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CHAPTER 1
INTRODUCTION

In recent yeérs there has been a remarkable gréwth of interest
in the problems of management systems optimization., It, perhaps,
has been motivated by the economic benefits associated with the
optimal decisions régarding the allocation of resources., Moreover,
it seems natural that in treating decision éroblems an approach
should be to makeithe best of the given situation. The fundamental
approach to solve decision problems is to optimize a performance
criterion by the proper selection of decision parameters.

Numerous mathematical techniques have been proposed to solve
linear and non-linear systems., Linear programming has been used
successfully to solve linear problems, Ugfortunately, nonlinear
problems have always presented greater difficulties than linear
ones, Several methods like the calculus of variation, maximum
principle and dynamic programming have been developed for solving
non-linear systems. Of all the analytical approaches, only dynamic
programming has been used fairly successfully, This techniﬁue,
however, has a drawback in that it cannot be used for problems in-
volving large number of state variables,

In this decade some new techniques have been proposed to solve
a class of non-linear problems characterized by non-linear objective
function and linear congtraints. Among these techniques, Rosen's
gradient projection method [20] and Goldfarb's-conjugate gradient
method [ 7] are noticeable, The two techniques are analogous to

each other in many ways. The gradient projection method, however,



has the drawsack of slow convergence rate near the optimum, For the
purpose of this study, the conjugate gradient method developed by
Goldfarb is considered.

A brief review of a class of gradient methods proposed by dif-
ferent authors for solving unconstrained and constrained nonlinear
programming problems is given in chapter 2. The conjugate gradient
method, along with its algorithm, is described in chaptér .
Formulation of the mathematical model is also given in this chapter,
Chapter 4 deals with the program flow together with the limits and
tolerances required for the successful running of the program. Three
problems have been solved using the technique, The problems are

discussed along with their results in chapter 5,



CHAPTER 2
LITERATURE REVIEW

In general non~linear programming problems are concerned with
minimization or maximization of a non-linear objective function,
f(xl, xz, ooy xm), subject to certain constraints, The constraints
may appear as linear.or non-linear constraints, The functions may
also be grouped into two main classes, accor&ing to whether the

gradient vector gi = EEI can be obtained analytically at each point or

9x

must be estimated from the differences of values of the function, £.
In the neighborhood of the optimum of a general non-linear
function, the function can be approximated by the Taylor series

expansion of the form
£(x) = £(x) + 4 (x - x)T A(x - x.) + higher terms (2-1)
) *0 0 g

where X, is the optimum value of x and A is the matrix of second
partial derivatives., Since near the optimum, the second order terms
dominate, it is generally argued that the methods which can optimize

a quadratic function efficiently will probably be good on more general
functions, Furthermore, even in the regions remote from the optimum,
such methods, by taking account of the curvature of the function, are
best able to deal with complex situations, such as the presence of a
long curving valley, thereby avoiding the deficiency of oscillatory
behaviour, that is present in methods like steepest ascent, This
provides a motivation for the development of second order convergence

methods, and as such a number of methods have been proposed in recent



years for solving unconstrained as well as constrained problems,

Such methods have the property that they develop quadratic convergence,
without requiring the calculation of second partial derivatives, once
a neighborhood of the optimum is reached. A brief review of some of
such methods aloné with recently developed gradient projection methods

follows,

2,1 Conjugate Gradient Methods for Unconstrained Problems,

The methods considered here are called ;ariously conjugate gradient,
quasi-Newton and variable metric methods, Before describing them, it
would be worthwhile to define a conjugate gradient process. Consider
the case of a quadratic function f having a Hessian matrix A, which

2

is positive definite. Vectors so, sl, 8, ssay s:n-l # 0 with the

property

sHTasd = 0 143 | (2-2)
are sald to be conjugate with respect to A, Any method, that generates

2

conjugate directions'so, sl, 8 5 wes sn-l satisfying (2-2), is said to

be a conjugate direction process. Since the Hessian matrix A is
positive definite, the vectors su, sl, 52, couy sn-l are linearly
independent and form a basis in an n—dimensionallEuclidean space En.
For a quadratic f, successive minimizations in the conjugate directions
minimize the function in, at moét, n steps with no round off errors.
Kelley [11] has a summarized some of the algorithms that generate
conjugate directions,
Algorithm 1: .
Too il i>0 (2-3)

where



and s = g

Here and elsewhere, xo is chosen arbitrarily.

by a one-dimensional search for a minimum of the function, f(x™y's

i +
along s°, s0 as to cobtain a new point xi 1

i+1,2

_(gi}2

) A

(2-4)

(2-5)

Yi > 0 is selected
i
i i ),

= x + ci. Thus, oi

the change in the variable vector x during iFh iteration.

Algorithm 2:

i ii
6 =-v"8
where so = go
i 3, 3.T
i+1 i+l +
s = -0} E_§£T15] T
j=0 (o7)7y
= i+l_.( EIE_(Y:]_-I;)
| jeiontl (o9) Ty
i i+l i
and ¥y =8 - B -
Algorithm 3:
ci - -Yisi
where so = go
i, 1T
Si+1 - A+l o (y) gi+1
: i, T 1
(e 7y
il g |

gives

(2-6)

(2-7)

(2-8)

(2-9)

(2-10)

(2-11)

(2-12)

(2-13)

(2-14)



The above three algorithms are the three different versions of
the conjugate gradient method. They become identical for a quadratic f.
There are several variable metric methods proposed for generating
conjugate directions., They consist of cﬁooéing an nxn matrix Hi (that

approximates Afl) and generating A-conjugate directions si given by
P (2-15)

where HD, Hl, «++ 1s’a sequence of symmetric positive definite matrices.
Ho is arbitrary, but is usually taken as an identity matrix. A new

point is defined by xi+1 = xi + yisi, where Yi is calculated to minimize

i+1). The matrix Hi is updated at each lteration. Several methods

f(x
have been proposed which essentially differ in the manner in which thg
matrix gt is updated. Probably the most powerful of the variable

metric methods is Flectcher and Powell's modification [5] of Davidon's

variable metric method [4], The method employed by Fletcher and Powell

in updating the matrix Hi may be stated as

1. i.T

pitl o gt +%— ¢ i i>0 (2-16)
(y) o ohH'H

where yi = gi+1 - gi _ (2-17)

Another algorithm that bears a relationship to the above algorithm
similar to that which batch processing of observations bears to
sequential processing in orbit determination is given in [11]., This

has been referred to as modified Davidon algorithm. According to this

1_I:i.-f-l - Hi _Hy (y i E i>0# mn-1 (2-18)



and
mn-1 i, 3.\T
e e s ;"T)j | (2-19)
j=mo-n (¢~)y ‘
where

1_ i+#1 i (2-20)

The basic idea behiné this algorithm to reduce the rank of the matrix H
by one at each update and after rank annibilation, replace it by the
estimate of Afl gi;eﬁ by equation (2-19). A similar approach has been
suggested in the gradient projection method [19]. There, howeve:; after
rank annibilation, the matrix H is replaced by the identity matrix I,

A more detailed comparitive study of the various conjugate direction

methods or variable metric methods can be found in [11,19,23].

2.2 Methods for Constrained Problems

Based on the knowledge gained from the work donme in the field of
uncontrained optimization, some new methods have been proposed to
handle linear as well as non-linear constraints on the control variables.
Rosen [20] developed a gradient projection method for solving a subclass
of non-linear problems characterized by linear constraints. The
constraints may consist of inequalities, equalities or bﬁth. The
important features of the method are i) movement along the bouﬁdary of
the polyhedron describing the feasible region, and ii) the generation
of a sequence of impxovgd objective function values. Since the method
is based on the well known steepest ascent method, it has the same

deficiencies as its precursor, namely, slow rate of convergence near



the optimum and oscillation along steep ridges. Analogous to the gradient
projection method, Goldfarb [7] developed the conjugate gradient method
which is the subject of this study.

Rosen has also extended his gradien£ projection method to handle
non-linear constraints [21]. The basic approach of this method is
similar to that with linear constraints. An advantage of the gradient
projection method is that if a feasible starting point is kn;wn, all
points obtained in thé optimization procedure are feasible, so that
the procedure may be stopped at anytime with an improved feasible point,
This method is also advantageous over the cutting plane method developed
by Kelley [13] in that there is no increase in the total number of
constraints as the solution proceeds. Kelley and his coworkers [10]
have proposed an accelerated gradient method for solving problems
with non-linear constraints, Their approach is to augment the per-
formance function by penalty terms which measure the constraint
violations. The augmented function is minimized using Davidon's method,
Thisrresults in an approximate solution with small violations of the
constraints., Newton's method is then used to refine the solution
exploiting the second order information accumulated in the converged
metric. Very recently, an accelerated gradient projection method for
use with non-linear constraints has been reported by Kelley and Speyer
[12]. The method uses a one-dimensional search to a minimum of a
performance index augmented by a correction for the conmstraint violation.
A metric update, based on the changes in the projection gradient vector,

provides quadratic terminal convergence,



CHAPTER 3
THE CONJUGATE GRADIENT METHOD

The conjugate gradient method developed by Goldfarb is a new
method of solving a class of non-linear problems characterized by
linear constraints. This technique is the modification and the
extension of Davidon's variable metric method for unconstrained
minimization, to take into account linear constraints which may
consist of equalities, inequalities or both, It maximizes the
value of a given objective function of the system of variables while
satisfying the equations and constraints. The objective function
may also be minimized by maximizing the negative of the actual
objective function,

Briefly, the conjugate gradient method is designed to start from
an initial specified point and to locate a feasible point using Rosen's
technique, if the initial point is not feasible. The method, then,
follows an iterative procedure locating new feasible points with in-
creased value of the objective function, This is accomplished by moving
in a direction conjugate to the previous directions of search. As
the method proceeds, information gained about the local curvature of
the objective function is incorporated into a matrix which determines
the direction in which to move, |

At each iteration, the initial step length is selected as the
maximum length without viplating the constraints, or a predetermined
maximum step length. In the case of non-linear objective functionm,
the cubic interpolation scheme proposed by Davidon is used so that

the value of the objective function increases at each step. The



maximum is found when any step size that would increase the value of
the objective function would violate the constraints, or when the

gradient is within the specified tolerance.

3.1 Formulation of the Problem

Consider a problem with m variables, x,, 1 =1, 2, ..., m,

i

representing a point in an m-dimensicnal Euclidean space. It is

required to find a local maximum (or minimum) of a function
f(x) = f(x].’ xz, ers g xm) (3-1)

subject to k linear equality and inequality constraints of the form

m
j£1 oy X, - by =0 _ 1wl 2y wney © (3-2)

L nijxj - bi >0 i1=¢etl, et2, ,.., k (3-3)
i=1
where nij have been normalized so that
o 2
] (nij) =1 1=1,2, ..., k (3-4)
J=1 '

These constraints form a convex region R in Em, which is assumed
to be bounded. It follows, therefore, that there must be at least
m+l constraints, that is, k > m+l, Corresponding to each of .the k

constraints, the unit vector n, is defined as

ni = {nilg niz, s 00y nim} i = 1, 2, aney k (3"‘5)

Equations (3-2) and (3-3) may now be written as

T
nix"'bi=0 i=1, 2, .ol,e (3_6)

10
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e""l, e+2, ey k (3"‘7)

=
L]
1
o
|v
o
-
]

1’ 2, .ll’;k

In geometric terms, these equality and iﬁequality constraints
represent e hyperplanes Hi and (k-e) closed half spaces, whose
intersection in Em is a convex polyhedron region R. The unit vector

is orthogonal to H, and is directed so that if it orginates at a

" 1
point x in Hi’ it points into the region R, A set of hyperplanes

is linearly independent if the corresponding vectors n, are linearly
independent, If there are q linearly independent hyperplanes, then
their intersection forms an (m-q) dimensional subspacg Mq in Em'

Clearly, there can at the most m linearly independent hyperplamnes in

E .
m

3.2 Constrained Maximum
Consider an objective function

f(x) = f(xl, Koy sers xm)- ; (3-8)

If f(x) is differentiable at all points x in Em’ each point x

has associated with it an m-dimensional gradient vector

of of of '
g(x) = [a—x-, R TE. . (3-9)
1 2 m

The components of g(x) can be considered as co-ordinates of
another m-dimensional Euclidean space. If, however, f(x) is twice
differentiable, then in the neighborhood of x in Em’ the Hessian matrix

of the second partial derivatives
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2
6 = 525, (3-10)
1%

defines a linear mapping of changes in position, dx, on to the change

in the gradient, dg, as given by
dg = G(x)dx (3-11)

The directions of the vectors dg and dx depend upon the ratios
of the eigenvalues of G(x). If, however, dx is an eigenvector of the
Hessian matrix, both the vectors will point in the same direction.

Considering that f(x) is a strictly concave function, it is desired
to find a point x at which £(x) has a global maximum, For this purpose,
the important property of concavity requirement on f£(x) is that the -
symnetric matrix of second partial derivatives is negative semidefinite
over the entire space Em' Then f£(x) is given by the three-term Taylor
expansion

f(x) = f0 + aTx +‘% xTGx (3-12)
We can write

g - g =G - x7) (3-13)

For an unconstrained concave function, the region R is gll of Em.
The necessary and sufficient condition that x be the maximum point is
that g(x) = 0. The maximum for such a case can be found by Newton's
method for solving m equations in m unknowns,.namely, gj(x) =0,

j=1, 2, ..., m, that result from the necessary and sufficient
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conditions for a global maximum for a strictly concave function. If
the region R is bounded and if there exists a point x in R such that
g(x) = 0, the global maximum is called Fhe interior global maximum
of £(x). If, hoﬁever, g(x) does not vanish in the interior of R,
then the global maximum lies outside the boundry of R and is called
a constrained global maximum,

In most of theé actual problems f(x) is not quadratic. In such
cases the function can be approximated to Ee quadratic only in a
small neighborhood of a point. Therefore, evaluation of the Hessian
matrix and inversion of it at each step can be time consuming, since
if the partial derivatives of f(x) are approximated by finite
differences, large nuﬁber of functional evaluations are necessary
to compute the Hessian matrix, Moreover, for non-concave functions,
convergence cannot be guaranteed unless the starting point is close
enough to the maximum., Davidon's variable metric method and Fletcher
and Poﬁell's method are, howgver, more attractive in that they require
explicit calculation of only first partial derivétives, and yet develope
quadratic convergence once a neighborhood of optimum is reached in
which the second partial derivatives of the function remain sensibly
constaﬁt.

Let us now consider a quadratic function f(x) given by equation
(3-12). It is required to locate the point at which the function is
maximized in the linear manifold, Mq’ formed by the intersection of

q linearly independent hyperplanes H i=1, 2, ..., q. Let

i’
T1s Moy eesy nq be the unit normals to these hyperplanes. Define an

(mxq) matrix

Nq = {nl, Doy seey nq} (3-14)
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. *
Now, the necessary and sufficient condition for f(x ) to be global
maximum of f(x) over Mq is that the gradient vector g(x#*) be orthogonal
to Mq. In other words
g¥x =N a (3-15)
q

1

) + :
where o is a q dimensional vector, Substituting gi = Nqa in equation

(3-13) and premultiplying both sides by G-l, we get
L xt w ot e G_l(Nqa - gi) _ (3-16)
The vector Axi lies in the linear manifold Mq, and therefore

Nzﬁxi 5 il (3-17)

or
NG N o -~ N6 g =0 (3-18)
g q q °

The matrices Nz and G_l are of the ranks q and m (>q), respectively,

The inverse of I‘iIEG-l Nq’ therefore, exists [18]. Thus, from equation
(3-18)
T - -1 =11
o= e N)ytng 3-19
g q) P ( )
Substituting the value of o in (3-16), we have
+ — - - - -
o d s ey ey T gl - gl ‘ (3-20)
q q q q
or
+ & - '
£ g - G 1.2 (3-21)
where

~

P =I-¢1ln (NTG'ln )‘l NT
q 9 q q q

Pq is the projection matrix and projects any point in Em on to M .,
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~ =1
In the conjugate gradient method the matrix Hq = - PqG acts

as a variable metric, It is a positive semidefinite matrix, This
matrix is updated at each step according to the approach followed
by Fletcher and Powell, to incorporate the information about the

local curvature of the function.

3.3 Algorithm

The basic algoéithm used in the conjugate gradient method follows
very closely the one used in Rosen's gradient projection (GP). But
unlike that in GP, here the directions of search are determined by
premultiplying the gradient vector by the matrix Hq’ rather than by
the orthogonal projection matrix Pq. The heart of the algorithm lies
in the manner in which the matrix Hq is updated., The method requires
the calculation of the matrix (N:Nq)—l at each step. The cubic
interpolation scheme used to locate the approximate maximum value of
the function along the direction of search is given in Appendix B.

The recursion relations used to compute the matrix (Nzﬂq)_l are given
in Appendix C.

The algorithm is given for an arbitrary point xi in the region R,
having a function value f(xi) and a gradienﬁ gi = g(xi). It is
assumed that xi lies in fhe subspace Mq formed by the intersection of
q linearly independent hyperplanes. Hi is, therefore, the matrix
operator, For simplicity it is also assumed that there are no
equality constraints., The algorithm for the conjugate gradient method

can be stated as follows:

Step 1

i i i i1 T -1 T 4
Given x and H compute H and ¢ = (N° N N
s B q! P qg ( q q) q g



1f Higi =0ando, <0, =1, 2, +u., q, then xi is the global

3

maximum,

Step 2

If this is not the case test for the constraint drop. Either

i1 1 -1/2 i 4 1 -1/2
H >max {0, =a d } or ||H <=qag d where
g™ || » 7 % 4o st <5 o a2
—1/2 “"'1/2 . th
aqdqq z-aidii s 1 1, 2, ..., g-1 and where dii is the i

diagonal element of the matrix (Nzﬂq)—l. If the former holds, go
to step 3. If the latter holds, it means movement is restricted
in the qth hyperﬁlane. Therefore, drop H: from the constraint

basis and obtain-H;_l using the following equation
T.
P nnpP
- . qg-1q q g-1
Hq—l Hq + 0 (3-22)

npP n
qq-1lgq

T -1.T
)

£ == q-1 gq-1 q-1

q-1 Nq—l(N

Let q = q-1 and go to step 1.

Step 3

[*N

Let si = H gi and compute

(PR

A, = —(nTx - bj)/ n?si, j=qtl, ¢+2, ..., k

J 3

and Al = min (g > 0} (3-23)

Now, using the cubic interpolation method obtain Yi, 0 < yi j_li,

i

such that f(xi + v si) is maximized.

i ii i+l

Let 0" = y's and x 1

xt 4+ ui and compute gi+l = g(xi+ )

Step 4

If Yi N Ai and (Si)Tgi+1

| v

0, add to the constraint basis in step

16

3



the hyperplane corresponding to the min{Aj}. Compute

Hin nTHi
pitl oyl o 9iig (3-24)
qtl q T.1i
n,Hn
i q]

Let 1 = i+l and q = g+l and return to step 1.

