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Abstract

Density estimation has been a long frontline research area in nonparametric smoothing.

However, real applications oftentimes see the data contaminated with different types of

measurement errors. Further data analysis, therefore, should take care of these errors to have

a reliable statistical inference procedure. In this proposal, nonparametric density estimation

for the data contaminated super-smooth, ordinary-smooth, Berkson measurement errors will

be thoroughly investigated. Classical kernel and deconvolution kernel smoothing are used as

building blocks to construct the estimators.

In the first part, we propose a nonparametric mixed kernel estimator for a multivariate

density function and its derivatives when the data are contaminated with different sources

of measurement errors. The proposed estimator is a mixture of the classical and the de-

convolution kernels, accounting for the error-free and error- prone variables, respectively.

Large sample properties of the proposed nonparametric estimator, including the order of the

mean squares error, the consistency, and the asymptotic normality, are discussed. The opti-

mal convergence rates among all nonparametric estimators for different measurement error

structures are derived, and it is shown that the proposed mixed kernel estimators achieve

the optimal convergence rate. A simulation study is conducted to evaluate the finite sample

performance of the proposed estimators.

In the second part, we consider the nonparametric estimation for the joint density func-

tion of two random variables, when one variable is contaminated with Berkson measurement

error, and another variable can be observed directly. Two estimators are proposed with or

without applying the kernel smoothing for the data with Berkson measurement error. Mean

squared errors are calculated for both estimators. Large sample properties, including weak

consistencies, strong consistencies, uniform strong consistencies in probability, and asymp-

totic normality are derived. In addition, we develop a method for bandwidth selection in the



kernel estimate of the probability density using the least squares cross-validation method.

The performance of this method is further assessed by a simulation study.
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Chapter 1

Introduction

An estimation of a probability density function is composed of estimating an unobservable

underlying probability function from observed data. It is generally thought of that the data

represent a random sample from a population, while an unseen density function represents

the distribution of a large population according to its density. Also, knowing the probability

density function of a statistical population can be useful in determining if an observation

is likely, or so unlikely that it should be considered an anomaly or outlier. Additionally,

it allows you to select the right learning method if you require that the input data have a

certain probability distribution. Different methods are used to estimate density, including

Parzen windows, a variety of data clustering techniques, and vector quantization. A re-scaled

histogram is the most basic density estimation method.

Suppose that X1, · · · , Xn is a set of continuous random variable having common density

f . The parametric approach to estimate f involves assuming that f belongs to a parametric

family of distributions, such as normal or gamma family, and then estimating the unknown

parameters using, for example, the maximum likelihood estimation procedure. On the other

hand, a nonparametric density estimator assumes no pre-specified functional form for f .

Especially for those data sample that may not resemble a common probability distribution

or cannot be easily made to fit the distribution.

The most common nonparametric approach for estimating the probability density func-
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tion of a continuous random variable is the kernel smoothing, or kernel density estimation.

It was first introduced in the literature for univariate data in the Rosenblatt (1956) and

Parzen (1962) and can be viewed as a generalization of histogram density estimation with

better statistical properties. Multivariate kernel density estimation has reached compara-

ble maturity levels with its univariate counterparts after years of research in the 1990s and

2000s.

Kernel smoothing is a mathematical function that returns a probability for a given value

of a random variable. In essence, the kernel smooths or interpolates the probabilities across

the range of outcomes for a random variable, such that the sum of probabilities equals one,

this is a precondition for well-behaved probabilities. Suppose that we want to visualize

a set of data graphically. Then kernel density estimation is an attractive procedure to

achieving this goal since kernel estimators are simple and mathematically tractable, allowing

one to gain a deep understanding of their properties without knowing highly sophisticated

mathematics. In addition, kernel smoothing is an effective method for solving a variety of

important problems with simplicity and reliability. It is a well known data analytic tool

which provides a very effective way of showing structure in a set of data at the beginning of

its analysis. For example, when the data has two peaks (bimodal distribution) or many peaks

(multimodal distribution). General parametric estimation is not feasible and it is impossible

to capture the significance by imposing a unimodal parametric mode. Since one of the main

goals of data analysis is to highlight important structures in the data, it is desirable to have

a density estimator, such as kernel smoothing, that does not assume that the density has

a particular function form. In this case, the distribution will still have parameters but are

not directly controllable in the same way as regular probability distributions. It estimates

the density using all observations in the random sample and treating all observations in the

sample as “parameters”.

The univariate kernel density estimator is defined as follow

f̂(x;h) =
1

nh

n∑
i=1

K

(
x−Xi

h

)
.
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Here K is the kernel function which satisfying
∫
K(x)dx = 1, and h is a sequence of positive

numbers tending to 0 as the sample size goes to infinity, which we call the bandwidth or

window width. One can think of the kernel estimate is constructed by centering a scaled

kernel at each observation. The estimated value at point x is simply the average of the n

kernel ordinates at that point. By combining contributions from each data point, in regions

where there are many observations, and it is expected that the true density is relatively

large, the kernel estimate should also have a relatively large value. When there are relatively

few observations in the region, the opposite is expected to occur.

The parameter h also known as smoothing parameter, it controls the number of samples

or window of samples used to estimate the probability for a given sample. The choice of

value for the bandwidth is critical. A large bandwidth may produce a coarse density estimate

with little details, which is said to be oversmoothed. For a small window width, the detail

may be too fine and not smooth enough or general enough to correctly cover new or unseen

samples. As a result, the averaging process performed at each point is based on relative

few observations and the estimate of f will be very rough. This estimate pays too much

attention to the particular data set and limits the variation across samples, which is known

as undersmoothed.

Note that the choice of the kernel function is not particularly important. The contribution

of samples within the window can be shaped using different kernel functions. Usually K is

chosen to be a unimodal probability density function that is symmetric about zero, e.g.

normal, biweight, etc., with different effects on the smoothness of the resulting density

function. This guaranties that f̂(x;h) itself is also a density.

Apparently, in order to make accurate statistical inferences, the data should be collected

as precisely as possible. However, in real applications, there are often mismeasured val-

ues in data sets or even values that cannot be directly observed. As a result, we observe

contaminated covariates, which could be due to random errors or systematic errors.

Especially in regression where some regressors are measured with errors, estimation based

on the standard assumption yields inconsistent results, showing that parameter estimations

do not converge to true values even in large samples. Attenuation bias occurs when sim-
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ple linear regression results in an underestimating of the coefficient. In non-linear models,

determining the bias direction is likely to be more complex. More technical details can be

found in Fuller (2009). Therefore, we need to consider the regression model that account for

measurement errors in the independent variables.

However, much of the literature on measurement error is based on what is known as

classical measurement error, in which the truth is measured with additive error, typically

with constant variance. Under the classical error framework, we often denote X to be the true

variable and Z to be the observed contaminated variable. Then the classical measurement

error model states that Z = X + U . In this model, X and U is assumed to be independent

and U has mean 0. Therefore, Z is an unbiased measure of X. The error structure of U

could be homoscedastic (constant variance) or heteroscedastic.

The examples of the classical measurement error model are abundant. For example, in

the National Cancer Institute’s OPEN study Subar et al. (2001), the research interest is

in measuring the logarithm of dietary protein intake, denoted by X. However, the true

long-term log-intake X cannot be observed in practice. Instead, the researchers measured a

biomarker of log-protein intake, namely urinary nitrogen, denoted by Z. Based on feeding

studies, it is evident that the protein biomarker accurately reflects actual protein intake with

added variability.

What we see in the classical measurement error model is that the observed variable equals

the true variable plus a measurement error. This leads to a greater variability in observed

variable than in true variable. In contrast, another different measurement error structure

also appears in the literature. In this structure, the true variable is assumed to be equal to

the observed variable plus the measurement error, that is, X = Z + U , where Z and U are

independent, and E(U) = 0. This type of error is called the Berkson measurement error. In

this case, true variable is more variable than the observed variable.

An example of Berkson error can be found in Young et al. (1975). In Young et al.

(1975), 58 subjects were randomly assigned to various nitrogen intake levels. Subjects are

instructed to consume only prepared meals with known nitrogen contents in order to control

their intake. It is impossible to observe the actual intake, X, due to variations in nutritional
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content, serving size, etc. The target intake is a fixed value, so this is a case of Berkson

error. There are additional practice examples of measuring errors in Carroll et al. (1995).

The “Triple Whammy”, mentioned by Carroll and Hall (1988), describes three main ef-

fects of measurement error on statistical analysis. It may not only result in biased parameter

estimation but also power losses in testing, thus adversely affecting the ability to detect clin-

ically meaningful relationships between variables. In the case of nonlinear models, features

of the data are masked, as a result, the graphical representations of those data do not truly

represent how the explanatory variable influences the response variable.

In measurement error modeling, there has been growing interest in estimating the density

function f of X from the contaminated data Z. For example, if X represents the usual

intake of a particular nutrient, then knowing its density can help us to better understand the

dietary patterns of individuals within a population. In this context, the deconvolution kernel

density estimator from Stefanski and Carroll (1990) and Carroll and Hall (1988) is the most

popular nonparametric estimator of f . Under the classical measurement error frame work,

the deconvolution kernel density estimator is constructed by exploiting the independence

between X and U . The independence implies that φZ(t) = φX(t)φU(t), where for a generic

random variable Y , φY (t) = E(eiY t). Also, for an absolutely integrable function g, its Fourier

transform has the form of
∫
eitxg(x)dx, where i represents the complex number such that

i2 = −1. Thus, if we further assume that φU(t) 6= 0 for all t ∈ R, then φX(t) = φZ(t)/φU(t).

By the Fourier inversion theorem, we conclude that

fX(x) =
1

2π

∫
e−itxφX(t)dt =

1

2π

∫
e−itx

φZ(t)

φU(t)
dt.

Because fU is known, φU is known. Leaving only φZ is unknown, but it can be easily

estimated using the observations on Z, such as applying the empirical characteristic function

φ̂Z(t) = n−1
∑n

j=1 e
itZj . Then, by plugging φ̂Z(t) back, the estimator for fX(x) can be

constructed. However, for large |t|, φU(t) → 0 as |t| → ∞, it causes φ̂Z(t)/φU(t) not

integrable. As a way to overcome unreliable tail fluctuations, Stefanski and Carroll (1990)

and Carroll and Hall (1988) introduced a weight function w(t) such that it is close to one
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when φ̂Z(t) is reliable, and close to zero otherwise. They define

f̂X(x) =
1

2π

∫
e−itx

φ̂Z(t)w(t)

φU(t)
dt,

where w(t) = φK(ht), with a bandwidth parameter h and a univariate kernel function K.

Subsequently, Stefanski and Carroll (1990) and Carroll and Hall (1988) defined the decon-

volution kernel density estimator as follow:

f̂X(x) =
1

2π

∫
e−itx

φ̂Z(t)w(t)

φU(t)
dt =

1

nh

n∑
j=1

Kn

(
x− Zj
h

)
,

where the deconvolution kernel Kn is defined by

Kn(x) =
1

2π

∫
e−itx

φK(t)

φU(t/h)
dt.

with following conditions imposed to guarantee desirable statistical properties of the resulting

estimator,

(1) φU(t) 6= 0 for all t;

(2)
∫
|φX(t)|dt <∞;

(3) supt∈R |φK(t)/φU(t/h)| <∞ and
∫
|φK(t)/φU(t/h)|dt <∞.

In real applications, both error-prone and error-free variables are often included in the

model. The discussion on the estimation of the joint density function of both variables or

error-prone and error-free is limited in the literature. As far as we are aware, there has not

been any discussion of the true multivariate density estimation in the literature, when all

types of measurement errors shown in the data, and the data are multidimensional.

In this dissertation, we will try extend the existing methods to handle the multidimen-

sional cases with various type of measurement errors. In chapter 2, we aim to find out

which type of measurement errors and which variable within each measurement error type,

play important role in the determination of the optimal convergence rate of nonparametric
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estimators of joint density or its derivatives. We will show that the mixed kernel estima-

tor proposed in this dissertation achieves the optimal convergence rate. The mixed kernel

density estimator can be readily used to construct estimate procedures for the regression

functions when the predictors in the regression model are contaminated different types of

measurement errors.

In chapter 3, we consider the nonparametric estimation for joint density function of two

univariate random variables, when one variable is contaminated with the Berkson measure-

ment error and another variable are error-free. Two estimators with different smoothing

schemes are proposed.

The large sample features of all the estimators suggested in this dissertation, including

consistencies and asymptotic normality, are thoroughly examined. In addition, simulation

studies are also included to further prove the proposed results.
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Chapter 2

Estimating Multivariate Density and

Its Derivatives for Mixed

Measurement Error Data

2.1 Introduction

As one of the most commonly used nonparametric smoothing techniques, the kernel-based

local smoothing estimation procedure has been widely used in modeling the relationship

between a scalar response variable and a set of covariates. The building block for the kernel-

based estimation procedure is the kernel estimator of the density function of the covariates.

Extensive introductions on these topics can be founded in Wand and Jones (1995), Fan and

Gijbels (1996), Wang (2011), among others. In real applications, the random system of inter-

est might involve many variables, some variables can be observed directly, and some variables

cannot due to the instrumental flaws or human errors. For those variables that cannot be

observed, we may observe their surrogates with different measurement error structures. In

the univariate case when the variable is measured with measurement errors, Stefanski and

Carroll (1990) proposed a deconvolution kernel estimator to estimate the density function

of the true latent variable. Since then, more extensive research on this subject has been
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conducted, for example, optimal convergence rates for the deconvolution kernel density es-

timators are discussed in Carroll and Hall (1988), Fan (1991a), the asymptotic normality of

the derivative of the deconvolution kernel density estimator is proved in Fan (1991b). Later,

the deconvolution technique is extended to multivariate setup, see Fan and Masry (1992),

Masry (1991), Masry (1993a), Masry (1993b), Masry (1993c) and Tang (1994).

However, real applications often see that both the error-free and error-prone variables are

shown in the model, and the discussion on the estimation of the joint density function seems

scant in literature. Recently, Shi et al. (2020) studied both nonparametric density estimators

and regression function estimators in a statistical model when some predictors are free of

measurement errors and some predictors are contaminated by the classical measurement

errors with different smoothness. Note that Shi et al. (2020) only discussed a relative simple

scenario in which only two one-dimensional predictors are presented in the model, one of

these two predictors has no measurement error, and another has either the ordinary or the

super-smooth measurement error. It is shown that in both cases, the optimal convergence

rates of the proposed mixed deconvolution kernel estimators are completely determined by

the smoothness of the measurement errors. To our best knowledge, the literature has no

discussion on the true multivariate cases, in particular, when all types of measurement error

structures are shown in the data and the predictors with each type of measurement error are

multidimensional. In this paper, we will try to fill this void. The contribution made in this

paper include

(1). Identifying which measurement error type, and which variable within each mea-

surement error type, plays dominated role in determining the optimal convergence rate

of nonparametric estimators of the joint density or its derivatives;

(2). Proposing a mixed kernel estimator and to check if it achieves the optimal con-

vergence rate, and

(3). Laying a solid foundation for estimating the regression functions when all types

of measurement errors appear in the regression model with multiple predictors.
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Researches in statistical models with certain other types of measurement error structures

can be found in literature, for examples, Delaigle (2007) proposed a nonparametric density

estimator for the data with a mixture of Berkson and classical errors, while Carroll et al.

(2007a) further considered a nonparametric regression estimation procedures in a nonpara-

metric regression model when the covariate is contaminated by a mixture of Berkson and

classical errors.

The paper is organized as follow. Notations for multivariate indices, and two types of

measurement errors, the ordinary smooth and the super-smooth measurement errors, are

introduced in Section 2; the mixed kernel density estimators of the joint density function,

as well their derivatives, are presented in Section 3. The mean squared error (MSE) of

the proposed mixed kernel estimator, the optimal convergence rates of the nonparametric

estimators for the density functions and their derivatives, as well as its asymptotic normality

will be discussed in Section 4. A simulation study is conducted in Section 5 to evaluate the

finite sample performance of the proposed estimators. All the technical proofs are deferred

to the appendix.

2.2 Notations and Conditions

Suppose that a random triple (Y ,X,Z) with Y ∈ Rd,X ∈ Rp,Z ∈ Rq, respectively, d ≥ 1,

p ≥ 1 and q ≥ 1 is of interest in a statistical model. Observations can be directly made on Y .

However, due to the imperfection on measurement instruments or human errors, we cannot

observe X and Z directly. Instead, we can observe W = X +U , S = Z+V , where U and

V are the measurement errors. Throughout the paper, we shall assume that (Y ,X,Z) are

independent of (U ,V ), U is independent of V . Furthermore, for the sake of identifiability,

the density functions ofU and V are assumed to be known. Although replicated observations

or other assumptions onX and Z can help us relax this rigid requirement, we will not pursue

this direction in the current paper.

To facilitate the presentation, we begin with a relatively complete list of notations, in-

cluding the multiple index notations particularly designed for dealing with the multivariate
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functions.

– Regular capital letters, for example, X, Y , denote random variables, and bold capital

letters, for example, X,Y , denote random vectors;

– Regular lower case letters, for example, x, y, denote non-random variables, and bold

lower case letters, for example, x,y, denote non-random vectors;

– The density function of X or X is denoted by fX , fX , respectively;

– For any real vectors a = (a1, . . . , ak)
T , α = (α1, . . . , αk)

T , denote [a] = a1+a2+· · ·+ak,

aα× = aα1
1 a

α2
2 · · · a

αk
k , |a|α× = |a1|α1|a2|α2 · · · |ak|αk , a! = a1!a2! · · · ak!,

aα+ = aα1
1 + aα2

2 + · · ·+ aαkk , |a|α+ = |a1|α1 + |a2|α2 + · · ·+ |ak|αk ;

– For vectors a1 = (a11, . . . , a1d)
T , a2 = (a21, . . . , a2d)

T , and a real number c,

a1 + a2 = (a11 + a21, . . . , a1d + a2d)
T , a1 + c = (a11 + c, . . . , a1d + c)T ,

a1a2 = (a11a21, a12a22, . . . , a1da2d)
T ;

– For any multivariate function f(y,x), y = (y1, . . . , yd)
T , x = (x1, . . . , xp)

T , and a =

(a1, . . . , ad)
T , b = (b1, . . . , bp)

T , α = (aT , bT )T , ai, bj ∈ {0, 1, . . .} for i = 1, . . . , d and

j = 1, . . . , p,

f (α)(y,x) =
∂[α]f(y,x)

∂ya∂xb
=
∂a1+···+ad+b1+···+bpf(y,x)

∂ya11 · · · ∂y
ad
d ∂x

b1
1 · · · ∂x

bp
p

;

– For a random variable X or vector X, its characteristic function is denoted by φX(t)

or φX(t);

– A d-dimensional vector of all 1’s is denoted by Jd, and 1dj denotes a d-dimensional

vector of 0’s except for the j-th element being 1;
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– Denote D = (Y ,X,Z), (Y ,X) or (Y ,Z) depending on whether Z, X present or

not.

