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NOTATION

the depth of neutral axis at ultimate.

W
]

! = the depth of neutral axis at elastic stage.

area of reinforcement.

=W
]

= the width of a cross section.
= the total compression force in concrete.
the depth of a cross section.

= modulus of elasticity.

H H & a o
1

= modulus of elasticity of concrete,

[p)

= modulus of elasticity of steel.

0]

= concrete stress.

D= 0
|

= gpecified compressive strength of concrete.

= gpecified yield strength of steel.

0
[

specified yield strength of stirrup steel.

/]
<

= modulus of rupture of concrete, psi.

H

= gteel stress.

/1]

= moment of inertia of a section.

H o H H H H OH O H M E
]

= moment of inertia of cracked section transformed to

)
H

concrete.

I = effective moment of inertia for computation of deflec-
tion.

I = moment of inertia of gross section, neglecting the
reinforcement.

K1 K2 K3 = parameters used to describe the shape of the stress
block in the concrete. ’

k

at/a , : k, = a/d.
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the length of plastic hinge (over which plastic
rotation occurs as a constant),

the length of plastic hinge.

moment,

maximum moment in member at stage for which deflection
is being computed.

cracking moment.

the fixed end moment.

the bending moment at section i due to external load
acting on the statically determinate structure.

the plastic moment or the ultimate moment of a
section. (M)

moment at yield of tension steel,

bending moment at section i due to unit load acting
at assumed hinge j.

the degree of statically indeterminacy.

ratio of ES/EC.

ratio of tension reinforcement.

= ratio of the volume of the binding reinforcement
to the volume of the concrete bound.

reinforcement ratio to produce balanced condition.
a parameter describing the effective percentage of
steel.

a parameter for the influence of tension steel.

a parameter for the influence of axial load.
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a parameter for the influence of grade of concrete.
the total tension force in steel.

the depth to the center of compression force.
distance from centroidal axis of gross section,
neglecting the reinforcement, to extreme fiber in
tension,

the distance from the critical section to the point
of contraflexure,
3 = rotation required at a plastic hinge 1i.

the total available rotation on one side of a hinge.
curvature

capacity reduction.

the curvature at elastic stage.

the curvature at ultimate,

ﬁu - ¢y = the increasing curvature at a hinge .
compression strain in concrete.

compression strain in concrete corresponding to
maximum stress.

the ultimate concrete strain.

the strain in the concrete at the extreme fiber at
start of steel yielding.

- €., = the increment of strain in the concrete at

cu cy

the compression edge.

strain in the steel at the failure of the beam.

151



iv

the strain in steel at yield.

the increment of strain in steel due to yield

relative rotation at hinge i due to external load.
relative rotation at hinge i due to unit moment

acting at hinge j.

the radius of curvature of the neutral axis.

the average compression stress in concrete distributed
over the compression zone.,

deflection.
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1. INTRODUCTION

A principal responsibility of a structural engineering
designer is to calculate the dimensions of a structure, in
order that it is safe to carry the service loads. In the
past, most reinforced concrete structures carried the load
safely, but the strength of reinforced concrete was not
fully utilized in those designs. Most of the buildings
over the world have been designed using the elastic theory,
The exact value of their safety factor was not obtained
since the inelastic behavior of the materials, used in the
members in those structures, was not considered., In other
words these structures may be safe enough against failure,
but material may have been wasted. Therefore, engineers
have attempted to develop more effective design methods
such as ultimate strength design, prestressed concrete
design, yielding line design of slabs, plastic design of
steel structures and limit design of reinforced concrete
structures.

Plastic design of steel structures is more effective
than the elastic design method since the strength of mat-
erials is almost completely developed (neglecting strain
hardening range) in this design method. In the elastic
design method, there is a considerable reserve-of load-
carrying capacity beyond the yield load Py‘ By using

pPlastic design this reserve of load-carrying capacity may



be utilized, as indicated in Fig.1-1.

The basic idea of limit design of reinforced concrete
structures is the same as the plastic design of steel str-
uctures. The main difference is that steel is a ductile
material and concrete is & brittle materigl. Comparison of
the two materials is shown in Fig.1-2. The structural steel
has the rotation capacity to permit other plastic hinges to
form after the first one, until a failure mechanism is form-
ed. Reinforced concrete generally doesn't have this ability.
If we want a reinforced concrete member to wﬁrk like a steel
member, we have to improve its ductility; that is its rota-
tion capacity should be increased.

Although it is not very clear how much plasticity and
rotation capacity at ultimate load are required to insure
satisfactory hinge action in an indeterminate structure, the
possibility of increasing the ductility of reinforced con-
crete members appears to be an important consideration,.
After many tests, trials and studies, it is believed that one
can improve concrete ductility and increase its rotation
capacity in order to permit the structure to have the abil-
ity of moment redistribution.

In this report, the basic idea of plastic design and
limit design; the relationship between moment and rotation
angle in simple, rectangular, reinforced concrete beams;

*
ways to increase rotation capacity; the Cambridge method1

* -
Superscripis denote references listed in References.



of 1limit design; and Baker's method1 of 1limit design will
be reviewed. In addition, experimental results will be

described and two numerical examples will be given.
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— 2., CONCEPT OF PLASTIC DESIGN AND LIMIT DESIGN

a). Plastic Design of Steel Structures

The traditional theory of structural design is based
on the assumption of elastic behavior of materials. This
also implies that under the maximum service loading condition
the structure has no permanent deformation occurring during
its working life. The largest stress which a material can
withstand without being permanently deformed is called the
elastic limit. Using elastic design, one may ignore the
plastic behavior of structural materiazls. However, any
advantage of the plastic platesu is not considered. In
plastic design, it is assumed that a ductile material can
continue to deform after yielding without failure.

The basic theory of plastic analysis indicates that =
major change in the distribution of stress occurs at critical
points in a structure after yielding has been reached. The
idea is that those parts of the structure which have yielded
may not resist further increase in stress. Instead of any
additional stress, they will deform the amount which is
required to allow the loads to be transfered to other parts
of the structure which are still in the elastic range and
able to resist increased stress. In other words, the distri-
bution of stresses or moments throughout the structure at
failure is different from those distributions in the working

range, For this discussion the stress-strain diagram is
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assumed to have the idealized shape as shown in Fig.1-2a.
Beyond the plastic range is the range of strain hardening.
This range can theoretically permit the steel member to
resist more loads after yielding has been reached, but
from a practical standpoint the strains occurring are so
large that they can not be considered.

The yield moment of a cross section is defined as the
moment which will produce yielding in the outer fibers of the
section. As the moment increases beyond the yield moment,
the outer fibers will continue to deform without any increase
in stress. The duty of resisting the increasing moment will
fall on the fibers which are nearer the neutral axis and
have not yet yielded. This process will continue with more
and more fibers of the cross-section being stressed to the
yield point, until finally a hinge is fully formed (neglect-
ing the influence of strain hardening). No more additional
moment can be taken then by this section. The maximum moment
that can be resisted by a plastic hinge is the plastic moment,
Mu'

The bending moment diagram of an indeterminate structure,
such as a beam with fixed ends, will have several peak points
where the plastic hinges will form. The outer fiber of the
cross section with greatest stress will reach the yield point
first. As more loads are added, this section will gradually
yield to form a plastic hinge, but other parts of this str-
ucture may still be elastic, This plastic hinge will not

carry any more moment and other parts are forced to resist



any further increased in load. Then the next plastic hinge
will form at one of the remaining peak-moment sections and
when a sufficient number of plastic hinges has been developed
to produce a failure mechanism, the structure will collapse.
A simply supported beam under a given set of loads has
one point where the moment is a maximum. aAs the loading in-
creases, this moment increases proportionately until the
extreme fiber stress equals the yield point of the steel.
If the loading in further increased, the material will deform
more rapidly. Although there will be an increase in load
above the elastic limit, this increase is very small and
accompanied by rapidly increasing deflection. Therefore,
plastic design of steel structures has little advantage over
elastic design for steel structures with statically determinate
beams and simple structures with effectively pin-connected
members, but it may have a great advantage for indeterminate

structures.
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b). Limit Design of Reinforced Concrete Structures

The limit design concept for reinforced concrete
structures was developed after the plastic design concept
for steel structures, The classical, elastic theory for the
behavior of reinforced concrete, in which it was considered
as an elastic material is not necessarily wvalid for reinforced
concrete structures under working load. Although, when a rein-
forced concrete structure is lightly loaded it behaves
almost elastically, concrete is not really an elastic material;
on the contrary it is a rather brittle material. Actually the
behavior of a reinforced concrete structure is very complicated
during its working life. In spite of these complexities and
the brittle behavior of concrete, many limit or plastic de-
sign methods have been developed. Two of them, the Cambridge
method1 and Baker's method1, are reviewed here, By using these
two methods, a more satisfactory building can be designed
and established.

The basis of the Cambridge method is completely the same
as for plastic design. The method of plastic design has to
satisfy the following three conditions:

1). Mechanism Condition:

A sufficient number of plastic hinges has to be formed

in order to develop a failure mechanism,
2). Equilibrium Condition:
The sum of forces, and moments has to be zero,.

( rF_ =0, sz = 0, EIM = 0 )



3). Plastic Moment Condition:

The moments in the structure have to be nowhere greater
than the plastic moment, ie.

Ml < IMPI .

These three conditions are also required in the Cambridge
method, but are not sufficient. Since concrete is a brittle
material, one more condition is needed; that is to check
whether the rotation capacities of the hinges formed, before
the last one, are sufficient to allow the failure mechanism
to develop or not. With these four requirements, we may say
that the moment redistribution will occur before failure and
the structure is safe.

For an under-reinforced concrete beam, the moment-
curvature relationship is shown as in Fig.2-1a., As concrete
is a brittle material, it is usually considered that there
will be a limit corresponding to the point A in Fig.2-1b at
which the member will fail completely, the available rotation
capacity then is ea. It is also necessary to determine whether
Ga is large enough to meet the fourth requirement in the
Cambridge method. However, recent research2 has shown that
the normally designed reinforced concrete beam usually has
enough rotation capacity to permit a failure mechanism to
form and point A will not be reached at any point in a
structure before failure occurs. If the rotation capacity is

not enough, this can be improved by using helical binders,
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Fig.2-1a Typical M=6 Curve for An Under-Reinforced
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Fig.2-1b Idealized M-8 Curve for Reinforced Concrete

-10-



small-space stirrups, rectangular spiral binders or increas-

ing cross section depth.

