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Abstract

While optimal solutions to the classical problem of linear regression have been thor-

oughly studied, the relatively new problem of shuffled linear regression, or unlabeled sens-

ing, presents an open challenge. The goal of unlabeled sensing is to estimate measurements

which have been linearly transformed and permuted. A closely related problem is that of

unlabeled detection, which aims to perform global detection of some phenomenon based on

local measurements or decisions that have been permuted. In both cases, the permutation

of the observations is unknown to the observer. These unlabeled methods have important

applications, such as energy-efficient communication techniques within a wireless sensor net-

work, which is the motivating idea behind this work. Hence, this thesis aims to develop

new solutions to the problems of unlabeled sensing and detection and provide insights into

their effectiveness. First, a novel deep learning approach is explored to provide an effi-

cient and accurate estimation technique for the general unlabeled sensing problem, which is

shown to greatly improve computational efficiency with very little deterioration of recovery

performance. Next, a heuristic algorithm which combines the ideas of compressive sensing

and deep learning is developed to address the unlabeled sensing problem in a heterogeneous

wireless sensor network. The performance of this algorithm is then tested and compared to

that of the current state-of-the-art approach, demonstrating improved performance. Lastly,

the problem of unlabeled detection in a similar network is studied. An analytical detector

based on the generalized likelihood ratio test and maximum likelihood estimation is derived,

as well as a heuristic detector based on deep learning techniques. These detectors are then

simulated and compared, with both demonstrating impressive performance under various

conditions.
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Chapter 1

Introduction

In unlabeled sensing [1] or shuffled linear regression [2], the order of the observations has

been permuted and is unknown to the observer. This system is illustrated in Figure 1.1.

Even under the typical assumption of full knowledge of the measurement matrix, this com-

plicates the act of recovering the desired measurements. While this problem has previously

been studied in the context of overdetermined systems, it can also be extended to exactly

determined and underdetermined systems.

Figure 1.1: Visualization of the unlabeled sensing problem, as presented in [1]. The mea-
surements are known to the observer, but their relative order is not.
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1.1 Motivation

There are many practical examples of systems where one encounters unlabeled sensing. One

example is that of the classical problem in robotics known as simultaneous location and

mapping (SLAM) [3]. In this example, a robot travels around some terrain while taking

samples of the current altitude. When observing the samples, the exact coordinates of a

given sample are unavailable. However, the observer does have a priori access to the possible

locations that the robot can take samples. Then, the only unknown is the order in which

the samples are taken, and the problem of recovering the samples in the correct order boils

down to the unlabeled sensing issue.

Another example is that of a massive internet-of-things (IoT) network employing header-

free communication [4]. This idea of improved energy efficiency for IoT technologies is the

motivation of this work, as energy-efficient design and implementation is extremely important

for the rapidly expanding IoT landscape [5]. Typically, these technologies involve many

devices that form a large network to serve some purpose or accomplish some goal. Some

applications include energy-efficient IoT-based smart homes [6], IoT-enabled greenhouses [7],

and industrial IoT [8]. While these IoT technologies are powerful and revolutionary, these

benefits do not come without cost. The complex operations and large scale of these systems

consume considerable energy, while their distributed nature often leads to limited energy

capacity.

A typical IoT-based monitoring system consists of spatially distributed devices (sensors)

that have the ability to collect data corresponding to some phenomena and transmit this

data wirelessly to some receiver(s). In a simple implementation, these sensors could transmit

their data to a fusion node (FN), which will accumulate the data and use it for inferencing.

Traditionally, wirelessly networked sensors transmit identification information in a packet

header along with the data payload in a single transmission. This information is useful to

the FN, as the sensors will generally take on some degree of heterogeneity that can be ex-

ploited to make better informed decisions. However, when the data payload is very small,

this header information can take up a fair amount of the overall transmitted data packet,
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and thus contribute significantly to the energy costs associated with transmission [9]. As

approximately 80% of the power consumed in a sensor node is used for data transmission

[10], this case motivates the design of a wireless sensor network (WSN) that can perform

distributed detection without the need for header information, or equivalently, a WSN uti-

lizing header-free communication, thereby greatly improving energy efficiency. The task of

recovering the original sensor measurements based on the header-free observations can then

be framed as a noisy unlabeled sensing problem.

One common inferencing task performed by WSNs is distributed detection. Distributed

detection, also known as decentralized detection, involves the combination, or fusion, of mul-

tiple local decisions or measurements to reach a global decision regarding some phenomenon

or state of nature. The field of distributed detection has been well-studied, with work dating

back to the 1980’s [11–14]. With the advent of IoT technologies, the number of poten-

tial practical applications of distributed detection has increased dramatically. For example,

consider the detection of a hazardous chemical using sensors that collect data about the

chemical’s presence at different locations. Based on the data received from individual sen-

sors, the fusion node can decide whether the chemical is present or absent in the overall area

[15]. Another example is the monitoring of railway equipment, in which sensors monitor the

health of some equipment over a given area. The fusion node can then decide whether main-

tenance is required or not, given some safety thresholds [16]. When the task of distributed

detection is considered for a WSN employing header-free communication, the problem can

be framed as an unlabeled detection problem. While this is closely related to the problem of

unlabeled sensing, the goal of unlabeled detection shifts to that of detection performance,

rather than accurate measurement recovery.

1.2 Related Work

The fundamental challenge in unlabeled sensing is to accurately recover the desired mea-

surements despite the unknown reordering of the observations. As discussed above, a WSN

employing header-free communication can be framed as an unlabeled sensing [1] or shuffled
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linear regression [2] problem. Let n be the number of permuted instances available at the

FN, and let k be the number of actual sensor measurements. In [1], for the noiseless case, it

is shown that if n ≥ 2k, the sensor measurements can be recovered exactly with probability

1. However, their approach uses a brute-force algorithm, which becomes computationally

prohibitive as n increases. Additionally, it may not be practical to assume that n ≥ 2k in-

stances are available for use in this algorithm. In [17], the problem of noisy unlabeled sensing

is studied, when the unknown ordering of the observations is preserved. In [18], the focus

of the problem is shifted from the recovery of the linear parameters to the recovery of the

permutation itself. The authors provide both statistical and computational limits for which

the permutation is recoverable. The authors of [19] study the problem of signal amplitude

estimation and detection from unlabeled, binary, quantized samples with noise. Here, an

alternating maximization algorithm is used to find maximum likelihood estimates of both

the permuted order of the data and the transmitted data itself, based on good initialization.

An approach utilizing alternating maximization can be found in [2], in which the authors

study the problem of shuffled regression. They argue that previous alternating maximization

approaches can be framed as hard expectation maximization (EM) algorithms and propose a

stochastic EM algorithm to solve the problem of shuffled regression that provides improved

performance over hard EM. This algorithm makes use of an ordinary-least squares (OLS)

approach to estimate a vector x consisting of desired measurements, given some permutation

matrix Π, and a Markov Chain Monte Carlo (MCMC) technique (Metropolis-Hastings) to

estimate an empirical average of Π given some measurements x. These estimates are found

in an alternating fashion, until both have converged.

While the the works discussed above focus on the problem of unlabeled sensing, or the

equivalent problem of shuffled linear regression, most do not address the closely related

problem of unlabeled detection. One exception is [19], which also includes an approximation

of the generalized likelihood ratio test (GLRT) to perform unlabeled detection of the signal,

assuming that the shape of the signal to be estimated/detected is known. In [20], the authors

simplify the model used in [1] to the noiseless case in which the output vector is simply a

shuffled version of some input vector, drawn from a binary alphabet. They then derive some
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simple decision rules that can be implemented on this binary data. This work is extended

in [21], where the elements of the input vector can take values belonging to some arbitrary

finite alphabet, rather than a binary alphabet. For the noiseless case in which the output

vector is again a shuffled version of the input vector, the authors derive fundamental limits

for detection performance and provide some practical GLRT-based algorithms for detection.

These works studying the problem of unlabeled detection each make use of a model in which

there is an unknown reordering on some finite alphabet. While [19] does consider noisy

initial measurements (which are subsequently quantized to binary symbols), these works do

not address the scenario in which the permuted observations also take on some degree of

noise. This will be the case, for example, in the WSN setup discussed above in which some

additive channel noise will be present in the data. Received data in such a network will take

on continuous values, rather than discrete symbols drawn from some finite alphabet.