Based on how the tails of the characteristic functions decay to 0, two types of mea-

surement errors are defined in Fan (1991a). The ordinary smooth measurement errors have

characteristic functions decaying to 0 at an algebraic rate, and the super-smooth measure-

ment errors have characteristic functions vanishing at an exponential rate. To be specific,

in our current setup, we shall assume that the components of the measurement errors of the

same type are independent, and

– U = (U1, . . . , Up) is ordinary smooth. That is, U1, . . . , Up are independent, and for

j = 1, . . . , p, and |t| large enough, τj0|t|−βj ≤ |φUj(t)| ≤ τj1|t|−βj , where τj0, τj1 and βj

are positive numbers. A typical example of the ordinary smooth measurement error is

the double exponential random variable.

– V = (V1, . . . , Vq) is super smooth. That is, V1, . . . , Vq are independent, and for j =

1, . . . , q, and |t| large enough, ζj0|t|µj0 exp(−|t|γj/ξj) ≤ |φVj(t)| ≤ ζj1|t|µj1 exp(−|t|γj/ξj),

where ζj0, ζj1, γj, ξj are positive numbers and µj0, µj1 are real numbers. A typical

example of the super-smooth measurement error is the normal random variable.

Here we assume that the components of the measurement errors are independent. It might

be more general to investigate the measurement errors with some dependent structures. In-

deed, although the proposed estimation procedure is designed for cases with independent

measurement error, it can well accommodate some dependent scenarios. For example, if

V ∼ Nq(0,Σ), then by transformation Σ−1/2S = Σ−1/2Z + Σ−1/2V , we obtain a multivari-

ate standard normal measurement error Σ−1/2V whose components are independent. Thus

a density estimator for Z can be constructed from any estimator for the density function

of Σ−1/2Z. However, for other measurement errors such as the multivariate Laplace distri-

bution, variable transforming may not change a dependent structure into an independent

structure. In particular, there are at least three different definitions for the multivariate

Laplace distribution, see McGraw and Wagner (1968), Johnson and Kotz (1972), Johnson
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(1987), Anderson (1992), Osiewalski and Steel (1993), Marshall and Olkin (1993) and Kotz

et al. (2001) for more details. According to Anderson (1992), a random vector, say U ,

is said to have a multivariate Laplace distribution if its characteristic function is given be

(1 + t′Σt/2)−1. Clearly, the transformation Σ−1/2U cannot generate a random vector with

independent components. So, for the sake of simplicity and not losing our focus on the

main research topic, throughout this paper, we shall assume that all the components in the

measurement errors are independent, but may have different smoothness.

It is well known that the smoothness of the measurement error has a significant effects on

the convergence rate of the nonparametric estimate of the density estimates and regression

function estimates. Literature shows that estimating the density function of a variable

measured with ordinary smooth measurement errors amounts to estimating the derivative

of the density functions of a variable free of measurement error, while it is more difficult to

estimate such quantities when the measurement errors are super-smooth. See Fan (1991a),

Fan (1991b), Fan and Truong (1993), Shi et al. (2020) and the references therein for more

details.

2.3 Mixed Kernel Density Estimators

The idea of constructing the mixed kernel estimator in Shi et al. (2020) can be readily ex-

tended to construct the estimator for the density function fD(y,x, z), as well as its deriva-

tives. Denoted by f̂D(y,x, z), the mixed kernel density estimator for the triple D is defined

as

f̂D(y,x, z) =
1

nhJd× η
Jp
× ρ

Jq
×
·

n∑
j=1

[
d∏

l1=1

L

(
yl1 − Yjl1

hl1

) p∏
l2=1

Hnl2

(
xl2 −Wjl2

ηl2

) q∏
l3=1

Knl3

(
zl3 − Sjl3

ρl3

)]
,

where the elements in vectors h = (h1, . . . , hd)
T , η = (η1, . . . , ηp)

T , ρ = (ρ1, . . . , ρq)
T are

sequence of positive numbers tending to 0 as the sample size n→∞. Yj = (Yj1, . . . , Yjd)
T ,
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Wj = (Wj1, . . . ,Wjp)
T , Sj = (Sj1, . . . , Sjq)

T , j = 1, 2, . . . , n, are samples from Y ,W ,S,

respectively. L is a classical univariate kernel density function. For l2 = 1, 2, . . . , p, l3 =

1, 2, . . . , q, Hnl2 and Knl3 are univariate deconvolution kernel functions defined by

Hnl2(x) =
1

2π

∫
e−itx

φH(t)

φUl2 (t/η)
dt, Knl3(z) =

1

2π

∫
e−itz

φK(t)

φVl3 (t/ρ)
dt

with H and K being two univariate classical kernel density functions. It is well known that

the kernel has little effect on the performance of the estimator, so for the sake of simplicity,

we choose the kernel functions to be the same for each type of measurement error.

Let k = (aT , bT , cT ), where the entries in a, b and c are pre-specified nonnegative

integers, and define

H
(bl2 )

nl2
(x) =

1

2π

∫
(−it)bl2e−itx φH(t)

φUl2 (t/η)
dt, K

(cl3 )

nl3
(z) =

1

2π

∫
(−it)cl3e−itz φK(t)

φVl3 (t/ρ)
dt,

where l2 = 1, 2, . . . , p and l3 = 1, 2, . . . , q. Then we define a mixed kernel estimator of the

k-th derivative of fD(y,x, z), ∂[k]fD(y,x, z)/∂ya∂xb∂zc, as

f̂
(k)
D (y,x, z) =

1

nha+1
× ηb+1

× ρc+1
×
·

n∑
j=1

[
d∏

l1=1

L(al1 )

(
yl1 − Yjl1

hl1

) p∏
l2=1

H
(bl2 )

nl2

(
xl2 −Wjl2

ηl2

) q∏
l3=1

K
(cl3 )

nl3

(
zl3 − Sjl3

ρl3

)]
.

One can certainly consider the possibility of using other methods to construct the estima-

tors for the density functions and their derivatives. For example, the truncated deconvolution

kernel proposed in Liu and Taylor (1989) and the truncated orthogonal series estimator intro-

duced in Efromovich (1997) etc. could be the candidates for dealing with the measurement

error components in the mixed types of data. However, in this paper we only focus on the

estimators constructed using the classical deconvolution kernel.
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2.4 Main Results

To find the optimal convergence rate among all nonparametric estimators for the density

function fD(y,x, z) and its derivatives, the density function to be estimated is assumed to

be a member from a distribution family. Let α be a positive real number in (0, 1), m be

a positive integer, and B be a positive real number. We assume that the density function

fD(y,x, z) belongs to the following distribution family

Cα,m,B =

{
fD :

∣∣∣∣∣∣∂
mfD(y,x, z)

∂yã∂xb̃∂zc̃

∣∣∣ y = y∗

x = x∗

z = z∗

− ∂mfD(y,x, z)

∂yã∂xb̃∂zc̃

∣∣∣∣∣∣
≤ B(|y∗ − y|α+ + |x∗ − x|α+ + |z∗ − z|α+),

for all positive integers ã, b̃, c̃ s.t. [ã] + [b̃] + [c̃] = m

}
. (2.4.1)

That is, all the m-th order derivatives of fD(y,x, z) are α-order Hölder continuous. However,

to show the asymptotic normality of the proposed mixed kernel estimators, the constraint

in the family Cα,m,B appears too strong. In fact, the conditions (O1) and (S1) below are

already sufficient for this purpose. The following list contains the technical conditions needed

to present and prove the theoretical results.

(C1). For all ã ≤ a, b̃ ≤ b, c̃ ≤ c, k̃ = (ã, b̃, c̃), and all l1 ≤ max{ãj : j = 1, 2, . . . , d},

l2 ≤ max{b̃j : j = 1, 2, . . . , p}, l3 ≤ max{c̃j : j = 1, 2, . . . , q},

∂[k̃]fD(y,x, z)

∂yã∂xb̃∂zc̃
→ 0, L(l1)(y)→ 0, H(l2)(x)→ 0, K(l3)(z)→ 0,

as |y|+ |x|+ |z| → ∞, |y|, |x|, |z| → ∞, respectively.

(C2). We assume that L,H,K are (m− [k] + 1)-th order kernel function. That is, for
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ã, b̃ and c̃ such that [ã] + [b̃] + [c̃] ≤ m− [k] + 1, m ≥ [k],

∫∫∫
yãxb̃zc̃

d∏
l1=1

L(yl1)

p∏
l2=1

H(xl2)

q∏
l3=1

K(zl3)dydxdz = 0.

(C3). The marginal density function of Y ,X is bounded.

(C4). For the ordinary-smooth error V , we assume that for j = 1, 2, . . . , p, |t−βj−lφ(l)
Vj

(t)| ≤

dl as |t| → ∞, where dl, l = 0, 1, 2, are positive constants.

(C5). For the super-smooth error U , we assume that for j = 1, 2, . . . , q, P (|Uj − u| ≤

|u|µ0) = O(|u|−(µ−µ0)) as |u| → ∞ for some µ0 ∈ (0, 1) and µ > 1 + µ0.

(L1). The kernel function L has a characteristic function φL such that for l1 =

1, 2, . . . , d, ∫
|sl1|2al1 |φL(sl1)|dsl1 <∞.

(O1). f
(m)
D (y,x) exists and is continuous.

(O2). For each l2 = 1, 2, . . . , p, the characteristic function φUl2 satisfies φUl2 (t)tβl2 →

cl2 and φ′Ul2
(t)tβl2+1 → −βl2cl2 as t→∞, where cl2 6= 0, βl2 ≥ 0. Also, φUl2 (t) 6= 0 for

all t.

(O3). The kernel function H has a symmetric characteristic function, having m + 2

bounded integrable derivatives, and φH(t) = 1 +O(|t|m) as t→ 0. Also,

∫
[|φH(t)|+ |φ′H(t)|]|t|βl2+bl2dt <∞,

∫
|φH(t)|2|t|2βl2+2bl2dt <∞.

(S1). f
(m)
D (y,x, z) or f

(m)
D (y, z) exists and is continuous.

(S2). The characteristic function φK(t) is symmetric and supported on [−1, 1] and

having the first m + 2 continuous derivatives, and also φK(t) > c3(1 − t)m+3 for t ∈

[1− δ, 1], where δ is a sufficiently small number and c3 is a positive number.
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(S3). For the bandwidth h,η,ρ, nh×η× → ∞, and ρl3 = O((log(nη×h×))−1/βl3 ) for

l3 = 1, 2, . . . , q, as n→∞.

Conditions (C1)-(C3) are needed to find the MSE of the proposed estimator. Note that

C1 is a much stronger condition than we actually need, but we adopt (C1) here simply

because a less strict condition appears more complicated in notations. (C3) is used for

deriving the order of the variance of the proposed estimator. One can further assume that

fD(y,x, z) is bounded to achieve a higher order, but the resulting order is not high enough

to change the overall convergence rate. (C4) and (C5) are needed for deriving the optimal

convergence rate of all nonparametric estimators. Conditions (L1), (O1)-(O3) imposed on

the ordinary smooth components and conditions (S1)-(S3) imposed on the super-smooth

components are required to show the asymptotic normality.

The following theorem presents the MSE of the proposed estimator.

Theorem 2.4.1. Suppose (C1), (C2) and (C3) hold. Then

sup
fD∈Cm,α,B

E
[
f̂

(k)
D (y,x, z)− f (k)

D (y,x, z)
]2

(2.4.2)

= O

( ∑
[k̃]=m−[k]

d∑
j1=1

Bj1,k̃,1
|h|ã+α1dj1
× |η|b̃×|ρ|c̃× +

∑
[k̃]=m−[k]

p∑
j2=1

Bj2,k̃,2
|h|ã×|η|

b̃+α1pj2
× |ρ|c̃× +

∑
[k̃]=m−[k]

q∑
j3=1

Bj3,k̃,3
|h|ã×|η|b̃×|ρ|

c̃+α1qj3
×

)2

+O

(
1

nh2a+1
× η2b+2β+1

× ρ2c−2b̄+2
×

exp((2ρ−γξ−1)+)

)
.

where

Bj1,k̃,1
=

B

ã!b̃!c̃!

∫∫∫ d∏
l1=1

|L(ỹl1)|
p∏

l2=1

|H(x̃l2)|
q∏

l3=1

|K(z̃l3)||ỹ|
ã+α1dj1
× |x̃|b̃×|z̃|c̃×dỹdx̃dz̃,

Bj2,k̃,2
=

B

ã!b̃!c̃!

∫∫∫ d∏
l1=1

|L(ỹl1)|
p∏

l2=1

|H(x̃l2)|
q∏

l3=1

|K(z̃l3)||ỹ|ã×|x̃|
b̃+α1pj2
× |z̃|c̃×dỹdx̃dz̃,

Bj3,k̃,3
=

B

ã!b̃!c̃!

∫∫∫ d∏
l1=1

|L(ỹl1)|
p∏

l2=1

|H(x̃l2)|
q∏

l3=1

|K(z̃l3)||ỹ|ã×|x̃|b̃×|z̃|
c̃+α1qj3
× dỹdx̃dz̃
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for j1 = 1, 2, . . . , d, j2 = 1, 2, . . . , p, j3 = 1, 2, . . . , q and b̄ = (b̄1, . . . , b̄q) and b̄j = 0 if µj0 ≥ 0

and µj0 if µj0 < 0, for j = 1, 2, . . . , q.

The MSEs in some special cases can be easily derived from Theorem 2.4.1. If equal

bandwidths are chosen for each type of random variables. That is, assuming that h1 = · · · =

hd = h, η1 = · · · = ηp = η, ρ1 = · · · = ρq = ρ, (2.4.2) becomes

sup
fD∈Cm,α,B

E
[
f̂

(k)
D (y,x, z)− f (k)

D (y,x, z)
]2

(2.4.3)

= O

( ∑
[k̃]=m−[k]

Bk̃,1h
[ã]+αη[b̃]ρ[c̃] +

∑
[k̃]=m−[k]

Bk̃,2h
[ã]η[b̃]+αρ[c̃] +

∑
[k̃]=m−[k]

Bk̃,3h
[ã]η[b̃]ρ[c̃]+α

)2

+O

(
1

nh2[a]+dη2[b]+2[β]+pρ2[c]−2[b̄]+2q
exp((2ρ−γξ−1)+)

)
,

where k̃ = (ã, b̃), and Bk̃,1 =
∑d

j1=1Bj1,k̃,1
, Bk̃,2 =

∑p
j2=1Bj2,k̃,2

, Bk̃,3 =
∑q

j3=1 Bj3,k̃,3
. If we

further assume that all the elements in h,η,ρ are the same, say all equal to h, then we have

sup
fD∈Cm,α,B

E
[
f̂

(k)
D (y,x, z)− f (k)

D (y,x, z)
]2

(2.4.4)

= O

(
h2m−2[k]+2α

)
+O

(
1

nh2[k]+2[β]−2[b̄]+d+p+2q
exp((2h−γξ−1)+)

)
.

On the other hand, if not all types of measurement-error contaminated variables present

in the data, for example, if there is no super-smooth component, then (2.4.2) becomes

sup
fD∈Cm,α,B

E
[
f̂

(k)
D (y,x)− f (k)

D (y,x)
]2

(2.4.5)

= O

( ∑
[k̃]=m−[k]

d∑
j1=1

Bj1,k̃,1
|h|ã+α1dj1
× |η|b̃× +

∑
[k̃]=m−[k]

p∑
j2=1

Bj2,k̃,2
|h|ã×|η|

b̃+α1pj2
×

)2

+O

(
1

nh2a+1
× η2b+2β+1

×

)
.
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where

Bj1,k̃,1
=

B

ã!b̃!

∫∫ d∏
l1=1

|L(ỹl1)|
p∏

l2=1

|H(x̃l2)||ỹ|
ã+α1dj1
× |x̃|b̃×dỹdx̃,

Bj2,k̃,2
=

B

ã!b̃!

∫∫ d∏
l1=1

|L(ỹl1)|
p∏

l2=1

|H(x̃l2)||ỹ|ã×|x̃|
b̃+α1pj2
× dỹdx̃.

If there is no ordinary smooth component, then (2.4.2) becomes

sup
fD∈Cm,α,B

E
[
f̂

(k)
D (y, z)− f (k)

D (y, z)
]2

(2.4.6)

= O

( ∑
[k̃]=m−[k]

d∑
j1=1

Bj1,k̃,1
|h|ã+α1dj1
× |ρ|c̃× +

∑
[k̃]=m−[k]

q∑
j3=1

Bj3,k̃,3
|h|ã×|ρ|

c̃+α1qj3
×

)2

+O

(
1

nh2a+1
× ρ2c−2b̄+2

×
exp((2ρ−γξ−1)+)

)
,

where

Bj1,k̃,1
=

B

ã!c̃!

∫∫ d∏
l1=1

|L(ỹl1)|
q∏

l3=1

|K(z̃l3)||ỹ|
ã+α1dj1
× |z̃|c̃×dỹdz̃,

Bj3,k̃,3
=

B

ã!c̃!

∫∫ d∏
l1=1

|L(ỹl1)|
q∏

l3=1

|K(z̃l3)||ỹ|ã×|z̃|
c̃+α1qj3
× dỹdz̃.

Given the complexity of (2.4.2), it is rather difficult to consider the optimal convergence

rate of the estimator f̂
(k)
D (y,x, z), even for the special case (2.4.3). In the following, we

shall focus on (2.4.4), that is, a single bandwidth, say h, is applied for all components in the
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model. In this case, by (2.4.4), the MSE has the form of

sup
fD∈Cm,α,B

E
[
f̂

(k)
D (y,x, z)− f (k)

D (y,x, z)
]2

(2.4.7)

= O

(
h2m−2[k]+2α

)
+O

(
1

nh2[k]+2[β]−2[b̄]+d+p+2q
exp

(
2

q∑
j=1

1

ξjhγj

))
.

Without loss of generality, let’s assume that γ1 = max{γj : j = 1, 2, . . . , q}. To guarantee

the variance part goes to 0, we have to make sure that h cannot go to 0 faster than (log n)−1/γ1 .