Step 5

Otherwise set yi = gi+l - gi and update the matrix operater Hz

using the following relation

i4, i, T i
T H H
T R oo S (3-25)
q q i, T i i, 7.1 1
(c™) 7y (y™) qu

Let i = i+1 and return to step 1.

In actual practice an initial feasible point xo is obtained by
Rosen's technique., If xo lies in the interior of the convex region R
and also if there are no equality comstraints, Hg is chosen as an
identity matrix I, If, however, xo lies on exactly g linearly
independent hyperplanes, these hyperplanes (constraints) afe added
to the basis, the hyperplanes corresponding to the equality con-
straints, if any, being added first, Hg is fhen computed from Hg

by using equation (3-24) q times.

17
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CHAPTER 4
PROGRAM FLOW

The computer program for the conjugﬁfe éradient method is based
on program known as GP 90 [16] developed for the gradient projection
method of solving non-linear problems with linear constraints. The
flow chart of the program is given in Appendix E. This includes
logics for the matrix computations, matrix re-inversion and other
subroutines used., A brief description of the limits and tolerances
necessary for the successful running of the program, the main program

itself and the subroutines, is given below,

4,1 Limits and Tolerances

There are three limits which need be set, Their setting depends
upon the size and the type of the problem being solved.

LIMIT, refers to the maximum number of steps.' It prevents the
program from grinding away without accomplishing anything because of
incorrect setting of tolerances or limits or because of wrong input
data. It is difficult to predetermine the number of steps required
to reach the maximum as it depends upon such factors as size of the
problem, type of the function and number of constraints in basis,

It keeps the run to a reasonable length without having to rely on
a time limit,

MXRN, maximum number of re-inversions. The main purpose of this

limit is to prevent the problem from re-inverting too often thus

consuming extra time, The program is designed not to re-invert twice

in a row to the same basis, but it may re-invert after only one basis
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change or possibly repeat a series of re-inversions.
Bmax is used to limit the number of interpolations required to

find an x for which f(x) has increased. It depends upon the non-
linearity of the function. For a quadrat£c function it should be one.

The three tolerances required to be specified are gradient
tolerancet €95 constraint tolerance, €, and linear dependence tolerance,
83-

€y is used to determine when the norm of the gradient is zero and
the problem has reached the maximum value, Its value may vary from
problem to problem as it depends on the relationship between the norm
of the gradient and the corresponding change in the value of the
objective function, A smaller value of €1 leads to better 'maximum'
but at the cost of increased computational time, Value of £ between
.001 and ,005 seems to be reasonable,

The constraint tolerance, €1 is the acceptable error in satisfying
a constraint. It determines when a constraint is active, €, may be
about 10-3 bi, where bi is the largest value of the right hand side of
constraints, bi’ divided by the corresponding scaling factor or 10_3
times the largest value of x.

The general value used for the linear dependence tolerance, €qs is
+005, This tolerance determines when a constraint is linearly dependent
and, therefore, cannot be added to the basis,

Besides the limits and tolerances described above, it is necessary
to sPecify the maximum step length Tmax; It is usually taken as one,

The program has been designed to take an initial step of not less than
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1 . If the initial step size is less than Todn? it is taken to be

min

LI and then interpolation is done if necessary.

4,2 Main Program : [

For the purpose of description, the main program can be divided
into three sections: input, starting procedure and step procedure.

In the first section, the input data is read and the initial conditions
are set for the probiem. After the constraints have been read, they
are normalized and stored. If equalities are indicated, these form
the initial basis and the corresponding inverse is computed.

The second section of the program tests whether the initial guess
of the vector x is feasible or not. If it is not, a feasible point is
found by computing one x-correction so that all constraints in the
current basis are satisfied. If, however, any constraint is still
violated, it is considered as x-correction failure, A constraint in
the basis is said to be violated if |li| > €5, If an x-correction has
failed, a re-inversion is required. In case there is violation of
constraints not in the basis (ki < - E2) the program tries to add to the
basis the constraint corresponding to the mos; negative Ai, if that
constraint is not linearly dependent and the procedure is repeated
from x-correction. If the constraint is linearly dependent, the
program tests against €4 for a constraint to drop, Failure of a
constraint drop means that there is no feasible x, However, on steps
other than the first step it only means an x-correction failure.

After finding a feasible x, subroutine FUNCT is called to compute

£(x) and g(x). The program then enters the third phase, namely, the



step procedure, A step includes the projection of the gradient, testing
for the maximum, changes in the basis, calculation of z and the up-
dating of the matrix Hq. At the beginning gf each step the program
has a feasible x, f(x) and g(x). The non-basis constraints are
classified for v(]ki| 5;2) and w()\i > 52). The norm of the gradient

is calculated and if ||g|| < e,, it means 'maximum' has been reached.

1!

If ||g|| > e, and there are no constraints in the basis, that is,

1
q = 0, the program skips to compute z, If q > 0 and [|Pgl| j_el the
program tests for a constraint to drop. If there is no constraint to
drop, the maximum test is said to be satisfied and the current point
is the maximum, If there is at least one constraint that can be
dropped, the b;a-st one is dropped from the basis and the matrix Hq—l )
is computed using equation (3-22), The program returns to where

the gradient is projected and tested, If ||Pg|| is still zero, a
re-inversion is required to continue,

If ||Pg|| > e, and q < m, the vector z is computed, If the
current point ison.consﬁraints which are not in basis, that is, v # 0,
the program computes and tests zTni for all 1 in v. 1If min(zTni) <0,
the corresponding constraint is added to the basis if it is linearly
independent and Hq+1 is computed, If the constraint is linearly

dependent, test for negative zTn i in v, is repeated, When v = 0,

i?
test for the basis change is made. If gq*or n = 0 the program-tests
against 2||Hqg|| for a constraint to drop. The program returns to the
location where the gradient is projected and tested,

If the program finds no more changes to be made in the basis, the

program uses the cubic interpolation scheme, First initial step length

is determined and if w = 0, this is checked against constraints in w,



is negative, 1

T
For all i in w for which zTn = eli/z n, is computed.

i i
If the minimum Ty is less than the initial 1, the step is limited by
the constraint H, and T is set equal to Ty
3 i+
After interpolating, if Yi = Ai and (si)Tg = > 0 the constraint

corresponding to the min{A,} (see step 3 of the algorithm) is added

3
to the constrained basis and Hq+l is computed according to step 4,
The step counter is tested against maximum step limit and if the

limit is not reached, the program returns to the beginning of the
step procedure, ;f, however, step 4 of the algorithm fails, Hq is

updated according to the relation (3-25) and the program returns to

the start of the step procedure.

4.3 Subroutines

Subroutine REINV is designed to compute the inverse matrix

(Nzﬂq)"l whereas subroutines COMP1l and COMP2 do the matrix computations

22

required by the conjugate gradient algorithm. Subroutine AMDA calculates

~A's while CLASS classifies the constraints in to various categories,
such as

u = linearly dependent constraint

v constraints not in basis with A =0

w = constraints not in basis with » > 0

All the above subroutines form a permanent part of the program, Another

subroutine FUNCT is added to the program. It varies from problem to

problem and is used to compute f(x) and g(x).
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CHAPTER . 5

APPLICATION OF THE CONJUGATE GRADIENT METHOD TO MANAGEMENT PROBLEMS

3

In this section three models relating to the optimiéation of
management systems are considered. These models represent production,
inventory and advertisement situations.

The first model is relatively a simpler production planning problem
involving one state and one control variablé, The second one is the
well known diffusion model for advertisement involving two state variables
and one control variable. At the end a highly non-linear production
and advertisement scheduling problem, that involves six state variables

and three control variable, is comsidered.

5.1 An Inventory Model

This model has been taken from [15). Consider the case of a
manufacturing concern where the sales rate Q(t), at any time t, is
known with certainty and that the rate of change of inventory level

I(t) is given by

dl—xl = P(t) - Q(t) - | (5-1)

where P(t) is the production rate at time t. The problem, then, is

to minimize the total cost, CT’ of inventory and production given by

T .
Cp = g e (1 - 1(t))2 + C, exp (P_ - P(T))%]dt (5-2)

Here CP is the minimum production cost that occurs when the rate of
production is equal to the production capacity, Pm, of the plant., An
increase in production rate over the capacity may call for additiomal

equipment and labor and can, therefore, be expensive, Similarly, a
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decrease in production rate below the plant capacity can be equally
expensive owing to the need for the maintenance of unused equipment
and also because it would result in idle labor which cannot be reduced
because of contract agreements. The quaﬁtify Im may be considered as
the storage capacity of the inventory and CI’ the cost of carrying
inventory. Generally, the minimum storage cost occurs when the
storage capacity is fully utilized.

The cost function given by (5-2) has a -smoothing capability which
is very much desirable for many manufacturing processes., In this case,
Im and Pm can be considered as desirable inventory and production levels,
Now, let the sales rate, which is assumed to be known with certainty,

be given by the linear equation

Q(t) = a + bt (5-3)
and the initial inventory is

I(0) = c (5-4)
where a, b and c are known constants, Substituting the value of Q(t)

in (5-1), we get

9%51 = P(t) - a - bt | (5-5)

To solve the problem by the conjugate gradient method, the above
.equations must be reduced to difference equations for digital compu-

tations. Thus, for small At, we obtain

I(t+At) = I(t) + .[P(t) - a - bt] At (5-6)

The integral in the cost equation (5-2) over the limits kAt and

(k+1)At can be approximated as follows
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(k+1)At 2 2
[ @ -T(e)” + ¢, exp (B - P())7] dt
kat

= Lo (1, - TeN? + ¢, exp @) - B(2) ]ae (5-7)

The wvalues of the various numerical quantities are assumed to

be as follows

a=2 b=1 c=25
CI =0,1 CP = 0,001 Im = 10
P =35 T=1

m -

In addition, the production must not be more than 7 units.
5.1,1., Formulation of the Problem

Since the continuous process has to approximated by a multistage
process, the number of stages into which the process should be divided
is influenced by the desired accuracy ané computational cost. Obviously,
the larger is the number of stages, the greater are the accuracy and
computational cost. Let us assume that the process is divided into
n stages, Since the conjugate gradient method maximizes the objective
function, total cost CT is minimized by maximizing - CT. The problem
may then be written as

maximize

n
F=-Cp=- kzl (e (1 - Tkar))? + ¢, exp (Pm-p(ku))z_mt (5-8)

here I(kAt) has been taken as the mean of the inventories at the kth

stage, That is

T(kAt) = %[I(k‘-'ﬁ't) + T(kAt)]

subject to
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I(kAt) = I(k-1At) + [P(kAt - a - bkAt]At (5-9)
P(kAt) > O | (5-10)
-P(kAt) > - 7 . ) ’ (5-10a)

where k = 1, 2, ..., n and At = T/n

It is given that I(0) = ¢

Equation (5-9) represents n equality constraints on tﬂe state
variable I, whereas (5-10) and (5-10a) represent 2 inequality con-
straints on each of the control variables P, the number of which
equals the number of stages into which the process is divided, that
is, n. These inequalities act as bounds on the control variables,
Thus, in all there are 2n bounds on the control variables.

Since the conjugate gradient method does not recognize any
state variables as such, the constraints given by eﬁuation (5—§)
were eliminated, while calculating gradients, by evaluating the
partial derivatives of the state variable with respect to the control
variables at each stage, as given in Appendix D.r
5.1.2, Numerical Results

For the purpose of this study, the problem was solved for 5-stage
and 10-stage processes on an 1BM 360/50 computer. Various limits and

tolerances selected for the problem are as follows

el = 00,0002 LIMIT = 100
€, = 0,001 MXEN = 3
83 = 0,005 Bmax = 4

T = 1.5

max

The subroutine FUNCT was so designed as to be independent of the

number of stages into which the process is divided.



For the 5-stage process we have the number of variables, m = 5;
the number of constraints, k = 10, Since all the constraints on the
control variables are in the form of bounds, the number of bounds,

s = 10 and the number of equality constf;ints, e = 0., Since, to
start with, the program requires the initial guess of the control
variables, three sets of initial approximations were used. They

vere: all P, = 1,00, all P, = 4,00 and all P, = 7.00. Also, the |

i
estimated value of the minimum cost is required to be specified.
It was taken as 1,0,
Using the three sets of initial approximations the problem
was solved for both 5- and 10-stages. It was observed that for each
process the optimal solution remained the same irrespective of the ~
initial approximation used. In both the cases the initial guess
of all Pi = 7.00 was found to be the best of the guesses used, and
it required sufficiently smaller number of iterations as well as
functional evaluations to reach the optimum, as compared to the
other two approximations., A functional evaluation consists of an
evaluation of the objective function and the corresponding gradients.
The optimal results for the two processes are summarized in

Tables 1 and 2, The optimal values of production, inventory and

cost are also shown in Figs., 1 and 2. The convergence rates of
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production and cost for the 5-stage and 10-stage processes are given in

Tables 3 and 4, respectively. Table 5 gives the execution times for
the different 1nitial.approximations. For the 5-stage process the
minimum cost was found to be 0.940 and for the 10-stage process it
was 0,932, showing a decrease of only 0.87%. The decrease is rather

insignificant. This is due to the fact that the inventory and cost
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functions are quite smooth, as can be seen from Figs. 1 and 2. The
execution time for the 10-stage process, however, increased over the
5-stage process by about 278%. From Figs, 1 and 2 it can be observed
that the cost funhtion is more sensitive to the production rate in the
initial stages than that in the later stages of the process,

From the manner in which the conjugate gradient method proceeded,
it was observed that, to start with, there were no constraints in
the basis. This was due to the absence of Qny equality constraint,
Also, since all Ehe'initial approximations specified were feasible,
no computer time was lost in finding a feasible point. It is, therefore,
desirable to select a feasible point as the initial starting point.
During the course of optimization, the constraints which became
limiting were added to the basis. At the optimum, there were 2 active
constraints for the 5-stage process and 4 active constraints for the
10-stage process, As can be seen from the optimum results, these
correspond to the maximum allowable production rates at the initial
stages of the two processes,

This model has also been solved by Nair [18] using Powell's
conjugate gradient method which, incidently, is an unconstrained
optimization technique. The minimum cost obtained by him for both
5-stage and 1l0-stage processes was 0.93, This agrees reasonably
well with the present results., However, some difference was‘ob—
served in the values of the control variables, This was due to the

fact that Powell's method cannot handle any constraints.



Table 1. Optimal Results for the 5-Stage Process

P(t+AL)
I(t)— ™ —>IL(t+At)
t tHA L
t+AtL I(t) P(t+At) I(t+AtL) Q(tt+At) cT
0.0 0.2 5.000 7.000 5.960 2,200 0.420
0.2 0.4 5.960 7.000 6.880 2,400 0.687
0.4 0.6 6. 880 6.946 7.749 2.600 0. 840
0.6 0.8 7.749 6.772 8.544 2.800 0.913
0.8 1.0 8.544 6.431 9,230 3.000 0,940
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Table 2, Optimal Results for the 10-Stage Process
P(t+At)
I(t) —> > I(t+At)
t t+At
t  thAt  I(t)  P(tHAt) I(t+at) Q(t+At) Cp
0.0 0.1 5.000 7.000 5.490 2,100 0.232
0.1 0.2 5.490 7.000 5.970 2,200 0.419
0.2 0.3 5.970 7.000 6.440 2,300 0.569
0.3 0.4 6.440 7.000 6.900 2,400 0.685 _
0.4 0.5 6.900 6.972 7.347 2,500 0.773
0.5 0.6 7.347 6.899 7.777 2,600 0.836
0.6 0.7 7.777 6.809 8,188 2,700 0.879
0.7 0.8 8,188 6.691 8.577 2,800 0.907
0.8 0.9 8.577 6.517 8.939 2,900 0.924
0.9 1.0 8.939 6.165 9.255 3,000 0.932
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Table 5 - Execution Times for the 5-stage and 10-stage Processes

5-Stage Process

Initial . 10-Stage Process
Approximation No. of Execution No. of Execution
Iterations Time in Secs Iterations Time in Secs
All Pi = 1.00 49 77.31 76 188.52
All Pi = 4.00 27 42,60 56 138.90
All Pi = 7.00 13 20.50 32 79.37
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5.2 An Inventory and Advertisement Model

Let us now use the conjugate gradient method to solve an adver-
tising problem, The model has been taken from [18]. This model
is more complex as compared to the one discussed earlier in that it
involves two state %ariables. The block diagram of the model is
shown in Fig. 3. Consider a group of potential customers of a company's
product, Assume that the total number of persons in the group remains
constant and that only a certain members of the ETroup possess some
information about the product. Assume further that diffusion of

information within the group occurs through personal contact.,

Let
K(0) = number of informed persons at time ty
K(t) = number of informed persons at time t
N = total number of persons in the group
¢ = contact coefficient, the number of contacts made by one

informed person per unit of time
Then K(t)/N = proportion of informed persons at time t, and
1-K(t) /N = proportion of uninformed persons at time t,
Since the number of informed persons can be increased only by making
contacts with uninformed persons, the rate of increase in the number
of informed persons at any time t is given by

dK(t)

- = (D)1 - K(t)/N] (5-11)

Suppose that the firm can increase the number of contacts made
by advertising by an additional number A per unit of time. Then
equation (5-11) becomes

dK(t)

G- = (SHA(E)) K(£)[1 - R(£)/N] (5-12)

If each successful contact increases the sale by one unit of the

firm's product per unit time, then
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QUL 7 (era(t)) QO[T - Q(E)/N] (5-13)
where Q(t) represents the sales at time t,
The rate of change of company's inventory is given by

dI(t)
dt

where I(t) = inventory at time t, and

= P(t) - Q(t) (5-14)

P(t) = production rate at time t,

The production rate for the product under consideration is assumed to
be given by the linear equation

P(t) = a + bt (5~15)
where a and b are known constants. The company's management wishes to
maximize the net profit, PT’ which can be obtained from the equation:

Net Profit = Revenue - Cost of holding inventory -

Cost of advertising.

In mathematical terms

T
2
By = g [F Q(t) - C (I = I(£))” - G, A(t) Q(t)]dt | (5-16)

where F is the revenue from the sale of one unit of the product, Im

is the optimal inventory level, C_ is the inventory carrying cost

I
and CA is the cost of advertising.

