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NOMENCLATURE
A nxn matrix of real elements
B inverse of the matrix A
n integer, number of elements in a row or column
of a matrix
x ~ nx1 column matrix of real variables
c nxl column matrix of real constants
z nx] column matrix of real elements
q nx 1 column matrix of real elements
y nx1l column matrix
w nx 1l column matrix
u nxl column matrix
d nxl colunn matrix
i,j,k index integers with range 1,2,...,n
r,s index integers
v nx 1 column matrix
g nx ]l column matrix
b(k),B(k) column vectors containing n elements
y(k),y(k) column vectors containing n elements
h(k) column vector containing n elements
ﬁ(k),z(k) column vectors containing n elements
o parameter for determining vectors for monotonicity
QU,QL nxn matrices verifying upper and lower bounds

of the matrix B



INTRODUCTION

It is often impossible to determine exact solutions of sys-
tems of linear equations due to round off errors and approximate
Procedures which are necessary to attempt a solution.,

An approximate solution of such a system has more meaning
if the error of the approximate solution with respect to the
exact solution is known, Therefore, if an exact solution of a
system of linear equations of the form

Ax = ¢
cannot be determined, then it is desirable to be able to deter-
mine upper and lower bounds for x, When upper and lower bounds
are determined, the maximum possible error in the approximate
solution can be determined, However, it may not always be pos=
sible to determine bounds for the solutlon of such a system, but
if the matrix A is a "monotonic" matrix, or more accurately, if
the problem is '"written as a problem of a monotonic type", then
upper and lower bounds for x can be determined [1].

A necessary and sufficient condition for a matrix to be
monotonic 1s that all elements of the inverse of the matrix be
non=-negative [1]. Since in general it is only possible to deter-
mine the inverse of a matrix approximately, thé sign 1f the ele=-

ments of the inverse is not definitely known, Therefore, theorems

[ ] Mumbers in brackets designate references at end of report,



stating simpler conditions sufficient to assure the monotonicity
of a matrix have been developed [1], However, the existing theo=
rems are not general enough to include all monotonic matrices,

This paper presents a theorem stating sufficient conditions
to assure monotonicity which are less restrictive than the cone
ditions of existing theorems, This theorem includes monotonic
matrices not included under the existing theorems, It is also
more readily applicable to practical problems than the existing
theorems,

The theorem presented states conditions which, if satisfied,
assure that all elements of the inverse of the matrix are posi-
tive, It is only necessary to determine an approximation to the
inverse of the matrix to apply this theorem,

The monotonicity of a matrix is a very important property,
for if bounds can be determined for x then it follows that bounds
can be determined for the inverse of the monotonic matrix, With
the bounds of the inverse of the monotonic matrix known, bounds

for any case involving this matrix may be determined directly.



DEFINITION OF MONOTONIC SYSTEM

For the system of real linear equations Ax = ¢ the matrix A
is called "monotonic" or "of monotonic type" [1] when for any

real vector z such that

q = Az
and 0 < qy
implies that 0 < zy for all i.
By reversing the sign of z it follows that
q4 <0
implies that z; < 0 for all i

if A is a monotonic matrix. Therefore, Az = 0 implies that z = 0

and then the determinant of A cannot be zero.



BOUNDS FOR A MONOTONIC SYSTEM

Proof of Existence of Bounds for the Solution
of a Monotonic System
The property of the matrix A being monotonic permits the
determination of upper and lower bounds for the solution of the
system Ax = ¢, If vectors y and w can be determined such that
| qr} = ay
and q(w) = AW
where qi(Y) <6 £ qi(w)
then it follows that
Yy €< X3 < wy for all i,

Proof :

(r)
(s)

let q = A(y-x) = Ay - Ax

and q = A(w=X) = AW = AXx
where r = y=-x and s = w-x. The above may be written as

¢ w oy - =g -

q
q(s) = AW - AX = q(w) - C
so that q(y) = q(r) 4
and q(w) = q(s) + C.

The elements of the matrices are related as follows:
r
4 o)y
w (s
e ) o
80 that the relation

W T
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gives qi(r) + ey <y E.qi,s)*'ci for all 1i.

Subtracting c; from the above relation gives

(s)

;"< 0 < q
and since the matrix A is monotonic, it follows that

Yy = %4 < 0 < wy - X; .
Then adding x; to the above relation gives

Yy <X <w; for all i,
Therefore, w; and y; are upper and lower bounds respec=
tively of X4
Therefore, if it can be shown that the matrix A of the
system

Ax = ¢
is monotonic then upper and lower bounds of x can be
determined,
Determination of Bounds for the Inverse

of a Monotonic Matrix

Since upper and lower bounds can be determined for X for the

system

AX = ¢C

if A is a monotonic matrix, then upper and lower bounds for the

inverse of the matrix A can be determined also, This is shown

as follows,

(k)

such that

k)= _J 0 for i #Xk
qi‘ ) 83k 1 for i = k,

Form the vectors q



(k)

Form the vectors y(k) which correspond to the vectors q

ay (<) o (),

Since A is monotonic, upper and lower bounds can be determined

(k)

for the vectors y corresponding to the vectors q(k).

If an exact solution could be determined for the vectors

(k)

y corresponding to the vectors q(k) then the vectors y(k)
would be identical to the columns of the inverse of the matrix A,

Therefore, the matrix formed by using the upper bound vectors of

y(k) as columns of the matrix would be the upper bound of the

inverse matrix BU and similarly the matrix formed using the lower

(k)

bound vectors of y would be the lower bound of the inverse

matrix BL. Then forming the product of the matrix A and the

y(k), a matrix, denoted as QU, can be

upper bound vectors of
formed using the vectors resulting from these products as columns
of the matrix. An identical procedure using the lower bound

(k)

vectors of y would form another matrix denoted as QL. Then
all elements of the matrix QU will be greater than the corre-
sponding elements of the unit matrix and all elements of the
matrix QL will be less than the corresponding elements of the
unit matrix which verifies that BU and BL are upper and lower

bounds respectively of the inverse matrix.



Determination of Bounds on the Solution
Using Bounds on the Inverse

Once the bounds are determined for the inverse matrix these
bounds may be used to determine the bounds for the solution to
this particular system, Therefore, the bounds for the solution
may be determined easily for this same system with different
conditions applied.

Form the product of the inverse matrix and the vector of
constants of the system Ax = ¢ giving x = Be., As is proven later,
for the system to be monotonic all elements of the inverse matrix
must be positive, which means that all elements of B are greater
than zero, Consider also that the elements of the upper and
lower bounds of B are all greater than zero. Then consider the
possibility of all elements of c being nggative which would pro=
duce negative elements for x since all elements of B are greater
than zero., If the lower bound for X is to be calculated under
these conditions the elements of the lower bound for x would be
more negative than the elements of the exact solution of X.
However, if the product of the lower bound for B and of c 1is
formed under the above conditions the values calculated will be
less negative than the exact solution for x since all elements of
the lower bound for B are smaller than those for the exact inverse.
Therefore, the vector calculated in this manner would be an upper
bound for x., Similarly forming the above product with the upper
bound for B would give the lower bound for x with all elements of

¢ negative,



A similar result will occur if some elements of ¢ are nega-
tive and the remainder of the elements are positive. Under these
conditions all elements of x may be positive for both upper and
lower bounds calculated using upper and lower bounds respectively
of B and in fact the vectors calculated for upper and lower
bounds of x in this manner may appear to be valid bounds, How-
ever, in forming the product of the original matrix A and these
calculated bounds for x to calculate the corresponding upper and
lower bounds for ¢, it will be discovered that the negative ele-
ments of ¢ have become less negative in the lower bound vector of
¢ and more negative in the upper bound vector of ¢. Thus the
lower bound and upper bound have not been found for the negative
elements of ¢ even though the positive elements are satisfied.

