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CHAPTER 1
INTRODUCTION

This study contains results of the original investigation on the control
of life support systems or more specifically the temperature control of life N
support systems by means of the modern control theory, A life support sy;;;;~@%“
is a system for creating, maintaining, and controlling an environment so as
to permit personnel to function efficiently. The control of temperature is
probably the most important role of the life support §ystem.

The need for providing an automatic contrel system to an air-conditioning
system has long been recognized [ﬁh, hﬁ7. It is also a well known fact that
use of the automatic control is necessary for the life supporti system of a
‘space cabin or submarine or underground shelter [Fé. 427. It appears that
analysis and syntheslis of the control systems for the air-conditioning and
life support systems have so far been carried out by the classical approach
[T, 45, 46, 477,

The classical approach to the analysis and synthesis of an automatic
control system is essentially a trial-and-error procedure or a disturbance-
response (or input-output) approach. Extensive use is made of the transform
methods such as the Laplaco transform (s-domain), Fourier transform (w-domain),
and z transform (discfete time~domain)., Even though mathematics is extensive-
ly used, the classical approach is essentially an empirical one [F§7.

In recent yearé, an approach to the analysls and synthesis of a control
systemn, ﬁhieh is distinetly different from the classical one, has been

developed, This modern approach is generally called the modern (optimal)



control theory /I, 2, 7, 8, 9, 10, 11, 31, 32, 40, 43, 487. It is based on
the state-space characterization of a system., The state-space is the
abstract space whose coordinates are the state properties of the system or
the wariables which define the characteristics of the system [Eg?. This
approach involves mainly maximization or minimization of an objective func-
tion (functional) which is a function of state (plant) and control variables
whieh are in turn functions of time and/or distance coordinate. The
objective function is specified, constraints are imposed on the state and
decision variables, and an optimal control policy is determined by extremizing
the objective function by means of mathematical techniques such as the
caleulus of variations, maximum principle, and dynamic programming /50, L1,
%§7. Thisymodern approach is entirely theoretical in the sense that no
trial-and-error is involved in "adjusting the controller."

There are reasons to believe that the classical approach suffices in
the analyses and syntheses of the control systems for a majority of air-
conditioning and life support systems because usually the requirements are
not extremely critical and specifications are not very tight. It is, there-
fore, justifiable that most of the control and dynamic investigations of air-
conditioning and life support systems, which have appeared in the open
literature, are based on the classical approach 1§7, 28, 49, 50, 51, 52, 527.
There is, however, a certain incentive in applying the modern approach to
analysis and synthesis of automatic environmental control systems in space
crafts, submarines, underground civil defense shelters and certain medical
facilities. In these systems, very stringent requirements in the response
time, control effort, and others are imposed. For example, the control

system of a space craft must have an exiremely small response time and



furthermore, the amount of energy required for the control effort must be
very small because of the weight limitation iﬁposed on the space craft,

In the present work, the emphases are on the use of the maximuﬁmwm.
prineiple and related variational techniques [i, 2, 8, 28, 31, 40/. Their
applications will be illustrated by means of concrete numerical examples,

It is said that use of the maximum principle and the calculus of variations
gives rise to a control policy of an open loop nature (48, 547 which is not
desirable for control of a space heating system in which room temperature
varlations are to be reduced and penalized [33]+ 1In ref. [33], the dynamic
programming technique is employed, It will be shown, however, that the
maximum princeiple and related techniques can be advantageously employed for
the types of systems and objective functions conslidered in this work.

In this study, only;the modeling and control of deterministie systems‘
are considered. However, when human and physioclogical factors are taken
inte account as part of a total life support system, use of the stochastic
modeling and contfol may be more app;opriate than'use of the deterministic
modeling and control because the system tends to be more stochastic than
deterministic,

It is hoped that this work will stimulate the applications of and
research on the modern optimal control theory to the environmental control
of 1life support systems in general, including controls of humidity, purity
and nolse,

The computational algorithm of Pontryagin's maximum principle is
introduced in Chapters 2, 3 and 4, Chapter 2 states the basic computational
algorithm of the maximum principle and some immediate extensions of the basic
algorithm, Chapter BLdiscussqs the necessary conditions for an optimum for

processes in which equality constraints are imposed on the final state



variables., These problems can also be solved by employing the basic
algoriihm if the equality constraints imposed on the final state variables
are considered as the final conditions of the state variables, Chapler 4 is
the further extension of the basic algorithm, the necessary conditions for an
optimum for systems with a bounded state variable space,

The reference system used in this study is one of a typical office for a
senior executive, manager or department head located in a multi-story build-
ing, We wish to maintain the air temperature inside the office in a certain
range for some physical or bioclogical reason by using certain mechanical
equipment, depending on the purposes of control.

Application of thé computational algorithm of Pontryagin'®s maximum
principle presented in Chapters 2, 3 and 4 to the envirommental controllwhose
mathematical model is derived in Chapter 5 is given in Chapters 6 through 8,
Chapter 6 consists oflthree examples whose solutions are obtained by making
use of the basic algorithm presented in Chapter 2. The first example is
intended to find an optimal control policy for the minimum time system when
the time §onstant of the heat exchanger is assumed to be negligibly small and
when the dynamic behavior of the system element, room or cabin, is represented
by one CST model. The statement of the second example is the same as that of
the first one except that the response of the heat exchanger is assumed to be
of the first order instead of the zeroth order. And the statement of the
last example in this chapter is again the same as that of the first one
except that the two tanks in series model replaces one CST model. Chapter 7
has two examples whose solutlons are obtained by making use of the computa-
tional algorithm presented in Chapter 3. The first one is the reconsideration
of the first example of Chapter 6 from a different point of view and the second -

problem is an example of three primary state variables with equality



constraints imposed on each state variable at the control terminal time, The
statement of this problem is the same as that of the third one except that the
time constant of the heat exchanger is not negligibly small., Chapter 8 is an
example of two primary state variables with inequality constraints imposed on
the state variables, The statement of this problem is the same as that in‘the
third example of Chapter 6 with additional conditions, that is, inequality
constiraints,

Comparison of the resulis presented in Chapters 5 through 8 naturally
leads us to consider the deviation of a system from its nominal bhehavior
caused by deviation of system components and parameters from their nominal
performance characteristics. This is the essence of the sensitiviiy analysis
and is discussed in Chapter 9. The resulis enable us to demonstrate the
sensitivity to (1) parameter variations; (2) changes in dimensions of

mathematical models; and (3) change in constraints,



CEAPTER 2
BASIC COMPUTATIONAL ALGORITHM OF
PONTRYAGIN'S MAXIMUM PRINCIPLE
In this chapter and the two to follow, we shall introduce the computa-
tional algorithm of Pontryagin's maximum prineciple. Here we shall state the
basic algorithm of Pontryagin's maximum principle, Numerical examples will
be provided in Chapter 6.
| Consider that the dynamic behavior of a controlled system can be

represented by a set of differential equations;

dx
a‘—'Ei = fi El(t)' XZ(t’)n veuy xs(t)i Gl(t)' ez(t)r ssay er(t)_T,

13'-1. 2| esey S (2.1)

£,
tg & t £ 7

or in vector form

% = £ [fx(t), 8(t)/, ty&S t£T (2.1a)

where x(t) is an s-dimensional vector function repfesenting the state of the
process at time t and 6(t) is an r-dimensional vector function representing
the decision at time t [fl;]. The functions fi' 1 = 1l,s4e8, are single
valued, bounded, differentiable with respect to the x's with bounded first
partial derivatives, and are continuous in the ©'s on a product region x8,
where x and 6 are closed regions in the s-dimensional x=-space and r-dimen-

sional €-space respectively /6 /. Note that we are dealing with the



autonomous systems in which the right-hand side of the performance equation,
equation (2,1), depends implicitly on time t, while the non-autonomous systems
are those in which the right-hand side of the performance equation, eguation
(2,1), depends explicitly on time t.