To show this, let h = an(log n)−1/γ1 . If an → 0 as n→∞, then

1

nh2[k]+2[β]−2[b̄]+d+p+2q
exp

(
q∑
j=1

2

ξjhγj

)

=
(log n){2[k]+2[β]−2[b̄]+d+p+2q}/γ1

n1−2/(ξ1a
γ1
n )a

2[k]+2[β]−2[b̄]+d+p+2q
n

exp

[
2

q∑
j=2

(log n)γj/γ1

ξja
γj
n

]

goes to∞. On the other hand, an cannot go to∞ faster than (log n)1/γ1 , otherwise, the bias

part cannot be controlled. Choosing an be any constant a such that 1−2(
∑q

j=1 ξja
γj)−1 > 0,

and noting that the right-hand side of the above equality is bounded above by

c(log n){2[k]+2[β]−2[b̄]+d+p+2q}/γ1

n1−2
∑q
j=1(ξja

γj )−1
a2[k]+2[β]−2[b̄]+d+p+2q

for some positive constant c. It is easy to see that this bound converges to 0 as n → ∞.

Therefore, we have

Theorem 2.4.2. Under the conditions (C1-C3), if we choose h = O
(
(log n)−1/γ1

)
, then

sup
fD∈Cm,α,B

E
[
f̂

(k)
D (y,x, z)− f (k)

D (y,x, z)
]2

= O
(
(log n)−(2m−2[k]+2α)/γ1

)
.
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If there is no super-smooth part, then from (2.4.5), we have

sup
fD∈Cm,α,B

E
[
f̂

(k)
D (y,x)− f (k)

D (y,x)
]2

= O(h2m−2[k]+2α) +O

(
1

nh2[k]+2[β]+d+p

)
,

where [k] = [a] + [b]. In this case, an optimal bandwidth h, after neglecting some constants

not depending on the sample size, can be obtained by minimizing the sum h2m−2[k]+2α +

n−1h−2[k]−2[β]−d−p. Therefore, we have

Theorem 2.4.3. Suppose (C1)-(C3) holds for fD(y,x) and the kernel functions L, H. If

we choose h = O(n−1/(2m+2α+2[β]+d+p)), then

sup
fD∈Cm,α,B

E
[
f̂

(k)
D (y,x)− f (k)

D (y,x)
]2

= O
(
n−(2m−2[k]+2α)/(2m+2[β]+2α+d+p)

)
.

Theorems 2.4.2 shows that when the super-smooth measurement errors present in the

data, then the convergence rate of the proposed mixed kernel density estimator of f
(k)
D (y,x, z)

is rather slow, and it is the smoothest component, with the largest γ-values in the super-

smooth measurement errors, that determines the convergence rate. If there is no super-

smooth measurement error presents in the data, from Theorem 2.4.3, the convergence rate

is significantly increase to the scenarios as if we are estimating the derivatives of a density

function when all the data can be observed directly. In both cases, the variables of no

measurement errors cannot control the convergence rate.

In the univariate case, Fan (1991a) established the optimal convergence rates among the

class of nonparametric estimators of the derivatives of the density functions for both the

ordinary and super-smooth variables, and also proved that the deconvolution kernel estima-

tors achieve the optimal convergence rate. In the bivariate cases where one variable is free

of measurement error and another variable is contaminated with either one of the ordinary

or super-smooth measurement error, Shi et al. (2020) also derived the optimal convergence

rates for nonparametric estimators of the derivatives of the joint density functions, and the

mixed kernel estimators indeed attain the optimal convergence rate.

The question of whether the proposed mixed kernel estimator achieving the optimal
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convergence rate is answered by the following theorem.

Theorem 2.4.4. Suppose all the conditions (C1)-(C5) hold. Then the proposed mixed kernel

estimators, with equal bandwidth h = O((log n)−1/γ1) when the super-smooth measurement

error presents, and h = O(n−1/(2m+2α+2[β]+d+p)) when the super-smooth measurement error

does not present, attain the optimal convergence rates.

Based on Theorem 2.4.4, we have the following interesting discoveries: (1). Choosing

different bandwidths for different components cannot improve the convergence rate; (2).

When the super-smooth measurement error appears in the data, the optimal convergence rate

depends on the dimensions of y,x, z only through [k], the order of derivatives, however, when

only the ordinary-smooth measurement error and error-free variables appear in the data, then

the optimal convergence rate not only depends on [k], also depends on the dimensions d and

p explicitly. To see the significance of the latter, suppose we are interested in the density

estimator itself only, that is [k] = 0, then we see that, when super-smooth measurement

error appears in the data, the optimal convergence rate is free of dimensions, while this is

not the case when it does not show in the data.

From Theorem 2.4.4, we see that the convergence rate are very different when the super-

smooth component shows or does not show up in the data. The following theorem presents

the asymptotic result for the mixed kernel estimator when the super-smooth is absent from

the data.

Theorem 2.4.5. Under conditions (L1), (O1), (O2) and (O3), we have

f̂
(k)
D (y,x)− Ef̂ (k)

D (y,x)√
Var(f̂

(k)
D (y,x))

=⇒ N(0, 1).

Moreover, if we further have

√
nh2a+1
× η2b+2β+1

×

( ∑
[k̃]=m−[k]

|h|ã×|η|b̃×

)
[hα1d+ + η

α1p
+ ]→ 0,
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then √
nh2a+1
× η2b+2β+1

× V −1(y,x)
[
f̂

(k)
D (y,x)− f (k)

D (y,x)
]

=⇒ N(0, 1),

where

V (y,x) =
fY ,W (y,x)

(2π)d+pC2

∫∫ d∏
l1=1

p∏
l2=1

|sl1 |2al1 |tl2|
2bl2+2βl2 |φL(sl1)|2|φH(tl2)|2dsdt. (2.4.8)

Note that f̂
(k)
D (y,x) can be written as the average of ξnj, j = 1, 2, . . . , n, where

ξnj =
1

ha+1
× ηb+1

×

d∏
l1=1

L(al1 )

(
yl1 − Yjl1

hl1

) p∏
l2=1

H
(bl2 )

nl2

(
xl2 −Wjl2

ηl2

)
, (2.4.9)

so similar to Fan (1991b), one can consider substituting the variance Var(f̂
(k)
D (y,x)) with

the sample variance of ξnj, j = 1, 2, . . . , n. In fact, the conditions listed in Theorem 2.4.5 is

already sufficient for doing so. However, the only unknown quantity in the variance function

V (y, x) defined in (2.4.8) is the joint density function of fY ,W , since it can be estimated

by the classic kernel estimator which is consistent, so it provides another candidate for

standardizing the variance in the asymptotic normal distribution.

The following result shows the asymptotic normality of the mixed kernel estimator when

the super-smooth component is showing in the data. For convenience, we only consider

the cases that the super-smooth measurement errors are symmetric. By doing so, we can

avoid the discussion or real part and the imaginary part of the characteristic function of the

super-smooth components.

Theorem 2.4.6. Under conditions (S1)-(S4), we have

f̂
(k)
D (y,x, z)− Ef̂ (k)

D (y,x, z)√
Var(f̂

(k)
D (y,x, z))

=⇒ N(0, 1).
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Furthermore, if

√√√√√√ nh2a+1
× η2b+2β+1

×

ρτ×
∏q

l3=1

[
exp

(
2−4γl3bnl3

ξl3ρ
γl3
l3

)]2

( ∑
[k̃]=m−[k]

|h|ã×|η|b̃×|ρ|c̃×

)
(hα1d+ + η

α1p
+ + ρ

α1q
+ )→ 0,

where bnl3 = ρ
γl3/2(m+5)

l3
, τ = µ0[1 + (m+ 4)/(2(m+ 5))]− 2c− 1, then

f̂
(k)
D (y,x, z)− f (k)

D (y,x, z)√
Var(f̂

(k)
D (y,x, z))

=⇒ N(0, 1).

Since the variance function f̂
(k)
D (y,x, z)) has no tractable form, to find a data-dependent

replacement for the variance function Var(f̂
(k)
D (y,x, z)) has some practical significance.

Based on the assumptions in Theorem 2.4.6, we can show that n−1
∑n

j=1 ξ
2
nj can be served

as such a replacement. The justification is similar to the Lemma 2.4 and Corollary 2.2 in

Fan (1991b).

2.5 Simulation Study

To our best knowledge, the proposed estimator in this paper is the only procedure in litera-

ture to estimate the joint density function or its derivatives of multivariate random variables

contaminated with different types of measurement errors. As a future research topic, we will

explore the possibilities of modifying other classical density estimation procedures in error-

free setups, such as the nearest neighbor, to account for the random variables measured with

errors.

For illustration purpose, in this section we conduct a simulation study on estimating the

joint density function of a 6-dimensional random vector (Y1, Y2, X1, X2, Z1, Z2)T . Assume

that (Y1, Y2, X1, X2, Z1, Z2)T is jointly normal with mean vector 0, and compound symmet-

ric covariance matrix with equal variances 1 and covariance 0.25. Y1 and Y2 are directly

observable, W1 = X1 + U1, W2 = X2 + U2 with U1, U2 being independent and distributed as
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the Laplace distribution with mean 0 and variance σ2
u, S1 = Z1 +V1, S2 = Z2 +V2 with V1, V2

being independent and distributed as the normal distribution with mean 0 and variance σ2
v .

To be specific, we assume that



Y1

Y2

X1

X2

Z1

Z2


∼ N





0

0

0

0

0

0


,



1 0.25 0.25 0.25 0.25 0.25

0.25 1 0.25 0.25 0.25 0.25

0.25 0.25 1 0.25 0.25 0.25

0.25 0.25 0.25 1 0.25 0.25

0.25 0.25 0.25 0.25 1 0.25

0.25 0.25 0.25 0.25 0.25 1




.

For the observed data (Y1, Y2), we choose the stand normal density function as the kernel

function L; for the data (X1, X2) contaminated with the Laplace measurement error with

mean 0 and variance σ2
u, we chooseH to be standard normal, the corresponding deconvolution

kernel function Hn is defined as

Hn(x) = φ(x)

[
1− σ2

u

2h2
(x2 − 1)

]
,

where φ(x) is the standard normal density function; for the data (Z1, Z2) contaminated with

the normal measurement error with mean 0 and variance σ2
v , we choose K to be the sinc

kernel K(x) = sin(x)/(πx), the corresponding deconvolution kernel function Kn is defined

as

Kn(x) =

√
2

π

∫ 1

0

cos(tx) exp

(
σ2
vt

2

2h2

)
dt.

Based on a sample (Yj1, Yj2,Wj1,Wj2, Sj1, Sj2)T , j = 1, 2, . . . , n, the mixed kernel density

estimator f̂D(y,x, z) with equal bandwidth is defined as

f̂D(y,x, z) =
1

nh6

n∑
j=1[

L

(
y1 − Yj1

h

)
L

(
y2 − Yj2

h

)
Hn

(
x1 −Wj1

h

)
Hn

(
x2 −Wj2

h

)
Kn

(
z1 − Sj1

h

)
Kn

(
z2 − Sj2

h

)]
.
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The variances σ2
u and σ2

v are chosen to be 0.52. The sample sizes are chosen to be n = 100 to

1000, with a step of 100. At each sample size n, the estimators are evaluated at 100 randomly

selected values from [−2, 2]6, and the MSEs of these 100 estimated values are calculated. For

comparison purpose, in addition to the mixed kernel estimator f̂D(y,x, z), we also consider

the mixed kernel estimators

f̂D(y,x) =
1

nh4

n∑
j=1

[
L

(
y1 − Yj1

h

)
L

(
y2 − Yj2

h

)
Hn

(
x1 −Wj1

h

)
Hn

(
x2 −Wj2

h

)]

and

f̂D(y, z) =
1

nh4

n∑
j=1

[
L

(
y1 − Yj1

h

)
L

(
y2 − Yj2

h

)
Kn

(
z1 − Sj1

h

)
Kn

(
z2 − Sj2

h

)]
.

When the super smooth component appears in the data, we choose h = (log n)−1/n. Note

that the joint normal density function is a member of C0,0,B for some B, we choose h = n−1/12

(2m+ 2α+ 2[β] + d+ p = 0 + 0 + 8 + 2 + 2 = 12) when there is no super smooth component

appears in the data. Each estimation procedure is repeated 100 times, and the boxplots of

100 MSEs at each sample size are shown in Figure 2.1.

From Figure 2.1, one can see that for f̂D(y,x, z) and f̂D(y, z), the decreasing trend,

indicated by the median MSE values at various sample sizes, of the boxplots from n = 100

to n = 1000 is not clear. However, for f̂D(y,x), the decreasing trend of the boxplots shows

that its convergence to the true density function is much faster. We also did the simulation

study for other σ2
u and σ2

v values, the resulting boxplots show similar patterns as in Figure

2.1, thus omitted for the sake of brevity.
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Figure 2.1: Boxplots of 100 MSEs of the mixed kernel density estimators f̂D(y,x, z) (top),
f̂D(y, z) (middle) and f̂D(y,x) (bottom), respectively. For each sample size, the estimator
is evaluated at 100 randomly selected values from a hyper-rectangular domain with each
coordinate in [−2, 2], and its MSE is recorded. Each estimation procedure is then repeated
100 times, resulting in 100 MSEs.
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2.6 Discussion

In this project, we established an optimal minimax convergence rates for nonparametric

estimators of the multivariate density function, when the data are measured with different

types of measurement errors with different smoothness within each type. We also showed

that the mixed kernel and deconvolution kernel density estimators achieve the optimal con-

vergence rate. However, in real applications, how to select a bandwidth for the estimators

having a satisfactory finite sample performance still needs more extra efforts. It is noted that

the theoretical optimal bandwidth is not just related to the sample size, but also relies on
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some constant factors which depend on some unknown quantities, even the density functions

themselves. The direct plug-in method might be useful to partly solve the questions, but

some data driven bandwidth selection procedures, similar to the least squares and biased

cross validation methods discussed in Wand and Jones (1995), should be explored. Fol-

lowing the theoretical results we established for the density functions, another challenging

research topic is to find a similar minimax convergence rate for the nonparametric estimators

of the regression functions. Although we conjecture that the mixed kernel and deconvolu-

tion kernel based multivariate regression smoother most likely achieves the potential optimal

convergence rate, its theoretical justification will be more difficult.

2.7 Proof of Main Results

The section contains all the technical proofs of the main results in Section 2.4.

Proof of Theorem 2.4.1: The expectation Ef̂
(k)
D (y,x, z) equals

1

ha+1
× ηb+1

× ρc+1
×

E

[
d∏

l1=1

L(al1 )

(
yl1 − Yl1
hl1

) p∏
l2=1

H
(bl2 )

nl2

(
xl2 −Wl2

ηl2

) q∏
l3=1

K
(cl3 )

nl3

(
zl3 − Sl3
ρl3

)]

=
1

ha+1
× ηb+1

× ρc+1
×

∫∫∫∫∫ d∏
l1=1

L(al1 )

(
yl1 − ỹl1
hl1

) p∏
l2=1

H
(bl2 )

nl2

(
xl2 − x̃l2 − ul2

ηl2

)
·

q∏
l3=1

K
(cl3 )

nl3

(
zl3 − z̃l3 − vl3

ρl3

)
fD(ỹ, x̃, z̃)fU (u)fV (v)dỹdx̃dz̃dudv

=
1

ha+1
× ηb+1

× ρc+1
×

∫∫∫∫∫ d∏
l1=1

L(al1 )

(
yl1 − ỹl1
hl1

)
·

p∏
l2=1

[
1

2π

∫
(−irl2)bl2e−irl2 (xl2−x̃l2−ul2 )/ηl2

φH(rl2)

φUl2 (rl2/ηl2)
drl2

]
·

q∏
l3=1

[
1

2π

∫
(−itl3)cl3e−itl3 (zl3−z̃l3−vl3 )/ρl3

φK(tl3)

φVl3 (tl3/ρl3)
dtl3

]
·

fD(ỹ, x̃, z̃)fU (u)fV (v)dỹdx̃dz̃dudv.
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By exchanging the order of integrations, we can rewrite Ef̂
(k)
D (y,x, z) as

1

ha+1
× ηb+1

× ρc+1
×

∫∫∫ d∏
l1=1

L(al1 )

(
yl1 − ỹl1
hl1

)
·

p∏
l2=1

[
1

2π

∫
(−irl2)bl2e−irl2 (xl2−x̃l2 )/ηl2

φH(rl2)

φUl2 (rl2/ηl2)

(∫
eirl2ul2/ηl2fUl2 (ul2)dul2

)
drl2

]
·

q∏
l3=1

[
1

2π

∫
(−itl3)cl3e−itl3 (zl3−z̃l3 )/ρl3

φK(tl3)

φVl3 (tl3/ρl3)

(∫
eitl3vl3/ρl3fVl3 (vl3)dvl3

)
dtl3

]
·

fD(ỹ, x̃, z̃)dỹdx̃dz̃.

Note that
∫
eirl2ul2/ηl2fUl2 (ul2)dul2 = φUl2 (rl2/ηl2),

∫
eitl3vl3/ρl3fVl3 (vl3)dvl3 = φVl3 (tl3/ρl3), so

we have

Ef̂
(k)
D (y,x, z) =

1

ha+1
× ηb+1

× ρc+1
×
·∫∫∫ d∏

l1=1

L(al1 )

(
yl1 − ỹl1
hl1

) p∏
l2=1

[
1

2π

∫
(−irl2)bl2e−irl2 (xl2−x̃l2 )/ηl2φH(rl2)drl2

]
·

q∏
l3=1

[
1

2π

∫
(−itl3)cl3e−itl3 (zl3−z̃l3 )/ρl3φK(tl3)dtl3

]
fD(ỹ, x̃, z̃)dỹdx̃dz̃

=
1

ha+1
× ηb+1

× ρc+1
×

∫∫∫ d∏
l1=1

L(al1 )

(
yl1 − ỹl1
hl1

)
·

p∏
l2=1

η
bl2
l2

∂bl2

∂x
bl2
l2

[
1

2π

∫
e−irl2 (xl2−x̃l2 )/ηl2φH(rl2)drl2

]
·

q∏
l3=1

ρ
cl3
l3

∂cl3

∂z
cl3
l3

[
1

2π

∫
e−itl3 (zl3−z̃l3 )/ρl3φK(tl3)dtl3

]
fD(ỹ, x̃, z̃)dỹdx̃dz̃
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=
1

ha+1
× ηb+1

× ρc+1
×

∫∫∫ d∏
l1=1

L(al1 )

(
yl1 − ỹl1
hl1

) p∏
l2=1

η
bl2
l2

∂bl2

∂x
bl2
l2

H

(
xl2 − x̃l2
ηl2

)
·

q∏
l3=1

η
cl3
l3

∂cl3

∂z
cl3
l3

K

(
zl3 − z̃l3
ρl3

)
fD(ỹ, x̃, z̃)dỹdx̃dz̃

=
1

ha+1
× ηb+1

× ρc+1
×

∫∫∫ d∏
l1=1

L(al1 )

(
yl1 − ỹl1
hl1

) p∏
l2=1

H(bl2 )

(
xl2 − x̃l2
ηl2

)
·

q∏
l3=1

K(cl3 )

(
zl3 − z̃l3
ρl3

)
fD(ỹ, x̃, z̃)dỹdx̃dz̃. (2.7.1)

To proceed, let us compute the following integration:

∫ d∏
l1=1

L(al1 )

(
yl1 − ỹl1
hl1

)
fD(ỹ, x̃, z̃)dỹ.