In this model, I(t) and Q(t) are the two state variables and A(t)
is the control variable,

In order to solve this problem by the conjugate gradient method,
equations (5-13), (5-14) and (5-16) must be approximated by difference
equations. Equation (5-13}, then, can be written as

QUErAE) = Q) + G(E) (e + ACe)) [1 - 2L o (5-17)

Since it has been assumed that the number of persons in the group

remains constant and that each successful contact increases the sale by

one unit, Q(t+At) should not exceed N for any value of t, In order to
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avoid the possibility of Q(t+At) exceeding N, the term [1-Q(t)/N] should
be replaced by [1-Q(t+At)/N]. Incorporating the change in equation

(5~-14) and rearranging the terms, we have

Q&) [1+(ctA(t))At) R )
I+(ctA(t))Q(t)At (5-18)

Q(t+At) =

Equation (5-14) becomes
I(t+At) = I(t) + (P(t) - Q(t))At (5-19)
The integral in the profit equation (5-16) over the limits

kAt and (k+1)At may be given by

(kt1l)At 9
[ IR(e) = cp (X - ()7 -  A(e)Q(e) 1de
kAt
2
= [FQ(t) - C (I - I(£))" - CA(E)Q(r)]at (5-20)

The values of the various constants are assumed to be as follows

a =170 b = 100 c=2
F =10 C, = 0,15 I =50
1 m
CA = 1,5 N = 150 T=1
I(0) = 20 Q(0) = 20

Because of the limitations of the funds, restriction has been
imposed on the advertisement, which at any time should not be more
than 6,

5.2,1 Formulation of the Problem
Let n be the number of stages into which the process is divided,

The problem may, then, be written as

maximize
n
P, = kél [FQ(kat) - CI(Im ~ I(k.c\t))2 - CAA(kAt)Q(kAt)]At

(5-21)

subject to
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Q(kat) = Q('k_—TAt)[1+(c+f_(EAt))At] (5-22)
I+ (ctFA(kAE) )Q(k-1AL) AL
I(kAt) = I(k-IAt) + [P(k=-1At) - Q(’l;—mt)]m (5-23)
A(kAt) > 0 (5-24)
and -A(kAt) > - 6 (5-24a)
where k=1, 2, vv., n and At = T/n,

20,

It is given that I(0) = 20 and Q(0)
On each of tﬁe.two state variables Q and I, there are n equality
constraints given.by equations (5-22) and (5-23), respectively. Also,
there are n control variables A, each being suﬁject to two inequality
constraints given by equation (5-24) and (5-24a), which act as bounds
on the control variables, As in the first problem, here too, we
have to eliminate the state variable constraints during gradient
calculations by obtaining the partial derivatives of Q and I with
respect to A at each stage, as given in Appendix D,
5.2.2 Numerical Results | |
The problem was solved for 5-stage and 1l0-stage processes. As in
the inventory model, the subroutine FUNCT was designed to Be independent
of the number of stages involved,
Limits and tolerances used in the main program for this problem

are given below

Ei = 0,005 LIMIT = 100
€, = 0,001 MXRN = 3
€q = 0,005 Bmax = 3
T = 1,0

max
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Again, Eonsidering the 5-stage process, we have the number of
variables, m = 5; the number of constraints, k = 10. Since the

constraints are in the form of bounds, the number of bounds s = 10
and there are no equality constraints, ; = 0. The estiﬁated value
of the maximum profit was taken as 500.

Using the limits and tolerances given above, the original
conjugate gradient program was tried for the 5-stage process. The
program gave an execution error, after some iterations, while updating
the matrix operator Hq. This was due to the fact that moveﬁent in
the conjugate direction failed to improve further the values of the
control variables, as a result of which (ci)Tyi in equation (3-25)
became zero. A modification was therefore made in the computer program
8o as to change the direction of search to steepest ascent and then
to switch over to the newly generated conjugate directions, It wés
also observed that during some of the iterations the initial steps
were negative, 8ince it is always possible to take initially a
positive step during each iteration [5], and, moreover, since the
program checks the initial step against the constraints, another
modification was made in selecti;g the initial step size., The manner
in which the initial step size is selected is given in Appendix B,

Three different initial points were used for both 5-stage and
10-stage processes, They were: all Ai = 1,00, all A, = 4.00.and all

i

Ai = 6.00. In each case the problem converged to the same optimal
values irrespective of the starting point., Values of inventory,
production, advertisement and profit at optimal for the 5-stage and

10-stage processes are given in Tables 6 and 7 and Figs. 4 through 7.
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Convergence rates of advertisement and prefit for the two processes,
along with the number of functional evaluations required, are given in
Tables 8 and 9, whereas the execution times. for different initial
approximations are giﬁen in Table 10. The maximum profit for the 5-stage
process was found to be 609,088, The profit increased to 679.326 for
the 10-stage process, an increase of about 11,5%. This was achieved
for an increase of about 110% in the average execution time,

For both 5- and 1l0-stage processes, thé value of A for the first
stage is 6,000, the maximum allowable upper limit, The advertisement
tapers off to zero as we reach the last stage. The trend of adver-
tisement is as was expected, Maximum advertisement is needed in the
initial stages to boost the sales. As the product picks up sales, .
the need for advertisement decreases,

As in the first problem, here too, since there were no equality
constraints, the program started with no constraints in the basis,
and the matrix operator Hg was taken as the identity matrix. However,
in the final solution, there were 4 active constraints for the
S>-stage process and 8 active constraints for the 10-stage process as
can be seen from Tables 8 and 9,

This problem has also been solved by Nair [18] using Powell's
conjugate gradient method, The maximum profits obtained by him for
the 5-stage and 10-stage processes were 607,62 and 683,50, respectively,
However, since Powell's method cannot handle any constraints, some
difference was observed between the optimal values of the control
variables as obtained by the present method and those obtained by

Powell's method.



43

800" 609 000°0 L60°0TT T9L°$9 000°0ST  §0§°66 £99°6¢ 0" T g0
LnE" 968 000°0 80566 £99° 65 000°0ET 0oL*Lg €02 Ln 80 9°0
€62° Q6T €0g°0 00L" L8 £02° LY 000°0TT . 62T'TL 624" 6€ 9°0 70
00€* ity €L2 Y 621" TL 62" 6€ 000°06 Lég e 000°0E °0 2°0
62" €= 000°9 L5g°2n 000°0€ 000° 0L 000°02 000°02 2°0 0°0
b (3V+3)¥ . (3V+3)D (3V43) T (3)d (3)0 ()1 V3 3
1U+3
(29+3)D <—o ~—— (3)®
(3v+3)T | e
()1

*

(3v+ 3)V

ssodoag 9983g9-G SU3 J0F sjTussy Tewrizdp 9 ITqBI



44

(3V+3)¥

!

ssadoxg 98e3g-0T SU3 I0J s3nssy Tewr3do

"L °9Tqey

G2E"6L9 000°0 ono" T2t £02°94 000°09T 0RS"9TI gSR° TS 0°'T 6°0
298" g%s 000°0 oS 9Tt 858" TS 000°0ST  £96°TTT 710" gk 6'0 80
fLE" 2N 000°0 £96°TTT N0 8h 000° 0/ T #21° 90T 929" iy g'0 L0
TLg"0LE 000°0 #21°90T 929* i 000°0ST  652°00T 259" Th L0 9°0
081" S22 000°0 6527 00T 259" Th 000°02T  €20°%6 750" 6€ 9°0 $'0
. 996" s2T 694" 0 £20° 16 750° 6€ 000°0TT 260°98 7199°9€ S0 7°0
TSE°Of #4T0°€ 26098 ©199° 9¢ 000° 00T LE6° 0l LGL EE n°0 £°0
6nT" = 000°9 LE6° 0L LSL EE 000° 06 Leg 64 Lyl 62 £°0 20
cge” L= 000°9 Lég"6n Lnl 62 000° 08 0£s°2€ 000°62 2°0 T°0
221 9~ 0009 0£6°2€ 000°S2 000° 0L 000°02 000°02 T°0 0°0
by (3943)¥ (3943)® (3943)T (3)d (3)® ()1 3743 3
V+3 3
(3V+3 )0 <— ~— (3)0
(FV4+3)T e— e (3)I



45

180" 609 000°0 -000°0 S08°0 €le ™y 000°9 & 0T 9
180" 609 000°0 000°0 g0g 0 £le 000°9 € 8 g
926°809 000°0 0000 8080 €10 H 000°9 € 9 f
69g° L09 000°0 0000 LgE"T 8oL € 000°9 2 f £
¢g6" L6S 000°0 000°0Q 84 ° T 2TE"E 920° 6 T € 2
B9L €8S 000°0 €05 0 805" T 8g6°2 9En"q 0 2 T
66T 18 000°9 000°9 000°9 000°9 000°9 0 T 0
2Q0° 609 000°0 000°0 708" 0 g£leh 000°9 £ el L
180° 609 000°0 000°0 . 208°0 wle'q 000°9 € 0T 9
L80° 609 000°0 000°0 008°0 nlen 000°9 € 8 S
806° 809 000°0 000°0 £68°0 986°€ 000°9 € 9 f
LLL®LO9 000°0 000°0 et T €68°¢€ 000°9 G 4 €
£L9°99% 000°0 0000 Sl9 T 92H"€ 288" 1 T £ 2
921" LLS 000°0 LTL0 1181 890°€ QI § 0 2 T
289" HEE 000" 000" 000" f 000" 000" 0 T 0
8807609 000°0 0000 608°0 gletq 000°9 € 1T L
Lg0" 609 000°0 000°0 g6L°0 €12 000°9 £ 6 9
TT6°809 000°0 000" 0 T.8°0 g6 e’ 000°9 € L S
999° L09 000°0 000°0 L1n*% 256" € 000°9 c S . h
TSH" S6S 000°0 000°0 668" T TTS°€ 2L T f £
6LT°2nS 0000 2nl o TIS'T Ao 6TL*°2 0 £ 2
6T OnS 2€0°0 gelL 0 ROS'T 691°2 £99°2 0 2 T
166" 2hh 000°T 000° T 000°'T 000°T 000°T 0 T 0
L S € 2 T S15Bg UT SUOT}BOTBAY
d v ;< v v v S3UTBI}SUOD TeuoTqound *ON
Jo "oy Jo *oN uoT38IST

s§89001g 28v39-G Y3 I0J 3TJOIJ PUB JUSWASTIIIADY JO §338Y aduafiaauo) g ITQRL



46

62E 619 ~ 000°0 000°0 HTO0'€ 000*9 ) €T 0T
018" 699 000°0 00070, g0g8°2 000" 9 f 9 S
608°E79 000" 0 gse" 0 €E€E° 2 Lel 'y 2 f €
6t SEQ 000°0 gsh 0 1222 ogh ' i T £ c
GTE TEQ 000°0 £61°0 0gT'e 26E N 0 2 T
on2 4l 000°9 000°9 000*9 000°9 0 X 0
92£°6L9 000°0 000°0 ¢10°€ 000°9 8 02 T
9TE"6L9 , 000°0 000°0 860" € 000°9 i 2T 0T
TT0° 599 © 000°0 000°0 Z2HO € 629" S € 9 4
£ENQ°0€9 0000 T88°0 888" e Ln9q ) 1 €
gLy 629 000°0 ©120° T 9982 G6n°n 0 £ 2
661" 965 729°0 €neET legte Q6T 0 2 T
HET' 2GE 000" 4 000" 4 000" % 0004 0 T 0
92L* 6.9 000°0 000'0 STO"€ 000°9 8 02 7T
BTIE"6L9 000°0 000°0 £60°¢€ 000°9 I A 0T
€€6° 199 000°0 000°0 1TT°€ GLE"S € 9 S
71L0° 765 000°0 0480 . 060°2 196°2 T K - €
£89°T.LS 0000 6160 798" T 1262 0 £ 2
€9T1° 625 9L" 0 Lg6°0 0TS°T 9l T 0 2 T
7169° 994 000°T 000°T 000°T 000°T 0 T 0
STSBg Uur SUOTYBUTEAY
Lq 0Ty _.< y Ty $3UTBIZSUOD TeuoT3oUNyg *oN
Jo *oyx Jo ‘*oN UoT1RISLT

ssad01g 99839-0T 9U3 J0J 3TJOIJ DUB JUSWOSTIISADY JO S998Y 20UaSISAUO) § ITqe]



47

Table 10 ~ Execution Times for the 5-stage and 10-stage Processes

Initial 5~Stage Process 10-Stage Process
Approximation No. of Execution No. of Execution
Iterations Time In Secs Iterations Time in Secs
All A1 = 1.00 7 26.46 14 69.63
All Ai = 4.00 7 26.46 14 69.63
All Ai = 6.00 6 22,68 10 49.73
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5.3 A Production and Advertisement Model

We will now solve a more complex problem, namely, a production
and advertisement model involving six ékaté variables and three control
variables, The model has been taken from [14]. Suppose that there
are two chemical reactors processing a raw material containing three
components A, B and C. Let the chemical reactions that take place

in the reactors be represented as follows:

A=>B-~>C

Component B is the most desirable product whereas C is the least
valuable, Furthermore, B can be produced from A. However, certain.
amount of B alsc decomposes into C which is undesirable, Consider
that B is a new product and therefore, needs advertisement to boost
its sale, Also, to protect against fluctuations in demand, an
inventory is assumed for B, A and C are assumed to have unlimited
market at fixed price and they can be sold as soon as manufactured.
Thus, no inventory for the raw material and products A and C is
considered, The amount of B produced and that decomposed into C
can be controlled by controlling the reaction temperatures. The
block diagram of the process is shown in Fig. 8.

Let

= concentration of A in reactor i, i = 1, 2
y; = concentration of B in reactor i

volume of reactor i

<
n
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q = flow rate

k ., = reaction rate constant of A in reactor i

—

= reaction rate constant of B in reactor i

<
|

Ga’G = frequency factor constants for A and B, respectively

[ ]
I

= activation energies of reactions

R = gas constant, and

1
L]

§ = temperature in reactor i

Under the steady state conditions, the production rates in the

two reactors are given by

dx

. .
vy Frale q(x0 - xl) - vlkalxl (5-25)
!

dyl

Vi T g - vy) - vk tovpkxg (5-26)
dxz

Vo de - 9(xp - xp) = vk o%, £3-27)
dy2

Vo ar T a0y - yp) - vy, FVakooX, (5-28)

where X and Y are the raw material concentrations of A and B,
respectively,

The reaction rate constants are defined as

54
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k,, = G, exp(-E_/RT,) (5~29)
k ;= G exp(-E, /RT;) (5-30)
k_, = G, exp(-E_/RT,) ) (5-31)
ky, = G exp(-E, /RT,) (5-32)

As indicated earlier, B is the desired product for which
inventory and advertisement are assumed. The performance equation

for inventory, I(t), at any time t is given by

dii(:t) - @, - Q®) | (5-33)

where the term qy, represents the production rate of B and Q(t)
represents the sales rate, The performance equation for the sales

rate is obtained as discussed in problem 2, It is given by

AL ey (e + aen @ - KL (5-34)

wﬁere ¢ is the contact coefficient, A(t) is the advertisement and
N is the total number of persons in the group.

Equations (5-25) through (5-34) describe the system. We have six
state variables, X1s X595 Y15 Yo I and Q and three control variables,

A, T. and T,.

1 2

The management of the plant wishes to obtain the values of the

control variables so as to maximize the following net profit, PT'
P, = Revenue + Revenue + Revenue - Inventory
from B from A from C cost of B

v

~ Advertisement - Manufacturing
cost of B cost
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In mathematical terms

t

f
2
P, = g [le-+ Cyq%, + c3q(l - %y - y2) - CI(Im - 1)
2.2 2 2 0
- CAA Q" - CT(Tm - Tl) - CT(T1 - TZ) ] dt (5-35)
where ¢1s Cy and cqy are the revenues from the sale per unit of B, A

and C, respectively. Last two terms represent the manufacturing cost.
Tm may be considered as the temperature of the raw material before
processing. Like Fhe first two models, here too, we need to approximate
the various differential equations representing the system, and the
profit equation by difference equations. For a small interval At

equations (5-25) through (5-28), (5-33) and (5-34) become

x, (thaE) = x (€) + [%I'(xo—xl(t)) - kyx (e)lae (5-36)
y (o) =y, () + [%;(YO-Yl(t)) - kv (€) + ko x (€)1t (5-37)
X, (LHAE) = x,(t) + [%(xl(t)—xz(t)) - k_,x,(t)]At (5-335
y,(t+aE) = y,() + [%;(yl(t)-yz(t)) - T, (8) + k%, (1) 1At (5-39)
I(t+at) = I(t) + [qy,(t) - Q(B)] (5-40)
QCerse) = Q) + [A(E) (e + A(D)) (1 - EEDya¢ (5-41)

The profit over the small interval At is given by

_ 2
PT [c1Q + €,9%, + c3q(l X, yz) - CI(Im - 1)

.

_ 2.2 2 2
= CAA Q" - cT{(Tm -T + (Tl - T2) }1at (5-42)

1)



The values of the various numerical constants are assumed as

follows:

[>]
I

= 0,535 x 1011 per unit time

G = 0,461 x 1018 per unit time

b

Ea = 18000 cal/mole
Eb = 30000 cal/mole
R=2 cal/mole'oK.
q = 60 gal/unit
V=V, = 12 gal

I =20

™

T = 340%

m

X = 0.53

xl(O) = 0,53
x2(0) = 0,53

I(0) = 8.0

N = 100

[+
]
o
o
=

]
1
o

-

o
(=]
o
w

Yo = 0.43

0.43

¥,(0)
YZ(O)

Q(0) = 1.0

0.43
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Because of the limitations of funds, the advertisement must not be

more than 20 and also the temperatures in the two reactors must not

be more than 450°K.

