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Abstract

The focus of this report is to study fourth-order tensors and generalize some results from
the linear algebra of second-order tensors to fourth-order tensors. A fourth-order tensor can
be viewed as a linear map from second-order tensors to second-order tensors. We provide
an orthonormal basis for the vector space of fourth-order tensors and use it to represent
any fourth-order tensor by a fourth-dimensional array, which represents its component form.
An inner product and norm are provided for this vector space. Composition of linear maps
gives rise to multiplication of fourth-order tensors, which we present in component form. We
study different kinds of symmetries for fourth-order tensors, in particular, major symmetry
and minor symmetry. We provide an isomorphism between the vector space of fourth-
order tensors and the vector space of second-order tensors of the same dimension. We use
this isomorphism to prove a spectral theorem for fourth-order tensors that possess major

symmetry.
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Chapter 1

Introduction

In this report, we study fourth-order tensors, certain notions of their symmetry, and provide
a spectral theorem for fourth-order tensors. Higher-order tensors and, in particular fourth-
order tensors, have been studied in the literature including!™. Our approach to generalize
some results from the linear algebra of second-order tensors to fourth-order tensors follows
that given in®. In particular,® provides a spectral theorem for symmetric fourth-order ten-
sors, but without providing a proof or reference in the literature where a proof can be found.
In this report, we provide a proof for a spectral theorem for symmetric fourth-order tensors.

Moreover, we present a spectral decomposition of symmetric fourth-order tensors of the form
A =QDQ",

where A is a symmetric fourth-order tensor, D a diagonal fourth-order tensor, QQ is an or-
thogonal fourth-order tensor, and 7 denotes the fourth-order tensor transpose.

This report is organized as follows. In Sections 1.1 and 1.2, we define second-order tensors
as bilinear maps and provide an identification between second-order tensors and matrices
for a fixed orthonormal basis. Symmetric second-order tensors are described in Section 1.3,
where we present the spectral theorem for symmetric second-order tensors. In Section 1.4,

we provide a bijection between second-order tensors and vectors. In Section 2.1, we define



fourth-order tensors as multilinear maps and provide an identification between fourth-order
tensors and four-dimensional arrays. On the vector space of fourth-order tensors, we provide
an inner product and norm. Moreover, We define operations of multiplication, trace, and
transpose of fourth-order tensors. In Section 2.2, we provide a representation for fourth-order
tensors as second-order tensors and define the eigenvalues and eigentensors of fourth-order
tensors. In Chapter 3, we provide certain notions of symmetry of fourth-order tensors, and

present and prove a spectral theorem for major-symmetric fourth-order tensors.

1.1 Second-Order Tensors

Let V = R", the real coordinate space of dimension n, and 8 := {e'};—; ... , be the standard
orthonormal basis for V. Then, any vector u € V can be written as u = u;e’, where the
scalars u; are the components of u with respect to the basis 8. The dot product is defined
by

u-v .= uTV = U;V;.

In this report, we adopt the summation convention for repeated indices. In addition, we
adopt the following notation: vectors are denoted by boldface lowercase letters (for example,
u), second-order tensors are denoted by a boldface uppercase letters (for example, A), and
we use script uppercase letters to denote fourth-order tensors (for example, A). The outer
product is denoted by ® (for example, u ® v). Moreover, superscripts are used to label
different tensors or vectors, while subscripts are only used to denote components of tensors

or vectors.

1.2 Second-Order Tensors as Bilinear Maps

A bilinear map T,
T:VxV—>R,



is called a second-order tensor. Associated with T, there is a unique two-dimensional array
(matrix) A = A such that

T(u,v) =u-Av,

for all u,v € V. The matrix A is given by

To see this, we observe that

T(u,v) = T(ue', ve)
= uiva(ei,ej)
= uinAij

= u-Av.

Conversely, given a matrix A, define a bilinear map T = Tx by

T(u,v) =u-Av.

With respect to a fixed basis of )V, the above provides a one-to-one identification between
second-order tensors and two-dimensional arrays (matrices). Therefore, we interchangeably
refer to a matrix as a second-order tensor and vice versa.

