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CHAPTER 1

INTRODUCTION

Recently developed modeling and optimization techniques are used to
study the modeling and control of environmental and bioengineering systems.
One purpose of this work is to apply the quasilinearization technique to
the air pollution modeling. By using quasilinearization technique, the
parameters of the air pollution models can be estimated fairly easily.
Two bioengineering modeling problems were also solved by the quasilinear-
ization technique. It is found that the quasilinearization technique ap-
pears to be a fairly powerful tool for the modeling of these systems. An-
other purpose of this work is directed toward revising Tillman and Lee's
dynamic decomposition model [16]. This model is used to represent an air
pollution control system which is optimized by using linear programming.
Experimental data from St. Louis were used. An optimal control scheme is
obtained by solving the model.

Many investigations have done on pollutants mixing and distribution.
Pollutant concentrations are a function of emission source and meteorolo-
gical factors, such as source strength, stack height, wind speed, wind
direction, turbulence and stability. In order to relate the pollutants
concentration with source and meteorological factors, mathematical equ-
ations are used to represent diffusion model. Since the meteorological
factors are very unstable and complex, a perfect diffusion model cannot
be obtained due to computer limitation. Several models have been derived

under different assumptions and simplifications. Most of the previous models



were developed only for one point source or some simple pattern of stack
allocatiqn. Practical configurations of emission sources are much more
complex. Some of the complicating factors are topography, buildings,

and other obstructions. So, the above mentioned simplified models can-

not be applied easily to air pollution control. Recently, more compli-
cated models have been derived. In general, there are two ways to approach
this complicated modeling problem. One is the statistical approach and

the other is physical approach.

Martin [3] proposed a diffusion model designed to permit calculation
of seasonal average concentrations of air pollutants, in particular,
Sulfur Dioxide. The calculations can encompass multiple sources and
multiple receptors. For each receptor location, the model sums the effect
of all sources over a wide range of meteorological conditions. Input data
include source pollutant emissions, source configuration and location,
receptor location, and meteorological data expressed as a joint frequency
distribution of wind direction, wind speed, and stability. Thus, the
long~-term average concentration can be obtained.

Pooler [1] developed an empirical diffusion equation by using the
wind direction and speed frequencies obtained by Nashville Weather Bureau
Station. Clark [7] derived a simple diffusion model for calculating point
concentration from multiple sources. Two kinds of pollutants, NOx and 502,
were estimated. Bowe [2] presented a different approach to the modeling
of large-scale atmosphere processes. The mathematical model formulated
is fairly general,

Turner [9] proposed a working model for the diffusion of gases from



multiple sources in an urban area. A diffusion equation using area in-
stead of point sources was established. 24-hr concentrations at 1-

mile intervals were calculated for sulfur dioxide emissions. Wind ve-
locity and stability were averaged by 2-hr periods. By averaging twelve
2-hr calculated concentrations, 24-hr concentrations were determined.

Miller and Holzworth [11] developed an atmospheric model for metro-
politan areas. The main simplifying assumptions are that the continuous
pollutant sources are uniformly distributed over the urban area and ver-
tical diffusion occurs only when the effluent from each line source reaches
the top of the mixing layer.

Koogler [10] proposed a mathematical model to describe the dispersion
of atmospheric pollutants. The model was compiled in Fortran and can be
used for both gaseous and particulates. The variant nature of meteorolo-
gical parameters and emission rates are also considered.

The other approach is the use of a physical or theoretical model.

The equations representing the flow, diffusion, and reaction of pollutants
are very complicated. Furthermore, the parameters in the equations such

as turbulent diffusivity, wind velocity, reaction rates, and even pollutant
emission rates are changing constantly with time. Efficient computational
techniques must be found to up-date these parameters. Recently, fairly ef-
ficient techniques for the up-dating of parameters have been developed by
the use of quasilinearization, invariant imbedding, and the optimization
techniques [12, 14, 20-23]. Seinfeld [12] proposed a method to estimate
unknown parameters of a diffusion model. He assumed that a physical
process can be represented by a system of nonlinear hyperbolic or parabolic

partial differential equations of known form but containing unknown



parameters. The parameters may present in the equations themselves or in
the boundary conditions. A steep decent algorithm is used to estimate
these unknown parameters.

Singer [13] proposed a method to estimate atmospheric diffusion
parameters based on the various combination of meteorological instruments
that might be available. The technique is suitable only for obtalning
rough estimates of downwind concentrations, It can be useful in assessing
potential problem. The distances should be confined to 10-15 km. Lee [14]
proposed two techniques, mainly quasilinearization and invariant imbedding,
to up-date the parameters of the diffusion model,.

Based on the diffusion model, various control techniques can be de-
vised by using modern optimization methods. One of the frequently used
contrel technique is mathematical programming. It employs available in-
formation on control costs, the behavior of air pollution, and the nature
of air quality standards, so that these standards are implemented while
pocllution abatement costs are minimized. The abatement model minimizes
control costs while ensuring that pollutant concentrations do not exceed
air quality standards. Numerical solution procedures for an optimal pol-
lution abatement model had appeared in the literature in various forms.

Kohn [15] used linear programming technique to solve a static model
which selects the fuels to be used on a least cost basis. Shepard [6]
developed a load shifting model for air pollution control in the electric
power industry. The model involves transferring the generating load from
one power plant to another according to meteorological conditions. This

is a mathematical model incorporating an atmospheric dispersion model.



The optimization technique used is mixed-integer programming.

The control techniques discussed above, whether they are long term
or short term, do not include the dynamic nature of the problem. To
establish a model for online control, the dynamic aspect must be included
and the time period must be stated in fraction of a day. Tillman and Lee
[16] developed a dynamic decomposition model which is optimized by using
linear programming. The time period they used is one hour. Since the
basic linear programming algorithm can solve very large problems with
a large number of inequality constraints, this approach of linearly de-
composing the nonlinear dynamic system appears to be a very powerful tool
for the optimization of air pollution distribution in a large metropolitan
area. The pollutant concentrations are assumed constant within each region
and within each time period in the model. The disadvantage of this model
is that the total amount of pollutants removed during a specific time

period are difficult to obtain.



CHAPTER 2

QUASTLINEARIZATION

2.1 INTRODUCTION

The quasilinearization technique, also known as the generalized
Newton-Raphson method, was developed by Bellman and Kalaba [4,5,8]. This
technique has been applied to various chemical engineering problems by
Lee [20-23, 26] for obtaining numerical solutions of two-point or multi-
point nonlinear boundary-value problems. Lee and his co-workers have
also applied this technique to various problems in the field of industrial
management systems [18, 32], applied mechanics [27], and water resources
research [28], etec. In this work, this technique will be applied to air
pollution and Bioengineering problems.,

Generally speaking, most engineering problems belong to nonlinear
boundary-value problems whose numerical solutions are difficult to obtain,
So, a method which can solve this kind of problem efficiently is desirable.
As we know, there are no severe difficulties in solving linear boundary-
value problems, so whenever a nonlinear boundary-value problem is en-
countered, there is a natural temptation to try to linearize the nonlinear
problem., However, the approximate linearized equations are often unsatis-
factory for many application purposes. By using quasilinearization tech-
nique, not only the original nonlinear equations can be linearized, but
even more important, a sequence of functions which converges rapidly to
the solution of the origional nonlinear equations can be provided. For

most practical problems, an initial approximation for the unknown function



can be obtained from engineering experience and intuition. With this
initial approximation, the solution of the origional equations can be

obtained through a sequence of functioms.

2.2 GENERALIZED NEWTON-RAPHSON FORMULA
To apply quasilinearization technique, consider the following general
system of nonlinear differential equations:

dXi

ek fi(Xl, X2’ % Ry XM; t) i=1,2, ..., M (2.1)

where Xi represents the dependent variables and t is the independent

variable. In vector form, this system of equations can be written as

dX

=

= = £ (50 (2.2)

where x and f represent M-dimensional vectors with component Xl, XZ’ PSR XM

and £, f2’ T fH’ respectively. Eq. (2.2) can be linearized by the

recurrence vector equations [8, 20-23],

d?;”l = £(%, ©) + I Ky - &) (2.3)

where an represent M-dimensional vectors with components
h +1 d X M-di i 1 ith

xl,k+1’ Xﬁ,k+1’ Peiy xM,k+l and Xl,k’ X2,k’ Ay xM,k respectively. The

Jacobian matrix g(gk) is:
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Note that Egq. (2.3) is essentially the Taylor series expansion with the
second and higher order terms neglected. gk is assumed to be the known
value and is obtained from previous calculations and 3k+l is the unknown

value, Eq. (2.3) is always linear.

2.3. PRINCIPLE OF SUPERPOSITION

Generally speaking, it is difficult to solve a two-point or multipoint
nonlinear boundary-value problem. However, if the performance equations
are linear, the superposition principle can be used [20-21].

Assume that the boundary conditions for Eq. (4) are

2, paq () = x?, §=1,2, ..., M (2.52)

]

ML, ME2, ..., M (2.5b)

X et = %o B

Now, consider the system represented by Egqs. (2.3} and (2.5). In
general, the system cannot be solved in closed form. However, since Eq.

(2.3) is linear, the system can be solved numerically by the use of



*

superposition principle: and a well-known numerical integration technique
such as the Runge-Kutta integration scheme [20, 31] for initial wvalue
problems can be used. It is known that for M simultaneous linear equations,
their general solutions can be represented by one set of particular solu-
tions and M sets of homogeneous solutions [20-21]. So, the general solu-
tions of Eq. (2.3) are

M

G (6) = %) (0 + )
] j=l

35 k1 Shy, k(B (2.6)

t,<t<t

0 £

where EP (t) and ghd,k+1(t) are M-dimensional column vectors with

Jk+1

components le,k+1(t)’ X2p,k+l(t)' A XMp,k+l(t) and xlhj,k+1(t)’

X2hj,k+l(t)’ sl y Xth,k+1(t)’ respectively. The aj,k+l’ 1= 1325 masy My

represent the M scalar integration constants to be determined from the
boundary conditions.

The one set of particular solutions and M sets of homogeneous solutions
must be obtained numerically. However, since they can be any solutions of
Eq. (2.3) as long as the homogeneous solutions are nontrivial and dis-
tinct, any set of initial conditions can be used to obtain the particular
solutions; any M sets of initial conditions, as long as they are nontrivial
and distinct, can be used to obtain the M sets of homogeneous solutions.
Furthermore, if these M+l sets of Initial conditions are chosen in such
a way that they satisfy the given initial conditions as given in Eq. (2.5b),
only m sets of homogeneous solutions are needed with m integration constants,

aj K41 ® j=1,2, ..., m. Thus, Eq. (2.6) can be reduced to



10

m
Bt = &, = 4 jzl By gL Tt g 5D (2.7)

b B8 £ F

0 f

In vector form, the set of algebraic equations (2.7) can be represented

by
L1 (8 = % 11 (O By i (O By (2:8)

where 341 is the m~dimensional integration constant vector with com—

ponents a1 k41 32,k+1’ T am,k+l' The symbol 3h,k+l(t) represents

the homogeneous solution matrix

: .
X1,k (0 Xho ka1 (®) e X b, 1er1 ¢F)
X1, k+1 (8 YR L OB X hm, k1 (F)
B (8 = :
X1, k+1<P Xh2,k+1(8 e X hm, k1
~ J
(2.9)

Once the particular and homogeneous solutions are obtained, the
integration constants, a4 can be obtained from Eq. (2.8). Once Y
is known, the general solution §k+l(t) of Eq. (2.3) can be obtained.
Once §k+l(t), tO-i t < tf, is obtained, an improved solution vector X4
can be obtained. The procedure is continued until the process converges

and the desired accuracy is obtained.
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CHAPTER 3

AIR POLLUTION MODELING AND

ESTIMATION BY QUASILINEARIZATION TECHNIQUE

3.1 INTRODUCTION

Brock and Hewson [17] proposed an analog computing technique to solve
the diffusion equation for the case of a continuous point source. It is
assumed that the source is located between an inversion layer and the
ground. Furthermore, the wind speed and eddy diffusivity are assumed
constant over the diffusing region. The factor of the presence of wind
direction shear in the diffusing layers was also considered.

For the purpose of identifying the model, the parameters, wind di-
rection shear, must be estimated first. Since this parameter is a function
of height, it is desirable to estimate this parameter at different heights.
The purpose of this chapter is to apply the quasilinearization technique

to estimate the parameters at different heights.

3.2 AIR POLLUTION MODEL

Turbulent diffusion from an elevated point source is of primary con-
cern in air pollution meteorology. But atmospheric diffusion is such an
intricate mechanism that no one model can satisfy all demands. One model

which is fairly general is the following parabolic diffusion equation [17].

I
oz

oC
dt ax T X 9x K, 32 (3.1)

1+ z 92

3 ac
+ — [k —
! aYIYaY
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dc _ 8C,  dC, 2C . 3C
at - U TV TV tue

and

C = average concentration

X,¥,2 = space coordinates

4,v,Ww = average wind components
Ki = coefficient of eddy diffusivity in the i-direction
t = time

In this work, the problems are based on the case of diffusion in the
steady state. A point source is located half-way between the surface of
the ground and the base of an inversion. Wind speed and eddy diffusivity
are constant over the diffusion region. The case of wind direction shear
with height in the diffusion region is added to basic model. The model is
arranged so that the origion is at the source, the x—axis oriented down-
wind, the y-axis crosswind, and the z-axis vertical. According to above

assumptions, Eq. (3.1) can be simplified to [17]

2 2
u g il, K LU v-ég (3.2)
ox 2 2 oy
oy z

It is convenient to state Eq. (3.2) in nondimensional form

2 2
_3’s  a’s __ 38
= 5 + 5 v _ (3.3)

oY 3z oY

w|a>
wWln

Where

§ = c/cO



Y = y/H
Z=12z/H
% = Kx/uli®
V = Hv/K

By applying finite difference technique, we obtain [17]

a%s - [S(m+1) - S(m) _ S(m) - S(m—l)]
o> M@ L y@m e D A¥(m - 3)

88 | _ S(ml) - S(m-1)

Y Im 28Y (m)

325 | _ S(ntl) = 25(n) + S(n-1)

___-ln N 2

2z Az

Eq. (3.3) can now be reduced into a set of ordinary differential

equations [17]

as | 1 [ S(mtl,n) - S(m,n) _ S(m,n) - S(m-1,n)

gz wn o A AY(m + %) MY (m - 3)

" S{m,n+l) - 25(m,n) + S(m,n-1)

A22

S{(mt+l,n) - S(m—1,n)
n 24 Y(m)

-V

where m and n are the grid sizes in Y and Z respectively.

