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Abstract

For an irrational real o and real v ¢ aZ + Z, one defines the two-sided inhomogeneous
approximation constant

M) = tim nf ] ner =],

and the worst-case of inhomogeneous approximation

pla) == sup M(a, ).
YEL+ZL

By a well-known theorem of Minkowski, we have

o |

pla) <

This dissertation focuses on bounding p(«) in terms of R := liminf; . a;, where the a; are
the partial quotients in the negative (i.e. the ‘round-up’) continued fraction expansion of «.

We prove that if R is odd, then the upper bound 1/4 can be replaced by

1 1 1 1 1
4 R R2)’
which is optimal. The optimal upper bound for even R > 4 was already known.

We also obtain bounds of the form p(«) > C(R) for any R > 3 which are best possible

when R is even (and asymptotically precise when R is odd). In particular,

1 1
= hen R = 3
pa) > 6VE s 1830230 TS
1 1
_ hen R > 4.
(4/312 89282, emE=
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Chapter 1

Introduction and Main Results

1.1 Introduction

We begin with the review of inhomogeneous Diophantine approximation. For a real irra-
tional number o and a real number ~, we define the two-sided inhomogenous Diophantine
approximation constant

M(a,9) = liminf n][jna =] (L1)
n|—oo

where ||z|| denotes the distance from x to the nearest integer. Since ||m + z|| = ||z|| for
any integer m, we may assume that o,y € (0,1). When v = ma + [ for some m,[ € Z, the

constant in (1.1) becomes

M (a,v) = liminf |n|||(n — m)a — {|| = liminf ¢||qa/|,
n|—oo q—r00

which is the classical homogeneous Diophantine approximation problem where v = 0.

Theorem 1.1.1. (Hurwitz) For every irrational number o, there are infinitely many rational

numbers § such that
1

p
< :
Vg2

a__
q




Theorem 1.1.1 tells that there are infinitely many rational numbers g with

1
qlga — p| < i
implying
1
qllgal| < E

This gives an upper bound on the homogeneous approximation constant

1

M(a,0) < 7

(1.2)

The homogeneous problem is a well understood problem, and the constant M («,0) can

be determined from the regular continued fraction expansion of «,

1

M(a,0) = = ; 1.3
( ) lim supz-_mo(ai + [0, i1y Aj4-2, A4 3, - - ] + [0, Aij—1,0;—2,0;_3, .. D ( )
where
1
a=ap+ =: [ag; a1, as, as, .. .. (1.4)
1
ay +
1
a2 T as + .-

Notice that M(«,0) depends on the largest partial quotient in the expansion (1.4) of a.
Define

r:= limsup a;.
1—+00
Then, (1.3) gives
1 1
L < M0 < —
v S M0 = T
with equality for o = [0;1,7] = $(vr? + 4r—r) and o = [0; 7] = (V%2 + 4—7), respectively.

Clearly, when r = 1, for example a = [0; 1] = @, we get M(«,0) = \/ig Hence, the upper

bound (1.2) is the best possible.



This dissertation focuses on the inhomogeneous case where v ¢ aZ+7Z and the worst-case

inhomogeneous approximation

For a quadratic number field Q(v/D), let

VD, ifD=2or3 (mod4),

YD if D=1 (mod 4).

Then, the size of p(a) is closely related to whether Q(v/D) is Euclidean with respect to

norm. In particular,

pla) < — = Z[a] is norm-Euclidean,

where 3 denotes the conjugate a — by/m of 8 = a + by/m. In the middle of the twentieth
century, there was substantial work related to this inhomogeneous approximation constant
and the associated inhomogeneous Markoff values. There is a conjecture of Barnes and
Swinnerton-Dyer [1, 2] that for a quadratic «, the value of p(«) is always isolated, although
the second largest value can be a limit point [7]. We are here interested in optimally bound-
ing p(a), both from above and below. When discussing such a problem, it is essential to

understand an upper bound arising from a well-known theorem of Minkowski, see Chap III

3).

Theorem 1.1.2. (Minkowski) Let Li(x,y) = Mx + w1y, Lo(z,y) = Ao + poy be a pair of
linear forms over R and let A = Ao — Aop1 # 0. Then, for any real numbers py, p2, there
are integers x,y such that

1
L1+ ol [ L2 + | < 1A (1.5)

Moreover, if & is irrational and € > 0, then there exists a solution of (1.5) with |Li+p:i| <.



Corollary 1.1.3. For any irrational number o and real number v # sa + t, there are

infinitely many integers n such that

nfllna =~ <

e~ =

Proof. See Appendix A. m

Notice that, from Corollary 1.1.3, we have M (a, ) < }L and hence

(1.6)

o |

pla) <

The upper bound }L in (1.6) is optimal; for example, Grace [8] showed that for any irrational
number a = [0; aq, ag, as, . . .], where a; is odd and the other a; are even and as < az < aq---,

we have p(«a) = }L. On the other hand, absolute bounds of the form
pla) > C (1.7)

have some history. Davenport [4] obtained (1.7) with C'= 1z , Ennola [3]

oo L 1
C 16+6v6  30.69---

and Pinner [13] improved the absolute lower bound to

C_(\/E—3)(7—\/1_3)_ 1 (1.8)
T 31-2V/10—3V13  25.1592--- '

1

35, see Rocket and Sziisz [16]. The smallest known value of

For a simpler proof with C' =

p(a) is still an example of Pitman [15]

V3122285 — 1097\ 547 1
p 1094 T /3100085 12.0213---

and hence this is an upper bound on the optimal absolute lower bound C'.

4



To deal with p(«), we found it more convenient to use the negative ‘round-up’ expansion
of a. We obtain optimal upper and lower bounds on p(«) in terms of the partial quotients

a; in the negative continued fraction expansion of «,

o= =:[0;a1,as,a3, -], (1.9)

a] —
1

g — ————
a3_...

where the integers a; > 2 are generated by the algorithm

1 1 1
ap:={a}l =a, apy = Lx——‘ . Qg = [—-‘ B —

n

We write «; and @; for the forwards and backwards expansions from the ith point:
o, = [0, ai+1,ai+2,...]7, Q; = [0, ai,ai,l,...,al]’. (110)

A method to evaluate M (a,7) by using (1.9) and a sequence of integers ¢; obtained from

an appropriate a-expansion of +,

— 1
= Z 5(%‘ —2+t)Di1, Diyi=apon -y, (1.11)
i=1

(2

was given in [12]. We review this in Chapter 2; see [9] for alternative algorithms to compute
M(a, 7).
By contrast with the homogeneous case, the inhomogeneous constant p(«) will be affected
by the smallest partial quotients
R :=liminf a;. (1.12)

1—00
It was also shown in Corollary 1 [12] that if R > 3 in the negative continued fraction

expansion, then

pla) < 7 <1 - E) . (1.13)



The restriction R > 3 is needed here; the examples of Grace with p(«a) = }1 will have

long strings of 2’s in their negative expansion. This can be seen by switching from regular

expansions to negative expansions using the following identity:

[O;al)a27a37a47"'] = [O;al + 172a2)"' 72aa3+272727"' 727a5+27”']_'
1 ti 1 ti
apz—1 times ags—1 times

For R > 4 even, the bound (1.13) is the best possible; for example, see Section 2.4.
Likewise, bounds of the form p(a)) > C'(R) (giving (1.8) when R = 2 and an improvement
when R > 3) were given in [13], where the a; in (1.12) are the partial quotients in the nearest
integer continued fraction expansion of a, and so R > 2. These bounds arise by constructing
a v with M(«a,~") > C'(R). The values for small R are given in (1.18) below and the
asymptotic behavior in (1.22). The goal here is to improve these R > 3 bounds when the a;
in (1.12) are the partial quotients in the negative continued fraction expansion of a rather
than the nearest integer expansion. In addition, we improve (1.13) when R is odd. Of course,
when R > 2 in the regular expansion or R > 3 in the negative expansion, the expansion
eventually becomes the nearest integer expansion (in the remaining cases, R = 1 for the
regular expansion and R = 2 for the negative expansion, the value of R can be much larger,
even infinite, if one uses the nearest integer expansion). From this point on, the a; in our

definition of R will refer to the negative expansion, and we will assume that R > 3.

