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Abstract: Variable selection methods have been extensively developed for and applied to cancer
genomics data to identify important omics features associated with complex disease traits, including
cancer outcomes. However, the reliability and reproducibility of the findings are in question if valid
inferential procedures are not available to quantify the uncertainty of the findings. In this article, we
provide a gentle but systematic review of high-dimensional frequentist and Bayesian inferential tools
under sparse models which can yield uncertainty quantification measures, including confidence (or
Bayesian credible) intervals, p values and false discovery rates (FDR). Connections in high-dimensional
inferences between the two realms have been fully exploited under the “unpenalized loss function +
penalty term” formulation for regularization methods and the “likelihood function x shrinkage prior”
framework for regularized Bayesian analysis. In particular, we advocate for robust Bayesian variable
selection in cancer genomics studies due to its ability to accommodate disease heterogeneity in the
form of heavy-tailed errors and structured sparsity while providing valid statistical inference. The
numerical results show that robust Bayesian analysis incorporating exact sparsity has yielded not
only superior estimation and identification results but also valid Bayesian credible intervals under
nominal coverage probabilities compared with alternative methods, especially in the presence of
heavy-tailed model errors and outliers.

Keywords: exact sparsity; frequentist and Bayesian variable selection; regularized variable selection;
robust Bayesian inference; uncertainty quantification

1. Introduction

Identifying important omics features associated with complex disease traits has re-
mained a daunting task over the past two decades, partially due to the high-dimensional
and noisy nature of omics measurements and the heterogeneity of phenotypic traits. A
plethora of variable selection methods from both frequentist and Bayesian frameworks
have been proposed to tackle these challenges [1-3]. In practice, pinpointing an important
omics feature associated with a disease trait from the regression model has usually been
conducted by examining whether the corresponding shrinkage estimate of the regres-
sion coefficient is exactly zero (i.e., exact sparsity) [4]. If it is nonzero, then the feature is
deemed to be associated with phenotypic responses. Otherwise, the omics feature should
be discarded from the final model representing the omics signature under the disease trait.
Therefore, it is crucial to determine the optimal tuning parameter(s) which can impose an
appropriate amount of penalties on the regression coefficients to shrink those with respect
to redundant features to exactly zero [5].

For frequentist regularization methods, selections of tuning parameters have been
widely investigated in the literature, including popular criteria such as the information
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criteria and cross-validation, which are essentially based on prediction [5]. Although these
published studies have significantly improved model performance and further facilitated
great success in their applications to high-throughput omics studies, concerns have been
raised about the reliability of the selected features. Specifically, detecting important findings
with biological implication depends on regularized estimation, while corresponding tuning
parameters are chosen in line with prediction performance. However, parameter estimation
and prediction are two related but distinct tasks in the statistical context. The tuning
parameter which leads to the best performance in predictive modeling may not yield
features truly associated with a disease phenotype. In particular, prediction conducted
in a data-driven manner, such as cross-validation, has a “local” nature, meaning that we
assess prediction performance based on the data at hand. But for regularized estimation,
although it also shares such a local nature because we obtain shrinkage estimates with
the data provided to us, we further aim to answer questions on a global scale. To what
degree can we trust that the regularized coefficient is indeed not zero at the population
level so that we are confident the associations have not been reported by chance using the
current set of omics data? The question of whether “seeing is believing” essentially relates
to the validity of the variable selection procedures used to assess the statistical significance
of findings. Only by addressing this question can we appropriately handle the tension
between prediction and inference in cancer genomics studies [6].

The complexity of omics studies has further jeopardized the validity of findings
obtained through variable selection methods without statistical inferential tools. A well-
acknowledged example is graphical LASSO, which can detect sparse graphical structures
among omics features through incorporating graphical information in regularized esti-
mation [7,8]. The sparsity of the resulting graph is determined by the tuning parameter
selected in a data-driven manner, such as cross-validation. In general, embedding com-
plicated underlying structures among omics features further increases the instability of
regularization and causes irreproducibility issues. Meinshausen and Bithlmann (2010) [9]
has shown that when applying graphical LASSO to a moderately large dataset with
160 genes, even a small perturbation in the tuning parameter to the order of 0.01 leads to
dramatic changes in the identified graphical structure. Therefore, if data-driven procedures
such as cross-validation are adopted to select the best tuning parameter, then it is unlikely
to obtain the same A (or even close ones) due to random reshuffling of the data in the
procedure, which eventually leads to the irreproducibility of sparse graphical models. One
way to temporarily bypass such an obstacle, as suggested in the original paper [7], is to
present multiple graphs along the graphical LASSO solution path. Practitioners are strongly
urged to stay vigilant when applying graphical LASSO to omics data, since sticking to one
“optimal” graph and its associated omics features for downstream analysis may compro-
mise the reproducibility of the entire study, even if variable selection is only claimed as a
small component of the analysis pipeline.

Empowering variable selection methods with inferential tools has provided a poten-
tial solution to at least partially address the aforementioned validity issues. Although
uncertainty quantification is not a panacea to guarantee reproducibility, statistical practice
without proper inferential procedures has been acknowledged as a contributing factor
to scientific irreplicability [10-12]. Therefore, Meinshausen and Bithlmann (2010) [9] has
proposed a stability selection procedure to fit (graphical) LASSO repeatedly on subsampled
data and select more stable predictors with a large selection frequency. The advantage of
stability selection is twofold. First, it theoretically controls false discoveries in terms of the
expected number of false selections of edges in graphical LASSO. Second, empirically, it sta-
bilizes the sparse graphical structure along the solution path, and thus a small variation in
the tuning parameter no longer results in abrupt changes in the selected graphical models.
In other words, graphical LASSO is much less sensitive to tunings and thus leads to more
reproducible findings. In addition, Bayesian methods, including Bayesian graphical LASSO,
can also be considered to generate uncertainty measures for the identified graphs [13].
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Nevertheless, uncertainty quantification measures, including the confidence intervals,
p values, and false discovery rates (FDRs) [14,15], are not commonly reported as standard
output in cancer genomics studies which utilize frequentist variable selection methods.
This may be due to the theoretical challenges practitioners face in correctly understanding
and applying inferential tools for frequentist sparse models. In addition, the development
of high-dimensional inference methods has still been mainly focused on models with lin-
ear structures under Gaussian error assumptions, which do not account for two defining
characteristics of cancer genomics studies: first, the heavy-tailed errors and outliers in phe-
notypic traits or omics features caused by cancer heterogeneity, and second, the structured
sparsity due to the underlying patterns among omics features such as gene expressions,
copy number variations and SNPs. Although frequentist robust variable selection methods
have been extensively developed to address these issues [16], few of them under standard
model assumptions can yield valid inference results.

On the other hand, robust Bayesian variable selection can fill gaps and complement
frequentist penalization methods by providing tailored statistical inferences for cancer
genomics data. For example, regularized quantile varying coefficient (VC) models are the
cornerstone models for nonlinear gene—environment interaction studies under heteroge-
neous responses [17]. While theoretical frequentist investigations have not established the
asymptotic normality of sparse VC estimators or the corresponding inference procedures in
high dimensions [18,19], robust Bayesian analysis has enabled exact inference even when
the sample size is not large and demonstrated satisfactory empirical coverage probabilities
of Bayesian credible intervals on sparse varying coefficients [20].

In the literature, inferences with robust analysis has been mostly ignored, as indi-
cated in Table 1, which summarizes a selected list of reviews and opinion papers on
high-dimensional inferences. It shows that none of these studies have examined statistical
inferences under robust regression models or hypothesis tests, regardless of whether they
are frequentist [10,21-30] or Bayesian [3,31-34]. Besides, it reveals that a sheer amount
and diversity of research has been generated for statistical inferences in frequentist high-
dimensional analysis. This is partially because estimation and inference are decoupled
under frequentist sparse models, and uncertainty quantification does not come “auto-
matically" with estimation. On the contrary, even standard fully Bayesian analysis can
utilize posterior samples drawn from MCMC to conduct high-dimensional inference and
parameter estimation simultaneously [3,31-34]. Furthermore, Table 1 also suggests a lack
of cross-comparison between frequentist and Bayesian methods in statistical inference,
as most studies focus exclusively on one of the two. Lu and Lou (2022) [31] appears to
be the only study which numerically evaluated both frequentist and Bayesian inferences.
However, its interval coverage probability is for prediction instead of sparse regression
coefficients as in [21,24] and our study. We refer the audience to predictive inference,
especially conformal inferences, to [35-37].

In this review, to promote sparse robust Bayesian analysis of cancer genomics data,
we conduct a small-scale but systematic survey between high-dimensional frequentist and
Bayesian inference methods from the practitioner’s viewpoint. Our survey follows the
well-recognized “unpenalized loss function + penalty terms” formulation for regularization
methods [16,38] and “likelihood function x shrinkage prior" framework for regularized
Bayesian models that root in the Bayes theorem [39,40]. Table 1 shows that most existing
reviews have overlooked robust models by focusing on the least square loss and normal
likelihood. Other options for unpenalized loss and likelihood have rarely been discussed. In
contrast, our study investigates robust loss and likelihood, as well as their interconnections.
We fully exploit connections between the frequentist and Bayesian realms by contrasting the
two formulations and discussing inferences under robust sparse models. Furthermore, we
evaluate the performance of multiple frequentist and Bayesian variable selection methods
in terms of estimation, identification and uncertainty quantification in the presence of both
normal and heavy-tailed errors in the response variables. Numerical studies have justified
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the advantage of robust Bayesian analysis under baseline sparse linear models, particularly

highlighting its accuracy in uncertainty quantification with heterogeneous data.

Table 1. A selected list of reviews that have focused on or included high-dimensional inferences.

Reference Type Description Inference Numerical Study
Procedure
Dezeure et Theory and  Provided a selective Confidence Both simulation and
al. (2015) frequentist surveys on intervals and a case study on
[21] high-dimensional inference  p-values in both riboflavin data.
for frequentist linear and
regularization methods, generalized linear
which focuses on sample models. Multiple
splitting, regularized testing correction
projection and bias included.
correction. R package hdi
has also been introduced.
Fan and Lv Theory and  Systematically overviewed  Discussed the oracle  No.
(2010) [38] frequentist the theory, methods and properties in both
application in the classical and
high-dimensional variable ultra-high
selection. Topics on oracle dimensional setting.
property and ultra-high
dimensional variable
selection are included.
Caiand Sun  Theory and  Surveyed recently Multiple testing No.
(2017) [23] frequentist developed large scale with FDR control.
multiple testing with FDR
control and examined
efficient procedures to
handle hierarchical,
grouping and depedent
structure.
Kuchibhotla ~ Theory and = Reviewed three categories Confidence No simulation. Case
etal. (2022) frequentist of inference methods after intervals and studies on Boston
[24] variable selection: sample p-values. Housing data.
splitting, simultaneous
inference and conditional
selective inference.
Chernozhukov Theory and  Reviewed recent Confidence Provided R codes to
etal. (2023) frequentist development on intervals and compute different
[25] high-dimensional bootstrap  p-values. versions of p-value
including high-dimensional on hedge fund data
central limit theorems, (n =50, p =2000).
multiplier and empirical
bootstrap and applications.
Huangetal. Theoryand  Surveyed statistical tests for = Power of tests and Simulation.
(2022) [26] frequentist high-dimensional mean control on type 1
problems, with a focus on error.
testing two-sample means
for differentially expressed
gene expression analysis.
Zhang et al. Theory and A theoretical review on Examined the Simulation.
(2022) [27] frequentist post selection inferences confidence intervals
under linear models. and coverage
probabilities.
Heinzeetal.  Applied Focus on surveying Inferences were not ~ No simulation. Case
(2018) [28] (for variable selection methods  explicitly examined.  study on body-fat
practicing for low-dimensional Discussed model data (n = 251,
statisti- problems including back- stability, resampling ~ p = 13).
cians) and ward/forward /stepwise/best and bootstrap.
frequentist subset selection and

LASSO.
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Table 1. Cont.

Reference Type Description Inference Numerical Study
Procedure
Bithlmannet  Applied Reviewed uncertainty FDR and p-values. No simulation. A
al. (2014) and quantification using type 1 case study on
[29] frequentist error and p-values on Riboflavin data with
high-dimensional linear n="71and p = 4088.
models (including
generalized linear models
and mixed models),
graphical models, and
causal inferences.
Benjamini Applied Summarized the current Discussed False No.
(2009) [10] and success and future trend in  discovery rates
frequentist inferences with FDR and (FDR) and Family
multiple comparisons. wise error rates
(FWER).
Farcomeni Applied Reviewed multiple Assessed validity of ~ Simulation and two
(2008) [30] and hypothesis testing with controlling a variety  case studies on
frequentist control on different error of FDR related error  clinical trials with
measures related to FDR measures in multiple endpoints
and its variants. multiple hypothesis  and DNA
testing. microarrays.
O’hara and Theory and Reviewed major categories Posterior Both simulation and
Sillanp66 Bayesian of Bayesian variable distributions of real data.
(2009) [3] selection methods, regression
including indicator model coefficients and
selection, adaptive posterior inclusion
shrinkage, and stochastic probabilities.
search variable selection.
Lu and Lou Applied Surveyed Bayesian variable =~ Coverage Simulation and a
(2022) [31] and selection under a variety probability on case study on
Bayesian shrinkage priors and prediction assessed ~ body-fat data
conducted comprehensive on real data. (n =251, p =13).
comparative study.
Fridley Applied Reviewed and compared Posterior inclusion Both simulation and
(2009) [32] and Bayesian variable and probability and case studies on 17
Bayesian model selection in genetic credible intervals. SNPs genotyped
associations. from two genes.
Muller etal.  Theory and  Reviewed and compared Bayesian FDR and Real data on DNA
(2007) [33] Bayesian Bayesian approaches to its variants. microarray studies.
multiple testing.
Bhadraetal. Theoryand  Surveyed two major types  Examined Used simulated
(2019) [34] Bayesian of variable selection theoretical data to check
methods, LASSO and optimality in theoretical
Horseshoe, in high-dimensional assumptions.
high-dimensional inference, inference.

efficiency and scalability.

2. Materials and Methods

We review published studies on frequentist and Bayesian high-dimensional infer-
ences, beginning with estimation and inference in the context of standard linear regression.
Consider the following linear regression model:

Y=XB+e, 1)

where Y is an n x 1 vector denoting the phenotypic trait and X = (Xy,..., Xp)isann x p

design matrix representing the omics features with the corresponding regression coefficient
vector B. Let the random error € = (e, ..., en)T with g; ind N(O, 0'2), wherei = 1,...,n.
Then, € follows the multivariate normal distribution N, (0,02I,,) with an unknown variance

parameter o2,
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In low-dimensional settings where the sample size # is larger than the dimension p,
the ordinary least square (OLS) estimator of 8 can be derived as = (X' X)'XTY by
minimizing the least square loss ||Y — X B||?> with respect to B. This minimization procedure
does not involve any distributional assumptions on random errors. Therefore, we can
claim the above form of the least square estimator even without imposing a normality
assumption. However, to quantify the uncertainty of f, such a normality assumption is
pivotal for establishing the distribution of B as B ~ N,(B,0%(X " X)~!), which can then be
adopted to compute the confidence intervals and p values and test the significance of j.
Besides, the maximum likelihood estimator of § is identical to the least square estimator
under i.i.d. normal assumptions on random errors.