1.3 Contributions

The first major contribution of this thesis can be found in Chapter 2, in which the aim is to

provide an efficient alternative to the brute force algorithm described in [1] for the noiseless

unlabeled sensing problem, with minimal sacrifice of recovery accuracy. To accomplish this,

a deep neural network (DNN) is proposed to perform signal recovery. A DNN is a promising

new technique to accomplish this task, as it has the capability to efficiently approximate

computation-heavy algorithms [22]. By leveraging offline training time, a DNN is able to

achieve much greater online efficiency. It can also be extended to the noisy case, for which

the brute-force algorithm is no longer applicable, and other methods are needed.

Next, the work described in Chapter 3 aims to improve the energy efficiency of IoT-based

monitoring networks by developing a modified stochastic EM-based reception strategy within

a header-free communication framework that offers two major benefits relative to the state-

of-the-art approach to the unlabeled sensing problem: (1) improved recovery accuracy, and

(2) enhanced speed and efficiency of the recovery algorithm. Specifically, the contributions

of Chapter 3 include:
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� Improved recovery accuracy by implementing a compressive sensing-based estimation

approach instead of OLS to recover the actual sensor measurements

� Enhanced speed and efficiency by utilizing a DNN instead of the MCMC technique to

recover the correct order of the permuted instances

� Enhancements to both performance and speed when both novel approaches are in-

tegrated into the classic stochastic EM algorithm, as shown by various simulation

experiments

– Performance gains of up to 95% for low signal-to-noise ratios (SNRs) and 75% for

higher SNRs

– Speed improvements of nearly 100% as the number of algorithm iterations in-

creases

Shifting focus from the problem of unlabeled sensing, Chapter 4 aims to address the prob-

lem of unlabeled detection within an IoT-based monitoring network employing the header-

free communication framework developed in Chapter 3. The contributions of this chapter

can be summarized as follows:

� Provide new insights into the problem of unlabeled detection by employing a model

that allows for continuous, noisy measurements, whereas previous work has centered

on models that make use of the noiseless case and finite alphabets.

� Derive two novel detectors for the developed model, the first of which is based on

traditional detection and convex optimization techniques, and another that is based

on deep learning.

� Demonstrate the performance of the derived detectors, such as increases in probability

of detection of up to 20% and decreases in probability of false alarm of up to 10%

A common theme throughout this work is the use of machine learning, specifically deep

learning, to address the complex problems of unlabeled sensing and unlabeled detection.
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To the best of our knowledge, this is the first work using these methods to address these

problems. It is demonstrated that deep learning consistently offers a promising approach to

these traditionally challenging problems, for which analytical solutions sometimes fall short.

The rest of this thesis is organized as follows. Chapter 2 introduces the deep-learning

approach to the noiseless unlabeled sensing problem. DNNs are developed which efficiently

provide accurate signal recoveries, and can be extended to the practical, noisy case. In

Chapter 3, the system model is defined for a WSN employing header-free communication.

This chapter provides a heuristic algorithm based on the stochastic EM algorithm of [2]

and the techniques developed in Chapter 2, and demonstrates the performance gains that

are achieved through this method. Chapter 4 describes the GLRT framework for unlabeled

detection, followed by two variants of this detector, one based on traditional detection theory,

and the other utilizing the deep learning techniques described in Chapter 2. Chapter 5

concludes this thesis and offers some final remarks and avenues of future work.
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Chapter 2

Unlabeled Sensing with Machine

Learning

As was shown in [1], an exact solution to the noiseless unlabeled sensing problem is possible

when there are twice as many observations as measurements to be recovered. However, the

approach taken to prove this result involves a brute-force search algorithm that becomes

computationally prohibitive as the size of the problem increases. Hence, this chapter focuses

on exploring an alternate approach to efficiently obtain an approximate solution to the

noiseless unlabeled sensing problem by using deep learning techniques. The system model

is first described in Section 2.1, followed by the proposed approach which is described in

Section 2.2. Numerical simulation results are then presented in Section 2.3 to confirm the

efficient and accurate performance of the deep learning approach, as well as illustrate the

extension of this approach to the noisy scenario.

2.1 System Model

Consider a sensing setup in which the actual measurements produced by the sensors undergo

some linear transformation before being made available to the observer. The received vector
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in the noiseless case is modeled as,

y = Ax, (2.1)

where ynx1 represents the observations, Anxk is the measurement matrix, and xkx1 contains

the desired measurements. A is determined by the environment and the measurement equip-

ment, and is typically assumed to be known [1],[17]. The challenge then, is to recover the

correct values of x, given the observations y and knowledge of A. In an overdetermined

system (i.e., n > k) the optimal solution in the least-squares sense is well known to be

x̂ = (ATA)−1ATy = A†y, (2.2)

where A† denotes the Moore-Penrose inverse (or pseudoinverse) of A. In unlabeled sensing,

the goal remains the same, although now the order of the observations is unknown to the

observer. That is, the received vector y is now modeled as,

y = ΠAx, (2.3)

where Πnxn denotes an unknown permutation matrix. A permutation matrix can be thought

of as the identity matrix with its rows reordered in some manner. For example, say that Π

in (2.3) is simply the n-dimensional identity matrix with the first and second rows swapped.

Then the resulting elements of y will be the same as those found in (2.1), only now the first

and second elements (y1 and y2) will be swapped. The model given in (2.3) is exactly the

model considered in [1], again with the assumption that n ≥ 2k. The case of n = 2k will be

the focus of this chapter, as this presents the most favorable condition of efficiency for feasible

recovery by the brute-force algorithm. As is done in [1], it will be assumed throughout that

the elements of A are independent, identically distributed (iid) and are drawn according to

a continuous distribution.

While the noiseless unlabeled sensing case is given by (2.3), the equivalent noisy scenario

corresponds to,

y = ΠAx + n, (2.4)
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where nnx1 is a vector representing additive noise arising within the system. As is typically

done, it is assumed that the elements of this vector are iid random variables, with each

following a normal distribution with mean 0 and some variance σ2. This model will be used

to demonstrate the extension of the proposed DNN approach to the noisy scenario.

2.2 Proposed Approach

As given in [1], the brute-force algorithm for recovery of x in (2.3) is provided in Algorithm

1 for the sake of completeness.

Algorithm 1 Brute-Force Unlabeled Recovery Algorithm
Input: y, A
Output: x
1: A1 ← [Ikxk 0kxk] A
2: A2 ← [0kxk Ikxk] A
3: for Π in S do
4: y← ΠTy
5: y1 ← [Ikxk 0kxk] y
6: y2 ← [0kxk Ikxk] y
7: x1 ← A−1

1 y1

8: x2 ← A−1
2 y2

9: if x1 = x2 then
10: x← x1

11: return x
12: end if
13: end for

This algorithm makes use of the fact that since n = 2k, the overdetermined system can be

broken into two exactly determined systems. Note that S denotes the set of all n-dimensional

permutation matrices. Steps 1 and 2 will pull off the first k and last k rows of A, respectively.

Then, a candidate Π is chosen, and ΠT is used to “undo” the permutation of y. The first

k and last k elements of y are separated, and then the two exactly determined systems are

solved in steps 7 and 8. x1 and x2 will be identical if and only if the correct Π was chosen,

and thus when this condition is satisfied, x is returned and the loop is broken, concluding

the algorithm.
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For an n-dimensional Π, the cardinality of S will be n!, and thus as n grows, it becomes

unrealistic to iterate over all of S. Therefore, a DNN approach is proposed to efficiently

approximate the perfect recovery of Algorithm 1. The key benefit of a DNN approach is to

offload much of the computation time to an offline training phase, such that the algorithm can

perform efficient online recovery. The DNN recovery algorithm is given below by Algorithm

2; note that it eliminates the need to iterate over S.

Algorithm 2 DNN Unlabeled Recovery Algorithm
Input: y
Output: x
1: x ← output of trained DNN provided input vector y
2: return x

2.2.1 DNN Structure

Deep learning is a specific branch of machine learning that has been gaining popularity in

recent years. This type of machine learning uses a neural network to produce decisions or

estimations, given some data inputs. A neural network is a special kind of algorithm that was

originally intended mimic the natural structure of neurons in the human brain. An example

architecture of a neural network is given in Figure 2.1. In this example, the input to the

neural network is a 4x1 vector, while the output is also a 4x1 vector. Thus, the input and

output layers of the neural network have four nodes each. The power of neural networks lie

in the hidden layers, however. These are intermediate layers between the input and output

layers, as seen in Figure 3. To produce outputs, the operation of a neural network can be

seen as a forward propagation through the network. The value of a given input node will

be sent to the connected nodes in the following hidden layer, being multiplied by a different

weight and added to a different bias value for each connected node. The values at these

hidden layer nodes then serve as the input to some nonlinear function, termed the activation

function of the layer. The outputs of this activation function are then propagated in a similar

fashion, until they reach the output layer, from which the result is obtained. By tuning all of

the weights and biases to specific values, the neural network can learn complex relationships
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between the input and output data.