In fact, by changing integration orders, the above integral can be written as

∫
L(a1)

(
y1 − ỹ1

h1

)
· · ·L(ad)

(
yd − ỹd
hd

)
fD(ỹ1, · · · , ỹd, x̃, z̃)dỹ (2.7.2)

=

∫ [∫
L(a1)

(
y1 − ỹ1

h1

)
fD(ỹ1, · · · , ỹd, x̃, z̃)dỹ1

] d∏
l1=2

L(al1 )

(
yl1 − ỹl1
hl1

)
dỹ2 · · · dỹd.

Integration by parts, from condition (C1), we have

∫
L(a1)

(
y1 − ỹ1

h1

)
fD(ỹ1, · · · , ỹd, x̃, z̃)dỹ1 = −h1

∫
fD(ỹ, x̃, z̃)dL(a1−1)

(
y1 − ỹ1

h1

)
= −h1L

(a1−1)

(
y1 − ỹ1

h1

)
fD(ỹ1, · · · , ỹd, x̃, z̃)

∣∣∣∞
−∞

+ h1

∫
∂fD(ỹ, x̃, z̃)

∂ỹ1

L(a1−1)

(
y1 − ỹ1

h1

)
dỹ1

= ha11

∫
∂a1fD(ỹ, x̃, z̃)

∂ỹa11

L

(
y1 − ỹ1

h1

)
dỹ1.

Plugging the above result into (3.3.1) and repeat the above procedure for ỹ2, ỹ3, . . ., and ỹd,

we get
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∫
L(a1)

(
y1 − ỹ1

h1

)
· · ·L(ad)

(
yd − ỹd
hd

)
fD(ỹ1, · · · , ỹd, x̃, z̃)dỹ

= ha11

∫
∂a1fD(ỹ, x̃, z̃)

∂ỹa11

L

(
y1 − ỹ1

h1

) d∏
l1=2

L(al1 )

(
yl1 − ỹl1
hl1

)
dỹ

= ha11 h
a2
2

∫
∂a1+a2fD(ỹ, x̃, z̃)

∂ỹa11 ∂ỹ
a2
2

L

(
y1 − ỹ1

h1

)
L

(
y2 − ỹ2

h2

) d∏
l1=3

L(al1 )

(
yl1 − ỹl1
hl1

)
dỹ

= ha×

∫
∂[a]fD(ỹ, x̃, z̃)

∂ỹa

d∏
l1=1

L

(
yl1 − ỹl1
hl1

)
dỹ,

where ∂ỹa = ∂ỹa11 ∂ỹ
a2
2 · · · ∂ỹ

ad
d . Plugging the above result into (2.7.1), repeat the above

procedures for the derivatives of H and K, then changing variables, we can get

Ef̂
(k)
D (y,x, z)

=
1

hJd× η
b+1
× ρc+1

×

∫∫∫ d∏
l1=1

L

(
yl1 − ỹl1
hl1

) p∏
l2=1

H(bl2 )

(
xl2 − x̃l2
ηl2

) q∏
l3=1

K(cl3 )

(
zl3 − z̃l3
ρl3

)
·

∂[a]fD(ỹ, x̃, z̃)

∂ỹa
dỹdx̃dz̃

=
1

hJd× η
Jp
× ρ

Jq
×
· (2.7.3)

∫∫∫ d∏
l1=1

L

(
yl1 − ỹl1
hl1

) p∏
l2=1

H

(
xl2 − x̃l2
ηl2

) q∏
l3=1

K

(
zl3 − z̃l3
ρl3

)
∂[k]fD(ỹ, x̃, z̃)

∂ỹa∂x̃b∂z̃c
dỹdx̃dz̃

=

∫∫∫ d∏
l1=1

L(ỹl1)

p∏
l2=1

H(x̃l2)

q∏
l3=1

K(z̃l3)
∂[k]fD(y∗,x∗, z∗)

∂y∗a∂x∗b∂z∗c

∣∣∣∣∣
y∗ = y − ỹh

x∗ = x− x̃η

z∗ = z − z̃ρ

dỹdx̃dz̃.
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Denote k̃ = (ãT , b̃T , c̃T )T . By Taylor expansion up to the m-th order, we have

∂[k]fD(y∗,x∗, z∗)

∂y∗a∂x∗b∂z∗c

∣∣∣∣∣
y∗ = y − ỹh

x∗ = x− x̃η

z∗ = z − z̃ρ

=
∂[k]fD(y,x, z)

∂ya∂xb∂zc
+

m−[k]−1∑
[k̃]=1

1

ã!b̃!c̃!

∂[k]+[k̃]fD(y,x, z)

∂yã+a∂xb̃+b∂zc̃+c
(−ỹh)ã×(−x̃η)b̃×(−z̃ρ)c̃×

+
∑

[k̃]=m−[k]

1

ã!b̃!c̃!

∂mfD(y,x, z)

∂yã+a∂xb̃+b∂zc̃+c

∣∣∣∣∣
y = ỹ∗

x = x̃∗

z = z̃∗

(−ỹh)ã×(−x̃η)b̃×(−z̃ρ)c̃×.

From condition (C2), Ef̂
(k)
D (y,x, z) can be written as

∂[k]fD(y,x, z)

∂ya∂xb∂zc
+

∑
[k̃]=m−[k]

1

ã!b̃!c̃!

∫∫∫ d∏
l1=1

L(ỹl1)

p∏
l2=1

H(x̃l2)

q∏
l3=1

K(z̃l3) ·

∂mfD(y,x, z)

∂yã+a∂xb̃+b∂zc̃+c

∣∣∣∣∣
y = ỹ∗

x = x̃∗

z = z̃∗

(−ỹh)ã×(−x̃η)b̃×(−z̃ρ)c̃×dỹdx̃dz̃.

Since the density function fD is a member of the class Cα,m,B, we can get

|Ef̂ (k)
D (y,x, z)− f (k)

D (y,x, z)|

=

∣∣∣∣∣ ∑
[k̃]=m−[k]

1

ã!b̃!c̃!

∫∫∫
(−ỹh)ã×(−x̃η)b̃×(−z̃ρ)c̃×

d∏
l1=1

L(ỹl1)

p∏
l2=1

H(x̃l2)

q∏
l3=1

K(z̃l3) ·

 ∂mfD(y,x, z)

∂yã+a∂xb̃+b∂zc̃+c

∣∣∣∣∣
y = ỹ∗

x = x̃∗

z = z̃∗

− ∂mfD(y,x, z)

∂yã+a∂xb̃+b∂zc̃+c

 dỹdx̃dz̃∣∣∣∣∣,
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which is bounded above by

B
∑

[k̃]=m−[k]

1

ã!b̃!c̃!

∫∫∫
|ỹh|ã×|x̃η|b̃×|z̃ρ|c̃×|

d∏
l1=1

|L(ỹl1)|
p∏

l2=1

|H(x̃l2)|
q∏

l3=1

|K(z̃l3)| ·

(|ỹh|α+ + |x̃η|α+ + |z̃ρ|α+)dỹdx̃dz̃.

Note that |ỹh|ã× · [ỹh]α+ =
∑d

j=1 |ỹ|
ã+α1dj
× |h|ã+α1dj

× , we have |Ef̂ (k)
D (y,x, z)− f (k)

D (y,x, z)| to

be bounded above by

B
∑

[k̃]=m−[k]

1

ã!b̃!c̃!

∫∫∫ d∏
l1=1

|L(ỹl1)|
p∏

l2=1

|H(x̃l2)|
q∏

l3=1

|K(z̃l3)| ·[
|x̃η|b̃×|z̃ρ|c̃×

d∑
j1=1

|ỹ|ã+α1dj1
× |h|ã+α1dj1

× + |ỹh|ã×|z̃ρ|c̃×
p∑

j2=1

|x̃|b̃+α1pj2× |η|b̃+α1pj2×

+|ỹh|ã×|x̃η|b̃×
q∑

j3=1

|z̃|c̃+α1qj3× |ρ|c̃+α1qj3×

]
dỹdx̃dz̃

=
∑

[k̃]=m−[k]

d∑
j1=1

Bj1,k̃,1
|h|ã+α1dj1
× |η|b̃×|ρ|c̃× +

∑
[k̃]=m−[k]

p∑
j2=1

Bj2,k̃,2
|h|ã×|η|

b̃+α1pj2
× |ρ|c̃×

+
∑

[k̃]=m−[k]

q∑
j3=1

Bj3,k̃,3
|h|ã×|η|b̃×|ρ|

c̃+α1qj3
× . (2.7.4)

Next, let us compute the variance of f̂
(k)
D (y,x, z). Since (Yj,Wj,Sj), j = 1, 2, . . . , n are

independent and identically distributed, so we have

E[f̂
(k)
D (y,x, z)− Ef̂ (k)

D (y,x, z)]2 =
1

nh
2(a+1)
× η

2(b+1)
× ρ

2(c+1)
×

·(
E

[
d∏

l1=1

L(al1 )

(
yl1 − Y1l1

hl1

) p∏
l2=1

H
(bl2 )

nl2

(
xl2 −W1l2

ηl2

) q∏
l3=1

K
(cl3 )

nl3

(
zl3 − S1l3

ρl3

)]2
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−

[
E

d∏
l1=1

L(al1 )

(
yl1 − Y1l1

hl1

) p∏
l2=1

H
(bl2 )

nl2

(
xl2 −W1l2

ηl2

) q∏
l3=1

K
(cl3 )

nl3

(
zl3 − S1l3

ρl3

)]2)
.

From the derivation of bias, we already know that the squared expectation is the order of

O(1).

Note that

E

∣∣∣∣∣
d∏

l1=1

L(al1 )

(
yl1 − Y1l1

hl1

) p∏
l2=1

H
(bl2 )

nl2

(
xl2 −W1l2

ηl2

) q∏
l3=1

K
(cl3 )

nl3

(
zl3 − S1l3

ρl3

)∣∣∣∣∣
2

= E

∣∣∣∣∣ 1

(2π)d+p+q

d∏
l1=1

∫
(−irl1)al1 exp

[
−irl1

yl1 − Yl1
hl1

]
φL(rl1)drl1 ·

p∏
l2=1

∫
(−itl2)bl2 exp

[
−itl2

xl2 −Wl2

ηl2

]
φH(tl2)φ

−1
U (tl2/ηl2)dtl2 ·

q∏
l3=1

∫
(−ivl3)cl3 exp

[
−ivl3

zl3 − Sl3
ρl3

]
φK(vl3)φ

−1
V (vl3/ρl3)dvl3

∣∣∣∣∣
2

.

To proceed, we may treat the super-smooth component differently by following Fan (1991a)’s

argument. Note that the above expectation is bounded above by

1

(2π)2(d+p+q)
E

∣∣∣∣∣
d∏

l1=1

∫
(−irl1)al1 exp

[
−irl1

yl1 − Yl1
hl1

]
φL(rl1)drl1 ·

p∏
l2=1

∫
(−itl2)bl2 exp

[
−itl2

xl2 −Wl2

ηl2

]
φH(tl2)φ

−1
U (tl2/ηl2)dtl2

∣∣∣∣∣
2

·

q∏
l3=1

∣∣∣∣∣
∫ 1

−1

|φK(vl3)φ
−1
V (vl3/ρl3)|dvl3

∣∣∣∣∣
2
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If we assume that the density function of Y ,X, fD(Y ,X), is bounded, then

1

(2π)2(d+p)
E

∣∣∣∣∣
d∏

l1=1

∫
(−irl1)al1 exp

[
−irl1

yl1 − Yl1
hl1

]
φL(rl1)drl1 ·

p∏
l2=1

∫
(−itl2)bl2 exp

[
−itl2

xl2 −Wl2

ηl2

]
φH(tl2)φ

−1
U (tl2/ηl2)dtl2

∣∣∣∣∣
2

=
1

(2π)2(d+p)

∫∫∫ ∣∣∣∣∣
d∏

l1=1

∫
(−irl1)al1 exp

[
−irl1

yl1 − ỹl1
hl1

]
φL(rl1)drl1 ·

p∏
l2=1

∫
(−itl2)bl2 exp

[
−itl2

xl2 − x̃l2 − ũl2
ηl2

]
φH(tl2)φ

−1
U (tl2/ηl2)dtl2

∣∣∣∣∣
2

·

fD(ỹ, x̃)fU (ũ)dỹdx̃dũ

=
h×η×

(2π)2(d+p)

∫∫∫ ∣∣∣∣∣
d∏

l1=1

∫
(−irl1)al1 exp [−irl1 ỹl1 ]φL(rl1)drl1 ·

p∏
l2=1

∫
(−itl2)bl2 exp [−itl2x̃l2 ]φH(tl2)φ

−1
U (tl2/ηl2)dtl2

∣∣∣∣∣
2

·

fD(y − hỹ,x− ũ− ηx̃)fU (ũ)dỹdx̃dũ,

which is bounded above by c(2π)−(d+p)h×η×
∏p

l2=1

∫
|tl2|2bl2φ2

H(tl2)φ
−2
U (tl2/ηl2)dtl2 , where

c is a positive constant. The last inequality is from the boundedness of fD and the Parseval

identity. Therefore, from Fan (1991a),

∫
|tl2|2bl2φ2

H(tl2)φ
−2
U (tl2/ηl2)dtl2 = O(η

−2βl2
l2

), (2.7.5)

and ∫
|vl3|2cl3φ2

K(vl3)φ
−2
V (vl3/ρl3)dvl3 = O

(
ρ

2b̄l3
l3

exp(2ρ
−γl3
l3

ξ−1
l3

)
)
, (2.7.6)

where b̄l3 = 0 if µl30 ≥ 0 and µl30 if µl30 < 0, we have

E

∣∣∣∣∣
d∏

l1=1

L(al1 )

(
yl1 − Y1l1

hl1

) p∏
l2=1

H
(bl2 )

nl2

(
xl2 −W1l2

ηl2

) q∏
l3=1

K
(cl3 )

nl3

(
zl3 − S1l3

ρl3

)∣∣∣∣∣
2

= O(h×η
1−2β
× ρ2b̄

× exp((2ρ−γξ−1)+)). (2.7.7)
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If we further assume that fD is bounded, we obtain

E

∣∣∣∣∣
d∏

l1=1

L(al1 )

(
yl1 − Y1l1

hl1

) p∏
l2=1

H
(bl2 )

nl2

(
xl2 −W1l2

ηl2

) q∏
l3=1

K
(cl3 )

nl3

(
zl3 − S1l3

ρl3

)∣∣∣∣∣
2

=

∫∫∫∫∫ [
1

(2π)d+p+q

d∏
l1=1

∫
(−irl1)al1 exp

[
−irl1

yl1 − ỹl1
hl1

]
φL(rl1)drl1 ·

p∏
l2=1

∫
(−itl2)bl2 exp

[
−itl2

xl2 − x̃l2 − ũl2
ηl2

]
φH(tl2)φ

−1
U (tl2/ηl2)dtl2 ·

q∏
l3=1

∫
(−ivl3)cl3 exp

[
−ivl3

zl3 − z̃l3 − ṽl3
ρl3

]
φK(vl3)φ

−1
V (vl3/ρl3)dvl3

]2

·

fD(ỹ, x̃, z̃)fU(ũ)fV (ṽ)dỹdx̃dz̃dũdṽ

=
(hηρ)×

(2π)2(d+p+q)

∫∫∫∫∫ [ d∏
l1=1

∫
(−irl1)al1 exp [−irl1 ỹl1 ]φL(rl1)drl1

]2

·

[
p∏

l2=1

∫
(−itl2)bl2 exp [−itl2x̃l2 ]φH(tl2)φ

−1
U (tl2/ηl2)dtl2

]2

·

[
q∏

l3=1

∫
(−ivl3)cl3 exp [−ivl3 z̃l3 ]φK(vl3)φ

−1
V (vl3/ρl3)dvl3

]2

·

fD(y − ỹh,x− ũ− x̃η, z − ṽ − z̃ρ)fU(ũ)fV (ṽ)dỹdx̃dz̃dũdṽ,

which is bounded above by

(hηρ)×
(2π)2(d+p+q)

d∏
l1=1

∫
|rl1|2al1φ2

L(rl1)drl1 ·
p∏

l2=1

∫
|tl2|2bl2φ2

H(tl2)φ
−2
U (tl2/ηl2)dtl2 ·

q∏
l3=1

∫
|vl3|2cl3φ2

K(vl3)φ
−2
V (vl3/ρl3)dvl3 .
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Again using (2.7.5) and (2.7.6), we have

E

[
d∏

l1=1

L(al1 )

(
yl1 − Y1l1

hl1

) p∏
l2=1

H
(bl2 )

nl2

(
xl2 −W1l2

ηl2

) q∏
l3=1

K
(cl3 )

nl3

(
zl3 − S1l3

ρl3

)]2

(2.7.8)

= O
(

(hηρ)×η
−2β
× ρ2b̄ exp((2ρ−γξ−1)+)

)
= O

(
h×η

1−2β
× ρ1+2b̄

× exp((2ρ−γξ−1)+)
)
.