Alternatively, in the Bayesian framework, the model parameters  and o are treated as
random variables instead of being assumed as fixed and unknown constants in the above fre-
quentist model fitting procedures. The fundamental principle of Bayesian analysis is exem-
plified through the Bayes theorem, which states that posterior distribution = likelihood x prior
up to a normalizing constant (or model evidence) [39,40]. Therefore, to conduct Bayesian
analysis and draw inferences from posterior distributions on § and o2, we set up the
normal likelihood function and consider prior distributions of model parameters. One
possible choice for assigning priors is the conjugate priors, where B ~ Ny (ug,Zg) and
0? ~ invGamma(ag, by), which can facilitate fast sampling of the posterior samples on
B and ¢ drawn from MCMC algorithms. Subsequently, credible intervals and variabil-
ity measures, such as standard errors, can be conveniently computed from the posterior
samples to quantify the uncertainty of model parameters.

The paradigm of estimation and inference under the model (1) is highly sensitive
to outlying Y observations and high-leverage points in the predictors X, which typically
arise in cancer genomics studies due to disease heterogeneity. Even a single outlier can
significantly impact the OLS estimates [41]. Robust estimation and inference procedures
require loss functions which are more resistant to outliers than the least square loss. The
robustness of three major types of estimates, M—, L- and R- estimates which are based
on the maximum likelihood, linear combination of order statistics and rank tests/loss,
respectively, have been widely examined in terms of efficiency and breakdown point [42].
Correspondingly, Bayesian analysis can be robustified by adopting likelihood functions
utilizing heavy-tailed distributions [43,44] and Bayesian non-parametrics such as Dirichlet
process mixture models [45,46].

High-throughput omics studies naturally correspond to the “large p, small n” sce-
nario which has been extensively investigated with both the frequentist and Bayesian
frameworks below.

2.1. The Frequentist High-Dimensional Inference

Estimation of high-dimensional linear regression models can be treated as optimization
under the following regularized loss function:

mﬁin{L(ﬁ; Y,X)+Pen(B;A)}, ()

where L(B;Y, X) represents a loss function measuring the prediction error, such as the
least square loss or quantile check loss [16], Pen(B; A) denotes the penalty term and A is
the tuning parameter which controls the bias-variance trade-off [47]. By incorporating
the regularizer Pen(B; A) into the loss function, regularized variable selection imposes
constraints on the model coefficients during fitting to effectively reduce model complexity
and mitigate the risk of overfitting.

In omics studies, least absolute shrinkage and selection operator (LASSO) [48] is
among one of the most popular applied penalized variable selection methods with a least
square loss and L1 penalty. Other baseline regularization models include SCAD [22],
MCP [49], adaptive LASSO [50] and scaled LASSO [51], among others [38]. In terms of
analyzing the omics data, these methods assume independence among the features and
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thus ignore the underlying structures among the omics measurements, which leads to the
development of penalization methods accommodating structured sparsity in the forms of
interrelatedness [52-54], groups [55-57], networks [58-60] and graphs [7,8], among others.
Besides, heterogeneity is a hallmark characteristic of complex diseases such as cancer. Data
contamination and outlying observations are widely observed as larger cancer subtypes
are contaminated by smaller ones [16,61], which demands robust variable selection [16].
Accordingly, the unpenalized loss L(-) in formulation (2) is replaced by a robust loss such
as quantile check loss, rank-based loss among others [16].

2.1.1. Classical Large Sample Properties

The multivariate normality of the least square estimator (LSE) of 8 in the low-dimensional
linear regression model (1) does not directly carry over to the high-dimensional penaliza-
tion model (2). Therefore, developing the “oracle property” of the regularized estimator has
been pivotal for high-dimensional statistical inference. Under the sparsity assumption, the
true parameter B* can be expressed as B* = (B3, ..., B3, Bl1, - By) T = ( *T, 8577, where
Bt = (B},...B;)" and B5 = (B}, B}) " correspond to the nonzero and zero components
of B, respectively (1 < d < p). Ideally, we shall keep all d predictors with respect to f% and
discard those corresponding to B2*. But such information is not known a priori and needs to be

retrieved from the sparse estimator B = (B1, ..., By) | = ( BlT, BzT)T estimated from model (2).
In very rough terms, an oracle estimator B possesses the consistency and asymptotic normality.
The consistency in variable selection, or B, = 0 with a probability trending to 1, means that
the zero coefficients can be correctly identified with a probability approaching 1 based on the
penalized estimator B. Such a property is usually accompanied by a rate of convergence for
estimating the nonzero coefficients, such as ||B1 — B%|| = Op(n~1/2). The asymptotic normality
of Bl can be established as follows:

V(B — BY) 5 Na(04,Z5), 3)

where LY. ; is the covariance matrix corresponding to the true subset model. Then, the
results in (3) can be adopted to compute asymptotically valid confidence intervals, p values
and standard errors for nonzero penalized estimates to quantify the uncertainty.

However, the caveat is that the oracle property holds in the “large sample" scenario (i.e.,
when the sample size n approaches infinity). Whether it can yield exactly valid confidence
intervals (with correct coverage probabilities) or p values on finite samples requires further
examination. Baseline regularization approaches with oracle properties include SCAD, MCP
and adaptive LASSO. Although LASSO is not an oracle procedure [50,62], it can still be
adopted to conduct statistical inference within the selective inference framework, as we
will discuss next.

2.1.2. Post-Selection Inference

Post-selection inference generally refers to any approaches which can enable valid
inference after data exploration [24]. By following the brief summary of the related work in
Section 1.3 of Rinaldo et al. (2019) [63], we can broadly categorize these works into three
major areas. First, inference with finite sample confidence intervals and p values calculated
based on selected (or screened) models to avoid reliance on asymptotic results. For example,
use LASSO (or other screening methods such as forward selection) to perform variable
selection, and then conduct valid inference conditional on selected models [64-67]. The
confidence intervals and p values are computed for each feature which enters the LASSO
solution path. Second, the uniform (or simultaneous) inference methods which establish
valid inferential procedures by taking every possible model selection into account and
optimizing across them all, regardless of the specific model chosen [68-70]. The uniform
inference allows for infinite revisions of selection and ensures validity even if multiple
models are reported [24]. Third, inference utilizing a specific de-biased or de-sparsified
penalization model which does not rely on the assumption that the nonzero components
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of B should not be too close to zero (i.e., the beta-min assumption), such as de-biased
LASSO [71] among many others [72-74]. The asymptotic normality of de-biased LASSO
can be established as follows [71,75]:

V(B —B) L Ny (0,, 25, ), @)

where the covariance matrix Z;X p = 26X TXST /n and S is a certain surrogate inverse
matrix of the sample covariance. One distinct difference between the asymptotic normality
in (3) and (4) is that the asymptotic distribution (4) holds for any B* regardless of being
nonzero or extremely close to zero, while (3) only applies to the nonzero components in
B*. Recently, de-biased LASSO has been extended to conduct variable selection with FDR
control [76,77].

2.1.3. Data Shuffling via Sample Splitting and Bootstrapping

Sample splitting methods split an original dataset into training data and testing data,
usually with equal sizes % Model fitting using variable selection methods, such as LASSO,
is performed on the training data. Then, given the selected subset of predictors whose
dimension is much less than the sample size n, standard linear regression model can be
fitted on the testing data to obtain the p values for the selected features. A p value of 1 is
assigned to the unselected features. These raw p values for all p features are then adjusted
for multiple testing to control the family-wise error rate [78].

The sample splitting originally proposed by Wasserman and Roeder (2009) is based
on a single split [78], which is sensitive to how the entire sample is divided and may
lead to unstable p values. Meinshausen, Meier and Biithlmann (2009) [79] has developed
multi-sample splitting by performing sample splitting multiple (let us say B) times with a
large B value. Then, the B p values for each feature are aggregated into one p value and
adjusted for multiple testing. Variants include stability selection [9] and variable selection
that controls FDR with data splitting [9,80-82].

In low-dimensional settings where the number of features is fixed, bootstrapping is a
canonical resampling method for estimating the sampling distribution of a statistic and
obtaining uncertainty measures. A high-dimensional central limit theorem (CLT) is crucial
to constructing valid high-dimensional bootstrap methods. We refer readers to [25] for
reviews of the theoretical results of high-dimensional CLT and relevant bootstrap methods
which can generate valid confidence intervals and p values in high-dimensional scenarios.

2.1.4. The Knock-Off Procedures

The inferential results to quantify the uncertainty of regression coefficients from high-
dimensional models utilizing the methods from Sections 2.1.1-2.1.3 are in terms of the
confidence intervals, p values and false discovery rates (FDRs), which are generally built
on asymptotic (large sample) properties. In contrast, the knock-off methods select variables
by exactly controlling the FDR on finite samples [83,84]. The main idea is to first construct
a set of “knock-off” variables, X = (Xj, ..., X,), which are not associated with the response
variable Y but have a mirrored structure with the original predictors X = (Xj, .., X}) under
certain conditions. Then, construct the filter statistic W; = w;((X, X), ¥) for each feature
(j =1,...,p), where the function w; has a flipped-sign property. Through this construction,
the knock-off variables are used as negative controls, and thus a larger filter statistic, say
Wj, indicates that a feature X; has much stronger associations with the phenotypic trait
y than its knock-off counterpart X;. Lastly, a threshold for W; is computed to allow for
variable selection with exact control of the FDR on finite samples [83,84]. The knock-off
methods achieve FDR control without requiring valid p values for individual features.

Adopting knock-offs as negative controls for variable selection has been first de-
veloped in a linear regression model with a fixed design matrix [84] and extended to
high-dimensional settings [85]. The Model-X knock off [83] has relaxed [84] to allow the
predictors X to be random with a known distribution and can achieve exact FDR con-
trol under nonlinear models. Although the Model-X knock-off can be adopted without
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knowing the true underlying relationship between the response and predictors, it relies
on having exact knowledge of the distribution of X. The Model-X knock-off is robust
when the distribution of X is estimated with errors [86]. In particular, good knock-off
filters can be constructed based on deep generative models [87,88], sequential MCMC [89],
hidden Markov models [90] and under relaxed assumptions where the distribution of X is
known up to a parametric model [91]. Besides, successful applications of knock-off filters
in genomics studies can be found in [92-94].

2.1.5. Remarks on Model Assumptions, Robustness and Inference Measures

In the theoretical high-dimensional statistics literature, the word “robust” or “robust-
ness” has been frequently encountered as we observe violations of one or more of the
following assumptions: (1) the linear model assumption under model (1); (2) sparsity on
the regression coefficient vector B (i.e., most of the components on f being zero); (3) the
beta-min assumption on true signals, or the minimum magnitude of nonzero B components
being larger than a cutoff; (4) the model error € being Gaussian or having constant vari-
ance; and (5) certain conditions on the design matrix X being fixed /random, incoherent,
incompatible or having restricted eigenvalues. Meanwhile, in cancer genomics studies,
robustness refers to data contamination, such as outliers and heavy-tailed errors, in cancer
outcomes or omics features, as well as model mis-specifications [16]. In this study, we focus
on robustness in heavy-tailed errors and outliers in the response variable.

As indicated by Table 1, inferences for regularization methods have been mostly devel-
oped for non-robust models with a penalized least square loss. Published studies [95-98] are
among the very few ones that have established asymptotic normality of a robust regularized
estimator, all of which can be categorized under Section 2.1.1. None of these studies have
assessed the empirical coverage probability of corresponding confidence intervals. One
possible reason is that asymptotic properties have been established under large samples
as 1 — oo, and many of the aforementioned assumptions (e.g., the beta-min assumption)
do not necessarily apply or cannot be verified on finite samples. Besides, post-selection
inference procedures have been established for high-dimensional quantile and Huber re-
gressions [99-101]. Recently, He et al. (2023) [102] has developed valid inference procedures
for quantile regression on large-scale data with an “increasing dimension” regime, where
the sample size n is much larger than p. Our limited search suggests that, by far, finite
sample evaluations on the validity of inference for robust regularization models have been
only conducted in [101] in the frequentist framework, and on penalized quantile varying
coefficient models in the Bayesian framework [20].

In Sections 2.1.1-2.1.4, we provide a thorough categorization of the published fre-
quentist studies on high-dimensional inferences, but we acknowledge that this summary
may not be complete. For example, in terms of FDR, in addition to methods based on de-
biasing [76,77] (Section 2.1.2), sample splitting [81,82] (Section 2.1.3) and knock-offs [83,84]
(Section 2.1.4), a wide variety of FDR-guided penalization methods has also been pro-
posed, including those based on asymptotic results [103,104], convex optimization [105]
and marginal FDRs [6,106].

2.2. The Bayesian Inferences in High Dimensions

Bayesian analysis has provided a principled framework for delineating complex
cancer genomics data, incorporating existing biological information as priors and making
probabilistic inferences to better elucidate the genetic and genomic architecture of cancers,
which can be concisely expressed through the following Bayesian theorem involving the
high-dimensional regression vector g [39,40]:

Posterior Distribution(B) « Likelihood(B; Y, X) x Shrinkage-Prior(B), ()

where the shrinkage priors on the high-dimensional B is the defining characteristic that
distinguishes (5) from low-dimensional Bayesian analysis. We refer readers to [3,107-109],
among others, for comprehensive surveys on Bayesian variable selection and its application
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in omics studies. As the aim is to borrow strength from (robust) variable selection in
frequentist framework for developing (robust) Bayesian inferences, our study will be
focused on shrinkage priors that are deeply rooted in the penalized regression reviewed in
Section 2.1.

2.2.1. The Shrinkage Priors

Bayesian LASSO and extensions. We first introduce eliciting shrinkage priors through
the Bayesian counterpart of frequentist regularization methods, which has been initially
attempted on LASSO to develop Bayesian LASSO [48,110,111]. It has been shown that
with the normal likelihood based on N, (Y — X8, 0I,) and an independent Laplace prior

onB;(j=1,..p): p(BjlA) = %e_Mﬁf‘, the posterior distribution of B is proportional to

(1 y—xg|? ,
¢~ (g IV =XAIFHA L 1B D, with its maximum a posteriori (MAP) estimate being exactly the
frequentist LASSO estimate. Park and Casella (2008) [110] has further refined the Laplace
prior by conditioning it on ¢ as follows:

p A 3
p(Blr) =TT mﬂ‘ﬁﬂ/” , (6)
j=1

which ensures a unimodal posterior distribution and leads to efficient sampling of the
Gibbs sampler for the fully Bayesian analysis. It is worth noting that Bayesian LASSO does
not lead to sparse estimates which are exactly zero. Therefore, it is often not regarded as
a variable selection method. Nevertheless, as suggested in [110], a major significance of
developing the Bayesian version of LASSO is to guide variable selection through interval
estimates in terms of Bayesian credible intervals. The posterior samples on B can be
readily generated from MCMC, which can then be utilized to construct Bayesian credible
intervals, standard errors and even the entire (posterior) distribution on any g; (j = 1, ..., p)
to quantify the uncertainty of LASSO estimates based on posterior means or medians [110].
With the interval estimates on f8;, variable selection can be facilitated by checking whether
the credible interval of §; contains zero or not.

