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Abstract

This thesis contains two main chapters: Computational Epidemiology (sec-

ond chapter) and SIR Epidemics in Interconnected Networks: threshold curve

and phase transition (third chapter).

In the second chapter, we delve into the basics and history of epidemiol-

ogy to underscore the importance of understanding zoonotic diseases and the

capabilities and limitations of various mathematical modeling approaches. We

also discuss various mathematical modeling techniques, such as Agent-Based

Modeling, Network-Based Modeling, Patch Modeling, and others.

In the first part of the third chapter, we examine the Susceptible-Infected-

Recovered (SIR) dynamics within interconnected networks, emphasizing the

structural heterogeneity and interdependencies present in real-world systems.

We demonstrate how the epidemic threshold of a contact network is affected

when coupled with another network for a fixed infection strength. Our model

considers both contact networks and interconnections as generic, depicting the

epidemic threshold curve for interconnected networks. We assume that the

infection could initially be present in either one or both networks. If the nor-

malized infection strengths exceed the threshold curve, the infection spreads;

otherwise, it does not, regardless of the interconnection level.

In the second part of the third chapter, we investigate the spillover phe-

nomenon, where a disease spreads from a reservoir network to a novel host

population network. We observe a phase transition when the number of links or



the inter-network infection rate surpasses a specific threshold, keeping other pa-

rameters constant. The spillover dynamics reveal two regimes: a major spillover

region and a minor spillover region, determined by the fraction of interpopula-

tion links and inter-network infection strength. High spillover probability occurs

in the major spillover region, while low probability occurs in the minor region.

Additionally, we find that the threshold number of links required to achieve

spillover varies with network topology when the number of infected individu-

als within the reservoir network is nearly equal and the inter-network infection

strength is constant.

Overall, this work enhances the understanding of SIR dynamics in intercon-

nected networks and provides insights into the behavior of epidemics in complex

systems. It integrates a comprehensive review of computational epidemiology

along with significant findings regarding the spread of disease and spillover in

interconnected networks.
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Chapter 1

Introduction

My thesis comprises two main chapters: Chapter 2 focuses on Computational

Epidemiology, while Chapter 3 explores SIR Epidemics in Interconnected Net-

works, specifically addressing the threshold curve and phase transition phenom-

ena. Chapter 1 serves as the Introduction, and Chapter 4 concludes the thesis.

In Chapter 2, we extensively cover key aspects of computational epidemiology.

Starting with the definitions of epidemiology and computational epidemiology,

we progress to examining the historical evolution of mathematical modeling and

its capabilities. The chapter also addresses the modeling of zoonotic diseases,

explores various modeling approaches, and concludes with an in-depth discus-

sion on network-based modeling for epidemics.

In Chapter 3, we conducted research on SIR epidemics in interconnected net-

works. In the first part, we demonstrate that the interconnection between two

networks can facilitate disease spread in both, even when the infection strength

1



in each network is below its epidemic threshold. We plotted three distinct epi-

demic threshold curves for weak, medium, and strong coupling. Our findings

indicate that despite SIR dynamics suggesting lower epidemic thresholds com-

pared to individual networks, infections can persist across the interconnected

system. In the second part of the chapter, we focused on spillover dynamics

and showed that a clear phase transition in the probability of spillover consis-

tently occurs with an increase in the number of interpopulation links, regardless

of whether humans act as dead-end hosts. We also presented phase transition

curves for interpopulation links and inter-network infection rates, delineating

major and minor spillover areas based on these factors. Our network-based

models are built upon the contexts of the West Nile virus, Avian influenza, and

Ebola disease.

The main contributions of my thesis are:

• A comprehensive discussion about computational epidemiology.

• The determination of an epidemic threshold curve for SIR spreading in

interconnected networks.

• The discovery of a phase transition for spillover as a function of the level

of interconnection.

• The determination of a major or minor spillover probability region as a

function of the level of interconnection and inter-network infection strength.
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Chapter 2

Computational

Epidemiology

2.1 What is Epidemiology

Epidemiology originates from the Greek terms ”epi,” ”demo,” and ”logy,” which

translate to ”upon,” ”the common people,” and ”study,” respectively. Together,

these words form the concept of ”the study of what befalls the common peo-

ple.” Today, epidemiology is defined as studying the distribution and determi-

nants of disease frequency in human populations and applying this knowledge

to manage and control health issues [2]. David Lilienfeld was an American epi-

demiologist known for his work; in 1978, David Lilienfeld published a paper on

definitions of epidemiology [3]. He proposed the definition of epidemiology as

follows: ”Epidemiology is a method of reasoning about a disease that deals with

biological inference derived from observations of disease phenomena in popula-

3



tion groups.”. Here, we can include another definition of epidemiology given by

another epidemiologist, Alfred S Evans ”Epidemiology is the quantitative analy-

sis of the circumstances under which disease processes, including trauma, occur

in population groups, factors affecting their incidence, distribution, and the host

response and use of this knowledge in prevention and control” [4]. Frerot et al.

have done a very good review of the definitions of epidemiology and how they

changed from 1978 to 2017 [5].

2.2 What is Computational Epidemiology

Computational epidemiology is an interdisciplinary field focused on developing

and utilizing computer models to understand and control the spatiotemporal

diffusion of diseases through populations. These models range from descriptive,

such as static estimates of correlations within large databases, to generative,

like computing the spread of disease through person-to-person interactions in

large populations. The scope of diseases studied includes not only infectious

diseases but also more general reaction-diffusion processes, like the diffusion

of innovation. The populations of interest vary with the disease, encompassing

humans, animals, plants, and even computers. Correspondingly, the interactions

modeled depend on the nature of the disease, from physical proximity in aerosol-

borne diseases to sexual contact in sexually transmitted infections and insect-

feeding patterns in mosquito-borne illnesses.