Let Lin(V) be the set of all second-order tensors. This set forms a vector space of

dimension n?. The inner product on this vector space is given by



and the norm on Lin(V) is given by the induced norm

|A] = VA : A.

For any A € Lin(V), let

Ajji=e-Aed =A:e'®e = (A e e).

We note that the set {e' ® €/}, -1, forms an orthonormal set in Lin(}), since

e efwe = Lote=kj=4
0, otherwise.
Moreover, A has the representation
A= Aijei ® €,

and therefore the set {e’ ® e’ }ij=1,..n forms an orthonormal basis for second-order tensors.
The product AB of two second-order tensors, is a second order tensor, defined by com-
position

(AB)u = A(Bu),

for all u € V. Viewing AB as a bilinear map from V x V to R given by ((AB)u,v), we

conclude that the product of two second-order tensors is also a second-order tensor. In



components, we have

(AB);; = €' -(AB)e/
= e A(Bé)
= ci(A(Be))x
= et Au(Be),
= e};Alelpe%

= AuBy;.
The transpose of A € Lin()) is the second-order tensor denoted AT and defined by
u-ATv=v.Au,
for all u,v € V. In components,

(AT),LJ = ei . ATej

= €& A€
= Aﬂ
Hence, the transpose of second order tensor
A = Aijei X ej,

is given by
AT = Aﬂel ® ej.



1.3 Symmetric Second-Order Tensors

Let Sym(V) = {A € Lin(V) | A = AT}, be the set of all symmetric second-order tensors. A
second-order tensor A is said to be antisymmetric if A = —AT, or in components,
A;; = —Aj;. Every second-order tensor A can be decomposed uniquely as A = A® + A?,

where

e

is the symmetric part of A and

is the antisymmetric part of A.
The set of all symmetric second-order tensors Sym()) is a subspace of Lin()) of dimension

n(n +1)/2. The symmetric second-order tensors
(2720 (e @ e + e @ e')}icicjcn:

where 0;; is the Kronecker delta, form an orthonormal basis of Sym(V).

Theorem 1.3.1 (The spectral theorem for second-order tensors). If A € Sym(V), then there

exists {\*}1<p<n € R and {u*}1<x<, an orthonormal basis of V such that

Moreover, let Q = [u'...u"] be the matriz with u* as the k-th column, and let D be the

diagonal matriz with Dy, = \¥, fork=1,...,n. Then
A =QDQ". (1.1)

The real number M* is the eigenvalue of A associated with the eigenvector u®. Such a

representation is called the spectral decomposition of A.
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Proposition 1.3.2. The spectral decomposition of A € Sym(V) is given by

A= Z Mub @ uP (1.2)

Proof. Writing (1.1) in components

Thus,

Using (1.2), we have

tr(A)

k=1

(QDQ");
> Qu(DQT)y,
k=1

Z Qi D (Q")y;

l,k=1

Z Metr(u® @ u®)
k=1

Z M (uf - u)
k=1

k=1



And by using (1.1), we have

det(A) = det(QDQT)
—  det(Q) det(D) det(Q7)

= det(D)

e
k=1

1.4 Second-Order Tensors as Vectors

We consider a bijection map 1 that assigns to each pair of indices (i, j),1 < i,j < n, a single

index (i, j) that ranges from 1 to n*:

v [[Ln]] x [[Ln)] = [[1,n7], (i,5) = ¥(i, ),

with the notation [[1,n]] = {1,2,...,n}. We refer to such map ¢ as a correspondence map.

For n = 3, an example of such maps is

ia) || eo|es]esyes a|ey|ey| ey
sl T2 (s[4 s o] oo

Let V := R". Then, given A € Lin(V), define a € V by

Equivalently,



a1

22

ass

apil Qa2 @13 Q23
A=1ay an aj ﬂé: a3
asy Qazz G33 a2

a32

a31

21

In particular, let e @ ¢/ % &“(:) . For example,

0
0
0
010 0

Then, the set {8V}, i<, forms an orthonormal basis for V. Therefore, any A € Lin())
can be viewed as an n-dimensional second-order tensor A = A;;e'®e’ or as an n>-dimensional
vector

a— dw(z‘,j)éd}(i’j).