13

(3.4)

(3.5)

The presence of wind direction shear in the diffusion layers causes
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the plume cross section to be skewed. The amount of skewness can be de-
termined by inserting terms in the diffusion equation for cross wind
components. Eq. (3.5) contains the nondimensional parameter V = Hv/k for
these cross wind components., A 25-cell model [17] is used as shown in
Figure 1. The source is in cell (0,3). Since the concentrations of
cells (-2, 1), (-2, 2), (-2, 3), (-2, &), (-2, 5), (+2, 1), (+2, 2),

(+2, 3), (+2, 4), and (+2, 5) are assumed zero, there are only 15 active

cells in the model. Eq. (3.5) may be written as [17]

[ [ S(utl,n) - S(m,n) _ S(m,n) - S(m-1,n)
dX 'm,n 25AY (m) AY(m +<%) AY (m - %ﬂ
Vn
- 50AY (m) [S(m+l,n) - S(m~1,n)] (3.6)

+ [S(m,n+l) - 2S5(m,n) + S(m,n-1)]
where

X = 25 x and boundary conditions are

S (-2, n) =0
Ss(2,n) =0

S (m, 0) = S(m,1)
S (m, 5) = S(m,6)
s (0, 3) |0 =1

There are 15 cells withm =0, 1, 2; n = 1,2,3,4,5. Let S{(m,n)

represents the concentration of cell (m,n), and also let
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S(0, 1) = x1 8(l, 1) = x6 s(-1, 1) = x11
S(0, 2) = x2 s(1, 2) = x7 S(-1, 2) = x12
s(0, 3) = x3 5(1, 3) = x8 (-1, 3) = x13
S(0, 4) = x4 s(1, 4) = x9 S(-1, 4) = x14
5(0, 5) = x5 s(1, 5) = x10 S(-1, 5) = x15
According to Figure 1, we have
AY(m) = 0.2 EXP [0.917m/(2-m)]
AY(0.5) = 0.2 EXP [0.917 x 0.5/(2-0.5)] = 0.2714
AY(1.5) = 0.2 EXP [0.917 x 1.5/(2-1.5)] = 3.12
Let
A = 0.2 / AY{0.5) = 0.7369 (3.6.1)
A6 = 0.08/ AY(0.5) = 0.2948
B = 0.08/ AY(1.5) = 0.0256
Substituting Eq. (3.6.1) into Eq. (3.6), we have
ds(0,1) _dxl _ _ 1 S(1,1) - s(0,1) _ S(0,1) - S(-1,1)
dX dX 25AY(0) AY(0,5) AY(-0.5)
Y
- Eazfzay [s(1,1) - s(-1,1)] + [S(0,2) - 25(0,1) + S(0,0)]

1 [x6 - x1 xl - x11

25x0.2 |0.2714  0.2714
V1
- m [x6 - x11] + [x2 - 2x1 + x1]
- D2 [x6 - 2x1 + x11] - 0,1 V. [x6 - x11]
0.2714 * 1

+ [x2 - x1] (3.7)



= (A - 0.1 Vl) x6 - 2.4738 x1 + (A + 0.1 Vl) x11 + x2

The following equations can be cbtained in ﬁhe same way

ds(0,2) _ dx2 _
ax dx

ds(0,3) _ dx3 _
ax ax

ds(0,4) _ dx4
dX dX

(

ds¢0,5) _ dx5 (
dX dX

ds(l.1) _ dx6
ax ax

ds(1,2) _ dx7
dX dx

ds(1,3) _ dx8
dX dx

= e

ds(l,4) _ dx9 _

dx dX

ds(1,5) _ dx10 _

dX dX

ds(-1,1) _ dxll _
dX dx

A

0,1 v3} x8 - 3.4738 x3 + (A

A-0,1V,) x9 - 3.4738 x4 + (A

A

0.1 VS) x10- 3.4738 x5 + (A

1.3204 x6 + (A6 + 0.04 Vl) x1 +

= -2.3204 x7 + (A6 + 0.04 VZ) x2 +

2.3204 x8 + (A6 + 0.04 V3) x3 +

2.3204 x9 + (A6 + 0.04 VA) x4 +

-1.3204 x10 + (A6 + 0,04 VS) x5

(A6 - 0.04 Vl) xl - 1.3204 x11

(A - 0.1 VZ) x7 - 3.4738 x2 + (A + 0.1 Vz) x12 +

+ 0.1 V3) x13 +

+ 0.1 vh) x1l4 +

+ 0.1 VS) x15 +

x7

x8 + x6

x9 + x7

x10 + x8

+ x9

+ x12

x3

(3.

x4

(3.

x5

(3.

x4

(3.

(3.

(3.

(3.

(3.

(3.

16

+ x1

8)

+ x2

9)

+ x3
10)

11)

12)

13)

14)

.15)

16)

17)



ds(-1,2) _ dxl2 _

X ==X - (A6 - 0.04 VZ) x2 - 2.3204
ds(-1,3)  dx13 _ _ _

X = ax - (A6 - 0.04 V3) x3 2.3204
ds(-1,4) _ dxl4 _ _ =

ax Shr- 3ks (A6 - 0.04 VQ) x4 2,3204
ds(-1,5) _ dxl15 _ - -

X - (A6 - 0.04 VS) x5 - 1.3204

The given initial conditions are:

x1(0) = 0 x6(0) =0 x11(0)
x2(0) = 0 x7(0) = 0 x12(0)
x3(0) =1 x8(0) =0 x13(0)
x4(0) = 0 x9(0) = 0 x14(0)
x5(0) = 0 x10(0) = O x15(0)

3.3 PARAMETER ESTIMATION
The purpose of this section is to illustrate

zation technique can be applied to the estimation
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x12 + x13 + x11 (3.18)
x13 + x14 + x12 (3.19)
x14 + x15 + %13 (3.20)
x15 + xl4 (3.21)
=0
=0
=0 (3.22)
= 0
=0

how the quasilineari-

problems in air pol-

lution modeling. One example is solved to illustrate the technique.

3.3.1 The estimation problem

To illustrate this approach, a finite difference model proposed by

Brock and Hewson [17], described in Eq. (3.6), will be considered.

In actual experimental situations, the wind direction shear constants

(Vn) can not be measured directly. Only concentrations of different
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regions [S (m,n)] can be measured at various downwind distances (X). The
wind direction shear constants must be estimated from these experiment
values. The estimation of these wind direction shear constants from the
experimental data becomes very difficult when closed feorm solutions for
the equations representing the process cannot be obtained. Furthermore,
even if closed form solutions for the process model could be obtained, |
the present approach of directly estimating the parameters from the dif-
ferengial equations still has distinct advantages. The parameters (or
wind direction shear constants) appear nonlinearly in the resulting an-
alytical solutions of Eq. 3.6). The estimation of parameters from non-
linear algebraic equations is not easy. The quasilinearization technique
appears to be much more powerful than the commonly used nonlinear regres-
sion or nonlinear least square estimation techniques.

The problem now can be stated as follows: Estimate the wind direction
shear constants, Vn (where n =1, 2, 3, 4, and 5), for Eq. (3.6) with the

following measured or experimental data

xl(exP) (Xs) = xls, s=1,2, ..., S
x2(exP) (X ) =x2 , y=1, 2, ..., R
i Y
. (3.23)

x15e¥P) () = %15, q=1,2, ..., Q

where
S+R+ ... +Q2>5

and



Xp X, S Xgy Xg <X <Xy we, Xy <X < X

The quantities xls, x2y, vy xlSq are known values and are obtained by
measuring x1, x2, ..., x15 at various value of X. The number of the
experimental values must be greater than or equal to the number of the
unknown constant parameters. The superscript, (exp), means that the

values of x1, x2, ..., x15 are experimental values.

3.3.2 Computational consideration
First, the case in which S + R+ ... + Q = 5 is considered. It is
assumed that only the following five data points are available for esti-

mating the wind direction shear parameters

1P (1) = a1 ; x2P) (x) -

I
t
N
N
-

(3.24)

|

x3. ; x4 (exP) (Xy) = xhy;

x3(*P) (x) = x3;

xS(EXP) (Xa) x5

4

In here, we have assumed that the experimental errors resulting from the
experimental data are very small and thus these experimental values can
be regarded as the true values of x1, x2, x3, x4, and x5 at the given
values of X. To consider the estimation of the wind direction shear con-
stants, it is convenient to consider the unknown parameters V1, V2, V3,
V4, and V5 as dependent variables parallel to x1, x2, ..., and x15, and as
functions of the independent variable X. Since Vl, V2’ V3, Va, and V5 do

not change with downwind distance X, they can be written as:

=0 (3.25)

(=W
o], =
1
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— =0 (3.26)

_3_9 ¢3.27)

=0 (3.28)

—= =0 (3.29)

Now, the system has twenty simultaneous differential equations, Egs.
(3.7) - (3.21) and (3.25) - (3.29). The twenty eqs. can be solved by

using the boundary conditions given in Eq. (3.22) with KO = 0 and

x1 (X)) = x1,
x2 (X)) = x2,
x3 (Xl) = x3l (3.30)
x4 (X3) = x43
x5 (XA) = x5,

where Kl, X2, X3, and Xﬁ are four discrete values of X within the in-

terval 0 < X < X Note that the experimental data are used as the

£
boundary conditions. Since these boundary conditions are not all given
at one point, the problem is therefore a multipoint boundary-value
problem. And, since both the wind direction shear constants Vl’ VZ’
V3, V4, and V5, and the original variables x1, x2, ..., and x15 are

considered as unknown functions, Eqs. (3.7) - (3.21) are nonlinear
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equations. So, the system represented by Egs. (3.7) - (3.21) and (3.25) -

(3.29) is a multipoint nonlinear boundary-value problem.

3.3.3 The least squares approach

In practical situations, the experimental data are not exact. They
have experimental or measurement errors. It is therefore desirable to
obtain large amount of data instead of just five data points. For, S +
R+ ... +Q > 5, the classical least squares criterion can be used. The
object is to determine the constant parameters so that the sum of the
squares of the deviations is minimized. Instead of using boundary con-
ditions (3.30), one can obtain these five conditions by minimizing the

following least square expression

8 5 @ 2
Q = Szl [x1 (X)) - x1]° + Yzl [x2 (X) - x2,]
2
# 5w P § [x15 (Xq) = x15q] (3.31)

where the minimizing is over the constant parameters, Vl, Vz, V3, Va,
and VS. The values of x1 (Xg), x2 (Xy)’ sy X15 (Xq) are obtained by

solving Eqs. (3.7) - (3.21).

3.3.4 Computational procedures

The estimation procedure for air pollution modei can now be solved by
quasilinearization technique, The Eqs. (3.7) - (3.21) and (3.25) - (3.29)
can be linearized by using the generalized Newton-Raphson formula, Eq.

(2.3), with M = 20. These linearized equations are



T _
ax

dx2, 1y

dX

453 5

dX

dx4k+l

dx5

ktl _
dX

-2.4738 x1 +1 + x2

&

= -3.4738 X2k+l + x1

+ (A + 0.1 v2,k) x12

-3.4738 X3k+l + x2

+

k k+
(A + 0.1 vl,k) xllk+1
(0.1 x11, - 0.1 x6, )

(0.1 x12. - 0.1 x7k)

k

(A + 0.1 V3,k) x1

+ x3 + (A-0,1 V2,k) x?k

+ (0.1x11, - O.lx6k) v

k 1,k+1

Y1,k

- (0.1 xlBk - 0.1 xSk) V3’k

-3.4738 X4k+1 + %3

+

K+l k1 i
bl + (0.1 lek - O.lx7k) v2,k+1
Va.x
bl F Xy T A 0.1V ) X8,
Bpey * (0:1 x13 - 0.1 xB) Vy 0
bl T oy T A 0.1V, ) X9

(A+ 0.1 V4,k) x14k+l + (0.1 x14k - 0.1 x9k) V&,k+l

(0.1 x14, - 0.1 x9,)

k

- 2.4738 x5k+l + x4

k+1

Yk

+ (A - 0.1 VS,k) xlOk+1

(A + 0.1 VS,R) xlSk+l + (0.1 x15k - 0.1 xlOk) VS,k+l

(0.1 xl5k - 0.1 xlOk) v

5,k

22

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)



d=h, 51
ax

dx7 1

dx8, 4

dX

dx9y 4y

n

dx10k+l

dX

iy
dX

dx12k+1
dX
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(A6 + 0,04 Vl,k) xlk+l - 1.3204 x6k+l + x7k+l
+ (0.04 Xlk) vl,k+l - (0.04 xlk) vl,k (3.37)
(A6 + 0,04 VZ,k) x2k+1 + x6k+l - 2,3204 x7k+l + x8k+l
+ (0.04 x2k) v2,k+l - (0.04 xzk) VZ,R (3.38)
(A6 + 0.04 V3’k) x3k+1 + X?k+1 - 2.3204 x8k+l + x9k+l
+ (0.04 x3k) V3,k+l - (0.04 x3k) v3,k (3.39)
(A6 + 0.04 V&,k) x4k+1 + x8k+l - 2.3204 x9k+1 + x10k+l
+ (0.04 xlok) Vl;,k+1 - (0.04 x4k) V4,k (3.40)
= (A6 + 0.04 VS,k) x5k+1 + x9k+1 - 1.3204 x10k+1
+ (0.04 x5k) v5,k+l - (0.04 x5k) Vs,k (3.41)
= (A6 - 0,04 Vl,k) xlk+l - 1.3204 xllk+l + x12k+1
- (0.04 xlk) vl,k+l + (0.04 xlk) Vl,k (3.42)
= (A6 - 0.04 VZ,k) x2k+l - 2.3204 x12k+l + xllk+l + xl3k+l
- (0.04 x2k) v2,k+l + (0.04 ka) v2,k (3.43)
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dx13k+1
—= - (A6 - 0.04 V3,k) x3k+1 - 2.3204 x13k+1 + x12k+1 + x14k+1
- (0.04 x3k) V3’k+1 + (0.04 x3k) v3,k (3.44)
dx14k+l
—ax - (A6 - 0.04 V&,k) x4k+l - 2.3204 x14k+l + xl3k+1 + x15k+l
- (0.04 x4k) v&,k+l + (0.04 xék) Vﬁ,k (3.45)
dxlSk+l
= = (A6 - 0.04 VS,k) x5k+l - 1.3204 x15k+l + x14k+l
- (0.04 x5k) V5,k+l + (0.04 xSk) VS,k (3.46)
dv
1,k+1
o0
X 0 (3.47)
dv
2, k+1
YT S T
axX a (3.48)
dv
3,k+1
— T
= 0 (3.49)
dv
4 k+1
. 1) .5
X . (3.50)
dv
_.._.g.;{l(.ﬂ =0 (3_51)

The fifteen given boundary conditions are
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0
xl . (0) = x1 (3.52)
x2 (0) = 20
et = x (3.53)
3 (0) = x3° 3.54
1 - % (B8]
i . [0y = 20 (3.55)
k+1 '
x5, (0) = x5° 3.56
k+1 =X (3.56)
%6, .. (0] = xB° (3.57)
k+1 )
x7. . (0) = x7° (3.58)
k+1 '
8 . (0) = x8° 3.59
x8 . =x (3.59)
9. .(0) = x9°
%9, 4 = x (3.60)
£10. 0] = 5l0” (3.61)
k+1
11, (0) = x11° 62
R 5 | =X (3.62)
x12. 0} = z12° (3.63)
k+1 '
13, (0) = x13° 6
x13, . = x (3.64)
14 ¢y = s1a” (3.65
2 ey - X -63)
0
x15. .. (0) = 15 (3.66)

k+l
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The other five boundary conditions can be obtained either by solving Eq.
(3.30) or by minimizing the least squares expression Eq. (3.31). Since
almost all practical problem.has experimental errors, the case of mini-
mizing Eq. (3.31) used in this report.
Egqs. (3.32) - (3.51) are linear equations with variable coefficients.