The Cambridge method was originally developed for steel
structures, and then extended to reinforced concrete structures.
In utilizing this method it is necessary to improve the be-
havior of concrete to satisfy the requirements of the plastic
design theory. However a method presented by Baker1 is pri-
marily for reinforced concrete structures. It is based on
the observed inelastic behavior of reinforced concrete str-
uctures. So Baker's method is the more complete one and also
has the advantage of being more general and simpler to use,

In the Cambridge method, it is assumed that the plastic
hinges will maintain their plastic moment while developing
sufficient rotation to enable other plastic hinges to form
and full moment redistribution to occur. This assumption is
true for steel structures, but is not true for concrete str-
uctures. Baker realized this difference and developed his
own method for limit analysis of reinforced concrete struc-
tures. The Cambridge method calculates the ultimate load of
a structure where (N+1)* hinges have formed a failure mech-
anism. But in Baker's method, the ultimate load is limited
to that at which N hinges have formed to transform the
structure into one which is statically determinate, and the
structure is analyzed on this basis. At this stage the

*¥ N = The degree of statical indeterminacy of a structure,
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structure is stable and will collapse with the formation of
one more plastic hinge.
This method is based on the following conceptaz
" when a frame has developed sufficient plastic hinges to
become statically determinate, it can be treated as if it
has been made statically determinzste in the conventional way
by the insertion, at the plastic hinge sections, of friction-
less hinges, with equal and opposite couples acting at each
hinge on the adjacent members, the couples being equal in
value to the plastic moment of resistance of the section."
Insert enough hinges to transform the structure into a
statically determinate one as shown in Fig.2-2. At each
hinge i, apply a pair of couples f, to the adjacent members.

According to elastic structural analysis, the relative ro-

tation angle ei, at hinge i is:

+X28j_2+ lllllll.l.‘+ stij=-ei"'(2—1)

For instance the simultaneous equations for Fig.2-2 are:

+ X587 = -6,

= —95

121’233,oo||ou.0oon
j=1,2,3,....-.-...n
X; = the magnitude of assumed moment at hinge i.

M. m..
io i1 4o

iO—ES-—-—EI_ N ER RN ha.o-v-oocll-(2_2)

o/}
!



assumed hinges

a). Statically Indeterminate to 2nd Degree

LN NN

moment due to external load on beam made
statically determinate by assumed hinges
at 2 and 3

1 2 3 4
1 2 3 4

moment due to assumed unit moment at
hinge 2 and 3

c). m; Diagram

8 N\ <
20 30 p,

/ ~ ’

d). Relative Rotation at Hinge 2 and 3 Due to
External load

foafy -

e). Relative Rotation at Hinge 2 and_3 Due to
Moment X2 at Hinge 2 and Moment X3 at Hinge 3

Fig.2-2

w B
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M. .M.
E ——l"}%lids ocl-l-.-a---.-.oucu--onolo(z-B)

the bending moment when ii = 1 while all other re-
dundants wvanish. ¢

the bending moment produced by the external load
acting on the statically determinate structure.

relative rotation at hinge i due to external loads.

relative rotation at hinge i due to unit moment
acting at hinge jJ.

the plastic rotations necessary for the full
redistribution of moments.,

The location of plastic hinges and the value of the plastic

moment may be arbitrarily chosen, because the reinforced

concrete structures can always be designed to ensure the

desired failure mechanism.

—14-
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3, MOMENT-CURVATURE RELATIONSHIPS

a). The Rotation Capacity Available in a Section

Steel structural components generally can take more load
after the first yielding. This extra capacity can come from
two sources:

(1). full plastification of individual cross sections,

(2). redistribution of moment in an indeterminate
structure to give a failure mechanism.
The increase in loading capacity due to moment redistribution
requires that the rotation capacity of the hinges formed
before the last one are sufficient to allow the failure
mechanism to develop.

The solution of the limit design method should be checked
for the satisfaction of rotation compatibility. This condition
is satisfied and the design is assumed correct if the inelastic
rotation eRi at a critical section, i, of the structure under
the design loading condition does not exceed the rotation

capacity © of this section;

71

6y S 8

Ti .
The assumptions for the analysis of moment and rotation
capacity for a reinforced concrete section are as follows:

(1). The reinforced concrete section is a cracked section.
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(2). The concrete stress distribution across a section may
be described by parameters, as shown in Fig.3-1a.

(3). The strain varies linearly across a section.

(4). The steel reinforcement is perfectly bonded to the
concrete,

(5). The stress=-strain relationship of steel is known as an
idealized type. (see Fig.1-22a).

(6). The concrete will crush when the ultimate strain €y

is reached.

(7). The discussion is limited to an under-reinforced section,
where the failure starts with the yielding of the steel
and ends with the crushing of the concrete.

As mentioned before, most reinforced concrete structures
behave very differently from the way a steel structure does.
In the region subjected to a sufficiently great bending
moment, the concrete deforms plastically in compression and
the reinforcement yielas in tension. This narrow region may
be regarded as the plastic hinge and its length is called the
length of plastic hinge Lp. At fracture, the maximum compres-
sive strain of the concrete in the fibers of a beam varies
from 0.003 in/in to 0.005 in/in. Because this value is small,
the rotation capacity of the plastic hinges is decided by
this compressive strain.

The available rotation capacity of a reinforced concrete
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section with tensile reinforcement only is now determined.

From elastic theory, the moment My in Fig.3-1b is:

< @ __al y oo 2 _2ly o 2er(q o A
My = Asfsyd(1 53 ) = pbd fsy(1 =3 ) = qybd fc(1 3 )
.D....'..l.l......(3_1)
My = moment at yield of tension steel.
AS
P = S8 7 ratio of tension reinforcement.
pf
9y = f? = & parameter describing the effective
c

percentage of steel,
The curvature at the elastic 1limit is:

M
B = —F%— B R W e e B N e ST e e e e ek DD

E = modulus of elasticity of a reinforced concrete section.

nmoment of inertia of a reinforced concrete section.

-
]

fé = specified compressive strength of concrete.

fsy = specified yield strength of steel.

From the analysis of the forces shown in Fig.3-1a, the

ultimate moment at this section is derived zas:

K pf
_ 2 _ 2 sy _
Mu - Pfsybd ( 1 K1K3 fc': ) ® @ 0 & 0 8 0 0 0B 0 80P B e ( 3 3)

K1, K2, K3 = parameters used to describe the shape of the
stregs-block in the concrete and are given1 as:

f!
C

K1=0.94-""‘2—6'5-O’—;
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(a)., At Ultimate

- —
b
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N.A.
d
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- e ]
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" b i
a f
NL,A.
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(b). At First Yield

Eéy

R
T = AS
fc

Fig.3-1 Stress-Block in Reinforced Concrete Beam

Cy = K1K3féba
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f!
C

K, = 0,50 - —80000 H

2

3900 + 0.35fé

K1K3 = 5500 3 fé " (K1K3= 0.8 at ultimate);
£12
"\ o c
K, (1600 + 0.46%) oo
- 1 ]
K1K3 3900 + 0.351?C
by
= = (0,59 at ultimate;
K1K
3
i‘i
_ S
€y = 0.004 - —=miers X 0.003.

Introducing these values into Egq.3-3,

Mu = pfs o--n-.----ooloono.onoo-.(3-4)

.2 Pfs
G051 = 0.59 —FL)
c

The curvature at ultimate is

¢ _ Qj _ GS‘Lii. ¥ GCU.
max =~ “u d
a _ €cu
d €su * Eeu
From Fig.3-1a, Cu =T,
a_ __ AsTey _ Plgy
= SFI1E K = 1 E ’
d bafch1h3 ch1K3
o
a 1737 ¢
So, €y = ecu(g = 1) = g1 o - 1).

-19-
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Substituting this into the expression for ﬁmax

K.E.T!
1737 ¢
ch(T— - 1) + ch
Ej =Qj = SX
u max d
]
chK1K3fc . . e e e ( 3-5)
pdf s e e st e v e i B a3 W B i
s¥y
From Fig,3-24
¢u= ﬁy + ﬁi
dex
g}::dx 9 de=ﬁxdx, e:fgxdx.

Therefore, y

By = .(gp (gux- ﬁy) dx = (ﬁu - ﬁy) Ly

=¢1Lp §
where ﬁi = ﬁu - Qy .
Therefore,
e
T _
”'E'I')"‘—qu ij ’
OI‘, 9T=Lp(¢u-gy) |-.nonloo.--cc-a-lcool(3-6)
and,
ﬁy = the curvature at elastic limit (at first yielding).
eT
ﬁi = e i the increasing curvature at the plastic
b

hinge and is equal to the total angle of
rotation or the angle of discontinuity

between the two elastic parts of the beam
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Fig.?-2 Bending Moment and Curvature
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spread over the hinge length.

GT = the total available rotation on one side of a
hinge.
Lp = the length of plastic hinge (over which plastic

rotation occurs as a constant).

1
¢ = _f&gl_ . ¢ = EEuK1K3fc .
N a' ’ u pdf ’
sy
A ¢ EcuK1K3fé Ecv
. — - :'7
i pdfsy a ’
Oy = Lpﬁi
L L
— ' L2
pdfsy a P

Therefore, as a' is increasing or decreasing, ST will behave

in the same manner respectively.

a < a'
If a' = a = kud (on safe side),
then
a' _a _ Pfsy ~ €£y .
- - 1 = H
d d ch1K3 Ecy + Gsy
and,
K. K £
173 ¢
= _'_'_'_""-'-"-1 L R R I R I Y I B N N A N S -
Eop = Cugh bt ) (3-7a)
Therefore,
]
g - Soy _ Syt Sy &yKEsTS (3-7)
y ai d pdfsy .0 00
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Fig.3-3 Stress-Strain Distribution at a Reinforced
Concrete Section

So s - EcuK1K3fé ) ECyK1K3fé
i pdfSy pdfSy
- 1
= (Ecu Ecy)K1K3fc ™
pdfsy L

Substituting Eq.a into Eg, 3-6
Op = Lpﬁi

(€ ch)K1K3f

pdfs

cu

» . I L, cesssssenvsese(3-8)

This result is the same as the one used in Baker's

method . Since in this method, the total rotation 0y is



.

defined as the angle of discontinuity between the elastic

parts of the member on either side of the hinge., So the

total available rotation at a plastic hinge zone is ZGT.

ECU.