A typical optimization problem associated with such a process is to find
a piecewise continuous decision vector function, 6(it), subject to the p-dimen-

sional constraints

hi[G(t)J. _<.. ol is= l, 2. es ey p (2.2)
such that the performance index

5

s=35 ey xi(T)’ c, = constant (2.3)
i=l

is minimum (or maximum) when the initial conditions
xi(to) = xiO' i = 1, 2. seey S (Z.Llr)

are given, The duration of control, T, is specified and the final conditions
of state variables are>unfixed. This type of problem is often called the
free right-end problem {(with fixed T). The decision vector (or a collection
of control variables)'so chosen is called an optimal decision vector (or
optimal control variables) and is denoted by 8(t).

The procedure for solving the problem is to introduce an s-dimensional
adjoint vector z{(t) and a Hamiltonian function which satisfy the following

relations

8 :
H/x(t), 6(t), z(t)] = ?1 z, () £,/3%(t), o(t)7 (2.5)



(0]

dz 3 = £y .
a-_E:E = - 33{% = - jgl Zj —J—C; » 1= l, 2' saeg S (2.5)
Zi(T) = ci' 1=1, 2, ¢oey 5 (2T

The set of equations, equations (2,1) and (2.6), constitutes a two~point
split boundary value problem, whose solution depends on 6{t). The optimal
decision vector 8(t) which makes S an extremum also makes the Hamiltonian an
extremum for all €, i.e.) ty & t &7 e B 5% % 27.

A necessary condition for 5 to be an extremum with respect to 8(t) is
-—%-E.izo. i=l’ 2’ nes)p 7 o (2.8)

if the optimal decision vector is interior to the set of admissible decisions
8(t) [the set given by equation (2.2)/. If 6(t) is constrained, the optimal
decision vector 6(t) is determined either by solving equation (2.8) for 8(t)
or by searching the boundary of the set. More speecifically, the extremum
value of Hamiltonian is maximum (oxr minimum) when the control variables are
on the constraint boundary. Furthermore, the extremum value of the
Hamiltonian is constant at every point of time under the optimal condition,
It is worth noting that the final conditions of the adjoint variables, zi(T),
are often given to be -Cy instead of cy as shown in equation (2.7), in employ-
ing the maximum prineiple of Pontryagin. The use of such final conditions of
zi(t) gives rise to the condition that the Hamiltonian is maximum when the
objective function is minimized, and minimum when the objective function is

maximized as stated in the original version of the maximum principle of

Pontryagin [1, 2, 8/,



If both the initial and final conditions of state variables are given,
the problem is said to be a boundary value problem, The basic algorithm
presented except the condition given by equation (2.,7) is still applicable,
If optimization (usually minimization) of time t is involved in the objective
function in a problem with an unfixed duration of control, T, the problem is
then called a time optimal problem, In this case, the basic algorithm
presented is still applicable with aﬁ additional condition that the extremal
value of the Hamiltonian is not only a constant but alsc identical tol Zero,
The simplest example of the time optimal control problem is one in which the

performance index is of the form

Such a problem is often called a minimum time problem.
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CHAPTER 3

NECESSARY CONDITIONS FOR OPTIMUM FOR PROCESSES
IN WHICH STATE VARIABLES HAVE EQUALITY
CONSTRAINT AT THE CONTROL
TERMINAL TIME

Introduction

- The baslc computational algorithm of Pontryagin's maximum principle has
been introduced in the preceding chapter., Here we shall extend the basic
form to cover the optimal time problem with equalily constrainis imposed on
the final state wvariables.

Kopp adjoined the equality constraints to the objective function via
Lagrange multipliers and then solved the problem by a trial and error
procedure [i, 7y Lﬁ]. Dean and Arils treated the problem by the Green func-
tion approach [iﬂ7. We shall first oblain the necessary conditions for
optimum by adjoining the equality constraints to the objective function via
Lagrange multipliers and taking weak variations of the resulting expression.
The necessary conditions thus obtained will be applied to two concrete

examples in Chapter 7.

Necessary Conditions for an Optimum in Problems with Equality

Constraints Imposed on the Final State Variables

Again let us consider the differential equations of the following form

g‘-ﬁxi =fi£2_€1(t). xz(t), sewy xs(t‘)’ el(t')l ez(t)! LB ar(tﬂ ¢



1l

i 21, 2, esRy S (3-1)
with the initial conditions given by

t=1t (3.2)

xl(to) = xio, 0

Suppose that we wish to determine the control vector 6(t) so as to

minimize (or maximize)

T
S = tf F/R(t), 6(t)7 dt (3.3)
0

subject to the g-dimensional constraint on state variables at the unspecified

terminal time, T, as shown below

giﬁ(T_l7 = 0, 1=1, 2, «asy Q (3.4)

where initial time to is fixed and T 1is the unspecified control terminal
time. Here the objective function, equation (3.3) is different from the form
used in the preceding chapter., However, we can transform equation (3.3) into
the form used in the preceding chapter by introducing an additional state

variable x such that
s+l

t
x_, () = J F/E(t), 6(t)7 dt (3.5)
0

It follows that

dx_ - (t)
= F [R(t), ot



32

xs+l(to) =0 (3.7)
and hence the objective function now becomes

S

]

x,1(T) (3.8)
or

s+l

= g;{ e, x3(1) (3.9)

n
i

which is in the form used in the preceding chapter with

c-=0' i=l| 2, ssey S

Suppose that the equality constraints, gi[;(ti7. and the psrformance
equations, equations (3,1) and (3.6), are adjoined to the objective function

via Lagrange multipliers, v, and 25

i
' s+l q T s+l dx,
St = El ¢, x,(T) + El vy 8./X(T)] + t{{gl z, £, /x(t), o(t)] - a‘rj dat
(3.10)
We can then define the Hamiltonian
s+l
Bf/x(t), 6(t), z(t)] = Ea. 2, £/x(t), 8(t)/ (3.11)

and substitute this relation to equation (3.10) to obtain

S+L q T
AP MU NORS s A g, ()T + t{ {Hﬁct), a(t), =(t)7

s+l dx, :
- El z,(t) ?ﬁ'} dt (3.12)
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The first variation of S', &S*, which is defined as
§s' =stfx, 8, 7/ -5'/% 8 1]