They cannot be solved in closed form. However, since they are linear,

the principle of superposition can be used. The general solution vector
equation for the system of equations, Eqs. (3.32) through (3.51), can be

represented by

N1 ® = 2y g B+ g B 2y (3.67)

where

oixixf.
The state vector 3k+l(x) and the particular solution vector xp,k+1(x) are

defined as

[
xL X

LWL
X1 ® = | (3.68)

(%)

X1

and

xj'p Lkl (X)

xzp,k+l(x)

LIEWRLe Sl B (3.69)

G

(X)J



27

The integration constant vector is

[ 3
81,k+1
42 ,k+l
_ a
24 = |73k (3.70)

34, k+l

%5, k+1

The homogeneous solution matrix is defined by

N

r"lhl,ml(x) XLo, k1B voe Xyg 1 (0

%20,k %2 o B e %20 (X

¥ e X = (3.71)

(X) x15 (X)... x15

=13 b5 1

hl,k+1 h2,k+1

The particular and homogeneous solutions are chosen in such a way that
they satisfy the fifteen given initial conditions in Eqs. (3.21) - (3.66).
Thus, only five sets of homogeneous solutions and five integration con-
stants are needed. In actual calculations, the set of particular solu-
tions are obtained by integrating Eqs. (3.32) - (3.51) with the following

initial values

5 _ * 0
X 1 (0 =[x15 (3.72)




The homogeneous forms of Eqs. (3.32) through (3.51) are

dxl g

dX

d=2, 11

93, 1

dX

dx4k+l

dx

dx5
dX

dx6

k+1

dX

-2.4738 Xlk+1 + x2k+l + (A -

+ (A + 0.1 Vl,k) xllk+l

-3.4738 ka+1 + x1 + x3 1 + (A-0.1V

k+1 k+

+ (A+ 0.1 VZ,k) 312k+1

-3.4738 x3k+l + X2k+l + x4k+

+ (A+ 0.1V, .) xl3k+l + (0

3,k

-3.4738 x4k+l + X3k+1 + x5k+

+ (A + 0.1 v4,k) xl4k+1 + (0.1 xl4k - 0.1 x9k) v

-2.4738 x5k+l + x4k+1 + (A -

+ (A + 0.1 Vs,k) XI5k+1 + (0

(A6 + 0.04 V. ) x1 - 1.3

1,k) ¥kl

0.1 ) x6

Vi ! O

+ (0.1 xllk - 0.1 x6k)

2,k

+ (0.1 lek - 0.1 x7k)

1 + (A - 0.1 V3,k
.1 x13k - 0.1 x8k
1 + (A - 0.1 V&,k

0.1 VS,k) xlOk+l

o1 xlSk - 0.1 x10

204 x5k+l + x7k+

Vi k+1

) XTk+1

V) k41

) X8,

) V3 el

) x4

4,0+l

i Vs, k1

i 1

(3.

(3.

(3.

1 + (0.04 xlk)

{3
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73)

74)

75)

76)

77)

Vi k41
78)



dx7 1

dX

dx8, 14

dX

dx9 11

dX

dxlOk+l

dxllk+l
dxX

]

dx12k+l

dX

= (A6 + 0.04 V

(A6 + 0.04 Vv, ) x2 + x6 - 2.3204 x7 1 + x8

2,k7 *k+1 k+1 k+ k+1

+ (0.04 x2k) VZ,k+l

(A6 + 0.04 v, .) x3 + x7 - 2.3204 x8k+l + x9

3,k7 Fr+ K+l k1
+ (0.04 x3k) V3,k+l
(A6 + 0.04 V&,k) x4k+l + xsk+l - 2.3204 x9k+1 + x10k+1

+ (0.04 xék) Vh,k+l

) x5 + x9 - 1.3204 x10

5,k k+l k+1 K+l

+ (0.04 xSk) VS,k+l

(86 - 0.04 V) 1) x1, ) = 1.3204 x1L, ) + x12)
= (0.04 x1,) Vy 4oy
(A6 - 0.04 Vz,k) X2, . = 2.3204 x12, . + x1l . + x13
- (0.04 xzk) VZ,k+1
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(3.79)

(3.80)

{3.81)

(3.82)

k+1

(3.84)



dx13k+1 7
——Ei——“ = (A6 - 0.04 V3,k) X3k+l - 2.3204 xl3k+l + xl2k+l + x14k+l
- (0.04 x3k) V3,k+l (3
dxl&k+l
——EE—"' = (A6 - 0.04 V4’k) x4k+l - 2.3204 xl4k+l + XI3k+l + x15k+1
- {(0.04 x4k) V4,k+1 (3.
dxlSk_]_l
_-Tﬁ?_—-= (A6 - 0.04 VS,k) x5k+1 - 1.3204 x15k+l + xl4k+l
- (0.04 x5k) VS,k+1 (3.
dv
1,k+1
— KT i
dX g (3
dv
2, k+1
R .
ax 0 (3.
dv.,, .
3. k+1
T
X g (3.
dv
4 k+1
.
ax b .
dv
5,k+1
————— = a
ax 0 (3

The initial values used to obtain the homogeneous solutions are

30

.85)

86)

87)

88)

89)

90)

91)

92)
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%410 = |- - - (3.93)

-]

where

T
[}
o

Ais a (15 x 5) zero matrix, and B is a (5 x 5) identity matrix.

Note that the initial values in Egs. (3.72) and (3.93) are chosen in
such a way that at t = 0, the general solutions of x1, %2, ..., x15 in
Eq. (3.67) satisfy the given initial conditions (3.52) - (3.66). So, only
five sets of homogeneous solutions are needed. Note also that five simple

linear relationships between the integration constants, aj K41
]

&

1, 2, 3, 4, and 5), and the constant parameters, V,
Jak+1

(3 =1, 2, 3, 4, and 5), can be obtained from the general solutions of

Vl' VZ’ V3, V4, and V5 in Eq. (3.67) and the initial conditions (3.72)

and (3.93). These linear relationships are as follows

Viesl BV B gy (3.94)
Vo, ey B = a2,i<+1 (3.95)
Vil B = a3 4y (3.96)
vk,k+l (% = 3, 141 (3.97)
Vo ar O = a5 (3.98)

Since the fifteen given boundary conditions, Eqs. (3.52) - (3.66),

have already been used in choosing the initial conditions for obtaining
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the particular and homogeneous solutions, the remaining five integration

constants, a =1, 2, 3, 4, 5), can be obtained from the remaining

1n U
five boundary conditions. For the case S+ R + ... + Q > 5, these five
conditions can be obtained by minimizing Eq. (3.31). At various positions

of XS, XY’ R Xq (g Ly 2, seuy. 8% ¥ =15 2, wens BE sand g W1 2, wasy Q);

the following S + R+ ... + Q equations can be obtained from the general

golutions of X1, X2, ..., X15 in vector equation (3.67)

5
ey B = xlp e (Bg) J'-Zl 33kt *hg, k1 %) (3.99)
5
20 () = %2 LX) + j__X.l a5 141 *2ng 11 %) (3.100)
5
x15k+l(Xq) = xl5p,k+l(xy) + jzl 3y 1 xlShj,k+1(xq) (3.113)

Substitution of the above fifteen equations into Eq. (3.31), yields

5

S
_ 2

Qi1 = Szl N jEl 8 a1 Mpy e K - x0T+
R 5 )

YZl [x2 K+ (XY) + jZl aj,k+l xzhj,k+l (XY) - xZY] +

5
2
§ 15 X) + 15, , X ) - x15
s (€15, 1 K jZl 3 il Pong et B - x5,

(3.114)
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Since the particular and homogeneous solutions at the various po-
sitions of X are known and are obtained numerically by using the initial
values in Eqs. (3.72) and (3.93), the only unknowns on the right-hand
gside of Eq. (3.114) are the five integration constants, aj,k+l
(j =1,2,3,4,5). Thus, the problem is now changed into an optimization
problem of determining the values of these five integration constants
such that the walue of Qk+1 is minimized.

There are many techniques which can be used to minimize Eq. (3.114).
However, for this work, partial differentiation will be used to obtain
the extreme values. By differentiating Eq. (3.114) with respect to
aj,k+l (G = 1,2,3,4,5) respectively, and setting the results equal to

zeros, the following five algebraic equations are obtained

Q1 % 2
—_—= 2 xL . (x) [x1 (X)) + ) a, x1 | (x) -x1 1+
aai,k+l o=1 th,k+1 s P.k+l s =1 Joktl 1h_],k+1 s s
R 5
2 _
YZI Ky g bl P 2 (X3 4+ jzl B wtd Py e By - ¥4
% 5
2 0y xlShj,k+1 (Xq)[xlSP,k+l(Xq) + jgl a5 1 xlShj,k+l (xq) - x15q]
(3.115)
=0

i=1,2,3,4, and 5

These five equations form the remaining five boundary conditions.

aj K1 j=1,2,3,4,5 can now be obtained by solving the above five al-
3

gebraic equations. Once the integration constants are know, the general
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solutions for xl x), x2k+l (X)), «.., and x15k+l (X), vl,k+l(x)’

k+1
V2,k+1’ ., and v5,k+1 (X) can be obtained from Eq. (3.67). Since
the estimated parameters vl,k+1’ VZ,k+l’ V3,k+1’ v&,k+l’ and V5,k+1

are constants, they can be obtained either from the general solutiouns

(3.67) or by the linear relationships represented by Egqs. (3.94) -

(3.98).
With Xl Xoppge wons Eprs Y e Yoopnis Yo ges Ve ue &
VS k+1 known, an improved set of values can be obtained in the same way
3

by making k = k+1 in Eqs. (3.32) - (3.51). The iterative procedure is

continued until the desired accuracy are obtained provided that the process

converges.
The computational procedure can now be summarized as follows

1. Linearize the system of equations (3.7) - (3.21) and (3.25) - (3.29)
using the generalized Newton-Raphson Equation (2.3).

2. Assume a set of reasonable initial functions for x1(X), x2(X), ...,
x14(X), x15(X), Vl(X), V2(X), VS(X)’ VA(X)’ and VS(X). Let these
initial functions be x1k=O(X), x2k=0(X), 5% sp x15k=0(x), Vl’k=0(x),

(X}, Vv x).

x), (X), and V

Vo ,k=0 3,k=0 V4 k=0 5,k=0
3. Integrate Egqs. (3.32) - (3.51) numerically using (3.72) as the
initial value with k = 0.
4, Integrate the homogeneous equations (3.73) - (3.92) five times using
(3.93) as the initial wvalue with k = 0.
5. Solve Eq. (3.115) for the integration constants aj,k+1=1’
j=1,2,3,4, and 5, using the newly obtained particular and homo-

geneous solutions from Step 3 and 4, and using the given experimental

data, xls, XZY, GiiE B xl4p, and xlSq (s =1,2, ..oy S3 vy =1,2, ..., R;
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sned P = L2y wees PO g ™= 125 aswy Q)s
6. Calculate xL ,,_, (X), X2, ;0 (), veuy x5, 0 (0, V) (0, (),

(X, Vv and V (X) using

Yy, k=1 3,k+1=1 B> Yy 1121 O
Eq. (3.67) or obtain V

5,k+1=1

1,ktl=1" V2, ktl=1® V3 ktl=1’ "4, k+l=1’ 274

VS,k+1=l from Eqs. (3.94) through (3.98).

7. Repeat step 3 through 5 with k =1, 2, ..., until no further im-
provement on the values of x1(X), x2(X), ..., x15(X), Vl, V2’ V3,
V4, and V5 can be obtained.

Note that the best available initial functions should be used for step 2.

Experimental data can be used for this purpose.

3.4 NUMERICAL RESULTS
To test the effectiveness of this approach, the constants in Egs.
(3.7) - (3.21) are estimated. The data used are obtained numerically

by solving Eqs. (3.7) - (3.21) using the following numerical values

x1(0) = 0 x2(0) = 0 x3(0) = 1

x4(0) = 0 x5(0) = 0 x6(0) = 0

x7(0) = 0 x8(0) = 0 x9(0) = 0 (3.116)
x10(0) = 0  x11(0) =0  x12(0) = 0

x13(0) = 0  =x14(0) = 0  x15(0) = 0

X, =5 | (3.117)
v, = 2.99

v, = 1.35

v, =0

v, = -l.11

V. = -1.99 (3.118)
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Egqs. (3.7) - (3.21) are integrated numerically with the Runge-Kutta in-
tegration scheme. The step size which was used in this integration is
4X = 0.05. Part of the results from this integration are listed in
Table 1 and plotted in Figures 4, 5, and 6. These values are used as
the experimental data. Note that 11 (8§ = R = ,., = Q = 11) data points

are used and Xg = X& = e B Xq for this particular problem.

3.4.1 Estimation of Five Parameters - Without Noise
Parameters Vl’ Vz, V3, V4, and V5 are estimated using the value
listed in Table 1 as experimental data. In other words, Vl, Vz, V3,

Vé’ and V_ are considered as the unknown parameters which must be esti-

5
mated from the giﬁen data listed in Table 1, the given model represented
by Eqs. (3.7) - (3.21) and the values represented by Eqs. (3.116) and
(3.117).

The system of equations for this problem is represented by Egs.
(3.7) - (3.21) and (3.25) - (3.29). These twenty equations can be
linearized in the same way as before.

The initial values used to obtain the one set of particular and
five sets of homogeneous solutions are listed in Table 2. Note that the
initial values are chosen in such a way that they satisfy the given
initial conditions listed in Eqs. (3.52) - (3.66). Thus only five
sets of homogeneous solutions are needed. This problem is solved by
using the same computational procedure discussed earlier. The Runge-
Kutta integration scheme is used with the step size AX = 0.05. To test
the influence of the initial functions used in step 2 in the computational
procedure, the following six different sets of initial functions are used

for the unknown parameters Vl, v V3, Va, and V

2° 5



(D) ¥y 4o
¥2,k=0%)
V3, 1k=0®
Va,k=0%

Vs k=0

@ V) oD

V3, k=0®
V3 k=0®
Vs kg ®

VS,k=O(X)

(B V) o
V2,k=0%
Y3,k=0®)
V4,k=0®

Vs, k=0®)

for0_<_X_<_Xf

the initial functions for x1, x2, ...

5.

(4) vl’k=0(x)

¥2,k=0(®)

V3,k=0%)
V4, k=0®

Vs ,k=0(®

(5) V) 1eo(®

V9, k=0®

V3, k=0

V4,k=0(X)

Vs, k=0 ®
©) V¥, 1o

V2, 1=0®

V3,k=0®)

V4 x=0'®

Vs x=0®

The experimental data

, x15

=15

= 10

= -10

= 20
=15
=0

= -10

= -15

= 50
= 40
=0
= 30

= =35

listed in Table 1 are used

for all the calculations.
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(3.117)

as

The problem converges rapidly to the correct solutions for all six

sets of initially assumed functions.

known parameters Vl, Vz, VB’ V4, and V5

and 8 respectively.

first iteration.

are shown in Table 3,4,5,6,7,

It can be seen from Table 3,4,5,6,7, and 8 that a

five-digit accuracy is obtained in only three or four iterations. It

should be noted that the initially assumed functions as given by Eq.

