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NOMBNCLATURE

f Internal heat generation per cubic foot

k thermal conductivity

t(x,y) temperature

T(X,Y) tranafomed temperature

T (X ,T) lower bound temperature
li

T (X,Y) upper bound temperature

T (X,Y) exact tea^wrature of example problem

T mean value of T. and T„•an L U

Z temperature function satisfying boundary conditions

Z teiq>erature function having the value zero on the boundaries
ij

of region

m,n,lj,k,p Integers

a unknown coefficients of approximate temperature solution

4 additional heat generation divided by k

> length of plate

1 height of plate

H • B/D dimenaionless height of plate

x,y coordinates of plate

X»Y dimenaionless coordinates of plate



INTRODUCTION

Th«r« are iwmy boundary value problems for lAlch exact solutions are either

impossible or la^ractical to obtain using existing aethods. With the develop-

ment of high-speed digital computers, attempts have been made to solve difficult

problems by approximate techniques. Many of these techniques result in a good

approximate solution; but unless the exact solution is known, the error associ-

ated with the approximate solution cannot be precisely determined.

In using most approximate methods an attempt is made to obtain an "approx-

imate solution" for the "exact problem," but the approach used in this report

is to determine an "exact solution" to an "approximate problem."

In the present case it has been possible to obtain exact solutions to

problems in such a way that these solutions provide upper and lower bounding

solutions for the problem of interest. In particular the study concerns the

•valuation of a proposed variational procedure for obtaining upper and lower

bounding functions for toaperature in a steady, two-dimensional heat conduction

problem. The convergent properties of these t^per and lower bounding fimctions

are of particular interest. If convergent, thma the solution may be obtained

to any degree of accuracy within the limits of present-day coo^uters.

In this stu4y a variational procedure was used in which the solutions of

die first approximate problems were always numerically above the exact solution.

Then the problems were varied until the solution was everywhere numerically

below the exact solution. By systematically applying this variational proce-

dure, the exact solution was bounded above by a solution which was too large

and bounded below by a solution which was too small.

By assuming the best approximation to be the average value of the upper

and lower bounding solutions, the maximum error associated witii this average



•olutlon can easily be calculated from the fon&ula

Maximum per cent error
S . 8
U L
2 8.

100,

irtiere S^ la the upper bounding solution

s is the lover bounding solution.

BOUHDS FOR A TWO-DIMKMSIOHAL HEAT COMDUCTIOM PROBLEM

Definition of the Problem

The differential equation for temperature t In two-dlmanslonal , steady

state heat conduction with internal heat generation q Is shown by Schneider [2]

to be

V* t + ^ - (1)

' 2 2
2 S + S

^ere v Indicates the operator

5x2 Sy2

The boundary conditions for a two-dimensional plate (see Fig. 1) were taken

to be

1. t(o,y) - gj^(y)

2. t(D,y) - gjiy)

3. t(x,o) - f^(x)

4. t(x,B) - fjCx)

gi(y)

y
f2(x)

) g2(y)

fi(x)

Fig. 1. Two-dimensional plate*



The problem 1» to determine the temperature t which •atiifie* equation (1) to-

gether vith the prescribed boundary conditions.

Variational Procedure for Upper and Lower Bounds

The first step in the variational procedure is to assune an approxiaate

solution of the form

an
'«i"^o+I I 'ij ^ij

^^^

j-i i-i

Z must satisfy the boundary conditions of the problem, and Z^^j must be zero

on the boundaries of the region.

Substitute t into the differential equation (1) to get
nn

V t -as - (3)

How t may be considered as the exact solution of a new problem with the
mn

specified boundary conditions but with a heat generation term of q^, which

may vary over the region.

If the heat generation of the new problem <i were always greater than

the heat generation of the original problem q, it would seem reasonable to

expect the temperature distribution of the new problem t to always be greater
mn

than the temperature distribution of the original problem t. Likewise, if q
nin

were always less than q, it tMuld seem reasonable to expect t to always be
nn

less than t. This is precisely the reasoning upon which this variational

procedure is based.