Bayesian LASSO assumes independence among the predictors. Therefore, it is not
tailored to analyzing cancer genomics features that usually demand variable selection
methods with structured sparsity to accommodate the underlying patterns within and
across different types of omics features [2,61]. Instead, we can adopt other members from
the LASSO family to achieve such an analysis goal, which includes elastic net [52], fused (or
generalized) LASSO [53,54], group LASSO [55], sparse group LASSO [112] and graphical
LASSO [7]. However, in general, it presents a greater challenge to developing inference
procedures for regularization methods with complicated penalty functions under model
(2), and the inferential tools are not necessarily available for these frequentist methods. On
the other hand, developing the Bayesian cousins of these frequentist penalization methods
has enabled statistical inference for the regression coefficients f and significantly facilitated
the identification of reproducible findings. For instance, Bayesian graphical LASSO [13]
can quantify the uncertainty of a graphical structure which cannot be stably detected by
graphical LASSO [7,9]. Elicitation of the sparsity priors corresponding to regularization
models, such as those shown in Bayesian LASSO, have been categorized as adaptive
shrinkage and reviewed in detail in [3,109].

Spike-and-slab priors. In the literature, the development of Bayesian variable selec-
tion has initially followed a separate course from adaptive shrinkage and mainly been built
upon indicator model selection, stochastic search variable selection and the model space
approach [3] by leveraging the strength from sparse priors, including the spike-and-slab
priors [113,114] and horseshoe priors [34]. The earliest spike-and-slab prior has the form of
a “point-mass” distribution [113]:

p(Bilvi o%) = (1= 7)) (B;) + vip(Bilo?), )
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where the point mass at zero, Jy, models the weak and negligible effects as the spike
component and the diffused slab distribution p(; |o?) captures large and strong signals.
The binary indicator ; has a probability density 877 (1 — 6)! =7/ with a mixing proportion
6 € (0,1), which results in an indicator vector 4 = (71,..,7,) " denoting 27 potential
models. The point-mass formulation of (7) has been extended to the mixture normal
distributions as follows:

p(Bjlj,o?) = (1 = 7)N(0,cfo?) +9;N(0, c30?), ®)

where 0 < ¢ < ¢3 leads to spiky and flat normal distributions. A stochastic search variable
selection (SSVS) approach is proposed to examine the frequencies for all 27 models with
the posterior samples obtained from Gibbs sampling [114]. The top-ranked subset models
in terms of selection frequency and corresponding predictive performance are adopted to
recommend variables for selection. However, when p becomes large, it is no longer realistic
to examine all 27 models because of the curse of dimensionality. The median probability
model has been widely adopted to determine whether a predictor should be included or
discarded [115,116]. Specifically, if the posterior inclusion probability is larger than a cutoff
of 0.5 (i.e., Pr(v;]Y,X) > 0.5,j = 1,..., p), then the feature is selected.

Investigating all the 27 submodels in variable selection essentially entails the idea
of Bayesian model averaging which combines all of the candidate models to learn model
parameters and account for model uncertainty [117,118]. When such a combination or
averaging is not feasible due to the curse of dimensionality, adopting the median probability
as a threshold to determine the selected predictors makes Bayesian variable selection
possible in high-dimensional settings. By construction of the spike-and-slab priors in
formulation (7), if a posterior inclusion probability Pr(v;|Y,X) is below 0.5, then the
corresponding posterior median estimates on ; must be zero exactly. Pursuit of the exact
sparsity has been the major theme of developing frequentist regularization methods, which
has also resulted in novel Bayesian variable selection methods of the frequentist spirit. For
example, Bayesian LASSO estimates using the Laplacian prior of (6) cannot yield exact 0
posterior median or mean estimates in general. However, we can consider incorporating
the spike-and-slab prior in the Bayesian LASSO hierarchical model as follows:

ind
Bilvj, T, 0 '~ (1= 7})éo(B)) + 1iN(0, o> 7),

710 Ej Bernoulli(#), 9)
. 2
sz|)\ nd Gamma(1, %),

which is exactly equivalent to formulation (6) as a scale mixture of normal distribution
with the Gamma density if 7; = 1. The failure of Bayesian LASSO to produce exact 0
posterior estimates has not only caused large estimation errors but also inferior identifica-
tion performance due to the overly wide credible intervals. When v = 0, the regression
coefficient f; will be modeled as the point mass at zero, thus achieving the exact sparsity.
The gains of the hierarchical model specified by formulation (9) are at least twofold. First,
the exact sparsity leads to better estimation and identification performance compared with
formulation (6). Thus, the accuracy of associated uncertainty quantification measures in
terms of credible intervals will improve accordingly. Second, in cancer genomics studies,
the hierarchical structure in (9) can be potentially extended to adaptive shrinkage based on
prior elicitation procedures to account for the structured sparsity of multi-omics features,
making it possible to conduct statistical inference under complicated sparse models. For
instance, published studies have demonstrated that the spike-and-slab prior of (7) can be
generalized to a multivariate case for the Bayesian group LASSO, which results in superior
performance compared with their non-spike-and-slab counterparts [119,120], especially in
terms of Bayesian inferences utilizing credible intervals [20].
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Exact sparsity, a judgment call? Under spike-and-slab priors, questions on whether
the median probability 0.5 adopted as the cutoff to determine the selected features is a
judgment call have been raised. It has been argued that the Bayesian inference returns
MCMC samples of the binary indicators 1;, which are then averaged to obtain a poste-
rior inclusion probability Pr(+y;|Y, X) for B;. Therefore, whether the cutoff should be 0.5,
0.7 or 0.9 is a judgment call. However, the median probability threshold has a partic-
ular implication under the point-mass structure of (7), which has been referred as the
“gold standard” for sparse Bayesian models [121-123]. When Pr(7;|Y, X) is less than 0.5,
the posterior median estimates of f; is zero exactly. Such an exact sparsity does not
hold for other cutoff choices in general. In addition, we refer readers to theoretical in-
vestigations on the merits of the median probability model [115,116]. Although other
shrinkage priors, such as the horseshoe prior based on well-established global-local regu-
larization, can also produce a (pseudo) posterior inclusion probability with a user-defined
cutoff [34,122,124,125], we should distinguish the thresholds used for the two scenarios
since, in terms of both prior structure and mechanisms of conducting Bayesian shrinkage
estimation, the two-group spike-and-slab prior fundamentally differs from the one-group
global-local shrinkage priors of the form below:

BilA; T M N(0,A372),
ind
A p(Ay), (19)
(r,0%) ~ p(1,0%),

where the global term 7 shrinks all regression coefficients toward zero and A; acts locally
through its heavy tails so that the §;’s are not penalized too much. If the local term A;
follows a half-Cauchy distribution (i.e., C*(0, 1)), then the formulation of (10) leads to the
horseshoe prior.

Spike-and-slab LASSO. To further reduce the computational burden of conducting
MCMC-based fully Bayesian inference, the spike-and-slab LASSO (SSL) prior has been
proposed to borrow strength from the frequentist and Bayesian LASSO while overcoming
their respective limitations [121,126,127]. Specifically, the SSL prior can be expressed
as follows:

ind
Bilvi 50,51~ (1= ,)p(Bjlso) + vip(Bjls1),
;0 ind Bernoulli(6), (11)
0 ~ Beta(ag,bo),

where the conditional Laplace prior p(B;[s) = %eilﬁjl/ ® is defined as the spike distribution
p(B;jlso) for s = sp and the slab distribution p(B;|s1) for s = s; with a scale parameter
s1 > sp > 0. The SSL prior distinguishes itself from the fully Bayesian formulation (9)
in that, first, it has a continuous spike-and-slab mixture double exponential distribution,
and second, the scale parameters sy and s; are treated as deterministic and selected based
on data-driven procedures such as cross-validation, instead of being assumed as random
and assigned with hyper-priors in fully Bayesian analysis under formulation (9). Such
a difference is essential for implementing an extremely fast EM algorithm based on co-
ordinate descent [128-130] or least angle regression [131] to find the posterior mode of
B . Spike-and-slab LASSO enjoys selective shrinkage and self-adaptivity to the sparsity
pattern utilizing a solution path algorithm. It has also been extended to models for sur-
vival and categorical outcomes, as well as phenotypes with outliers in cancer genomics
studies [132-134]. Moreover, Nie and Roc¢kovd (2023) [135] has established that through the
weighted Bayesian bootstrap [136], an approximate posterior sampling procedure can be
developed for spike-and-slab LASSO to avoid the cost of MCMC-based posterior sampling
under high dimensions.

Remarks. The surveyed sparse priors all have strong frequentist implications. For
example, Mallick and Yi (2013) [109] has demonstrated details to develop a Bayesian
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LASSO family of priors from their corresponding frequentist regularization models. The
spike-and-slab prior can be incorporated within both Bayesian LASSO as in formulation
(9) and LASSO as in formulation (11) to borrow strength from frequentist regularization.
Furthermore, Bhadra et al. (2019) [34] has shown how the LASSO model facilitates the
development of horseshoe priors among global-local priors. In addition, other sparse priors
and models have also been proposed in published studies, from indicator model selec-
tion [137,138] to the more recent Dirichlet Laplace prior [139] and horseshoe+ prior [140],
as well as non-local priors [141,142].

2.2.2. The Robust Likelihood

Our explorations of high-dimensional Bayesian inferences are largely focused on
shrinkage priors while assuming the normal likelihood. However, the disease phenotypic
traits in cancer genomics studies are frequently contaminated by outliers and have skewed
distributions due to the heterogeneity of cancer. Bayesian analysis of the omics data
under non-robust normal likelihood causes not only biased estimation and identification
of false findings but also inaccurate uncertainty quantification measures. Therefore, there
is a pressing need to adopt a robust likelihood to accommodate widely observed heavy-
tailed errors in the phenotype. The asymmetric Laplace distribution (ALD) defined below
for i.i.d. random errors €; is pivotal for formulating the widely used Bayesian quantile
regression ([43,143]):

e STei ife; >0
feilg) = T(1 —7)lexp[—Cpr(ei)] = T(1—1)¢ (12)

eS=mei  jf € <0,

where ¢~ is a scale parameter defining the skewness of the distribution and T € (0,1) is a
fixed quantile level. The ALD density corresponds to pr(€;) = €;{T — I(€; < 0)}, the check
loss function in quantile regression, which has been among the most broadly employed robust
loss functions in bioinformatics studies [16]. Bayesian regularized quantile regression based on
ALD likelihood has been proposed in [144], and recently developed to account for structured
sparsity in omics studies, including gene-environment interactions [17,145,146]. In addition to
adopting the parametric ALD to specify the likelihood, Reich et al. (2010) [147] has proposed
to model the error non-parametrically as an infinite mixture of normal densities, subject to
stochastic constraints for Bayesian quantile regression.

Although there are other choices of robust likelihood for high-dimensional Bayesian
analysis, such as the mixture of Gaussians from finite mixture models [148] and Dirichlet
process mixture models [149-151], surveys show that the development of variable selection
methods under these likelihood functions are mainly limited to baseline settings, where
structured sparsity among omics features are ignored [152,153]. In fact, the major goals are
to perform subgroup or clustering analysis in order to identify homogeneous subgroups or
clusters from a heterogeneous population in a supervised or unsupervised manner. For the
convenience of setting up Bayesian hierarchical models and deriving MCMC algorithms,
Gaussian mixture assumptions are usually adopted, which are not considered as robust
methods for handling outliers or heavy-tailed errors compared to the mixture regression
under ¢t distributions [154-157].

2.3. Connections between High-Dimensional Frequentist and Bayesian Methods

We present a brief history of frequentist and Bayesian variable selection methods over
the past three decades in Figure 1. A high-level connection between the two realms can be
readily observed by comparing the frequentist “unpenalized loss function + penalty terms"
formulation of (2) and the “likelihood X shrinkage prior" structure from the Bayesian
theorem in (5). Regularization methods adopt the unpenalized loss function to measure
the lack of fit and penalty functions to impose sparsity. Alternatively, Bayesian ones
utilize the likelihood function to describe the plausibility of data governed by model
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parameters and achieve variable selection via incorporating shrinkage priors in a Bayesian
hierarchical model.

The correspondence between formulations (2) and (5) can be illustrated through not
only LASSO and Bayesian LASSO but also their robust cousins, among many other exam-
ples. Specifically, LAD-LASSO has the “L1 loss function + L1 penalty” structure [96,158],
while Bayesian LAD-LASSO is of the form of “Laplacian likelihood x Laplace prior”,
where the Laplacian likelihood is a special case of ALD at the 50% quantile level in (12).
Table 1 indicates that statistical inferences for robust variable selection methods have been
largely overlooked, let alone quantifying uncertainty for more complicated robust models
which can accommodate structured sparsity in cancer genomics studies. Therefore, devel-
oping the Bayesian counterpart of frequentist robust methods is of particular importance in
conducting valid statistical inference lacking in the frequentist methods.

2001+
SCAD
Adaptive LASSO 2008+
Elastic Net MCP
Group LASSO 2004 LAD-LASSO 2010 2018
1996 Graphical LASSO  LeastAngle  Quantile- Coordinate Descent SPike-and-
LASSO Fused LASSO Regression SCAD/MCP ADMM Slab LASSO
i i i ' ' i i i —
1988 1993 2001+ 2008+ 2012+
Spike-and-Slab Prior Bayesian quantile Bayesian LASSO Nonlocal Priors
regression Dirichlet-Laplace EM to Bayesian variable
Horseshoe selection
Bayesian quantile
LASSO

Figure 1. A brief history of frequentist and Bayesian variable selection methods.

Exact sparsity: a second look. Retrieving the literature on variable selection in the
1990s from Figure 1 reflects the philosophical differences between high-dimensional fre-
quentist and Bayesian methods during those early days. The soft thresholding rule leads
to exact sparsity of LASSO estimates under a fixed tuning parameter which should be
carefully selected in a data-driven manner [4,48]. While LASSO has exhibited deterministic
behavior and lacks inferential procedures, Bayesian variable selection using spike-and-slab
priors proceeds with a probabilistic approach, averaging over all candidate models and
quantifying their uncertainty [113,114]. The Bayesian methods do not prioritize the pur-
suit of exact sparsity. However, the curse of dimensionality necessitates consideration of
exact sparsity when using spike-and-slab priors, particularly through median probability
thresholds, which hold significant theoretical and empirical implications rather than being
ajudgment call [115,116]. The trend of embracing shrinkage eventually facilitates devel-
opment of Bayesian methods such as Bayesian LASSO and spike-and-slab LASSO, which
fully capitalize on the frequentist way of inducing shrinkage estimates [110,127].

Applying a user-defined cutoff to obtain exact sparsity is not rare and also achieves
good performance in certain scenarios, such as in constrained convex optimization with
the alternating direction method of multipliers (ADMM) [159] and penalized estimating
equation (PGEE) with the Newton-Raphson type of model fitting algorithms [160], where
exact 0 estimates cannot be yielded automatically as in the LASSO solution under the soft
thresholding rule unless a user-specified threshold is enabled to shrink small fractions of
nonzero estimates to zero. Nevertheless, using an ad hoc cutoff to decide the selected omics
features leads to problems in models tailored for structured sparsity in cancer genomics studies.
For example, when group-level selection is demanded in longitudinal studies [161,162],
applying the threshold as a judgment call can easily result in a sparse group selection
which violates the “group in, group out” hierarchy in group LASSO [112,161,163]. Such
an issue has also been reported in [164], where a multivariate conditional Laplace prior
has been adopted to develop Bayesian group LASSO in non-parametric varying coefficient
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models. Similar to the prior in (6), its extension to a multivariate prior cannot produce
exact 0 estimates. Therefore, employing a 95% credible interval to identify features can
again lead to selecting a sparse group instead of the entire group. These issues no longer
exist if the proposed method can automatically yield exact group-level sparsity, regardless
of being frequentist [165-167] or Bayesian [20,120].