We observe that

tr(ATB) = (A,B)=a-b (1.4)

and, consequently, that ||A| = ||a||. Therefore, the two-way map A <« a is an isometry

between Lin(V) and V.
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Chapter 2

Fourth-Order Tensors

2.1 Fourth-Order Tensors as Linear Maps

A fourth-order tensor is a map
T:VxVxVxV—R,

which is linear in each component. Associated with T, there is a unique four-dimensional

array A = At such that
T(u,v,w,m)=A:u®@vewm.
The four-dimensional array A is given by
Ajji = T(e',e’,e" €.

To show this, we have

11



T(u,v,w,m) = T(uiei7 Ujej, wie®, mlel)
- uivjwkmlT(ei7 eja ekv el)
= Aijkl(u RVRIWRX m)ijkl

= A u®vew®m.
Conversely, given a four-dimensional array A, define a multilinear map T = Ty by
T(u,v,w,m)=A:u®vRwm,

for all u,v,w,m € V.

A fourth-order tensor A can also be viewed as a linear map
A : Lin(V) — Lin(V).

In components,

(A:U)y; = AijUn,

for any U € Lin(V).
The set of all fourth-order tensor (the set of all linear maps from Lin(V) to Lin(V)), is a
linear space of dimension n* and is denoted by L(V).

On L(V), we define the inner product
<A,B> = A . IB = Aijleijkl> (21)

and the induced norm

1A = (A A)2.

12



Any fourth-order tensor A has the representation

A= A,-jklei e e e,

where,

Ajm=A: e e e =ewe: (A:("®e)).

With respect to the inner product (2.1), the set {e' ® ¢/ ® e* ® €'},<; ki<, forms an or-
thonormal basis of L(V).

The product AB of two fourth-order tensors is defined by composition

(AB): U=A:(B:U), forall UZe Lin(V).

In components, we have

(AB)ijkl AUPQB qkl -

To see this, we observe that

(AB)yju = e'®e :(AB: (" ®e))
= e (A:(B:(f®e))
= (€®e),(A: (B: (" ®e))),
= elelA (B (ef ®e)),,
= Aijp(B: (" ®¢€"))y
= AijpgBpgrs(eF @ €',
= AjjpgBpgrserel

= Awqu qkl-

The transpose of A € IL(V) is a fourth-order tensor denoted by AT and is defined by
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(U, AT : V) =(V,A:U), forall U,V ¢ Lin(V).

We observe that

Ui (A7)0 Vi

On the other hand,

(V,A:U) = V:(A:U)
= Vkl(AZU)kl

= ViAni;Usj.
Therefore, the transpose of a fourth-order tensor, is given in component form by
(AT )ijr = (A)kasy-
Equivalently, the transpose of a fourth-order tensor
A= Aijklei e e ® el,

is given by

AT = Akli]’ei X ej X ek X el.

The trace of a fourth-order tensor A is defined by
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We observe that the inner product can also be represented by

(A,B) = tr(A™B).

2.2 Fourth-order tensors as second-order tensors

Let ¢ be a correspondence map that assigns to each pair of indices (i,7),1 <1i,7 <n, a
single index (7, 7) that ranges from 1 to n?, as in Section 1.4. Then, given a fourth-order

tensor A € IL(V), define a second-order tensor A € Lin(V) by
Aoy = (Aijkt = Ajia- (2.2)
We say that the fourth-order tensor A corresponds to the second-order tensor A under the

map 1.

Lemma 2.2.1. Let A and B be fourth-order tensors in (V) and M a second-order tensor
m Lz’n(f)). Let A and B be the corresponding second-order tensors to A and B, respectively,
as defined in (2.2) and let m be the corresponding vector to M as defined in (1.3). Then,

under the map :

1. The fourth-order tensor a A + BB corresponds to the second-order tensor oA + (B,

for any o, 5 € R.