Computational models play a crucial role in understanding the space-time

dynamics of epidemics. They are instrumental in evaluating various intervention

strategies, including pharmaceutical interventions like vaccinations and antivi-

4



rals, as well as non-pharmaceutical measures such as social distancing and school

closures. Individual behavior and public policies are critical factors in managing

epidemics, and computational techniques offer powerful tools for studying these

aspects.

In pervasive computational environments, analysts can access real-time mod-

els, data, and expert opinions as an epidemic unfolds. The development of com-

putational methods and approaches needs to occur within a multidisciplinary

context. For example, specific inference methods should be developed in collab-

oration with statisticians and biologists. Addressing issues like vaccine produc-

tion, allocation, and usage requires input from social, economic, and behavioral

scientists to ensure efficient and equitable use while considering social and eco-

nomic factors. Additionally, user interfaces and decision-support environments

must be created in conjunction with psychologists and statisticians to avoid

biases in human judgment.

Computational epidemiology thus represents a vital, multifaceted approach

to understanding and combating the spread of diseases. It integrates knowl-

edge and techniques from diverse fields to inform and enhance public health

strategies.

Figure 2.1 in the thesis depicts a thorough computational approach to real-

time epidemiology, encompassing the five key areas identified by Fineberg and

Wilson. The five key areas where science can support real-time epidemiology, as

identified by Fineberg and Wilson, are pandemic risk, vulnerable populations,

available interventions, implementation possibilities, shortcomings, and public

understanding. This holistic perspective demonstrates how computational tools

5



and models can effectively assist in comprehending and managing epidemics [6].

Figure 2.1: Elements of computational real-time epidemiology [6].

6



2.3 History of Mathematical Modelling of Infec-

tious Disease

Scientists developed different models to limit the extent of disease spread and

predict various aspects of an outbreak. One of the first individuals to explain

disease through mathematical modeling was John Graunt, who performed his

studies in London at the time of King Charles II. Grunt published his work in

his book Natural and Political Observations Made upon the Bills of Mortality”

[7]. The Bills of Mortality were weekly records documenting the number and

causes of deaths in London parishes. These records started in 1592 and have

been maintained without interruption since 1603. John Graunt utilized this

data to analyze different causes of death and developed a method to estimate

the relative risks of dying from various diseases, laying the groundwork for the

theory of competing risks.

Later, in 1766, Daniel Bernoulli contributed to the field of epidemiology. In

the eighteenth century, smallpox was endemic. To fight it, variolation, a form

of inoculation with a milder strain, was introduced. It aimed to provide lifelong

immunity but carried a risk of infection and even death. There was a debate

among scientists regarding the effectiveness of variolation, and Bernoulli was

led to study this question. Some remarkable works of Bernoulli are cited in my

thesis [8, 9, 10].

Thomas Robert Malthus developed the Malthusian growth model in 1798,

which posits that population growth is exponential while food supply growth is

linear, leading to eventual overpopulation and resource scarcity [11]. In 1825,

7



Benjamin Gompertz introduced the Gompertz model, a type of mathematical

model for a time series, where growth is slowest at the start and end of a

time period [12]. Pierre-Francois Verhulst formulated a logistic equation for

population growth between 1838 and 1847, providing a more realistic model

of population dynamics that includes a carrying capacity. Another systematic

and data-driven investigation of the spread of epidemics was conducted by John

Snow, a British physician, who analyzed a cholera outbreak in London in 1854.

In the early 1900s, Anderson, Gray, McKendrick, and William Kermack further

advanced the development of mathematical models for infectious diseases by

developing the compartmental model for infectious diseases [13] [14, 6, 15].

Below, we show the history of mathematical modeling of infectious diseases

using a diagram shown in figure 2.2.

Figure 2.2: History of Epidemic Modeling
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2.4 What Models Can Do

Models play two critical roles in the study of epidemiology: prediction and

understanding. These roles are often intertwined with the model properties of

accuracy and transparency, which can sometimes be in conflict. Predictive mod-

els typically demand a high degree of accuracy to include all known complexities

and population-level heterogeneities. In contrast, models aimed at improving

understanding prioritize transparency, allowing for a clearer insight into the

underlying mechanisms of disease spread.

Prediction is the most obvious and widely recognized use of models. It

involves making the models as accurate as possible by incorporating all com-

plexities and heterogeneities at the population level. Accurate predictive models

are especially powerful in guiding policy decisions, particularly when there are

trade-offs between different control strategies.

For instance, during the 2001 UK foot-and-mouth epidemic, models were

essential in addressing two primary questions: whether the epidemic was under

control and whether additional targeted culling would reduce livestock loss.

Three distinct models, each based on different assumptions about the disease’s

dynamics, were used. Despite their differences, all models provided similar

advice: predicting a large-scale epidemic and recommending additional, locally

targeted culling to dramatically reduce the number of cases and the overall loss

of livestock.

Similarly, predictive models were crucial in evaluating the control of poten-

tial bio-terrorist releases of smallpox. The main question here was whether to

employ mass vaccination or targeted measures. While mass vaccination is gen-

9



erally effective against large outbreaks, it could cause more health issues than a

small-scale epidemic due to the side effects of the vaccine. Models ranging from

simple to highly complex were used, but they offered conflicting advice due to

uncertainties in epidemiological parameters and different underlying assump-

tions. The optimal conditions for mass vaccination against smallpox remain an

open question.

Accurate predictive models also serve as valuable statistical tools. They can

signal deviations from normal epidemic behavior, acting as diagnostic warnings.

