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Abstract 

A traditional refrigeration cycle has four main system components which are an 

evaporator, a compressor, a condenser, and an expansion valve.  Different types of 

refrigerants are used in most cooling cycles.  The main objective of this project was to 

develop a water-based cooling system by investigating the cavitation/flash phenomena 

for the flow through converging-diverging nozzles.  Although, cavitation can be harmful 

in some engineering applications and causes damage to pumps, refrigeration expansion 

valves, and capillary tubes, on the other hand, it can be managed and used in a beneficial 

way.  Cavitation in a flowing fluid can cause a reduction in temperature, which can result 

in energy being absorbed and hence, demonstrating a cooling potential.   Cavitation/flash 

can occur when the static pressure of the fluid falls below the vapor pressure, into a 

metastable liquid state.  This phenomenon has been shown in previous experimental work to 

occur in water flowing through a converging-diverging nozzle, where the cross-sectional area 

is constricted at the throat causing the velocity to increase and the pressure to decrease below 

the saturation pressure.  

The research presented in this dissertation is focused on developing a complete 

theoretical model and evaluation techniques to predict the results of the cavitation 

phenomena in a converging-diverging nozzle.  The conservation equations and the laws 

of thermodynamics are presented to understand the fundamental thermodynamics 

phenomena and to develop predictive models relevant to the cavitation process.  The 

developed models were used to predict pressure distributions, the onset of 

flash/cavitation, the condensation shock location, and the length of the two-phase region 

for water within a converging-diverging nozzle.  The predicted results were shown to 

compare well with the previous experimental work; in particular, with the length of the 

two-phase region.  The length of the two-phase region is defined as the distance from the 

flash inception point to the location where the condensation shock formed in the 

diverging section of the nozzle.  The length of the two-phase region is also used as a 

measure for the heat absorption area in the nozzle.  The larger the area of heat absorption, 

the higher the cooling potential is likely to be for the system.   Experimental results using 

water have shown only small temperature drops due to a cavitation process in 

converging-diverging nozzles, mainly due to the physical properties of water.  However, 



  

the models developed should also apply to cavitation with other fluids.  Hence, this 

analysis can form the basis for future evaluation and potential optimization of the nozzle 

geometry, and the identification of alternative fluids (properties), necessary to achieve 

maximum cooling potential for fluids flowing through converging-diverging nozzles.   
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the models developed should also apply to cavitation with other fluids.  Hence, this 

analysis can form the basis for future evaluation and potential optimization of the nozzle 

geometry, and the identification of alternative fluids (properties), necessary to achieve 

maximum cooling potential for fluids flowing through converging-diverging nozzles.
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Chapter 1 - Introduction 

Understanding how a simple refrigeration cycle works is helpful in the development of a 

non-vapor compression cooling system.  From the second law of thermodynamics, heat always 

flows from an object at higher temperature to a lower temperature.  Heat transfer occurs when 

there is a temperature difference within a medium or between two media.  The research in this 

thesis focuses on the investigation and the possibility of developing a water-based cooling and 

refrigeration system using cavitation within a converging-diverging nozzle.  Using water as the 

refrigerant (working fluid) in a system has many advantages.  Water as a refrigerant is 

inexpensive compared to other working fluids.  It is also environmentally neutral and safe to be 

used at any location.   

 

In a simple vapor-compression refrigeration cycle, Figure 1.1, a compressor circulates 

the working fluid throughout the system; it compresses the cold low-pressure vapor into hot 

high-pressure vapor.  The compressor pushes the hot vapor through the condenser to reject heat 

and sends the liquid to the expansion valve, and subsequently to the evaporator to provide 

cooling as it completes a cycle through the absorption of energy as heat.  The expansion valve 

controls the flow of the working fluid to the evaporator; it also lowers the pressure and therefore 

lowers the temperature.  Warm air passes through the evaporator that contains the cold fluid, the 

cold fluid in the evaporator absorbs the heat from air, and the cold air is delivered to the 

controlled indoor environment.   

 

 Figure 1.1 Components of a simple refrigeration/ air-conditioning system. 
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Implementing a converging-diverging nozzle in the system can be used to take 

advantage of the heat absorption area associated with the length of the cavitation region in the 

diverging section.  Figure 1.2 shows a refrigeration cycle using a converging-diverging nozzle.  

In a steady flow system, while ignoring the friction and separation effects, the velocity of the 

fluid entering the nozzle increases as the flow approaches the throat, which has the minimum 

cross-sectional area.  The “Bernoulli effect” causes the pressure to decrease until it reaches a 

minimum at the throat, or a short distance after the throat, causing cavitation to occur at this 

location where a two-phase flow starts to develop.  The two-phase working fluid moves at low 

velocities then accelerates downstream of the throat of the nozzle.  The pressure drop that 

occurs in the system causes cavitation, which causes a temperature drop in the fluid.   The 

temperature drop is used to absorb heat from the surroundings.  The region of low temperature 

and pressure is coincident with the length of the two-phase region.  This region is used as a 

measure of heat absorption and can be used to investigate the potential to develop a practical 

cooling system based on the converging-diverging nozzle.  

 

 

 Figure 1.2 Components of a refrigeration cycle using a converging-diverging nozzle 

 

 



3 

Cavitation can be a common problem in many devices such as pumps, control valves, and 

heat exchangers.  It can cause serious wear and damage as well as a reduction in the device 

lifetime [2].  Figure 1.3 shows the difference between the cavitation and boiling process lines on 

a pressure versus temperature phase diagram.  Cavitation occurs when the static pressure of the 

fluid drops below the vapor pressure, while keeping the temperature constant, i.e., the process 

moves along the constant temperature process line.  Boiling occurs when the fluid temperature 

elevates above the vapor temperature, while keeping the pressure constant, i.e., the process 

moves along the constant pressure process line.  Previous research showed the visualization of a 

two-phase flow moving at low velocities then accelerating downstream of the throat of a 

converging-diverging nozzle.  The pressure drop that occurs in the system causes cavitation, 

which causes a temperature drop in the fluid.  The temperature drop can therefore be used to 

absorb heat from the surroundings.  This dissertation documents the cavitation occurring in a 

converging-diverging nozzle.  The main objective of the project is to develop a complete model 

and associated prediction techniques for the cavitation within a nozzle.  This includes the 

inception and the length of the two-phase region, and the condensation shock within the 

converging-diverging nozzle. 

 

 

 

Figure 1.3 Phase diagram of a substance showing cavitation and boiling  
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 1.1 Literature Review 

 Cavitation 

Brennen [2], studied the physics of nucleation in impure or contaminated engineering 

environments.  The study was divided into two different engineering processes: cavitation and 

boiling.   

 

Cavitation can be described as the nucleation process of changing from liquid to gas at a 

constant temperature; the change is due to a pressure drop which falls below the saturated vapor 

pressure.  On the other hand, boiling is the nucleation process of changing from liquid to gas at 

a constant pressure; the change is due to a temperature increase which rises above the saturated 

vapor/liquid temperature.  Although, the basic mechanism of the two processes are similar, a 

uniform change in pressure in a liquid is more often easier than a uniform change of 

temperature.  Studies have focused on what happens in a given flow if the pressure decreases or 

the velocity increases so that the pressure in the flow falls below the vapor pressure.  A 

relationship called the cavitation number was introduced by Brennen as a non-dimensional 

cavitation parameter [2].  The cavitation number is considered to be a measure of the 

development of cavitation in two-phase flow.  It is defined as follows:  

   

𝜎 =
𝑃∞ − 𝑃𝑣 (𝑇∞ )

1

2
 𝜌𝑙𝑈∞

2
    (1.1) 

 

The values 𝑈∞ , 𝑇∞ , and 𝑃∞ are the velocity, temperature, and the pressure of the fluid, 

𝑃𝑣  is the vapor pressure and  𝜌𝑙 is the density.  Every flow condition has a value of cavitation 

number even if the flow does not cavitate.  If the value of the cavitation number is large, single-

phase liquid flow is developed.  If the value of the cavitation number decreases, cavitation and 

nucleation start to form at a value called the incipient cavitation number.  When the cavitation 

number increases to a value higher than the incipient cavitation number, cavitation will vanish.  

Cavitation will have the same behavior as long as the flow has the same cavitation number 

value.  Previous research by Wilms [7] has shown the visualization of different types of 

cavitation in a converging-diverging nozzle flow under different nozzle geometries and different 
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test conditions.  The geometry can play a huge role in influencing the resulting velocity and 

void fraction, which affects the cavitation development.  Cavitation takes on several forms, 

including traveling bubble cavitation, swirl cavitation, shear cavitation, and attached wall 

cavitation [7]. 

 

 Nozzle Flows 

 The converging-diverging nozzle flow is considered one of the most important 

engineering applications.  The behavior of this application depends on the fluid type, the 

conditions of the fluid and the geometry of the converging and diverging sections of the nozzle.  

There are three different types of flow considered in a converging-diverging nozzle: single-

phase, cavitating, and flashing flow.  If the flow enters the nozzle as a subcooled liquid and 

remain liquid as it exits the nozzle, then it is considered a single-phase flow type.  If the flow 

enters the nozzle as subcooled liquid and a phase change occurs and the pressure recovery is 

above the vapor pressure, then it is a cavitating flow.  On the other hand, if the flow continues to 

be a two-phase mixture or a single-phase vapor as it exits the nozzle then it is a flashing flow.  

The pressure distribution for a given flow in a nozzle in terms of pressure versus distance is 

shown in Figure 1.4 for six different cases of backpressures.  A horizontal dashed-line of 

constant pressure identifies the saturation pressure.  
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Figure 1.4 Pressure distribution in a converging-diverging nozzle for various back pressures 

 

The flow in the converging-diverging nozzle for given inlet conditions can be controlled 

by the backpressure.  Consider a fluid entering the nozzle at low velocity at nearly the 

stagnation pressure, as shown in Figure 1.4.  Case (A) shows no flow throughout the nozzle 

when 𝑃0 = 𝑃𝑏 = 𝑃𝐴.  This is because there was no pressure difference between inlet and exit of 

the nozzle since the flow is driven by the pressure difference.  If the backpressure was slightly 

lowered as shown in case (B), a subsonic flow throughout the nozzle is observed, where 

velocity increases in the converging section as it reaches a maximum at the throat, and then 

velocity starts to decrease downstream of the throat in the diverging section.  The corresponding 

local pressure will decrease to a minimum value at the throat then increases downstream of the 

throat.  Sonic velocities can be achieved when the throat pressure is the same as the saturation 
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pressure which occurs in case (C),  𝑃𝑏 = 𝑃𝐶.  In this case the flow rate will reach its maximum 

value in the nozzle, which means no matter how much we lower the backpressure, the flow rate 

will not change.  In this case, the nozzle is said to be chocked, or the flow has reached choked 

conditions in the nozzle.  Case (D) shows that the velocity keeps increasing to supersonic 

velocity and pressure decreases below the saturation pressure.  Then, a condensation shock 

occurs at some point in the diverging section.  This shock will move downstream of the throat 

as the backpressure is lowered, which can get to a point where it shocks right at the exit of the 

nozzle.  This is shown for case (E) where the flow is supersonic throughout the diverging 

section of the nozzle.  Finally, case (F) shows no shock forming within the nozzle as the flow 

exits.  The behaviors seen in Figure 1.4 have similarities to compressible gas flow in a 

converging-diverging nozzle, the differences relate to the phase change that occurs when 

cavitation takes place. 

 

Two-phase flow is an example of multiphase flow that occurs in converging-diverging 

nozzles for cases D, E, and F in Figure 1.4.  It refers to the flow of two different phases with 

common interfaces in a channel.  Each phase has its own mass fraction of liquid and gas, its 

own properties, as well as its own temperature if the flow is not in equilibrium within the 

nozzle.  The main focus in this work will be on liquid-gas flow, which is perhaps the most 

important form of two-phase flow.  These flows exhibit different flow patterns (Figure 1.5) in 

vertical flows, such as bubbly flow where the liquid phase is continuous with developing 

bubbles with different shapes and sizes along the flow, slug flow where huge bullet shaped 

bubbles are formed within the liquid, annular flow where liquid flow along the walls and gas 

flows in the center of the tube containing some liquid drops in the gas flow, churn flow 

characterized by an unstable gas phase in large diameter tubes and smoother transiting in 

smaller diameter tubes, and mist flow where the liquid forms droplets in the gas flow with 

higher velocities and flow rates. Similar flow patterns may exist in a horizontal flow 

configuration as well. 
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Figure 1.5 Flow patterns in vertical upward flow [16] 

 

 Two-Phase Flow Models 

 

  There is a wide range of models that have been developed for two-phase flow systems.  

These include the homogenous equilibrium model, the separated flow model, the multi-fluid 

model, and the drift flux model.  Experimental data and empirical models have been discussed 

by Awad for circular pipes [8].  The models are important for the design of the experiments and 

to predict the design parameters.  In this research, we will focus on the homogenous equilibrium 

model and separated flow model.  

 

The Homogenous Equilibrium Model (HEM) is perhaps the simplest formulation 

compared with the other two-phase models.  The HEM simply assumes that the temperature and 

pressure at any given location of liquid and gas phases are the same and assumes saturation 

conditions, which means the phases are in thermal equilibrium.  It also assumes both liquid and 

gas phases are traveling with the same velocity, referred to as the no-slip condition, which 

means the phases are in mechanical equilibrium.  Because of the assumptions made for the 

HEM, it is also considered the least accurate model [9].  The velocity for the liquid and gas 

phases can be expressed as a function of mass flow rate 𝑚̇, density 𝜌, flow quality Q, and void 

fraction 𝛼 as follows: 
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𝑉𝑓 =
𝑚̇ (1−𝑄)

 𝜌𝑓 (1−𝛼)
          (1.2) 

 

𝑉𝑔 =
𝑚̇ 𝑄

 𝜌𝑔𝛼
      (1.3) 

 

By equating these two velocities, an expression for the void fraction can be formed in terms of 

quality and densities:  

 

                                      𝛼 =
1

 1+
1−𝑄

𝑄
 (
 𝜌𝑔

 𝜌𝑓
)   

                                 (1.4) 

 

Different forms or variations of the HEM have been used for various engineering 

applications to analyze flow in different channels, including the current study of cavitation.  

Other applications include the study of flow patterns in convergent-divergent nozzles of diesel 

injectors [9], an improved model in pipe flows [10], and numerical simulation of capillary tubes 

[11].  Stewart and Wendroff [12] reviewed the application of HEM model for various 

engineering applications and advised to check the model against more accurate theoretical 

models. (1.2) 

 

Another two-phase flow model is the separated flow model, known as the non-

homogenous equilibrium model, or the slip-flow model.  A common assumption in the model 

states that the phases are in thermal equilibrium where both pressure and temperature of the 

phases at any given location are the same.  This is similar to the HEM; however, it provides an 

improvement to the HEM by applying the slip factor associated with the gas and liquid phases, 

which is defined as the ratio of gas velocity to the liquid velocity.  Incorporation of slip between 

phases allows for different gas and liquid velocities with different flow properties.  Different 

expressions and correlations of the slip ratio have been developed depending on the specific 

application assumed in the modeling.  A simple expression for the slip ratio is defined as 

follows:  
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                                        𝑆 =
 𝑉𝑔

 𝑉𝑓
                      (1.5) 

Equation (1.4) can subsequently be modified to include the slip ratio as follows: 

 

                                    𝛼 =
1

 1+
1−𝑄

𝑄
 (
 𝜌𝑔

 𝜌𝑓
)𝑆   

                                       (1.6) 

 

The model seen in Equation (1.6) was used in the work of Lockhart and Martinelli [13].  It is a 

less accurate model when applied to all flow patterns, but has the advantage of simplicity.  The 

model can be easily developed by assuming that the velocity is different for each phase and 

applying the conservation equations (continuity, momentum, and energy) for the combined 

flow.  The conservation equations can be developed for each phase separately instead of simply 

assuming the velocities to be different [13]. 

 

 Speed of Sound Models 

  In a cavitating two-phase fluid flowing through a converging-diverging nozzle, as the 

downstream backpressure is lowered, the velocity of the fluid will initially increase to a 

maximum value near or downstream of the throat.  This maximum throat velocity will be 

referred to as the sonic velocity.  In fact, well downstream of the throat, the resulting two-phase 

fluid velocity can exceed the speed of sound for a two-phase mixture.    Once sonic conditions 

are reached at the throat, if the backpressure drops any further, the velocity at the throat will not 

be affected.   

 

The speed of sound in a two-phase flow is more complex than that for single-phase flow.  

For a single-phase flow, the speed of sound was derived by Wallis [14] as a function of pressure 

and density where c is the speed of sound, and is given by: 

 

                                        𝑐 = (
𝜕𝑃

𝜕𝜌
)
𝑠

1

2
                                                (1.7) 
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where this single-phase equation is evaluated with the assumptions of mechanical and 

thermodynamic equilibrium. The subscript “s” in Equation (1.7) denotes that this derivative is 

evaluated at constant entropy. 

 

      For two-phase flow, different models have been developed to evaluate the speed of 

sound.  Some models assume a two–phase flow in mechanical and thermodynamic equilibrium 

within a converging-diverging nozzle, ignoring the exchange of mass between the two phases.  

Wallis [14] has developed such a model for the speed of sound given by:  

 

                                   
1

𝜌𝑐2
=  

𝛼

𝜌𝑔𝑐𝑔
2 +

1−𝛼

𝜌𝑓𝑐𝑓
2                                    (1.8) 

 

where 𝜌 is the mixture density, 𝑐𝑔 and 𝑐𝑓 are the single-phase vapor and liquid sound speeds, 

and 𝜌𝑔 and 𝜌𝑓 are the single-phase vapor and liquid densities.  Franc [15] has developed a 

model for the speed of sound accounting for the phase change and using the latent heat to reflect 

the degree of thermal exchange between the phases of the gas and liquid; the expression is given 

by 

 

                               
1

𝜌𝑐2
=  

𝛼

𝜌𝑔𝑐𝑔
2 +

1−𝛼

𝜌𝑓𝑐𝑓
2 +

(1−𝛼)𝜌𝑓𝐶𝑝𝑙𝑇

(𝜌𝑔𝐿)
2                         (1.9) 

 

where L is the latent heat.  This dissertation will be using Equation (1.9) to calculate the speed 

of sound for the evaluation of the flow in the converging-diverging nozzle under study. 

 

 Pressure Drop Models 

The discussed two-phase flow models in converging-diverging nozzles depend on 

important physical parameters including the pressure drop where losses occur in the flow due to 

friction, gravitational effects, and acceleration.  The heat transfer coefficient is also important in 

the application of these models to the sizing of heat exchangers. The research on the two-phase 

flow pressure drop started in the 1940’s, and then data has been collected from testing various 
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horizontal and vertical two-phase systems in attempt to develop general models to predict the 

pressure drop [17].  It is a major consideration in evaluating the operation of condensers and 

evaporators in engineering refrigeration applications.  An overview of single-phase pressure 

drop characteristics will be presented next, followed by a brief discussion of the frictional 

pressure drop models applicable in two-phase flow. 

 

Single-phase pressure drop models are used in the development of two-phase pressure 

drop models associated with a variety of flow regimes; they utilize some form of friction factor 

as a function of Reynolds number.   In smooth pipes, a laminar flow will occur when the 

Reynolds number is less than 2300 where the resistance of the flow is independent of the wall 

roughness.  The friction factor for laminar flow in different duct geometries can be evaluated 

from a solution to the Navier-Stokes equations.  For pressure drop in pipe or tube flow, the 

associated Moody (or Darcy) friction factor is defined by: 

 

 

𝑓𝐷  =
−𝐷ℎ(

𝑑𝑃

𝑑𝑧
)

 
𝜌𝑈𝑚

2

2

                                  (1.10) 

 

where 𝑈𝑚
  is the mean (or average) velocity and 𝐷ℎis the hydraulic diameter defined as:  

 

                                    𝐷ℎ =  
4𝐴

𝑝
                                         (1.11) 

 

where 𝐴 is the cross-sectional area and 𝑝 is the wetted perimeter.  For a fully developed laminar 

tube flow, the Darcy friction factor is given by:  

 

                                           𝑓𝐷 =  
64

𝑅𝑒𝐷
                                            (1.12) 

 

where 𝑅𝑒𝐷 is the Reynolds number based on the diameter D.  Turbulent tube flow occurs when 

the Reynolds number is significantly above 2300.  For smooth tubes, the frictions factor is well 
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represented by the Blasius relation [30], and can be expressed in terms of the Darcy friction 

factor given by: 

 

                                          𝑓𝐷 =  
0.3164

𝑅𝑒𝐷

1
4

                           (1.13) 

 

This equation is valid for all single-phase turbulent flows with Reynolds number ≤ 105.  After 

determining the friction factor for the type of flow, rearranging Equation (1.10) and integrated 

over the length L, the frictional pressure drop for the single-phase flow can be calculated using 

the following expression: 

 

                                           ∆𝑃 =  
2𝑓𝐷𝐺

2𝐿

𝜌𝐷ℎ
         (1.14) 

 

where G is the mass flux defined as the mass flow rate divided by the cross-sectional area and 𝐿 

is the length of the associated single-phase region.  

 

  A majority of the research that was done in the area of two-phase flow pressure drop 

correlation development included large diameter tubes; a very limited amount of work was done 

on small diameter tubes or channels.  The correlations can be classified based on the cross-

sectional area, flow rates of the fluid, and the flow patterns.  This research will utilize three 

different two-phase frictional drop correlations which are the homogeneous equilibrium model 

(HEM) [10], the Lockhart-Martinelli model [13], and the Friedel model [20]. 

 

The homogenous equilibrium model (HEM) [10] assumes that both phases have the 

same velocity.  The two-phase flow is then treated as single-phase flow with a common gas-

liquid mixture density given by: 

 

                                      𝜌 =  (
𝑄

𝜌𝑔
+ 

1−𝑄

𝜌𝑓
)
−1

                             (1.15) 
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As with single-phase flow, the friction factor for this mixture flow depends on Reynolds number 

as indicated below. 

