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Abstract

Density estimation has been a long frontline research area in nonparametric smoothing.
However, real applications oftentimes see the data contaminated with different types of
measurement errors. Further data analysis, therefore, should take care of these errors to have
a reliable statistical inference procedure. In this proposal, nonparametric density estimation
for the data contaminated super-smooth, ordinary-smooth, Berkson measurement errors will
be thoroughly investigated. Classical kernel and deconvolution kernel smoothing are used as
building blocks to construct the estimators.

In the first part, we propose a nonparametric mixed kernel estimator for a multivariate
density function and its derivatives when the data are contaminated with different sources
of measurement errors. The proposed estimator is a mixture of the classical and the de-
convolution kernels, accounting for the error-free and error- prone variables, respectively.
Large sample properties of the proposed nonparametric estimator, including the order of the
mean squares error, the consistency, and the asymptotic normality, are discussed. The opti-
mal convergence rates among all nonparametric estimators for different measurement error
structures are derived, and it is shown that the proposed mixed kernel estimators achieve
the optimal convergence rate. A simulation study is conducted to evaluate the finite sample
performance of the proposed estimators.

In the second part, we consider the nonparametric estimation for the joint density func-
tion of two random variables, when one variable is contaminated with Berkson measurement
error, and another variable can be observed directly. Two estimators are proposed with or
without applying the kernel smoothing for the data with Berkson measurement error. Mean
squared errors are calculated for both estimators. Large sample properties, including weak
consistencies, strong consistencies, uniform strong consistencies in probability, and asymp-

totic normality are derived. In addition, we develop a method for bandwidth selection in the



kernel estimate of the probability density using the least squares cross-validation method.

The performance of this method is further assessed by a simulation study.
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Chapter 1

Introduction

An estimation of a probability density function is composed of estimating an unobservable
underlying probability function from observed data. It is generally thought of that the data
represent a random sample from a population, while an unseen density function represents
the distribution of a large population according to its density. Also, knowing the probability
density function of a statistical population can be useful in determining if an observation
is likely, or so unlikely that it should be considered an anomaly or outlier. Additionally,
it allows you to select the right learning method if you require that the input data have a
certain probability distribution. Different methods are used to estimate density, including
Parzen windows, a variety of data clustering techniques, and vector quantization. A re-scaled
histogram is the most basic density estimation method.

Suppose that Xi,---, X, is a set of continuous random variable having common density
f. The parametric approach to estimate f involves assuming that f belongs to a parametric
family of distributions, such as normal or gamma family, and then estimating the unknown
parameters using, for example, the maximum likelihood estimation procedure. On the other
hand, a nonparametric density estimator assumes no pre-specified functional form for f.
Especially for those data sample that may not resemble a common probability distribution
or cannot be easily made to fit the distribution.

The most common nonparametric approach for estimating the probability density func-



tion of a continuous random variable is the kernel smoothing, or kernel density estimation.
It was first introduced in the literature for univariate data in the Rosenblatt (1956) and
Parzen (1962) and can be viewed as a generalization of histogram density estimation with
better statistical properties. Multivariate kernel density estimation has reached compara-
ble maturity levels with its univariate counterparts after years of research in the 1990s and
2000s.

Kernel smoothing is a mathematical function that returns a probability for a given value
of a random variable. In essence, the kernel smooths or interpolates the probabilities across
the range of outcomes for a random variable, such that the sum of probabilities equals one,
this is a precondition for well-behaved probabilities. Suppose that we want to visualize
a set of data graphically. Then kernel density estimation is an attractive procedure to
achieving this goal since kernel estimators are simple and mathematically tractable, allowing
one to gain a deep understanding of their properties without knowing highly sophisticated
mathematics. In addition, kernel smoothing is an effective method for solving a variety of
important problems with simplicity and reliability. It is a well known data analytic tool
which provides a very effective way of showing structure in a set of data at the beginning of
its analysis. For example, when the data has two peaks (bimodal distribution) or many peaks
(multimodal distribution). General parametric estimation is not feasible and it is impossible
to capture the significance by imposing a unimodal parametric mode. Since one of the main
goals of data analysis is to highlight important structures in the data, it is desirable to have
a density estimator, such as kernel smoothing, that does not assume that the density has
a particular function form. In this case, the distribution will still have parameters but are
not directly controllable in the same way as regular probability distributions. It estimates
the density using all observations in the random sample and treating all observations in the
sample as “parameters”.

The univariate kernel density estimator is defined as follow

Flash) = n—lhzn:K (‘“3 _hX> .

i=1



Here K is the kernel function which satisfying [ K (z)dx = 1, and h is a sequence of positive
numbers tending to 0 as the sample size goes to infinity, which we call the bandwidth or
window width. One can think of the kernel estimate is constructed by centering a scaled
kernel at each observation. The estimated value at point x is simply the average of the n
kernel ordinates at that point. By combining contributions from each data point, in regions
where there are many observations, and it is expected that the true density is relatively
large, the kernel estimate should also have a relatively large value. When there are relatively
few observations in the region, the opposite is expected to occur.

The parameter h also known as smoothing parameter, it controls the number of samples
or window of samples used to estimate the probability for a given sample. The choice of
value for the bandwidth is critical. A large bandwidth may produce a coarse density estimate
with little details, which is said to be oversmoothed. For a small window width, the detail
may be too fine and not smooth enough or general enough to correctly cover new or unseen
samples. As a result, the averaging process performed at each point is based on relative
few observations and the estimate of f will be very rough. This estimate pays too much
attention to the particular data set and limits the variation across samples, which is known
as undersmoothed.

Note that the choice of the kernel function is not particularly important. The contribution
of samples within the window can be shaped using different kernel functions. Usually K is
chosen to be a unimodal probability density function that is symmetric about zero, e.g.
normal, biweight, etc., with different effects on the smoothness of the resulting density
function. This guaranties that f(z;h) itself is also a density.

Apparently, in order to make accurate statistical inferences, the data should be collected
as precisely as possible. However, in real applications, there are often mismeasured val-
ues in data sets or even values that cannot be directly observed. As a result, we observe
contaminated covariates, which could be due to random errors or systematic errors.

Especially in regression where some regressors are measured with errors, estimation based
on the standard assumption yields inconsistent results, showing that parameter estimations

do not converge to true values even in large samples. Attenuation bias occurs when sim-



ple linear regression results in an underestimating of the coefficient. In non-linear models,
determining the bias direction is likely to be more complex. More technical details can be
found in Fuller (2009). Therefore, we need to consider the regression model that account for
measurement errors in the independent variables.

However, much of the literature on measurement error is based on what is known as
classical measurement error, in which the truth is measured with additive error, typically
with constant variance. Under the classical error framework, we often denote X to be the true
variable and Z to be the observed contaminated variable. Then the classical measurement
error model states that Z = X + U. In this model, X and U is assumed to be independent
and U has mean 0. Therefore, Z is an unbiased measure of X. The error structure of U
could be homoscedastic (constant variance) or heteroscedastic.

The examples of the classical measurement error model are abundant. For example, in
the National Cancer Institute’s OPEN study Subar et al. (2001), the research interest is
in measuring the logarithm of dietary protein intake, denoted by X. However, the true
long-term log-intake X cannot be observed in practice. Instead, the researchers measured a
biomarker of log-protein intake, namely urinary nitrogen, denoted by Z. Based on feeding
studies, it is evident that the protein biomarker accurately reflects actual protein intake with
added variability.

What we see in the classical measurement error model is that the observed variable equals
the true variable plus a measurement error. This leads to a greater variability in observed
variable than in true variable. In contrast, another different measurement error structure
also appears in the literature. In this structure, the true variable is assumed to be equal to
the observed variable plus the measurement error, that is, X = Z 4+ U, where Z and U are
independent, and F(U) = 0. This type of error is called the Berkson measurement error. In
this case, true variable is more variable than the observed variable.

An example of Berkson error can be found in Young et al. (1975). In Young et al.
(1975), 58 subjects were randomly assigned to various nitrogen intake levels. Subjects are
instructed to consume only prepared meals with known nitrogen contents in order to control

their intake. It is impossible to observe the actual intake, X, due to variations in nutritional
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content, serving size, etc. The target intake is a fixed value, so this is a case of Berkson
error. There are additional practice examples of measuring errors in Carroll et al. (1995).

The “Triple Whammy”, mentioned by Carroll and Hall (1988), describes three main ef-
fects of measurement error on statistical analysis. It may not only result in biased parameter
estimation but also power losses in testing, thus adversely affecting the ability to detect clin-
ically meaningful relationships between variables. In the case of nonlinear models, features
of the data are masked, as a result, the graphical representations of those data do not truly
represent how the explanatory variable influences the response variable.

In measurement error modeling, there has been growing interest in estimating the density
function f of X from the contaminated data Z. For example, if X represents the usual
intake of a particular nutrient, then knowing its density can help us to better understand the
dietary patterns of individuals within a population. In this context, the deconvolution kernel
density estimator from Stefanski and Carroll (1990) and Carroll and Hall (1988) is the most
popular nonparametric estimator of f. Under the classical measurement error frame work,
the deconvolution kernel density estimator is constructed by exploiting the independence
between X and U. The independence implies that ¢ (t) = ¢x(t)pu(t), where for a generic
random variable Y, ¢y (t) = E(e™?). Also, for an absolutely integrable function g, its Fourier
transform has the form of [ e"*g(x)dx, where i represents the complex number such that
i? = —1. Thus, if we further assume that ¢y (t) # 0 for all t € R, then ¢x(t) = ¢z (t)/dy(t).

By the Fourier inversion theorem, we conclude that

_ 1 —itx _ 1 —itw¢Z(t)
fx(r) = %/e ox(t)dt = %/e qu—(t)dt'

Because fy is known, ¢y is known. Leaving only ¢z is unknown, but it can be easily
estimated using the observations on Z, such as applying the empirical characteristic function
dz(t) = nt > ¢"Zi. Then, by plugging ¢4(t) back, the estimator for fy(z) can be
constructed. However, for large |t|, ¢u(t) — 0 as |t| — oo, it causes ¢z(t)/¢y(t) not
integrable. As a way to overcome unreliable tail fluctuations, Stefanski and Carroll (1990)

and Carroll and Hall (1988) introduced a weight function w(t) such that it is close to one



when ¢ (t) is reliable, and close to zero otherwise. They define

3 1 —itx QBZ (t)w(t)
fx(x) = %/6 gbU—(t)dt’

where w(t) = ¢k (ht), with a bandwidth parameter h and a univariate kernel function K.
Subsequently, Stefanski and Carroll (1990) and Carroll and Hall (1988) defined the decon-

volution kernel density estimator as follow:

. 1 [ . ozt)w(t) 1 < ©— 7
= — WL L dt = — K, ,
Ix(w) =52 /6 o0 (1) nh JZI h
where the deconvolution kernel K, is defined by

1 —itx ¢K(t)
K,(x) = %/e Wdt.

with following conditions imposed to guarantee desirable statistical properties of the resulting

estimator,
(1) ¢u(t) # 0 for all ¢;
(2) [ lox(t)ldt < oo

(3) supieg [0k (t)/u(t/h)| < oo and [ |k (t)/¢u(t/h)|dt < oc.

In real applications, both error-prone and error-free variables are often included in the
model. The discussion on the estimation of the joint density function of both variables or
error-prone and error-free is limited in the literature. As far as we are aware, there has not
been any discussion of the true multivariate density estimation in the literature, when all
types of measurement errors shown in the data, and the data are multidimensional.

In this dissertation, we will try extend the existing methods to handle the multidimen-
sional cases with various type of measurement errors. In chapter 2, we aim to find out
which type of measurement errors and which variable within each measurement error type,

play important role in the determination of the optimal convergence rate of nonparametric
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estimators of joint density or its derivatives. We will show that the mixed kernel estima-
tor proposed in this dissertation achieves the optimal convergence rate. The mixed kernel
density estimator can be readily used to construct estimate procedures for the regression
functions when the predictors in the regression model are contaminated different types of
measurement errors.

In chapter 3, we consider the nonparametric estimation for joint density function of two
univariate random variables, when one variable is contaminated with the Berkson measure-
ment error and another variable are error-free. Two estimators with different smoothing
schemes are proposed.

The large sample features of all the estimators suggested in this dissertation, including
consistencies and asymptotic normality, are thoroughly examined. In addition, simulation

studies are also included to further prove the proposed results.



Chapter 2

Estimating Multivariate Density and
Its Derivatives for Mixed

Measurement Error Data

2.1 Introduction

As one of the most commonly used nonparametric smoothing techniques, the kernel-based
local smoothing estimation procedure has been widely used in modeling the relationship
between a scalar response variable and a set of covariates. The building block for the kernel-
based estimation procedure is the kernel estimator of the density function of the covariates.
Extensive introductions on these topics can be founded in Wand and Jones (1995), Fan and
Gijbels (1996), Wang (2011), among others. In real applications, the random system of inter-
est might involve many variables, some variables can be observed directly, and some variables
cannot due to the instrumental flaws or human errors. For those variables that cannot be
observed, we may observe their surrogates with different measurement error structures. In
the univariate case when the variable is measured with measurement errors, Stefanski and
Carroll (1990) proposed a deconvolution kernel estimator to estimate the density function

of the true latent variable. Since then, more extensive research on this subject has been



conducted, for example, optimal convergence rates for the deconvolution kernel density es-
timators are discussed in Carroll and Hall (1988), Fan (1991a), the asymptotic normality of
the derivative of the deconvolution kernel density estimator is proved in Fan (1991b). Later,
the deconvolution technique is extended to multivariate setup, see Fan and Masry (1992),
Masry (1991), Masry (1993a), Masry (1993b), Masry (1993c) and Tang (1994).