1.2 Main Results

This section presents the main results of this dissertation, which were initially published
n [10, 11]. Chapters 3 and 4 will present the proof of these findings.

Consider a real number v* € (0, 1) which has the unique a-expansion

a; — 2+ t;)Di_1, (1.14)

[\Dlr—t

=3y

=1



where the sequence {t;} is given by

0, if a; is even,

(—1)7t1, if a; is the jth odd partial quotient.

Notice that any two nonzero consecutive t; have opposite signs. We define two numbers /3

and 0
= (0R] = (R~ VEI—1), §=[0R.R] = —— (1.15)
) 2 * Y ) Y R** _ /67
where
R, R+1, if Ris even,
R., R.. =
R+1, R, if Ris odd.
Setting
(1—-26)(1—p)
= 1.16

we observe that if R is even, then

and if R is odd, then

1(2R-2-/(R+1—4
C(R)—4( i1 )

Henceforth, when referring to the function C'(R), it is implied that R relates to the negative
expansion. Likewise, in the context of C'(R), it should be understood that R corresponds
to the nearest integer expansion.

The value of M (c,v*) gives us a lower bound for p(«a).

Theorem 1.2.1. Suppose that (1.9) gives the negative continued fraction expansion of «



and R = liminf; , a; > 3. Then, with v* as in (1.14) and C(R) as in (1.16), we have
pla) > M(a,7") > C(R). (1.17)

In particular, when R = 3,

1 1
T 6348 183923...

pla) = C(3)

and when R > 4,
1 1

T 4/312 80282,

For R > 3, the value of C'(R) improves the lower bound C’(R) of Theorem 4 [13]:

pla) > C(4)

R|C'(R'  C(R)
2 | 25.1592. .. —
3 | 20.4874. .. 18.3923. ..
9.3372. .. 8.9282. .. (1.18)
5 | 8.2500... 7.9497. ..
6 | 6.8120... 6.6568. . .
7 16.4643. .. 6.3431. ..
8 15.9109... 5.8306. . .

Of course, if all the a; > 3 in the negative expansion, then the negative and nearest integer
continued fraction expansions coincide. That is, the lower bound C'(R), R > 3, actually
applies to a much larger class of o than C(R) (and so is not surprisingly smaller). Better
bounds are also given in [13] when the nearest integer expansion coincides with the regular
expansion. Notice that the bound C(R) increases to 1/4 as R — oo; in particular, from

(1.13) and Theorem 1.2.1, when R > 3,

1
pla) = 1 if and only if R = oc. (1.19)



Fukasawa [6] showed that (1.19) holds without the R > 3 condition when using the nearest
integer continued fraction expansion (the restriction needed here since large partial quotients
in the regular expansion will cause long strings of 2’s in the negative expansion). We observe

the asymptotic behavior of C'(R); when R > 4 is even,

1 3 5  E(R)
=—|l1l-—=+ == — .32 FE 11 1.2
C(R) = 7| 1= o+~ —— |+ 73268 < By(R) < 11, (1.20)
and when R > 3 is odd,
1 3 4 E(R)

We prove these identities in Chapter 3. For comparison, we note the bounds given in [13]:

T(1-2+%54+0(R?®), ifRiseven,
C'(R)=1{" SR ) (1.22)

(1-2+2%+0(R?), ifRisodd,

PN

with this lower bound asymptotically optimal (and hence C’(R) inevitably smaller than
C(R) when R is even). When R is odd, it is not known whether the 3 in the 3/R? term
in (1.22) is optimal. Remember that R corresponds to the nearest integer expansion in the
context of C'(R).

Our lower bound C(R) for p(«) is optimal when R is even.

Theorem 1.2.2. With R > 4 even, if a has negative continued fraction expansion of period

R+1LRRR, R, (1.23)

I times

then p(a) — C(R) as | — oc.

When R > 3 is odd, it will be clear from the proof of Theorem 1.2.1 that if o has negative



continued fraction expansion of period R + 1, R, R, R,--- , R, then M(a,v*) — C(R) as
~—— —

[ times

[ — 00. So, the bound M («a,v*) > C(R) in Theorem 1.2.1 is still best possible. However, v*
is no longer the best choice of v; as we observe at the end of Chapter 3, for R > 5, these «

have

1—26+28)(1-5)
lliglop(oz) = ( 0 j?g) = i (1 — % + % +0 (R_3)) . (1.24)

We need a more complicated example to show the asymptotic sharpness of our lower

bound when R is odd.

Theorem 1.2.3. If R is odd and « has negative continued fraction expansion

a=[0;R, R, R+1,RRR+1,R+1,RRR+1,R+1,R, R+ 1],

then

p(a>:i(1—%+%+o(3—3)).

For R = 3,5 and 7, the period two examples

(0:35) = 17 = 0756
P, 114165 10.8690...°
_ 589 1

0;5,6]7) = = :
o ([0:5.61°) 312v/105  7.3970 ..
— 3649 1
p ([0;7,8]7)

T 1664v/182  6.1519..

from [14] give upper bounds on the optimal C'(R).
When R is odd, upper bound (1.13) can be improved.

Theorem 1.2.4. Suppose that (1.9) gives the negative continued fraction expansion of «

and R is odd. Then

p(a)gé’(R)::i(l—%)(1—%)2%(1—%—%-#%). (1.25)



This upper bound is also best possible.

Theorem 1.2.5. Suppose that o = [0; R, NR]~ where N and R are positive integers with R
odd. Define v, to have expansion (1.11) with ty;_ 1 = —1 and ty; = N. Then

lim M(a,v.) = C(R).

N—oo

11



Chapter 2

Preliminaries

In this chapter, we discuss a method to evaluate M («,~). Different algorithms have been
used for computing M (a, ), see [9]. In this dissertation, we will follow the approach of [12],
which showed how M («, ) can be expressed in terms of the negative continued fraction
expansion (1.9) of @ and the corresponding a-expansion (1.11) of v € Z 4 aZ. So, we recall

some notations and results from [12].

2.1 Negative Continued Fraction Expansion

Suppose that (1.9) gives the negative continued fraction expansion of a. Then, the corre-

Pn
sponding convergents — := [0; aq, as, . . .,a,]” are given by
dn

Pnt1 = Qn1Pn — Pn—-1, Po = 07 b1 = _17

Gn+1 = p41Gqn — Gn—-1, Qo =1, g1 =0.