Ecy

the ultimate concrete strain,

the strain in the concrete at the extreme fiber at
start of steel yielding.

the strain of steel at yield.

the strain in the steel at the failure of the beam.
the increment of strain in steel due to yield,

(EEu - €..) = the increment of strain in the

cy
concrete at the compression edge which occurs due
to increasing load between yielding of steel and
crushing of concrete.

R1R2R3(z/d)%d. (Reference 1) cesssvesasssas(3-9)
a parameter for the influence of tensile steel.

a parameter for the influence of axial load and
equal to (1 + (0.5)(P/Pw)), where P is the ultimate
axial load for the member (allowing for the bend-
ing moment when present) and P, is the ultimate
capacity of the member for axial load when no
bending moment acts.

a parameter for the influence of grade of concrete.

the distance from the critical section to the

roint of contraflexure.



Based on test results1

and A. C. I.

5

Research Committe

?

R1, RE’ and R3 can be obtained as:
AC, T, Test Results
0.7 for mild steel.
R1 0.80 0.9 for cold worked steel.
R2 1 425
0.6 for concrete with a cylinder
strength equal to 4700 psi.
R5 0.9 for concrete with a cylinder
strength equal to 1600 psi.
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b). Calculating The Rotation Required at a Plastic Hinge GR.

SR is the angle of discontinuity between the elastic
parts of the members spread over the hinge length, and it
can be found by slope deflection. Since it is assumed that
the inelastic behavior only occurs over the hinge, the change
of slope is equal to the actual change of slope due to
inelastic behavior. In the following analysis, the secondary
stresses and the influence of axial and shear force are
neglected, and it is assumed that the plastic hinge occurs
at a point and that the segments between hinge-sections
remain elastic, It is also assumed that the rotation at a
hinge never stops once it has developed.

Fig.3-4a shows a uniform member AB of length, L, and
elastic flexural rigidity, EI, which is subjected to an
arbitrary loading and also to moment MAB and MBA at its
ends, the sign conventions are shown in Fig.3-4b,

The rotation at the hinges can be given by the slope-

deflection equations6.

A L F F
0,8 =T +oer (20,5 - Myp) - (Mg, = MBA)]
111(3-10)

_a 1 T _ B
Opp = & + oy [20Mp, - Mp,) (Myp = Myp)]
M M, . = the ultimate moment at ends 4 and B respectively.

AB’ BA



P T

MEB, M§A = the fixed end moments which would be produced
at ends A and B respectively if the member was
subjected to the same load but both ends were
held clamped in position and direction.
An example will explain this equation more clearly.
The example to be considered is the fixed-end beam of
span 3L, which is subjected to a load, w, at C, as shown in
Fig.3-5. The beam is supposed to be of uniform section, with
a fully plastic moment, Mp, and elastic flexural rigidity,
EI. The collapse mechanism and the deflected form of the beam
at collapse are shown in Fig.3-5, also. For no load acting
on segments AC and BC, the fixed-end moments, MF, are BeIr0.

From Eq.3-10, the rotations at sections A, B, and C can be

obtained as:

o, -6, =L _ Tz
AC T Sca T T 3E1
M L

e = 0

Jay
CB - °Bc -~ T * ‘B%T‘

In Fig.3-5, the required hinge rotation, BR’ at each hinge is

1

given in magnitude and sign, a positive hinge rotation being
defined as one which causes tension in the bottom fiber of

the section.
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(b) f\ T

(+) Bending Moment (+) Rotation Angle

Fig.3-4 Definition of Terms and Sign Convention
in Slope=Deflection Equation

Fig.3=5 Fixed-Ended Beam with Concentrated Load
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e -
RA -
M_L
Ora = “Oac = ~(5T) * T
Re T (a)
> ® & & & & P 8 2 20 0 00 a
ML
_ _ B
6cp = Opg = ~(T) + T
eRC - +
ML J
_ _ _ 2L _ P
6rc = Scu * (=8¢p) = 5T - T

When the fully plastic moment has just been attained at the
position where the last hinge forms, there will be no change
in rotation occurring at this hinge just prior to collapse.
It will be seen from Egq.a that if any one of the hinge
rotations is assumed to be zero, as it would be at the last
hinge, the value of A is determined and thus the other two
hinge rotations can be found. In order to decide whether
this assumption is correct or not, it is necessary to make
use of the fact that the rotation at a hinge prior to
collapse must be in the same sense as its rotation at
collapse, since it is assumed that once a hinge has formed
it will continue to rotate. And the deflection A will be
larger than the deflection obtained from a wrong assumption.

Referring to Fig.3-5 and Eq.a,

GRA P = 8 P -, 8 HI.



For instance:

(1) Assume

then

(2) Assume

then

(3) Assume

RA

Orc = O
M 12
A1 = T3EI
M_L
. ML My ML
RA 5ET o 5ET
M L M_L M_L
Spp = - =BT * GET" - -~ T
Ogc = O
NO GOOD
8y = O
2
M_L
FAY.
2 = T
. ML ML ML
RA ToET SEI ABT
QRB==0
M L T
B, & —L MP = - _fﬂg_
RC IET oET 7EI
NO GOOD
Oga = O
oM_1.°
-
B 3BI
5. =0

=30

(=)

g

(=)
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. D = - —P -
Orp = 381 ' T 6EIL 2RI (=)
M_L M_L M_L
Opy = —2— - —b— = —F (+)
RC EI 281 2E1
ALL RIGHT
A A
And B¢ %2 ¢ T3
Since both eRB and eRC are of the correct sign, it
confirms that this assumption, © = 0, is a correct one.

RA
In reinforced concrete an additional problem arises:

the question of the value of E, the modulus of elasticity,
and I, the moment of inertia of the section, to be used in
EqQq.3-10. At failure a reinforced concrete beam is usually
not in a uniform condition along its length. Part of it is
Plastic and badly cracked, and so it is impossible to get

a single accurate value of EI which would apply to the whole
length of the member. If it is assumed that the whole beam

is elastic, but in the cracked condition, then

T 5 {3/5Vpa? « na_(d - S LU ¢ ST P

=
I

the elastic modular ratio Es/Eé .

W
Il

the neutral axis depth for the elastic

condition, as shown in Fig.3-1a,

An approximate value of EC6 is given by

E, = (57000) / fé' P T [-D)
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and then the value of EI to be used in Eq.3%=10 is

EI = 57000 /£ [(1/3)ba’ + na_(d - a)?] ....eeeo(3-13)
A numerical example of calculating GR is now given.

The problem is shown in Fig.%-6.

2 2
F _F _ WL P(80)(40)° _ .
- MAB = MCB = =35 + L2 = 584000 1lb=in
-n¥ . o=unt = wL,® + P(80)°(40) _ 1015000 1b-in
BC T YBA T T2 12 = i
My = Mg, = - M = - 2350000 1b-in
Mpg = Mg = M = 2350000 1b-in
then
6 . - O .20 [2(-2550000 + 584000) - (-2350000 - 1015000ﬂ
AB = 720 * EI
=B 20 .
=155 * B (=167000)
0. =L, 20 [2(-2350000 - 1015000) - (-2350000 + 584 o]
BA = 720 * EI - (- + 284000)
A 20
=120 * EI (-4964000)
0., = =2 4 20 15(2350000 + 1015000) - (2350000 8 ]
BC = 720 * 1 L = 554000y
_ =4 20
6. -0 .20 [2(2350000 - 584000) - (2350000 + 1015000)
CB =~ 720 T EI 2 % 5 ]
-

(167000)

1
—
r’\Jl
=

+
tr.'lr\J
o
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S R
8o" 8o" ‘l' 8o
T 1 17 1T 1T 1T 1 1 1
w = 1530 1b/ft
le—
N
2L = 240"

ET = 27000000000 1lb-in®
uniform section: 14"x26"
P = 45800 1b

M, = 2350000 1b-in

M M

p p
hY s
A Mp C
B
= 120" * 120" Aﬂ

Fig.%-6 Fixed-Ended Beam with Uniform and Concentrated
Load

BB
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_ =5 20 -
Opy = -85 = To§ + 57 (167000) (=)
6. =6. -0 =2 _20 (9928000) (+)
RB ~ °“BA BC - 60 ~ EI
_ _=A . 20 -
6xc = Scp = 755 * BT (167000) (=)
(1). Assume Opp = O (eRC = 0)

720 = E
O, = O
Opp = %% (334000) - %% (9928000) << O (=)
Op; = O
NO GOOD

(2). Assume 6pg = O
& = 22 (9928000)
Op, = - 22(4964000) + 22(167000) < 0 (=)
Opg = O
Opc = - 22(4964000) + £2(167000) < o (=)

ALL RIGHT
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RA

e

RC

_ 20 20
= - 7 (4964000) + £+ (167000)

-(20)(4797000)
27000000000

= - 0000355

rad.

#

-35-
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4, WAYS TO INCREASE THE ROTATION CAPACITY OF
A SECTION

In limit design of reinforced concrete structures, the
basic requirement is rotation compatibility of the plastic
hinges. Improved rotation capacity of the hinges permits
better redistribution of moment. In order to reach this goal,
many methods have been developed. From these, equations for

rotation capacity © as follows:

T’
o - (ch - ch)K‘IKch': . L
il pdfsy p
- 1
o Gn - SpKaKsTeR - L (3-8)
—_— Af P * 8 & & & & 08 0 B P S 0RO PP
s” sy

1
Lp = R1R2R3(Z/d)4d l....'lll'.Illl.....l..l..‘.(B-g)

and the equation presented by W.G. Corly8,
Plii‘l
ecu=00003 +0102(b/2) + (—_2-5'S-L)2 lcaootc.o.ao(4-1)

b = the width of the cross section. (unit: in.)

féy = the yield point strength of stirrup steel.
(usually same as main reinforcement) (unit: ksi.)
P" = the ratio of the volume of the binding reinforcement

(one stirrup plus compression steel) to the volume of
the concrete bound (area enclosed by one stirrup

multiplied by the stirrup spacing).
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It is shown that the total rotation capacity, eT, is pro-
portional to the concrete strength, effective beam depth,
amount of binding steel and the ductility of concrete,.
a)., Test Results from N.H. Burn and C.P. Siess9
In tests on beams as shown in Fig.4-1 and Table 4-1,
the effect of the depth of a section and the effect of
the compression steel are indicated as:
(1). Effect of Depth =--- The effect of the depth may be shown
by the load-deflection curve in Fig.4-2. The beam in each
group has the same amount of tension and compression steel
and substantially the same concrete strength and steel yielad
strength. The only variable is the depth of the beam and the
ratio of reinforcement (p = As/bd, p" = A;/bd). For each
group of curves the yield load increases with depth and the
increase in load after yield is a result of strain hardening
of the tension steel, The increase in depth results in great-
er differences between yield and crushing load as well as
greater differences between yield and ultimate load. The de-
flection at crushing is practically unaffected by depth, but
the deflection at ultimate load shows a slight variation with
depth. The beam with equal amounts of tension and compression
steel (p/p' = 1.0), shows a slight decrease in ultimate de-
flection as the depth increased, in this case undoubtedly re-

ducing the ductility. The reason for this decrease in ductility
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Fig.4-1 Test Specimens
(For the Test of V.H. Burn and C.P. Siess)