The convergence rates for the un-

Notice that large improvement obtained during the

{3.117)
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are very far removed from the correct solutions.

3.4.2 Estimation with Experimental Errors - Five Parameters

In practical situations, the data obtained always have measurement
or experimental errors. To test the influence of the experimental errors
on the rate of convergence of this approach, the data listed in Table 1

are corrupted with noise by the equations
«1z(&®) (1) = x15(D) + R (3.118)

x22(8%P) 1y - xos(D) + R, (3.119)

x152 €*P) (1) = x155(1) + R, (3.122)

where I = 1, 11, 21, 31, 41, 51, 61, 71, 81, 91, 101 with 11 data points
for each variable. xZ represents the noise data and xS represents actual
data. The noises Rl’ Rz, vy R15 represent normally distributed random
numbers. These random numbers are generated by using IBM Scientific
Subroutine GAUSS and RANDU. The means for these normally distributed
random members are zeros and the standard deviations are 0.0015 for
Rl’ RZ’ vedy 315' These standard deviations are approximately five per-
cent of the data listed in Table 1. These noisy data are listed in
Table 9. The noisy data with 10%Z variation about the actual data are
also generated and listed in Table 10. Both 5% and 10% noisy data for
x5, x6, and x13 are plotted in Figure 9, 10, and 11 respectively.

The problem is solved with the other numerical values remaining

the same as that used for the case without noise. When 11 data points
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(S=R= ... =0Q) were used, the convergence rate for the one of the

six sets of initial functions listed in Eq. (3.117) are shown in Tables
11 and 12 for 5% and 10% noisy data respectively. It can be seen that
the presence of experimental errors does not slow the convergence rates.
However, due to the presence of noise, the values of Vl, Vz, V3, V4, and
V5 obtained are not the same as the origional given wvalues. The larger
the noise, the less the accuracy, as can be seen from Table 11 and 12,
It is expected that as the number of the noisy data increases, the
estimated values of Vl’ VZ’ V3, V&’ and V5 should approach the origional
given values. This problem was also been solved with 101 data points
(S=R= ... =0Q=101) for x1, x2, ..., x15 and with all the other
numerical values remaining the same. The convergence rates for this

101 data points problem are approximately the same as that shown in
Tables 11 and 12, However, the estimated values of Vl’ VZ’ V3, Vg! and
V5 are improved as can be seen from Tables 13 and 14. The values of

Vl, V2, VS’ V4, and V5 are now fairly close to the origional given

values.
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(0}4)
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(012
(-2,2) (-1,2) 0.2 (+1,2) (+2,2)
241} {~1.1) 0,1 (+1,1) (+2,1)

Schematic representation of a 25-cell model [17]
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Variable

XIk+1(0)
x2,41(0)
x3k+1(0)
x4k+1(0)
x5k+1(0]
x6k+1(0]
x7k+1(0)
x8k+1(0)
x9k+1(0)
x10k+1(0)
x11, . (0)
x12,, ,(0)
XI3k+1(0)
XI4k+1(0)
x15, , ; (0)
V1,ke1(®
V2,101(0)
V3, k0100
Va,ke1(0)

Vs,k+1(0]

Table 2

Initial Values Used for Obtaining the
Particular and Homogeneous Solutions

Particular

Solution

0

0

Homogeneous
Solutions
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0

0
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Table 3. Convergence Rates for Vl’ Vz, vs, 4°
and V5 with Data Set 1

Iteration Vl VZ V3 V4 V5
0 4 2 0 -1.5 -3
1 2.99951 1.35099 -0.00113 -1.10902 -1.99744
2 2.99998 1.35486 -0.00025 -1.11531 -1.99613
3 2.99996 1.35484 -0.00017 -1.11537 -1.99608
4 2.99996 1.35484 -0.00017 -1.11538 -1.99608
5 2.99996 1.35484 -0.00017 -1,11538 -1.99608




Table 4. Convergence Rates for Vl' VZ' VS’ V4,
and VS with Data Set 2
Iteration V1 V2 VS V4 Vs
0 6 4 0 -3 -5
1 3.00084 1.33788 -0.00290 -1.09169 -2.00125
2 3.00004 1.35491 -0.00040 -1.11519 -1.99623
3 2.99996 1.35484 -0,00018 -1,11537 -1,99608
4 2.99996 1.35484 -0.00017 -1,11538 -1.99608
5 2.99996 1,35484 -0.00017 -1,11538 -1,99608
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Table 5. Convergence Rates for Vl, Vz, V3, V4,
and Vs with Data Set 3

45

Iteration V1 Vz V3 V4 Vs
0 10 6 0 -5 -8

-1 3.00950 1.30775 -0.00339 -1.05963 -2.01194

2 3.00017 1.35482 -0.00044 -1.11504 -1.99638

3 2.99996 1.35484 -0.00019 -1.11536 -1.99608

4 2.99996 1.35484 -0.00017 -1.11538 -1.99608

5 2.99996 1.35484 -0.00017 -1.11538 -1.99608




Table 6. Convergence Rates for Vl, V2’ V3

and Vs with Data Set 4

» v4’
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Iteration Vl V2 V3 V4 VS
0 15 10 0 -5 -10
1 3.03736 1.27961 -0.01666 -1.01652 -2,02538
2 3.00017 1.35509 -0.00148 -1.11445 -1.99661
3 2.99996 1.35487 -0.00026 -1.11533 ~1.99609
4 2.99996 1.35484 -0.00019 -1.11537 -1.99608
5 2.99996 1.35484 -0.00017 -1.11538 -1.99608
6 2.99996 1.35484 -0.00017 -1.11538 -1.99608
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Table 7. Convergence Rates for Vl’ Vz, VS‘ V4,
and VS with Data Set 'S5

Iteration v V2 V3 V4 VS
0 20. 15 0 -10 -15
1 3.09554 1.21599 -0.01113 -0.96123 -2.07374
2 3.00020 1.35461 -0.00103 -1.11438 -1.99671
3 2.99997 1.35485 -0.00023 -1.11534 -1.99609
4 2.99996 1.35484 -0.00017 -1.11537 -1.99608
5 2.99996 1.35484 -0.00017 -1.11538 -1.99608
6 2.99996 1.35484 -0.00017 -1.11538 -1.99608




Table 8. Convergence Rates for Vl’

VZ’

48

3. 4]
and V5 with Data Set 6

Iteration Vl Vz VS V4 V5
0 50 40 0 -30 -35
1 3.29695 1.09387 -0.00368 -0.863527 -2.2571¢6
2 2.99873 1.35311 -0.00021 -1.11403 -1.99529
3 2.99999 1.35480 -0.00014 -1.11536 -1.99610
4 2.99996 1.35484 -0,00016 -1.11538 -1.99608
5 2.99996 1.35484 -0.00017 -1.11538 -1.99608
6 2.999906 1.35484 -0.00017 -1.11538 -1.99608
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Table 11. Convergence Rates for Vl’ Vz, VS’ V4,
and Vs with 11 Data Points and 5% Noise

Iteration Vl V2 Vs V4 Vs
0 6 4 0 -3 -5
1 2.7228 1.6857 -0.0690 -1.1877 -1.5817
2 2.6613 1.9111 -0.0713 -1.3678 -1.5496
3 2.6569 1.9144 -0.0650 -1,3865 -1.5283
4 2.6569 1.9144 ~0.0686 -1.3884 -1.5258
S 2.6569 1.9144 -0.0686 -1.3887 -1.5255

6 2.6569 1.9144 -0.0686 -1.3887 -1.5255




Table 12. Convergence Rates for Vl, VZ, VS’ V4,

and VS with 11 Data Points and 10% Noise

Iteration Vl V2 V3 V4 V5
0 6 4 0 -3 5
1 2.353 2.325 -0.114 -1.577 -1.006
2 2:279 2.505 -0.135 -1.706 -0.973
3 2.278 2.507 -0.131 -1.742 -0.929
4 2,278 2.507 -0.130 -1.750 -0.918
5 2.278 2.507 -0.130 -1.751 -0.916

6 2.278 2.507 -0.130 -1.751 -0.916




Table 13. Convergence Rates for V
and VS with 101 Data Points and 5% Noise

1’ Voo

v

3! V4!

Iteration V1 Vz V3 V4 v
0 10 6 0 -5. -8.
1 3.18333 1.23393 0.00414 -1.21487 -1.85879
2 3.18228 1.26013 0.00878 -1.24539 -1.82955
3 3.18257 1.25985 0.00924 -1.24602 -1.82933
4 3.18258 1,25983 0.00928 -1.24605 -1.82931
5 3.18258 1,25883 0.00929 -1.24605 -1.82931
6 3.18258 1,25983 0.00929 -1,24605 -1.82931
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Table 14. Convergence Rates for Vl, VZ’ VS‘ V4,
and V5 with 101 Data Points and 10% Noise

Iteration VI v VS v v

0 10. 0. -5 -8.

1 3.37820 .14119 0.01449 -1.37101 -1.70586

2 3.37276 .15871 0.01998 -1.38363 -1.65298

) 3.37436 .15741 0.02054 -1.38356 -1.65375

4 3.37446 .15730 0.02059 -1.38356 -1.65378

5 3.37447 .15729 0.02060 -1.38356 -1.65378

6 3.37447 15729 0.02060 -1.38356 -1.65378
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CHAPTER 4

Optimization of a revised dynamic decomposition model

by Linear Programming

4.1 INTRODUCTION

Generally speaking, there are two approaches to control air quality.
One is fhe improvement or purification of the emission sources, and the
other is to allocate in an optimal way the source distribution. The
former approach consists of the desulfurization of fuel, improvement
of internal combustion engine or the use of antiexhaust devices, and
the development of nonpollution power sources such as nuclear energy.

Due to technical and financial problems, the implementation of this ap-
praoch cannot be carried out easily. The second approach is the system
approach which gives the general policy of optimal pollutant emission
distribution. By using this optimal distribution, the requirement on

the purification of emission sources can be minimized. Thus, essentially,
the second approach complements the first approach and reduces the losses
of industrial and social activities due to air pollution control to a
minimum.

For the purpose of using the system approach, a mathematical model
representing the area of interest is required. Since the equations
representing the flow, diffusion, and reaction of pollutants are fairly
complicated ahd highly nonlinear, it cannot be used easily for optimi-
zation purposes. Furthermore, the meteorological factors such as wind
direction, wind speed, atmospheric stability, temperature lapse rate,

turbulent diffusivity, reaction rates, and even emission rates are
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changing with time. In this wdrk, a simplified model based on deviding
the area of interest into regions is employed.

To consider the dynamic behavior of the pollutants, a day is devided
into several time periods. The pollutants concentration are assumed un-
iform within each region and during each time period. By doing so, a
complicated nonlinear dynamic system can be optimized by the linear
dynamic decomposition programming approach [16].

In recent years, various pollution models have been proposed based
on various simplifying assumptions [1,7,9-11,19]. However, none of these
models can be used to optimize a large metropolitan area. Since the linear
programming algorithm can solve fairly large problem with a large number
of inequality constraints, this approach of linearly decomposing the non-
linear dynamic system appears to be a very powerful tool for optimizing the
air pollution distribution in a large metropolitan area.

The approach discussed above has been found to be fairly practical
and has been used in a large number of industrial situations to solve
similarly complex problems [24,25,29,30]. Xohn [15] used linear programming
technique to solve a static model which selects the fuels to be used to
a least cost basis. The time period he uses is one year. However, this
model does not include the dynamic nature of the problem because a time
period of one year is used. To establish a model for effective online
control, the dynamic aspects such as wind direction and speed must be
included. The time period used must also be in fraction of a day in order
to include the dynamic influences. Tillman and Lee [16] have proposed a

dynamic decomposition model and they have solved this problem by linear
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programming. This model does include the dynamic nature of the problem
with a time period of one hour.

Concentrations of pollutants in each region transported into an-
other region by wind within a time period are functions of background
source, emission source, and the amount of pollutants transported into
this region. However, since these concentrations are unknown until the
problem is solved, some trial-and-error procedures are needed. In other
words, the direct iteration method is used in order to employ linear
programming. In this work, a equation which relating the amount of
pollutants transported out of a region with background concentrations of
the region, emission source of the region, and the amount of pollutants
transported into this region is derived based on the theory of conser-
vation of Mass. This equation can be established for each region. By
substituting this equation into Tillman and Lee's model, the optimal
solution can be obtained by using linear programming. Thus, no trial-

and-error is needed. The computation work can be reduced.

4,2 THE MODEL

In order to establish the model, a metropolitan area is divided into
n regions. In this work, the hypothetical metropolitan area is divided
into 4 regions (see Figure 3). Three classes of pollution sources are
considered: emission sources X, background sources W, and sources trans-
ported from and to other regions Y. Background sources are defined as
those pollutants which are in the region at the beginning of the time

period. Emission sources are pollutants emitted during the time period.
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Note that emission sources include both stationary sources and mobile
sources. Thus, exhaust from vehicles can be considered as emission sources.

A day is divided into several time periods. Each time period is
represented by a mathematical model. 1In this work, the time period used
is one hour.

Two emission sources are assumed in region 1, namely, a power plant
and a municipal incinerator. A power plant and a refinery are located in
region 2. One steam boiler and one power plant are located in region 3.
Only one mobile source is assumed for region 5. The amounts of pollutants
from each emission source can be reduced by either purifying the exhaust
or by the use of a better grade of fuel.

The problem can be stated as given the costs and the heat values of
the various grades of fuels and the purification costs of the various
pollution sources, find the grades of fuels to be used and the amount of
purifications needed at the various emission sourcés so that the overall
cost is a minimum. At the same time, the energy required and a certain
maximum allowable pollutants concentrations are not violated.

For illustration, only one time period (one hour) is considered.

The revised dynamic decomposition model can be written in the form

Objective function

Minimize J = Clxlll + C2x211 + CBle + C4x121 + CSZ21 +

Ce*112 T B7%a12 * CgZya + Co¥yap + CigPag *

(4.10)
Cr1¥113 ¥ C1o%013 * CiaZy3 + Cy¥p03 + Cislpg *

C16%115 T C19%215 + C1g21c



Subject to (comnstraints)

A.