To find an upper bounding temperature, the residual

positive number everyiAere within the region of the problem. Thus,

\n
k^ kt

must be a

q q
JBSL ' - d d 2 (4)



Combine equaCloos (3) and (4) to get

^ an k

The quantity (d k ) may be viewed as an additional heat generation which is

added to the heat generation q of the original problem.

The coefficients a^j in the approximate teaperature solution t^ aay be

determined by applying Galerkin's method [l] to equation (5). Multiply equa-

tion (5) by a weighting function \^ and integrate over the region R to obtain

JI

k - 1, 2, 3. • • • n

p - I, 2, 3, • • •

A new equation is generated each tia« k or p varies. Equation (2) is differ-

entiated twice with respect to x and y to get

an
V^ W " V^ K *)\ X 'ij V^ Zij ^^>

j-l i-l

Coabining equations (6) and (7) yields

an

j-i i-i '- R -^ R '

(8)

k - 1, 2, 3, • • • n

p - 1, 2, 3, • • • m

The equations (8) are linear algebraic equations and can be solved for the

coefficients a. , . ry* t^ can then be found froa equation (7) and ^- from
ij V an k^

equation (3) . The region R is scanned for the ainiaua -^ and the aaxiaum^
*t *t

corresponding to the particular d chosen. Then d is varied until the miniaum



residual ^ k 'min " k
. t t

becomes zero at some point in the region. This d Is

then the smallest positive d corresponding to the least upper bound temperature

distribution t_.
mn

To find the lower bounding temperature, the residual muat be a negative

number everywhere within the region of the problem. Therefore, d is varied

until the aaximura residual ¥ becomes zero at some point in the

t t -I

region. This d is then the largest negative d corresponding to the greatest

lower bound temperature distribution t
mn

A sketch suamarizing the procedure for given values of m and n is as

shown;

Greatest
lower bound

upper bound

Fig. 2. Maximum and minimum residuals versus d.



EXAMPLE PROBLEM

The example problem is a tvo-dimensional problem with no internal heat

gaiMration. The boundary conditions are shomi in Fig. 3,

B

t=0

t=f2(x)

t=0

t=0

-» X
D

Pig. 3. Two-dinenaional plate.

For this problem the general heat conduction equation reduces to

V^ t -

The boundary conditions are

1. t(0, y) -

2. t(D, y) -

3. t(x, 0) -

3 3
4. t(x, B) - f (x) - 64 t (x/D) (I - x/D)

(9)

The plate is transformed into one of dimensionless form by letting T - y/D

and X x/D. The transformed height of the plate becomes B/D and the transformed

length becomes D/D or 1. The transformed temperature T(X, T) equals t(x/D, y/D).

The boundary conditions for the transformed problem become, letting H • B/D,



1. T(0, Y) -

2. T(l. Y) -

3. T(X. 0) -

k. T(X, H) - f^CDX) '2^*> " ^ ^«ax *^^ -
«^

T=0

Fig. 4. Transfomsd two-dimensional pl«t«.

The function Z , vtkich must satisfy the boundary conditions, is chosen to

Z ' SSL T Y X (1 - X)
o H "•*

(10)

The functions Z . vhich must be zero on the boundaries of the plate, are chosen

to be

Z^. - X^ Y^(X - 1)(Y - H) (11)

Equations (10) and (11) are differentiated tvlce with respect to X and twice

with respect to Y to get

V^ Z^ -^ ^nax ^ *^^ -X)(5X^ - 5X + 1) (12)

and

V^ Z^ - [i(i + 1)X^'^ - i(i - 1)X^"^][y^"^ - H Y"']

+ [j(j + l)Y - j(j -1)H Y ][x - X
J (13)



By using equations (11) and (12) the right-hand side of equation (8) i« evalu-

ated as

PP „ 3»4 T_-_ r*-r'^r k+1
jj^(v'z, + d)z^pdA r^J J [^ (x-DU-x)

(5x' - 5X + 1)(y'^^ - H Y^S + d x''(X - 1)y'(Y - H)]dY dX

768 T H^^(k^ - 4k) . d rP^^m uax

(lH-2) (p+3) (k+2) (k+3) (k+4) (fcf5) (k+6) (fc+l) (k+2) (fH-l) (irt-2)

(14)

By using equations (11) and (13) the left-hand side of equation (8) is evalu-

ated as

n n

"I I'ijiT^^'v^v^
j-l i-l R

n n

ZV^ r^r^r i-l i-2i k+1 k j+1 j

)HiJ J
[iU + l)X - i(i - 1)X ](X -X)(Y -HY)

J-l i-l

n n
»Hrl.

