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1. INTRODUCTION

Precipitation patterns affect many of man's activities.
If man can gain foreknowledge of weather events, hé can ad-
just his activities to make the best use of the weather events.
While it is impossible for man to know absolutely what will
happen in the future, it is possible for him to use his know-
ledge qf past events to gain insight into what is most likely
to happen in the future.

This paper will deal witﬁ methods used for modelling per-
sistence in precipitation batterns and using knowledge of
this persistence to state probabilities of certain precipi-
tation events. It will deal only with the presence or ab-
sence of precipitation. A next step would be to work with
amounts of precipitation.

Insight into future precipitation events at a specific
location are of interest to the agronomist developing new
crops, to the engineer planning an outdoor construction pro-
ject, to the community planner developing outdoor recreation
areas, to the conservationist planning optimum usage of wa-
ter supplies, and to many others.

Day-to-day precipitation events ‘are not independent,
There is persistence., One cannot estimate the preobability of
"a wet day and apply the binomial model to study series of

days.



2. FIRST-ORDER MARKOV CHAIN MODEL

2.1 Assumptions and Notation

The most often-used model for studying day-to-day per-
sistence 1is tﬁe first-order, two-state Markov chain defined
on a discrete parameter space. This model assumes that if
today's precipitafion is conditioned on yesterday's precipi-
tation, then further conditioning on past events adds no more
information about today's precipitation. A wet day is defined
as precipitation exceeding a specified threshold, generally
.01 inch. We will be concerned with finding the probability
that a day is wet, both marginal and conditional on yesterday's
presence or absence of precipitation. From these probabilities
other properties of long-term precipitation patterns will be
described.

In discussing the first-order Markov chain, the following
notation will be used. Define a series of random variablies
t=1,2, ..., 365, corresponding to the days of the year;

X, = Dry, if the t-th day of the year is dry; X, = Wet, if

t t

the t-th day of the year is wet. To further abbreviate, Kt =

Dry will be written Dt and Xt = Wet will be written Wt. Six

- probabilities are of interest for each value of t:

P(t-th day of the year is dry) P(Dt)

P(t-th day of the year is wet) P(wt)
P(t-th day of the year is dry given (t-1)-th day of

the year is dry) = P(Dt/Dt_l)



P(t-th day of the year is

the year is dry) = P

P(t-th day of the year is

the year is wet) = P

P(t-th day of the year is

the year is wet) P

It can be shown by basic proba
probabilities are functionally

,P(Dt} and P(Dt_l) are given:

wet given (t-1)-~th day of

(W, /D))

dry given (t-1)-th day of

(D /W, _1)

wet given (t-1)-th day of

W /W)

bility laws that four of these

related to the other two. 1f

1)

_)E(@. /D ;)

P(W.) =1 - P(D)

BW./D,_,} = 1 ~ B(D. /D,
P(Dtlwtsl) - P(Dt) - i(?t
P(wt/wt_l) =1 - P(thwt_

These are in the form used by

Some writefs assume that
is constant over a given time
season., This assumption will
tion and it will be discussed
this assumption is made, the s

Under the stationary model, Ga

four of the probabilities in t

P(D/W)

1 - P(W/W)

LW

5T (2.1)

Feyerherm and Bark [4].
each of the six probabilities

period such as one month or one

be called the stationary assump-

in further detail later. When
ubscript t will be dropped.
briel and Neumann [6] defined

erms of P(W/W) and P(W/D):



P(D/D) =1 - P(W/D)
a P(W/D)
P(W) = 1= P(W/W) + P(W/D)
P(D) = 1 - P(W). (2.2)

Equations (2.1) and (2.2) are algebraically equivalent if one

assumes P(Dt) B P(Dt-l) = P(D), P(Dt/Dt_l) = P(D/D), etc.