For example, while isolated meningitis cases may be typical, a cluster of cases

might indicate the start of a localized epidemic, prompting immediate action

based on the model’s predictions. During eradication campaigns, models can

detect regions not responding as predicted, targeting them for more intensive

control measures. Additionally, detailed modeling and robust statistical analysis

of reported and hospitalized cases can help identify the early emergence of an

epidemic.

Models are equally important for understanding how infectious diseases

spread in the real world and how various complexities affect their dynamics.

They provide epidemiologists with an idealized framework where individual fac-

tors can be examined in isolation, and every facet of disease spread is recorded

in perfect detail. This allows for the examination of a range of issues in a robust

and generic framework. For example, models can study the effects of variable

numbers of sexual partners on the spread of sexually transmitted diseases, in-

creased transmission among children during school terms, or the localized spread

of infection.

10



While these modeling approaches might seem driven purely by scientific cu-

riosity, they often yield insights that are both robust and generic, applicable to

a wide variety of problems. The understanding gained from such modeling helps

develop more sophisticated predictive models and gather relevant epidemiolog-

ical data, allowing researchers to determine which elements are essential and

which can be neglected. By building an intuition for infection patterns and

progressively developing from simple to more complex models, researchers can

begin to comprehend the rich complexities and dynamics observed in the real

world.

In summary, models in epidemiology serve two primary roles: predicting the

course of diseases and enhancing our understanding of disease dynamics. Pre-

dictive models guide policy decisions and serve as diagnostic tools, while models

focused on understanding provide insights into the factors influencing disease

spread. Both types of models are crucial for advancing our knowledge and man-

agement of infectious diseases, highlighting the interplay between accuracy and

transparency in modeling efforts [16].

In addition to their roles in prediction and understanding, models are also

crucial in formulating effective mitigation strategies for diseases. By simulat-

ing various intervention scenarios, models can help identify the most effective

measures to reduce transmission, minimize impact, and allocate resources ef-

ficiently. For instance, during an outbreak, models can evaluate the potential

outcomes of strategies such as social distancing, vaccination campaigns, and

travel restrictions. By comparing different approaches, models can guide public

health officials in choosing the best course of action to mitigate the spread of

11



disease. This ability to test and refine intervention strategies in a virtual setting

is invaluable, especially when dealing with new or emerging infectious threats

where real-world experimentation is not feasible or ethical.

2.5 What Models Cannot Do

Models have inherent limitations. Achieving a fully accurate model is impossi-

ble; there will always be aspects of host behavior or disease quirks that remain

unknown or unknowable. For instance, creating an accurate model for a human

airborne infection, such as influenza, would require accounting for variations in

transmission due to temperature and climate, tracking daily movements and in-

teractions of individuals, and considering the variability in susceptibility caused

by genetic factors or past infections. Even if such a comprehensive model were

possible, the random nature of transmission would still prevent perfect predic-

tions. We will never be able to forecast the precise course of an epidemic or

identify exactly which individuals will be infected. The best we can achieve are

models that offer confidence intervals on epidemic behavior and assess the risk

of infection for different groups of hosts [16].

2.6 Case Study of COVID-19 Mathematical Mod-

els: Merits and Limitations

In this section, I aim to illustrate the limits and merits of mathematical models

by providing a real-time example, drawing on insights from the review article

by Afzal et al. [17].

12



As per the authors, the merits of mathematical models are significant in

the realm of epidemiology. These models enable countries to proactively pre-

pare for preventing widespread epidemics and managing unforeseen healthcare

system demands. They assist authorities in gauging the effectiveness of lock-

down measures and deciding when to implement stringent, partial, or relaxed

measures based on the virus’s reproduction and incubation rates. Moreover,

mathematical models are essential for estimating transmission parameters and

planning pandemic responses despite inherent uncertainties. They provide a

clear understanding of the epidemic’s dynamics and help forecast its propaga-

tion. Furthermore, mathematical models navigate the delicate balance between

the need for social distancing to prevent the pandemic and the necessity of

social interaction for economic sustainability, facilitating a balanced long-term

strategy.
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According to the authors, mathematical modeling in epidemiology also presents

several limitations. Decision-makers and authorities may only find the informa-

tion from mathematical modeling results or predictions useful if they fully com-

prehend the impact of the underlying assumptions. The vast volume and rapid

evolution of published COVID-19 literature contribute to research findings and

guidelines constantly changing with new data. Furthermore, reported treat-

ment outcomes often rely heavily on observational or limited clinical studies,

raising concerns about bias and imprecision in assessing treatment effectiveness.

Additionally, limitations in the analysis, such as focusing exclusively on adult

patients, mean the results may not apply to pediatric populations. Language

barriers also restrict the scope of research articles, as studies are primarily based

on English publications or translations, potentially overlooking valuable foreign

knowledge. Moreover, simplifications in mathematical modeling and data fit-

ting, such as fixed transmission rates, may not accurately reflect real-world

variability influenced by epidemiological, socioeconomic factors, and outbreak

control measures. Nobel Laureate Robert Solow emphasized that for mathe-

matical modeling to be successful and useful, it must be simplified, executed

correctly, and rendered plausible.

2.7 Mathematical Modeling of Zoonotic Diseases

From the above discussion, it is clear that mathematical modeling is a crucial

tool for predicting diseases. In the context of zoonotic disease modeling, there

is a need for enhanced computational focus on the interconnected dynamics

of human and wildlife systems that drive the emergence of zoonotic diseases.
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Additionally, it is essential to incorporate the inherent heterogeneities within

these systems. The complexity of these interactions is likely the most significant

obstacle to comprehending spillover dynamics and managing the emergence of

potential zoonotic diseases. Pike et al. outlined a zoonotic disease emergence

model that describes the five stages of pathogen emergence from animals to

humans [18] 2.3. Alexander et al. have reviewed various mathematical models

that are useful in predicting any zoonotic disease [19].