(Y^^ - H Y^dY dX -^ Z "ij// [^^^'^^^^'^ * J^^ ^^^
^^'^]

J-l i-l • "

Irtl p i+i 1^ ^ k+1 V
(Y - H Y*^)(X - X )(X - X )dX dY

n r J+P+3^
4ik H^

*^n r

litJJ+P^^l) ( J+Ffr2) ( J+iH^3) (1+k-l) (1+k) (1+fc+l)

J-l i-l

^JP H^"^'
1. (15)

(i+k+l)(i+k+2)(l+k+3)(J+ixfl)(J+p)(J+p-l)J iJ

Equating equations (14) and (15) yields an eqiiation from lAleh a times n

equations are generated by changing k or p. Each of these equations contains



m times n unknowns a^^. An IBM 1620 computer was used to solve the equations

simultaneously for the coefficients a ,

Since q is zero, the residual is simply -r-. After the coefficients are
"^t

calculated, the residuals for any X and Y are found from the equation

* j-1 i-1

384 « „ „,„ ,v/«^2|^Ta„ Y X(X - l)(5X^ - 5X + I)

m

j-1 i-1 '- .

+ [j(j + in^'^ - j(j - 1)H Y^"^](X^*^ - X^)j (16)

The computer was used to calculate the residuals at 121 points which ware

evenly distributed over the plate. For each d, these residuals were examined

to find the maximum and minimum residuals on the plate.

When the minimum positive residual became very close to sero, the coeffi-

cients a^ . used to calculate this residual were then used to calculate the

upper bounding temperature distribution over the plate. When the maximum neg-

ative residual became very close to zero, the coafflelcnts a used to calculate

this residual were then used to calculate the lower bounding temperature dis-

tribution over the plate.

If the exact temperature distribution is unknown, the mean value of the

bounding temperatures T^^^^ is usually taken as the best approximation of the

temperature distribution. The mean teiqwrature is found from
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T + T
U L

mean
(17)

the actual per cent error of T vith respect to the exact temperature
mean

Ip is expressed as

Actual error (%)
mean (100) (18)

A numerical study has been made using H " 0.75 and X_-v " l*^* '^' results

arc shown in Table 1.

Table 1. Values for the temperature distribution of
the example problem. H " 0,75, X^^^^ "1.0.

X I T( lower) T(mean) T(upper) T(exact) Error (Z)

.1 .075 .000392 .007672 .014952 .010951 29.942

.2 .075 .004731 .015971 .027210 .021001 23.952

.3 .075 .009622 .023152 .036681 .029193 20.695

.4 .075 .013287 .028012 .042736 .034592 19.022

.5 .075 .014638 .029730 .044822 .036481 18.505

.6 .075 .013284 .028008 .042733 .034592 19.031

.7 .075 .009620 .023150 .036680 .029193 20.700

.8 .075 .004734 .015973 .027213 .021001 23.939

.9 .075 .000394 .007673 .014952 .010951 29.937

.1 .150 .005176 .017089 .029002 .022405 23.729

.2 .150 .015396 .034500 .053604 .043047 19.854

.3 .150 .026160 .049529 .072898 .059975 17.417

.A .150 .034110 .059733 .085357 .071192 16.095

.5 .150 .037025 .063350 .089674 .075131 15.681

.6 .150 .034112 .059732 .085352 .071192 16.097

.7 .150 .026159 .049528 .072897 .059975 17.418

.8 .150 .015393 .034501 .053610 .043047 19.852

.9 .150 .005178 .017089 .029000 .022405 23.727

.1 .225 .013387 .028221 .043056 .034834 18.983

.2 .225 .032023 .056312 .080602 .067173 16.168

.3 .225 .050547 .080567 .110587 .094000 14.290

.A .225 .064066 .097160 .130254 .111961 13.219

.5 .225 .069013 .103077 .137141 .118306 12.872

.6 .225 .064070 .097165 . 130260 .111961 13.215

.7 .225 .050550 .080569 .110588 .094000 14.288

.8 .225 .032020 .056308 .080596 .067173 16.174

.9 .225 .013384 .028221 .043058 .034834 18.985
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Table 1 (cont.)