2.2 Estimation of Parameters

Suppose k years of data on a particular sequence of n
days during the year are available. Assuming the k years
yield independent observations, results by Anderson and Good-
man [1l] can be applied to derive maximum likelihood estimators
for both the stationary and non-stationary first-order Markov
models. These estimates are simply the relative frequencies.
For the non-stationary model, for each value of t:

total number of years in which the t-th day

P(B y = of the year is dry
t total number of years in the sample

total number of years that the (t-1)-th

P (D /5 y = and t-th days of the year are dry :

t’ Tt-1 total number of years that the (t-1)-th
day of the year is dry

Estimates of the other four probabilities are calculated in
terms of these as described in equations (2.2).

Klotz [16] has examined other properties of the stationary
estimators given above. He has shown these estimators to be

sufficient and to be asymptotically efficient. He shows that,



for k independent samples each of size n, (nk)liz(P(D/D) -

P(D/D), P(D) - P(D)) has a limiting bivariate normal distri-

bution N((0,0),A) where:

P(D/D)P(W/D)

P (D) P(W)P(D/D)
A =
P(W)P(D/D) P(D)P(W)(1 - 2P(D) + P(D/D))

P(W/D)

Thus, for large nk the estimators are unbiased and one can

derive the following properties:

_ P(D)P(W)(1 - 2P(D) + P(D/D)
- nkP (W/D)

Var(P(D))

P(D/D)P(W/D)
nkP (D)

Var (P(D/D)) =

_ P(W)P(D/D).
nk

COV(PED),P(B/D)

From the above; the following desirable property of the esti-
mators is noted. As P(D) -+ P(D/D), Var(PED)) . ELE%ELHL, the
variance of a binomial distribution with no day-to-day dependence
Some further modifications of these estimates have been
suggested. In fitting the stationary model to several sets
of data, Weiss [20] noted that there appeared toc be a seasonal
variation in the probabilities and this should somehow be
accounted for. Feyerherm and Bark [4] assumed that the daily
probabilities should approximate a continuous curve with at

least a one-year period and possibly also periods of shorter

length. They expressed the seasonal variation in daily



?robabilities by use of partial sums of a Fourier series.

They let:

m
P(D,) = 4, +h§

27ht . 2rht
1(Ahcos[ 365] + B 51n[ 365]) (2.3)

AO, Al, v oiw iy By Bl’_BZ’ R Bm are constants. Relative

m
frequency estimates were obtained for P(Dt) for t = 1,2,
wee3s 365. These were written in equations of the form of (2.3)

and estimates of Ao, Al, s we s Aoy Bl, Bz, b Bm were ob-

m
tained by the method of least squares. These estimates were
then placed in equations (2.3) and new estimates of P(Dt)
could be written. Hartley [l4] had earlier given a procedure
based on an F-teét to test which harmonics in such an equation
are significantly different from zero and this was applied.
Weber and Bayne [1l7] use a slightly different procedure to
test significance of the harmonics. Seasonal variation, in
the conditional probabilities, P(Dt}Dt_l) was also expressed
in terms of partial sums of the Fourier series in an equation
like (2.3).

For a set of six locations, Feyerherm and Bark [4] found
that the first harmonic was always significant, the second
harmonic was always significant for P(Dt) when a wet day was
defined as receiving at least .01 inch of precipitation and
higher harmonics appeared sometimes. The ﬁariance of the
estimate obtained in this way is (g%%%)Var(P(Bt)}. j =1,2,

vs+,12, where j 1is the number of harmonics used in the equation



and P(ﬁt) is the relative frequency estimate of P(Dt)' Since
j is relatively small, this procedure yields an estimate with
a much smaller variance than the separate relative frequency
estimates based on a single day or pair of days of the year.
Gringorten [12] noted that obtaining relative frequency
estimates in the non-stationary model for P(Dt) and P(Dt_l)
requires a large amount of tedious work. He suggests obtaining
relative frequency estimates for P(Wt) and also obtaining an
estimate for po, the day-to-day correlation coefficient between
the standard normal transformed variables of amounts of pre-
cipitation. o is considered constant throughout the year.
This does not mean the conditional probabilities will be con-
stant. In order fo use this procedure, one must have records
not only of whether a day was wet or dry but alsb of the ac-
tual amounts of precipitation. For a sufficiently large sam-
ple of two-day sequences, the amounts of daily precipitation
received, Vi must be transformed to a standard normal dis-
tribution. Gringorten suggests doing this graphically. The