TABLE 4-1. Properties of Beams
(for the test of N. H. Burn and C. P. Siess)

A f (ksi) d, Stirrup size

Beam f' (psi) = Sy in and spacing,
¢ Tension Compression Tension Compression inches in inches

J-1 4930 2-18 - 47.6 == 10.0 #3 at 6
J-11 4110 2-i8 - 46.9 == 10.0 #3 at 6
J-2 4080 2-#8 2-#6 48.0 48.6 10.0 #3 at 6
J-8 4680 2-18 2-i 45.4 45.5 10.0 #3 at 6
J-17 3900 2-78 2-i8 46.9 46.8 10.0 #3 at 6
J-10 3590 2-i8 - 45:3 —r 14.0 #3 at 6
J-14 4500 2-#8 2-#6 47.1 50.0 14.0 #3 at 6
J-13 4800 2-#8 2-18 45.6 46.0 14.0 #3 at 6
J-4 4820 2-18 - 44.9 == 18.0 #3 at 6
J-9 4190 2-#8 - 47.0 = 18.0 #3 at 6
J-5 5000 2-#8 2-1'6 45.1 48.9 18.0 #3 at 6
J-6 5160 2-#8 2-#8 46.2 46.4 18.0 #3 at 6

b = 8 inches for all beams except as noted.
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is the shearing movement associated with the flexural failure
of the beam.

(2). Effect of Compression Steel --- The effect of compression
steel may be shown by the load-deflection curve in Fig.4-3.
The most obvious trend is the increase in ductility that
results from the addition of compression steel. The deflection
at crushing is still practically unaffected by using addition-
al compression steel. But the allowable deformation capacity
before failure shows a marked increase with the addition of
compression steel.

For a beam without compression steel, the internal
compressive force is carried by the confined concrete core,.
When this confined core can no longer carry the compressive
force, then failure occurs and results in a rapid decrease
in load=-carrying capacity as deflection increases., The
crushing of the concrete between stirrups shows the confining
effect of the closed stirrups. A closer spacing of the closed
stirrups in the region of greatest curvature will have
resulted in greater deformation capacity before failure due
to the increased confinement of the concrete core, On the
other hand, for a beam with compression steel, the internal
compressive force is carried by both the concrete and
compression steel. As crushing of concrete progressed, the
reinforcement is forced to take a large proportion of the

total compressive force until the steel yielded., At ultimate,
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Fig.4-3% Effect of Compression Steel
(For the Test of V.H. Burn and C.P. Siess)



the strain of the compression steel is in the yield range,
and only the confined concrete core is left to act in
carrying additional compressive force. In some cases, the
failure mode involves buckling of the compression steel. The
buckling of the compression steel transfers more load to
the concrete core than it can carry, resulting in crushing
of the concrete and a rapid decrease in load as buckling
continued.
b). Test Results from G.D. Base and J.B. Read®

In their test, they showed the effectiveness of helical
binding in the compression zone of concrete beams. Thirteen
of the sixteen beams tested were reinforced concrete beams
and the other three were prestressed concrete beams*. A1l of
these beams had a rectangular section (6" x 11") and were
120in. long. They were tested by single point loading at mid-
span on a 110in. span. Table 4-2 and Fig.4-4 give the details
of the beams. The results of these tests can be described in
three parts.
(1). Beams 1---3 (under-reinforced section)

Each of these beams failed primarily because of yielding
of the steel reinforcement., In Fig.4-5 the moment-rotation
curves for these beams are given with applied moment plotted

as a proportion of Mu' It can be seen that all three beams

* These 3 prestressed concrete beams aren't discussed here.

=42
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TABLE 4-2, Properties of Beams
(for the test of G. D. Base and J. B. Read)

Total weight

Cube Weight of Weight of of secondary
Beam strength, Type of helices, stirrups, reinforcement,
No. psi helix 1b per ft 1b per ft 1b per ft
1 5140 Light 0.814 0.624 % 1.438
(v 2 5060 Heavy 2.9 0.624 % 3.524
3 4110 - ——— 0.624 % 0.624
4 4650 Light 0.814 0.624 % 1.438
5 6000 Heavy 2.9 0.624 % 3.524
(B) 6 4960 - — 0.624* 0.624
7 4300 -— - 0.6247% 0.624
8 4200 - — 2.49 + 2.49
9 3500 Light 0.814 0.624% 1.438
10 4300 - e 0.624 % 0.624
(0) 11 4560 - - 2.49 + 2.49
16 5300 Light 0.814 0.624 % 1.438
17 6500 - - 2.49 + 2.49

All stirrups 1/4 in. diameter mild steel, rectangular in shape.

Light helix, 3/16 in. diameter mild steel, 2 in. pitch, 3-1/4 in. over-all
diameter, 4 ft long.

Heavy helix, 1/4 in. diameter mild steel, 1 in. pitch, 3-1/4 in. over-all
diameter, 4 ft long.

= under-reinforced section
balanced Section
over-reinforced section

u
B
0

I

*¥ The spacing of stirrups is 8" center to center.
+ The spacing of stirrups is 2" center to center,
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Fig.4-4 Typical Details of the Test Beam and Loading
(For the Test of G.D. Base and J.B. Read)



had a 1argé rotation capacity without significant decrease
in the resisting moment of a plastic hinge. At 0.2 radians
total rotation (change of slope from end to end of beam),
the resisting moment of the beam was still not less than
95% of Mu' The low cube strength, 4110 psi., of beam 3 does
not affect the validity of the results because it was high
enough to insure yielding of the reinforcement. (Table 4-2

and Fig.4-5).

(2) Beams 4---8 (balaﬁced section)

In this group, the beams failed when the main rein-
forcement reached the yield point. Almost immediately after
the steel yielded, the outer fiber of the compression side
of the concrete started to crush. In beams without binding
in the compression zone, the cracks formed right acrbss the
width of the beams, but in beams with considerable binding
(a helix or closely spaced stirrups) the cracks were only

in the concrete outside the binding. From Fig.4-6, it is

~45<

found that the ecrushing of the concrete in the two beams with

stirrups at 8" center to center only (Beams 6 and 7) was
accompanied by a rapid decrease in the resisting moment of
the section. In the beam with stirrups at 2" centers (Beam
8), the binding effect of the stirrups was completely
effective until the total rotation was approximately 0.08

radians,., The stirrups then deformed outwards and allowed
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Fig.4-6 Moment Rotation Curves for Balanced Section
(For the Test of G.D. Base and J.B. Read)
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the concrete within them to crush and the moment of resist-
ance to fail guite rapidly. The two beams with helical
binding in the compression zéne (Beams 4 and 5) had the

same type of moment-rotation relation that the under-
reinforced concrete beams had. When total rotation was 0.24
radians the resisting moment had not decreased significantly
from M. (Fig.4-6).

The light helices worked just as well as the heavy
helices despite the fact that the beam with light helices
had lower cube strength., The closely spaced stirrups produced
a good binding effect, but the weight of this secondary re- -
inforcement per foot waé considerably more than in the beam

with 1light helices.

(3). Beams 9, 10, 11, 16, and 17 (over-reinforced section)

In this group the stronger reinforcement caused the |
concrete to‘érush before the elastic range of the steel had
been exceeded, The test results for this group are shown in
Fig.4-7. The cube strength of Beam 9 was significantly less
than the cube strength of Beéms 10 and 11, but the comparison
between Beams 9 and 10 gives a clear indication of its
improved rotation capacity. The results from Beam 11 were
indecisive since the closely spaced stirrups did not extend

as far as the helices in Beam 9., Beam 16 with helical binding

Provided a considerable increase in moment after the cover
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to the helix started to spall, while Beam 17, with stirrups
at 2" centers, gave a small increase., Both increases were
due to the ability of the bound concrete in the compression
zone to carry stresses greater than unbound concrete,.

In the elastic range, the different form of secondary
reinforcement caused little or no difference in behavior.
The under-reinforced concrete beams probably have adeguate
plasticity prior to failure and should not need any special
secondary reinforcement. The balanced section reinforced
concrete beams will fail in a rather brittle manner unless a
sultable secondary reinforcement is used in the section.
Helical binding appeared to be more economical than closely
spaced stirrups but both methods can improve the moment-
rotation relationship greatly. The over-reinforced concrete
beams without special secondary reinforcement failed in a
very brittle manner and the failure was terminated by shear
collapse. Helical binding can delay the shear collapse to
some extent. Closely spaced stirrups can completely prevent
the shear collapse and allow crushing to occur in the compres-
sion zone. A combined reinforcement would appear to be

necessary to produce an ideal moment-rotation relationship.

¢). Test Results from E.G. Nawy, R.F. Danesi and

Jd.J. Grosko1o

In their tests, they showed the effect of rectangular
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spirél binders in reinforced concrete beams. Two series were
tested: (A). tension hinges in beams with 84" span subjected
to transverse load only, and (B). compression hinges in
beams with 80" span subjected to both transverse and axial
load. Only beams with tension hinges in series (A) are
reviewed here, It is found that rectangular spiral binders
are effective in increasing the rotation capacity of a
tension plastic hinge.

Eight simply-supported beams having a 7' span were
loaded transversely at midspan. The cross section of each
beam was 8" x 12", having an effective depth of 11", All
the beams were under-reinforced and had the same amounts
of tension and compression steel. The only variable para-
meter was the percentage of rectangular binding spirals p".
This is the ratio of the volume of spiral steel to the
volume of the bound concrete (similar to p"). The details
of each beazm are shown in Fig.4-8 and Table 4-3., It is
necessary to expand the confining spirals area beyond the
expected plastic hinge zone.