 

                                   𝑓 =  

{
 
 

 
 

64

𝑅𝑒
,                           𝑅𝑒 < 2000

0.3164

𝑅𝑒
1
4

,        2000 ≤ 𝑅𝑒 < 20000

0.168

𝑅𝑒0.2
,                       𝑅𝑒 ≥ 20000

                      (1.16) 

 

Since the assumption in separated flow is to have different velocities for the gas and 

liquid phase, the two-phase frictional pressure drop multiplier was developed to account for the 

single-phase results in modeling by Lockhart and Martinelli [10].  The correlation was 

developed by considering one of the phases to exist throughout the tube and uses the 

corresponding mass flux to calculate the Reynolds number.  It’s based on experimental pressure 

drop data collected from different testing including air, water, and various oils.    The 

correlation proposed different two-phase friction multipliers, one for each separate phase, which 

depend on the ratio of liquid to gas phase pressure gradient also known as the Lockhart-

Martinelli parameter (X). The Lockhart and Martinelli correlation is given by: 

 

                                   (
𝑑𝑃

𝑑𝑧
)
𝑡𝑝

=  ∅𝐿
2 (

𝑑𝑃

𝑑𝑧
)
𝐿
= ∅𝐺

2 (
𝑑𝑃

𝑑𝑧
)
𝐺

                        (1.17) 

 

                                        (
𝑑𝑃

𝑑𝑧
)
𝐿
=  

2𝑓𝐿𝐺
2(1−𝑄)2

𝜌𝐿𝐷
                                  (1.18) 

                                         (
𝑑𝑃

𝑑𝑧
)
𝐺
=  

2𝑓𝐺𝐺
2𝑄2

𝜌𝐺𝐷
                                           (1.19) 

 

 

                              ∅𝐿
2 = 1 +

𝐶

𝑋
+

1

𝑋2
  ,   ∅𝐺

2 = 1 + 𝐶𝑋 + 𝑋2                     (1.20) 
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                                                     𝑋2 =
(
𝑑𝑃

𝑑𝑧
)
𝐿

(
𝑑𝑃

𝑑𝑧
)
𝐺

                               (1.21) 

 

where 𝐺 is the total mass flux and the constant C was introduced by Chisholm [19] as the 

Chisholm parameter which depends on the separate liquid and gas Reynolds numbers to identify 

the viscous laminar (V) and turbulent (T) regimes as follows: 

                                 

          𝐶 =  

{
 

 
5,             𝑓𝑜𝑟 𝑅𝑒𝐿 < 1500 𝑎𝑛𝑑 𝑅𝑒𝐺 < 1500   (𝑉 − 𝑉 𝑐𝑎𝑠𝑒)

10,           𝑓𝑜𝑟 𝑅𝑒𝐿 > 1500 𝑎𝑛𝑑 𝑅𝑒𝐺 < 1500   (𝑇 − 𝑉  𝑐𝑎𝑠𝑒)

12,           𝑓𝑜𝑟 𝑅𝑒𝐿 < 1500 𝑎𝑛𝑑 𝑅𝑒𝐺 > 1500   (𝑉 − 𝑇  𝑐𝑎𝑠𝑒)

20,           𝑓𝑜𝑟 𝑅𝑒𝐿 > 1500 𝑎𝑛𝑑 𝑅𝑒𝐺 > 1500   (𝑇 − 𝑇  𝑐𝑎𝑠𝑒)

   (1.22) 

 

The Friedel model [20] was developed based on a large database for both vertical and 

horizontal flow orientations in pipes.  The liquid only two-phase multiplier (∅𝐿𝑂)is expressed as 

a function of vapor mass quality (𝑄) and gas only or liquid only friction factors (𝑓)  defined by 

subscripts GO and LO, respectively.  The total mass flux is used as all liquid or all gas, 

respectively.  The Froude number (Fr) was used to account for gravitational effect and the 

Weber number (We) to account for surface tension effects.  Both numbers are expressed in 

terms of the homogenous mixture density,  𝜌ℎ.  The Friedel model is presented as a liquid-only 

two-phase multiplier for the frictional pressure drop, and takes the following form:  

 

                              (
𝑑𝑃

𝑑𝑧
)
𝑡𝑝

=  ∅𝐿𝑜
2 (

𝑑𝑃

𝑑𝑧
)
𝐿0

= ∅𝐿𝑜
2 (

2𝑓𝐺2

𝜌𝑓𝐷
)                        (1.23) 

∅𝐿𝑜
2 = (1 − 𝑄)2 + 𝑄2 (

 𝜌𝐿
 𝜌𝐺

) (
 𝑓𝐺𝑂
 𝑓𝐿𝑂

) + 

+ 3.24𝑄0.78 (1 − 𝑄)0.224 (
 𝜌𝐿

 𝜌𝐺
)
0.91

(
 𝜇𝐺

 𝜇𝐿
)
0.19

(1 −
 𝜇𝐺

 𝜇𝐿
)
0.7

𝐹𝑟𝑡𝑝
−0.045𝑊𝑒𝑡𝑝

−0.035   (1.24) 
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                          𝐹𝑟𝑡𝑝 =  
𝐺2

𝑔𝐷𝜌ℎ
2    ,      𝑊𝑒𝑡𝑝 =  

𝐺2𝐷

𝜎𝜌ℎ
2                                (1.25) 

  

A number of two-phase correlations for pressure drop, including the ones discussed earlier, 

have been compared in a study done by Dalkilic et al. [21].  The study compared multiple 

pressure drop models with experimental results of pressure drop from R600a in a horizontal 

smooth copper tube and R134a in a vertical smooth copper tube both under annual flow 

conditions.  The study considered different tests conditions, and their results showed that the 

annular flow models were not affected by the orientation of the tube, either vertical or 

horizontal, as both predicted good results for the comparison between experimental and two-

phase pressure drop.  Filip et al. [22] compared seven different two-phase pressure drop models 

with experimental results for the condensation of R600a and R717 in horizontal tubes.  

Different tests were done applying various test conditions including different mass flow rates.  

The overall behavior of the models was studied, and the results showed the importance of vapor 

mass quality.  While most of the two-phase flow pressure drop research has been focused on 

flow through constant area ducts, little experimental research has been conducted on variable 

area ducts (or nozzles). 

 

 Flash “Cavitation” Inception 

 The cooling potential of a converging-diverging nozzles using a blow down system was 

studied by Ahmed [23] in an effort to analyze the cavitation phenomenon.  The work focused on 

understanding the relationship between the pressure drop and cavitation inception in a 

converging-diverging glass nozzle by varying the temperature of the fluid.  Also, understanding 

the relationship between the cavitation and boundary layer separation was investigated by using 

inserts in the nozzles.  By lowering the backpressure of the nozzle, the flow rate increased until 

the choked conditions, which results in the flow rate through the nozzle remaining constant even if 

the backpressure is reduced beyond a certain limit.  It was observed that cavitation was initiated 

at a given backpressure when the flow rate was about 90-95% of the maximum achievable flow 

rate in the nozzle.  Using the experimentally measured flow rates and inlet pressures, Ahmed 

created Table 1-1, which provides an estimate of the throat pressure under steady state 

conditions for different temperatures.  
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Table 1-1 Steady state calculated throat pressure [23] 

  

 

Negative pressure calculated at the throat of the nozzle indicates that the liquid most likely was 

under tension before it underwent cavitation.  The table results suggest that the difference 

between the saturation pressure and the throat pressure was approximately constant for the three 

different temperatures.  Ahmed visualized the position of the cavitation inception in the 

converging-diverging nozzle using a high-speed camera.  In most of the research, cavitation 

inception usually occurred at the throat where the pressure was the lowest; however, results 

showed that at steady state conditions, the cavitation inception position sometimes occurs 

downstream of the throat.  The presence of the “Vena contracta” effect causes the pressure to 

continue to decrease and the flow rate to continue to increase downstream of the throat in the 

diverging section of the nozzle.  This minimum throat condition appears to be where cavitation 

initiates, corresponding to an effective minimum cross-section.  Ahmed’s research, as depicted 

in Figure 1.6, shows the cavitation onset for different fluid temperatures and constant 

backpressure, and indicates that the cavitation onset was at approximately the same location for 

all three different fluid temperatures, downstream of the throat. 
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Figure 1.6 Cavitation at different temperatures and constant backpressure [23] 

 

Gallman [24] extended the work that was done by Ahmed in an attempt to improve 

understanding of the cavitation phenomenon through measurements of the pressure distribution 

for a two-phase flow in a transparent 3D printed converging-diverging nozzle.  The plastic 

nozzle used in the experiments was made to match the geometry of the converging-diverging 

glass nozzle that was used in the experiments by Ahmed.  Results were taken for an inlet 

temperature of 20℃  and three different backpressures of 43.2 kPa, 30.5 kPa, and 15.17 kPa 

absolute pressure.  The minimum pressure in the nozzle occurred just a little downstream of the 

throat due to the “Vena contracta” effect.  The cavitation initiation was visualized to occur at the 

throat where the pressure tap was located, indicating that the hole likely acted as the source of a 

nucleation site.  Table 1-2, created by Gallman, shows the results of the pressure measurements 

for the tested backpressures.  
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Table 1-2 Two-phase flow pressure data for each steady-state test in the clear plastic nozzle [24] 

 

 

Although, limited experimental work has been associated with measuring and 

visualizing cavitation flash inception, this topic is important to the current research, which 

attempts to predict the static flashing inception in a converging-diverging nozzle at given 

operating conditions.  Alamgir and Lienhard [25] developed a correlation based on data from 

different sources which relates the static pressure undershoot at the inception point to the 

depressurization rate at the inlet temperature.  This correlation was used to determine the 

flashing inception point for both pipe and nozzle during the depressurization of water for non-

flowing systems.  The pressure undershoot is the difference between the saturation pressure and 

the superheated pressure that occurs when a fluid that has a high pressure and a high 

temperature is depressurized to a superheated state and reaches a pressure below the saturation 

pressure.   The correlation for the static flash inception line, pressure undershoot as a function of 

local properties, was given by:  
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∆𝑃𝐹𝑖𝑜 = 𝑃𝑠𝑎𝑡 − 𝑃𝐹𝑖 =  0.253
𝜎
3
2

√𝑘𝑇𝑐
 
𝑇𝑅
13.73 √1+14 ∑  ′ 0.8

[1− 
𝑣𝑓

𝑣𝑔
]

                (1.26) 

 

where 𝑃𝑠𝑎𝑡 is the saturation pressure at the inlet temperature in 𝑃𝑎, 𝑃𝐹𝑖 is the pressure at the 

flashing inception in 𝑃𝑎, 𝑘 is Boltzmann's constant in  𝐽/𝐾, 𝜎 is the surface tension in 𝑁/𝑚, 

𝑇𝑅    is the reduced temperature and 𝑇𝑐 is the critical temperature in 𝐾,  𝑣𝑓  and 𝑣𝑔 are the 

specific volumes of saturated liquid and saturated vapor at the inlet temperature in 𝑚3/𝑘𝑔, and 

∑  ′ is the depressurization rate in Mbar/s.  The correlation for the static undershoot was 

developed with the following ranges for both the reduced inlet temperature and the 

depressurization rate given by:  

 

0.515 ≤  𝑇𝑅  ≤   0.935 

and 

0.004 𝑀𝑏𝑎𝑟/𝑠 ≤  ∑ ≤ 

′ 

1.803 𝑀𝑏𝑎𝑟/𝑠 

 

Results showed that the pressure undershoot was constant for depressurization rates lower than 

0.004 Mbar/s and increased as the depressurization rate increased above this value.  The 

flashing inception superheats were at temperatures of 50℃ or higher. 

 

The flashing inception work by Alamgir and Lienhard for non-flowing systems was 

extended in an effort to calculate the flashing inception in flowing systems by Abuaf [36].  It’s 

seen that the major difference between the static flash inception correlation and the new 

correlation by Abuaf is due to the presence of turbulent pressure fluctuations in a moving fluid.  

This finding characterizes the flashing inception correlation as a function of inlet temperature, 

depressurization rate, and turbulent pressure fluctuations of the fluid.  Abuaf [36] presented an 

equation for the flashing inception for liquids flowing steadily in a nozzle by combining the 

static flashing inception correlation and the turbulent pressure fluctuations, which accounts for 

the turbulence effects and the area ratio, as follows:    
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𝑃𝐹𝑖 = 𝑃𝐹𝑖𝑜 − 27(
𝑢′2

 
̅̅ ̅̅ ̅

𝑈2 )
 𝐺2

2𝜌𝑙
  (

𝐴𝑧

𝐴𝑖𝑛
)
1.4

                               (1.27) 

 

where 𝑈 is the mean velocity of the flow, 
𝑢′2

 
̅̅ ̅̅ ̅̅

𝑈2
 is the square of the turbulent velocity fluctuation 

which depends on the Reynolds number, 𝐺 is the total mass flux, 𝐴𝑧 is the cross-sectional area 

at any location z, and 𝐴𝑖𝑛 is the cross-sectional area at the inlet.  The equation shows that with 

increasing mass flux the flashing inception undershoot will decrease in magnitude.  Wu et al. 

[27] proposed the decompression rate for a particle of fluid flowing in a nozzle by considering a 

Lagrangian approach to extend the static experiments to flowing systems, yielding  

 

∑  ′ =
𝑑𝑃

𝑑𝑡
= 

𝜕𝑃

𝜕𝑡
]
𝑧
+  𝑈

𝜕𝑃

𝜕𝑧
]
𝑡
                              (1.28) 

 

where  
𝜕𝑃

𝜕𝑡
]
𝑧
represents the static depressurization rate, and  𝑈

𝜕𝑃

𝜕𝑧
]
𝑡
represents the convective 

(dynamic) depressurization rate.  Wu et al. research [27] used published data by Brown [28] for 

different subcooled inlet conditions in converging-diverging nozzles flows with flashing 

occurring in the nozzle.  The pressure distribution in the converging-diverging nozzle is shown 

in Figure 1.7 for two different runs with inlet temperatures of 270℃ and 286℃.  An equation 

for the local depressurization rate using Bernoulli’s equation and mass conservation, relating the 

depressurization rate to the rate of nozzle area change with respect to position, was introduced 

as follows: 

 

∑  ′ = 
𝑑𝑃

𝑑𝑡
=

𝑑𝑃

𝑑𝑧
∗
𝑑𝑧

𝑑𝑡
=

𝑚̇3

𝜌2𝐴4
∗
𝑑𝐴

𝑑𝑧
                          (1.29) 
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Figure 1.7 Pressure distributions for two experiments (Run 36, 51) under 18.3 and 50℃ 

subcooled inlet conditions [28] 

 

Figure 1.8 shows the static pressure undershoot at flashing onset as a function of the 

depressurization rate [27].  Also, using Brown’s experimental data and Equation (1.28), the 

experimental superheats are represented as the dashed line in Figure 1.8.  The solid curve 

represents the static flashing inception for each run.  The subcooled fluid conditions are 

indicated for taps at a condition where 𝑃𝑠𝑎𝑡 − 𝑃 ≤ 0. The superheated fluid conditions represent 

the region between the solid curve where 𝑃𝑠𝑎𝑡 − 𝑃 = 0 and the horizontal axis.  For (Run 36), 

the figure shows results that the fluid at tap 3, 4, and 5 is subcooled.  The condition between tap 

5 and the throat (tap 6) crosses the inception line, where flashing was predicted to occur.  For 

(Run 51), the figure shows results that the fluid at tap 1 and 2 is subcooled, but pressure tap 3, 4, 

and 5 is superheated.  Flashing again occurred between tap 5 and 6. 
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Figure 1.8 Comparison of the flashing inception predicted by Alamgir and Lienhard [25] (solid 

line) with the locus of the liquid depressurization history (circles connected by dashed line) in 

Brown's nozzle for two different runs [28] [27] 
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Davis [3] conducted research focused on the development of cavitation where a 

transparent planar venturi nozzle was used in a blow-down system facility.  The system includes 

two tanks used as liquid reservoirs; the fluid was pumped down to the needed pressure by using 

a vacuum pump.  The nozzle was designed with a 5th order polynomial shape; inlet and exit 

diameters were 19 mm, and the throat diameter was 1.58 mm.  A high-speed camera was used 

to acquire the flow visualization [3].  Figure 1.9 shows the flow going from left to right in a 

water test with a pressure downstream of 20 kPa.  Figure 1.10 shows pressure measurements for 

water along the nozzle centerline versus position, and the data shown has been normalized by 

the inlet pressure.  The nozzle geometry is also shown in the figure for reference, where the 

throat is at the relative nozzle length position x/L = 0.3.  Four cases were introduced in Figure 

1.10 by the backpressure and inlet pressure ratios of 0.2, 0.3, 0.55, and 0.75.  The backpressures 

of the four cases are 60 kPa, 40 kPa, 20 kPa, and 15 kPa, respectively.  From the figure, the 

pressure profiles for 60 kPa and 40 kPa backpressure are single-phase throughout the nozzle, 

which means cavitation did not occur in the nozzle.  The next two cases showed that, as the 

pressure decreases, cavitation occurs in the nozzle close to the throat.  After cavitation, the flow 

will be in the supersonic region until it reaches a shock for both cases at x/L = 0.45 for case 3 

and x/L = 0.6 for case 4.  This can be seen in case E in Figure 1.4.  The position of the shock in 

the nozzle can be controlled with either decreasing or increasing the backpressure.  Void 

fractions were measured as well, and bubbles started to develop at x/L ≈ 0.25, followed by an 

abrupt change in void distribution at x/L ≈ 0.6.  

 

 

Figure 1.9 Capture of water cavitation mixture, Davis [3] 
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Figure 1.10 Axial pressure distribution in water, Davis [3] 

 

 Length of Two-Phase Region (Condensation Shock) 

 

Soyama [29] analyzed the length of the cavitation region for water flowing through a 

venture tube with respect to the upstream pressure, which is the injection pressure, and the 

downstream pressure which is the pressure at the throat of the tube.  The fluid was pressurized 

using a diaphragm pump and injected into the system. The diaphragm pump controlled the 

upstream pressure, and the downstream pressure was controlled by a valve.  Figure 1.11 shows 

the dependence of the cavitating region on different upstream pressures at a constant 

downstream pressure.  Similarly, Figure 1.12 shows the dependence of the cavitating region on 

different downstream pressures at a constant upstream pressure.  Two different types of 

experiments were done employing a flow visualization technique using a high-speed camera.  

The length of the cavitation region is shown by varying the upstream pressure at constant 

downstream pressure in Figure 1.11.  In Figure 1.12, the length of cavitation region is exhibited 

by varying the downstream pressure at constant upstream pressure.  Results from the figures 

show that increasing the upstream pressure at constant downstream pressure, caused the length 
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of the cavitation region to increase.  This was due to an increase in the pressure difference, 

which resulted in a decrease in the cavitation number from Equation (1.1).  On the other hand, 

increasing the downstream pressure at constant upstream pressure, caused the length of 

cavitation region to decrease due to a decrease in the pressure difference. 

 

 

Figure 1.11 Cavitating region as a function of upstream pressure at constant downstream 

pressure 𝑃2 = 0.12 MPa.  Reproduced from Soyama [29] with the permission of AIP Publishing 

 

  

Figure 1.12 Cavitating region as a function of downstream pressure at constant upstream 

pressure 𝑃1 = 0.6 MPa. Reproduced from Soyama [29] with the permission of AIP Publishing 
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Ahmed [23] measured the cavitation length (the length of two-phase flow region) in a 

glass converging-diverging nozzle while varying the backpressures for different water inlet 

temperatures of 25℃, 50℃, and 70℃.  A high-speed camera was used to capture visualization 

of the cavitation region in the nozzle.  As mentioned earlier, varying the backpressures in the 

downstream reservoir did not affect the location of the cavitation onset, as it was always 

observed to occur at the same location.  Flow visualization and quantitative measurements 

showed an increase in the length of cavitation region as a result of a decrease in the 

backpressure.  For sufficiently high backpressure, the cavitating two-phase flow always 

condensed back to single-phase liquid within the diffuser section of the nozzle; however, for 

much lower values of backpressures, the flow continued to be two-phase mixture throughout the 

diverging section to the exit of the nozzle.  Figure 1.13 summarize the results of the length of 

two-phase region in terms of absolute backpressure in the nozzle for three different water 

temperatures.  A linearly increasing trend line is shown in the figure for the length of the 

cavitation region with increasing backpressure. The intersection of the trend line with the 

horizontal axis indicates the absolute value of the backpressure where the cavitation initiated 

within the nozzle. 

 

 

Figure 1.13 Variation of cavitation length with temperature and backpressure, Ahmed [23] 
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In a study by Nakagawa, et. al [4] with CO2 as an alternative refrigerant in a 

converging-diverging nozzle, condensation shocks were observed.  A modified simple vapor 

compression cycle was used as the refrigeration cycle, and the compressor power input was 1.3 

kW.  A rectangular converging-diverging nozzle was used, and the length of the diverging 

section was 8.38 mm.  A shorter length nozzle was observed to give a higher outlet pressure, 

whereas, a longer length nozzle resulted in lower outlet pressure [4].  Figure 1.14 shows results 

for short nozzles, the biggest backpressure range was 3.6-5.9 MPa.  As the inlet temperature 

increased, the backpressure increased causing the condensation shock amplitude to increase. 

Two types of condensation shocks were discovered while testing the short nozzles. The first 

type was the pseudo condensation shock with a slow increase in pressure, as seen in the first 

plot of each section in Figure 1.14.  A second type was a dispersed condensation shock with 

gradual increase in pressure, as seen in the last two plots of each section in Figure 1.14 [4]. 
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Figure 1.14 condensation shocks at inlet pressures and various temperatures; a. 9 MPa and b. 

9.5 MPa [4] 
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 1.2 Research Objectives 

The project was originally initiated with the goal of developing a water-based cooling 

and refrigeration system. Understanding cavitation in a water flowing system through 

converging-diverging glass nozzles was one of the initial objectives of the project.  This 

dissertation develops a complete model and evaluation techniques to predict the results of the 

cavitation phenomena in a converging-diverging nozzle geometry, and the effects of cavitation 

developing on the flow.  The model focuses on the prediction of the flash inception in the 

nozzle, the length of two- phase region when the cavitation occurs, and the location of the 

condensation shock before the flow exits the nozzle.  The research also focusses on the 

fundamental knowledge of the conservation equations to evaluate the frictional pressure drop 

for a comparison between a smooth pipe and a diffuser, the pressure drops after the cavitation 

inception, and the location of the condensation shock (shock wave).  The results provide an 

understanding of the flow, both before and after the cavitation occurring in the nozzle which 

will be useful to improve (or at least evaluate) the cooling capacity in the converging-diverging 

nozzles experiments.  Two items which summarize the key research topic objectives of this 

project are the investigation of the cavitation phenomena itself, and the development of 

quantitative results for comparison with experiment.  It appears that the work presented here 

represents the first time that the full range of cavitation phenomena taking place within a 

converging-diverging nozzle has been analyzed in a manner similar to the single-phase 

compressible gas flow converging-diverging nozzle counterpart. 
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 1.2.1 Cavitation Phenomena 

 

Cavitation is an important phenomenon that occurs in many flow devices such as pumps, 

control valves, and heat exchangers. As was discussed earlier in the literature review, cavitation 

can be classified as traveling bubble cavitation, vortex cavitation, cloud cavitation, and attached 

or sheet cavitation.  The location of cavitation inception and bubble collapse in a nozzle plays a 

major role in establishing the length of the cavitation region, which is a measure of the area 

available for heat absorption and consequently relates to the ultimate cooling capacity of the 

nozzle.   

 

 1.2.2 Quantitative Results 

 

The analysis presented here utilizes water flow in a converging-diverging nozzle to 

investigate the fundamental physics associated with the different flow processes that take place 

in general with a nozzle undergoing cavitation. 

 

 

  



32 

Chapter 2 - Fundamental Knowledge 

This chapter focuses on the understanding of fundamental thermodynamics phenomena 

and the development of practical knowledge relevant to the cavitation process.  In the next 

chapter, the equations of conservation of mass, momentum, and energy will be applied to the 

different regions within a converging-diverging nozzle in order to develop a complete model of 

the two-phase flow and cavitation phenomena throughout the nozzle.  It is important to start 

with a general formulation of the conservation equations in this chapter for a given system to be 

applied in Chapter 3 to the nozzle; each section of the nozzle will have different assumptions 

made.  An analysis of the homogenous equilibrium model, where two-phase phenomena take 

place, is also discussed in this chapter and will be applied to the nozzle in Chapter 3. 

 

  2.1 Conservation Equations 

The conservation of mass, momentum, and energy principles will be developed in this 

section for a general control volume.  Figure 2.1 shows a control volume of a variable cross-

sectional area associated with a circular duct.  For the development of governing equations, the 

single-phase liquid fluid flow in the variable circular duct is assumed to be incompressible up to 

the initiation of cavitation.  The fluid flows along the z-axis from the left to the right.  A slice of 

the circular duct is defined as the control volume and assumed to be stationary.  For 

development of the conservation equations, mean values of various properties across the 

circular duct at each z-location are used.  The mass, momentum, and energy equations are 

developed below 

 

 

Figure 2.1 Control volume of a circular duct with variable cross-sectional area. 
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 2.1.1 Conservation of Mass 

 

A system is defined as a collection of unchanging contents, so the conservation of mass 

principle for a system is simply stated as [30]: 

 

Time rate of change of the system mass = 0 

 

or 

𝑑𝑀

𝑑𝑡 𝑠𝑦𝑠𝑡𝑒𝑚
=   0                                                  (2.1) 

 

where M is the system mass and t is the time.   The principle of conservation of mass for a 

control volume states that the net rate of mass flow entering the control surface equals the time 

rate of change of the mass within the control volume.   Applying Equation (2.1) to the control 

volume shown in Figure 2.1, the conservation of mass for a control volume that is surrounded 

by a control surface is given in a general form by the following: 

 

𝑑𝑀

𝑑𝑡 𝑠𝑦𝑠𝑡𝑒𝑚
 =

𝑑

𝑑𝑡
(∭𝜌 𝑑𝑣)

𝑐𝑣
+ (∬𝜌 (𝑈⃗⃗ ∙ 𝑛̂) 𝑑𝐴)

𝑐𝑠
          (2.2) 

 

where ρ is density, v is volume, 𝑛̂ is an outward unit normal vector, and 𝑈⃗⃗  is velocity vector.  