Observe that the p, and g, are increasing sequences with

Pn+19n — PnQn+1 = 17

12



where @; is defined as in (1.10). For the negative expansion, the convergents p, /g, form
an increasing sequence converging to a. Notice, increasing the size of any partial quotient

decreases the size of «, that is, for any ¢ > 1

0;a1,...,a;i-1,a; +¢,...]” <[0;ay,...,a;-1,a;...] . (2.1)

Defining D,, := ¢, — p,,, we establish the following properties:

Pn+1 — PnOny1

(i) a=

In+1 — gnOn41

1
(11) Dn = Qo1 """ Oy = anDn—l — Dn_g =
n+1 — qnQn+1

(111) (0,1 - 1)D0 + Z;’;(ai - 2)Di71 =1.
Proof. (i): Since a1 = [0; apy2, Gnys, Gpyg, -+ -]~ , we have
1

Gnp Pl T Pn pai — PaOingr

T .
an dn+1 — dn In+1 — gnOin41

= [07 Ay, Qg, - - 7an+171/an+1] =

(ii): We first show D,, = apay -+ - ay,. When n =0, Dy = agy — po = ap. If n =1, then

1
Di=aqp —pr=a (Ch - a) =ala; — a1 + 1) = apay.

Now, suppose it is true for all n < m. Then,

Dm+1 = 0Qm+1 — Pm+1 = a<am+IQm - Qm—l) - (am—l-lpm - pm—l)
= Am+1 (QQm - pm) - (O‘(,Im—l - pm—l)

= am+1Dm - Dm—l

1
= Dp_10m, (am+1 - _)
A

= Qo102 " - Ay 10 Q41 -

13



To obtain D,, = a,D,,_1 — D,,_s, replace m by n — 1. Finally,

_ _ Prn\ _ Prn+1 — PnGn+1 Dn) _ 1
Dn—QnQ_pn—Qn @ — — | ={(n e
qn Gn+1 — qnliny1 An Gn+1 — qnQiny1

(111) USng CLZ'Di_l = Dl + .DZ‘_Q and D_1 =g —pPp-1—= 17

a1—1D0+Z . —2) 11_D1+D_1—D0+ZD+D12 oD, 1) =1. O

=2

2.2 Alpha-expansion of Gamma

In order to evaluate M («,7y), we express v € [0,1) as a linear combination of the D;. For

this, we generate the integers b; by the algorithm

i Vi Yi
Yo ={7t =7 b= {—J y o Yil = {—} = — —biy1.
« Q

Lemma 2.2.1 (Page 4 [12]). For any real v € (0, 1), with the integers b; as above, we have
V= Z biDi—1 + YnDn—1 = Z biDj—1. (2.2)
i=1 i=1

This gives the unique expansion of v of the form > ;> b;D;_y with the following properties:
(i) 0 <b; <a;—1 foralli,

(ii) the sequence {b;}; does not contain a block of the form bs = as — 1 for some s with
bj = a; — 2 for all j > s or with b, = ar — 1 for some k > s and b; = a; — 2 for all

k>j>s.

Proof. First, we prove (2.2) by induction. When n =1,

b1 Dy + v1Dog = Do(by +71) = Oéo% =7.
0

14



Suppose it is true for all n < m. Then,

m+1 m
Z biDi—l + ’Ym—&-le - Z biDi—l + ’YmDm—l - 'YmDm—l + Dm(bm+l + /Ym—s—l)

i=1 i=1

=7 ’YmDm—l + Dm’y_m

m

The first property follows from the observation

-] <l - el
o1 a1 1

Suppose the sequence {b;}; contain a block of the form bs = a; —1 for some s and b; = a; —2

for all s < 5 < m. Then, since a;D; 1 = D; + D;_s,

Z biDi—1 = bsDs_q + Z biD;—y = (as — 1)Ds_ + Z (a; —2)D;_y

1=s+1 1=s5+1

=Dy+Dsg— Dy + > (Di+ Diy —2D;_y)
1=s+1

- Ds—2 - Dm—l + Dm
Case 1. If k=m+1 and b, 41 = a;y1 — 1, then the expansion (2.2) gives

Ys—1Ds—o = ZbiDifl + (ams1 — 1) Dy, + Z biD;_q

=5 i=m+2

=Dy o—Dp1+Dp+ D1 + Dyt — Dy + Z biD; 4

i=m-+2

> Ds—27

contradicting the fact that v,_; < 1.

15



Case 2. Suppose m is not finite. Observe that D,, ; — 0 and D,, — 0 as m — oo. Hence,

Vs—1Ds—2 = Z biD;i—1 = D, o,
implying v,_1 = 1, a contradiction.
Finally, we show the expansion (2.2) is unique. Suppose that there is another expansion

of v,
Y= Z b;Di—la
1=1

with the sequence {b.}; satisfying the given properties (i) and (ii). Then, there exists an
index J such that b; = b for all 7 < J and b; # V/;. Defining

1 oo
! = b/DZ,
,}/J Djfl Z 7 1)

i=J+1

we get

ViDj 1=V, Ds+ Z b;D; 1

i=J+2

<(aj+1 —1)Dy+ Z (a;i —2)D;—4

i=J+2

=Dy +Dyj 1 —Dj+ Z (Di + D;—y —2D;_4)

i=J+2
=Dy
Also, we have v;D; 1 < D;_;1. Hence,
Dy <|by—=b)|Dyj_1 =|vs—~5|Dso1 < Dy []

Definition 1. The expansion (2.2) is called the a-expansion of .

16



We construct a sequence of integers ¢ by
1
bk = §(ak — 2 + tk),

which gives (1.11):
—244)D;_;. (2.3)

L\DI»—t

7= 5
i=1

Notice that t, and a; have the same parity, and by Lemma 2.2.1, we have the following

properties:
(i) —(ax = 2) < tp <

(ii) the sequence (t)r does not contain a block of the form t; = ay for some s with

tr = a—2for all k > s or with t; = a; for some [ > sand t;, = ar—2foralll > k > s.

2.3 Sequence of Best Inhomogeneous Approximations

We now construct four different integer sequences so that running n through each sequence
is sufficient to evaluate M (a, 7).

Define the integers Qr = Q(c,7y) b

k
Qr = Z bigi—1
and numbers &, := %. Observe that 0 < &, < 1. Also, we set

A(n) = An; o, ) = [nl|lna — ]|

17



Then, since ¢;_1a — p;_1 = D;_1,

k k oo
A(Q/’c) - Qk”QkOé - 7” - §ka Z bigi—1cv — Z bipi—1 — Z b;D;_q
i=1 i=1 i=1

= &k Z biD;_y

i=k+1
= &Yk Di—1
for k large enough that
= 1
Z biDz—l < 5

Similarly,

MQr + qr—1) = (& + ax) (1 — v) @i D1,
MQk — (@ — qe—1)) = |1 — . — &1 — ar — YelgpDi—1,

MQr — aqx) = (1 — &) (o + V) qu Di—1-

Finally, we define

_ qj—1 _ _ _ _
dk = th (]—> = tkOék + tk,lakak,l + tk72akak71ak72 + - s

o
D. 4
di = Z 7] ( ! ) = lpt10k + Tpr2QpQy1 + Lpp 3O 1 Qg + -+ -

Then,
k k

Qk 1 1(1 _
§o=—"7=5-) (@i —2+t)g1=3 —E ¢+ qi—2 — 2¢;i—1) +d
T 2 Z.l( -1 2\ ¢:1( ’ oy

1 1

— (-t d ——).

2( p, + dy, Qk;>

18
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Similarly,

and

Qkafl = gk - - - _ -
Gn — qn—1Qip 1 — agay,

Hence, as k — 0o, we can replace A\(Q), A(Qr + qx—1), M(Qr — (@ — qx—1)), and AM(Qx — qx)
by

Sl(k‘) = %(1 — d/k + d;)(l — O + d,j)/(l — O./kdk),

1

Sg(k) = Z<1 + O_ék + d;)(l + ap — dZ)/(l — Oék@k),
1

Sg(k‘) = Z|1 — Qf — d,;“l — O — d;“/(l — akdk),

s1(k) = iu = d)(1+ ag + dF)/(1 = apan).

It was observed in [12] that
—(l1—ap) <d, <(I+ax), —(1—ap) <df <14 a), (2.4)

with df > 1 — ay (respectively d,, > 1 — @,,) if and only if the sequence tp,1,txk i, ...
(respectively tj,t5_1,...) has the form ¢; = a; for some j > k (respectively j < k) with
t; = a; — 2 for any k < i < j (respectively j < i < k). Note that ¢; = a; if and only if
b; = a;—1. When only finitely many of the b; = a;—1, it was shown in [12] that the sequence

of best positive and negative inhomogeneous approximations lies amongst the integers

Qr, Qr+ q—1, — (@ — Gr—1 — Qr), —(qx — Qx)-

We will work with the value of |n| || nat — « || for these four values of n expressed in the

symmetrical form s;(k), ..., s4(k) of Theorem 1 [12].