Inferences with robust sparse models. In bioinformatics studies, the demand for
robust variable selection arises due to (1) outliers and data contamination in the response
variable (e.g., cancer outcomes and disease phenotypes), (2) outlying observations and
contamination in the omics features (or predictor space), which has also been termed as
high-leverage point in the robust literature [42], and (3) model mis-specifications, such
as assuming a main effect model in the analysis of interaction studies [16]. Robustifying
regularization methods against heavy-tailed distributions in the response variable requires
a robust unpenalized loss under (2), such as the quantile check loss, Huber loss [42],
rank-based loss [168,169] and least trimmed squares [170,171], among others [16]. Besides,
robustness against a high leverage point usually depends on outlier detection and trim-
ming of the loss functions [171,172], or adopting and developing a loss function with a
high breakdown point and bounded influence functions (which quantifies the stability of
regularized estimators with an infinitesimal contamination) in the predictor space [98,173].
Furthermore, handling model mis-specifications requires that the sparse model can accom-
modate structured sparsity among the omics features. The challenge of developing valid
statistical inference procedures for robust sparse models increases exponentially compared
with their non-robust counterparts. This is because many conventional model assump-
tions listed in Section 2.1.5, which are essential for establishing large sample properties
(Section 2.1.1), are no longer applicable under robust models. The asymptotic normality
of a robust regularized estimator has been established in a limited number of studies on
linear (main effect) models, including [95-98]. Nevertheless, none of these studies has
assessed the validity of inference measures (e.g., the coverage probability of correspond-
ing confidence intervals). The inferences for robust high-dimensional models utilizing
post-selection inference (Section 2.1.2), data shuffling (Section 2.1.3) and the knock-off
procedures (Section 2.1.4) have rarely been reported.

On the contrary, robust Bayesian variable selection methods have been relatively
underdeveloped. Although a robust likelihood function in (5) ensures that Bayesian
methods are insensitive to long-tailed distributions and outliers in cancer outcomes (or
disease traits), unlike formulating the ALD likelihood in (12) based on the quantile check
loss [43,143] or the finite mixture models which can be readily adopted in both frequentist
and Bayesian realms [148], for many robust losses, such as the rank-based ones and the
least trimmed squares among those reviewed in [16,174], it is difficult or even infeasible to
specify a corresponding likelihood function. Therefore, Bayesian counterparts based on
these robust losses are not available in general. Furthermore, robustness with respect to a
high leverage point in the predictor space requires well-defined concepts, including the
high leverage point, breakdown point and influence functions whose Bayesian counterparts
are not available in the first place. Thus, Bayesian methods robust to contamination in the
predictors have seldom been examined.

Nevertheless, robust Bayesian variable selection still holds great promise since fully
Bayesian analysis enables exact inference even with a limited sample size. To date, the
utility of robust Bayesian inferences under baseline sparse models has not been assessed
yet. Although the ALD likelihood has been predominately used in specifying the likelihood
in Bayesian (regularized) quantile regression, Yang et al. (2016) [175] has pointed out that it
is a working likelihood to ensure that minimization of the quantile check loss is equivalent
to maximizing the corresponding likelihood under (12). Inferences under the working
likelihood are not accurate in low-dimension models, and a posterior variance adjustment
step has to be imposed. Besides, Reich et al. (2010) [147] has adopted the Dirichlet process
prior to model residuals in low-dimensional Bayesian quantile regression and shown that
it can maintain a desired coverage probability at a given frequentist nominal level. In
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high-dimensional settings, we will demonstrate in the simulation study that exact sparsity
can facilitate Bayesian regularized quantile regression to yield honest credible interval
coverage, even in the presence of outliers and long-tailed distributions.

Approximate inference. The computational cost of MCMC is prohibitively high
for large-scale data. To facilitate fast Bayesian computation and inferences, multiple ap-
proximate procedures have been developed to bypass the sampling of an entire posterior
distribution for inference. The overall strategy is to turn Bayesian estimation and infer-
ences into a frequentist optimization problem. Spike-and-slab LASSO has provided one
promising solution by first finding the posterior mode of g through EM algorithms and
subsequently conducting approximate Bayesian inferences through weighted Bayesian
bootstrapping [126,127,135]. Updating f in the M step of the EM algorithm follows the
LASSO soft thresholding rule. In addition, in the machine learning community, variational
Bayes methods have been widely developed for the same purpose [176]. Finding an ap-
proximate distribution that is closest to the exact posterior in terms of KL divergence can
again be turned into an optimization problem based on coordinate ascent, among other op-
timization algorithms [177]. Recently, variational Bayes has found successful applications
in genomics studies [178-180]. We refer readers interested in other relevant approximate
Bayesian computation methods to [181,182].

3. Simulation Study

We have assessed the performance of six representative shrinkage methods in terms
of estimation, identification and uncertainty quantification. There are four fully Bayesian
methods: Bayesian LASSO (BL) [110], robust Bayesian LASSO (RBL) [144], Bayesian LASSO
with spike-and-slab prior (BLSS) [146,183] and robust Bayesian LASSO with spike-and-
slab prior (RBLSS) [146]. RBL and RBLSS are the corresponding Bayesian regularized
quantile regressions at the 50% quantile level. All of the Bayesian methods can be imple-
mented using the codes from R package roben (ver 0.1.1) [184], and derivations of their
Gibbs samplers are available in [146]. In addition, the frequentist regularization methods
Debiased-LASSO [71] and Selective Inference based on LASSO [65] have also been included.
They have been implemented using R packages hdi [21] (ver 0.1.9) and selectivelnference
(ver 1.2.5) , respectively. All of the methods are non-robust, except RBL and RBLSS. We
have adopted the point-mass spike-and-slab prior for BLSS and RBLSS so that both can
lead to exact 0 estimates.

The data have been generated from the sparse model described in Section 2.1.1 with a
sample size n = 100 and dimensionality p = 501. The predictors X have been simulated from
a multivariate normal distribution with (1) auto-regression (AR-1) covariance structure
where the ith and jth predictors have a correlation 0.5~/ and (2) a diagonal covariance
matrix representing independence among the features. The true values of the regression
coefficients in the coefficient vector are * = (1,1.5,2,0,..., O)T, where the first three
components are nonzero (i.e., f1* = (1, 1.5,2)T) and the rest of the coefficients are zero
(i.e., B2 = (0, ...,O)T).The intercept is set to zero. We have considered two probability
distributions for the random error e: a standard normal distribution N(0,1) and a heavy-
tailed distribution #(2). The simulation study has been conducted over 1000 replicates.

For all four Bayesian methods, we have collected posterior samples from
10,000 MCMC iterations after discarding the first 5000 as burn-ins. For BLSS and RBLSS

which have incorporated the spike-and-slab priors, if the binary indicator 'y](.k)=1, then

this shows that feature Xjis included in the model at the kth MCMC iteration. Then, the
posterior inclusion probability of keeping X; in the final model can be computed as

M
Pr(p|Y, X) = — 3 4®, =1
r{yilx, MZ’YJ ;] seees P
k=1

where M is the number of posterior samples. Larger posterior inclusion probabilities
indicate stronger empirical support that the jth predictor is associated with the response.
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We use the median probability 0.5 to determine whether the predictor is selected, which
corresponds to the median probability model (MPM) defined in [115,116], as the model
consisting of predictors with a posterior inclusion probability larger than 0.5 when the
goal is to select a single, final model. For BL and RBL, two Bayesian methods without the
spike-and-slab priors, the 95% credible interval is adopted to claim identified predictors
if they do not cover zero. The selected features are then used to compute the number of
true positives (TPs) and false positives (FPs). We have recorded the posterior medians
B, so the L1 estimation error can be calculated as Z]P:l 1Bj — B j|- In terms of uncertainty
quantification, the credible intervals for four Bayesian methods and confidence intervals
for the two frequentist methods have been evaluated given a nominal level of 95%.

Table 2 summarizes all the numerical results under AR1 correlations among the pre-
dictors. Under an error of N(0,1), we can observe that BLSS has the smallest L1 estimation
error (0.305 (sd 0.146)) on the true covariates, and Debiased-LASSO produces the smallest
estimation error on the non-important predictors (0.061 (sd 0.021)). BLSS identifies all of the
correct signals with a small fraction of FPs (0.096 (sd 0.333)) which is slightly better than that
for RBLSS. This shows that BL and RBL have yielded much larger estimation errors compared
with other approaches, especially for the irrelevant covariates (10.782 (sd 0.777) under BL and
14.739 (sd 0.818) under RBL). Such a pattern is consistent with our expectation because both
approaches cannot achieve exact sparsity, which naturally leads to much larger estimation
errors for those zero coefficients associated with noisy features. Pursuing exact sparsity has
a direct impact on the estimation performances.

Regarding statistical inference under an error of N(0,1), for BLSS, the coverage prob-
abilities on the coefficients of the three true covariates are 0.942, 0.945 and 0.949, which
are all extremely close to the 95% nominal level. The average length of the three credible
intervals is among the smallest over all methods under comparison. RBLSS and Debiased-
LASSO are slightly inferior in terms of their coverage probabilities for nonzero coefficients.
Additionally, we have computed the average coverage probability for all the false predic-
tors, together with a corresponding average length of the credible or confidence intervals,
which indicates that Debiased-LASSO can still lead to confidence intervals with ideal
coverage rates and lengths. For all of the Bayesian methods, we observe a super-efficient
phenomenon for noisy features [21,75], meaning that the credible intervals have a (nearly)
100% coverage probability. This is consistent with the results reported in [21,75] for both
the frequentist and Bayesian sparse models. As shown in [75], the spike-and-slab prior is
highly concentrated on the 0 estimates with noisy features. Bayesian credible intervals can
be quite narrow, yet they always have 100% coverage rates asymptotically.

In Table 2, the average lengths under LASSO-based Selective Inference are not re-
ported, since many confidence intervals have an infinite upper or lower bound. Selective
Inference is a conditional method which only computes the confidence intervals for the
selected predictors. We have skipped those replicates (less than 5%, especially under the
t(2) distribution) where none of the predictors have been selected. Since Selective Inference
can produce confidence intervals for features identified under any fixed tuning parameter
A along the LASSO solution path, for reproducibility of the simulation study, we have fixed
the tuning parameter as Aopt which leads to the smallest cross-validation error.

The lower panel of Table 2 shows that the performances of all methods have decreased
under a heavy-tailed #(2) error compared with those under N(0,1). The robust RBLSS
outperforms the other models by having the smallest estimation error and the highest
number of true positives (TPs) while giving almost zero false positives (FPs). The benefit
of incorporating exact sparsity is evident. Although BLSS lacks robustness, its estimation
errors are 1.353 (sd 0.941) for the true signals and 4.911 (sd 14.225) for the false ones, which
are much lower compared with the corresponding errors of 2.033 (sd 0.451) and 23.405 (sd
4.082) observed with the robust RBL that cannot yield exact 0 posterior median estimates.
In addition, the number of TPs of RBLSS is 2.948 (sd 0.222), larger than those from the
others, while its number of FP is merely 0.042 (sd 0.186).
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Table 2. Comparison of all methods in terms of estimation, identification and inference (under a
nominal level of 95%) for data with AR(1) correlation (1, p) = (100,501) across 1000 replicates.

Methods

BL BLSS RBL RBLSS Debiased-LASSO  Selective Inference

Error 1 L, error of B1* 0.951 0.305 1.713 0.329 0.688 0.497
N(0,1)  Standard deviation  0.213 0.146 0.284 0.159 0.019 0.017
L error of B,* 10.782 0.312 14.739 0.576 0.061 0.712
Standard deviation ~ 0.777 0.333 0.818 0.285 0.021 0.085
TP 2.961 3.000 1.941 3.000 3.000 3.000
Standard deviation ~ 0.194 0.000 0.419 0.000 0.000 0.000
FP 0.000 0.096 0.000 0.275 1.430 14.996
Standard deviation ~ 0.000 0.333 0.000 0.560 0.438 1.503
Coverage of B1*
B1 0.774 0.942 0.946 0.920 0.913 0.788
B2 0.966 0.945 0.990 0.931 0.775 0.790
B3 0.740 0.949 0.795 0.932 0.911 0.784
Average length
B1 0.937 0.472 1.369 0.476 0.483 -
B2 1.075 0.526 1.892 0.531 0.482 -
B3 1.008 0.471 1.892 0.477 0.481 -
Coverage of B2* 0.994 0.994 0.996 0.994 0.956 0.015
Average length 0.414 0.006 0.829 0.010 0.482 -
Error 2 Ly error of B1* 1.602 1.353 2.033 0.486 2222 1.243
t(2) Standard deviation ~ 0.784 0.941 0.451 0.331 0.103 0.065
L, error of 8" 25.542 4911 23.405 0.383 0.025 1.416
Standard deviation 0.063 14.225 4.082 0.225 0.017 0.176
TP 2.200 2.437 1.350 2.948 2.409 2.856
Standard deviation ~ 0.784 0.612 0.720 0.222 0.093 0.047
FP 0.004 10.376  0.000 0.042 0.329 13.183
Standard deviation ~ 0.063 62.511 0.000 0.186 0.212 1.357
Coverage of B1*
B1 0.751 0.745 0.906 0.954 0.910 0.722
B2 0.898 0.843 0.949 0.960 0.755 0.788
B3 0.636 0.906 0.665 0.964 0.901 0.794
Average length
B1 1.219 1.143 1.448 0.833 1.418 -
B2 1.601 1.555 1.971 0.856 1.409 -
B3 1.564 1.348 2.004 0.728 1412 -
Coverage of B2* 0.996 0.996 0.997 0.995 0.955 0.015
Average length 0.704 0.120 0.953 0.008 1.414 -

Our simulations have demonstrated the empirical performance of the inferential pro-
cedures under the heavy-tailed error. Under #(2), the coverage probabilities of RBLSS for
the three nonzero coefficients of the true predictors are 0.954, 0.960 and 0.964, respectively,
which are again close to the 95% nominal level. The average lengths of the three confi-
dence intervals across 1000 replicates are 0.833, 0.856 and 0.728, which are larger than the
corresponding lengths of 0.476, 0.531 and 0.477 under the N(0,1) model error. Debiased-
LASSO has also demonstrated a stable performance in terms of the coverage rates for the
coefficients of both the true and noisy features. However, it is important to note that the
lengths of the confidence intervals have increased dramatically. For instance, for the three
nonzero true coefficients, the average length has risen from 0.483, 0.482 and 0.481 under
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N(0,1) to 1.418, 1.409 and 1.412 under £(2), respectively. The coverage rates for the zero
coefficients with false predictors for the four Bayesian approaches are close to 1. Therefore,
the super-efficient phenomenon also exists under the heavy-tailed error. Meanwhile, the
non-robust Debiased-LASSO has maintained a good coverage probability (i.e., 0.955) for
the zero coefficient, although the average length of the confidence intervals is much larger
than that from the N(0,1) case.