-

5.3.1 Formulation of the Problem

The process was divided into 5 stages. The problem can then be

defined as

maximize
5

By Zlle(kAt) +e,q%, (kKAL) + eyq(1-x, (kat) -y, (kat)-Cp (I_-I(kat))*

k=

~C, Ak ) QUKAE)) 2 (T ~T, (K ©) P+(T, (kat)-T, (ki) 2} e

{5-43)
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subject to the constraints

x, (kit) = xlcmt) + [%—(xo-xl(mm)-kalxl(i;-"l'zst)]At (5-44)
1 . :
y, (kat) =y (k=Tae) + [gzcyo-yl(iiiht))~kblyl(E:iht)-kalxl(ifigt)]At
(5-45)
x, (KAL) = xz(E:EAt)+[§;(xl(Efiﬁt)-xz(E:IAt{)-kazxZ(E:IAt)]ai (5-46)
y,(kat) = yz(Mt)+[%£(yl(mt)—y2(E:_fAt)) - kbzyz(E:TAt)
= azxz»;mt)m (5~47)
I(kAt) = I(k-1At) + [qyz(E:iht) - Q(k-1At) ]At | (5-48)
QCkat) = Q(E-Tat) + [Q(ETTAL) (cra(kar)) (1 - LEIADy 1y, (5-49)
A(kAt) > O (5-50)
-A(kAt) > - 20 (5-50a)
-T, (kAt) > - 450 : (5-51)
-T,(kAt) > - 450 _ . (5-52)
where k =1, 2, ..., 5 - and At = tf/5

It is given that

X, = 0.53 Yo = 0.43
xl(O) = 0,53 yl(O) = 0,43
x2(0) = 0,53 'y2(0) = 0,43
1(0) = 8,0 Q(0) = 1.0

In this problem, equations (5-44) through (5-49) represent the constraints

on the six state variables, X5 Y10 X Vo I and Q, respectively, On
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dividing the process into five stages, the number of control variables
becomes 15, Théy are A(kAt), Tl(kAt) and Tz(kﬁt) where k =1, 2, ...,5.
The constraints on the control variables are given by the inequalities
(5-50), (5-50a), (5-51), and (5-52). These serve as bounds. Obviously,
we have five equaiity constraints on each of the state variables, ten
inequality constraints on advertisement and five inequality constraints
on each of the temperatures, Tl and T2. Like the first two problems,
the equality constraints on the state variables were eliminated while
computing gradients by obtaining partial derivatives of the state

variables with respect to the control variables at each stage. The

calculations for the partial derivatives are given in Appendix D,

5.3.2 Numerical Results

The problem was first solved for 3 stages using six sets of
initial approximations, The results showed the existance of two
optimal solutions. It was, however, observed that at higher optimum,
the concentration X,s at the first stage, became negative, This
seemed to be unreasonable and was due to the fact that the division
-of the process into three stages invélved a considerable amount of
approximation.

The problem was then solved for 5 stages. Since there are six
state variables, higher number of stages involves extremely complicated
computations for gradients. Therefore, more than 5 stages were not
considered. The subroutine FUNCT designed to evaluate the objective
function and the gradients for the 5-stage process 1s shown in
Appendix F. Limits and tolerances selected for the 5-stage process

are as follows
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g, = 0.002 LIMIT = 150

52 = 0.001 MXRN = 5

€q = 0.005 Bmax = 2 .
T = 1.5
max

For the 5-stage problem, the number of variables, m = 15; the nﬁmber
of constraints, k = 20, Again, since all the constraints act as
bounds, s = 20 and .c = 0, The estimated value of the maximum profit
was taken as 60,

The problem was run using six sets of initial approximation to

the control variables. They were

Aj = 1,00, Tij = 345
Aj = 1,00, Tij = 350
A.j = 1,00, Tij = 355
Aj = 1,00, Tij = 365
Aj = 5,00, Tij = 370
and Aj = 10,00, Tij = 375
where Aj and Tij represent advertisement and‘temperatures respectively

at stage j; 1 =1, 2, and j = 1,_2, ..., 5. Again two distinct
optimal solutions were obtained. This seems quite likely since the
model is highly nonlinear and, moreover, the conjugate gradient method
finds only the local extremum. It was observed that during the course
of optimization, none of the constraints were active. Therefore, the
constraint tolerance, €, and the linear dependence tolerance €q had

no effect on the solution of the problem. With the gradient tolerance,

€y = 0.002 and for the same maximum profit, the results showed some

difference in the values of the control variables, as obtained with
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different initial approximations. The gradient tolerance was, there-
fore, reduced to 0.0001 and the limit on the maximum number of
iterations was set equal to 60. The problem was run further starting
from the solutions obtained with e = deOZ. In each case the problem
ran for 60 iterations, since the gradient tolerance of 0.0001 was not
achieved. However, the results obtained after 60 iterations did not
show any significant difference from those obtained with ey = 0.002.,
The two values of the maximum profit obtained were 49,704 and
51.436. The higher of the two values, that is, 51.436 is probably
the actual maximum profit. The results corresponding to the two
optima are summarized in Tables 11 and 12, Values of the profit,
advertisement, temperatures, sales and inventory at the actual
optimum are also shown in Figs, 9 through 11, The convergence
rates of advertisement, temperatures and profit are given in Tables
13 and 14, The execution times for the various sets of initial
approximations are given in Table 15, These include the execution
times for the additional 60 iterations, Table 15 also gives the
total number of iterations as well as the number of iterations re-

quired to obtain solutions with ¢. = 0,002,

1
This problem has also been solved by Shah [24], as problem D, by

quasilinearization. The maximum profit obtained by him was 66,26

The difference between the present results and those obtained by

Shah is probably due to the approximation involved in treating the

continuous process as a 5-stage process,
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Table 15 - Executlon Times for Different Initial Approximations

Initial Total No. of Iterations Execution Time

Approximation Iterations = 0.002 in Minutes
A, = 1.00

3 107 47 6.01
T,y = 345

A, = 1.00

3 116 56 6.25
T,y = 350

A = 1.00

3 111 51 6.21
T,y = 35

A, = 1.00

3 158 92 7.98
T,y = 365

A, = 5.00 :

3 144 84 7.32
Ty, = 370

A, = 10.00

3 149 89 7.93
T,y = 375

Note - A, and T,
k| i

at stage j; 41 =1, 2 and j =1, 2, ..., 5.

denote advertisement and temperatures, respectively,
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CHAPTER 6

DISCUSSION

Solutions of the different test problems presented in this study
demonstrate the usefulness of mathematical programming approach to
industrial management systems, In particular the conjugate gradient
method developed by Goldfarb [7] has proved quite efficient in solving
a class of non—lineaé problems, The efficiency of the technique is
affected considerably by the manner in which the problem is formulated.
For example, presence of bounds andleqﬁality constraints definitely
make the method more efficient. It is therefore, essential to have
the basic knowledge about the system being solved and formulate the
model in the proper form,

The conjugate gradient method has an advantage over Rosen's
gradient projection method in that it requires less number of functional
evaluations [7]). Since in complicated problems, each functional
evaluation,together with the gradient calculations,may consume a
considerable amount of execution time, the computational cost, in
such cases, for the conjugate gradient method would obviously be less.
Less number of functional evaluations is proﬁably due to the use of the
cubic interpolation scheme; Moreover, since the conjugate gradient
method is quadratically convergent, it would normally require less
number of iterations to reach the optimum, than does the gradient
projection method.

The applications of the method also demonstrate that in many cases
a continuous process can easily be solved by approximating it to a

multistage process. The number of stages into which the process may



be divided is generally determined by the accuracy requirements and
the computational cost. Like other gradient methods, the conjugate
gradient method toojrequires the calculation of first partial
derivatives. In complicated problems inéblving a large number of
state variables, the computations for the partial derivatives almost
limit the number of stages into which the process can be divided., 1In
such cases, one may have to sacrifice some accuracy in order te avoid

laborious or sometimes practically impossible calculations,
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NOMENCLATURE

The nomenclature used in the conjugate gradient method is as

follows:
b, right hand side of a constraint
dij eiement of the inverse matrix
e number of equalities
£ value of the objective function
B gradient in the direction of increasing £
H, a constraint (hyperplane)
Hi matrix operater
Hg conjugate gradient
k nuﬁber of constraints
LIMIT maximum number of iterations
m mumber of variables
MXRN maximum number of re-inversions
n normalized constraint vector
Nk constraint matrix
Nq basis
(NTN )_1 inverse matrix
qq
Pg projected gradient
Pn projected constraint vector
q constraints in the basis
q* constraints added to the initial basis

s number of constraints that are bounds
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linearly dependent constraints
constraints not in the basis with » = 0
constraints not in the basis with A > 0
variable vector |

vector in the direction of step

maximum interpolations

~ gradient tolerance

constraint tolerance
linear dependence tolerance

normal distance to a constraint
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CUBIC INTERPOLATION SCHEME

The interpolation gcheme used in the conjugate gradient method,
to locate the maximum along a line, is based on the one suggested by
Davidon [4]. The éhoice of the scheme 1s, however, arbitrary. In
fact, any method suitable for finding a value of Yi, such that
0 i_Yi j_li, which maximizesg f(xi + Yisi) along si, can be used. The
linear search technique used is as follows,

For interpolation purposes some point must be selected between

1,44

x* and x + A"s”., Since H: is an approximation to -PqG_l(xi), a

reasonable priori estimate could be a point given by
§i & xi + Tisi (B-1)
where

i
-3 2[f(x7) - f*]
T min {T___, R

e (g7)7s

} (B-2)

f* being the estimated value of the maximum. If T is negative, it

has been found useful to take Ti = Rk Further, ri may exceed Ai

and in that case, the point given by (B-1) will not lie between x

i i
and x"+A si. In order to avold that, a better choice of the point is

given by

~

xi = xi + Tsi {B-3)
where T = min'{ri,li}

The approximate value of Yi, that maximizes f(xi+Aisi) on the line segment

i “i
between x and x”, given by (B-3), is then computed using the well known
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cubic interpolation formulas given below.

oF w r 1) | (B-4)
where -
_u- (Si)T;i: .
(si) gi~(si)Tg1+2W
z=32 156N - 261 - (DTt - HTe!
and W = [22 _ (si)Tgi(si)T;i]IIZ

Before interpolating, however, it is necessary to ensure that both
1 i i, T"1 ;
{f(x”) - £(x7)} and (s7) g are not positive, Otherwise, f(x) may not
attain a maximum between xi and xi. If one of them is positive, the
method described by Davidon [4] is used to handle the situation. Many
a time it may happen that the interpolation formulas may yleld a point
xi 4+ yisi such that f(xi + Yisi)_i max {f(xi), f(xi)}. In such cases,

interpolation should be repeated over the portion of the divided range

having the greatest function value at one of its end points.
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RECURSION RELATIONS

As indicated iﬁ the algorithm of the conjugate gradient method,
the matrix (Nqu)_} need to be computed £;r each iteration. For a
particular set of q vectors ny, the matrix can be obtained by first
forming matrix Nqu and then inverting it., This would, however,
require prohibitive amount of calculations for a large problem, To
overcome this difficulty, two recursion relations suggested by Rosen
[20] are used,. Thgse relations permit the calculation of (Nz-qu-l)_l
from (Nzﬂq)-l, when a hyperplane is dropped, with approximately qz
multiplicétions and divisions. Also, when a hyperplane is added,

(Nznq)_l can be calculated from (Ng “L with approximately

—INq-l)

2q2+mq multiplications and divisions.
Suppose that the matrix (Nqu)-l is partitioned as
By By

By By

T =1
N = _
(Nq q) (C-1)

where Bl, BZ’ B3 and 34 are, respectively (q-1 x ¢-1), (g-1 x 1),
(1,9~1) and (1x1) matrices., When the qth hyperplane, Hq, is dropped
from the constrained basis, (Ng_lﬂq)—l can be obtained from (NENq)
using the following relation

T

-4 -
LWL et BB, By - RS

T -1
N
Since (Nq q) is known, the partitions Bis BZ’ B3 and B, are
also known.
When a hyperplane is added to the constrained basis, (N:Nq)nl is
given by equation (C-1) where the partitions Bl’ BZ’ B3 and B4 are

computed as follows:
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B, = (N§-1Nq~1 "Ly Aﬁqu_lrz_i (C-3)

B, = Bg = - Aﬁqu-l - | (Gt

B, = Aal (C-5)
where

Fe1 ¢ 2-lﬁq-l)_1 Nz-lnq

by = 112 gn |1?

and Pq—lnq = nq - Nq-lxq-l

For certain applications a very useful recursion relation is one

which gives Pq using Pq_1 and n_.

q
P =1 -N (N ) L NT
q q 949 q
T
B, B.)[N
1 72(("q-1
=1-[N .n] (C-6)
a-l'qa’|By B, Nz

Carrying out the matrix multiplications and substituting the

values of Bl, Bz, B3 and B,, we can write

T
P nnpP .

P =P .- Q“; 99 g-1 _ _ -7
q q n P n
qq9-14q

The use of the recursion relations given by equations (C-1) through
(C~7) facilitate the computation of matrices (N$N1>_l and P, with min-

imum computations,
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GRADIENT CALCULATIONS

D.1 Inventory Model
Since it is a minimization problem, the total cost is minimized
by maximizing the negative of the cost Cpo For that let F = -C,.

Rewriting the equations for F and the state variable I, we have

F = Z (e {L, - —(I(k—lAt) + I(kﬁt))} + C, exp (P_-P(kt)) 214t
k.—

(D-1)

I(kAt) = I(k-1At) + (P(kAt) - a - bkAt)At (D-2)

where k=1, 2, ..., n and At = T/n.

For simplicity, let us denote I(kAt) by I and P(kAt) by P s

k=1, 2, ..., n. Equations (D-1) and (D-2) can then be written as
n

1 2
B=~- } AT ~SlL ;% 1)} +¢

2
Lo exp (Pm - Pk) ]At (D-3)

P

and Ik = Ik—l + (Pk - a = bkAt)At (D-4)

Since P's are the control variables, the gradients are given by the

first partial derivatives of F with respect to P's as follows

oI oL
BF k 1 k
BN [Z{C(I-(kl_'-l))(aP * 55 0}
i i i
5 )
+ 2C; exp (P - P,) (B, ~PAt; 1=1,2, ..., 0 (D-5)
where
91
-é-ﬁ-li'=0 ' i>k
i

From equation (D-4), we have
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3L
7 = At L=k
i
and -
k1 _ 2T, . oL, B 23 L
o2, 8L, , = oL, %,
= At

Let us consider the 5-stage process.

87

Substituting the values of the

derivatives on the right hand side of equation (D-5), we get

- 1 2 1 2
= CI{Im & E{IO + Il)}(At) + 2CI{Im —-3(11 : 12)}(At)

S 1 2 ’ 1 2
+ ECI{Im --5(12 + 13)}(At) + QCI{Im - 3(13 + 14)}(At)

1 2 2
+ 2cI{Im --—2—(14 + 15)}At + 2C, exp (P_ - Pl) (Pm - Pl)at

- oF
aPl
2.1
= 2CI(At) [2{1m
+ 2C, exp (Pm
Similarly
oF 2.1
T 2CI(At) [E{Im
2
+ ZCP exp (Pm
"3F 2.1
3P3 = ZCI(At) [E{Im

+ 2CP exp (Pm

1 2 1
Sy, + Tydt + ) (1, ~ 3@, +IN]

k=2

2

Pl)

2 (Pm - Pl)At

Lt )} f(
(I, + 1)} + I -
2 71 2 k=3 m

2
PZ) (Pm - PZ)&t

L )} f (
=(I, + 1)) + I -
22T T L Y

2
P3) (Pm - PB)ﬁt

(b-6)

1

~2-(Ik_1 + Iic))]

(>-7)
1
2

(T, + 1))

(D-8)
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oF 2.1 1 : 1 :
a_P'; & 20 )L -5 0y + LY F T, ~3 (0, # 15)}]
+ 20, exp (B_ - P[.)2 (B_ - ® )4t (D-9)
3F 2 1 o 42 _
B—P—s- = CI(At) {T - 7 (I3 + 14)} + 2C, exp (P P5) e P5)At

Thus, equations (D-6) through (D-10) represent the gradient (D-10)

equations for the 5-stage process.
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D.2 An Inventory and Advertisement Model
Rewriting tﬁe profit equation and the state variable equations

for the model, we have

-

o 2
P, * k£1 [FQ(kat) - C (T, - I(kat))” - ¢, A(kat)Q(kat)]at

(D-11)

o QUk=TAE)[1 + (c + A(kAt))At) (D-12)

Q(kat) e
1+ (e + A(kA))Q(k=1AE)AL

I(kat) = T(iIAt) + [P(RoTAt) - Q(R-Tat)]At (D-13)

where k = 1, 2, ,.., n and At = T/n

In the above equations, let

=
n

I(kAt)

Q, = Q(kat) :

A

and Pk = P(kAt)

Equations (D-11), (D-12) and (D-13) become

A(kAt)

n

2
By, = kzl [FQ, - C (1 - 1) - ) AQ Jat (D-14)
) Qk_l[l + (¢ + A.k)At]
1+ (c+A) Q_; At

(D-15)

and

I =1

k= Teer tOPeg - QA (D-16)

Here, since A's are the control variables, we need to compute the
first derivatives of P_ with respect to A's., Let us consider the

T

S>-stage process, The gradients may be computed as follows
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9P, 3 8Q2 ' 3
&, [(F-C,A,) w (F-Cyay) BAl wre b (F-CAL) En
1) 21, ol
+ 2041 ~T, ¥ 3 Al + 2, (I ~1,) 331-+ ces F 2cI(Im-15) EX;" CAQl]At

] BIk

5 :
=[ 7§ (F- ) —L + { 20,(1) - L) 55 - C,Q,lat (D-17)
k__Zl Caty) Ak Ty 3A;

From equation (D-15), we have

BQi ) Qi_l[l + (e + Ai) Qiﬂlﬂt]At - Qg [1+ (c+ Ai)ﬂt] Qi_lAt

BA, 2
1 (1 + (c+ Ai) Qi_lAt) {D-18)
BQk
SK— =0 i>k - (D-19)
9Q 3Q aQ 3Q ‘
k k . k-1 i

g Qg 9, 1

Again, from equation (D-15), we have

3, (L4 (c+ A+ (e +A) Q At) - Q_ (1 + (ctA )At)A At

3Q 2
k-1 L+ (c+ &) Q_,bt)
k> 2 \ (p-21) .
From equation (D-15) and (D-16), we get
BIk )
7 =0 1>k (D-22)
. ;
d ? 3Q
Lo %L %%, Lok -1 (D-23)

BAi an—l BA.k



i aIk 3 BIk . BIk_l 81i+1 . BQi . aIk . an—l Egi
BAi alk_l aIkﬁz aQi aAi BQk_l BQk—Z BAi
- i<k-1(D-24)
where
ol
BIk=1 k>1
k-1
and
.ol
BQk = At k> 1
k-1

Substituting the partial derivatives, obtained from equations (D-25)

and (D-26), in equations (D-23) and (D-24), we get

I 3Q
k i
_— = - At —= i=k-1
BAk BAi
aIk _ aQi aQk—l anrZ 3Qi
K—_At-B—A__AtBQ .BQ ...—B'A— i<k-1
i i k-2 k-3 i

Representing the expressions given by equations (D-18) and (D-21)
by Xy and Yy and substituting the values of partial derivatives on
the right hand side of equation (D-1), we have

3P :
T
T (F - C, AAt x + (F - C, A)AE Xy,

+ (F - CA A3)At X1Y,Y3 + (F - CA Aé)dt X1¥,Y3Y,

= 2
+ (F - CA AS)At X1Y,Y Y5 = 2CI (Im -~ 12) (At) Xy

2
- 2CI(Im - 13) (At) (xl + xlyz) -
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2
20, (T, - I,)08)" (x + %y, + X159 3)