X Y T( lover) T(niean) T(upper) T(exact) Error (X)

.1 .300 .024778 .041239 .057701 .048620 15.180

.2 .300 .054949 .082183 .109418 .094365 12.909

.3 .300 .084049 .117916 .151782 .133053 11.376

.4 .300 .105207 . 142656 .180105 .159395 10.501

.5 .300 .112956 .151538 .190121 .168787 10.219

.6 .300 .105206 . 142657 .180109 .159395 10.500

.7 .300 .084048 .117916 .151784 .133053 11.376

.8 .300 .054954 .082184 .109415 .094365 12.908

.9 .300 .024775 .041239 .057702 .048620 15.181

.1 .375 .039324 .056308 .073292 .063906 11.889

.2 .375 .084630 .112815 .141000 .125426 10.054

.3 .375 .128278 . 163408 .198537 .179098 8.760

.4 .375 . 160324 .199205 .238087 .216581 8.022

.5 .375 .172141 .212204 .252266 .230126 7.788

.6 .375 .160320 .199201 .238083 .216581 8.024

.7 .375 .128275 .163406 .198537 .179098 8.761

.8 .375 .084633 .112818 .141004 .125426 10.051

.9 .375 .039328 .056310 .073291 .063906 11.887

.1 .450 .056483 .072944 .089404 .080265 9.121

.2 .450 .121241 .148469 .175698 .160645 7.579

.3 .450 .185279 .219151 .253024 .234285 6.459

.4 .450 .233409 .270861 .308312 .287600 5.820

.5 .450 .251376 .289954 .328532 .307209 5.616

.6 .450 .233412 .270862 .308312 .287600 3.820

.7 .450 .185278 .219149 .253021 .234285 6.460

.8 .450 .121240 . 148469 .175699 . 160645 7.579

.9 .450 .056484 .072944 .089405 .080265 9.120

.1 .525 .074482 .089316 .104150 .095943 6.907

.2 .525 .163957 . 188246 .212534 .199071 5.437

.3 .525 .257475 .287496 .317517 .300914 4.458

.4 .525 .330324 .363419 .396513 .378216 3.912

.5 .525 .357972 .392036 .426099 .407242 3.733

.6 .525 .330328 .363423 .396517 .378216 3.911

.7 .525 .257480 .287497 .317515 .300914 4.458

.8 .525 .163952 . 188240 .212529 .199071 5.440

.9 .525 .074480 .089317 .104155 .095943 6.906

.1 .600 .088882 .100796 .112710 .106166 5.058

.2 .600 .209454 .228565 .247675 .236929 3.530

.3 .600 .347497 .370860 .394223 .381310 2.740

.4 .600 .460011 .485631 .511252 .497139 2.314

.5 .600 .503487 .529816 .556146 .541523 2.161

.6 .600 .460010 .485631 .511252 .497139 2.314

.7 .600 .347496 .370861 .394225 .381310 2.740

.8 .600 .209465 .228569 .247674 .236929 3.528

.9 .600 .088882 .100795 .112709 .106167 5.059

.1 .675 .088617 .095897 .103178 .099190 3.318

.2 .675 .248870 .260107 .271345 .264339 1.601

.3 .675 .458112 .471643 .485173 .477725 1.273

.4 .675 .636803 .651527 .666252 .658413 1.045



12

Table 1 (cont.)

