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I, INTRODUCTION

This study has been made to deteriiiine the relationships

between stress and variety in si20 of members in multi-story

rigid-fraraed structures. By analyzing the stresses of many

different frames and investigating the results by statistical

methods, the varieties of stress are easily observed and reduced

to formulas*

Ti*e result of the above (the foruiula) will be very helpful

in analy25ing the stress of rigid framed structures. Because

engineers face the difficulty of choosing the values of moment of

inertia (in subsequent paragraphs the symbol I represents moment

of inertia) which are determined by the size of members.

In general, stress analysis is processed with trial I values

which are chosen from experience. If the size of members are

out of the adjustable range of reinforcing steel, re~calculation

should be made based on the trial stress analysis. Therefore,

it is desirable to avoid the complexities and discrepancies, as

mentioned above, in calculating the stress of rigid framed

structures. There laay be many different ways to Investigate this

problem based on the load situation and the shape of the structure.

The following study is mainly concerned with gravity loading

situations of up to three or four story buildings with different

story heights and span lengths. In buildings of up to three or

four stories, in most cases, wind load does not govern the design

since increased allowable unit stresses are used for computation.

Therefore, it appears that the slop deflection method is in such

cases most suitable for theoretical analysis.



Of the following 15 cases, a typical case (1) has been

thoroughly analyzed; in the remaining instances, only the

results of laoiaent diagrams are mentioned* As a typical case,

a three story, five bay frame, syraiaetrical at the center line

of the mid-bay and which had a perpendicular span length of

20 feet, was chosen. This is shown in Figure 1-U For loading

conditions 30 lb,/sq.ft. for snow load, and 60 lb,/sq.ft» for

live load was selected.

For the purpose of lainimization of the error between the

trial section and the final section, aaxima'a beam laoment is

assumed to be 1/10 wL^. This value was talten from ACI Code

Section 90k- (C), In the case of a simple beam, maximum bending

moment occurs at the center line and the value is Hq - wL^/S*

Therefore 1/10 wL2 is said ^o be 8/10 Mq.

The slab load is distributed at

^5 degrees at the corner of inter-

secting beams and HQbeco.;ies

= M/2h (3L2jfa2). Therefore

Mneg, max. = 8/10 X w/2^- i^^-ka^)

24'- O' 24-0"

30

34-0"

Fig. 1-1
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II. PRELIMINARY CALCULATION

Fig, 2-1

A. Floor Area Carried By Beams

In this type of structure,

the floor lead carried by a beam is

seen in Pig. 2-1. Total load is

the sura of the live load and the
A

dead load. The sum is assumed to

be 190 lb. per sq. ft, for floor

beams and 160 lb, per sq, ft. for

roof beams. Is is convenient to

convert the dead load of the beam

to an equally distributed floor load

by dividing the entire floor area

which the beam carries,

B, Selection of the Size of Beams and Columns

In a practical sense, the size of beams used is

consistant through out each floor, the size of columns being

determined by the combined axial and flexural stresses. By

considering the fact that the interior column is not affected

very much by the bending moment induced by gravity load, and

the exterior column, which usually has half of the interior

gravity load, is much affected by the bending moment, one sees

that the size of the column becomes nearly the same through

out each floor. Thus, in this study, the size of the interior

columns is usually used as the standard for each floor

•



1 • size of Beam

Ifeiax, = w/30 (3L2-lfa2j

= 3»6/30 3(2if)2.i^(io)2 = 159,5 ^^'-^P®
for floor beams

l^fiaax. = 3-0/30 3(2^)2-1^(10)^ = 132.8 ^^^--i^iips

for roof beams

Tlierefore if we assirae b = 1^", then

including fire-protect!on and stirrups,

say D = 28" for floor beams.

say D = for roof beams.

2« Size of Column

Column Load (Interior Col.)