However, real applications often see that both the error-free and error-prone variables are
shown in the model, and the discussion on the estimation of the joint density function seems
scant in literature. Recently, Shi et al. (2020) studied both nonparametric density estimators
and regression function estimators in a statistical model when some predictors are free of
measurement errors and some predictors are contaminated by the classical measurement
errors with different smoothness. Note that Shi et al. (2020) only discussed a relative simple
scenario in which only two one-dimensional predictors are presented in the model, one of
these two predictors has no measurement error, and another has either the ordinary or the
super-smooth measurement error. It is shown that in both cases, the optimal convergence
rates of the proposed mixed deconvolution kernel estimators are completely determined by
the smoothness of the measurement errors. To our best knowledge, the literature has no
discussion on the true multivariate cases, in particular, when all types of measurement error
structures are shown in the data and the predictors with each type of measurement error are
multidimensional. In this paper, we will try to fill this void. The contribution made in this

paper include

(1). Identifying which measurement error type, and which variable within each mea-
surement error type, plays dominated role in determining the optimal convergence rate

of nonparametric estimators of the joint density or its derivatives;

(2). Proposing a mixed kernel estimator and to check if it achieves the optimal con-

vergence rate, and

(3). Laying a solid foundation for estimating the regression functions when all types

of measurement errors appear in the regression model with multiple predictors.



Researches in statistical models with certain other types of measurement error structures
can be found in literature, for examples, Delaigle (2007) proposed a nonparametric density
estimator for the data with a mixture of Berkson and classical errors, while Carroll et al.
(2007a) further considered a nonparametric regression estimation procedures in a nonpara-
metric regression model when the covariate is contaminated by a mixture of Berkson and
classical errors.

The paper is organized as follow. Notations for multivariate indices, and two types of
measurement errors, the ordinary smooth and the super-smooth measurement errors, are
introduced in Section 2; the mixed kernel density estimators of the joint density function,
as well their derivatives, are presented in Section 3. The mean squared error (MSE) of
the proposed mixed kernel estimator, the optimal convergence rates of the nonparametric
estimators for the density functions and their derivatives, as well as its asymptotic normality
will be discussed in Section 4. A simulation study is conducted in Section 5 to evaluate the
finite sample performance of the proposed estimators. All the technical proofs are deferred

to the appendix.

2.2 Notations and Conditions

Suppose that a random triple (Y, X, Z) with Y € R%, X € RP, Z € R, respectively, d > 1,
p > 1 and ¢ > 1 is of interest in a statistical model. Observations can be directly made on Y.
However, due to the imperfection on measurement instruments or human errors, we cannot
observe X and Z directly. Instead, we can observe W = X +U, S = Z+V, where U and
V are the measurement errors. Throughout the paper, we shall assume that (Y, X, Z) are
independent of (U, V'), U is independent of V. Furthermore, for the sake of identifiability,
the density functions of U and V' are assumed to be known. Although replicated observations
or other assumptions on X and Z can help us relax this rigid requirement, we will not pursue
this direction in the current paper.

To facilitate the presentation, we begin with a relatively complete list of notations, in-

cluding the multiple index notations particularly designed for dealing with the multivariate
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functions.

— Regular capital letters, for example, X, Y, denote random variables, and bold capital

letters, for example, X, Y, denote random vectors;

— Regular lower case letters, for example, x,y, denote non-random variables, and bold

lower case letters, for example, @, y, denote non-random vectors;

— The density function of X or X is denoted by fx, fx, respectively;

— For any real vectors a = (ay, ..., ax)", a = (ay, ..., )T, denote [a] = a;+as+- - -+ay,
af =aytay’ --apt, al§ = lag|Mao|™ - e, al = ailas! - ay,
af = a4 o alt, [l =l
— For vectors @y = (a11,...,a14)", as = (as1, ..., as)", and a real number c,
ai+a; = (a1 +an,...,a10+ asq)’, a1+c= (a1 +ec,...,a1qa+¢)",
aiay = (a11021, G12G22, - . - >a1da2d)T;
— For any multivariate function f(y,z), y = (y1,...,ya)", € = (z1,...,2,)", and a =

(a1,...,a0)", b= (by,..., b)), a = (a”,b")T, a;,b; € {0,1,...} fori=1,...,d and

j:]‘7“'7p’

Al fly, a)  @uttaatbittby £y g)
Dyadx® gyt ... gytaoatt - Ozl

[y, @) =

— For a random variable X or vector X, its characteristic function is denoted by ¢x(t)

or ¢x(t);

— A d-dimensional vector of all 1’s is denoted by Jg, and 14 denotes a d-dimensional

vector of 0’s except for the j-th element being 1;
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— Denote D = (Y, X, Z), (Y,X) or (Y, Z) depending on whether Z, X present or

not.

Based on how the tails of the characteristic functions decay to 0, two types of mea-
surement errors are defined in Fan (1991a). The ordinary smooth measurement errors have
characteristic functions decaying to 0 at an algebraic rate, and the super-smooth measure-
ment errors have characteristic functions vanishing at an exponential rate. To be specific,
in our current setup, we shall assume that the components of the measurement errors of the

same type are independent, and

- U = (Uy,...,U,) is ordinary smooth. That is, Uj,...,U, are independent, and for
j=1,...,p, and |t| large enough, Tjo|t| ™% < |@y, (t)] < 7j1|t|~%, where 750, 751 and f3;
are positive numbers. A typical example of the ordinary smooth measurement error is

the double exponential random variable.

-V =(W,...,V,) is super smooth. That is, V4,...,V, are independent, and for j =
1,...,q, and |¢| large enough, Cjo[t|"7* exp(—[t|7/&;) < |y, ()] < Gt exp(—[t[7 /),
where (o, (1, 75, & are positive numbers and o, fj; are real numbers. A typical

example of the super-smooth measurement error is the normal random variable.

Here we assume that the components of the measurement errors are independent. It might
be more general to investigate the measurement errors with some dependent structures. In-
deed, although the proposed estimation procedure is designed for cases with independent
measurement, error, it can well accommodate some dependent scenarios. For example, if
V ~ N,(0,%), then by transformation X~Y28 = 37Y2Z + %712V we obtain a multivari-
ate standard normal measurement error ¥~/2V whose components are independent. Thus
a density estimator for Z can be constructed from any estimator for the density function
of ¥=Y2Z. However, for other measurement errors such as the multivariate Laplace distri-
bution, variable transforming may not change a dependent structure into an independent
structure. In particular, there are at least three different definitions for the multivariate

Laplace distribution, see McGraw and Wagner (1968), Johnson and Kotz (1972), Johnson
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(1987), Anderson (1992), Osiewalski and Steel (1993), Marshall and Olkin (1993) and Kotz
et al. (2001) for more details. According to Anderson (1992), a random vector, say U,
is said to have a multivariate Laplace distribution if its characteristic function is given be
(1+t'Xt/2)7L. Clearly, the transformation X ~'/2U cannot generate a random vector with
independent components. So, for the sake of simplicity and not losing our focus on the
main research topic, throughout this paper, we shall assume that all the components in the
measurement errors are independent, but may have different smoothness.

It is well known that the smoothness of the measurement error has a significant effects on
the convergence rate of the nonparametric estimate of the density estimates and regression
function estimates. Literature shows that estimating the density function of a variable
measured with ordinary smooth measurement errors amounts to estimating the derivative
of the density functions of a variable free of measurement error, while it is more difficult to
estimate such quantities when the measurement errors are super-smooth. See Fan (1991a),
Fan (1991b), Fan and Truong (1993), Shi et al. (2020) and the references therein for more

details.

2.3 Mixed Kernel Density Estimators

The idea of constructing the mixed kernel estimator in Shi et al. (2020) can be readily ex-
tended to construct the estimator for the density function fp(y,x, z), as well as its deriva-
tives. Denoted by fD(y, @, z), the mixed kernel density estimator for the triple D is defined

as

A 1

e ¥ T <
G yn =Y\ 1 x, — Wi\ T 21, — St
Z[HL( ) [ () T (2 )]
=1 Lli=1 hll lo=1 nl2 I3=1 pl3

where the elements in vectors h = (hy,...,ha)", n = (n1,...,m)", p = (p1,...,p,)" are

sequence of positive numbers tending to 0 as the sample size n — oco. Y; = (Yj1,...,Yjq)?,
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W; = Wp,...,.W;p)', S; = (Si,..., 597, 7 = 1,2,...,n, are samples from Y, WS,

respectively. L is a classical univariate kernel density function. For I, = 1,2,... p, I3 =
1,2,...,q, Hy, and K, are univariate deconvolution kernel functions defined by
1 : t 1 . t
HTLZQ (CL’) _ _/e—nfz qu( ) dt, K’nl3 (Z) _ _/e—nfz ¢K( ) dt
2m bu, (/1) 2m dv, (t/p)

with H and K being two univariate classical kernel density functions. It is well known that
the kernel has little effect on the performance of the estimator, so for the sake of simplicity,
we choose the kernel functions to be the same for each type of measurement error.

Let k = (a”,b”,c"), where the entries in a, b and ¢ are pre-specified nonnegative

integers, and define

H(bl2)<$) _ i /(—it)bl? e*itz ¢H<t) dt K(Clg)(z) _ i /(—it)cl?’ efitz ¢K<t> dt,

e 2m ou, (t/n) " 2m v, (t/p)
where 5 = 1,2,...,pand I3 = 1,2,...,q. Then we define a mixed kernel estimator of the
Ek-th derivative of fp(y,x, z), 0¥ fp(y, x, 2)/0y*0xb0z¢, as
w2 =

, L, 2 '
p \Y S A
Z [H () (yll — Jh) H(ll’lg (xlz _ le> K ‘lflg ( 3 Sjls)] .
Jj=1 Lh=1 lo=1 ’ I3=1 ’ Pls

One can certainly consider the possibility of using other methods to construct the estima-
tors for the density functions and their derivatives. For example, the truncated deconvolution
kernel proposed in Liu and Taylor (1989) and the truncated orthogonal series estimator intro-
duced in Efromovich (1997) etc. could be the candidates for dealing with the measurement
error components in the mixed types of data. However, in this paper we only focus on the

estimators constructed using the classical deconvolution kernel.
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2.4 Main Results

To find the optimal convergence rate among all nonparametric estimators for the density
function fp(y,x,z) and its derivatives, the density function to be estimated is assumed to
be a member from a distribution family. Let « be a positive real number in (0,1), m be
a positive integer, and B be a positive real number. We assume that the density function

fp(y,x, z) belongs to the following distribution family

Oyadxbize j } :, Oya0xboz®

Coms = {fD: 0" foly.x.2))" " 0" foly.x.z)

B(ly" —y|} + " —x|{ + |2" — 2[9),

for all positive integers @, b, & s.t. [a] 4 [b] + [&] = m}. (2.4.1)

That is, all the m-th order derivatives of fp(y, x, z) are a-order Holder continuous. However,
to show the asymptotic normality of the proposed mixed kernel estimators, the constraint
in the family %, . 5 appears too strong. In fact, the conditions (O1) and (S1) below are
already sufficient for this purpose. The following list contains the technical conditions needed

to present and prove the theoretical results.

(Cl). Foralla<a,b<b,é<c k=a, B, é), and all I} <max{a; :j=1,2,...,d},
Iy <max{b;:j=1,2,...,p}, Is <max{& :j=1,2,...,q},

M fr(y, z, 2)

20 50, LW(y) =0, H®(z) =0, K®(z) =0,
Dyadzboze () (z) (2)

as ly| + x| + |z| = oo, |yl, ||, |2| = oo, respectively.

(C2). We assume that L, H, K are (m — [k] + 1)-th order kernel function. That is, for
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a, b and ¢ such that [a] + [b] + [¢] <m — [k] + 1, m > [K],

/// y 2’z ﬁ Liyn) ﬁ H () ﬁ K (z,)dydxdz = 0.

=1 lp=1 l3=1

(C3). The marginal density function of Y, X is bounded.

(C4). For the ordinary-smooth error V', we assume that for j = 1,2, ..., p, \t‘ﬂf_%%? )] <

d; as [t| — oo, where d;,1 = 0,1,2, are positive constants.

(C5). For the super-smooth error U, we assume that for j =1,2,...,¢q, P(|U; —u| <

[ul#) = O(Ju|~#=10)) as |u| — oo for some py € (0,1) and g > 1+ po.

(L1). The kernel function L has a characteristic function ¢, such that for |, =
1,2,....d,
/|811\2a’1!¢L(511)\d511 < oo

(01). fl()m)(y, x) exists and is continuous.

(02). For each Iy = 1,2,...,p, the characteristic function ¢p, satisfies ¢y, (t)the —
¢, and gzﬁ’Ul2 ()Pt — — B, e, as t — oo, where ¢, # 0, 3, > 0. Also, ¢u,, (t) # 0 for
all ¢.

(03). The kernel function H has a symmetric characteristic function, having m + 2

bounded integrable derivatives, and ¢y (t) = 1+ O(]t|™) as t — 0. Also,
/Hst(t)! + @ (O][¢] =22 dt < oo, /\¢H(t)|2|t|%+2%dt < 0.

(S1). fé,m)(y,a:,z) or fé,m)(y, z) exists and is continuous.

(S2). The characteristic function ¢x(t) is symmetric and supported on [—1,1] and
having the first m + 2 continuous derivatives, and also ¢x(t) > c3(1 — )™ for t €

[1 — 6, 1], where ¢ is a sufficiently small number and ¢z is a positive number.
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(S3). For the bandwidth h,n, p, nh,n, — oo, and p;, = O((log(nm.hy))~/%s) for

Il3=1,2,...,q,as n — 00.

Conditions (C1)-(C3) are needed to find the MSE of the proposed estimator. Note that
C'1 is a much stronger condition than we actually need, but we adopt (C1) here simply
because a less strict condition appears more complicated in notations. (C3) is used for
deriving the order of the variance of the proposed estimator. One can further assume that
fp(y,x, z) is bounded to achieve a higher order, but the resulting order is not high enough
to change the overall convergence rate. (C4) and (C5) are needed for deriving the optimal
convergence rate of all nonparametric estimators. Conditions (L1), (O1)-(O3) imposed on
the ordinary smooth components and conditions (S1)-(S3) imposed on the super-smooth
components are required to show the asymptotic normality.