The first term on the right-hand side of Equation (2.2) is the mass accumulation rate in the 

control volume and the second term is net rate at which mass leaves the surface of the control 

volume.  For steady flow, the mass in the control volume will not change; therefore 

 

𝑑

𝑑𝑡
(∭𝜌 𝑑𝑣)

𝑐𝑣

= 0  

Thus, 

(∬𝜌 (𝑈⃗⃗ ∙ 𝑛̂) 𝑑𝐴)
𝑐𝑠

= 0                                       (2.3) 
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With the assumption of one-dimensional flow with uniform velocities across any cross-section 

in Figure 2.1, Equation (2.3) results in 

   

(∬𝜌 (𝑈⃗⃗ ∙ 𝑛̂) 𝑑𝐴)
𝑐𝑠

= (𝜌𝑈𝐴)𝑜𝑢𝑡 − (𝜌𝑈𝐴)𝑖𝑛 = 0      (2.4) 

or 

 

(𝜌𝑈𝐴)𝑜𝑢𝑡 − (𝜌𝑈𝐴)𝑖𝑛 = 0                            (2.5) 

 

A simple relationship for the conservation of mass in steady, one dimensional, single-phase 

flow, having one inlet and one outlet, results in the inlet mass flow rate equal to the outlet mass 

flow,   

 

𝑚̇𝑜𝑢𝑡 = 𝑚̇𝑖𝑛                                               (2.6) 

          or 

(𝜌𝑈𝐴)𝑜𝑢𝑡 = (𝜌𝑈𝐴)𝑖𝑛                                       (2.7) 

 

For the inlet and outlet cross sectional areas shown in the schematic diagram in Figure 2.1, 

Equation (2.7) is written as,  

 

(𝜌𝑈𝐴)2 = (𝜌𝑈𝐴)1                                            (2.8) 

 

where the notations 1 and 2 refers to the inlet and the outlet sections.  If the density is assumed 

to remain constant, i.e. incompressible fluid, the equation simplifies finally to 

 

 

(𝑈𝐴)2 = (𝑈𝐴)1                                                  (2.9) 
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 2.1.2 Conservation of Momentum 

 

The momentum principle is a representation of Newton’s second law, which states that 

the sum of all external forces acting on a control mass equals the time rate of change of the 

linear momentum of the system (control mass).  Forces on a system can be due to surface forces 

such as pressure and viscous forces, or due to body forces, (namely, gravitational forces).  The 

principle states that if an object loses momentum, it will be gained by another object, resulting 

in the total amount being constant unless friction is involved.  Newton’s second law for a 

system (control mass) takes the following form: 

 

    ∑𝐹 =  
𝑑𝑃⃗ 

𝑑𝑡 𝑠𝑦𝑠𝑡𝑒𝑚
= 𝑚 

𝑑𝑈⃗⃗ 𝑐𝑚

𝑑𝑡
        (2.10) 

 

where 𝑃⃗  is the total momentum in the system, m is the total inertial mass, and 𝑈⃗⃗ 𝑐𝑚 is center of 

mass velocity.  The resultant forces acting on the system are the surface forces and body forces 

shown as 

 

    𝐹 =  𝐹 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 + 𝐹 𝑏𝑜𝑑𝑦                                               (2.11) 

 

Equation (2.10) is easy to apply to a system of particles, but for the case of fluid flowing in a 

system, it requires modification to account for momentum entering and leaving a specified 

control volume.  The axial component of the linear momentum principle applied to a given 

control volume, can be expressed as follows: 

 

  (∭𝑓 𝑏𝑜𝑑𝑦  𝑑𝑣)𝑐𝑣 + (∬𝑓 𝑠𝑢𝑟𝑓𝑎𝑐𝑒  𝑑𝐴)𝑐𝑠
  

=
𝑑

𝑑𝑡
(∭𝜌 ∙ 𝑈⃗⃗  𝑑𝑣)

𝑐𝑣
+ (∬ 𝑈⃗⃗  𝜌 (𝑈⃗⃗ ∙ 𝑛̂) 𝑑𝐴)

𝑐𝑠
        (2.12) 

 

The left-hand side of Equation (2.12) represents the sum of body forces (gravity) and surface 

forces (pressure and shear) acting on the CV and are defined as, 
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(∭𝑓 𝑏𝑜𝑑𝑦 𝑑𝑣)𝑐𝑣 = (∭𝑔  𝜌 𝑑𝑣)
𝑐𝑣
                (2.13) 

 

(∬𝑓 𝑠𝑢𝑟𝑓𝑎𝑐𝑒  𝑑𝐴)𝑐𝑠
= (∬𝑃 𝑑𝐴 )

𝑐𝑠
+ (∬𝜏  𝑑𝐴)

𝑐𝑠
      (2.14) 

 

The first term on the right-hand side of Equation (2.12) represent the instantaneous rate of 

momentum storage within the CV, and the second term represent the net rate at which 

momentum leaves the CV.  Assuming one-dimensional, uniform velocity, steady flow, and 

ignoring gravitational forces and shear forces, Equation (2.12) reduces to 

 

(∬𝑓 𝑠𝑢𝑟𝑓𝑎𝑐𝑒  𝑑𝐴)𝑐𝑠
= (∬ 𝑈⃗⃗  𝜌 (𝑈⃗⃗ ∙ 𝑛̂) 𝑑𝐴)

𝑐𝑠
        (2.15) 

 

The right-hand term in (2.15) is simplified as 

 

(∬ 𝑈⃗⃗  𝜌 (𝑈⃗⃗ ∙ 𝑛̂) 𝑑𝐴)
𝑐𝑠

= 𝑈2(𝜌𝑈𝐴)2 −  𝑈1(𝜌𝑈𝐴)1    (2.16) 

 

Neglecting friction, the axial component of force from the left hand-side of Equation (2.15) is 

expressed by 

 

(∬𝑓 𝑠𝑢𝑟𝑓𝑎𝑐𝑒  𝑑𝐴)𝑐𝑠
= 𝑃1𝐴1 − 𝑃2𝐴2 + ∫ 𝑃 (

𝑑𝐴

𝑑𝑧
)𝑑𝑧

𝑧2
𝑧1

      (2.17) 

 

where the notations 1 and 2 refers to the inlet and the outlet sections.  Combining Equations 

(2.16) and (2.17) into (2.15), yields the basic conservation of momentum equation for a control 

volume  

 

𝑈2(𝜌𝑈𝐴)2 −  𝑈1(𝜌𝑈𝐴)1  = 𝑃1𝐴1 − 𝑃2𝐴2 + ∫ 𝑃 (
𝑑𝐴

𝑑𝑧
) 𝑑𝑧

𝑧2
𝑧1

   (2.18) 
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 2.1.3 Conservation of Energy 

 

The principle of the conservation of energy represents the first law of thermodynamics, 

which states that for a closed system (fixed mass) the rate of change of total energy of the 

system equals the net rate of energy entering the system as heat minus the net rate of energy 

leaving the system as work.  In equation form, it is given as: 

 

𝑑𝐸

𝑑𝑡
=  𝑄̇𝑐𝑣 − 𝑊̇𝑐𝑣            (2.19) 

 

where E is the total energy of the system, 𝑄̇𝑐𝑣 is the heat rate, and 𝑊̇𝑐𝑣 is the work per unit time 

(power).  For a general open system, the conservation of energy is given as,  

 

𝑑

𝑑𝑡
(∭𝑒 𝜌 𝑑𝑣)

𝑐𝑣
+ (∬(

𝑃

𝜌
+ 𝑒)  𝜌 (𝑈⃗⃗ ∙ 𝑛̂) 𝑑𝐴)

𝑐𝑠
=  𝑄̇𝑐𝑣 − 𝑊̇𝑐𝑣    (2.20) 

 

where 

𝑒 = (𝑢 +
1

2
𝑈2 + 𝑔𝑧)          (2.21) 

 

In Equation (2.20), e is the total energy per unit mass, 𝑢 is the internal energy per unit mass, 

1

2
𝑈2 represents kinetic energy per unit mass, 𝑔𝑧 represents potential energy per unit mass, 𝑄̇𝑐𝑣 is 

the net rate at which energy is added to the system as heat, 𝑊̇𝑐𝑣 is the net rate at which work is 

done by the system, and 𝑔 is the gravitational acceleration.  Total energy (E) equals the sum of 

the internal energy, the kinetic energy, and potential energy.  For steady-state steady flow 

conditions, the time rate of energy storage drops out and Equation (2.20) is simplified to 

 

(∬(
𝑃

𝜌
+ 𝑒)  𝜌 (𝑈⃗⃗ ∙ 𝑛̂) 𝑑𝐴)

𝑐𝑠
=  𝑄̇𝑐𝑣 − 𝑊̇𝑐𝑣      (2.22) 
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In order to simplify the above equation, the flow work per unit mass (P𝑣) and the internal 

energy per unit mass (u) are often combined by introducing the thermodynamic property 

enthalpy.  The enthalpy per unit mass is given as 

 

                      ℎ = 𝑃𝑣 + 𝑢                                                             (2.23) 

 

Using Equation (2.23) and (2.21) to modify the expression for 
𝑃

𝜌
+ 𝑒 in Equation (2.22), results 

in,  

 

(∬(ℎ +
1

2
𝑈2 + 𝑔𝑧)  𝜌 (𝑈⃗⃗ ∙ 𝑛̂) 𝑑𝐴)

𝑐𝑠
=  𝑄̇𝑐𝑣 − 𝑊̇𝑐𝑣       (2.24) 

 

For a steady flow with uniform velocities and the assumption that the system has adiabatic walls 

and there is no work (by friction), Equation (2.24) simplifies to  

 

 (𝜌𝑈𝐴)2(ℎ2 +
1

2
𝑈2
2 + 𝑔𝑧2) − (𝜌𝑈𝐴)1(ℎ1 +

1

2
𝑈1
2 + 𝑔𝑧1)  = 0      (2.25) 

 

Since 𝜌𝑈𝐴 represents the mass flow rate (𝑚̇), and in steady flow conditions mass flow rates at 

the inlet and outlet are equal, Equation (2.25) simplifies further to 

 

(ℎ2 +
1

2
𝑈2
2 + 𝑔𝑧2) = (ℎ1 +

1

2
𝑈1
2 + 𝑔𝑧1)      (2.26) 
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 2.2 Homogeneous Equilibrium Model (HEM) 

 

The conservation equations were derived for single-phase flow in the previous section.  

There are different models to describe the characteristics of the two-phase flow in nozzles.  One 

of these models, the homogenous equilibrium model (HEM), will be used to develop an integral 

form of the conservation equations applied to the control volume shown in Figure 2.1. The 

mass, momentum, and energy equations can be modified from the previous section using the 

homogenous equilibrium model with two main assumptions.  The first assumption states that 

the flow is in thermal equilibrium, where the temperature and pressure of the liquid and gas 

phases are the same at any given location and assumed to be at saturation conditions.  The 

second assumption states that the flow is in mechanical equilibrium where both liquid and gas 

phases are traveling with the same velocity.  In the HEM, the flow quality (𝑄) and the void 

fraction (α) of the fluid are defined as  

 

𝑄 =
𝑚̇𝑔 

𝑚̇ 
=

𝑚̇ −𝑚̇𝑓 

𝑚̇ 
= 1 −

𝑚̇𝑓 

𝑚̇ 
                           (2.27) 

 

 

𝛼 =
𝐴𝑔 

𝐴
= 1 −

𝐴𝑓 

𝐴
         (2.28) 

 

where A is the total cross-sectional area and the notations 𝑔 and 𝑓 refers to the separate gas and 

the liquid states.  The gas and liquid densities can be related to the mixture density (𝜌)in terms 

of quality (𝑄) or void fraction (𝛼) as follows: 

 

𝜌 =  (
𝑄

𝜌𝑔
+ 

1−𝑄

𝜌𝑓
)
−1

 =     𝜌𝑓(1 − 𝛼) + 𝜌𝑔𝛼        (2.29) 

 

Including the separate gas and liquid phases in the conservation of mass represented by 

Equation (2.6) and (2.8), yields 
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𝑚̇2,𝑔 + 𝑚̇2,𝑓 = 𝑚̇1,𝑔 + 𝑚̇1,𝑓         (2.30) 

 

which, in terms of the separate phase velocities, can also be represented as 

 

                           (𝜌𝑈𝐴)2,𝑔 + (𝜌𝑈𝐴)2,𝑓 = (𝜌𝑈𝐴)1,𝑔 + (𝜌𝑈𝐴)1,𝑓  (2.31) 

 

Using the mechanical equilibrium (no slip) assumption, i.e., both liquid and gas phases flow at 

the same speed, 𝑈𝑔 = 𝑈𝑓 = 𝑈, and assuming two-phase flow conditions are present at both inlet 

and outlet, Equation (2.31) reduces to  

 

                              𝑈2[(𝜌𝐴)2,𝑔 + (𝜌𝐴)2,𝑓 ] = 𝑈1[(𝜌𝐴)1,𝑔 + (𝜌𝐴)1,𝑓 ]     (2.32) 

 

Dividing by the total cross-sectional area (A) and introducing the expression for mixture density 

shown in Equation (2.29) involving the void fraction into Equation (2.32), yields 

 

 

                             𝑈2[𝜌2,𝑔𝛼 + 𝜌2,𝑓 (1 − 𝛼)] = 𝑈1[𝜌1,𝑔𝛼 + 𝜌1,𝑓 (1 − 𝛼)]     (2.33) 

 

The conservation of energy equation can be modified by substituting the definition of quality 

from Equation (2.27) into Equation (2.25) where the mass flow rate is constant, yielding, 

 

 

ℎ2,𝑔𝑄2 + ℎ2,𝑓(1 − 𝑄2) +
1

2
𝑈2
2 + 𝑔𝑧2 = 

ℎ1,𝑔𝑄1 + ℎ1,𝑓(1 − 𝑄1) +
1

2
𝑈1
2 + 𝑔𝑧1       (2.34) 

  

The HEM will be used in the nozzle analysis in the next chapter.  It will be applied to 

different sections in the nozzle throughout the analysis. 
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 2.2.1 Two-Phase Flow Model 

      As mentioned earlier in the first chapter, the term two-phase flow refers to the two 

different phases of fluid flow with common interfaces in a channel or duct.  Each phase has its 

own mass fraction for liquid and gas, and its own thermodynamic properties at a prescribed 

temperature.  Two-phase flow occurs in the diverging section of the converging-diverging 

nozzle under investigation as part of the current research.  Figure 2.1 shows a control volume in 

a diverging section of a nozzle.  A simple analysis of the two-phase flow is implemented for the 

given control volume, using the mass, momentum, and energy equations as well as the second 

law of thermodynamics, to obtain expressions for the variation of pressure and velocity as a 

function of the variation of area within the nozzle.  For analysis of the two-phase equation, 

assumptions include one dimensional, steady state, and adiabatic compressible flow throughout 

the diverging section of the nozzle.   

 

 The differential formulations are very important in explaining the expected behavior of 

the pressure in the diverging section of a nozzle.  Applying the conservation of mass to the 

control volume in the diverging section of the nozzle shown in Figure 2.1 and identifying the 

limits with respect to axial locations as 𝑧 and 𝑧 + ∆𝑧, yields   

 

 

        𝑙𝑖𝑚
∆𝑧→0

 (
(𝜌𝑈𝐴)𝑧−(𝜌𝑈𝐴)𝑧+∆𝑧  

∆𝑧
) = −

𝑑

𝑑𝑧
(𝜌𝑈𝐴) = 0          (2.35) 

 

Differentiating Equation (2.35), dividing all terms by 𝜌𝑈𝐴, and rearranging yields 

 

                      
𝑑𝜌

𝜌
+

𝑑𝐴

𝐴
+

𝑑𝑈

𝑈
= 0         (2.36) 

 

where 𝜌 is the mixture density, 𝐴 is the total cross-sectional area, and 𝑈 is the mixture velocity.  

Equation (2.36) shows the differential form of the conservation of mass derived for constant 

mass flow rate.  Applying the momentum principle from Equation (2.18) to the fluid between 𝑧 
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and 𝑧 + ∆𝑧, dividing by ∆𝑧 in the diverging section, and assuming only pressure forces acting 

on the walls, yields 

 

𝑃𝑧 𝐴𝑧 − 𝑃𝑧+∆𝑧 𝐴𝑧+∆𝑧

∆𝑧
+

1

∆𝑧
∫ 𝑃 𝑑𝐴
𝑧+∆𝑧

𝑧
=

𝑚̇ (𝑈𝑧+∆𝑧− 𝑈𝑧 )

∆𝑧
    (2.37) 

 

The second term on the left-hand side of the Equation (2.37) can be simplified in the limit as z 

→ 0 using the mean value theorem, which states  

 

     
1

∆𝑧
∫ 𝑓(𝑧)𝑑𝑧
𝑧+∆𝑧

𝑧
= 𝑓(𝑧)             (2.38) 

Therefore, in the limit as z → 0, 

 

    
1

∆𝑧
∫ 𝑃 𝑑𝐴
𝑧+∆𝑧

𝑧
=  

1

∆𝑧
∫

𝑃𝑑𝐴

𝑑𝑧
𝑑𝑧

𝑧+∆𝑧

𝑧
= 𝑃

𝑑𝐴

𝑑𝑧
          (2.39) 

 

Substituting Equation  (2.39) into (2.37) and taking the limit as ∆𝑧 → 0, yields the following 

differential expression: 

 

                 −
𝑑

𝑑𝑧
(𝑃𝐴) + 𝑃 

𝑑𝐴

𝑑𝑧
=  𝜌𝑈𝐴

𝑑𝑈

𝑑𝑧
              (2.40) 

 

Differentiating the first term in Equation (2.40), simplifying, and dividing by the area, yields 

 

                 −
𝑑𝑃

𝑑𝑧
=  𝜌𝑈

𝑑𝑈

𝑑𝑧
             (2.41) 

 

Next, the conservation of energy is applied to a similar control volume in the diverging section 

to find a relation for the enthalpy changes in the flowing stream.  Assuming one-dimensional 

steady state, adiabatic flow, with no gravitational effects for the control volume, and subscripts 

1 and 2 refer to 𝑧 and 𝑧 + ∆𝑧, Equation (2.26) becomes  
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                      (ℎ +
1

2
𝑈2)

𝑧
= (ℎ +

1

2
𝑈2)

𝑧+∆𝑧
           (2.42) 

 

 

Dividing Equation (2.42) by ∆𝑧 and rearranging takes the form  

 

ℎ𝑧−ℎ𝑧+∆𝑧

∆𝑧
+

1

2
 (𝑈𝑧)

2− 
1

2
 (𝑈𝑧+∆𝑧)

2

∆𝑧
= 0                              (2.43) 

 

 

  Taking the limit as ∆𝑧 → 0 yields the following differential expression: 

 

                  
𝑑

𝑑𝑧
(ℎ +

𝑈2

2
) = 0                   (2.44) 

 

By integrating Equation (2.44) with respect to z and evaluating the constant of integration at the 

stagnation point, yields 

 

                  ℎ +
𝑈2

2
= ℎ0                         (2.45) 

 

where ℎ0  is the stagnation enthalpy.  In differential form, Equation (2.45) can be written as   

  

𝑑ℎ =  −𝑈 𝑑𝑈                                                        (2.46) 

 

To find an expression for 
𝑑𝑈

𝑈
 and 

𝑑𝐴

𝐴
 in Equation (2.36), start by differentiating Equation (2.23), 

resulting in  

 

                      𝑑ℎ = 𝑃𝑑𝑣 + 𝑣𝑑𝑃 + 𝑑𝑢       (2.47) 
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Recall from the Maxwell relations, 

 

                      𝑑𝑢 = 𝑇𝑑𝑠 − 𝑃𝑑𝑣       (2.48) 

 

Substituting Equation (2.48) in (2.47) and assuming that the flow is reversible and adiabatic 

(isentropic), the entropy increase in the fluid in the direction of the flow due to fluid friction in 

adiabatic flow approaches zero; therefore, Equation (2.47) becomes 

 

                                            𝑑ℎ =  𝑣𝑑𝑃 =
𝑑𝑃

𝜌
                                                  (2.49) 

 

 Substituting Equation (2.49) into (2.46)and dividing by 𝑈2, yields an expression for 
𝑑𝑈

𝑈
  

  

𝑑𝑈

𝑈
= −

1

𝑈2

𝑑𝑃

𝜌
                                               (2.50) 

 

Finally, substituting Equation (2.50) into (2.36), yields 

 

                              
𝑑𝐴

𝐴
=

1

𝑈2

𝑑𝑃

𝜌
−

𝑑𝜌

𝜌
                                             (2.51) 

 

Equation (2.51) can be rearranged since the flow is isentropic, yielding 

 

                              
𝑑𝐴

𝐴
=

𝑑𝑃

𝜌
(

1

𝑈2
− (

𝑑𝜌

𝑑𝑃
)
𝑠
)                                    (2.52) 

 

The speed of sound, as derived by Wallis [14] as a function of pressure and density, is given by 
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                                        𝑐 = (
𝜕𝑝

𝜕𝜌
)
𝑠

1

2
          (2.53) 

 

Therefore, substituting Equation (2.53) into (2.52), yields the following expression for 
𝑑𝐴

𝐴
 in 

terms of velocity and speed of sound  

 

                              
𝑑𝐴

𝐴
=

𝑑𝑃

𝜌
(

1

𝑈2
−

1

𝑐2
)                                              (2.54) 

 

The relationship in compressible flow known as the Mach number will now be introduced into 

Equation (2.54).  The Mach number is defined as the ratio of the local speed of the fluid to the 

local speed of the sound and may be expressed as  

 

                          𝑀 =
𝑈

𝑐
                  (2.55) 

 

where c is the local speed of sound in the flowing fluid.  Combining Equation (2.54) and (2.55) 

results in the following expressions for the pressure variation in the diverging section with 

respect to distance and area: 

 

                        
𝑑𝑃

𝑑𝐴
=

𝜌𝑈2

𝐴[1−𝑀2]
                                      (2.56) 

           and            

                         
𝑑𝑃

𝑑𝑧
=

𝜌𝑈2

𝐴[1−𝑀2]
  
𝑑𝐴

𝑑𝑧
                                     (2.57) 

 

where 𝑈 is the velocity, 𝜌 is the mixture density, and 𝐴 is the area at any given value of distance 

z away from the throat in the diverging section.  Substituting Equation (2.57) into (2.41) yields 

the following expressions for the velocity variation in the diverging section with respect to 

distance and area: 
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𝑑𝑈

𝑑𝐴
= −

𝑈

𝐴[1−𝑀2]
                                             (2.58) 

 

Or equivalently,                    

                     
𝑑𝑈

𝑑𝑧
= −

𝑈

𝐴[1−𝑀2]
  
𝑑𝐴

𝑑𝑧
                                     (2.59) 

 

In the next chapter, the expressions represented by Equations (2.56) - (2.59) will be used 

in describing the physics of the pressure distribution in a one-dimensional analysis of cavitating 

two-phase flow in the diverging section of a nozzle.  The characteristics of the flow are 

controlled by the Mach number (M).  In a two-phase flow in the diverging section of the nozzle, 

if the Mach number is less than one, a subsonic flow develops and the pressure increases with 

respect to area or distance.  On the other hand, if the Mach number is greater than one, a 

supersonic flow develops and the pressure decreases with respect to area or distance.  This 

behavior is similar to that of single-phase compressible flow discussed by Munson et al [30]. 
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Chapter 3 - Model and Techniques 

 

The modeling of water flow through a converging-diverging nozzle will be discussed in 

this chapter.  Numerical models will be used to evaluate water flow through different sections of 

the nozzle as part of developing a complete model for the fluid flow in the converging-

diverging nozzle.  This model will predict the pressure distribution throughout the nozzle 

including single-phase in the converging section, two-phase in the diverging section, and when 

the cavitation phenomena occurs. 

 

Figure 3.1 shows a schematic diagram of water flow through a converging-diverging 

nozzle.  The flow has a finite inlet velocity where 𝑃0 is the stagnation pressure, representing the 

pressure in a large upstream reservoir.  Water enters the nozzle at a constant mass flow rate, 𝑚̇, 

with an inlet pressure slightly lower than the stagnation pressure, 𝑃𝑖𝑛, and flows from the left to 

the right exiting with an outlet pressure, 𝑃𝑜𝑢𝑡.  Figure 3.2 shows the pressure distribution as a 

function of cross-sectional area throughout the converging-diverging nozzle.  Due to the 

pressure difference between the inlet and outlet, the fully liquid water flow accelerates in the 

converging section of the nozzle with decreasing pressure until it reaches the throat, achieving 

the maximum speed and minimum pressure at a location downstream of the throat due to the 

“Vena Contracta” effect.  Figure 3.2 shows that four different cases may occur after the pressure 

in the nozzle reaches a minimum at the minimum “Vena Contracta” area.  In the lowest flow 

case, Case 0, the pressure increases downstream of the throat throughout the diverging section, 

the fluid exits as single-phase liquid, and the outlet pressure ideally approaches the same value 

as backpressure in the absence of significant friction effects.  Note that the outlet pressure will 

be somewhat lower than the backpressure, which signifies the pressure in a downstream 

reservoir, since there is a finite outlet velocity.  Case 1 shows the limiting case for single-phase 

pressure distribution, where the flow is completely subsonic throughout the nozzle.  As the 

backpressure is lowered further, and if the pressure at the Vena Contracta reduces sufficiently, 

cavitation and two-phase flow will initiate just downstream of the throat.  Depending on the 

Mach number of the two-phase fluid flow just after initiation of cavitation, the flow will either 

go subsonic, as in case 2, or supersonic, as in case 3.  In case 2, a subsonic two-phase condition 
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occurs, corresponding to a Mach number less than one, and the flow decelerates and 

continuously condenses back to liquid with increasing pressure in the diverging section, 

subsequently exiting the nozzle at a pressure lower than the inlet pressure.  In the third case, a 

supersonic flow is shown to take place if the backpressure is lowered enough, and the flow will 

continue to accelerate in the diverging section with decreasing pressure until a condensation 

shock occurs, where there is a sudden jump in pressure and the flow decelerates to subsonic 

speed and condenses back to liquid throughout the remainder of the diverging section.  If the 

backpressure is lowered even more, the supersonic region may extend throughout the diverging 

section of the nozzle without experiencing a condensation shock.  Each case will be explained 

in detail later in this chapter. 