Hence if using (2.7.7)

E[f̂
(k)
D (y,x, z)− Ef̂ (k)

D (y,x, z)]2

=
1

nh
2(a+1)
× η

2(b+1)
× ρ

2(c+1)
×

·O(h×η
1−2β
× ρ2b̄

× exp((2ρ−γξ−1)+))

= O

(
1

nh2a+1
× η2b+2β+1

× ρ2c−2b̄+2
×

exp((2ρ−γξ−1)+)

)
. (2.7.9)

If using (2.7.8),

E[f̂
(k)
D (y,x, z)− Ef̂ (k)

D (y,x, z)]2

=
1

nh
2(a+1)
× η

2(b+1)
× ρ

2(c+1)
×

·O
(
h×η

1−2β
× ρ1+2b̄

× exp((2ρ−γξ−1)+)
)

= O

(
1

nh2a+1
× η2b+2β+1

× ρ2c−2b̄+1
×

exp((2ρ−γξ−1)+)

)
. (2.7.10)

Since ρ → 0 as n → ∞, so (2.7.8) also has the order of (2.7.7). Note that (3.3.2), (2.7.9)

and (2.7.10) are uniform in Cm,α,B, finally we obtain (2.4.2).

Proof of Theorem 2.4.4: Let λ = m+ α, and define

f0(y,x, z) =
d∏

l1=1

C1l1

(1 + y2
l1

)r

p∏
l2=1

C2l2

(1 + x2
l1

)r

q∏
l3=1

C3l3

(1 + z2
l1

)r
,
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where Cjlj , j = 1, 2, 3, l1 = 1, 2, . . . , d, l2 = 1, 2, . . . , p and l3 = 1, 2, . . . , q are positive con-

stants such that Cl1/(1 + y2
l1

)r, Cl2/(1 +x2
l2

)r and Cl3/(1 + z2
l3

)r are density functions. Define

fn(y,x, z) = f0(y,x, z) + cδλn

d∏
l1=1

G

(
yl1
δn

) p∏
l2=1

G

(
xl2
δn

) q∏
l3=1

G

(
zl3
δn

)
,

where the function G is taken to be same as the H function defined in the proof of Theorem

4 from Fan (1991a). Let Fu be the joint CDF of U , Fv be the joint CDF of V , and define

g0 = f0 ∗ (FuFv), gn = fn ∗ (FuFv). Then we have

g0(y,x, z) =
d∏

l1=1

C1l1

(1 + y2
l1

)r

∫∫ p∏
l2=1

C2l2

(1 + (xl2 − ul2)2)r

q∏
l3=1

C3l3

(1 + (zl3 − vl3)2)r
dFU (u)dFV (v)

and

gn(y,x, z) =
d∏

l1=1

C1l1

(1 + y2
l1

)r

∫∫ p∏
l2=1

C2l2

(1 + (xl2 − ul2)2)r

q∏
l3=1

C3l3

(1 + (zl3 − vl3)2)r
dFU (u)dFV (v)

+cδλn

d∏
l1=1

G

(
yl1
δn

)∫∫ p∏
l2=1

G

(
xl2 − ul2

δn

) q∏
l3=1

G

(
zl3 − vl3
δn

)
dFU (u)dFV (v).

Therefore,

∫∫∫
[gn(y,x, z)− g0(y,x, z)]2g−1

0 (y,x, z)dydxdz

=

∫∫∫ [
cδλn

d∏
l1=1

G

(
yl1
δn

)
·

∫∫ p∏
l2=1

G

(
xl2 − ul2

δn

) q∏
l3=1

G

(
zl3 − vl3
δn

)
dFU (u)dFV (v)

]2

g−1
0 (y,x, z)dydxdz
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=

∫ d∏
l1=1

G2

(
yl1
δn

)[
C1l1

(1 + y2
l1

)r

]−1

dy ·

∫ [
cδλn

∫ p∏
l2=1

G

(
xl2 − ul2

δn

)
dFU (u)

]2 [∫ p∏
l2=1

C2l2

(1 + (xl2 − ul2)2)r
dFU (u)

]−1

dx ·

∫ [∫ q∏
l3=1

G

(
zl3 − vl3
δn

)
dFV (v)

]2 [∫ q∏
l3=1

C3l3

(1 + (zl3 − vl3)2)r
dFV (v)

]−1

dz.

By changing variables, we have

∫∫∫
[gn(y,x, z)− g0(y,x, z)]2g−1

0 (y,x, z)dydxdz

= c2δd+p+q+2λ
n

∫ d∏
l1=1

G2 (yl1)

[
C1l1

(1 + δ2
ny

2
l1

)r

]−1

dy ·

∫ [∫ p∏
l2=1

G (xl2 − ul2) dFU (δnu)

]2 [∫ p∏
l2=1

C2l2

(1 + (δnxl2 − ul2)2)r
dFU (u)

]−1

dx ·

∫ [∫ q∏
l3=1

G (zl3 − vl3) dFV (δnv)

]2 [∫ q∏
l3=1

C3l3

(1 + (δnzl3 − vl3)2)r
dFV (v)

]−1

dz.

To evaluate the first factor in the above expression, we note that, for any constant M > 0,

∫
G2(y)(1 + δ2

ny
2)rdy =

∫
|y|>M

G2(y)(1 + δ2
ny

2)rdy +

∫
|y|≤M

G2(y)(1 + δ2
ny

2)rdy.

For M large enough, from Condition 3 for G as stated in the proof of Theorem 4 from Fan

(1991a), we have G(y) = O(|y|−M0) as |y| → ∞. So,

∫
|y|>M

G2(y)(1 + δ2
ny

2)rdy =

∫
|y|>M

c|y|−2M0(1 + δ2
ny

2)rdy =

∫
|y|>M

c|y|−2M0+2r(y−2 + δ2
n)rdy.
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Recall the conditions on M0 and α, (M0 + 1)α0 > a > 1 + α0. This implies that M0α0 > 1

or M0 > 1/α0. Choose r > 0.5 but very close to 0.5, then we can select an α0 ∈ (0, 1) so

that 1/α0 > 0.5 + r, hence M0 − r > 1/2. This leads to
∫
|y|>M G2(y)(1 + δny

2)rdy = O(1)

as δn → 0. This, together with the finiteness of
∫
|y|≤M G2(y)(1 + δny

2)rdy, implies that∫
G2(y)(1 + δny

2)rdy <∞ for any δn small enough.

Similar to the argument in Fan (1991a) for the ordinary-smooth case, we have

∫ [∫ p∏
l2=1

G (xl2 − ul2) dFU (δnu)

]2 [∫ p∏
l2=1

C2l2

(1 + (δnxl2 − ul2)2)r
dFU (u)

]−1

dx

=

∫ p∏
l2=1

[∫
G (xl2 − ul2) dFul2 (δnul2)

]2 [∫
C2l2

(1 + (δnxl2 − ul2)2)r
dFul2 (ul2)

]−1

dx

=

p∏
l2=1

∫ [∫
G (xl2 − ul2) dFul2 (δnul2)

]2 [∫
C2l2

(1 + (δnxl2 − ul2)2)r
dFul2 (ul2)

]−1

dxl2

= O(δ2[β]
n ),

and for the super-smooth case,

∫ [∫ q∏
l3=1

G (zl3 − vl3) dFV (δnv)

]2 [∫ q∏
l3=1

C3l3

(1 + (δnzl3 − vl3)2)r
dFV (v)

]−1

dz

which is o
(

exp
(
−
∑q

l3=1 εl3δ
−γl3
n

))
with εl3 = min{(1−r)/γl3 , [2(η−η0−r)−1]/(2γl3)} > 0.

Therefore, we have

∫∫∫
[gn(y,x, z)− g0(y,x, z)]2

g0(y,x, z)
dydxdz = o

(
δ2λ+2[β]+d+p+q
n exp

(
−

q∑
l3=1

εl3δ
−γl3
n

))
.
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Taking δn = ε
1/γ1
1 (log n)−1/γ1 and recall that γ1 = max{γj : j = 1, 2, . . . , q}, we have

∫∫∫
[gn(y,x, z)− g0(y,x, z)]2g−1

0 (y,x, z)dydxdz = o

(
1

n

)
.

Therefore, for any estimator of f
(k)
D (0,0,0) when f ∈ Cα,m,B, we have

sup
f∈Cα,m,B

Ef [T̂n − f (k)
D (0,0,0)]2 ≥ c

4
|f (k)
n (0,0,0)− f (k)

0 (0,0,0)|2.

Note that f
(k)
n (0,0,0)− f (k)

0 (0,0,0) can be written as

cδλn
∂[k]

∂ya∂xb∂zc

[
d∏

l1=1

G

(
yl1
δn

) p∏
l2=1

G

(
xl2
δn

) q∏
l3=1

G

(
zl3
δn

)] ∣∣∣∣∣
y = 0

x = 0

z = 0

= cδλn

[
d∏

l1=1

∂al1

∂y
al1
l1

G

(
yl1
δn

) p∏
l2=1

∂bl2

∂x
bl2
l2

G

(
xl2
δn

) q∏
l3=1

∂cl3

∂z
cl3
l3

G

(
zl3
δn

)] ∣∣∣∣∣
y = 0

x = 0

z = 0

= cδλ−[k]
n

[
d∏

l1=1

G(al1 )(0)

p∏
l2=1

G(bl1 )(0)
d∏

l3=1

G(cl3 )(0)

]
,

which implies that supf∈Cα,m,B
Ef [T̂n−f (k)

D (0,0,0)]2 ≥ cδ
2λ−2[k]
n .Note that δn = ε

1/γ1
1 (log n)−1/γ1 ,

also recall that λ = m+ α, so we eventually obtain

sup
f∈Cα,m,B

Ef [T̂n − f (k)
D (0,0,0)]2 ≥ c(log n)−(2m+2α−2[k])/γ1

for some positive constant c.

If there are no super-smooth measurement error components, then by changing f0(y,x, z)

to f0(y,x), fn(y,x, z) to fn(y,x), where

f0(y,x) =
d∏

l1=1

C1l1

(1 + y2
l1

)r

d∏
l2=1

C2l2

(1 + x2
l1

)r
, fn(y,x) = f0(y,x)+cδλn

d∏
l1=1

G

(
yl1
δn

) p∏
l2=1

G

(
xl2
δn

)
,
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and we will get
∫∫∫

[gn(y,x) − g0(y,x)]2g−1
0 (y,x)dydx = O

(
δ

2λ+2[β]+d+p
n

)
. Taking δn =

n−1/(2λ+2[β]+d+p), we have
∫∫∫

[gn(y,x) − g0(y,x)]2g−1
0 (y,x)dydx = O (n−1) . Similarly, we

can get supf∈Cα,m,B
Ef [T̂n − f

(k)
D (0,0)]2 ≥ cδ

2λ−2[k]
n with k = (aT , bT ). By plugging δn =

n−1/(2λ+2[β]+d+p) in the above expression, we have

sup
f∈Cα,m,B

Ef [T̂n − f (k)
D (0,0)]2 ≥ cn−(2m+2α−2[k])/(2m+2α+2[β]+d+p).

Therefore, we have proven Theorem 2.4.4.

Proof of Theorem 2.4.5. Recall the notation ξnj defined in (2.4.9) and note that f̂
(k)
D (y,x) =

n−1
∑n

j=1 ξnj, by changing variables, we have

Eξ2
n1 = E

[
1

ha+1
× ηb+1

×

d∏
l1=1

L(al1 )

(
yl1 − Y1l1

hl1

) p∏
l2=1

H
(bl2 )

nl2

(
xl2 −W1l2

ηl2

)]2

=
1

h2a+2
× η2b+2β+2

×
E

[
d∏

l1=1

L(al1 )

(
yl1 − Y1l1

hl1

) p∏
l2=1

η
βl2
l2
H

(bl2 )

nl2

(
xl2 −W1l2

ηl2

)]2

=
1

h2a+1
× η2b+2β+1

×

∫∫ [
ηβ×

d∏
l1=1

p∏
l2=1

L(al1 ) (ul1)H
(bl2 )

nl2
(vl2)

]2

f(y − uh,x− vη)dudv.

Note that

ηβ×

d∏
l1=1

p∏
l2=1

L(al1 ) (ul1)H
(bl2 )

nl2
(vl2)

= ηβ×

d∏
l1=1

p∏
l2=1

[
1

2π

∫
(−isl1)al1e−isl1ul1φL(sl1)dsl1

]
·[

1

2π

∫
(−itl2)bl2e−itl2vl2φH(tl2)φ

−1
ul2

(tl2/ηl2)dtl2

]
,
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and from (O1), for a sufficiently large value M , we have

∣∣∣∣∣ηβ×
d∏

l1=1

p∏
l2=1

φL(sl1)φH(tl2)

φul2 (tl2/ηl2)

∣∣∣∣∣ =

∣∣∣∣∣
d∏

l1=1

p∏
l2=1

t
βl2
l2
φL(sl1)φH(tl2)

(tl2/ηl2)
βl2φul2 (tl2/ηl2)

∣∣∣∣∣
≤ max

{∣∣∣∣∣
d∏

l1=1

p∏
l2=1

t
βl2
l2
φL(sl1)φH(tl2)

(tl2/ηl2)
βl2φul2 (tl2/ηl2)

∣∣∣∣∣ I(|tl2/ηl2 | ≥M),∣∣∣∣∣
d∏

l1=1

p∏
l2=1

t
βl2
l2
φL(sl1)φH(tl2)

(tl2/ηl2)
βl2φul2 (tl2/ηl2)

∣∣∣∣∣ I(|tl2/ηl2| < M)

}

≤ max

{
2p

∣∣∣∣∣
d∏

l1=1

p∏
l2=1

t
βl2
l2
φL(sl1)φH(tl2)

cl2

∣∣∣∣∣ I(|tl2| ≥Mηl2),∣∣∣∣∣
d∏

l1=1

p∏
l2=1

φL(sl1) maxtl2 |φH(tl2)|
min|tl2 |≤M φul2 (tl2)|

∣∣∣∣∣ I(|tl2| < Mηl2)

}
,

which is integrable from (O2). Therefore, by dominated convergence theorem, as η → 0, we

have

ηβ×

d∏
l1=1

p∏
l2=1

L(al1 ) (ul1)H
(bl2 )

nl2
(vl2) =

1

(2π)d+p

d∏
l1=1

p∏
l2=1

[∫
(−isl1)al1e−isl1ul1φL(sl1)dsl1

]
·[∫

(−itl2)bl2e−itl2vl2η
βl2
l2
φH(tl2)φ

−1
ul2

(tl2/ηl2)dtl2

]
→ 1

C(2π)d+p

d∏
l1=1

p∏
l2=1

[∫
(−isl1)al1e−isl1ul1φL(sl1)dsl1

] [∫
(−itl2)bl2e−itl2vl2 tβl2φH(tl2)dtl2

]
,

where C = c1 · · · cp. Therefore, by the differentiability of f , and the Parseval identity,

applying conditions (L1), (O1)–(O3), we have

Eξ2
n1 =

1

h2a+1
× η2b+2β+1

×

∫∫ [
ηβ×

d∏
l1=1

p∏
l2=1

L(al1 ) (ul1)H
(bl2 )

nl2
(vl2)

]2

f(y − uh,x− vη)dudv

=
fY ,W (y,x)

(2π)d+pc2h2a+1
× η2b+2β+1

×

∫∫ d∏
l1=1

p∏
l2=1

|sl1|2al1 |tl2|2bl2+2βl2 |φL(sl1)|2|φH(tl2)|2dsdt · [1 + o(1)].
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Similarly, we can show that E|ξn1|2+δ = O
(
h
−(2+δ)(a+1)+1
× η

−(2+δ)(b+1)−(2+δ)β+1
×

)
for any pos-

itive δ. This, together with the result Eξn1 → f
(k)
D (y,x), we have

nE|ξn1 − Eξn1|2+δ

[nVar(ξn1)](2+δ)/2
= O

(
n(h2a+1

× η2b+2β+1
× )(2+δ)/2

n(2+δ)/2h
(2+δ)(a+1)−1
× η

(2+δ)(b+1)+(2+δ)β−1
×

)
= O

(
1

(
√
nh×η×)δ

)

which is the order of o(1) as nh×η× → ∞ as assumed. Hence, by Lyapunov central limit

theorem, we proved Theorem 2.4.5.

Proof of Theorem 2.4.6:

As we discussed before, it is difficult to find the variance of f̂
(k)
D (y,x, z). To apply the

Lyapunov central limit theorem, we have to find a lower bound of Eξ2
n1, where ξn1 can be

written as

1

ha+1
× ηb+1

× ρc+1
×

[
d∏

l1=1

L(al1 )

(
yl1 − Y1l1

hl1

) p∏
l2=1

H
(bl2 )

nl2

(
xl2 −W1l2

ηl2

) q∏
l3=1

K
(cl3 )

nl3

(
zl3 − S1l3

ρl3

)]
,

and L(al1 )(y) = (2π)−1
∫

(−it)al1 exp(−ity)φL(t)dt,

H
(bl2 )

nl2
(x) =

1

2π

∫
(−it)bl2 exp(−itx)φH(t)/φUl2 (t/ηl2)dt,

K
(cl3 )

nl3
(z) =

1

2π

∫
(−it)cl3 exp(−itz)φK(t)/φVl3 (t/ρl3)dt.

By changing of variables, one can see that Eξ2
n1 equals

E

[
1

ha+1
× ηb+1

× ρc+1
×

d∏
l1=1

L(al1 )

(
yl1 − Yjl1

hl1

) p∏
l2=1

H
(bl2 )

nl2

(
xl2 −Wjl2

ηl2

) q∏
l3=1

K
(cl3 )

nl3

(
zl3 − S1l3

ρl3

)]2

=
1

h2a+1
× η2b+1

× ρ2c+1
×

∫∫∫ [ d∏
l1=1

p∏
l2=1

q∏
l3=1

L(al1 ) (ul1)H
(bl2 )

nl2
(wl2)K

(cl3 )

nl3
(sl3)

]2

·

f(y − uh,x−wη, z − sρ)dudvds.
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For the ordinary smooth measurement error, we have

η
βl2
n H

(bl2 )

nl2
(wl2)→

1

2πc

∫
(−it)bl3 exp(−itwl2)tβl2φH(t)dt,

∣∣∣ηβl2n H
(bl2 )

nl2
(wl2)

∣∣∣ ≤ min(d2, d1/wl2)

for some positive constants d1 and d2; for the super-smooth part, from Fan (1991b),we have

∣∣∣K(cl3 )

nl3
(sl3)

∣∣∣ ≥ d3

∣∣∣∣∣d(cl3 ) cos(sl3)

ds
cl3
l3

∣∣∣∣∣ ρµl30l3
bm+4
nl3

exp
(
(1− bnl3)γl3/(ξl3ρ

γl3
l3

)
)
,

where bnl3 = ρ
µl30/2(m+5)

l3
for sl3 ∈ [0, π/2].