Balance Equations

Wy *oap X,

Wy ¥ 851%q30

Wyt agXq *

We * 8paXqg *

W, = wg
W, = wg
Wy = W
Wy = Wy

&y oSy ™

Sonterg T

2qaToyg

Bpofgre =

Pig®n *

PogZip ¥

o

Yazt1s T

Conservation of Mass equations

Eq. (4.9) for Region 1

Eq. (4.9) for Region 2

(4.9) for Region 3

894%122” Fas5225 t QY12

BeeYag ™ By5ts

34121 ~ P17%1 T Ys¥or -

(Region 1)

(Region 2)

83,%193 ~ PasZyq * Qye¥ps -

(Region 3)

Y

(Region 5)

(Region 1)

(Region 2)

(Region 3)

(Region 5)
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(4.11)

Q6%

= QY

Q3775

(4.12)

(4.13)
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Eq. (4.9) for Region 35

Required Energy (4.14)
dixyq1 + dy%p1p = Ry
X101 = &,
dgx199 * dg%y19 = Ry
X102 = Ry
dg¥113 + d10%013~ Ry
X193 = Ryy
d19%115 T dy4%015 = Bys
Purification Limits (4.15)
Sp¥ypy F Uy * Iy B
X191 T2y 20
d5¥110 T dg¥a12 ~ %1220
X199 T 295 20
dg¥1y3 * dig¥arg ~ 23 20
X193 ~ %93 20
Bg =4y 20
Air quality standard limitation (4.16)
5, <L
5, < L
5,<L
S j_L
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G. Relationships between pollutants in and out among regions (4.17)
Y T Yy
Y =Y
i ik
where
xijk = total amount of fuel used per hour in tons for fuel grade i,

emission source j, and region k.

ij = total amount of fuel whose emission is cleaned for emission
source j and region k (in tons)

Wk = background pollutants concentration in region k (in p.p.m.)

ij = average concentrations of pollutants in region j from where

the pollutants are transported into region k by wind. (in
P.P.M.)
Y = Average concentration of pollutants in region X (in p.p.m.)
8, = Air quality of region k (in p.p.m.)
L = air quality standard (in p.p.m.)
C, = upward dispersion pollutants concentration (in p.p.m.)
C,"s = cost of various fuels
d,'s = relative heat values among different fuels
R.'s = amcunt of energy required. (in tons)
A.'s = the total amount of pollutants emitted per ton of certain
fuel (in p.p.m.)
P.'s = the total amount of pollutants cleaned per ton of certain
fuel (in p.p.m.)
Q,'s = number of times the air of certain region are completely

replaced by the air of upwind region.
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For the first time period, the value of Wi must be obtained by
measuring the amount of pollutants in the region. For the second and
later time periods, these values are calculated from the result of the
previous time periods.

The values for Yk are the most difficult to obtain. Since Yk are

dependent on X, Z, W, and ij, it cannot be determined until X, Z, W,

and Y are determined. In this work, an equation relating Yk with

jk
X, Z, W, and ij is obtained by using the theory of Conservation of Mass.
For illustration, let us consider a region k (see Figure 2.) with xyz

cubic miles. The wind speed and direction are shown in Figure 2. Now,

according to the theory of Conservation of Mass, we have

%% B yzuinpin * M§ - YZUoutpout - Md (4.1)
where

%% = the rate of change of mass of certain pollutant in the
region (in lbs/min.)

Mp = mass of certain pollutant produced during a unit of time
(min.)

Md = mass of certain pollutant dispersed upward during a unit of
time (min.)

Uin= wind speed in (in ft,/min.)

Ucut= wind speed out (in ft./min.)

Pin™ density of certain pollutant tranéported into the region

(in lbs/ft3)
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Pout ™ density of certain pollutant transported out of the region

(in 1bs/ft>)

V= xyz
M= Vp
where
V = volume of the region (in ft3)
p = density of certain pollutants in the region (in p.p.m.)

Since we assume that the pollutants are uniform during the time

perioed within the region, we have

=Ll - T (4.2)
Rewrite Eq. (4.1), we have
V@-:U z + p ‘V"'YZU p =-p.V (4.3)
dt  Yin’%in “p out d
where
pP = density of certain pollutant produced per unif of time (in
1bs/£t2)
Pg = density of certain pollutant dispersed upward per unit of
time (in lbs/ftB)
Divide V for both sides, we have
u u
dp _ _in _ _out | _
dt X Pin ¥ °p X P =Py (4.4)
Change the unit of p, Pin® pIJ and Py Ve have
u U
de _ “in | _ _out | _
at - i Ciﬂ + CP - C Cd (4.5)
where

Cy Gy s Cp, Cd correspond to p, Pin® pp, Py’ in p.p.m



72

The initial condition for Eq. (4.5) is

cC (0) =W (4.6)
where
W = background concentration

Solve Eqs. (4.5) and (4.6), we obtain

-k, t
A A 2
C(t) =7—+ W-7T) e (4.7)
k k
2 2
where
u
s C - in
A= Cd + " Cin
out
k2 - a
a = Xy = area of the region

Now, we can find the average pollutants concentration of the region k

during the time period.

[ ce) dt (4.8)

al
]

o
]

60 k2 2
A
" ¥ = k, -60k,
= E; +-—~€6~E;~ [1 -e ] (4.9)

Note that the value of Cin for the first region which faces the wind is

assumed known. The value of Cin for the downwind area is the Cout of

the upwind area.
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For each region and each pollutant, relationship such as Eq. (4.9)

can be found. Substituting these relationships into Eq. (4.15), the

model can be optimized by linear programming.

4.3 COMPUTATIONAL PROCEDURE

(1)

(2)
(3)

(4)

(3)

(6)

Divide the area of interest into several reasonable regions

(usually according to the number of monitoring stations).

Calculate the area in each region.

Obtain the following data

A. the number of emission sources in each region and the
alternative fuels available in each source.

B. the emission rates, relative heat value, and cost of each
fuel.

C. the total amount of fuels needed for each source.

D. the efficiency and cost of each control method.

obtain the following meteorological data from monitoring

stations in each region

A. Wind speed and direction for each time period

B. Background concentrations for each region and each time
period.

Construct the revised dynamic decomposition model

A. Set the objective function [Eq. (4.10)]

B. Set all the constraints [Egqs. (4.11) - (4.17)]

Solve the model established in step (5) by IBM special program

for linear programming,
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4.4 NUMERICAL RESULTS

A hypothetical metropolitan area is divided into four regions (see
Figure 3). The area of region 1 is 31.645 square miles. The area of
region 2 is 21.09375 square miles. The area of region 3 is 35.1563 square
miles. The area of region 5 is 21.09375 square miles., To illustrate,
the time period chosen is from 12:01 Dec. 28, 1970 to 13:00 Dec. 28,
1970. For simplicity, only 802 is considered. The meteorological data
of each region were obtained from the monitoring stations of each region.
The numerical data are given as follows

Region 1

Wl = 0.09 p.p.m.

U. =1 = 3.325 M.P.H.
in “Tout

Wind direction = 980

Region 2

W2 = 0.06 p.p.m.

Uin = UOut = 3.325 M.P.H.

Wind direction = 98°

Region 3
W3 = 0.11 p.p.m.
Uin = Uout = 3.325 M.?.H.

Wind direction = 980

Region 5



U, =1 = 3,325 MPH
in out
(6]

Wind direction = 98

The data required for step 3 are

75

=1 1b/Ton

[l

%11
0.00000656 p.p.m./TON (fuel)

1]

a5 = 0.5 1b/Ton

0.00000328 p.p.m./TON (fuel)

[l

relative heat value of fuel 1 and fuel 2 is 1: 0.95

= 10000 (Tons)

= 0.000003 p.p.m./Ton (fuel)

03 = $4/Ton

Region 1
Source 1
Emission rate of fuel 1
Emission rate of fuel 2
The cost of fuel 1 = Cl==$7/TON
The cost of fuel 2 = C2==$20/T0N
Total fuel required
X111 + 0.95 lel
The purification rate is
P13
The cost of purification =
Source 2

Emission rate = a
14

= 0.0656 p.p.m./Ton

cost of fuel = 64 = $7/TON

purification rate =

The cost of purification = C5

Total fuel required

X = 9734.4 Tons

121

P17

= 0.000004 p.p.m./TON

= $10/TON
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Region 2:

Source 1:
Emission rate of fuel 1 = ay, = 0.00000 474 p.p.m./TON
Emission rate of fuel 2 = 8y, = 0.00000948 p.p.m./TON
purification rate = Py = 0.000003 p.p.m./TON
Relative heat value = 1.1 : 1
Cost of fuel 1 = G = $20/TON
Cost of fuel 2 = C7 = $10/TON
Cost of purification = Cg = $12/TON
Total fuel required

1.1 X110 = %919 = 248 (TONS)

Source 2:
Emission rate = ay, = 0.00000948 p.p.m./TON
Purification rate = Pys5 = 0.006005 P.p.m./TON
cost of fuel = Cq = $10/TON
cost of purification = C10 = $20/TON
Total fuel required

X199 = 200 (TONS)
Region 3
Source 1

Emission rate of fuel

Emission rate of fuel

Purification Rate

]

relative heat wvalue

cost of fuel 1

1= ay = 0.00000569 p.p.m./TON
2 = a5, = 0.00000285 p.p.m./TON

= Pyy = 0.000002 p.p.m./TON
1+ 0.95

C11 = $7/TON



cost of fuel 2 = Cl

cost of purification =
Total fuel required

x + 0.95 x21 =

113 3

Source 2

Emission rate = 334

purification rate = P35

cost of fuel = 814

cost of purification =

Total fuel required = x

Region 5
Emission rate of fuel 1
Emission rate of fuel 2
Purification rate
Relative heat value
Cost of fuel 1
Cost of fuel 2

Cost of purification

9 = $20/TON

c13 = $4/TON

340.1 (Tons)

= 0.00000569 p.p.m./TON

= 0.000004 p.p.m./TON

15

123

= $7/TON

$10/TON

100 (TONS)

a,; = 0.00000984 p.p.m./TON
a,o = 0.00000492 p.p.m./TON
Py3 = 0.000004 p.p.m./TON
1:0.8

C1g = $5/TON

C17 = $20/TON

C,g = $16/TON

According to the data given above,

sidered: (1) Assuming there is not upward dispersion (Hd = 0), and the

allowable air quality is L = 0.1 p.p.m.; (2) Assumming there is upward

dispersion (Md =

three different cases are con-

1/3 Hﬁ), and L = 0.08 p.p.m., (3) Same as (2), except

the background concentration changed, and L = 0.05 p.p.m.

4.4.1 Case 1

77
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5, < 0.1 ppm

82 < 0.1 ppm

W
A

< 0.1 ppm

w
A

< 0.1 ppm

By using the numerical data given and following the procedures cited
in Section 4.3, a revised dynamic decomposition model can be established
which is shown in Table 17. By using IBM special program for linear pro-
gramming this model can be optimized. The optimal, solution is presented

in Table 24,

4.4.,2 Case 2:

=
]

1/3 M,
P

wn
A

< 0.08 p.p.m.

97
A

2 < 0,08 p.p.m.

93]
A

< 0.08 p.p.m.

w
A

5 < 0.08 p.p.m.

By using the new set of data and following the same procedure as
case 1, a new optimal solution can be obtained. Table 15 is the optimal

solution.

4.4,3. Case 3:

M, =1/3 Hp

Sl < 0.05 p.p.m. Wl = 0.045 p.p.m.
52 < 0.05 p.p.m. Wz = 0.06 p.p.m.
53 < 0.05 p.p.m. W3 = 0.055 p.p.m.
55‘5 0.05 p.p.m. WS = 0. P.p.m.
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The optimal solution for this case is shown in Table 11.

4,5 DISCUSSION

From the above results, we can see that air quality control can be
simulated by a linear programming model. The model could alsoc be ex-
tended to include many more éollution sources and to cover a 1arger
metropolitan area composed of many more regions. In addition, the model
can be extended to cover a sequence of time periods where the output
of one time period became the input of the next time period for the
same region. By using this model, a desired air quality level can be
established with a minimal cost.

It should be emphasized that the pollutants concentrations are as-
sumed uniform within each region and within a specific time period.
Thus, the region must be reasonably small.

The values of Yk depend on X, Z, W, and ij. The equality con-
straints which representing the relationships among Yk’ X, Z, W, and
ij are needed in each time period for each pollutant in each region.
Since ij and Y, are also dependent on meteorological data, such as
wind direction, wind speed and upward dispersion rate, the values of
ij and Yk are changing with time. In order to use this model more
efficiently, an online computer which can update the wvalues of ij and
Yk is needed. By doing so, the online air pollution control system for
the entire region can be established.

The application of this method will enable the industry and community
to improve their planning and design of their environments considering

the air pollution problems. By the use of this method, any desired air

quality level can be established with a minimal cost requirement.
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CHAPTER 5

IDENTIFICATION OF THE KINETICS OF GLUCOSE AND INSULIN IN PLASMA

BY QUASILINEARIZATION

5.1 INTRODUCTION

The purpose of this chapter is to introduce an effective technique for
estimating parameters or coefficients in differential equations arising
in glucose-insulin kinetics modeling. The parameter estimation problem
is treated as a two-point or multipoint boundary-value problem by the
quasilinearization technique [8, 20]. This technique for estimating
parameters has been applied successfully in other fields [20, 21, 28].
It is shown that this technique is also a fairly useful approach for

glucose-insulin kinetics modeling.

5.2 THE MODEL
To illustrate the approach, consider the following simple model
of glucose and insulin in plasma (one compartment) proposed by Ackerman

et al [33, 34]

dH

e _11H + 13G + 12 (5.1)

dG _

i IAG IBH + 15 (5.2)
where

G = plasma glucose concentration

H = plasma IRI concentration
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I, i=1,2,3,4,5 and 6 are constants; 1., I, I 15, and I,

1 3 74

must be positive if the equations (5.1) and (5.2) are

to remain "physiological".

I I

In actual experimental situations, the constants I gr e Ig

1?
cannot be measured directly. Only H and G can be measured at various
values of t. The constants must be estimated from these experimental
values. Eqs. (5.1) and (5.2) can be solved in closed form, so the
estimation of these constants is not very difficult. However, if the
closed form solutions for the equations representing the process cannot
be obtained, the estimation of constants from experimental data is very
difficult to obtain. Even if closed-form solutions for the process
model could be obtained, as in Egs. (5.1) and (5.2), the present ap-
proach of estimating the parameters directly from the differential
equations, not from the closed form solution, still has distinct ad-
vantages. Note that the parameters or constants appear nonlinearly in
the resulting analytical soclution of Egs. (1) and (2)., The estimation
of parameters for nonlinear algebraic equations is not easy. The quasi-
linearization approach seems to be much more powerful than the commonly
used nonlinear regression, or nonlinear least square estimation tech-
niques.

The problem can be stated as follows: estimate the constants Il,
13, 14, and 16 for Egqs. (5.1) and (5.2) with the following measured or

experimental data

12 = -1.56 I5 = 6.94
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ylexp) (¢) =h, s=12, ..c,m (5.3)

clexP) (¢ y - r=1,2 m (5.4)
r grs 3&y neey 2 .

with m, +m, > 0, 0 <t <tg and

0 < tr oA tf. The initial conditicons for (1) and (2) are

H(0) = H° 6(0) = G0 (5.5)

The quantities hS and g, are known values and are obtained by measuring
H and G experimentally at various values of t. The number of the experi-
mental values must be larger than or equal to the number of the unknown
constant parameters. The superscript (exp) denotes that the values are
experimental values. Note that t and t_ are not necessarily the same.
The data of H and G from reference [35] will be used as experimental data
which is shown in Table 19. The technique to be discussed can be used
in the same way if experimental data exist for only one of the wariables.
For practical situations, the experimental data are not exact and
have experimental errors. Thus, it is desirable to obtain a fairly
large amount of data instead of just 6. For m; + m, > 6, the classical
least squares criterion can be used. The object is to determine the

parameters so that the sum of the deviations is minimized.