The values of the elastic total rotation, ey, denoting
the rotation at yield of the tension steel seem to be the
same in all the beams, as shown in Table 4-4, This indicates
that there is no significant effect of the spiral binders
on the concrete beam in the elastic range. As the compression

steel at the top starts to yield, there is a significant



TABLE 4-3. Properties of Beanms
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(for the test of E. G. Nawy, R. F. Danesi and J. J. Grosko
Tension steel Compression steel
Spiral Spiral
Beam Bar f, Bar £ s £, p", pitch,
¥, ¥ ¢’ "
No. No. psi No. psi psi percent in.
P9G1 248 47,500 245 65,500 4870 0 0
P10G2 2#8 65,500 2#5 65,500 5150 1.0 2.0
P11G3 2it8 47,500 2i#5 65,500 5090 1.0 2.0
P3G4 248 65,500 2#5 65,500 5440 2.0 1.0
P4G5 248 65,500 2#5 65,500 5670 2.0 1.0
P14G6 248 47,500 2#5 65,500 5640 3.0 0.67
P5G7 248 65,500 2#5 65,500 5010 4,0 0.5
P6G8 2#8 65,500 245 65,500 4710 4.0 0.5
Note: Spiral reinforcement fy = 47,800 psi at 0.2 percent offset
C.L.
M
[ |
” L g4 %
A K— = 84 A K-
51 5
A B
C.L (% in s ra : ;
e 4" Dia.! Spiral Binder
k! 15m -al/ I T b= gnd
M 2-i#5 dod q i )
NNNLUL " Stirrup o
/ chllpl l_
A-A Section L* L+ T B-B Section
B :

Fig.4-8 Details of the Test Beams .
(For the Test of E.G.Nawy and R.F. Danesi

and J.J. Grosko)



1.0 F
P10G?2
0.8
ﬁ—-— P11G3
u
0.6
PG 1 phl = 0,08
Gt | P10G2 p™ = 1.0%
P11G3 p™ = 1.0%
0.2
O Il 'l ] [ [l ]
0,10 0.20 0.3%0
(2) Total Rotation —— rad.
~P14G6
—P6G8
M_
Mu
" = 3.0%
1 - 4.0%
"= 4,0%
O I L 1 1 1 1
0.10 0.20 0.3%0
(b) Total Rotation — rad.

Fig.4-9 Moment-Rotation Relationship
(For the Test of E.G. Nawy and R.F. Danesi
and J.J. Grosko)
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" "TABLE 4-4, Elastic and Plastic Rotations of Beams Subjected
to Transverse Load Only
Spiral

Beam p'Y, By, By R B,y
Na. percent My/Mu radians radians radians
POG1 0 0.803 0.018 0.083 0.065
P10G2 1.0 0.700 0.016 0.141 0. 125
P11G3 1.0 0.685 0.020 0.131 0.111
P3G4 2.0 0.682 0.021 0.145 0.134
P4G5 2.0 0.725 0.019 0.155 0.136
P14G6 3.0 0.630 0.020 0.185 0.165
P5G7 4.0 0,648 0.018 0.174 0.156
P6G8 4.0 0.660 0.021 0.180 0.159
8 = total rotation in radians over whole span at linear limit
67 = total rotation at plastic limit
87P = magnitude of plastic rotation = 6 -6
P yP y

5

a

~

- 0.20 [

=%

¢>)

g 0.15 [

-

4

3 L

s 010

2=t

5

o 0.05

©w

©

—

[N 0 1 1 L 1 1 1 1 L

1.0 2.0 el 4,0

Rectangular Spiral Percentage p™
Fig.4-10 Plastic Rotation Versus p™
(For the Test of E.G. Nawy and R.F. Danesi
and J.J. Grosko)
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difference in the total rotation. For example, when p™ is

0%, eyp is 0.083 radians, but when p™ is 4%, syp is 0.180
radians. This increase in ductility can be explained by the
use of spirals. Plots of moment ratio versus steel ratio

over the whole span are given in Fig.4-9a and b. A distinct
trend in the effect of the p"* percentage on the degree of
confinement is shown in Fig.4-10 and Table 4-4. It also shows
that a maximum effective degree of confinement can be
expected at an approximate value of p™ = 3%, Beyond this

value, 9 can not be increased. Reduction in the effectiveness

pl
of confinement for very high p™ values can be explained by

stress concentration, which induces cracking.

d). Test Results from S.P., Shah and B.V. Rangan1

In their tests, they showed that the ductility of
concrete can be improved by using closely spaced stirrups.
To explain this effect, beams with three different stirrup
spacings, 1", 2", and 4", all having the same volume of steel,
0.5%, were tested. In order to keep the volume of steel
constant, the stirrups were tied together at higher spacing.
The specimens used for this study were 10" long, 2" deep,
2" wide, and had no longitudinal reinforcement. The results
are shown in Fig.4-11 and Table 4-5. They made the following

conclusions:
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(1). Decreasing the spacing of stirrups does not influence

(2).

the ultimate strength but considerably increases the
ductility of concrete.
Reducing the spacing of stirrups increases the relative

values of critical stress ( dcr ), indicating that

u

decreased spacing retards crack propagation.



TABLE 4-5.

Effect of Spacing of Reinforcement
(for the test of S. P, Shah and B. V. Rangan)

Reinforcement
Specimen dﬁ Peak strain Ter
group Type P = AS/bd (10-6 0 /41 u
(1) (2} (0/0) (4) (5) (7
P03 None 0 2,500 2,800 0.84
PS4 Stirrups
at 4 in. 0.50 2,620 3,000 0.87
PS5 Stirrups
at 2 in. 0.50 2,610 3,000 0.88
PS6 Stirrups
at 1 in, 0.50 2,630 3,300 0.92
PF4 Random
fibers 0.50 2,530 3,000 0.86
6u = the ultimate strength of concrete,
3000 p
PS6
o
A
~ 2000 [ 2
w
§ PS5
2, 7 Pa4
1000 |
0 1 1 3 1 I 1 1 )
0 2000 4000 6000 8000

Strain, microinch/in.

Fig.4=-11 Effect of Spacing of Reinforcement
(For the Test of S.F. Shah and B,V. Rangan)



5. DESIGN PROCEDURES AND NUMERICAL EXAMPLES

The design procedures given by the Cambridge method
and Baker's method and two numerical design examples are
introduced here, From these design procedures, we can see
the advantages and the differences between limit design and

elastic design.

(1). Cambridge Method.

Limit Analysis: For the analysis under the condition of

collapse, two methods are available.
(a). Virtual work Method: In this method, the work done
at failure by the external load is equal to the internal
work done by the corresponding rotation at the hinges. This
method can be explained by using a simple case of a propped

cantilever, as shown in Fig.5-1.

Ew A

w(1/x)(x)(3L) = 2wi

External Work

[

Internal Work = <TMO

Mﬁ(1/x) + Mu(% + le )

i 1 1
3wL Mu(i) + Mu(§ Ll e )

%[:Mﬁ(%) " Mu(% + —I;Ef)] o W § waw el 3=1)

w

]

To determine the location of hinge C, the value of x, which

-57=



rig.5-1 Collapse Mechanism ana rRotation of a

Propped Cantilever

« (o) e (oo
M

M!
u

L X L-x
k =

N|
— _:1]

Fig.5-2 Forces on Two Segments of Beam at Collapse
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will produce the minimum collapse load, we can differentiate

-5Q0.

Eq.5-1 with respect to x and set the first derivative equation

to zero.
aw _ 4 [ 2yl 1.2 ]
dx =~ dx [ L(Mu(x) M Mu(x * L-x))
2 1 1 1
= _(-Ml(—> - M (_ - ) l!ococeocll(5-2)
L ux2 u 2 (L-X)2
dw _
Let 'd—x—O
R R
R L S
2 %% (1-x)°
Ml
u
1+ﬁ;
X'—L l..I..II.I..I......II.II(S—B)
Ml
u
1 + 1 + —
M'Ll

and x < L

Substituting the wvalue of x found from Eq.5-3 into Eq.5-1

gives the collapse load

e s w8 e s G B0

(b). Equilibrium Method: In this method, we can find the
minimum collapse load by analyzing the equilibrium of the
separate segments of the beam at collapse, as shown in
Fig.5-2.

Taking the AC Free Body:
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ZMA =0
M. - Awx? + M' = O
u = u
2
t - -
Mu+Mu_%—wx ...l.'l.'.."....‘-.'..'..(f) 5)

Taking the CB Free Body:

ZMB = 0
M - $w(L-x)° = O
u
Mu = %W(L-X)2 ..I.I!'..O‘...O.IlIIIII..II..I(5-6)

From Eq.5-5 and Eq.5-6.

E(Mu + M&) 2M

u
W = =
u XE (L_X)Z
2
Mu + Mﬁ ) X
M (T-x)2

So

J1 + (Mé/Muf
RN RIS

x =1L o 0 R B e N D)

Substituting Eq.5-3 into Eq.5-5 gives the minimum collapse

load, W, @s before

w = __% (1 + h[_] + (M&/Mui‘)z D PPN - )

M. and M& are the plastic moments at section A and C respectively.



Check the Compatibility of Rotation:

Due to the basic idea of limit design of reinforced
concrete structures, it is necessary to check the compatibi-
lity of rotation at hinges. After the bending moment diagrams
in the elastic range and at collapse have been obtained, the
rotations required at a hinge, ©rs can be found by using the

method discussed in Chapter 3 and Eqg.3-10.

_a L _ P _ gl
Ox3 =T * BET [Z(MAB Myp) = (Mg, MBA)]
....(3-10)
_ A L _ _ _ o
Opp = T *+ g7 [2(Mg, - M) - (5 - M)
I=25 boo £ [922 (d-a)% (3-13)
E = 7 c 3 + nAs =3 J ee s o e e e s a0 3- 3

and the available rotation capacity can be obtained from:

[ (GEu - Gby)K1K3fé
pdfs

- ] L, Ceresessrecennesa(3=8)

1l
L, = R132R3(z/d)4d I U )

Other Factors for Consideration:

After the structure has been analyzed and designed for
bending by satisfying the results of the limit analysis and
the compatibility of rotation at hinges, it is necessary to
consider other factors such as: shear stress, bond slip and
failure due to instability. To prevent premature failures by
shear stress, bond slip and instability, the requirements
and design methods given by the A.C.I. Building Code (ACI

318-71) should be followed.
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In order to make sure of the serviceability of the
structure at working loads, a rough elastic analysis must
be carried out. The maximum deflection of the structure at
working loads also has to be estimated and checked to
determine whether this wvalue is smaller than the allowed

maximum deflection or not.

(2). Numerical Example®

A fixed-end beam with a 20FT. span and the loads acting

as shown in Fig.5-3 is to be designed.

e D. L. = 500 1b/ft
AL T TT]
7 I 2 L. L. = 1500 1b/ft
l'_-; 20! _ﬂ
The yield strength of the steel fsy = 40000 psi.