T( lower) T(mean) T(upper) T(exact) Error (%)

.5 .675 .706890 .721981 .737072 .728615 .910

.6 .675 .636803 .651528 .666254 .658413 1.045

.7 .675 .458111 .471641 .485171 .477725 1.273

.8 .675 .248874 .260113 .271351 .265028 1.854

.9 .675 .088621 .095900 .103180 .099190 3.316

DISCUSSION OF RESULTS

The values of the tenqperature distribution and the actual error associated

with T for the example problem are tabulated in Table 1. The percent error
mean

is seen to increase as the temperatures at the lower side of the plate become

near the zero boundary temperatures. The boundary tesqperatures are exact, of

course, since the approximate temperature solution Is composed of terms i^ich

satisfy the boundary conditions.

One of the difficulties encountered in this study of two-dimensional prob-

lems was that of choosing Z and Z^. such that the residuals could be made posi-

tive or negative at the comers of the rectangular plate. An example problem

was tried in which there was constant internal heat generation, but the above

difficulty was not overcome until the internal heat generation was made zero.

Figures 7, 8, and 9 show typical values of the bounding and exact tenq>er-

atures along vertical rows within the plate. Because of symmetry the tempera-

tures along vertical rows at X < 0.7 and X "> 0.9 would be the same aa the tem-

peratures at X ==> 0.3 and X => 0.1, respectively.

Figures 5 and 6 show that the maximum and minimum residuals converged

toward the value of d as more terms were used in the series solution. As the

extreme residuals approached d, then the value of d could be chosen closer to

zero with the residuals still all positive or all negative. In Fig. 5 the



residuals •••mad to diverge lAen 36 terms were used in the series solutloa.

By Increasing the nuiAer of places of arlthnetle used by the coiqmter* the

residuals again becane closer to d showing the divergence to be the result of

round-off error. As iMre terns were used, the residuals should have become

closer to d, but at the same time the round-off error became worse. The final

points of rig. 5 and Fig. 6 were found by using 49 terms and 13 placea of

arithmetic as a compromise between using more terms or more places of arithmetic,

The approximate temperature distribution and the residuals were both dependent

upon the coefficients a^i, which In turn were dependent upon d. Thus, the

bounding temperature distribution converged toward the exact temperature dis-

tribution as the maximum and minimum residuals converged toward the value of d,

which was made closer and closer to zero.

In looking for methods to force the residuals to converge more quickly to

the value of d, one might try replacing the weighting function 2^- of equation

(6) by its first or second derivative. This should force the slope or curva-

ture, respectively, of the residual aurface to approach d. Although this method

was not tried in this study, it would seem worth-while to try this technique in

future studies.

CONCLUSIONS

The results of the example problem indicate that the variational procedure

will provide upper and lower bounding functions for tes^erature in a steady,

two-dimensional heat conduction problem. The procedure will extend to any other

problem tdiich is described by a differential equation of the natiire of equation

<1) and idilch has specified boundary conditions.

With more efficient and faster computers the variational method has the

potential of becoming a powerful tool in aolvlng many problems to any degree of



u

accuracy d«*lr«d. The awthod Is ralatlirvly slapl* In that nothing aora la uaad

than algabra and aliq>la dlffarantiation and Intagratlon. Tha Intagratlon could

ba allalnatad by using tha collocation nsthod of solving tha dlffarantial aqua-

tion (1) Inataad of tha Galarkin nathod. Tha collocation sttthod consists of

sotting tha dlffarantial aquati<m aqual to saro at a flnita nmabar of polnta.

Than tha coaffldanta a^i of tha assioMd sariaa aolutlon ara caleulatad as in

tha Galarkin nathod.
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EXACT TEMPERATURE DISTRIBUTION

For the steady-state , two-dlnenaional , rectangular plate heat conduction

probles shown In Fig. 3, Schneider [2] has shown the exact teaq>erature dis-

tribution to be

A caso «D
tCx.y) -

-J y '^°^ P sln(£S) / f(x) sln(SS) 4, (19)
*» L-i slnh /nirB\ H J ^

**

wl D
'

By transfoTBlng the problem Into the dloenslonless problem shown In Fig. 4,

the exact temperature distribution becomes

**
1

T(X.T) - 2 Y liS (^) '^^ <"*^/ '<^ '^^ <»«*> ^ ^20)