3^c = (20 X 2I+) X 150 = 72,0

2^c = (20 X 2M-) X 180 72.0 = 72,0

l^c = (20 X 2»+) X 180 + 158.^ = 2Mf.8 ^^P^

As a trial section for the third floor colum, if one

chooses 12" x 12" v/ith h-49 bars. Then

A_ = 12" X 12" = sq. in.
s

P- = = 0.0278

= (n-1) Ag + Ag = 36 + iMf = 180 sq. in.

fc = P/At= 72,000/180 = l+OO PSi

Pall, = 0.8 X l¥+ (0.225 X 3000 + 20,000 x 0.0278)

= 11+2 -^iPS
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F,c all. = IWISO = 790 therefore

fc/^c~ ^0/790 = 0,507 which is large enoiigh,

C, Moraent of Inertia and Stiffness Factors

In prelininary calculations, the effect of rein-

forcement is not considered in computing the nioraent of inertia

since the exact anoimt of reinforcing steel is not determined

until the stress analysis is completely finished.

It will be helpful to aake a table and a diagrani of

stiffness ratios as shown in Figure 2-2,

TABLE 2-1

b D I L K k

3^1,2,3 ^h 2h 16,150 288 56.1 0.63

1,2^1,2,3 m- 28 25,600 288 89»0 1

3^1,2,3 12 12 1,730 lifif 12,0 o.m-

2^1,2,3 3,200 iMf 22.2 0.25
lCl,2,3 18 18 8,750 216 i+0.5 0.^^

Fig. 2-2



-6-

In anr.lysing the stresses by the slope deflection method,

it will be convenient to compute the value of twice the sum

of the stiffness ratio at each joint. Special cpxe should be

taken in computing the value of 2 k at the joints G, H, and K

in Fig, (2-2). For instance at joint G, 0G = - 0G' since it

is a symmetrical deflection. Therefore, MGG» = k (20G + 0G»)

becomes MGG» = k (20G^0G) = k (0G) = 1/2 k (20G), Thus 1/2 k

is used for 2 kG, 2 MI and 2 kJ.

2 k^ = 2 (0,63 + 0,^h) = 1.5V

2 kij = 2 (O.m- + 0,2? + 1,0) = 2,78

2 kg = 2 (0.25 + 0.1+6 + 1.0) = 3.^2

2 = 2 (0,63 + O.m- + 0.63) = 2.80

2 kg = 2 (0.1^+ + 0.25 + 1.0 + 1.0) =^ 1+.78

2 k^ = 2 (0.25 + 0.^ + 1,0 + 1.0) = 5.^2

2 kg = 2 (O.llf + 0.63 + 0.63/2) = 2.17

2 kh = 2 (O.l^f + 0.25 + 1,0 + 1.0/2) = 3*78

2 kj = 2 (0,25 + 0,H6 + 1,0 + 1.0/2) = U-.M-2

D. Joint Equationg

In any joint, the sum of the bending moment of members

at a joint will be zero. Thus following equations are established.

^^b M^d =

^a %c ^ %e = ^

^\b ^ ^1 * ^cf =

%a Mdg %e =

Meb ^^eh * %f * Med = ^

^^c ^ ^j * ^2 ^ «fe
^



B# Mechanical Tabulations

In the slope deflection method, the general form of

bending moment at each end of 2 menber "A-B" is described as

Mat = 2EK (20a ©b - 3R) + i^^' (2-5-1)

= 2EK (2©t + ©a - 3R) + (2-5-2)

If put = 2EKo (0)

2EK:o (-3R) then

Mat = k (20a + 0b * * ^^b^' (2-5-3)

Mba = k (20^ + 0a V^) + I^a""* <2-5-Jf)

Kq denotes a randomly selected standard stiffness

factor and k is the stiffness ratio of the member A-B for the

standard stiffness factor Kq«

If the joint is fixed and no rotation is allowed, then

R = 0,

\b = ^ (20a * 0^,) + M^ (2-5-5)

Mjja = k (20b + 0a) + l^a"^* (2-5-6)

Each term of joint equation is described on the

following page.
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C = 0-63

Mba =

Mbe = 1-0

Mbc = 0.25

14cb
= 0.25

iCf = 1.0
Mjl = 0.^6

Mic =

Mdg = 0.63

Mde = O'l^

h

%2 "

O.lif

1.0

1.0/2

0.25

0.25
1.0

20^ + 0d) -

20b + 0a)
20b + 0e^

-

20b + 0c)

20c
20c)
he (0c)

20d + 0a

20d ^ J^g

20e + 0e

20e
^

20e 2^b

o.m-

1.0

1.0
0.25

0.25
1.0

1.0
0M_
li2f =

0.63
0.1^-

0.63/2 (20 ) -

20^. +

20i)
0.^ (0f

20V, +

4^-

+ I
Ix.

