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Th« stresses in hypwbolic , tr-fcoloid Shell* Ueint the tieobrane Theory

by

Yousif R. Davood

Synopsis

This paper includes e discuss ion of tht liaitstions of the aeafcraae theory.

Definition sad geoaetry of tht hyperbolic paraboloid surface sr« discussed*

the derivation of tht partial different iel equstion* of the stresses in doubly

curved structures ie presented. Use of * stress function in calculating b**»

brsne stresses is civan. Equttiont of stresses of soae specie! casea ere

derived* A study of the eronoiy ana uses of these types of structures is Made.

The design of a hyperbolic pereboloidal groined vsult is taken os en saaanle.



The JtarixiM Theory in many caecs gives & clear insight into the stress

distribution of doubly curved shells. It is • good by-pass to •void the

elaborate calculations encountered In using the bending theory.

Ftftege
1 mentioned thst shells which are egg-shspsd or electric-bulb-

shaped sre much stronger than cylindrical one*. The two former csn withstand

remarkable forces without bendinc snd without undergoing vis ibis deforawtions.

Therefore, the mechanism of the losd-carrying ospscity of such shells consists,

eeaentislly, of normal end shssring forces only.

Tincsfasnko
2

et a£. stated that in asiny problems of shells the bending

stresses csn be neglected, and only stresses due to strain in the middle sur-

face of the shells need to be considered. The doubly curved shells have been

considered as examples of these problems nhere bending stresses have negligible

effect.

Canuela 3 said that equations of membrane atreaaes are efficiently accu-

rate to determine the stresses in doubly curved surfaces. That is because the

deformations in such structures arc very small. Flexure stresses are possible

only if large deformations occur. However, bending stresses may be expected

in some cases in the vicinity of the edge beams snd st email zones near the

supports.

itfllholm FlUgge, Stress in Shells . Sprlnger-Verlag, Berlin/Qottinge/

Heidelberg, 1962, pp. 8-9.
2s. Timoahenko and S. Woincwshy-Xrlegre, Theoryjj

^letes and Shells

,

McGraw-Hill Boom Company, Inc., 2nd Ed., 1959, pp. U32-W5.
3pelix Candela, "Structure Application of Hyperbolic . araboloidicsl

Shells," AC1 Journal

.

Jan. 19$5t Vol. 26, Mo. $, pp. 392.



Fig. 1 - DEPENDENCE OF THE EQUILIBRIUM OF THE MEMBRANE
FORCES ON THE BOUNDARY CONDITIONS-
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Fig. 2- EQUILIBRIUM OF MEMBRANE FORCES UNDE:*
A CONCENTRATED LOAD.



According to i*ntmr t doubly curved concrete shells with edges stiffened

by arches or ribs era eo very strong bacaus* oX their ability to carry any

continuous load principally by diract atraaaaa. Ha alao oentioned tha poe-

aibility of tha occurranea of localised banding tiwasfltl naar tha adgaa due to

tha affect of tha diaplaeement of tha edge members, but for the meat part tha

sheila are free of flexural forces.

however, the Justification of tha uwtabrane theory and its successes are

closely connected Uth sons factors Wiich deserve careful atudy. These factors

can be otcoarised aa tha boundary conditions, type of loading* and rise«4o-

span of shell ratio.

The effect of the boundary conditions on tha membrane theory any be

visualised by considering a simple example given by t flugcr5 . In rig. lb

only vertical reactions are possible, but the unit nors*l force "V in the

shall is acting in the direction of the meridian. Thus, the edge element can-

not be in equilibrium because the reaction "R" produces a component that ia

normal to tha middle surface and is not balanced by s counter force in the shell*

The support shown in Fi£. la would introduce reactions into the shell in accor-

dance vith tha aambraw theory.

The case of free edgea waa dlacuaaed by Candela . Ha as id thst the

existence of these tf adgaa haa a great affect on the internal atreesee

obtained by the iumbrene theory. Therefore, readjustment should be aade of

%. L. Parma, "Hyperbolic Paraboloid and Other Sheila of Double Curvature,"
iProceediya of the ASCE-ST5, Vol. 28, Sept. 1956, pp. 1057/1-32.

>alf /fluger, Elementary Statics of Shells. English trsnsiation by Ervin
Galantay, Oodge Corporation, ». Y., 2nd Ed., 1961, pp. 1-18, 91-93.

°F. Candela, "General Formulas for Membrane Stresses in Hyperbolic
faraboloidicai Sheila," PCI Journal . Vol. 32, lo. U, Oct. I960, pp. 353-371.



the internal stresses. Such readjustment may disturb the condition of equi-

librium in the shell. Accordingly, certain types of supports should be

provided st the restrained edges which have the ability to absorb the non-

balanced forces.

According to the above discussion, a general statement can be medct the

membrane theory ia applicable only If the boundary conditions are compatible

with the conditions of equilibrium. However, results of tests on many hyperbolic

paraboloid shells show a localized concentration of flexural stresses near the

edge beams or rib stiffeners 7 *6 . Therefore, special attention should be taken

in the design of this part of the sheila. Curves that show the secondary

moment near the edge beams are presented by the Portland Cement Association8 .

The effect of the type of loading was discussed by Pfluger*. As shown

in Fig. 2, assume the load ia perpendicular to the middle surface, that ia,

In the direction of the 2«-axie. The shell element on which the load ia applied

cannot possibly be in equilibrium. If the element were of infinitesimal magni-

tude, it would be conceivable to satisfy the conditions of equilibrium by

sssuaing that »x and li would produce components of sufficient magnitude to

balance the load V," because the curvature of the shell is in the direction of

the concentrated load. Obviously then, concentrated loada nortasl to the middle

surface are not compatible with the membrane theory. However, by a method

analogous to that of the two-hinged parabolic arch, it can be proved that a

uniformly distributed load will satisfy this condition5 .

7R. E. Rows, "Test of Pour Types of Hyperbolic Shells," rroceedlecs
Symposium on Shell Research, Delft, Aug. 30-Sept. 2, 1961, pp. l£-#.

Portland Cement Assoc 1st ion, "Elementary Analysis of Hyperbolic . er
Shells/ 33 Vast Grand Avenue, Chicago 10, 111. ST3S .



The riee-to-spen of shell rstlo is one of the most lieportent factors which

may affect th« validity of the membrane theory. The axial strain i« the cause

of the existence of the secondsry bending moments*. For a moderate rise-to-

span of shell ratio, the effect of axial strains is unimportant and can be

safely ignored. However, when this ratio decreases, the effect of axial strains

begins to exert a dominant influence on the behavior of the shell. The depar-

ture in behavior from that indicated by the membrane theory is analogous to

that occurring in the two-hinged parabolic arch when it is subjected to uniform

load with a decrease In the ratio of rise to span. In the parabolic arch, the

horizontal component decreases aa the ratio of rise to span decreases, with no

rise the horizontal component decreases to sero, thus the secondsry bending due

to axial strains approaches the simple-beam banding moment. The Portland Cement

Association suggests that when the rise-to-span of shell ratio is one-fifth or

more, the effect of axial strains is uniiaportsnt and can be eafely ignored. In

other words, for such rise-to-epsn of shell ratio the bending moment has a

negligible effect.

The hyperbolic paraboloids arc shells of anticleatic doubly curved struc-

tures, that is, shells with negative curvature. These types of shells develop a

atate of stress favorable to the use of concrete. They show rewritable resis-

tance to explosion, bombardment, earthquake and little sensitivity to foundation

settlement^. They are economical due to their ruled surfacea which make them

more easily formed by straight plank forma. Also, these shells give the archi-

tects a chance to depart from the conventional practice of beam and column

buildings to more imaginative and graceful shapes of structures. Therefore,

they are widely favored today.

The scope of this paper includes the description of the surface of the



hyperbolic paraboloid, th« derivation of the general aeabranc atresa equation*,

development of atreaa equations for some apacial cases, discussion of the

boundary conditions and a sample design. A design of the Croined Vault us inn

the membrane theory and in accordance with the Candele
6

Method will be presented

aa an example. The economic aspects of the hyperbolic paraboloid shells will

alao be discussed.



Surface Definition and Geoaetry

The hyperbolic paraboloid surface can b« defined as a surface of trans-

lation or as a warped parallelogram. The surface of translation is foraed by

ovino a vertical parabola, opened upward, over another vertical parabola

opened downward as is Fig. 3b.

The warped parallelogram is formed by awing a straight line, always

parallel to the X02 plane (Fig. 3a) along the two straight, nonparellel,

nonintersecting lines, the Y-axis and line ABC. The resulting surface Is

represented in Fig. 3a by the grid lines hB and i
fl

, which ere provisionally

naaed the generators. Every point on the surface nay be considered to be the

intersection of two such lines contslned in the surface.

The equation of the surface in bireettngul»r coordinates can be derived

by conaidering the basic quadrant, HOB, shown in Fig. fc. In triangle HA«*

UI
h a

c

Also, in triangle Ed«d

Proa this

c b.

f|U}*£

• RXY , 1

Equation 1 represents the simplest pt^sible equation of the second degree
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tfcich describe* the surface of the hyperbolic paraboloid.
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Nambranc Stresses for a Uniformly Distributed Surface Load

Pig. 5 shows s representative small element of a doubly curvsd shall

formed by four intersect ing generators. The direct stresses (stresses times

the shell thickness), Tx and T
y

measured in pounds per unit length, are

positive when they create tension. The shearing atreas, S, also measured in

pounds per unit length, is positive when it creates tension in the diagonal

direction of increasing values of X and Y. The load per unit of projected

area, w2 , is considered positive when downward.

To simplify the expressions for equilibrium9 , the actual stresses are

transformed Into fictitious stresses acting on the projected area of the upper

element In Pig. 5»

Prom geometry

dsx cos 4p • dx • • 2

dsg cos ^" • dy. .......... 3

The horizontal component of the normal stresses, Tx , Is

Tx cos <^ds2 - Tx §2fc~ cy.

In order for the projected element to have the same total stress as the

actual one

vx °y • Tx cTsr?5-
dyTSFTc

9K. V. Johsnsen, Stress Conditions in Shells Mcc.lectine Bending. Copen-

hagen, Dansk Selskab for %gningsstetik, Bygningsstat iske Hadoalesler, 1938,

pp. 6l«-8li.



12

% • siailer procedure one cen tnow that

7 y co$^ . ,

Ut ins trteonoaetry it ean be proved that

Frca £q« 1

•no

*>- **m$- *>*$•*.j&fy

fnw- Ha

»"»Y-ff.

1) j>

2j
7* «

Therefore,

la • • taller aenncr

Sine*,

Scoe^dij a To^



*3

and by equation £

therefore,

S - T. •

1b« equilibrium of ctrcaaea per unit length acting on the fictitiw* eie-

Mnt along th« Y-mxia, considering the variation of the forcea from the near

end to the far end, and assuring only vertical load on the ehelle, yields*

JMf" f

Similarly, equilibrium alone the X-axis gives

#^-°- w

The vertical components along the 2-oxie are aa follows

The vertical component of the normal atress Tx is equal to Tx ein^ds2 .