5.3 SIX EXPERIMENTAL DATA
First, the case in which m + m, = 6 (including the initial con-
ditions for H and G) is considered. Assume that only the following six

data points are available for estimating the four constants, Il, 13, 14,

and 16 and two unknown initial conditions
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(exp) (0) = +° c(exp) () = 0

B (c) = ny ') (c)) = g (5.6)
(exp) _ (exp) _ .

H (£y) = by G (£)) = 8y

It is assumed that the experimental errors resulting from obtaining the
experimental data are very small, and thus these experimental data can
be considered as the true values of H and G at the given values of t.
To estimate the constants, it is convenient to consider the unknown
parameters, Il, 13, 14’716 as dependent wvariables parallel to H and G
as functions of the independent wvariable t. Because these functions

do not change with t, one can write

1
i 0 , (5.7)
dl

3 _ .
— = 0 (5.8)
dIl

4 .

— = 0 (5.9)
e | 0 (5.10)
dt

Now, the six similtaneous differential equations, Eqs. (5.1), (5.2),

and (5.7) - (5.10), can be solved by the use of the following six boundary

conditions
H(0) = HO (5.11a)
Q
G(0) = G (5.11b)
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H(tl) = hl (5.11c)
H(t2) = h2 (5.11d)
G(tl) =g (5.11e)
G(tz) = &, (5.11£)

Note that the experimental data have been used as boundary conditions.
Because these boundary conditions are not all given at one point, they

form a multipoint boundary-value problem. The quantities t1 and t2 are

two discrete values of t within the interval 0 < t =t

5.4 PROBLEM WITH MORE THAN SIX EXPERIMENTAL DATA

For nearly all practical situations, the experimental data are
not exact and have experimental errors. Thus, it is desirable to ob-
tain a fairly large amount of data instead of jﬁst six data points. For
m, + w, > 6, the classical least squares criterior can be used. The
object is to determine the parameters so that the sum of the squares of
the deviations is minimized. Instead of boundary conditions (5.11a)

through (5.11f), one can obtain these six conditions by minimizing the

following least squares expression
m

m

1 ) 2 )

Q = Z [H(e ) - h 17 + z [6(c) - gl (5.12)
s=1 r=1

where the minimization is over the parameters, Il, 13, 14, and 16.

H(ts) and G(tr) are obtained by solving Egs. (5.1) and (5.2).

5.5 COMPUTATIONAL CONSIDERATION

Since both the parameters I 13, 14’ and 16’ and the ecrigional

l!

variables H and G are considered unknown functions, Egs. (5.1) and (5.2)



92

are nonlinear equations. Thus, the system represented by Egs. (5.1},
(5.2), and (5.7) - (5.10) are nonlinear systems with multipoint boundary
conditions. In general, nonlinear equations cannot be solved analytically.
Furthermore, numerical solution cannot be obtained easily because of the
fact that the boundary conditions are given at several different points.
To overcome this computational difficulty, the quasilinearization tech-
nique, also known as the generalized Newton-Raphson method, can be used.
In this method, the solution of the nonlinear equation is obtained by
solving a sequence of linear equations. The solution of this sequence

of linear equations converge rapidly to the solution of the origional
nonlinear equation provided that the process converges. This quadratic
convergence property is the main advantage of the quasilinearization ap-
proach. Quadratic convergence means that the error in the current iter-
ation tends to be proportional to the square of the error in the previous

iteration.

_5.6 COMPUTATIONAL PROCEDURE

The estimation problem for the model of the Kinetics of glucose and
insulin in plasma can now be approached by the quasilinearization tech-
nique. The system represented by Eqs. (5.1), (5.2), and (5.7) - (5.10)
can be linearized by using Eq. (2.3) with M = 6. The linearized equations

are

+
+ I2 I

dt - Il,an+l + I3,nGn+l 3,n+1Gn

= Lanta t 3108 7 13,0% (5.17)
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dG

n+1
dt -Iﬁ,an+l - I4,nGn+1 * I5 + I4,nGn

+ I6,an - I4,n+lGn - I6,n+lHn {518
dI
l,n+l _
T (5.19)
dI
__3,n+l _ 0 (5.20)
dt
dI
._id£1_=o (5.21)
t
dI
6,nt1 _
It =0 (5.22)
The two assumed boundary conditions are
- 79 - ylexp)
Hn+l(0) =H =H (to) (5..23)
- 0 _ o(exp)
Gn+l(0) =G =G (to) (5.24)

The six boundary conditions can be obtained either by using Egs.
(5.11a) through (5.11f) or by minimizing Eq. (5.12). Because the use
of least squares is a more practical problem, this approach will use
the minimization of Eq. (5.12).

Egqs. (5.17) through (5.22) are linear equations with variable coef-
ficients. In general, they cannot be solved in closed form. However,
since they are linear equations, the superposition principle can be used.
It is known that for six simultaneous linear equations, the general

scolution can be represented by six sets of homogeneous solutions and one
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set of particular solution., Thus, the general solutions of Egs. (5.17)

through (5.22) are

p,ntl + jzl A“j,n+l th,n+l(t)

I-In+l(t) = &

Bt = 8 +-jzl Ay ntl Chy,ne1 (P

Ly s 82 = Lygopeq(6) + jzl Ay Gl Ting e V0
13’n+1(t) = I3p’n+l(t) + jzl Aj,n+l Ith’n+1(t) (5.25)

Lo gSd ™ Lg g VEF jzl Ay o1 Lapg, e (V)
RIS T O R jzl Byl Tang i (6

with q = 6, The subscript p is used to indicate particular solution,
and subscripts hl, h2, ..., hé denote the first, second, ..., and sixth
set of homogeneous solutions respectively. The A's are integration con-
stants to be determined from the boundary conditions.

The six sets of homogeneous solutions and one set of particular
solutions must be obtained numerically. However, because they can be
any solutions of Egs. (5.17) through (5.22) as long as the homogeneous

solutions are nontrivial and distinct, any set of initial conditions
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can be used to obtain the particular solutions, and any six sets of
initial conditions, as long as they are nontrivial and distinct, can
be used to obtain the six sets of homogeneocus solutions. In actual
calculations, the following set of initial conditions is used for the

particular solutions

© =10 = 5P (¢

Hp,n+l 0)
_ 0 _ (exp)

Gp,n+1(0) =G G (to)
Ilp,n+l(0) =0
I3p,n+l(0) =0 (5.26)
IAP’n_l_l(O) =0
Iép,n+l(0) = 0.
The homogeneous forms of Egs. (5.17) through (5.22) are
dH

ntl _

e - Tiateel VIga%a Vi3 B T N et (5.27)
dG

nt+l _

dt I6,an+l - Ié,nGn-!-l - I4,n+lGn - I6,n+lHn (5.28)
dI
__léﬂil =0 (5.29)

t

dIl
_3,ntl _ 0 (5.30)

dt
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dI
_4,ntl 0 (5.31)

dt

dr
6,0+l _ o (5.32)

dt

The initial conditions used to obtain the homogeneous solutions are

listed in Table 18. The six integration constants, Al,n+1’ A2,n+1’

1° and A can be obtained from the six boundary

Ay ol Byt Y5 6,n+1

conditions. For the case m, + m, > 6, these six conditions can be ob-

tained by minimizing Eq. (5.12) at various positions of tS and tr’

s =1,2, ..., m;y and r = 1,2, ..., m The following m, + m, equations

1 2° 1 2

can be obtained from the first two equations of Eq. (5.25) with g = 6

6
Ho (= B nplhy) + jzl Ay a1 Bhy,ne1(tg) (5.33)
6
Gn+1(tr) - Gp,n+l(tr) ¥ jzl A'j,n+1 Ghj,n+1(tr) (5.34)
Substituting Egs. (5.33) and (5.34) into Eq. (5.12), we have
™ 6 3
Q= szl [Hp,n+1 (ts) + jzl A'j,n+l th,n+l (ts) - hs] +
(5.35)
2 6 2
rzl [Gp,n+1 (tr) + jzl A'_j,n+l Ghj,n+1 (tr) - gr]

The particular and homogeneous solutions at the various positions
of t are obtained numerically by using the initial values listed in

Eq. (5.26) and Table 18. hS and g, are obtained from actual experimental



data. The only unknown values in the right-hand side of Eq. (5.35) are

Elle i HnEprarien ConNLants s & opige By adi s A pei M i ¢ B g

and A6 A+l So, the problem is to find the values of these constants
b

such that the wvalue of Q is minimized. There are several techniques
could handle the minimization problem. For this work, the extreme
values will be obtained by partial differentiation. By differentiating

Eq. (5.35) with respect to Al,n+l’ A2,n+l' A3,n+l’ A&,n+l’ A5,n+l’ and

A6 _r and setting the results equal to zero, the following six equ-
5

ations can be obtained

m
99 _
h =2 L Hpg o () [ () 4 Z Ay o -
i,n+l s=1 j=
e
th n+1(ts) B hs] + 2 E Ghi n+l (tr)- (3.36)
3 r::l »

6
[ p,0 +1(t )+ Z AJ,n+l GhJ o+l (t ) - r]

=0 i=1,2,3,4,5, and 6

These six equations form the six boundary conditions. The unknowns of

these six algebraic equations are A j=1,2,3,4,5,6. They can

s+l
be obtained by solving these six equations. The Gauss Elimination method
is used in this work. Thus, the computationmal procedure can be summarized
as follows

1. Assume a set of reasonable initial functions for H(t), G(t), Il(t),

IB(t)’ IA(t)’ and IG(t). Let these initial functions be H (t),



(t), and I (t).

=gt Ty egt)s T nualtds Ty 4ap 6,0=0

Integrate Egs. (5.17) through (5.22) numerically using Eq. (5.26)

as the initial values and with n = 0.

Integrate the homogeneous Egs. (5.27) through (5.32) six times using
Table 18 as the initial values and with n = O.

Solve Eq. (5.36) for = 1,2,3,4,5,6, using the newly

Ay =10 3
obtained particular and homogeneous solutions from step 2 and 3
and using the given experimental data hS and Gr'

Calculate Hn+1(t), Gn+l(t), Il,n+l(t)’ 13,n+1(t)’ I4,n+l(t)’ and
I6,n+1(t> by using Eq. (5.25) with q = 6.

Repeat steps 2 through 5 withn =1,2, ..., until no further

improvement on the values of H{t), G(t), Il, 13, 14, and 16 can be

obtained.

It should be noted that the best available initial functions should be

used for step 1.

5.7 NUMERICAL RESULTS

To test the effectiveness of this approach, the parameters, Il, 13,

14, and 16 in Egs. (5.1) and (5.2) are estimated by using the following

numerical data

this four parameters estimation problem is solved.

I, =-1.56, I, = 6.9, t. =180 (minutes)
; 0 0
At = 0.2 (minute), H = 177, G = 581

Experimental data for H and G are shown in Table 19,

By using the above numerical data and the procedures cited earlier,

are obtained by using four different sets of initial functions

98

Four sets of solutions



which is given as follows

Lo I} o) = 0.0457
I3 et = 0.0248
14,n=0(t) = 0.063
Iy nep(t) = 0.003
u° = lexp) (tg)= 177
¥ = glexp) (t,)= 581
( *
H -0 t) = H(t)
¢ (t) = 6(e)"
-0 t) = G(t)
0 0
= = 177 =
2. I} .o(®) = 0,01 H G = 581
q *
13,n=0(t) = 0,01 =0(t) = H(t)
14,n=0(t) = 0,01
I6,n=0(t) = 0.01 G _o(t) = G(1r)

30 1) Leol) = 0.1 Hy = 177 G, = 581
T, () = 0:1 _ *
3,n=0 H _o(t) = H(t)

I (£) = 0.1
4 ,n=0 _ *
ano(t) = G(t)
I (t) = 0.1

6,n=0

99

(5+37)
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be I L o(®) = 0 Hy = 177 Gy = 581
I3,n=0t) = O- H o (6) = H(D)
Ly ,n=0(®) = O o® = 6"
I6,n=0(t) = 0.

Where H(t)*, G(t)* are solutions obtained by using assumed parameter
values and assumed initial conditions of H and G to integrate Eqs. (5.1)
and (5.2). The Runge-Kutta integration scheme with At = 0.2 was used.
The convergence rates with the four different sets of initial functions

are shown in tables 20a, 20 ZDC, and 20d respectively. The conver-

b!
gence rates of H and G with the set 1 data are shown in Figure 12 and

13 respectively.

5.8 DISCUSSION AND CONCLUSION

In practical situations, the parameters I2 and 15 cannot be meas-

ured directly for most cases. Thus, a practically important problem

is to estimate Il’ 12, 13, 14, 15, and 16. This problem can be solved
in essentially the same way as before except for the presence of six
unknown parameters, The system can be represented by Egqs. (5.1), (5.2},

(5.7) - (5.10), and

2
= = 0 (5.38)
d15
—~= =D (5.39)

This system can be solved in the same way as before. Since the original

model which represented by Eqs. (5.1) and (5.2) can be simplified to [35]
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dh

An = = h ¥ Ip (5.40)
A8 = .

e I4g Iﬁh . (5.41)

where

h = H - HF

g =6 = GF
HF = fasting or steady state plasma IBI concentration

GF = fasting or steady state plasma glucose concentration

Once we know the wvalues of HF and GF’ the origional model can be trans-
formed into a new model represented by Eqs. (5.40) and (5.41). So,

19 13, 14 and I6 need to be estimated. The initial

essentially only I
conditions for H and G are unknown in this problem. We use the experi-
mental data at t = 0 as the assumed initial conditions for H and G.
Even the initial conditions assumed are not exact, we still could find
optimal initial conditions by using quasilinearization technique (See

Tables ZOa, 20 ZOC, and 20d). This is the advantage of this approach.

b’
Another important advantage is the quadratie convergence nature. The

convergence rates for the four constant parameters are listed in Tables

20 , 20
a

s 20 , and 20,. It can be seen that only five iterations are
b o d 4

needed to obtain a four-digit accuracy. Note that the initially assumed
functions as given by Eq. (5.37) are very approximate. As long as the
initial approximation are within the convergence interval, the convergence

rate will remain the same as shown in Tables 203, 20

b 20c’ and 20d.
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TABLE 18. 1Initial Conditions used for obtaining the Homogeneous Solutions
Variables 1 2 - 4 5

th,n+1(0) 1 0 0 1 1

Ghj ,n+1(0) 0 1 1 0 0

Ilhj’n+1(0] 0.08 0 1 0.05 0

IShj,n+1(o) 0 0.5 0 1 0 .08
I4hj,n+1(0) 0 0.05 0.5 0 1

0.05 0 0 0 0.05

T6hj ,ne1(0)




TABLE 19. Numerical Values used as Experimental Data
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t s H(exP)(ts) = Ry t, G(exP)(tr) =g
0.00 1 177 0.00 581
30.00 2 155 30.00 182
60.00 3 40 60. 00 95
90.00 4 26 90.00 87
120,00 5 20 120.00 97
150.00 6 24 150.00 106
180,00 7 28 180.00 110
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Table 20a. Convergence Rates with Data Set 1