The following theorem presents the MSE of the proposed estimator.

Theorem 2.4.1. Suppose (C1), (C2) and (C3) hold. Then

F(k) (k) 2
sup  E [fp (y,z,2) = fp (y,w,z)} (2.4.2)
fDe(z’f(/m,a,B
: 1 bt+al
:O< > DB R el Z - alhlE ]2 ol +
[k)=m—[k] 51=1 [k]=m—[k] j2=1

q 2
c+al 1
Z ZBJS,’C 3’h| |n’ |p|>< 433) +0 (nh2a+1 2b+2,3+1p2c 2b4-2 eXp((Qp 75 ) >> ’
X

[k]=m—[k] J3=1 T«

where

a+al ~ Pl E g~ g~ g~

Bj, jy = 0|z} |2 dydadz,
'b| ' lo=1 I3=1

_btal Pl g~ g~ g~

B ko = Gzl |2 dgdedz,
'b' ' lo=1 I3=1

ct+al ~ g~ g~

Buio= = | / H|L i) TG T IR GG 12 215 dgdizaz
lo=1 I3=1
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forji=1,2,....d,jo=1,2,...,p,j3=1,2,...,g and b = (by, ..., b,) and b; = 0 if jujo > 0
and pjo if pjo <0, for j=1,2,...,q.

The MSEs in some special cases can be easily derived from Theorem 2.4.1. If equal

bandwidths are chosen for each type of random variables. That is, assuming that hy = --- =

hg=h,m=--=mn,=n,p1="--=p, = p, (2.4.2) becomes
. 2
sup F [fgc)(y,w,z) — fgc)(y,w,z)} (2.4.3)
fDECgm,a,B
2
- ()( Z B; h[a]+an[b]p[c] + Z B; Qh[ al a4 Z B; ,hldly [b] [c]—l—a)
[k]=m—[k] [k]=m—[k] [k]=m— k]

1
+0 (nh2[a}+dn2[b}+z[m+p pz[c]_2[5]+2q exp((2p77¢ )+)> ,

7 ~ 7 d
where k = (a, b), and ch,l = Z _ th,;’l, BIEQ = 21;2:1 BjQ,cha B,j%g = 233:1 B'gjc,?,' If we

Jj1=1 J

further assume that all the elements in h, 7, p are the same, say all equal to h, then we have

sup E[ flk )(y,m z) — (k )(y,m z)]2 (2.4.4)

fDE%m,a,B

1
_ 2m—2[k]+2«a vl
=0 (h > +0 (nh2[k]+2[5]2[l_)]+d+p+2q exp((2h77¢ )+)) '

On the other hand, if not all types of measurement-error contaminated variables present

in the data, for example, if there is no super-smooth component, then (2.4.2) becomes

2
sup E[ 5 (y, @) - fl(ak)(y,:v)] (2.4.5)
fDG(gm,a,B
d 2
Fala, b+aly;,
NI P SPTARTRND oS S SRATERS
[k]=m—[k] J1=1 [k]=m—[k] J2=1

1
+0 (nhiaHanbHﬁH) :
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where

a+alg, | ~
le’k’l - ~lb' // H |L Ui, | H |H T, ||y|>< dl| ’b dydz,

lo=1

b+al ~ g~

By = o [ T TT 1 il
l1=1 la=1

If there is no ordinary smooth component, then (2.4.2) becomes

2
sw B[ .2) - 1 (. 2)] (2.4.6)
fDe(gmaB
q 2
+alg | @ étaly;
o X Snamtate £ St )
[k]=m—[k] 1 =1 (k] =m—[k] j3=1

1
+O (nhZa—Hch 2b+2 exp((2p ‘YS ) )) )

where

a+al &
By = o [ TG TT Gl 2 gtz

l1=1 I3=1

c+al ~ g~

By = o [ TG TT I Gl 21 .
l1=1 I3=1

Given the complexity of (2.4.2), it is rather difficult to consider the optimal convergence
rate of the estimator fgc)(y,a:,z), even for the special case (2.4.3). In the following, we

shall focus on (2.4.4), that is, a single bandwidth, say h, is applied for all components in the
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model. In this case, by (2.4.4), the MSE has the form of

~ 2
swp B[18 (g 2.2) - 1) (9,1, 2)] (2.4.7)

fDe(gm,a,B

1 SIS |
_ 2m—2[k]+2a _
© (h > +0 <nh2[k]+2[ﬁ]—2[b]+d+p+2q °xXp (2 ; &§ihi )) '

Without loss of generality, let’s assume that 43 = max{y; : j =1,2,...,¢}. To guarantee
the variance part goes to 0, we have to make sure that h cannot go to 0 faster than (logn)~/1.

To show this, let h = a,(logn)~*/". If a,, — 0 as n — oo, then

1 9
nh2k+2[8]-2[b]+d+p+2q P (; @-}m)

B (log n){Q[k]+2[ﬂ]—2[5]+d+p+2q}/'yl , q (log n)¥ I
T /@ 2B 2 P a7

j=2

goes to 0o. On the other hand, a, cannot go to oo faster than (logn)'/", otherwise, the bias
part cannot be controlled. Choosing a,, be any constant a such that 1 —2( ;].:1 &an)~t >0,

and noting that the right-hand side of the above equality is bounded above by

C(log n){2[k]+2[:3]72[E]+d+p+2Q}/71

=251 (a77) 7t ofk]+2(8]—2(b]+d+p+2g

for some positive constant c. It is easy to see that this bound converges to 0 as n — oo.

Therefore, we have

Theorem 2.4.2. Under the conditions (C1-C3), if we choose h = O ((logn)~"/7), then

F 2
sup E [fgc)(ya €T, Z) - g)(y7 x, Z):| = O ((10g n)—(?m_g[k]+2a)/,yl) ‘

fDe(ﬁm,cx,B
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If there is no super-smooth part, then from (2.4.5), we have

Ak k 2 m— o 1
sup B |fp(y.2) = [ (@) | = Ok 2“““2>+0<W)’

fDe(g'm,a,B

where [k] = [a] + [b]. In this case, an optimal bandwidth h, after neglecting some constants
not depending on the sample size, can be obtained by minimizing the sum A7 2kl+2e 4

n—th2k=21Bl=d=p» Therefore, we have

Theorem 2.4.3. Suppose (C1)-(C3) holds for fp(y,x) and the kernel functions L, H. If

we choose h = O(n~1/(@m+2e+2Bl+d+p)) thep

S B [F0(.2) — ()| = O (n- G2/ Cm e asain)).

Theorems 2.4.2 shows that when the super-smooth measurement errors present in the
data, then the convergence rate of the proposed mixed kernel density estimator of f g“ ) (y,x, z)
is rather slow, and it is the smoothest component, with the largest ~v-values in the super-
smooth measurement errors, that determines the convergence rate. If there is no super-
smooth measurement error presents in the data, from Theorem 2.4.3, the convergence rate
is significantly increase to the scenarios as if we are estimating the derivatives of a density
function when all the data can be observed directly. In both cases, the variables of no
measurement errors cannot control the convergence rate.

In the univariate case, Fan (1991a) established the optimal convergence rates among the
class of nonparametric estimators of the derivatives of the density functions for both the
ordinary and super-smooth variables, and also proved that the deconvolution kernel estima-
tors achieve the optimal convergence rate. In the bivariate cases where one variable is free
of measurement error and another variable is contaminated with either one of the ordinary
or super-smooth measurement error, Shi et al. (2020) also derived the optimal convergence
rates for nonparametric estimators of the derivatives of the joint density functions, and the
mixed kernel estimators indeed attain the optimal convergence rate.

The question of whether the proposed mixed kernel estimator achieving the optimal
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convergence rate is answered by the following theorem.

Theorem 2.4.4. Suppose all the conditions (C1)-(C5) hold. Then the proposed mized kernel
estimators, with equal bandwidth h = O((logn)~Y") when the super-smooth measurement
error presents, and h = O(n~1/(@m+20+2BI+d+p)) yhen the super-smooth measurement error

does not present, attain the optimal convergence rates.

Based on Theorem 2.4.4, we have the following interesting discoveries: (1). Choosing
different bandwidths for different components cannot improve the convergence rate; (2).
When the super-smooth measurement error appears in the data, the optimal convergence rate
depends on the dimensions of y, «, z only through [k], the order of derivatives, however, when
only the ordinary-smooth measurement error and error-free variables appear in the data, then
the optimal convergence rate not only depends on [k], also depends on the dimensions d and
p explicitly. To see the significance of the latter, suppose we are interested in the density
estimator itself only, that is [k] = 0, then we see that, when super-smooth measurement
error appears in the data, the optimal convergence rate is free of dimensions, while this is
not the case when it does not show in the data.

From Theorem 2.4.4, we see that the convergence rate are very different when the super-
smooth component shows or does not show up in the data. The following theorem presents
the asymptotic result for the mixed kernel estimator when the super-smooth is absent from

the data.

Theorem 2.4.5. Under conditions (L1), (O1), (02) and (03), we have

D y.x) — EfY)(y, )
V Var(f® (y, 2))

= N(0,1).

Moreover, if we further have

\/nhi““ni””ﬁ“< > |h|z|n|§)[hild+nf%o,
[k]=m—[k]
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then

Ve 2y ) [y, @)~ 15y, @)] = N(0,1),

frw(y x a Iy+2
Vlw) = Grince ] T LT o2 % s Pl s, (2:45)

l1=112=1

Note that fgg)(y, x) can be written as the average of &,;, j = 1,2,...,n, where

a Y il (b)) { T — Wy
§nj = ha+1,’7b+1 HL n < bl )H nl; (QT“), (2.4.9)

lo=1 2

so similar to Fan (1991b), one can consider substituting the variance Var( ik )(y, x)) with
the sample variance of &,;, 7 = 1,2,...,n. In fact, the conditions listed in Theorem 2.4.5 is
already sufficient for doing so. However, the only unknown quantity in the variance function
V(y,x) defined in (2.4.8) is the joint density function of fy w, since it can be estimated
by the classic kernel estimator which is consistent, so it provides another candidate for
standardizing the variance in the asymptotic normal distribution.

The following result shows the asymptotic normality of the mixed kernel estimator when
the super-smooth component is showing in the data. For convenience, we only consider
the cases that the super-smooth measurement errors are symmetric. By doing so, we can
avoid the discussion or real part and the imaginary part of the characteristic function of the

super-smooth components.

Theorem 2.4.6. Under conditions (S1)-(S4), we have

fgc)(yawa z) - Efg)(yawvz)
V Var(7%(y. . 2))

= N(0,1).
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Furthermore, if

nh2a+1n2b+2,6+1 o ) ) )
X D> rEmlslels ) (A 4+ mt + i) = 0,

2 (
p% Il {exp (%)] [k]=m—[k]

513913

Vi3 /2(m+5)
I3 Y

where by, = p T = o[l + (m+4)/(2(m+5))] —2¢c — 1, then

fgc)(yaw7z> — fgc)(yaw7z>
\/Var(fgﬂ)(y,w,z))

= N(0,1).

Since the variance function f g“ ) (y,x, z)) has no tractable form, to find a data-dependent
replacement for the variance function Var( ng(;c )(y,:lz,z)) has some practical significance.
Based on the assumptions in Theorem 2.4.6, we can show that n~! 2?21 fgj can be served

as such a replacement. The justification is similar to the Lemma 2.4 and Corollary 2.2 in

Fan (1991b).

2.5 Simulation Study

To our best knowledge, the proposed estimator in this paper is the only procedure in litera-
ture to estimate the joint density function or its derivatives of multivariate random variables
contaminated with different types of measurement errors. As a future research topic, we will
explore the possibilities of modifying other classical density estimation procedures in error-
free setups, such as the nearest neighbor, to account for the random variables measured with
errors.

For illustration purpose, in this section we conduct a simulation study on estimating the
joint density function of a 6-dimensional random vector (Y7, Y, X1, Xo, 77, ZQ)T. Assume
that (Y1, Ys, X1, Xo, Z1, Z)7 is jointly normal with mean vector 0, and compound symmet-
ric covariance matrix with equal variances 1 and covariance 0.25. Y; and Y, are directly

observable, W = X + Uy, Wy = X5 + U, with Uy, Uy being independent and distributed as
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the Laplace distribution with mean 0 and variance 02, S} = Z; +Vy, Sy = Zo+ Va with Vi, V3
being independent and distributed as the normal distribution with mean 0 and variance o2

To be specific, we assume that

Y] 0 1025 025 0.25 0.25 0.25
Y, 0 025 1 025 025 025 0.25
X N 0 025 025 1 0.25 0.25 0.25
Xo 0 7 0.25 025 025 1 0.25 0.25
Z 0 0.25 0.25 0.25 025 1 0.25
Zy 0 0.25 0.25 0.25 0.25 0.25 1

For the observed data (Y1,Y3), we choose the stand normal density function as the kernel

function L; for the data (X, Xs) contaminated with the Laplace measurement error with

2

mean 0 and variance o,

, we choose H to be standard normal, the corresponding deconvolution

kernel function H,, is defined as

0.2

Hula) = o) [1 - 72 = 1)

where ¢(z) is the standard normal density function; for the data (Z;, Z;) contaminated with

2

v

the normal measurement error with mean 0 and variance o=, we choose K to be the sinc

kernel K(z) = sin(z)/(mwz), the corresponding deconvolution kernel function K, is defined

5 1 242
K,(z) = \/;/0 cos(tx) exp (%) dt.