Therefore, when n is sufficiently large, by Parseval identity,

Eξ2
n1 ≥

cf(y,x, z)

h2a+1
× η2b+2β+1

× ρ2c+1
×
·

∫∫ d∏
l1

[L(al1 )(ul1)]
2

p∏
l2=1

[
1

2π

∫
exp(−itwl2)(−it)bl2 tβl2φH(t)dt

]2

dudw ·

∫ π/2

0

q∏
l3=1

[
ρ
µl30
l3

bm+4
n exp

(
(1− bn)γl3/(ξl3ρ

γl3
l3

)
)]2

dv

=
cf(y,x, z)

h2a+1
× η2b+2β+1

× ρ2c+1
×

∫ d∏
l1

t
2al1
l1

φ2
L(tl1)dt ·

∫ p∏
l2=1

t
2bl2+2βl2
l2

φ2
H(tl2)dt ·

q∏
l3=1

[
ρ
µl30
l3

bm+4
nl3

exp
(
(1− bnl3)γl3/(ξl3ρ

γl3
l3

)
)]2

≥ cf(y,x, z)ρ
µ0[1+(m+4)/(2(m+5))]−2c−1
×

h2a+1
× η2b+2β+1

×

q∏
l3=1

exp

(
2− 4γl3bnl3
ξl3ρ

γl3
l3

)
,

where µ0 = (µ10, . . . , µq0). On the other hand, by the definition of K
(cl3 )

nl3
(s), we have

|K(cl3 )

nl3
(s)| ≤ 1

2π

∣∣∣∣∫ 1

−1

(−it)cl3 exp(−its)φK(t)/φvl3 (t/ρl3)dt

∣∣∣∣
≤ 1

2π

∫
|t|>M

|t|ξl30 exp(|t|γl3/(ξl3ρ
γl3
l3

))dt+O(1) = O
(
exp(1/(ξl3ρ

γl3
l3

))
)
.
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This, together with the result from the ordinary smooth, we have, for δ > 0,

E|ξn1|2+δ = O

(
h

1−(2+δ)(a+1)
× η

1−(2+δ)(b+1)−(2+δ)β
× ρ

−(2+δ)(c+1)
×

q∏
l3=1

exp((2 + δ)/(ξl3ρ
γl3
l3

))

)
.

Therefore, after a tedious algebra, we have

E|ξn1|2+δ

nδ/2(E|ξn1|2)(2+δ)/2
= O

(
1

(
√
nη×h×)δρ−c(2+δ)

q∏
l3=1

exp(2(2 + δ)γl3bnl3/(ξl3ρ
γl3
l3

))

)
.

Note that bnl3 = ρ
γl3/(2(m+5))

l3
, and −1 < −1 + 1/(2(m+ 5)) < 0, so based on the assumption

(S3), we can show that the Lyapunov condition holds. This concludes the proof of Theorem

2.4.6.
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Chapter 3

Estimating Density Function of Data

Mixing with Berkson Error

3.1 Introduction

In the measurement error literature, the classical structure has received more attention from

researchers than the Berkson structure. To be specific, suppose the random variable of

interest is X, but for some reason, we cannot directly observe its value. Instead, what we

can observe is a random variable Z which relates to X in two different ways as generally

assumed in literature. One is the classic error which assumes that Z = X + U , where X

and U are independent, another is the Berkson error to assume that X = Z + U , where Z

and U are independent. In both structures, U is centered at 0 and called the measurement

error. However, the different dependence structures in classic and Berkson measurement

error result in significantly different statistical inference procedures.

Since the first research on Berkson measurement errors conducted by Berkson (1950) in

the regression context, the Berkson measurement error structure has been widely practiced

in designed experiments in which there are some target values that an experimenter wants

to apply to experimental units, but the actual delivered values may differ from the target

values. For example, a nominal amount of nitrogen (Z) is applied to a crop, but the actual
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amount of nitrogen (X) absorbed by the crop could be different from the nominal one and is

difficult to measure. In this scenario, the relationship between the actual amount of nitrogen

and the nominal one is better explained by a Berkson measurement error structure. Many

other examples of real data applications with Berkson measurement errors can be found in

many areas including agriculture experiments, bioassay studies, and epidemiology, among

others, as described in the monograph Carroll et al. (2006), journal papers Carroll et al.

(2007b), Delaigle (2007) and Long et al. (2016), and the references therein.

To our best knowledge, it seems that the statistical research related to the Berkson error

has not gained much attention from statisticians and practitioners. The main reason might

be that the Berkson measurement error in parametric models may not be as challenging

as in classical measurement error setups. A simple example to this point is that the naive

least square estimator in the linear regression with the Berkson error is unbiased. Even in

nonlinear regression models, the bias caused by Berkson measurement error can be easily

attenuated by regressing the response variable on the noisy variables if the distribution of

the measurement error is known, a common assumption in measurement error modeling

literature. See Wang (2003, 2004, 2007) for more details. However, the statistical inference

related to the Berkson measurement errors appears much more difficult. Recent years have

evidenced increased interest in developing nonparametric inference procedures, such as the

nonparametric density estimators. Delaigle (2007) proposed a simple density estimation

procedure while studying a more comprehensive setting including both Berkson and classical

errors. Later, Long et al. (2016) discusses the bandwidth selection issues in kernel based

estimation procedures.

In real applications, we might be interested in modeling the relationship among many

variables. Due to the differences in measuring instruments, some variables can be measured

directly without measurement error, and some variables may carry measurement errors,

such as the Berkson error. Further data analysis, therefore, should take care of these errors

in order to have a reliable inference procedures. In this paper, we would like to propose

estimation procedures to estimate the joint density function of two random variables, with

one variable being error-free, and another variable contaminated with Berkson error. Two

48



estimation procedures, based on whether applying smoothing to the variable with Berkson

error, will be considered. The estimation of joint density function has its own theoretical

and practical interest, but the resulting density estimator can be also used as building block

to construct the estimator for the regression functions when predictors have both types of

variables in the model.

The paper is organized as follows. Two nonparametric estimators of the joint density

function are proposed in Section 2. Technical assumptions, mean squared errors (MSE), and

large sample theoretical properties are discussed in Section 3. A discussion on the optimal

convergence rates and the bandwidth choice of the proposed estimators is conducted in

Section 4. In addition, the performance of the developed data-driven bandwidth selection

method is evaluated by a simulation study. All the technical proofs of the theoretical results

are deferred to Section 5.

3.2 Estimation Procedures

Consider a random pair (X, Y ), where X can not be observed directly, one can observe Z

such that X = Z + U . That is, X is contaminated with a Berkson type of error. For

identifiability, the density function of the measurement error U is assumed to be known. Y

can be directly observed. In this paper, we will propose two estimators for the joint density

function of (X, Y ) based on a sample (Zj, Yj), j = 1, 2, . . . , n, from (Z, Y ).

Note that the independence between Z and U in X = Z+U implies that we can estimate

the density function of X by the simple average f̂X(x) = n−1
∑n

j=1 fu(x−Zj), which is first

proposed and discussed in Delaigle (2007) by exploiting the Berkson structure. Combining

this component with the classical kernel smoothing idea for the observed data on Y , we

define an estimator for the joint density of (X, Y ) as

f̃X,Y (x, y) =
1

nh

n∑
j=1

fu(x− Zj)K
(
y − Yj
h

)
. (3.2.1)

The estimator proposed in (3.2.1) is very simple to calculate and does not need any spec-
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ification of smoothing parameters for the Berkson component, which is very different from

the standard kernel density estimator in the error-free case or the deconvolution kernel es-

timator in the classical measurement error case. However, as noted in Long et al. (2016), a

disadvantage of f̂X(x) is that in cases where U is concentrated around 0, the estimator will

have large spikes at the sample points Zi’s and thus have high variability.

To overcome the drawback in the construction (3.2.1), we propose an estimator of the joint

density function of (X, Y ) by smoothing the Berkson measurement error component. Note

that the empirical characteristic function of Z is defined as φn(t) = n−1
∑n

j=1 e
itZj , where i

is the imaginary unit such that i2 = −1. Thus, from X = Z +U and the independence of Z

and U , we have φX(t) = φZ(t)φU(t). Choosing K as a proper kernel density function and h

a sequence positive numbers tending to 0 as n→∞, we can estimate the density function of

Z by the classical kernel estimator having the form of f̂Z(z) = (nh)−1
∑n

j=1K((z − Zj)/h).

Therefore, an estimator of the characteristic function of X can be defined as

φ̂X(t) = φ̂Z(t)φU(t) = φK(th)φU(t)φn(t).

Assuming that φ̂X(t) ∈ L1, we may estimate fX using f̂X(x) = 1
2π

∫
e−itxφ̂X(t)dt, or

f̂X(x) =
1

2π

∫
e−itxφK(th)φU(t)φn(t)dt =

1

2π

∫
e−itx

1

n

n∑
j=1

eitZjφK(th)φU(t)dt (3.2.2)

=
1

n

n∑
j=1

1

2π

∫
e−it(x−Zj)φK(th)φU(t)dt =

1

nh

n∑
j=1

∫
K

(
x− u− Zj

h

)
fU(u)du.

The estimator f̂X(x) was proposed in Long et al. (2016). Therefore, an estimator of joint

density function of (X, Y ) can be constructed as

f̂X,Y (x, y) =
1

nh1h2

n∑
j=1

L

(
y − Yj
h2

)∫
K

(
x− u− Zj

h1

)
fU(u)du, (3.2.3)

where L and K are two kernel functions, and h1, h2 are two bandwidths. A connection

between the estimator (3.2.2) and the simple average estimator proposed in Delaigle (2007)
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is that if we let h → 0, then the continuity of fU implies that the latter is the limit of the

former.

3.3 Large Sample Results

In this section, the finite sample and large sample properties of the estimators proposed in

(3.2.1) and (3.2.3) will be investigated. We begin with the discussion on the mean squared

errors (MSE) for (3.2.1). Denote R(K) =
∫
K2(x)dx, f ′′Z,Y (z, y) the second derivative of

fZ,Y (z, y) with respect to y. We also need the following technical conditions to validate the

theoretical results.

(C1). (Z, Y ) and U are independent.

(C2). The joint density function fZ,Y (z, y) is twice continuously differentiable with

respect to y.

(C3). The kernel density functionK is bounded and satisfies
∫
K(x)dx = 1,

∫
xK(x)dx =

0, and
∫
x2K(x)dx = 1.

(C4). The bandwidth h is so chosen that h→ 0 and nh→∞.

(C5). For each (x, y) in the domain of (X, Y ), there is a positive number γ > 0,

∫
f 2+δ
U (x− z)[fZ,Y (z, y) + |f ′Z,Y (z, y)|+ |f ′′Z,Y (z, y)|]dz <∞.

(C6). The bandwidth h is so chosen that h→ 0 and nh/ log n→∞.

(C7). The joint density function fX,Y (x, y) is uniformly-continuous.

(C8). The kernel function K is bounded and satisfies
∫
K(x)dx = 1,

∫
xK(x)dx = 0,

and
∫
x2K(x)dx = 1. It also has an integrable characteristic function.

(C9). The bandwidth h is so chosen that h→ 0, nh2 →∞.
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(D1). The kernel function K and L is bounded and satisfies
∫
K(x)dx =

∫
L(x)dx = 1,∫

xK(x)dx =
∫
xL(x)dx = 0, and

∫
x2K(x)dx =

∫
x2L(x)dx = 1. They also have

integrable characteristic functions.

(D2). The bandwidths h1, h2 is so chosen that h1, h2 → 0 and nh2 →∞.

(D3). The joint density function fX,Y (x, y) is twice continuously differentiable with

respect to x and y.

(D4). The bandwidths h1, h2 are so chosen that h1, h2 → 0 and nh1h2/ log n→∞.

(D5). The bandwidth h1, h2 are so chosen that h1, h2 → 0, nh2
2 →∞.

Conditions (C1)-(C4) are needed to evaluate the MSE of f̃X,Y (x, y). Together with the

condition (C5), the asymptotic normality of f̃X,Y (x, y) can be derived. (C6) is required

to show the almost sure convergence, and with the additional assumptions (C8), (C9), a

uniform convergence in probability result can be established for f̃X,Y (x, y). A parallel set of

conditions (D1)-(D5) are imposed to validate all the large sample results for the estimator

f̂X,Y (x, y). These conditions are mild and also widely adopted in the kernel smoothing

literature.

We begin with the introduction of the MSE expression for f̃X,Y (x, y).

Theorem 3.3.1. Assume the conditions (C1)-(C4) hold. For f̃X,Y (x, y) defined in (3.2.1),

MSE(f̃X,Y (x, y)) =
R(K)

nh

∫
f 2
U(x− z)fZ,Y (z, y)dz+ (3.3.1)

+
h4

4

[∫
fU(x− z)f ′′Z,Y (z, y)dz

]2

+ o

(
1

nh

)
+ o(h4).

An optimal MSE convergence rate can be obtained by choosing an optimal bandwidth

h to minimize the asymptotic MSE (AMSE) expression in Theorem 3.3.1. The AMSE is

defined as the first two terms in (3.3.1). In fact, by setting the derivatives of AMSE equal

to 0, we obtain

hopt =
1

n1/5

(
R(K)

∫
f 2
U(x− z)fZ,Y (z, y)dz[∫

fU(x− z)f ′′Z,Y (z, y)dz
]2

)1/5

.
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Accordingly, the optimal convergence rate of MSE, by plugging hopt into the expression of

MSE in (3.3.1) is

MSE(f̃X,Y (x, y)) =
5

4n4/5

(
R(K)

∫
f 2
U(x− z)fZ,Y (z, y)dz

)4/5(∫
fU(x− z)f ′′Z,Y (z, y)dz

)2/5

.

It is noted that the optimal convergence rate is the same as the one for the classical univariate

kernel density estimator. The theoretical optimal bandwidth depends on unknown quantities,

and therefore cannot be implemented for real data analysis. For implementation, some data

driven bandwidth selectors should be considered, such as the cross validation procedures

discussed in Wand and Jones (1995).

The next theorem states the asymptotic normality of f̃X,Y (x, y).

Theorem 3.3.2. In addition to the conditions in Theorem 3.3.1, we further assume that

(C5) holds. Then

√
nhδ(x, y) ·

[
f̃X,Y (x, y)− fX,Y (x, y)− h2

2

∫
fU(x− z)f ′′Z,Y (z, y)dz + o(h2)

]
=⇒ N(0, 1),

where δ(x, y) = (R(K)
∫
f 2
U(x − z)fZ,Y (z, y)dz)−1. If we further assume that nh5 = o(1),

then √
nhδ(x, y)

[
f̃X,Y (x, y)− fX,Y (x, y)

]
=⇒ N(0, 1).

The following theorem indicates that, under some stronger conditions, f̃X,Y (x, y) con-

verges to fX,Y (x, y) almost surely.

Theorem 3.3.3. Suppose the conditions (C1)-(C3) and (C6) hold. Then f̃X,Y (x, y) con-

verges to fX,Y (x, y) almost surely as n→∞.

By imposing some conditions on the smoothness of the joint density function fX,Y (x, y),

we can show that f̃X,Y (x, y) is uniformly convergent in probability.

Theorem 3.3.4. Suppose (C1), (C2), (C7)-(C9) hold. Then

sup
x,y
|f̃X,Y (x, y)− fX,Y (x, y)| = op(1).
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Now let’s move our attention to the estimator f̂X,Y (x, y) defined 3.2.3. We would like

derive a series of finite and large sample results similar to those established for f̃X,Y (x, y).

We begin with a theorem on the MSE of f̂X,Y (x, y).

Theorem 3.3.5. Suppose (D1)-(D3) hold. Then

MSE(f̂X,Y (x, y)) =
h4

1

4

[
∂f 2

X,Y (x, y)

∂x2

]2

+
h4

2

4

[
∂f 2

X,Y (x, y)

∂y2

]2

+
R(L)

nh2

∫∫
f 2
U(x− z)fZ,Y (z, y)dz + o

(
1

nh2

)
+ o((h2

1 + h2
2)2). (3.3.2)

It is interesting to note that the optimal bandwidths h1, h2, which minimize the AMSE,

or the first three terms in the expression of MSE(f̂X,Y (x, y)), are h1,opt = 0,

h2,opt =
1

n1/5

(
R(L)

∫
f 2
U(x− z)fZ,Y (z, y)dz

[∂2fX,Y (x, y)/∂y2]2

)1/5

,

and the optimal convergence rate of MSE, by plugging h1,opt = 0, h2,opt into the expression

of MSE in (3.3.2) is

MSE(f̂X,Y (x, y)) =
5

4n4/5

(
R(L)

∫
f 2
U(x− z)fZ,Y (z, y)dz

)4/5 (
∂2fX,Y (x, y)/∂y2

)2/5
.

Note that ∂2fX,Y (x, y)/∂y2 =
∫
fU(x − z)f ′′Z,Y (z, y)dz, it is easy to see the optimal conver-

gence rates of f̃X,Y (x, y) and f̂X,Y (x, y) are exactly same.

The following theorem claims that f̂X,Y (x, y) is asymptotically normal.

Theorem 3.3.6. Suppose (C5) and (D1)-(D3) hold. Then

√
nh2δ(x, y)

[
f̂X,Y (x, y)− fX,Y (x, y)− h2

1

2

∂f 2
X,Y (x, y)

∂x2
+
h2

2

2

∂f 2
X,Y (x, y)

∂y2
+ o(h2

1) + o(h2
2)

]

is asymptotically standard normal, where δ(x, y) = (R(L)
∫
f 2
U(x − z)fZ,Y (z, y)dz)−1. If we
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further assume that nh4
1h2 → 0 and nh5

2 → 0, then we have

√
nh2δ(x, y)

[
f̂X,Y (x, y)− fX,Y (x, y)

]
=⇒ N(0, 1).

The following theorem claims that f̂X,Y (x, y) also converges almost surely.

Theorem 3.3.7. Suppose (D1)-(D4) hold. Then f̂X,Y (x, y) converges to fX,Y (x, y) almost

surely.

Similar to the estimator f̃X,Y (x, y), after imposing some conditions on the characteristic

functions of the kernel functions, we can show that f̂X,Y (x, y) is uniformly convergent in

probability.

Theorem 3.3.8. Suppose (C4), (D1), (D3), (D5) hold. Then

sup
x,y
|f̂X,Y (x, y)− fX,Y (x, y)| = op(1).