Iteration I1 13 14 I6 H(0) g(0)
0 0.0457 0.0248 0.063 0.003 177. 581.
1 0.03763 0.014189 0.00644 0.06 177.42 579.89
2 0.045142 0.020978 0.025505 0.045667 177.49 580.1
3 0.046147 0.022111 0.028566 0.043367 177.29 580.32
4 0.046411 0.022281 0.028579 0.043292 177.24 580.38
5 0.046410 0.022287 0.028564 0.043512 177.23 580.39
6 0.046423 0.022293 0.028555 0.043523 177.23 580. 39
7 0.046422 0.022292 0.028555 0.043523
8 0.046422 0.022293 0.028555 0.043524
9 0.046422 0.022293 0,.028555 0.043524



Table 20b. Convergence Rates with Data Set 2

105

Iteration I1 13 I I6 H(0) g(0)
0 0.01 0.01 0.01 0.001 177. S81.
1 0.049825 0.025094 0.043074 0.029009 179.78 578.03
2 0.042125 0.019767 0.026236 0.04593 177.21 580. 38
3 0.046305 0.022117 0.028411 0.043670 177.42 580.19
4 0.046243 0.022209 0.028638 0.043310 177.23 580.39
5 0.046435 0.022295 0.028559 0.043527 177.24 580.38
6 0.046411 0.022288 0,028561 0.043514 177.23 580.39
7 0.046424 0.022293 0.028554 0.043525 177.23 580.39
8 0.046422 0.022292 0.028555 0.043523
9 0.046422 0.022293 0.028555 0.043524
10 0.046422 0.022293 0.028555 0.043506



106

Table 20c. Convergence Rates with Data Set 3
Iteration I I3 I4 I6 H(0) G(0)

0 0.1 0.1 01 0.1 177 581

1 0.057981 0.043455 -0.091183 0.11594 176.04 579.81
2 0.029460 0.010724 0.02330 0.0033317 176.08 581.31
3 0.044468 0.022018 0.041126 0.024042 178.79 578.89
4 0.044671 0.021177 0.027924 0.044250 177.44 580.17
5 0.046365 0.022202 0.028493 0.043597 177.33 580.28
6 0.046355 0.022261 0.028609 0.043443 177.23 580. 39
7 0.046426 0.022293 0.028557 0.043524 177.23 580.39
8 0.046418 0.022291 0.028557 0.043520

9 0.046423 0.022293 0.028555 0.043524
10 0.046422 0.022293 0.028555 0.043524
11 0.046422 0.022293 0.028555 0.043504
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Table 20d. Convergence Rates with Data Set 4
Iteration I1 I H(0) G(0)

0 0. 0. 177. 581.

1 0.051076 0.025872 0.048513 0.22224 181.31 576.58
2 0.038405 0.017182 0.020605 0.052089 177.16 580. 37
3 0.045445 0.021543 0.028009 0.043957 177.56 580.06
4 0.046151 0.022149 0.028790 0.043174 177.27 580. 35
5 0.046411 0.022281 0.028581 0.043500 177.24 580.38
6 0.046408 0.022286 0.028565 0.043510 177.23 580.39
7 0.046423 0.022293 0.028555 0.043523 177.23 580.39
8 0.046421 0.022292 0.028555 0.043523

9 0.046422 .022293 0.028555 .043524
10 0.046422 0.022293 0.028555 0.043524
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CHAPTER 6

Identification the model of cardiovascular

indicator-dilution curve by quasilinearization

6.1 INTRODUCTION _

The purpose of this chapter is to introduce an effective technique
for estimating parameters or coefficients in differential equations arising
in cardiovascular indicator-dilution modeling, The parameter estimation
problem is treated as a two-point or multipoint boundary-value problem
by the quasilinearization technique [8, 20]. This technique for esti-
mating parameters has been applied successfully in other fields [20, 21,
28]. It is shown that this technique is also a fairly useful approach

for cardiovascular indicator-dilution cures modeling.

6.2 The model
To illustrate the approach, consider the following simple model of

cardiovascular indication-dilution model [36].

VS .13
E’E’% BACERE (6.2)
i?:'% AR (63
iac—i‘ BASRER G



with boundary conditions

- M
GO =y
C2(0) =0
c;(0) =0
C4(0) =0
where
V =
F = volumetric flow rate
F =
s
M = the mass of injection
Let
- E
BTV
Fs
B, =¥
- M
537y
The model represented by Egs.

dCl

t

H

the volume of the well-mixed cells

recycle volumetric flow rate

-B,C, + 3204
Bl(Cl - cz)
Bl(c2 - C3)

(6.1) - (6.4) can be written as

111

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)



fiﬁ:B(c -C,) (6.13)
dt 173 4
with boundary conditions
C,(0) = B, (6.14)
C,(0) =0 (6.15)
C3(0) =0 (6.16)
CQ(O) =0 (6.17)
where
¢, = concentration of cell 1
02 = concentration of cell 2
C3 = concentration of cell 3
C4 = concentration of cell 4
Bl = constant parameter
B2 = constant parameter .
B3 = initial condition for Cl

In actual experimental situations, the constant parameters Bl and
32 cannot be measured directly. Only Cl, CZ’ C3, and C4 can be measured
at various values of t. The constants must be estimated from these
experimental values. Egs. (6.1) - (6.4) can be solved in closed form,

so the estimation of these constants is not very difficult. However,



if the closed form solutions for the equations representing the process
cannot be obtained, the estimation of constants from experimental data
is very difficult to obtain. Even if closed form solution for the
process model could be obtained, as in Egs. (6.1) - (6.4), the present
approach of estimating the parameters directly from the differential
equations, not from the closed form solution, still has distinct ad-
Note that the parameters or constants appear nconlinearly in

vantages.

(6.1) - {(6.4). The estimation

the resulting analytical solution of Egs.
of parameters for nonlinear algebraic equations is not easy. The quasi-
linearization approach seems to be much more powerful than the commonly
used nonlinear regression, or nonlinear least square estimation tech-

niques.

The problem can be stated: Estimate the constants B, and B2 for

1
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Eqs. (6.1) - (6.4) with the following measured or experimental data
cle¥) (p y - ¢ s =1,2 o (6.18)
1 s 1s’ LR *
cle¥P) (v y - ¢ R=1,2 - (6.19)
2 R 2R’ 2Tttt T *
clexP) (¢ y - ¢ P=1,2 = (6.20)
3 P 3P, ] 3 L ) 3 .
cle¥) (¢ y < ¢ Q=1,2 n (6.21)
4 Q AQ’ sy 2 agy 4 <
where m, + m., + mg + m, > By 0 < g 2 tf,
0<tp <ty Oitpf_tf 0<tQitf

The initial conditions for (6.1) - (6.4) are
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¢, (0) = B, (6.22)
c,(0) =0 (6.23)
c,(0) =0 (6.24)
c,(0) =0 (6.25)

The quantities, C p* and C are known values and are

Cis» Cor> €3 4q

obtained by measuring Cl, CZ’ CB’ and C4 experimentally at various
values of t. The number of the experimental values must be larger or
equal to the number of the unknown constant parameters. The super-
script (exp) denotes that the values are experimental values. Note

that ts, tR’ tP,-and t  are not necessarily the same. The technique

Q
to be discussed can be used in the same way 1f experimental data exist
for only one of the variables.

For practical situations, the experimental data are not exact and
have experimental errors. Thus, it is desirable to obtain a fairly
large amount of data instead of just three. For m, + m, + m, + m, > 34
the classical least squares criterion can be used. The object is to

determine the parameters so that the sum of squares of the deviations

is minimized.

6.3 THREE EXPERIMENTAL DATA

First the case in which my + m, + m3 + m, = 3 is considered. As-

sume that only the following three data points are available for esti-

mating the two constant parameters, Bl and B2



115

¢, €0)

I
3]

1) Tt (6.23)

= C

~
|

32

It is assumed that the experimental errors resulting from obtaining
the experimental data are very small. Thus, these experimeqtal data
can be considered as the true values of Cl’ CZ’ and C3 at the given
values of t. To estimate the constants, it is convenient to consider
the unknown parameters, Bl and BZ’ as dependent variables parallel to

Cl, CZ’ C3, and C4 as functions of the independent variable t. Because

these functions do not change with t, one can write

dB1

_(i—t- =0 (6.24)

dB,

ot 0 (6.25)
Ndw, the six simultaneous differential equations, (6.1) - (6.4} and

(6.24) - (6.25), can be solved by using the following six boundary con-

ditions
€,(0) = B, = cl(exP) (tg) (6.24a)

€, (0) = 0 (6.24b)
C,(0) = © (6.24c)

= 1 (6.24d)

c,(0)
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(exp) (£,) (6. 24e)

|
(]

Cz(tl) = =C

21 2

]
]

c ¢ (exp) (t,) (6.24f)

C3(ty) = C3, = C4

Note that the experimental data have been used as boundary conditions.
Because these boundary conditions are not all given at one point, they

form a multipoint boundary-value problem. The quantities, t., and t,, are

1
two discrete values of t within the interval of 0 < t < te.
6.4 PROBLEM WITH MORE THAN THREE EXPERIMENTAL DATA

For nearly all practical situations, the experimental data are not
exact and have experimental errors. Thus, it is desirable to obtain a
fairly large amount of data instead of just three data points. For
my + m, + mg + m4_i 3, the classical least squares criterion can be used.
The object is to determine the parameters so that the sum of the squares
of the deviations is minimized. Instead of boundary conditions, (6.24a),

(6.24e), and (6.24f), one can obtain these three conditions by minimizing

the following least squares expression

Q= [ 1o, - ¢, 17 + 116y () - Cppl? +
(6.25)
Ll - cgpl” + Jo [ - €yl

where the minimization is over the parameters, B1 and Bz. Cl(ts),

Cz(tR)’ CB(tP)’ and CA(tQ) are obtained by solving Eqs. (6.1) - (6.4).
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6.5 COMPUTATIONAL CONSIDERATIONS

Since both the parameters By BZ’ and the origional variables Cl’
C2, C3 and C4 are considered unknown functions, Eqs. (6.1) - (6.4) are
nonlinear equations. Thus, the system represented by Eqs. (6.1) - (6.24)
and Eq. (25) are nonlinear systems with multipoint boundary conditioms.
Generally speaking, nonlinear equations can not be solved analytically.
Furthermore, even numerical solutions cannot be obtained easily because
of the fact that the boundary conditions are given at several different
points. Quasilinearization technique, also known as the generalized
Newton-Raphson method, can be used to overcome this computational dif-
ficulty. In this method, the solution of the nonlinear equation is
obtained by solving a sequence of linear equations.

The solution of this sequence of linear equations converge rapidly
to the solution of the origional nonlinear equation provided that the
process converges. This quadratic convergence property is the main
advantage of the quasilinearization approach. Quadratic convergence means
that the error in the current iteration tends to be proportional to the

square of the error in the previous iteration.

6.6 COMPUTATIONAL PROCEDURE

The estimation problem for the simple cardiovascular indicator-
dilution model can now be approached by the quasilinearization technique.
The system of Equations (6.1) - (6.4) and (6.24) - (6.25) can be linear-

ized by using Eq. (2.3) with M = 6. The linearized equations are
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dC

1,n+1
= -—
dt Bi o Byt ¥ P Bhomen T B Y
(6.30)
By bl %10 C1n Br,a T %y Bogn
ac
2,041 _ _ _
dat B Gl " Pin Coma t Crn %) By (6.31)
- (Cl,n - CZ,n) Bl,n
dc
3,n+1
. i S == + -
it " 81,0 Contt "B, Cmn T (G20 T G50 Brian
- (CZ,n - C3,n) Bl,n (6.32)
dc
4o+l
—— e = - =
dt Bl,n C3,n+l Bl,n Cﬁ ,ntl 4 (C3,n Ch,n) Bl,n+1
- (03,n - c4,n) B) n (6.33)
dB
_l.,ntl _ 4 (6.34)
dt
dB
—2,ntl _ (6.35)
dt
The four boundary conditions are
c,(0) = By (6.36)
=0 (6.37)

Cc,(0) =
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|
o

C3(0) = (6.38)

|
o

04(0) = (6.39)

Since B3 is unknown, S0 there are still three other boundary con-
ditions need to find. These three boundary conditions can be obtained
either by using Eqs. (6.24a), (6.24e) and (6.24f) or by minimizing
Eq. (6.25). Because the use of least squares is a more practical problem,
this work will use minimization of Eq. (6.25).

Equations (6.30) through (6.35) are linear equations with variable
coefficients. In general, they cannot be solved in closed form. How-
ever, because they are linear equations, the superposition principle can
be applied [20]. It is well known that for six simultaneous linear
equations, the general solution can be represented by six set of homo-

geneous solutions and one set of particular solution [20]. Thus, the

general solutions of Eqs. (6.30) through (6.35) are

q
€t = Gy qt) jzl 85 o+l Sing et
Co 1) = Cop nyn (B F jil 3; a1 Cong a1t

(6.40)
Cy a1 (E) = Cgp (B jzl a5 n41 C3ng,ne1 (V)
Cy 01D + 0y, g tE + g 35 a+1 S4nj,nn (O

j=1
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Bl,n+l(t) - Blp,n+l(t) + g (e)

s&y %141 PIng,ne

U

B t
B2p,n+l(t) + g 25 ,n+1 2hj:n+l( )

By pat) )
j=1

with @ = 6. The subscript p is used to indicate particular solutioms,
and subscript hl, h2, h3, h4, h5, and hé denote the first, second, ...,
and sixth sets of homogeneous solutions, respectively. The a's are
integration constants to be determined from the boundary conditions.

The six sets of homogeneous solutions must be obtained numerically.
However, because they can be any solutions of Equations (6.30) through
(6.35) as long as the homogeneous solutions are nontrivial and distinct,
any set of initial conditions can be used to cobtain the particular
solutions, and any six sets of initial conditions, as long as they are
nontrivial and distinct, can be used to obtain the six sets of homogeneous
solutions. Furthermore, if these seven sets of initial conditions.are
chosen in such a way that they satsify the three given initial conditions,
Egqs. (6.37) - (6.39), only three sets of homogeneous solutions are

needed with three integration constants, aj = 1,2,3. In actual

,n+1’ J

calculations, the following set of initial conditions is used for the

particular solutions

c (0) = 0.5,

lp,n+l (0) =0,

|
o

(0) = (6.41)

CZp,n+l C3p,n+l

(0) = 0, B (0) =0,

lp,ntl oy =0

Cap,nt1 Bop,ntl

The homogeneous forms of Egs. (6.30) through (6.35) are
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dC
1,n+l1 _ -B c

dt  Tl,n71l,n+l i BZ,n Cla,n+1 i B2,n+1 Cé,n - Bl’n+1 Cl,n (6.42)

dCZ nt+l _

Tt P Yiomy " B

= €, )

10 %200 ¥ Crg " %y (6.44)

Bl,n+l

dc3 n+l _

qE - o nCeiggy B

c, )

l,n C3,n+1 + (CZ,n ~ "3,n (6-44)

By 0t

dc
4o+l _

it - %1,0% 041 " Bi,n Cap T (C3 " C

) B (6.45)

4,n" "1,n+l

Lol _ 0 (6.46)

dt

dB

1 (6.47)

dt

The initial conditions used to obtain the homogeneous solutions are
listed in Table 21. Note that the initial values listed in Eq. (6.41)
and Table 21 are chosen in such a way that at t = 0, they satisfy the
given initial conditions, Eqs. (6.37) - (6.39). Because these chosen
initial values satisfy the three given initial conditions, the fourth,
fifth, and sixth homogeneous solutions are not needed. Thus, only three
sets of initial conditions are needed for the homogeneous solutions
and the value of q in Eq. (6.40) is now reduced to three.