Based on a sample (Yj1, Y2, W1, Wia, Si1,S;2)7,7 = 1,2,...,n, the mixed kernel density

as

estimator fD(y, x, z) with equal bandwidth is defined as



The variances 2 and o2 are chosen to be 0.5%. The sample sizes are chosen to be n = 100 to
1000, with a step of 100. At each sample size n, the estimators are evaluated at 100 randomly
selected values from [—2,2]%, and the MSEs of these 100 estimated values are calculated. For
comparison purpose, in addition to the mixed kernel estimator fD(y, x, z), we also consider

the mixed kernel estimators

foly@)= 1 Z () () (MY g (2]

and

ot = o 3 o (B2 (1 Y g, (B B, (25

When the super smooth component appears in the data, we choose h = (logn)~/". Note
that the joint normal density function is a member of € o 5 for some B, we choose h = n~1/12
(2m+2a+2[8]+d+p=0+0+8+2+2 = 12) when there is no super smooth component
appears in the data. Each estimation procedure is repeated 100 times, and the boxplots of
100 MSEs at each sample size are shown in Figure 2.1.

From Figure 2.1, one can see that for fD(y,w,z) and fD(y, z), the decreasing trend,
indicated by the median MSE values at various sample sizes, of the boxplots from n = 100
to n = 1000 is not clear. However, for fD(y, x), the decreasing trend of the boxplots shows
that its convergence to the true density function is much faster. We also did the simulation

study for other 02 and o2 values, the resulting boxplots show similar patterns as in Figure

2.1, thus omitted for the sake of brevity.
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Figure 2.1: Boxplots of 100 MSEs of the mixed kernel density estimators fD(y, x, z) (top),
fp(y, z) (middle) and fp(y,z) (bottom), respectively. For each sample size, the estimator
is evaluated at 100 randomly selected values from a hyper-rectangular domain with each
coordinate in [—2, 2], and its MSE is recorded. Each estimation procedure is then repeated
100 times, resulting in 100 MSEs.
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2.6 Discussion

In this project, we established an optimal minimax convergence rates for nonparametric
estimators of the multivariate density function, when the data are measured with different
types of measurement errors with different smoothness within each type. We also showed
that the mixed kernel and deconvolution kernel density estimators achieve the optimal con-
vergence rate. However, in real applications, how to select a bandwidth for the estimators
having a satisfactory finite sample performance still needs more extra efforts. It is noted that

the theoretical optimal bandwidth is not just related to the sample size, but also relies on
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some constant factors which depend on some unknown quantities, even the density functions
themselves. The direct plug-in method might be useful to partly solve the questions, but
some data driven bandwidth selection procedures, similar to the least squares and biased
cross validation methods discussed in Wand and Jones (1995), should be explored. Fol-
lowing the theoretical results we established for the density functions, another challenging
research topic is to find a similar minimax convergence rate for the nonparametric estimators
of the regression functions. Although we conjecture that the mixed kernel and deconvolu-
tion kernel based multivariate regression smoother most likely achieves the potential optimal

convergence rate, its theoretical justification will be more difficult.

2.7 Proof of Main Results

The section contains all the technical proofs of the main results in Section 2.4.

Proof of Theorem 2.4.1: The expectation Efgc)(y, x, z) equals

— Wi (c13) — Si.
L) (yll 11> bl2 <$12 2) K\ ( 3
H hl1 H ez iy H s Pis

l1=1 lo=1 I3=1

a yl1 bl xlz - i.lz - ulz
ha+1 b+1 c+1/////HLl ( hu, )EHM;( s )

ha+1,',’b+1 c+1

1

H Kiiis) <u> fo(§, &, 2) fu(u) fyv (v)dgdzdZdudv

s [T (4 )'

. — - — ¢H(7a12)
. (_lrl )bl2€ 17“[2 (3312 $12 ulg)/nlg —drl .
2w / ? ¢Ul2 (7’12/7712) ’

E*@

N
[V}
Il

i

S

(—itld )013 e—itl3 (213 _213 —’1)13)/,0l3 ﬂb))dth] °

% ¢V13 (tl?, /pls

(:17_ 2) fu(u) fy (v)dgdadzdudv.

~

3=
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By exchanging the order of integrations, we can rewrite F fg“ )(y, T, z) as

a Y, —
ha+1 b+1 c+1///HL w < Iy, )

=1

p
H 27r (—iry, )2 e 112 (@1 =21 ) /s —¢U¢?:lrl;7)7l ) ( / eiratia /M fr; (ulQ)dUlg) dm] '
15 \"l2/ o

—

2=1

Tl . ; s oK (ti,) "
H o / (it ) s e 1= 55)/ plgm / 5"/ i (v, )duy, | dty, | -
15 \“l3/ Pl3

=11L
fD('g, &, 2)dygdadz.

Note that f elTiata /My fU12 (ul2)dul2 = ¢U12 (TlQ /%)7 f elfisVis /P15 sz3 (Ul3)dvl3 = gszs (tl3 /pl3)7 50

we have

A 1
Efk X, Z _ .
fo'(y ) = ha+1"7b+lpcx+1

/// HL““ (yh—) 11 [21 [ (e ey ),
I ™

—ltl €y o~ 11513(,213 Zig /Pl3¢K tl dtl fD y,m z dyda:dz
271' 3 3

I13=1
a Y, —
ha+1 b1 c+1///HLl ( hy, )
p
b aZQ 1 —iry, (x;, —2
7712[2 bl2 |:27T/6 (e l2)/n12¢H<Tl2)dr12:| ’
lo=1 a

q
(913 1 ; . o
leg = 015 |:_/6—1t13(z13—z13)/013¢K(tl3)dtl3:| fo(y,z, z)dydxdz
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p b ~
0" Ty, — Xy
L(all (yl1—> biy H( 2 2) .
ha+1 b+1 P ///II hu, 12:1% P Ty

l1=1 Iy
ll__[l Zf‘“’ PR (zl3p_l3z’3> fo(§, &, 2)dgdadz
ha+1 P ///HL(G“ (Z/ll y ) HH% (:ng —297:12) ‘
H K (21%3%) fo(y, &, 2)dydzdz. (2.7.1)
I3=1

To proceed, let us compute the following integration:

/ [ (y“ - y“) Io(9. %, 2)dg.

l1=1

In fact, by changing integration orders, the above integral can be written as

/L( 9 (y1 h1y1> . ) (w};w) Folin, - Gu @, 2)dg (2.7.2)

d
= / {/ L <y1h_1) fo(g, - 7§d73~3,2)dﬂ1] Tzt (%T) dys - - - dya.

1=2

Integration by parts, from condition (C1), we have

/L(‘“) <y1}: yl) folin, - e, &, 2)dijy = —hy /fD(’g,i,i)dL(al—l) <?Jl}: yl)
1 1

e Ofp(§.%.2) o1 (01— -
= _hlL(al_l) (yl h1 ) fD(yh ’gd’m7z) + hl/ fD(—y~ i z) L(al 1 <—y1 hl yl) dyl

—00 8y1
aalfD(/g7CE72) n _:’-71 ~
= h{* L )
hy / a5 hy dys

Plugging the above result into (3.3.1) and repeat the above procedure for s, 73, ..., and g,

we get
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[ (yll;%) e (yd;dﬂd) foln - 505 £)d3
P (o o ()
=2
:w%?/awgfé%fgh(“i@)L(” ”)lLLW(@i%ﬂ)@
:hz;/ ]fDa(;} x,z HL(yllhll )dy,

where 0y® = 0y;'0ys* - - - 0y53*. Plugging the above result into (2.7.1), repeat the above

procedures for the derivatives of H and K, then changing variables, we can get

-Ef§¥y,w z)

T R ps ///HL(%M >EH% <%_ )HK% (P—zl>

I3=1
8“‘fD(y,w,z)
oy

dydzdz
_ 1
hliny pie

///HL =0\ 17 e P ) T s (=) 20n0:8.2) e
hh 1l o, ) ogeowboze Y

lr=1

q 3 auﬂf y*,w*,z*
/// H L yll le) H K(Zl3) 8y51<8x*b8z*0 )

=1 2=1 l3=1

(2.7.3)

y* =y—yh
m*:a%—indgdidi.

z¥=z—2p
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Denote k = (a®, b, ¢h)T. By Taylor expansion up to the m-th order, we have

y*=y—gh

oM fp(y*, ¥, z*)

T*=x —xN

Oy*eQx*bdz*c ) )
z¥=z—2zZp
M fp(y. =, 2) " 8[k]+[k}fD(y,w,Z) SyNa (o \b (5 \é
= yhaiie T D aha ogrreaargmme UM (—am(—2p)]
dy0x*0z — albl¢! 0yatagxbtbozete
1 " fp(y,x, z) y:??* T
Z alblél 8y&+a6a:5+bazé+c j:; (_yh)x(—a}n)x(—zp)x,

[k]=m—[k]

From condition (C2), Efgc)(y, x, z) can be written as

q

™ fp(y, , z) i
8y‘16mb8zc + Z 'b'c' /// H L yll - xl2) H K(Zlg) :

l3=1

(k]=m— k]
8me(y,Q3,Z) vev ~1\a = \b

Since the density function fp is a member of the class 6, 5, we can get

Efp(y.x, z) sy 2)

q

/// —gh)% ()% (~2p); HL(yzl)HH(iz2)HK(zl3).

| [k]=m~—[K]

alblél 1 1
8me(y,a:,z) y:?%* 8me(y,:B,z) R
3ya+aam5+bazé+c x = :f - 8ya+06m5+b8z5+0 dydxdz|,
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which is bounded above by

B> e [ [ 1aniient ot L0 TT ) Tk G,

k] m—[k] l1=1 lo=1 l3=1
(lghl$ + [ZnlS + [2p|T)dydzdz.

Note that [gh|2 - [gh]s = Y, [gl% " [[S"", we have |EfS (y, @, 2) — £ (y, @, 2)] to
be bounded above by

B Y ,b,c,///HrLyh T T K G-

[k]=m—[k] la=1 l3=1
F a+tal a+al F b+a1 b+a1
&n%|ZplC Z\ylx R + [ghld|zplS Z\w\ Pl
Jji1=1 J2=1
P o ét+al é+al
~ 7G|~ ~Ct+aly ctalgy; ~ g~ g~
+Hgh||En|% Y |21 el | dgdidz
Ja=1
d 1 P b
ata ¢ +aly, ¢
Z OBl el + Y S By galhlEn ol
[k]=m—[k] J1=1 [k]=m—[k] J2=1
ct+al
+ 2 ZBJ3k3|h| % lpl% . (2.7.4)
[k]=m—[k] J3=1

Next, let us compute the variance of fgg)(y,w,z). Since (Y;,W,,8,), j = 1,2,...,n are

independent and identically distributed, so we have

Ak Ak 1
Elfp(y.®.2) - Efp (y.x,2)]" = ST e

< X

2
HLal (yll Yul) H 70 <9€zz Wm) HK% ( 5113>]
nla nls
i

=1 lo=1 I3=1 3
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2
Y W, B - S
E H L(az1 (yll 111) H 13122 (wlz 112) H Knl? (213 pl 113)] )

=1 lo=1 I3=1 3

From the derivation of bias, we already know that the squared expectation is the order of
o(1).
Note that

H I, (yh Yul) H 70 (xz2 Wm) f[ ) <zl3 - S1z3)
nlo nls
Pl

=1 3

d
_1 3 a, . yll - 1/21
(27T)d+p+q II /(—17‘11) " exp [—17’;1 hu, _} ¢ (ri, )dry, -

=F

—w, .
IT it oo [t 2 o o -

lo=1

-5
H/ _lvlg ZS exp |:_1Ul3 DLy b :| ¢K(Ul3)¢X_/1 (Ulg/pl3)dvls

I3=1

2

To proceed, we may treat the super-smooth component differently by following Fan (1991a)’s

argument. Note that the above expectation is bounded above by

-Y,
H/ —iry, ) exp{ 17“11y h ]¢L(7”h)d7°l1
l

(2m) 2(d+p+q
Lh=1

2

- W,
H/ _ltl2 l2 exp |:—lt12 " :| ¢H<tl2)¢U (tlz/nlz)dth
lo=1

q
I3=1

2

1
/ (61 (01,) 07 (v, /1),
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If we assume that the density function of Y, X, fp(Y, X), is bounded, then

1 v, — Y,
—iry, ) d
G lll/ irp, )™ exp{ iry, hh }qﬁL(rll) T,
“w, 2
H / _ltl bl2 exXp {_ltlg My } ¢H(tl2)¢U (tlz/nb)dtb
lo=1

Y, — y11:| ¢L(rl1)drl1 .