The strength of the concrete (28 days, cylinder)
fé = 3000 psi.

Fig.5-% Beam with Loads

+ According to ACI Building Code (ACI 318-71)
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Loading Analysis: According to the ACI Building Code7, the

load factors are 1.7 for live load and 1.4 for dead load.

w

n

1.7(L.L.) + 1.4(D.L.)

w = 1.7(1500) + 1.4(500) = 3250 1b/ft

Limit Analysis: Using the virtual work method and referring

to Fig.5-4, the analysis can be carried out as follows:

External Work = Wy = =wA = SwLx6
1 P _X ..._......L
Internal Work = WI = EMB = MAG + MB % 6 + MC Ty 8
WE = WI
JWLx6 = (M, + M, == + M, —=) © (1)
§ - A BL-X CI.I"'X a8 8 08 8 888
Let MA &= MB = MC = Mp
N B o1,
BWlx0 = M —Z— @ (650, LxO0)
1 _ 2
ZWX = Mp T
w o= M 4 .(2)
Pm R R R R N N N R I I A N
dw _
o= = 0
4M 21‘2 — =0
P (nx-x°)

Mp x 0, (Lx-x2)2 x 0

So 2x=L = 0 , x = 3L = 10" ,
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w = 3250 1b/ft
A T T T T T T 1717

wil]

k_ 20 ft. *

Fig.5-4 Collapse Mechanism of a Fixed-End Beam

D c
- |
N.A. L
d
i | L
G A T —.___9
T = Asfsy

Fig.5-5 Stress Distribution at Ultimate Load
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Substituting the value of x into Eg.Z2

" 4 _ 16Mp
p TEL)(3T) 12
My = (1/16)wL2 = (1/16)(3250)(20)2 = 81250 1b-ft

Theoretically we can choose any ratio of MA 3 MB 2 MC,
however some proportions will lead to an unsatisfactory
design at working loads. For example, we choose MA : MB : MC

=0 : 0 : 1, then from the same procedures we will find

M (1/8)wL? = 162500 1b-ft

C
M

Il

A=Mg=0.

Since MA and MB are equal to zero, hinges with severe cracking
will form at ends A and B at a locad much less than the working
load. It is necessary and important to make sure of the

serviceability of a designed structure.

Design of Cross-Section:

Referring to Fig.5-5, the moment is:

External Moment (ME) = Internal Moment (MI)

My = ﬁaﬂsfsy(d—%c)
ﬂa = 0.9 , c = Ba
fé - 4000
R = 0.85 ( 1500 3 (005, (when £l > 4000 psi)

8= 0,85 (when fé.g‘4000 psi)



or
& Asfs
- 1
O.85fcb
A f
- - 5_SY
MI B ()'g‘l)"sfsy(d 2(0.85§;b) )
= - SY
= 0.9Asfsyd(1 2(0.85fé) ) li-l'.l.llll(B)
Assume Bortew = 0.75pb . fé = 3000 psi << 4000 psi
S0 L= 0,85
1
. O.85ﬁfc 87000 . §.5573
b fsy 87000 + fsy
P 110w = (0.75)(0.0373) = 0.028
Py, = reinforcement ratio to produce balanced
conditions,
ﬂa = capacity reduction factor.

Substituting p = 0.028 into Eq.3

B MI = MP = 81250 1b-ft = 977000 lb=-in

(0.9)(0.028) (ba) (40000) (@) (1 - L2+0284143080),)

M

Let b = 4d

977000

n

1008(0.5)(32) (1 - 0.22) = 393.12(d°)

]

a’ = 2485 , d = 13.52"

use 8" x 18" gsection
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d = 18 = 2 - 0.5 = 15.25 (in)

From Eq. 3
(AS)(4oooo)
977000 = (0.9)(4,)(40000)(15.25 = 2(0.85)(3000)8)
_ ;P
As = 2,05 in
use 3 #8 Ay = 2.37 in®
2337 = 0.0194 < 0,028

P = =8015.25)

p = (0.9)(2.37)(40000)(15.25 - QES:§§3E%888?%>

=
ll

1100000 1b=in

Check the Compatibility of Rotation:

Using Eq.3=12 and Eq.3-13, the calculations are as

follows:

I

E

5 29000000 psi

E 57000/ f! = (57000)(3000)% = 3130000 psi

c

n = ES/EC = 9,3

3b(kd)? = na_(d-kd)
3(8)x° = 9.3(2.37)(15.25 - x)
Xx =kd = a = 6.83"

Substituting a8 = 6.,83" into Eq,3=-13

EI = 3130000 [(1/3)(8)(6.83)3 + 9.3(2.37)(15.25 - 6.83)2]

]

(7.5)(10)2 1b-in?

n
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From Eq.5-4
F _ o F _ F _ F _ 2. .
“Myo = “Mgg = Mg, = Mpg = (1/12)wL (%)
= (1/12)(3250) (10)% = 325000 1b-in
Mg = Mp, = “Mpg = Mgy = M = -1100000 1b/in
0,0 = Ta5 + =2 [2(-1100000 + 325000) - (-1100000 - 325000)
AC = 720 * EI
=B . 20 ¢
= 155 *+ 57 (-125000)
g =ass g 29 [2(-1100000 - 325000) - (-1100000 + 325000)]
ca - 720 Y EI |
-8 .20 (_
= =55 + £ (-2075000)
_=b5_ . 20 [ - - ]
90B =135 * 51 2(1100000 + 325000) (1100000 325000)
-4 20
. =24 , 20 [2(1100000 - 325000) - (1100000 + 325000)]
Bc = 720 * EI
. =a, 20
= 756 * &1 (125000)
_ _=A 20
Opy = 8,0 = To5 + 55 (125000) (=)
_ _4L _ 20
80 = Oc, - 8op = 25 - 5T (4150000) (+)
_ _ =5 20
Oap = ©pc = 720 * ET (125000) (=)
Let Opy = O (same as Opp = 0)
.-

20
T (125000)



Op, = O
. 28 - _ 20
Opc = 57 (250000 - 4150000) = o (=390000)
Opg = O
NO GOOD
Let eRC =0
a _ 20
50 = BI (4150000)
6., = 22(-2075000 + 125000) = 22 (-1950000)
RA T EI = EI
Ope = ©
- 20 (_
6pp = £= (-1950000)
ALL RIGHT
_ _ _(20)(1950000) _
x4 = OB = —FE50009000 = 0,00520 rad,

Then using Eq,3-8 and Eqg.3-9

o - (Gbu B ch)K1K3fé 1
dl pdfsy P
p = 0.0194 , d = 15,25"
f-sy = 40000 psi , fé = 3000 psi
K. K 3900 + (0.35)(3000) _ g

1% = 3200 + 3000

(-)

(=)

(=)
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i
_ £
LP = R1R2R3(Z/d) d

From Fig.5-6

1100000 - —2250)(20) , , 3250 (4,2) _ g

2 12
z = 40,4"
R, = 0.75 , R, = 0.8, Ry = 1.25
_ 40.4 % _ .
Lp = (0.75)(0.8)(1.25)(T§T§§)4(15.25) = 14,75 (in)
then
(0.0035 - 0.0015)(0.8)(3000)
Op = (0.0194) (15, 25) (40000) (14.75)
= 0,00598 rad. — 0,00520 rad.

Check the Serviceability of This Beam:

At working load the elastic bending moments are:

(2000) (20)2

M, = My = (1/12)(D.L. + L.L.)(T9) = -

800000 1b=in

I

M

]

400000 1b-in
Hence this design has a safety factor:

M 1100000 1b-in

M, = T 800000 1b-in

= 1-375

The maximum deflection at working load is:

2
(1/24)(D.L. + L.L.)(L?) = (20021(20) (12)

(12)

= Tl



AIlla_'}'(

E

I =

H
I

=
[

Hy
]

=
]

-7 fum

3250 1b/ft
ALLT [ [T T]®

o G
M, 7 \‘\\\ 1?860000 1b-in

e /i N

4 \\ theoretical

Mp 4 \\

1 et

MP = 1100000 1b-in

Fig.5=-6 Bending Moment at Collapse

R AR
T 38411
Y

= 57000 (fé)2 = 313000 psi

M M
I, = (ﬁiz 3 Ig + (1 - (ﬁiz)B)(Icr) (see Reference T7)
_ frI
I (see Reference 7)
T+5 (fé)% (see Reference 7)

MA = 800000 1b-in

(7.5)(3000)% = 410 psi

(1/12)(8)(18)> = 3900 in*



(1/3)(8)(6.85)3 + (9.3)(2.37)(15.25 - 6.82)%

i =
cr
= 2495 in%
Yt = gn
_ (410)(3900) _ _d
Mcr = 3 = 1770001b=-in
M
cr _ 177000 _
M_ = 800000 " 0.222
So _
I-=1,- (0.222)2(3900) + (1 = (0.222)°)(2495)

2508 = 3900

1 4 3 1
B sy = (3847 (373000) (2508) (2000)(20)7(12)” = 0.183

1 1
0.183" = TZ75 SPan < —gp~ Sspan check
fr = modulus of rupture of concrete, psi.
Icr = moment of inertia of cracked section transformed to

concrete,

I = Ie = effective moment of inertia for computation of
deflection,

Ig = moment of inertia of gross concrete section about the
centroidal axis, neglecting the reinforcement.

Ma = maximum moment in member at stage for which deflection
is being computed.

Mcrz cracking moment.

Y, = distance from centroidal axis of gross section,
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neglecting the reinforcement, to extreme fiber in

tension.

Comparison of Limit Desi§p+ and Ultimate Strength Design

Ultimate Strength Design:

M, = My = (1/12)w1® = (1/12)(3250)(20)%(12) = 1300000
1300000 = (0.9)(0.028)(bad)(40000)(a)(1 - ﬁgzg?ggg?ggggg)

Assume b= 2d

1300000 = 1008(0.5)d>(1 - 0.22) = 393.12 d°
d’ = 3320 , d = 14.,95"
use g" x 20" gsection d = 20 - 2 - 0.5 = 17.25 (in)

(4,)(40000)
1300000 = (0.9)4,(40000)(17.25 - 5ro—=257355075)

.2
AS = 2,32 in
use 3 #8 Al = 24 BT in®
b ! Ag ¥
the Cambridge Method g" 15.25" 2.37 in®
2
Ultimate Strength Design gn 1T . 25" 2:37 in

+ Using Cambridge Method.
* AS; Actual Area of steel,
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(3). Baker's Method1

Determining the Number of Degrees of Statical Indeterminacy

of a Structure N.