    

Figure 3.1 Overview of water flow through a converging-diverging nozzle.  

 

Figure 3.2 Overview of pressure distribution as a function of area for a water flow in a 

converging diverging nozzle 
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This chapter will introduce the nozzle configuration used in the model, the single-phase 

model, the flash inception model, predictions where cavitation initiates, the flash cavitation 

wave showing the behavior of the flow after the flash in the supersonic region, and modeling of 

the length of the two-phase region along with the location of the condensation shock.  

 

 

 3.1 Nozzle Configuration 

     The geometry of the nozzle used in this research was modeled after the geometry of 

the nozzle used by Ahmed [23].  The model geometry was described by implementing two 5th 

order polynomial fits to the dimensions of the glass nozzle used in the associated experimental 

set up by Ahmed [23].  This consisted of separating the nozzle radius distribution into two 

sections, a 5th order converging section and a 5th order diverging section, to create the desired 

shape of the geometry of the glass nozzle.   

 

The resulting converging-diverging nozzle has both an inlet and an outlet diameter of 

9.3 mm, a converging section with a length of 25 mm up to the throat, a diverging section with a 

length of 73 mm to the outlet of the nozzle, and a nozzle throat with a diameter of 1.7 mm.  

Figure 3.3 shows the nozzle geometry in terms of the radius as a function of axial distance, z, in 

millimeters.  The converging section size is depicted along the negative z-axis, where 𝑧𝑖𝑛 is 

located at - 25 mm, the diverging section is shown along the positive z-axis, where 𝑧𝑜𝑢𝑡 is 

located at 73 mm, and the throat is located at a z location of 0 mm.  This nozzle geometry will 

be used for all modeling of the cavitation analysis associated with this research project. 

 

 

Figure 3.3 Nozzle geometry in terms of radius (mm) as function of distance (mm) 
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 3.1.1 Pressure Evaluation (Single-Phase) 

The first step in the nozzle flow modeling is estimating the pressure behavior associated 

with single-phase flow.  Evaluating the pressure distribution as a function of axial distance or 

cross-sectional area is one of the most important aspects in this research.  For simplicity, a 

single-phase, one-dimensional, water flow through the converging-diverging nozzle is 

investigated, while ignoring gravitational effects. The mechanical energy balance is used to 

evaluate the pressure distribution throughout the nozzle.  The pressure distribution is calculated 

for two cases, 1) excluding frictional losses (frictionless) and 2) including single-phase 

frictional losses.  The energy balance is expressed as a function of distance (z) in the nozzle 

with the properties evaluated at temperature (T).  The energy balance is used to solve for the 

single-phase condition throughout converging-diverging nozzle for both frictionless and the 

frictional cases.  Starting with the energy balance applied between the inlet denoted by the 

symbol "𝑖𝑛" and at any z location within the nozzle, yields 

 

                                 𝑃𝑖𝑛 +
1

2
𝜌𝑓𝑈𝑖𝑛

2 = 𝑃𝑧 +
1

2
𝜌𝑓𝑈𝑧

2 + 𝜌𝑓𝑔𝐻                           (3.1) 

where 𝑃𝑖𝑛 and 𝑈𝑖𝑛are the inlet pressure and velocity, 𝑃𝑧 and 𝑈𝑧 are the pressure and velocity at a 

location z in the nozzle, 𝜌𝑓is the liquid density at the given temperature, U is the local mean 

velocity, g is the gravitational acceleration, and H is the head loss associated with the frictional 

case.  The last term in Equation (3.1) is defined as the frictional pressure drop given by  

 

𝜌𝑓𝑔𝐻 = ∆𝑃𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛(𝑧, 𝑇) =  ∫
1

2

𝜌𝑓(𝑇) 𝑈𝑧
2𝑓𝐷

𝐷𝑧
 𝑑𝑧

𝑧

𝑧𝑖𝑛
                       (3.2) 

where ∆𝑃𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛(𝑧, 𝑇) is the pressure drop in the nozzle due to friction and 𝑧𝑖𝑛 is the axial 

position of the nozzle inlet.  For simplicity, the pressure drop is approximated by the integration 

of frictional pipe flow pressure drop.  Here 𝑓𝐷 is the Darcy friction factor in terms of Reynold’s 

number (Re) for fully developed turbulent flow given by Equation (1.12), 𝑈𝑧 is the local 

average velocity and 𝐷𝑧 is the local diameter at any z location in the nozzle.  Using the 

conservation of mass from Chapter 2 given in Equation (2.7), the mean velocity, 𝑈𝑚  , can be 

written as 
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                                 𝑈𝑚 =
𝑚̇

𝜌𝑓𝐴
                                        (3.3) 

Substituting Um from Equation (3.3) into Equation (3.1), and using the mass flux expression, 

𝐺 =
𝑚̇

𝐴
, one obtains equations for pressure at any location throughout the nozzle for both the 

frictionless and frictional cases as follows: 

 

                                 𝑃(𝑧, 𝑇) = 𝑃𝑖𝑛 + 
𝐺𝑖𝑛
2

2𝜌𝑓(𝑇)
−

𝐺𝑧
2

2𝜌𝑓(𝑇)
                              (3.4) 

                              𝑃𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛(𝑧, 𝑇) = 𝑃𝑖𝑛 + 
𝐺𝑖𝑛
2

2𝜌𝑓(𝑇)
−

𝐺𝑧
2

2𝜌𝑓(𝑇)
+ ∆𝑃𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛(𝑧, 𝑇)      (3.5) 

where 𝐺𝑖𝑛 is the inlet mass flux and 𝐺𝑧 is the local mass flux at a location z in the nozzle. 

Equation (3.4) and Equation (3.5) are for the frictionless and frictional cases, respectively. 

 

The simple model developed for calculating the single-phase pressure distribution, 

represented by Equation (3.4) and Equation (3.5), can be validated by comparing it to previous 

single-phase water flow experimental data.  Steady-state experimental pressure data was 

measured by Gallman [24] for water flowing through a converging-diverging nozzle.  Note that 

the model does not account for two-phase frictional pressure drop effects, separation, and the 

“Vena Contracta” effect.  Therefore, it only provides an estimate of the single-phase flow 

through the converging-diverging nozzle for comparison with the experimental pressure data.  

Pressure data for water conditions with an inlet temperature of 20℃ and a backpressure of 43.2 

kPa are given in Table 1-2 for 8 pressure taps.  The nozzle geometry was modeled from 5th 

order polynomials for the converging and diverging sections of the nozzle shown in Figure 3.3.   

Figure 3.5 shows the comparison of the calculated single-phase pressure distribution for the 

frictionless and frictional cases and the measured data by Gallman [24] for a temperature of 

20℃.  The solid vertical line in Figure 3.5 indicates the location of the throat in the nozzle, and 

the corresponding pressure tap location.  The calculated model shows good predictions of the 

pressure distribution for the single-phase flow in the converging section of the nozzle up to the 

throat at location 0, tap 4.  The model prediction in the diverging section of the nozzle was not 
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as accurate as expected because two-phase flow, not accounted for in the prediction model, was 

observed by Gallman [24] to initiate somewhat downstream of the throat.   

 

 

Figure 3.4  Comparisons of the single-phase calculated pressure distribution and the measured 

data by Gallman [24] for a temperature of 20℃ 

 

After validating the single-phase pressure distribution prediction model with the 

experimental data given by Gallman [24], it was used to predict the pressure distribution for 

other nozzles under similar conditions.  Note that in the diverging section this model represents 

an extrapolation of the single-phase model, and therefore is not expected to accurately predict in 

the two-phase flow region downstream of the throat. 

 

The single-phase pressure distribution prediction models were used for Ahmed’s data 

[23].  This data consisted of experimental tests using water flowing in a glass converging-

diverging nozzle for different temperatures of 70 ℃, 50 ℃, and 25 ℃.  Table 1-1 shows the 

water inlet pressure and mass flow rate for the three different temperatures.  The glass nozzle 

did not have any pressure taps.  Therefore, in the absence of direct measurements, the pressure 
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distribution models for frictionless and frictional flows were applied to the experimental tests 

conditions of Ahmad [23] to predict the pressure distribution through the converging-diverging 

nozzle.  The cross-sectional area at any location can be calculated using the mass flow rate and 

the nozzle geometry shown in Figure 3.3.  Using Equation (3.4) and Equation (3.5), and the 

given and calculated parameters, the different pressure distributions were calculated and 

compared for water associated with single-phase liquid flow in the converging-diverging 

nozzle.  The comparison of water results for the throat pressure and the outlet pressure are 

shown for the frictionless and frictional cases in Table 3-1 and Table 3-2, respectively.  Each 

Table shows the given parameters (including the fluid temperature, the mass flow rate, and the 

inlet pressure), and the calculated parameters (including throat pressure and the outlet pressure 

determined using Equation (3.4) and Equation (3.5)).  The outlet pressures were calculated at 

the exit of the diverging section of the nozzle.  Also, comparison of both frictional and 

frictionless cases for the three different temperatures of 70 ℃, 50 ℃, and 25 ℃ are shown in 

Figure 3.5, Figure 3.6, and Figure 3.7, respectively.   

 

Table 3-1  Calculated single-phase water data in a converging-diverging nozzle for the 

frictionless case for three different temperatures 

 

 

Table 3-2  Calculated single-phase water data in a converging-diverging nozzle for the frictional 

case for three different temperatures 

   

(℃) (kPa) (kPa) (kg/s) (kPa) (kPa) (kPa)

25 3.17 102 0.0349 -17.4 102 20.5

50 12.4 102 0.0336 -9.43 102 21.8

70 31.2 102 0.0306 9.16 102 22

Given Calculated

Fluid 

Temperature

Saturation 

Pressure

Inlet 

Pressure

Mass 

Flowrate

Throat 

Pressure

Outlet 

Pressure
    −        

(℃) (kPa) (kPa) (kg/s) (kPa) (kPa) (kPa)

25 3.17 102 0.0349 -23.1 83.2 26.3

50 12.4 102 0.0336 -14.3 86.2 26.7

70 31.2 102 0.0306 4.74 89.5 26.5

Given

Outlet 

Pressure

Calculated

Fluid 

Temperature

Saturation 

Pressure

Inlet 

Pressure

Mass 

Flowrate

Throat 

Pressure
    −        
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Figure 3.5  Single-phase pressure distribution for water flowing through converging-diverging 

nozzle at 70 ℃ 

 

 

 
 

Figure 3.6 Single-phase pressure distribution for water flowing through converging-diverging 

nozzle at 50 ℃ 
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Figure 3.7 Single-phase pressure distribution for water flowing through converging-diverging 

nozzle at 25 ℃ 

 

In the frictionless case, the outlet pressure approaches the same value as the inlet 

pressure; however, for the frictional case, the outlet pressure is at a lower value than the inlet 

pressure due to pressure drop (i.e., head loss) caused by friction.  Also, the pressure distribution 

for the 50 ℃ and 25 ℃ cases is seen to drop to negative values below the corresponding 

saturation pressure as the fluid approaches the throat.  Then, downstream it increases above the 

saturation pressure and subsequently reaches the exit pressure.  These calculated negative 

pressures suggest that the flow is under tension around 2 mm upstream of the throat, and the 

fluid continues to be in tension (negative absolute pressure) up to 3 mm downstream of the 

throat for both 50 ℃ and 25 ℃ temperatures.  The pressure distribution is seen to cross the 

saturation pressure at approximately the same distance from the throat, regardless of the 

temperature.  This corresponds to about 4.4 mm downstream of the throat for all three 

temperature cases.  This estimation does not include the “Vena Contracta” effect.  As shown in 

both Table 3-1 and Table 3-2, the difference between the saturation pressure and the calculated 

throat pressure has an approximately constant value of about 22 kPa for all temperatures in the 

frictionless case, and an approximately constant value of 26.5 kPa for all temperatures in the 

frictional case; i.e., for the case where frictional effects are taken into account.  
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 3.2 Flash Inception Analysis 

 

The main goal of this section is to present the analysis to predict the flash inception 

point for a given flow conditions.  When the single-phase liquid is decompressed and put under 

sufficient tension near the throat of the nozzle, the fluid has been observed to produce an 

audible “snap,” and vaporizes, “flashing” into a two-phase mixture [27].  Understanding this 

phase transition from single-phase liquid to a two-phase mixture is necessary to explain the 

physical process that occurs in the diverging section of a converging-diverging nozzle.  

Predicting this point of flash and its onset conditions will be the first step in determining 

subsequent behavior of the two-phase flow in the diverging section of the converging-diverging 

nozzle.  Figure 3.8 shows an overview of the pressure distribution behavior in the nozzle up to 

the flash inception point.  The pressure distribution is calculated, as mentioned earlier, using the 

single-phase pressure drop up to the point of the flash.  After the flash initiation, the flow 

develops into two-phase flow, which requires a two-phase pressure drop model for calculations.  

This will be explained in detail in the next section of this chapter. 

 

 
Figure 3.8 Overview of pressure vs. area depicting the flash inception point 
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The upcoming section 3.2.1 will introduce the importance of calculating the 

depressurization rate used in the analysis of the “dynamic flash inception line” for steady flows 

through pipes and nozzles and the analysis of the “modified dynamic flash inception line” for 

steady flow through converging-diverging nozzles.  

  

 3.2.1 Rate of Depressurization 

  

The depressurization rate is very important for the calculation of the flash inception 

lines.  It is defined as the rate of change of pressure with respect to time.  The depressurization 

rate1 is introduced using a Lagrangian frame of reference experienced by a fluid particle flowing 

through the converging-diverging nozzle.  Depending on the inlet conditions, for a steady flow 

or a transient flow, the rate of depressurization can be evaluated using Equation (1.28).  We start 

evaluating the rate of change of pressure with respect to time by assuming initially a subcooled 

water entering the converging-diverging nozzle.  The rate of pressure change with respect to 

time will increase as the area decreases when the fluid is moving in the converging section of 

the nozzle up to the throat.  The rate of depressurization in the converging section up of a nozzle 

to near the throat can be calculated using Equation (3.6) 

 

 

                         
𝑑𝑃

𝑑𝑡
=

𝑚̇3

𝜌𝑓
2𝐴4

𝑑𝐴

𝑑𝑧
                                        (3.6) 

Having an accurate estimation of the rate of change of pressure with respect to distance 

is also very important in this evaluation.  As the flow approaches the throat, 
𝑑𝑃

𝑑𝑧
 is almost zero; 

however, a small distance away from the throat there is a significant steepness in the slope 

given by  
𝑑𝑃

𝑑𝑧
 .  In terms of  

𝑑𝑃

𝑑𝑧
 , the equation for 

𝑑𝑃

𝑑𝑡
 can thus be written as,    

 

                                                 

1 In flowing flows the total depressurization rate is really the substantial derivative, 
𝐷𝑃

𝐷𝑡
 =

𝜕𝑃

𝜕𝑡
]
𝑧
+  𝑈

𝜕𝑃

𝜕𝑧
]
𝑡
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𝑑𝑃

𝑑𝑡
=

𝑑𝑃

𝑑𝑧

𝑑𝑧

𝑑𝑡
                                            (3.7) 

where, 

                             
𝑑𝑧

𝑑𝑡
=

𝑚̇

𝜌𝑓𝐴
                                               (3.8) 

Then, an approximation is made that the value of  
𝑑𝑃

𝑑𝑧
 can be estimated by 

∆𝑃

∆𝑧
  and 

calculated using numerical differentiation approximations such as the backward difference 

method, forward difference method, and three-point endpoint formula, respectively, as shown 

below 

 

              
𝑑𝑃

𝑑𝑧
=

 𝑃𝑧 − 𝑃𝑧−𝛥𝑧 

𝛥𝑧
                                        (3.9) 

 

              
𝑑𝑃

𝑑𝑧
=

𝑃𝑧+𝛥𝑧 − 𝑃𝑧

𝛥𝑧
                                        (3.10) 

 

𝑑𝑃

𝑑𝑧
=

1

2𝛥𝑧
 [3 𝑃𝑧 − 4𝑃𝑧+𝛥𝑧 + 𝑃𝑧+2𝛥𝑧]          (3.11) 

  

Where 𝑃 represents the pressure, and 𝑧 is a location in the nozzle and 𝛥𝑧 is the change in the 

location between two corresponding pressures. 

 

The upcoming sections 3.2.2 and 3.2.3 will introduce a “dynamic flash inception line” 

analysis and a “modified dynamic flash inception line” analysis for steady flow through 

converging-diverging nozzles.  
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 3.2.2 Dynamic Flash Inception Line  

 
The static flash inception line correlation given by Equation (1.26), as discussed earlier 

in Chapter 1, is a function of the inlet temperature and the depressurization rate.  The equation 

is applicable to the case of fluids under static, non-flowing conditions.  Understanding the 

implications of this equation will be important in applying the dynamic form of the equation to 

the conditions in the converging-diverging nozzle.  The dynamic flash inception line analysis 

proposed herein will use the static inception line equation incorporating flow and the convective 

depressurization rate, yielding the resultant  
𝑑𝑃

𝑑𝑡
.  The equation is utilized to predict the pressure 

undershoot using the water inlet conditions for the given converging-diverging nozzle 

configuration.  The pressure undershoot is defined as the difference between the saturation 

pressure and the local pressure and is a function of the depressurization rate.   

 

A marching solution method will be utilized for evaluating the dynamic flash inception 

line starting from the water conditions at the inlet of the nozzle.  Then, each subsequent step is 

evaluated using a distance increment of 0.5 mm up to the throat.  The surface tension is 

assumed to be constant throughout the calculations.  The results are shown as a plot of pressure 

undershoot as a function of depressurization rate.  Then, the rate of depressurization for the 

experimental conditions is evaluated using Equation (1.28) in order to determine if the 

experimental data points cross above (or exceed) the flash inception line.  A crossing above the 

threshold indicates the onset of cavitation and the flash inception predicted by the dynamic flash 

inception line.  

 

 3.2.3 Modified Dynamic Flash Inception Line 

 

The modified dynamic flash inception line was introduced by Abuaf [36] combining the static 

flash inception correlation, Equation (1.26), and the turbulent pressure fluctuations, Equation 

(1.27).  The modified dynamic flash inception line will be used in this research to predict the 

location and the conditions of the flash inception in the converging-diverging nozzle in which 

the analysis incorporates the turbulent pressure fluctuations, the turbulence intensity and the 

area ratio effects.  From previous research by Jones  
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[26], it was shown that the depressurization rates for the static, non-flowing, experiments had 

considerably lower values than the depressurization rates for the dynamic, flowing, 

experiments.  In addition to accounting for the fluid temperature and depressurization rate, the 

correlation given in Equation (3.12) includes the turbulence effect of the fluid and the area ratio.  

Addition of these two turbulence related parameters signifies the difference between a dynamic 

flash inception line correlation versus the modified dynamic flash inception line correlation.  

Applying the turbulent pressure fluctuations to Equation (1.26) will give a better prediction of 

the flash inception point.  In the non-flowing systems, turbulence effects are absent since there 

is no fluid movement occurring like that in the converging-diverging nozzle.  The pressure 

undershoot 𝑃𝐹𝑖  associated with the modified dynamic inception line is defined by  

 

𝑃𝐹𝑖 = 0.253
𝜎
3
2

√𝑘𝑇𝑐
 
𝑇𝑅
13.73 √1+14 ∑  ′ 0.8

[1− 
𝑣𝑓

𝑣𝑔
]

− 27(𝜀2)
 𝐺2

2𝜌𝑓
(
𝐴𝑧

𝐴𝑖𝑛
)
1.4

   (3.12) 

 

where 𝜀 is the turbulence intensity, which mostly depends on the order of magnitude of the 

Reynolds number and surface roughness, 𝑇𝑐 is the critical temperature, 𝑇𝑅 is the reduced inlet 

temperature, 𝐴𝑧 is the cross-sectional area at any z location, and 𝐴𝑖𝑛 is the cross-sectional area 

at the inlet.  The first term on the right hand-side of Equation (3.12) is the static inception line, 

given from Equation (1.26) and the second term includes the effect of turbulence intensity and 

the nozzle area ratio.  The results are shown in Chapter 4 as calculated pressure undershoot as a 

function of depressurization rate, along with the experimental data points provided by Gallman 

[24] and Ahmed [23].   

 

 

 

 

 

 

 



61 

 3.3 Flash “Cavitation wave” 

 

The flash cavitation wave analysis focuses on the evaluation and conditions of the 

converging-diverging nozzle once the flash inception is predicted from the previous section.  

Pressure distributions in the two-phase region as a function of area and distance will show the 

physics of what occurs inside the nozzle.  If the water flowing through the converging-diverging 

nozzle does not experience the cavitation phenomena, the fluid will continue to be single-phase 

liquid all the way to the exit of the nozzle.  If wall friction occurs, the pressure at the exit will 

also be lower than the inlet pressure.  Previous work [23] showed that in subcooled liquid 

flowing through a converging-diverging nozzle, the lowest pressure (hence, the cavitation 

inception flash) will occur at the throat if the flow separation and friction effects are ignored.  

Considering the flow separation and the associated “Vena Contracta” effect, the lowest pressure 

can extend downstream of the throat in the nozzle, which will affect the location of the flash 

inception.  If flash inception occurs, two-phase mixture will continue through the diverging 

section.   

 

Figure 3.9 shows an overview of the pressure distribution as a function of area in the 

converging-diverging nozzle for the flow after the flash occurs downstream of the throat.  Two 

main flow fields and conditions in the diverging section of the nozzle can occur after the flash 

inception and will be predicted from the differential analysis developed in Chapter 2; a subsonic 

flow field, and a supersonic flow field both depending on the value of Mach number.  Subsonic 

conditions refer to the flow field when the Mach number is less than one.  After the flow 

cavitates in the diverging section to a Mach number less than one, it decelerates and causes a 

pressure increase past the saturation pressure, causing the flow to reach subcooled conditions at 

the exit of the nozzle.  The second condition is the supersonic condition which is referred to the 

flow field when the Mach number is greater than one.  After the flash, if the Mach number is 

supersonic, the flow will keep accelerating in the diverging section of the nozzle causing the 

pressure to continue dropping as the area is increasing.  The flash wave analysis will focus on 

the supersonic case and will be explained in details    
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Figure 3.9 Overview of pressure as a function of area for the cavitation wave analysis in the 

converging-diverging nozzle. 

 
 

The current section will introduce a step by step marching procedure for the evaluation 

of the flash wave analysis in the diverging section of the nozzle.  This procedure will be detailed 

in the next section.  The results will show the pressure distribution as a function of area in the 

converging-diverging nozzle.  It will provide useful data to complete the evaluation flow 

through the nozzle.   
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 3.3.1 Marching Procedure and Assumptions 

  

 A step-by-step marching procedure will be implemented considering a small area of 

control volume downstream of the throat of the converging-diverging nozzle, as shown in 

Figure 3.10.  The marching algorithm will be developed by applying the mass, momentum, and 

energy conservation equations and the second law of thermodynamics to a control volume as 

the fluid particle moves from 𝑧 to 𝑧 + ∆𝑧 location in the nozzle.  The number of marching 

points will be specified before running the program, depending on length of the diverging 

section of the nozzle. The more marching points used, the higher the resolution of the analysis 

results.  The input parameters for the current marching procedure will be the results and 

conditions of the flash inception evaluation from section 3.2.  As discussed earlier in the 

literature review, different models for the two-phase pressure drop, the speed of sound, and the 

friction factor are available for use in the calculations.  By comparing the results of the 

marching solution with experimental data for the different models, the best model that more 

accurately predicts the experimental data will be identified and discussed.    