19



Lemma 2.3.1 (Theorem 1 [12]). If v ¢ Z + oZ and the a-expansion of v has b; = a; — 1

(equivalently t; = a;) at most finitely many times, then

M(a,7y) = h,?_ﬂglf min{A(Qr), MQr + @r—1), MQr — (@ — q—1)), MQr — qx)}

= liminf min{s;(k), s2(k), s3(k), s4(k)}.

k—o00

Proof. First, we show
M, (a,7) := li}g'g}annoz — vl = h,?ii{}f min{ A\(Qr), M(Qr + qr_1)}-

Note that for any positive integer n, there exists an integer k such that ¢._; < n < q,. Take

2, = |n/qr—1], and repeat this process for n — zxqx—; and so on. Then, we have

k
n = Z%’Ch—l, zp > 1,

i=1
with the sequence {z;}; satisfying the properties given in Lemma 2.2.1. So,
k k
v = {na} = {Z zi(agi—y — pil)} = ZZiDz‘A
i=1 '

gives the a-expansion of {na}. We assume that |[na — v|| = £({na} — 7). Otherwise we
have [[na =4l = 1 = ({na} =) > v or |[lna =7l = 1+ ({na} —7) > 1 -7, and
n|lna — y|| = oo as n — oo.

Suppose n = Zle ZiGi—1 # Qr = Zle b;qi—1. Then, there exists s with 1 < s < k such
that z4 # by with z; = b; for all i < s.

Case I: If z; < b, then {na} <~ and

[[na — || = v = {na} > D1 = ||Qsx — 7]|.
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This tells us that Qs — oo as n — oo (since otherwise A(n) — 00). If s < k, then

n Z Qs - (bs - Zs)Qs—l + Zkqk—1 Z Qs - (as - 1)(]5—1 + qr—1 > Qs-

Hence, A(n) > A(Qs), and so such n can be safely ignored. Thus, it suffices to consider

s = k. Then, z < by,
k k-1
=Y zgi1 =Y bigi1+ wG-1 = Q1 + Zh-1,

i=1 =1

and

An) = (Qr-1 + zrqr—1)[|aQr—1 — 7 + azpqr—1 ||

E—1 k
= (Qr-1 + 2kQr—1) Z bi(agi—1 — pi—1) — Z b;D;—1 — v Dg—1 + zi(aqr—1 — pr—1)
i=1 i=1

= (Qr-1+ 26@i-1)|| — bk Dy—1 — Y Di—1 + 21 D—1||
= (Qrk—1 + 26q@i—1) (b — 21 + V&) Di—1,
which is quadratic in zx, as shown in the following figure.

=& 1 by — 1 +
0 by,

Zp-axis

For 0 < z, < by, this quadratic is minimized for z; = 0 or 2z, = b,. In this case, we have

either n = @ or n = Qr_1. But, by our assumption, we have 0 < z, < b,. Therefore,

A(n) > minA(Q), A(Qi 1)}
Case 2: If z; > by, then {na} >~ and

Ina — 4| = {na} —v = (ze = bs)Dscr + Y (2 — bi) Di_y.
Claim: s=Fk and 2z, = b, + 1.
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Proof of the claim: Suppose we have either s # kor s = k and 2z, > by +2. Let n’ = n—q;_1.
Then,

In'er =~ = lIna =y = age—1 + prall = [{na} =5 = Dia|| = [Ine =~ = De-y,

and hence A\(n') < A(n). This completes the proof of the claim.

Since s = k and zp = by, + 1, we get n = Qr + qx—1. Hence,
M, (@) = liminf min{A(Qu), MQx + gi1)).
Next, we show
M- (a,7) = liminf fol|jne =7 = liminf min{A(@s = (o = -1)). A(Qx — 00}

Suppose there is an integer N such that b; < a; — 2 for all « > N. Consider the real number

~" whose a-expansion is
oo

’}// = Z(al —2— bl)D,L,l

=N

Then, the corresponding integers @)} are given by

k k N—-1
Qp=> (ai—=2=b)g1 =) (¢ —2agi1+ ) bigi1— Qs
=N =N =1
and
N—-1
Y+ (a;—2-b)Di++ =1—a. (2.5)

i=1
Using D;_1 = ag;—1 — pi—1 in (2.5), we get v = —y' — ma + [, where
N-1 N-1

m:Z(aZ—Q—bZ)qz_l—{—l, ZZZ(G,—2—bz)pZ_1+1

i=1 =1
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Now,

M_(a,7) = M_(a, =y — ma — 1) = liminf |n|||(n + m)a + /||
n——oo
= liminf |n 4+ m||| — (n + m)a —+'||
n——oo
= M+(CY,’)//).

Therefore, by the first part of this proof, we have either —(n +m) = Q) or —(n +m) =

Q. + qr—1, so that n = Qr — (@& — qx—1) or n = Qr — qx. Hence,
M _(a,v) = li’gggf min{A(Qr — (qx — qx—1)), MQr — qr)} O

Throughout this dissertation, we use Lemma 2.3.1 to evaluate M («,~y) for any a given

by (1.9) and the corresponding a-expansion of v of the form (1.11).

Corollary 2.3.1. Suppose that v ¢ 7 + oZ. If t;, = ay at most finitely many times, then

1 1—ay)(1l—
M(a,7v) < —liminf( ) — ak).
k—o00 1— RO

Proof. Since t; = a; at most finitely many times, we may assume that d, < 1 — @ and

df <1— ay. Then,

minfi (), ()} < /Ry = A== (A au)” = (e

(1 —au)(1— o)
- 4(1 — Oékdk)

and hence

M(a,v) < liminf min{s; (k), s3(k)} < ihm inf (1 —ay)(1— ak).

k—o0 k—o0 ]_ — Oék:@k

As we know, Lemma 2.3.1 is not valid when the a-expansion of v has t; = ay infinitely

often. In such a case, we can use the following lemma to obtain an upper bound on M (a, 7).
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Lemma 2.3.2 (Lemma 1 [12]). Suppose that v ¢ Z + «Z. If t, = ay, infinitely often, then

1 Qg
M < - liminf .
(o07) < Flimint T2
k=0k

Proof. Recall that it is not possible to have d,, > 1 — a, and dkF > 1 — oy, at the same time.

When t;, = ai, we must have d, > 1 — oy, and so d; <1 — ap. Thus,

min{ss(k), s4(k)} < /s3(k)sa(k) = Viag - (1 —4511,;)_2)05;:) (ap +d;)?) < 0 f‘kaak).

]

If R > 3, then ay, ap < [0;3]” = %5 as k — 0o. Observe that ax < (1 — ay)(1 — ax).

Then, it follows from Corollary 2.3.1 and Lemma 2.3.2 that for any -, we have

L. (T —aw)(l—ay)
< - .
Ml =it &

(2.6)

Note that 1 — ay, < 1 — agay. Also, we have a;, = R infinitely often, and hence

_ 1 21
o =——> —.
" (R—aw1) "R

Thus, if R > 3, then for any v, we get

giving (1.13):
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2.4 Upper Bound (1.13) is Optimal when R is Even

We present an example, as suggested in Theorem 2 [12], to demonstrate the optimality of
the upper bound (1.13) when R is even. If the partial quotients aj in the expansion (1.9)
are even for all k > J, then we can take t, = —(ay — 2) for k < J and t;, = 0 for all k > J

n (1.11). Hence, d;, — 0, dj — 0 as k — 0o, and Lemma 2.3.1 gives

1 (1 —ag)(1 —ay)
M(a,7) = 1 hlgr_l}g)lf P (2.7)
where
li = 241)D li )Di = (D) y—Dyy).
2 2 2 2 i1 = 5Py J-1
In addition, if a; > 4 for all k£ > L, then it follows from (2.6) and (2.7) that
1 1 —ax)(l —
p(a) = = liminf (1= o) ak). (2.8)

k—o0 1 — apay

Now, suppose R > 4 is even, and a = [0; R,2N]~. Then, as N — oo,

_ 1 1
ok, Olgg—1 = P —— - =
2N—0(1)
~ 1
Qop—1, Qg = SN — O o) — 0.