3 3
Substituting P(X) - 64 T^, X** (1 • X)** Into equation (20) » Integrating and

reducing, the exact temperature distribution over the plate becomes

,<,,,> . i!5i^
I ^^^ .,„ <„^

n2«2
(21)

n " I, 3, 5, 7, • • •

The exact temperature dlstrlbutlcm was calculated using the computer. The

number of terms used In the series solution to calculate the temperature at each

of the 121 points of the plate was variable. Terms of the series solution were

.g
summed as n Increased until the last term used was 10 of the temperature at

the particular point of the plate.
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EXFLAMATIOH OF PLATE III

Fig. 7. Plot of exact and bounding tcaparaturas
v«raus Y/H, X " 0.1.
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KXPLAKATION OF PLATI IV

rig. 8. Plot of axact «nd bounding t«giip«ratur«s
versus Y/H, X - 0.3.
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EXPLANATION OF PLATE V

Fig. 9. Plot of exact and bounding tempftr«tur«s
vraxxB Y/H, X - 0.5.
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The following fortran statements vere used on the IBM 1620 computer to

solve for the coefficients *i*»

C UPPER AND L0WER BeUNDS FOR HEAT CONDUCTieN PROBLEM
DIMBNSieN B(49,30)

158 FeRMAT (E14.8,E14.8,E14.8,E14.8)

160 FWtMAI (13,13)
182 READ 158,D»OBLD,ZAC,ZCORR

READ 158,H,TMAX
READ 160,H,N
LN«M*M
ll-l
J» 250 K-1,H
Be 250 L-1.M
Jl-1
D9 248 I-1,N
DO 248 J-1,M
A-I
T-J
C-«
E-L
Cl-(4 .*A*C) / ( (T-«+l .)*(T+»i'2 .) *<T+E4-3 .)*(A4C-1 .)*(A"K:) )

Cl-Cl/(A+Ofl.)
Cl-Cl*(H**(J4-L+3))

C2-(4 .*T*B)/ ( (A+C+1 .)*(A+C+2.)*(A+C+3 .)*(T+E-1 .)*(TfB))
C2-C2/(T+E+1.)
C2«<2*(U**(J4-W-1))

B(I1,J1)«C1^2
IF(SEHSE SWITCH 1) 251,248

251 PTOCH 2,B(I1,JI),I1,J1
248 Jl-Jl+l
250 Il-Il+l
252 CONTINUE

1 1-1

Jl-LNfl
DO 274 K-1,N
DO 274 L-1,M

T-L
B(Il.Jl)-(768.*TMAX*(H**(Lf2)))/((T+2.)*(T+3.)*(A+2.)*(A+3.))
B(Il,Jl)-B(Il,Jl)/((A+4.)*(A+5.)*(A+6.))
B(I1,J1)-B(I1,J1)*((A**2)-(4.*A))
B(Il,Jl)-B(Il,Jl)+(D*(H**(L+2)))/((A+l.)*(A+2.)*(T+l.)*(T+2.))
IF(SENSE SWITCH 1) 272,274

272 PUNCH 2,B(I1,JI),I1,J1
274 Il-Il+l
275 CONTINUE

C MATRIX SOLUTION 4/9/62 RE
1 FeRMAT(E14.8,E14.8,E14.8,E14.8,E14.8,El4.8)
2 F©RMAT(E14. 8,13,13)
4 FORMAT (E22.16,I3)



32

ZK-9.0E10

5 LNl-UH-l
14 2TRY-0.0

141 ZFA«»0.0

142 ZPAC-1.0
143 ZZFAC-1.0
144 De 146 I-1,LN
145 2LL-I
146 ZZFAC-ZZPAC*ZU.
15 ZZ-0.0
16 DO 64 LI-1,LN
17 LIR-LNfl-LI
18 IF(B(UR,UR)) 23*21,21
21 ZY-B(LIR,LIR)-ZAC
22 GO T9 24