(—iry, )™ exp |:_iTl1
hi,

e [ 11

I Uu
H / _ltlz l2 €xXp [_ltlz LR 12:| ¢H(tl2)¢al (tlz/nlz)dtb

lo=1 My
oy, @ )fU u)dydzdu

2

h 77 X
(970)2(d+p)

(—iry, )™ exp [—iry, G, | &1 (ry, )dry, -

2

H / _ltl bl2 eXp[ ltlsz] ¢H(tl2)¢U (tl2/7712>dt12

la=1

fo(y — hy,x — @ — nZ) fy(a)dydida,

which is bounded above by ¢(2m) " b, T [ [t, 1?72 ¢% (t,) 65> (tiy /m1, ) dti,, Where
c is a positive constant. The last inequality is from the boundedness of fp and the Parseval

identity. Therefore, from Fan (1991a),

/|t |2b12¢H(tl2)¢U (tlz/nlz)dtlz - O( 26[2)’ (275)

and

c _ 2by, —Vig e
/|U13|2 l3(z)%((ws)gbvz(vls/pls)dvls =0 (plgl eXp(ZpZSW €l31)> ) (276)

where by, = 0 if 1,0 > 0 and ju,0 if p,0 < 0, we have

2
a Yy, — Y, () [ 1, — Wiy, (cry) ( %15 — St
gL s () Pt () T (52)

l1=1 la=1 I3=1 3
= O(hynl” Qﬂpibexp<<2p €),). (2.7.7)
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If we further assume that fp is bounded, we obtain
E H H(bl2

d
H 7 (o) <y11 Ym) (% Wllz)
hll lo—1 Ty

Il

H/

lo=1

q — Zl3
ll)l3 3 eXp —ll)l3

I3=1 Pls
fo(9, %, 2) fu(a) fv(0)dydEdzdado

l3=
Y,

hh
— Uy,

,)%2 exp [—1tl2 TIZ
2

Ul

hnp
(9.\2(d+p+q)

1

Lis=1

I1x

1

S,

(Zl3 — .
Pl

:| oL (Th )dTh

)

Gu () oy (ty /my)dy, -

2
¢K<vzg>¢;1<vzg/pl3>d%] .

o o]

2
—ity, )2 exp [—ity, 71,] du(t,)op" (t12/77l2)dt12] :

2
/ lvl 613 €xp [ lvlgzlg] ¢K (UZ3)¢V (Uls/pls)dvbl ’

fo(y —yh,z —a —xn,z — v — 2p)fu(a)fv(v)dydTdzdudo,

which is bounded above by

hnp

d+P+q
lo=1

/|Ul3|2q3¢l((vl3)¢v (vlz/pl3)dvl3
I3=1
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Again using (2.7.5) and (2.7.6), we have

E

2
H L(al ) <yl1 )/1[1> H Hnll)l; <CC[2 WUQ) H K,,.;? ( Sll3>] (278)

=1 lo=1 I3=1 l3

— 0 ((hmp).m o™ exp((2077€71)1)) = O (Ruml ol expl(2p77€7)1) )

Hence if using (2.7.7)

Elf$)(y,z.2) — Ef3)(y, . 2))?

1 e
B p2latD) 2(b+1) 2(c+1) 'O<hx77i Zﬁpibexp((zp € y)

n X X X

1

=0 (nh2a+1n2b+2,3+lp2c 2612 exp((2p7767)+ >> : (2.7.9)
X X

If using (2.7.8),

Elf¥(y,z.2) — Efy) (y, ., 2)]?

1

— 1-28 1+2b —ye—1
- nh2(a+l)n2(b+1)p2(c+1) -0 (hxnx px U exp((2p77€ )+)>
X X X

1
=0 (nh2a+1n2b+2ﬂ+lp2c 2641 exp((2p7767)+ )> : (2.7.10)
X X

Since p — 0 as n — 00, so (2.7.8) also has the order of (2.7.7). Note that (3.3.2), (2.7.9)
and (2.7.10) are uniform in %, « g, finally we obtain (2.4.2).

Proof of Theorem 2.4.4: Let A = m + «, and define
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where Cj,,7 = 1,2,3,l; = 1,2,...,d,lo = 1,2,...,pand I3 = 1,2,...,q are positive con-
stants such that Cy, /(1+y7)", C,/(1+27,)" and C, /(14 27,)" are density functions. Define

fuly, @, 2) = foly, =, 2) + cd), H G (yll> H G (%) H G (Zl:)

=1

where the function G is taken to be same as the H function defined in the proof of Theorem
4 from Fan (1991a). Let F,, be the joint CDF of U, F, be the joint CDF of V', and define
go = fox (FuFy), gn = fun * (FuFy). Then we have

Therefore,

///[g"(y’w’z) — g0(y, ®, 2))’g5 " (y, @, 2)dydxdz
I ette ()
// H G (% ) H G ( ) dFy (w)dFy (v)

lo=1

2

90y, @, z)dydxdz




[ p P -1
Ca
cag/ G(% “’2>dF u / 2y dFy(u)|  dz-
/ e, W) | o, =it
[ q 2 q C -1
Z] Uy 3l
G| 2 ) dF - dF dz.
[ io () ome] | Moz
By changing variables, we have
[ ——
_ 25d+p+q+2)\/HG2 " { Cu, }_ dy -
" ll 1 ' +6TL ll)
2o
/ /l:!_LG A —Ul2 dFU nu] [/;_[1 1+ 5 T — u12)2)rdFU(u) dx
) dF s dF dz.
/ / e = V(‘S””)] [/ G, =y )] 2

To evaluate the first factor in the above expression, we note that, for any constant M > 0,

/G2(y)(1 + 62y%) dy = /| y G*(y) (1 + 02y%)"dy + / G*(y) (1 + 62y%)"dy.

ly|<M

For M large enough, from Condition 3 for GG as stated in the proof of Theorem 4 from Fan
(1991a), we have G(y) = O(|y|~™°) as |y| — oo. So,

/ G*(y) (1 + 62y%)"dy = / cly| Mo (14 62y%) dy = / cly| Mot (y 2 4+ 62) dy.
ly|>M ly|>M ly|>M
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Recall the conditions on My and «, (M + 1)ag > a > 1 + «p. This implies that My > 1
or My > 1/ap. Choose r > 0.5 but very close to 0.5, then we can select an o € (0,1) so
that 1/ag > 0.5 + 7, hence My —r > 1/2. This leads to f > M G2(y)(1 + 6,9%)"dy = O(1)
as 0, — 0. This, together with the finiteness of f Wl<M G*(y)(1 + 6,y°)"dy, implies that
[ G*(y)(1 + 6,y%)"dy < oo for any 4,, small enough.

Similar to the argument in Fan (1991a) for the ordinary-smooth case, we have

-1

dx

/[/I[lG 1, — ) dFy( nu] [ lfIl NG xO:Q ul2>2)rdFU(u)
- /11

C, -
G (x, — ulg)dFul (Onuy,) dFulz(uZQ) dx
l=1

n'rl2 - u12)2>T
Co -
- H/ {/ (21, — ulz)dFUz (G, } [ (1+ (6,21 : — )Q)rdFulz(ub)} dy,

l2=1
= 0.

and for the super-smooth case,

/[/HG 21, — i) APy (5, v)] [/]1:[ (1+(5nfljli v )

l3=1

dz

which is o (exp (— 2?3:1 5135;713>> with g, = min{(1—7r) /v, [2(n—no—7)—1]/(2v,)} > 0.

Therefore, we have

q
/// (Y, z, 2) QO(T)JaiU Z)] dydzdz = o (5721’\+2[m+d+p+qexp (_Zglg(;;Vls)) ‘
oy, x

I3=1
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/'Yl(

Taking 9, = ¢ logn)~Y/7 and recall that v; = max{vy; : j = 1,2,...,q}, we have

/ / / 9n(y, 2, 2) — go(y, ®, 2)°g5 ' (y, x, 2)dydadz = o (%) ,

Therefore, for any estimator of f{f’(o, 0,0) when f € €um.p, we have

sup [T, — f5(0,0,0)” > 7/£1¥(0,0,0) - £(0,0,0)".

fega,m,B
Note that fT(Lk)(O, 0,0) — (k)(O 0,0) can be written as

=0

%yaagazc [HG(%> HG<%> HG( )] |z

d a P b q . y=0
0% U P2 2 s 2
= b H—aG(l)ll G(—"’)II—CG(—3> .
i ! [llzl ayllll 5 l =1 axbl? 5’” aZ 13 57’1/ L 0

I3=1 l3

ﬁ el azl H G b11 ) ﬁ G(cz3)(0)] 7

l1=1 la=1 I3=1

= 0(57’)’[’“]

which implies that sup;eq,  , Ef [Tn—fgc)(ﬂ, 0,0)]? > 527 Note that 6, = e}/ (logn)~/,

also recall that A = m + «a, so we eventually obtain

sup  Ef[T, — £(0,0,0)]2 > c(log n)~@m+2a-2kD/m
fe(hpa,m,B

for some positive constant c.

If there are no super-smooth measurement error components, then by changing fy(y, x, 2)

to fo(y,x), fu(y,x, 2z) to f,(y,x), where

ToCn o Ca : N T :
fotv. @) =11y oy Ly v @) = ow@yren JT6 (% e (gg_l) |

l1=1 la=1
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and we will get [[[[gn(y, ) — go(y, ®))%g; ' (y, x)dydz = O (5%A+2[ﬁ]+d+p> . Taking 6, =
n =Y HABHAED) e have [[[[gn(y, x) — goly, a:)]2go_1(y, x)dydx = O (n~1). Similarly, we
can get SUpseq, Ef[T, — 0,02 > ¢62 "™ with k = (a”,b7). By plugging 6, =

n~1/(2A+28+d+p) iny the above expression, we have

sup Ef[Tn i f}f)(0,0)P > cn~ (@mt2a—2[k])/(2m+20-+2(B]+d+p)
fecga,m,B

Therefore, we have proven Theorem 2.4.4.

Proof of Theorem 2.4.5. Recall the notation &,,; defined in (2.4.9) and note that f,g’“) (y, @) =

n=t 37" &y, by changing variables, we have

d 2
1 Y, — Y (b1, [ T, — Wy
Egg — - () < 1 1 o2 2 2
! R it llill hy, lg & M
Y, b 107 ’
_ I (a) (yh m) nBzQHr(leQ) (% - 112)
hia+2,r,ib+2ﬁ+2 }_Il ll e l2 lo M,
d p ) 2
- h2a+1 2 / / [ H H Llen) ( nb (%)] f(y — uh,z — vn)dudv.
X li=11ls=1
Note that

d p
a (biy)
775 H H L( ) (ull) PInl;2 (Ul2)

lh=11l=1
d P 1
= ITT |5 [ (cimeonton)io
=11 LZT
1
[% /(_Ztl )bl2€ ztzgv12¢H(tl2> u (tl2/nlg)dtl2:| ,
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and from (O1), for a sufficiently large value M, we have

d 2
H ﬁ or(s1,)ou(ti,) H ﬁ tl; ¢r(s1,)0m(t,)
l1=112=1 (bulQ l2/?7[2 l1=11=1 7512/7712 612925%12 (tl2/nl2)
d p BZng
L(s1,)om(ti,)
< max Ity /m,| > M),
{ lH l}_[l tl2/m2 512 ¢ul2 (tl2/77 2) o
d
li=1ls=1 t12/7712 ﬁl2¢u12 (tl2/77 ) i
d p B
t S t
< max{2p H H L ¢L h ¢H( ) I(|t,| > Mn,),
I1=112=1

d p

H H ¢L(Sl1 mathQ |¢H( l2)|

miny, <y Puy, (t,)|

](|tl2| < M%)} )

l1=11=1

which is integrable from (02). Therefore, by dominated convergence theorem, as n — 0, we

have

d p

H H L) (w,) nl2 ) (vi,) = 27r (27)d+p H H {/ —tisy,)"re” lsllulleL(Sll)dSh} .

ll 1l2 1 ll 1l2 1

{/(—itZQ)bZQ eiitbvb 77;5;2 (bH(tlz)(b;li (tlz/nlz>dt121
271- d+p H H |:/ ZSll alle oty ¢L(Sl1)dsl1:| [/<_itl2)bl26_it12v12tﬁl2 ¢H(tl2)dtl2:| )

lh=11lx=1

where C' = ¢;---¢,. Therefore, by the differentiability of f, and the Parseval identity,
applying conditions (L1), (O1)—-(03), we have

2

1 a (bry)
B = e / / [ H H L) () HY2) (0) | f(y — wh, 2 — v)dudv
X

li=11s=1

fY,W(ya a,
= G et B TT LT 2 225 s ) Pl () Pt -1+ o).
x T li=1lo=1
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|2+5 —0 (h;(2+6)(a+1)+1n;(2+6)(b+1)—(2+6),8+1)

Similarly, we can show that F|&,; for any pos-

itive 0. This, together with the result F¢,; — fg“) (y,x), we have

nE|Gn — E&u”’ _ n(R T e 0 1
[nVar(&,,)]2+9)/2 - n(2+5)/2h(x2+5)(a+1)_177(X2+6)(b+1)+(2+5m_1 - ( /—nhxnx)(s

which is the order of o(1) as nhyny — oo as assumed. Hence, by Lyapunov central limit

theorem, we proved Theorem 2.4.5.

Proof of Theorem 2.4.6:
As we discussed before, it is difficult to find the variance of fg“ ) (y,x,z). To apply the
Lyapunov central limit theorem, we have to find a lower bound of E&?,, where &,; can be

written as

a v, — Yu (b x, — Wy c 21, — Su
ha+1 b+1pc+1 [H L( n ( . 1) H [—[nl;2 < : 2) H [(nl;3 ( : P 3)] 9
X

=1 lo=1 I3=1 3

and L) (y) = (2m) " [(—it)™ exp(—ity)or(t)dt

Hi (@) = - [ (it} expl—ita)on(t) o, ¢/,
K2) = oo [ (it exp(=it2)onct) /v, (¢ )

By changing of variables, one can see that E£2; equals

2

Y — Yji (biy) [ T1, — Wit (c13) — Su
E H L(al ( 1 j 1> H : ( 2 j 2> K 3 ( 3)]
a+1 b+1 c+1 nl nl
[h’ Px 51 lo=1 ’ l3=1 ’ Pl
2
a ) (Cl )
= h2a+1 2b+1 2c+1 /// [H H H L( w (le)Knlg (Sls)] ’
X

l1=11=113=1

fly —uh,z — wn, z — sp)dudvds.
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For the ordinary smooth measurement error, we have

1
M H o (w) = 5 / (—it)"s exp(—ituwn, )% d ()dt, | Hyy (wy,)| < min(dy, dy fu,)

for some positive constants d; and dy; for the super-smooth part, from Fan (1991b),we have

c d“s) cos(s
Ky (s1,)] > d ds—clg(lS) P bt exp (1= bty ) [ (Gy0,7))
l3
where by, = pi?‘O/Z(m%) for s, € [0,7/2].

Therefore, when n is sufficiently large, by Parseval identity,

cf(y,z, z)

2a+1, 2b+2B+1 2c+1
h nx P

// HL(% u,) li[{ / exp( itwlz)(—it)%tﬂbng(t)dt]Qdudw.