Substituting the valuea for Tx snd da2 ss given by Eqs. 3 snd U gives

Therefore, the vertical component of Tx per unit length along the Y-axis

is

Similarly, the vertical component of Ty
per unit of length along the X-axis is

v ^

The vertical component of the ahear stress along the Y-exie is

S 4*2 siny T ^| dy



Ill

which per unit of length beeeats

Siailsrly, the vertical cot^cntnt cX sheer eionj, the X-exis is

Ccnsir'erir.c the variation in the aegr.itua*. of stresses froa one end to mother,

the sunset Ien of stresses in the Z-directicn becoaes

Differentiating and collect i ng terns yields

H <&IDA <tb *ID Vxlf2 # Vi£ t 2T7A. . ^ m
DX ?X 7>Y 2>V0Y ?X "2>X* ?Y* 7>«Y

Substituting bqs. 9 end 10 in the shove equation yields

o 2 £

Mx* **!#* CT̂ •*« ,ln *— t# v "

toe use of s stress function-* defining Ml three stress ccaponents will facil-

itste the solution of the different isl equation. This stress function, F(x,y),

reduces the three simultaneous Lqs. 9, 10 and 11 to one equation, the coa-

petibility equation, with onl> one unknown.

It aay be seen that Eqs. 9 and 10 are identically satisfied by taking

*x«^ V
y .^r, and T erggly,

£q. 11, therefore, itey be reduced to

lit•£#'£''& •&-«•<--• ..«



IS

The for* of Eq. 12 it of great importance in finding the membrane atrceeca

of com doubly curved shells tfcere toe algebraic eolution of the differential

equation if difficult and some numerical procuuuree aay be used. However, in

the caae of the hyperbolic paraboloid sheila, subjected to a uniform eurfacc

load or uniformly distributed load on a horizontal projection, direct inte-

gration is relatively staple.

From the equation of the aurfece of the hyperbolic paraboloid, Eq. 1,

it can be shown that

2 • 2

2 - RXY,|f - RT,|f - KX,^f? - K,|# " °> **$9 " °*

Substituting these values in £q. 12 gives

Therefore,

T - -a* sin w. 13

For hyperbolic paraboloid shells having a great rise, the dead load can-

not be considered uniformly distributed on the horisontsl projected area.

Therefore, an expression for the dead load at any point in terms of «
t
should

be derived.

Assuming W is the lead per unit area at »ny point, than

Vs d|(dy Sin v • Me dS!ds2 sinAf Ik

From the lower part of Fig. 5, it can be seen that

(ds1 )
2 (ds2 )

2 -2dsids2 cos^ -I
2

. ... V>



2l - mtfmgt .nd 2g - itay**, Zl^ • .toyd.2-.inf d.r
ftew th« triangl*, she, one obtains

t* - (.toy d.2-.inf4^)1 (^2 (<ly)2 ^ ^ ^ coi w. . # # ^
Equating Eq. Ut to 1$ and stoplifyins, it is found that

«o»/\ • .inytin^. 4

f -•"f7^f-/l«V.
17

jgu .«r-^f -yi*v 18

Ihertfors,

•/l-ate*

Th«r«for«,

•!***« HKWNOfsf. 1WW-ceA.lAr nnn «

(HaVXwft1
) (l«2x2)(l4R2t2)

•nd

.m ufJBBBBSm ¥ %

Substituting Eqs. 20, 17 .nd 18 into Eq. & gives

*h«*«

We .to ¥ - Wc ysin w«*l*-»KzX*.<2K*XY cos w - ^G ff7 21
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Finally, substituting Eq. 21 into Eq. 13 results in

T - SW^ 22

Differentiating Eq. 22 vltn r**pect to X end Y, then substituting these

differentials in Eqa. 9 and 10, and integrating th« reeulting expreaalons with

respect to X snd Y, th« equetlone for Vx snd V
y

art obtained.

3T mr « ,/^r2* ar av^ 23

^1 . -Wc ^Y-2r2x co> „
-et tt 2 yp-

*

Then by substituting Eq. 2ii In Eq. 9 ths following csn bo obtoinodi

.2 2.

x 7r
cl V^

J*c 1 2X
k
Y UnWS cos^v-aAt oos w dX

** ©/ 2 /f

*»«

•ar j

eo. w(2K
2
Ycqs w-2R

2
Y) m0£jL0a • i-S£

. J*l cos w^ laCj^MUl . 1 log [k
2
X-K

2
Y cos Miff]*(Y).

However, f(Y) is a constant of integration which can have any value

including aero.

Assisting for convenience that

f(Y) a .loa h sin a yWy* fX(Y).

Therefore,

Vx • 2| oos a^a |a Y si»2w log
kx-ky cos | +yr

ain w yis2^ fl(Y) ( 25
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Analogously,

KY-KX cm«» V^

•in v ys?F"
f2 <x )« 26

The srbitrury functions of intention, f^Y) and f2U), allow us to

satisfy certain edce conditions.

The foras of Eqs. 25 and 26 can ba simplified for soae spasisl cases of

hyperbolic psrsboloid shells. The aost cceaon simplification* srsi

(s) the esse of s rectsnculsr hyperbolic paraboloid shell, i.e., v<*90 dog.

ft
T -Sif-

Mm
Vx • j- Y log

V
y

. J- X log

***'f?

Vi^Y2

"ky» -\Hp

f!(Y).

.^yT f2(x).

27

28

29

(b) the esse of the uniformly distributed load on a horizontal projection

30

31

*c sin «
Y • —

' • constsnt.
Zlv

*X - *!<*)

^y " f2(x; 32
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Economy end Uses of Hyperbolic < arabolold Shells

and Biggs10 stated that "The hyperbolic paraboloid umbrella concrete

roof costs less, uses less than half as many solum*, Inherently has great

strength, vill result in lover maintenance cost and is fireeafe." They agreed

that Felix Candels 3 was right when he said, "This is the most econoaicsl thing

we have found."

The economic aspects of this type of structure derives froa the fact that

it develops a state of stress favorable to concrete, ao that thin sections sre

anticipated. In almost sll the shells constructed, the sections used vary from

Uo inches to four inches. Their ruled surfaces make them more easily formed

by straight plank foraa. In addition, any hyperbolic paraboloid fryper)roof

composed of multi-units of similar hyper allows the re-using of the same forms

in constructing each unit of the structure, which lowers the overall cost.

Therefore, there can no longer be any doubt that this type of construction is

the most econoaicsl of all framing systsas in the range of spans commonly used.

The hyperbolic paraboloid aaells can ba used as roofs, sucn as the um-

brella and the groined vault roofs, or as footings for columns 3 which are

usually constructed in the form of en inverted uabrells.

Ij-toortlen ifcdeen and Dutton Bifcs, "Building for Economy with Hyperbolic

paraboloids," AC1 Journal. October, I960, ao. u, V. 32, pp. 37>38*.



Design of the Groined Vault

A groined vault square in plan, formed by the intersection of two hypsrs

with vertical axes, la designed as an example (Fig. 6).

Diaensionst

Side of the square - 70.00 feet.

Height of the crown - 20.00 feet.

Therefore,

J • 26 dog. 3b ainutes.

Design Oats

i

f »e • 3000 psi.

ft • 20000 psi., deforced bars.

ft**

V m 60.00 psi.

Code i

The ACI code (ACI 316-63) «nd the recoaaendstions of the ACI Committee

33b
11 «re used,

procedure of Design

i

Since tne plan of the structure is a square, symmetry permits us to in*

vestigste only one-eighth of the structure, say the triangle 1-8-22-1 shown in

Fig. 6c.

X1ACI Comaittce 33k* "Concrete Shell Structures-* rect ice and Commentary,"
ACI Journal, lo. 9, V. 61, Sept. 196li, pp. 1091-1108.
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The design procedure can be suasairiscd by the following etepst

Step li

The aoordinetee of the boundary points 1 to U2 of the grid should be found.

Thie aey be accomplished eeaily by expressing the XY-coordinetce in teres of

reotenguler coordinatea. Referring to Pig. 7»

Y « -^t? *3
ain f

m m v-n - v-L tan
*f.

••• 3b

and,

tan J . Xw 35

rroa Eqa. 33, 3>U and 35, we obtain

v* Jtan s

Y —i. 36
2 ain*

Alio,

37-ta I"*"} -
o^l"

Proa Eqs. }}9 &, 35, 36 and 37 it can be shown that

//tan J «*

X * 2.in* ' *

Columns 1 and 2 of Table 1 ehcv the values of X and Y of the boundary

points 1 to U2 which are obtained by using Eqs. 36 and 38. In order to find

the Z-values, the constant, K, of Eq. 1 ahould be computed.

Column 3 of Table 1 show the values of 2*
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Fig. 7- COORDINATES SYSTEM
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Fig. 8- CONDITIONS OF EQUILBRIUM



Mi

Step 2*

The dead load on the baa is of horizontal projection should be calculated.

Assuming the thickness of the shell is three inches , then

0. L. • f% x 1 x 1 x 150 - 37*5 lb. per sq. ft.

Hoofing - 12.5 lb. per sq. ft.12

Total 0* L. 50.0 lb. per sq. ft.

the dead load per unit length of edge is

2 x 50 - 100 lb. per ft.

• .1 K. per ft*

Fr©» Eqs. 22, 25, and 26, the basic values of T, Vx, and V
y
are conputed.

To suit the tabr]*Uon representation, these equations aay be put in acre

abridged forat

Vx - -T cos v A log B fj(Y)

Vy
. -T cos v C log D fj(X)

*>eret

A - f ¥
c
T sin2*

sin ¥ -^K2*2

C • a «e X sin2*

"Elwyn E. Seelye. yta JasM for ggflj fcnjiiBff" » *** rfiley and Sons,
i# I960, Vol. 1, pp. 1*09.Ins. 3rd Edition^



KV-flX cos w YV

sin w^SS?

The various iteas which we necessary for this st«p srs shown in colusns

* to # of Table 1.

Ins boundary points in this etep are trotted *a interior ones in which

fl(Y) ana f2(X> sre essuncd to be equsl to zero. Dcterainst ion of the exsct

values of thsse functions enu reaujuataent of Vx end V is done in later steps*

Step 3*

The stresses S, TXf and T shown in Fig* 5 are parallel to the generator*.