4:

- 4f •

^g»

d3

20. + 0^
20] . 0^:

1.0/2 (20
0.'-f6 (20^)

= 0.1^ (0 )

- MfiX.



Unknown factors such as 0^^, ii-^ .... etc. are dealt with by

mechanical tabulation of simultaneous equations as described on

page 8,

fix
Fixed end moiaent M^*^* is computed and substituted into the

equations on page 8»

1 • For Roof Beams

Hfix, - W/12L (l3 - aa^L + a3)

"^^la'fk ^2^^^ - 2(10)2(2l+)+(10)3 =:iiift..kipa

= 1^0 ^ 3(2^)2-J+(10)2 = 178ft. -kips
2m-

2, For Floor Beams

M^ix. = C19Q^S^^?Q} (2l^)3.2(10)2(2^.)+(10)3 =i32ft-kips
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M.

0.1^4 (2x75.3+^3.5) = +27.2
0.63 (2x75.3-1 7.6)-1 11 = -27.2

0.1^1- (2xif3. 5+75.3) = 22.7
1.0 (2x5+3. 5-8.65) -132 = 53.65

g = 0.25 (2x1+3.5+37. 31.1

Mcf
2x37.!++5+3t5) = 29.57, „

.67)-132 = -63.8^
— 3t'.3

X 37.^ = 17.2

0.63 (2x-1 7.6=75.3) + ill = +136.25
0.63 (2X-17.6+ 5.0) - 111 = -130.1
0.14- (2x-1 7.6-8.65) = - 6.15

0.1^1- (2X-8.65-17.6)
: 6.5) .

1,0 (2x-8. 65+2.0) - 132 = - Ak7.3
1 .0 (2x-8.65+^3

(2X-8.65+2.
0.25 (2x-8.65-6.77)

= -i^.79

+132 " + 158.2

= - 6.02

0.25 (2x-6* 77-8.65) = -5.55
1.0 (2x-6. 77+37.^) + 132 = + 155.86
1.0 (2x-6.77+1.^2) - 132 = - lVf.12
0.1+6 (2x-6. 77) = - 6.23
M̂

2f
= 0,k6 (-6,77) = 3.12

0.63 (2x5.0-17.6)+ 111 = +106.2
0.15+ (2x5.0+2.0) = +1.68
0.63/2(2x5.0) -111 = -107.85

O.II+ (2x2.0+5.0) = +1.26
1.0 (2x2.0-8.65) +132 = +127.35
1.0/2 (2x2.0) -132 = -130
0.25 (2x2.0+1.^+2) = +1.36

0.25 (2x1.^2+2.0) = +1,21
1.0 (2x1.5+2-6.77) +132 = +128*07
1.0/2 (2x1.5+2) -132 = -130.58
0.if6 (2x1,1+2) = +1,30
M^j = 0.5+2(1,^2) = +0,65
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In the follovrlnc fourteen cases, analysis is done by the

same procedure, results are shovna on pages lU- - 27»

In these calcxolations , stiffness ratios of columns are

selected after considering the varying axial column loads.

With these resi^.ts, a relationship will be sought between

bending moment, at each joint and at mid-span, v;ith value of

simple beam moment in a similar situation.



6-
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Fig. 2-13
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Fig. 2-15
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III. CONSIDERATION FOR THE RESULT OF CALCULATION

A* Negative Moaent at Interior Faces of Exterior Beams.

In finding a certain relationsliip between bending

moment and the stiffness ratio with the above result of cal-

culation, the ratio cf K^^ (stiffness ratio of an exterior beam)

and 2:k (the sum of stiffness ratio of merabers at the exterior

joint of beam) and the ratio of l-I^, the negative moment at

interior face of exterior beam, and IAq^ simple beam moment of

the beam, are shown on Table 3-1 1 su^d taken as horizontal and

vertical component, respectively in the Fig, 3-1

•

An almost straight line is shown on Fig ,3-1, and it

Is observed that there exists a rational relationship between

the stiffness ratio and the bending moment.