From (2.8), we get
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Chapter 3

Lower Bounds on the Largest
Inhomogeneous Approximation

Constant

In this chapter, we prove the main results related to lower bounds on p(a) when R > 3:
Theorem 1.2.1, Theorem 1.2.2, and Theorem 1.2.3. In addition, we show (1.20), (1.21),
and (1.24).

3.1 Key Lemma

We shall make frequent use of the following simple observation.

1 —
Lemma 3.1.1. If A > 1> 0, then f(z) = ]

: is decreasing for 0 < Az < 1.

In particular, if A\;, o > 1 and 0 < x <, 0 <y < B, with \ya, Ao < 1, then

(1 — )\15E)(1 — )\Qy) 1— )\10( (1 — )\10()(1 — )\25)
1—ay >(1—ay>(1_/\2y)Z 1—ap

Proof. Plainly f'(z) = —(A—p)/(1 —zu)*> <0for 0 <z < pt. O
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3.2 Proof of Theorem 1.2.1

Since any two nonzero consecutive t; in (1.14) have opposite signs, we have

di| < aw, |df| <o, didf <O0. (3.1)

From (3.1) and (1.6), we have sa(k), s4(k) > 7 > M(c,~*). Hence, by Lemma 2.3.1,

M (o, v*) = liminf min{s; (k), s3(k)}. (3.2)

k—o0

Since we are evaluating liminf on k, from now on, whenever we see the index k, it will be
understood that we are letting k — co. Also, we may assume that a; > R for all i.
Observe that changing the signs of ¢; only interchanges s (i) with s3(:). Hence, as long

as we check both signs on the ¢;, it will be enough to show that

s3(k) > C(R).

We also observe that interchanging the pairs (ay_;, tx—;) With (agy14i, tpy144) for alli >0

only interchanges @y with ay, and d, with d;.

3.2.1 R is Even

The proof when R is even is straightforward.

Proof of Theorem 1.2.1 when R is even. In this case we have R, = R, R.. = R+ 1, and
(1.15) becomes

with




and hence f =4+ 05 > 9.

If aj is odd and ¢; = 1, then ay > R+ 1, d;, < ay, dif <0, and

1-— 20_ék)(1 — Oék)
4(1 — C_Kk()ék)

(1-25)(1-5)
i1-88)

>

Sg(k) 2 (

where the last inequality follows from Lemma 3.1.1, since a; < §, ap < 8 by property (2.1).
As observed above this also covers the case ag,; odd with ¢ = 1.
If a; is odd and t;, = —1 with agy1 even (likewise a4y odd, txr1 = —1 with a; even),

then we have t,.; =0, d, <0, d,‘: < apagi1 < agf, and Lemma 3.1.1 with g, a < gives

(1-a)(1=(+pa) | (1-H1-F1+6)  (1-H)(1-2)

R 2 0 G A=) a-0p) -

(3.3)

since § <  and B(1 + ) < 2§ by observing

2% — B(1 4 ) = —2 1+5 _

_R+1_5_R_5—55(3—5(3—5)—1—25):55(3—2—26)>O.

This just leaves the case that a; and a4 both are even. If d,, <0 and dz > 0 (likewise

d,, >0 and df <0), then d} < apa1 < aif, and again we have (3.3). O

3.2.2 R is Odd

In this case, we have R, = R+ 1, R, = R, and (1.15) becomes

N 1 1 R
= [0: l"=—— andd=— =10 e

with 0 = 8+ 466 > B.

We first establish some lemmas. Assume in both lemmas that R > 3 is odd and v = ~*.

Lemma 3.2.1. Suppose that 0 < 1. If ap.y is odd and tg, 1 = 1, then

1—Oék—dk+> 1—-20

. 4
1—0ar —1—66 (3.4)
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Likewise, if ay is odd and t;, = 1, then

1—5%—(1,? > 1—20

1—0a, ~—1-65 (3:5)
Proof. Notice that it suffices to show the inequality (3.4) when k = 0. That is
— o —dr _
g loo—df 1-%
1—0a 1—-60
where g = a = [0; a1, as,-++]7, and df = tia + taaay + -+ -
If o < (for example the case when the a;, i > 2, are all even), then
1-2 1-29
A> e > (3.6)

“1—60a ~ 1-065

from (3.1) and Lemma 3.1.1. So, suppose that « > §, and let a, 41, n > 1, be the odd partial
quotient such that a; is even for all 1 <7 < n + 1. Notice we must have a; = a,,; = R and
a;=R+1forl<i<n+1lelsea<d. Sincety =1,ty=t3=---=1t,=0,t,.1 =—1,

and trivially o, < [0;3]7 < 1/2, we have

1
dar§a—a041---an+oza1---anan+1ga—éaal---an,

and
1—-2a+taa; - a, 1-2a+taa; - a,
> 2 > 2 3.7
- 1—fOa 1—00 (37)
Setting v := [0; a1, a9, ..., apn, Gny1 + 2, Gpyo,...]”, we have v < 4, and we just need to show
that
a—v< 7001 (3.8)
to obtain 1 — 2« + %ozozl vy > 1—2v>1—2§ and (3.4).
Recall that
a=[0;a1,0z,...,0n, Gni1, Gy, . .| = o~ On 2% Bett — pnOén+1' (3.9)

qn — gn—1Qn qn+1 — dnQnt1
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Similarly, we obtain

1
Pn = Pn—1 ant1t2—ani1 Dn+1 — PnQni1 + 2pn,
Gn — Gn-1 : Gn+1 — qnliny1 + QQn 7

ant1+2—om41

UV =

and pp1¢n — PnGns1 = 1 gives

2 2ccaq - - - iy
oa—V= = .
(Qn-i-l - Qnan—l—l)(Qn—I—l — qnQn4+1 + QQn) (qn—I—l + (2 - an+1)Qn)
So, (3.8) just needs ¢n1 + (2 — @py1)@n > 8. Plainly ¢,01 > ¢ >3-3—1=38. O

Lemma 3.2.2. Suppose that < 1. If axy1 is even and df <0, then

l—ap—di _ 1-8
1—0a, —1-03

Proof. We proceed as in the proof of Lemma 3.2.1. Suppose k = 0. Then, we show

_l—a—dj  1-8

A=—T"%a Z1
If a < S, then
11—« 1-p
A> > . 1
“1—60a —1-06p (3.10)

Assume a > 3, and let a,1,n > 1, be the odd partial quotient such that a; is even for all
1 <i<n. We must have a; = as =--- =a, = R+ 1 and a,,1 = R, else a < . Since

tl :tgz...:tn:O, tn+1:—1, and (7 NN] S 1/2,

1
di < —aaq - ay, +aag - o < —5 e,

and
s> 1—oz+%ozoz1---ozn
- 1-6p
Set v :=[0;a1,a9,...,0n, Gpny1 + 2, Apea,...]” < B. This time we just need to show a — v <

%aal -+, which reduces to ¢,11+ (2 —ap11)gn > 4. Plainly, ¢,01 > ¢ >3-4—1=11. O
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Proof of Theorem 1.2.1 when R is odd. We set o := [0; R]~. We need to show that s3(k) >
C(R). If ay, and ag,; both are odd, then without loss of generality, we can assume t; = —1
and ty41 = 1. Plainly d < —ay + apap—1 < —ay, + oo (using @y < o), and by Lemma

3.2.1, Lemma 3.1.1 (using &y < o), and o > [, we have

(1—apo)(1—ap —di) _ (1—ago)(1—28) _ (1—20)(1—o?)

33<k) 2 1 — QO Z 4(1 — C_Vk(S) 2 4(1 - Ué)
(1—26)(1 — 0?)
0= 59 > CO(R),

since 02 < 1o < f.