may be obtained by letting

x, (8) = % (t) + in(t), 1=1, 2 eeey 5+l

8,(t) = B, (t) + do,(t), 12124 eeny ¥

T =T+ dT {3l
2i(t> = Ei(t> ‘i' J.Zi(t)! 1=1, 2, vee, 541

and then inserting these relations into equation (3.12) and carrying out the
Taylor series expansion about X, 6, z and T, Retaining only the linear terms

of the resulting equation and then dropping the bar notation gives

. - g 28; s+l s+l ax, (T)
fsr = dr{n/am,o(m),x(n)7 + ST e =T 5 5 ® _%.T_}

1

| +;}§£xi('r) { o ngi-ij-- 2,(T) + ci}
| s+l dz
ST o T 5 G R £ R T

(3.14)*

We must set this first variation equation at zero to obtain the necessary

conditions for a minimum, The resulting equations which determine the optimal

L]
Derivation of equation (3.14) is given in Appendix B,



control and state vectors are as follows:

s+1
Efx(t), 6(t), z(t) ] = Yo 2y (8) /50, o(t)] (3.15)
20 9y
so = e = L5, e, i=1, 2 veey 54l (3.16)
dz, s+l )f4

-3 S | g "
Bxl = E,r' J;qlaxi Zj' i - l, 2' LN N S“i’l (3'17)
JdH ﬁ% By ( )

= 0 = ' i=1| 2. nesy 3!18
aei j“l'a_g_ zj r

These represent the (2s+2) differential equations for the two-point split
boundary value problems. The conditions at the initlial time are given in
equations (3.2) and (3.7), whereas those at the final time are

q 2 g
Zj_(T) = + €.y i=1, 2, 3, eeey 5+l (3.19)
B IRt \

and

s+l a xl s+l dx, (T)

- q 28
BAT), o), oT)] + 3 o vy + 17 - 37 (1) —hr— =
=l i=1 i=1

(3.20)

14

Equation (3.,19) provides (s+l) conditions with q Lagrange multipliers to be

determined. Equation (3.4) provides q equations which can be used for

elimination of the Lagrange multipliers, and equation (3.20) provides one

additional equation which can be used for determination of the unspscified

terminal time,
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It is worth noting that when the constraints gj[i(T_lT = 0 are not
imposed on the final state variables, the necessary conditions derived here
reduce to those derived for the basic problems presented in the presceding

chapter. In other words, equations (3.19) and (3.20) reduce to
zi(T) = ci (3-19'3)
Hfx(T), o(T), z({T)] =0 (3.20a)

The set formed by these equations and equations (3.15) through (3.18) is
identical to that formed by equations {2.5) through (2.8) in the preceding
chapter. Equation (3.20a) is correct, because the minimum (or maximum) value
of the Hamiltonian is identical to zero at every point of time t for the time
optimal problem,  The final condition, x(T), which is fixed in the fixed

right~end problem can be considered as the simplest case of gi[§(217 = 0.
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CHAPTER 4

NECESSARY CONDITIONS FOR AN OPTIMUM FOR PROCESSES WITH
INEQUALITY CONSTRAINTS IMPOSED ON THE STATE VARIABLES

Introduction

The basic computational algorithm of Pontryagin's maximum principle has
been introduced in Chapter 2 and the optimal control of the systems in which
equality constraints are imposed on the state variables at the end of control
action has been introduced in Chapter 3., In this chapter we shall consider
the necessary conditions for optimum for a dynamic system whose state
variables are constrained by a certain inequality condition or conditions,

Chang /76 7, Berkovitz 16/ and Gamkveilidze / 2 7 have dealt with the
fundamental aspects of the problem, and both theoretical and computational
aspects are considered in papers by Dreyfus [if], Denhamnm l§7 and Denham
Bryson f19/. Despite these and other efforts /I, 11, 15, 20/, the optimal
control problem with state variable constraints does not appear toc be well
understood, Here we shall first state the problem and then show the necessary

conditions for optimum, Numerical examples will be given in Chapter 8,

A Dynamic System with State Variable Constraints

Again let us consider a continuous process whose dynamic behavior can be

represented by the following set of differential ecuations

ok = £, /R (00 % (8, eer xg(8s B(E) By(), wres OLCL)T,

251y 2y eeey 8 (&.1)
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or in vector form

&2 g/x(t), e(t)] (4.1a)

where x(t) is an s-dimensional state vector and 6(t) is an r-dimensional
control vector, Now we wish to find a plecewise continuocus control vector
8(t) in the set such that the function of the final state
s
S = 2}; cixi(‘l‘), | c; = constant (4e2)
takes on its minimum (or maximum) value subject to the condition that x(t)

stays within a specified region of the state space given by the inequalities

g, /x(t), 8(1)/ £ 0, 1=1,2 ey (4.3)

The duration of contrel, T, is specified, Functions fi' S and gy are assumed
to possess continuous derivatives to at least the second order /8, 20/, In
addition to those, the state variables must satisfy certain initial or final

conditions or both,

A Necessary Condition for Optirmumnm

Chapter 2 stated the basic algorithm of Pontryagin's maximum principle
for systems without state variable constraints, That is, the Hamiltonian H

and the adjoint variables are defined by

)

H= iZ_l 2, (t) £, /x(%), &)/ (o)



8z 5 £

-a;-}- == -a_a____xi = e Z Zi(t) _J_C:-_. ? i = 1’ 2' seag 3] (“‘-5)
1=

Zl(T) = ci ’ i= 1' 2’ seey S (4-6)

and the necessary conditlon for the objective function S to be an extremum

with respect to € is

%2 0, i=1, 2, eeuy T (4-?>

l..h

or H is the extremum on the boundary of the constraint and the extremum value
of the Hamiltonian is constant at every point of time under the optimal
cendition,

 For systems with q equality constraints, gi, i=1, 2, ¢eey 9, imposed
on the final state variables, the necessary condition for the objective

funetion to be extremum remains the same except that equation (4.6) becomes

q
Zi(T) = jZ::l VJ _a_a_x%), + ci, 5= Ly B sesy S (4.8)

and an additional condition at the contrel terminal time

q D8] i RS
HKT), o), o(T)] + 5 vy Si+ 5 o 5

= i=1
S dxl(T) "
- 2;1 Zi(T) ———— o} (4.9)
i=

Equations (4.8) and (4.9) were derived in the preceding chapter,
For the system with one primary state variable and with one inequality

constraint imposed on the state variable, the condition that the Hamiltonian



is constant under the optimal condition remains the same, However, it has
been explicitly indicated / 9 / that the condition given by equation (4.5)

must be rewritten by employing the chain rule, as

dzy  PH"_ dfy dfy 49
AT T TR Thaw a@

(&4.10)

because on the constraint boundary, the state variable and the contrcl
variable are related by the constraint. Here we wish to prove for systems

with two primary state variables represented by

(b4
E"'ff]; = 1./.?(]) Xoy €9, 92_7 (&.11)
dx
T2 = /R %y 0y, 0,7 (#.12)

the necessary condition for the objective function of the form

T i
S =jt Fﬁl. Xoy el. ez_Tdt _ {&%.13)

to be extremum subject to the inequality constraints

glﬁl’ le ell 62__7 20 (4.14)
gzﬁl! Xoy ell 62_7 20 (4.15)
lej £ 1 | (4.16)

is that the Hamiltonian is also a constant along the constraint boundaries,

Introducing an additional state variable, x3, such that

19



t ,
xa(t) =J; F[:?l, X0 695 ez_7dt

It follows that
iy

5 = FF %50 €, 657
=Tofx, %5 6, 0, 7

'X(O):O

3

and

Thus, the problem is transformed into that of minimizing xB(T).