2. The second-order tensor A : M corresponds to the vector Am.

co

The fourth-order tensor AB corresponds to the second-order tensor AB.

4. (A,B) = (A, B).

r

Al = [IA].

6. trA = trA.
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Proof. 1. Follows from linearity.

2. In component form, we have

(A:M);; = AijuMy

= Ay(i ) (k) My (k1)

= (Am)yq,).

3. In component form, we have

(AB)ijkl = Aiququkl
= AyiiweagBemawk

= (AB)y(i k-

4. We observe that

(A,B) = AjjuBiju
= Ay et Byiee

_ A:B-(AB)

5. Follows directly from 4.

6. Using the definition of the trace of a fourth-order tensor, we obtain

16



]

It follows from Lemma 2.2.1 that the bijection map A <+ A defined by (2.2) is an isometry.

Lemma 2.2.2. Given a correspondence map ¢ and a fourth-order tensor A € L(V) with
the corresponding second-order tensor A € Lm(f/) Then under the map 1, the fourth-

order tensor AT corresponds to the second-order tensor AT. Consequently, if A = AT, then
A =AT.

Proof. We observe that

(AT)ijkl = Ay
L)

T
Ak

]

Lemma 2.2.3. Let A € C, A € L(V), and U € Lin(V), with the corresponding Ae Lz’n(f/)
and 0 € V, respectively. Then, A : U = AU if and only if A = \a.

Proof. Observe that

- AAijklUkl

= AAY(i,) (k1) W (kD)

= AMAQ)y(i)-

]

For A : U = AU, the scalar ) is called the eigenvalue of A associated with the eigentensor
U.
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Chapter 3

Symmetries of Fourth-Order Tensors

Symmetry of tensors can be described by the invariance of the tensor components (or compo-
nents of its multi-dimensional array representation) under a change of order of indices. Since
second-order tensors are represented by two-dimensional arrays, there is only one type of such
symmetry, which is given by A;; = Aj;. However, for fourth-order tensors, there are different
types of symmetries in which the components are invariant under certain permutations of
four indices.

For fourth-order tensors, there are several notions of symmetry such as major, minor and
total symmetries that represent constant under exchanging pairs of indices. On the other
hand, For second-order tensors, there is one notion of symmetry that represents constant
under changing the order of the two indices. These notions of symmetries are generally used

in elasticity theory.

3.1 Major Symmetry

In elasticity theory, the symmetry of a fourth-order tensor is called major symmetry, when
this symmetry represents invariance of A;;;; under changing the pair of indices (¢, j) and (k, ).

Equivalently, for A € Lin(V), we say that A is symmetric (or possesses major symmetry) if

18



A = AT, In components,

Aijie = Awig, 1 < 1,5,k 1 < n.

A fourth-order tensor A is skew-symmetric if A = —A”. In components
Aijit = —Ariij, 1 <4, 5, k, 1 < n.

Any fourth-order tensor can be decomposed uniquely into a symmetric part and a skew-

symmetric part given by

1 1
A= 5(A+AT) + §(A — AT).

The set of all major-symmetric fourth-order tensors
SV):={AcL(V)|A=AT},

is a subspace of (V) of dimension n?(n? +1)/2.
Using the results of Chapter 2 on the correspondence between fourth-order tensors and
second-order tensors, we present and prove a spectral theorem for major-symmetric fourth-

order tensors.