In order to remedy this situation it is necessary to refer
back to the condition where all elements of ¢ were negative. It
was concluded that the lower bound of X was determined by forming
the product of the upper bound of B and the vector ¢, Therefore,
when some of the elements of ¢ are negative it is logical to be
selective in the elements of either upper or lower bound of B
used to determine the lower bound of X and consequently ¢, For
the positive elements of c, products are formed with elements
from the lower bound of B while for negative elements of ¢ prod-
ucts are formed with elements from the upper bound of B, This
will cause the negative elements of ¢ to be more effective in
making the negative elements of the lower bound of c more nega-

tive as shown by the following equations,



Elements of x are represented by

n

X;s = T
i 3=1

bij Cj = bil Cl + biZ Ca T ¢ o o + bin Cn

and from this the elements of ¢ can be represented by
n n
%" 5 e G Py
e = a1 ( by € +bjp e+ . o ¢ + by, cp )
+apg ( by €] +bgg €2 + . o o + by € )
+
.
+ agn (bny €] + by €2+ ¢ o o + bny S Je
Similarly, for calculating the upper bound of x when some
elements of the vector ¢ are negative, products of elements of
the upper bound of B and the positive elements of ¢ are formed
and products of elements of the lower bound of B and the negative
elements of ¢ are formed in forming the matrix product of the

matrix B and the vector c.
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NECESSARY AND SUFFICIENT CONDITION FOR A
SYSTEM TO BE MONOTONIC
A necessary and sufficient condition for the matrix A to be
monotonic is that all elements of the inverse of A be positive
[1]. A proof of this statement follows,
Proof:
Consider the system
Aued
where the elements of A are a3 and the elements of u and d
are u and d, respectively, Assuming this is a monotonic
system, then
0 <dy
implies _ 0 <y, for all k.
Let the inverse of A be denoted as B whose elements are bij'
Premultiplying the system by B, it becomes
u= Bd,
Then it must be proved that it is sufficient and also neces-
sary that
0 < bij for all i,]J,
Certainly if all elements of B are none-negative and all
elements of d are non-negative then the elements formed from

the product of B and d

n
= I d
U =1 bxj 94
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are positive which satisfies the conditions of monotonicity.
Therefore, it is sufficient that all elements of B be non-
negative,

To prove that it is necessary that all elements of B be
non-negative recall that for the system to be monotonic any
vector d containing real elements such that

0 < dy
implies that the vector u contains real elements such that

0 <y, for all k,
Assume that it is not necessary that all elements of B be
non-negative and thus let one element be negative, Assume
that b, (l<r<nandl < s <n ) is that negative ele=-
ment, Then let d be a vector such that

0 < d, for k = s

0 =d, for k ¥ s

and the system becomés
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ul bll b12 e 8 8 bls e & @ bln 0
up | =1{b; b22 , ., b2g b2n 0
Ur.l Pral,l Pral,2 o o o bralyg o o - brl,n 0
Uy br,l br,2 . N br,s : % br,n dg
Upsl brel,1 Pr41,2 ¢ ¢ o Pryl,g o o o br4l,n 0
Yn.l bn-l,l bn-l,z I bn-l,s L bn-l,n 0
fn ..| _bnl Pn2 « o o Ppg * « o bpp ] _O_J

Consider the element u, of the vector u, This is formed by
the product of the r-th row of B and the vector d which
glves

Up = bpg dge

Since d  is positive and brs is negative u_ must be nega-

i
tive, However, the system ig monotonic and the vector d
satisfies the condition that 0 5‘dk for all k which implies
that the vector u must have 0 < u, for all k. The above
condition of u. being negative is a contradiction of the
monotonic system and therefore, B cannot have one negative

element as was assumed,



It should be emphasized that the selection of the elements
of the vector d is restricted only in that they must each be
either equal to or greater than zero and then the elements of
the vector u must be equal to or greater than zero for a mono-
tonic system, From this it is concluded immediately that if B
cannot have one negative element it certainly cannot have more
than one, Therefore, it is necessary that all elements of the

inverse matrix be non-negative,

13
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EXISTING THEOREMS FOR DETERMINING IF A
MATRIX 1S MONOTONIC

As was stated previously, determination of the exact inverse
of a matrix is difficult or even impossible for some matrices,
Therefore, the criterion that all elements of the inﬁerse matrix
be positive is not a practical method of determining if a matrix
is monotonic, It is desirable to arrive at more practical meth-
ods of determining 1if a system is monotonic,

Two existing theorems [1] which state sufficient conditions
for determining if a matrix is monotonic are presented,

Theorem l: If an nxn real matrix A is such that

l, a, <0 for j # k,

jk
2. A does not "decompose",

3. There exist non-zero vectors y and r
such that 0 <y, 0 < r and Ay = r,

then A is a monotonic matrix.
Theorem 2; If the coefflcients ajk of an nxn matrix A
satisfy the conditions .
-1, sign distribution: 0 < 844»
8 < 0 for j 7 k,

2a, the "weak row sum criterion™”

n ao for j = 1,2,...,“
kEl 8jk \ > 0 for at least ome j = j,,

and

2b. the non-decomposition of A,



or instead of 2a. and 2b,, the stronger

condition

2¢, the "ordinary row-sum criterion":
n

kfl ajg > 0 for J = LeZ,0en3sls

then A is monotonic and in particular

det A # 0O,

It should be emphasized that these two theorems state only

sufficient conditions for the matrix to be monotonic and there=-

fore are possibly more restrictive than is necessary, Both

theorems require that all elements off the main diagonal of the

matrix be negative or equal to zero., This is not a necessary

15

criterion for a matrix to be monotonic as is demonstrated by the

following example,

Example 1,

>
[t}

/6 0 -1/2)
-1/8 12 -1/4

1/8 =1/2 5/§J

Letting the inverse of A be denoted as B

4 2 2
B= | 1 3 1
0 1 1

All elements of the inverse are non-negative which satisfies the

requirements for A to be monotonic.
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AN ADDITIONAL THEOREM FOR DETERMINING MONOTONICITY

Now another theorem for determining if a system is monotonic
will be presented., The theorem presented is very adaptable to
practical applications and less restrictive than the two previ-
ously stated theorems. This theorem states only sufficient con-
di;ions for monotonicity.

Matrix multiplication is a straight forward procedure so it
is possible to assume a vector v and to determine accurately the
corresponding vector q for the system

q = Av,
However, the reverse problem of assuming a vector q and determin-
ing the corresponding vector v for the above system is not so
straight forward and often times the accuracy of v is not satis-
factory.