However , the atresses along the boundary need to be iuvtst .gated. Tx and T

are oblique stresses, so the usual constructions of Mohr»e Circle cannot be used

hare* Pig* 8 shows the conditions of equilibriua of an eleaent in the first

quadrant fonsed by two intersect ins generators and acne arbitrary section which

nakes an angle
ft

with the positive direction of the x-generator. Froa trig*

onoaetry it can be shown that

froa which is obtained

sln/3 _^ a in {#-«)

% nultiplyino S, Tx, and T
y

by the corresponding length of the sides and

resolving these forces in a direction normal and parallel to the aeetion, the

valuea of the norasl and tangential stresses, Tb and Sb , are obtained*

T* • T* sin «x
2T »in * T

y sin* *

w * sm^x sin ^ y sin*



Table 1. Stele veluee of atreeece.
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X

1
£ . & A JTY*"

MM T 1 r r 6 HL
i 0.0000 0.000-0 6.&60 0.0000 0.0000 0.0000 0.0000
2 2.8000 2.8000 - 0.1363 7*81(00 7*IfcN 0.009 '

3 5.6000 5*6000 - 0.51*51 3I.36OC 31.3600 0.0095 0.0095

ft 8.1*000 8.1(000 - 1.2266 70.5600 70.5600 0.0213 0.0213

I
11.2000 11.2000 - 2.1806 125.1*1*00 125.1*1*00 0.0379 0.0379
Hi.0000 HuOOOO - 3.1*071 196.0000 196.OOOO 0.0592 0.0592

J
16.8000 16.8000 -1*.9063 282.21(00 282.21*00 0.0853 0.0853
19.6000 19.6000 - 6.6780 381*.1600 381*.1600 0.1161 0.1161

9 16.8000 22.1*000 - 6.51*17 282.21*00 501.7600 0.0853 0.1516
10 Ut.OOOC 25.2000 - 6.1329 196 .0000 635.01*00 0.0592 0.1919
11 11.2000 28.0000 -5.1*5H* 125.1*1*00 781i.OOOO 0.0375 0.2369
12 8.1)000 30.8000 - 1*.1*97U 70.5600 91*6.61*00 0.0213 0.2867
13 5.6000 33.6000 - 3.2709 31.3600 1128.9600 0.0095 0.31*11

M 2.8000 36.1*000 - 1.7717 7.1*800 132l*.9600 0.0021* 0.1*001*

1$ 0.0000 39.2000 0.0000 0.0000 1536.61*00 0.0000 0.1*61*3

16 -2.8000 1*2.0000 2.01*1*3 7.1*800 1761i.OOOO 0.0021* 0.5330
17 -5.6000 l*l*.8O00 It.3611 31.3600 2007.01*00 0.0095 0.6065
18 - 8.1(000 1*7.6000 6.9506 70.5600 2265.7600 0.0213 0.681*7

19 -11.2000 50.1*000 9.8126 125.1*1*00 251*0.1600 0.0379 0.7676
20 -U*.0000 53.2000 12.91*72 196.0000 2830.21*00 0.0592 0.8550
21 -16.8000 56.0000 16.351*3 282.21*00 3136.0000 0.0653 0.91*76
22 -19.6000 58.8000 20.0000 381*.1600 31*57.1*1(00 0.1161 1.1608

L
3 -18.7000 56.0000 16.201*1: 31*9.6900 3136.0000 0.1057 0.91*76

-17.7800 53.2000 16.1*1*30 316.61*00 2830.0000 0.0957 0.8550
25 -16.8000 50.01*00 U*.7l8i* 282.21*00 251*0.1600 0.0853 0.7676
26 -15*8800 1*7*6000 13.1381 252.8000 2265.7600 0.0761* 0.681i7
27 -Hi.8500 1*1*.8000 11.5651 220.5200 2007.01*00 0.0666 0.6065
28 -ll*.02O0 1*2.0000 10.2360 196.5800 1761*.0000 0.0591* 0.5330
29 -1J.0800 39.2000 8.9127 171.0900 1536.61*00 0.0517 0.1(61*3

30 -12.1800 36.1*000 7.7069 U*6.3500 1321*.9600 0.01*1*8 0.1*001*

31 -11.2700 33.6000 6.5828 127.0700 1126.9600 0.0381* 0.31*11
32 -10.3000 30.8000 5.511*6 106.0900 91*8.61*00 0.0321 0.2867
33 -9.3600 28.0000 1**5555 87.6100 781* .0000 0.0265 0.2369
3k - 8.1»50O 25*2000 3.7019 71.1*000 635.01*00 0.0216 0.1919
35 - 7.5100 22.1*000 2.92U* 56.1(000 501.7600 0.0170 0.1516
36 - 6.5800 19.6000 2.21*19 1*3.3000 381*.1600 0.0131 0.1161
37 - 5.61*00 16.8000 1.6559 31.8100 282.21*00 0.0096 0.0853
36 - lj.7200 11* .0000 1.11*88 22.2800 196.0000 0.0067 0.0592

2
- 3.770C 11.2000 0.7362 H* .2100 125.1*1*00 0.001*3 0.0379
-2.81*00 8.1*000 0.1*11*6 8.0700 70.5600 0.0021* 0.0213U - 1.9100 5.6000 0.1858 3.6500 31.3600 0.0011 0.0095

J| ?0.tfOO 2.8000 0.01*53 0.8600 7.81jOO 0.0003 0.0021*
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,-cint

xx KY

. .10. .
11

KXcoe 2 ffiUSff,.* 2K
2XYco»v

1 3.0-. 0.0000 vwM*. J.JJ--1 0.0000 .

2 7.8l*oo -0.01*87 -0.0487 0.0021* -0.0292 -0.0292 0.0029

3 31.3600 -0.0973 •0.0973 0.0095 -0.0584 -O.OSSlj 0.0114

4 "*v»Ac,v/<j —<J * ~ - •-'•<-<- j- ^
-S'S f\ & *f & -0.. 0.0

5 125.4400 -0-19llT -0.1 0.0379 -0.1166 -0.1166 0.0455

6 196.0000 -0.2434 -0.21*31* 0.0592 -0.1460 -0.1460 0.0710

7 282.2400 -0.2920 -0.2920 0.0653 -0.1752 -0.1752 0.1023

-3 384.1600 -0.31*07 -0.340? 0.1161 -0.2044 -0.2044 0.1353

9 376.3200 -0.2920 -0.3&91* 0.1137 -0.1752 -0.2336 0.1364

10 352.8000 -0,2434 -0.1*381 0.1066 -0.1460 «0.26£ 0.1279

11 313.6000 -0.191*7 -0.1*867 0.091*8 -0.1168 -0.2*2 :> 0.1017

12 258.7200 •0.11*60 -0.53% 0.0782 -0.0876 -0*3*12 0.0938

13 I8S.I6OO -0.0973 -0,581*1 0.0568 •0.0564 -0.3501* 0.0581

3 101.9200 -0.0187 -0.63*7 0.0308 -0.0292 -0.3Y9* 0.0370

15 0.0000 0.0000 -0.6811* 0.0000 0.0000 -0.4066 0.0000

16 -117.6000 0.01*87 -0,7301 -0.0355 0.0292 -0.4360 -0.0426

17 -250.8800 0.0973 -0.7788 -0.0756 0.0584 -0.4672 -0.0909

18 -399.8400 0.11t60 -0.8271* -0.1206 0.0676 -0.4964 -0.11*49

19 -564.4800 0.19^7 -0.8761 -0.1706 0.1168 -0.5256 -0.2047

20 -744.8000 0.21*31* -0.9246 -0.225.1 0.1460 -0.5546 -0.2701

21 -940.6000 0.2920 -0.9735 •0.2643 0.1752 -0.5641 -0.3411

22 -1152.4800 0.3b07 -1.0221 -0.3463 0.2044 -0.6132 -0.4179

23 -1047.2000 0.3251 -0.9735 -0.3164 0.1950 -0.5641 -0.3764

24 -946.5600 0.3091 -0.921*6 -0.2666 0.1654 -0.5546 -0.3439

25 -81*0.6700 0.2920 -0.8761 -0.25i*0 0.1752 -0.5256 -0.3046

26 -756.6800 0.2760 -0.6271* -0.22CO 0.lo5o -0.496i* -0.2743

27 -665.2800 0.2581 -0.7788 -0.2010 0.1546 -0.4o/2 -0.2412

28 -588.8400 0.21*37 -0.7301 -0.1779 0.l4o2 -O.4360 -0.2135

29 -513.7800 0.2271* -0.6811* -0.1552 0.1364 -0.4088 -0.1862

30 -443.3500 0.2117 -0.6327 -0.1340 0.1270 -O.3796 -O.I608

31 -380.7000 0.1959 -0.581*1 -0.1150 0.1175 -0.3504 -0.1380

32 -319.3000 0.1790 -0.5351* -0.0965 0.1074 -0.3212 -0.1156

33 -263.7600 0.1627 -0.1*867 -0.0797 0.0976 -O.2920 -0.0956

2 -214.4600 0.11*69 -0.1*381 -0.0648 0.0881 -0.2628 -0.0777

35 -169.5700 0.1305 -0.3894 -0.0512 0.0783 -0.2336 -O.0614

36 -129.9500 0.111*3 -0.31*07 -0.0393 0.0688 -O.2044 -0.0471

37 - 95.0300 0.0980 -0.2920 -0.0287 0.0588 -0.1752 -0.0344

38 -66.9300 0.0820 -0.21*31* •0.0202 0.0492 -0.1460 -0.0242

39 - 1)2.6800 0.0655 -0.191*7 -0.0129 0.0393 -0.1168 -0.0155

B • 24.2500 0.0494 -0.11*60 -0.0073 0.0296 -0.0876 -0.0087

ui - 10.9600 0.0332 -0.0973 -0.0033 0.0199 •0.0584 -0.0040

Ml - 2.6000 0.0162 -0.01*87 -0.0007 0.0097 -0.0292 -0.0008
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Table 1. (Cont.)

2
I+kV 1+kV »ln | !*££ Sin | 55 co« v ? tin* v

iPM 15 16 17 11 io 20 21
oTBooZT T^rco iTox cnr3 &7ftB8 THEfe E3S55
0.6020 1.0020 1.0020 0.6016 0.6016 0.bSl2 0.6960

3 0.6050 1.00**0 J.OCbO 0.8032 0.6C32 0.b629 I.7920
k 0.6110 1.0100 1.0100 0.6060 0.8080 0.b&66 2.6880

0.8160 1.0150 1.0150 0.8120 0.6120 0.1*903 3.581*0

2
0.6300 1.0290 1.0290 0.6232 0.8232 0.b960 I..I18OO
0.61*20 1.01*10 1.01*10 0.8328 0.8328 0.5158 5.3760
0.8500 1.0550 1.0550 0.8521* 0.8521* 0.5136 6.2720

9 0.8600 1.01*10 1.0710 0.8238 0.81*08 0.5160 5.3760
10 0.871*0 1.0290 1.0950 0.8232 0.81*1*0 0.521*1* 1*.1*800
11 0.9020 1.0150 1.1100 0.8120 0.8860 0.51*11 3.561*0
12 0.9290 1.0100 1.1320 0.8060 0.9356 0.5573 2.6850
13 0.9600 1.001*0 1.1580 0.8032 0.9261* 0.5759 1.7920
Ut 1.0000 1.0020 1.1810 0.8016 0.9W*8 0.6000 O.896O
15 1.0500 1.0000 1.2090 0.6000 0.9672 0.6299 0.0000

1.1000 1.0020 1.2350 0.8016 0.9880 0.6599 -0.8960
17 1.1610 1.001*0 1.2630 0.8032 1.0101* 0.6965 -1.7920

\l J'SS J'oJS
1 '2990 °-8080 l '0m °-7325 -fi.6880

2 J*
2850 1#015° 1 '330O 0.8120 1.061*0 0.7709 -3.581*0

1.3500 1.0290 1.3600 0.8232 1.0660 0.8099 -i*.l*80G

o\ J"W£ UOhlQ U39*° °*6328 l ' ll6° 0.81*89 5.3760
l\ J'KS 1,078° Ukl2° °^2h W* 0*8675 -6.272C

li i*^£ UO
t??