3.4 Discussion

We conjecture that the two estimators proposed in this chapter attains the fast convergence

rate. A non-rigorous justification of this claim is based on the following observations: Chang

and Wu (2015) once pointed out that “Usually the convergence rates of multivariate density

estimations are slower than those of univariate densities”, and we also know that under

some very mild conditions, the classic Rosenblatt-Parzen kernel density estimator achieves

fast convergence rate among all nonparametric estimators of a density function. Based on

the asymptotic normality established in Theorem 3.3.3 and 3.3.6, we know the convergence

rates of f̃X,Y (x, y) and f̂X,Y (x, y) are the same as the convergence rate of a univariate kernel

density estimate.

It is well known that the bandwidth has a significant impact on the performance of a

kernel density estimator. Because of the presence of the unknown quantities, the optimal
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bandwidths of f̃X,Y (x, y) and f̂X,Y (x, y) derived in Section 3.3 based on Theorem 3.3.1 and

3.3.5 cannot be used directly for estimating the density function of (X, Y ). Data-driven

bandwidth selectors are often preferred in implementing various smoothing procedures. In

the following, we will derive a least squares cross validation (LSCV) bandwidth selector

for f̃X,Y (x, y). Note that the mean integrated squared error (MISE) of f̃X,Y , defined as

E
∫∫

[f̃X,Y (x, y)− fX,Y (x, y)]2dxdy, equals

E

∫∫
f̃ 2
X,Y (x, y)dxdy − 2E

∫∫
f̃X,Y (x, y)fX,Y (x, y)dxdy +

∫∫
f 2
X,Y (x, y)dxdy,

and
∫∫

f 2
X,Y (x, y)dxdy is free of h, so we only have to consider the first two terms in the

above expression. The first expectation can be estimated by

∫∫
f̃ 2
X,Y (x, y)dxdy =

∫∫ [
1

nh

n∑
j=1

fu(x− Zj)K
(
y − Yj
h

)]2

dxdy

=
1

n2h2

n∑
i=1

n∑
j=1

∫∫
fu(x− Zi)K

(
y − Yi
h

)
fu(x− Zj)K

(
y − Yj
h

)
dxdy

=
1

n2h2

n∑
i=1

n∑
j=1

[∫
fu(x− Zi)fu(x− Zj)dx

] [∫
K

(
y − Yi
h

)
K

(
y − Yj
h

)
dy

]
.

To find an estimator for the second expectation, we note that

∫∫
f̃X,Y (x, y)fX,Y (x, y)dxdy =

∫∫
f̃X,Y (x, y)

[∫
fZ,Y (z, y)fu(x− z)dz

]
dxdy

=

∫∫ [∫
f̃X,Y (x, y)fu(x− z)dx

]
fZ,Y (z, y)dzdy

=

∫∫ [∫
1

nh

n∑
j=1

fu(x− Zj)K
(
y − Yj
h

)
fu(x− z)dx

]
fZ,Y (z, y)dzdy
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=

∫∫
1

nh

n∑
j=1

[∫
fu(x− Zj)fu(x− z)dx

]
K

(
y − Yj
h

)
fZ,Y (z, y)dzdy

=

∫∫
ĝ(z, y)fZ,Y (z, y)dzdy,

where

ĝ(z, y) =
1

nh

n∑
j=1

[∫
fu(x− Zj)fu(x− z)dx

]
K

(
y − Yj
h

)
.

Then an unbiased estimator of the second expectation is given by n−1
∑n

i=1 ĝ−i(Zi, Yi), where,

for each i = 1, 2, . . . , n,

ĝ−i(Zi, Yi) =
1

n− 1

∑
j 6=i

K

(
Yi − Yj
h

)∫
fu(x− Zj)fu(x− Zi)dx.

Therefore, the LSCV function to be minimized has the form of

LSCV(h) =
1

n2h2

n∑
i=1

n∑
j=1

[∫
fu(x− Zi)fu(x− Zj)dx

] [∫
K

(
y − Yi
h

)
K

(
y − Yj
h

)
dy

]

− 2

n(n− 1)

n∑
i=1

∑
j 6=i

K

(
Yi − Yj
h

)∫
fu(x− Zj)fu(x− Zi)dx.

In particular, if the density function fu of U is normal, and the kernel function K is chosen

to be standard normal, then the LSCV(h) function can be simplified to

LSCV(h) =
1

n2

n∑
i=1

n∑
j=1

φ(Zi − Zj, 0,
√

2σu)φ(Yi − Yj, 0,
√

2h) (3.4.1)

− 2

n(n− 1)

n∑
i=1

∑
j 6=i

φ(Yi − Yj, 0,
√
h)φ(Zi − Zj, 0,

√
2σu).

where φ(v, 0, σ) is the normal density function with mean 0 and standard deviation σ eval-

uated at v.

Similarly, a LSCV bandwidth selector can also be constructed for f̂X,Y (x, y). If U has a
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normal distribution N(0, σ2
u) and both K and L are chosen to be standard normal, then

∫∫
f̂ 2
X,Y (x, y)dxdy =

∫∫ [
1

nh1h2

n∑
j=1

L

(
y − Yj
h2

)∫
K

(
x− u− Zj

h1

)
fu(u)du

]2

dxdy

=
1

n2h2
1h

2
2

n∑
i=1

n∑
j=1

∫
L

(
y − Yi
h2

)
L

(
y − Yj
h2

)
dy·∫ [∫

K

(
x− u− Zi

h1

)
fu(u)du

] [∫
K

(
x− u− Zj

h1

)
fu(u)du

]
dx

=
1

n2

n∑
i=1

n∑
j=1

φ(Yi − Yj, 0,
√

2h2)

∫
φ

(
x− Zi, 0,

√
h2

1 + σ2
u

)
φ

(
x− Zj, 0,

√
h2

1 + σ2
u

)
dx

=
1

n2

n∑
i=1

n∑
j=1

φ(Yi − Yj, 0,
√

2h2)φ

(
Zi − Zj, 0,

√
2(h2

1 + σ2
u)

)
.

We also have

∫∫
f̂X,Y (x, y)fX,Y (x, y)dxdy =

∫∫
f̂X,Y (x, y)

[∫
fZ,Y (z, y)fu(x− z)dz

]
dxdy

=

∫∫ [∫
f̂X,Y (x, y)fu(x− z)dx

]
fZ,Y (z, y)dzdy

=

∫∫ [∫
1

nh1h2

n∑
j=1

L

(
y − Yj
h2

)(∫
K

(
x− u− Zj

h1

)
fu(u)du

)
fu(x− z)dx

]
fZ,Y (z, y)dzdy

=

∫∫ [
1

nh2

n∑
j=1

L

(
y − Yj
h2

)∫
φ

(
x− Zj, 0,

√
h2

1 + σ2
u

)
fu(x− z)dx

]
fZ,Y (z, y)dzdy

=
1

nh2

n∑
j=1

∫∫
L

(
y − Yj
h2

)
φ

(
z − Zj, 0,

√
h2

1 + 2σ2
u

)
fZ,Y (z, y)dzdy.

Applying the leave-one-out strategy, and recall that L is the standard normal density func-

tion, we obtain

∫∫
f̂X,Y (x, y)fX,Y (x, y)dxdy =

1

n(n− 1)

n∑
i=1

∑
j 6=i

φ(Yi−Yj, 0, h2)φ

(
Zi − Zj, 0,

√
h2

1 + 2σ2
u

)
.
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Therefore, the LSCV function to be minimized is

LSCV (h1, h2) =
1

n2

n∑
i=1

n∑
j=1

φ(Yi − Yj, 0,
√

2h2)φ

(
Zi − Zj, 0,

√
2(h2

1 + σ2
u)

)
(3.4.2)

− 2

n(n− 1)

n∑
i=1

∑
j 6=i

φ(Yi − Yj, 0, h2)φ

(
Zi − Zj, 0,

√
h2

1 + 2σ2
u

)
.

3.5 Simulation

In this section, we conduct a simulation study to evaluate the performance of the LSCV

bandwidth selection procedure. To generate the simulation data, we assume that (Z, Y )T

follows a bivariate standard normal distribution. Y is directly observable, X = Z + U , and

the measurement error U is distributed as a normal distribution with mean 0 and variance

σ2
u. Thus the latent variable X has a normal distribution with mean 0 and variance 1 + σ2

u.

The sample sizes are chosen to be n = 100, 200, and to see the effect of σ2
u on the LSCV

results, we choose σ2
u = 0.1 and 0.5.

The performance of the estimation procedures is evaluated by the MSE. In specific, the

estimator f̃(x, y) and the true density function f(x, y) are evaluated at equally spaced grid

points from [−3, 3] × [−3, 3] in the step of 0.1. The MSE is then calculated as the average

of the squared difference between the estimator and the true density values. For f̃(x, y), the

MSE based on a preselected bandwidth sequence h = an−1/5 with a = 0.5, 1, 1.5, 2, 2.5, 3, 3.5

and the bandwidth from the LSCV are calculated. The simulation is repeated 100 times,

and the boxplots for each bandwidth selection are plotted in Figure 3.1 for n = 100, where

the xticks are the preselected bandwidths, and the last the boxplot in each panel is from

LSCV. Clearly, the MSE based on the LSCV method performs satisfactorily, which is nearly

the same as the lowest MSE produced by the preselected bandwidths. The patterns are the

same for the both σ2
u = 0.1 and 0.5. The simulation results for n = 200, as shown in Figure

3.2, again show that the LSCV bandwidth selection performs very well.
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Figure 3.1: MSE boxplots of f̃(x, y) when n = 100. The left plot is for σ2
u = 0.1, and the

right plot is for σ2
u = 0.5
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Figure 3.2: MSE boxplots of f̃(x, y) when n = 200. The left plot is for σ2
u = 0.1, and the

right plot is for σ2
u = 0.5
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Figure 3.3: MSE boxplots of f̂(x, y) when n = 100. The left plot is for σ2
u = 0.1, and the

right plot is for σ2
u = 0.5

For f̂(x, y), there are two bandwidths that we have to choose. To see the performance

of the LSCV in this case, we choose h1 = an−1/5, h2 = bn−1/5, with a being equally selected

from [0.004, 3.5] in the step of 0.05, and b from [0.1, 3.5] in the step of 0.1. Similar to f̃(x, y),

for each pair (h1, h2), the MSEs are calculated from the values of f̂(x, y) and the true density

function f(x, y) evaluated at equally spaced grid points from [−3, 3]× [−3, 3] in the step of

0.1. Figures 3.3 and 3.4 display the contour plot of the MSEs of f̂(x, y) based on different

bandwidths, where the white dots represent the MSE estimated using the LSCV approach.

It is evident that the LSCV technique performs well in all cases as the black dots are very

close to the lowest MSEs.

Furthermore, one can see that when the variance of measurement error is small, the

LSCV selection works better. However, when the measurement error variance increases to

0.5, the MSE obtained by LSCV deviates, although not very much, from the smallest MSE.
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Figure 3.4: MSE boxplots of f̂(x, y) when n = 200. The left plot is for σ2
u = 0.1, and the

right plot is for σ2
u = 0.5

3.6 Appendix

Proof of Theorem 3.3.1. Note that

Ef̃X,Y (x, y) =
1

h
Efu(x− Zj)K

(
y − Yj
h

)
=

1

h

∫∫
fu(x− z)K

(
y − v
h

)
fZ,Y (z, v)dzdv

=

∫∫
fu(x− z)K(v)fZ,Y (z, y − vh)dzdv,

By (C2) and Taylor expansion, for each (z, y), we have

fZ,Y (z, y − vh) = fZ,Y (z, y)− vhf ′Z,Y (z, y) +
v2h2

2
f ′′Z,Y (z, y) + o(h2),

where f ′Z, Y (z, y) is defined as the first derivative of fZ,Y (z, y) with respect to y. Thus,

Ef̃X,Y (x, y) =

∫∫
fu(x− z)K(v)

[
fu(z, y)− vhf ′Z,Y (z, y) +

v2h2

2
f ′′Z,Y (z, y) + o(h2)

]
dzdv

=

∫
fu(x− z)fZ,Y (z, y)dz +

h2

2

∫
fu(x− z)f ′′Z,Y dz

∫
v2K(v)dv + o(h2).

By (C1), we know the joint density function of (U,Z, Y ) is fZ,Y (z, y)fU(u). It is easy to
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see that the joint density function of (X,Z, Y ) can be written as fZ,Y (z, y)fu(x− z), hence,

the joint density function of (X, Y ) satisfies

fX,Y (x, y) =

∫
fZ,Y (z, y)fU(x− z)dz. (3.6.1)

This implies

Ef̃X,Y (x, y) = fX,Y (x, y) +
h2

2

∫
fu(x− z)f ′′Z,Y (z, y)dy + o(h2).

To calculate the variance of f̃X,Y (x, y), we know that

Ef 2
u(x− z)K2

(
y − Y
h

)
=

∫
f 2
U(x− z)K2

(
y − v
h

)
fZ,Y (z, v)dzdv

= h

∫
f 2
u(x− z)K2(v)fZ,Y (z, y − vh)dzdv

= h

∫
f 2
U(x− z)K2(v)

[
fZ,Y (z, y)− vhf ′Z,Y (z, y) +

v2h2

2
f ′′Z,Y (z, y) + (h2)

]
dzdv

= hR(K)

∫
f 2
U(x− z)fZ,Y (z, y)dz + o(h2).

Hence

Var(f̃X,Y (x, y)) =
1

nh2
Var

(
fu(x− z)K

(
y − Y
h

))
=

1

nh2

[
h

∫
f 2
U(x− z)fZ,Y (x, z)dz ·R(K) + o(h2)

]
− 1

n
(Ef̂X,Y (x, y))2

=
1

nh2

[
h

∫
f 2
U(x− z)fZ,Y (z, y)dz ·R(K) +O(h3)

]
− 1

n

[
fX,Y (x, y) +O(h2)

]2
=

1

nh

∫
f 2
U(x− z)fZ,Y (z, y)dz ·R(K) +O

(
1

nh

)
.

So, the MSE of f̃X,Y (x, y) can be derived from the bias-variance decomposition and the

expectation and variance expressions derived above.
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Proof of Theorem 3.3.2. Denote that

ξjn =
1

nh
fU(x− Zj)K

(
y − Yj
h

)
− E 1

nh
fU(x− Zj)K

(
y − Yj
h

)
.

Then f̃X,Y (x, y)−Ef̃X,Y (x, y) =
∑n

j=1 ξjn. We will check this independent sum satisfies the

Lyapunov-Condition. Clearly, E(ξjn) = 0. For any γ > 0, by Cr-inequality,

E |ξjn|2+γ ≤ c

(nh)2+γ
E

[
fU(x− Zj)K

(
y − Yj
h

)]2+γ

+
C

n2+γ

[
E

1

h
fU(x− z)K

(
y − Y
h

)]2+γ

.

Note that

E

[
fU(x− Zj)K

(
y − Yj
h

)]2+γ

=

∫∫
f 2+γ
U K2+γ

(
y − v
h

)
fZ,Y (z, y)dzdv

= h

∫∫
f 2+γ
U (x− z)K2+γ(v)fZ,Y (z, y − vh)dzdv

= h

∫∫
f 2+γ
U (x− z)K2+γ(v)[fZ,Y (z, y)− vhf ′Z,Y (z, y) +

v2h2

2
f ′′Z,Y (z, y) + o(h2)]dzdv = O(h),

so, E|ξjn|2+γ = (nh)−2−γO(h) + n−2−γO(1) = O(n−2−γh−1−γ). From the variance deviation

we also know that Eξ2
jn = O( 1

n2h
). Therefore,

nE|ξjn|2+γ

(nEξ2
jn)

2+γ
2

=
O
(
n · 1

n2+γh1+γ

)
O
(

(n · 1
n2h

)
2+γ
2

) = O

(
1

(nh)
γ
2

)

which is the order of o(1) by (C4). Application of the Lyapunov-CLT finishes the proof of

Theorem 3.3.2.

Proof of Theorem 3.3.3. We only have to show that f̃X,Y (x, y) − Ef̃X,Y (x, y) → 0 almost

surely. Redefine

ξnj = fU(x− Zj)K
(
y − Yj
h

)
− EfU(x− Z)K

(
y − Y
h

)
.

Then h[f̃X,Y (x, y)−Ef̃X,Y (x, y)] = n−1
∑n

j=1 ξnj. Note that ξnj are i.i.d. with Eξnj = 0 and
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|ξnj| ≤ 2 supuK(u) := B by the boundedness of K, as assumed in (C3). From the proof of

Theorem 3.3.1, we know that

σ2
n :=

1

n

n∑
i=1

Var(ξni) = nh2Var(f̃X,Y (x, y)) = hR(K)

∫
f 2
U(x− z)fZ,Y (z, y)dz + o(h).

From Bernstein-inequality, for ∀ε > 0 and n sufficiently large,

P (|f̃X,Y (x, y)− EfX,Y (x, y)| ≥ ε) = P

(∣∣∣∣∣ 1n
n∑
i=1

ξni

∣∣∣∣∣ ≥ εh

)
≤ 2 exp

(
− nε2h2

2σ2
n +Bεh

)
≤ 2 exp

(
− ε2nh

2R(K)
∫
f 2
U(x− z)fZ,Y z, y)dz + o(1) +Bε

)
.

Note that nh/ log n→∞ by assumption (C6), so for some positive constant c,

∞∑
n=1

P (|f̃X,Y (x, y)− Ef̃X,Y (x, y)| ≥ ε) ≤ c
∞∑
n=1

1

n2
<∞,

which implies f̃X,Y − Ef̃X,Y = o(1) almost surely by Borel-Cantelli Lemma.