With respect to the ratio K^/^K, consideration should

be given in formulating the above relationship into a formula.

For, when the value K^/zK. is close to zero (in other words K^,

becomes smaller), it denotes that both beam ends are fixed, and

when the value K^^/kk is close to one, it denotes a cantilevered

beam situation*

Therefore, it is not desirable to pick the above two

excessive cases as a standard point in formulating the formula.

Error will be minimized by using a reasonably selected K^j/z:K

value between zero and one.

Adopted into a general form of linear formula,

Y = ax+b

corresponding K^/zK values vary from 0,82 to 0,39 while the value



^ O O

CM C>

r-l CO
« •

o o

O CO

S O O

o
n
a
u

CM O

£4 O O

O
a

CO

• •

o o

a
o

o CO f-lo r--

o
u
«

ITi tf\

trj in o
i-i esj c--t

O O O

CvJ CM CO
CO IT)

• • *

o o o

o
o

fo tn CO
CN fO (A
i-< 00 CO

^ O O O

vO CO
>. O »-l

r>. o tn

t4 o o o

o
o

CO m
f-< CNJ CO

o o o

O O irt

CO l-» uo

tii o o o

o

C7

CO <•
m i-o o
f-J CV! CO

o o o

l-O

c< e«j

CD 1.0
• • •

o o o

o
o

o

o fO
c% fo tn
.-: o-i CO

o o o

\0 CO

o m
^ o o o

CO

a
u

O CO ojo o c>j

r-l Cv! CO
n ...
S o o o

,2

CO <*
o o in
c3 r» m...
o o o

a

V3

-d- CO !»•

1-0 <r p«» o
r-l CM CO Sj-

o o o o

CO CM
fvi CM t-l CM
00 f«. in <r

o o o o

C)

a

r^l <* r-! CM
C% !M C>J

I—< c'l si" "C"

o o o o

VO
o c\

p«. O CO

o o o o

a
a

o fN. r« m
izj o m CO CM
*>«. ^ CM CO <•
^ ....

. o o o o

<f CO c\
CO O CN COo <• CO
CO • • •

o o o O

o
o
C3

o

Si

CO CO m
tn in o
1-1 CM CO

3 o o o

m
cn: cm CO
CO r>. m
O o o

o
CJ

U

o CO
c\ 0-) m
1-1 CO CO

JO ...
i2 O O O

vO CO
r- o i-<o m
o o o

§

O <• CM
;"£5 O O CM

i-I CM CO^ ...
3 O O o

CO <?o o m
CO r>. m...
o o o



-30

31/32.

15/16—

7/8 -y

13/16—
^_

3/^
-'

23

11/16—
21"

5/5 -

9/16—

...I?'

1/2-

1^-

7/16
—
IJf-

3/8
—

5/16-

-. /I, ^1.

1/3 — :^

1/16 -j-

1/32^

\
. \

\

\

\
\*

0«1 0,2 0.3 0.^ 0.5 0.6 0.7.0.8 0.9 1.0
Kb/zK 6-

?ig. 3-1



-31

of Mjj/Mq vsries from 0.1 !?3 to 0A2?, therefore,

a = 0.153 - 0,if25/0.82 - 0.39 ~ -0.63

If the standard point 3 s chosen as F^j^/UK = 0.55 then H^/Mq - o»322

thus iMneg, =
^^o

(-0,63) + 0.322 (3-1)

Observing the Fig. 3-1 , there would be less error when the

value of KjjAK = 1 is used than when that of K^/zK = is used.

Mj/Mq = O.Oh when K^zK = 1 thus

^eg. = ^o (V^-'') (-0.63) + O.Oif (3-2)

As an example, if K^xK = 0.808, substitute into the formula

(3-1)

%eg. = Mo (0.808-0.55) (-0.63) + 0.322

= 0.1595 Mq which is close enough to

0.16 14q in Table (3-1

)

If formula (3-2) is used, and K^zk = 0.55$ then

M^eg^ = Mq (0.55-1) (-0.63) + 0.01+ = 0.323 Mq

This value is also close enough to the value 0*322 in

Table (3-1).