The Hamiltonian is, according to equation (4.4),

H=2 fl + 22 f2 + 53 f3

and the adjoint vector is defined by

dzlg____ _ fl aflax2+3f1 20, 2;‘.‘1 aej
att v Tax 5% 9%, S0 5% 99 34

z[afz sz 2%, -bfz 26 3f22927
2% Y 3%, 3% T 38 3 © 69, on-

(ko17)

(4,18)

(&.19)

(4.20)

(4,21)
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2l

_@F,2F 9% 2F 2% 2 2%
'[;‘1+9x2 5% * 7% TR * 90 e 7 (&.22)

dz, 3y _ of;, o1, axl 21y gel 2T, 28,

at axg"zlf'é_)"i+9x1 2% T 98 o1 99253—2-7

of, 2%, BK_L 2f, 28 9f1 26,
"“a[a& axl PEZIMD T L R aij

~)F 2r2n  2Fr201 JF2%.
P2 TR D T OO 5% T T UR

g
T = - BBXH =0, 24D =1 (b, 24)

Note that equations (4.,22) and (4.23) are different from that defined in
equation (4.5) because the state variables and the control variables are
related through the equality constraints, equations (4.14) or (4.15). For
this reason, differentiation of the Hamiltonian with respect to Xy rmast be
carried out by employing the chain rule. Also note that equations (4,22)
and (4.23) reduce to equation (4.5) when the state variable x(t) is interior
to the set of constraints, equations (4.14) and (4,15). The solution of

equation (4.24) is
zB(t) =1, R (4.25)
Thus equation (#.21) can be rewritten as

H=z2.f., +2f 4+ F 7 (4.26)

171 22

The derivative of the above equation with respect to t is



Gl _dF o dzq " dz., [)fl 28, 2f) 28, 91y
Tem+ gt hamet 201 9% T 3F; a’f- e

2% 26, 215, 28, 21, 21,
+?x fzj+z?_[ael Bt’ +992 5T +Dxlfl+-5——— 2__7

(4.27)
Inserting equations (4,22) and (4.23) into equation (4.27) gives

2f) 26, 21 aez o1 21

gi _ dF
R R N A I A LR A

T2 28, £, 20, £ 2%
* ‘T"’E‘l ae at ‘*'QXifl*ax £2.7

31‘1 2% 2%, 2f, 28 2f; 28,
VLY e Y
1 Dxl 2% 2% ""B" W ESE 2 251

?f 0 f, Bx 21, 291 2, 26,
"5 (5% ?"z 3"1 P 2"1

2F 2F 2% 2F 2% 2F 29
-5y ?T*?ﬁl?xl*aﬁz“’a“”

28, 26 2% 2fy 28 2fy 28,
r L n (SR T IR T T Y TG 0%

afl 2f, 2% 1, gel 2f, 262)
- 2 FE PSP E Iy 1 ST I 3P 5

JF BFaxl 9F261 2F 292>7

S TRy it A Lol F ol Lo 2 (H28)



Since X5 xz, el angd 62 are functions only of t, we can write the followinz

equations

g%  dxp dxp  dXp
P _E*-'Ki'”"ﬁ"/

-~

2x 4% dxl/dx
%2~ dxy

98 _d8

3T =gt

28, 99

3T 9T

26, dSl dx;  d&y
5% =9 H’E'/a'f," =/

3%, o5 4t/ dt Tat 2

daé, dx1 d9

o el R ey Y

)
X
mlmm

28, do, de, ax, d62/
D% Ay T dt a*r:" av / L2

Inserting these equations into equation (4.28) gives

3F JF @Fd8, DFds, 21, ot
15% " fasm Ty A G AT T2 5% T %22

™

|

ol &
|
K



PR o1, 21, 40 29, do,

o

of, dg,

“hngEm T fis cAugE AT T RS, a %258 @

2f, d6,
T %235, 9T

Note thst we have used the relation

For those periods of an extremal solution on the constraint boundary,

(4.29)

(4.30)

8(t) is determined in terms of the state variable and the independent

variable t by the relation showm in equation (4.14).

solutions for those periods must satisfy

281 28 281 08
dgl =31i dﬁl +§g"£ d62 +3—x"i' dxl -l-sz dxz

1}
o

dé
or solving for<af—

aé
1
5% @ 5% sy ) (w)

T =

Inserting equation (4.26) into equation (4.24) leads us to

a .
gz =0

Thus the neighboring

(4.31)

(4.32)
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or H is also constant along constraint g = 0., Similarly we can prove H is
constant along constraint 8o = O

This proof can probably be extended to the general cases. For a system
whose dynamie behavior can be represenied by equation (4.1), the necessary
condition for the objective function, equation (4.2), to be an extremum on
the boundary subject to the constraints, equation (4.3), is that the

Hamiltonian remains constant on the constraint boundary or,

dH
F =0 (4.33)
and the adjoint vector is of the form

dz Df 3 r f

i
-3 f A M BT
i=1, 2, veuy 5 (4-3‘4’)

The condition H(T) = 0 must hold when the control terminal time T is left

free,
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CHAPTER 5

MODELING AND SIMULATION

Introduction

In this chapter the reference system is dealt with at length. Initially,
the performance equations of the system are derived, then the simulation is
carried out, and finally the general performance equations terminate the
chapter,

The major function of the envirommental engineer is two-fold. He wants
to establish and to maintain conditions under which human beings feel
thermally comfortable, Thermal comfort is defined in ASHRAE standard /297
as that condition of mind which expresses satisfaction with the thermal
environment, Since the condition for thermal comfort is influenced by
various factors in a complex manner, a general expression for thermal comfort
is very difficult to establish, Several atiempis have been made to specify
conditions for thermal comfort in the last forty years, Fanger 1227, Lee
et al, /22/, Chatonnet and Cabanac 1237, Gagge et al, [ 4 ] are some of the
principal investigators in the field, They have used mainly the method of
allowing two or more parameters to vary and keep constant all other factors
which influence thermal comfort, Some valid solutions have been found,

On the other hand, the environmental engineer wishes to maintain the
thermally comfort conditions. Some recent articles in ASHRAE Journal 1?5,
2§7 have demonstrated an increased interest in control theory and its applica-
tion to the life support systems, Zermuehlen and Harrison /277 illustrated

how the principles of control engineering can be applied in a study of room
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temperature response to a sudden heat disturbance input. Harrison et al.
/28] developed a model transfer function for an air-conditioned room which
might be suitable for the investigation of short-term transient response,
Eltimsahy [537 formulated the perturbation model of the domestic heating
system and used the proposed model for further study of design and control

of the heating systems by means of dynamic programming. This work considers
the control of life support systems whose transient behavior may be described
by systems of ordinary differential equations. A recently developed
mathematical tool known as the maximum principle of Pontryagin /I, 2, 7, 87
has been used in order to determine control actions which are, in some sense,

optimal.,

liodeling

A control system usually consists of three elements: the feedback element,
the control element, and the system proper [397. The feedback element in a
life support control system or an environmental control system may be composed
of a thermostat, humidistat and pressure regulator, or any combination of thess,
depending on the purpose of control, The control element may include a heat |
exchanger, humidifier, dehumidifier, blower, portable air-conditioner, or
any combination of these, depending on the objective of contrel., For instance,
both the thermostat and heat exchanger are often used to control the air
tomperature inside a building, The system proper may be a confined space,
.2+, an underground shelter, a space vehicle, a space suit, a submarine or
a building.