Figure 2.1: Example of a shallow neural network architecture. DNN refers to a neural
network with multiple hidden layers.

This tuning takes place through a process called back propagation, and is how the neural

network learns these relationships. As the name suggests, back propagation takes the error

between the true label and the produced output, and sends this back through each of the

nodes, tuning each of the weights and the biases throughout the process. This is typically

done with specialized back propagation algorithms, such as stochastic gradient descent [23]

and Adam [24]. Another important aspect of training the network is how to quantify the

error between the true label and produced output. Some typical error functions for regression

(i.e. estimation) problems are mean squared error and mean absolute error.

For this work, a simple DNN structure was chosen to illustrate the power of even a simple

neural network to approximate complex operations. The models employed use the classical

sequential structure of a basic DNN. The activation function of each hidden layer is chosen

to be the relu function, as this is well-known to typically provide favorable performance. The

activation function of the output layer is chosen to be the sigmoid function, the reason for

which will be discussed in Section 2.3. The number of hidden layers, as well as the number of

nodes in each layer, are chosen empirically such that the error demonstrated by each model

is kept relatively low. The structures of the models used in this study are summarized in

Table 2.1.
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Table 2.1: DNN Structures & Training Epochs
Model Hidden Layers Layer Nodes Epochs
n = 4 3 4, 50, 50, 10, 2 50
n = 6 4 6, 100, 100, 50, 10, 3 50
n = 8 5 8, 100, 100, 100, 100, 50, 4 20

2.2.2 DNN Training

Any machine learning algorithm is only as good as the data it is trained with, and DNNs

are no exception. Thus, the generation of data to train the network is a crucial step for

success. A supervised learning approach is taken for this problem, and thus both training

data and labels corresponding to the data are generated. Fortunately, selection of training

data for this problem is straightforward. The goal is to approximate the functionality of

Algorithm 1. This makes it clear that the input to the DNN is to be y, and the DNN must

produce an output that is an estimation of the vector x. Thus, to generate the training

data, (2.3) is used by first generating a vector x, randomly choosing a permuation Π, and

calculating the y which follows. Note that, for the training of the models used in this paper,

the measurement matrix A is held constant throughout the training process. y and x are

saved as a data sample and its label, respectively, and this process is repeated until sufficient

samples have been generated. The act of choosing a “sufficient” number of training samples

is arguably more of an art than a science, and for these models the number of samples is

chosen to be approximately 20 times the number of possible permutations. This ensures that

the network is trained on data representative of almost all permutations. The DNN is then

trained using the Adam optimizer in combination with the mean squared error (MSE) loss

function to tune the weights and biases of the network.

2.2.3 Time Complexity Analysis

Here is provided an analysis of the time complexity of the online implementation of both

the brute-force and DNN algorithms. For this analysis, “big O” notation, denoted by O(�),

is used. To begin, consider Algorithm 1. By observing the dimensions of the matrices in
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steps 1 and 2, we see that the combined complexity of these two steps that involve matrix

multiplication is O(nk2). Moving inside the loop, step 4 contains a matrix multiplication

that will result in a complexity of O(n2). Steps 5 and 6, similar to steps 1 and 2, have a

combined complexity of O(nk). Steps 7 and 8 each include a matrix inversion followed by

matrix multiplication, resulting in a complexity of O(2(k3 + k2)) = O(k3). Combining all

of these elements, and taking into account the comparison in step 9, one pass of the loop

will have a complexity of O(n2 + nk + k3 + 1) = O(n2 + n2/2 + n3/8 + 1) = O(n3). In

the worst-case scenario, this loop will repeat n! times, and thus the overall complexity of

Algorithm 1 is found to be O(nk2 + n3n!) = O(n3n!). If the algorithm is used to perform t

recoveries, the overall complexity will be O(n3n!t).

For analyzing the complexity of the DNN approach in Algorithm 2, it is understood that

the feed-forward operation of a DNN involves a sequence of matrix multiplications, vector

additions, and evaluations of activation functions. In general, consider the transition from the

input layer of a DNN consisting of m1 nodes, to the first hidden layer consisting of m2 nodes.

To transition from the first layer to the second, the input vector (m1x1) is multiplied by the

weight matrix (m2xm1). The product is then summed with the bias vector (m2x1), and the

activation function is subsequently applied in an element-wise fashion to the result (m2x1).

The resulting vector then serves as the input to an identical process to transition to the third

layer. To perform t estimations, the individual input vectors are arranged in a m1xt matrix,

and all 1’s are replaced with t’s is the previous discussion. In general, for the case of multiple

estimations, we can observe that the complexity of a single transition from a layer with m1

nodes to a layer with m2 nodes will have complexity O(m2m1t + m2t + m2t) = O(m1m2t).

Thus, the overall complexity of a DNN with L layers (including the input and output layer)

producing t estimates can be expressed as O(m1m2t+m2m3t+. . .+mL−1mLt). It is observed

that for a DNN approximating the brute-force algorithm, m1 = n and mL = k. Thus, we can

rewrite the complexity as O(m1nt+m2m3t+. . .+mL−1kt) = O(m1nt+m2m3t+. . .+mL−1nt),

as k is directly proportional to n.

One conclusion that immediately follows from this analysis is that the runtime of both

algorithms scales linearly with t, or the number of recoveries/estimates. However, the major
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difference in these algorithms is how they scale with the size of the input. The brute-force

algorithm’s runtime grows proportional to the term n3n!, meaning that the algorithm will be

computationally prohibitive even for problems of modest size. However, the complexity of

the DNN-based algorithm is dependent on the number of nodes in each layer of the network,

which, for all hidden layers, is not strictly determined by n. As the recovery accuracy will

typically increase with the addition of more hidden layers and nodes (up to some practical

bound), this introduces a design tradeoff that can be exploited to produce a more efficient

algorithm at the expense of recovery accuracy. Despite this tradeoff, it is shown in the next

section by way of simulation that large efficiency gains can be achieved with relatively small

sacrifices in recovery accuracy.

2.3 Simulation Results

To test the performance of Algorithm 2 against that of Algorithm 1, three scenarios are

simulated: k = 2, k = 3, and k = 4, or equivalently, n = 4, n = 6, and n = 8. To generate

the necessary data, elements of x are generated by drawing k iid samples of a uniform(0,1)

random variable. Hence, the choice of the sigmoid as the output layer activation function. A

matrix A is generated according to the specifications previously discussed, and a permutation

matrix Π is drawn uniformly from S. y is then generated by way of (2.3), completing the

simulated model.

2.3.1 Efficiency of Noiseless Algorithms

To compare the efficiency of the brute-force algorithm to that of the proposed DNN algo-

rithm, the brute-force algorithm is first employed to solve 100 realizations of each scenario.

By counting the total number of iterations (one pass of the for loop in Algorithm 1) in the

100 trials, and the time to complete all of the trials, the time to complete one iteration is

calculated. Also, assuming that each permutation is equally likely and that Algorithm 1

iterates over S in the same order each time, it is clear that the expected number of iterations
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per recovery is
∑n!

i=1
i
n!

, which is equal to n!/2 + 0.5. Using this value, combined with the

simulated time per iteration, the average time per recovery can be calculated. This informa-

tion is plotted in Figure 2.2 for different numbers of recoveries (or estimations in the DNN

case).

To determine the times taken for Algorithm 2 to perform different numbers of estimations,

the algorithm is simply implemented and timed for 1 to 10,000 estimations. Curves were

fit to the times produced, and these curves are also presented in Figure 2.2. It is observed

that the time taken by Algorithm 1 quickly grows with more recoveries, as well as for higher

values of k (note the logarithmic scale). It is also observed that even with increasing DNN

complexity, the increase in time taken by Algorithm 2 is nearly indecipherable.

Figure 2.2: Comparison of time taken by Algorithms 1 & 2 to produce recoveries/estimates.
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Algorithm 2 does not provide an exact recovery of x, and thus it is necessary to discuss

the error performance of this algorithm. These results (Table 2.2) were calculated using test

data previously unseen by the DNN. The values given in Table 2.2 are highly dependent

on the complexity of the network, and thus adding more layers or nodes will improve the

performance. By observation of Figure 2.2, more layers & nodes can be added as needed

to achieve the desired accuracy, with negligible effect on the efficiency of the algorithm.