The three given boundary conditions, Egqs. (6.37) - (6.39), have
already been used in choosing the initial conditions for obtaining the

particular and homogenecus solutions. The remaining three integration
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constants, a o1’ and a 12 can be obtained from the remaining

1,n+1° %2, 3,n+

three boundary conditions. For the case my + m, + m, + m, > 3, these
three conditions can be obtained by minimizing Eq. (6.253). At various

positions of ts, t p* atid £ 5 = by 24 sewws m 3 R 21y 2y sams w,;

g * Q
P=1y By wwes m,; Q-3 1y 25 wansg m, the following m +m, + mg +m,

equations can be obtained from the first four equations of Eq. (40)

with q = 3
3
01 n41(8e) = Cp a1 (B ¥ j£1 a5 a1 Clng,ne1 (6D (6.48)
3
Co nt1(tR) = Cop nea(tg) + le 85 nt1 Cong k1 (CR) (6.49)
3

By i BB =8y gl ) # jgl 25 n+1 C3ny,0+1(Ep) (6.50)

3
(t.) ¥

4p,ntl”Q zl §,0+1 4hj n+l ) (6.51)

(t) =¢C (t

€ ,n+1'5 Q

Substituting the agbove four equations into Eq. (25), gives

.t 3
Q= E [Clp,n+l(t y 4 le aj,n+1 Clhj,n+l(ts) - Cls]

m
2
+ ] Ic (t)+za (ep) = Cppl”
R=1 2 ,n+l 21 j,nt+l 2h3,n+l 2R

m

3 3
Pl Capen (5 % L8 Cangan (5) 7 Oy
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‘Ifl:l4 3
2
+ Qzl [Cip,ot1 () * jzl a5 nt1 Canjorr (5@ ~ Cuql (6.52)

Because the particular and homogeneous solutions at the various positions
of t are known and are obtained numerically by using the initial values
listed in Equation (6.41) and Table 21, the only unknown values in the

right-hand side of Eq. (6.52) are the three integration constants, 3 410
]

, and a Thus, the problem is to find the values of these

22 ,ntl 3,n+l"

constants such that the value of Q is minimized. . There are many tech-
niques that can be used teo minimize Eq. (6.52). For this work, the
extreme values will be obtained by partial Differentiation. By differ-

entiating Eq. (6.52) with respect to 3] nl? aZ,n+1’ and a3,n+l’ and

setting the results equal to zero, the following three equations can be

obtained
3Q | 3 a e Y = ¢ ]2
T2, 1 zszlclhi,n+1(ts)[Clp,n+l(ts) + .El 3,0+1%103 041 Fs? 7 Cig
’ h
e Rzlczhi,nﬂ(tR)[CZP,n+1(tR) + jzlaj a+1%2n5 ,nr1 (FR) ~ Cop!
- PZlCBhi,n+l(tp)[CBP,n+l(tp) * jzl 25 14183y, 01 (Ep) ~Cp]
* 2 Qzlcéhi,n+l(tq)[CAP,n+1(tQ) + jzlaj.n+lc4hj,n+l(tq) - €4

=0, i=1,2,3 (6.53)
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These three equations form the remaining three boundary conditions.

Because the variables Cl(ts)’ Cz(tR), C3(tp), Cﬁ(t ), tos too tp and

Q

t. are all known values, the three constants a =1,2,3, can

Q

now be obtained by solving the above three algebraic equations. Once

j,n+l’ 3

the integration constants are obtained, the general solutions for

Lt (8 € 0 ()5 €3 1y (85§ g (805 By g (8D By gy (1), and

BB,n+l = Cl,n+l(0) can be obtained by using Eq. (6.40) with q = 3 and

the newly obtained particular and homogeneous solutions., The compu-

tational procedure can be summarized as follows

l. Assume a set of reasonable initial functions for Cl(t), Cz(t),
CS(t)’ Ca(t), Bl(t) and Bz(t). Let these initial functions be
€1,0=0(F)s €3 nagl®)s C3 11 0(E)s Cf 11ag(E)s By [ o(t) and B, _,(t)

2. Integrate Equations (6.30) through (6.35) numerically using Eq.
(6.41) as initial value and with n = 0.

3. Integrate the homogeneous Equations (6.42) through (6.47) three-
times using Table 21 as the initial wvalues and with n = 0.

4. Solve Eq. (6.53) for aj = 1,2,3, using the newly obtained

,nt+l’ L

particular and homogeneous solutions from step 2 and 3 and using

the given experimental data Cls’ CZR’ CBp’ and CQQ'

>+ Caleulate € 11 (6)s C) =1 (805 €3 1 1005 €4 =1 (O

(t), and B (0), using Eq. (6.40)

By o#1=15t)s By i TN I i W

with q = 3.
6. Repeat step 2 through 5 with n = 1,2,..., until no further improve-

ment on the value of Cl(t)’ Cz(t), C3(t), Bl’ B2 and B3 can be

obtained.
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It should note that the best available initial functions should be used

for step 1.

6.7 NUMERICAL RESULTS

To test the effectiveness of this approach, the parameters, Bl and
BZ’ in Egs. (6.1) - (6.4) are estimated from a given set of data. These
given data are obtained numerically by solving Eqs. {6.1) - (6.4). 1In

other words, we use the following numerical values

Cl(O) = (0.9997 Bl = (,8017

CZ(O) =0 B2 = 0.4018 {6.55)
- (6.54) _

63(0) =0 tg = 20

CA(O) =0

Eq. (6.1) - (6.4) were integrated numerically with the Runge-Kutta in-
tegration scheme [6]. The step size used in this integration is At = 0,2,
Some of the results from this integration are listed in Table 22 and will
be used as the experimental data. Note thatm, = m, = m, =m, = 11 and

1 2 3 4

ts = tR = tP = tQ used for this particular problem.

Parameters Bl and B2 are estimated using the value listed in Table
22 as the experimental data. In other words, Bl and B2 are considered
as the unknown parameters that must be estimated from the data given in
Table 22, the given model represented by Eqs. (6.1) - (6.4), and the
given values represented by Egs. (6.54) and (6.55).

The system of equations for this problem is represented by Egs.
(6.1) - (6.4), (6.24), and (6.25). These six equations can be linear-

ized in the same way as before.

The following initial conditions are used to obtain the one set of
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particular and three sets of homogeneous solutions

Cpp g1 (0 = 0.5

CZp,n+l(0) =0 Blp,n+l(0) =

C3p,n+l(0) =D B2p,n+l(0) =1

Chp ey (O = 0

By g B0 =4 Crtg ner 0 = 0 Crhg g ¥0F =0
Cont,nt1(® = 0 Cona,nt1(®) = O Con3,ns1(® = 0
Cih1,nt1(? = O Con2,nt1(® = 0 Can3,nt1(O = 0

Comy gt =0 Cinz2,ne1(® = 0 Coha a0 =0 (636
Bt s (00 = O Bih2,m1(® =1 Bihgmer 9 = 0

Bopt gt =0 Boh2,nt1 (0 = 0 Bon3,m1(® =1

Note that the initial conditioms for the particular and homogeneous
solutions are chosen in such a way that they satisfy the given initial
conditions. Thus, only three sets of homogeneous solutions are needed.
This problem was solved by using the computational procedure dis-
cussed earlier, and by using the initial conditions for the particular
and homogeneous sclutions given by Eq. (6.56). The Runge-Kutta numerical
integration scheme was used with the step size At = 0.2. To test the
influence of the initial functions used in step 1, the following four

sets of initial functions were used for the unknown parameters and Cl(O)
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Bl,n=0(t) = 0.1 Bl,n=0(t) = 0.6 Bl,n=0(t) =1 Bl,n=0(t) =2
By aeg(t) = 001 B, (€)= 0.2 By () =0.6 B, _o(c) =15
By as0 C1,50'Y Bape0™®a=0'®  Boueg™Ci p=0'®? B3 5e0™%,pm0t?
= 0.1 = 0.8 - 1.2 -3
(6.57)
for 0 < t j_tf = 20. The initial functions of Cl’ Cz, C3, and C4 are

obtained by using the given initial conditions Egs. (6.37) - (6.39),
and the assumed values listed in Eq. (6.57) to integrate Egs. (6.1) -
(6.4). It should be noted that in order to increase the convergence
rate, either the experimental data or the actual solutions of Egs. (6.1) -
(6.4) should be used as the initially assuemd functions.

The problem converges rapidly to the correct solution for all four
sets of initially assumed functions. The convergence rates for the un-
known parameters are shown in Tables 23a, 23b, 23c, and 23d for first,
second, third and fourth set of data, respectively. It can be seen
that a four-digit accuracy is obtained in only four or less than eight
iterations. Note that a unknown initial condition Cl(O) can also be
obtained by this approach. Noted also that though the assumed initial
function for unknown parameters and origional variables are far removed
from the correct solution, we still can find the convergent value for

these unknown parameters. The convergent rates of Cl’ c C3, and C4

2!

with B (£ = 2, B2 n_O(t) = 1.5, and C (0) = 3 are shown in
,n=

1,n=0 1,n=0

Figures 14, 15, 16 and 17 respectively. Notice that the large amount of

improvement have been obtained in the first iteration.
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TABLE 21. Initial Conditions used for Obtaining the Homogeneous Solutions

Variables T 2 3
Cing et 102 1 0 0
2hJ,n+1(0) 0 0 b

3h],n+1(0) 0 0 0
Cabs ,risa 2 ¢ 0 ¢
B pe1(0) 0 1 0
By ne1(0) 0 0 1
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TABLE

23a. CONVERGENCE RATES WITH DATA SET 1
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ITERATION Bl B2 B3(c1(0))

0 0.1 0.01 0.1

1 0.4379 0.0725 0.4969
2 0.4896 0.1772 0.8993
3 0.6522 0.2679 0.9658
4 0.7616 0.3635 0.9952
5 0.7974 0.3979 0.9993
6 0.8014 0.4015 0.9997
7 0.8017 0.4018 0.9997
8 0.8017 0.4018 0.9997



TABLE 23b. CONVERGENCE RATES WITH DATA SET 2

ITERATION Bl B2 B3[cl(0)]
0 0.6 0.2 0.8
1 0.7663 0. 3755 0.9903
2 0.7966 0.3970 0.9992
3 0.8013 0.4015 0.9996
4 0.8017 0.4018 0.9997
5 0.8017 0.4018 0.9997
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TABLE 23c. CONVERGENCE RATES WITH DATA SFT 3

ITERATION B1 B2 B3[c1(0)]
0 1. 0.6 1.2
1 0.8123 0.4123 0.9991
2 0.8025 0.4025 0.9997
3 0.8017 0.4018 0.9997
4 0.8017 0.4018 0.9997
5 0.8017 0.4018 0.9997

152



TABLE 23d. CONVERGENCE RATES WITH DATA SET 4

133

ITERATION B1 B2 B3[c1(0)]
0 2 1.5 3
1 1.7167 1.2619 1.0049
2 0.6846 0.2886 0.9983
3 0.8014 0.4021 0.9992
4 0.8017 0.4018 0.9997
5 0.8017 0.4018 0.9997
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Figure 14. Convergence Rates of (1



c2

0.6

0.4

sew=<Initigl
-—l 5t Iteration

— 4th Iteration
(Optimal)

B1N=2.
B2N=1.5
¢1(0)=0.
¢2(0)=0.
C¢3(0)=0.
c4(0)=0.

Time

Figure 15. Convergence Rates of C2
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CHAPTER 7

CONCLUSION

The difficulties in estimating nonlinear system represent one of
the obstacles to the sythesis and analysis of dynamic nonlinear systmes
such as air pollution and bioengineering systems. The reasons are
1) absence of explicit analytical solutions to the nonlinear models
which represent the systems; and

2) difficulties of obtaining numerical solutions from the nonlinear
models of the boundary-value type on digital computers. Quasi-
linearization technique represents a powerful computational tools
for overcoming these difficulties.

From the numerical examples presented in this work, we can see that
the parameter estimation problems are effectively solved by the quasi-

linearization technique. This proves that quasilinearization technique
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is a promising technique for the dynamic modeling and adaptive forcasting

of air quality and bioengineering systems.

The most attractive feature of the quasilinearization technique lies

in its general applicability to a large class of complicated nonlinear

models and its rapid convergence property. Solutions to the examples in

this current work reveal

1) Accurate initial conditions are not required and only reasonable ap-
proximations are needed.

2) The convergence rate of state variables and parameters are fairly
rapid. Generally, four digits accuracy are obtained within six

iterations.
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3) The presence of noises or experimental errors do not slow down

the convergence rates noticeably.
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The air pollution modeling and optimization and the modeling of
certain bicengineering systems are studied in this work. The recently
developed modeling techniques such as the gquasilinearization technique
and linear programming areused for modeling and optimization purposes.

Quasilinearization-technique is a useful technique for obtaining
the numerical solutions of nonlinear boundary-value problems. Further-
more, this technique has been proved to be a powerful tool for solving
various estimation problems. Combined with estimatiOn criteria such
as the least square criteria, the parameters to be estimated converges
quadratically to the desired accuracy. Another property of this ap-
proach is that the parameters can be estimated directly from the set
of differential equations representing the model and from the experi-
mental data. The parameters of ome air pollution model and two bio-
engineering models are identified by using quasilinearization technique
to show the effectiveness of this approach.

A diffusion model with continuous point scurce which located between
an inversion layer and the ground is identified under the assumption
that the wind speed and eddy diffusivity are constant over the diffusion
region and the wind direction shear presents in the diffusion lavers.
The rate constants in the one compartment model of the kinetics of glu-
cose and insulin in plasma also have been estimated. Also, the model
of cardiovascular indicator—dilution curves is identified by quasi-
linearization. It is shown that with very approximate initial guesses
for the unknown parameters, only three to six iterations are needed to

obtain a four to five-digit accuracy.



The dynamic decomposition model of Tillman and Lee is revised by
using the principle of conservation of mass. This model is optimized
for the control of the dynamic movement of air pollution. The optimal
amounts of different grades of fuel for each source in each region and
the optimal purification levels for each source are obtained by linear
programming. By using these optimal amounts of different grades of
fuel and optimal purification levels, the total cost to maintain a
certain air quality standard and maintain a desired energy level is
minimized. The principle advantages of this approach are

1) The dynamic aspects of air pollution are considered so that
on-line control of air quality can be considered.

2) Because of the flexibility of the model and also because linear
programming can be used to solve very large practical problems,
the proposed approach appears to be a feasible one for the
optimal on-line control of air pollution of a large metro-

politan area.



