) H

E> P := simplify( Multiply(KDf, MatrixInverse(mass)) ) :
P := simplify(eval(P, sysid));
l 8.000000000 10°® ( -3.96381529 10° + 1.040300001 10° cos( ) ) (119)

-20. +3. co3(8)° |

~1.200000000 10”" (5.66259327 10° cos(§) — 9.907619060 10°)
-20. +3. cos(6)°

~1.000000000 10°° ( - 3.883786669 10° + 2.400000000 10*° cos(8) )

[ -20. + 3. cos(6)°

1.000000000 10”7 (8.32240001 10° cos(©) — 3.428571429 10™°)
3.207194748 10" (1.051071429 10" o._C6 — 5.390677767 10™°) ca

>
P:=

-20. + 3. cos(e)2
> Philif :== Simplify(eval[Philifi, [F?

(04
1123661653 10™° (3.035422690 10" 0. _C6 — 2.338099784 10*") o5 =

(04
~ 3.399999999 10 (6.30252101 10° o _C6 — 4.437400000 10'°)
o

, C6

=_C6, =0q, v=-0.2778938021 o._C6 + 39.32216563]) ] :

[> Philif := simplify(eval( Philif, [o. =3, _C6=28])) :
> Philif := simplify(eval(Philif, sysid) );
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1.493704932 (- 1. +cos(6)) ]2 (11.10)

sin(0)
-1. 4+ cos(0) ’
———— | +2466.035604 + 36.75761872 X2
sin(0)
1.493704932 (-1. +cos(0))

sin(0)
1493704932 (-1 +cos(8)) ), oo (1)

sin(0)
(sin(8))(-1.+cos(8))) —129.0210281 In(2.219736563 10°

-1. +cos(0)
sin(0)

Philif := 68.73005780 arctanh[

+ 1222.745278 arctan[

+ 100.5264485 x arctanh [

+ 579.7928446 arctanh [

— 5.825680000 10° cos(6) ) + 424.0090818 x arctan [

[>

> Fl:= simplify[eval(Fli, [F?

_3.207194748 10™"° (1.051071429 10" o._C6 — 5.390677767 10™°) ca

o

_ 1.123661653 10™*° (3.035422690 10™° o _C6 — 2.338099784 10'") o5 =
o -
~ 3.399999999 10™ (6.30252101 10° o _C6 — 4.437400000 10*°)

o

, C6

=_C6, =0, v=-0.2778938021 o._C6 + 39.32216563” ] :

> F1:=simplify(eval(F1, [0=3,_C6=28,6=0])):;
F1 := 15.97908625 xdot 11.11)

> Fmcl = simplify[evaI[chli, [F?

_3.207194748 10™"° (1.051071429 10" o._C6 — 5.390677767 10™°) ca

o
1123661653 10™'° (3.035422690 10" o._C6 — 2.338099784 10*') o5 =
o =

~ 3.399999999 10°° (6.30252101 10° o _C6 — 4.437400000 10*°)
(04

, C6

=_C6, =0, v=-0.2778938021 o._C6 + 39.32216563 n ] ;

E> Fmcl = simplify(eval(Fmcl, sysid)) :
> FmclMatlab == simplify(eval( Fmcl, [0.=3, C6=28,6=0])):
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>

> F2:= simplify[eval(FZi, [F?

_ 3207194748 10™° (1.051071429 10™° o _C6 — 5.390677767 10™°) -
(04
_ 1123661653 10" (3.035422690 10'° o._C6 — 2.338099784 10'") o5 =
o
~ 3.399999999 10°° (6.30252101 10° o _C6 — 4.437400000 10')
o

, C6

=_C6,a=0,v=-0.2778938021 o. _C6 + 39.32216563 ]J ] :

E> F2 := simplify(eval(F2, sysid) ) :
> F2 := simplify(eval(F2, [a=3,_C6=28,6=0]));
F2:=- L > (2.000000000 10°" ( - 4.75657830 10° xdot (11.12)
-20. + 3. cos(9)
+ 1.248360004 10° xdot cos(6) + 5.82568000 10° aot

—3.600000001 10° &ot cos(6) ) )

> F3:= simplify[eval(F:%i, F7

_3.207194748 10™*° (1.051071429 10" o._C6 — 5.390677767 10™°) ca
o T

1123661653 10™'° (3.035422690 10" o._C6 — 2.338099784 10*') 5=
o T

~ 3.399999999 10°° (6.30252101 10° o _C6 — 4.437400000 10*°)
o

, _C6

=_C6, =0, v=-0.2778938021 o._C6 + 39.32216563 U ] ;