Increasing the number of training samples is another method of improving performance.

Table 2.2: Error Performance of Algorithm 2
Model n = 4 n = 6 n = 8

Average MSE 0.0016 0.0043 0.0028

2.3.2 Performance with Noise

One advantage of using the DNN approach is the potential to extend to the noisy, and thus

practical case. To illustrate this, the DNN models used in the previous section are tested on

noisy data generated according to equation (2.4)1. In addition, the stochastic EM algorithm

provided in [2] is tested using similar data, to provide a comparison to the current state-

of-the-art method to address the noisy case. In these experiments, the noise variance σ2 is

adjusted to achieve the corresponding SNR. Results are presented in Figures 2.3 and 2.4.

Figure 2.3 compares the performance of the DNN algorithm to that of the stochastic EM

algorithm. It also illustrates some of the drawbacks of the stochastic EM algorithm. First,

the performance of the stochastic EM algorithm is dependent on the measurement matrix A.

This can be seen by observing that the performance of the algorithm in the scenario of k = 3

is worse than when k = 4 for all SNR levels, even though k = 4 presents a more complex

problem. This is due to the fact that the realization of the random matrix A used for the

k = 3 simulation causes the EM algorithm to converge to some incorrect local maximum

more often than in the k = 4 case. This feature of EM algorithms in general can bring

1The same models are used simply for illustration of the concept. Better results could be obtained by
incorporating noisy data into the training set.
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Figure 2.3: Recovery performance comparison of the DNNs given in Table 2.1 compared to
that of the stochastic expectation algorithm in [2] in the presence of noise.

Figure 2.4: Recovery performance of the DNNs given in Table 2.1 in the presence of noise.
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about relatively inconsistent and unpredictable results. Also, the stochastic EM algorithm

appears to reach a performance limit at an SNR of approximately 12dB. Thus, increasing

the SNR past this point will have little effect on the performance of the algorithm and limits

the flexibility of the overall design.

Figure 2.4 provides a closer view of the error performance, first given in Figure 2.3, of

the DNN algorithms. By observing these results, it becomes apparent that the average

MSE approaches the values listed in Table 2.2 as the SNR increases. Thus, both the signal

SNR and the complexity of the network can be tuned accordingly to achieve a desired

recovery performance in a DNN-based unlabeled sensing receiver architecture. This enables

greater flexibility in the architecture design, in which multiple tradeoffs can be simultaneously

considered to produce the desired result.

These results illustrate the ability of a DNN to approximately perform unlabeled sensing

in the noiseless case. But what impact does noise have on the performance of this method?

What benefits does this method have to offer when applied to a practical model? These

questions are addressed in the next chapter.
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Chapter 3

Receiver Design for Header-Free

Communication

In Chapter 1, the idea of modeling an energy-efficient WSN implementing header-free com-

munication is introduced, and it is proposed that accurately receiving the sensor data at the

FN boils down to the noisy unlabeled sensing problem. This chapter uses the insights gained

from the work in Chapter 2 to design an efficient receiver archetecture for such a network.

This is achieved by designing a heuristic algorithm, employing deep learning and compressive

sensing techniques, built off of the current state-of-the-art approach to the noisy unlabeled

sensing problem. The system model for the WSN employing header-free communicatoin is

formalized in Section 3.1. The proposed approach, based on the stochastic EM algorithm

presented in [2], is described in Section 3.2. In Section 3.3, simulation results are presented

to demonstrate both the efficiency and performance gains demonstrated by the proposed

approach.

3.1 System Model

Consider a WSN with k IoT devices/sensors, each measuring/monitoring a physical phe-

nomenon. The measurements x = (x1 x2 ... xk)
′ are to be transmitted to a FN. Here, assume
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the FN sequentially sends a signal to each sensor, requesting that the sensor transmit its

current measurement. In the header-free framework, the sensors do not transmit their header

information along with their respective measurement data. Furthermore, for example, as-

sume that these are energy harvesting (EH) sensors, and cannot transmit until an adequate

amount of energy has been harvested. Therefore, even though the FN requests data from the

sensors in a pre-determined order, the order that the data is received at the FN is random,

depending on the energy harvesting characteristics of the sensors. The system can then be

described by the model below:

y = ΠHx + n (3.1)

A visual representation of this model is presented in Figure 3.1. In this equation, ykx1 con-

tains the measurements in the order they were received at the FN. xkx1 contains the mea-

surements in the order that they were requested, and Hkxk is the channel coefficient matrix.

If we assume that transmissions do not occur simultaneously, H will be a square, diago-

nal matrix, with each nonzero element corresponding to the channel coefficient between the

corresponding sensor and the FN. The entries of nkx1 are assumed to be independent, identi-

cally distributed (iid) Gaussian noise, with mean 0 and some variance σ2. Πkxk captures the

reordering that occurs between the requested measurements and the received measurements.

Figure 3.1: Visual representation of the model given in (3.1). In this illustration, the data
from sensors 1 & 2 have arrived out of order.
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The state of the art approach to solve (3.1) and recover x is the stochastic EM algorithm

[2]. As previously discussed, this algorithm will alternatively estimate x and Π until both

estimates have converged. Specifically, x is estimated as,

x̂ = (H′H)−1H′(E[Π′]y), (3.2)

where E[Π] denotes the expected value of Π. Since this expected value becomes prohibitively

expensive to compute as the size of Π grows large, the stochastic EM algorithm makes use

of the Metropolis Hastings sampling algorithm (an MCMC technique) to replace E[Π] with

an empirical average of Π.

There are some limitations when using the stochastic EM algorithm to solve for the model

given in (3.1). In this model, H is a square matrix, and thus this model does not describe

an over-determined system. Therefore, the approach presented in [2] is not applicable to the

model presented in (3.1), as it relies heavily on OLS estimation techniques. In addition to

this, the stochastic EM algorithm proposed in [2] is very sensitive to initialization, regardless

of the degree to which the system is over-determined. One solution to this problem is

parallelization, but this only adds increased computational complexity to an already intensive

algorithm. As the number of sensors in the system increases, the MCMC method used within

the stochastic EM algorithm requires many more steps to converge, greatly affecting the

speed and efficiency of the algorithm.

3.2 Proposed Approach

With the goal of improving both the accuracy and the efficiency of the stochastic EM algo-

rithm presented in [2], two enhancements are proposed. The classic stochastic EM algorithm

can be summarized as follows:
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Stochastic EM Algorithm

Step 1: Initialize x̂

Step 2: (E-step) Use MCMC technique to get empirical average of Π̂ given x̂

Step 3: (M-step) Use OLS to estimate x̂ given Π̂

Step 4: Repeat until estimates converge

3.2.1 Compressive Sensing-Based Estimation

The first proposed enhancement is to replace the OLS estimation step given by equation (3.2)

with compressive sensing-based estimation. The core idea of compressive sensing is that by

taking advantage of the natural correlation structure of data, we can represent that data in

some sparse domain [25]. That is, the data can be represented by fewer non-zero elements

in some transform domain.A trivial example of this idea can be illustrated by thinking of a

sinusoidal signal in time. To represent this signal in the time domain, many measurements of

the signal’s amplitude over time must be given. Specifically, if the sinusoid has a frequency

f , it is well-known from Nyquist’s sampling theorem [26] that 2f measurements, or samples,

are needed for every second of time to reconstruct the signal. However, many of these

measurements are redundant, and it can be shown that by taking the Fourier transform [26],

the same signal can be represented by a single point in the frequency domain.

Another example that is commonly used to illustrate this concept is that of image com-

pression [27]. Any given image may be represented by many different pixel values. However,

these pixels values are often highly correlated with the nearby surrounding pixel values. By

taking advantage of this correlation, the image can be transformed to some sparse represen-

tation, and thus less unique data points are needed to represent the overall image.

In a WSN, it is a reasonable assumption that some correlation will be present among the

measurements of the sensors at any given time. Just as a pixel in an image will tend to be

highly correlated with the pixels in the immediate surrounding, sensors in a WSN will tend
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to obtain relatively similar measurements to the sensors closest to them. This is due to the

spatial distribution of the sensors. Mathematically, this can be represented as [25],

x = Ψs, (3.3)

where xkx1 represents the vector of correlated measurements, Ψkxk is some transformation

basis matrix, and skx1 denotes the sparse representation of the measurements in x. This

basis transformation Ψ is typically assumed to be orthonormal.