The inference results for the confidence and credible intervals and their coverage
probabilities in Table 2 have been visualized in Figure 2 and Figure 3 for the N(0,1) and
t(2) errors, respectively. For convenience, we have provided plots for the first 10 predictors,
where the first 3 are true nonzero coefficients and the remaining 7 are true zero coefficients.
The magnitude of the coefficients is represented by the heights of the black horizontal bars.
We have placed all of the intervals obtained from 1000 replicates over the horizontal bar
with each interval colored either black or red. Black indicates that the interval covers the
true coefficient, while red means that it does not. The coverage rates for each coefficient are
displayed above the horizontal bars. The y-scale range in the plots is from —5 to 5 for all
methods except Selective Inference which has generated a large number of CIs with infinite
upper or lower bounds. We has thus adopted a much larger y-scale range on (—50,50) for
the last row in the plots. The coverage probabilities have been obtained over 1000 replicates
except for the LASSO-based Selective Inference, since at a certain number of replicates (less
than 5%), none of the predictors are selected. These “empty” replicates are not included in
computing the coverage rates. As a conditional model, Selective Inference only computes
the confidence intervals for the selected predictors.

From Figures 2 and 3, we can quickly identify the advantage in terms of inference
by adopting robust Bayesian analysis while incorporating exact sparsity. RBLSS yielded
satisfactory coverage rates with much narrower credible intervals, especially under the
t(2) error. Besides, we can see that although Debiased-LASSO can maintain good coverage
probability for both the true and false covariates, the confidence intervals are much wider
compared with those of RBLSS, especially under the #(2) error. Furthermore, the super-
efficient phenomenon for all Bayesian approaches on noisy predictors is evident from
both Figures 2 and 3. In addition, we have conducted simulations when predictors are
generated independently from multivariate normal distribution with diagonal covariance
matrix. In the Appendix A, Table Al shows estimation, identification and inference results.
The coverage probabilities are visualized in Figures Al and A2 for N(0,1) and #(2) errors,
respectively. Similar conclusions can be reached under this setting.
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Figure 2. Confidence and credible intervals and their coverage probabilities under a 95% nominal
level for the first 10 predictors, where the first 3 are true nonzero coefficients. Data were simulated
under AR(1) correlation (1, p) = (100,501) and N(0,1) error across 1000 replicates.
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Figure 3. Confidence and credible intervals and their coverage probabilities under a 95% nominal
level for the first 10 predictors, where the first 3 are true nonzero coefficients. Data were simulated
under AR(1) correlation (n, p) = (100,501) and #(2) error across 1000 replicates.

4. Examples

We have provided a selected list of published studies which have developed high-
dimensional inference procedures for analyzing genomics data in Table 3. Among them,
Wang et al. (2012) [160] has proposed the penalized generalized estimating equation
(PGEE) to conduct variable selection with high-dimensional longitudinal data, which
typically has strong intra-cluster correlations. Numerical experiments suggest that the
confidence intervals obtained based on asymptotic normality of the PGEE estimator can
maintain correct coverage probabilities under the nominal level. Inferential tools on sparse
longitudinal data have rarely been reported under the methods in Sections 2.1.2-2.1.4.
In particular, Kuchibhotla et al. (2022) [24] has pointed out that data splitting based an
inference procedure may not work well for a broad array of dependent data. Besides,
published studies of [183,185] have developed uncertainty quantification measures under
binary outcomes with frequentist and Bayesian methods, respectively.

Table 3. A selected list of case studies that have developed high-dimensional inferences in ge-
nomics studies.

Reference

Model

Inferences and Software

Case Study

Wang et al.
(2012) [160]

Penalized Generalized
Estimating Equation
(PGEE) for longitudinal
data

Confidence interval based
on asymptotic property of
Oracle estimator. R package
PGEE (ver 1.5).

Yeast cell-cycle gene expression
(GE) data. n =297, p = 96. Y: log
transformed time varying GE; X:
matching score of binding
probability

Breheny Penalized regression Marginal FDR for penalized (1) TCGA breast cancer data
(2019) [6] (LASSO, SCAD and regression. R package ncoreg  n =536, p=17,322. Y: BRCA1
MCP) (ver 3.14.3). expression, X:GE; (2) Genetic

association study of cardiac
fibrosis n = 313, p = 66,0496 Y:
ratio of cardiomyocytes to
fibroblasts in the heart tissue on
log scale. X: SNP

Xia et al. De-biased LASSO in Confidence intervals based Boston lung cancer data. Y:

(2023) [185] generalized linear on refined de-biasing binary with 723 controls and

models.

estimating approach.

651 cases (n = 1374) X: 103 SNPs
and 4 clinical covariates
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Table 3. Cont.

Reference Model Inferences and Software Case Study
Meinshausen  Graphical LASSO and Error control on expected Riboavin (vitamin
and LASSO. number of falsely selected gene-expression) data with
Biihlmann edges from the graph. n = 115 subjects and p = 160 GEs.
(2010) [9] No phenotype.
Zhang et al. Generalized hierarchical ~ Bayesian credible intervals Breast cancer study. Y: binary.
(2014) [183] structured (bi-level) and FDR. Case: 184 TNBC subtype.
Bayesian variable Control: 787 other and
selection unclassified subtypes. (n = 971)

X: 167, 574 probes for copy
number measurements

Zhou et al. Bayesian regularized Bayesian credible intervals Type 2-diabetes data with SNP
(2023) [20] quantile varying on non-linear measurements. n = 1716 Y: BMI;
coefficient model. gene-environment X: 53,408 SNPs

interaction effects. R
package pqrBayes (ver 1.0.2).

The tension between prediction and inference discussed in the Introduction has been
noted in [6], among other works. Breheny (2019) [6] has shown that in the analysis of TCGA
breast cancer data, the tuning parameter corresponding to the smallest CV error has yielded
a set of selected gene expressions with a marginal FDR larger than 0.9, suggesting that while
this tuning is useful in terms of prediction, one should remain uncertain about whether
the selected features are genuinely associated with the disease phenotype. On the other
hand, Meinshausen and Biihlmann (2010) [9] has demonstrated that relevant FDR inference
measures can facilitate the reproducibility of findings identified by graphical LASSO.

Zhou et al. (2023) [20] is among the first to quantify the uncertainty of nonparametric
curve estimates under sparse quantile-varying coefficient models. Although inference
measures with non-robust regularized varying coefficient models have been established
and validated in [186], similar results are not available for robust VC models in the presence
of heavy-tailed distributions and outliers. This aligns with our observations regarding the
scarcity of research on robust inferences under sparse models and again reveals the importance
of developing robust Bayesian inference procedures for analyzing cancer genomics data.

5. Discussion

In this article, we have performed a systematic overview of high-dimensional inference
methods from both the frequentist and Bayesian frameworks. We have assessed the
estimation, identification and particularly statistical inference performances of six existing
shrinkage methods. Our focus is on evaluating the accuracy in inference, which can only be
accomplished in simulations when the data-generating model is available. For instance, to
compute the coverage probabilities of confidence intervals (or Bayesian credible intervals),
the exact true values of the regression parameters must be known in advance. We have not
pursued real data analysis, as applications of these methods to cancer genomics data have
already been conducted in published studies. Our numerical analysis indicates that fully
robust Bayesian variable selection methods can yield honest Bayesian credible intervals,
especially in the presence of heavy-tailed errors in the response variable. Evaluations can
be further conducted with different signal strengths, noise levels, heavy-tailed errors (both
homogeneous and heterogeneous) and quantile levels. Our analysis has shown a promising
approach to complementing the lack of robust inferences for frequentist sparse models.

Although the importance of software development for high-dimensional models
has been increasingly recognized, only a few packages performing statistical inferences
are available for frequentist regularization methods. This is partially due to the fact
that estimation and inference of penalization methods are decoupled, as discussed in
the Introduction. Therefore, a software package designed to fit sparse models typically
provides only estimation and prediction results. It does not yield uncertainty quantification
measures unless inference tools are specifically included in the package. For example, Wu
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and Liu (2009) [96] has established the oracle properties of SCAD and adaptive LASSO-
regularized quantile regressions which can be adopted to compute confidence intervals.
However, popular R packages for (frequentist) quantile regression have only implemented
model-fitting procedures without inferential ones [187,188]. In addition, during the revision
of this article, it came to our attention that Han et al. (2022) [101] had assessed finite-sample
performance in terms of coverage probabilities for post-selection inference with penalized
Huber loss regression. Nevertheless, the R package mentioned in [101] was developed
earlier, and is limited to model fitting. It does not yet include an inference procedure.

On the other hand, (robust) Bayesian inference is “off the shelf” because posterior esti-
mation and inference can be conducted simultaneously. Even though packages implement-
ing fully Bayesian methods may not emphasize inferential tools, uncertainty quantification
can be routinely performed using posterior samples generated from MCMC. Therefore,
Bayesian analysis should be included as a baseline method in cancer research, especially
when the inference measures of other approaches are not available. In this study, we have
focused on cancer genomics data. We conjecture that similar analysis can be performed for
other types data [189].
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Abbreviations

The following abbreviations are used in this manuscript:

ADMM  Alternating direction method of multipliers

BL Bayesian LASSO

BLSS Bayesian LASSO with spike-and-slab prior
BMI Body mass index

CI Confidence interval

cv Cross-validation

FDR False discovery rate
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GE Gene expression
GWAS  Genome-wide association study
LAD Least absolute deviation

LASSO  Least absolute shrinkage and selection operator
MCMC  Markov chain Monte Carlo

MCP Minimax concave penalty

MPM Median probability model

PGEE Penalized generalized estimating

RBL Robust Bayesian LASSO

RBLSS  Robust Bayesian LASSO with spike-and-slab prior
SCAD  Smoothly clipped absolute deviation

SNP Single-nucleotide polymorphism

Appendix A
Appendix A.1

Table Al. Comparison of all methods in terms of estimation, identification and inference (under a nominal
level of 95%) for data with independent covariance structure (1, p) = (100,501) across 1000 replicates.

Methods
BL BLSS RBL RBLSS Debiased-LASSO  Selective Inference

Error 1 Ly error of B1* 1.773 0.250 2.898 0.274 1.038 0.718
N(0,1) Standard deviation ~ 0.312 0.113 0.299 0.121 0.026 0.023
L, error of B>* 11.891 0.331 16.553 0.601 0.128 1.021
Standard deviation 0.797 0.176 0.681 0.291 0.027 0.100
TP 2.696 3.000 0.906 3.000 3.000 3.000
Standard deviation  0.460 0.000 0.549 0.000 0.000 0.000
FP 0.000 0.112 0.000 0.341 3.057 21.533
Standard deviation 0.000 0.357 0.000 0.647 0.547 1.722
Coverage of B1*
B1 0.138 0.957 0.167 0.939 0.938 0.725
B2 0.153 0.950 0.087 0.920 0.945 0.725
B3 0.166 0.943 0.079 0.927 0.943 0.725
Average length
B1 0.789 0.412 1.030 0.416 0.458 -
B2 0.901 0.411 1.309 0.413 0.456 -
B3 0.908 0.410 1.607 0.412 0.457 -
Coverage of B2* 0.995 0.994 0.998 0.994 0.957 0.020
Average length 0.405 0.006 0.814 0.010 0.456 -
Error 2 Ly error of B1* 2.549 1.096 3.125 0.376 3.049 1.730
1(2) Standard deviation 0.551 0.881 0.372 0.285 0.103 0.081
L, error of B2* 27.124 8.645 23.650 0.390 0.067 2.099
Standard deviation ~ 39.807  40.405 3.622 0.229 0.021 0.213
P 1.581 2.611 0.474 2972 1.996 2.731
Standard deviation 0.793 0.610 0.558 0.208 0.117 0.066
FP 0.007 15999  0.000 0.039 0.849 19.204
Standard deviation 0.083 78.785 0.000 0.223 0.247 1.632
Coverage of B1*
B1 0.204 0.790 0.236 0.950 0.956 0.582
B2 0.195 0.865 0.149 0.963 0.961 0.657
B3 0.192 0.895 0.121 0.962 0.962 0.657
Average length
B1 0.969 1.073 1.106 0.666 1.282 -
B2 1.218 1.127 1.636 0.629 1.281 -
B3 1.374 1.152 1.653 0.631 1.276 -
Coverage of B2* 0.997 0.996 0.999 0.994 0.954 0.018

Average length 0.703 0.208 0.923 0.007 1.282 -
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Figure A1. Confidence and credible intervals and their coverage probabilities under a 95% nominal
level for the first 10 predictors, where the first 3 are true nonzero coefficients. Data are simulated
under independent covariance (1, p) = (100,501) and N(0,1) error across 1000 replicates.
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Figure A2. Confidence and credible intervals and their coverage probabilities under a 95% nominal
level for the first 10 predictors, where the first 3 are true nonzero coefficients. Data are simulated
under independent covariance (1, p) = (100,501) and #(2) error across 1000 replicates.

References

1.  Saeys, Y, Inza, I; Larranaga, P. A review of feature selection techniques in bioinformatics. Bioinformatics 2007, 23, 2507-2517.
[CrossRef] [PubMed]

2. Ma,S,; Huang, ]. Penalized feature selection and classification in bioinformatics. Briefings Bioinform. 2008, 9, 392—403. [CrossRef]
[PubMed]

3.  O’hara, R.B; Sillanpdd, M.]. A review of Bayesian variable selection methods: What, how and which. Bayesian Anal. 2009,
4,85-117. [CrossRef]

4.  Hastie, T.; Tibshirani, R.; Wainwright, M. Statistical learning with sparsity. Monogr. Stat. Appl. Probab. 2015, 143, 8.

5. Wu, Y,; Wang, L. A survey of tuning parameter selection for high-dimensional regression. Annu. Rev. Stat. Its Appl. 2020,
7,209-226. [CrossRef]

6.  Breheny, PJ. Marginal false discovery rates for penalized regression models. Biostatistics 2019, 20, 299-314. [CrossRef]


http://doi.org/10.1093/bioinformatics/btm344
http://www.ncbi.nlm.nih.gov/pubmed/17720704
http://dx.doi.org/10.1093/bib/bbn027
http://www.ncbi.nlm.nih.gov/pubmed/18562478
http://dx.doi.org/10.1214/09-BA403
http://dx.doi.org/10.1146/annurev-statistics-030718-105038
http://dx.doi.org/10.1093/biostatistics/kxy004

Entropy 2024, 26, 794 25 of 30

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

26.
27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.
40.

Friedman, ].; Hastie, T.; Tibshirani, R. Sparse inverse covariance estimation with the graphical lasso. Biostatistics 2008, 9, 432—441.
[CrossRef]

Fan, J.; Liao, Y,; Liu, H. An overview of the estimation of large covariance and precision matrices. Econom. J. 2016, 19, C1-C32.
[CrossRef]

Meinshausen, N.; Bithlmann, P. Stability selection. J. R. Stat. Soc. Ser. Stat. Methodol. 2010, 72, 417-473. [CrossRef]

Benjamini, Y.; Heller, R.; Yekutieli, D. Selective inference in complex research. Philos. Trans. R. Soc. Math. Phys. Eng. Sci. 2009,
367,4255-4271. [CrossRef]

Gelman, A.; Loken, E. The statistical crisis in science. Am. Sci. 2014, 102, 460-465. [CrossRef]

Benjamini, Y. Selective inference: The silent killer of replicability. Harv. Data Sci. Rev. 2020, 2. [CrossRef]

Wang, H. Bayesian graphical lasso models and efficient posterior computation. Bayesian Anal. 2012, 7, 867-886. [CrossRef]
Benjamini, Y.; Hochberg, Y. Controlling the false discovery rate: A practical and powerful approach to multiple testing. J. R. Stat.
Soc. Ser. B (Methodol.) 1995, 57, 289-300. [CrossRef]

Benjamini, Y.; Yekutieli, D. The control of the false discovery rate in multiple testing under dependency. Ann. Stat. 2001, 29,
1165-1188. [CrossRef]

Wu, C.; Ma, S. A selective review of robust variable selection with applications in bioinformatics. Briefings Bioinform. 2015,
16, 873-883. [CrossRef]

Zhou, F; Ren, J.; Lu, X,; Ma, S.; Wu, C. Gene—environment interaction: A variable selection perspective. Epistasis Methods Protoc.
2021, 2212, 191-223.