> F3 = simplify(eval(F3, [ =3, _C6=28,6=0])):
E> F3 := simplify(eval(F3, sysid) ) :
> convert(F1, string);
"15.97908625*xdot" (11.13)

[>

> convert(Fmcl1Matlab, string);
"Matrix(2, 2, [[-.3000000000e-5*(-337803445.4-886562318.*cos(theta))/(-20.+3.* (11.14)

cos(theta)”"2),.1000000000e-7*(-1109868277.*sin(theta)*omega-+2912840006.*
cos(theta)*sin(theta)*omega-.3834980700e12*cos(theta)-.6205936166e11)/
(-20.4-3.*cos(theta)"2)],[.1000000000e-7*(-1109868277.*sin(theta)*
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omega-+2912840006.*cos(theta)*sin(theta)*omega+.3834980700e12*cos(theta)
-.6205936166€e11)/(-20.+3.*cos(theta)"2),-.1000000000e-7*sin(theta)*omega*
. (.1680000001el11*cos(theta)-2718650673.)/(-20.+3.*cos(theta)"2)]])"
> convert(F2, string)
"-.2000000000e-6*(-475657830.*xdot +1248360004.*xdot*cos(theta) +-582568000. (11.15)
| *'6dot’-3600000001.* 6dot *cos(theta))/(-20.+3.*cos(theta)"2)"
> convert(F3, string)

"10.*(.1055527349e11*arctanh(1.493704932*(-1.4-cos(theta))/sin(theta)) (11.16)
+1224878332.*cos(theta)*sin(theta)-1583291101.*cos(theta)*2*arctanh

(1.493704932*(-1.+cos(theta))/sin(theta))+7719158394.*x-.2143122036e11*
sin(theta) +.4452076310e11*arctan((-1.+cos(theta))/sin(theta))-6678114463.*
cos(theta)"2*arctan((-1. +cos(theta))/sin(theta))-1157873750.*cos(theta)"2*x)/
| (-1664802419.+4369260010.*cos(theta))"

> convert(Philif, string)

"68.73005780*arctanh(1.493704932*(-1. +-cos(theta))/sin(theta))*2+1222.745278* (11.17)
arctan((-1.+cos(theta))/sin(theta))"2+2466.035604 +36.75761872*
x"2+100.5264485*x*arctanh(1.493704932*(-1. 4+-cos(theta))/sin(theta))
+579.7928446*arctanh(1.493704932*(-1. +cos(theta))/sin(theta))*arctan((-1. +
cos(theta))/sin(theta))-129.0210281*In(2219736563.-5825680000.*cos(theta))
+424.0090818*x*arctan((-1. +cos(theta))/sin(theta))"

¥ The Potential ®

[> PhiGraphi := simplify(eval(Philifi, sysid) ) :
> PhiGraph := simplify[eval[PhiGraphi, [_CS
1123661653 10™'° (3.035422690 10" o._C6 — 2.338099784 10*')
o

~ 3.399999999 10°° (6.30252101 10° o _C6 — 4.437400000 10*°)
(04

, C5=

, C6

=_C6, =0, v=-0.2778938021 o._C6 + 39.32216563] ) ] ;

> PhiGraph := simplify( eval( PhiGraph, [a.=3,_C6=28,6=0] ));

PhiGraph :=2.734825490 F7 x arctanh( 1'493704925_ ( (_91)' +cos(6)) J
sin

(12.1)

+2584.311340
1.493704925 (-1. +cos(0) )
sin(0)

+15.77328620 F7 arctanh( ] arctan(1
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/ (sin(8)) (-1. +cos(8))) +11.53513745 F7xarctan[_1'+—cos(e)]

sin(0)
—129.0204786 In(5.549341367 10° — 1.456420003 10*° cos(0) )
+1.000001801 F7 x°

1.493704925 ( -1. +cos(8)) )
sin(0) ]
sin(0) j

+ 1.869815542 F7 arctanh(

+ 33.26482968 F7 arctan(

> PhiGraph := 2.734825380 F7 x arctanh(

1.493704925 ( -1. +cos(8) ) ]
sin(0)
-1. +cos(0) ]2
sin(0)
1.493704925 (-1. +cos(8)) JZ
sin(8)
-1. 4+ cos(0)
sin(0)
(sin(0))(1.493704925 (-1. +cos(8)))) :