Figure 2.3: Five stages of pathogen emergence from animals to humans [18]
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One method is ecological niche modeling, particularly predictive ecological

niche modeling (ENM), which is extensively utilized to forecast the geographic

distribution of various zoonotic pathogens and parasites and analyze and deter-

mine the key factors linked to outbreaks. In Figure 2.4, the process of ENM is

shown [20] . Ecological niche modeling can serve as a crucial initial step in com-

prehending the geographic potential of a disease. This can be achieved either

by modeling the pathogen itself (e.g., Bacillus anthracis) or the broader system

(e.g., Ebola). Niche-based predictions can guide other modeling approaches and

delineate the multivariate space where zoonoses and spillover events are most

probable. By projecting onto unexplored landscapes or future time periods,

modelers can make predictions about wider geographic areas or the impacts of

climate change.

Figure 2.4: Ecological Niche Modeling Process [20].
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Compartmental modeling plays a significant role in mathematical epidemi-

ology. This approach involves dividing the entire population into different

compartments based on disease states, such as Susceptible, Exposed, Infected,

Recovered, and Vaccinated. These compartments are represented by equa-

tions that describe the system and require parameters to represent the inter-

actions between different compartments. Some popular compartmental mod-

els frequently used for the purpose of mathematical modeling of epidemics are

SIR Model: Susceptible-Infected-Recovered, SIS Model: Susceptible-Infected-

Susceptible, SEIRModel: Susceptible-Exposed-Infected-Recovered, SEIVModel:

Susceptible-Exposed-Infected-Vaccinated, etc. Below, in figure 2.6, we present

the compartmental models for SIR and SEIR.

Figure 2.5: SIR and SEIR Compartmental Model.β: the transmission rate; γ:
the inverse of recovering time; σ: the inverse of incubation period. Dotted lines
represent transmission
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Patch modeling, or metapopulation modeling, extends compartmental mod-

els used to represent populations across different locations or ”patches.” Each

patch has unique characteristics related to the environment, pathogens, or host

populations. By dividing a large area into these distinct patches, the model

can account for variations and interactions between patches, providing a more

detailed and realistic understanding of how diseases or other factors spread and

interact across different geographical areas.

Agent-based modeling is another widely utilized approach for describing epi-

demic spread. This model comprises agents, their environment, and the rules

governing their behavior. Agents can be richly characterized with diverse at-

tributes, and multiple classes of agents can be established. Agent-based models

can accommodate highly complex dynamics, as the interaction rules for each

agent can depend on the current states of other dynamic processes. However,

it can be concluded that greater model complexity and higher data resolution

do not necessarily guarantee high-quality results. As individual characteristics

increasingly diverge from population-level patterns, the modeling requirements

become more complex.

2.7.1 Ecological Niche Modeling

Lawrence et al. conducted a systematic review to shed light on the current

state of the science and practice of using ecological niche modeling to predict

the emergence and spread of vector-borne and zoonotic diseases [21]. The au-

thors screened 383 articles at the abstract level and 237 articles at the full-

text level. However, the authors concluded that ENM-based studies to predict
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vector-borne and zoonotic diseases have been unevenly distributed across vari-

ous journal fields. This indicates a need for increased engagement with environ-

mental and veterinary sciences to provide greater insight into the biotic factors

contributing to disease emergence. The distribution of these studies is uneven

across geographic regions, not only across journal fields. Most of the studies are

conducted in less developed tropical countries where the chance of disease emer-

gence is high and the infrastructure to fight epidemics is low. So, conducting

these studies is very important in those places where diseases are most vulnera-

ble to emergence. Regarding the effectiveness of these studies, the authors have

said that the studies that focus solely on the abiotic and mobility factors or

on biotic and mobility factors might not support the long-term persistence of

disease for various reasons. A stable population of host species can be found

in regions where the Ecological Niche Model considers both biological, environ-

mental, and mobility factors. For the pitfalls identified in these studies, the

authors have noted potential challenges associated with using MaxEnt (Maxi-

mum Entropy) or GARP (Genetic Algorithm for Rule-set Prediction). While

the AUC (Area Under Curve) of the ROC (Receiver Operating Characteristics)

is commonly used for model performance evaluation, it has also faced criticism.

There is an emphasis on incorporating diverse abiotic, biotic, and especially

social factors to enhance model performance.

Li et al. utilized ecological niche modeling to forecast the potential distri-

bution of scrub typhus in Fujian Province by analyzing occurrence data and

various risk factors [22]. Their efforts included developing a risk map to as-

sist public authorities in identifying high-risk populations and predicting the
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disease’s spread. Nayakarahuka et al. conducted ecological niche modeling for

Filoviruses, creating a risk map tool to predict the spread of Ebola and Mar-

burg Virus Disease outbreaks in Uganda [23]. Using the MaxEnt (Maximum

Entropy) method, they found that temperature and rainfall seasonality were

the most significant environmental factors in their spatial prediction model for

these viruses. Xu et al. employed Geographic Information Systems (GIS) and

ecological niche modeling (ENM) to rigorously examine the connections between

the occurrence of H7N9 and significant environmental factors, including mete-

orological variables, human population density, bird migratory routes, wetland

distribution, and locations such as live poultry farms, markets, and processing

factories [24]. Using the process of ecological niche modeling, an ensemble eco-

logical niche model for West Nile virus habitat prediction in the state of Florida

was developed by Beeman et al. [25]. Assefa et al. used an Ecological Niche

Model (ENM) to map the global suitability of AHSv (African Horse Sickness

viruses) using historical outbreak data from 2005 to 2019 [26]. The Maxent

ecological niche modeling program was employed by Millet et al. to predict the

distribution of Culex tritaeniorhynchus in Asia, the primary vector of Japanese

encephalitis virus (JEV) [27]. The study of Li et al. aims to pinpoint high-risk

areas for dengue fever outbreaks in the Pearl River Delta (located in southern

China), analyze influencing factors using an ecological niche model (ENM), and

provide insights for disease prevention and control in the region [28]. The study

done by Monroe at al. uses ecological niche modeling (ENM) to identify re-

gions in tropical Africa that are suitable for the occurrence of human Tanapox

and to identify potential reservoirs [29].In this study of Sallam et al., ecological
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niche modeling was utilized to create a practical map indicating suitable habi-

tats for potential infective mosquito vectors of West Nile Virus (WNV) in St.