1,3^° °'8392 l -n6° 0-8627 -5.981*C

Ik J'?iS }
#
°J*?°

1 -3600 °*836° l -°to° 0.8135 3.6696MS f- ^ 1 -3300 O-8328 0-°^0 0.8015 3.3760

3
1.2*0 1.0350 1.2990 0.8280 1.0392 0.7763 -?.
1.21*1*0 1.0330 1.2630 0.6261* 1.0101* 0.7b63 2 1 7520
.2010 1.0260 1.2350 0.8221* 0.9880 5 7205 Z b86b29 1.1590 1..T23) 1.2090 0.8181* 0.9672 0.6953 2.1656

30 1.1160 1,0200 1.1610 0.8160 0.9i*u8 O.6695 -3.8976

5 f-SS *•£? laS8° -81^ °*"* 0.6?f -IS32 1.0370 1.0150 1.1320 0.8120 0.9356 0.6221 -3.29£o
33 0.9760 1.0120 l.uoo 0.&096 0.8680 5655 -2 99523b 0.9660 1.0100 1.0950 0.8060 0.81*1*0 0.5795 -fi 70b0

1 n'ffi ^^ ltWl° °-80^ 0.8408 05603 2.S
36 0.901*0 1.001*0 1.0550 0.8032 0.8521* ojl*23 3.1056
1 S'225 J-Sf

1 *0lil0 °-802it °- 8320 -5262 -1 80b8
* S'JS f

#002° ^O290 O'6016 0.8232 0.5136 -1.510b

2 2-SIS J"2J2
1,015° °-8008 °-8120 °^016 -120S

f 0.8200 1.0000 1.0100 0.8000 O.808O 0.1*920 -0.9088U 0.8090 1.0000 1.001*0 0.8000 0.8032 85 *2S
-AS 0^22 1.0000 1.0020 Q.8000 Q.80T6 qjSS £££

0.6000 c.eooo
0.6016 0.8016
0.6032 0.6C32
0.8060 0.6060
0.8120 0.6120
0.6232 0.6232
0.8328 0.8326
0.6521* 0.8521*

0.8238 0.61*06

0.8232 0.61*1*0

0.6120 0.8860
0.8060 0.9356
0.8032 0.9261*

0.8016 0.9l*i*8

0.6000 0.9672
0.8016 0.9680
0.8032 1.0101*

0.6080 1.0392
0.8120 1.061*0

0.8232 1.0660
0.6328 1.1160
0.8521* 1.1936
O.8392 1.1160
0.8360 1.0660
0.6326 0.061*0

0.6280 1.0392
0.6261* l.oiol*

0.6221* 0.9660
0.8181* 0.9672
0.6160 0.91*1*6

0.811*1* 0.926b
0.8120 0.9356
0.8096 0.6660
0.8060 0.6bl*0
0.8056 0.61*06

0.8032 0.852b
0.8021* 0.8320
0.6016 0.8232
0.8008 0.8120
0.8000 0.8060
0.8000 0.8032
0.8000 0.6016



Table 1. (Cont.)

29

•'©iaS

4.
23

>~ D 7?
log

27
l«c

i 0.0000 0.0000 1.0000 0.0000 1 .0000 o.cooc 0.0000

e. o«i9ie 0.9761 0.0G96 0.9761 -0.021*3 -0.021*3

3 1.7920 0.1792 0.9538 0.1792 0.953a -0.01*71 -0.01*71

| 2.6380 0.2688 0-9311* 0.2688 0.9311* -0.0710 -0.0710

5 3.5810 0.3581 0.911** 0O581* 0.91H* -0.0932 .0.0932

6 1* .1*800 0.1*1*80 0.8911 0.1*1*80 0.8911 -0.1151* -0.1151*

7 5.3760 0.5376 0.8708 0.5376 0.8708 -0.1383 -0.1383

8 6.2720 0.6272 0.61*1*3 0.6272 0.81*1*3 -0.1707 -0.1707

9 7.1680 0.7168 0.9531* 0.5376 0.7839 -0.01*81 -0.21*33

10 6.061*0 0.8061* 1.0585 0.1*1*80 O.7069 0.0582 -0.3U67
11 8.9600 0.8960 1.1253 0.3581* 0.6553 0.1088 -0.1*231

1 12 9.8650 0.9865 1.1802 0.2686 0.5955 0.1655 -0.5181*

13 10.7520 1.0752 1.3095 0.1792 0.51*07 0.2700 -0.611*9

11* 11.61*80 1.161*8 1.1*086 0.0896 0.1*91*6 0.31*36 -0.7032

IS 12.51*1*0 1.25UU 1.5083 0.0000 0.3999 0.1*121 -0.9163
16 13.1*1*00 1.31*1*0 1.6060 -0.0896 0.1*250 0.1*731 -0.8557

17 11*. 3360 1.1*336 1.8285 -0.1792 0.1*031 0.6003 -0.9068

18 15.2320 1.5232 1.7065 -0.2688 0.3767 0.531*1* -0.9702

19 16.1280 1.6128 1.881*7 -0.3581* 0.3597 0.6337 -1.0217

20 17.021*0 1.7021* 1.971*1* -0.1*1*80 0.3392 0.6805 -1.0817

21 17.9200 1.7920 2.0530 -0.5376 0.3198 0.7193 -1.1391*

22 18.6160 1.8616 2.0106 -0.6272 0.2575 0.6936 -1.3567

j 23 17.9200 1.7920 2.1032 -0.5981* 0.3211 0.6981 -1.1305

2 17.021*0 1.7021* 2.2256 -0.5689 0.3309 0.7990 -1.231*7

25 16.1280 1.6128 2.031*3 -0.5376 0.31*93 0.7102 -1.0526
26 15.2320 1.5232 1.9931 -0.5082 0.5961 0.6881 -1.011*7

27 lit. 3360 1.1*336 1.91*88 -0.1*752 0.57H* 0.6678 -0.9795
28 13.1*1*00 1.3U*0 1.9009 -0.1*1*86 0.61*18 0.61*18 -0.9288
29 12.51*1*0 1.251*1* 1.8538 -0.1*186 0.6153 0.6153 -0.8731*

30 11.61*80 1.161*8 1.8070 -0.3898 0.5913 0.5913 -0.8285
31 10.7520 1 .0752 1.7651* -0.3606 0.6231 0.5678 -0.7853
32 9.8650 0.9865 1.6958 •0.3296 0.5306 0.5306 -0.7318

33 8.9600 0.8960 1.6101* -0.2995 0.1*762 0.1*762 -0.7339

s 8.8061* 0.8606 1.5798 -0.2701* 0.1*571* 0.1*571* •0.6152

35 7.1680 0.7168 1.5173 -0.21*03 0.1*187 0.1*167 -0.5531*

36 6.2720 0.6272 1.1*157 -0.2106 0.31*71 0.31*71 -O.L891*

37 5.3760 0.5376 1.3830 -0.1805 0.321*1 0.321*1 -0.i*i!32

38 1*.1*800 0.1*1*80 1.3178 -0.1510 0.2752 0.2752 -0.3581
39 3.51*80 0.351*8 1.2520 -0.1206 0.221*5 0.221*5 -0.2890

B 2.6880 0.2688 1.1661 .0.0909 0.1697 0.1697 -0.2200
1*1 1.7920 0.1792 1.121*2 -0.0611 0.1129 0.1129 -0.11*91
1*2 0.8960 0.0896 1.01*59 -0.0298 0.01*38 0.01*38 -0.0693
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| IOC

2 .29fie

T cc* v

m&
1.3793 5-3793

;°
.m

I 0.0000 vi.OOOC

£ -0.0022 •O.0022 2.3016 1.3611 1.3769 1.3789

I
-0.0085 -0.0085 2.3102 1.3661 1.3776 1.3776
-0.0191 •0.0191 2.3266 1.39?

3

1.3762 1.3782
5 -0.0358 -0.0356 2.3U49 1.1*069 1.3711 1.3711
6 •0.0516 -0.0516 2.3635 1.1*301 1.3765 1.3785

I
-0.071*1* •3.071*1* 2.4166 1.1*512 1.3768 1.3768
•O.1071 -0.1071 2.46OO l.li?60 1.3669 1.3689

9 •0.G3W; -0.1302 2.4656 1.1*795 i.4l*5i 1.31*93
10 0.0388 -0.1551 2.5160 1.5106 1.5496 1.355J*

11 0.0975 •0.1512 2.5696 1.5539 1.6511* 1.1*027

SI 0.1635 •0.1393 2.6610 1.5966 1.7601 1.1*573

g
0.2905 •0.1102 2.7567 1.6552 1.9U57 1.51*50
G.itOOO -0.0626 2.6735 1.7241 2.1241 1.6613

15 0.5160 0.0000 3.0169 1.8113 2.3273 1.6113
16 0.6351 0.076? 3.1600 1.6960 2.5311 1.9727

g
0.8611 0.1629 3.3uGi I.9O4I 2.7652 2.0680
G.dlOO 0.2616 3.5011 2.1007 2.9107 2.3625

19 1.0196 0.3660 3.6699 2.2139 3.2335 2.5799
£0 1.1585 0.1*850 3.6m 2.3273 3.1*856 2.6123
£1 1.2810 0.6221 4.0651* 2.h39i 3.7202 3.0613
22 1.30ii5 0.8516 4.1500 2 .1*500 3.791*5 3.31*18

u
1.2511 0.6686 4.1351* 2.4812 3.7323 3.1i*98

1.3605 0.7016 3.6dJ7 2.3338 ^9h} 3.0356
25 I.I48I4 0.5655 3.6369 2.3021 3.4505 2.8676
26 1.0499 0.516c 3.7210 2.2326 3.2825 2.?1*36

g
0.9599 0.4659 3.5/89 2.1473 3.M71 2.6132
0.861*3 0.1*166 3.1*500 2.0/j: 2.931*3 2.4666

2? 0.7718 0.3658 3.3253 1.9952 2.7670 2.3610
30 0.6900 0.3225 3.3300 1.9960 2.6860 2.3209
31 0.6162 0.2626 3.0^55 1.8513 2.ii695 2.131*1
32 0.5235 0.21*18 2.9797 1.7876 2.3113 2*029*

2
0.4267 0.2195 2.8000 1.6800 2.1067 1.8995
0.4035 0.1661 2.7689 1.6613 2.0648 1.8371*

$ 0.3000 0.1338 2.6795 1.6077 1.9077 1.71*15
36 0.2810 0.1029 2.591*2 1.5565 1.8375 1.6591*

2 0.1731 0.0751i 2.5181 1.5109 1.681(0 1.5863
38 0.123U 0.05**2 2*1679 1.471*7 1.5981 1.5289

5
0.0796 0.031*9 2.1*000 1.1*400 1.5196 1.1*71*9

0.0456 0.0200 2.3500 1.1*100 1.1*556 1.1*300U 0.0203 0.0091 2.3199 1.3919 1.4122 1.1*010
1*2 0.0039 0.0023 2.3000 1.3600 1.3839 1.3823



Values of angle^ nay be obtained by a aethod analogoua to that used In

obtaining engle X of Eq. 1?.