 

 

Figure 3.10 Control volume for the marching procedure for the flash wave analysis 
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Key assumptions are made before starting the marching procedure for the fluid flowing 

through the converging-diverging nozzle.  Starting with a specified values of inlet pressure and 

inlet temperature, subcooled water is assumed to be entering the converging-diverging nozzle at 

a steady-state condition.  The mass flow rate exiting the nozzle is assumed to be the same as the 

mass flow rate entering the nozzle, i.e., the mass flow rate remains constant.  The assumption of 

constant mass flow rate and incompressible fluid results in the mean velocity being the highest 

at the location of the minimum area; i.e., at the throat.  Introducing wall friction and flow 

separation in the nozzle will drive the highest velocity to be downstream of the throat due to the 

“Vena contracta” effect.  Upstream of the flash, the flow is assumed to be isentropic, reversible 

and adiabatic, with a metastable liquid having constant density (incompressible).  Fluid 

properties are assumed uniform at each cross-sectional area of the nozzle but vary with each 

location 𝑧.  If subsonic conditions occur after the flash inception, subcooled conditions are 

assumed the mechanical energy balance given by Equation (3.5)is used to calculate the pressure 

distribution through the diverging section of the nozzle.  On the other hand, if supersonic 

conditions occur after the flash inception, the homogenous equilibrium model (HEM) is used 

downstream of the flash for the flow.  The HEM is used to calculate the flow properties and the 

pressure distribution in the nozzle using the governing equations derived in Chapter 2 given by 

Equations (2.31) and  (2.33).  Comparisons of the previously mentioned two-phase frictional 

pressure drop models, Friedel and Lockhart and Martinelli, local speed of sound relations by 

Wallis and Franc, and the friction factors relationship for pipe and diffuser flows will be shown 

in the next chapter.   

 

Equation (3.13) shows a solving block for the parameters evaluated at the flash, which 

will be used at the beginning of the marching grid analysis in the diverging section of the 

nozzle.  The pressure and specific volume calculated at the point of the flash using the flash 

inception analysis are used as the input parameters into the solving block.  The cross-sectional 

area, where the flash inception occurs, is also calculated and entered into the program as well as 

the value of the constant mass flow rate used in the experimental data.  The flow proprieties that 

are calculated in the program are saturation pressure (𝑇𝑠𝑎𝑡), density (𝜌), velocity (𝑈), void 

fraction (𝛼), quality (𝑄), entropy (𝑠𝑖), speed of sound (𝑎), Mach number (𝑀), mass flux (𝐺), and 

the enthalpy (ℎ).  The saturation thermodynamics properties of water are denoted by the symbol 
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f and g for liquid and gas, respectively.  Tables from the National Institute of Standards and 

Technology (NIST) webbook [31] were downloaded and implemented in the associated 

Mathcad program to calculate saturation values for water.  

 

𝑓(𝑃, 𝑣) =

|

|

|

|

|

|

|

|

𝑇 ← 𝑇𝑠𝑎𝑡(𝑃)
 

𝜌 ←
1

𝑣
 

𝑈 ←
𝑚̇

𝜌 𝐴
 

𝛼 ←
 𝜌− 𝜌𝑓(𝑇)

 𝜌𝑔(𝑇)− 𝜌𝑓(𝑇)
  

𝑄 ←
𝜌𝑔(𝑇)∗𝛼

 𝜌𝑓(𝑇)∗(1−𝛼) + 𝜌𝑔(𝑇)∗𝛼
  

𝑠𝑖 ← 𝑄𝑠𝑔(𝑇) + (1 − 𝑄)𝑠𝑓(𝑇)
 

𝑇𝑎𝑏𝑠 ← 𝑇 + 273.15 𝐾
 

𝑎 ←
1

√𝜌 [
𝛼

𝑎𝑔(𝑇)
2∗𝜌𝑔(𝑇)

+
1−𝛼

𝑎𝑓(𝑇)
2∗𝜌𝑓(𝑇)

+
(1−𝛼)𝜌𝑓(𝑇)𝐶𝑝𝑙𝑇𝑎𝑏𝑠

(𝜌𝑔(𝑇)𝐿)
2 ]

  

𝑀 ←
𝑈

𝑎
 

𝐺 ←
𝑚̇

 𝐴
 

 
ℎ ← 𝑄ℎ𝑔(𝑇) + (1 − 𝑄)ℎ𝑓(𝑇)

 
  

   (3.13) 

 

 

After calculating the parameters at the flash, the marching procedure in the supersonic 

region for the diverging section begins.  The marching solution consists of grid points denoted 

by the symbol 𝑗 as the upstream grid point and 𝑗 + 1 for the subsequent downstream grid point. 

The first grid point for starting the solving block is located at the point of the flash.   
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The equations describing the nozzle cross sectional area (𝐴) and the distance (z) in the 

marching grid solutions are given by 

 

 𝐴𝑗+1 = 𝐴𝑗 + ∆𝐴                            (3.14) 

𝑧𝑗+1 = 𝑧𝑗 + ∆𝑧                                    (3.15) 

The pressure variation as a function of area was derived in Chapter 2 and is given by Equation 

(2.56), without including the effects of friction in the evaluation.  To include the friction effect, 

the conservation equations and second law of thermodynamics for compressible flows are 

implemented.  Starting with the differential form of the mass conservation previously shown in 

Chapter 2 as Equation (2.36), and rearranging in terms of the specific volume (𝑣) instead of the 

density, yields the following: 

 

                      
𝑑𝑣

𝑣
−

𝑑𝐴

𝐴
−

𝑑𝑈

𝑈
= 0                                           (3.16) 

Then, considering that the fluid does not undergo an isentropic process, and the associated 

entropy change is caused by friction, Equation (2.49) and (2.50) become, 

 

                                            𝑑ℎ =
𝑑𝑃

𝜌
+ 𝑇 𝑑𝑠                                                 (3.17) 

𝑑𝑈

𝑈
= −

1

𝑈2

𝑑𝑃

𝜌
−

𝑇 𝑑𝑠

𝑈2
                                             (3.18) 

To find an expression for 
𝑑𝑣

𝑣
, the specific volume can be considered as a function of the entropy 

and pressure as,  

 

                                            𝑣 = 𝑣(𝑠, 𝑃)                                                   (3.19) 

 Differentiating Equation (3.19) with respect to pressure and entropy, yields 

                                            𝑑𝑣 = (
𝜕𝑣

𝜕𝑠
)
𝑃
𝑑𝑠 + (

𝜕𝑣

𝜕𝑃
)
𝑠
𝑑𝑃                                    (3.20) 
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where 𝑑𝑠 is the local entropy generation for saturated two-phase fluid. The partial derivatives in 

Equation (3.20) can be expressed in terms of the following thermodynamic property 

relationships [14]: 

 

                                         (
𝜕𝑣

𝜕𝑠
)
𝑃
=

𝛽𝑣𝑇

𝑐𝑃
,         (

𝜕𝑣

𝜕𝑃
)
𝑠
=  −

𝑣2

𝑐2
                            (3.21) 

 

where 𝛽 is the isobaric thermal expansion coefficient and defined as the rate of change in 

specific volume with an increase in temperature at a constant pressure as shown in Appendix 

(A), 𝑐𝑃 is the local specific heat.  Substituting the partial derivatives from Equation (3.21) in 

Equation (3.20) results in 

 

                                            
𝑑𝑣

𝑣
=

𝛽𝑇

𝑐𝑃
𝑑𝑠 −

𝑣

𝑐2
𝑑𝑃                                                (3.22) 

 

Finally, substituting Equations (3.18) and (3.22) into (3.16), yields, 

 

   
𝛽𝑇

𝑐𝑃
𝑑𝑠 −

𝑣

𝑐2
𝑑𝑃 +

𝑣𝑑𝑃

𝑈2
+

𝑇𝑑𝑠

𝑈2
−

𝑑𝐴

𝐴
= 0                         (3.23) 

 

Multiplying all terms by 𝑈2 and using the Mach number relation given by Equation (2.55), 

Equation (3.23) reduces to 

 

   (1 − 𝑀2 )𝑣𝑑𝑃 − 𝑈2 𝑑𝐴

𝐴
+ (1 +

𝛽𝑈2

𝑐𝑃
) 𝑇𝑑𝑠 = 0               (3.24) 

Rearranging Equation (3.24) in terms of  
𝑑𝑃

𝑑𝐴
, yields 

 

   
𝑑𝑃

𝑑𝐴
=

𝜌𝑈2

𝐴[1−𝑀2]
− 

𝑇

𝑣

(1+
𝛽𝑈2

𝑐𝑃
)

(1−𝑀2 )

𝑑𝑠

𝑑𝐴
                              (3.25) 
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The entropy generation rate, 𝑑𝑆̇𝑔𝑒𝑛 for two-phase flow is introduced from the first and second 

law of thermodynamics by Revellin [32] and, assuming adiabatic flow, the expression is given 

by 

 

   𝑑𝑆̇𝑔𝑒𝑛 =
𝑚̇

𝜌 𝑇
(𝑑𝑃)𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛                                   (3.26) 

The entropy change (𝑑𝑠) can be calculated by applying the second law of thermodynamics to 

the control volume and assuming steady state, constant mass flow rate and adiabatic flow, 

yielding 

 

   𝑑𝑠 =
𝑑𝑆̇𝑔𝑒𝑛

𝑚̇
                                 (3.27) 

Substituting Equation (3.26) into (3.27) gives, 

 

   𝑑𝑠 =
1

𝜌 𝑇
(𝑑𝑃)𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛                              (3.28) 

where ρ is the two-phase mixture density and can be calculated by  

 

 
1

𝜌
= [(

𝑄

𝜌𝑔
) + (1 − 𝑄) (

1

𝜌𝑓
)]                               (3.29) 

Figure A.3 in Appendix (A) shows the evaluation of the isobaric thermal expansion coefficient 

for the liquid-vapor water mixture.  Results conclude that the isobaric thermal expansion 

coefficient of the mixture is very close to the vapor thermal expansion coefficient; that is, the 

liquid contribution is minimal and can be ignored compared to the vapor contribution in a two-

phase system.  Equation (3.25) includes the term (1 +
𝛽𝑈2

𝑐𝑃
), where the second term is 

considered negligible due to the very small values of two-phase mixture thermal expansion 

coefficient (β) as shown in Figure A.3.  Therefore, the entire term is approximated as 1.  The 

final equation for the variation of pressure as a function of the variation of area in the nozzle, 
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with varied cross-sectional area and including frictional effects, is obtained by substituting 

Equation (3.28) into Equation (3.25), yielding 

 

   
𝑑𝑃

𝑑𝐴
=

𝜌𝑈2

𝐴[1−𝑀2]
− 

1

(1−𝑀2 )
(
𝑑𝑃

𝑑𝐴
)
𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛

                    (3.30) 

The first term on the right-hand side represents the pressure drop due to momentum and the 

second term represents the pressure drop due to frictional effects.  The (
𝑑𝑃

𝑑𝐴
)
𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛

will be 

calculated using several two-phase pressures drop models for comparison purposes in Chapter 

4.   

Following the marching procedure steps, the total pressure drop in the nozzle,  
𝑑𝑃

𝑑𝐴
, given 

in Equation (3.30) is solved numerically and used in calculating the pressure distribution in 

terms of the discretized points 𝑗 and 𝑗 + 1 as described in Equation (3.31) 

 

  𝑃𝑗+1 = 𝑃𝑗 + (
𝑑𝑃

𝑑𝐴
)
𝑗
 ∆𝐴                                   (3.31) 

The change in the entropy of the fluid can be expressed as 

 

∆𝑠 =
1

𝜌 𝑇
(∆𝑃)𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛      (3.32) 

The (∆𝑃)𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 is calculated from the two-phase pressures drop models, (
𝑑𝑃

𝑑𝐴
)
𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛

, divided 

by the area.  Expressing Equation (3.32) in terms of the discretized points 𝑗 and 𝑗 + 1, yields 

 

  𝑠𝑗+1 = 𝑠𝑗 + ∆𝑃𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛,𝑗

1

𝜌
𝑗 
𝑇𝑗
            (3.33) 

Introducing expressions for the other variables used in the marching grid solution within the 

nozzle, i.e., quality (𝑄𝑗+1), void fraction (𝛼𝑗+1), mixture density (𝜌𝑗+1), velocity (𝑈𝑗+1), Mach 

number (𝑀𝑗+1), mass flux (𝐺𝑗+1), and enthalpy (ℎ𝑗+1), gives  
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   𝑄𝑗+1 =
𝑠𝑗+1−𝑠𝑓(𝑇𝑗+1)

𝑠𝑔(𝑇𝑗+1)−𝑠𝑓(𝑇𝑗+1)
                                             (3.34) 

 

where the properties 𝑠𝑔(𝑇𝑗+1) and 𝑠𝑓(𝑇𝑗+1) are the saturated values of gas and liquid entropy 

evaluated at the new temperature (𝑇𝑗+1). 

 

      𝛼𝑗+1 =
𝜌𝑓(𝑇𝑗+1) 𝑄𝑗+1

 𝜌𝑔(𝑇𝑗+1)(1− 𝑄𝑗+1) + 𝜌𝑓(𝑇𝑗+1) 𝑄𝑗+1
                          (3.35) 

 

where the properties 𝜌𝑔(𝑇𝑗+1) and 𝜌𝑓(𝑇𝑗+1) are the saturated values of gas and liquid density 

evaluated at the new temperature (𝑇𝑗+1). 

 

      𝜌𝑗+1 = 𝜌𝑓(𝑇𝑗+1)(1 − 𝛼𝑗+1)  + 𝜌𝑔(𝑇𝑗+1)𝛼𝑗+1             (3.36) 

 

   𝑈𝑗+1 =
𝑚 ̇

(𝜌𝑗+1)(𝐴𝑗+1)
                                         (3.37) 

 

   𝑀𝑗+1 =
𝑈𝑗+1

𝑎𝑗+1
                                            (3.38) 

 

   𝐺𝑗+1 =
𝑚 ̇

𝐴𝑗+1
                                            (3.39) 

 

      ℎ𝑗+1 = ℎ𝑓(𝑇𝑗+1)(1 −  𝑄𝑗+1)  + ℎ𝑔(𝑇𝑗+1) 𝑄𝑗+1             (3.40) 
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 3.4 The Length of Two-Phase “Condensation Shock” Region 

 

After the flash occurs, and for the case where the inception Mach number is greater than 

1, a supersonic flow accelerates in the diverging section of the nozzle causing the pressure to 

decrease to a point where the flow is abruptly interrupted by a condensation shock.  Here the 

two-phase mixture converts back to a single-phase liquid through the remainder of the diverging 

section of the nozzle.  The condensation shock is considered to be a spontaneous and abrupt 

change in the flow that occurs in the diverging section of the nozzle.  This change usually 

happens when the flow immediately after the flash is moving at supersonic speeds.   The 

distance from the flash inception to the condensation shock is referred to as the length of two-

phase region.  Analysis of the length of two-phase region in the converging-diverging nozzle is 

important to better evaluate the overall cooling capacity and facilitate improvement in the 

cooling efficiency of the nozzle.  The heat transfer coefficient in the two-phase region is likely 

to be the highest causing the largest heat transfer rate in the region.  The analysis will be used to 

investigate and predict the maximum length of two-phase region, which will provide a greater 

area for heat absorption and, hence, a greater cooling potential.  Again, the longer the length of 

two-phase region, the higher the potential for cooling.   Figure 3.11 shows an overview of a 

pressure distribution versus the distance, z, in the converging-diverging nozzle, showing the 

length of two-phase region and the condensation shock occurring in the diverging section of the 

nozzle.   

 

Figure 3.11 Overview of the length of two-phase region and the condensation shock.            
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In this section, we will introduce the assumptions and equations that were implemented 

to find the location of the condensation shock along the nozzle.  The location of the 

condensation shock will provide the ability to calculate the length of the two-phase region.  As 

seen in Figure 3.11, the condensation shock terminates from state 3 in the two-phase region to 

state 4 in the subcooled liquid region.  The condensation shock is considered to be 

perpendicular to the nozzle flow.  As shown in Figure 3.12, a control volume is defined 

enclosing the condensation shock with a cross sectional area normal to the flow direction; 

hence, the area is constant across the condensation shock.  The upstream flow properties are 

denoted by the subscript 3 and the downstream properties are denoted by the subscript 4. 

 

Figure 3.12 Control volume of the normal (condensation) shock across the flow in the nozzle. 

 

The condensation shock analysis is considered to be a one-dimensional flow in the z-

direction normal to the shock, where the flow properties are constant in any direction normal to 

the flow.  The fluid is assumed to be in thermodynamic equilibrium upstream and downstream 

of the condensation shock.  The flow is considered to be steady-state and adiabatic across the 

shock, which means there are no temperature gradients normal to the control volume.  There is 

also no flow across the top and bottom boundaries of the control volume in the shock.  Gravity 

and body forces are assumed to be negligible across the condensation shock.   

 

The results of this analysis will introduce the dependence of the length of the two- phase 

region on the backpressure.  As seen in Figure 3.11, two lines are highlighted in the pressure 

versus area plot.  These correspond to the regions upstream and downstream of the 
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condensation shock.  The analysis will be achieved by implementing a marching solution.  First, 

a backward marching solution is used for the first line of state 4.  Since the evaluation will be in 

the subcooled region, a mechanical energy balance will be implemented with input values of a 

backpressure and cross-sectional area, along with the assumption of constant density 

(incompressible) due to the subcooled conditions.  The pressure relation at state 4 (Figure 3.12) 

can be expressed by 

 

      𝑃4 = 𝑃𝑏 +  
1

2
𝜌
 
(𝑈𝑏 

2 − 𝑈4 
2

 
) − ∆𝑃𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛                     (3.41) 

where ∆𝑃 is the frictional pressure drop for the single-phase flow calculated using Equation 

(1.14).  Equation (3.41) can be written in terms of the grid points for the marching solution 

using 𝑃𝑏, the backpressure, and 𝑈𝑏 
 ,the value of velocity at the exit using the area at the exit, as 

the inputs, 

 

      𝑃4𝑗+1
= 𝑃𝑏 +  

1

2
𝜌
 
(𝑈𝑏 

2 − 𝑈4𝑗+1 

2

 
) − ∆𝑃𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛,𝑗         (3.42) 

Second, a forward marching solution is used for the second line of state 3 marked in 

Figure 3.11.  Since the evaluation will be in the two-phase mixture region, the equations of 

conservation of mass, momentum, and energy obtained in Chapter 2 will be implemented to the 

control volume.  The input values are used from the cavitation wave analysis results and, 

assuming a constant cross-sectional area at the shock, the conservation of mass Equation (2.8) 

can be rearranged in terms of states 3 and 4 which reduces to 

 

      𝜌3 𝑈3 = 𝜌4 𝑈4                                             (3.43) 

Since pressure forces are the only forces acting on the control volume of the shock in the flow 

direction, and assuming a constant cross-sectional area at the shock, the momentum equation, 

Equation (2.18), can be rearranged in terms of states 3 and 4 which reduces to 
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         𝑃3 − 𝑃4 = 𝜌
4
𝑈4 
2 −

 
𝜌
3
𝑈3 
2

                              (3.44) 

While ignoring frictional head losses across the shock, and ignoring gravitational effects, the 

energy equation, Equation (2.26), can be rearranged in terms of states 3 and 4 and reduced to 

 

         ℎ3 +
𝑈3
2

2
=    ℎ4 +

𝑈4
2

2
                                           (3.45) 

 

Equation (3.44) can be written in terms of the grid points subscripts 𝑗 and 𝑗 + 1 for the 

marching solution, where 𝜌3 is the two-phase density and 𝜌4 is the liquid density in the 

subcooled region as 

 

 

      𝑃4𝑗+1 = 𝑃3𝑗 +  𝜌3𝑗𝑈3𝑗 
2 − 𝜌4 𝑈4𝑗+1 

2

 
                        (3.46) 

 

After obtaining the results of the two different lines of pressure distribution as a function 

of area using the forward and backward marching solution from Equation (3.42) and (3.46), 

they are plotted on the same graph.  The intersection of those two lines is then found which will 

provide the pressure and cross-sectional area of the condensation shock location.  The procedure 

is shown in details in Appendix (B). Then, the length of two-phase region can be found by 

calculating the distance between the flash inception and the condensation shock in the diverging 

section of the nozzle.  The analysis will be applied for a given temperature by varying the 

backpressure in the calculations.  One can therefore determine the changes in the length of two-

phase region as these conditions are varied.  This would be a first step toward determining the 

optimum conditions for achieving the maximum length of two-phase region. 
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Chapter 4 -  Results and Discussions 

 

This chapter presents the results from a set of comprehensive theoretical models 

developed in Chapter-3 for predictions of the pressure distribution as a function of cross-

sectional area within the entire converging-diverging nozzle and the application of the 

numerical calculation techniques to describe the two-phase flow and cavitation phenomena.  

The nozzle inlet flow conditions such as inlet pressure, inlet temperature, mass flow rate, and 

backpressure from previous experimental results for water flowing through two converging-

diverging nozzles (one made of glass and the second made from a transparent resin [37] are 

used for the analysis.  The results for different inlet water temperatures are compared and 

discussed. 

 

The predicted results, assumptions, nozzle inlet conditions and the numerical marching 

procedure used for the entire nozzle are presented in three sections.  The first section introduces 

the point of the flash in the nozzle, i.e., the cavitation flash inception conditions, and its 

location.  The second section presents the results of the cavitation wave analysis after 

occurrence of the flash.  Finally, evaluation of the location of the condensation shock and 

determination of the length of two-phase region are presented in the third section.  In addition, 

available pressure measurements are included which provide great insight into the flow 

behavior in the nozzle and how this behavior is influenced by the nozzle geometry and the inlet 

flow conditions.  In particular, the effect of the backpressure on the length of two-phase region 

is presented and discussed for different inlet water temperatures.  
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 4.1 Flash Inception Analysis Results 

In order to develop some confidence in the proposed flash inception analysis, the flash 

prediction results developed by Abuaf [27] for Brown’s data [28] were reproduced using the 

dynamic flash inception line analysis.  The comparisons between Abuaf’s results, given in 

Figure 1.8, and the calculated new results, are used for verification.  Then, the modified 

dynamic flash inception line analysis is used to evaluate the onset of cavitation observed in 

Brown’s [28], Ahmed’s [23], and Gallman’s [24] experimental data.   

 

The dynamic flash inception line is evaluated using a numerical solving block for the 

water flow conditions in the nozzles.  Results are plotted in terms of pressure undershoot as a 

function of local properties and depressurization rate.  The reader is reminded that the pressure 

undershoot is the difference between the saturation pressure and the local pressure (see Chapter 

1).  The pressure undershoot represents the pressure threshold below the saturation pressure 

where flash is initiated.   A third order polynomial was developed to recreate the converging-

diverging nozzle geometry used by Brown [28] to be used in the flash prediction analysis.  Two 

different tests conducted by Brown [28] were evaluated, corresponding to inlet temperatures of 

270℃ and 286℃.  The pressure data for the upstream taps and the throat given by Figure 1.7 

were used to calculate the depressurization rate and the pressure undershoot.  Appendix (C) 

shows an example calculation of all the experimental data superheats evaluated in the analysis.  

Equations (3.6) and (3.7) were used to calculate the depressurization rate for the upstream 

pressure taps and the tap at the throat, respectively.  The throat tap provided a major challenge 

for the estimation of the depressurization because at the throat, 
𝑑𝐴

𝑑𝑧
 equals to zero.  The nozzle 

geometry cannot be used to calculate 
𝑑𝐴

𝑑𝑧
, due to the “Vena contracta” effect    For this case, the 

forward difference formula shown in Equation (3.10) was used as a numerical differentiation 

method between the throat and the downstream pressure taps to calculate 
𝑑𝐴

𝑑𝑧
, and evaluate an 

equivalent 
𝑑𝑃

𝑑𝑧
, as shown in Appendix (C).  This approach appeared to provide the most 

representative evaluation considering the limited data upstream of the throat available for 

estimating the derivative.  Figure 4.1 (a) and (b) show the results of the flash inception 

prediction for inlet temperatures of 270℃ and 286℃, respectivly.  Brown’s [28] experimental 
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superheat results are presented as the dashed line, and the solid curve represents the static flash 

inception line.  In Figure 4.1, it is observed that as the flow approaches the smaller cross-

sectional area of the throat, tap 6, the pressure undershoot increases.  As the fluid approaches 

the throat, the cross-sectional area decreases causing the depressurization rate for the 

experimental superheats to increase at a region that supports high superheats.  At the throat, the 

fluid cannot maintain any superheat within that region and relaxes with flash inception.   