2
- 201 (Im - 15) (at) (xl+xly2 % XIYZY3 + x1y2y3yfi)

- , o
CAQIAt (D-29)
Similarly
9B,
'-B—A;=(F—CAA2) Atx2+(F-CAA3) AtX2Y3
+ (F = CA,) At X,y5y, + (F - Cy Ag) At X,¥4Y,Y5
Cgc (1 -1 el x, - 20, (L -1, (BB (xx,y,)
r Yg =13 g~ 20 Uy =3y 9 %Y 3
2
- 2CI (Im - 15) (At) (x2 + X,¥3 + x2y3y4) - CA Q2 At (D-30)
8P
33; =(F-C, Ag) xjAt + (F - C, A DAL X5y, + (F = €y AS)At X3¥ ¥ s

2 2
-2, (I - 1,) (A8)" x5 - 2C; (I - I (x5 + x5y,) (8¢)

e CA Q3At (p-31)
BPT
EKZ-= (F - CA A4) x, At + (F - Cy Ag) At X,¥s

2
- 2¢; (I, - 15) (at)” x, = C, Q, At (D-32)
and

BPT
-B—A-; = (F - CA AS) Xg At -~ CA QS At (D-33)

Thus, eguations (D-30) through (D-33) give the gradients for the 5—staée

process,
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D.3 A Production and Advertisement Model,

Here the total profit, PT’ is given by
5 - i
P = kzl [c,Q(kAL) + c ax, (kAt) + e5q (1 - x,(kAt) - y,(kat))

2 2
- cI (Im - I(kAt))" = CA(A(kAt)Q(kAt))

; 2 2,
- Cp (1, - 1 a0)? - o (T, (kat) - T,kae)) ]at (D-34)

The performance equations are

x, (kot) = xl(T;'f At) + [%I (x4 = %X; (k-1 At)) - k., xl('l_c':i'At)]At

(D-35)
yp(kot) =y, (k=TAt) + {%I (g = ¥y (T88)) - kypy, (e-Tae) -
kalxl(“il'i'ac) 1At (D-36)
x,(kAt) = x,(k-1at) + [f‘;; (x (k=18t) = x, (k=TAt) - k_,x,(k=1At) Jat
(D-37)

y,(kat) = y, (ETAt) + [—3-2— (7, (&Tat) -y, (&1at)) - k¥, (-TAt)

- k_ %, (k-1At) At (D-38)
I(kAt) = I(k-1At) + [qyzc"ﬁ'-'im) - Q(k-1At) ]At (D-39)
QUeat) = Q(R=Tat) + [Q(RTat) (e + AGar)) (1 - LELADy 30 (p-so)

where k =1, 2, ..., 5 and At = tf/5
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Also we have

k=G, exp (- Ea/RTl) (D-41)

k1 = G, exp (- E /RT;) - (D-42)

ko= G, exp (- Ea/RTZ) (D-43)

kpo = G, exp (= E /RT,)) (D-44)
Since ¢

g = Cg = 0, the second and third terms may be dropped from

equation (D-17). Thus

>

= 2 5
P'I_‘ - 1221 [Cl Q(kAt) - CI (Im - I(kat))” - CA (A(kAE) Q(KAE))
2 2
_CT(Tm - Tl(kAt)) - CT(Tl(kAt) - T2 (kAt)) “]At (D-45)

-

Now we have A, Tl and T2 as the control variables and X15¥19%95Y 9 I

and Q as the state variables. For sake of simplicity

let
Ak = A(kAt) Xk = xl(kAt)
le = Tl(ke.t) Xpr = xz(kAt)
Tox = Tz(kAt) Yy = y, (kat)
Q, = Q(kat) and y, = ¥, (kAt)
I, = I(kat)

Then the profit eguation and the performance equations can be written

as

5
~ 2 2 2
Py = kZl leQ = € (T = T)" = Cy (4,0)7 = Cp(T = Typ)
- C.(T.. -~ T.)2)at (D-46)
Tk = Tox
- —— + 4. o ——) - A »
Xy = X7 T T (g - x3oy) - kap Xqgopiat (D-47)

1
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R i -
e = YTt ] B0 T YD T MYieT T RarieTi A (B-58)
Rop = %ot * I v, Pl T T T ez XAcTE (D-42)
o Y q.. it 4, B e e et e s
Yo = Vit t ) O T VAT T Mo T Materitt (730
Ik = Ik—-l + [qyz——-k_l - Qk_llAt | (D-51)
and Q =Q .+ [Q . (c+ Y1 - Sy (D-52)
k k-1 k-1 Ak N
Since A, Tl and T2 are the control variables, we need to evaluate
the first derivatives of PT with respect to A, Tl and TZ‘
Let us first consider the derivatives with respect to adver-
tisement at various stages. We have
BPT BQl 8Q2
3Q o1
2 5 1
eee ¥ (o) - 26, A5 Q) oA, 20T, - I 3,
812 31'5
200 (L = I g, *oeee ¥ 20000, - I9) 5T
i 1
- 2¢, A, Q%1at (D-53)
471 71

where, from equation (D-52)

3Q

1
‘a-KI = Qo(l - QO/N)At
and an = an . aqul EE; k> 2
BAy Qg Qe 3 -

Again, from (D-52), we have



8Q Q
k k=1
—"‘_aqk-l =14 (c + A.k)(l - 2 "'N—)At

= ak(say)

Equation (D-51) gives

s R
aAl
31, _ 31, ’ 3Q,
90h)  3Qy 34
)

= - At Qo(l - -E)At
313 ) 813 . 312 \ 313 . 3Q2
BAl BI2 BAl aqz BAl

Q Q
- qq (1 - ﬁﬂ) (ae)? - at a, Qu(1 - N—O)At

Q
- g, (1-FD00? 4+ ay)

BI4 ) 314 . 813 . 3I4 ' 3Q3
BAl 313 BAl 8Q3 aAl

(1 -Q-‘E’-)('A)2 1+ a + 1
- Qp (1 -—@~ [1+ a, + aja,

2
Similarly
kg Q 2
EKI = - QO (1 - —ﬁﬁ(ﬂt) [1+ a, + a,24 + a2a3a4]

Substituting the values in equation (D-53), we have
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9P Q
ik -0 3 = 2 2
i oy il Leeg = Sy e e S > 25y 5 TRy

+ .00 t (c 2C A5 Q ) a,848,48, {?.CI(Im - 12)

+ 201(;m - 13)(1 + 32) + ...+ ch (Im - 15)(1 +a+a

283
a2a3a4?1 2C AlQl (D-54)
Similarly we obtain
;;f - o1 —:E%D(At)B [Ce; - 2€,Q,82) + (e - 20, AZQ,)a,
+ (e - 2, A2q,) aga, + (c; - 2€, Ag Q) aza,a,
- {20, (T - T) + 20, (T, - T,)(1 + ay) +
2, (T = 1) (1+ay+ asa&)}i - 2C, 4, Qz At (D-55)
ok Q. .3 2 2
%~ Q0 - 2)(a0)? [(eg - 26, Q5 AP + (¢p - 2¢, &, Qa,
+ (e ZCA AS Q ) a,ag {ZCI(Im - 14) +
20, (I_ - 1) (1+a)] - 2, A, Q? at | (D-56)
—2;—1—’ - q, (1 - Q—g)(m:)3 [(c, - 2€, Q, Ap) + (e - 2C, Qg - ADa,
- 2c, (L - 1)) - 2c, A, Q4 (D-57)

and



oP
A

= Q, U

5

Q,
N

3 ' 2 2
—) (At) (cl - 2(:A Q5 AS) - ch AS Q5 At

98

(D-58)

Let us now compute the first derivatives of the profit function with

respect to the temperatures in the two reactors at various stages.

In order to simplify the presentation of the calculations, the following

quantities are used to denote the values mentioned against each.

Py

13

1]

ij

i3

_=7a

9x

——ra—

_

= 1.4 _ .
=1 = 1+ G, exp ( Ea/Rle) At

=1 -'§ (1+6, exp (- E/RT; ) AF

w I ad d
1-5(1+6, exp ( Ea/Rsz) At

=1 -'% + Gh exp (- Eb/RTZj) At

]

Ga exp (- Ea/Rle) At

Ga exp (~Ea/RT2j) At

-

B
G exp (- E_/RT,,) ( 2 )
a a 1] 2
RTij

E
b
G, exp (- E,/RT, ) (§5;37ﬂ

- At xiE:T bij

- At [yij dij + xij bij]
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Now, from equation (D-46), we have

oP, oy 21, 8L,
—L1 - [2c.(1 -1,) + 26 (T_ § ot st DG AL = Y e
3T, L T I, AT e Tt BT
+ 2CT(Tm - Tll) - ch(Tll - TZl)] At (D-59)
oL,
where AT, s i=1, 2, ..., 5, are given as follows
T
3T,
T, 3, By
9Ty ¥y Ty
= gqAt (0) = )
oy ALy , 1y by
8Ty ¥, 8Ty Byyy 3Ty
ay ay
=0+ q At [ 22-3-,31-]-'-]
811 11
= g
At [ At sll}
2
. 2
v (at) Bll
)1, 3L, Ol \ L, 8y,
Wy B3 Slyp  Byyy ¥
Ly By23 999 a3 1y 3¥y3 Xy
=gt Tl g e oty 3. T k.. ¢ AT
11 22 11 12 11 22 11
51 3 3 3 3
3 y y y X
=37 +astl v, Jav gy, + v At G -2 aTll *3 2. 3 =
11 Y11 11 9% 9Ty



., (3322 . Mgy +_ax22 _ axll)]
2 “ax,, " 9T, © 9%, ol
- q q )
“ET, T bt {wy 5 At Byy + 5 AL (r) By + 8y 0ygy)
L] ﬂ a
+zy (U - 0+ ZAE .« ag)]
51 2.
B 75 A" {wy By +xy Byy t ey gyt oz, ap)
oL, a1l ol \ Ly 9y
Ay, Ry 8y Wy Wy
al 9y a3 Wy 3 g, Xy
sqr o tat o ot 5T R, T
11 Y23 11 13 11 23 11
ol ay ay ox
= 57t abt {wy . 8T23 #d e 3T13 ¥ 2y 3T23}
11 11 11 11
In the above equation
9y
23 q :
T, v At (w, Byy + 1y Byy + sy agy 2y 0y,)
e G G - S O & L = s L
8yy  fFyp "Wy Wy By By
J 13 Xy Py
8x12 axll a'rll
=Ty kEy By toey Syy) Fegpm 8y
- 3x23 ] ax23 . axzz . 3x23 . Bxlz
9T, Ty, A, TR, ),

}
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X ox

Ix

X

X .. 90X

- 23 22 . 11 + 23 . 12 . 11
3x22 Bxll 3T11 3x12 Bxll aTll
i g q
u2 2 At all + 5 At ul all

q
=i At %1 (u2 + ul)

The first derivative of PT

second stage is given by

aP E BIk
=[){2c. (I_~-1I)——}+2C (T - T.,) - 2C (T., -
Ble k=1 I 'm k ale T “m 12 T 12
ol 312 313
Since //— = 0, =0 and — = 0, the
e 1 43 Tyy
above equation can be written as
oP oL oL
T 4 5
= (2C, (I_ -I,)=——+2C_ (I =-1I)—=
Ble I " m 4 BT12 I “m 5 ale
_ + 2 (Tm - le) -2 (T12 - TZZ)] At
ol 3I5
Here, the only unknowns are’aT and =T .
12 -T2
These may be computed as follows
31, ) 3T, . o1 . 31, . 354
Ble 313 8T12 By23 BT12
W3 Ty Rt
W3 Wy
= aht = gy )
Y12 12

101

with respect to the temperature Tl at the

T22)] At

(D-60)



4,
ght (v At 812)

2
% (at) B2 .

102

oL i 31 . 3L, . ALy By,
8T, 3L, 3Ty,  3y,y, 3Ty,
oy Yoy a3 Wau W13 Fas 3
=157 *abt {3 5T T Ay, P T 3%, | 3T
12 Vza 12 13 12 23 12
Ay a3 1 . g Y13 P,
= et s i By o B "gir“o bt e v g =
12 Y12 12 919 12
3Y13 Bxlz) ., (Bx23 ) axlz)} €
8%y, 31, 3 Yox, 9T,
sfi q 51
- (at) Byp +'th {w3 - At By, + =% At (1-2 12
q
2 alz) + 23 . Y At 0112}
Q2 ;o2
v AB)T [Byy + Wy Byy +r)y Byp F sy 0gy 23 040]
The derivative of PT with respect to T13 is given by
8P, 315
T = 26, (T = L) 5=+ 26, (T = Tyq) = 26,(Tyq = Tp,) (D-61)
13 13
where
Ly 21 31, 3 31, ' 3y,
ilyg 8y SRy " gy g
oy ay
~ 24 13
= 0 + qAt [ C 3T ]

Y13 13



-4 2
5 (At) Big )
BPT
v 20, (T, = Ty,) = 2Cp (T, = Ty))
3P
and STI; = ZCT (Tm - TlS) - ZCT (Tl5 - TZS)

The first derivatives of P

are given as foliows

T

with respect to T

2

103

(D-62)

(D-63)

at various stages

3Py, f oL
—= )y {2C. (I_-1) ¢ =—} + 2C, (T,, - T..)] At (D-64)
9T, ey L m k 8T, i by 21
where
31, i
3T,
312 ) 312 ' 3y21
3Ty 3y Ty
= gAt 821
31, i o1, ' 3L, . BT 4 3Y,,
0Tyy 3, 3Ty 3yy, 3Ty
3y oy oy 9x
= qAt « B, * qAt {ay22 . BT21 + axzz 3T21}
21 i 21 21
= qAt 8,, + gt {wy Byy t 29 021}
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P
S T W WG Y
T 3 ) )
Ty %13 Ty ey 9Ty

oI 3y 3y o, 0%
3 23 22 23 22
= == + q.At | . + . ]
To1 yy Tyy Xy, 8Ty
ory
= aA
3T, + qedt [wy(wiByy + 200,0) + zyu0.,]
S T e LY

21 4 Ty gy 2Ty

N S [ayza a3, T P93
T AT ot Ly T dx T
21 23 21 23 21
oI
Ty
= gy + @bt [wglw, (vyByy + 2009)) + zyug0,0} + zguyupa)]

The partial derivative of PT with respect to T2 at second stage is given by

aPT axk
=1 { {3001 ~L) gor—} + DO (T =T, Y TAE (D-65)
22 22
where
313 ~ 313 . 3y22
T, . T

22 Y9 3]
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e T I . O
Taz M3 My Wy My
e M WPl R Y SOl + WY 3

+
Tgp  Wpg  Wyy  WMyy Iy, 3Ty,

= qt&.th2 + q-At.'[WZB22 + z2a22}

and
a1 _ ’I . )1, . oI . %,
a,, ~ 8L, 'L, By, oL,
%y oy a3 Wy X3 3y
=—'f_-+q'ﬁt{ "y +x " Tx T }
22 Y23 22 23 22 22
oI,
=T, + gt [walwy By, + 2y0),} + 25u )]

th822 + th(w2622 + 22322) + th[w3(w2322 + zzuzz) + 23u2g22]

s

The partial derivative of 'PT with respect to T2 at third stage is given by

BPT aI4 315
== [20_ (I -I,) —— + 2C_(I -I ) ——
3123 IV'm 4 8T, 4 I'm °5 T, 4

+ 2C (T, -T,..)]At (D-66)

T'713 "23
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where

Tyg  ypg Ay,

and
I T T N Y
i TR -

Ty s Moy a3 %y ax23]
= aT -

93 g4  Wag 3Tyy  xyg 9Tg

th823 + th[w3823 + 23323]

The derivatives of PT with respect to T, at 4th and 5th stages are given by

2

aP ol

T 5 .
——=[20 (I -I.) —— + 2¢,_(T.,-T 1At
3T24 I"™m 5 BTE& T 714 22
= [20,(I -I.) q-AtB,, + 2C.(T,, T, )]at (D-67)
and
BPT .
a—T'; = 2CT(T15—T25)At (D'"68)

Equations (D-54) through (D-68) represent the gradients for the 5-stage

production and advertisement model,
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(:; START . i:)
1
Read LIKIT, MXRI, XU, B___,

.

f#

Els ‘:2! ﬁ3! Tmax»

X
Initialize B, KOUJT, q,q¥*

Read m,k,s,e ‘

Read subscripts for bounds

Yes

Read and normalize constraintﬂ-a—
©

Fig.12 Flow Chart for the Main Program of the Conjupate
Gradient Method
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Add H, to initial basis, all i in
e, stdre inverse

\

Read B vector

Yes

No

Rescale bi
i=k—5+l 3o c',k

Read x vector

Compute all li(x)

and check

x feasible
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; x-correction :
@__, compute all li(x')
and check

|xil< e,
all in in q

Compute most negative li

L=3i,0=0

Add H_  to basis l—@
L l




Drop H, from basis

=1

'No feasible x!

O

'x-correction failed'

Feasible x

‘r

Compute f and g_J

No E];‘ R

el Re-invert [=

 §

Re-check Ai(x)

// o
ggh<:;\ q*=0 Ko New basis
o

Re-store equations
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________ ) R

Classify Hi, i not in

g to v, w compute ||g|]|

Yes

Ieell  {lell

qg=20

©

Inel ] = lell |
i
|

i - "
@ o Project gradient|

Yes

Compute Hl—g H
|2ell = []g]|

®




<. Pn. ;
\\” n ” LW

(T

H, linearly dependent

Save f and x

set s& = nigt
q

{11
i

113

i to basis.

basis

Drop Hi from ’

n=20
Compute T
1" n P
q_l q .g g La-1
q q-l q L__J
12
S’



1

:
c =
ompute ¢ mln{Tm 1T
(g7)'s

< ff!xil—f*{
» }

Yesh. Ti -
max
o
Step
n=n-+1
KOURT=FOUHRT+1
Yeg . - ..
Ho [
T i il |
Compute A ,=-(n"x -b.)/n’s
Sl B i T
J = qtl, ey K T =

A=min(x. > 0)

]
!