The system considered here is shown schematically in Figure 5.1. The

confined space may be a typical office located in a multi-story building or



the cebin of a spaceship. Alr or oxygen or a mixture of oxygen and nitrogen
is circulated through the room or confined space via an air duct by
mechanical means, e.g., a blower or fan. Control of air temperature in the
system is accomplished with a duct system. The thermostat in the system
adjusis the position of the control valve ofrthe heat exchanger in order to
provide the desired temperature.

The performance equations of the system, which represent the dynamic
characteristicsrof the system and system components will be derived,

A. The System Proper. The following three main assumptions are made

concerning the system proper:

1. Room or cabin air is well mixed, or stated in another way, air
temperature within the system is uniform throughout at any instant
in time,

2. The thermal capacitance of room walls, floor, ceiling and windows is
neglected, as well as that of any furniture within the system.

3. Heat loss through the walls and windows is negligible,

The performance equation of the system proper can be obtained by using

the continuity law or heat balance, For a room, the law states that the flow
rate of heat into the system must either be absorbed inside the room or leave

the room, Referring to Figure 5.2 we have

[Eeat ;§7 - [ﬁeat ou£7 = [Heat accumulatiqﬁf (5.1)
/Heat in/ = Uy + Y, + Uy 7 (5.2)
/heat oqﬁ? =q, + qo2 (5.3)
/heat accumlation/ = qg (5.4)

where

Qg4 = the impulse heat disturbance rate in Keal/sec.



qil = the heat flow rate into the system by circulation air
in Kcal/sec,

U, = the heat flow rate into the system by fresh air in
Keal/sec,

951 = the heat flow rate out of the system by eirculation air in
Kcal/sec,

q02 = the heat flow rate out of the system by exhausted air in
Kcal/sec. |

q_ = the rate of heat stored inside the room in Kecal/sec.

]

The unit of g's is in Kcal/sec. and the mks unit system is used in this

29

study._ Inserting equations (5.2), (5.3) and (5.4) into equation (5.1) gives

[os7 + qp + 9, T - [ag + a5, 7 = q (5.5)
Based on the assumption of perfect mixing, the expressions for 910 Yypr
G20 %qi 7°

Gy =Y § Cplty - 8)

=Q §C Ty (5.6)

U, =9 f Cs(tz - 1)

=0 fc T, (5.7)
Uy = Q’lf Cp(t’c - ty)

= Q1<y Cp Te (5.8)
U2 sz’ Cp(tc -t,)

=Q §Cp T (5.9)

q01'



30

Nel
[

4 = vlf Colty = ta) £

i

v fcp Ty §e (5.10)

Note that here the disturbance is considered to be an impulse form, This
disturbance term will appear as a forcing function which can be generally
designated as 4’(&) in the resulting differential equation. 5?5(0() can be written

as

(#(c(‘) =Mi gCOQ
where
‘Mi=vlj’cP Ty

Also note that §@h) has a unit of sec™l, The rate at which heat energy is

stored in the system proper can be expressed as

dtc
R T

aT

=V, f T (5.11)

where

C, = specific heat of air in Keal/Kg %8,

Q, = air flow rate by circulation in m3/sec,

Qz = flow rate of fresh air in m2/sec.

Vl = room volume in mj.

i, = the reference temperaturs in 6.

t, = the room temperature in °C.

td = the disturbance temperature in °c.
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ti = the temperature of the circulation air intc the system in °C.
t2 = outside air temperature in e

T, = (t, = &) 4n %,

T, =(t; -t,) in °C,

T, =(t, - t,) in °C,

Tg = (t3-t) in %,
J. = time in sec.

air density in Kg/mj.

—
il

The insertion of equation (5.6) through (5.11) into eguation (5.5) yields

aT .
vlg cpal‘i + Ezlf Cp + ngcpjﬂ:c =qf Cp Ty + ngcp T, + vlgc1D Ty §eb

Ql’ Q) f, Cp’ Vl, and Td are considered as constants here. Note that if the
third assumption is not valid, the rate of heat loss through walls and
windows c¢an be included in the 94 term. The above equation can be simplified
by dividing both sides of the equation by (Q j’ C, + Q, j’ c) = (4 + Q) f c,

daT
Z‘I.a:LE+T°=r1Ti+r2T2+Z'1Td g‘(&) }

Tc =0 at =0 (5.12)
or in dimensionless form

dx riK1%

Tt T T T e

x, = 0 at t=0 (5.12a)



»
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]
N"i

t = &/ Zl = dimensionless time

TZ
-
b~ Tig

Zl = time constant of the system proper in sec.

¥y
G+ 9

L

Too = Yoom Lemperature at k= O

T;, = temperature of the circulation air into the system at oA = oF

Equation (5.12a) is the performance equation of the system proper. This

performance equation can appear in another form in which the effect of the
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disturbance is taking into account in the initial condition immediately after

the onset of the process as shown below:

% at = ot

Instead of the impulse form, the heat disturbance may appear in other
forms, such as the step, ramp or cyclic functlans. The disturbance arises
from various sources, such as sun load, turning on lights, opening windows
or doors, temperature change in the incoming air, and heat generated by the
people or animals,

If the temperature of the incoming recycle air, Ti' is kept constant,
changing air flow rate may also accomplish the purpose of control, The
performance equation for such a case can also be derived similarly from
equation (5.5).