+1.000001801 F7 X* + 33.26482968 F7 arctan(

+ 1.869815375 F7 arctanh(

+ 15.77328620 F7 arctan( ] arctanh( 1 /

> PhiGraph := simplify[eval(PhiGraph, F7

_3.207194748 10™"° (1.051071429 10" o._C6 — 5.390677767 10™°) _
- a )
> PhiGraph := simplify(eval( PhiGraph, [o0=3, _C6=28,6=0] ));
1.493704925 (-1. +cos(0))
sin(0) j
-1. +cos(0) ?
sin(0) ]
1.493704925 (-1. +cos(8)) \°
sin(0) )
1.493704925 (-1. +cos(0) )
sin(0)

PhiGraph := 100.5264289 x arctanh[ (12.2)

+36.75796293 X* + 1222.745175 arctan[

+ 68.73048047 arctanh [

+ 579.7928253 arctanh [

) arctan(1/

~ (sin(8))(-1. +cos(8)))

> f:= (x 6) —PhiGraph:

> plot3d(f(x, 6),6=-0.8..0.8,x=-15... 1.5, axes = FRAME, orientation = [ 130,
75], style=PATCH, title = "F1 is non-zero");
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F1 is non-zero

i

\
W \ //,{{”\ /

\\\\ \ \\
\\\\\\\\ \\\\ \\ W lllllfll
I

V The Hessian

7> Hessiani := simplify( (Matrix(2, 2, [ diff (diff (Philifi, x), x), diff (diff (Philifi, x),
i 0), diff (diff (Philifi, 0), x), diff (diff (Philifi, 8),0)]))) :
£> Hessiani := simplify( eval( Hessiani, [cos(0) =1,x=0]) ) :

> Hessian := simplify[eval(Hessiani, F7

_ 3.207194748 10™° (1.051071429 10™° o._C6 — 5.390677767 10'°) 3
(04

_1.123661653 10" (3.035422690 10" o._C6 — 2.338099784 10*')
(04

~3.399999999 10” (6.30252101 10° 0 _C6 — 4.437400000 10"°)

o

,_C6

= C6,a=0q,v=-0.2778938021 oo _C6 + 39.32216563]) ] :

| > Hessian = simplify(eval(Hessian, sysid) ) :

[ >

> Hessian := simplify(eval( Hessian, [oo=3, _C6=28,6=0]));
73.51579346 -287.0820303
-287.0820303 1329.511648

Hessian := (13.1)

:> Determinant(Hessian);
15324.01160 (13.2)

:> Eigenvalues(Hessian);
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|

[>

11.0084790579423952 + 0. |

(13.3)
1392.01896240205724 + 0. |

The control law numerical value is

>

B
[>
>

>

tauf == simplify(eval(F1 + F2 + F3, [F6 = (34.53815001 (5.285592337 10% p21
— 4.741744895 10% p22) p21?) | ((1.200482133 10%° p21
— 1.568000000 10™? p22) (4.382731333 10™* p21 — 3.919999999 10™ p22) )
, o=, v =-0.5861921286 ¢ p21 + 0.001418721037 0. p22 — 34.13190000,
p21 =p21, p22 =p22, 6 =-1. o, p21 + 118.4029000]) ) :

tauf := simplify(eval(tauf, [p21 =1.75- p11])) :

tauf := simplify(eval(tauf, [p11 =0.05491210805 p221)) :
tauf := simplify(eval(tauf, [ p22=510"% a=15])) :
tauf := simplify(eval(tauf, [ p22=510"% a=15])) :
tauf := simplify(eval(tauf, sysid) );

tauf := - [10. (—3.736651676 10" xdot + 5.650265530 10" xdot cos(6) (13.4)

+1.170687953 10" xdot cos(8)° — 2.094503476 10 xdot cos(6)°
—1.939721232 10'° adot + 1.707735955 10™ @ot cos(6)

— 3.145867208 10! @ot cos(0)°

+2.111054698 10 arctanh[ 1.493704932 (-1. +cos(6)) )

sin(0)
1.493704932 (-1. +cos(0) )
sin(0) )

— 6.333164250 10™° cos(8) arctanh [

+2.449756664 10™° cos(8) sin(8) — 3.674634996 10° cos(6)° sin(6)