Therefor*,

coa ^ •===========—i U

t-b la the projection of angle$ on the Xf-plsne.

9b 1» the trigonometrical tangent, of ihc angle foraed by the etreight line

representing the section with the XY-plane, i. e.,

fc c

where e ia the projected interval.

A sign convention for the product K.Y <iQ should be adopted here in order to

avoid aiatakce. Ihc value KY % ia positive when both sides of angle v arc

ascending or descending to the vertex, otherwise it is negative.

The free edge, 8-22, of the groined vault cannot withstand any norasl or

tangential atreasea, since there is no structural eleaent which is able to

resist then. Therefore, equating tqe. 39 and to to aero and solving for T*

and Ty, the following ia obtained

*

^ _ - itoiffrfti , ia

^..T}frf|sr u
flroa equation kl, with tfb equal to 116 deg. end 3k ainutea, angles for

points c-2c are found. These values are shown in eoluan 12 of Teblt 2.

Using &qs. 1*2 snd 13 1 values of T£ «snd T» are eenputed. These values

are shown in coluans 18 and 19 of Table 2.
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32

J(l*k*xf)

2* InmJO i&i &&>
»•&
?« *»

itolsA 1 _n_i^m U&i 0.0000 o.o$oo 1.0000 1.05^0 0,0000 -6.U*t2

9 i.iiJ5 0.0505 0.0026 1.0011 1,0722 -0.0197 -0.u669

10 1.1251 0.1635 0,0267 1.0125 1.1053 -0.0716 -0.5188

11 1.1266 0.2726 0.071*3 1.0365 1.1505 -0*1327 45.5799

12 1.11*33 0.3816 0*11*56 1.0703 1*2116 -0.201*3 -0.6515

1.1626 0.1*906 0.21*07 1.1141 1.2901 -0.2865 -0.7338

M 1.1&3U 0.5997 0.3596 1.1656 1.3766 -0.3791* -0.8266

15 1.2090 0.7087 0.5022 1.2257 1.1*819 -0.1*829 -0.9301

16 1.2375 0.8177 0.6666 1.2916 1.5951 -0.5970 -1.01*1*2

3
1.2661 0.9267 0.6566 1.3631* 1.7220 -0.7217 -1.1689

1.3120 1.0356 1.0729 1.1*397 1.8702 -0.8570 -1.301*2

19 1.31*99 1.11*1*8 1*3106 1*5201 2.0217 -1.0030 -1.1*502

20 1.3991 1.2536 1.5720 1.6037 2.1610 -1*1595 -1.6067

21 1.1*522 1.3628 1.8572 1.6905 2,3582 -1.3267 -1.7739

22 1.5666 1.1*583 2.1266 1.7683 2.6029 -1.1*905 -1.9377

Table 2. (Cont.)

2 SHtt* M' &• ilfi- it* IBf
K YH+cos w eca .

x
-

j^^ oc # l-«c •In 3
Oft*. 8 9 TF M 12 13 *r
£ " 0.7166 c.ilifi -6J256 $83>T 115-10 6^4)6 6.5861
9 0.7136 0.61*00 -0 .1*398 50-12 116-06 65-51* 0.8918
10 0.7065 0.6289 -0.1*699 51-02 118-02 67-00 0.871*9
a 0,691*7 0.6166 -0.501*0 51-56 120-20 68-31* 0.8631
12 0.6761 0.5931 -0.5377 53-37 122-32 68-55 0.81*31

§
0.6567 0.561*8 -0.5688 55-37 12li-**0 69-03 0.8225
0.6307 0.5329 -0.5976 57-i*8 126-1*2 40-51* 0.8016

15 0.5999 0.U962 -0.6276 60-15 128-52 «-37 0.7786
26 0.561*!i 0.1*561 -0.651*6 62-33 130-53 68-20 0.7560
17 0.5221 0.U17 -0.6788 65-1*1 130-1*5 67-01* 0.731*3
18 0.1*791 0.3652 -0.6973 68-35 13i*-13 65-28 0.7167
19 0.1*293 0.3180 -0.7173 714*9 135-50 61t-01 0.6967
20 0.371*6 0.2678 -0.7367 7l*-28 137-27 62-59 0.6762
21 0.3157 0.2173 -0.7522 77-27 138-1*7 61-20 0.6589

Q.2«>17 0.1586 -0.71*1*1* 80-52 mm ?8-06 -£££
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Tabic 2. (Cont.)

9
10
11

12

1
s
II

21
22

all* (l-*)

0.9128
0.9205
0.9308
0.9331
0.9339
0.9329
0.9312
0.9291*

0.9210
0.9097
0.8189
0.8909
0.8771*

0.BU8?

T35T
1.0222
1.0525
1.07814

1.1067
1.1351*

1.1635
1.1960
1.229U
1.251*3

1.2693
1.2902
1.3175
1.3316
1.2923

Q.9$7T
0.9780
0.9501
0.9273
0.9035
0.8807
0.8595
O.S361
0.8131*

0.7973
0.7878
0.7751
0.7590
0.75 ic

-2.5222
-2 .6152
-2.7928
-2.9U;9
-3.1322

-3.3133
-3.6106
-3.881*9

-li.l695

-i* .1*1*39

-4.7607
-5.1103

-5.U35
-5.3626

-2.S5M
-2.U58
-2.3855
-2.1*015

-2Jt0lt2

-2.1296
-2.1498
-2.52U
-2.5703
-2.6631
-2.75S2
-2.3600
-2.91*1*0

-3.0531

*Vli*n ITbbL

I.-:

0.9751*

0.9321
0.911*1*

0.8922
0.8670
0.81*81*

0.8271
0.8113
0.791*9

0.7775
0.7631
0.7566
0.71*62

0-7323.

Tabic 2. (Conci.)

9
10

n
12

l>
lit

15
vs>

17
18

19
20
21

i.:

1.0299
1.0625
1.0936
1.1208
1.1531*

1.1786

1.2090
1.2325
1.2580
1.2861
1.3103
1.3217
1.31*00

*.*»

2k&
22

^n*^r
-2.1*661

-2^*675
•5.5537
-2.627L
-2.7156
-2.6365
-2.9863
-3.1518
-3.3300
-3.1*551

-3.6331*

-3.8665
«**.0395

"3.?27P

*li'Vit.

a.Mm
-2.1*811

-2.5382
-2.6263
-2.69»*6

-2.8023
-2.9109
-3.0516
-3.1679
-3.3502
-3.51*73

-3.71*75

-3.8911
•it.0911

A

-3.9112
-li.0171

-ij.205l

-h.3875
•4* .6613
^*.9606
-5.3136
-5.6829
-6.0952
-6.3658
-6.8669
-7.3523
-7.7597

-7i7?ifi.

AYy
;Vft,

-3.8301*

-3.8936
-It.0290
-J*.1519

-i*.3U73

4».5722
«4*.6629

•5.11*06

-5.1*182

-5.9098
•6.3271*

-6.7031*

-7.1521*

-7-7396
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Stepki

Using Eqs. 6 end ?, the values of % »nd Vy •** found for points 8-22.

These values »r« thovn in coluans 22 end 23 of Tabla 2.

The values of Vx and V
y

shown in coluans 33 and 3k, Table 1 for points

8-22, srt obtsinod on the aaaunption that fjW snd f2 (X) sre equal to zero.

The stresses % snd Vy, shown in coluans 22 and 23 of Table 2, are obtained

when Tb and S^, the norail and tangential stresses, are set equal to ssro.

therefore, to leave edge 6-22 ooapletely free of stresses, a set of stresses

AVy snd AVX equal and opposite to the differences between the basic values Vx

and V and the ones celled Vjp and Vy need to be assigned to the constsnts of

integration* i. c»,

fj(X) -AVy • Vy - V
y

fl(Y)«AVx .Vjr -Vx,

The ccuputed values of AV
y

end aVx are shown in coluans 21 and 25 of

Table 2.

Step 6

»

The stresses A.VX sndAV
y

introduced in step $ disturb the equilibrium of

the structure. Therefore, reedJusting the stresses requires that the sea*

stresses should be introduced st the groin. This can be accospliahed by

transferring AVX and&V
y

fron the free end of each generator to the opposite

ones, aa if each generator were a tic or strut. Such tranaformotion will pro-

duce, of course, alterations in the stste of stresses st the interior points of

the surface. However, these slterstions ore insignificant sines the boundary

points govern the design.

Accordingly, the stresses at the free edge 8-22, I. e.,AVx and^Vy are
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transformed to the groin, points 22-1*2-1. The vslues obtained fros this step

•r< shown in columns 1 and 2 of Table 3*

Step 7

«

The aodified v«lu«* of V-> and V« at the groin, shown in columns 3 and

U, Table 3* are obtained by adding the basic values of Vx and V
y

in coluans

33 and 31* of Table 1 to those presented in coluans 1 and 2 of Table 3.

Step 8

i

Using Eqs. 6 and 7 the values of 7£ and T« are found for points 22-1*2-1.

These values are shown in coluans 7 and 8 of Table 3*

Step 9»

As in step 3* values of stresses along the other boundary line, 22-1)2-1,

need to be investigated. This can be accomplished by using Eq. 1*1, with wb

equal to 71 dag. and 3k ainutes in order to find the angle J3 f«* the points

22-1*2-1. Then, by usinc b?s. 39 and 1*0, values of Ta and Sb can be obtained.