Now it suffices to consider the following three cases: (i), ax and a4 both are even, (ii),
(ax,ty) = (odd,—1) and axyq is even, (iii), (ag,tx) = (odd, 1) and ag,q is even. For (i), we
have either d;, <0 and d} < a1 < o2 ordf <0and d, < a,a,_1 < o?, and for (ii), we

have d;; <0, d < o?. In each case, it can be readily seen that

ss(k) 2 }1(1 —o)(1-0—0) = i(l — 2 +0%) > i(l —20) > C(R),
using that

I R T L ) 3., 1,

Ay R—ﬁf(a B)ad = (1 5+0)053<2ﬁ0 <50

For (iii), we apply Lemma 3.2.1 and Lemma 3.2.2 to get

(1= —dg) (1 oy —df) (1 =20)(1 oy —df) _ (1-2)(1—5)

4(1 — O_ékOék) 4(1 - 50%) 4<1 - 65) -

s3(k) =

3.3 Proofof the Asymptotic Behaviors (1.20) and (1.21)

Suppose R > 4 is even. Then, using § = % in C'(R), we obtain

3 5 1-2 2
E\(R) = R? (“EJF?_%)‘ (3.11)



One can use R3 =1+ % in (3.11) to write

11 —28(6 — 38 + %) 1
Ei(R) = T (1 20)/R :11+0(§).

Notice that F;(R)  11. Since 8 = 2—+/3 when R = 4, we have ) (4) = (524—256+/3)/11 =
7.3268 . ... This completes the proof of (1.20).

Now, suppose R > 3 odd. In this case, one can use § = % and RS = 1— B+ 3? to write

10 — 25(11 — 75 + 2 1
Ey(R) = ﬁ1<_25/§+ ﬁ>=10+0<ﬁ),

with F5(3) = (348 — 1621/3)/11 = 6.1279.. .., E5(R) 10, and (1.21) is clear.

3.4 Proof of Theorem 1.2.2

We assume that a has expansion (1.9) of period (1.23) with R > 4 even. In this case, we
have ay, ap < S for any k.

Suppose first that « has an expansion (1.11) with ¢; = 0 when a; = R and ¢t; = £1 when
a; = R+ 1, for all sufficiently large i. If a, = R+ 1 and ¢, = 1, then

ar=[0;R+1,R,R,....,R,...], ax =[0;R,R,...,R,..],
Lt I ti

and hence

ar =0, ay = B, dy =06, df =0, s3(k) = C(R), ask,l— occ.

Likewise, if ay = R+1 and ty = —1, then s1(k) — C(R) as k,l — oo. Hence, these v cannot

contribute a value M («, ) strictly greater than C'(R) to p(«) as | — oo. By Theorem 1.2.1,
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we have M (a,v*) > C(R), and hence

lllglo M(a,v*) = C(R). (3.12)

It remains to show that M(a,vy) < C(R) as I — oo for the remaining v ¢ Z + aZ; that
is, those v having an expansion (1.11) with |¢;| > 2 infinitely often.

Observe that changing the signs of ¢; only interchanges s;(i) with s3(i) and so(i) with
s4(7). Thus, if we eliminate any block of ¢; from consideration, then the same will be true
for its negative. Also, interchanging aj with oy and d with d; does not change s;(k) and
s3(k) (and interchanges so(k), s4(k)). Hence, if we eliminate a block of ¢; from consideration,
then the same will be true for the reversed block of ¢; (on a reversed block of a;).

If t;, = a; infinitely often, then by Lemma 2.3.2,

Qg

M(a,v) < liminf

25 10wy

(3.13)

and hence

5 (5+ 6>~ 58)
MO <3 = -2+ 7 - o9)

< C(R),

on observing that (1 —20)(1 — 38) = 1 — 38 + 468 and 48 + 5> — 503 < 1 (equivalently
R >4—§(3—2p3)). Thus, we may assume that t; = a; at most finitely many times. In this
case, we have |d, | < 1—ay and |d}} | < 1—ay for suitably large k. Hence, 0 < (1—d; )*—aj <

(1—4d;)*and 0 <1 — (ap +djf)? < 1, and we notice that

V(= di)2—ap) (1 = (on+ df)?)

4(1 — dkak) ’

s3(k)sa(k) =
giving

min{ss(k), 54(h)} < ; 1= dy (3.14)

(1 — dkak) '
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Similarly,

1+4+d,
i k), so(k)} < ———F .
mln{sl( )782( )} = 4(1 — dkak)
We establish the following lemmas. In each case, we are assuming that ¢; = a; at most

finitely many times.

Lemma 3.4.1. If the sequence {t;}; in the expansion (1.11) of v has infinitely many blocks
of the form ty,tyy; > 0, for some j > 0, with at least one of ay, ayy; even, and t; = 0 for

any k <i <k+j, then M(c,v) < C(R) as | — oc.

Proof. Without loss of generality suppose that ay is even. Then ay = R, t;, > 2, and with

0 =[0; R+ 1], we have

L 1 1 1 0
— > . 1_: — - -

ap >0 as | — oo.

Also,
1 1

"R+1-3 R+1-90

5—0 = 50(8 - 0).

Plainly, d; > 0, and by (2.4), we get
d,; = lpay + dk(tk—ldk:—l +tp o0 1o + -+ ) > 20y + dkdlzfl > Q.

Hence,

20

A1 — apaw) T 4(1—4p) ~ 41 —-0p)

s3(k) < < C(R),

where the second inequality follows from Lemma 3.1.1 and 6/(1 — ) < 3, the third from
d > 0, and the last since 1 —30 =1 — 35 + 350(8 — 6) while (1 —20)(1 — ) =1—35+ 5.

The result follows from Lemma 2.3.1. O
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We can now assume that the sequence {¢;}; in the expansion (1.11) eventually does not

contain any block (or its negative) of the type excluded by Lemma 3.4.1.
Lemma 3.4.2. If v has infinitely many t;, > 3, then M(a,v) < C(R) as | — oo.
Proof. If ay = R and t, > 4, then d,, > 4oy, + aid,_; > 3a;, and by (3.14), we have

1 — 30 1-35  1-20—B+08
M < im—ap <ii=sp ~ aa—sp W

where the second inequality follows from Lemma 3.1.1 and a; > 0. So, we can assume that
t;| < 2if a; = R. Suppose a, = R+ 1 and ¢; > 3. Then, d;, > 3ay — 2axax_1, df > —2a,

and as [ — oo

sa(k) < (1 —4ay +2apa1) (1 +a) (146 +2668)(1 + 5)

e A1 — awon) 4(1 - 6B)
C(1—46+ B8 —-268+208%) (1 —20— B +2083°)
— ) = TR < C(R). O

So, M(a,7y) < C(R) from Lemma 2.3.1 if this happens for infinitely many k.
We now also assume that |¢;| < 2 for all sufficiently large i.

Lemma 3.4.3. If v has infinitely many of the following blocks, then M(«,v) < C(R) as

[ — 0.
(i) ty =1 and tyy1 = =2, or
(ZZ) tk =0 and tk+1 = —2.