By substituting (3.3) into (3.1), a new model for the WSN employing header-free com-

munication can be obtained as,

y = ΠHΨs + n. (3.4)

Multiplying both sides by the transpose of the permutation matrix yields,

ỹ = HΨs + n, (3.5)

where ỹ = ΠTy, and the ordering of n is irrelevant as the elements are iid. Observing this

model, the problem is no longer a matter of recovering x, but of recovering the sparse rep-

resentation s1. This problem is well-known in compressive sensing literature, and a natural

way to solve this problem is to use the following optimization approach [25]:

ŝ = argmin
s
‖s‖0 subject to ‖As− ỹ‖2 ≤ ε (3.6)

where A = HΨ, ε is some error threshold, and ‖ ‖i denotes the Li-norm. As the L0-norm

simply counts the number of nonzero elements in a vector, this problem will find the sparsest

vector s that satisfies the constraint. Unfortunately, the L0-norm does not represent a convex

function, making it difficult to efficiently solve this problem. However, a good approximation

is given by the L1-norm [25], and thus the solution to (3.6) can be approximated by the

1Once s has been recovered and assuming Ψ is known, it is trivial to recover x using (3.3).
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following:

ŝ = argmin
s
‖s‖1 subject to ‖As− ỹ‖2 ≤ ε. (3.7)

This convex optimization problem can be solved using general-purpose optimization soft-

ware. Hence, the M-step of the stochastic EM algorithm, which estimates x given some

estimate of Π using OLS techniques, is replaced with this compressive sensing-based esti-

mate. This enables the algorithm to take advantage of the natural correlation structure of

the measurements. By observing (3.7) we see that this process can be completed in two

steps:

1. Solve the convex optimization problem given by (3.7) to obtain the sparse vector s

2. Left-multiply s by the transformation matrix Ψ to obtain the estimate x

Note that this process requires knowledge of both H and Ψ. It is reasonable to assume

that these are known, if we take the case of a WSN in which the sensors and the FN are

stationary. In this case, it is relatively simple to find the channel gain matrix H, and it will

remain mostly fixed, as the transmission environment is fixed. Also, under the assumption

that neither the sensors or the FN are mobile, the spatial correlation structure between

the measurements can be determined and can also be assumed to remain fixed. These

assumptions will be held throughout the rest of this paper, and bring about an important

notion: under the stationary assumption, not only are H & Ψ known, but they are constant.

3.2.2 Deep Learning to Estimate Permutation

To address the problem of efficiently estimating Π in (3.4) given some vector s, the proposed

method involves training a DNN to recover an approximation of this matrix. To begin the

process of learning to estimate Π, sufficient data and labels must be generated to train the

DNN. This input data to the DNN must be dependent on the permutation Π, such that the

DNN will be able to extract a meaningful relationship. Thus, the following data vector is

defined as the network input:

d = As− y (3.8)
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where d denotes the input vector to the DNN. The true labels, used to compare to the outputs

of the DNN during training, are denoted by π, where π is simply a vector containing the

columns of the Π matrix2. The model given in (3.4), with the modification that n = 0, was

used to generate 1,800,000 data vectors and corresponding labels. Also, as was discussed

earlier, H and Ψ are held constant when generating this data. Noiseless data was used to

train the network, such that it would best learn the relationship between the data and the

labels without the extra complication of noise. As will be discussed in the following section,

a 10-sensor WSN is assumed for this process. This is important when training the DNN, as

it determines the sizes of the input and output layers.

For the DNN used here, the sizes of the input and output layers of the DNN are 10 and

100 nodes, respectively. The DNN also consists of 5 hidden layers, each with 200 nodes. The

activation function of each hidden layer is the rectified linear unit (relu) function, and the

activation function of the output layer is the sigmoid function. The relu function is a common

activation function in DNN hidden layers, and the sigmoid is chosen such that the elements

of the output will be between 0 and 1. The Adam optimizer is used to tune the weights and

biases of the network, and the loss function is chosen to be the mean-squared-error function.

Once the DNN is trained using the simulated training data, the parameters of the network

are saved for use in the online header-free algorithm. Provided an input d = As − y (or

equivalently Hx − y), the trained network will return an estimated π̂, which can then be

reshaped to obtain Π̂. The composite header-free DL-based EM algorithm is provided in

Algorithm 3.

2The output of a DNN must be a vector, to be compatible with the network architecture.
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Algorithm 3 Header-Free DL-Based EM Algorithm

Input: y, H, Ψ, ε, k
Output: x̂

Initialization: ŝ← argmin
s
‖s‖1 subject to ‖HΨs− y‖2 ≤ ε

1: for i = 1 to k do
2: d← Ψŝ− y
3: π̂ ← output of DNN provided d
4: Π̂← reshape π̂ into square matrix

5: ŝ← argmin
s
‖s‖1 subject to ‖HΨs− Π̂

T
y‖2 ≤ ε

6: end for
7: x̂← Ψŝ
8: return x̂

3.3 Simulation Results

To test the performance of the header-free DL-based EM algorithm against that of the classic

stochastic EM algorithm, a WSN consisting of 10 sensors is simulated. The measurements

from these 10 sensors are assumed to be correlated and sparse in a transform domain. The

channel coefficients representing the propagation environment between the sensors and the

FN are assumed to be iid Rician distributed, with noncentrality and scale parameters both

having value 1. Π is randomly chosen from the set of all possible permutations, with each

permutation having equal probability of selection. With all of the necessary parameters

generated, y is then obtained using (3.4).

First, the efficiency of the DNN estimation method is compared to that of the Metropolis-

Hastings MCMC method in the stochastic EM algorithm. Results from this experiment are

given in Figure 3.2. Here, the MCMC method is used to estimate a single approximation

of Π from the simulation environment previously described. This was repeated for 1000

trials, and the times then averaged. The parameters of the Metropolis-Hastings sampling

algorithm used for this trial were 2000 sampling steps, 1000 burn steps, and 10 gap steps3.

These parameters were chosen as they provided reasonable convergence given the simulation

environment. As this method will have to repeat all steps exactly to obtain additional

3See [2] for more detail on these parameters.
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Figure 3.2: Processing time comparison of DNN estimation and MCMC approximation of
Π for 1 to 1000 estimations.

estimates, the time taken to find any given number of estimates will be the average time

taken to find a single estimate, multiplied by the number of estimates desired.

To test the efficiency of the DNN, 1000 realizations of the system were generated. The

time was then recorded for the DNN to process 1,2,...,1000 estimates. A curve was fit to

these times, and plotted in Figure 3.2. As can be seen, the MCMC method outperforms the

DNN for a single estimate, but as the number of estimates grows, the DNN quickly becomes

much more efficient. One important note is that both EM algorithms will require as many

estimations of Π as there are iterations in the algorithm, so it is vital to be able produce

many estimates quickly. Another point to note is that the DNN used in these trials took

approximately 20 minutes to train, whereas the MCMC method requires no offline training.

The tradeoff here is the improvement in online process time gained by the increase in offline

processing.

To test the recovery performance of the proposed algorithm, three algorithms were tested.

These included the classic stochastic EM algorithm, stochastic EM algorithm with compres-

sive sensing-based estimation, and header-free DL-based EM algorithm with both compres-

sive sensing-based estimation and DNN estimation, given in Algorithm 3. Each algorithm
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Figure 3.3: Performance comparison of recovery algorithms for different SNR levels.

was implemented for 50 realizations at SNR levels from -10dB to 20dB. The mean squared

error of each algorithm was recorded and averaged over the 50 trials at each SNR value.

These values are plotted against SNR in Figure 3.3.

As can be observed from Figure 3.3, the compressive sensing addition to the stochastic

EM algorithm indeed brings about improved performance of the algorithm. An interesting

observation however, is that when the DNN is also included in the algorithm, an even

greater gain in performance is achieved. This implies that in addition to the efficiency

increase brought on by the DNN techinique to estimate Π, utilizing this technique can help

to improve the recovery performance as well. This illustrates the power of deep learning to

help solve complex problems, such as unlabeled sensing in the presence of noise.

Up to this point, techniques such as deep learning and compressive sensing have been

utilized to achieve efficient, improved performance with regards to both the noiseless and

noisy unlabeled sensing problems. But what of unlabeled detection? What detectors can be

derived with respect to the practical system model previously discussed? Can deep learning

provide improved performance towards this problem as well? The next chapter aims to

provide some insight into these questions.
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Chapter 4

Unlabeled Detection

While Chapters 2 and 3 study the problem of unlabeled sensing, this chapter focuses on the

problem of unlabeled detection. The system model (nearly identical to that of Chapter 3)

is described in Section 4.1, as well as the binary hypothesis problem that will be the focus

of this work. In Section 4.2, two different approaches to performing detection in this system

are introduced, with one based on tradional detection and optimization techniques and the

other based on deep learning methods. Simulations results and some discussion is provided

in Section 4.3.