1f it were possible to choose a set of vectors

k)
such that 0 < v,*) for a1l 1,k
and if the corresponding vectors q(k)‘resulting from the above

system would be -

(2) _

(1) _ . q - By _

q , etc, to q

o~ 0O

OO 8 8 O

O+ ¢+ s OO~

l___
L

'_
COer e 8
L

[__

L
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or in general

(k) . =J 1 fori=k
94 Sik 0 for i # K

this would be sufficient to prove that A is monotonic. However,
this is generally nét possible since there is a unique vector
v(k) corresponding to each vector q(k>.
The system |

Av = q
can be considered as representing a physical system such as a
beam with loads applied at discrete points, The vector q would
represent the loads applied to the beam and the vector v would
represent the deflections of points on the beam,

Considering the system as representing a loaded beam, it is
intuitive that positive and negative loading can be applied to
the beam with the resulting deflections all positive, This
concept will be used to replace zero elements in the vectors
&)

above, Using this approach a theorem stating conditions for

determining if A is monotonic will be proven,

Statement of the Theorem

Theorem: I1f a set of real vectors w(k> can be constructed with

(k)

0 < wy for all i,k
and the product
Aw(k) = g(k) for A an nxn real matrix

exists such that
| gi(k)go for i # k
and 0« 'gk(k)



THE
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n
and 0< g gk(i) for all k
i=1

then A is a monotonic matrix.

Proof of the Theorem
Consider that vectors w(k) have been constructed such that
0 < w.l(k) for all i,k
and the corresponding vectors g(k) are such that

gi(k) <0 fori+#k

and 0 < gk(k>
o o (1)

and 0< g By for all k
i=1

where g(k) = Aw(k).

To prove that A is monotonic it is sufficient to show that all
elements of the inverse of A are non-negative,
Again let the inverse of A be denoted as B and then pre-

multiplying the above system by B gives
w(k) = Bg(k).

(k)

Then with the elements of B denoted as bij the elements of w

are

(k)
ij 83 -

18
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Assume that only one element of B is negative, Let that element

be brs' Consider the vector g(a) so the system becomes

B (s; ¥ RED )|
w% ) bjp b12 ¢ o . bjg o o . by, gfs)
s 8)
L) = | b1 b22 ¢ o o Dbyg o o . by, 32(
(s) 8
Yr Pr1 Pr2 ¢+ ¢ By e o o b, 5:‘ .
(s) (s)
Ya a1 Pn2 ¢ o ¢ Bpg o o o Pyy &y
l— — _— — = —
Then determine the element WEFS) as
(s
Wp ) - br1 ng) + Bpo 3;8) t oo o o+ by 358)
$u nn P B BV

From previous statements concerning the elements of gck)

and
of B it is concluded that all terms in wr(s) are non-positive so
w&Fs) <0

which is a contradiction since the vectors w(k) were constructed
with all elements non-negative. It is concluded that B cannot
have only one negative element.

Next it is assumed that two elements of B are negative.
Considering the above proof concerning one negative element of
B it is intuitlive that assuming two elements of B to be negative

and the elements being located in separate rows just results in

in two proofs identical to the above proof. Therefore, it is
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not possible for two rows or all rows of B to have only one negae-
tive element, Then it is assumed that the two negative elements
of B are in the same row. Let these elements be brs and brt‘
All other elements of B are positive,

Then consider the two elements wr(s)and wr(t)

"r(5)= b_, 31(5)*' b_, 52(S)+ e atb_ 83(8)
+ove+b 88 rn gl®)
w::'(t:)= Pr1 81(1:)"" br2 52(‘:)"' © oot b8 i

8
t
+"""brt5t( )+...+brnsn(t).

Add these two equations to get wr(s) + W, (t)

r

"’r(s)'*' "'r(t)g rl 51(8)"' br1 81(1:)"' Br2 g2(3)"' 2% 32(t)
+ o 0 o * b gs(s)+ byg gs<t>+ AP
+ bpg gt(s)+ byt gt(t)+ e o o * bpy sn(s)
+ ben gn(t)

wr(8)+ wr(t)___,_ brl (81(5) + gl(t))+ brz (32(5).,. 82(1:))

=
+ o s o+ bpg (gs(s)-t-gs( Nt v
(s) (t) (s)
+brt(st + 8¢ >"""""“:'1'::'1(311
4 gn(t)).
From the preceding statements concerning the elements of the
vectors g(k) and the elements of B it is concluded immediately
that all terms on the right side of the equation are non-positive
except
s {t £
bee (gs( )+ Bs )) and bpg (gt(s)+ 31:( )).
From the conditions required of the sum of the elements sk(i) it

follows that

0 < (gs(t) + gs(s)) and 0 < (st(s) + gt(t))
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which means that

brg (gs(s) + gs(t)) <0
and brt (gt(s) - gt(t)) <0,
It follows that

(w&Fs> + W&Ft) )< O

(t)

and then at least one of wkgs) or w, must be negative, This is
a contradiction since the vectors w(k) were constructed with all
elements non-negative,

Therefore, it is concluded that one row of B cannot have
only two negative elements., Considering that two rows of B may
each have two negative elements it is concluded that this would
result in two proofs the same as the above proof for one row with
two negative elements, It is concluded that two rows and in fact
all n-rows cannot have only two negative elements,

The above proof for two negative elements of one row of B
may be generalized for all elements of one row of B, Assume that
all elements of the r-th row of B are negative. Then consider the
r-th element of each of the vectors w(k).

wr(l)"= br1 31(1)"' br2 52(1)"' « o o+ Dby s

n &n
2
wr(2)= br1 51(2)"' br2 32(2)"' e« o+ Dpp Sn( :
W::(n)"" br1 81(n)+ br2 32(n)+ e o o ¥ bpy 3n(n)
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Summing the equations and combining terms on the right side of
the equation gives
wr(1)+ wr(2)+ s o o + wr(n)-- L (81 + 8
e+ gl(“))+ b_, (32(1)+ 8,20+ ...+ g
00 +b (gn(1)+ gn(2)+ e .. 48P,
From the conditions stated for the elements of the vectors g(k)
it 1s concluded that the sums in parenthesis are all positive.
Since it was assumed that all elements of the r-th row of B were
negative, the right side of the equation is negative., This re=-
quires that at least one of the terms wig‘>is negative which is a
contradiction, as all elements of the vectors w(k) were cone-
structed non-negative, Therefore, it is concluded that all ele-
ments of any one row of B cannot be negative. This conclusion is
valid for two or more rows of B also since this would only require

two or more proofs identical to the one above.

This completes the proof of the theorem.