23 ZY—l.*B(LIR»LIR)-ZAC
24 IP(ZY) 25,25,64
25 IF(LH-LI) 26,26,29
26 LIl-2
27 ZZ-1.0
28 G9 TO 31

29 LIl-lI+l
31 CeNTINUE
32 De 45 LK-LI1.LN
33 IF(2Z) 34,34,36
34 LKl-UH-l-LK
35 G© T© 37

36 LKl-Uc
37 IF(B(LK1,LIR)) 38,40,40
38 Zy"-l.*B(LKl,LIR)-ZAC
39 Ge TO 41
40 T7-B(LK1,LIR)-ZAC
41 IF(^Y) 42,42,56
42 IF(aC-2Y)45 ,45,43
43 ZK-ZY
45 ceimiraE
46 IP(ZZ)47,47,51
47 LIl-LIR+1
48 ZZ-1.

49 Ge TO 31
50 FeRMAT(23H ALL SLEMENTS IN CeLUMM ,13 , 21H ARE SMALLER THAN ZAC)
51 ZK-ZK+ZAC
52 PRINTSO.LIR
53 PRINT1,ZK,ZAC
54 ACCEFTl.ZAC
55 Ge TO 15

READY TO INTERCHANGE TWO ROWS
56 DO 61 LJ-1,LM1
57 ZTE-B(LIR,LJ)
61 B(LK1,LJ)«ZTE

612 ZFA-ZFA+1.0
613 ZFAC«ZFAC*ZFA
614 IF(ZZFAC-ZFAC)616,616,62
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615 FdBMAT(44H RSARHANGE EQ OR INCREASS ZAC mO SIART dVER)
616 PRIMT615
617 PAUSE

62 IF(ZZ} 64,64,63
63 GO TO 15

64 CONTINUE
65 IF(SENSE SWITCH 1) 66,71
66 06 68 LI-1,LM
68 PUNCH2,B(LI,LJ),LI,LJ
71 CONTINUE

MACHINE IS DONE REARRANGING ASD READY TO SOLVE THE MATRIX
75 DO 86 LI-l.LN
76 ZELI>-B(LI,LI)

77 DO 78 LJ-LI.LNl
78 B(L1,LJ)-B(LI,LJ)/ZELD
81 Db 86 LK-1,LN
82 IF(LK-LI) 83,86,83
83 ZSLS«B(LK,LI)
84 DO 85 U-1,LN1
85 B(LK,LJ)-B(LK,LJ)-ZELS*B(LI,LJ)
86 CONTINUE
87 ZTRY-ZTRT+1.0

MATRIX IS SOLVED
88 IF(SENSE SWITCH2) 91,94
91 PRINT!,ZTRY
92 DO 93 LI-1,LN
93 PUNCE2,B(U,LN1),LI
94 IF(SENSE SWITCH 3) 95,98
95 PRINT4,ZTRY

DO 96 LI-1,LN
96 PUNCH 4,B(LI,LN1),U
98 CONTINUE

GO TO 182
END
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Th« followlAg fortran ttatcMnts were used <m the IBM 1620 eoaputer to

solve for the residuals over the rectangular plate.

RESIDUALS FOR HEAT COlO). PR0B.

3 DDCNSIOM AL(10,10)

2 FeRMA.T(E14.8)

158 FeSMAT (E14.8,B14.8»E14.8,B14.8)

160 FORMAI (13,13)
182 READ 160,M,N

DO 10 I-1,N
06 10 J-1»M

10 READ 2,AL(I,J)

184 READ 158,X«i,Te,DELX

188 READ 158,H,TMAX

303 Dl-d./DELDn.
307 Ll-Dl
309 D2-H*PELX
302 T-YO
313 DQ 332 L-1,L1
304 Xi^ce

315 De 330 K-1,L1
305 QR-384.*THAX*W£*(X-l.)*«5.*X**2)-(5.*X)+l.)/H
306 Oe 324 1-1,11

308 DO 324 J-1,M
310 A-I
312 T-J
334 IF<X) 314,336,314
336 IF(I-l) 314,342,338
338 IF(I-2) 314,340,314
340 CI— 2.

GO TO 316
342 Cl-2.