Noh, H.; Chung, K.; Van Keilegom, 1. Variable selection of varying coefficient models in quantile regression. Electron. ]. Stat. 2012,
6, 1220-1238. [CrossRef]

Tang, Y.; Wang, H.J.; Zhu, Z.; Song, X. A unified variable selection approach for varying coefficient models. Stat. Sin. 2012,
601-628. [CrossRef]

Zhou, F; Ren, J.; Ma, S.; Wu, C. The Bayesian regularized quantile varying coefficient model. Comput. Stat. Data Anal. 2023,
107808. [CrossRef]

Dezeure, R.; Bithlmann, P.; Meier, L.; Meinshausen, N. High-dimensional inference: Confidence intervals, p-values and R-software
hdi. Stat. Sci. 2015, 30, 533-558. [CrossRef]

Fan, J.; Li, R. Variable selection via nonconcave penalized likelihood and its oracle properties. J. Am. Stat. Assoc. 2001,
96, 1348-1360. [CrossRef]

Cai, T.T.; Sun, W. Large-scale global and simultaneous inference: Estimation and testing in very high dimensions. Annu. Rev.
Econ. 2017, 9, 411-439. [CrossRef]

Kuchibhotla, A.K.; Kolassa, ].E.; Kuffner, T.A. Post-selection inference. Annu. Rev. Stat. Its Appl. 2022, 9, 505-527. [CrossRef]
Chernozhukov, V.; Chetverikov, D.; Kato, K.; Koike, Y. High-dimensional data bootstrap. Annu. Rev. Stat. Its Appl. 2023,
10, 427-449. [CrossRef]

Huang, Y,; Li, C; Li, R;; Yang, S. An overview of tests on high-dimensional means. J. Multivar. Anal. 2022, 188, 104813. [CrossRef]
Zhang, D.; Khalili, A.; Asgharian, M. Post-model-selection inference in linear regression models: An integrated review. Stat. Surv.
2022, 16, 86-136. [CrossRef]

Heinze, G.; Wallisch, C.; Dunkler, D. Variable selection-A review and recommendations for the practicing statistician. Biom. J.
2018, 60, 431-449. [CrossRef]

Biihlmann, P; Kalisch, M.; Meier, L. High-dimensional statistics with a view toward applications in biology. Annu. Rev. Stat. Its
Appl. 2014, 1, 255-278. [CrossRef]

Farcomeni, A. A review of modern multiple hypothesis testing, with particular attention to the false discovery proportion. Stat.
Methods Med. Res. 2008, 17, 347-388. [CrossRef]

Lu, Z.; Lou, W. Bayesian approaches to variable selection: A comparative study from practical perspectives. Int. ]. Biostat. 2022,
18, 83-108. [CrossRef] [PubMed]

Fridley, B.L. Bayesian variable and model selection methods for genetic association studies. Genet. Epidemiol. Off. Publ. Int. Genet.
Epidemiol. Soc. 2009, 33, 27-37. [CrossRef]

Miiller, P; Parmigiani, G.; Rice, K. FDR and Bayesian Multiple Comparisons Rules. In Bayesian Statistics 8, Proceedings of the Eighth
Valencia International Meeting, Valencia, Spain, 2—6 June 2006; Oxford University Press: Oxford, UK, 2007. [CrossRef]

Bhadra, A.; Datta, J.; Polson, N.G.; Willard, B. Lasso meets horseshoe. Stat. Sci. 2019, 34, 405-427. [CrossRef]

Shafer, G.; Vovk, V. A tutorial on conformal prediction. J. Mach. Learn. Res. 2008, 9, 371-421.

Fontana, M.; Zeni, G.; Vantini, S. Conformal prediction: A unified review of theory and new challenges. Bernoulli 2023, 29, 1-23.
[CrossRef]

Angelopoulos, A.N.; Bates, S. Conformal prediction: A gentle introduction. Found. Trends Mach. Learn. 2023, 16, 494-591.
[CrossRef]

Fan, J.; Lv,]. A selective overview of variable selection in high dimensional feature space. Stat. Sin. 2010, 20, 101.

Gelman, A.; Carlin, ].B.; Stern, H.S.; Rubin, D.B. Bayesian Data Analysis; Chapman and Hall/CRC: Boca Raton, FL, USA, 1995.
Bolstad, W.M.; Curran, ].M. Introduction to Bayesian Statistics; John Wiley & Sons: Hoboken, NJ, USA, 2016.


http://dx.doi.org/10.1093/biostatistics/kxm045
http://dx.doi.org/10.1111/ectj.12061
http://dx.doi.org/10.1111/j.1467-9868.2010.00740.x
http://dx.doi.org/10.1098/rsta.2009.0127
http://dx.doi.org/10.1511/2014.111.460
http://dx.doi.org/10.1162/99608f92.fc62b261
http://dx.doi.org/10.1214/12-BA729
http://dx.doi.org/10.1111/j.2517-6161.1995.tb02031.x
http://dx.doi.org/10.1214/aos/1013699998
http://dx.doi.org/10.1093/bib/bbu046
http://dx.doi.org/10.1214/12-EJS709
http://dx.doi.org/10.5705/ss.2010.121
http://dx.doi.org/10.1016/j.csda.2023.107808
http://dx.doi.org/10.1214/15-STS527
http://dx.doi.org/10.1198/016214501753382273
http://dx.doi.org/10.1146/annurev-economics-063016-104355
http://dx.doi.org/10.1146/annurev-statistics-100421-044639
http://dx.doi.org/10.1146/annurev-statistics-040120-022239
http://dx.doi.org/10.1016/j.jmva.2021.104813
http://dx.doi.org/10.1214/22-SS135
http://dx.doi.org/10.1002/bimj.201700067
http://dx.doi.org/10.1146/annurev-statistics-022513-115545
http://dx.doi.org/10.1177/0962280206079046
http://dx.doi.org/10.1515/ijb-2020-0130
http://www.ncbi.nlm.nih.gov/pubmed/33761580
http://dx.doi.org/10.1002/gepi.20353
http://dx.doi.org/10.1093/oso/9780199214655.003.0014
http://dx.doi.org/10.1214/19-STS700
http://dx.doi.org/10.3150/21-BEJ1447
http://dx.doi.org/10.1561/2200000101

Entropy 2024, 26, 794 26 of 30

41.

42.
43.
44.
45.
46.
47.

48.
49.

50.
51.
52.
53.

54.
55.

56.

57.

58.

59.

60.

61.

62.

63.

64.
65.

66.
67.
68.
69.
70.
71.

72.
73.

74.

Rousseeuw, P.; Yohai, V. Robust regression by means of S-estimators. In Proceedings of the Robust and Nonlinear Time Series
Analysis: Proceedings of a Workshop Organized by the Sonderforschungsbereich 123 “Stochastische Mathematische Modelle”; Springer:
Berlin/Heidelberg, Germany, 1984; pp. 256-272.

Huber, PJ.; Ronchetti, EIM. Robust Statistics; John Wiley & Sons: Hoboken, NJ, USA, 2011.

Yu, K.; Moyeed, R.A. Bayesian quantile regression. Stat. Probab. Lett. 2001, 54, 437—-447. [CrossRef]

Svensén, M.; Bishop, C.M. Robust Bayesian mixture modelling. Neurocomputing 2005, 64, 235-252. [CrossRef]

Hjort, N.L.; Holmes, C.; Miiller, P.; Walker, S.G. Bayesian Nonparametrics; Cambridge University Press: Cambridge, UK, 2010;
Volume 28.

Ghosal, S.; van der Vaart, A.W. Fundamentals of Nonparametric Bayesian Inference; Cambridge University Press: Cambridge, UK,
2017; Volume 44.

Hastie, T.; Tibshirani, R.; Friedman, J.H.; Friedman, ].H. The Elements of Statistical Learning: Data Mining, Inference, and Prediction;
Springer: Berlin/Heidelberg, Germany, 2009; Volume 2.

Tibshirani, R. Regression shrinkage and selection via the lasso. J. R. Stat. Soc. Ser. B (Methodol.) 1996, 58, 267-288. [CrossRef]
Zhang, C.H. Nearly unbiased variable selection under minimax concave penalty. Ann. Stat. 2010, 38, 894-942. [CrossRef]
[PubMed]

Zou, H. The adaptive lasso and its oracle properties. |. Am. Stat. Assoc. 2006, 101, 1418-1429. [CrossRef]

Sun, T.; Zhang, C.H. Scaled sparse linear regression. Biometrika 2012, 99, 879-898. [CrossRef]

Zou, H.; Hastie, T. Regularization and variable selection via the elastic net. J. R. Stat. Soc. Ser. Stat. Methodol. 2005, 67, 301-320.
[CrossRef]

Tibshirani, R.; Saunders, M.; Rosset, S.; Zhu, J.; Knight, K. Sparsity and smoothness via the fused lasso. J. R. Stat. Soc. Ser. Stat.
Methodol. 2005, 67, 91-108. [CrossRef]

Tibshirani, R.J. The solution path of the generalized lasso. Ann. Stat. 2011, 39, 1335-1371. [CrossRef]

Yuan, M.; Lin, Y. Model selection and estimation in regression with grouped variables. J. R. Stat. Soc. Ser. Stat. Methodol. 2006,
68, 49-67. [CrossRef]

Meier, L.; Van De Geer, S.; Bithlmann, P. The group lasso for logistic regression. J. R. Stat. Soc. Ser. Stat. Methodol. 2008, 70, 53-71.
[CrossRef]

Huang, J.; Breheny, P.; Ma, S. A selective review of group selection in high-dimensional models. Stat. Sci. Rev. J. Inst. Math. Stat.
2012, 27. [CrossRef]

Li, C; Li, H. Network-constrained regularization and variable selection for analysis of genomic data. Bioinformatics 2008,
24, 1175-1182. [CrossRef]

Huang, J.; Ma, S.; Li, H.; Zhang, C.H. The sparse Laplacian shrinkage estimator for high-dimensional regression. Ann. Stat. 2011,
39, 2021. [CrossRef] [PubMed]

Wu, C.; Zhang, Q.; Jiang, Y.; Ma, S. Robust network-based analysis of the associations between (epi) genetic measurements. J.
Multivar. Anal. 2018, 168, 119-130. [CrossRef] [PubMed]

Wu, C.; Zhou, F; Ren, J.; Li, X,; Jiang, Y.; Ma, S. A selective review of multi-level omics data integration using variable selection.
High-Throughput 2019, 8, 4. [CrossRef] [PubMed]

Meinshausen, N.; Bithlmann, P. High-dimensional graphs and variable selection with the lasso. Ann. Stat. 2006, 34, 1436-1462.
[CrossRef]

Rinaldo, A.; Wasserman, L.; G’Sell, M. Bootstrapping and sample splitting for high-dimensional, assumption-lean inference. Ann.
Stat. 2019, 47, 3438-3469. [CrossRef]

Lockhart, R.; Taylor, J.; Tibshirani, R.J.; Tibshirani, R. A significance test for the lasso. Ann. Stat. 2014, 42, 413. [CrossRef]

Lee, ].D.; Sun, D.L.; Sun, Y.; Taylor, ].E. Exact post-selection inference, with application to the lasso. Ann. Stat. 2016, 44, 907-927.
[CrossRef]

Tibshirani, R.J.; Taylor, J.; Lockhart, R.; Tibshirani, R. Exact post-selection inference for sequential regression procedures. J. Am.
Stat. Assoc. 2016, 111, 600-620. [CrossRef]

Taylor, J.; Tibshirani, R.J. Statistical learning and selective inference. Proc. Natl. Acad. Sci. USA 2015, 112, 7629-7634. [CrossRef]
Berk, R.; Brown, L.; Buja, A.; Zhang, K.; Zhao, L. Valid post-selection inference. Ann. Stat. 2013, 41, 802-837. [CrossRef]

Bachoc, F; Leeb, H.; Pétscher, B.M. Valid confidence intervals for post-model-selection predictors. Ann. Stat. 2019, 47, 1475-1504.
[CrossRef]

Bachoc, F; Preinerstorfer, D.; Steinberger, L. Uniformly valid confidence intervals post-model-selection. Ann. Stat. 2020,
48, 440-463. [CrossRef]

Javanmard, A.; Montanari, A. Confidence intervals and hypothesis testing for high-dimensional regression. J. Mach. Learn. Res.
2014, 15, 2869-2909.

Bithlmann, P. Statistical significance in high-dimensional linear models. Bernoulli 2013, 19, 1212-1242. [CrossRef]

Van de Geer, S.; Bithmann, P; Ritov, Y.; Dezeure, R. On asymptotically optimal confidence regions and tests for high-dimensional
models. Ann. Stat. 2014, 42, 1166-1202. [CrossRef]

Zhang, C.H.; Zhang, S.S. Confidence intervals for low dimensional parameters in high dimensional linear models. J. R. Stat. Soc.
Ser. Stat. Methodol. 2014, 76, 217-242. [CrossRef]


http://dx.doi.org/10.1016/S0167-7152(01)00124-9
http://dx.doi.org/10.1016/j.neucom.2004.11.018
http://dx.doi.org/10.1111/j.2517-6161.1996.tb02080.x
http://dx.doi.org/10.1214/09-AOS729
http://www.ncbi.nlm.nih.gov/pubmed/17244211
http://dx.doi.org/10.1198/016214506000000735
http://dx.doi.org/10.1093/biomet/ass043
http://dx.doi.org/10.1111/j.1467-9868.2005.00503.x
http://dx.doi.org/10.1111/j.1467-9868.2005.00490.x
http://dx.doi.org/10.1214/11-AOS878
http://dx.doi.org/10.1111/j.1467-9868.2005.00532.x
http://dx.doi.org/10.1111/j.1467-9868.2007.00627.x
http://dx.doi.org/10.1214/12-STS392
http://dx.doi.org/10.1093/bioinformatics/btn081
http://dx.doi.org/10.1214/11-AOS897
http://www.ncbi.nlm.nih.gov/pubmed/22102764
http://dx.doi.org/10.1016/j.jmva.2018.06.009
http://www.ncbi.nlm.nih.gov/pubmed/30983643
http://dx.doi.org/10.3390/ht8010004
http://www.ncbi.nlm.nih.gov/pubmed/30669303
http://dx.doi.org/10.1214/009053606000000281
http://dx.doi.org/10.1214/18-AOS1784
http://dx.doi.org/10.1214/13-AOS1175
http://dx.doi.org/10.1214/15-AOS1371
http://dx.doi.org/10.1080/01621459.2015.1108848
http://dx.doi.org/10.1073/pnas.1507583112
http://dx.doi.org/10.1214/12-AOS1077
http://dx.doi.org/10.1214/18-AOS1721
http://dx.doi.org/10.1214/19-AOS1815
http://dx.doi.org/10.3150/12-BEJSP11
http://dx.doi.org/10.1214/14-AOS1221
http://dx.doi.org/10.1111/rssb.12026

Entropy 2024, 26, 794 27 of 30

75.