T = min{ri, A

1y

- = - ]
i i i
Compute X~ = x~ + ts

Compute £{x"),z(x")

19
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2k

Y Yes

Compute

1

-

Interpolate cubically,

obtain Yi,xi+l,gi+l

y Yes
Add hyperplane corresponding to
min (X,)
J
Jcompute
Hin nTHi

i+l _ i g Ja
H =} -

g+l q T i
I - O |
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Re-Invert

Reclassify Hi

inot inq tov, w '

No

Drop Hi from basis —————-——b(:::>




i l-hi+A +B
q

where
. Lo .
Al = —Ui(Ul) /(Gi)T 1

Bt = - iyt O /0 Ty

q

@E— -0

(:::}_*_Compute all Ai(x)
and check

A

'Constr. Viol.'
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Find Hi with most

negative Ai

O

Yes

Add Hi to basis
n==0

|

(EE) =90+ 1
X - correction

KOUNT < LIMIT ,:%)

Ho No

Compute f and g 'Maximum stepsf

—G)

i

f-Decrease < Maximum

Qutput x,g

Re-Invert

sToP

)




- 119

Yes

'New basis’

List all Hi in gq*
L = g¥*

!}

New basis

Take next | Y )
i in list |10, []>e Add H_ to besis
| No

Hi linearly dependent Yes
Remove i from u E

No RETURN

f=2-1

Fig. 13 TFlow Chart for Subroutine REINV

END



r
NSTART=1 To test Hg or
P .
NSTART=5 adding to basis
gt =1

NSTART=4 —> o' = 2

To Project g
NSTART=2 —™

v=g, o' = 2

120

To cor;ect X
NSTART=3—> v=X, qu = Aq

g'=2

Yeg 11 :
r—."
[yl = 1]
Generate
v=n,
y
v =n v
A
Compute HTv
q
Compute
” ~ r=(on )"y
- qQq

NEXIT = 1

Fig. 14 Flow Chart for Subroutine COMPL

™\ RETURN
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'H lin. dep' T
2 ’ v—@TUR:J\-
NEXIT = 2 . /

(2 Y

= q+l
Q=g ——
Hy added Yes .{ RETURN )
NEXIT = 3 s

No

o

. Hin nTHi
Hi-!-l gt a J Jaq

[
( RETURM )

1
)




To test for and drop
H, from basis if any,
clgiven

Or
|
a
-~
p'?]

L= 2+]

NEXIT = 1

Find H, corresponding to
r_ and remove from g¥*
qt = g*= 1

—)

Fig. 15 Flow Chart for Subroutine COMP2
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q=q~1

dij=(dij-vivj)/vc

i<jzca

No

i
'Hi dropped
NEXIT=2

Subroutine COMP1(L)

\

i .4 2 -
=H 4y,
H =t {1:"3/]'3'”

Y

K (  RETURHN
( Ewp )
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APPENDIX F



OO0 OO0 0O0

OO0

909

910
1000
1010
1020
1040
1050
1060

10

125

COMPUTER PROGRAM FOR THE CONJUGATE GRADIENT METHOD

DIMENSION G{20),X(20)1,P(20)4V(20),JXBL40),IHI(20),R{20),
15D140),RR{20)42{20),X0(20),G0{20T,X1{20),DELX(20)4X2(20),Y{20),
1AMBDA{40) ,FG(20) 4 TU(40},IV(40),1W(40),B(40),PG(20),AX(20}

DIMENSION D{(20,20)4DN(20,20)4A(40,20),H(204520},YY{20)4HG120)

COMMON Y, PNy AMBDA,MyGeXsFoPoEPSTL,NEXIT yKQ,Dy IHyNB,V,A, JXB, IHI,
1 EPSI34EPSI2,LDsIUsRyKEQeMEXIT o IVoKVyByKMNByIWsKWyKyMXRN, INV,UN,
1MU,NETA, INT,LDC,H

COMMON/ARD/NFUNC , KOUNT  NOFE

EQUIVALENCE (Y ,PG),{PN,PGNORM) ¢ {SDsAMBDA), (Z,HG)

FORMAT(F1044) |

FORMAT (4T454F1045)

FORMAT (4(151))

FORMAT{/* INITIAL X')

FORMAT (2014)

FORMAT (6F1246)

FORMAT (6F12.6)

FORMAT(13)

NOMENCLATURE
NSP = NUMBER OF SETS OF STARTING POINTS

LIMIT MAXIMUM NUMBER OF ITERATIONS
MXRN = MAXIMUM NUMBER OF RE-INVERSIONS

MUMAX = MAXIMUM NUMBER OF INTERPOLATIONS
EPSI1 = GRADIENT TOLERANCE

EPSI2 = CONSTRAINT TOLERANCE

EPSI3 = LINEAR DEPENDENCE TOLERANCE

TMAX = MAXIMUM STEP SIZE

M = NUMBER OF VARIABLES

K = NUMBER OFf CONSTRAINTS INCLUDING BOUNDS

NB NUMBER OF BOUNDS

NE NUMBER OF EQUALITY CONSTRAINTS

KMNB = NUMBER OF CONSTRAINTS EXCLUDING BOUNDS
KQ = NUMBER OF CONSTRAINTS IN THE PRESENT BASIS

KEQ = NUMBER OF CONSTRAINTS IN THE INITIAL BASIS
LDC = NUMBER OF LINEARLY DEPENDENT CONSTRAINS
INV = REINVERSION FLAG USED TO DETERMINE IF ANY CHANGE IN BASIS

IS MADE BETWEEN TWO REINVERSIONS

READ 1060,NSP

READ 910,y LIMIT,MXRN,MUMAX,INTMAX,EPSI1,EPSI2,EPSI3,TMAX
READ 909, ESTF

INITIALIZE COUNTERS

IN =0
NOFE=0
INT=0



[zRake OO

aNaNe]

aNeEeNg

11

12

22

24

25

26

27
29

605
606

28

610

NFUNC=0

KQ=0

KEQ=0

LDC=0

INV=1

MU=0

KOUNT=0

IN = IN + 1
IF{IN-1) 12,12,27
TMIN = 0.0001%TMAX
READ 10001 Mr K, NB" NE
NBP1=NB+1
KMNB=K-NB
IFINBY24,24,22

READ AND PRINT SUBSCRIPTS FOR BOUNDS

READ 1020, (JXB(I}sI=1,NB)
PRINT 1020, (JXB(I),1=1,NB}
IF(KMNB) 27427424

READ AND PRINYT CONSTRAINTS

READ 1040, ((A(I¢J)sJ=1,M)sI=1,KMNB)
PRINT 1040, ((A(IsJ)yJd=14M),I=14KMNB)
DO 26 I=1,KMNB

NORMALIZE CONSTRAINTS

S0(1)=0.

DO 25 J=1,M

SD(I}=SD{I)+A(I,J)%%2
SD(I)=SORT(SD(I))

DO 26 J=1,M -
AlTJ)=A1T,4)/75D(1)

PRINT 1040, ((A(I,J)yJ=1,M),I=1,KMNB)
IF(NE)29,29,28

DO 606 I=1,M

D0 605 J=1,M

H(I,J)=0,
HtI'I)=1¢
GO TO 30

SET SUBSCRIPTS FOR EQUALITY CONSTRAINTS, ADD H TO INITIAL
BASIS FOR ALL 1 IN KE, STORE INVERSE

KQ=0

IH=NB+1

DO 610 I=1,NE
IW(I)=0
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OO0

615
620

625

630
635

640
645
650

655
660

675

676

677
678

680
30

33

31

CALL COMP1(1)
IHI(1l)=1H
IF(NE-KQ1675+675,620
N=1

INDEX=0

DELTA=EPSI3

N=N+1

IF{IWIN)) 6304630,650
DO 635 J=1,M
VIJY=A(N,J)

CALL COMP1(2)

PN=0.0

DO 640 J=1,M
PN=PN+Y{J) %%
PN=SQRT{PN)
IFIPN-DELTA) 650,650,645
DELTA=PN

ENDEX=N

IF(N=-NE) 625,655,655
IF(INDEX) 675,675,660
IH=INDEX+NB

CALL COMP1(1)
IW(INCEX)=T777

IHI (KC)=1H

GO TO 615

KEQ=KQ

DO 676 I=1,M

DO 676 J=1,KEQ
DN(1,J)=0,

DO 676 N=1,KEQ
KK=THI(N)-NB
DN(I4J)=DN{T,J)+A(KK,I)%DIN,J)
DO 678 I=1,M

D0 677 J=1,M
H{1,4)1=0.

D0 677 N=1,KEQ

KK=THI (N)-N8
HUT,J)=H(I,J)- AtKK,IJ*DN(J,Nl
HOTo1)=H{TI,1)+1.

DO 680 I=1,KQ

DO 680 J=1,KQ
DN(I,J)=D([,J)
IF(IN-1) 33,33,45

READ AND PRINT RIGHT HAND SIDE OF CONSTRAINTS

READ 10501(B(I’|I=1,K’
PRINT 1050,(Bt1),I=1,K)
IF{KMNB} 40,40,31

DO 32 I1=1,KMNB
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32

40

45

52
64
53
54
65

55
56

57

59

60

61

70

71

72

66

62

[:10)

83

J=1+NB
B{J)=B(J)/SD(I)
PRINT 1040,(B{I),1=
CONT INUE

READ AND PRINT INIT

READ 1040, (X{I),yI=1
PRINT 1010 '
PRINT 1040, (X(I),I=

COMPUTE ALL LAMBDAS

CALL AMDA _
IFI(NB) 54,54,64
DO 53 I=1,N8
IFLAMBDA(I)+EPSI2)
CONT INUE
IF{NBP1-K)654+65,130
DO 57 J=NBP1,K
IF{J-NBP1-NE} 55,56
IF(ABS(AMEDA(J ) )-EP
IF(AMBDA(J)+EPSI2)
CONTINUE

GO TO 130

PRINT 1040, (X{I),1I=
PRINT 1050, {AMBDA(J
IF{KQ) 80,80460

DO 61 1=1,KQ
J=IHI(I)
IF(ABS(AMBDALJ))-EP
CONTINUE

GO TO 80

X-CORRECTION COMPUTE ALL LAMBDAS AND CHECK

DO 71 J=i,M
Vid)y=x(J)

CALL COMP11(3)
DD 72 J=1,M
X(J)=y{J)

CALL AMDA
IF(KQ) B0O,80,:66
DO 62 I=1,KQ
J=THII(I)

IF(ABS(AMBDA{J)})~EPSI2) 62,62,110

CONT INUE

DO 83 I=1,K
IF(AMBDA(T)+EPSI2)
CONTINUE

1.1}

IAL X-VECTGR
M)
1.M)

AND CHECK

59453453

+ 56
SI2) 57457,59
59957457

1,M)

’szlyK]

SI2) 61,61,70

85,83,83
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101
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105
106
5001

OO0

110
5002
120

130
5003

5004

129

GO TO 130
FIND MOST NEGATIVE LAMBDA

N=1

SIGMA=AMBDA(1)

IF{K-2) 89,8B6,86

DO 88 I=2,K
IF{AMBDA(T}-SIGMA) 87,88,88
N=1 I
SIGMA=AMBDAL{T) ‘
CONTINUE

SIGMA=0.0

IH=N

CALL COMP1{5)

GO TO (100,100,95) 4NEXIT
KQM1=KQ-1

IF (KEM1) 97,97,94

DO 96 I=1,K0M1

AMBDA(T}1=0.0

INV=1

GO T0O 70

[F{SIGMA) 110,101,110

CALL COMP2{EPSI3)

GO TO (105,103) ¢MEXIT

DRDP CONSTRAINT FROM BASIS

SIGMA=1.0

INV=1

IH=N

GO TO 90

IF(KOUNT) 106,106,110

PRINT 5001 : -
FORMAT (/" NOT FEASIBLE X*')
GO TO 120

X-CORRECTION FATLEDs RE-INVERT AND RE-CHECK LAMBDAS TO FIND
FEASIBLE X

PRINT 5002

FORMAT(/7* X-CORRECTION FAILED®)
CALL REINV

[IF{NEXIT) 60,604,460

PRINT 5003

FORMAT(/* FEASIBLE X')

PRINT 1040, (X(J)yed=1,M)

PRINT 5004

FORMAT(/* LAMDAS?)

PRINT 1050, (AMBDA(J},J=1,K)



130

CALL FUNCTI(MyXsFsGyKQ]

IF(KOUNT} 133,133,140
133 IF(KQ-KEQ) 9999,138,134
134 CONTINUE
138 CONTINUE

NETA=0

CLASSIFY CONSTRAINTS

OO0

140 CALL CLASS
INV=1
GNORM=0
DO 141 J=1,M

141 GNORM=GNORM+G(J)*%*2
GNORM=SQRT (GNORM)
PRINT 5006,GNORMy{(G(J),yJ=1,M)

5006 FORMAT(/®* GRADIENT'yFl2.4/{10F12.41})

CHECK GRADIENT AGAINST TOLERANCE

OO

IF{GNORM-EPSI1) 142,142,150
142 HGNORM=GNORM
PGNORM=GNORM
KQ=0
GO TO 420
150 SIGMA=0.0
160 TF(KQ) 1614+161,170
161 HGNORM=0.0
PGNORM=GNORM
DO 163 J=1,M
PG(J)=G(J}
HG(J)}=0.0
DO 162 T=1.M
162 HG(J)=HG(JI+H(J,11%G(1)
163 HGNORM=HGNORM+HG(J)#*%2
HGNORM=S5QRT (HGNORM)
PRINT 7000,HGNORM,y (HG{J)yJ=1,+M)
7000 FORMAT(/' CONJ GRAD',Fl2,4/(10F12.4))

GO TO 180
c
c PROJECT GRADIENT AND CHECK AGAINST TOLERANCE
C

170 DO 169 J=1,M
169 ViJ)=G(J}
CALL COMP1(2)
PGNORM=0.0
HGNORM=0,0
DO 171 J=1,M
HG{J)=0.0
DO 1715 I=14M
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1715 HGUJI=HG(J}+HIJoI)*G(I)
HGNORM=HGNDRM+HG (J } %%2
171 PGNORM=PGNORM+PG(J 1 *%2
PGNORM=SQRT (PGNORM) -
HGNORM=SQRT{HGNORM)
PRINT 50074PGNORM, (PG(J)4J=14M}
5007 FORMAT(/*' PROJ GRAD®*,F12.4/(10F12.4}))
PRINT TO00,HGNORM, (HG(J) sJ=14M}
IF{PGNORM-EPSI1) 175,175,172
172 IF{M-KQ) 9999,173,180
173 PRINT 5008
5008 FORMAT(' PROJ NOT ZEROQ AT VERTEX')

RE-INVERT AND RE-CLASSIFY CONSTRAINTS IF PROJECTION NOT ZERD
AT VERTEX

174 CALL REINV
IF(NEXIT) 1745,1745,460
1745 CALL CLASS
GO TO 150
175 IF(SIGMA) 176,177,176
176 PRINT 5009
5009 FORMAT (' PROJ.ZERO AFTER DROP')
GO TO 174
177 IF(KQ-KEQ} 9999,420,178
178 CALL COMP2{EPSI1)
GO TO (420,179) JMEXIT

DROP CONSTRAINT FROM BASIS

179 NETA=0
INV=1
SIGMA=5,0
GO TO 160
180 LDC=0
IF{KV)9999,200,190
190 KEQP1=KEQ+1
KEQP=KEQP1
IFIKEQP1-KQ}1903,1903,1902
1903 DO 1901 J=KEQP,KQ
1901 RR{J)=R(J}
1902 L=0
INDEX=0
DELTA=0.0
191 L=L+]
IFCIVIL)-NB) 1912,1912,1915
1912 KK=TviL)
J=JXB(KK)
IF(J) 1913,9999,1914
1913 J=-J :
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1914

1915

192
1926
193

1935
194
195

198
199
1995

196

197
1997
1998
1999

200

201

202

203

204

IN==Z(J)
GO TO 1925

IN=2(J)

GO TO 1925 =
KK=1V(L)-NB

IN=0,0

DO 192 J=1,M
INZIN+Z(J)*A(KK,J)
[F{ZN-DELTA) 193,1935,1935
INDEX=1V(L)

LL=L

DELTA=ZN

IF(KV-L) 194,194,191
IF(INDEX) 9999,200,195
KV=KV-1

IF(KV-LL) 1995,198,198

DO 199 T=LL4KV
IVII)=IV(I+1)

IH= INDEX

CALL COMP1{5)

GO TO (197,197,196} 4NEXIT
NETA=0

INV=1

GO TO 150

IE(KV) 9999,1997,190
IF(KECP-KQ) 1998,1998,200
DO 1999 J=KEQP,KQ
R{JI=RR{J)

IF(NETA) 201,204,201

1F (KQ-KEQ)202,204,202

CALL COMP2{2.%*HGNORM)

GO TO (204,203) MEXIT
NETA=0

INV=1 -
GO TO 160

FY=F

MU=0

INT=0

PRINT SUMMARY

0 - CONSTRAINTS IN BASIS

E - EQUALITIY CONSTRAINTS

Q* — CONSTRAINTS ADDED TD THE INITIAL BASIS
U - LINEARLY DEPENDENT CONSTRAINTS

V = CONSTRAINTS NOT IN BASIS WITH LAMBDA = 0
W — CONSTRAINTS NOT IN BASIS WITH LAMBDA > O
KQS=KQ-KEQ

PRINT 50104KQsNEKQSyLDC 4KV KW
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5010

211
212
213
214
215
216
217
9211
9213
9215
9217
218

205

208

230

231

232

233

234
235
236
2365
237

238

FORMAT(4X2H Q41243H E ,12,4H Q*

[F{KQ)212,212,211

PRINT 9211, (IHI{J},J=1,KQ)
[FILDC)214,4214,213

PRINT 9213,(1U(J),J=1,LDC)
IF(KVI21642164215

PRINT 9215, (IVI(J)sJ=14KV)

IF{KW)218,218,217

PRINT 9217,{IW{J}yJ=1,KW)

FORMAT(* Q'/1013)
FORMAT (! ur/10I13)
FORMAT(?® V' /1013)
FORMAT({* W'/1013)
IGY=0.0

DO 205 I=1,M
IGY=7GY+I(1)1*G(1)
GOtI)=G(I)
YiI)=X{I)

COMPUTE INITIAL STEP SIZE

T=AMINL(TMAX, 2. *(ESTF-F)}/2GY}
IF({T.GE<TMIN) GO TO 230
T=TMAX

NETA=NETA+1

STEP ITERATION COUNTER

KOUNT=KOUNT+1

L=0
IF(KW)9999,240,231
DO 239 I=1,KW
J=IW(I}

IF(J-NB) 232,232,235
KK=JXB(J)

IF(KK) 233,9999,234
KK=—KK :
IN==-7 (KK)

GO TO 2365

IN=Z {KK)

GO TO 2365

KK=J=-NB

IN=0.0

DO 236 N=1,M
IN=ZN+Z (N)*A(KK,N)
IF(ZIN) 237,239,239
TI=-AMBDA(J)}/IN
IF{TI-T)238,239,239
=11

L=d

133
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239

5011

240
241

250

251
5012
253

254
255

256
257

260

262

26%

264
2695
2696
7001

266

CONTINUE
PRINT 5011,KOUNT
FORMAT (/" STEP',14)

-

STEP ALONG THE CONJUGATE DIRECTION

DO 241 J=1.M

X(Ji=Y{J)Y+T*Z{J)

XMUO=PGNORM

CALL FUNCT(MyX,FyG,KQ)

1G=0.,0 ’

DO 251 J=1,M

LG=1G+Z(J)*G(J)

PRINT 5012¢MUy INTyNETAyLsToFy2G
FORMAT(4(3XI3)43F1246)

LGX=16

IF{ZGX)260,260,253
IF(FY=-F)254,260,260
IF{T-TMAX) 257,255,255

DO 256 I=1,M

DD 256 J=1.M
H{I+Q1=H{TJ)I+Z1T)*2ZUI)*T/LGY
CONT INUE

GO TO 280

"INTERPOLATE CUBICALLY

22=(3/TYX(F-FY)-2GX-2GY
W=SQRT(ZZ#*%2-ZGX*IGY)
FRAC=(-2GX+W-Z2I}/(—2GX+IGY+2,%*W)
GAMMA=T*(l.-FRAC)

DO 262 J=14M

YY(Ji=X{J)

R{J)=GAMMA*Z (J) -
XtJd)=Y{J)+R(J)

FYY=F

CALL FUNCT(MyX,Fy4GoKQ}
IFLABS(F-FYY)sLT<EPSILl} GO TO 269
1G7=0.