John’s County of Florida [30]. Richman et al. ecological niche modeling was

employed to predict the distribution of seven mosquito vectors of Chikungunya

virus across two consecutive rainy seasons in Kédougou, Senegal, using Maxent

[31].

2.7.2 Patch Modeling

Choi et al. have proposed a patch model suitable for modeling influenza epi-

demics in Korea. In their patch model, they divided the whole country into 16

separate regions and accounted for the interactions between these 16 patches

[32]. Rebaza et al. have developed a multipatch model for Ebola Virus Disease.

While their primary focus is on studying Ebola, their model is adaptable and

can be modified to investigate other diseases, such as COVID-19 [33]. Zhang et

al. have proposed a multipatch model for West Nile Virus disease. The study

demonstrates that the movement of birds between patches is adequate to sus-

tain the persistence of the West Nile virus within each patch [34]. Chen et al.

examined how dog movement influences the spread of rabies between provinces

in Mainland China using a multipatch model. They found that the migration of

dogs between provinces can lead to the disease becoming endemic, even if rabies

would otherwise die out within isolated provinces without such migration [35].

Maliyoni et al. explored tick-borne disease dynamics using patch modeling,

examining how host and tick migration between geographical patches impact

disease persistence and control strategies [36].
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2.7.3 Compartmental Modeling

Wonham et al. developed an eight-compartmental model, extending the clas-

sical SIR model, to describe West Nile virus cross-infection dynamics over one

season [37]. Bekoe et al. developed a compartmental model to simulate the

2014 Ebola Virus Disease outbreak in Guinea, showing how interventions can

reduce the epidemic’s spread and potential to die out [38]. Lee et al. developed

a compartmental model with a vector-host structure to analyze Zika virus dy-

namics and evaluate containment strategies. The model helps decision-makers

by providing insights on minimizing infections and emphasizes the role of digital

disease surveillance [39]. Danzetta et al. review recent studies that develop com-

partmental models to understand Rift Valley fever virus (RVFV) transmission

dynamics. The review section includes references, study area, period, type of

model, compartments, climatic variables, outcomes, objectives, and key results

for each paper [40]. Malek et al. developed a deterministic six-compartment

model to illustrate the progression of bird flu in poultry, including individual epi-

demiological statuses and intervention measures. Their SEIATR mathematical

model for bird flu is an adaptation of the SEIR compartmental model specifically

tailored for poultry farm settings [41].

2.7.4 Agent-Based Modeling

Stiner et al. developed an agent-based model in NetLogo to simulate West

Nile Virus transmission via mosquitoes, humans, horses, and birds, assessing

vaccination impacts and public health interventions. The model aims to guide

horse vaccination strategies and illustrate the role of public health efforts in
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controlling human infections [42]. Siettos et al. have created an agent-based

model to study the epidemic dynamics of Ebola virus disease (EVD) in Liberia

and Sierra Leone from May 27 to December 21, 2014 [43]. Kuhlman et al.

introduce a hybrid agent-based model capable of scaling to millions of human

agents and mosquitoes, applied to simulate the Zika outbreak in the Fall of 2016

among a synthetic population of 1.2 million individuals in Miami, Florida, USA

[44]. Nguyen et al. utilize the estimated global transmission rate to construct

a simulation model using agent-based modeling aimed at studying fundamental

aspects of the avian influenza epidemic in poultry and evaluating potential effec-

tive measures to mitigate its outbreak [45]. Huang et al. employed Agent-Based

Modeling (ABM) to construct a model for simulating and evaluating various con-

trol strategies against Echinococcus granulosus. These strategies encompassed

interventions such as dosing dogs, regulating livestock slaughter, health educa-

tion, vaccinating intermediate and definitive hosts, administering slow-released

praziquantel injections to dogs, and reducing the dog population [46].

2.8 Network Based Modeling for Epidemics

Early epidemiological models were based on the assumption of random mixing

across the entire population. However, in reality, each person has a limited

number of contacts to whom they can transmit infection, creating a ’mixing

network’ that consists of all these individual connections [47]. The number of

contacts for each agent can vary significantly, which can be accurately modeled

in a network-based modeling approach. For example, in a scale-free network,

hubs contain more links compared to other nodes.
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In epidemics, it is often noted that a small number of ”superspreaders”

transmit the infection to many others, while most infected individuals either

do not spread the infection or pass it to very few people. This observation

indicates that assuming homogeneous mixing at the start of an epidemic may

not be accurate [48].

We can represent the network of contacts between individuals using a graph,

where members of the population are vertices, and the contacts between them,

which can transmit infection, are edges. Contacts do not necessarily transmit

infection. For each contact between individuals of whom one has been infected

and the other is susceptible, there is a probability that infection will actually

be transmitted. This probability depends on such factors as the closeness of the

contact, the infectivity of the member who has been infected, and the suscepti-

bility of the susceptible member [48].

There are various simulation processes to simulate epidemics over a con-

tact network. Here, we are discussing the simulation methodology proposed by

Sahneh et al. [49, 50].

Several steps are required to simulate a disease using a network-based model.