76.
77.

78.
79.

80.

81.
82.

83.

84.
85.
86.
87.
88.

89.
90.

91.
92.

93.
94.
95.
96.
97.
98.

99.

100.
101.
102.
103.
104.
105.
106.

107.
108.

109.
110.
111.

112.
113.

Song, Q.; Liang, F. Nearly optimal Bayesian shrinkage for high-dimensional regression. Sci. China Math. 2023, 66, 409-442.
[CrossRef]

Javanmard, A.; Javadi, H. False discovery rate control via debiased lasso. Electron. J. Stat. 2019, 13, 1212-1253. [CrossRef]
Liang, W.; Zhang, Q.; Ma, S. Hierarchical false discovery rate control for high-dimensional survival analysis with interactions.
Comput. Stat. Data Anal. 2024, 192, 107906. [CrossRef]

Wasserman, L.; Roeder, K. High dimensional variable selection. Ann. Stat. 2009, 37, 2178. [CrossRef]

Meinshausen, N.; Meier, L.; Biithlmann, P. P-values for high-dimensional regression. J. Am. Stat. Assoc. 2009, 104, 1671-1681.
[CrossRef]

Shah, R.D.; Samworth, R.J. Variable selection with error control: Another look at stability selection. J. R. Stat. Soc. Ser. Stat.
Methodol. 2013, 75, 55-80. [CrossRef]

Dai, C,; Lin, B; Xing, X.; Liu, ].S. False discovery rate control via data splitting. J. Am. Stat. Assoc. 2023, 118, 2503-2520. [CrossRef]
Dai, C,; Lin, B.; Xing, X.; Liu, ].S. A scale-free approach for false discovery rate control in generalized linear models. J. Am. Stat.
Assoc. 2023, 118, 1551-1565. [CrossRef]

Candes, E.; Fan, Y,; Janson, L.; Lv, ]. Panning for gold:'model-X'knockoffs for high dimensional controlled variable selection. J. R.
Stat. Soc. Ser. Stat. Methodol. 2018, 80, 551-577. [CrossRef]

Barber, R.E; Candes, E.]. Controlling the false discovery rate via knockoffs. Ann. Stat. 2015, 43, 2055-2085. [CrossRef]

Barber, R.F; Candes, E.J. A knockoff filter for high-dimensional selective inference. Ann. Stat. 2019, 47, 2504-2537. [CrossRef]
Barber, R.F.,; Candes, E.J.; Samworth, R.J. Robust inference with knockoffs. Ann. Stat. 2020, 48, 1409-1431. [CrossRef]

Romano, Y.; Sesia, M.; Candes, E. Deep knockoffs. J. Am. Stat. Assoc. 2020, 115, 1861-1872. [CrossRef]

Jordon, J.; Yoon, J.; van der Schaar, M. KnockoffGAN: Generating knockoffs for feature selection using generative adversarial
networks. In Proceedings of the International Conference on Learning Representations, Vancouver, Canada, 30 April-3 May 2018.
Bates, S.; Candes, E.; Janson, L.; Wang, W. Metropolized knockoff sampling. . Am. Stat. Assoc. 2021, 116, 1413-1427. [CrossRef]
Sesia, M.; Sabatti, C.; Candes, E.]. Gene hunting with hidden Markov model knockoffs. Biometrika 2019, 106, 1-18. [CrossRef]
[PubMed]

Huang, D.; Janson, L. Relaxing the assumptions of knockoffs by conditioning. Ann. Stat. 2020, 48, 3021-3042. [CrossRef]

Sesia, M.; Katsevich, E.; Bates, S.; Candes, E.; Sabatti, C. Multi-resolution localization of causal variants across the genome. Nat.
Commun. 2020, 11, 1093. [CrossRef] [PubMed]

Dai, R.; Barber, R. The knockoff filter for FDR control in group-sparse and multitask regression. In Proceedings of the International
Conference on Machine Learning, PMLR, New York, NY, USA, 19-24 June 2016; pp. 1851-1859.

Dai, R.; Zheng, C. False discovery rate-controlled multiple testing for union null hypotheses: A knockoff-based approach.
Biometrics 2023, 79, 3497-3509. [CrossRef]

Zou, H.; Yuan, M. Composite quantile regression and the oracle model selection theory. Ann. Stat. 2008, 36, 1108-1126. [CrossRef]
Wu, Y,; Liu, Y. Variable selection in quantile regression. Stat. Sin. 2009, 19, 801-817.

Fan, J.; Fan, Y,; Barut, E. Adaptive robust variable selection. Ann. Stat. 2014, 42, 324. [CrossRef]

Kepplinger, D. Robust variable selection and estimation via adaptive elastic net S-estimators for linear regression. Comput. Stat.
Data Anal. 2023, 183, 107730. [CrossRef]

Belloni, A.; Chernozhukov, V.; Kato, K. Uniform post-selection inference for least absolute deviation regression and other
Z-estimation problems. Biometrika 2015, 102, 77-94. [CrossRef]

Belloni, A.; Chernozhukov, V.; Kato, K. Valid post-selection inference in high-dimensional approximately sparse quantile
regression models. |. Am. Stat. Assoc. 2019, 114, 749-758. [CrossRef]

Han, D.; Huang, J.; Lin, Y.; Shen, G. Robust post-selection inference of high-dimensional mean regression with heavy-tailed
asymmetric or heteroskedastic errors. J. Econom. 2022, 230, 416—431. [CrossRef]

He, X.; Pan, X.; Tan, K.M.; Zhou, W.X. Smoothed quantile regression with large-scale inference. J. Econom. 2023, 232, 367-388.
[CrossRef] [PubMed]

Huang, H. Controlling the false discoveries in LASSO. Biometrics 2017, 73, 1102-1110. [CrossRef] [PubMed]

Su, W.; Bogdan, M.; Candes, E. False discoveries occur early on the lasso path. Ann. Stat. 2017, 2133-2150. [CrossRef]

Bogdan, M.; Van Den Berg, E.; Sabatti, C.; Su, W.; Candeés, E.]. SLOPE—Adaptive variable selection via convex optimization. Ann.
Appl. Stat. 2015, 9, 1103. [CrossRef]

Liang, W.; Ma, S.; Lin, C. Marginal false discovery rate for a penalized transformation survival model. Comput. Stat. Data Anal.
2021, 160, 107232. [CrossRef]

Tadesse, M.G.; Vannucci, M. Handbook of Bayesian Variable Selection; Chapman & Hall: London , UK, 2021.

Ickstadt, K.; Schéfer, M.; Zucknick, M. Toward integrative Bayesian analysis in molecular biology. Annu. Rev. Stat. Its Appl. 2018,
5,141-167. [CrossRef]

Mallick, H.; Yi, N. Bayesian methods for high dimensional linear models. J. Biom. Biostat. 2013, 1, 005.

Park, T,; Casella, G. The bayesian lasso. |. Am. Stat. Assoc. 2008, 103, 681-686. [CrossRef]

Casella, G.; Ghosh, M; Gill, J.; Kyung, M. Penalized regression, standard errors, and Bayesian lassos. Bayesian Anal. 2010,
06, 369—-411. [CrossRef]

Simon, N.; Friedman, J.; Hastie, T.; Tibshirani, R. A sparse-group lasso. J. Comput. Graph. Stat. 2013, 22, 231-245. [CrossRef]
Mitchell, T.J.; Beauchamp, J.J. Bayesian variable selection in linear regression. |. Am. Stat. Assoc. 1988, 83, 1023-1032. [CrossRef]


http://dx.doi.org/10.1007/s11425-020-1912-6
http://dx.doi.org/10.1214/19-EJS1554
http://dx.doi.org/10.1016/j.csda.2023.107906
http://dx.doi.org/10.1214/08-AOS646
http://dx.doi.org/10.1198/jasa.2009.tm08647
http://dx.doi.org/10.1111/j.1467-9868.2011.01034.x
http://dx.doi.org/10.1080/01621459.2022.2060113
http://dx.doi.org/10.1080/01621459.2023.2165930
http://dx.doi.org/10.1111/rssb.12265
http://dx.doi.org/10.1214/15-AOS1337
http://dx.doi.org/10.1214/18-AOS1755
http://dx.doi.org/10.1214/19-AOS1852
http://dx.doi.org/10.1080/01621459.2019.1660174
http://dx.doi.org/10.1080/01621459.2020.1729163
http://dx.doi.org/10.1093/biomet/asy033
http://www.ncbi.nlm.nih.gov/pubmed/30799875
http://dx.doi.org/10.1214/19-AOS1920
http://dx.doi.org/10.1038/s41467-020-14791-2
http://www.ncbi.nlm.nih.gov/pubmed/32107378
http://dx.doi.org/10.1111/biom.13848
http://dx.doi.org/10.1214/07-AOS507
http://dx.doi.org/10.1214/13-AOS1191
http://dx.doi.org/10.1016/j.csda.2023.107730
http://dx.doi.org/10.1093/biomet/asu056
http://dx.doi.org/10.1080/01621459.2018.1442339
http://dx.doi.org/10.1016/j.jeconom.2021.05.006
http://dx.doi.org/10.1016/j.jeconom.2021.07.010
http://www.ncbi.nlm.nih.gov/pubmed/36776480
http://dx.doi.org/10.1111/biom.12665
http://www.ncbi.nlm.nih.gov/pubmed/28182849
http://dx.doi.org/10.1214/16-AOS1521
http://dx.doi.org/10.1214/15-AOAS842
http://dx.doi.org/10.1016/j.csda.2021.107232
http://dx.doi.org/10.1146/annurev-statistics-031017-100438
http://dx.doi.org/10.1198/016214508000000337
http://dx.doi.org/10.1214/10-BA607
http://dx.doi.org/10.1080/10618600.2012.681250
http://dx.doi.org/10.1080/01621459.1988.10478694

Entropy 2024, 26, 794 28 of 30

114.
115.
116.

117.
118.

119.
120.

121.
122.
123.
124.
125.
126.
127.
128.
129.
130.

131.
132.

133.

134.

135.
136.

137.
138.

139.

140.

141.

142.

143.

144.
145.

146.

147.

148.
149.

150.
151.

George, E.I; McCulloch, R.E. Variable selection via Gibbs sampling. J. Am. Stat. Assoc. 1993, 88, 881-889. [CrossRef]

Barbieri, M.M.; Berger, ].O. Optimal predictive model selection. Ann. Stat. 2004, 32, 870-897. [CrossRef]

Barbieri, M.M.; Berger, ].O.; George, E.I; Rockovd, V. The median probability model and correlated variables. Bayesian Anal. 2021,
16,1085-1112. [CrossRef]

Wasserman, L. Bayesian model selection and model averaging. |. Math. Psychol. 2000, 44, 92-107. [CrossRef]

Hoeting, J.A.; Madigan, D.; Raftery, A.E.; Volinsky, C.T. Bayesian model averaging: A tutorial (with comments by M. Clyde,
David Draper and EI George, and a rejoinder by the authors. Stat. Sci. 1999, 14, 382—417. [CrossRef]

Xu, X.; Ghosh, M. Bayesian variable selection and estimation for group lasso. Bayesian Anal. 2015, 10, 909-936. [CrossRef]

Ren, J.; Zhou, E; Li, X.; Chen, Q.; Zhang, H.; Ma, S.; Jiang, Y.; Wu, C. Semiparametric Bayesian variable selection for gene-
environment interactions. Stat. Med. 2020, 39, 617-638. [CrossRef]

Bai, R.; Ro¢kovd, V.; George, E.I. Spike-and-slab meets LASSO: A review of the spike-and-slab LASSO. Handb. Bayesian Var. Sel.
2021, pp. 81-108.

Carvalho, C.M,; Polson, N.G.; Scott, ].G. Handling sparsity via the horseshoe. In Proceedings of the Artificial Intelligence and
Statistics, PMLR, Clearwater Beach, FL, USA, 16-18 April 2009; pp. 73-80.

Rockova, V. Bayesian estimation of sparse signals with a continuous spike-and-slab prior. Ann. Stat. 2018, 46, 401-437. [CrossRef]
Carvalho, C.M.; Polson, N.G.; Scott, ].G. The horseshoe estimator for sparse signals. Biometrika 2010, 97, 465-480. [CrossRef]
Polson, N.G; Scott, J.G. Shrink globally, act locally: Sparse Bayesian regularization and prediction. Bayesian Stat. 2010, 9, 105.
Rockova, V.; George, E.I. EMVS: The EM approach to Bayesian variable selection. J. Am. Stat. Assoc. 2014, 109, 828-846. [CrossRef]
Ro¢kova, V.; George, E.I. The spike-and-slab lasso. J. Am. Stat. Assoc. 2018, 113, 431-444. [CrossRef]

Fu, WJ. Penalized regressions: the bridge versus the lasso. J. Comput. Graph. Stat. 1998, 7, 397-416. [CrossRef]

Wu, T.T.; Lange, K. Coordinate descent algorithms for lasso penalized regression. Ann. Appl. Stat. 2008, 2, 224-244. [CrossRef]
Friedman, J.; Hastie, T.; Tibshirani, R. Regularization paths for generalized linear models via coordinate descent. J. Stat. Softw.
2010, 33, 1. [CrossRef]

Efron, B.; Hastie, T.; Johnstone, L; Tibshirani, R. Least angle regression. Ann. Stat. 2004, 32, 407-499. [CrossRef]

Tang, Y.; Wang, H.].; Zhu, Z. Variable selection in quantile varying coefficient models with longitudinal data. Comput. Stat. Data
Anal. 2013, 57, 435-449. [CrossRef]

Tang, Z.; Shen, Y.; Zhang, X.; Yi, N. The spike-and-slab Lasso generalized linear models for prediction and associated genes
detection. Genetics 2017, 205, 77-88. [CrossRef]

Liu, Y;; Ren, J.; Ma, S.; Wu, C. The spike-and-slab quantile LASSO for robust variable selection in cancer genomics studies. Stat.
Med. 2024. [CrossRef] [PubMed]

Nie, L.; Ro¢kova, V. Bayesian bootstrap spike-and-slab LASSO. J. Am. Stat. Assoc. 2023, 118, 2013-2028. [CrossRef]

Newton, M. A ; Raftery, A.E. Approximate Bayesian inference with the weighted likelihood bootstrap. J. R. Stat. Soc. Ser. Stat.
Methodol. 1994, 56, 3-26. [CrossRef]

Kuo, L.; Mallick, B. Variable selection for regression models. Sankhya Indian J. Stat. Ser. B 1998, 65-81.

Carlin, B.P,; Chib, S. Bayesian model choice via Markov chain Monte Carlo methods. J. R. Stat. Soc. Ser. Stat. Methodol. 1995,
57,473-484. [CrossRef]

Bhattacharya, A.; Pati, D.; Pillai, N.S.; Dunson, D.B. Dirichlet-Laplace priors for optimal shrinkage. J. Am. Stat. Assoc. 2015,
110, 1479-1490. [CrossRef]

Bhadra, A.; Datta, J.; Polson, N.G.; Willard, B. The horseshoe+ estimator of ultra-sparse signals. Bayesian Anal. 2017, 12,1105-1131.
[CrossRef]

Johnson, V.E.; Rossell, D. On the use of non-local prior densities in Bayesian hypothesis tests. |. R. Stat. Soc. Ser. Stat. Methodol.
2010, 72, 143-170. [CrossRef]

Shin, M.; Bhattacharya, A.; Johnson, V.E. Scalable Bayesian variable selection using nonlocal prior densities in ultrahigh-
dimensional settings. Stat. Sin. 2018, 28, 1053.