DO 265 J=14M

IGI=2GZ+Z(J)*G(J)
IF{AMAXLIFY,FYY)-F)1269,269,264
IF(MU-MUMAX) 2695,2696,2696
IFI(FY-FYY) 267,266,266

PRINT 7001

FORMAT (?* MAXIMUM INTERPOLATION')
CALL REINV

IF(NEXIT)2B0,280,460
T=(1le-FRACI*T

IGX=1G2Z
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GD TO 260

T=FRAC*T

FY=F

F=FYY -
1G6Y=2GZ

DO 268 J=1,.,M

Y(J)r=X(J)

X{J)=yy(J) w ' :
GO 70 260

CONTINUE

DO 271 J=1,M

YiJ)=G{J)-GOI(J)

SIGY=0.

YHY=0.,

DO 273 I=1,M

RR{I)=0.

DO 272 J=1,M

CRRODI=RRUTII+Y(JI*H(J, 1)

272
273

278

277
276

214

275

280

290

283

CONTINUE

SIGY=SIGY+RI(I)*Y(I)
YHY=YHY+RR{ T }*Y(I)
IF(SIGY®YHY.NEe.Ds) GO TO 274

SEARCH IN THE DIRECTION OF STEEPEST ASCENT fF RESULTS ARE
NOT SATISFACTORY

DO 276 I=1.M

D0 276 J=1.M
IF({I.EQsJ} GO TO 277
H{I,J)=0,0

GO TO 276

H(I.,J1=1.0

CONTINUE

GO TO 280

CONT INUE

UPDATE MATRIX OPERATOR AS PER STEP 5 OF THE ALGORITHM

DD 275 I=1.M

DO 275 J=1.M ;
H{TJ}=H{TI,J}=(RIII*R{J)I/SIGY=-(RRILI®RR(J})/YHY
CONTINUE

SIGMA=0,

COMPUTE LAMBDAS FOR NEW X AND CHECK

CALL AMDA
IF{KQ)284,284,283
DO 281 T=1,XQ
J=IHI{1})
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PRINT 6002,AMBDA(J]) |
6002 FORMAT(/' AMDA{J)',10F10.4%)
IF(ABS(AMBDA(J))-EPSI2)281,281,300
281 CONTINUE - i
284 DO 282 I=1,K
IF(AMBDA(I)+EPSI2)292,282,282
282 CONTINUE
G0 TO 320
292 IF(SIGMA-1.01293,293,301
293 L=1

FIND MOST NEGATIVE LAMBDA AND ADD CONSTRAINT TOU THE BASIS

RHO=AMBDA{1)
IF{K=2)2984299,299
299 DO 295 I=2,K
IF(AMBDA(I)-RHD) 294,295,295
294 L=1
RHO=AMBDAI(I)
295 CONTINUE
298 [H=L
CALL COMP1{5)
GO TO(3004300,4296]) 4NEXIT
296 NETA=0
' INV=1
G0 TO 310
300 IF(SIGMA)301,310,301

CONSTRAINT VIOLATION

301 PRINT 5021 :

5021 FORMAT(! CONSTRAINT VIOLATION?')
GO TO 120

310 SIGMA=SIGMA+1.,0 -

X-=CORRECTION

PRINT 5032
5032 FORMAT(/*' X-CORRECTION')
DO 311 J=14M
311 vId)=X{J)
CALL COMP1(3)
DO 312 J=1,M
312 X{4)=Y{J)
INV=1
GO TGO 290 ’
320 IFI(SIGMA)321,325,321
321 CALL FUNCTI(M,X,F,G+KQ)
IF(F-FY)322,325,325



322
5013

' 325
326
5014

327
5015

OO0

420
5018
460
470
5019

5678
5020

$999
5031
480
485
486

481

F DECREASE

PRINT 5013

FORMAT(* F DECREASE')
CALL REINV

IFINEXIT) 325,325,460
IF{KOUNT-LIMIT) 327,326,326
PRINT 5014

FORMAT (? MAXIMUM STEPS TAKEN')

GO TO 460

PRINT 50154(XtJ}sJ=1,M)
FORMAT(6F12.6)

GO TO 140

MAXIMUM F

PRINT 5018 ,F

FORMAT(/" MAXIMUM F =',F12.6])

CALL CLASS

PRINT 5019

FORMAT(/* J X VECTOR
DO 5678 J=1,M

PRINT 50204J4X(J)+GlJ)
FORMAT({13,2F12.6)

GO TO 480

PRINT 5031

FORMAT (° ERROR')
IF{IN-NSP) 485,481,481
PRINT 486

FORMAT(1HL1)

GO 70 10

sTaP

END

GRADIENT?')
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SUBROUTINE REINV
THIS SUBROUTINE REFORMS THE INVERSE MATRIX

DIMENSION G(20)4X(20},P(20)4Vv(20)3JXB(40),[HI(20},R{20),
15D{40),RR120),2(20),X0(20),G0(20),X1(20)4DELX(20),X2(20),Y(20),
LAMBDA(40),FG(20),IU(40),IV{40),IW{40),B(401),PG(20)

DIMENSION D{20,20),DN(20,20),A{40,20},H(20,20),YY(20),HG(20)
COMMON Yy PNy AMBDAsMyGoXoFoPyEPSTL,NEXIT KQsDyIHyNBsVAyIXB,yIHI,
1 EPSI3+EPSI2,LDyIUyRyKEQyMEXITy IV, KV,ByKMNB, IWsKWyKyMAXRNy INV,DN,

1MUSNETA INT,LDCsH

EQUIVALENCE (Y+PG)y (PN,PGNORM), {SD,AMBDA) 4 (Z,4HG}

IF(MXRN oGT. 0)GO TO 10

RETURN IF MAXiMUM NUMBER OF RE-INVERSIONS HAVE BEEN DONE

NEXIT=1

RETURN

NEXIT=0

MXRN=MXRN=1

IF{MXRN +LE. 0)GO TO 20
GO TO 40

IFIKEQ «EQes 0)GD 7O 35

RESTORE INITIAL BASIS AND RESET COUNTERS

DO 30 I=1,KEQ
DO 30 J=1,KEQ
D{T,J)}=DN(I,J)
LDC=0

NETA=0

KQ=KEQ

INV=0

MU=0

INT=0

FORMAT (? NEW BASIS')
PRINT 935
RETURN
IF(INV)9,9,50

RETURN TFTHERE IS NO CHANGE IN BASIS
IF{KQ-KEQ)15,15,51

LIST ALL CONSTRA[NTS ADDED TO THE INITIAL BASIS
L=KQ-KEQ

IFIKEQ «GT. 0)GO TO 54

DO 53 I=1,M
DO 52 J=1,M



52
53

54

55
45
46

56
57

58
59

60

65

70

H(T,+J)=0.
H{I,I)=1,

GO TO 59

DO 46 I=1,M

DD 45 J=19KEQ
D(IgJ)=0.

DO 55 N=1,KEQ
KK=IHI{N)-NB
D(Is+JI=DUI4J1+ALKK4I)+DN{N,J)
CONT INUE
CONTINUE

DO 57 I=14M

DO 56 J=1,M
H(IQJ}=0.

DO 56 N=1,KEQ
KK=TIHI (N}-NB
H{TsJ)=HUT o JI-A(KK, 1 )%D(J,N)
H{I|1}=H‘111}+10
DO 58 I=1,KEQ

DO 58 J=1,KEQ
DI(I4J)=DN(I.J}
LDC=0

NETA=0

KQ=KEQ

INV=0

MU=0

INT=0
IH=THI(KQ+1)

ADD CCNSTRAINTS IN OEDER OF CONSTRAINT NUMBERS

CALL COMP1(5)

IF(L +LEe 1)GO TO 7O

L=L-1 -
GO TO 60

NEXIT=0

RETURN

END
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140

SUBROUTINE COMP1{NSTART)

THIS SUBROUTINE CARRIES OUT THE MATRIX COMPUTIONS REQUIRED BY
THE CONJUGATE GRADIENT METHOD -

DIMENSION G(201),+X(20),P(20),V(20),4JdXB(40),IHI(20),R(20),
LSD(401,RR{20),42(20)4X0(20),G0(20),+X1(20),DELX(20),%X2{20}),Y(20),
LAMBDA{40) s FG(20) 4 IUL40), IV{40) s IW(40),B(40),PGL20),TT{20)

DIMENSION D(20,20),DN{20,20)4A{40,20)4H(20,20),YY{20),HG(20)

COMMON Y PNy AMBDA MyGo Xy F P oEPSTI L NEXITyKQyDsIH NByV4A,JXByIHI,
1 EPSI3,EPSIZ24LDyIURyKEQyMEXIT IV KVyByKMNByIW,KWyKyMXRNy INV,DN,
1MU,NETA, INT,LDC,H ,

EQUIVALENCE (Y PGl (PNyPGNORM), {SDyAMBDA)(Z,HG)

60 TC (10, 80, 1104 25, 10 )y NSTART

IFLAG = 1

IF (KQ) 20,20,30

D(1|1) = 140

PN = 1,0
GO 70O 260

IFLAG = 2

CHECK WHETHER THE CONSTRAINT IS A BOUND

IF(IH-NB) 40,40435
I = IH-NB

DO 36 J = 1M

VIJ) = All,J)

GO TO 90

GENERATE VECTOR V IF THE CONSTRAINT IS A BOUND

DO 50 I = 1,M
VII) = 0.0

JK = JXB(IH)

IF (JK) 60,60,70

JKM = -JK

VI(JKM} = -1.,0

GO TO 90

VIJK) = 1.0

GO TO 90

IFLAG = 2

IF (KQ) 85,85,88

DO 86 J = 1,M

Y(J) = viJ)

CONT INUE

RETURN ‘
DO 100 I = 1,KQ

KK = THI{I)-NB
IF (KK} 91,91,95
JBD = IHIC(I)
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OO0

92

93
95

99
100

110

120
130

140

151
152
156

153
154

155
150
160

170

180

190

JK = JXB(JBD)
IF (JK) 92,92,93

JKM = =-JK

P(1) = =V(JKM)
GO TO 100

P(I) = VIJK)
GO TO 100

Pl1) = 0.0

DO 99 J = 1.,M

P(I) = P{I}+A(KKJ)%V(J)
CONTINUE :

GO TO 130

IFLAG = 2

DD 120 I = 1,KQ

KK = THI{I) .

P{I) = AMBDA(KK)

DO 140 I = 1,KQ

R{I) = 0.0

DO 140 4 = l1.+KQ

R{I} = RUT)+D{I,4J)%P(J}
CONTINUE

PROJECT THE VECTOR

DO 160 J = 14M
Y{J) = 0.0
DO 150 I = 1,KQ

KK = IHI{I)-NB

[F (KK} 151,151,155
JBD = IHI(I)

JK = JXB(JBD)

IF (JK) 152,152,153

IF {(J+JK) 15041564150
¥(J) = Y{JI=-R(I}

GO TO 150

IF (J=JK} 150,154,150
Y(J) = Y{JI+RI(I)

GO TO 150

Y(J) = Y{JI+A(KK JI*R(I)
CONTINUE

YiJ) = V(IJ)=-Y(J)

GO TO (1804170}, IFLAG
NEXIT = 1

RETURN

COMPUTE PROJECTED NORM
PN = 0.0

DO 190 J = 1,M
PN = PN + Y(J)*%2
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YB2 = PN
PN = SORT{PN}

CHECK FOR LINFAR DEPENDENCE = ?

IF (PN-EPSI3]) 200,210,210
200 NEXIT = 2
LDC = LDC+1
IU(LDC) = IH
9200 EORMAT( H *,12,' LINEARLY DEPENDENT  YB=',F12.6)
RETURN
ADD LINEARLY INDEPENDENT CONSTRAINTS
210 J = KQ + 1 |
1 =4
D(1,4) = 1.0/YB2
220 IF (1-J) 240,240,230
COMPUTE NEW INVERSE

230 I = I-1
DiIy+J) = DUI,J)Y+R{JI*R(I)/Y¥YB2
DiJ,sI) = DII,J)
GO TO 220

240 IF (J-1) 260,260,250

250 J J -1
I KQ
D(I,J)
D(J,1)
GO TO 220

260 KQ = KQ + 1
THI(KQ} = [IH -
PRINT 9260, IH, PN

9260 FORMATI(?* HY y2XI24° ADDED YB';Fl2.6)
NEXIT = 3
IF (NSTART-3) 270,270,290

270 RETURN

290 IF (IH-NB) 300,300,330

300 JK = JXBUIH)
IF (JK) 310,310,320

310 JK = =-JK

1
-R(J)/YB2
D(I,J)

i H o+

COMPUTE H(Q+1) AS PER STEP 4 OF THE ALGORITHM

DO 311 J = 1,M

311 TT(J) = —H{JK, )
YB2 = H{JK,JK)
GO TO 335
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320 DO 321 J = 1.M
321 TT(J) = HUJK,J)
YB2 = HIJK,JK)

GO TO 335
330 KK = IH-NB
YB2 = 0.0

DD 333 T = 1,M
TT(I) = 0.0
DO 332 J = 1M
332 TTHI) = TTUI)+A(KKyJ)I%H(J, 1)
333 YB2 = YB2+4TT{I)*A(KK,1)
335 DO 340 I = 1.M
D0 340 J = 14M
340 H(I,J) = H{I J}=-TT(I)*TT(J)/Y¥YB2
RETURN
END
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SUBROUTINE COMP2{DEL)

THIS SUBROUTINE CARRIES OUT THE MATRIX COMPUTIONS REQUIRED BY
THE CCNJUGATE GRADIENT METHOD ~

DIMENSION G(20),X(20),P(20),V(20),JXB(40),IHI(20),R(20),
15D(40)4RR(20),2(20),X0(20)},G0(20),XL(20),DELX{20},X2{201},Y{20),
1AMBDA(40),FGI20) ,TU(40},IVL40)},IW(40),B(40),PG(20)

DIMENSION D{20,20},DN{20,20),A(40,20),H{20,20),YY(20),HG(20)
COMMON Y 4PNy AMBDAyMy Gy X9 FyPEPSTIL,NEXITsKQsDyp IH,NBs VA, JXB,yIHI,
1 EPSI3,EPSIZ24LDyTUsR KEQyMEXIToyIVsKVyBeKMNBy IWsKWyKyMXRNy INV,DON,y

1MU4NETA, INT,LDC,H

EQUIVALENCE (Y,PG), (PN,PGNORM}, {SD,AMBDA),{Z,HG)

DELTA = DEL

NZ =0

L = KEQ + 1

CHECK FOR CONSTRAINT DROP AND DROP CONSTRAINT CORRESPUNDING TQ
MAXTMUM RD > DELTA

IF (R(L)Y) 43,43,41

RD = RIL)/SQRT(D(L,sL))
IF (RC-DELTA) 43,42,42
DELTA = RD

NZ =L

IF {L-KQ) 44,45,45

L = L+l

GO TO 40

IF {NZ) 46446,50
MEXIT = 1

RETURN

COMPUTE NEW INVERSE

DD 60 I = 1,KQ
VII) = DUIsNZ)

IH = IHI{(NZ)

NZIM = NZ -1

KQ = KQ -1

IF (NZ-KQ) 63,63,62
VNZ = V(NZ)

GO TO 105

DO 80 I = NZ, KQ
IHI(I) = IHI(I+1)
IF (NZM) 75,75,65

DO 70 J = 1l,NIM
DEI+J) = D(I+1,0)
DlJsI) = D(I,4)

DO 80 4 = le KQ
D(I+J) = D(I+1,J+1)



100
105
110

120
130

(eNaNe

140
142

- 150

9150

OO0

160

170

VNZ = VINZ)

DO 100 I = NZ,KQ

VII) = V(I+1)

DO 130 T = 1.+KQ

DO 130 J = 1,KQ

[F (I-4} 110,110,120

D(IsJ) = DUl Jd)=VIL)I*V{J)/VNZ
GO TO 130

DUIyJ) = DlJ,1)

CONTINUE

RESET LINEARLY DEPENDENT CONSTRAINTS = 0

IF (LDC) 150,150,140
DO 142 I = 1,LDC

J = KV + 1

IViJ) = TUtl)

KV = KV + LDC

LOC = 0

MEXIT = 2

PRINT 9150, IH, DELTA

FORMAT (' H *'I2,' DROPPED DELTA="4F12.6)

COMPUTE HIQ-1) AS PER STEP 2 OF THE ALGORITHM

CALL COMP1(4)

PN = 0.0

DO 160 J = 1,M

PN = PN + Y(J)*%2

DO 170 I = 1,M

DO 170 J = 1,M

H{I,J} = H{I,J) + Y{I)%Y(J)/PN
RETURN

END -
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SUBROUTINE AMDA

THIS SUBROUTINE COMPUTES LAMBDAS

DIMENSION G(20),X(20),P(20),VI(20)+JXB(40),THI(20),R{20),
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1SD(40),RR(20),2(20),X0(20),G0(20),X1(20),DELX(20},X2(20),Y(20),

LAMBDA(40),FG(20),1IU(40),IV{40},1W(40),B(40),PG{20)

DIMENSION D(20,20),DN{20,20) yA(40,20),H(20,20),YY(20),4HG(20)
COMMCN YoPNaAMBDA MyGe X2 Fy P EPSTL,NEXIT KQyDyIH,NByV,A,IXBy1HI,
1 EPSI3,EPST2sLDyIUsRyKEQyMEXIToIVsKV BoKMNB,yIHyKWsKyMXRNy INV,DN,