 

 
  

     (a) T =  270℃ 
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     (b) T =  286℃ 

 

Figure 4.1 Reproduction of the flash inception results [27] for tests with inlet temperatures of 

270℃ and 286℃, respectively [28] 

 

The successful reproduction of Brown’s results shown in Figure 4.1 verifies the 

reasonable accuracy of the marching procedure used for the dynamic flash inception analysis.  

After validating the analysis with the experimental data [28], the modified dynamic flash 

inception line was introduced.  This analysis will account for the convective and turbulent 

pressure fluctuation effects, i.e., the area ratio effects and the turbulence intensity, and given by 

Equation (3.12).  The turbulent effect considers the fluid particle experiencing a dynamic (i.e., 

turbulent) pressure fluctuations through the converging section of the nozzle up to the throat.  

By evaluating Equation (3.12), it is observed that including the turbulent pressure fluctuations 

will lower the flash inception line depending on the flow conditions.   
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Equation (4.1) the marching algorithm solution block in a functional form that was used 

to calculate the modified dynamic flash inception line, (𝑃𝐹𝑖), for the given range of 

depressurization rates.  Starting the numerical solution with a given value of the inlet distance, 

and a selected grid increment of 0.5 mm to calculate the next value in the marching procedure, 

the cross-sectional area is then calculated and used in the evaluation of the depressurization rate 

to find the superheat data of the modified dynamic flash inception line.  The term 
𝑑𝐴

𝑑𝑧
 is 

calculated using a function in Mathcad evaluating a discrete approximation of a 3rd order 

polynomial representation of the geometry of the nozzle.  The value of the turbulence intensity 

in the direction of the fluid particle movement is known to be very low in the converging 

section of nozzles due to the decreasing cross-sectional area to a minimum value, as observed 

by Jones [26]. 

 

For comparison purposes, a turbulent fluctuation intensity denoted by (ε), ranging 

between 0.07 and 0.12, is used in the evaluation.    
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     (4.1) 

 

 

Following the successful reproduction of Brown’s data and use of the dynamic flash 

inception model in Figure 4.1, the modified dynamic flash inception marching algorithm was 

applied to Brown’s experimental data [28].   Figure 4.2 (a) and (b) show the results of the flash 
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inception prediction using the modified dynamic flash inception line for inlet temperatures of 

270℃ and 286℃, respectively. 

 
  

     (a) T =  270℃ 

 

 
 

     (b) T =  286℃ 

 

Figure 4.2 Flash onset prediction using the modified dynamic flash inception line for inlet 

temperatures of 270℃ and 286℃, respectively [28] 
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Results are shown in terms of pressure undershoot as a function of depressurization rate.  The 

blue dashed line indicates the experimental data superheats.  The modified dynamic flash 

inception line is shown for three different turbulence intensities of 0.07, 0.09, and 0.12.  It is 

observed that the different turbulence intensities using the modified dynamic flash inception 

analysis are showing approximately the same results, which indicates that turbulence intensity is 

not playing a significant role in the prediction of the modified dynamic inception line.  All flash 

inception lines cross the experimental data superheats between tap 5 and tap 6, the throat.  The 

intersection of the flash inception line with the experimental superheat predicts that the flash 

would occur approximately at the throat where it has the minimum geometrical cross-sectional 

area.  These results justify using the modified dynamic flash inception analysis for flowing 

systems in nozzles.  Next, the modified dynamic flash inception analysis is used to predict the 

onset of flash for Ahmed’s [23] test conditions applying the nozzle configuration given in 

Figure 3.3. 

 

Previous experimental results by Ahmed [23] in a converging-diverging nozzle using a 

blow down system with different water conditions and different inlet temperatures of 70 ℃, 

50 ℃, and 25 ℃ were provided in Table 1-1.  Using the three different conditions, inlet 

temperature, inlet pressure, and mass flow rate, the predicted single-phase pressure distributions 

in the converging section were plotted as a function of distance as shown by Figure 3.5, Figure 

3.6, and Figure 3.7. Those pressure curves were used to calculate the superheats and the 

depressurization rates to predict the onset of flash in the converging-diverging nozzle.  Three 

different locations of calculated pressure, given at distances of -8 mm and -4 mm upstream of 

the throat, and at 0 mm, which is at the throat, were used to calculate the superheats.  The 

details of these calculations are presented in Appendix (C).  The locations can be seen in the 

nozzle geometry given in Figure 3.3.  The pressures at the three locations respectively are (96 

kPa, 56 kPa, 4.47 kPa) for 70 ℃, (95 kPa, 46 kPa, -14 kPa) for 50 ℃, and (94.7 kPa, 43 kPa, -

23 kPa) for 25 ℃.  The modified dynamic flash inception analysis is first applied to the case 

with an inlet temperature of 70 ℃ to predict the point of flash in the nozzle.  Figure 4.3 shows 

the results of the prediction for the pressure undershoot as a function of depressurization rate for 

70 ℃.  From the figure, it is seen that the flash inception is predicted to occur where the 

superheats data between location 3 and location 4 crosses the modified dynamic flash inception 
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line.  Location 3 is 4 mm upstream of the throat and location 4 is at the minimum geometrical 

cross-sectional area in the nozzle, the throat.  As mentioned in the literature review from 

Ahmed’s experimental flow visualization tests [23], the point of flash was observed to be stable 

at the throat.  Another visualization [23] observed a region of two-phase flow located at a small 

distance downstream of the throat with the lowest pressure, which has been explained by the 

“Vena contracta” effect.  The modified dynamic flash inception analysis is applicable in the 

converging section of the nozzle up to the throat, but does not allow for determining the 

pressure undershoot downstream of the throat because of the increasing cross-sectional area in 

the diverging section of the nozzle affecting the estimation of 
𝑑𝐴

𝑑𝑧
.  Therefore, it will be assumed 

that the flash occurs approximately at the throat or near downstream of the throat. 

 

 

 

Figure 4.3 Flash onset prediction using the modified dynamic flash inception line for 70 ℃ [23] 

 

The same behavior and conclusions are observed from the results of the other two 

experimental data sets for inlet temperatures of 50 ℃ and 25 ℃ shown in Figure 4.4 and Figure 

4.5, respectively.  The results show the modified dynamic flash inception line predicted the 

flash inception location for the tests with different inlet temperatures of 70 ℃, 50 ℃, and 25 ℃ 
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very well.  Next, the modified dynamic flash inception analysis is used to predict the flash 

inception for Gallman’s [24] water test conditions applying the nozzle configuration given by 

Figure 3.3. 

 

 

 

 

Figure 4.4 Flash onset prediction using the modified dynamic flash inception line for 50 ℃ [23] 
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Figure 4.5 Flash onset prediction using the modified dynamic flash inception line for 25 ℃ [23] 

 

Gallman [24] obtained direct pressure measurement data using pressure taps from a 

transparent converging-diverging nozzle capable of allowing visualization.  Three different tests 

conducted using a plastic 3D converging-diverging nozzle having the same geometry as the 

nozzle configuration shown in Figure 3.3.  He varied the steady state flow test conditions by 

controlling the nozzle backpressure, and recorded the onset of cavitation using a high-speed 

video camera.  The experimental test conditions are applied in the modified dynamic flash 

inception analysis to predict the point of the flash in the nozzle.  The water conditions for the 

three tests associated with different backpressures, and the measured mass flow rate are shown 

in Table 4-1. 
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Table 4-1 Water conditions for the flash inception prediction analysis for water, Gallman  [24] 

 

 

 

 

 

 

The measured experimental pressure data for the water experiments [24] were employed 

in the modified dynamic flash inception analysis in a similar manner to investigate the location 

of the flash initiation.  The first test had a backpressure of 43.2 kPa.  Figure 4.6 shows the 

measured experimental pressure distribution as a function of distance along the length of the 

nozzle for the first test condition with an inlet pressure of 99.4 kPa, a backpressure of 43.2 kPa, 

and an inlet temperature of 20℃. The solid black vertical line in Figure 4.6 indicates the 

location of the throat in the nozzle, and the corresponding pressure tap location.  As seen from 

the figure, the minimum pressure occurred slightly downstream of the throat due to the “Vena 

contracta” effect in the diverging section of the nozzle.  This is accompanied by significant 

frictional losses in the downstream region where cavitation and two-phase flow exists.  

 

 

Figure 4.6 Pressure distribution as a function of distance in nozzle for a backpressure of 43.2 

kPa [24] 
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The nozzle geometry, the water temperature, constant mass flow rate, and the pressure 

distribution data up to the throat shown in Figure 4.6 were used as inputs in the analysis for the 

evaluation of the flash inception point.  Using the test conditions given in Table 4-1 and 

following a procedure similar to that shown in Figure 4.3, the results of the first test are plotted 

in Figure 4.7 in an attempt to predict the flash inception point. Figure 4.7 shows the pressure 

undershoot as a function of depressurization rate for an inlet temperature of 20℃.  The blue 

dashed line indicates the experimental data superheats.  The values of pressure undershoot in 

the figure were calculated from the measured pressure at each tap, starting from the inlet tap up 

to the throat tap in the converging section of the nozzle.  The pressure undershoot was 

determined by subtracting the local pressure from the saturation pressure for the given 

temperature. The depressurization rate was calculated using Equations (3.6) and (3.7), as shown 

in Appendix (C).     

 

The results from Figure 4.7 show the modified dynamic flash inception line for three 

different turbulence intensities 0.07, 0.09, and 0.12.  Again, it is observed that the impact of the 

turbulence intensity on the modified dynamic flash inception lines is insignificant and all three 

turbulence intensity results are close to each other.   However, the results show that the 

experimental data superheats never intersect with the modified dynamic flash inception lines.  

This is due to the lower range of the depressurization rate and the lower value of the water 

temperature for the current experimental data points.  In the literature review, the range of 

depressurization rate that was given for Brown’s data [28] falls between 108 Pa/s and 1011 Pa/s, 

whereas Gallman’s [24] experimental data points have depressurization rates in the range of  

106 Pa/s to 108 Pa/s.  This range is much lower than what is given by Brown’s data as is the 

temperature range associated with the two experimental nozzles.   
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Figure 4.7 Flash onset prediction for a backpressure of 43.2 kPa [24] using the modified 

dynamic flash inception line  

 

After applying the modified dynamic flash inception analysis to predict the onset of the 

flash for the first test, the same analysis is implemented to the second and third experimental 

tests.  The second experimental test had water conditions with an inlet pressure of 102.7 kPa 

and a backpressure of 30.5 kPa and the third experimental test with an inlet pressure of 103.4 

kPa and a backpressure of 15.17 kPa; both having the same inlet temperature of 20℃ as shown 

in Table 4-1.  Figure 4.8 shows the pressure distribution data as a function of distance for both 

water tests [24].  Figure 4.8 (a) shows the pressure distribution data for a backpressure of 30.5 

kPa and Figure 4.8 (b) shows the pressure distribution data for backpressure of 15.17 kPa. 
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(a) Backpressure = 30.5 kPa  

 

 

(b) Backpressure = 15.17 kPa 

   

Figure 4.8 Pressure distribution as a function of distance in nozzle; (a) Backpressure of 30.5 

kPa, (b) Backpressure of 15.17 kPa [24] 
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Using the measured pressure distribution, the experimental superheat data is calculated 

and plotted in terms of the pressure undershoot as a function of depressurization rate for each 

test, as given in Appendix (C).  Figure 4.9 show the results of the second and third water run, 

where the modified dynamic flash inception line analysis is applied.   Figure 4.9 (a) shows the 

flash onset prediction for a backpressure of 30.5 kPa and Figure 4.9 (b) shows the flash onset 

prediction for a backpressure of 15.17 kPa.  The figures show the pressure undershoot as a 

function of depressurization rate for experimental superheats data and the modified dynamic 

flash inception line using the different ranges of turbulence intensity fluctuations.  The results 

again show that the experimental data superheats line never intersects with the modified 

dynamic flash inception line.   

 

 

 

(a) Backpressure = 30.5 kPa  
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(b) Backpressure = 15.17 kPa 

 

Figure 4.9 Flash onset prediction using the modified dynamic inception line; (a) Backpressure 

of 30.5 kPa, (b) Backpressure of 15.17 kPa [24] 

 

After further investigation into the reasons behind the modified dynamic flash inception 

not predicting the flash onset for Gallman’s 20 ℃ experimental data [24], yet working 

successfully for Ahmed’s 25 ℃ experimental data [23], it was determined that the difference in 

the mass flow rates was the key factor.  The mass flow rate for Ahmed’s experiment was 

0.0349
𝑘𝑔

𝑠
  for the inlet water temperature of 25 ℃; however, the mass flow rate for Gallman’s 

experiment was lower at 0.0248
𝑘𝑔

𝑠
 for the inlet water temperature of 20 ℃ t.  A lower mass 

flow rate causes the depressurization rate to be smaller and the pressure in the nozzle does not 

go below the saturation pressure; therefore, a flash is not predicted to occur.  Ahmed [23] 

further observed that flash initiated around a mass flow rate of 0.0349
𝑘𝑔

𝑠
 and at a lower mass 

flow rate wouldn’t result in a flash inception.  However, Gallman [24] observed that flash seem 

to be initiated at a lower mass flow rate of 0.0248
𝑘𝑔

𝑠
 even though flash was not supposed to 

occur at a lower mass flow rate.  This discrepancy can be explained by hypothesizing that the 

pressure taps drilled in the 3D plastic nozzle at the throat may have resulted in a localized burr 

causing a premature flash inception to occur on one side of the nozzle starting at the throat (see 
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Appendix D).   In addition, the plastic nozzle material used may have exhibited characteristics 

of a rough surface, which can cause a premature flash inception, as compared to the smooth 

glass nozzle used by Ahmed. 

 

To validate the argument, a higher mass flow rate was used for Gallman’s test 

conditions to calculate a new pressure distribution and predict new results for the flash 

inception.   First, water conditions of a mass flow rate of  0.0349
𝑘𝑔

𝑠
, an inlet temperature of 20 

℃, and an inlet pressure of 99.4 kPa used to predict the single-phase pressure drop in the 

converging section of the nozzle.  Figure 4.10 shows the comparison of the calculated pressure 

distribution (red line) and the measured data (black circles) by Gallman [24] for a mass flow 

rate of 0.0248
𝑘𝑔

𝑠
 and the calculated pressure distribution (blue line) for the new proposed mass 

flow rate of 0.0349
𝑘𝑔

𝑠
 for a temperature of 20℃.  The solid black vertical line in Figure 4.10 

indicates the location of the throat in the nozzle and the dash line corresponds to the saturation 

pressure for the inlet temperature.  Since the calculated line with a mass flow rate of 0.0248
𝑘𝑔

𝑠
 

predicted the experimental data measured by Gallman [24] in the converging section of the 

nozzle, it is reasonable that it be used to predict the pressure distributions for other mass flow 

rates.  It is observed that using a mass flow rate of  0.0349
𝑘𝑔

𝑠
 theoretically lowers the pressure 

distribution significantly below the saturation pressure, which is likely sufficient enough to 

cause the flash inception to occur in the nozzle (as was the case with Ahmed’s nozzle). 
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Figure 4.10  Comparisons of the calculated pressure distribution for different mass flow 

rates and the measured data by Gallman [24] for a temperature of 20℃ 

 

After predicting the pressure distribution for the new mass flow rate, the modified 

dynamic flash inception line analysis can be applied to predict the onset of flash.  Figure 4.11 

shows the pressure undershoot as a function of depressurization rate for the experimental 

superheats using the modified dynamic flash inception analysis for an inlet temperature of 20℃ 

and a mass flow rate of  0.0349
𝑘𝑔

𝑠
.  The blue dashed line indicates the experimental data 

superheats.  From the figure, it is seen that the flash inception is predicted to occur at the throat 

of the nozzle where the modified dynamic flash inception line crosses the superheats data 

between location 3 and location 4, at the throat.  The results verify that the modified dynamic 

flash inception analysis should work for all nozzle flows with the exception of cases where 

premature flash occurs in the nozzle similar to Gallman’s experimental visualization (see details 

in Appendix D). 
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Figure 4.11  Flash onset prediction temperature of 20℃ [24] using the modified dynamic flash 

inception line 
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 4.2 Flash “Cavitation Wave” Results 

 

Once the flash inception location is found, one will be able to start the prediction of the 

onset of cavitation (flash inception) using cavitation wave analysis in the diverging section of 

the nozzle.  The results of the flash inception prediction will be used as the starting conditions to 

run the step-by-step marching procedure given previously by Equation (3.13).  Also, the key 

assumptions for the evaluations have been discussed in chapter 3 and will be used in this 

analysis.  In this section, evaluation and comparisons are presented between the experimental 

results obtained by Ahmed [23] and the theoretical results from the current analysis.   

 

The single-phase pressure analysis cannot be used to calculate the pressure distribution 

downstream of the throat and beyond the point of flash inception due to the presence of a two-

phase mixture. A two-phase pressure drop model must be implemented to account for the phase 

change after cavitation.  Also, the previous flash inception point analysis did not account for the 

separation effects and the associated “Vena Contracta” effects that occur at the throat and 

downstream of the throat.  Separation was clearly shown to occur in the experimental results for 

water flowing through the converging-diverging nozzle [23], which are being used for 

comparison with the current theoretical analysis.   In the referenced experimental flow 

visualization results, it was shown that the point of flash occurred a few millimeters 

downstream of the throat, defining the initiation of a two-phase mixture.  For that reason, an 

assumption is made that the flash inception occurred 4 mm to 5 mm downstream of the throat, 

consistent with the “Vena Contracta” effect observed in the experimental results [23].  The 

pressure and area at that location are then calculated and used as the starting conditions for the 

flash (cavitation) wave analysis beyond the point of flash.  From the previously calculated 

pressure distribution for water flowing through a converging-diverging nozzle in Figure 3.5, 

Figure 3.6, and Figure 3.7 , it is shown that the pressure in the diverging section approaches the 

saturation pressure 4 mm to 5 mm downstream of the throat for all three of the different 

temperature cases (70 ℃, 50 ℃, and 25 ℃).  Values close to the saturation pressure can be 

assumed and used as the flash inception point for the analysis. 
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For the two-phase flow following the flash inception, void fraction is introduced to 

characterize the fluid flow in the nozzle.  It will be used to calculate key physical parameters in 

the analysis.  For the flash wave analysis, the homogenous equilibrium model (HEM) is 

assumed with the no-slip condition, where both liquid and gas phases are traveling with the 

same velocity.  The HEM void fraction relationship given by Equation (1.4) is plotted for the 

different cases of temperatures used in the experimental analysis.  Figure 4.12 (a) shows this 

variation of void fraction as a function of two-phase flow quality for different saturation 

temperatures of 370 ℃, 286 ℃, 198 ℃, 70 ℃, 50 ℃, and 25 ℃.  As seen in Figure 4.12 (a), the 

void fraction increases rapidly at very low qualities up to a point where it approaches unity.  

The curves for 70 ℃, 50 ℃, and 25 ℃ are steep using the scale given in Figure 4.12 (a).  At that 

scale, the difference in the lines of void fraction as a function of quality is almost imperceptible 

and collapse together for temperatures of 70 ℃, 50 ℃, and 25 ℃.  Expanding the scale as 

shown in Figure 4.12 (b) presents better results for lower temperatures as the void fraction 

approaches unity. At very high temperatures and pressures, the vapor specific volume will 

decrease, reducing the void fraction to an almost linear relationship with the quality.  

   

 

(a) Full range 
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(b) Expanded range 

 

Figure 4.12 Void fraction (HEM) as a function of quality for various fluid temperatures 

 

Another important parameter to understand and evaluate is the value of the speed of 

sound downstream of the flash inception.  Two different speed of sound models given by Wallis 

[14] Equation (1.8) and Franc [15] Equation (1.9) were discussed in the literature review for 

two-phase flow in the converging-diverging nozzle.  Assuming the two-phase mixture is 

homogenous, in thermodynamic equilibrium, and neglecting surface tension effects, the 

calculated speed of sound from both equations is compared for all three given temperatures 

under investigation.  Figure 4.13 shows the Wallis [14] speed of sound equation as a function of 

void fraction for water. Figure 4.14 shows the Franc [15] speed of sound calculation as a 

function of void fraction for water.  Results show that using the Wallis equation gives high 

values of speed of sound up to 1000 m/s at very small void fraction then decreases to a 

minimum at a value of void fraction of 0.5, with the same pattern for all temperatures.  On the 

other hand, the equation by Franc shows low speed of sound values between 0.01 and 1 at very 

low void fraction and then increasing values of sound speed, for all temperature, as the void 

fraction increases to a maximum value of 1.  Considering the homogenous equilibrium model 
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assumption and the accounting for phase change in the Franc speed of sound equation, the Franc 

model was chosen for the flash wave analysis downstream of the flash inception.  

  

 

Figure 4.13 Speed of sound as a function of void fraction by Wallis [14] 

 

      

Figure 4.14 Speed of sound as a function of void fraction by Franc [15] 
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Limited experimental work was found to be available in the published literature for two-

phase pressure drop models in variable area ducts.  This led to investigating comparisons 

between the different models that were previously discussed in the literature review.  The 

Friedel, the Lockhart-Martinelli, and the Jung- Radermacher two-phase frictional pressure drop 

models have been studied and each was implemented, for comparison purposes, into the current 

nozzle analysis model and compared to the experimental data [23].  The comparisons between 

the models for a temperature of 70 ℃ and the nozzle geometry shown in Figure 3.3.   Each two-

phase pressure drop model is calculated from the single-phase pressure drop due to friction 

multiplied by a two-phase multiplier.  Each two-phase multiplier was calculated using a 

different empirical correlation associated with each model.  The single-phase pressure drop was 

calculated for smooth pipe flows and then implemented in the pressure drop model.  Results of 

the two-phase pressure drop models using friction factors for smooth pipe flows showed poor 

comparisons with the experimental results.  Considering the analysis on converging-diverging 

nozzles, a single-phase pressure drop using the diffuser model is introduced and used in the 

two-phase model.  Equation (4.2) shows the single-phase head loss coefficient for general 

diffusers from inlet area A1 at location 1 in the diffuser to outlet area A2 at location 2 in the 

diffuser. 

  

  𝐾 = [1 − (
𝐴1

𝐴2
)
2

] − 𝐶𝑃                                          (4.2) 

  

where CP is the pressure recovery coefficient defined by 

 

 𝐶𝑃 = 
𝑃2 − 𝑃1 
1

2
 𝜌 𝑈1

2
 = 𝜂 [1 − (

𝐴1

𝐴2
)
2

]                                 (4.3) 

  

where η is referred to as the pressure recovery efficiency, or the diffuser efficiency, which is 

defined as the actual pressure recovery divided by the ideal pressure recovery which depends 

only on the nozzle geometry (from Bernoulli’s equation).  U1 is the velocity at the inlet of the 

diffuser, and P1 and P2 are the pressures at the inlet and outlet of the diffuser, respectively.  

When there is no pressure recovery, the diffuser efficiency will have a value of zero.  For the 
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case of full pressure recovery, the diffuser efficiency will have a value of 1.  Because of flow 

separation occurring in the nozzle along with wall friction losses, a nominal value for the 

diffuser efficiency is assumed to be 75%, which was fitted with the experimental data given by 

Table 1-1.  Finally, the equivalent pipe flow friction factor for the diffuser case is given by 

 

  𝑓 =  
𝐾𝑑

𝐿
                                                   (4.4) 

  

where d is the nozzle diameter and L is the pipe length.  Results of the comparisons showed that 

the Friedel model using the diffuser friction factor compared best with the experimental work 

and was therefore selected as the model to be used for the two-phase nozzle analysis [23]. 

 

After comparing the different models of the speed of sound, and the friction factor and 

frictional pressure drop models, the models that provided the best results were implemented into 

the model.   The chosen models are the Franc model for the speed of sound, the diffuser model 

for the single-phase friction factor, and the Friedel model for the two-phase pressure drop 

multiplier model.  After determining the flash inception point, the step-by-step marching 

procedure is started at this point downstream of the throat of the converging-diverging nozzle.   

The marching procedure code shown in Equation (3.13) starts with four input parameters: the 

calculated pressure downstream the flash, the specific volume at the given temperature, the area 

at the flash inception and the mass flowrate.  The input parameters can be found and calculated 

from Table 3-2 for the three different water temperatures that are being analyzed, i.e., 70 ℃, 

50 ℃, and 25 ℃.  Experimentally, it was shown that the flash inception occurred a few 

millimeters downstream of the throat caused by the “Vena contracta” effects.  The analysis 

makes the same assumptions given the same converging-diverging nozzle geometry.  The 

supersonic region is then calculated from the program following the procedure presented in 

Chapter 3.   