Proof. (i): Note that ay = R+ 1 and ag; = R. Plainly, d;, < ay, di < —2ay + 20041,
and as [ — oo
(1 — 3C¥k + 2akak+1) (1 — 3ﬁ + 2ﬁ2) (1 — 20 — 5 + 2552)

0h) S 0 Gan 0 a(—ep)  aq—ep W)
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- 1

(77): In this case, ar, = agy1 = R. With 0 = [0; R+ 1]7, we have o > g A. Since

@i, o; < B for any i, we have d;, < 2au05-1 < 20y, df < =20, + 200011 < =20y, + 232,

and hence

(1— (1 —=2B8)ag)(1 — 3ax + 26%)
s1(k) < 4(1 — awfB)
< (1 —38+2B8)(1 —3X+26%)
= 4(1—38)
(1 —3X\+253%)
< <O

where the second inequality follows from Lemma 3.1.1 and & > 6. For the last inequality
observe that, 3 — A = BA(B —6) < A\3% so that 1 — 3\ + 282 < 1 — 38 + B%(2 + 3\) while
(1—-20)(1—p3)=1-38+ 324 —40). Infinitely many such k would give M(«a,~) < C(R)
by Lemma 2.3.1. O

Proof of Theorem 1.2.2. From Lemma 3.4.2 and Lemma 3.4.3, we see that a v with infinitely
many |t;| > 2 has M(a,v) < Cy(R) < C(R) as | — oo (where Cy(R) is made explicit in the

proof). Hence, lim; ;o p(a) = limy_,0o M (a,v*) = C(R). O

3.5 Proof of Theorem 1.2.3

Suppose that o = [0;R, R, R+ 1,R,R+1,R+1,R, R+ 1,R+ 1, R, R+ 1]~ with R odd.
By Theorem 1.2.1 and (1.21), we have

1 3
MMZMwmﬁzam=z@——+—+om30,
so we just need to show that all v have

M(a,y) < i (1 — % + % + O(R3)) : (3.15)
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Since (1 —x)'=14x+2*+2°+---, we have
[0;R7R7...]_:—1:

Similarly, we observe the following

GRR+1,-]" =5 +O(R™),
[O;R+1,R0rR+17...]—:%_%jLO(R_g)’
and so for our a, we have
;,=1+&kak+(@kak)2+...:1+L_I_O(R_3). (3.16)
1 — aioy J22

Now if v has t; = ay, infinitely often, then from (3.13)

Mia) < ¢ (0w (14 g+ o)) = (+0w™).

so we can assume that v has only finitely many ¢; = a;. In view of (3.16), we write
§J(l{7) :4(1—dko¢k)sj(k), j: 1,...,4,

and (3.15) amounts to showing that there are infinitely many k& with an

3 3
5 (k) <1— 2t O(R™?). (3.17)

We proceed as in the proof of Theorem 1.2.2 successively eliminating blocks of ¢;, recalling

that when we eliminate a block, we also eliminate its negative or reverse (by interchanging

5i(K))-
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By (3.14), we will get (3.17) if v has infinitely many &k with

_ 3 _
d, > ot O(R™®). (3.18)

= ee

We use this to rule out large |¢;|. If tx > 5, then we have

3 3

> - = 3.
> =~ + OB

4
di = 50y + Gdy_y > 40 2 £ + O(R™?)

If we have ¢, = 4 with |t,_1] < 4, then d;,_, = O(R™!) and again

4
d, = 7t O(R™?).

So, we can assume that |t;| < 3 for all but finitely many . If we have infinitely many blocks

ag,ap—1 = R, R+ 1 (or their reverse) with ¢, = 3, then

32
d, > 30y — 2a,041 + O(R™?) = Tt O(R™?).

Hence, we can assume that (all but finitely many) t; = +1 if a; = R and t; = 0,£2 if
First we rule out infinitely many consecutive positive or consecutive negative t;. If

trs tis > 0, then di = Gy + O(R72).dff = ay + O(R™?) and

S3(k) < (1= 2a + O(R™))((1 = 2a; + O(R™?))

:O—%+Omﬂ)0—%+OWﬂ)
=1 % +O(R™?).

Next we rule out infinitely many blocks ¢x_1, tx, tgr1,tpre = 0,1,0,0 (or their reverse
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0,0, 1,0 or their negatives) since d;, = a, + O(R™3), d} = O(R™?) and

53(k) = (1 — 20y, + 0(3—3)> (1 — o, + O(R‘3))

= (1—%+O(R‘3)) (1—%+%+O(R‘3)> = 1—%+%+O(R‘3)-

If ty, tgr1 = 2,0, then d, = 2a, + O(R™?), d = O(R™?) and

5o(k) = (1 _ 3a, + 0(3—2)> (1 — oy + O(R‘2))

= (1 - % + O(R‘z)) (1 - % + O(R‘2)> =1- % +O(R™).

Hence blocks R + 1, R + 1 must eventually have tx,tz.1 = 0,0 or 2, —2 or —2, 2.
If ty 1, tg, tpr1 = —2,1,—2, then d]; = Qp, — 20,01 + O(R_3), d;: < =204 + 20041 +
O(R™3) and

Gi(k) < (1 Qa1 + O(R—3)) <1 — 3ay + 20 + O(R—3))
(-2 ) (13,02 2\, 3,3 3
_(1  HO(R )) (1 =4+ O(R >>_1 =+ 2+ O(R)

Hence if we have a block ay_s, a1, ag, axy1,ap10 = R+1, R+1, R, R+1, R+ 1 with t;, = +1
then we must have ¢y, 1,t2 = 0,0 and t;_1,tx_o = F2,£2 (or vice versa in which case we

use the reverse). Consider then the block
Ap+1y -5 A+ = R + 1, R + 1,R, R + 1, R, R, tk+1,tk+2 = 0,0

Assuming that ¢35 = 1 (or use the negative), then having ruled out 0,0, 1,0, we must have

tk+4, tk+5, tk+6 = —2, 1, —17 and ﬁnally

dipq = =204 + Qpralyrs + O(R™?),

+ -3
di 4 = Qrya — QpraQpys + O(RT7),

39



and hence

51(k? + 4) = (1 — 304q + OpyaQpis + O(R_3> <1 — QpyaOpts + O(R_3)>

(13,4 -3 L )3 .3 -3
_(1 7+ O ))(1 =5 +O(R )_1 7+ oy HO(RT). O

3.6 Proof of (1.24)

If in the previous proof we had taken « to have period R,R+1,...,R+1, with R > 5

TV
| times

odd, then (3.15) would still hold, except for those v whose t; eventually consist of zeros

one side of the £1 and blocks of F2,4+2 the other. For these v, if t, = 1 inside a block
0,0,0,1,-2,2,..., thend, —§,d} — —28/(1+p)andd, , —0,d; |, = —258/(1+p)

as [ — oo, and

1-35+ 22
81(k> — ﬁ = D(R),
1—25+22)(1-5)
Sg(]f— 1) — ( 4(1_22) =: Cl<R),

with sy (k—1) > s3(k—1) and s3(k) > (1—20)/4(1—af) > D(R). Likewise for the negatives

and reverses. At all places, we have
s9(k), s4(k) > (1 — ag) (1 — o) /4(1 — Bag) > (1 —0)*/4(1 — 63) > C1(R).

Moreover, using 6 = /(1 — ) in C1(R), it can be readily seen that C;(R) = D(R).
If tg, ty1 = 0,0, and d, — 0, @, — S (likewise if df — 0, ay — ), then df < apay <

a0 and hence

(L-B(l-a(l+d)  (1-B)(1-5-4)
(1= fo) 41— 3B)

Sl(ki),83(]€) > > Ol(R)
If tg,tps1 = —2,2, then d,_, > [ (because either t;,_y = 2 or t;_1 = 1 with d,_, — ¢),
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d]: = —2qy + dkdl;fl > =20y + a0, d;: > 20 — 200,041 > /8(2 — 25), and

(1 —ax(3-5)) (1 +B(1—26))
4(1 — awf3)

(1-364+68)(1+ B —2p9)

si(k) > 11— 05)

2 > D<R)7

for R > 9 using

(1—35+6B)(1+ 8 —2B8) = (1 —38+25%) + B(1—93+46%3),

replacing a by 1/(R+1—0) instead of § in the second inequality and checking numerically
for R =5 and 7. Likewise for s3(k) and for 2, —2. Hence, these v have M («,v) — C1(R) as
[ — oo.