+4.749873303 10° cos(0) arctanh[ 1.493704932 (~1. + cos(6) ) j

sin(0)

+ 1543831679 10! x — 4.631495018 10 cos(8)° x
— 4.286244072 10 sin(8) + 6.429366110 10° sin(6) cos(6)’

-1,
+8.904152620 10 arctan [ -1 +cos(8) ]

sin(0)
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-1,
— 2.671245786 10 cos(8)” arctan [ 1. +cos(6) ]

sin(0)
-1. +cos(0) ]

+2.003434339 10™° cos(8) * arctan _
sin(0)

+3.473621250 10° cos(6) x) ] / (3.329604838 10*°

— 8.738520020 10™° cos(8) — 4.994407257 10° cos(6)°

+1.310778003 10%° cos(6)°)

il“he potential numerical value is
> phif := PhiGraph;
ohif := 100.5264289 x arctanh [ =293704925 (-1 + cos(6) )
sin(0)
-1. +cos(0) ’
sin(0)
1.493704925 (-1. +cos(0)) )
sin(0)
1.493704925 (-1. +cos(0) )
sin(0)

j +36.75796293 x°  (13.5)

+ 1222.745175 arctan[

+ 68.73048047 arctanh [

+ 579.7928253 arctanh [

) arctan ( 1/

(sin(8)) (-1 +cos(6)))
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%0%0%%%N%N%N%%%%  C-4 TINVERTED PENDULUM CART SIM, F1 is zero  %%%%%%%%%%%
9696969 %%%%% %% IPC_Nonlinear_Sys.m 9696%6%%6%%%%%%
function dxdt = IPC_NonLinear_Sys(u)

%% Main Vectors

X = u(®); % feedback array

theta = u(2);

xdot = u(3);

thetadot = u(d);

%% Generalized quantities

q = [x theta]"; % Generalized coordinates
qdot = [xdot thetadot]"; % Generalized velocities

%% Physical parameter values

mb = 5; % kg - mass of cart+pendullum

m =1; % kg - mass of pendulum

| = .7; % kg m"2 - inertia of beam

g = 9.81; % m/sec™2 - acceleration of gravity

%% Linear model parameters
alpha =3;
C6 141.5006932/alpha;

F5 = 304.1079958/alpha;
C3 = 219.9055703/alpha;
C5 = -152.3441711/alpha;
%No actuation

nu = 0;

sigma = 0;

omega = thetadot;

%% The G,M,C, P and KD matrices
%gravity terms

G = [0; -(1/2)*m*g*1*sin(theta)];
%mass matrix
mass = [mb -(1/2)*m*1*cos(theta); -(1/2)*m*I1*cos(theta) (1/3)*m*1"2];
%Centripetal and coriolis matrix
C = [0, (A/2)*m*1*sin(theta)*thetadot; 0, 0];
%% FMC
%KD matrix
KD = [C3 C5; C5 C6];
% P matrix
P = KD*inv(mass);
% Determinant of P matrix
Pdet = det(P);
%% SMC
%Kv Matrix
Kv = [4*alpha*(2*C3*1+3*C5*cos(theta))"2/1"2/(-4*mb+3*m*cos(theta) ¥

A"2)N2 ,4*alpha*(2*C3*1+. . .
3*C5*cos(theta))/ 12/ (-4*mb+3*m*cos(theta)”"2)"2*(2*1*C5+3*cos ¥
(theta)*Co6) ;4*alpha*(2*C3*I1+. ..
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3*C5*cos(theta))/ 12/ (-4*mb+3*m*cos (theta)"2)"2*(2*1*C5+3*cos ¥
(theta)*C6) ,4*alpha*(2*1*C5+. ..
3*cos(theta)*C6)"2/1"2/ (-4*mb+3*m*cos(theta)"2)"2];

%% Evaluate the control law
% Fl1= Flm + F1m2
F1 = 0;

F2 = -.1000000000e-6*(-.1212863085e11*cos(theta)*thetadot+. ¥
1305807181ell*cos(theta)*xdot-. ..
8796222814 . *xdot+6093766845 . *thetadot)/(-20.+3.*cos(theta)”"2);