Cov(zi_l,zi)

estimate of °o is obtained by computing Iy = S

i-1 “di

~where z, is the standard normal transformed value for Yi-
For each wvalue of P(Wt) one must also find z, where Z is a

standard normal random variable and zt is the constant such

that P(Wt) = P(Z > zt). The model proposed by Gringorten is:

Zefe-1 T % T rexp(ouzp)



where =z is the constant such that P(Z > ztlt-l) = P(thwt_l).

t/t-1
In this model, A and p are parameters numerically defined by
P(Wt_l) and po. Gringorten used the method of least squares
to draw charts giving values for A and for p for given values

of p, and z Gringorten also gave a more general equation

0 t-1°
for finding P(Wt/Wt_n):

Zeft-n - Ze " Aexp(—uzt).

A and p are defined as before; but the correlation coefficient
one must enter the charts with is the correlation coefficient,
p, between the standard normal variates corresponding to amounts
of precipitation on two days n days apart. Under the assump-
tion of a Markov chain, p = pon.

Gringorten [12] later suggested a similar model that did
not include parameters X and u. This model requires an actual
amount of precipitation rather thanm a simplification of "wet"

or "dry" for the previous day. This model is:

0
t/t-1 ~ 2,1/2°

zt/t—l and z,_ are defined as before. z. is the constant num-

t 0

ber such that P(Z > ZO) = P(Y > yo) where Yo is the amount
of precipitation received on the previous day. So, if one
knows the exact amount of precipitation received on the pre-

vious day, this equation can be used.



A simplified method for estimating P(Wt/Wt_n) is the main
advantage of Gringorten's method. From P(Wt/ﬁt_n), one could
of course obtain P(Dt/ﬁt_n), P(thﬁt_n), and P(Dt/Bt_n) using
the relationships defined earlier. To test his model, Grin-
gorten compared the estimated conditional probabilities with
relative frequency estimates of conditional probabilities.
Data used was 18 years of records for Boston, Mass. The rms
difference between the estimates of conditional probabilities
by the two methods was *.05. The mean bias of the estimate

was .008.

2.3 Fit of the Model

The fit of a first-order Markov chain in modelling con-
ditional precipitation probabilities has been tested with the
chi-square goodness-of-fit test. Gabriel and Neumann [6] were
the first to suggest the use of this model. They used the
stationary model on daily precipitation records for 27 years
of rainy seasons in Tel Aviv, defining a wet day as a day re-
ceiving at least .1 mm of rain and found the model to fit,
Caskey [2] found that 11 years of Denver, Colorado, data fit
the Markov assumption where constant probabilities were used
for each of the four seasons of the year defining a wet day
as a trace or more of precipitation. Weiss [20] reported that
the Markov model fit data in France (49 years data), San Fran-
cisco (20 years data), Harpendon, England (nine years data),

Montreal (76 years data), and Moneton, Canada (49 years data).
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Feyerherm énd Bark [4] found the model with non-stationary
probabilities fit data at six different weather statiomns in
the midwest. Weber and Bayne [19] successfully fit the non-
stationary model for the entire state of North Carolina with
probabilities varying throughout the state. Hopkins [15] fit
the model for three stations in the Canadian prairie provinces.
In general, the model has been found to fit data from many
different areas with differing climates. Lowry and Guthrie
[17] noted-that the first-order Markov chain model would not
‘be appropriate for areas having #ery diverse climates within
a season. These are areas where persistence is more impor-
tant than reflected in a first-order Markov éhain. This occurs
where there are more long sequences of wet days, more short
sequences of wet days; and fewer intermediate-length sequences
of wet days than predicted by the first-order Markowv chain
model. These areas do not seem to occur frequently.

The amount of precipitation needed to define a day as

) " varies among writers. Lowry and Guthrie [l7] examined

wet
several sets of data and fit the Markov chain model repeatedly
defining a wet day as one receiving more than .01 inch, .05
inch, .10 inch, .20 inch .30 inch, and .50 inch. He found
that, for a given station, the first-order Markov chain fits
better when the amount of precipitation defining a wet day is

a smaller amount.