The necessary computations for this step arc shown in coluans 9 to 1*1 of Table

3* Values of Tb and Sb are shown in coluans 1*2 and 1*3 of Table 3*

Step 10

i

Stresses Tb and Sb are stresses per unit length of edge. To obtain the

forces concentrsted at the points 22-1*2*1, i.e., FTb and FSb , these stresses

oust be multiplied by the corresponding real intervals. These intervals aay

be computed by the following formula*

I - /Ui-Zi l)2 C2

where

I » interval

C • the horizontal projection of the interval, i.e., 2.357.

the real interval - I
ff
- ** *

I * + L



Tfcblt 3* St*«*»«f at the groin*
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-7.7597

-7.3S23
-6.8669
-6.3658
-6.0952
-5.6829
-5.3136
•4.9606
-it.6613

-4.3875
•4.2051
-4.0171
-3.9112
-3.8344
-3.9112
•4.0171
•4.2051
-4.3875
-4.6613
•4.9606

-7.5380
-7.3152
-7.1521*

•7.0028
-6.8531
-6.7034
-6.5781
-6.4527
-^*327lt

-6.1882
•6.0490
-5.9098
•5.7160
-5.5821
-5.1*182

-5.3257
-5.2331
-5.1406
-5 .01(80

•4.9555
•4.8629

-4.0274
-3.6560
-3.3161*

-3.0833
-2.9880
«*.7486
-2.51i66

-5.2726
-2.1918
-2.0762
•2.0981
-1.9523
-2.0035
-1.9969
-2.2272
-2.4190
-2.6655
-2.9319
-3.21*91

-3.5767

•4.3862
•4.3096
-4.2848
•4.251(2

-4.2399
•4.2166
•4.2171
-4.1316
•4.1933
-4.1586
-4.11(95

-4 .0721
•4.001(5

-3.9227
-3.8325
-3.7968
-3.4$82
-3.7106
•3.6470
-3.1(806

-MB36

0.7520

o7684
0.7880
0.7968
0.8166
0.8304
0.8147
0.8637
0.8852

0.891(3

0.9036
0.9266
0.9b02
0.9521*

0.9614
0.9728
0.9833
0.9901
0.9970
0.9980
1.0000

TT5B5T
1.3298
1.3011
1.2690
1.2551
1.221(6

1.201(3

1.1838
1.1578
1.1297
1.1182
1.0968
1.0792
1.0636
1.0502
1.0369
1.0279
1.0170
1.0100
1.0030
1.0020
1.0000

-5.3556
-4.7605
•4.2085
•3.8698
•3.6591
-3.3101
-3.0147
•2.6312
-2.4761
-2.3216
-2.3057
-2.1069
-2.1309
-2.0971
-2.3094
-2.4865

-2.7312
•2.9612
-3.2588
-3.5838

-M2Q



T»bl« 3. (Cont .)

^h/ft. -|/

|
*% 2K

32
i,

*-oin<
1jit -2.6757 1.5866 O.feli" " -0.$#6 :.57i'; 1.2512 " i.eW

23 -3.2999 1.1*631 0.71*99 -0.7269 0.5602 1.21*99 1.71*11

2k -3.3115 1.1|212 0.731*5 -0.6775 0.5399 1.2100 1.6692

%
-3-3761* 1.3752 0.6725 -0.5690 0.1*523 1.2021 1.601*5

-3.3697 i.MS 0.6700 -0.551*9 0.1*1*69 1.2008 1.5588

27 -3.1*623 1.3067 0.5650 -0.1*398 0.3202 1.11*96 1.1*526

28 -3.5016 1.2727 0.5632 -0.1*117 0.3160 1.11*21* 1.1*11*8

29 -3.5622 1.2369 0.5121* -0.31*65 0.2628 1.1269 1.361*7

30 -3.5666 1.201*6 0.1*785 -0.3021* 0.2297 1.1086 1.3099

31 -3.7119 1.1707 0.1*51*6 -0.261*5 0.2063 1.0979 1.2626

32 -3.7190 1.1520 0.1*072 -0.2207 0.1678 1.0607 1.2266

2
-3.71*95 1.1253 0.3621 -0.1761 0.1316 1.0611 1.1833

-3.7735 1.1001 0.3311 -0.11*51 0.1096 1.0531* 1.11*62

35 -3.7650 1.0785 0.2900 -0.1135 o.osm 1.0*438 1.1179

36 -3.7359 1.0612 0.21*97 -0.08U6 0.0623 1.0327 1.0916

37 -3.6961 1.01*31 0.2160 -0.06^6 0.1*660 1.0212 1.0620

36 -3.6935 1.0320 0.1751 -O.Oi*26 0.0306 1.0156 1.01*63

£
-3.1*000 1.0190 0.1362 -0.0267 0.0185 1.0092 1.027**

-3.6739 1.0100 0.0960 -0.011*5 0.0096 1.001*8 1.011*8

m -3.6361 1.0030 0.0597 -0.0056 0.0031* 1.0019 1.001*9

1*2 -3.1*736 1.0020 0.0192 -0.0009 0.0037 1.0016 1.0038

i -3.1*806 1.0000 0.0000 . -0.0000 0.0000 1.0000 1.0000



n

UbU 3* (Cont.)

K
2
XY»COI V

KYQ- *e<m i

'b
s$̂ i eo§/>

Psa. flin.

it1 oint IS 16
oJSi? -o.B8i* 6.BK '-oJte Bdifi ioE-2i 2jlll

23 0.2835 -0.4127 0.1937 <0.2368 78-50 103-1*2 24-52
24 0.3133 •0.3613 0.2204 -0.2139 77-16 102-21 25-05
25 0.3459 -0.2726 0.2515 •0.1700 75-26 99-48 24-22
26 0.3713 -0.2387 0.2762 -0.1532 73-57 96-49 24-52

3
0.3989 -0.1236 0.3053 -0.0850 72-13 94-53 22-40
0.4220 -0.0955 0.3316 -0.0675 70-38 93-51 23-13

89 0.1*20*? -0.0323 0.3589 -0.0236 68-58 91-^1 22-23
30 0.4659 0.0138 0.3868 0.0105 67-14 89-24 22-10
31 0.1*61*9 0.0517 0.1*11*2 0.01*09 65-32 87-39 22-07
32 0.5034 0.0955 0.1*370 0.0780 64-05 85-32 21-27
33 0.5202 0.11(01 0.1*623 0.1161 62-28 e>i3 20-45
32* 0.5351 0.1711 0.1*860 0.11*92 60-55 81-25 20-3C
35 0.51*37 0.2027 0.5088 0.1820 59-25 79-30 20-05
36 0.5606 0.2314 0.5283 0.2115 58-07 77-4*7 19-4o

3
0.5712 0.2516 0.51*76 0.2368 56-48 76-18 19-30
0.5797 0.2735 0.5617 0.2617 55-50 7ii-50 19-00

2
0.5d70 0.2895 0.5761 0.2820 54-49 73-37 16-401

0.5926 0.3017 0.5867 0.2965 54-04 72-47 18-43
a 0.5966 0.3101 0.5948 0.3091 53-30 72-00 18-30
ia 0.5992 0.3153 0.5980 0.3138 53-16 71-43 18-27

, 9&m„ Pt«*2 0.3162 33-08 7l-Ji . . mi



Tabic 3. (C«nU)

23
2h
25
26

87
28

89
30
31
32

i
3

35
36

37
38

2
la

207-21*

20U-42
199-36
197-38
189*46
187-42
182-42

178-48
175-18m
162-50
159-00
155-31*

152-36
11*9-40

U*7-U»
U*S-3U
lUi-00
11*3-26

M£2L

117-33
116-Oii

113-41*

111-31*

109-46
106-59
103-58
101-55
99-35
96-27
95-48
93-50
92-25
91-30
90-30
90-10

0.9677
0.9811
0.9751*

0.9679
0.9610
0.9522
0.9**3i*

0,9331*

0.9221
0.9102
0.899U
3.6667

0.8739
0.6609
0.81*91

0.8368
0.8271*

0.8173
0.8077
0.8039
0.8011*

iiVHiaiSfflriii

0.5

0.9716
0.9769
0.9651*

0.9882
0.9961*

0.9977
0*9997
0.9999
0.9992
0.9970
0.9930
0.9888
0.9832
0.9773
0.9715
0.9652

0.9591*

0.9552
0.9511
0.91*95

9t§W

0.91*1*2

0.951*5

0.9712
0.9762
0.9910
0.9950
0.9990
0.9999
0.9980
0.991*0

0.9860
0.9781
0.9668
0.95i»7

0.91*18

0.9316
0.9200
0.9121*

0.901*5

0.9015

fttW

•rfSkr)

o.;

0.1*205

0.1*239

0.1*126

04205
0.3851*

0.391*2

0.3808
0.3773
0.3745
0.3657
0.351*3

0.3502
0.3U31*

0.3366
0.3338
0.3256
0.3223
0.3209
0.3173
0.3165

P*#62

0.1766
0.1796
0.1701
0.1768
0.11*85

0.1553
0.11*51

0.11*26

0.11*16

0.1337
0.1258
0.1226
0.1179
0.1132
0.1111
0.1059
0.1037
0.1030
0.1008
0.0999

O'Offl*



T»hl« 3. (Coot.)

1*

wt tW,M
sin/ sin

s fla4p^ cosi^JUL

0,9073
0.9057
0.9110
0.9073
0.9228
0.9190
0.921*7

0.9261
0.92&*
0.9307
0.9351
0.9367
0.9392
0.9U17
0.9U26
0.91*55

0.91(66

0.9U71
0.91(83

0.9l»66

0.9167

tints-*) x

ssmzd
27 tin

i

23
21*

25
26
27
28

29
30
31

32

33

35
36

37
38

39
ItO

1*1

hz

"o3oT
0.7819
0.79lil

0.6126
0.8223
0.8666
0.8983
0.9151i

0.9300
0.9411
0.956ii

0.9701*

0.9781*

0.9660

0.9937
0.991*9

0.9978
0.9991
0.9997
0.9999
1.0000
1.0000

"07381*0"

0.1*105

0.i;Q]*2

0.2*001

0.1*155

0.3619
0.3922
0.3600
0.3771
0.3762
0.361*3

0.3516
0.31(56

0.3369
0.3266
0.321*0

0.311*2

0.3065
0.3066
0.3017
0.3000
0.2999

-0.2326
•0.2301*

-0.2086
-0.1673
-0.1517
-0.0661
•0.0673
-0.0235
0.0101*

0.01*06

0.0776
0.1172
0.12*71*

0.1769
0.2061
0.2300
0.2520
0.2705
0.283U
0.261*0

0.2977

0.361*0

0.3619
0.3835
0.3759
0.3616
0.3576
0.3537
0.3520
0.31*91*

0.31*67

0.3U00
0.3318
0.3279
0.3220
0.3169
0.311(2

0.3075
0.301*5

0.301*2

0.3008
0.3003

o-flpo

-5.0563
«J*.51*5o

•4* .0890
-3.7800
-3.6206
-3.2987
-3.0095
-2.6310
-2.1*750

-2.3856
-2.3705
-2.0761*

.3.0673
-2.0000
-£.21*52

«*.3l88
-2.5166
-2.6999
-2.9398
-3.2216

Tie??
3.1*000

3.lU>9
3.0665

3.091*3

2.7300
2.7066
2.5207
2.5lid*

2.3200
2.1605
1.9691*

1.9109
1.6067

1.7069
1.6351
1.51(00

1.1*802

1.1*1*06

1.2*000

1.3600



T»bl« y, (Good.)