4.1 System Model

The header-free WSN model, first introduced in Chapter 3, is described again in this para-

graph for completeness. Consider a system in which a WSN consists of k spatially dis-

tributed IoT devices/sensors, each measuring/monitoring some physical phenomenon. The

measurements taken from these devices are denoted by x = (x1 x2 ... xk)
′, and are wirelessly

transmitted to a FN. Each element of x is a real number, i.e. xi ∈ R. Here, assume the

FN sequentially sends a signal to each sensor, requesting that the sensor transmit its current

measurement. In the header-free framework, the sensors do not transmit header information

along with their respective measurement data. Furthermore, for example, assume that these
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are EH sensors, and thus they cannot transmit until an adequate amount of energy has been

gathered. Therefore, even though the FN requests data from the sensors in a pre-determined

order, the order that the data is received at the FN is random, depending on the energy

harvesting characteristics of the sensors. This system can then be described by the model

y = ΠHx + n. (4.1)

This model is the no different than that of (3.1). However, now suppose the case where

each sensor makes a binary local measurement, which it then transmits to the fusion node.

Furthermore, assume that each sensor has some error associated with its measurements. The

quality of a given sensor can then be described by the variance of its measurements, with a

lower variance indicating a higher quality sensor that gives more consistent measurements.

Naturally, it can be assumed that some spatial correlation will exist between the measure-

ments of any two sensors. Under this model, the vector x can be modeled as a multivariate

normal (MVN) random vector x ∼ N(µx,Σx), where µx denotes the mean vector and Σx

denotes the covariance matrix. In this work, heterogeneous sensors are considered, i.e., the

diagonal elements of Σx will be non-identical. Finally, let the measurements of the ith sen-

sor take a mean value of µi = µx,1 under some state of nature H1 and µx,0 otherwise. The

resulting binary hypothesis problem can be stated as

H0 : x ∼ N(µx,0,Σx),

H1 : x ∼ N(µx,1,Σx).
(4.2)

Since y is the result of a linear transformation of a MVN random vector in (4.1), y itself

will be a MVN random vector with known parameters. We can then restate the binary

hypothesis in (4.2) as

H0 : y ∼ N(µy,0,Σy),

H1 : y ∼ N(µy,1,Σy),
(4.3)
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where

Σy = ΠHΣxH
′Π′ + Σn,

µy,0 = ΠHµx,0,

µy,1 = ΠHµx,1,

with ′ denoting the transpose operator, and Σn denoting the covariance matrix of the MVN

random vector n. The goal of unlabeled detection is to observe y and make a decision on

the state of nature (H0 vs. H1). The approaches to solve this problem are described next.

4.2 Proposed Approach

4.2.1 Generalized Likelihood Ratio Test Detector

Assuming equal prior probabilities for H1 and H0, and using a uniform cost assignment, the

optimal detector in the Bayesian sense is known to be the likelihood ratio test [28]

L(y) =
p1(y)

p0(y)
≶ 1, (4.4)

where pi(y) denotes the multivariate probability density function of the random vector y,

conditioned upon Hi, i = 0, 1. This test will decide H1 if L(y) > 1 and H0 if L(y) < 1.

Using equation (4.3) and the known density of a MVN random vector, we can rewrite (4.4)

as
1√

(2π)k|Σy |
exp

[
−1

2
(y− µy,1)′Σ−1

y (y− µy,1)
]

1√
(2π)k|Σy |

exp
[
−1

2
(y− µy,0)′Σ−1

y (y− µy,0)
] ≶ 1 (4.5)

where | | denotes the matrix determinant operator. As stated above, the parameters

Σy,µy,1 and µy,0 depend on the permutation matrix Π. However, Π is unknown at the

receiver, and thus the likelihood ratio test cannot be calculated exactly. A standard ap-
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proach when presented a problem of this type is to use the GLRT test, which is given by

p1(y | Π̂ML)

p0(y | Π̂ML)
≶ 1. (4.6)

In this test, the unknown parameter Π is treated as a non-random parameter, and is

replaced with a maximum likelihood (ML) estimate Π̂ML. This generalized test does not

guarantee any level of optimality, but it is often found to perform well in most circumstances.

The ML estimate of Π is found by determining the Π that will maximize the likelihood of

y:

Π̂ML = argmaxΠp(y | Π). (4.7)

Clearly, two different ML estimates of Π can be obtained by using p0(y) or p1(y). Thus,

the standard approach is to calculate both estimates Π̂ML,0 and Π̂ML,1, and substitute these

estimates into their respective density functions in (4.6) to obtain the generalized likelihood

ratio.

As seen in the previous chapter, another method of estimating Π is to use a DNN,

which can be trained by way of supervised learning. DNNs have emerged as a technology

with the ability to perform accurate approximations of complex functions [22], and thus

are a promising approach for permutation estimation. Therefore, a DNN approach to Π

estimation for use in (4.6) will be studied as well.

4.2.2 Maximum Likelihood Estimation of Π

The ML estimate of Π is given in (4.7). To find this estimate, the general likelihood function

of y given some Π is written as

p(y | Π) =
1√

(2π)k|Σy|
exp

[
−1

2
(y− µy)

′Σ−1
y (y− µy)

]

Observe that Π is present in two parts of this expression, specifically |Σy| and (y−µy)
′Σ−1

y (y−

µy), where it was shown above that Σy = ΠHΣxH
′Π′ + Σn and µy = ΠHµx. Moreover,
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it is straightforward to see that p(y | Π) will be maximized when both of these terms are

jointly minimized.

Lemma 1 : Given the model described by (4.1), when H is a diagonal matrix, x is a MVN

vector and the entries of n are iid Gaussian, the ML estimation problem given by (4.7) is

equivalent to the problem

Π̂ML = argminΠ(Π′y−Hµx)
′C(Π′y−Hµx), (4.8)

where C is determined entirely by the model parameters (i.e. H, Σx, and Σn) and is a

positive definite matrix.

Proof. First, consider |Σy|, which must be minimized. Rewriting, we have

|Σy| = |ΠHΣxH
′Π′ + Σn|. (4.9)

Let A = ΠHΣxH
′Π′ and B = Σn. Since the entries of the noise vector n are iid,

B = σ2
nI. Then, AB−BA = σ2

nΠHΣxH
′Π′I−σ2

nIΠHΣxH
′Π′ = 0, and the matrices inside

the determinant commute. Since the matrices commute, it can be shown that the eigenvalues

of their sum will be equal to the sum of their individual eigenvalues, i.e. λA+B
i = λA

i + λB
i ,

where λX
i denotes the ith eigenvalue of some matrix X and follows the standard convention

that λX
1 > λX

2 > · · · > λX
k . Since the determinant of a matrix is nothing but the product of

its eigenvalues, we can rewrite (4.9) as

|Σy| =
k∏
i=1

λA+B
i =

k∏
i=1

(λA
i + λB

i ). (4.10)

As Π is a unitary matrix by definition, the matrix ΠHΣxH
′Π′ will have identical eigen-

values to that of the matrix HΣxH
′, which implies that λA

i in (4.10) will be independent

of Π. It is trivial to see that λB
i is also independent of Π, and thus it can be concluded

that (4.9) is independent of Π, and that obtaining the ML estimate of Π is equivalent to

determining the Π that minimizes the term (y− µy)
′Σ−1

y (y− µy).
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Turning now to this second expression, it is rewritten as

(y− µy)
′Σ−1

y (y− µy) = ỹ′(ΠHΣxH
′Π′ + Σn)−1ỹ, (4.11)

where ỹ = y− µy. Spectral methods will now be used to simplify this expression. As Σx is

a covariance matrix, it must be positive semidefinite (i.e. x′Σxx ≥ 0 for all x ∈ Rk). Since

Σx is positive semidefinite, it is trivial to show that HΣxH
′ is also positive semidefinite for

any H ∈ Rkxk. Hence, for HΣxH
′ there exists spectral decomposition such that

HΣxH
′ = QΛQ′, (4.12)

where Q is a unitary matrix in which the ith column contains the eigenvector correspond-

ing to the ith eigenvalue λHΣxH′

i , and Λ is a diagonal matrix containing these eigenvalues.