As mentioned above, both the stationary and non-stationary
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models havé been found to fit data. Gabriel and Neumann [6],
after testing their stationary model, stated: "If even this
simplified model fits the data, there is all the more reason
to assume that the more realistic model with continuous sea;
sonal variation of the probabilities must fit." It would be
most exact to assume that the marginal and conditional prob-
abilities of precipitation or no precipitation are changing

- every instant of the day. To assume them constant through-
out a giveﬁ day is a simplification. To assume them constant
throughout a given month or season is a further simplification.
Thus, one would expect to get a better fit of the model as
probabilities are calculated for smaller units of time and
the non-stationary model would give a better fit than the
stationary model. But the stationary model has been shown

to fit satisfactorily by use of the chi-square tests, so this
is a possible approximate model. The stationary model has
the advantage of requiring less calculations as there are
fewer probabilities to be calculated and then fewer probabil-
ities to work with in deriving further properties of the pre-
cipitation patterns.

The problem most generally worked with classifies days
as wet or dry. It is conceivable that one might be interested
in more than two states. Lowry and Guthrie [17] mentioned
this problem and noted that it would simply require working

with an n-state Markov process rather than a two-state process.
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One reason this 1is not too practical is that it would require
more years of data to accurately estimate parameters. There
would be more parameters to deal with. And, for practical
purposes, a two-state process often provides evough informa=
tion. No examples of the model being fit to actual data de-
fined in terms of more than two states were found. It is
possible that data would not fit the n-state Markov chain,
but would fit the two-state Markov chain.

In fitting the first-order Markov chain model, year-to-
vear independence is assumed. Weiss [20] tested this assum-
ption by dividing 50 years of data into two groups of 25
years of data. Probabilities were enough the same for the
two groups to cauée Weiss to conclude there was no secular

trend.

2.4 Propertiesrgg the Model

One of the main reasons for fitting a first-order Markov
chain to precipitation patterns is that one can easily obtain
many useful properties, The probability that the sequence
Xp> Xigq9s eves X, OCcCurs for a given sequence of n+l days

is simplified by Feyerherm and Bark [4] to:

P(xps Xppqs sees X)) = POXOIPOx 4 /X )P (x, o /% g) 0"

P(xt+n‘(xt+n—1}'
Gabriel and Neumann [6] stated several properties of the sta-

tionary model. The probability of a wet spell of length k (a
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dry day, followed by k wet days, followed by a dry day,
occurring is: P(D/W)(P(W/W))k—l. The probability of a dry
spell of length k occurring is: P(W/D)(P(D/D})k_l. The dis-
tribution of spells by length is geometric. The probability

of exactly s wet days among n days following a wet day is:

c

1, b a
_ s n-s s| [n-s-1|[P(D/W) P(W/W)
P, = (P(W/W)) (P(D/D)) czlla][ s 1 ][P(D/D)] [P(D/W)]
erE . {n +1/2 - |2s - n + 1/2| if s < n
o b | 0 (and the sum involves only one term) if s = n

and a and b are the least integers not smaller than 1/2 (c-1)
and 1/2 ¢ respectively. The probability of exactly s wet days

among n days following a dry day is:

c

0 a b
_ s n-s s=1}({n-s] (P(D/W) P(W/D)
Py = (/M) (r(D/D)) czl[b-lJ[ a ][P(D/D)J [P(W/W)]

where c, = [n + 1/2 - [2s - n - 1/2] if s > 0
0 (and the sum involves only one term) if s = 0

and a and b are defined as above. The probability of s wet
days among any n days is then:

P(W)Pl + P(D)Pz.
For large n, the distribution of the number of wet days in n
days approaches normal with a mean of nP(W) and a variance of

1 + P(W/W) - P(W/D). Caskey [2] stated the following:

nP(W)P(D)l - P(W/W) + P(W/D)

The probability of at least one wet day in n days is

1 - p(D)(P(D/D))""L,
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From Parzen [18], pages 242-243, the mean first passage
and mean recurrent times can be obtained. Given that Xt =