First, we need to formulate a contact network. Next, we define which nodes are

initially infected in this network. We also specify the number of compartments

and the various rates of disease spreading.

For example, in the SIS model, each individual can be either ”susceptible”

or ”infected,” resulting in two compartments. A susceptible individual can be-

come infected if they are in contact with infected individuals. The infection

process for an individual with one infected neighbor follows a Poisson process
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with a transition rate of β. These infection processes are stochastically indepen-

dent. Therefore, for a susceptible individual with multiple infected neighbors,

the transition rate is the infection rate multiplied by the number of infected

neighbors. There are two types of transition rates: node-based and edge-based.

A node-based transition, or nodal transition, refers to a process that occurs in-

dependently of the states of other nodes (or agents) in a network. An edge-based

transition refers to a process that occurs as a result of the interaction between a

pair of agents (nodes) connected by an edge in a network. For example, in the

SIS model, when a susceptible agent becomes infected with an infection rate β,

it is an edge-based transition, but when an infected agent is cured with a cure

rate of δ, it is a node-based transition. Therefore, we need to define the number

of compartments, such as 2 for the SIS model, 3 for the SIR model, and 4 for

the SEIR model. We also need to define various rates and the initial status of

infected individuals. Then, we can simulate the epidemic process. In the figure

below, we can see a network-based model done by Moon et al., to model the

West Nile Virus disease in the USA [51]. In this modeling approach, birds are

considered as links represent nodes of the network, and mosquito density.

25



Figure 2.6: A network-based model for West Nile disease in USA. Black links
are undirected, while orange links are directed [51].

2.8.1 Some Widely Used Network Topologies

1. Regular Lattice Network: A regular lattice network is structured in a

grid-like pattern where each node is connected to its nearest neighbors in a con-

sistent and predictable manner. This topology is characterized by nodes having

an equal number of connections (degree) and a uniform distance between neigh-

boring nodes. Regular lattices are often used in modeling physical and biological

systems due to their simplicity and the ease with which spatial relationships can

be analyzed.
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2. Erdos-Renyi Model: The Erdős-Rényi model is a random graph model

where each pair of N nodes is connected with a fixed probability p. It is char-

acterized by its uniform edge probability across all node pairs, making it a

fundamental tool in theoretical studies of random graphs and a benchmark for

understanding network properties in various disciplines.

3.Watts-Strogatz Model : The Watts-Strogatz model generates networks

with small-world properties by starting with a regular lattice and randomly

rewiring edges with a rewiring probability p. This process creates graphs that

combine high clustering coefficients with short average path lengths, mimicking

real-world networks such as social or biological systems.

4.Barabasi-Albert Model : The Barabási-Albert model generates scale-

free networks using a preferential attachment mechanism, where new nodes are

more likely to connect to existing nodes with higher degrees. This results in

a network with a power-law degree distribution, mimicking many real-world

networks like the Internet and social networks.
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2.8.2 Some Advantages and Drawbacks of Using Network-

Based Models to Simulate Epidemics

Network-based models have been very successful in epidemiology and can cap-

ture the heterogeneous mixing of populations, they also have distinct advan-

tages. These models allow for the simulation of realistic contact patterns among

individuals, reflecting the complex social structures that influence disease trans-

mission. Moreover, they can elucidate the role of highly connected individu-

als (hubs) in spreading infections, offering insights into targeted intervention

strategies. Additionally, network-based approaches facilitate the study of dis-

ease spread in dynamic populations and across geographic regions, providing a

nuanced understanding of epidemic dynamics that traditional compartmental

models may overlook. By simulating various mitigation strategies such as tar-

geted isolation or travel restrictions within networks, these models can guide

public health interventions to mitigate the impact of outbreaks more effectively.

However, network-based modeling does have several drawbacks, including chal-

lenges in data collection, defining meaningful contacts, and the need for disease-

specific networks, which complicate their practical application [47].

1. Data Collection Challenges: Determining a complete mixing network

requires extensive data on every individual and their relationships, which is im-

practical for large populations due to the volume of data and the issues with

recall and willingness to share personal information, especially in sensitive con-

texts like sexual networks.
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2. Defining Network Links: There’s a fundamental challenge in defining

what constitutes a meaningful contact for transmission. The amount of contact

required for infection can vary greatly between diseases, making it difficult to

establish consistent and accurate criteria for network links.

3. Disease-Specific Networks: Different diseases spread through different

types of contact, meaning that each disease requires its own specific network

model. This complicates the process and requires tailored data collection and

analysis protocols for each disease.

4. Complexity of Weighted Networks: While considering valued (weighted)

networks can provide more accurate models by reflecting the strength of con-

nections, this approach significantly increases data collection challenges and the

complexity of the models, making it impractical for all but the simplest cases.

5. Dependence on Assumptions and Protocols: The accuracy of the

networks and the insights derived from them are highly dependent on the as-

sumptions and protocols used during data collection. This introduces a level of

subjectivity and potential bias into the models.
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Chapter 3

SIR Epidemics in

Interconnected Networks:

threshold curve and phase

transition

3.1 Introduction

Various types of contagious diseases are found all over the world. It is crucial to

prevent the spread of these diseases. Consequently, extensive research is being

conducted to halt their transmission. In addition to other research endeavors,

scientists are also crafting diverse mathematical models. These models can aid

in understanding disease-spreading mechanisms, estimating potential outbreak

sizes, and formulating more effective mitigation strategies.
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Considerable progress has been made in the realm of mathematical research

on epidemic diseases, encompassing both theoretical and practical applications.

Numerous epidemic models are formulated as dynamical systems of ordinary

differential equations. Delay differential equations have demonstrated their ef-

ficacy in capturing the variability observed in infectious periods within diverse

epidemic models. Furthermore, incorporating factors like age structure and

spatial considerations has contributed to the development of partial differential

equations [52].