7r/2 q
/ LT [+ exp (1 = ba) ™ /(&pr®))]” dw

I3=1

cf(y,x, z 2ay 2by, +23;
= h2a+1 2b+2fl+1 2c+1/Ht L7 (t,)dt - /Ht 2R 6% (f, ) dt -

la=1

E&

q
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3
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1
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where o = (f10, - - -, fq0). On the other hand, by the definition of KT(LZ?’)(S), we have

(e15)
| K, ()

nls

| =9 / (—it)% exp(—its)gzﬁ}((t)/gbwg (t/pl3)dt‘

< - [t[5550 exp ([t /(€upr,”))dt + O(1) = O (exp(1/(€upry’))) -

2m |t|>M
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This, together with the result from the ordinary smooth, we have, for § > 0,

q
E‘£n1‘2+6 -0 <h1X(2+5)(a+1)ni(2+6)(b+1)(2+6)Bpx(2+6)(c+1) H exp((2 + 5)/(§lsp;/313))) _

l3=1

Therefore, after a tedious algebra, we have

E|£n1|2+5 1 d Yi-
— | | 2(9 ) |
n%/2(E|&, [?)(2H0)/2 0 (/11 oy )8 pcl2+9) l3:1€Xp( (2+0) Vbt / (€52, ))

Note that b, = ng/(2(m+5))7 and —1 < —1+1/(2(m+5)) < 0, so based on the assumption

(S3), we can show that the Lyapunov condition holds. This concludes the proof of Theorem
2.4.6.
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Chapter 3

Estimating Density Function of Data

Mixing with Berkson Error

3.1 Introduction

In the measurement error literature, the classical structure has received more attention from
researchers than the Berkson structure. To be specific, suppose the random variable of
interest is X, but for some reason, we cannot directly observe its value. Instead, what we
can observe is a random variable Z which relates to X in two different ways as generally
assumed in literature. One is the classic error which assumes that Z = X 4 U, where X
and U are independent, another is the Berkson error to assume that X = Z + U, where Z
and U are independent. In both structures, U is centered at 0 and called the measurement
error. However, the different dependence structures in classic and Berkson measurement
error result in significantly different statistical inference procedures.

Since the first research on Berkson measurement errors conducted by Berkson (1950) in
the regression context, the Berkson measurement error structure has been widely practiced
in designed experiments in which there are some target values that an experimenter wants
to apply to experimental units, but the actual delivered values may differ from the target

values. For example, a nominal amount of nitrogen (Z) is applied to a crop, but the actual
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amount of nitrogen (X') absorbed by the crop could be different from the nominal one and is
difficult to measure. In this scenario, the relationship between the actual amount of nitrogen
and the nominal one is better explained by a Berkson measurement error structure. Many
other examples of real data applications with Berkson measurement errors can be found in
many areas including agriculture experiments, bioassay studies, and epidemiology, among
others, as described in the monograph Carroll et al. (2006), journal papers Carroll et al.
(2007b), Delaigle (2007) and Long et al. (2016), and the references therein.

To our best knowledge, it seems that the statistical research related to the Berkson error
has not gained much attention from statisticians and practitioners. The main reason might
be that the Berkson measurement error in parametric models may not be as challenging
as in classical measurement error setups. A simple example to this point is that the naive
least square estimator in the linear regression with the Berkson error is unbiased. Even in
nonlinear regression models, the bias caused by Berkson measurement error can be easily
attenuated by regressing the response variable on the noisy variables if the distribution of
the measurement error is known, a common assumption in measurement error modeling
literature. See Wang (2003, 2004, 2007) for more details. However, the statistical inference
related to the Berkson measurement errors appears much more difficult. Recent years have
evidenced increased interest in developing nonparametric inference procedures, such as the
nonparametric density estimators. Delaigle (2007) proposed a simple density estimation
procedure while studying a more comprehensive setting including both Berkson and classical
errors. Later, Long et al. (2016) discusses the bandwidth selection issues in kernel based
estimation procedures.

In real applications, we might be interested in modeling the relationship among many
variables. Due to the differences in measuring instruments, some variables can be measured
directly without measurement error, and some variables may carry measurement errors,
such as the Berkson error. Further data analysis, therefore, should take care of these errors
in order to have a reliable inference procedures. In this paper, we would like to propose
estimation procedures to estimate the joint density function of two random variables, with

one variable being error-free, and another variable contaminated with Berkson error. Two
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estimation procedures, based on whether applying smoothing to the variable with Berkson
error, will be considered. The estimation of joint density function has its own theoretical
and practical interest, but the resulting density estimator can be also used as building block
to construct the estimator for the regression functions when predictors have both types of
variables in the model.

The paper is organized as follows. Two nonparametric estimators of the joint density
function are proposed in Section 2. Technical assumptions, mean squared errors (MSE), and
large sample theoretical properties are discussed in Section 3. A discussion on the optimal
convergence rates and the bandwidth choice of the proposed estimators is conducted in
Section 4. In addition, the performance of the developed data-driven bandwidth selection
method is evaluated by a simulation study. All the technical proofs of the theoretical results

are deferred to Section 5.

3.2 Estimation Procedures

Consider a random pair (X,Y’), where X can not be observed directly, one can observe Z
such that X = Z 4+ U. That is, X is contaminated with a Berkson type of error. For
identifiability, the density function of the measurement error U is assumed to be known. Y
can be directly observed. In this paper, we will propose two estimators for the joint density
function of (X,Y’) based on a sample (Z;,Y;), 7 =1,2,...,n, from (Z,Y).

Note that the independence between Z and U in X = Z+U implies that we can estimate
the density function of X by the simple average f x(x)=n"1>" i1 ful® — Z;), which is first
proposed and discussed in Delaigle (2007) by exploiting the Berkson structure. Combining
this component with the classical kernel smoothing idea for the observed data on Y, we

define an estimator for the joint density of (X,Y) as

Fxy(x,y) = hqu - 7 (y_—hyj> (3.2.1)

The estimator proposed in (3.2.1) is very simple to calculate and does not need any spec-
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ification of smoothing parameters for the Berkson component, which is very different from
the standard kernel density estimator in the error-free case or the deconvolution kernel es-
timator in the classical measurement error case. However, as noted in Long et al. (2016), a
disadvantage of fy (x) is that in cases where U is concentrated around 0, the estimator will
have large spikes at the sample points Z;’s and thus have high variability.

To overcome the drawback in the construction (3.2.1), we propose an estimator of the joint
density function of (X,Y’) by smoothing the Berkson measurement error component. Note
that the empirical characteristic function of Z is defined as ¢,(t) = n~' 37, e where i
is the imaginary unit such that i> = —1. Thus, from X = Z + U and the independence of Z
and U, we have ¢x(t) = ¢z(t)pu(t). Choosing K as a proper kernel density function and h
a sequence positive numbers tending to 0 as n — 0o, we can estimate the density function of
Z by the classical kernel estimator having the form of fz(z) = (nh)™* > K((z = Zy)/h).

Therefore, an estimator of the characteristic function of X can be defined as

Ox(t) = dz(t)ou(t) = P (th)du (t)dn(t).

Assuming that ¢y (¢) € L1, we may estimate fy using fx(z fe"mgzﬁx t)dt, or
frlo) = 5 [ e nmontontar = 5 [ e Z¢ (theu(tdt  (32.2)
X 27T K U n 27T n j=i K U L

:_Z%/ e ) G e (th) gy (t)dt = hZ/ ( )fu()

The estimator fy(z) was proposed in Long et al. (2016). Therefore, an estimator of joint

density function of (X,Y') can be constructed as

n

; 1 y—Y; r—u—Z,
fxy(zy) = T ;L (h—QJ) / K (h—lf) fo(u)du, (3.2.3)

where L and K are two kernel functions, and h;, hy are two bandwidths. A connection

between the estimator (3.2.2) and the simple average estimator proposed in Delaigle (2007)
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is that if we let h — 0, then the continuity of f;; implies that the latter is the limit of the

former.

3.3 Large Sample Results

In this section, the finite sample and large sample properties of the estimators proposed in
(3.2.1) and (3.2.3) will be investigated. We begin with the discussion on the mean squared
errors (MSE) for (3.2.1). Denote R(K) = [ K*(z)dz, fy(z,y) the second derivative of
fzy(z,y) with respect to y. We also need the following technical conditions to validate the

theoretical results.

(C1). (Z,Y) and U are independent.

(C2). The joint density function fzy(z,y) is twice continuously differentiable with

respect to y.

(C3). The kernel density function K is bounded and satisfies [ K(z)dx =1, [ 2K (z)dx
0, and [ 2*K(x)dz = 1.

(C4). The bandwidth h is so chosen that h — 0 and nh — oco.

(C5). For each (x,y) in the domain of (X,Y), there is a positive number v > 0,
[ 215 = Dz esn) + 1y )| + 5 )z < .

(C6). The bandwidth h is so chosen that h — 0 and nh/logn — oc.
(C7). The joint density function fxy(z,y) is uniformly-continuous.

(C8). The kernel function K is bounded and satisfies [ K(z)dz =1, [ K (x)dz = 0,

and [ 2?K(x)dx = 1. It also has an integrable characteristic function.

(C9). The bandwidth & is so chosen that h — 0, nh*> — cc.
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(D1). The kernel function K and L is bounded and satisfies [ K (x)dz = [ L(z)dx =1,
[xK(z)dz = [zL(z)dx = 0, and [2?K(x)de = [2?L(x)dz = 1. They also have

integrable characteristic functions.
(D2). The bandwidths hy, hs is so chosen that hi, hs — 0 and nhy — 0.

(D3). The joint density function fxy(x,y) is twice continuously differentiable with

respect to x and y.
(D4). The bandwidths hq, hy are so chosen that hy, ho — 0 and nhyhy/logn — co.
(D5). The bandwidth hy, hy are so chosen that hy, hy — 0, nh3 — co.

Conditions (C1)-(C4) are needed to evaluate the MSE of fxy(z,y). Together with the
condition (C5), the asymptotic normality of fxy(z,y) can be derived. (C6) is required
to show the almost sure convergence, and with the additional assumptions (C8), (C9), a
uniform convergence in probability result can be established for f xv(z,y). A parallel set of
conditions (D1)-(D5) are imposed to validate all the large sample results for the estimator
fx,y(x,y). These conditions are mild and also widely adopted in the kernel smoothing
literature.

We begin with the introduction of the MSE expression for fX,y(a:, Y).

Theorem 3.3.1. Assume the conditions (C1)-(C4) hold. For fxy(x,y) defined in (3.2.1),

MSE(fxy(I y /fU fzy<Z y)dz+ (331)

+—UfU 1 (2 y)dr—ko(n—lh)+o(h4).

An optimal MSE convergence rate can be obtained by choosing an optimal bandwidth
h to minimize the asymptotic MSE (AMSE) expression in Theorem 3.3.1. The AMSE is
defined as the first two terms in (3.3.1). In fact, by setting the derivatives of AMSE equal

to 0, we obtain

1 ( K) [ f&(z— Z)fzy(Z,:l/)dZ)l/E)
| .

opt —
o[ fule = 2) (2, y)dz]?
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Accordingly, the optimal convergence rate of MSE, by plugging hgy into the expression of
MSE in (3.3.1) is

2/5
MSB(r(e0) = s (P00 [ St~ o onis) ([ sute = siteanis)

It is noted that the optimal convergence rate is the same as the one for the classical univariate
kernel density estimator. The theoretical optimal bandwidth depends on unknown quantities,
and therefore cannot be implemented for real data analysis. For implementation, some data
driven bandwidth selectors should be considered, such as the cross validation procedures
discussed in Wand and Jones (1995).

The next theorem states the asymptotic normality of fx.y (z,y).

Theorem 3.3.2. In addition to the conditions in Theorem 3.53.1, we further assume that

(C5) holds. Then

V nh5<x7y) : fX,Y(xay) - fX,Y(iU?y) - %/fU(:E - Z)fg,Y(Z7y)dZ + 0(h2) - N<07 1)7

where 6(x,y) = (R(K) [ fi(x — 2)fzy(z,y)dz)" . If we further assume that nh® = o(1),
then
nho(,y) | Frr (o.y) = Fx(@,y)| = N(0,1).
The following theorem indicates that, under some stronger conditions, fx,y(x,y) con-
verges to fxy(z,y) almost surely.

Theorem 3.3.3. Suppose the conditions (C1)-(C3) and (C6) hold. Then fxy(z,y) con-

verges to fxy(x,y) almost surely as n — oc.

By imposing some conditions on the smoothness of the joint density function fxy(z,v),

we can show that f xv(x,y) is uniformly convergent in probability.

Theorem 3.3.4. Suppose (C1), (C2), (C7)-(C9) hold. Then

sup | fxy (2, y) — fxy(z,9)] = 0,(1).
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Now let’s move our attention to the estimator fxvy(l', y) defined 3.2.3. We would like
derive a series of finite and large sample results similar to those established for fxy(x, Y).

We begin with a theorem on the MSE of fX’y(l’, Y).

Theorem 3.3.5. Suppose (D1)-(D3) hold. Then

. 4rof2 (x 2 L 10f% ( ?
MSE(fxy(z,y)) = % {%] + % {%]
2 [[ e = tarteantsro (o) voG2 48P, 332

It is interesting to note that the optimal bandwidths hq, he, which minimize the AMSE,

or the first three terms in the expression of MSE(fx.y (z,y)), are hy,. = 0,

h’z,opt =

: (R(L) [ 72— ) (e, y)dz) v
nl/s 0% fx v (x, y)/ay2]2 |

and the optimal convergence rate of MSE, by plugging hi ... = 0, haopt into the expression

of MSE in (3.3.2) is

. 4/5 275
MSE(Frx(.0)) = 1oy (RE) [ 50— Dfaveinhdz) - (@ fxr(ofon)”

Note that 0°fxy(z,y)/0y* = [ fu(z — 2)f;y(2,y)dz, it is easy to see the optimal conver-
gence rates of fxy(x,y) and fAX,y(QZ, y) are exactly same.