The degree of indeterminacy of a structure N can be
calculated by
N=NU'NA -vo'ocooccolnnoon..l..(5-7)

NU = number of unknown reactions.

NA number of equations available.,

The Basic Elastic Equation and the General Eauation of Baker's

Limit Design.,.

In a structure with N degree of indeterminacy, then N
hinges have to be assumed at some suitable points to make
this structure statically determinate. This means N unknown
equal and opposite bending moments X1, Xg, Xj,..... Xn are
assumed to act at either side of assumed hinges 1, 2, ¢¢e..nl
respectively. These bending moments are equal in magnitude
to the elastic moments acting at these sections of assumed
hinges due to applied loads. Consider a section i in the

structure, the total moment acting at this section is

My = My, + my X, + MioXo + veenvennens ¥ mg X cessel(5=8)

Mio = the moment at section i due to the external loads

on the statically determinate structure.

mi1, Mo mi}""" m., = the moment at section i due

to unit load acting at assumed hinges 1,2,....n0.



-75-

m11X1, mizxz,... minxn = the moment acting at section 1

due to the unknown moments X1, X2,.... Xn acting
at the assumed hinges 1, 2, 3, «.....n respectively.
The strain energy stored in the structure is

L M2

_ i -
U=° o 7 ds e o e G B Bk B e R e 8 e D=0

The integral is carried over each member and all the members
of the structure are included in the summation. The structure
has to maintain the compatibility of displacements and hence
applying the principal of minimum strain energy, the partial
derivative of U with respect to the assumed moment X; at hinge

i has to be zero.

U

W =O i=1,2,3,....--.n
&
= o ( ME ds = _Eﬁ_.éﬂi.d =0 (5-10)
= Efgi_l' m) 8 = Z_,r Bl aXl S = es 0 e -

Then differentiating Eq.5=-8

aMi
= 1.
aXi ii
M.
U _ i
5%, ~ EJ Fr B4y 98
Since Mi = Mio + mi1X1 + mi2X2 + seseas b mian
L m. .
QU _ at,
X, = Ej,o (Mio + mi1X1 + mizxz Feooes + mian) 1 S



=T

L M. m,,.
ZJF -9 21 45 +
o  EI

& ;5
Zj (mi_.l_x +miX + seseet+ M. X)—dS‘—'O 10000(5-11)

0 1 272 in"n’ EI
Let
L Myomy4
8. = 2 ————— (ds = the relative rotation at
io 0 BEI

hinge i, due to external load.

LI m..m..
Sij = 3 —iffil ds = the relative rotation at
0

hinge i, due to unit moment at hinge jJ.

Eq.5-11 can be rewritten as

n
Bio ¥ & sinj =0

g=1
i=1, 2, 3, ssseesessesesll
j=1l 2’ 3. .----........1’1

There is no unique set of Sij value for any given structure
because the structure could be made statically determinate

in a number of different ways by assuming different hinge
positions., For an N degree statically indeterminate structure,

an equation is obtained for each hinge.



T T

So
810 + 811X1 + 812X2 seevevssnse T B1nxn=0
820 + 821X1 + 822X2 e 8 % & 8 & O 0 00 + SZan = O
Eno + 8n1X1 + Snzxz ® @& o 8 0 0 & & 8 40 .+ Ennxn = O

In the above equation s.

io? Sij are known and X1,X2,-.... X

n
are unknown, that is, there are N unknowns in N equations.

The analysis of a statically indeterminate structure
within the elastic limit is discussed in the previous
paragraphs. When the loads are increased further, the section
subjected to maximum stress in the elastic stage will become
plastic and will behave like hinges with known constant
bending moments acting on each side of the hinge. The plastic
deformation of this hinge will introduce an angle of dis-
continuity between adjacent members which is referred to as
plastic rotation of the hinge.

The plastic moments assumed at hinge 1, 2, 3, ¢....n
are denoted by 11, fz, ES’ Sy in and they remain constant
through the further deformation of the structure. Since we
have a situation similar to the elastic analysis described
above, the difference is that all the unknown moments

X1, X2,....... Xn are replaced by the full plastic moment of
But the compatibility of

the Sections .X1’ Xz’ X.B’....l.. Xn.
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displacement is not satisfied at plastic hinges because of

ou

the plastic rotation. Therefore, 3% is made equal to the
:

inelastic rotation at hinge i instead of zero.

U _ _ _
a_XI- ei l..l‘...l.....l...l.l..ll.l...l...l.-(s 13)
So
L Mimii
ZJO —gr ds = -8

U Byaliy L By
%j; =T ds + %f (mi1X1 + m.2X2 ceeeet M4 ) “EI ds

By replacing Xi by X

N
'.J
S
o
H

L M. m.. L _ M«
%[ —i%fii ds + %{ (m,, %, +# M, %, eeeeet m, X ) —== ds
0

= -0, T T T I TS

Similar to Eq.5-12, the general equation for Baker's method

can be written as:

g * P41t * Vjgfe Beeswmeat Bgudy = 8y

820 + 821X_ + 822X2 & P B2nxn - -82

LI I I I I R I R I I I I O - I I S I N T I T S R R N S T ) r...'(2_1)
Sno + Sn1x1 + Sn2X2 + ceeceseseet Snnxn = —en J
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A trial and error method for solving this equation
suggested by Baker is:

(1). Choose arbitrary values for plastic moments

XI’ .X2' LR B Xn’

(2). The plastic rotations 81,8 Gn necessary for

Dyeves
the full moment redistribution are calculated from
Eg.2-1.

If the calculated ei is positive and less than the available

rotation 8., then the chosen values of Ei can be used in

design. Otherwise, the values of ii must be revised until the

value of ei are positive and less than the available rotations

eTi.

Choice of Hinge Position

It is not necessary to determine the position of hinges
by the method used in the plastic design of steel structures.
The plastic hinges could be assumed at sections of maximum
moments in the elastic stage. The support sections of beam
and junction sections of columns usually have maximum moments
in the elastic stage. Such an arbitrary choice of hinge
location is possible because reinforced concrete structures
can always be made to fail in a desired manner by designing
the member between the selected hinges to resist the bending
moment without yielding of steel or fracture of concrete until

the formation of the Nth hinge.
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The compatibility of Rotation at a Plastic Hinge

By using Eq.3-8 and Eq.3-9, we can find the value of
available rotation eTi' And from Eg.2-1, we can get the

value of required rotation © Then check whether 6.,.> 6

Ri°* 1= "Ri
or not. When eRi:>eTi, it is necessary to reassume Xi and
recalculate eRi as mentioned in the previous paragraph or

to consider increasing the available rotation capacity at
that hinge.

Increase of Rotation Capacity -

From the discussion in Chapter 4, we know it is possible
to get sufficient rotation capacity by using suitable
secondary reinforcement. Baker has recommanded the following

.. . 1
empirical expressions

For circular binder: p" SOOO(Eéu - Gbu)B' st s lo=15)

For rectangular binder:

n _ 1 e 3 =

p" = 14600(€l - €,,)7 +..(5-16)
Eéu = the ultimate strain of bound concrete.
Ecu = the ultimate strain of unbound concrete,

(usually egual to 0.0035 in/in)

volume of binder

n _
P" = —%5Tdme of bouna concrete °

Géy = ,0013 in/in = the strain of steel at yield.

GEy = the strain in concrete at extreme fiber at start

of steel yielding.
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E - _ﬁl_)f_SL (3_83_)
cy - 1 - K 8 8 8 F O & 0 8 B P O PP RN RPEEe e
u
Then
o _ (Géu - Eby)K1K3fé 1 (3-10)
Ti o pdfsy p @ 0 ® & & 0 0 00 20 0 0 B 0 a0

Calculating of Flexural Rigidity EI

The wvalue of EI used in calculation of the rotation of
pPlastic hinges in Baker's method can be derived from the

theory of simple bending. In the theory of simple bending,

M _ c
we have P = —?r— o
Therefore
I=—%F .
c

From Fig.5-7 and Fig.5-8

) (Eb)ds 1
= T kd ’ P = ka

ds
P
Mkd

EE ?

c cC

I

_Mkd
c ECEC

Illlllﬂ...-‘-l.....l-l.ll.lOl.0(5-17)

=
]

dfcba(d - ua).

e 4f ba®(d - ua)
c
EI c
e

kd = the depth of neutral axis.

cesessersessessancesses(5-18)

W]
I

k =

1
T+ (676, "
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0
*
6Cds
p
E
A B
N.A.
e—ds C
2 -
D

Fig.5=7 Compression Zone of a Member Subjected
to Bending

—y
= =4

df,
fc
N ;ZZZ}\'jfua
N, A. 742 C = #f ba

* ]

Fig.5=-8 Stress-Block of a Reinforced Concrete
Section at Any Stage
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P = the radius of curvature of the neutral axis.

ec Ec 2
f =O.85fé[2 = —(eo)

o
€, = 0.002 in/in = strain in concrete at £l.
Eb = the compressive strain in concrete at the extreme
fiver.
&fc = the average compression stress in concrete

distributed over the compression zone.
ua = the depth to the center of compression force.
Usually 4= 0.67, u = 0.4 ( see Reference 1)
At every stage the total tension force T will equal to
the total compression force C in concrete. Hence at the

stage of the yield of steel we will have

Asfsy

dfcba = &fcbkd

k =

1
T+ (€,/C)
From these equations and with the trial and error method, we

can find the correct Ec, k, and kd. Then substituting these

values into Eq.5-18, we can obtain a value of EI,



(4). Numerical Example

A four equal-span continuous beam with simply supported
ends loaded with a uniform load 2100 1b/ft (including the
self weight of the beam) as shown in Fig.5-9. The span is

13 ft. and a load factor of 2 is used in this design.

w = 2100 1b/ft
| 1 |

[ T T 1 1 | { 1 [ 1 I 1T I T "1
5 o x o 3
A B C D E
I« —k— % % =
131 131 131 131

Fig.5-9 Beam with Uniform Load

fé = 3000 psi , €.y = 0.0035 in/in
fsy = 35000 psi , esy = 0.0012 in/in
n = 9.2

It will be economical to use a uniform section through-
out and approximately equal design moments at the mid-span
and support points. So the resisting moment at each section
will be approximately equal to half of the bending moment of

a simple beam at the mid-span.