LMUsNETA, INT,,LDCyH

EQUIVALENCE (Y +PG)y (PNy,PGNORM), (SDyAMBDA) 4 (Z,HG)

IF (NB) 2,244
DO 7 I = 1.NB
J = JXB(I)

IF (J) 545,56

KK = =J

AMBDA({I)
GD TO 7

AMBDA{])
CONTINUE
iF (KMNB)10,10,3
DO 9 I = 1,KMNB

SUM = 0,0

KK = NB + 1

DD 8 J = I'M

X(J) - BLI)

SUM = SUM + A(I,J)%X{J]}
AMBDA(KK) = SUM - BIKK)
RETURN

END

=X{KK) - B(I)
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SUBROUTINE CLASS
THIS SUBROUTINE CLASSIFIES THE CONSTRAINTS

DIMENSION G(201,X(20),P(20),V(20),JXB(40), IHI(20),R(20),
1SD(40),RR(200,Z(20),X0(20) ,G0(20) 4X1{20) ,DELX(20),X2(20),Y (20},
1AMBDA{40)yFG(20), TUL40),IV{40),IW{40),8(40),PG{20)

DIMENSION D(20,20),DN(20,20)4A(40,20),H(20,20),YY(20),HG(20)
COMMCN Y PNy AMBDA,MyGy Xy Fy Py EPSTI,NEXIT4KQyDy IHyNByV oAy IXBy IHI,
1 EPSI3,EPSI2,LDyTUsRyKEQyMEXTT TV, KVyByKMNE Tty KiWsKyMXRNy INV,DN,

1MU4NETA, INT,LDC,H

EQUIVALENCE (Y,PG), (PN,PGNORM), (SDyAMBDA}, (Z,HG)

KW = 0 :

KV = 0 |

DO S50 I = 1,K,

IF (KQ) 41,41,30

DO 40 J = 1,KQ

IF (I-IHI(J)) 40,50,40"

CONT INUE

IF (ABS(AMBDA{I)})-EPSI2) 42,42,43

KV = KV + 1

IVIKV) = I

GO TO 50

KW = KW + 1

IN(KW) = I

CONTINUE

RETURN

END
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SUBROUTINE FUNCTI(MyX,FyGsKQ)

THIS SUBROUTINE COMPUTES THE VALUES OF THE OBJECTIVE FUNCTION
AND THE GRADIENTS FOR THE INVENTORY MODEL

DIMENSION X{10),G(10}1,VI{15},Q(15),FT(10),ST{L10},F1{15),BR(10),
ICR(15},GRI15)

COMMON/ARO/NFUNC s KQUNT s NOFE

FORMAT(BF8.4) ;

FORMAT(/? ITERATION # = *,13,* # OF FUNCTIONAL EVALUATIONS
1=,13," ¥ OF CONSTRAINTS IN BASIS =',13,/1

440 FORMAT(21Xs' STAGE 1 STAGE 2 STAGE 3 STAGE 4 STAGE

451

90

100

101
102

1 5%,/7)

FORMAT (' PRODUCTION' 45F1243,/" SALE',5F12.3,
1/ INVENTORY?*y5F1243,/" COST*y5F1243,/)
NFUNC = NFUNC + 1

NOFE=NQOFE+1

IF(NOFE.GTs1) GO TO 90

READ 95, AyByCyCICPyVIMyPM

N=M

EN=N

DELT=1./EN

N1=N+1

AS==24*CI*(DELT*%2)

vi(l)=C

FL(1)=0.,0

Qil)=A

CONTINUE

DO 100 J=24N1

I[=J-1

ED=1

QU(J)=A+B*DELT*ED

VI(J)=VI{I)+{X{1)=-Q(J))*DELT
FTUI)=CI*DELT®{(VIM=VI{I)/2«=-VI(J}/2.)%%2
ST(I)=CP%DELT*(EXP{{PM=X(I})%%2})
BRII}I=VIM=-VI(T}/2.,-VI(J)/2.

CRIIl= -2, %¥DELTRCPR(PM=X(I}I*EXP{{PM=X11))%%2)
FICJI=FLLI}+FT(I)+ST(I)

F=-F1(N1)

D0 102 I=1,N

GR{I1)=0,0

BR{I)=BR(I)/2.

DO 101 J=1I4N

GRIII=GR{I)+BR(J)

GiT1=-GR(1)}*AS-CR(I)

PRINT 200,KOUNT NFUNC,KQ

PRINT 440

PRINT 451")({1’71=11N,’(Q(I,1I=ZQN1}Q(VI‘I],I=21N1}1tFl([,,I=2le,
RETURN

END
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SUBROUTINE FUNCT(MysXsFsGysKQ)

THIS SUBROUTINE COMPUTES THE VALUES OF THE OBJECTIVE FUNCTION
AND THE GRADIENTS FOR THE INVENTDRY AND ADVERTISEMENT MODEL

DIMENSION X(10),G{10)},P{151,Q€15),VI{15},Ul1l5},VI15),AW{15),W(1l5]),
1D(15)4EL15),F1115),GR(15),QX{15)XI(15),R(15)
COMMON/ARO/NFUNC s KBUNT y NOFE
200 FORMAT(/' ITERATION # = ",13,°" # OF FUNCTIONAL EVALUATIODNS
1=',13," # OF CONSTRAINTS IN BASIS =t,13,/)
440 FORMAT(23X,' STAGE 1 STAGE 2 STAGE 3 STAGE 4 STAGE
1 5%,7)
451 FORMAT({® INCe CONTACTS'y5F12e3,/" PRODUCTION® y5F1243,/
1 SALE' y5F12e3,/" INVENTORY®,5F 1243,/
2° PROFIT',5F12,3,/)
920 FORMAT{10FT7.2)
NOFE=NOFF+1
NFUNC=NFUNC+1
IF(NDOFE.GT.1) GO TO 90
READ 9204A,B,C+EF,AN,PI,CA,CI,VI(1),Q(1) .
N=M
N1=N+1
EN=N
DELT=14/EN
Pl1)=A
F1‘1}=0.0
30 DO 100 J=2,Nl
I=J4-1
ED=1
P{J)=A+B*DELT*ED
VII)=Q(I)*(La+(C+X{I))*DELT)
VII)=1la+(C+X{I))*Q(T)*DELT/AN
QLII=U(I)/VIT)
VI(J)I=VI(I)+(P(I)-0Q(I})%*DELT
100 FI(J)=FL(I)+(EF*QUJ)-CI*((PI-VI(J))®%2)=CA*X( [} %Q(J} }*DELT
F= F1(Nl)
"DO 101 I=1,N e
AWLT ) =(QUI)=V{I)*DELT=Q(I)*U(T)*DELT/AN)}/{VI(I)%%2)
D(1)=EF¥DELT-CA*X{I)*DELT
E(T1)=2.*%CI*{(PI-VI(1+1))%DELT
RII)==CA%Q{I+1)*DELT
101 CONTINUE
DO 102 J=24N
102 W{J)=({1la+ (C+XUJIIVIRDELTIRV(JI-ULJIIR(C+X{J) IXDELT/ZANIZ IV IJ)%R%2)
E(N1)=0.0
WIN1)=0.0 ‘
DO 150 I=1,N
L=I+1
GR(I}=0.0
QX(I)=AW(T}
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XI(I)=-DELT*QX(1I)

DO 140 J=L,N1'

QAX[J)=W{J*QX({J-1})

XI(J)=XT(J=-1)-QX(J)*DELT =
140 GR{I)=GRII)+D(J-1)*QAX(J-1)+E(J)*XI{J=-1)
150 GUII=GR(I)+R(I)

PRINT 200,KDUNT NFUNC,KQ

PRINT 440

PRINT 451, (X{T)yI=1yNIo(P(I)y1=24N1)o(QUI)sTI=2,NL)},I{VI(I),I=2,N1},

L{F1(I)}yI=24N1)

RETURN

END
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SURBRCLTTINE FUNCT(MsXy4F,G4KQ)
1
THIS SUBROUTINE COMPUTES THE OBJECTIVE FUNCTION AND THE
GRACIFNTS FOR THE PRCDUCTICN AND ACVERTISENMENT MODEL
= |
DIMENSTION X{15),G(1lE8)4U(15)yW(LS),YI15),Z(15),0(15)4VI{L15})sGRI15),
1AK1(12),BKYI(15),AK2(15),BK2(15),0DAK1(15),DAK2(15),DBK1(1Z),AR(15),
20BKZ2(15),C(15),5(15),FL{10),QQC(15)4QX(15),XT(15),Q1(15),CA(15)
CIMENSION UUILO),wW(10),kU(10),YY(10),YU(LC),Z2Z(10),VIZ(1GC),
1wX(1C)h,UXTLID)y YX(L1C)yZX(10) 4 XK{1O)4XLT10),2Y(1C)ZW(10)
COVMMCN/ARD/MFUNC s KDUNT o NOFE
100 FORMAT(2FT740,9F5a04F7s4,F643)
450 FORMAT(L15F8e3)

451 FORMATH( /! SALE' y5F1243,/" INVENTORY* y5F1242,/
R PROFIT',5F12.3,/)

930 FORVAT (/! ITERATION #=1'413," # OF FUNCTIONAL EVALUATIONS=',
1134 # OF CONSTRAINTS IN BASIS=7',13,/)

1C00 FORMAT(/S5F643,3X,5F6e3y3X,5F6a3y3K,5F6,3)

1C01 FORMAT(' EA=",F8,0,' EB=",FB8,0,' R='",F4sCy"' AQ='yF4,0,"
1F4.01' VINZ',FQQDQ' TM="F5.0,' AN=1',F5,0," C=',F3.G"
2F3.C,' CI='¢F3.09' CT=';F6.4.' CA='7F5031,’
NFUNC=NFUNC+1
NOFE=NCFF+1
IFINCFE.GT41) GC TC 90
REAC 1G0,EA,FE,R4AQyV,VIM,TM,AN,C,C1,C1,CT,CA
PRINT 1001 ,EA,EB4yRyAQsV,VIM,TMyAN,C,C2,CI,CTyCA
N=M/3
EN=MN
DT=1./EN
Nl=N+1
Uil)=C.53 ,
Y(1)=C.53 | ‘
W(l)=Co&3 '
Z{1)=Ce42
Qil)=1.0 .
VI‘1]=80G
X0=C+53
YO=0e43
GA=C4535F11
GB=0+461E18

90 CONTIMNUE

O <

el
1}
-
-

F1(1)=Ca.0

CO 1C1 I=1,N
K=T+h

L=K+N\

AKLIT)I=CA*EXP{-FEA/{R*X(K)))
BKL(I)=GB*EXP(-EB/{R*X(K)))
AKZ2 LT )=CA¥EXP(-EA/(R*X(L)))
BK2(I)=CR*¥EXP(—EB/(R*X(L)))
DAKI(I)=AKL (1) *(EAZ(R¥(X(K)*%2)))
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120

1320

140

15GC
160

152

DAKZ (I )=AK2 (I} = (EA/(R*(X(L)%**2))}
DBKI(II=RKI(II®(EB/(R*(X(K)*%z))}
CEK2(I)=RK2(T)*(ER/(R*{X(L)**2} )}

CONTINUF

CO 12C J=2,N1 -

[=J-1

K=1+A

L=K+K

QU =CIT)+LCHX(TII*UCLT)=(CUT)**2) /AN)*LT
VIGJ)=VvI(I)+(AQ*Z2{T)=-C(T)}*CT

Ul =LtT)+(ACR(XC-U(T))/V=-AKLI(TI)I*UlI))*CT

W{J)=w (T )+ (ACR(YC=-W(I))/V=BKLOI)*W(T)+AKL(TI)%=U{TI))*DT
Y{J)=Y (T} + (ACH(ULT)=Y(I) ) /V-AKZ2(T)*Y(I})*CT

Z{I)=Z (1 )+ (ACRIWII)=-Z(I) ) /V-BK2(I)*Z(TI)+AKZ(TI)*Y (1) }*DT
FICJ)=FLID}+(CI*CUI)I-CI*(VIM=VI (I} I 5x2-CAR (XTI %%2)}H(Q(J}**2 )=~
LCTHULTM=X IR IHR2H(X(K)—X{L) ) %*2) }*CT '
CONTIMNUE

F=F1 (A1)

CO 13C I=1,N

J=I+1

DI )=Cl*sDT-2%CAF(X(T)*%2)%C(J)*DT .
E(I)=2e*CI*(VIM=-VI(J))=*DT
AR(T)==2%CA=X{T)*:{Q(J)**2)%DT
CAlII=(RUI)-(QUI)*%2) /AN )*LT

CONTINUE

CO 14C J=2,N

CRII=1la+(C+XUI) I ¥ (1e—2%Q(J)/ANIXET

CONTINUE

c{N1)=C.0C

GQINL)=0.C

CO 1&C T=1,N

L=1+1

GR{T1)=C.0

Qx(Iry=ca(L)

XI{I)==DT*CX(I}

DO 15C J=L,N1

AX(JI=CCLII*CX(J-1)

X)) =XT1J=-11-DT*CX(J}
GRIT)=GRIII+D{J=11=*CX(J-1)+E(J)*XI(J-1)
G(I)=CRIT)+AR(I)

CO 25C I=1,N

J=1+1

K=1+N

L=K+N

KK{T =2 %CTHDTR (TM=X(K})=2*CT*CTH(X(K)=-X(L))
ALITI)=2.%CT*TCT®(X(K)=X{L))

UX{T)=-U(T)*CT®CAKI(])

WX{T ) ==DTH*(W(T)*CEKI{T)=-UlT }*DAKL{I))
YXUI)==DT*LAKZ2(T)*Y (]}
ZX(T)==0T*(7(1*CEBK2(T)=-YL{I)*DAK2Z2(I))
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CONTIALE

CO 260 J=2,N

UU(J)=1e=DTH(AD/V+AKL(J))
WWIJ)=1a=DT*{AC/V+PK1(J))

WULJ)=CT®AKL(J) -
YY(J)=1,=PTH{AO/V+AK2(J))

YULJ)=ACKDT /Y

ZWlJ)=AN%DT/V

22(J)=1o-DT#(AQ/VH+EKZ(J))

IY(J)=0T#AK2 ()

VIZ(J)=AC*HDT

CONTINUE

DZ3X6=ZW(2)#KX (1)

BI4aX6=VIZ(2)*D73X6
CW3X6=WW (2)*KX (1) +WU(2)%UX (1)
CY3X6=YUL2)%UX(1)

DU3XE=LUL2)%UX (1)
DISX6=DT4X6+VIZI4}*(ZZ{3)*DZ3X6+2Zk(3)#DW3XE+ZY(3)%DY3X6)
DZ4X6=77(3)%C23X6+2ZW(3)*Di3X6+2Y(3)%DY3X6
DW4X6=hw (2} *CW3X6+hU (3 ) *LU3X6

DY4X6=YY (3)%DY3X6+YL(3)*DU3X6
DIEX6=CISXE+VIZ(5)*(Z2(4)*D24X6+42w(4)¥0n4X6+2Y(4)%DY4X6)
DWAXT=WW (3 )*WX {2)+WU(3)2UX(2)
DZ4XT=ZW(3)*WX(2)

CY4XT=YU(3)%UX(2)

DISX7=VIZ(4)*D24X7

DIEXT= ntsx7+vr?rs:#tzz&q)*024x7+zw{4J*Ph4x7+zv{4)*ovqx7)
CI6X8=VIZ(5)#ZW(4)*WX(3)

DI3X1=VIZ(2)%*ZX(1)
DZ3X1=ZZ(2)*ZX(1)+2ZV{2)*YX(1)
DY3X1=YY(2)%YX (1)

DY4X1=YY{3)*LY3X1

DYSX1=YY(4)%DY4X1

D14X1=GI3X14VIZ(3)%0Z3X1
DZ4X1=Z7(3)%#TZ3X1+ZY(3)*DY3X]
DISX1=0I14X1+VIZ{4)*CZ4X]
DZSX1=27(4)%*D74X1+ZY (£} *DY4X]
DI6X1=DT5X14VIZ(5)%CZ5X1

DI4X2=VIZ(2)%*ZX(2)
DZ4X2=27(3)%7X(2)14ZY(3)%YX(2)
CI5X2=77(&)%CZ4X2+2Y4)%YY(3)#YX(2)
DI5X2=014X24VIZ(4)#CZ4X2
DI6X2=015X2+VIZ(5)*025X2

DISX3=VIZ(4)*ZX(3)
CI6X3=DI5X34VIZI5)%(ZZ(4)%ZX(3)+2ZY(4)*YX(3))
Gl6)=E(3)#NT4X6+E(4}*CISXE+E(S)XCI6X64XK (1)
GU7)=E(4}XDISXT+E(S)¥DI6XT+XK(2)
GIBI=E(S)*DTEXB+XK(3)

G(9)=xK(4)

GI10)=XK(5)
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GI1l1)=E(2)}%DI3X1+E{3)*DT4X14E(4)*CISX1I4E(S)%2DI6X1+X0LIL1)
GULl2)=E(3 Y ADT4 X245 (4 ) LIS 2+E(S)XLIGX24XL{(2)
G(13)=C(4)%DISX3+E(E}I*DIB6X34XLI3)
GUla)=F(S)%xVI7(5)*7X(4)+XL(4)

G(15)=xL1(%) = I

PRINT 930,KNUNT ¢ NFUNC,KC

PRINT 450, (X{I),1I=1,4F)

PRINT 1000, (ULJ)sJ=24M1) kil
PRINT 451, (0{I)3I=224N1),(VI(I},
RETURA

ENC |

2yNL)Y 2 (Z0J)yd=24M1)

J
1 2yN1)

2eN1)y (Y (J)yd=
ML) LFLUT) 1
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ABSTRACT

Motivated by the successful applications of the gradient methods
to unconstrained noﬁlinear problems, a number of methods have been
proposed to solve éonstrained nonlinear problems. VIn 1966, Goldfarb
developed a quadratically convergent method, called the conjugate
gradient method, to solve a class of nonlinear problems characterized
byllinear constrainté. This method is ;he extension of Davidon's
variable metric method and has the inherited ability to use the
information about ;hé local curvature of the nonlinear function
without requiring calculation of second partial derivatives.

The purpose of this thesis is to apply the conjugate gradient
method to some industrial management systems and to analyze the
results,

" The method is initially described and then three problems concerping
production, inventory control and advertisement are solved with a
view to making a critical study of the technique. The first problem
is a simple inventory model involving the minimization of production
and inventory costs. The second model is the well known diffusion
model requiring to maximize profit by controlling advertisement,

The last model is relatively more complicated and involves six state
variables and three control variables, The results obtained have

been found satisfactory.