Conditions for Failure of the Theorem

The preceding theorem states sufficlent conditions for a
matrix to be monotonic but a matrix may be monotonic and the con-
~ditions of the theorem still not be satisfied. One case of a
monotonic matrix which does not satisfy the conditions is the
monotonic matrix whose inverse has one or more elements equal to
zero,

Consider the inverse matrix B again and let the element brs

be zero and determine wEFs)



(s)

- (s)
Y brl 8] +

(s)

br2 gg : T e e o T b B
s
+ooo+brn8n ®
With brs = 0 and all other terms satisfying the conditions of the
theorem the right side of the equation is negative so
w(s)< 0.
z

Therefore, it is impossible to form vectors w(k) with all non-
negative elements and yet the matrix which has B as its inverse
can satisfy the conditions of monotonicity that all the elements
of the inverse be non-negative, It is not necessary that b, = 0
for the theorem to fail, If brs is a small positive value such
that the product brs gsu;)is less than the absolute wvalue of the

sum of all the other terms, then wr<s)< 0 so the conditions of

the theorem cannot be satisfied,
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PRACTICAL APPLICATION OF THE THEOREM

The construction of a set of vectors wck) which satisfy the
conditions of the theorem and whose product with the matrix A
produces the vectors g(k) which satisfy the theorem could result
in a long process of trial and error. A procedure of finding

(k) (k)

vectors w and g , which satisfy the theorem, using an
approximation to the inverse of the matrix is presented at this
point,

An approximation to the inverse of the nxn matrix A denoted

as B® is determined. Then form the vectors h(k) such that

R o[ 1], nl®? = 0], ete. to n®? =] 0

0 1 .

0 0 %

; . 0

" % 0

0 0 i

e - s S

or hj(k)= 0 for j # k
and twfk)= 1l for all k.,

Premultiplying the vectors h(k) by the matrix B® forms the vectors
?(k) whose elements are identical to those of B°
g o o) gor a11 k.

Premultiplying the vectors ?(k) by A forms the vectors B(k)
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Norimalizing the vectors B(k) forms the vectors b(k)

b(k) = ﬁ(kk)
Bk

and also form (k) _ z(k) "
y s Ekk

1f 2° is a reasonably accurate approximation of the inverse of A

then

bj(k) “’.hj(k) J=132,00e9n, k= 1,2,,,.,n,

Form the vectors z(k) such that

Z(R) = y(k) - (1l +0) I}; bjck) y(j)
j=1

#k
%or 0 < bj(k)

- (1 -0) g bj(k) Y(J)
j=1
j#k
for bj

and premultiplying the vectors z(k) by A forming the vectors ﬁ(k)
a6 o g,

The preceding equation for the vectors Z(k) when multiplied by A

becomes

ﬁ(k) - b(k) - (1 +0) g bj(k) b(j)

'#k

=1

#k
%or bj(k)< 0



The elements of the vectors ﬁ(k) become

n
qi(k) - bi(k) - (1 + a) j§l by
#k

), (3)

- - o) 321 b p,¢3)
j#k
%ir bj(k) <0

For the case of j=1 and i¥k in the sum the equation becomes

Y el
i
%or 0 < bj(k)

k), (3)
-3 1 o
( a) 21 b by

for bj(k) < 0
-1+ qg) bi(k) bi(i) - (1 - 0) bi(k) by(t)
for 0 < bi(k) for bi(k) <0
simplifying further

ﬁi(k) = =g bi(k)l - (1 +0) jgl bj(k) bi(j)
3
%o; 0 < b-(k>

J

- -0) g bj(k) b$3) .

26



This equation may be simplified still further to give

4% a oo ¢ |b1<k> . ;.;1 b ) 5,0 )
J#k
J#4
otk £9)
- I Db b for i#k.
=1 4
j#k
394
The k=th elements of the vectors ﬁ(k) become
n o
(k) = bk - (1 + U) El bj(k) bk(J)
j#k
%ﬁr 0 < bj(k)
- (1l =-0) jgl bj(k) bk(j) ’
j#k
%or bJ(k) < 0
n
- 5 &) = %) g k) bj(k)' 5, ()
¥k
n
- j§1 bj(k) bk(J) ,
J#k
and since bkgﬁ) =1
(k) _ 7 (k) . (J) 2k L G)
& 1 = Tt |b b - T b .
Gy °j=1 j k jop 3 bk
J#k j#k

The value of ¢ has not been specified., If the products in
the sums are small second order terms the value of ¢ may be se=-
lected arbitrarily such that the vectors q(k) will satisfy the

theoren,



After forming the new vectors the following checks must be

made,

5 (<)

l, Do the elements of the vectors satisfy

0 < zi(k) for all i, k?

2. Do the elements of the vectors ﬁ(k) satisfy
ﬁi(k) < 0 for i # k,

(k)
0 < g,
n
0< ¢ qk(i) for all k?
i=1
If these conditions are satisfied then it is concluded that the

matrix A is monotonic,
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EXAMPLE PROBLEMS

The theorem for monotonicity was applied to three example
problems, The examples are systems of equations for finite dif-
ference solutions to differential equations. Either the exact
solution to the differential equation or a finite difference
approximate solution is known for all examples [2,3,4],

Example No, 1 is the system of finite difference equations
for a two dimensional elasticity problem [2]. Example No, 2 is
the system of finite difference equations for the temperature
distribution in a corrugated wall under steady state conditions
[4]. Example No. 3 is the system of finite difference equations
for the deflection of a beam on an elastic foundation with a uni-
formly distributed load applied [3].

The systems of equations resulting for each example are pre-
sented on the following pages. The resulting vectors proving
monotonicity of each example are tabulated following each example,

In addition the foliowing are tabulated for Example No, 1;

l. upper and lower bounds for the inverse of the coef-
ficient matrix and corresponding verification ma=-
trices QU and QL,

2., upper and lower bounds for the solution vector and

U L

corresponding verification vectors c* and c*,



3.

maximum possible error of the solution resulting
from the average of the upper and lower bounds of

the solution wvector.
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RESULTS

Only one of the examples presented satisfied the existing
two theorems for monotonicity. However, it was possible to show
that all three examples were monotonic using the new theorem pre-
sented in this report.

In addition to determining the monotonicity of all three
examples, the bounds for the inverse and also the bounds for the
solution were determined for example no, l. Determination of
these bounds was a simple procedure after it was shown that the
system was monotonic,

It should be mentioned that it is possible to skip the step
of normalizing the vectors under certain conditions of applica-~
tion of the theorem, This step was skipped in all three of the
examples presented in this report.

It was possible to skip this step because the first approxi-
mation to the inverse in each example was near enough to the
exact inverse that the product of this approximation to the in-
verse and the original matrix resulted in a matrix almost equal
to the unit matrix. Thus the vectors in the proof of monotoni-
city corresponding to the columns of this approximate unit matrix
remained in this form which is the main reason for normalizing
the vectors.,

The first approximation to the inverse for each of the ex-

amples presented contained all positive elements. Under these
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conditions the application of the theorem presented was a straight
forward procedure except for one condition which created a prob-
lem, If the first approximation to the unit matrix, formed by
the product of the first approximation to the inverse and the
original matrix, had zero elements it was often difficult to sate
isfy the conditions of the theorem.