Including the permutation, we now have

ΠHΣxH
′Π′ = ΠQΛQ′Π′ = Q̃ΛQ̃

′
, (4.13)

where Q̃ = ΠQ. As the product of two unitary matrices will yield a unitary matrix, it can

be seen that Q̃ is in fact unitary, implying that (4.13) represents a spectral decomposition of

the matrix ΠHΣxH
′Π′. Note that this gives the interesting result that the transformation

ΠAΠ′ of some matrix A will have no effect on eigenvalues, whereas each eigenvector will

undergo an identical permutation determined by Π. To complete the spectral decomposition

of Σy, the addition of Σn is considered, where it is straightforward to show that

Σy = Q̃ΛQ̃
′
+ σ2

nI = Q̃(Λ + σ2
nI)Q̃

′
. (4.14)

From (4.14), it can be concluded that the eigenvectors of Σy are simply the eigenvectors

of HΣxH
′ permuted by Π, while the eigenvalues of Σy are the eigenvalues of HΣxH

′ each

shifted by the positive constant σ2
n.
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With the spectral decomposition of Σy in hand, finding Σ−1
y becomes trivial and we have

Σ−1
y = (Q̃(Λ + σ2

nI)Q̃
′
)−1 = Q̃(Λ + σ2

nI)−1Q̃
′
. (4.15)

As Λ + σ2
nI is a diagonal matrix, (Λ + σ2

nI)−1 is found simply by taking the reciprocal of the

elements in Λ + σ2
nI. Substituting Q̃ = ΠQ, we have

Σ−1
y = ΠQ(Λ + σ2

nI)−1Q′Π′ = ΠCΠ′, (4.16)

where C = Q(Λ + σ2
nI)−1Q′. Due to Σx being positive semidefinite and Σn being positive

definite, C is a symmetric, positive definite matrix. It is also straightforward to see that C

is entirely determined by the channel coefficients H and covariance structures Σx and Σn.

This implies that under stationary channel conditions and static sensor deployment, C will

remain fixed and can be treated as a constant matrix parameter. Now substituting (4.16)

into (4.11), the new expression to minimize becomes

(y− µy)
′Σ−1

y (y− µy) = (y− µy)
′ΠCΠ′(y− µy).

By substituting µy = ΠHµx and distributing the Π matrices into the left and right terms,

we obtain the simplified objective function

(y− µy)
′ΠCΠ′(y− µy) = (Π′y−Hµx)

′C(Π′y−Hµx),

and the simplified minimization problem to determine the ML estimate of Π becomes

ΠML = argminΠ(Π′y−Hµx)
′C(Π′y−Hµx),

which concludes the proof.

The expression given by (4.8) represents an optimization of a quadratic function, which is

relatively straightforward through convex optimization techniques [29]. However, the domain
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for which the function is to be optimized over (i.e., the set of all kxk permutation matrices) is

a non-convex set, making this a non-convex optimization problem, which has been shown to

be NP-hard [18].Thus, the proposed approach is to introduce a convex relaxation such that

a practical approximation of Π̂ML can be obtained through traditional convex optimization

techniques.

Define the set P kxk such that P kxk includes all kxk matrices for which each element is a

real number in the interval spanning 0 to 1, i.e. for A ∈ P kxk, each element aij ∈ [0, 1], for

all i = 1, 2, ..., k and j = 1, 2, ..., k. Now consider the following optimization problem

min
Π

. (Π′y−Hµx)
′C(Π′y−Hµx) (4.17)

s.t. 〈1,πi〉 ≤ 1 i = 1, 2, . . . , k (4.18)

〈1,πj〉 ≤ 1 j = 1, 2, . . . , k (4.19)

where Π ∈ P kxk, πi denotes the ith row of Π, and πj denotes the jth column of Π, 1 denotes

a vector in which each element is 1, and 〈x,y〉 denotes the inner product of two vectors x and

y. Here, the convex objective function (4.17) is chosen to be the function f(Π) : P kxk → R

which is minimized to obtain the approximate Π̂ML, while the linear constraints defined by

(4.18) and (4.19) are chosen to ensure that all feasible solutions are “permutation-like”, i.e.

all columns and rows will sum to 1. Note that inequality constraints are chosen, as using

equality constraints here significantly increases the difficulty of the problem and produces

inconsistent results with the chosen optimization software. As the objective function is a

convex function of Π minimized over a convex domain P kxk, subject to linear inequality

constraints, this represents a convex optimization problem and a solution can be obtained

by using general-purpose optimization software [29].

4.2.3 Deep Learning to Estimate Permutation

As an alternate approach to the problem of obtaining the estimate Π̂ needed to perform

the GLRT defined by (4.6), a second proposed method involves training a DNN through
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supervised learning to recover an approximation of this matrix. To begin the process of

learning to estimate Π, sufficient data and labels must be generated to train the DNN. This

input data to the DNN must be dependent on the permutation Π, such that the DNN will

be able to extract a meaningful relationship. Hence, the vector that will serve as the input

to the DNN is defined as

d = Hµx − y. (4.20)

The true labels, used to compare to the outputs of the DNN during the training phase,

are denoted by π, where π is simply a vector containing the “unfolded” columns of the Π

matrix. The model given in (4.1) was used to randomly generate 1,000,000 data vectors

and corresponding labels, consisting of noisy data with randomly chosen and uniformly

distributed SNRs ranging from 0-30dB, and equally likely random mean vector of either

µx = 1 or µx = −1. Also, as was discussed above, H is held constant when generating

this data, representing stationary channel conditions. As will be discussed in the following

section, different DNN models were trained for 6, 8, and 10 sensor networks.

A basic sequential model is chosen to perform the DNN estimation. The size of the

input layers of the DNN models for the 6, 8, and 10 sensor networks are 6, 8, and 10 nodes,

respectively. Likewise, the output layers of the DNN models for the 6, 8, 10 sensor networks

are 36, 64, and 100 nodes, respectively, to account for all elements in the estimated Π.

The stuctures of the DNN models’ hidden layers are summarized below in Table 4.1. The

activation function of each hidden layer is the rectified linear unit (relu) function, and the

activation function of the output layer is the sigmoid function. The relu function is a common

activation function in DNN hidden layers, and the sigmoid is chosen such that the elements

of the output will be between 0 and 1. The Adam optimizer is used to tune the weights and

biases of the network, and the loss function is chosen to be the mean-squared-error function,

and each DNN is trained over 8 epochs.

Once the DNN is trained using the simulated training data, the parameters of the network

are saved for use in the online DNN detector. Provided an input d = Hµx − y, the trained

network will return an estimated π̂, which can then be reshaped to obtain Π̂. Two estimates
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Table 4.1: DNN Hidden Layer Structures
Model Hidden Layers Layer Nodes
k = 6 4 50, 100, 100, 50
k = 8 5 50, 100, 100, 100, 100
k = 10 6 50, 100, 100, 100, 100, 100

are generated using the different µx,0 and µx,1, which are then used in the GLRT defined by

(4.6) as described above to obtain a global decision.

4.3 Simulation Results

To study the performance of the proposed methods, three different scenarios are simulated,

including a 6, 8, and 10 sensor WSN. For each case, half of the sensors are assumed to be of

high quality and the other half are considered poor quality (defined as having a measurement

variance of 0.25 and 2.25, respectively). Under H1, all sensors will produce measurements

with a mean of 1, i.e. µx = 1. Similarly, under H0, µx = −1. Moreover, a moderate level

of correlation (ρ ∈ [0.5, 0.6], where ρ is the correlation coefficient) is assumed between each

pair of sensors. Channel coefficients are randomly generated for each WSN from a Rician

distribution with unit parameters, and held fixed throughout all simulations. The variance

of the noise vector n is varied accordingly to achieve various SNR levels.

First, the effectiveness of the two estimators of Π are compared. To make this comparison,

samples of y are generated according to (4.1), and these samples are used to obtain estimates

of Π using both the approximate ML estimator and the DNN estimator. These estimates

are then compared to the true Π, and the Frobenius norm of the difference is used as an

error metric. The averages errors for the 8 sensor network are given in Figure 4.1 for various

SNR levels, and indicate that the DNN estimator exhibits better performance. Results are

similar for the 6 and 10 sensor networks.