Dry, the mean number of days until a wet day next occurs is

1 o =

PCW/D) " Given that Xt = Dry, the mean number of days until

a dry day mnext occurs is (D) " Similarly, mean first passage
. . 1

time from wet to dry is P(D/W) days and the mean recurrence

time of a wet day is From Parzen [18], page 197 the

P(W)"®

following relationships between precipitation today and pre-

cipitation n days ago can be obtained:

_ P(D/W) + P(W/D)(P(D/D) + P(W/wW) - 1)
B(D /Dy ) = 2 - P(D/D) - P(W/W)
PO, /D ) =1 - B(D/D,_.)
n
P(Wtht_n) - P(W/D) + P(D/W)Y(P(D/D) + P(W/W) - 1)

2 - P(D/D) - P(W/W)

P(Dtlwt_n) 1 - P(wt/wt_ ) s

n
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3. ALTERNATIVE MODELS

3.1 Higher-order Markov Chains

Use of a first-order Markov chain model to describe pre-
cipitation persistence assumes that if today's weather is con-
ditioned on yesterday's weather, then no further conditioning
on past events is necessary. Use of a second-order Markov
chain model assumes that if today's weather is conditioned
on yesterday's weather and weather two days ago, then no fur-
ther conditioning on past events is necessary. Thus, a sec-
ond-order chain contains éll the information of a first-order
chain plus some additional information. In describing today's
weather, a third-order Markov chain would also condition on
weather three days ago, a fourth-order Markov chain would also
condition on weather four days ago, ete. Thus, if the first-
order model does not adequately fit data for a particular
area, one might investigate whether a higher-order Markov
chain would be an adequate model. The first-order chain has
been shown to fit data for many areas, and if the first-order
chain fits, it would be preferable over higher-order chains
because it contains fewer parameters and is simpler to work
with.

Lowry and Guthrie [17] fit models of zero order (binomial),
first-order, second-order, and third-order Markov chains to
several different sets of data in the Southwest using station-

ary probabilities throughout a month. They found that in
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areas showing too many long sequences of wet days, too many
short sequences of wet days, and too few intermediate-length
sequences of wét days for a first-order model, that a higher-
order Markov chain gave a substantially better fit. Feyer-
herm and Bark [4] investigated the use of higher-order Markov
chains for precipitation data in the midwest. They found
for most areas and most times of the year only minor improve-
ment could be gained by using more thatn a first-order model
although tﬁere were some cases where the fit may be improved,

Wiser [22] has proposed four modifications to the Markov
chain for cases in which the first-order Markov chain does
not fit. These modified models fit the data the same as
higher-order Markov chains, but specify certain relationships
between the parameters which reduce the number of parameters
to be estimated and provide models which are easier to work
with.

Feyerherm and Bark [5] described a modification of the sec-
ond-order Markov cﬁain that was found to fit data in April in
the midwest. They obtained separate estimates for P(Wt/Wt_l,

Wt—z) and P(Wt/W 2) as one would for a second-order

e-1°D¢-

Markov chain, but found one estimate for P(Wt/D

e-1"D¢-2)

P(Wt/D W = P(Wt/Dt_l) as one would for a first-order

t-2)

Markov chain. This resulted in a model with three parameters--

t-1

simpler than the second-order Markov chain and more complex

than the first-order Markov chain. The model was specifically



17

designed to fit data for this particular location and this

particular time of year.

3.2 Modified Log Series

Green [iO] proposed a model that combines the first-or-
der Markov chain model with a log series model. Before Ga-
briel and Neumann suggested the first-order Markov chain for
modelling precipitation persistence, Williams [21] had pro-
posed a model where the probabilities of rumns of 1,2, ..., r,

«». dry (wet) days are estimated by:

aq, aJé'_s -o-:ﬂ_, “ v

where a and q are parameters to be estimated. The Markov
chain assumes probabilities of runs of 1, 25 wrgy Ly sws OFY