 

Figure 4.15 shows the pressure distribution as a function of distance in the nozzle for a 

temperature of 70 ℃.  The converging-diverging nozzle geometry is also included in the figure 

for explanation purposes.   Results show the estimated values of pressure as a function of 
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distance through the nozzle up to a point before the shock wave analysis is implemented.  Then, 

after the flash occurs downstream of the throat, as seen in Figure 4.15, the pressure starts slowly 

decreasing in the supersonic region.  It is shown that the pressure drop is very small for water 

cavitation through the converging-diverging nozzle, similar to previous experimental work by 

Abuaf [27].  Once the flash inception occurs, the two-phase flow quality of water in the 

supersonic region was shown to be very small and ranged between  5x10−6 and 2x10−4.  From 

Figure 4.12 and Figure 4.13, it is observed that the smaller the flow quality, the smaller the void 

fraction becomes, which results in slowing the flow acceleration in the supersonic region.  This 

causes the pressure to drop more gradually through the remainder of the diverging section of the 

nozzle.  The qualities in the supersonic region were too small to cause a noticeable pressure and 

temperature drop.  Similar results follow from analyzing the two other test conditions for 

50 ℃, and 25 ℃.  Figure 4.16 shows the pressure distribution as a function of distance in the 

nozzle for a temperature of 50 ℃.   

 

 

Figure 4.15 Pressure distribution as a function of distance in the converging diverging nozzle 

for a temperature of 70 ℃ under cavitating conditions. 
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Figure 4.16 Pressure distribution as a function of distance in the converging diverging nozzle 

for a temperature of 50 ℃ under cavitating conditions. 

 

 

 4.3 Length of Two-Phase “Condensation Shock” Results 

Determination of the length of the two-phase region represents the final step in the 

model development to predict the results of the cavitation phenomena in the converging-

diverging nozzle, and completely describe the behavior of the pressure distribution from the 

nozzle inlet to the outlet.  This section will compare the length of two-phase region that was 

experimentally measured by Ahmed [23] with the predictions from the model developed in the 

current analysis.  Ahmed’s data was presented in Figure 1.13 for water flows at temperatures of 

70 ℃, 50 ℃, and 25 ℃.  As seen from Figure 4.15 and Figure 4.16, the supersonic pressure 

distribution decreases as it travels in the diverging section.  After a certain distance away from 

the throat and depending on the backpressure, the pressure trend is terminated abruptly by a 

condensation shock and the flow instantaneously deaccelerates until it reaches single-phase 

liquid flow.  It is further observed that the location of the condensation shock is dependent on 

the backpressure.  This section presents the predictions of the condensation shock locations in 

the diverging section for various backpressures.  Also included is the effect of the backpressure 

on the length of two-phase region in the nozzle, which ultimately affects the cooling potential of 

a given nozzle.  
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In chapter 3, an analysis was introduced to calculate the upstream and downstream 

properties of the condensation shock using two different numerical solution methods; that is, the 

backward marching procedure and the forward marching procedure.  The backward procedure 

uses the backpressure and the outlet area as the input parameter to calculate the single-phase 

pressure values.  The forward procedure uses the flash wave analysis results shown in the 

previous section to calculate the proprieties from state 3 to state 4 at different points on the 

supersonic pressure distribution shown in Figure 3.11.  Once both results of the backward and 

forward procedure are obtained, they are plotted in the same figure in terms of pressures as a 

function of area.  Results show both lines intersecting at a specific area, which corresponds to 

the exact distance where the condensation shock terminates in the diverging section of the 

nozzle.  From the nozzle polynomial profile fit, this area then corresponds to the position from 

the throat to the shock.  Finally, the length of the two-phase region is determined by subtracting 

the distance to the flash inception point from the distance to the condensation shock.  

 

The prediction of the locations of the condensation shock for the previous water 

experiments flowing through a converging-diverging nozzle at a temperature of 70 ℃ is given 

in Figure 4.17 for different backpressures.  Similar to the previously referenced experimental 

work, backpressures of 67 kPa, 57 kPa, 47 kPa, and 37 kPa were used in the numerical model 

for comparison with the measured locations of the shock and the measured lengths of two-phase 

region.  Figure 4.17 shows the pressure distribution as a function of area for a temperature of 

70 ℃ , the black curve represents the values of pressure at state 4 determined from the forward 

marching procedure applied to the supersonic region.  The four different curves crossing the 

black curves, are the results of the backward marching procedure for the four different 

backpressures in the subcooled region starting from the outlet of the converging-diverging 

nozzle.  Figure 4.17 also shows the nozzle geometry downstream of the throat and the saturation 

pressure level.  For each curve of backpressure, there is an intersection between the black curve 

that corresponds to a value of pressure and area in the nozzle.  This intersection determines the 

predicted location of the condensation shock for the given value of backpressure as explained in 

details in Appendix (B).  The distance between this condensation shock position and the flash 

point position determines the length of the two-phase regions for each backpressure.  

Downstream of the condensation shock, a subsonic subcooled liquid flow persists for the 
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remainder of the diverging section of the nozzle.  If there is no intersection in the forward and 

backward differencing, then a condensation shock does not occur in the nozzle and the flow 

remains in the supersonic region, exiting as two-phase flow at the end of the diverging section 

of the nozzle.  This behavior is predicted for values of backpressures less than 31 kPa and was 

visualized in the experimental work [27], where the flow never condensed back to single-phase 

subcooled liquid for a backpressure of 30 kPa at a temperature of 70 ℃.  For the second set of 

experimental test data, corresponding to a temperature of 50 ℃, the condensation shock location 

was similarly predicted for six different backpressures at 67 kPa, 57 kPa, 47 kPa, 37 kPa, 27 

kPa and 16 kPa.  Results for the shock location at a temperature of 50 ℃ are shown in Figure 

4.18.   

Finally, the above analysis procedure was applied to the last set of experimental data 

corresponding to a temperature of 25 ℃.  The condensation shock location was predicted for 

eight different backpressures: 60 kPa, 54 kPa, 47 kPa, 40 kPa, 33 kPa, 26 kPa, 19 kPa and 16 

kPa.  Results for the shock location at a temperature of 25 ℃ are shown in Figure 4.19.  

 

 

Figure 4.17 Condensation shock prediction for a temperature of 70 ℃ for four different back 

pressures 
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Figure 4.18 Condensation shock prediction for a temperature of 50 ℃ for six different back 

pressures 

 

 
 

Figure 4.19  Normal shock prediction for a temperature of 25 ℃ for eight different back  

Pressures 
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As seen from the results presented in Figures 4.17, 4.18, and 4.19, the condensation 

shock occurs downstream of the throat for all tested backpressures.  From the aforementioned 

numerical predictions, it appears that the backpressure must be above the saturation pressure 

and less than the inlet pressure for the condensation shock to occur in the diverging section of 

the converging-diverging nozzle, otherwise the flow will continue as two-phase flow throughout 

the diverging section of the nozzle.   Results show that as the backpressure is decreased, the 

condensation occurs closer to the outlet section of the nozzle; therefore, at a further distance 

from the throat.  Figure 4.20 shows the pressure distribution as a function of distance in the 

nozzle for a temperature of 70 ℃, and includes the predicted condensation shock location for 

four different backpressures.  The schematic diagram of the converging-diverging nozzle 

geometry is included in the figure to indicate the relative location within the nozzle, and to 

depict the corresponding pressure behavior in the nozzle for the four different backpressures.  

Figure 4.21 shows the pressure distribution as a function of distance in the nozzle for a 

temperature of 50 ℃.  Results of the model show the predicted pressure distribution behavior 

along the converging-diverging nozzle for all the given experimental conditions.  

 
  

Figure 4.20 Prediction of the pressure distribution vs. distance in the converging- 

 diverging nozzle for a temperature of 70 ℃  
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Figure 4.21 Prediction of the pressure distribution vs. distance in the converging-  

 diverging nozzle for a temperature of 50 ℃  

 

Once the prediction of the position where the condensation shock occurs in the 

diverging section of the nozzle is determined, the length of two-phase region can be calculated 

as described earlier. Finally, the results are compared to the experimental results for water with 

temperatures of 70 ℃, 50 ℃, and 25 ℃.  Figure 4.22 shows the results of the comparisons 

between the model predictions and the experimental points for the length of two-phase region as 

a function of absolute backpressure for a temperature of 70 ℃.  The proposed model shows 

good agreement with the experimental results.  It is also clear that the length of two-phase 

region increases as the backpressure is decreased, which is consistent with the experimental 

flow visualization results that took place in the glass nozzle [23]. 
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Figure 4.22 Comparisons of the experimental results [23] and predictions for the length of two-

phase region as a function of backpressure for a temperature of 70 ℃ (current model) 

 

 

The comparisons between experimental and predicted results for the length of the two-

phase region as a function of absolute backpressure for a temperature of 50 ℃ is shown in 

Figure 4.23.  The proposed model shows fair agreement with the experimental results.  In 

particular, the trend of the predictions follows the trend of the data, with the predictions a few 

mm above the measured length of the two-phase region. 

 

Finally, Figure 4.24 shows the comparison between experimental and predicted results 

for the length of two-phase region as a function of absolute backpressure for a temperature of 

25 ℃.  Result show a fair agreement with the experimental results, including the correct trend 

of the data with the predictions a few mm above the measurements.  The results presented in 

Figures 4.22, 4.23, and 4.24 all show that as the backpressure is reduced, the length of two-

phase region is increased.   
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Figure 4.23 Comparisons of the experimental results [23] and predictions for the length of two-

phase region as a function of backpressure for a temperature of 50 ℃ (current model) 

 

  

Figure 4.24 Comparisons of the experimental results [23] and predictions for the length of two-

phase region as a function of backpressure for a temperature of 25 ℃ (current model) 
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The predicted length of two-phase region for water flowing in a converging-diverging 

nozzle with temperatures of 70 ℃, 50 ℃, and 25 ℃ compared with experiments is shown in 

Figure 4.25.  The theoretical model shows fair agreements with the experimental results with 

respect to the slope of the change but it does not match the experimental values.  Figure 4.25 

shows as the temperature increases, the curves shift to the lift and at a given backpressure, the 

length of two-phase increases as the temperature increases.  The model can be used to evaluate 

and optimize the best nozzle geometry to achieve maximum cooling potential for water through 

converging-diverging nozzles by achieving the largest length of two-phase region.  

 

 

 

Figure 4.25 Variation of the length of two-phase region as a function of back pressure for all 

temperatures 
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Chapter 5 - Summary, Conclusions, and Recommendations 

The results for the investigation of water flow through a converging-diverging nozzle 

are summarized and presented in this chapter.  Recommendations for continuation of this work 

in the future are offered in this chapter as well. 

 

5.1 Summary and Conclusions 

 

The main objective of this research project was to explore the possibility of developing a 

water-based non-vapor compression cooling system by investigating the flash phenomena for water 

flow through converging-diverging nozzles.  Cavitation can occur when the static pressure of the 

fluid falls below the vapor pressure, into a metastable liquid state.    The research work presented 

in this dissertation focusses largely on the development of a comprehensive theoretical model 

and evaluation techniques to predict the two-phase flow and cavitation phenomena in the 

diverging section of a converging-diverging nozzle and the effect of developing cavitation in the 

flow.  The proposed comprehensive theoretical model evaluates both the converging and 

diverging sections of the nozzle in developing a complete model for fluid flow through the 

entire converging-diverging nozzle.  Several types of numerical analyses were used to evaluate 

flow behavior in the different sections of the converging-diverging nozzle.  These include 

single-phase pressure distribution analysis, flash inception analysis, flash cavitation wave 

analysis, and condensation shock analysis.  Using a marching algorithm approach, the models 

were used to predict the pressure distribution as a function of distance throughout the entire 

nozzle.  This spanned from the inlet to the throat for the single-phase liquid water, and from the 

throat to the outlet, which involved both single-phase liquid water flow and two-phase flow 

regions.  For a constant mass flow rate, the modeling accounted for the onset of cavitation, 

when the backpressure was dropped sufficiently, and included a prediction of the length of the 

two-phase region in the diverging section of the nozzle.  

 

Two 5th order polynomials were used to separately fit the dimensions (radius 

distribution) of the converging and diverging sections of the nozzle.  These polynomial 

approximations represent the geometry of the glass nozzle used in Ahmed’s experimental set up 
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[23], as well as the transparent resin nozzle used in Gallman’s experimental work [24].  These 

nozzle profiles were needed to generate the theoretical analysis for comparison with 

experimental results.   The glass nozzle used in the experimental work had both an inlet and an 

outlet diameter of 9.3 mm, a converging section with a length of 25 mm up to the throat, a 

diverging section with a length of 73 mm from the throat to the outlet of the nozzle, and a 

nozzle throat with a diameter of 1.7 mm. 

 

The pressure distribution from the inlet to the point of flash inception was predicted 

using a mechanical energy balance model with the assumption of single-phase one-dimensional 

liquid water flow through the converging section of the nozzle.  Two versions of this model 

were presented; one for frictionless flow and one accounting for frictional head losses.  Each of 

these models consisted of a finite sectioning off of the nozzle in the axial direction and utilizing 

a pipe flow approximation for the frictional head loss within each section.  This model did not 

account for fluid separation or the “Vena contracta” effect; thus, it only provided reasonable 

predictions, up to the point of cavitation inception, in the converging section of the nozzle 

where these effects are not present.  

 

A flash inception analysis was used to predict the onset of flash, which represents the 

location of a phase transition from single-phase liquid to two-phase mixture for a given set of 

flow conditions.  The point of flash inception is predicted by evaluating a modified dynamic 

flash inception line as a function of the depressurization rate for each experimental data set.  

Flash inception is considered to take place when the pressure undershoot, defined as the 

difference between the saturation pressure and the local pressure, crosses the modified dynamic 

inception line.  The modified dynamic flash inception line analysis modified the static flash 

inception line introduced by Jones [26] by incorporating a total depressurization rate, along with 

the effects of turbulence and area ratio, in the converging section of the nozzle [36].  The 

reproduction of Abuaf’s [27] results was used to verify the accuracy of the marching procedure 

developed for the dynamic flash inception analysis. Then, in conjunction with the marching 

analysis, the modified dynamic flash inception line analysis was used to predict the flash 

inception line for Brown’s experimental data [28] for water inlet temperatures of 270℃ and 

286℃.  For the current modified dynamic flash inception line analysis, turbulence intensities 
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ranging between 0.07 and 0.12 were used; however, results showed that these levels of 

turbulence intensity had a minimal effect on the flash inception line and hence a minimal effect 

on the flash inception point. 

   

Following verification of the modified dynamic flash inception line analysis, it was 

applied to Ahmed’s [23] experimental test results obtained for water flow through a glass 

converging-diverging nozzle for inlet temperatures of 70 ℃, 50 ℃, and 25 ℃.   The results of 

this marching analysis showed that the experimental data superheats intersected with the 

modified dynamic flash inception line at an axial position corresponding to nearby the throat, 

indicating that flash inception occurred at a location close to the throat of the nozzle.    

 

Gallman [24] used a nozzle manufactured from a transparent resin material.  His 

converging- diverging nozzle was identical in size and shape to the glass nozzle used by Ahmed 

[23].  In addition, his nozzle was able to include machined pressure taps along both the 

converging and the diverging sections of the nozzle.  He obtained experimental data for water 

with an inlet temperature of 20 ℃ and three different backpressures of 43.2 kPa, 30.5 kPa, and 

15.2 kPa.  The modified dynamic flash inception line analysis performed for his test conditions 

showed that the experimental pressure depression lines didn’t cross the flash inception lines, 

even though flash inception was visually observed by Gallman in the nozzle using a laser light 

flow visualization technique.  After careful analysis, it was observed that the mass flow rate 

(0.0248
𝑘𝑔

𝑠
 ) in Gallman’s experiments was lower than the mass flowrate ( 0.0349

𝑘𝑔

𝑠
 ) in 

Ahmed’s experiments, resulting in lower range of the depressurization rates and higher levels of 

pressure distribution in the nozzle.  The visual observation of flash inception at a much lower 

mass flow rate can be explained by hypostasizing that the pressure tap drilled in the 3D 

transparent resin nozzle at the throat produced a small burr on the inside surface of the nozzle, 

causing premature flash inception at the throat tap.  As a follow-up to this observation, the flash 

inception analysis for Gallman’s experimental test conditions were repeated using the larger 

mass flow rate associated with the testing by Ahmed.  The results showed that using Ahmed’s 

larger mass flowrates for Gallman’s nozzle, with the same 20 ℃ inlet water temperature, the 

modified dynamic flash inception line analysis accurately predicted flash occurring at, or very 

close to, the throat.  
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 After the flash inception point was accurately predicted, the next step was to introduce 

the flash/cavitation analysis in downstream of the diverging section of the nozzle.  A numerical 

solution was developed by applying the equations of conservation of mass, momentum, and 

energy to a control volume associated with the fluid particle moving from z to z+∆z location in 

the diverging section of the nozzle.  The numerical solution assumes a constant mass flow rate 

based on the experimental test conditions used by Ahmed [23].  The homogenous equilibrium 

model (HEM) was used in the analysis to determine the pressure distribution in the diverging 

section of the nozzle as a function of distance.  Following the flash inception point, which was 

predicted to occur downstream of the throat, a subsonic flow or a supersonic flow can develop 

depending on the Mach number.  According to the differential analysis, given in Equations 

(2.56) and (2.59), if the Mach number is less than one, subsonic flow conditions will exist just 

downstream of the cavitation point.  In this case, the flow decelerates causing pressure to 

increase to the saturation pressure and condense to liquid before exiting the nozzle.  If the Mach 

number is greater than one, supersonic conditions occur.  The flow accelerates in the diverging 

section of the nozzle from a Mach number greater than one causing the pressure to drop as the 

area increases.  Modifying the differential analysis by incorporating friction was used to predict 

the pressure distribution for the supersonic region.  An observation was made during the 

experimental flow visualization that the flash inception occurred at approximately 4 mm and up 

to 5 mm downstream of the throat considering the “Vena Contracta” effect.  For the analysis 

purposes, it was simply assumed that the flash inception occurred at a fixed 4 mm downstream 

of the throat. For simplicity, a pressure close to the saturation pressure was used as the flash 

inception point for the analysis.  Two different models of the speed of sound, the friction factor, 

and two-phase frictional pressure drop models were investigated in conjunction with the two-

phase supersonic flow analysis. The Friedel two-phase pressure drop model [20], the Franc 

speed of sound equation [15], and the friction factor based on a simplified diffuser model [18] 

appeared to give the best results for predicting the length of two-phase region and were 

therefore implemented in the analysis.  After calculating the pressure distribution for the 

supersonic region, results showed that the pressure was slowly decreasing in the supersonic 

region.  Regardless of the inlet temperature of the water, the pressure drop was very small in the 

supersonic region of the nozzle, similar to the experimental measurements conducted by Ahmed 

[23]. 
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The condensation shock model was developed by defining a control volume with a 

cross-sectional area normal to the flow direction.  The shock was considered perpendicular to 

the nozzle flow direction.  Two different numerical solution methods were used to predict the 

location of the condensation shock.  A forward procedure was used in the upstream supersonic 

two-phase region.  The pressure and location from the flash wave analysis results were used as 

an input to calculate the supersonic pressure distribution.   A backward marching procedure 

used the backpressure and the outlet area as input parameters to calculate the single-phase 

pressure distribution downstream of the condensation shock.  Once both results of the backward 

and forward procedure were obtained, they could be plotted in the same figure in terms of 

pressures as a function of area.  The point where they intersect corresponded to a prediction of 

the location of the condensation shock for a given backpressure.  The pressure distributions as a 

function of distance were plotted for temperatures of 70 ℃, 50 ℃, and 25 ℃.  Results show 

that as the backpressure is decreased, the condensation shock terminates closer to the outlet 

section of the nozzle.  Therefore, longer two-phase regions were observed downstream of the 

throat as the backpressure was reduced.  The length of two-phase region was calculated as the 

distance from the flash inception to the condensation shock.  Comparisons between the 

developed model predictions for the two-phase region length, and the experimental 

measurements for water with temperatures of 70 ℃, 50 ℃, and 25 ℃, all showed good 

agreement.  The predictions showing that the length of two-phase region increased as the 

backpressure decreased were in agreement with the experimental glass nozzle flow visualization 

results [23].   

. 
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5.2 Recommendations and Future Work 

 

A comprehensive theoretical model for the converging-diverging nozzle was developed 

using available experimental data.  The developed comprehensive model analysis could be used 

to optimize the nozzle geometry to achieve the maximum length of two-phase region providing 

a greater area for heat absorption, hence, a greater cooling potential.  It is recommended that 

more experimental data with improved direct pressure measurement capability for water 

flowing through converging-diverging nozzles be explored.  It would be useful to obtain 

experimental pressure distribution data throughout the converging-diverging nozzle using 

different inlet and backpressure test conditions for a few different inlet water temperatures.  The 

expanded experimental data sets complemented with flow visualization for the onset of flash 

and the length of two-phase region can be useful for developing a general model to predict the 

pressure distribution throughout the nozzle.  The model, verified by comparison with additional 

experimental data, should be useful for flow of other fluids in converging-diverging nozzles, 

determining the flash inception point and the length of the two-phase region, which are needed 

to estimate performance for cooling applications.  Furthermore, such a model could be further 

analyzed for different nozzle geometries, to predict and achieve the maximum length of two-

phase region for water and other fluids.  The best nozzle geometry could then be manufactured 

for experimental testing to verify the achievable length of two-phase region.  The model could 

be further developed by attempting to predict the pressure distribution for different fluids, and 

comparing with experimental results.  The range of low temperatures for water used in the work 

resulted in very high void fraction and quality to obtain even a small and insignificant 

temperature drop; therefore, higher temperatures for water could be explored to provide more 

measurable results.  
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Appendix A - Isobaric Thermal Expansion Coefficient 

 

The isobaric thermal expansion coefficient, used in Equation (3.25), is defined by 

 

   𝛽 =
1

𝑣
(
𝜕𝑣

𝜕𝑇
)
𝑃

                          (A.1) 

where 𝑣 is the specific volume, T is the temperature, and P is the pressure. The thermal 

expansion coefficient for the homogeneous two-phase mixture can be evaluated starting with 

the two-phase mixture specific volume given by 

 

  𝑣 = 𝑄𝑣𝑔 + (1 − 𝑄)𝑣𝑓                          (A.2) 

 

The rate of change in the specific volume with respect to temperature at a constant pressure is 

given by 

 

 (
𝜕𝑣

𝜕𝑇
)
𝑃
= 𝑄 (

𝜕𝑣𝑔

𝜕𝑇
)
𝑃
+ (1 − 𝑄) (

𝜕𝑣𝑓

𝜕𝑇
)
𝑃

                         (A.3) 

 

Substituting Equation (A.2) and (A.3) into (A.1), yields  

 

   𝛽 =
𝑄(

𝜕𝑣𝑔

𝜕𝑇
)
𝑃
+(1−𝑄)(

𝜕𝑣𝑓

𝜕𝑇
)
𝑃

𝑄𝑣𝑔+(1−𝑄)𝑣𝑓
                           (A.4) 

 

In the mixture region the pressure and temperature are locked together resulting in the specific 

volumes being only a function of temperature; therefore, the relations for the liquid, 𝛽𝑓  and 

vapor, 𝛽𝑔 isobaric thermal expansion coefficient are given by 

 

   𝛽𝑓 =
1

𝑣𝑓
(
𝜕𝑣𝑓

𝜕𝑇
)
𝑃
= 

1

𝑣𝑓
(
𝑑𝑣𝑓

𝑑𝑇
)
𝑃

       (A.5) 
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 𝛽𝑔 =
1

𝑣𝑔
(
𝜕𝑣𝑔

𝜕𝑇
)
𝑃
= 

1

𝑣𝑔
(
𝑑𝑣𝑔

𝑑𝑇
)
𝑃

              (A.6) 

 

Substituting Equation (A.5) and (A.6) into (A.4), the final relation for the mixture isobaric 

thermal expansion coefficient can be written as   

 

   𝛽 =
𝑄𝑣𝑔𝛽𝑔+(1−𝑄)𝑣𝑓𝛽𝑓

𝑄𝑣𝑔+(1−𝑄)𝑣𝑓
                          (A.7) 

 

Values for the thermal expansion coefficient of liquid and vapor phases can be evaluated by 

Refprop and the (NIST) webbook [31].  Figure (A.1) shows the isobaric thermal expansion 

coefficient for water in liquid phase using the values given by (NIST) tables and compared to 

the values calculated by an equation introduced by Melhem [34]. 

 

 

Figure A.1 Comparisons of the isobaric thermal expansion coefficient for water liquid as a 

function of temperature           
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Figure (A.2) shows a comparison between the isobaric thermal expansion coefficient for water 

vapor taken from (NIST) values and the values calculated by the Van der Waals equation of 

state introduced by Bejan [35].   