Proof of Theorem 3.3.4. Note that

∣∣∣Ef̃X,Y (x, y)− fX,Y (x, y)
∣∣∣

=

∣∣∣∣ 1n
∫∫

fU(x− z)K

(
y − v
h

)
fZ,Y (z, y)dzdv − fX,Y (x, y)

∣∣∣∣
=

∣∣∣∣1h
∫∫

fU(x− z)K

(
y − v
h

)
fZ,Y (z, y)dzdv −

∫
fU(x− z)fZ,Y (z, y)dz

∣∣∣∣
=

∣∣∣∣∫∫ 1

h
fU(x− z)K

(
y − v
h

)
[fZ,Y (z, v)− fZ,Y (z − y)]dzdv

∣∣∣∣
=

∣∣∣∣∫∫ 1

h
fU(x− z)K(

v

h
)[fZ,Y (z, y − v)− fZ,Y (z − y)]dzdv

∣∣∣∣
=

∣∣∣∣∫ 1

h
K
(v
h

)[∫
fU(x− z)fZ,Y (z, y − v)dz −

∫
fU(x− z)fZ,Y (z, y)dz

]
dv

∣∣∣∣
=

∣∣∣∣∫ 1

n
K
(v
h

)
[fX,Y (x, y − v)− fX,Y (x, y)] dv

∣∣∣∣
≤ sup

x,y
· sup
|u|<δ
|fX,Y (x, y − v)− fX,Y (x, y)|+ 2B ·

∫
|u|> δ

h

K(u)du,
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which converges to 0 as n→∞. Note that K(v) = (2π)−1
∫
e−ivtφK(t)dt, then

f̃X,Y (x, y) =
1

nh

n∑
j=1

fU(x− Zj)K
(
y − Yj
h

)
=

1

n

n∑
j=1

fU(x− Zj)
1

2πh

∫
e
−i
(
y−Yj
h

)
t
φK(t)dt

=
1

2nπ

n∑
j=1

fU(x− Zj)
∫
e−i(y−Yj)tφK(th)dt =

1

2nπ

∫
e−iytfU(x− Zj)eiYjt)φK(th)dt.

For the characteristic function φU(t) of U , we have fU(x− Zj) = (2π)−1
∫
e−is(x−Zj)φu(s)ds.

Thus,

f̃X,Y (x, y) =
1

2π

∫∫
e−iyte−isx

(
1

n

n∑
j=1

eiYjt+iZjs

)
φU(s)φK(th)dtds.

This implies that E supx,y |f̃X,Y (x, y)− Ef̃X,Y (x, y)| is bounded above by

E

∫∫
|φU(s)φK(th)|·|φn(t, s)−Eφn(t, s)|dtds =

∫∫
φU(s)φK(th)·E|φn(t, s)−Eφn(t, s)|dtds,

where φn(t, s) = n−1
∑n

j=1 e
iYjt+iZjs. Note that E|φn(t, s)− Eφn(t, s)|2 ≤ n−1. Then

E sup
x,y
|f̃X,Y (x, y)−Ef̃X,Y (x, y)| ≤ 1√

n

∫∫
|φU(s)φK(th)|dsdt =

1√
nh2

∫∫
|φU(s)φK(t)|dsdt,

which converges to 0 since nh2 → ∞ by (C9). Thus, the result of Theorem 3.3.4 can be

obtained by the following triangular inequality

sup
x,y
|f̃X,Y (x, y)− fX,Y (x, y)| ≤ sup

x,y
|f̃X,Y (x, y)−Ef̃X,Y (x, y)|+ sup

x,y
|Ef̃X,Y (x, y)− fX,Y (x, y)|

and the results derived above.
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Proof of Theorem 3.3.5. First, we calculate the expectation of f̂X,Y (x, y).

Ef̂X,Y (x, y) =
1

h1h2

E

[∫
K

(
x− u− Z

h1

)
fu(u)du · L

(
y − Y
h2

)]
=

1

h1h2

∫∫ [∫
K

(
x− u− z

h1

)
fU(u)du

]
· L
(
y − v
h2

)
fZ,Y (z, v)dzdv

=
1

h1h2

∫∫∫
K

(
x− u− z

h1

)
L

(
y − v
h2

)
fU(u)fZ,Y (z, v)dudzdv

=

∫∫∫
K(z)L(v)fU(u)fZ,Y (x− u− zh1, y − vh2)dudzdv

=

∫∫
K(z)L(v)fX,Y (x− zh1, y − vh2)dzdv.

The last inequality is based on (3.6.1). By Taylor expansion, we have

fX,Y (x− zh1, y − vh2) = fX,Y (x, y)− zh1
∂fX,Y (x, y)

∂x
− vh2

∂fX,Y (x, y)

∂y
+
z2h2

1

2

∂f 2
X,Y (x, y)

∂x2

+ zvh1h2
∂fX,Y (x, y)

∂x∂y
+
v2h2

2

2

∂f 2
X,Y (x, y)

∂y2
+ o(h2

1) + o(h2
2) + o(h1h2).

So, Ef̂X,Y (x, y) can be written as

∫∫
K(z)L(v)

[
fX,Y (x, y)− zh1

∂fX,Y (x, y)

∂x
− vh2

∂fX,Y (x, y)

∂y
+
z2h2

1

2

∂f 2
X,Y (x, y)

∂x2

+zvh1h2
∂fX,Y (x, y)

∂x∂y
+
v2h2

2

2

∂f 2
X,Y (x, y)

∂y2
+ o(h2

1) + o(h2
2) + o(h1h2)

]
dzdv

= fX,Y (x, y) +
h2

1

2

∂f 2
X,Y (x, y)

∂x2
+
h2

2

2

∂f 2
X,Y (x, y)

∂y2
+ o(h2

1) + o(h2
2) + o(h1h2).

Next, we consider the variance of f̂X,Y (x, y). Note that

Var(f̂X,Y (x, y)) =
1

nh2
1h

2
2

Var

(
L

(
y − Yj
h2

)∫
K

(
x− u− z

h1

)
fU(u)du

)
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and

E

[
L

(
y − Y
h2

)∫
K

(
x− u− z

h1

)
fU(u)du

]2

=

∫∫ [∫
K

(
x− u− z

h1

)
fU(u)du

]2

L2

(
y − v
h2

)
fZ,Y (z, v)dzdv

=

∫∫ [
h1

∫
K(u)fU(x− z − uh1)du

]2

h2L
2(v)fZ,Y (z, y − vh2)dzdv

=

∫∫ [
h1

∫
K(u)[fU(x− z)− uh1f

′
U(x− z) +

u2h2
1

2
f ′′U(x− z) +O(h3

1)]du

]2

·

h2L
2(v)fZ,Y (z, y − vh2)dzdv

=

∫∫ [
h1

∫
K(u)fU(x− z)du− h2

1

∫
uK(u)f ′U(x− z)du+O(h3

1)

]2

·

h2L
2(v)

[
fZ,Y (z, y)− vh2f

′
Z,Y (z, y) +

v2h2
2

2
f ′′Z,Y (z, y) +O(h3

2)

]
dzdv

=

∫∫
[h1fU(x− z) +O(h2

1)]2 · [h2L
2(v)fZ,Y (z, y) +O(h3

2)]dzdv

= h2
1h2R(L)

∫
f 2
U(x− z)fZ,Y (z, y)dz + o(h2

1h2).

Hence, Var(f̂X,Y (x, y)) can be written as

1

nh1h2

[
h2

1h2R(L)

∫
f 2
U(x− z)fZ,Y (z, y)dz +O(h2

1h
3
2) +O(h4

1h2)

]
− 1

nh2
1h2

·
[
h1h2(fX,Y (x, y) +

h2
1

2

∂f 2
X,Y (x, y)

∂x2
+
h2

2

2
·
∂f 2

X,Y (x, y)

∂y2
+O(h3

1) +O(h3
2))

]2

=
R(L)

nh2

∫
f 2
U(x− z)fZ,Y (z, y)dz +O

(
h2

n

)
+O

(
h2

1

nh2

)
− 1

n

[
fX,Y (x, y) +O(h2

1) +O(h2
2)
]2

=
R(L)

nh2

∫
f 2
U(x− z)fZ,Y (z, y)dz +O

(
h2

n

)
+O

(
h2

1

nh2

)
+O

(
1

n

)
.

The expression of MSE then can be obtained by the routine bias and variance decomposition

formula.
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Proof of Theorem 3.3.6. Define

ξjn =
1

nh1h2

∫
K

(
x− u− Zj

h1

)
fU(u)du · L

(
y − Yj
h2

)
− E 1

nh1h2

∫
K

(
x− u− Zj

h1

)
fU(u)du · L

(
y − Yj
h2

)
.

Clearly, Eξjn = 0. there exists a positive constant c such that

E|ξjn|2+δ ≤ c

(nh1h2)2+δ
E

[∫
K

(
x− u− Zj

h1

)
fU(u)du · L

(
y − Yj
h2

)]2+δ

+
c

n2+δ

[
E

1

h1h2

∫
K

(
x− u− Zj

h1

)
fU(u)du · L

(
y − Yj
h2

)]2+δ

.

Note that

E

[∫
K

(
x− u− z

h1

)
fU(u)duL

(
y − Y
h2

)]2+δ

=

∫∫ [∫
K

(
x− u− z

h1

)
fU(u)du

]2+δ

L2+δ

(
y − v
h2

)
fZ,Y (z, v)dzdv

= h2+δ
1 h2

∫∫ [∫
K(u)fU(x− z − uh1)du

]2+δ

L2+δ(v)fZ,Y (z, y − vh2)dzdv,

which is the order of O(h2+δ
1 h2) by (C5). So,

Eξ2+δ
jn =

1

(nh1h2)2+δ
O(h2+δ

1 h2) +
1

n2+δ
O(1) = O

(
1

n2+δh1+δ
2

)
.

Note that f̂X,Y (x, y) − Ef̂X,Y (x, y) =
∑n

j=1 ξjn and Var(f̂X,Y (x, y)) = nE(ξ2
jn). From the

variance calculation in the proof of Theorem 3.3.5 we know that E(ξ2
jn) = O(n−2h−1

2 ). Thus,

we have

nE|ξjn|2+δ(
nEξ2

jn

) 2+δ
2

=
O
(

n

n2+δh1+δ2

)
O

((
n

n2h2

) 2+δ
2

) = O

(
1

(nh2)
δ
2

)
,

which is the order of o(1). Thus the conclusion in Theorem 3.3.6 can be drawn by Lyapunov-
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CLT.

Proof of Theorem 3.3.7. Rewrite h1h2[f̂X,Y (x, y)− Ef̂X,Y (x, y)] as n−1
∑n

j=1 ξnj, where

ξnj = L

(
y − Yj
h2

)∫
K

(
x− u− Zj

h1

)
fU(u)du−EL

(
y − Y
h2

)∫
K

(
x− u− Z

h1

)
fU(u)du.

ξnj are i.i.d. with Eξnj = 0 and |ξnj| ≤ 2 · supuK(u)L(u) = B by the boundedness of K and

L. We assume that fU , K and L are bounded. Then we have

σ2
n = nh2

1h
2
2Var(f̂X,Y (x, y)) = h2

1h2

∫
f 2
U(x− z)fZ,Y (z, y)dz

∫
L2(v)dv + o(h2

1h2).

From Bernstein-inequality, for ∀ε > 0, and n sufficiently large,

P
(
|f̂X,Y (x, y)− Ef̂X,Y (x, y)| ≥ ε

)
= P

(∣∣∣∣∣ 1n
n∑
j=1

ξnj

∣∣∣∣∣ ≥ εh1h2

)
≤ 2 exp

(
− n(εh1h2)2

2σ2
n +Bεh1h2

)
= 2 exp

(
− ε2nh1h2

2h1

∫
f 2
U(x− z)fZ,Y (z, y)dz

∫
L2(v)dv + o(1) +Bε

)
.

By assumption (D4), nh1h2/ log n→∞, then for a positive constant c.

∞∑
n=1

P (|f̂X,Y (x, y)− Ef̂X,Y (x, y)| ≥ ε) ≤ c

∞∑
n=1

1

n2
<∞.

By Borel-Cantelli lemma, we finish the proof of Theorem 3.3.7.
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Proof of Theorem 3.3.8. Note that
∣∣∣Ef̂X,Y (x, y)− fX,Y (x, y)

∣∣∣ is equal to

∣∣∣∣ 1

h1h2

∫∫ [∫
K

(
x− u− z

h1

)
fU(u)du

]
L

(
y − v
h2

)
fZ,Y (z, v)dzdv − fX,Y (x, y)

∣∣∣∣
=

∣∣∣∣ 1

h1h2

∫∫
K

(
z

h1

)
L

(
v

h2

)
[fX,Y (x− z, y − v)− fX,Y (x, y)]dzdv

∣∣∣∣
≤ sup

x,y
sup
|v|<δ1

sup
|z|<δ2

|fX,Y (x− z, y − v)− fX,Y (x, y)|
∫

1

h1

K

(
z

h1

)
dz

∫
1

h2

L

(
v

h2

)
dv

+ 2B
(∫
|u1|> δ1

h1

K(u1)du1

∫
|u2|> δ2

h2

L(u2)du2 +

∫
|u1|> δ1

h1

K(u1)du1

∫
|u2|< δ2

h2

L(u2)du2

+

∫
|u1|< δ1

h1

K(u1)du1

∫
|u2|> δ2

h2

L(u2)du2

)
,

so it converges to 0 as n → ∞. Rewrite K and L as K(v) = (2π)−1
∫
e−ivt1φK(t1)dt1 and

L(v) = (2π)−1
∫
e−ivt2φL(t2)dt2, then we have

f̂X,Y (x, y) =
1

n

n∑
j=1

∫
1

h1

K

(
x− u− Zj

h1

)
fU(u)du · 1

h2

L

(
y − Yj
h2

)

=
1

n

n∑
j=1

∫ [
1

2πh1

∫
e
−i
(
x−u−Zj

h1

)
t1dt1

]
fU(u)du

1

2πh2

∫
e
−i
(
y−Yj
h2

)
t2φL(t2)dt2

=
1

n

n∑
j=1

(
1

2π

)2 ∫∫
e−i(x−u−Zj)t1φK(th1)fU(u)dt1du

∫
e−i(y−Yj)t2φL(t2h2)dt2

=

(
1

2π

)2 ∫∫∫
e−i(x−u)t1e−iyt2

(
1

n

n∑
j=1

eiZjt1eiYjt2

)
φK(t1h1)φL(t2h2)fU(u)dudt1dt2.

Note that φU(t1) =
∫
eit1ufU(u)du, so

f̂X,Y (x, y) =

(
1

2π

)2 ∫∫
e−ixt1e−iyt2 ·

(
1

n

n∑
j=1

eiZjt1eiYjt2

)
φK(t1h1)φL(t2h2)φU(t1)dt1dt2.
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This implies that the expectation E supx,y |f̂X,Y (x, y)− Ef̂X,Y (x, y)| is bounded above by

E

∫∫
|φK(t1h1)φL(t2h2)φU(t1)| · |φn(t1, t2)− Eφn(t1, t2)|dt1dt2

=

∫∫
|φK(t1h1)φL(t2h2)φU(t1)| · E|φn(t1, t2)− Eφn(t1, t2)|dt1dt2,

where φn(t1, t2) = n−1
∑n

j=1 e
iYjt1+iZjt2 . Note that E[φn(t1, t2)− Eφn(t1, t2)]2 ≤ n−1. Then

E sup
x,y
|f̂X,Y (x, y)− Ef̂X,Y (x, y)| ≤ 1√

n

∫
|φU(t1)|dt1

∫
|φL(t2h2)|dt2

=
1√
nh2

2

∫
|φU(t1)|dt1φK(t1h1)|dt1

∫
|φL(t2)|dt2,

which converges to 0 since nh2
2 →∞. Thus, applying the triangular inequality

sup
x,y
|f̂X,Y (x, y)− fX,Y (x, y)| ≤ sup

x,y
|f̂X,Y (x, y)−Ef̂X,Y (x, y)|+ sup

x,y
|Ef̂X,Y (x, y)− fX,Y (x, y)|

leads to the conclusion of the theorem.
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Chapter 4

Conclusion

In this dissertation, several nonparametric density estimators are proposed for the data

contaminated super-smooth, ordinary-smooth, Berkson measurement errors. The estimators

are built using classical kernel and deconvolution kernel smoothing as building blocks.

In chapter 2, we proposed a nonparametric mixed kernel estimator for a multivariate

density function and its derivatives when the data are contaminated with different sources of

measurement errors. This estimator combines classical and deconvolution kernels to account

for error-free and error-prone variables, respectively, which is an extension of the estimator

in Shi et al. (2020). In addition, we consider the case where all three types of variables are

presented in the data, also, each type of the variable is multidimensional.

Although Shi et al. (2020) showed that for the bivariate nonparametric density estimator

of an error-free variable and a variable contaminated with measurement error, the optimal

convergence rate is dominated by the super smooth or the ordinary smooth component. It

might be natural to expect the optimal convergence rate is controlled in turn by the super

smooth, ordinary smooth and the error-free data in the multivariate cases, but it is not clear

how the optimal convergence rate is determined within each type of measurement errors.

In chapter 2, we identified which measurement error type, and which variable within each

measurement error type, plays the dominated role in determining the optimal convergence

rate of nonparametric estimators of the joint density or its derivatives.
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Further more, we discussed about the bandwith selection issue. As we showed in this

chapter 2, Theorem 2.4.4 shows that the optimal convergence rate can not be improved

by choosing different bandwidths for different components; when the super-smooth mea-

surement error appears in the data, the optimal convergence rate depends on the order of

derivatives, not on the dimensions of the variables. However, when only the ordinary-smooth

measurement error and error-free variables appear in the data, the optimal convergence rate

not only relies on the order of the derivatives, but also depends on the dimensions of the

variables explicitly.

Another significance of this chapter 2 is that we established a minimax optimal con-

vergence rate among ALL nonparametric estimators when the target joint density function

or the derivatives of joint density function of the random triple lies in a smooth family,

and proved that the proposed mixed kernel density estimator achieves the minimax optimal

convergence rate.

In chapter 3, we proposed two estimators for the joint density function of two random

variables, when one variable is contaminated with Berkson measurement error and another

variable can be observed directly. Those two estimators were developed with or without

applying the kernel smoothing for the data with Berkson measurement error.

The first estimator f̃ is based on the estimator proposed by Delaigle (2007), which is

a combination of this component with the classical kernel smoothing idea for the observed

data. Due to the drawback noted in Long et al. (2016), we proposed the second estimator by

smoothing the Berkson measurement error component. For these two estimators, we have

shown some theoretical comparisons, including their mean squared errors, weak and strong

consistencies, and asymptotic normalities.

Furthermore, we explored the bandwidth selection issue, which has a substantial impact

on a kernel density estimator’s performance. Because the optimal bandwidth determined in

section 3.3 has limitations, we developed a data-driven bandwidth selector for both estima-

tors named least squares cross validation bandwidth selector. This selector was also shown

to have a robust performance in terms of selecting the ideal bandwidth in order to minimize

the estimators’ mean squares error.
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Though the probability density function are frequently the focus of attention, their es-

timation also serves as a crucial building block for other objects being modeled, such as a

conditional mean (i.e., a ”regression function”), which can be directly modeled using non-

parametric or semiparametric methods (a conditional mean is a function of a conditional

PDF, which is itself a ratio of unconditional PDFs). Therefore, in the future work, we are

going to develop a nonparametric regression method for these types of data.
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