kl

Tf »in

J|* 1^ 2^l

23
21*

25
26
27
26

29
30
31

32

33
3U

35

36

3
39
ilO

U
1*2

JL

--o^ff?
•0.5189

-0.5JU8
-0.571*5

•0.6000

-0.51U5
-0 .52*1*6

•0.5158
-0.5056
-0.5253
•0.1*956

-0.1*717

-G.l*600

•OJ»li25

-0.1*232

-0.1*106
•0.3910
-0.3526
-0.3780
-0.3659
-0.31*68

-0.31*72

1.21*95

0.991*7

0.7050
0.5862
0.311*8

0.2226
0.0766
•0.0263
•0.1011
-0.1602
-0.2706
•O.3099
-0.3809
-0.1*322

-0.5318
-0.6251
-0.7385
-0.8375
-0.921*9

-1.0651*

-M80Q

TSKT
3.2365
3.0673
3.1186
3.0599
3.1700

3.1035
3.01*00

3.0991*

2.9032
2.61*63

2.7251
2.7096
2.61*00

2.5750
2.S000
2.1*500

I4*t0
t.jfto
2.3199
t.JOOG

MM

.1.2216
-1.2699
.1.2656
-1.2915
-1.2387
-1.2389
•4.2517
-1.21*63

-1.2937
-1.2613
-1.2316
-1.2320
-1.2111
-1.1815
-1.1600
-1.1312

-1.0335
-1.1188
-1.0916
-1.01*20

-2.3HT
-2.1752
-1.991*9

-1.5950
-1.2857
-1.1*051

-1.131*7

-1.001*6

•0.6222

-0.6803
•0.7007
•0.6726
-0.6255
-0.6211
-0.7163
-1.0209
-1.1698
-1.3912
-1.6373
-1.9057
-2.1881*

-3.261*2

-2.6121
-2.5580
-2.3516
-2.21*61

-2.0872
-1.661*9

-1.6268
-1.5081*

-1.1*01*8

•1.2229
-1.1677
-1.01*60

-0.9613
-0.8082
-0.6937
-0.6260
•0.3937
-0.3031*

•0.1926
•0.0768

.%o -3i&o-2.31*00

-2.2131
-2.01*53

-1.61*99

-1.3385
-1.1*750

-1.1*301

-1.0712
-0.6755
-0.71*76

-0.7800
-0.981*9

-0.7175
•0.7219
-0.81*50

-1.2199
•1.1*115

-1.7023
-2.0260
•2.3800
-2.7396

j^i600

-3.3365
-2.8800
-2.61*02

-2.1*1*75

-2.3601*

-2.2166
.£.0000
-1.9600
-1.6521*

-1.5616

-1.3791
-1.3385
-1.3300
-1.1322

-0.9665
-0.8375
-0.7700
-0.1*865

-0.3790
-0.21*08

-9'Qflo
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These resl Intervals are shown in coluwi h of Tabla 1*. Valuta of F7b

and FSb are shown In coluans 5 and 6 of Tabla l.

Stap Hi

Forces FSb ara acting along the parabola 22-]*2-l. Therefore, their verti-

eal Qoaponanta ean ba obtainea by tha foraula

F5b tin /• FV5b

IUii dafinad in atap 10.

Tha horizontal component nay ba obtainad by

FSjjCoa/- WSfe

where

aayjj1

Values of sin / , cos
;

, ftiSb , and FVSb ara shown in colwana 7, 6, 20 and 21 of

Tabla h, respectively. FVSb ia oonaidarad poaitiva when diractad downward*

and MSb ia poaitiva whan diractad from 1 to 22.

Stap 12

t

Forces JTb ara acting along tha norsal plana at tha corresponding points

of tha parabola 22-i*2-l. But being aenbrane forces, they auat be eontalnad in

tha plana tangent to tha hyper at tha points. Therefore, they are acting along

tha intersections of tha plana noraal end tangent to the parabola 22-42*1 at

each point*

fcy the use of calculus it ean be shown that the direction cosine of tha

noraal to a plana tangent to a certain aurface ia given by



Real

toga UH^f
Interval Interval nb k. ^bk.

6
fjflj?

/Oiflt

MM^M*

r i.7^6 $.m i.Ai uAi -j.ii88 -$.1895 0.6065

u
1.76iii 3.1025 2.91*11 2.9529 -6.5350 -9.8523 0.5999

1.721*6 2.971*2 2.9206 2.9308 -5.99U* -8.1*1*07 0.586$

25 1.5603 2.1*973 2.8373 2.8759 -4*.7l*95 -7.6009 .5558

26 1.5730 2.Mill 2.8320 2.83* -3.791*1 4.9377 0.5551

a
1.3291 1.7655 2.7055 2.7696 -i».081*0 -6.5355 0.1*905

1.3233 1.7600 2.7037 2.701*6 -3.8678 HJ.9961* 0.1*900

29 1.2058 1.1*586 2.61*76 2.6756 -2.8661 -5.3512 0.1*51i8

2
1.12U 1.2658 2.6115 2.6295 -1.7562

-1.91*38

-5.2061* 0.1*318

1.0682 1.11*00 2.5881* 2.5999 4*.2962 0.1*152

32 0.9591 0.9187 2.51*36 2.5660 -2.0015 -4*.0072 0.3775

33 0.8536 0.7286 2.5600 2.5518 -2.5133 -3.5192 0.3333

A 0.7775 0.51*51 2.1*698 2.51U9 -1.801*1* -3.3662 0.311*8

35 0.6825 0J*#8 2.1*536 2.1*617 -1.7771 -3.271*1 0.2690

36 0.5660 Q.%& 2.1*289 2.1*1*12 -2.0600 -2.8656 0.21*17

37 0.5071 0.2571 2.1*10!* 2.1*196 -2.8131* -2.21*25 0.2105

36 0JO26 0.1701; 2.3917 2.1*010 -3.39OO -2.0213 0.1727

S
0.3S16 0.103k 2.3790 2.3853 -J4.OI96 -1.8375 0.1350
0.2238 0.0512 2.3685 2.3737 -1*.8007 -1.1521 0.0967

u o.U*Q5 0.0196 2.3601 2.361*3 -5.622$ -0.6955 0.0831

US 0.01*53 0.0021 2.3579 2.3590 -6.1*516 -0.5660 0.0692

1 0.0000 0.0000 2.3570 1.1785 -3.1879 -0.1130 0.0000



Mi

Table 1*. (CodI.)

"V A j^.,jtt&' nv
n cojX

c

Is

1
tan
11

CO* g
"ET"

— *$-
22 6.?93* -6.6iU 131-37 -1.I8* 6.£§# i& 0.7300
23 0.8000 •0.6986 13l*-19 -1.021*1 0.6198 51-4*2 0.781*8
21* 0.6055 -0.7158 135-1*3 -0.9753 0.57U7 5U-55 0.8183
25 0.6309 -0.7350 137-18 -0.9228 0.5108 59-17 0.8597
26 0.8320 -0-751*7 138-00 -0.8693 0.1*822 61-10 0.8760
27 0.8705 •O.7750 11*0-1*8 -0.8156 0.1*000 66-25 0.9165
26 0.8705 -0.791*5 11*2-37 -0.761*1 0.371*0 68-02 0.9271*
29 0.8895 -0.811(6 H*l*-31* •O.7115 0.3226 71-12 0.9W6
30 0.9006 •0.8321 11*6-19 -0.6665 0.2879 7>16 0.9577
31 0.9091 -0.851*0 11*8-39 -0.6092 0.2531* 75-19 0.9673
32 0.9250 -O.8725 150-4*5 -0.5600 0.2119 77-^*6 0.9773
33 0.9200 -0.8908 152-59 -0.5099 0.1700 80-13 0.9855
3S» 0.9235 -0.901*6 151*-J*8 0.1*706 0.11461 81-29 0.9890
35 0.960C •0.925C 157-1*0 -0.4*108 0.1166 8>11

81.-00

0.9929
36 0.9696 -0.91*05 160-06 -0.3613 0.0872 0.991*5
37 0.9775 •0.9556 162-52 -0.3383 0.061*6 86-18 0.9979
38 0.9850 -0.9685 165-35 -0.2571 0.01*1*1* 87-27 0.999C
39 0.9«90 -0.9796 168-25 -0.2050 0.0267 86-28 0.9996
1*0 0.98914 -0.989? 171-51 -0.11*32 0.0138 89-12 0.9999
1*1 0.9965 -0.99it5 173-03 •O.1050 0.0067 89-30 0.999?
12 1.0000 -0.9999 179-11 •0.011*3 0.0001 90-00 1.0000
1 1.0000 -1.0000 I80-DQ -0.0000 :... ... 90-00 1.0000



T*bl« 4. (Cent.)

/\ Tb FRTb nrrb *HTb MSfc PV5b

,oint
•in /

tst
Hfl.l k.

20 it
22 6.K7L

1

2.?8^ -Sjfcb 4.6tJii 4.5711 S.ii^fi i*.6?56

23 0.7155 4.6650 -4.5569 -3.5750 -2.8203 7.8950 5.9000

2k 0.6962 4.1692 -4.3048 -3.5208 -2.1*779 6.7855 4.9513
25 0.6762 3.2206 -3.4965 -3.0064 -1.7821 6.3056 4.2250
26 0.6561 2.5043 "2.8599 -2.5087 -1.3723 5.7552 3.81*71*

27 0.6320 2.5852 -3.161*7 -2.9000 -1.2659 5.6951 3.2011
26 0.6071 2.31*78 -3.0665 -2.81*86 -1.1498 5.2019 2.8375
29 0.5798 1.6588 -2.3542 -2 .2271* -0.7567 U.7505 2.4296
30 0.5516 0.971*6 -1.1*611 -1.4056 -0.4255 4.6656 2.21*01

S
0.5203
0.4886

1.0105 •1.6596 -1.6022 -0.4150 3.9000 1.7615
0.9772 -1.7450 -1.7053 -0.3662 3.9000 1.3100

33 0.1*543 1.1140 -2.2400 -2.2252 -0.3610 3.2366 1.1710
A 0.1*258 0.7687 -1.6293 -1.6091 -0.2416 3.1006 1.0603
£ 0.3600 0.6755 -1.6422 -1.6324 -0.1950 3.1383 0.91*55

36 0.3398 0.7000 -1.9375 -1.9282 -0.1690 2.7808 0.6899

5
0.291*6 0.8300 -2.6806 •*.57O0 •0.1662 2.1971* 0.1*725

0.2490 0.841*0 -3.2600 -3.2750 -0.1458 1.9692 0.31*83

39 0.2006 0.6099 -3.9653 -3.9635 -0.1058 1.8113 0.21*78

4o 0.11*18 0.6616 -4.7496 -4.7496 -0.0655 1.1417 0.1113

8
0.1045 0.5865 -5.6057 -5.6057 -0.0560 0.8897 0.0744
0.011*3 0.0925 -6.1*516 -6.4516 -0.0064 0.5680 0.0496

_i_ 0.0000 0.0000 -M87? -UI67? -0.0000 OtW 0.0000



Tsblt 1*. (Cons 2.)

t$*—^ro—rsfer
13 5.07U7 10.5850

2k ii.3076 9.H*0$
25 k&X 7.U66
86 1*.3829 6.3517
27 k.hZn 5.7663
28 U.0521 5.1853
29 3.9936 i*.0881*

30 1*.2601 3.2147
31 3.1*850 2.7920
32 3.5316 2.2672

33 2.6576 2,2850

3U 2.8590 1.7290

% 2.91*33 1.6210

36 2.6116 1.3899
37 2.0312 1.3025
38 1.81*31* 1.1923
39 1.7055 1.0577
1*0 1.0762 0.7929
la 0.8337 0.6609
li2 0.5616 0.11*21

1, 9.1130 O.OQPO.
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amP*
-1

i$' 4f? <-»!

where

P It th« angle between th« norawl and th« po»itiv« direction of the Z-

axie.