Next, detection performance is examined. This is accomplished by generating samples

of y, using the described estimators to find estimates of Π̂, and using these estimates in

the GLRT given in (4.6) to obtain a decision on the state of the system. This process is
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Figure 4.1: Approximate ML and DNN estimator performance over various SNR, for the
k = 8 network.

repeated until a predetermined number of incorrect decisions is made, and the probabilities

of detection and false alarm are then calculated. As a baseline reference, the case is also

considered in which the permutation is entirely ignored by the detector, i.e. it assumes that

Π = I. This is referred to as the “naive” detector. Also considered is the detector in which

perfect knowledge of Π is available, referred to as the “oracle” detector. To best capture

the effects of the permutation and recovery, only permutations that swap measurements

from high quality sensors with measurements from low quality sensors are considered. The

quantity d is defined as the distortion level, such that d high quality measurements are

swapped with d low quality measurements in a given simulation. Experiments are then

carried out for the different networks, and for different distortion levels. The results from

these experiments are provided in Figures 4.2-4.4 for SNR levels of 0-30dB.

It is confirmed that the performance of the naive detector gets significantly worse in

the presence of higher distortion, as expected. For all simulated networks, significant per-

formance gains are achieved by both the approximate ML estimate detector and the DNN

detector in high-distortion cases, with regards to both probability of detection and false

alarm. In the worst-case scenario, in which all of the high quality sensor data is replaced

with low quality sensor data, probability of detection gains ranging from 12-20% with cor-

responding decreases in probability of false alarm ranging from 7-10% are observed for the
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Figure 4.2: Performance of detectors for k = 6 scenario over different SNR levels.

Figure 4.3: Performance of detectors for k = 8 scenario over different SNR levels.
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Figure 4.4: Performance of detectors for k = 10 scenario over different SNR levels.

different networks.

Some interesting observations follow directly from comparison of the performance of the

two derived detectors over the different scenarios. Specifically, for the k = 6 and k =

10 networks, the DNN detector appears to achieve either equal or superior performance

compared to that of the approximate ML estimate detector, for nearly all noise levels and

distortions, indicating the superiority of this method. In contrast, for the k = 8 scenario, the

opposite appears to be true: the approximate ML estimate detector outperforms that DNN

detector for almost every noise and distortion level. This is surprising, as it was shown in

Figure 4.1 that the DNN estimator consistently provides a more accurate estimate as SNR

increases. This result seems to suggest that a more accurate estimate of Π does not always

guarantee an improvement in detection performance.

Also note that, at low distortions, the results indicate that simply ignoring the permuta-

tion and using a naive detector provides better performance. In this case, the vast majority

of the data has not been reordered, and thus the error inherent in the estimation of Π is

more detrimental than the estimation itself is useful. This implies a design tradeoff, in which

the added complexity of either the DNN or the approximate ML detector must be weighed

against the expected distortion of the data. If distortions are typically expected to be small,

it may be more beneficial to simply ignore them. Rather, if distortions are common or
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typically large, the detectors discussed in this work can provide a robust solution.

Finally, one encouraging result is seen by comparing the performance of the DNN detector

over the 6, 8, and 10 sensor scenarios. During the training phase, 1,000,000 random samples

were used to train the DNNs for each scenario. For the 6 and 8 sensor scenarios, this should

provide the DNN with the opportunity to be adequately exposed to all possible permutations

for both scenarios (6! = 720 and 8! = 40,320 possible permutations, respectively). However,

this is not the case for the 10 sensor scenario. A 10-dimensional vector will have 10! =

3,628,800 possible permutations, and thus far less than half of the total possible permutations

are “seen” during the training of this DNN. Despite this disadvantage, the DNN detector in

this scenario is able to perform just as well or better as in the 6 and 8 sensor scenarios, and it

is concluded that training over a subset of the possible permutations can still lead to favorable

results. This result is of great significance, as training over all possible permutations quickly

becomes computationally prohibitive for larger WSNs.

Overall, these results are encouraging and demonstrate that improved detection perfor-

mance can be attained by attempting to “undo” the permutation, through both analytical

and machine learning methods. They also demonstrate once again that deep learning appears

to be a promising approach to address complex unlabeled problems.
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Chapter 5

Conclusion

The work discussed throughout this thesis is summarized here. First, Chapter 1 introduces

the basic problems of unlabeled sensing and unlabeled detection. Some practical examples in

which this problem arrises are given, including the classic problem of SLAM in robotics and

header-free communication within a wireless IoT network. The motivation behind this work,

namely increased energy efficiency within WSNs, is discussed. Related work in the fields of

unlabeled sensing and unlabeled detection are then presented along with their limitations,

followed by the specific contributions of this work.

Chapter 2 presents a novel, deep learning-based approach to the complex problem of

unlabeled sensing. By leveraging the powerful and efficient approximation abilities of a

DNN, the proposed approach provides a significant improvement in terms of efficiency, while

sacrificing minimal recovery accuracy. Simulation results for the noiseless case confirm the

achievable gains relative to the benchmark brute-force algorithm presented in [1]. The DNN-

based approach is then extended to the problem of unlabeled sensing in the presence of noise

to illustrate the robust error performance at different SNR values, which is compared to that

of the stochastic EM algorithm presented in [2]. This work provides the foundations for the

DNN-based solutions utilized in subsequenct chapters.

In Chapter 3, a novel solution to the problem of unlabeled sensing (or shuffled linear re-

gression) to enable header-free communication, and thus increased energy efficiency, among
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IoT sensors is presented. This heuristic approach is built upon the foundation laid by the

stochastic EM algorithm. In the E-step of the proposed algorithm, deep learning techniques

are implemented by replacing the MCMC permutation approximation with a DNN permuta-

tion approxmiation, and in the M-step, compressive sensing-based signal estimation replaces

OLS signal estimation. The hypothesized benefits that are brought about by these improve-

ments, including improvements to both algorithm efficiency and recovery performance, were

confirmed through numerical simulations.

Finally, in Chapter 4, two novel solutions to the problem of unlabeled detection are de-

veloped and analyzed. A model is first described for a WSN employing header-free commu-

nication to reduce energy consumption, as in Chapter 3, with the overall goal of performing

distributed detection of some phenomenon or state of nature. The GLRT detector is then

developed for the general model of such a WSN. Next, two variants of this detector are

derived and discussed. The first is based on ML estimation, which presents a substantially

difficult problem. Spectral methods are utilized to simplify this problem, and a convex relax-

ation is introduced to obtain a practical detector. The second detector is based on artificial

intelligence and deep learning methods, and uses a DNN trained through supervised learn-

ing to obtain an estimate to be used in the GLRT. The performance of these two detectors

is then tested through numerical simulations of some WSNs, and the results analyzed. It

was concluded that both detectors exhibit significant performance gains in situations of high

distortion, providing robust unlabeled detection solutions. The performance of the DNN

detector appears to achieve superior performance on average compared with the approxi-

mate ML detector, most likely due to the ability of DNNs to learn complex relationships

and approximate complex functions. These results illustrate that, when presented with data

that is unlabeled, more robust detection can be achieved using techniques rooted in both

traditional theory and deep learning.

The overall goal of this work is to advance the state of the art of solutions addressing

the emerging problems of unlabeled sensing and unlabeled detection. This is accomplished

throughout by incorporating the recently developed and emerging fields of compressive sens-

ing and deep learning into more traditional solutions. Specifically, deep learning is utilized
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as an approach to address both the problems of unlabeled sensing and unlabeled detection,

with encouraging results. This work utilizing deep learning to address these problems, to the

best of our knowledge, is the first of its kind, and illustrates yet another field in which deep

learning can provide approximate, yet relatively accurate solutions very efficiently. Systems

which can be fully described by the unlabeled sensing and unlabeled detection problems are

shown to have applicatons that are not just practical, but also beneficial to the continued

advancement of IoT technologies, and the solutions derived in this work can be utilized to

reap the benefits of implementing such systems.

The work described throughout provides many opportunities for future research. A few

specific examples include:

� In the models described in Chapters 3 and 4, it is assumed that sensors do not transmit

at the same time. This model can be extended to allow for the simultaneous trans-

mission of these energy-harvesting sensors to study the effects that this will have on

unlabeled sensing and detection performance.

� The DNN models described in this work are very basic sequential models, used to

demonstrate the potential of machine learning to address these complex problems.

More complex DNN models, such as convolutional DNNs and recurrent DNNs, have

been shown to achieve much better performance than a sequential DNN in certain

scenarios. In future work, different machine learning models could be tested and com-

pared to examine which model performs best for the problems of unlabeled sensing

and detection. As the field of machine learning progresses, new methods will almost

certainly emerge to better address these complex problems.

� For the problem of unlabeled detection, the DNN detector was shown to outperform

the approximate ML estimate detector for the 10 sensor network, but underperform

for the 8 sensor network, despite being trained over a more representative data set for

the 8 sensor network. This suggests that a DNN-based detector may not always be an

appropriate solution for the unlabeled detection problem, and future work could study

this aspect to determine when a deep learning approach is effective.
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