Compartmental models are also very useful for studying epidemic diseases.

These models for epidemics are of different types, such as the SIS (Susceptible-

Infected-Susceptible) model, the SIR (Susceptible-Infected-Recovered) model,

and the SEIR (Susceptible-Exposed-Infected-Recovered) model, among others

[53]. In the SIR model, infected agents recover and become permanently im-

mune, never becoming infected again. The SIR model is particularly effective

in explaining diseases like influenza, COVID-19, and other contagious diseases.

Many epidemiological models simplify the assumptions regarding the pat-

terns of disease-causing interactions among hosts. Specifically, in homogeneous-

mixing models, it is assumed that hosts have identical rates of disease-causing

contact. In recent years, several network-based approaches have been developed

to explicitly model the heterogeneity in host contact patterns [54].

A contact network plays a crucial role in facilitating the transmission of

epidemics. This network is composed of nodes, which correspond to individual

agents, and links, which signify the connections between any two individuals. At

its simplest, a contact network takes on a binary form with two distinct values:
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a non-zero value denoting contact between a pair of individuals and 0 indicating

no contact. Each node within this network represents an individual, while the

interconnecting links between nodes provide insights into the quantity and types

of interactions. For instance, these links shed light on an individual’s associa-

tions with susceptible or infected individuals, thereby offering a comprehensive

view of the underlying dynamics of disease transmission within the network.

In many cases, a single generic network is used to model epidemic diseases,

but in reality, every network has some interaction with other networks. That’s

why the concept of interconnected networks is a very critical research area nowa-

days, especially for epidemic disease modeling [55, 56].

It is a proven result that in a generic contact network, if the ratio of infection

to cure rate is less than a particular threshold, the infection cannot survive in the

network. However, for SIS spreading dynamics in two interconnected networks,

the epidemic can survive though the infection-to-cure rate in both networks is

less than the epidemic threshold [57]. In that case, we have seen an epidemic

threshold curve, which is plotted to show the epidemic threshold of one network

as a function of effective infection strength (infection to cure rate) in the other

network for a specific level of interconnection. To our best knowledge, this result

has not been proven for SIR spreading dynamics.

In the initial portion of this chapter, we have demonstrated the alteration

of the epidemic threshold of a specific network due to its coupling with another

network, assuming a constant infection strength. However, we have specifically

examined the change in the epidemic threshold concerning the dynamics of SIR

spreading. We have plotted three distinct epidemic threshold curves correspond-
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ing to three different types of coupling: weak, medium, and strong. We show

that for SIR dynamics, although the epidemic threshold of both networks is

less than the epidemic threshold, the infection can still survive in the whole

interconnected system.

In our work in depicting the epidemic threshold curve for interconnected

networks, the consideration has been that few initial infections either die out or

invade both networks, causing an epidemic.

However, in reality, there are certain diseases where the infection is endemi-

cally present in one population represented by a contact network, and from that,

the disease spills to another population represented by another contact network

if the two networks are interconnected. This event is known as spillover.

In the second portion of this chapter, we have done significant work on

spillover in various network-based models and obtained a clear phase transition

for the probability of spillover. These network-based models for spillover include

both homogeneous and heterogeneous node degree distributions. We have also

drawn a spillover threshold curve based on inter-population link density and

inter-network infection strength that divides the entire area into two regions:

major and minor spillover. If the inter-network infection strength and interpop-

ulation link density are in the major spillover region, the probability of spillover

is very high, whereas if the inter-network infection strength and interpopulation

link density are in the minor spillover region, the probability of spillover is low.

The rest of the chapter is organized as follows: Section 3.2 presents some

background on spillover and interconnected networks. Section 3.3 illustrates the

epidemic threshold curve for SIR dynamics in interconnected networks. Section

33



3.4 shows how to model spillover and discover the phase transition through

extensive simulations.

3.2 Background

Multi-layer networks are formed by several networks that evolve and interact

with each other. These networks are ubiquitous and include social networks,

financial markets, and multi-modal transportation systems. The multi-layer

structure of these networks strongly affects the properties of dynamical and

stochastic processes defined on them, which can display unexpected character-

istics [58].

As the field of network science has dramatically increased, researchers have

found that most complex systems do not work in isolation. Every complex

system depends on another complex system to some extent. For example, com-

munication systems often depend on the power grid to be operational [59, 60].

So, if there is a failure in any part of an interconnected system, that fault

propagates to other parts of the system. So, for the proper functioning of an

interconnected system, insight into fault propagation mechanisms in an inter-

connected system is very important. This kind of research also provides insight

into the robustness of the system [61]. Similarly, research has been done to

revive a failed network through microscopic interventions. The complex system

represented by a complex network generally fails due to node, link removal, or

due to reduction in link weights. But just reversing the topological damage, i.e.,

reconstruction of links, nodes, or increase of link weight, does not guarantee the

spontaneous recovery of a system. So scientists have come out with a two-step
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intervention process by which a system can be steered towards its functionality

after reversing the topological damage [62]. Radicchi et al. have shown that

depending on the relative importance of inter and intra-layer connection, the

entire interconnected system can have two regimes; in one regime, various layers

act as independent entities, and in another regime, the whole system behaves as

a single network [63]. These are some examples of various research conducted

on interconnected networks.

Interconnected networks are also used to model epidemic spreading. Re-

searchers have shown how the epidemic threshold of an interconnected network

structure varies for SIS spreading dynamics without any approximation. They

have also shown the upper and lower bound of the epidemic threshold and how it

is related to properties of network parameters (eigenvalue and eigenvector) [64].