Note that if Q, = 0 or r, = 0, equation (5.12) becomes

daT
Z'l a‘f + T =T + Ty zl e (5.13)

This equation is applicable to underground shelters and spacecrafts and
submarines under conditions where no fresh alr enters the systems,

B. The Control Element. The heat exchanger, which is the control

element of the system under consideration, can perform its control function
in various ways, for example, changing the temperature or flow rate of the
heat transfer medium, or changing both, The performance equation of the
control element can be obtained again by employing the continuity law or heat

balance, which can be expressed in equation form as follows:



[heat in/ - /heat out/ = /heat accumulation/ (5.14)
fheat in/ = Uogq + qmiz

[heat out/ = Y01 + Yoz

[heat accumulationf = q

where

q heat flow rate brought inte the machine unit by eireculation

mil

air in Keal/sec,

heat flow rate brought into the machine unit by cooling water

iz

in Kcal/sec.
qul = heat flow rate out of the machine unit by circulation air in

Keal/sec.,

qm02 heat flow rate out of the machine unit by cooling water in
Kecal/sec,

d,; = the heat flow rate stored in the machine unit in Kecal/sec.
Inserting these definitions into equation (5.14) gives

CI qmiz) - g+ qmoz) =q (5.15)
By assuming perfect mixing of both air and the heat transfer medium in the
heat exchanger, ignoring the heat loss through the shell and neglecting the
thermal capacitance of the heat exchanger, the expressions for g i1° qmia'

qul' and QLyop 8¥© 88 followsi

%nj.l = Qlf Cp(tc - t&.)
=Q g Cole f (5.16)
2= % Yw pr(th - Y)

=, . cr Tun (5.17)
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Yoy = % § Oty - )

Q 5’ CPTi (5.18)

Uop = Q jwcpwctwh -t,)
= Qw g;cprwh (5.19)

The rate at which heaﬁ energy is stored in the heat sxchanger can be
eXpressed as
dti
Uns Z?CP dd

da(t; - t.)
=v23c I
P d A

dTi
= |20
vzgcp T | (5.20)
where
Goe ™ specific heat of coolant in KealfKg °C.

Q, = flow rate of coolant in m3/sac.

twc = inlet temperaturs of coolant in OC.
tﬁh = outlet temperature of coolant in e
V2 = volume of heat exchanger of machine unit in m3.

density of coolant in Kg/mB.

S

Insertion of equations (5.26) through (5.20) into equation (5.15) gives

(Qlj) CpTc + Q chprwc) - (Q13 cpTi ¥ QWchprWh)

dT
= Vzg “p E% |



or dividing by ng Cp.

. c (P, -T_ )
2,0 =1 - % 5o B ¥l (5.21)
] c Qlj’(..p

wherea Zé is the time constant of the heat exchanger of the machine unit in

sec. and is defined by
G = V,f%

Note that Qw'gwppw(Tuh - Twc) is the amount of heat removed from or added to
the system which can be controlled by adjusting either Qw when ,Sw' pr, and

(T ., - Twc) are constant, or (Twh - Twc) when Qw, fw' and pr are kKept

wh
constants, or both Q, and (Twh - TWG) when If; and CpW are constants. In

order to have a mathematically neat form, a hypothetical temperature T, is

defined,

Te=Q, fc (T - Twc)lalj’cp

Inserting this definition into equation (5.21) yields

Z’z Tx+ Ty =T =Ty (5.22)

or in dimensionless form

dx x,K
%2: a%:% + X, = —Il{i.‘i - K (K, © + K3) (5.22a)
where
K = =
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3.
6 Tr = 2(Tr max * Tr min)

1
Tr max 2'(Tr max ¥ Tr min)

control variable

Ty

Equation (5.22) is the performance equation of the heat exchanger which is
shown schematically in Figure 5.,3. Note that € = 1 when T, = To g and
Gc-lwhenTr::Trmin.

Ce The Feedback Element -~ Thermostat, Here we simply assume that the

sensing element measures the room temperature instantaneously and that there
is no accumilation of heat in the element, or for simplicity, it will be
assumed that the sensing element is the zeroth order element with its time
constant, 23, equal to zero. Reference 30 gives a detailed explanation of

the response of the thermostat,

Sirmlation

With the model in hand, a simulation should be carried out extensively
by means of either a digital or analog computer. The results of simulation
should then be compared to the known characteristics of the system or
experimentally obtained data, The comparison enables us to determine the
goodness of the model as an approximate representation of the system,

For illuétration, let us consider a simple system in which the time

constant of the heat exchanger is negligibly small, i,.e., Zz-—+ 0. TFor this

system we have from equation (5,22)



Ti = Ly - T]:' (5.23)

This relation can also be obtained by simple (steady-state)} heat balance
around the heat exchanger. Note that T, is positive whenever heat is removed
from the system and negative when heat is added. Inserting equation (5.23)
into equation (5.,12) gives

dT, £=
aL + To To = 105 + 1Ty A - ry Ty

T,=0 at =0 (5.24)
As mentioned previously this set of equations can be rewritten

7 ch
1 T+ ¥ole = ¥plp = 1Ty - (5.24a)

G
Tc = TCO at J-ﬂ 0

Steady State Value of Tp before Disturbance, Tng

The steady state value of T, before disturbance, T,p, can be evaluated

by inserting

dT,

into equation (5.24). This gives rise to

Tils
Tpo = =5~ ry # 0 (5.25)

Note that the steady state value of Tr' which is denoted by TrO’ is zero when
the cutside air temperature, TZ' is gzero, or when the ratio of the fresh air to

the total air, Ty is gzero., This solution can also be obtained by either
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over-all heat balance around the system or heat balances around the room and

the heal exchanger,

1. Over-all heat balance around the system (Figure 5.4).
Therefore,

T QT _rolp
0~ Ql = rl

(5.25a) -

Recall that T, equals zero,

2, Heat balances around the room and the heat exchanger.

Qe +q5cr,) =0

and

Qlj Cply + Qlj’ CT, = 0

Solving for Tro from these equations, we obtain

Final Steady State Value of Ty, Tpr

The final steady state value of T, which is denoted by Trf' can be

obtained by letting

dT,
T. =0 and a-a—zo

in equation (5.24). Hence

T.p = ;__1: L[4 1q §Q) + x,1, 7
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Initial Value of Te

The initial value of T, at t = 0% can be calculated by the following
relation representing the heat balance between the condition before and that

after the disturbance.

vlg CTog = Vlg CpTd
or

TcO = Td (5.26)

The desired final value of T 5 is zero. Meanwhile, the lower bound of
Ty Tr s is set at 0°C, Various cases with different upper bounds of

Ts Tr WS will be simulated.

The Solution of Te

Simulation of the desired model can be carried out when the form of T,
and the rumerical values of the parameters are known. In case Ty is the
step function, i.e., Tp remains constant after t = 0, eguation (5.24a) can
be integrated as

Tod rocd rod

2N T Nty T
Toll) = e lﬁl*Tze =T, Q_7

where A7 1s an integration constant, The value of A, can be determined by

employing the initial condition at o= 0%, that is,
+

Te = Tog at ol=0

Therefore,

rTy
A},=Tc{}'T2+'—1‘§- )
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and <
T
- T _ Tp0
21 21 ity Z
TR = Tyq @ +Tfl-0 J-5F[A-e A7,
(5.27)
¥, £ 0

Note that we can also solve equation (5.24) by means of Laplace transform.

Laplace transformation of equation (5.26) gives,

R ry Ty Z) T
To(s) = s(zls pre rz) - s(z,ls ) +‘Z_a_'§_+"'r_2'_

Inversion by partial fractlons of the above equation gives

(L -8

which is identical to equation (5.27) because 'I‘co = Td as given by equation

(5.26). cif can be found from equation (5.27) by setting T, = 0.