Examining the equation for determining the elements of the
vectors, which satisfy the theorem, at one stage of its simplifi-

cation it is found that

n .
'qi(k) = - Olbi(k)l - (1 + O’) J.-El bj(k) bi<J)
e

- (1l =aqa) 2 b &) bi(j)

Then if

lbj(k) << 1 for all j#k and j#i

and bi(k) =0

(k)

it is impossible to state definitely if §; will be negative or

positive regardless of the value of g. However, even though

k
bici) = 0, in general ﬁi( ) will not be equal to zero so when all
elements of the vector q(k) have been calculated this vector can

(k)

replace the wvector b

(k)

in the above equation, This will force
the new vector § to have all negative elements for large

enough ¢.
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Another condition which may cause some problems in applica-
tion of the theorem is the condition of some elements of the first
approximation to the inverse being negative, For the examples
presented in this report this condition did not exist, An attempt
was made to produce this condition for example no. 1 by changing
some of the smallest elements of the first approximation to the
inverse to negative. However, this produced such a large error
in the resulting approximate unit matrix that some of the off di-
agonal elements were very large compared to others and in fact
some off diagonal elements were near unity while the diagonal ele-
ments remained at unity, Since not all of the off diagonal ele-
ments were small second order terms the procedure diverged making
it impossible to get any satisfactory results., Therefore, it can-
not be stated what problems if any would occur if this condition
did exist,

The resulting upper and lower bounds to the solution of ex-
ample no, 1 are presented in the examples section of the report,
The corresponding upper and lower bounds on the constant vector
are also presented as a verification that the solution upper and
lower bounds presented are valid bounds,

The computer program used to determine the monotonicity of
examples no, 2 and no, 3 is presented in Appendix A, The computer
program used to determine the monotonlicity and also find the
bounds for example no, 1 is presented in Appendix B, The part of
the program which determines the bounds of example no. 1 is in
general just an addition to the program for determining the mono=-

tonicity of examples no, 2 and no. 3.
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CONCLUSIONS

The theorem presented in this report makes it possible to
determine the monotonicity of systems which do not satisfy the
conditions of thé two existing theorems. However, since the cone
ditions of the theorem presented are only sufficlent conditions
for monotonicity, there may be monotonic systems which do not
satisfy this theorem,

It is a simple step from the method presented for determine-
ing the monotonicity of a system to the determination of bounds
for the solution to the system. Therefore, the method presented
has practical applications in finding bounds on the solution as
well as determining the monotonicity of the system.

It may be possible to determine bounds for the solution of
systems which are not monotonic, It is possible that the method
presented for determining the vectors to prove that a system is
monotonic could be used to determine the bounds of the inverse
matrix for a system which is not monotonic, This is an area for
additional study.

The method presented works very satisfactorily when the
first approximation to the inverse has all positive elements.,
However, if the first approximation to the inverse has negative
elements some problems may be encountered in application of the
method presented and alteration of the method may be required to

produce satisfactory results., This is an area for further study.
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The bounds calculated for the solution of example no, 1 were
very accurate, Selecting the mean value of the bounds as the
solution to example no, 1, it is shown in Table VII that the max-
imum possible error is less than one percent for all elements of
the solution vector, From this it is concluded that this method

of calculating the bounds of a monotonic system is very accurate

as well as simple to apply.
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APPENDIX A
Computer program for determining the monotonicity of exam=

ples no, 2 and no. 3.



481
482
487
484
48%
480
487
438
489
490
491
492
4913
494
495
496
497
498
499
500

510

2031
2032
2039

COUBLE PRECISION X,E,BE.BEF,BU,BUC,BBC,BUCS,BBN,LCEP
CIMENSION B{26427)y BSTOR(26,27), BB(26,27)
CIMENSTON NRCW(26)y NCOL(26)s ABA(26), CONST(26)
DTMENSTON BU(26427)+BBC1264,217),BUC(26,27)
CIMENSION BBN(26427),BBP{2064+27),BUCS(26)
FCRMAT(5X, THRUW NQO.,13,5HSUM =,Fl16.8)
FCRMAT(S5X,9HEPSILON =,E16.8)

FORMAT(10X, 7THCOL NO.,1353X, LOH®REERIkERE )
FORMAT(1HL 20X, 25HAPPROX UNTT MATRIX CHANGE)
FORMAT(LH1,20X,L4HCHANGF INVERSE)
FORMAT(LHL1, 20X, LBHAPPROX UNIT MATRIX)
FORMAT {21 Xy 22HTHE NDRIGINAL EQUATTIONS )
FORMAT (10X THROW NUe ¢ 13 93X e 1OH®®&dkdkk b )
FORMAT(21X,6HANSWER 21X, 8HRESIDUAL)
FORMAT(1HL, 19X, 8HRFSIDUAL)

FORMAT (21X, 6HANSWER,22Xy 6HCHANGE )

FORMATUISX, L1HECQUATIONS =413410Xs6HRANK =,13 )
FORMATI(5X, 13HDETERMINANT =,E25.18)

FORMAT (1H1,20X, LLHTHE INVERSE )

FCRMAT(1H1)

FCRMAT(E26.18,516)

FORMAT ( 10Xy 2E28.18,15)

FCRMAT (415)

FORMAT(4E16.8)

FCRMAT (8E16.8)

READ{1,498)LN,NSOLVE

LNN=LN+1

CET=1.0

CO 510 I=1l,LN

LC 510 J=1,LNN

READ(145C0) bB(I.J)

WRITE(3,487)

LT 2471 I=1,LN

WRITE(3,488) [

WRITE(3,500) (B(I4J)yJ=1,LNN)

CO 2001 I=1,LN

NROW(T)=1
NCOL(I=I
CC 2004 1 = 1, LN
CC 2004 J = 1, LNN

BSTOR(T4J) = B(T,J)
CC 2000 ILEFT=1l.LN

62

SEARCH FOR LARGEST ELEMENT % ool oo o seofe oot oo oo et sl e o e o ek e e e

BI1G=0.0 :
CO 2200 J=ILEFT,LN

LC 2200 I[=ILEFT,LN

BURP=B(I,J)

BEURPE=CURP

IF({BURP) 2031,2032,2032

BURPE=-BURP

IF(BIG-BURPE) 2039,2200,2200

BIG=BURPE



2200
2092
2091

2094
2093

2050

2051

2098

2060

2065

2070
2080

2029
2600

2350

IROW=1

JeoL=d

CONTINUE
[F(TRAW-ILEFT)2092,2091,2092
CET==DET
[F(JCOL-TLEFT)2094,2093,2094
CET==DET

CCNTINUE
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INTERCHANGE TWO ROWS *tktdtdksdkgdntdhhibhkhs kb adsstrhhsss

CC 2050 J=1l,yLN
C=B{IROW,J)
BOIROW,J)=B(ILEFT,J)
B{ILEFT,Jd)=D
KFEP=NROW(ILEFT)
NROW(TLEFT)=NROW(TROW)
NROW(IROW)=KEEP

INTERCHANGE TWO COLUMNS ®&kdikkhdkkhkkdkkerkoarakrehrkss

CO 2051 [=1eLN
L=B{I,JCOL)
B(l,JCOL)=B(I,[LEFT)
BII,ILEFT)=D

KCEP=NCOL (ILEFT)
NCUL(ILEFT)=NCOL(JCOL)
NCOL( JCOLY=KEEP

NCRMALTZING AND ZEROING COLUMN

DIV=B(ILEFT,ILEFT)
CETr=DET*01IV

[RANK=TLEFT-1

IF(DIV) 2351,2350,2351
CIv=1.0/DIV

CC 2098 I=1,LN

BIT,LNN)=0.0
B(TLEFT,LNN)=1.0

CC 2060 K=1,LNN
BIILEFT,,K)=B(ILEFT,K)*DIV
CO 2080 I=1,yLN

IF(I-ILEFT) 2065,2080, 2065
ATJ=-B{I,ILEFT)