F3 = -1.943294797*(1414080884 .*cos(theta)”"2*atanh(2.264484581*(cos ¥
(theta)-1.)/sin(theta))-...
9427205895.*atanh(2.264484581*(cos(theta)-1.)/sin(theta))-. ¢
1165616936ell*sin(theta)*cos(theta)-. ..
.2190872918e11*x-.4069864100ell*atan((cos(theta)-1.)/sin(theta)) v
+6104796154 . *cos(theta)”2*atan((cos(theta)-...
1.)/sin(theta))+3286309375.*cos(theta)”2*x+.1153579211el12*sin ¥
(theta))/(-3078677984.+4570325133.*cos(theta));

tau = F1+F2+F3;

%% Lyapunov

Fmcl =[0.,-.1000000000e-6*sin(theta)*omega*(-1026225995.+1523441712. ¢

*cos(theta))/(-20.+3.*cos(theta)”2);.1000000000e-6*sin(theta)*omega*(-.-. -
1026225995.+1523441712 . *cos(theta))/(-20.+3.*cos(theta)"2),-. ¥

1000000000e-6*sin(theta)*omega*(2830013863.*cos(theta)-...
1421878931.)/(-20.+3_*cos(theta)”"2)];

PHi = 2735.928392-169.7426575*109(1026225995.-1523441711.*cos(theta)) ¥

+101.3693319*x"2+. ..
376.6164626*x*atan((cos(theta)-1.)/sin(theta))+87. ¢

23733425*x*atanh(2.264484581*(cos(theta)-. ..
1.)/sin(theta))+349.8098434*atan((cos(theta)-1.)/sin(theta)) ¢

N2+162.0559964*atan((cos(theta)-. ..
1.)/sin(theta))*atanh(2.264484581*(cos(theta)-1.)/sin(theta))+...
18.76887275*atanh(2.264484581*(cos(theta)-1.)/sin(theta))"2;

Vc = 662;

\ 0.5*qgdot"*KD*qdot+PHi+VcC;

Vdot -qdot**(Kv+Fmcl)*qdot;

%% Evaluate the Dynamic

qdotdot = inv(mass)*([tau;0]-C*qdot-G);

ddx = gdotdot(l);

ddtheta = gdotdot(2);

%% M-File output

dxdt = [xdot;thetadot;ddx;ddtheta;tau(1);P(1,1);:P(1,2);P(2,1);P(2,2);VY

V;Vdot;PHi ;Pdet];
%% End of the Function
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%%%%%%%%%%%
%%%6%%%%%%%%

C.5 TINVERTED PENDULUM CART SIM, F1 is non-zero %%%%%%%%%%%
IPC_Nonlinear_Sys.m %9%6%%%%%%%%%

function dxdt = IPC_NonLinear_Sys(u)

%% Main Vectors

X
theta
xdot
thetadot

= u(®); % feedback array
= u(2);
ud);
u(4);

%% Generalized quantities

q
qdot

%% Physical

= [x theta]"; % Generalized coordinates
= [xdot thetadot]"; % Generalized velocities

parameter values

mb = 5; % kg - mass of cart+pendullum

m =1; % kg - mass of pendulum

| = .7; % kg m"2 - inertia of beam

g = 9.81; % m/sec™2 - acceleration of gravity

%% Linear model parameters

alpha = 3;

C6 = 28;

C3 = 5.618308264*10"(-16)*(6.070845378*10"15*alpha*C6-4.676199568 ¢
*10n17)/alpha;

C5 = -4.250000000*%10"(-10)*(5.042016807*10”9*al pha*C6-3.549920000 ¢
*10M11)/alpha;

F5 = 4.008993435*10"(-14)*(8.408571429*10"13*alpha*C6-4.312542214 ¥
*10M15)/alpha;

nu = -.2778938021*alpha*C6+39.32216563;

sigma = -.2778938021*alpha*C6+39.32216563;

omega = thetadot;

%% The G,M,C, P and KD matrices

G

mass

C

%% FMC

KD

P

Pdet
%% SMC

Kv

%gravity terms

= [0; -(1/72)*m*g*I*sin(theta)];

%mass matrix

= [mb -(1/2)*m*1*cos(theta); -(1/2)*m*1*cos(theta) (1/3)*m*1"2];
%Centripetal and coriolis matrix

= [0, (1/72)*m*I*sin(theta)*thetadot; 0, 0];

%KD matrix

= [C3 C(C5; C5 C(C6];

% P matrix

= KD*inv(mass);

% Determinant of P matrix
= det(P);

%Kv Matrix
= [4*alpha*(2*C3*1+3*C5*cos(theta))"2/ 172/ (-4*mb+3*m*cos(theta) ¥

A"2)N2 ,4*alpha*(2*C3*1+. . .