 

 

Figure A.2 Comparisons of the isobaric thermal expansion coefficient for water vapor as a 

function of temperature           

 

Finally, the mixture isobaric thermal expansion coefficient for water can be calculated 

and compared to the separate liquid and vapor thermal expansion coefficients taken from 

(NIST) values, as shown in Figure A.3. 
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Figure A.3 The mixture isobaric thermal expansion coefficient for water as a function of 

temperature       

     

Figure A.4 shows the term 
𝛽𝑈2

𝑐𝑃
 as a function of temperature, the term is included in 

Equation (3.25) as (1 +
𝛽𝑈2

𝑐𝑃
).  As seen from Figure A.4, 

𝛽𝑈2

𝑐𝑃
 considered negligible due to the 

small values shown as the temperature increases; therefore, the entire (1 +
𝛽𝑈2

𝑐𝑃
) term is 

approximated as 1. 

 

Figure A.4 Given term for water as a function of temperature            
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Appendix B - Condensation Shock 

The condensation shock evaluation was split into two marching solutions as shown in 

Figure 3.11, a backward marching solution in subcooled region starting from the backpressure 

and a forward marching solution in the two-phase region after the flash.  Figure B.1 is an 

expansion of Figure 3.11 focusing on the condensation shock evaluation showing the two 

marching solution lines.   

 

 

Figure B.1 Condensation shock evaluation in terms of pressure and area  

 

Figure B.2 shows example results from applying the backward marching solution using 

the derived Equation (3.42).  The red line corresponds to different values of pressures at state 4 

with a backpressure of 47 kPa and the dashed black line corresponds to the saturation pressure 

of 70 ℃.  Figure B.3 shows example results from applying the forward marching solution using 

the derived Equation (3.46).  The black line corresponds to different values of pressures at state 

4 using the calculated values from state 3. 

 



124 

 
 Figure B.2 Results of the backward marching solution for a backpressure of 47 kPa 

 

 

  
 

Figure B.3 Results of the forward marching solution for a temperature of 70 ℃ 
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Finally, Figure B.4 shows the results of combining the backward and forward marching 

procedures.  The intersection of these two curves provides a value of the pressure and cross-

sectional area corresponding to the condensation shock location, as shown in Figure B.5 

 

 

Figure B.4 The condensation shock location for water at backpressure of 47 kPa  

 

  

Figure B.5 The intersection values of pressure and area at state 4 
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Appendix C - Superheat Data Estimation 

 

The experimental superheats are in terms of the pressure undershoot as a function of the 

depressurization rate.  The pressure undershoot is defined as the difference between the 

saturation pressure and the local pressure at a given tap, 𝑃𝑠𝑎𝑡 − 𝑃 .  The estimation of the 

depressurization rate, 
𝑑𝑃

𝑑𝑡
, in the converging section up to near the throat can be found using 

Equation (3.6).  At the throat, the estimation of the depressurization rate is calculated from 

Equations (3.7) and (3.8) using the forward difference method of numerical differentiation 

approximation given by Equation (3.10).  The equations are copied and showed below.  

Example calculations of the experimental superheats used in the analysis for Brown’s [28], 

Gallman’s [24], and Ahmed’s [23] data are given below. 

 

                          ∑  ′ =
𝑑𝑃

𝑑𝑡
=

𝑚̇3

𝜌𝑓
2𝐴4

𝑑𝐴

𝑑𝑧
                                     (3.6) 

At the throat, 

                               ∑  ′  =  
𝑑𝑃

𝑑𝑡
=

𝑑𝑃

𝑑𝑧

𝑑𝑧

𝑑𝑡
                                    (3.7) 

 where, 

                             
𝑑𝑧

𝑑𝑡
=

𝑚̇

𝜌𝑓𝐴
                                               (3.8) 

where 
𝑑𝑃

𝑑𝑧
 forward difference method numerical differentiation approximation 

 

              
𝑑𝑃

𝑑𝑧
=

𝑃𝑧+𝛥𝑧 − 𝑃𝑧
𝛥𝑧

                                        (3.10) 
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 C.1 Brown’s Data 

 

The pressure distribution for Brown’s data shown in Figure 1.7 which was used to 

calculate the depressurization rate and the pressure undershoot.   

 

 

 

Figure C.1 Pressure distributions for two experiments (Run 36, 51) under 18.3 and50C 

subcooled inlet conditions [28] 

 

Equation (3.6) was used to calculate the depressurization rate for Brown’s data (Run 36) 

for the pressure taps 3, 4, and 5.  Equations (3.7), (3.8) were used to calculate the 

depressurization rate for tap 6 (throat).  Equation (3.10) is applied between taps 6 and 7 as an 

approximation to calculate 
𝑑𝑃

𝑑𝑡
.   Table C-1 shows the inlet conditions for (Run 36) as well as the 

parameters given for taps 3, 4, 5, 6, and 7 that will be used in the estimation.  The given 

distance z is the distance from the inlet of the nozzle.  
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Table C-1. Inlet conditions for Run 36 [28] 

 

 

Calculating 
𝑑𝑃

𝑑𝑡
 for pressure tap 3, 4, and 5 is shown below using Equation (3.6), where 

𝑑𝐴

𝑑𝑧
 is 

calculated  numerically in Mathcad from a 3rd order polynomial of the geometry of the nozzle 

given by Brown [28]. 

 

      
𝑑𝑃

𝑑𝑡
=

(1.14 
𝑘𝑔

𝑠
)
3
 

(767.46
𝑘𝑔

𝑚3)
2
(59.3 𝑚𝑚2)4

 (22.6 𝑚𝑚) = 4.7𝑥 109  
 𝑃𝑎

𝑠
            (Tap 3)         

      
𝑑𝑃

𝑑𝑡
=

(1.14 
𝑘𝑔

𝑠
)
3
 

(767.46
𝑘𝑔

𝑚3)
2
(35.6 𝑚𝑚2)4

 (14.7 𝑚𝑚) = 2.3𝑥 1010   
𝑃𝑎

𝑠
            (Tap 4)              

      
𝑑𝑃

𝑑𝑡
=

(1.14 
𝑘𝑔

𝑠
)
3
 

(767.46
𝑘𝑔

𝑚3)
2
(17.7 𝑚𝑚2)4

 (7.38 𝑚𝑚) = 2.3 𝑥 1011
𝑃𝑎

𝑠
            (Tap 5)                       

Calculating 
𝑑𝑃

𝑑𝑡
 for pressure tap 6 (throat) using forward difference method given by Equation 

(3.10) between tap 6 and 7, yields 

 

   
𝑑𝑃

𝑑𝑡
=

 (0.95 −1.74)𝑀𝑃𝑎 

(−1.27)𝑚𝑚

(1.14 
𝑘𝑔

𝑠
)

(767.46
𝑘𝑔

𝑚3)(12.3 𝑚𝑚2)
= 7.6 𝑥 1010

𝑃𝑎

𝑠
                (Tap 6) 

Finally, the pressure undershoot is be calculated for each tap using the values from Table C-1 and 

the definition 𝑃𝑠𝑎𝑡 − 𝑃  as shown below.  Figure C.2 shows the superheat data in blue for Brown’s 

(Run 36) data. 

 

Tap z(mm) D(mm) P(MPa)

T 270 ℃ 3 32.5 8.69 59.3 8.03

5.5 MPa 4 33.8 6.73 35.6 8.01

767.46 5 35.1 4.75 17.7 6.76

1.14 kg/s 6(throat) 36.3 3.96 12.3 1.74

7 37.6 4.49 15.9 0.95

Inlet Conditions

𝑃𝑠𝑎𝑡

𝜌

  (  2)

𝑚̇
  / 3
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    𝑃𝑠𝑎𝑡 − 𝑃  =  (5.5 − 8.03)𝑀𝑃𝑎 =  −25.3 𝑥 105 𝑃𝑎             (Tap 3) 

 

    𝑃𝑠𝑎𝑡 − 𝑃  =  (5.5 − 8.01)𝑀𝑃𝑎 =  −25.1 𝑥 105 𝑃𝑎               (Tap 4) 

 

          𝑃𝑠𝑎𝑡 − 𝑃  =  (5.5 − 6.76)𝑀𝑃𝑎 =  12.6 𝑥 105 𝑃𝑎                     (Tap 5) 

 

    𝑃𝑠𝑎𝑡 − 𝑃  =  (5.5 − 1.74)𝑀𝑃𝑎 = 37.6 𝑥 105 𝑃𝑎                 (Tap 6) 

 

 

  

Figure C.2 Reproduction of the flash inception results [27] for (Run 36) with inlet temperature of 

270℃ [28]   
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 C.2 Ahmed’s Data 

 

The pressure distribution for Ahmed’s data shown in Figure C.3 was used to calculate 

the depressurization rate and the pressure undershoot.   

 

 

 

Figure C.3 Pressure distribution for water flowing through converging-diverging nozzle at 70 ℃ 

 

Equation (3.6) was used to calculate the depressurization rate for Ahmed’s data for the 

pressure taps 2 and 3.  Equations (3.7), (3.8) were used to calculate the depressurization rate for 

tap 4 (throat).  Equation (3.10) is applied between taps 4 and 5 as an approximation to calculate 

𝑑𝑃

𝑑𝑡
.   Table C-2 shows the test conditions for Ahmed’s data.   
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Table C-2. Test conditions for test 1 [23] 

 

 

where z is the distance from the throat, where the throat position has a value of zero as is shown 

in Figure 3.3.  Calculating 
𝑑𝑃

𝑑𝑡
 for pressure taps 2 and 3using Equations (3.6) is shown below, 

where 
𝑑𝐴

𝑑𝑧
 is calculated numerical differentiation in Mathcad from a 5th order polynomial of the 

geometry of the nozzle shown in Figure 3.3. 

  

 

      
𝑑𝑃

𝑑𝑡
=

(0.0305 
𝑘𝑔

𝑠
)
3
 

(977.6
𝑘𝑔

𝑚3)
2
(9.22 𝑚𝑚2)4

 (2.57 𝑚𝑚) = 1.1 𝑥 107
 𝑃𝑎

𝑠
                    (Tap 2)         

      
𝑑𝑃

𝑑𝑡
=

(0.0305 
𝑘𝑔

𝑠
)
3
 

(977.6
𝑘𝑔

𝑚3)
2
(3.27 𝑚𝑚2)4

 (0.81 𝑚𝑚) = 1.7 𝑥 108   
𝑃𝑎

𝑠
                   (Tap 3)              

                 

Calculating 
𝑑𝑃

𝑑𝑡
 for pressure tap 4 (throat) using the forward difference method given by Equation 

(3.10) between tap 4 and 5, yields 

 

 
𝑑𝑃

𝑑𝑡
=

 (30.8 −4.47)𝑘𝑃𝑎 

(5)𝑚𝑚

(0.0305 
𝑘𝑔

𝑠
)

(977.6
𝑘𝑔

𝑚3)(2.31 𝑚𝑚2)
= 7.3 𝑥 107  

𝑃𝑎

𝑠
         (Tap 4) 

 

Finally, the pressure undershoot is calculated for each tap using the values from Table C-2 and 

the equations 𝑃𝑠𝑎𝑡 − 𝑃  as shown below.  Figure C.4 shows the superheat data in blue for Ahmed’s 

test 1 data. 

Tap z(mm) D(mm) P(kPa)

T 70 ℃ 2 -8 3.43 9.22 96.3

31.2 kPa 3 -4 2.04 3.27 55.6

977.6 4 (throat) 0 1.71 2.31 4.47

0.0305 kg/s 5 5 1.91 2.82 30.8

Inlet Conditions

𝑃𝑠𝑎𝑡

𝜌

  (  2)

𝑚̇

  / 3
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    𝑃𝑠𝑎𝑡 − 𝑃  =  (31.2 − 96.3)𝑘𝑃𝑎 =  −65.1 𝑘𝑃𝑎             (Tap 2) 

 

    𝑃𝑠𝑎𝑡 − 𝑃  =  (31.2 − 55.6)𝑘𝑃𝑎 =  −24.4 𝑘𝑃𝑎            (Tap 3) 

 

               𝑃𝑠𝑎𝑡 − 𝑃  =  (31.2 − 4.47)𝑘𝑃𝑎 =  26.7 𝑘𝑃𝑎             (Tap 4) 

 

 

 

  

Figure C.4 Flash onset prediction using the modified dynamic flash inception line for 70 ℃ [23] 
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 C.3 Gallman’s Data 

 

The pressure distribution for Gallman’s data [24] shown in Figure 1.7 was used to 

calculate the depressurization rate and the pressure undershoot.   

 

 

 

Figure C.5 Pressure distribution as a function of distance in nozzle for a backpressure of 43.2 

kPa [24] 

 

 

Equations (3.6) are used to calculate the depressurization rate for Gallman’s data [24] 

from the measurements at pressure taps 2 and 3.  Equations (3.7), (3.8) were used to calculate 

the depressurization rate for tap 4 (throat).  Equation (3.10) is applied between taps 4 and 5 as 

an approximation to calculate 
𝑑𝑃

𝑑𝑡
.   Table C-3 shows the inlet conditions for Gallman’s test 1.   
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Table C-3. Inlet conditions for Test 1 [24] 

 

 

where z is the distance from the throat, where the throat position has a value of zero as is shown 

in Figure 3.3.  Calculating 
𝑑𝑃

𝑑𝑡
 for pressure taps 2 and 3 using Equations (3.6) shown below, where 

𝑑𝐴

𝑑𝑧
 is calculated numerically in Mathcad from a 5th order polynomial of the geometry of the nozzle 

shown in Figure 3.3. 

  

      
𝑑𝑃

𝑑𝑡
=

(0.0248 
𝑘𝑔

𝑠
)
3
 

(998.2
𝑘𝑔

𝑚3)
2
(9.22 𝑚𝑚2)4

 (2.57 𝑚𝑚) = 5.4 𝑥 106
 𝑃𝑎

𝑠
                    (Tap 2)         

      
𝑑𝑃

𝑑𝑡
=

(0.0248 
𝑘𝑔

𝑠
)
3
 

(998.2
𝑘𝑔

𝑚3)
2
(3.27 𝑚𝑚2)4

 (0.81 𝑚𝑚) = 7.3 𝑥 107   
𝑃𝑎

𝑠
                    (Tap 3)              

                 

Calculating 
𝑑𝑃

𝑑𝑡
 for pressure tap 4 (throat) using a forward difference method given by Equation 

(3.10) between tap 4 and 5, yields 

 

 
𝑑𝑃

𝑑𝑡
=

 (20.4 −35.3)𝑘𝑃𝑎 

(5)𝑚𝑚

(0.0248 
𝑘𝑔

𝑠
)

(998.2
𝑘𝑔

𝑚3)(2.31 𝑚𝑚2)
= 3.3 𝑥 107  

𝑃𝑎

𝑠
         (Tap 4) 

 

Finally, the pressure undershoot is calculated for each tap using the values from Table C-2 and 

the definition 𝑃𝑠𝑎𝑡 − 𝑃  as shown below.  Figure C.6 shows the superheat data in blue for 

Gallman’s test 1 data. 

 

Tap z(mm) D(mm) P(kPa)

T 20 ℃ 2 -8 3.43 9.22 97.4

2.34 kPa 3 -4 2.04 3.27 73.6

998.2 4 (throat) 0 1.71 2.31 35.3

0.0248 kg/s 5 5 1.91 2.82 20.4

Inlet Conditions

𝑃𝑠𝑎𝑡

𝜌

  (  2)

𝑚̇

  / 3
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    𝑃𝑠𝑎𝑡 − 𝑃  =  (2.34 − 97.4)𝑘𝑃𝑎 =  −95.1 𝑘𝑃𝑎             (Tap 2) 

 

    𝑃𝑠𝑎𝑡 − 𝑃  =  (2.34 − 73.6)𝑘𝑃𝑎 =  −71.2 𝑘𝑃𝑎            (Tap 3) 

 

 𝑃𝑠𝑎𝑡 − 𝑃  =  (2.34 − 35.3)𝑘𝑃𝑎 =  −35.3 𝑘𝑃𝑎                   (Tap 4) 

 

 

 

Figure C.6 Flash onset prediction for a backpressure of 43.2 kPa [24] the modified  

dynamic flash inception line  

 

  



136 

Appendix D - Gallman’s Experimental Flow Visualization [24] 

 

Gallman [24] extended the work that was done by Ahmed in an attempt to enable 

pressure measurements and visualize the flash in steady state two-phase flow experiments using 

water with an inlet temperature of 20℃.  A clear 3D transparent plastic printed nozzle was used 

in experiments that matched the same geometry as the nozzle used by Ahmed [23], as given in 

Figure 3.3.  Eight pressure taps were placed in the 3D nozzle, which were made by drilling 

holes through to the inner surface.  Figure D.1 show a close-up image of the pressure taps 

locations.  A high-speed camera was used to visualize the two-phase flow condition and the 

flash behavior. 

 

 

  

Figure D.1 Pressure taps location for the 3D plastic nozzle [24]  
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 Figure D.2 show the visualization of the result of flash initiation and cavitation onset for 

flow in the plastic nozzle with a backpressure of 43.2 kPa.  As seen from the figure, the flash 

initiated close to the pressure tap (tap 4) at the throat along one side of the nozzle.  Results 

strongly suggest that the bore hole of the pressure tap likely had a small burr on the inside 

surface, which acted as a nucleation site and develop pre-mature flash inception.  The white 

dashed lines show the length of two-phase region in the nozzle.  

 

 

 

Figure D.2 Image of two-phase flow for a backpressure of 43.2 kPa [24] 
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Appendix E - Flash Inception (Evaporation Wave) 

 

Analysis of the cavitation “flash” point is presented by investigating the Rayleigh and 

Rankine-Hugoniot equations [38] for homogeneous flow through a converging-diverging 

nozzle.  Simoes [38] introduced a flash inception analysis for a 1-D evaporation wave in 

convergent nozzles.   The analysis was presented based on experimental work for short nozzles.   

An isentropic convergent nozzle with uniform metastable liquid state is assumed where a 1-D 

evaporation wave occurs at some point downstream.   Just downstream of the evaporation wave 

(flash), a two-phase flow can be predicted using the Rayleigh and Rankine-Hugoniot equations, 

which are developed below.  Section 3.3 the flash cavitation wave is used to evaluate the 

downstream state (subsonic or supersonic) as shown in Figure 3.9. Using a marching algorithm 

and a differential analysis on the control volume shown in Figure 3.10, the downstream state 

was calculated.  The downstream state can also be found using the Rayleigh and Rankine-

Hugoniot equations and will be introduced in this appendix.  For the same control volume 

shown in Figure 3.10, the conservation of mass equation can be introduced assuming steady 

state and one dimensional from state 1 to state 2 by 

 

𝑚̇2 = 𝑚̇1                                             (E.1) 

          or 

(𝜌𝑈𝐴)2 = (𝜌𝑈𝐴)1                                       (E.2) 

 

Where state 1 is the metastable liquid state upstream and state 2 is the downstream state which 

will be either supersonic or subsonic.   Introducing J as the superficial mass flux in the 

following form 

 

𝐽 =  
𝑚̇ 

𝐴
                                               (E.3) 

 

 Substituting Equation (E.2) into (E.3) yields the final form of the conversation of mass equation  
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 [ 𝐽] =
𝑈2−𝑈1 

𝑣2−𝑣1
=

[𝑈]

[𝑣]
                                               (E.4) 

 

where U is the velocity, and 𝑣 is the specific volume and the brackets in the equation represents 

the difference between state 2 and state 1. 

 

 

Assuming one-dimensional, uniform velocity, steady flow, constant area, and ignoring 

gravitational forces, frictional forces, and shear forces, the conversation of momentum can be 

reduced to  

 

𝑃1𝐴 − 𝑃2𝐴 = 𝑚̇ (𝑈2 − 𝑈1)     (E.5) 

 

Dividing by the area A and substituting Equation (E.4) into (E.5) yields 

 

𝑃1 − 𝑃2 = 𝐽 (𝑈2 − 𝑈1)     (E.6) 

 

Rearranging Equation (E.6) in terms of the bracket difference, yields the final form of the 

conversation of momentum equation 

 

[𝑃 +  𝐽 𝑈] = 0                                                (E.7) 

 

For a steady flow with uniform velocities, and the assumption that the system has adiabatic 

walls, no gravitational effects, and that there is no work (by friction), the conversation of energy 

can be reduced to 

 

(ℎ2 +
1

2
𝑈2
2) = (ℎ1 +

1

2
𝑈1
2)         (E.8) 

 

where ℎ is the specific enthalpy.  In terms of the bracket differences, Equation (E.8) yields the 

final form of the conversation of energy equation as follows 
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[ℎ +
U2

2
] = 0          (E.9) 

 

Combining the conservation of mass, Equation (E.4), and the conservation of momentum, 

Equation (E.7), yields the so-called Rayleigh equation [38] in the form 

 

𝐽2 = −
[𝑃]

[𝑣]
                                               (E.10) 

 

where P is the pressure and 𝑣 is the specific volume.  The term [𝑃] = 𝑃2 − 𝑃1 and [𝑣] = 𝑣2 −

𝑣1.  Combining the conservation of mass, Equation (E.4), the conservation of momentum, 

Equation (E.7), and the conservation of energy, Equation (E.9), yields the so-called Rankine-

Hugoniot equation [38] in the form 

           

[ℎ] =  −
𝑣1 + 𝑣2

2
[𝑃]                                       (E.11) 

  

Simoes [38] introduced the analysis of the Rayleigh and Rankine-Hugoniot equations in 

a graphical form.  Figure E.1 shows a liquid-vapor saturation region for a simple fluid plotted in 

terms of pressure and specific volume.   State 1 refers to the given upstream initial metastable 

state and state 2 is the downstream solution found from the intersection between the lines that 

represents the two equations, points A, B, or C.  The intersection between the equations usually 

occur with two points, as shown Figure (E.1), where point A represents a subsonic solution and 

point B represents a supersonic solution. 
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 Figure E.1 Graphical solution of the flash inception analysis [38] 

 

The Rayleigh and Rankine-Hugoniot Equations, (E.10) and (E.11), respectfully, are used 

below to illustrate the prediction of the downstream subsonic and supersonic points for R134a 

flowing through a converging-diverging nozzle with an inlet temperature of 35 ℃. The nozzle 

has a 1.5 mm throat diameter and the mass flow rate is 12 
𝑔

𝑠
.  Figure E.2 shows the results of the 

graphical solution of the flash inception for R134a through a converging-diverging nozzle.  It is 

observed that, for the given set of conditions, the Rayleigh and Rankine-Hugoniot lines 

intersects in two locations, points A and B, referring to the subsonic and supersonic conditions 

downstream of the flash. 
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Figure E.2 A flash inception analysis for R134a with an inlet temperature of 35 ℃  

 

The Rayleigh and Rankine-Hugoniot equations are now used in an attempt to predict the 

downstream subsonic and supersonic points for Ahmed’s experimental water [23], flowing 

through the converging-diverging nozzle for an inlet temperature of 70 ℃. The nozzle has a 1.7 

mm throat diameter and the mass flow rate is 30.6 
𝑔

𝑠
.  Figure E.2 shows the results of the 

graphical solution of the flash inception for water with an inlet temperature of 70 ℃.   It’s 

observed that the Rayleigh and Rankine-Hugoniot lines do not intersect, and a solution failed to 

occur for the given flow conditions.  It is currently not understood why a solution does not 

appear to exist for the water flow experiments but does exist for the R134a analysis.  Perhaps it 

could be in some way related to the tiny temperature changes expected and observed in the 

water experiments.  These small changes make the expressions used to represent the metastable 

fluid properties much more critical. 

 



143 

 

Figure E.3 A flash inception analysis for Water with an inlet temperature of 70 ℃  

 

Refinement of the above analysis should be the subject for future studies into the 

application of the Rayleigh and Rankine-Hugoniot equations for different flow conditions in 

converging-diverging nozzles with different fluids.   
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Appendix F - Mathcad Codes 

 F.1 Water Saturation Values Calculations 

Mathcad code for saturation values was developed by Dr. Beck and then was extended to 

include other properties   
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 F.2 Single-Phase Pressure Distribution 
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 F.3 Modified Dynamic Flash Inception Line 
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 F.4 Flash “Cavitation Wave”  
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 F.5 Condensation Shock 
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Appendix G - Water Saturation Table 

 

 

Tables imported from Refprop which is published by NIST, the program uses thermodynamics 

equations to solve for the saturation properties of a fluid. Tables were then modified by adding 

volume and density ratios. [31] 

 

 

 