The following theorem claims that fx,y(x, y) is asymptotically normal.

Theorem 3.3.6. Suppose (C5) and (D1)-(D3) hold. Then

h_%af)Q(,Y<x7y) + h_gaf)%,Y(xvy)

gt g o) +olid)

nhad(,y) | Fxy (z,y) — fxy(z,y) —

is asymptotically standard normal, where §(x,y) = (R(L) [ f(x — 2)fzy(z,y)dz)"". If we
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further assume that nhihy — 0 and nh3 — 0, then we have

nhyé(z,y) [fx,y(x,y) - fx,y(x,y)] = N(0,1).

The following theorem claims that f xv(x,y) also converges almost surely.

Theorem 3.3.7. Suppose (D1)-(D4) hold. Then fxvy(m,y) converges to fxy(x,y) almost

surely.

Similar to the estimator _]FX7y(ZL’, y), after imposing some conditions on the characteristic
functions of the kernel functions, we can show that ijy(x,y) is uniformly convergent in

probability.

Theorem 3.3.8. Suppose (C4), (D1), (D3), (D5) hold. Then

sup | fx.y (2, y) — fxy(2,9)] = 0p(1).

z,Y

3.4 Discussion

We conjecture that the two estimators proposed in this chapter attains the fast convergence
rate. A non-rigorous justification of this claim is based on the following observations: Chang
and Wu (2015) once pointed out that “Usually the convergence rates of multivariate density
estimations are slower than those of univariate densities”, and we also know that under
some very mild conditions, the classic Rosenblatt-Parzen kernel density estimator achieves
fast convergence rate among all nonparametric estimators of a density function. Based on
the asymptotic normality established in Theorem 3.3.3 and 3.3.6, we know the convergence
rates of fxy(,y) and fAX,y(JI, y) are the same as the convergence rate of a univariate kernel
density estimate.

It is well known that the bandwidth has a significant impact on the performance of a

kernel density estimator. Because of the presence of the unknown quantities, the optimal
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bandwidths of fxy (z,y) and fxy(x,y) derived in Section 3.3 based on Theorem 3.3.1 and
3.3.5 cannot be used directly for estimating the density function of (X,Y). Data-driven
bandwidth selectors are often preferred in implementing various smoothing procedures. In
the following, we will derive a least squares cross validation (LSCV) bandwidth selector

for fxy(z,y). Note that the mean integrated squared error (MISE) of fxy, defined as

E [[Ifxy(z,y) — fxy(z,y)]?dedy, equals

E// fijy(av,y)dxdy—QE/ fx,y(:c,y)fx,y(x,y)dxdy—l—/ ff(jy(a:,y)dxdy,

and [[ fxy(z,y)dzdy is free of h, so we only have to consider the first two terms in the

above expression. The first expectation can be estimated by

//fgy(x,y)d:cdy—// [%ifu(x—Zj)K (y_hyj)rdxdy

N n21h2 ii// fulx = Zy) K (y _hy) fule — Z)K <y _hYJ) dzdy

- n21h2 ijg; Ufu(x_zi)fu@—Zj)dx} UK (y_th) r (y_hyj) dy} '

To find an estimator for the second expectation, we note that

/ fX,Y($ay)fX,Y($ay)dxdy :/ fX,Y(l"a?J) {/ fzy (z,y) fulz — z)dz] dxdy

- // {/ Fxx (@, y) fulz — Z)dm] fzy(z,y)dzdy

_ // U%gfu(x_zj)x (y_hY}> fu(x—z)dx] Fay (2, y)dzdy
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//nhz[/f“ fulz — 2)d ]K(y hy)fzy(z y)dzdy
~ [[ aG faxeiizay

(2 y):%i[/fu(x—Zj)fu(x—z)dx]K(y_hyj).

Then an unbiased estimator of the second expectation is given by n=' >°" | §_;(Z;,Y;), where,

where

foreachi=1,2,...,n

Gz V)= S (YZ’ . Yj) / fulw = 7)) fulw — Z)da.

J#i
Therefore, the LSCV function to be minimized has the form of

ol )2

=1 j=1

T ZZK(Y Y)/fu fule — Z2)d.

zl];ﬁz

In particular, if the density function f, of U is normal, and the kernel function K is chosen

to be standard normal, then the LSCV(h) function can be simplified to

LSCV(h) = % Xn: Xn: O(Zi — Z;,0,v/20,)6(Y; — Y;,0,V/2h) (3.4.1)

i=1 j=1

ZZM Y;, 0,V 6(Z: — Z;,0,7/20,).

zlj;éz

where ¢(v,0,0) is the normal density function with mean 0 and standard deviation o eval-
uated at v.

Similarly, a LSCV bandwidth selector can also be constructed for fX7y(£L“, y). If U has a
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normal distribution N(0,02) and both K and L are chosen to be standard normal, then

2
[ #twizay= [[]-2 T3 (y hf) / 4%) fu(u)du] dady
B y—Y; y—Yj
s () L ()

/3 ] [ (52
Z%izﬂ:qsm—}g,o,\/ﬁhg)/qs <$—Z,~,0, m) é (x—Zj,O,\/h%JrUZ) dz

i=1 j=1

:% Z Z o(Y; — Y;,0,v/2hy) (Zi —Z;,0,4/2(h} + 02)) .

i=1 j=1

We also have

/ fX,Y(xvy)fX,Y(xvy)dxdy = / JEX,Y(%Z/) [/ fzy(2,y) fulz — z)dz} dxdy
:// / JEX,Y(xay>fu<x - z)dx] fzy(z,y)d=dy

T et e ) (55 ) ]
_ / / % Z L <y ;jf) / 5 <x 2,0, /h2 + ag) ful - z)dx] Sz (2, y)dzdy
:nihz Z//L (y hfj) 5 (z 250,402 + 203) Fry (2, y)dzdy.

Applying the leave-one-out strategy, and recall that L is the standard normal density func-

tion, we obtain

//fxy 2,y fx.y (z,y)dedy = qus (Y; = Y;,0,h2)6b (Zi —Zj,O,\/h%—i-ZUz) :

zlg;éz
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Therefore, the LSCV function to be minimized is

LSCV (h, ha) =— ZZ¢ Y; — Y;,0,V2hs)¢ (Zi — Z;,0,1/2(h2 + ag)) (3.4.2)

i=1 j=1

n(n—1) ZZ¢Y 07h2)¢(Zi_Zj,0,\/h%+20'3).

zlj;éz

3.5 Simulation

In this section, we conduct a simulation study to evaluate the performance of the LSCV
bandwidth selection procedure. To generate the simulation data, we assume that (Z,Y)7
follows a bivariate standard normal distribution. Y is directly observable, X = Z + U, and
the measurement error U is distributed as a normal distribution with mean 0 and variance
o2. Thus the latent variable X has a normal distribution with mean 0 and variance 1 + o2.
The sample sizes are chosen to be n = 100,200, and to see the effect of o2 on the LSCV
results, we choose 02 = 0.1 and 0.5.

The performance of the estimation procedures is evaluated by the MSE. In specific, the
estimator f (x,y) and the true density function f(x,y) are evaluated at equally spaced grid
points from [—3,3] x [—3,3] in the step of 0.1. The MSE is then calculated as the average
of the squared difference between the estimator and the true density values. For f (x,y), the
MSE based on a preselected bandwidth sequence h = an~"/® with a = 0.5,1,1.5,2,2.5,3,3.5
and the bandwidth from the LSCV are calculated. The simulation is repeated 100 times,
and the boxplots for each bandwidth selection are plotted in Figure 3.1 for n = 100, where
the xticks are the preselected bandwidths, and the last the boxplot in each panel is from
LSCV. Clearly, the MSE based on the LSCV method performs satisfactorily, which is nearly
the same as the lowest MSE produced by the preselected bandwidths. The patterns are the
same for the both 02 = 0.1 and 0.5. The simulation results for n = 200, as shown in Figure

3.2, again show that the LSCV bandwidth selection performs very well.
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Figure 3.1: MSE boxplots
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Figure 3.2: MSE boxplots of f(z,y) when n =
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Figure 3.3: MSE boxplots of f(ac, y) when n = 100. The left plot is for 62 = 0.1, and the
right plot is for 62 = 0.5
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For f(z,y), there are two bandwidths that we have to choose. To see the performance

of the LSCV in this case, we choose hy = an™'/%, hy = bn~'/%, with a being equally selected
from [0.004, 3.5] in the step of 0.05, and b from [0.1, 3.5] in the step of 0.1. Similar to f(z,y),
for each pair (hy, hy), the MSEs are calculated from the values of f(,y) and the true density
function f(z,y) evaluated at equally spaced grid points from [—3, 3] x [—3, 3] in the step of
0.1. Figures 3.3 and 3.4 display the contour plot of the MSEs of f (x,y) based on different
bandwidths, where the white dots represent the MSE estimated using the LSCV approach.
It is evident that the LSCV technique performs well in all cases as the black dots are very
close to the lowest MSEs.

Furthermore, one can see that when the variance of measurement error is small, the
LSCV selection works better. However, when the measurement error variance increases to

0.5, the MSE obtained by LSCV deviates, although not very much, from the smallest MSE.
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Figure 3.4: MSE boxplots of f(ac, y) when n = 200. The left plot is for 02 = 0.1, and the
right plot is for 62 = 0.5
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3.6 Appendix

Proof of Theorem 3.3.1. Note that

Bfyy(e) = LEf, e - Z)K (y

Y) 1 [[ne-ax ("J - “) fa (2 v)dzdv

/ fulz — 2)K(v) fzy(2,y — vh)dzdv,

y (C2) and Taylor expansion, for each (z,y), we have

212

2

fZ,Y(Z7y - Uh) = fZ,Y(Zu y) - Uhf/Z,Y(Zu y) + . g,Y(z7y) + 0(h2)7

where f'Z,Y (z,y) is defined as the first derivative of fzy (z,y) with respect to y. Thus,

v2h?
Efxy(z,y) / Julz —2) {fu(z y) —vhfyy(2,y) + 5 7y (2,y) + O(hQ)} dzdv
/fu x—z)fzy(z,y)dz + —/fu de/ 2K (v)dv + o(h?).

y (C1), we know the joint density function of (U, Z,Y) is fzy(z,y)fu(u). It is easy to
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see that the joint density function of (X, Z,Y) can be written as fzy(z,y)fu(z — 2), hence,

the joint density function of (X,Y) satisfies
fxy(z,y) = /fzy(z,y)fU(a: — 2)dz. (3.6.1)
This implies
Blxr(e.) = frolon) + 5 [ fue =288 oy + o),

To calculate the variance of fyy(z,y), we know that

Ef(z— 2)K (ﬂ) _ /fg(x_z)f@ (y;”) oy (2, 0)dzdv

—h/f r—2)K*(v)fzy(z,y — vh)dzdv

2712

i [ -0 [fz,y(z,y)—vhf’z,y(z,y)Jr—hf zry) + (1) ddo

= WR(K) [ f3la = ) fzx (2 )dz + o)

Hence

e N (I )

- nh2 { /fU & —2)fzy(x, 2)dz - R(K) +o<h2)} (Efxy(z,y))”

3I'—‘

[fxy(z.y) +O(h?)]’

;%IH

= [n [ - itz ez 4 00)] -
= 4 [ R Gtz R0 w0 ().

So, the MSE of fyy(z,y) can be derived from the bias-variance decomposition and the

expectation and variance expressions derived above. O
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Proof of Theorem 3.3.2. Denote that
1 y—Y; 1 y—Y;

Then fxy(z,y) — Efxy(z,y) = > i1 &jn- We will check this independent sum satisfies the

Lyapunov-Condition. Clearly, E(&;,) = 0. For any v > 0, by C,-inequality,

Bl < e [ote— 2 (5] 2 [Bhste— o (5 5)]
Note that
B {fu(x - 2K (y £ )} — [[ sz (—) Fov (2, y)dzdv
= [[ 17 = K0 fa ey — b
= [[ 5@ = K0 (0) — oh Sy (e + R fe9) + olb®)dzdo = O,

s0, E|&n*™ = (nh)™2770(h) + n=2770(1) = O(n~>""h~'77). From the variance deviation

we also know that E¢?, = O(=5;). Therefore,

nBlg. "7 O (n- i) :O( 1 >
(nh)z

(nE)T 0 (47 nh)

which is the order of o(1) by (C4). Application of the Lyapunov-CLT finishes the proof of
Theorem 3.3.2. O]

Proof of Theorem 3.3.3. We only have to show that fyy(z,y) — Efxy(z,y) — 0 almost

surely. Redefine

€nj = fulz — Z)K (y _hYJ> — Bfy(z — 2)K (%) .