(wet) days are of the form:
2
aq, aq , ...aqr, —_—

Green's model assumed these same probabilities to be of the
form:
2 r
=39 aq aq_
l+b. 2+b’ III, r+b’ a ® o
where 0 < b < o, This model has added another parameter, b.
When b = 0, the model is exactly the same as Williams' log

series model. As b becomes larger, the model approaches the

Markov chain model. Green tested this model for several sets
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of data and found that it fit 29 out of 33 sets of data, in-
cluding some that f£it the Markov model, some that fit the log
series model and some that fit neither. Thus, this model
might be used, but it would be suggested only when the first-
order Markov chain model does not fit because: (1) This model
contains three parameters and the Markov chain model only two;
(2) This model does not easily provide a lot of additional
probabilities as the Markov chain model did; and, (3) Estimates
of the parameters for this model are more difficult to ob-
tain. Green could not find maximum likelihood estimators for
these parameters. Instead, he used an asymptotically equiva-
lent method, the method of minimum chi-squared. This is an
iterative procedure done by computer and requiring much more

time than the Markov chain estimators.

3.3 Exponential Distribution

Another model suggested by Green [8] begins by assuming
that dry spells and wet spells form an alternating renewal
process and the lengths of dry spells form an exponential dis-
tribution with density function ua_at, while lengths of wet
spells form an exponential distribution with density function

Be-Bt

. These spells are studied in continuous time rather
than in terms of days as the Markov chain model. A wet spell
is a series of all wet "instants". This model is a continuous

parameter Markov process. The Markovian dependence is instant-
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to-instant, not day-to-day. From this model can be derived
properties of wet and dry days where a wet day is defined to
be a day that contains at least one wet instant and a dry day
is defined to be a day containing no wet instants. It was
found that this model led to the conclusion that states of
the day approximately form a Markov chain of order one.

All equations of interest are written in terms of a and

B:
_ . _ 8
P(d) = P(dry instant) 50
--:“ =- ‘ = o
P(f? P(wet instant) otB
P(D) = P(d)P(a day is dry given that it starts dry) =
g © -at _ ge ¢
atg J1oe 4t = oG
+8-8e *
P(W) = 1 - P(p) = 2*E"Pe

o+B

@ and B are considered constant over a given time period
resulting in P(D) and P(D/D) constant over a given time per-=
iod. So, this corresponds to the stationary Markov chain
model. Green gives some useful equations for probabilities

related to wet and dry days:

Qn = P(wet day given a preceding run of n wet days)
= POW /W10 Wy gy veey W)
_ b-a
=1-b+ —=, n=1,2,... (3.1)

Qn—-l
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Pn = P(wet day given a preceding run of n wet days

preceded by a dry day)

= P /W gy Weogs woen W Dy n-1)
- l_ .b +b—a ) n=1,2,-¢- (302)
P
n-1
- -2a-8 _
In these equations a = ie e and b = e e ™" B.

atB
Equations (3.1) and (3.2) are recursive and QO and PO are

defined:

a

_ _ otB-Be
Q, = P(W) e (3.3)
P, = P(W/D) = 1 - ge 30~B _ 7o , ~o-B (3.4)

P and Q_ are related:
n n

Green also shows that where ¢ is the positive root of

the equation ¢ = 1 - b + E%é, for n > 0, both Pn and Qn alter-

nate about c¢. They are greater than c¢ for odd n and less than
¢ for even n, and approach ¢ as a limit as n increases. For
any n, Qn is closer to ¢ than Pn'

Using the relations between conditional probabilities
in a first-order Markov chain discussed previously, it can

be shown:

3a-f -a -a

(1-pe” -e +e-a—B)Be

a+B-ge

P(D/W) (3.5
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This is an approximate expression since states of days form
an approximate Markov chain. In addition one could apply pre-
viously discussed properties of sequences of wet and dry days
in the Markov chain model to this model, substituting in
appropriate probabilities as defined in equations (3.3),(3.4),
and (3.5) and get approximate results.