!hia noraai to the talent if also noranl to the direction of the force

FTb which it contained in the tangent plane. Therefore, the forces FTb sake

•n angle l8o« with the XY-plane.

The vertical coaponents of Tth can be obtained, therefore, by

FVTb - FTb ain (l8oy>) • FTb •imP

The projected components of FTb on the XY-plane are equal to

FWb FTb coa (180-/') • -ITb coa/*

Forcea FKTb ore not perpendicular to the projection of the groin 22«4i2-l.

The angle of inclination of theec forcea with the projection of the groin can

be obtained fron rig, ©. proa thia figure it cube shown that

a* b2 - i.2

alao,

Therefore,

a* • l2 -(Zg-Zi)2

Nf* I
1 »/• r

coa»7 • S •«•P* \

e2 • a2 b2 -<c Mftleft tan^)2





U9

e2 • c2 b2 -2 cb cce^.

Therefore

,

»2 b2 -(c tan />-b tan <f)
2 • e2 b2 -2 ob eot £.

Froa which one con obtein

coe^- -tea ttea/
5

where

/ end^ ere the anglca defined in etepa 11 end 12.

khen the englee 6 ere obteined, the forcee FRTb cen be reeolved into two

coeponente. There ere norael to the projection of the groin* i.e., FSTb -

FRTb x e in e end the coeponente tensentiil to the projection of the groin,

i.e., 1HT - mb x coed . Thece norael coeponente ere baleneed by the norael

coeponente of the edjecent hyper.

Values of ten ? , coe 6 , e. , ein € , FVTb, FKTb, FBTb end lHTb ere shown

in coluane 11, 12, 13, Ik, 16, 17, 18 end 19 of Table U, respectively.

Step 13i

The live load is usually seeuacd to be uniforaly dletributed on e hori-

zontal projection. Therefore, in calculating the stressee due to this type of

leading, Eqe. 30, 31 end 32 aey be used. This iaplies thet e method siailer to

thet used in steps 1 to 11 in celculeting the stresses due to deed loed should be

followed* However, the specified live lead for roofe on e horisontel projection

can be reduced to e eurfece lead since en accurate calculation of the curved

surface is possible. This surface area can be obtained by dividing the total

vertical forcee contributed to the groin, and shown in eoluan 23, by the

loed per unit erea, i.e.,

7<.712
surface area - o.OfT " l£U**25 *l« ft «
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Attuning the L. L. to bt equtl to 30 lb. per tq. ft., tht rttio of tctutl

surface to the horitoattl projection it

* 2.4*72.

Hie L. L. per unit turftce tret it then

"L " 2.J.72 * l2 * l> lb * ?er ,q * ft#

The ratio of L. L. to D. L it

nrrf " JK8
* 0,2j43,

To include the effect of L. L., the vtluet of ttrettet tnd force* obttintd

in the previous ttsp/ should be multiplied by 1.21*3.

Step 14*1

Vtluet of the hor iscotel tnd verticel coaponents of force* tt etch point of

the groin ere shown in coluant 22 end 23 of Ttble Ji. If these vtluet tre

Multiplied by 2 x 1.210 (in order to include the forcet contributed to the groin

from the tdjtcent ptnel tnd tbt effect of live lotd), the total forcet tcting

on the groin will be obttintd*

After til the forcet tcting on the groin tre obttintd, it ctn bt detlgntd

tt t threc-ftinged or t two-hinged treft. The effective width tcting ts tn srch,

tt recoaaended by the fortltnd Ceaent Assoeistion8 , is equtl to 1.52 /rt, in

thlth t it the tvertge rtdiut of the tffeh tt tht point of intertection of the

tdjtcent hyper. However, the deaiga of the troh it oaitted since tht atin pur*

pote of this report it to design the shell ptrt of the ttructurt.

Step 15

1

Directions of principtl ttretses ctn be determined by letting Sj, in Eq. kO

be equtl to zero. Therefore.
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2T tin X Ty fin 2 <K

Un2/" Tx 2T eot * T
y
cot 2 6<

tfiere /} end 90- /j la this out are the angles of principal stresses with the

positive part of the X-generators passing, oy the point* Values of principal

•tresses 9t*, therefore,

1 * sin x sin ^ *y sin*<

For point 22 it is found that

Tx - -5.3623, Ty • 2.3757, and T- M&
Therefore,

tan |/ei -14)6

£.6© -23».

Then

sin • 0.9162, cos^ - 0.2*006

sin (j~v) • 0.2501, eoe $-*) - 0.9682.

this one can obtain

T^ - 6.68 h/SX. ecapreseion

?2 * 0.36 a/ft. tension.

Therefore,

f«» - ^^12*, 3^ x 1000 - 230 psi,

u.36 * 1.2i*3
ft* - vt^ 3 x VI * 1000 - 12.1»3 psi.
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These value* are veil below the allowable Halts specified by the

Building Code (ACI 318-63).

By inspection of other v&lu*s of T, Tx awl T , shown in column 31 of Table

1 and columns 7 and 6 of Table 3, respectively, it is evident that no further

checking is required.

The above stresses do not require any reinforcement. However, ACI Com-

mittee 33U
11 stated that "Minimum reinforcement shall be provided as required

in the Building Code (ACI 316-63) even where not required by analysis." This

reinforcement is usually provided to accomodate unsyametrical loads and stresses

due to volumetric changes.

The minimum reinforcement specified in article 807 ACI 316-63 may be used

in this case. Therefore,

Jfin As - 0.002 x 12 x 3 » 0*072 9<i» in. per ft.

using #3 at 12 in. c. to c. provides 0*11 sq. in. per ft.

It is desirable to place the reinforcement along the generators, so that

such reinforcement runs along straight lines.
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Discussion of Results

As anticipated, it is evident from the results obtained in step 15 of the

design for the groined vault that the stresses in concrete are veil below the

allowable stresses specified by the ACI Building Code 318-63. However, the

thickness of the shell is not usually dictated by the strength requirements but

by the cover over the reinforcement, better insulation, and fire proofing*

Therefore, it seeas that there is no need to reduce the thickness of the shell.

An approximate cheek of the accuracy of the results can be obtained by

compering the real surface area of the triangle 1-8W»2-1 to its projection on

the XY-plane, as suggested by Candela6 , i.e.,

l

lu'P " 2.U72.

This ratio seems to be reasonable, especially if it is coopered to the

ratio 2.8 obtained by Candela in his example of a groined vault 20 m. sq. in

plan and with a rise of 10 a.
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Conclusion

Th« membrane theory proves to be a satisfactory method to give a reasonable

eat last* of the stresses in hyperbolic paraboloid shells. With the provision

that they are subjected to a uniformly distributed load, the boundary condition

satisfy tat conditions of equilibrium, and the riae-to-epen of shell ratio is

within the specified limit of |».

The hyperbolic paraboloid shells have become very popular and widely

favored because they are well-adapted to the use of concrete. They show a

remarkable resistance to any form of vibrational shock. They are economical

and also give the architect an opportunity to develop more imaginative and

graceful snapea of structures than the conventional beam and column buildings.
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AH .ABSTRACT

The meabtane theory in many esses gives a reasonable estimate of the stress

distribution of doubly curved shells. With the provision that they are sub-

jected to s uniformly distributed load, the boundary conditions satisfy the

conditions of equilibrium, and the rise-to-span of shell ratio is not less than

1/5. It is a good by-pass method to avoid the elaborate calculations encount-

ered in using the bending theory.

The hyperbolic paraboloid surface can be defined as a surface of trans-

lation formed by moving a vertical parabola, opened upward, over another

vertical parabola opened downward. It can also be defined as a warped paral-

lelogram formed by moving a straight line along two nonparaliel, nonintersecting

lines in space.

The equation Z-KXY represents the simplest possible equation of the second

degree which describes the surface of the hyperbolic paraboloid.

The general equations for membrane stresses for doubly curved shells can

be obtained by writing the expressions for the equilibrium of an element forned

by four intersecting lines contained in the surface. The expressions for

equilibrium can be simplified by transforming the actual stresses acting on the

element into fictitious stresses acting on the projection of the element on the

XY-plane. The resulting expressions are in the form of three partial differ-

ential equations of the second order. The use of the stress function will

reduce these three equations to one. This will facilitate the solution of the

differential equations. However, in the case of the hyperbolic paraboloid shells,

subjected to a uniform surface lead or uniforaly distributed load on a horizon-

tal projection, direct integration of the partial differential equations is

relatively simple.



The hyperbolic paraboloid shells have become very popular and widely

favored because they are well-adapted to the use of concrete. They show a

remarkable resistance to any form of vibrational shock, are more economical,

and also give the architect an opportunity to develop more imaginative and grace-

ful shapes of structures than the conventional beam and column buildings.

The groined vault is taken as a design example. The basic stresses in the

structures are found by using the equations of stresses previously derived.

However, readjustment of stresses is required in this case due to the existence

of a free edge Which cannot withstand any types of stresses, since there is no

structural element which is able to resist them. This readjustment includes

cancelling cut the stresses calculated at the free edge by introducing a set of

stresses equal and opposite to those obtained at this edge. This involves the

introduction of the same additional stresses at the groin. Furthermore, the

horizontal and vertical components of forces contributed to the groin by the

shell are calculated, and a suggested procedure for design of the groin is pre-

sented. The principal stresses are also obtained which are used as the basis

of design for the concrete shell section.