B, Negative Moment at Interior Faces of :&cterior Beaias

And Its Distribution to Ad.lacent Colgrnns Above And Below.

As to the exterior column moment, it is somewhat

difficult to relate to the stiffness ratio, since the distribution

is irregular. As the result of observing Fig. 2-3 - 2-17 it is

found that there exist certain relationships between upper and

lower moment of a column in each floor.

On the roof floor, upper exterior column moment is same

amount as but with opposite sign of the negative awaent at the
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interior faces of the exterior beam^

At each floor, lower column moment is approximately 90%

of the upper moment of the same colunn. Therefore, upper

coium moment of next lower floor is computed by deducting

lower column moment from negative beam moaent.

nth fl. col, upper
MQl<I=beam MqM

Roof

nth fl.

nth fl.col. lower Mo^.;
5=9o^ col. upper l^H

nth fl.
n-1 th fl. col.

upper i'lom. ~ Beam r^tn,

nth Fl. col. lov;er Mom.

Fig. 3-2

Fig. 3-2 shows the relationship between the negative beam

moment and ad;]acent colirnn moment above and below.

By repeating this process, exterior column moments are easily

found. Even this calculation is not accurate enough for precise

calculation though is is good enough for approximate analysis,

and for determination of suitable member size.
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C, Negative Moment ac Faces of Interior Spans and Positive

Moaent at lild-Span.

According to the ACI code Section 90^-, negative aoment

at interior spans of continuous bea.is are classified by their

situation such as exterior faces of first interior supports,

other faces of interior supports, etc.

In a practical sense, the size of a beam is deternined

by the condition which is critical and adjusted by suitable

reinforcement. Therefore, for the purpose to assuae raaximuia

negative moment, 3A % may be used, this value is slightly less

than that of the continuous beam raoiaent in section 90^ (C) of

the ACI code.

As to the positive moment, it is generally computed by

deducting the average of the negative moments, from Hq which has

the maximum simple beam moment,

D, Future Development,

In most cases, the amount of interior column moment is

very small and does not much affect design. Thus, negative and

positive beam moments and exterior colUTin moment are of more

importance In the design. Therefore, this study will be of use

not only in approximate stress analysis but also in determining

suitable sizes of members for accurate stress analysis.

This article is only concerned with a symmetrical low

story building containing a certain live load. It would be of

interest and value to investigate more complicate conditions,

such as unsymmetrical framed structures, different loading



situations, and other situations. By plotting graphs and

establishing foriaulas for these results, contributions to

practical usage may be considerable*.
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ABSTRACT

This study is an atteaipt to describe a suitable method

for deter^iining proper meraber size in rigid framed structures

by the slope deflection method.

Beginning with calculations based on a structure of three

stories and five bays (symmetrical at the center line). Various

combinations of story height, span length and member size vere

described and analized for suitability.

To this analysis were added coraparable analyses of struct-

ures of two and four stories in height, and three and seven bays.

Preliminary calculations are for reinforced concrete struct-

ures supporting both a dead load (the structure itself) and a

live load (here considered to be an office).

In a practical sense, beams and columns of the same size

are used throughout each story. Uniaio\m factors such as 0A,

0B etc, which denote twice the sum of stiffness ratios

multiplied by slope at each joint are solved by raechanical tab-

ulation of simultaneous equations. For all fifteen seperate

variations which were analized by the same procedure moment

diagrams were drawn»

By observing the above results, the ratio of Kb (the stiff-

ness ratio of an exterior beam) and2K (the sum of the stiffness

patio of members at the joint of the beam) and the ratio of Mb

(the negative moment at an interior face of an exterior beam)

and Mo (the simple bsam mojaent of a member) are shown and plotted



on a graph J then formulated by statistical methods so as to

investigate certain relationships between stresses and stiffness.

Also distribution of negative moment at an interior face of an

exterior beaai transmitted to columns above and below the joint

is observed and negative nioment at all other faces and positive

moment at nidspan are related to the bending moment of a simple

beam in the same situation*