Yu, K.; Zhang, J. A three-parameter asymmetric Laplace distribution and its extension. Commun. Stat. Theory Methods 2005,
34, 1867-1879. [CrossRef]

Li, Q.; Lin, N.; Xi, R. Bayesian regularized quantile regression. Bayesian Anal. 2010, 5, 533-556. [CrossRef]

Lu, X.; Fan, K;; Ren, J.; Wu, C. Identifying gene—environment interactions with robust marginal Bayesian variable selection. Front.
Genet. 2021, 12, 667074. [CrossRef] [PubMed]

Ren, J.; Zhou, F; Li, X.;; Ma, S; Jiang, Y.; Wu, C. Robust Bayesian variable selection for gene-environment interactions. Biometrics
2023, 79, 684—694. [CrossRef] [PubMed]

Reich, B.J.; Bondell, H.D.; Wang, H.J. Flexible Bayesian quantile regression for independent and clustered data. Biostatistics 2010,
11, 337-352. [CrossRef]

McLachlan, G.J.; Lee, S.X.; Rathnayake, S.I. Finite mixture models. Annu. Rev. Stat. Its Appl. 2019, 6, 355-378. [CrossRef]

Neal, RM. Markov chain sampling methods for Dirichlet process mixture models. |. Comput. Graph. Stat. 2000, 9, 249-265.
[CrossRef]

Li, Y; Schofield, E.; Goénen, M. A tutorial on Dirichlet process mixture modeling. |. Math. Psychol. 2019, 91, 128-144. [CrossRef]
Gortir, D.; Edward Rasmussen, C. Dirichlet process gaussian mixture models: Choice of the base distribution. J. Comput. Sci.
Technol. 2010, 25, 653-664. [CrossRef]


http://dx.doi.org/10.1080/01621459.1993.10476353
http://dx.doi.org/10.1214/009053604000000238
http://dx.doi.org/10.1214/20-BA1249
http://dx.doi.org/10.1006/jmps.1999.1278
http://dx.doi.org/10.1214/ss/1009212519
http://dx.doi.org/10.1214/14-BA929
http://dx.doi.org/10.1002/sim.8434
http://dx.doi.org/10.1214/17-AOS1554
http://dx.doi.org/10.1093/biomet/asq017
http://dx.doi.org/10.1080/01621459.2013.869223
http://dx.doi.org/10.1080/01621459.2016.1260469
http://dx.doi.org/10.1080/10618600.1998.10474784
http://dx.doi.org/10.1214/07-AOAS147
http://dx.doi.org/10.18637/jss.v033.i01
http://dx.doi.org/10.1214/009053604000000067
http://dx.doi.org/10.1016/j.csda.2012.07.015
http://dx.doi.org/10.1534/genetics.116.192195
http://dx.doi.org/10.1002/sim.10196
http://www.ncbi.nlm.nih.gov/pubmed/39260448
http://dx.doi.org/10.1080/01621459.2022.2025815
http://dx.doi.org/10.1111/j.2517-6161.1994.tb01956.x
http://dx.doi.org/10.1111/j.2517-6161.1995.tb02042.x
http://dx.doi.org/10.1080/01621459.2014.960967
http://dx.doi.org/10.1214/16-BA1028
http://dx.doi.org/10.1111/j.1467-9868.2009.00730.x
http://dx.doi.org/10.1080/03610920500199018
http://dx.doi.org/10.1214/10-BA521
http://dx.doi.org/10.3389/fgene.2021.667074
http://www.ncbi.nlm.nih.gov/pubmed/34956304
http://dx.doi.org/10.1111/biom.13670
http://www.ncbi.nlm.nih.gov/pubmed/35394058
http://dx.doi.org/10.1093/biostatistics/kxp049
http://dx.doi.org/10.1146/annurev-statistics-031017-100325
http://dx.doi.org/10.1080/10618600.2000.10474879
http://dx.doi.org/10.1016/j.jmp.2019.04.004
http://dx.doi.org/10.1007/s11390-010-9355-8

Entropy 2024, 26, 794 29 of 30

152.

153.

154.
155.

156.
157.

158.

159.

160.

161.

162.

163.
164.

165.

166.

167.

168.

169.

170.

171.

172.
173.

174.
175.

176.

177.
178.

179.

180.

181.

182.
183.

Khalili, A. An overview of the new feature selection methods in finite mixture of regression models. J. Iran. Stat. Soc. 2022,
10, 201-235.

Barcella, W.; De Iorio, M.; Baio, G. A comparative review of variable selection techniques for covariate dependent Dirichlet
process mixture models. Can. J. Stat. 2017, 45, 254-273. [CrossRef]

Peel, D.; McLachlan, G.J. Robust mixture modelling using the t distribution. Stat. Comput. 2000, 10, 339-348. [CrossRef]

Wu, C; Li, G.; Zhu, J.; Cui, Y. Functional mapping of dynamic traits with robust t-distribution. PLoS ONE 2011, 6, e24902.
[CrossRef] [PubMed]

Yao, W.; Wei, Y.; Yu, C. Robust mixture regression using the t-distribution. Comput. Stat. Data Anal. 2014, 71, 116-127. [CrossRef]
Lee, S.; McLachlan, G.J. Finite mixtures of multivariate skew t-distributions: some recent and new results. Stat. Comput. 2014,
24,181-202. [CrossRef]

Wang, H.; Li, G.; Jiang, G. Robust regression shrinkage and consistent variable selection through the LAD-Lasso. J. Bus. Econ.
Stat. 2007, 25, 347-355. [CrossRef]

Boyd, S.; Parikh, N.; Chu, E.; Peleato, B.; Eckstein, J. Distributed optimization and statistical learning via the alternating direction
method of multipliers. Found. Trends® Mach. Learn. 2011, 3, 1-122.

Wang, L.; Zhou, J.; Qu, A. Penalized generalized estimating equations for high-dimensional longitudinal data analysis. Biometrics
2012, 68, 353-360. [CrossRef]

Zhou, E; Ren, J.; Li, G; Jiang, Y.; Li, X.; Wang, W.; Wu, C. Penalized variable selection for lipid—environment interactions in a
longitudinal lipidomics study. Genes 2019, 10, 1002. [CrossRef]

Zhou, E; Lu, X;; Ren, J; Fan, K;; Ma, S.; Wu, C. Sparse group variable selection for gene-environment interactions in the
longitudinal study. Genet. Epidemiol. 2022, 46, 317-340. [CrossRef]

Breheny, P.; Huang, J. Penalized methods for bi-level variable selection. Stat. Its Interface 2009, 2, 369. [CrossRef]

Li, J.; Wang, Z; Li, R.; Wu, R. Bayesian group lasso for nonparametric varying-coefficient models with application to functional
genome-wide association studies. Ann. Appl. Stat. 2015, 9, 640. [CrossRef] [PubMed]

Wu, C.; Cui, Y.;; Ma, S. Integrative analysis of gene—environment interactions under a multi-response partially linear varying
coefficient model. Stat. Med. 2014, 33, 4988-4998. [CrossRef] [PubMed]

Wu, C.; Shi, X.; Cui, Y.; Ma, S. A penalized robust semiparametric approach for gene—environment interactions. Stat. Med. 2015,
34, 4016-4030. [CrossRef] [PubMed]

Wu, C.; Zhong, PS.; Cui, Y. Additive varying-coefficient model for nonlinear gene-environment interactions. Stat. Appl. Genet.
Mol. Biol. 2018, 17, 20170008. [CrossRef] [PubMed]

Han, A K. Non-parametric analysis of a generalized regression model: the maximum rank correlation estimator. J. Econom. 1987,
35, 303-316. [CrossRef]

Khan, S.; Tamer, E. Partial rank estimation of duration models with general forms of censoring. J. Econom. 2007, 136, 251-280.
[CrossRef]

Steele, ] M.; Steiger, W.L. Algorithms and complexity for least median of squares regression. Discret. Appl. Math. 1986, 14, 93-100.
[CrossRef]

Alfons, A.; Croux, C.; Gelper, S. Sparse least trimmed squares regression for analyzing high-dimensional large data sets. Ann.
Appl. Stat. 2013, pp. 226-248.

She, Y.; Owen, A.B. Outlier detection using nonconvex penalized regression. J. Am. Stat. Assoc. 2011, 106, 626—639. [CrossRef]
Wang, X.; Jiang, Y.; Huang, M.; Zhang, H. Robust variable selection with exponential squared loss. J. Am. Stat. Assoc. 2013,
108, 632—-643. [CrossRef]

Yu, C.; Yao, W. Robust linear regression: A review and comparison. Commun. Stat.-Simul. Comput. 2017, 46, 6261-6282. [CrossRef]
Yang, Y.; Wang, H.J.; He, X. Posterior inference in Bayesian quantile regression with asymmetric Laplace likelihood. Int. Stat. Rev.
2016, 84, 327-344. [CrossRef]

Blei, D.M.; Kucukelbir, A.; McAuliffe, ].D. Variational inference: A review for statisticians. J. Am. Stat. Assoc. 2017, 112, 859-877.
[CrossRef]

Bishop, C.M.; Nasrabadi, N.M. Pattern Recognition and Machine Learning; Springer: Berlin/Heidelberg, Germany, 2006; Volume 4.
Wang, G.; Sarkar, A.; Carbonetto, P; Stephens, M. A simple new approach to variable selection in regression, with application to
genetic fine mapping. J. R. Stat. Soc. Ser. Stat. Methodol. 2020, 82, 1273-1300. [CrossRef] [PubMed]

Logsdon, B.A.; Hoffman, G.E.; Mezey, ].G. A variational Bayes algorithm for fast and accurate multiple locus genome-wide
association analysis. BMC Bioinform. 2010, 11, 1-13. [CrossRef] [PubMed]

Carbonetto, P; Stephens, M. Scalable variational inference for Bayesian variable selection in regression, and its accuracy in genetic
association studies. Bayesian Anal. 2012, 7, 73-108. [CrossRef]

Sunndker, M.; Busetto, A.G.; Numminen, E.; Corander, J.; Foll, M.; Dessimoz, C. Approximate bayesian computation. PLoS
Comput. Biol. 2013, 9, €1002803. [CrossRef]

Beaumont, M.A. Approximate bayesian computation. Annu. Rev. Stat. Its Appl. 2019, 6, 379—-403. [CrossRef]

Zhang, L.; Baladandayuthapani, V.; Mallick, B.K.; Manyam, G.C.; Thompson, P.A.; Bondy, M.L.; Do, K.A. Bayesian hierarchical
structured variable selection methods with application to molecular inversion probe studies in breast cancer. J. R. Stat. Soc. Ser. C
Appl. Stat. 2014, 63, 595-620. [CrossRef]


http://dx.doi.org/10.1002/cjs.11323
http://dx.doi.org/10.1023/A:1008981510081
http://dx.doi.org/10.1371/journal.pone.0024902
http://www.ncbi.nlm.nih.gov/pubmed/21966378
http://dx.doi.org/10.1016/j.csda.2013.07.019
http://dx.doi.org/10.1007/s11222-012-9362-4
http://dx.doi.org/10.1198/073500106000000251
http://dx.doi.org/10.1111/j.1541-0420.2011.01678.x
http://dx.doi.org/10.3390/genes10121002
http://dx.doi.org/10.1002/gepi.22461
http://dx.doi.org/10.4310/SII.2009.v2.n3.a10
http://dx.doi.org/10.1214/15-AOAS808
http://www.ncbi.nlm.nih.gov/pubmed/26478762
http://dx.doi.org/10.1002/sim.6287
http://www.ncbi.nlm.nih.gov/pubmed/25146388
http://dx.doi.org/10.1002/sim.6609
http://www.ncbi.nlm.nih.gov/pubmed/26239060
http://dx.doi.org/10.1515/sagmb-2017-0008
http://www.ncbi.nlm.nih.gov/pubmed/29420308
http://dx.doi.org/10.1016/0304-4076(87)90030-3
http://dx.doi.org/10.1016/j.jeconom.2006.03.003
http://dx.doi.org/10.1016/0166-218X(86)90009-0
http://dx.doi.org/10.1198/jasa.2011.tm10390
http://dx.doi.org/10.1080/01621459.2013.766613
http://dx.doi.org/10.1080/03610918.2016.1202271
http://dx.doi.org/10.1111/insr.12114
http://dx.doi.org/10.1080/01621459.2017.1285773
http://dx.doi.org/10.1111/rssb.12388
http://www.ncbi.nlm.nih.gov/pubmed/37220626
http://dx.doi.org/10.1186/1471-2105-11-58
http://www.ncbi.nlm.nih.gov/pubmed/20105321
http://dx.doi.org/10.1214/12-BA703
http://dx.doi.org/10.1371/journal.pcbi.1002803
http://dx.doi.org/10.1146/annurev-statistics-030718-105212
http://dx.doi.org/10.1111/rssc.12053

Entropy 2024, 26, 794 30 of 30

184.

185.

186.

187.

188.
189.

Ren, J.; Zhou, E; Li, X.; Wu, C. Package'roben’ 2020. Available online: https://cran.r-project.org/web/packages/roben/index.
html (accessed on 23 July 2024)

Xia, L.; Nan, B.; Li, Y. Debiased lasso for generalized linear models with a diverging number of covariates. Biometrics 2023,
79, 344-357. [CrossRef]

Wang, L.; Li, H.; Huang, ].Z. Variable selection in nonparametric varying-coefficient models for analysis of repeated measurements.
J. Am. Stat. Assoc. 2008, 103, 1556-1569. [CrossRef]

Koenker, R.; Portnoy, S.; Ng, P.T.; Zeileis, A.; Grosjean, P.; Ripley, B.D. Package ‘Quantreg’. Reference Manual. 2018. Available
online: https://cran.rproject.org/web/packages/quantreg/quantreg.pdf (accessed on 23 July 2024).

Sherwood, B.; Maidman, A. Package ‘rqPen’. R Foundation for Statistical Computing; R Core Team: Vienna, Austria, 2017.
Vilenchik, D. Simple statistics are sometime too simple: A case study in social media data. IEEE Trans. Knowl. Data Eng. 2019,
32, 402-408. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://cran.r-project.org/web/packages/roben/index.html
https://cran.r-project.org/web/packages/roben/index.html
http://dx.doi.org/10.1111/biom.13587
http://dx.doi.org/10.1198/016214508000000788
https://cran.rproject.org/web/packages/quantreg/quantreg.pdf
http://dx.doi.org/10.1109/TKDE.2019.2899355

	Introduction
	Materials and Methods
	The Frequentist High-Dimensional Inference 
	Classical Large Sample Properties 
	Post-Selection Inference 
	Data Shuffling via Sample Splitting and Bootstrapping
	The Knock-Off Procedures
	Remarks on Model Assumptions, Robustness and Inference Measures

	The Bayesian Inferences in High Dimensions
	The Shrinkage Priors
	The Robust Likelihood

	Connections between High-Dimensional Frequentist and Bayesian Methods

	Simulation Study
	Examples
	Discussion
	Appendix A
	Appendix A.1

	References