1 .
cgf =TT, fn( Tep Tp = To0p + rlTr) v r, # 0 (5.28)

For r, = 0 or equivalently, r = 1, equation (5.24) becomes

2
dT T mnax
-a;',c—: = Td 5(&) -;'E'Z“E“'“ y rz = 0

Integrating this equation, we have

Tr max

T, == —-.Z"l-—"OL + TcO (5-2751)‘
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cgf can be obtained by setting T = 0 as

10 2
QO
dn = *"%;‘—m:— ; r, = 0 (5,28a)

Numerical Examples

It is assumed that the volume of the reference system, Vl, is

Vl = 3m x 4™ x 5m

= 60 n’
The flow rate of air in the system, Q, is
Q = (cross-sectional area of the system)
x (air velocity in the system)
= (3" x 4™) (.1 m/sec)
= 1,2 m3/ sec
and flow rates of circulation air and fresh air are

%

Q

0.8Q = 0,96 m3/sec

o, = 0.2Q = 0,24 mB/sec

The time constant of the system element, .Z‘.I.' is

v v
Zl=l 1 =l?g=505ec.

'

Other numerical values employed are

- o
Tz..lO ¢

o
Td=20 (¢

_ a0
Trm:'m"m ¢
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r2T2 0.2 x 10 o
To=F =" 0.8 =25FC

Here two examples with different heat removing (or control) capacities
of the heat exchanger will be considered. The first example is for the
case in which the maximum load (heat removing capacity) of the heat

exchanger, Tr max is set equal to 2.5°C, that is T =T = 2.5°C after

r0
t = 0, The second example is for the case in which the maximum load of the

heat exchanger, T ; is set to be 30°C.
_ r max

Case 1 T = 2.500
r max
For this case, we have, from equations (5.27) and (5.28),
r r_ oL
i -2 2.5 r Tk

— -0 ]

Y Y
T, =20 e y0fi-e ~ _J- 7

b ry 2.5 ry + L0 r, =

i v, # 0, and

7,00 = 20 - dl/20

c&.: 400
if r, = 0.
The results of simulation are shown schematically in Figure 5.5.
o
Case 2: ’l‘r — 30°C,

For this case we have equations (5.27) and (5.28)

Yok F2ol Tk

[ Qs - r -

“1 + 10(1L - e & ) - ;% x 30(1 - e

X
T =206 ol



-4 3r,

A, = ﬂ-n(_r“z‘?ii“) =2 ﬁ-n(*;';ﬁ;r)

if rz;‘:O, and
T, =20 - 0.6

g

33-3 seg¢

if r, = 0.
The resulis of simulation are shown schematically in Figure 5.5.
Similarly, we can carry out the simulation by employing the dimension-
less form of the performance equation, The performance equation in dimen-
sionless form can be obtained by combining equations (5.l2a) and (5.22a) and

setting Zz =0 as

Boundary conditions are

x,(0) = 0 at t=0

it
=3

xl(T) = 0 at t
As mentioned previously, this set of equations can also be written as

dxy
TE™ + rxy = vk - riKKp6 - rK Ky

xl(0+) = 4 at t = 0"

x(T) = 0 at t =T (5.29a)
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First of all, let us assume € is a given control actlon and is equal to

6 . = 1o Then equation (5.29a) can be integrated as follows
xl(t) = e EZ + Kle - 1‘2 e - T, e _7, )
¢
r, #

Application of the boundary condition, x1(0+) =1 at t = 0%, yields

riK K, rKKs
*

Az =l - Kl + T, 5
and
x, (1)
-t
-rzt "'rzt rlKlKZ r2 r1K1K3 -r.t
=8 +Kl(l-a )- r2 (l—e )- rz (1-32)'
r, # 0 ’ (5.30)

Final time, T, corresponding to the end of control, can be obtained by using
the condition

xl(T) =0 at t =T
This ylelds

1 FiKaKp ¥ KKy T

T=-+% = ¥ 0 51
T, .Qn(rz réKi F KK ¥ 1K Kg ) Ty £ C (5.31)
For r, = 0, equation (5.29) becomes

o8

= Kl{[(t) - KK, - KK,



or in integrated form

i

xi(t) = -Kl(K2 + K3)t + 1, r

T can be cbtained by employing

xl::O at t =T
This gives
T = s r, =
= KlLK2 + K3) ' 2

Two examples which correspond to the
will be considered here,

Case 1t T = 2.500

T max

For this case, we have, from the definitions of K2

(5.30) and (5.31),
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0 (5.30a)

0 (5.31a)

problems solved in dimensional form

and K3 and equations

1 1
K2 = "ZTE (Tr max - Tr min> = '20 (2.5 - 0) = 00125

x L (2.5 + 0) = 0,12
k3 =213 Ty max * Tr pin® = 20 (245 # 0) = 0,125

-ryt -ryt 0.,0625 ry Tyt
xl(t) = e + 0.5 =e~ ) - Ty (1 -e Y,
r, # 0
0.135 rl - 0.5 r2

T = - -E-z— 0.135 rl + U rz ’ rz # 0

1
T= TT108 o ro, = 0
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The results of simulation are shown in Figure 5.6.

Case 2: T = 30°C

I max

For this case, we have

. 1

g = 2T, (T mac ™ T wind = 70 (0 =~ 0} = 13

- 1

3= %205 (Tx gax * Tr man) =25 (30 + 0) = 1.5
_rzt -r. .t -r,t

2 r 2
x(t) =e ° 40,51~ )—1.5-%(1-9 Yy T, #0

1.51‘1 g 015:‘2

1
T = =-=— ; 0
w5 4o 0.7, + L.57] v, #
xl(t) = -l.5t 4+ 1, r, = 0
XL
T= 1.5 » r, = 0

The results of simulation are shown in Figure 5.6 and tabulated in Table 5.1,
Note that the numerical examples are restricted to the cooling problems

for simplicity. However, the performance equations developed here can be

applied to the case in which air is heated in the heat exchanger, i.e., T,

is negative. In other words, the performance equaitions can take into account

both the heating and cooling actions of the heat exchanger.

General System Equations

In the preceding section, the performance equations have heen derived
for the cases in which the disturbance is of the form of the impulse func-

tion and air in the cabin or room is completely mixed., Howover, the
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procedure for deriving the performance equations is fairly general and can
be oxtended to cases in which the disturbances are of the form other than
the impulse function and alr in the room or cabin is far from being completely
mixed,

First, let us conslider the case resulting from step heat disturbance
while other condlitions remain unchanged from those considered in the

preceding section, has the form

%Us
gy = (Q + Q_,,_)j’cp Tg U@ (5.32)
The performance equation, for the system slement can be obtained as

aT

or in dimensionless form

dxy K1T%2
T + );1 = --‘K'r & rzKl + KlJUO(t) (5.33a)
Similarly, for the system with ramp heat disturbance, we have
2
(Q + Q,)
4y, = n S e, 1 RQY (5.34)
a1, TR
Zl T+ T = Ty + T, T (5.35)
and |
k1%
oo dE o T + rzKl + Kld'R(t) (5.352)

In general, the dimensionless performance equation for the system element

can be written as
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iy r K%

I * xl = K, + rZKl + KlJF(t) (5.36)

where F(t) stands for the functional form of the heat disturbance which can
be impulse function &(t), unit step function U(t), ramp function R(t)
Zsr ¥ U(t);7, cyclie disturbance or any other disturbance. This equation

together with equation (5.22a) form the complete dimensionless system equa-

tions, that is,

dx) r1K3%2

e -"KZ““ % rzKl + Klé'ﬁ(t) (5.36)
7, &, K, X ;

il Ly x = —L LK (K8 4K .22
TL T * T MlEs + Ky (5.222)

It is worth noting that the initial condition for Tc is

Tc = TcO =0 at t

]
(=]

The performance equations for various types of heat disturbance are

tabulated in Table 5.2.