3*C5*cos(theta))/ 12/ (-4*mb+3*m*cos(theta)"2)"2*(2*1*C5+3*cos ¢
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(theta)*Co6) ;4*alpha*(2*C3*I1+. ..
3*C5*cos(theta))/ 12/ (-4*mb+3*m*cos(theta)”"2)"2*(2*1*C5+3*cos ¥
(theta)*C6) ,4*alpha*(2*1*C5+. ..
3*cos(theta)*C6)"2/1"2/ (-4*mb+3*m*cos(theta)"2)"2];

%% Evaluate the control law
% Fl1= Flm + F1m2
F1 = nu*xdot ;

F2 = -.2000000000e-6*(-3600000001 . *cos(theta)*thetadot+1248360000. ¥
*cos(theta)*xdot-475657830.*xdot+582568000.*thetadot)/(-20.+. ..
3.*cos(theta)™2);

F3 = -.1062302965*(5322973250.*cos(theta)”~2*atanh(1.493704911*(-1. ¢

+cos(theta))/sin(theta))-...
4118001935.*sin(theta)*cos(theta)+.2245160710ell1*cos(theta) ¥

N2*atan((-1.+cos(theta))/sin(theta))-...
.2595156342e11*x+3892734436 . *cos(theta)2*x-.1496773804el2*atan ¥

((-1.+cos(theta))/sin(theta))-...
.3548649126ell*atanh(1.493704911*(-1.+cos(theta))/sin(theta))+...
.7205107440ell1*sin(theta))/(-59457229.+156045000.*cos(theta));

tau = F1+F2+F3;

%% Lyapunov
Fmcl =[--3000000000e-5*(-337803445.+886562318 . *cos(theta))/(-20.+3. ¢
*cos(theta)”2),-.1000000000e-7*(-1109868277 . *sin(theta)*omega+. ..
2912840006 . *cos(theta)*sin(theta)*omega-.6205936166el11+. ¢
3834980700el12*cos(theta))/(-20.+. ..
3.*cos(theta)”2);.1000000000e-7*(-1109868277 . *sin(theta) ¥
*omega+2912840006 . *cos(theta)*sin(theta)*omega-.6205936166el11+. . .
.3834980700e12*cos(theta))/(-20.+3.*cos(theta)”2),-.1000000000e- ¥
7*sin(theta)*omega*(-1680000001ell*cos(theta)-2718650673.)/(-20.+. ..
3.*cos(theta)"2)];

PHi = 2735.928392-169.7426575*109g(1026225995.-1523441711.*cos(theta)) ¢
+101.3693319*x"2+87 .23733425*x*atanh(2.264484581*(-1.+. ..
cos(theta))/sin(theta))+376.6164626*x*atan((-1.+cos(theta))/sin ¥
(theta))+18.76887275*atanh(2.264484581*(-1.+. ..
cos(theta))/sin(theta))”2+162.0559964*atanh(2.264484581*(-1.+cosv¢
(theta))/sin(theta))*atan((-1.+cos(theta))/sin(theta))+...
349.8098434*atan((-1.+cos(theta))/sin(theta))"2;

Vc = 662;
\Y = 0.5*qdot"*KD*qdot+PHi+Vc;
Vdot = -qdot"*(Kv+Fmcl)*qdot;

%% Evaluate the Dynamic

qdotdot = inv(mass)*([tau;0]-C*qdot-G);
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ddx = gdotdot(l);

ddtheta = qdotdot(2);

%% M-File output

dxdt = [xdot;thetadot;ddx;ddtheta;tau(1);P(1,1);P(1,2);P(2,1);P(2,2);¥

V;Vdot;PHi ;Pdet];
%% End of the Function
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C.6 Simulink file for the inverted pendulum cart system when F1 is zero and nonzero

States

Interpreted
MATLAB Fcr
Control law & Simulation

L

Integrator

1

L smout3

h 4

5

States

To Workspace3

L smoutd

To Workspaced

g
Uf <[ L

Wdot

xdot_x

[

(I

Thetadot_Theta

P smout

To Workspace

» ]
i P simout1
Tau > ] To Workspace1
P simout2 P11
To Workspace?2 [
—P
I:I P12
’—:'22 & P21

simouts

To Workspace5s
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