The proof of Theorem 1.2.3 immediately gives (1.24) for suitably large R. To see that
it is true for all R > 5, we show that M («a,vy) < Ci(R) for the other . Notice, if we let
[ — oo, then (1 — apag)™' < (1 —68)7; so it will be enough to show that the remaining ~

have infinitely many

232
1+ 8

253
1+

5;(k) <1-38+ = <1—2(5—|— ) (1— ) =: Ci(R).
We repeat the steps of the proof of Theorem 1.2.3; successively ruling out certain blocks of
t; (or their negatives and reverses) occurring infinitely often. We can rule out ¢, = ay since

by (3.13),
§;<6<1-38<Ci(R).

To eliminate large |tx|, it suffices to replace (3.18) by

232
1+5

dy =36 —

When ¢, > 4, we have d,, = 4ay, + aid,_, > 38. Then, for t;, = 3, we get

_ 208
>3 — —— .
d, > 30 1_ﬁ>3ﬁ
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Now, we can suppose that t, = +1ifapy = Rand t, =0, +2ifap, = R+ 1. Ift, =2
and tg4; > 0 for some j > 1, with ¢; = 0 for any £ < ¢ < k + 7, then d,, = 2ay, + qyd;_; >

ay + Qgag_1,d; >0, and
Ss(k) < (1=28—=3%)(1—p) = (1-20+256 — °)(1 - B) < C4(R).
If ), tpsy = 2,0, then
55(k) < (1—38+280) (1 —F+260)=1-36+262—28° -\ < Ci(R),
with A = B(1 — 558 + 282(1 — 20%)) > 0. If t4_1, g, tpeq = 0,1,0, then as [ — oo
55(k) = (1 =20)(1 — B) < C1(R).

Finally, if t;_1,tg, tp1 = —2,1,—2, then

_ 253 232 )
s(k) < (1_ m) (1 — 38+ 1+5> < C\(R).

For the asymptotic formula, we recall that

—l -3 _l_i -3 1 _i -3
5_R+O(R ), B_R R2+ (R™), T35 R2+O(R )
Hence,
1-38+282+0(R7%) 1 3 6
et = iy = =L O (1 B Do) .
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Chapter 4

Upper Bounds on the Largest
Inhomogeneous Approximation

Constant

In this chapter, we prove the main results associated with upper bounds on p(«) when R is

odd: Theorem 1.2.4 and Theorem 1.2.5.

4.1 Proof of Theorem 1.2.4

Proof of Theorem 1.2.4. Suppose that o has R > 3 odd. Setting 3 := [0; R]™, we can assume
that o, < fand a, < B as k — oo. When R = 3 we, have § = %(3— V/5). We need to show
that M(a,~) < C(R) for any v € Z + aZ.

From (3.13), we can assume that (1.11) does not have ¢, = a; infinitely often, for other-

wise, as k — oo, we have

& 1 1 1 -
M- Han—ar—an) S1R-29) S 15 ~CB® =0 (@Y
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Hence, by Lemma 2.3.1, we just need to show that there are infinitely many k& with

min{sy(k), so(k), s3(k), ss(k)} < C(R).

If a, = R and ¢ > 3, then d,, = 3a; + aud,_; > 20y, and oy < /3, and by (3.14), we get

, 1 — 20
k V< —
min{sz(k), sa(k)} < 4(1 — af)
Since f(x) = 8:23 has f'(z) = —(1(2:532 < 0 and &y > 1/R, we have
1-2
i k), si(k)} < —E_ < C(R),
min{ss(8) 510} < 7y < OOR)

the latter inequality since

(3 ) (-2)- (-3
HOR0R) 0D R

Likewise, if t; < —3, we get d,, < —2day, and

min{s, (k), (k) < - Lrdy

0 —aan) <

So, we can assume that the ay = R have t; = +1. Suppose now that a; = R with
tr, = —1 so that

dy = —ay + d;_ .

If t, = +1 then we simply switch the roles of s;(k) and s3(k) and replace d;_,,d; by

—d,_,,—d}, respectively, in what follows.
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Case 1. Suppose that d,_,, d} < +. Then,

==

(-2 +di ) (L-antdy) _ (L-aw@—5) (L-ant5)

s1(k) = 4(1 — apay) = 4(1 — apay)

Since (14 %) < 1 and ay > &, we get

o< i = (e (7))

Case 2. Suppose that d,_,, d: > %' Then
(k) = (L—dy ) (L—an—d) _ (1=%) (10— 7)
3 _ 4(1 — C_YkOék) - 4(1 _ @k@k) ’

This time, using ay (1 — %) < 1 and oy > %, we get

Case 3. Suppose that d;_; < & and dj >

We observe that

1
d]; - —@k + d];_ldk S - (1 - E) @k,

and

min{s;(k), s3(k)} < v/s1(k)s3(k) = i\/g,
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with

S - (1 — dkozk)Q
(A—a = (1-%)"at) (1 - - )
- (1 — C_KkOék)2

Hence, we have

and the second since @, > 1/R and

f(x):(l—x)Q—(1—%>2x2:1—2x+(%—%)x2

is plainly decreasing on 0 < x <

N =

Case 4. Suppose that d,_, > % and d < %.

This is almost the same as Case 3, except we observe that

1
d;r_l = (tk + dZ)Oék,1 < - (1 — E) A1,

and use

min{s;(k — 1), s3(k — 1)} < /s1(k — 1)sg(k — 1) = i\@
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with

(1= a—1)® = (dy)?) (1 — an-1)® = (diy)?)
(1 — ag_10-1)?
(01— 0 = ) (L= o)~ (1= B3 )

The proof follows, using a,_; and ay_q in place of oy and &y, respectively. n

4.2 Proof of Theorem 1.2.5

Proof of Theorem 1.2.5. Suppose that a and 7, have ag,_1 = R, top_1 = —1, agry = NR, and

tor, = N for all k. Plainly, as N — oo,

- 1 1
Qop—1, 0 = [0; R, NR|” = —5— — —,
R— NR—lo(l) R
_ 1
_1, 00, = |0; N == 0.
Qof—1, Q2 [Oa Rv R] NR—O(l) —

Clearly, we have d,, = O(1) and d; = O(1) for any k. Thus, as k — oo,

Aoy = top—100,—1 + (tok—2 + dyj_5)Qop—20i2,—1 = —0p—1 + (N + dgy_5)Qop—2Gi2k—1
i N +0(1) 1 1 11
S PSR (P QR 2 i N S (PR I
0‘2’”( +NR—O(1)> R< +R> RTRY

and
N+ 0(1) 1

by = (N A+ dy)ams = T =507 7 7

Likewise, df, — —% + % and d,, — %. So, as k — o0,

51(2k — 1), 51(2k) — % (1 _ % + %) (1 %) _ (R),

53(2k — 1), 55(2k) — % (1 - %) (1 _ %

\r+
/C_}\z
=
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while s4(2k — 1) > s9(2k — 1) and s9(2k) > s4(2k) with

52(2k — 1), 54(2k) — % (1 + %) (1 _ }l%) > C(R).

Hence, as N — oo,

M (o, 7,) = liminf min{s; (k), s2(k), s3(k), sa(k)} — C(R).

k—o0
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Appendix A

Proof of Minkowski’s Corollary 1.1.3

Define a pair of linear forms

Li(x,y) == Mz + iy = ax — v,

Lo(z,y) := Aoz + oy = .

Clearly, ’/\‘—i = %1 is irrational and

Al = [Apg — Agpua| = 1.

Choose p; = —y and ps = 0. Then, by Minkowski’s Theorem 1.1.2; for any ¢ > 0,

there exist integers n and m with
1
|L1(n,m) + p1||La(n,m) 4+ pa| < Z|A] and |Li(n,m) + p1| <e.

That is,

1
|n||na—m—7|§z and |na—m —7| <e.

The first inequality implies that

A

nfllna =~ <
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Since v # na — m, we have 0 < |[naw — m — 7| < e. Therefore, we can get infinitely many n

by taking sufficiently small different values for ¢ > 0. ]
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