Performance Equations for Two Compartment Model

Hext, let us conéider the case in which air in the room or cabin is no
longer in the state of complete mixing, Specifically, we shall consider the
case in which flow of air in the room can be characterized by two completely
stirred tanks (or pools or compartments) (2 CST's) in series.

The following assumptions rmust be added to thoss already made for the
system proper in the preceding sectioni

l. The room is divided into two well-mixed compariments in series.

Volume of each pool 1s denoted by vll and V12' and the temperature in

“
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each pool is denoted by Tll and le.

2, Backflow of air from the second compartment to the first compartment
is negligible,

3. Disturbances are egually distributed over the sysiem.

4, Fresh air comes into the first compartment at a constant flow rate,
while exhaust air is released from the second compartment at a
constant flow rate.

The schematie diagram of the system is shown in Figure 5.7, The performance
equation for each pool can be obtained by using the transient heat balance

around sach compariment. Thus, for pool 1
Jheat in/ - fheat out/ = fheat accumulation/ (5.37)

or
v
[rs §e, + 0., 5c, + 7= T 8@ V3§ 6, 7 - (4 + @) T §cy

ar
_ cl 8
- ancp 3 (5.38)

Dividing this equation by §C_(Q, + Q,) yields
Pl 2

dTe1 le
Zilfazf + Ty =Ty + 7,0+ Z Zil Td.é@}o (5.39)
Tcl = 0 at UL =
or
chl

Zil T Tcl =T, Ti + r2 T2

4
To1 = To1g at A= 0



2L
where Zil is the time constant of pool 1 and is defined by

7z __m
11“61+U2

Note that

i vy /4 *+ %) _ Z'll ,
Vl - Vlj(Ql + Qz )R}

Similarly, for pool 2 we have

v | _
. EQl + Q)T j’cp + V%E- Tg & Vlzf Cpf/ - (Q + Qz)f Colez

dar
_ c2
= Vlzf cp e (5.40)

Again dividing this equation by f Cp(Q) + Q) yields

ar L
2
le ?z—c- o4 Tc2 = Tcl + --i-i—z' le Td S(OL) (50“’1)
T =0 at ’ OL =0
c2
or
dle

12 d * Te2 T Te1

T = at i = ot
c2

i

Tc20

where Zizdis the time constant of pool 2 and is defined by

7z e
lZ-Ql-i-qz
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For the heat exchanger, we have from equation (5.22)

Zd’fi
sgt v Ty =T - T,

Equations (5.39), (5.41) and (5.42) are the performance equations of the

system, We may rewrite these in dimensionless form by defining

K11Te1
T,
K12T02
12 =TT
2 =TT
o
t = zl

Tntroducing these definitions into equations (5.39), (5.41) and (5.42), we

have
dx:
11
=+ T} = 8% + 8y, 4 a5 §() (5.43)
dx
dx
il 4+ I'x, = & -af - a
at 2 = 842K T 25 6
where



e
i

=Py T Kyy
Cagy =Ty Kyg /T, Ty

apy = T1p Ky, /Kyy

[
i

= Tq X1,/Tp 710

3o = ¥ Ky /Ky,

1l

Z‘Kz K‘J_‘I_

®
t:.‘ o
1 ¥
H
==

L%}

e

-

i}

S S S

M2

s
1t

The performance equations derived in this section can also be used for
sirmlation either on a digital or on an analog computer by following the

procedure presented in the preceding section.

n

LW
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Figure 5.2, ROOM HEAT FLOW RATES
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CHAPTER 6

NUMERICAL EXAMPLES I

In this chapter and the two to follow, the application of Poniryagin's
maximum principle to control the life support system is presented, and
several examples show how the maximum principle may be employed in the
analysis and design of optimal control systems.

The basic form of the maximum principle presented in Chapter 2 will be
applied to concrete examples., Procedures and computational approaches
employed will be given in detail,

Example 6,1, Suppose that the dynamic behavior of a life supporit system
consisting of an air-conditioned room or cabin subject to the impulse heat
disturbance and a heat exchanger withrnegligibly small time constant ( 22-—9 Q)

can be represented by the following equation [;ﬁuation (5.29&)_7:

dx
1
with
x,(0) =1 at b w0
xl(T) =0 at t=T

where T is the unspecified final control time. We wish to determine © so that
the response of the system can return to its desired state in a minimum

poriod of time, that is, to minimize

T \
Sl = %- dt ‘ (6|2)



If an additional state variable x2 is introduced as

T
x(T):j dat
. 0
it follows that

dx
&E =1, x2(0) =0 (6.3)

The problem is thus transformed into that of minimiszing x,(T).

According to equation (2.5), the Hamiltonian is
H[E(t) s xX(L), e(tﬂ

! dx,

zl[:rle + rKy - r K K,0 - rlKlKB;T + 2o (6.4)

The components of the adjoint vector, according to equation (2.6), are

defined by
dz
1__2H _
dz
2 2 H -
I CTI% = 0, zz(T) m 1l (6.6)

Solutions of equations (6.5) and (6.6) are
rot .
z,(t) = Ae 5 | (6.7)
2,(t) = 1, 0£t &7 (6.8)

where A 1s the integration constant to be determined later., Inserting
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equation (6.8) into equation (6.4) yields
B o= -rK1Ky2:8 - rozgxy + rpKi2) - rKiKqzy + 1 (6.9)

Therefore the switching function, H*, the portion of H which depends on 6,
is

H¥ = = £ K1Kp210 (6.10)

Recall that minimization of the Hamiltonian with respect to & corresponds to
that of the objective function, Equation (6.10), however, indicates that the
minimization of the Hamiltonian with respect to © is equivalent to thal of the
switching function. Thus, minimization of the switching function corresponds
fo that of the objective function. Equation (6.10) also indicates that for
ths.switching function to assume the minirum value, € must assume its

minimim allowable or its maximum allowable value depending on the sign of

the coefficient of 8,

win = -1 if rlKlK3z1 &£ 0

Time optimal control policy of this type is of bang-bang type /2, 3, 8/.

In the case where the coefficient of € in equation (6.,10) vanishes, we
have the possibility of singular control fI2/. For singular control, the
control variable takes on values which are intermediate to emax and emin‘
hence the name intermediate control is also used in place of ﬁhe singular
control 1127. Also inertialess control will be considered.