DG 2070 K=1,LNN
BII,K)=B(I,K)+ALJ*B(ILEFT,K)
CCNTINUE

CO 2029 1=14LN

(I, ILEFT)=B(I4,LNN)
COCNTINUE

[RANK=LN

WRITE(3,493) DET
WRITE(3,492) LN, IRANK
IF(LN.GT.TRANK) GU TO 2011
WRITE(3,494)

INVERSF HAS BZEN GENERATED
CC 2095 J=1l,LN

ug 2095 I = 1, LN

T T T P T T P

%o o e e e ool o e o e o e o ok ek ok ok ok



20995

2085

2018

2002

2020

24068

2022

2604
2602

2600

2611

2612

2610
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EE("J} = B(I'J)
CG 2085 J=1,LN
K=NROWI(J)

CC 2085 I = 1y LN
B(I+K) = BB{I,d)
CC 2018 I=Ll,LN

LC 2018 J = 1y LN
BBll.J) = Blly4)
CC 2002 I=1l.LN

K=NCOL(TI)

CC 2002 J = 1y LN
B{KeJd) = BB(I,J)
OC 2020 I = 1,4 LN
CC 2020 4 = 1, LN

BB([;J, = B(I.Jl

INVERSE BB(I,Jd) deokolefedfedede e e e koo e ke ke fe ek ko e e e ok fedede ok
CO 2468 I=1,LN

WRITFE{(3,488) I

WRITE(3,500) (B(IsJ)sd=1+LN)

CC 2022 I = 1, LN

CC 2022 J = 1, LNN

B{il.,J) = BSTORI(I,J)

WRITE(3,486)

CC 2600 K=1,LN

WRITE(3,483) K

CC 2602 I=1,LN

BLUITK)=0.0

EN 2604 J=1,LN

BUITK)=BUIT yK)+B(I4J}*BB{J,K)

COCNTINUE

APPROXIMATE UNIT MATRIX BUILI LK) Al koo kR Rk kg kE
WRITE(3,500) (BUIsK),I=1,LN)

CONTINUE

M={N-1

X=0.5

WRITE(3,485)

CC 2620 K=l4LN

E=0.0

E=C+X

BE==(1.0-EF)

BEL==(1.0G+E)

CO 2610 I=1.LN

BEN(I yK)=0.0

3RP(I,K)=0.0

CO 2612 J=1,LN

IF(J.FO.KeOR.BU(JyK)eEQ.0.0) GO TOQ 2612
IF(BU{JeK)alTe0os0) BBNII,K)=BBN(I K)+BU(J K)*BB(I,J)
[FIBULJsK) «eGTeCe0) BBPII K)=BEP(I K)+BU(J,KI*BB(T,J)
CCNTINUE

BBC(T K)=BC*BEN(IK)+BEE*BBP(I,K)+BB(I+K)

INVERSE CHANGE BBC([,K)****#***#**#***********#****##***#*

CONTINUE
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NCMFG=0
LC 2622 T=1,LN
BUCITI,K)=0.0
LC 2624 J=1,LN
2624 BUC(TI,K)=BUC(I,K)+B(I,J)*BBC(Js+K)
UNTT MATRIX CHANGE BUCITT K ) Fekfkededopdgidkdoleffokiofkferkkiiiks
[F{BUC(T4K)alLTo0.,0) NONEG=NONEG+1
BUCT K)=BUC{I,K)
2622 CCUNTINUE
IF(NONEG.LT.M.ANDeE.LT.20.0) GO TO 2611
WRITE(3,483) K
wRITE(3,500) (BBCI{I.K)yI=1+LN}
WRITE(3,482) E
2620 CCMNTINUE
WRITE(3,484)
CC 2618 K=1,LN
WRITE(3,483) K
2618 wRITE(34500) (BUC({I+K)sI=1sLN)
s WRITE(3,484)
CC 2614 K=1,LN
BUCS(K)=0.0
CC 2616 I=1,LN
2616 BUCS(K)=BUCS(K)+BUCI(K,I)
2614 WRITE(3,481) K,BUCSI(K)
UNTT MATRIX CHANGE ROW SUM BUCS(K) ddrdkomodkdoi ool gk e ok
2011 CONTINUE
sToP
END
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APPENDIX B
Computer program for determining the monotonicity and for
finding the bounds on the inverse and the bounds on the solution

of example no, 1.



412
4173
474
475
476
417
4TR
419
480
481
482
4483
484
485
486
487
488
489
490
491
492
493
494
495
496
497
498
439
500
501

510

2471

2001

67

UCUBLFE PRECISION X,E,08F,BFFE,BU,BUC,BBCsBULS,BOL,BBL s BUL
COUBLE PRECISION RUCC,BNDU,RBU,BUUBS,YL,CUNL,YU,CONU,LECC
CIMENSION B(26,27), BSTORI(26,27), BB(26,21)
CIMENSION NRuUW(26), NCOL(26), ABA(26), CONST(26)
DIMENSTION BBN(26.217) 4BBPI(26427)+BUCS(26)+BEL(26427)
CIMFNSION BU(26:27),BBC(26,27)sBUCI26427)+8UL(26,2T7)
CIMENSION BBCC(26,27)4,8BUCCI264,27),BUUI26,2T7)+BBU(Z26,2T7]
DIMUNSICON BS(26)

CIMENSION YL(26),YU(26),CONL(26),CONUL26)
FCRMAT (20X, 20HSOLUTION UPPER BOUND)

FORMAT (20X+20HCONSTANT UPPER BOUND)
FCRMAT(1H1420X,20HSOLUTTION LOWER BOUND)
FORMAT (20X, 20HCONSTANT LOWER BOUND)
FCRMAT(5X43HTERMS IN SUM FORMING ONE ELEMENT OF BU(I.K))
FORMATLIHL 20X, 23HUNIT MATRIX UPPER BOUND)
FORMAT(1H14 20X, LOHINVERSE UPPER DBOUND)
FURMAT{1H1,20X,19HINVERSE LUOWER BOUND)
FORMATI1HL1,20X,23HUNIT MATRIX LOWER BOUND)
FORMAT(5X, 7THROW MD.,13,5HSUM =,E16.8) .
FCRMAT(5Xs9HEPSILON =,E16.8)

FORMAT(10X, 7THCOL NOe o I13,3X,y10H%skkkkdkerk )
FORMAT(1H1,20X,25HAPPROX UNIT MATRIX CHANGE)
FORMAT{1H1,20X,14HCHANGE I[NVERSE)
FCRMAT(1H1,20X,18HAPPROX UNIT MATRIX)