Some additional information can be obtained from this
model that cannot be obtained from the Markov Chain model.
The mean lengths of dry and wet spells are respectively %

and % days and the probability that the last instant of a wet

day is wet is *——E——:E {8]. Parzen [18] states the following
a+Bf-Be

results. If it is wet at time t = O then the probability of

a wet instant at time t is:

a B -(at+B)t
a+B T o8

and the probability of a dry instant at time t is:

B _ B ~(atB)t
a+B  a+tB

If it is dry at time t = 0 then the probabilities of wet and

"dry instants at time t are, respectively:

o o -(a+B)t

a+p a+f

and:



B a_ =(a+B)t
atB  atB°

Another possible use of this model described by Crovelli [3]
is determining expected total amount of precipitation during
a given time interwval. lIn order to do this one must define
and estimate a precipitation rate in inches per unit time
for the wet state., Crovelli alsc suggests some methods for
dealing with a process of more than two states.

Crovelli gave an example where parameters o and § were
estimated by a "careful investigation™ of five years of
hourly precipitation records. Green stated that maximum iike-
lihood estimators for o and B would be difficult to obtain.

He instead obtained the relative frequency estimates for P(W/D)
and P(W/W), wet them equal to the expressions obtained from
equations (3.4) and (3.5) and solved for o and B. This gives
approximate estimates since states of the day approximately
form a first-order Markov chain.

Crovelli [3] noted that Grayman and Eagleson [7] reported
that this model had been found to fit five years of Boston
rainfall data by use of a curve-fitting procedure. Green fit
the model to the Tel Aviv data used by Gabriel and Neumann
and found that the significance level of the chi-square test
‘using the exponential model is slightly higher than using the
Markov chain model, indicating that Green's model gives a

better fit. Green [9] later fit the model to some of the data
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Weiss had used. The exponential model gave a satisfactory
fit in some cases where the Markov chain model did not.

The exponential model requires P(W/W) > P(W/D). Green
did some further 1investigation and found that the two models
in general were more alike when P(W/W) and P(W/D) were nearly
equal.

Whether or not the exponential model is preferable to
the Markov chain model would depend partly on one's purposes
in studying weather patterns. If one 1is interested only in
presence or absence of precipitation on a daily basis and one
is not interested in precipitation changes within shorter
units of time, the Markov chain model would be adequate. The
Markov chain modei requires somewhat less calculations. The
exponential model allows one to estimate day-to-day probabil-
ities only with the stationary assumption which is somewhat
of a simplification and may not give as accurate results as
the non-stationary assumption. If the first-order Markov
chain model is not found to give a satisfactory fit for a cer-
tain area or time of the year, the exponential model may in
some cases provide an adequate fit. 1If a first-order Markovw
chain does not fit, the exponential model may be preferable
to a higher-order Markov chains if both these models fit be-
cause the exponential model requires only two parameters.

In conclusion, one can gain much infofmation about pre-

cipitation patterns by taking into consideration day-to-day
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persistence of precipitation., The first-order two-state Mar-
kov chain is a very simple model and has been found to fit
data in many areas. Some modifications to this model and
some alternatives to the model have also been shown to be of

interest.
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Presence or absence of precipitation at one point in
time is not independent of the presence or absence of precip-
itation at earlier times. In developing a statistical model
of rainfall occurrence, this persistence should be considered.

The first-order Markov chain model considered on a dis-
crete day-to-day parameter space assumes that if today's
precipitation is conditioned on yesterday's precipitation then
further conditioning on past events adds no more information.
This model has been shown, by means of a chi-square goodness-
of-fit test to fit data from many different climates. The
maximum likelihood estimators of the probabilities involved
in the model have been shown to be simple relative frequencies.
Some properties of the estimators have been described and some
alternative estimation procedures have been diséussed.

For areas or times of the year where there is more per-
sistence in precipitation patterns, a first-order Markov chain
will sometimes not be an adequate model, but a higher-order
Markov chain will add enough information to provide an ade-
quate model. Another model that has been proposed is based
on the log series and this model is a more general model than
the first-order Markov chain.

One can also consider not day-to-day changes, but instant-
to-instant changes. This is a continuous time Markov process
where lengths of dry spells and lengths of wet spells each

have exponential distributions.