Then hfxy(z,y) — Efxy(z,y)] = n" > -1 &nj- Note that &,; are ii.d. with E¢,; = 0 and
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£n5] < 2sup, K (u) :== B by the boundedness of K, as assumed in (C3). From the proof of

Theorem 3.3.1, we know that

o2 = % Z\/ar(fm-) = nh*Var(fx.y(z,y)) = hR(K) /fé(x —2)fzy(z,y)dz + o(h).

i=1

From Bernstein-inequality, for Ve > 0 and n sufficiently large,

nezh?
Zeh | <2exp | —5 5o

e“nh
= 2o (‘zmm T2 =) zy 2 p)dz 1 o(1) + B€> |

P(|JEX,Y(UC=ZJ) — Efxy(z,y)|>¢€) =P (

1 n

Note that nh/logn — oo by assumption (C6), so for some positive constant c,

00 ~ . o .
Y Pfxy(e,y) = Efxy(z,y) =€) <c) — <0,
n=1 n=1

which implies fvxvy —F f x,y = o(1) almost surely by Borel-Cantelli Lemma. N

Proof of Theorem 3.3.4. Note that

Efxy(z,y) - fXY(xvy

— / fUm—zK<y )fZYZdedv_fXY(x y)‘

= [ e ax

— / —fU(x— 2)K (y ; ) [fzy(z,v) — fzy(z —y)]dzdv

>

Y= ) Far(zy dzdv—/fU v — 2) oy (2 y)dz

>

= / —fu(z —2)K %)[fZY(Z:?/_U)_fZ,Y(Z_y)]dZdU
= /EK 7 {/ fo(x = 2)fzy(2,y —v)dz — /fU(I - Z)fZ,Y('Z?y)dZ} dv
= /lK (%) fxy(z,y—v) = fxy(z,y)dv

n

< sup-sup |fxy(z,y —v) = fxy(z,y)| +28- K(u)du,

Yy |ul<$ |ul>2
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which converges to 0 as n — oo. Note that K(v) = (2r)~! [ e ™!¢x(t)dt, then

. 1 -Y, 1 — 1 i(YYi )y
fxyy((l?,y) = EZfU(:E — Z])K (yTJ) — E;fU(x — Z])%/e ( h ) ¢K(t)dt

1 y—Y)t 1 i .
= 5= ; fole = Z;) /el(yy’) Ox(th)dt = o— / e~V fir(x — Z;)e™ i) e (th)dt.

For the characteristic function ¢y (t) of U, we have fy(x — Z;) = (2m) 7! [ e=#*@=Z) ¢, (s)ds.

Thus,

n

Fxy(x,y) = % / / eTWteis (% Ze@'yﬂ%zﬁ) du(s)dx (th)dids.

J=1

This implies that £sup, \fxy(z,y) — Efxy(z,y)| is bounded above by
E / 60(5) bk (t)|-|6nm(t, $)— B (t, 5)|dtds — / 60 (5) 65 (th)- Eldn(t, $)— Ebn(t, 5)|dtds,
where ¢, (t,5) = n~' 30, ¥"H4% Note that Elpn(t,s) — E¢,(t,s)[> <n~'. Then

Bswp | fuy (r.9) = Efxr ) < —= [ [ lovontmiasat =—= [ [ jov(ontoasa

which converges to 0 since nh? — oo by (C9). Thus, the result of Theorem 3.3.4 can be

obtained by the following triangular inequality
sup | fxy (2,y) = fxy (@) <sup|fxy(x,y) — Efxy(@,y)| +sup [Efxy (2, y) = fxy (z,y)|
z,y x,Y z,y

and the results derived above. O
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Proof of Theorem 3.3.5. First, we calculate the expectation of fxvy(l’, ).

| S R )
B h1h2 // [/ ( )fU( )d ] - L (yh_;}) fzy(z,v)dzdv
~ b ///K (x o )L (y;}) fo () f2y (2,v)dudzdy
- ///K (w)fzy(x —u— zhy,y — vhy)dudzdv

//K v) fxy(x — zhy,y — vhy)dzdv.

The last inequality is based on (3.6.1). By Taylor expansion, we have

0 : d : 2h30f% v (x,y
fxy(x — zhy,y — vhy) = fxy(z,y) — zhl—fx’gix v _ vhy fx,g;x v) + 2 5 L Xg; )
0 ) h3 0f% vy (2,y
+ zohyhy f)g;g; Y Y 5 ngg ) 4 o(h2) + o(h2) + o(h1hs).
So, Efxy(x, y) can be written as
an7Y(x7y) an,Y(x>y> ZQh% 8f)2(,Y(x7y)
//K [fxy(x y) — zhy o — vhy ay + 5 52
an,Y(x>y) v2h§0f§,y(l’,y)
+2vhihy 920y + 5 0y + 0(h?) + o(h3) + o(hihy) | dzdv
nO0fxy(@,y) | h3Ofxy(z,y)
= fxy(z,y) + ?XaYT + ?QXgT + o(h}) + o(h3) + o(hihy).

Next, we consider the variance of fxy(z,y). Note that

Var(fxy(z,9)) = #%h%\/ar (L (y zgyj) /K (:E_h—ul_z) fU(u)du>
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and

E [L (y ;QY) /K (x _}Z_ Z) fzf(u)du]2
S EE= o pe

— // hl/K fU(x_Z_Uhl)dU:|2h2 2(0) f2y (2, y — vhy)dzdv

= [ | [ K@fo(e = 2) = ubfi(e = 2) + L fgla ) O] -
e |
o L*(v) fzy (2, y — vhe)dzdv

_// hl/Ku x—zdu—h2/ (u)fg]<x—z)du+0(h§)r.

212
2(v) {fzy«z y) = vhafyy () + 2 g () + o<h§>] dzdv

2
= [[bifue = =)+ OB - (baL2(0)fav (e3) + OB

— W2hyR(L) / P2z — 2) fay (2, 9)dz + o(h2hy).

Hence, Var(fxy(z,y)) can be written as

nh11h2 [h%th(L) / filx —2)fzyv(2,y)dz + O(hTh3) + O(hzllhz)]
20 2 912 () )
) ”hi’” [hth(fXY(x 0+ g % +O() + O)

(z — 2)fzy (2, y)dz + O (h2> +0 (nh;) - % [Fxy(@,y) + Oh3) + O(h3)]*

_ nh /fU —2)fzy (2, y)d2+0(h2> +O<nh;) +O(%)'

The expression of MSE then can be obtained by the routine bias and variance decomposition

formula. L
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Proof of Theorem 3.53.6. Define

1 T —u—Z; y—Y;
o= [ 8 (S ) ot £ (1)

1 T —u y—Y;
_Enhth/K<h—1) For ()l - L( - )

Clearly, E¢;, = 0. there exists a positive constant ¢ such that

2 c T —u—Z; y—Y; 2490
Blenl* <t | [ 6 (52 ot £ (152

c 1 rT—u—Z; y—Y; 2+0
— |E— | K| —F du - L J
+ 7’L2""(S |: hlhg / ( hl ) fU(u> ! ( h2 ):|

Note that

(e (]
// [/ ( > fu(u )dU} o L (yh_2> fzy(z,v)dzdv

2446
= h%+6h2 // {/ K@) fu(z —z— uhl)du} L2+5(v)fz7y(z, y — vhy)dzdv,

which is the order of O(h?™hy) by (C5). So,

E£2+6 —

1 244 1 _ 1
Wo(hl h2) + n2+50(1) =0 <n2+5—h§+6> .

Note that fxy(z,y) — Efxy(z,y) = > iy &jn and Var(fxy(z,y)) = nE( 2,). From the
variance calculation in the proof of Theorem 3.3.5 we know that E(¢7,) = O(n~?h;"). Thus,

we have

n
nBlg O ()

1
(nEE,) T o(( n )) :O<<nhz>3>’

n2hg

which is the order of o(1). Thus the conclusion in Theorem 3.3.6 can be drawn by Lyapunov-
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CLT. [l

Proof of Theorem 3.5.7. Rewrite hihs [fX,y(ac, y) — EfX’y(x,y)] as n ! i1 &nj> Where

oy =L (y ;QYJ) /K (#) fu(wdu—EL (y ;f) /K (#) for(w)du.

&y are 1.i.d. with E¢,; = 0 and |§,;| < 2-sup, K(u)L(u) = B by the boundedness of K and

L. We assume that fi;, K and L are bounded. Then we have

02 = nh%thar(fX7y(x, y)) = hihy / fg(x —2)fzy(z, y)dz/LQ(v)dv + o(h?hs).

From Bernstein-inequality, for Ve > 0, and n sufficiently large,

P <|fX,Y($,y) - EfX,Y(x,yﬂ > €>

1 & n(ehihsy)?
(5] ) < (20
e2nh1h2 >

: 202 + Behyhy
Jj=1
=2 -
exp ( 2h [ fi(x —2)fzy(z,y)dz [ L*(v)dv + o(1) + Be

By assumption (D4), nhihy/logn — oo, then for a positive constant c.
[o¢] R . s 1
" Pl fxr(ey) - Efvy(zy) 2 ey — < oo
n=1 —

By Borel-Cantelli lemma, we finish the proof of Theorem 3.3.7. O
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Proof of Theorem 3.3.8. Note that ‘Efx,y(x,y) — fxy(z,y)

i [ (B st (U2 fatenisao = fto)

o [ 5 (2) £ () (o= 2= ) = e loldsde

< sp g o ot === vt [ () f e ()
+2B(/|u1>2 K (uy)duy /uzl>:i§ L(ug)du2+/|m|>;2 K (uy)duy /|u<i L(us)dus

+/ K(ul)dul/ L(Uz)dw),
|'LL1‘<% ‘u2|>%

is equal to

so it converges to 0 as n — co. Rewrite K and L as K(v) = (2r)! [ e ™" ¢g(t1)dt; and
L(v) = (2m)7! feiithQSL(tg)dtQ, then we have

Fxy(z,y) Z/hl (—1 Zj) fo(u)du - higL (_y ;:/3>
- _Z/ {27rh1/ (5 )tldtll fo(u)du Uy 1h2 /€_i< e ¢ (ta)dty
_ E; (%) / / TN g (1) fur(w) by du / Vi (1)

1\? , , 1 < '
= (%> /// e~ z—u)ty ,—iyt (ﬁ Zeletl(lejtz> ¢K(tlhl)gbL(tghg)fU(u)dudtldtQ.
7j=1

Note that ¢y (t1) = [ e fy(u)du, so

ny<l' y ( ) // mt1 —iyty | <% Zeithleintz) ¢K<t1h1)¢L<t2h2)¢U(t1)dtldtg.
j=1
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This implies that the expectation E'sup, , |‘]EX7y(ZL‘, y) — Efxy(x, y)| is bounded above by

E// |OK (t1h1) oL (tahe)du (t1)| - |pn(ts, ta) — Ey(t1, t2)|dt1dlts
- / / 61 (tah) 1 (taha)du(81)] - Elbu(tr, t2) — Bty to)|dtadta,

where ¢, (t1,t2) = n~' 30, 175 Note that E[én(t1,t2) — E¢n(ti,t2)]> < n~'. Then

Bsupfuy(e.) = Efxy ()| < % / 6o (t2)dty / 61 (taha)|dt

= ;hg/’¢U(t1)‘dt1¢l((t1h1)’dtl/]¢L(t2)’dt2’
V 1My

which converges to 0 since nh3 — oo. Thus, applying the triangular inequality

sup | fxv (2, 9) — fxy(2,9)] < sup|fxy(2,y) — Efxy(2,y)| +sup |[Efxy(2,y) — fxy(@,)]
T,y z,y z,y

leads to the conclusion of the theorem. OJ

72



Chapter 4

Conclusion

In this dissertation, several nonparametric density estimators are proposed for the data
contaminated super-smooth, ordinary-smooth, Berkson measurement errors. The estimators
are built using classical kernel and deconvolution kernel smoothing as building blocks.

In chapter 2, we proposed a nonparametric mixed kernel estimator for a multivariate
density function and its derivatives when the data are contaminated with different sources of
measurement errors. This estimator combines classical and deconvolution kernels to account
for error-free and error-prone variables, respectively, which is an extension of the estimator
in Shi et al. (2020). In addition, we consider the case where all three types of variables are
presented in the data, also, each type of the variable is multidimensional.

Although Shi et al. (2020) showed that for the bivariate nonparametric density estimator
of an error-free variable and a variable contaminated with measurement error, the optimal
convergence rate is dominated by the super smooth or the ordinary smooth component. It
might be natural to expect the optimal convergence rate is controlled in turn by the super
smooth, ordinary smooth and the error-free data in the multivariate cases, but it is not clear
how the optimal convergence rate is determined within each type of measurement errors.
In chapter 2, we identified which measurement error type, and which variable within each
measurement error type, plays the dominated role in determining the optimal convergence

rate of nonparametric estimators of the joint density or its derivatives.
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Further more, we discussed about the bandwith selection issue. As we showed in this
chapter 2, Theorem 2.4.4 shows that the optimal convergence rate can not be improved
by choosing different bandwidths for different components; when the super-smooth mea-
surement error appears in the data, the optimal convergence rate depends on the order of
derivatives, not on the dimensions of the variables. However, when only the ordinary-smooth
measurement error and error-free variables appear in the data, the optimal convergence rate
not only relies on the order of the derivatives, but also depends on the dimensions of the
variables explicitly.

Another significance of this chapter 2 is that we established a minimax optimal con-
vergence rate among ALL nonparametric estimators when the target joint density function
or the derivatives of joint density function of the random triple lies in a smooth family,
and proved that the proposed mixed kernel density estimator achieves the minimax optimal
convergence rate.

In chapter 3, we proposed two estimators for the joint density function of two random
variables, when one variable is contaminated with Berkson measurement error and another
variable can be observed directly. Those two estimators were developed with or without
applying the kernel smoothing for the data with Berkson measurement error.

The first estimator f is based on the estimator proposed by Delaigle (2007), which is
a combination of this component with the classical kernel smoothing idea for the observed
data. Due to the drawback noted in Long et al. (2016), we proposed the second estimator by
smoothing the Berkson measurement error component. For these two estimators, we have
shown some theoretical comparisons, including their mean squared errors, weak and strong
consistencies, and asymptotic normalities.

Furthermore, we explored the bandwidth selection issue, which has a substantial impact
on a kernel density estimator’s performance. Because the optimal bandwidth determined in
section 3.3 has limitations, we developed a data-driven bandwidth selector for both estima-
tors named least squares cross validation bandwidth selector. This selector was also shown
to have a robust performance in terms of selecting the ideal bandwidth in order to minimize

the estimators’ mean squares error.
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Though the probability density function are frequently the focus of attention, their es-
timation also serves as a crucial building block for other objects being modeled, such as a
conditional mean (i.e., a "regression function”), which can be directly modeled using non-
parametric or semiparametric methods (a conditional mean is a function of a conditional
PDF, which is itself a ratio of unconditional PDFs). Therefore, in the future work, we are

going to develop a nonparametric regression method for these types of data.
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