FORMAT (21X, 22HTHE ORIGINAL EQUATIONS )

FCRMAT (10X THROW NOUay [3¢3X, LOH®REERARR 4k }
FCRMAT(21X,6HANSWER,21X,8HRESIDUAL)
FCRMATI(IHL, 19X ,8HRESIDUAL)

FORMAT (21X, 6HANSWFR 22X,y 6HCHANGE )
FCRMAT(5X,11HEQUATIONS =413,10X,6HRANK =,13 )
FORMAT(S5X,13HDETERMINANT =,E25.18)
FORMAT(1H1,20Xs LIHTHE INVERSE )

FCRMAT(1HL)

FCRMAT(E26.18,516)

FORMAT( 10X42E28418,15)

FORMAT(415)

FORMAT(4EL16.8)

FCRMAT({8E16.8)

FORMAT(S5E25.16)

READ(1,498)LN,NSGLVE

LAN=LN+1

CET=1.0

C0 510 I=1,LN

CC 510 J=1,LNN

READ(1,500) B(1,4)

WRITE(3,497)

DO 2471 I=1,LN

WRITE(3,468) I

WRITE(34500U1} {(B{l,J)sJ=1,LNN)

CO 2001 [=1.,LN

NROW(I)=1

NCOL(I)=I



2004

2031
2032
2039

2200
2092
2091

2094
2093

2050

2051

2351

2098

2060

2065

68

CC 2004 1 1, LN

el 2004 4 L, LNN

BSTAR(T4d) = B{[44)

CO 2000 TLEFT=1,LN

SEARCH FOR LARGEST ELEMENT ®cdckfrdrfededededdeiede e dedpde s foofe e e e
BIG=0.0

LN 2200 J=ILEFT4LN

LO 2200 I=1LEFT,LN
BURP=B(I,J)

BURPE=RURP

IF(BURP) 2031,2032,2032
BURPE==BURP

[FI(BIG-BURPE) 2039,2200,2200
BIG=BURPE

IRQW=T

CoL=J

CONTINUE
IF(TROW-TLEFT)2092,2091,2092
UFT==-DET
IF{JCOL-TLEFT)2094,2093,2094
CET==-DET

CCNTINUE

INTERCHANGE TwW0 ROWS FeXkkdkdfkfofokdfpefedeeffokfrr ek kdkiflik
CO 2050 J=1l,LN

L=BlIROW,J)
B{IROW,J)=B{ILEFT+J)
B{ILFFT,J)=D

KEEP=NRNW({ILEFT)
NROWIILEFT)=NROW(TRUOW)
NROW(IROW)=KEEP )
[INTERCHANGE TwWD COLUMNSG Skdtkddtdhhkdeokfodedidedicdedoiddfkkkhddkdfd
LG 2051 I=14+LN

C=8(I,JC0L)
BlIlJCOL)=B(IILEFT)
BII,ILFFT)=D

KEEP=NCOL(ILEFT)
NCOL{TILEFT)=NCOL{JCOL)
NCOL{JCDL )=KEEP

NORMALTZING AND ZEROING COLUMN %ok %ok deoie ek oo % Sk e o ok ek
EIV=B(ILEFT,ILEFT)
CET=DET*DILYV

[RANK=TLEFT-1

IFIDIV) 2351,2350,2351
CIV=1.0/D1V

L0 2098 I=1,LN

B{T,LMN)=0.0

BOILEFT,LNN)=1.0

LC 2060 K=1,LNN

BUTLEFT K)=BlILEFT,K)*NIV

CC 2080 I=14LN

IF(I=-ILEFT) 2065,2080,2065
AlJ==B{I,ILEFT)

Hon



2070
23030

2029
2000

2350

2095

2085

2018

2002

2020

2468

2022

2604
2602

2600

2601

LO 2070 K=1,LNN
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BT K)=BlI,K)+ATJ*BIILEFT,K)

CCONTINUE
CO 2029 TI=14LN

BII,ILEFT)=B(I,LNN)

CONTINUE
[IRANK=LN
WRITE(3,493) [ET

WRITE(3+492) LN, IRANK

[FILN.GT«IRANK)
WRITE(34494)

GO 70 2011

INVERSE HAS BEEN GENERATED edkdtopsddddpiioloikrfkikikhis

CC 2095 J=1,LN

CO 2095 I = 1, LN
BB(T,d) = B{IydJ)
CC 2085 J=1,LN
K=NROW(J} -

CO 2085 1 = 1, LN
BlI,K) = BB(I,J)
DO 2018 I=1,4,LN

CG 2018 J = 1, LN
BB(T,4) = BUI,J)
CO 2002 I=1,sLN

K=NCOL(T)

Lo 2002 J = 1, LN
B(KyJ) = BB(I,Jd}
EC 2020 1 = 1, LN
CO 2020 J = 1, LN

Eh(Isd) = B{I,d)
INVERSE BBI(IyJ)
CO 2468 I=1,4LN

WRITE(3,488) 1

g ok o ok ook o o o0 o Koo o o ek o ekl e ol o o ok ol o ook ko

ARITE(3,500) (B(IsJ)sJd=1sLN)

Co 2022 1 = 1, LN

CC 2022 J = 1, LNN

Bl1,Jd) = BSTOR(L+J)

WRITE(3,486)
CLC 2600 K=1,LN
WRITE(3,483) K
LO 2602 I=1,LN
BU(1,K)=0.0
CC 2604 J=1,LN

BUlT K)=BUGT K)+B(I,J)*BB(J,K)

CONTINUE

APPROXIMATE UNIT MATRIX BU(I,K) *kxfdssssiiriris itk
WRITE(3,500) (BUII,K)sI=1,LN)

CCNTINUE
WRITE{34476)
CO 2601 J=1l.LN

BS(J)=B(3,J)%BB(J,

1)

WRITE(3,501) (BS(J)yJ=14LN)