3(1/8)wL2 = (1/16)(2)(2100)(13)2(12) = 532000 lb-in

-84-



Design of Cross-Section
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' _ 2 P sy
K= ﬁafsypbd L1 = 2(0.85)fé )
ga = 0-9
= _ (0.85)(0.85)(3000) 87000
p = 0.75p, = 0.75 35000 (87000 + 35000)
= 0.03%4

Assume b = 2d

_ 1 2 (0.0334)(35000)
532000 = (0.9)(34)(0.0%34)d“(1 - 50 85 13500)
532000 = 526(1 - 0.229)d> = 405.53°
i’ = 1315 , d = 10.95"
use depth d = 14" , b= 6" .
_ 350004,
532000 = O.9AS(35000)(14 -~ —3{0.85)(3000)3% )
_ o
AS = 1.28 in
use 2 #8 A = 1.58 in?

S

o 158
RS VT Of0188 { 0.0334

=
]

) (35000)

(0.9)(1.58) (35000) (14 = —rT+32HICGR,

608000 1b=-in

)
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Calculating EI

Assume, as an initial trial, that the steel yields at
a strain of 0,0012 in/in (Gsy), The corresponding strain in

concrete (Eb) is 0.001 in/in.

Then €
- c c 2
f, = 0.85f! [2(—35—) - ( - ) ]
= 0.85(3000) [2(8 88;) (8 gg;)EJ = 1910 psi
1
kK = ——0.0012 = 0.455
0.001
T=ASf = (1.58)(35000) = 55500 1b
C = «f,bkd, ok = 0.67
= (0,67)(1910)(6)(0.455)(14) = 49000 1b ¥ 55500 1b
Try €. = 0.00112 in/in
0.00112 0.00112 .
£, = (0.85)(3000) [2(%%312) - (%528 112)2 |- 2050 psi
_ 1 _
k = T, 0.0012_ ~ 0.484
0.00112

C = (0.67)(2050)(0.484)(6)(14) = 55750 1b £ 55500 1b

dfcb(kd)z(d - ukd)

EI = , u = 0.4, kd = 0,484(14)
eC

El

(0.67) (2050) (6)((0.484) (14))°(14 - (0.4)(0.484)(14))

[

0.00112

= 3800000000 1b-in?
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Calculation of the Plastic Moment X

o PE gy
Xy = %, = X5 = 0,94, a(1 - 2(0.85)(£]) )

608000 1b-in

Calculation of Big awd Sij

Since the continuous beam is statically indeterminate
to the third degree, three hinges are inserted at the
interior supports B, C, and D to transform the beam intec a
statically determinate one. By using Table 5-1 and referring

to Fig.5-10

L M. m.
_ 10 11
8io = %lo BT 48
and
L m,.m. .
& = 5 el
i] 0 ET
1 =1’ 2, 3, es s el
J =1! 2! 3, -....1’1

can be given by the following procedures and shown in

Table b=2
AB span
AB Loma™q o _ Lac _ (13)(1)(1) _ _13
691 = . k1 - 3E1 3EI © 3BI
BC span
L m,.m
JBC _ 11 11 34 = Lac_ _ (13)()) _ 13
11 di 5 Bl IR 3EI 3EI
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N~ T~ "~

Mo = 1064000 1lb=-in
Mo Diagram

N oo N 4
. PAR® AN
A B c D i)

N

m, Dizgram

T

m, Dizgram

T~

Diagram

Ny
(“'\
P

Mz

Fig.5=-10 Moment Distribution for Checking
Rotation Compatibility

(2)x(2100) = 4200 (1b/ft)
| I | 1 1T 1 1 T T 1T 11T 1 1 1 1°1 [ 1
A Hr Evr Chr Do E

456000 1b-in

e ST
S A 4

608000 1b=-in

Fig.5-11 Moment Distribution Used for Limit Design
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CD span and DE span

myy =0
cD _  .DE _
i1 = By1 =0
_ 15 . 13 _ _26
Byqy =357 *3ET * 0 + 0 = 357

Big and all other Sij can be found by the same way, as shown

in Table 5=2,

Calculation of Relative Rotation 81, 92, and 93.

From Eg,2-1
By * 811X1 + 812X2 + 813X3 = -91
Bop *+ Bpqdy + BooXy + BygXy = -6,
830 + 831X1 + 832X2 + 833X3 = —93

X, = X, = EB =M 608000 1b-in

P

B3 o and Sij can be obtained from Table 5-=2

|
|
©

-0.0292 + (0.00274)(10‘5)MP + (0.000685)(10‘5)MP =

-0.0292 + (0.000685)(10"5)Mp " (0.00274)(10'5)Mp

+ (0.000685)(10'5)Mp o

]
i
o

-0.0292 + (0.00274)(10-5)Mp i (0.000685)(10'5)Mp
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]
1
©

M

+

~0.0292 + (0.003425)(1072)

P 1

1
1
©

-0.0292 + (0.00411)(10‘5)Mp

-0,0292

+

(0.003425)(10-5)Mp = -0

-0.0292 + 0,0208 = -8

-0,0292 + 0,0249 = -92
-0,0292 + 00,0208 = -93
91 = 0,0084 rad.
92 = 0.0043 rad.
85 = 0.,0084 rad.

Calculation of available Rotation

6 - (ecu - Eby)K1K3fé L
T pd:ﬁ's‘Y D
Cg = ch = 0.0035 - 0.002 = 0,0015 (in/in)
p = 0.0188
fsy = 35000 psi

f!' = 3000 psi
K.k, = 0.8
L, = R1R2R2(z/d)%d - (0.8)(1.25)(0.75)(2/a)% 4
= 0.75(z/d)%a

From Fig.5-11

(4202)(13) 71 - %%Q(Z,)E

608000 ( (1?§£12) ) =



B

(3900)(z') = (27300)(z') - (175)(z")?
g = O , z' = 134"
z = 156" = 134" = 2o
(0.75)(2)3(14) = 11.7 (4n)

| =
n

_ _(0.0015)(0.8)(3000)
T = " (0.0188)(14)(35000)

(11.7) = 0.00456 rad.

GT is the available rotation on one side of the hinge and

therefore the total available rotation is
2(0.00456) = 0,00912 =5 0.0084 Check

Check the Serviceability of This Beam

At working load the maximum elastic moments are

(=0.1071)wLe = (=0.1071)(2100)(13)2(12)

=
1l
=
I

456000 1b-in

Hence this design has a safety factor

608000 _ ; 5
456000 - °

At working load, the maximum stress in the steel is:
Referring to Fig.b-12

%ba2
2

[}

(9.2)(1.58)(a - a)
204 - 14.55a
a =6.18 (in) = ka

]

3a

a
1.58fs(14 - 3) = 456000

456000

ALL RIGHT
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ﬂr_a,=1~:cil
NoAs e
d
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A
S
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I b l

Fig.5-12 Section at Support

Comparison of Limit Design+ and Ultimate Strength Design

Ultimate Strength Design:

My = M = (=0.1071)wL? = (=0.1071)(2)(2100)(13)2(12)

= 912000 1b=-in

912000 = (0.9)(0.0334)(bd)(35000)d (1 - Egj?g?ggg?gggg%)

Assume b = 34
912000 = 1050(0.5)(d°)(1 - 0.229) = 405d°
a’ = 2255 , d = 131"

use d = 16" , b = 8"

+ Using Baker's Method



SSOOOAS

912000 = 315004_(16 - (0.855)AS)
A = 2.04 in?
use 3 48 Ay = 2.37 in?
b a As *
Baker's Method 6" 14" 1.58 in®
Ultimate Strength Design gn 16" 2.57 in®

* Actual area of steel
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6. CONCLUSIONS

In limit design, the advantage of moment redistribution
in calculating the maximum external moment acting at assumed
hinges is utilized. By using limit design, we can make a more
accurate estimate of the actual condition of a structure
under loading and the maximum allowable load of a structure.
And from a practical point of view, 1limit design is easy to
carry out and will lead to a more economical design. After
a structure has been analyzed and designed by using the limit
design method, it is necessary and very important to check
its serviceability, shear stress, bond slip and stability.
Although there are many methods available for improving the
ductility of concrete and increasing the rotation capacity
of a hinge, an under-reinforced concrete beam may have
enough rotation capacity without any special secondary
reinforcement to permit other hinges to form, and finally
to form a failure mechanism, This characteristic has been
shown clearly in the two numerical examples. Both of the
two designed beams have enough rotation capacity to meet
the requirement of the rotation compatibility.

Two methods, the Cambridge method and RBRaker's method,
have been discussed in this report. The Cambridge method is

completely the same as the plastic design of steel structures.



i

It aiso has the same difficulty as plastic design has, ie.
how to find the correct failure mechanism pattern. The

value of the moment of inertia used in this method is
calculated from the transformed section, and the value of E
used in this method is the initial tangent modulus. In Baker's
method, by assuming the locations of plastic hinges and the
ultimate moments of assumed hinge-sections, the problem is
reduced to solving N independent equations, each of which
contains only one unknown ei. This assumption greatly simpli-
fies Baker's method and also makes it become a more practical
method of calculation. The value of EI used in Baker's method

is calculated from the relationship of moment and curvature

2
( £¥ - -d g = $). One thing that should be mentioned here
dx

is that although many methods and theories have been developed
for 1imit design, the most simple, practical and widely
accepted one is the theory and method presented by Baker1.

The advantages of Baker's method are:

1). The rotations at hinges have been calculated and checked
as being reasonable,

2). The hinge location can be fixed arbitrarily by the
designer at the approximate sections having maximum
moment in the elastic case,

3). The method can be used to design a structure to satisfy

both the ultimate load and working load condition.
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ABSTRACT

The objective of this report is to introduce the basic
idea of 1limit design of reinforced concrete structures and
two design methods, the Cambridge method and Baker's method,
corresponding to this idea. Limit design of reinforced
concrete structures is similar to plastic design of steel
structures and is an extension of ultimate strength design.

There are four main parts in this report. They are:

(1). The concept of limit design --- a review of plastic
design of steel structures, the Cambridge method,

Baker's method.

(2). Moment curvature relationships --- a review of the
compatibility of rotation, calculating the rotations
required at a plastic hinge (reinforced concrete
structures), calculating the rotation capacity available

in a section.

(3). Ways to increase the rotation capacity of a section =---
a review of the effect of helical binders, the effect
of rectangular spiral binders, the effect of compression

steel and the effect of depth.

(4). Design procedures and numerical examples of the



Cambridge method and Baker's method.