GO TO 316
314 Cl-(A*U+l.)*(X«*(I-l)))-(A*(A-l.)*(X**(I-2)))
316 C2-(T**(J+1))-(H*(Y**J))
344 IF(T) 318,346,318
346 IF(J-l) 318,352,348
348 IF(J-2) 318,350,318
350 C3— 2.

GO TO 320
352 C>2.

GO TO 320
318 C3-(T*(T+l.)*(T**(J-l)))-(T*(T-l.)*B*(T^(J-2)))
320 C4-(X^(I+l))-(X**(I))
322 C5-(AL(I.J)*C1*C2)+(AL(I,J)*C3*C4)
324 QK-qi^-C5

328 PUNCH 158,qp:.T,X

330 X-X-fDELX

332 T-Y+D2
60 TO 182
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Th« following fortran stataMnC* war* uMd on th* IBM 1620 eoaputar to

•oIt* for th« t«ap«ratur« distribution oT*r the nctangular plat*.

C TEMP. BOUIDS POR HIAT CfiHD. FIOB.
2 DIMBNSI9N A(10,10)
3 P«BMAI (13,13)
4 FMMAT(E14.8)
5 F0BMAI(E14.8,E14.8,B14.8)
1 EEAD 3,M,li

6 DO 10 I-1,M
8 D« 10 J-1,M

10 READ 4,A(I,J)
12 READ 5,H,THAX
14 READ 5,Xfi,Te,DELX

16 D1-(1./DELX}-I-1.

17 Ll-Dl
18 D2Hi*DKLX
19 T-T9
20 Oe 40 L-1,L1
22 X«X«
23 De 38 K-1,L1
24 PHI-TMAX*64.*(X**3)*((1.-X)**3)*Y/H
26 D« 34 I-1,M
28 D0 34 J-l,lf

34 PHI-PHI+(A(I ,J)*(X**I)*<T**J)*(X-1 .)*(Y-H))
36 PUNCH 5,PHI,T,Z
38 X-X-I-DELX

40 Y-Y+D2
G9 TO 1

42 END



APPENDIX I



TbM following fortran statoMnts vara uaad on tha IBM 1620 coiivutar to

aolva for tha axact tao^ratura diatrlbution ovar the rectangular plata.

EXACT SOLUnOM TO H. C. FliBB.

2 FORMAT (E14.8,E14.8»B14.8)

4 FWMAT (E14.8,I3)

6 READ 2, XO.TO, DKLX
8 READ 2,H,TMAX
10 READ 4,E^
12 L»>10
14 Ll-9
16 02-H*DELX
18 Y-Y«
20 DO 66 L-l^LH
22 x-xe
24 De 64 J-1.L1
26 M-1
28 SUIH).

30 A-N
32 Cl-A*3. 1415926*1

34 C2-A*3.1415926*H
36 C3-A*3.1415926*X
38 SINHT-EXPF<C1)-(1./EXFF(C1))
40 SIIIi[H-EXPF(C2)-(l./EXPF(X2))

42 C4-(10./(9.8696044*A*A))-1.
44 SUMl-SINHy*C4*SIMF(C3)/(SIIBH*A*A*A*A*A)
46 SUM-SOMfSUMl
48 IF(H-K} 54,50,50
50 RATie-SUMl/SUM
51 IF(RATI9) 53,52,52
53 RATie—RATie
52 IF(RATie-E) 56,54,54
54 I-lH-2

60 T9 30
56 T^18432.*TMAX*St!N/306.01968
58 IF(SEliSE SWITCH 1) 60,62
60 PRUT 2,T,Y,X
62 PUMCH 2,T,T,X
64 X^X+DELX
66 y-Y+D2

GO TO 6

68 EMD
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A method is presented for finding upper and lower bounds for the tempera-

ture distribution of a two-dimensional, steady state heat c<mduction problem

with intamal heat generation. Hie method is systematic and well-adapted to

analysis on high-speed conqiuters.

Ihe method Is applied to a rectangular plate which has specified boundary

conditions and sero internal heat generation. The results of the exaiqple

compare fairly well with the exact solution lAich is known. Prom the example,

the upper and lower bounding solutions seem to converge to the exact solution

as the number of terms used in the series solution Is increased.