M=LN-1



2611

2612

2610

2624

2622

2620

2618

2616
2614

2619

2626

70

X=0.9
WRITE(3:,485)
CO 2620 K=1,LN
£E=0.0
E=E+X
BF==(1-F)
NEE=~=(1+E)
CC 2610 I=1,LN
HBCI{I.K)=0.0
CC 2612 J=1,LN
IF{J.EQ.K) GO TG 2612
[FIBU(JsK) o LTa0a0) BBC(TK)=0BC{IKI+BE*BU(J,K)*BB(1+J)
IF(PU(JsK)eGELQL0) BBC(I,K!=BBCII KI+BEEFBU(J,K)*BB(1,J)
CCNTIMUE
HRCUI K)=BBC (I K)+BB(I,K)
INVFRSE CHANGE BBC T 4K ) %akokded fodooledededodoeoie e ok dedeofok ook kg ok
CONTINUE
NCNEG=0
L0 2622 I=1,LN
BUCITK}=0.0
LO 2624 J=1,LN
BUCITK)=BUC (I K)+B(I,J)*BBC(J.K)
UNTIT MATRIX CHANGE BUCI({T,K) #pdeddkdkhkkhkropfirriehiriis
TF(BUCIT 1K) oLTa0.0) NONEG=NONEG+L
CCNTINUE
[FINONCEG.LT.M) GO TO 2611
WRITE({3,483) K
WRITE(3,500) (BBC{I,K),I=1,LN)
WRITE(3,482) E
CONTINUE
WRITE(3,484)
CC 2618 K=1,LN
WRITE(34483) K
WRITE(3,500) (BUC({I.K},I=1,LN)
WRITE(3,484)
U0 2614 K=1,LN
BEUCS{K}=0.0
CQ 2616 I=1,LN
BUCSI{K)=BUCS{K)+BUCIK, T}
WRITE(3,481) K,BUCSI{K)
UNIT MATRIX CHANGE ROW SUM BUCS(K) ks dediodofordokfopdk ddok sk
WHITE(3,479)
BDL=1.002
CO 2626 K=1,LN
CC 2619 I=1,LN
BBL(I;K)=BBCII,K)/BDL
INVFRSTE LOWER BOUND BBL(I,K) e e ok el doole e e e ol i ol e el e e e e e sl e e e e ek
WRITE(3,483) K
WRITC(3,500) (BBLIUL,K)sI=1sLN)
WRITE(3,480)
CO 2630 K=1l,LN
CC 2632 I=1,LN



2634
2632

2630

2711

2112

2710

2724

2122

2720

2714

2718

2726
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BUL([+K)=0.0

CC 2634 J=1l,LN

BULIT K)=BUL(T,K)+B(I,J)%BBL{J,K)

LNIT MATRIX LOWER BOUND BUL (1, K)#iadekiokhbfokidkkkhkkghiirks
CCNTINUE

WRITE(3,483) K

WRITE(3,500) (BUL(I.K),I=1,4LN)

WRITE(3,485)

CO 2720 K=1,LN

£=0.0
E=E-X
BE=-(1-F)
BEE==({1+E)

CO 2710 I=1,LN

BBCCII,K)=0.0

CO 2712 J=1,LN

IF{J.EQ.K) GU TO 2712

IF(RUIJ4K)alLT20.0) BBCC{T,K)=BBCC(I,K)+BE*BU(J,K}*BB([,J)
[FIBU(J,K)GE.0.0) BRCC(I,K)=BBCC(I,K)+BEE*BU(J,K)*DBBII+J)
CONT INUE

BBCCIT,K)=BBCC(T,K)+BBI(T,K)

INVFRSE CHANGE TO FIND UPPER BOUND BBLCLC(I4K) ®ksxkkxskkskk
CONT INUE

NCPOS=0

LG 2722 I=14LN

TUCC(TI,K)=0.0

LC 2724 J=1,LN

BUCC(T,K)=BUCC(I,K)+B(I,J)*BBCC(J,K)

UNIT MATRIX CHANGL TO FIND UPPER BOUND BUCC{I.K) Hfeidkdidkis
[F(PUCC(Iyn)eGT.0.0) NOPOS=NOPOS+1

CONTINUE

IFINOPOS«LT.LNs AND.E.Gl.—10.0) GO TO 2711

WRITE(3,483) K

WRITE(3,500) (BBCC(I,K)pI=1,LN)

WRITE(3,482) E

CONTINUE

WRITE(3,484)

CC 2714 K=l.LN

WRITE(3,483) K

WRITE(3,500) (BUCC(IK)sI=1,LN])

WRITE(3,478)

BLL=0.995

CO 2726 K=1,LN

CC 2718 I=1,LN

BBU(T K)=BBCC(I,K)/BOU

INVERSE UPPER BOUND BBUIT fK) sk ikkikiokkrpkrimrrrgykkss
WRAITE(3,483) K

WRITE(3,500) (BBU(I+K),I=1,LN)

WRITE(3,477)

CO 2730 K=1lsLN

CC 2732 I=1,LN

BUU(I,K)=0.0



-

C

2734

2732

2730

2802
2800

289006
2804

2810
2808

2414
2812

2011

Fi

CO 2734 J=le.LN

BUULT g K)=BUUTT gKI4B8{T,3)*BBU(JHK)

LNTIT MATRIX UPPER BOUND BUU T K) *kkdsdkkikhehhhhrharkis
CCNTINUE

WRETE{3,;,483%) K

WRIITE(3:500) (BUU(TIsK)sI=1sLN)

WRITE(3,4T4)

Ut 2800 T=1,LN

YL{I)=0.0

CC 2802 J=l.LN

[IF{B{JyLNN)eGT0s0) YLII)=YLII)=BBU(I »J)*BLJ,LNN)
IFIBIJsLNN) e LEsQOsQ) YLID)=2YL{I)-BBL(TJ)*B{JyLNNY)

CCNTINUE

CCNTINUE

SOLUTINN LOWER BOUND YL I T ) feadeoddeodoiode geade ook deofe oo e e e e e ol ok e i R e ok
WRITE(3,500) (YL{I)sI=1,LN}

WRITE(3,4675)

CC 2804 I=1,LN

CONL(I)=0.0

LG 2806 J=le¢LN

CONLAT)=CONL(T}Y+BlL,J)*YL(J)

CONTINUE

CCNSTAMT LOWER BOUND COML([) #wktdkdkhkbkiks ks rhhbhrrrths
WRITE(3,500) (CONL(T},I=1,LN)

WRITE(3,472)

CO 2808 I=14LN

Yull)=C,0

CC 2810 J=1,LN

IF{BLI,LNN)aGTL0.0) YULT)=YULT)-BREL{T»JI%*BlJ,LNN)
IFIN{JsLNMN)aLE.Q0) YU(I)=YUIT)-BBULI J)*B(JsLNN)

CCNTINUE

CCNTINULEC

SOLUTTION UPPER BOUND YU(]) #fdukdaikkgdoddkksfokihdkiokhshgs
WRITE(3,500) (YULT)el=1yLNJ

WRITE (3,473}

CC 2812 I=1,sLN

CCNU(T)=0.0

CC 2814 J=lsLN

CONULII=CONUCTI)+B{I,J)%YULJ)}

CCNTINUE

CUNSTANT UPPER BCUND CONU ()%t ddokfeforfdedomk ek kkdkksd
WRITE(3,500) (CONU{I)sI=1,LN)

CONTINUE

sTOP

END
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This report presents a theorem which states sufficient con-
ditions to assure that a system is monotonic, The theorem pre-
sented is less restrictive than the two known existing theorems,

The theorem was applied to three example problems, Only one
of the example problems satisfied the conditions of the two exist-
ing theorems, However, all three examples satisfied the condi-
tions of the theorem presented.

In addition, the bounds were determined for the solution of
one of the examples since it is assured that bounds for the solu-
tion can be determined if the system is monotonic, The bounds
were determined by first determining the bounds for the inverse
matrix and then using these bounds to determine the bounds for the
solution, The bounds determined in this manner were very accue-
rate,

The method presented for determining if a system is monotonic
was used to determine the bounds on the inverse, This made it a
simple procedure.to determine the bounds for the solution once the
monotonicity of the system was determined. Therefore, the method
presented has practical applications for determining bounds as

well as proving that a system is monotonic.