Theorem 3.1.1. Let A = A”. Then, there exist {\™}y1... n2, and {U™},—q.. n2 an

orthonormal basis for Lin(V) such that
A:-U™=)\"U™

Moreover,
2

A:nz/\mUm@Um.

m=1

Proof. Using Lemma (2.2.2), since A = AT then A = AT. By the spectral theorem, Theorem

19



1.1, there exist {\™},,—1 ... 2, and {™},,_1 ... ,2 an orthonormal basis for V = R™ such that
Aa™ = mam,

and

Define {U™},,,1.... n2 in Lin(V) by
U =y G =1

Then, by (1.4), {U™},,—1.... »2 forms an orthonormal basis for Lin(V). In addition, by Lemma

(2.2.3)

Moreover,

which in component form is given by

Aij = AWJ GkD)

= ka (i) (k)
= Z AT 5y
= ZAng‘U,’g]

m=1

n2

_ Z A(U™ @ U™) -

m=1

20



The spectral theorem for fourth-order tensors can also be written in terms of fourth-order

tensor multiplication as follows.

Theorem 3.1.2. Given the spectral decomposition

n2
A= Z AU @ U™,

m=1

Define D € L(V), by

)\¢(i,')7 ifi:k andj:l,
Diji = !
0, otherwise.

and define Q € L(V), by

Qijn = Uij(k*,l)'

Then,
A = QDQ?.

Proof.

(QDQM)ijer = Qijpg(DQ" ) pgrs
= Qiququrstlrs

= Qiqu qupq Qk:lpq

_ U;ﬁ(nq) A\V(.9) U;/Jl(p,q)

TL2
= Z )\m<Um ® Um)z‘jkl
m=1

= (A)ijn-
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Such a representation is called the spectral decomposition of A. Since trA = trA, then

tr(A) = i A"
m=1

The spectral theorem for symmetric fourth-order tensors can be used to define a notion of

determinant for such tensors as follows

n

det(A) == [T A™ (3.1)

m=1

Using Lemma 2.2.1 and (3.1), it follows that this notion of determinant satisfies

det(AB) = det(A) det(B).

3.2 Minor Symmetry

Minor symmetry is the second type of symmetry of fourth-order tensors and is defined by

(U,AV) = (U AV) = (U, AVT), forall U,V € Lin(V).
In component form, we have

At = Ajil (3.2)

= Aijir, (3.3)
for 1 <i,j,k,1 <n. To see this, we observe that

(U A:V) = U:(A:V)
= U;(A:V)y

UijAijii Vi
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and on the other hand,

(UT A:V) = U (A:V)
= (UN)(A: V)

= UijAjii Vi

Thus,
Usj(Aijir — Ajirt) Vi = 0,

for all U, V € Lin(V), from which (3.2) follows. Moreover,

(U,A: VT = U:(A:VT)
= UZ] . (A . VT)”
= Uiinjllejl;

UijAijik Vi
Thus,
Usij(Aijri — Aijir) Via = 0,

for all U,V € Lin(V), from which (3.3) follows.
The first minor symmetry is the invariance under exchange of the first pair of indices, and

the second minor symmetry is the invariance under exchange of the second pair of indices.

23



1]

Bibliography

Aurobrata Ghosh and Rachid Deriche. 4th order symmetric tensors and positive adc
modelling. In Visualization and Processing of Tensors and Higher Order Descriptors for

Multi-Valued Data (Dagstuhl Seminar 11501). Springer, 2013.
Mikhail Itskov. Tensor algebra and tensor analysis for engineers. Springer, 2007.

John Henry Heinbockel. Introduction to tensor calculus and continuum mechanics, vol-

ume 52. Trafford Victoria, Canada, 2001.

Maher Moakher. The algebra of fourth-order tensors with application to diffusion mri.

In Visualization and Processing of Tensor Fields, pages 57-80. Springer, 2009.

Maher Moakher. Fourth-order cartesian tensors: old and new facts, notions and appli-
cations. The Quarterly Journal of Mechanics & Applied Mathematics, 61(2):181-203,
2008.

24



	Table of Contents
	Introduction
	Second-Order Tensors
	Second-Order Tensors as Bilinear Maps
	Symmetric Second-Order Tensors
	Second-Order Tensors as Vectors

	Fourth-Order Tensors
	Fourth-Order Tensors as Linear Maps
	Fourth-order tensors as second-order tensors

	Symmetries of Fourth-Order Tensors
	Major Symmetry
	Minor Symmetry

	Bibliography