Scientists have found that for an interconnected network system, there exists a

global threshold above which the infection prevails in every network of the sub-

system and below which the infection dies out. Another finding indicated that

having a diverse structure enhances the likelihood of infection, with this im-

pact being particularly noticeable in interconnected network systems [65]. The

epidemic threshold in two interconnected networks is always lower than any of

the two-component networks. Moreover, in interconnected networks, intercon-

nection correlation has no significant contribution to epidemic size [66]. Dick-

ison and colleagues discovered that when considering SIR spreading dynamics

within a connected network, there are two clear modes. In the case of strongly

coupled interconnected networks, there’s a threshold infection strength beyond

which the epidemic invades the entire interconnected structure, while below this
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threshold, the epidemics die away. But for weakly coupled networks, a mixed

phase exists, where the epidemic does not spread in the whole interconnected

system, and interconnections affect the less interconnected network mostly [67].

The directed interconnected network is also used for epidemic modeling. For

various types of directed interconnected networks, mathematical expression of

R0. The disease will become endemic if R0 is greater than 1; otherwise, it will

die out. Coupling can increase R0 and even make a disease endemic. There are

certain considerations for epidemic prevalence in a single sub-network, which is

only possible in directed network [68]. A new type of model has been made to

investigate the epidemics on interconnected networks. One contact network has

a fixed infection rate, and another has a periodic infection rate. They have some

novel findings regarding R0 based on their model and showed the dependence

of infection rate and other network parameters on R0 [69].

In recent years, many works have been done on modeling spillover. Nandi et

al. have considered the effect of seasonal variation on transmission and recovery

rates in the context of spillover. They have focused on the direct transmission

of pathogens between humans and animals and considered all the infection and

recovery rates are periodic. A branching process approximation has been applied

near the disease-free equilibrium to predict the first spillover event. It also shows

how the probability of spillover depends on the human-to-human infection rate,

human-to-animal infection rate, and animal recovery rate [70]. Grange et al.

have identified the host, viral, and environmental risk factors contributing to

zoonotic virus spillover and spread in humans. They have also developed an

interactive web tool that estimates the risk score of wildlife-origin viruses and
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lists a number of viruses based on their risk score [71]. Ellwanger et al. have

reviewed the basic aspects and the main factors involved in zoonotic spillover.

The focus was on the role of inter-species interaction, phylogenetic distance

between host and species, environmental drivers, and specific characteristics

of the pathogen. They have also shed light on preventing zoonotic spillover

in various ways [72]. Royce et al. have used a new mathematical spillover

model with an intermediate host. The agents are in three categories: wild

animals, domestic animals, and humans. They have assumed that the pathogen

in domestic animals mutates itself and becomes strong enough to infect a human.

Even though R0 is less than 1 in humans, it can still infect the human population

[73]. A synthetic framework for animal-to-human virus transmission is proposed

by Plowright et al., and this study integrates the relevant spillover mechanism.

According to the authors, all zoonotic pathogens must overcome a hierarchical

series of barriers to cause spillover. If any barriers are impenetrable, then the

spillover cannot happen. They describe these barriers in detail and claim that

the probability of spillover is determined by the interaction among the barriers

and the associated bottlenecks that might prevent cross-species transmission

[74]. Rees et al. review the mathematical models of spillover. There are two

criteria for selecting diseases included in models. The first one is the disease

must be zoonotic, and the second one is the pathogen must be alive for 48

hours and should be able to infect humans. This appears to describe the scope

of future research in zoonotic spillover, model validation, and other important

information [75]. We have been discussing only zoonotic spillover till now, but

recently, spillover from plants has also been spotted. A 61-year-old person
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with no previous history of the disease has been infected by a plant fungus in

Kolkata (a city in Eastern India). The scientific name of the plant pathogen is

Chondrostereum purpureum [76].

3.3 Modeling SIR spreading in interconnected

network

One of the most commonly employed compartmental models in epidemic mod-

eling is the SIR model, which stands for Susceptible-Infected-Recovered. The

SIR model is highly popular for understanding and predicting the spread of

infectious diseases within a population.

S (Susceptible): A susceptible individual is someone who has the potential

to become infected when exposed to an individual carrying the infection.

I (Infected): The infected individuals represent the people who have already

contracted the disease and can transmit it to susceptible individuals.

R (Recovered): Recovered individuals are those who have previously been

infected with the disease and have subsequently overcome it, resulting in immu-

nity and no longer being capable of transmitting the infection.

The SIR model on a contact network with N number of agents is shown in

Figure 3.1.

The equation of the SIR model with a mean-field approximation for ith agent
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in a network having N number of nodes (without considering demography) is

dSi(t)

dt
= −β · Si(t)(

N∑
j=1

aijIj(t))

dIi(t)

dt
= β · Si(t)(

N∑
j=1

aijIj(t))− δ · Ii(t),

dRi(t)

dt
= δ · Ii(t).

Considering a node denoted by i within a network comprising N nodes,

where each node is assigned labels ranging from 1 to N . The parameter β is

the infection rate, and δ is the recovery rate. Si(t), Ii(t), Ri(t) denote the state

probability of agent i being in the susceptible, infected, or recovered compart-

ment, respectively. aij represents an entry in the network’s adjacency matrix,

where the values can only be 0 or 1. A nonzero value indicates a connec-

tion between agent i and agent j, while a value of 0 signifies the absence of a

link between agent i and j. It can also be written that at any point in time,

Si(t) + Ii(t) +Ri(t)=1.

3.3.1 Generalized epidemic threshold curve

Let us consider two groups of agents of sizes: N1 and N2. Let’s take the first

graph, G1, whose agents are labeled as 1 to N1, and in the second graph, the

agents are labeled as (N1 +1) to (N1 +N2). The adjacency matrix of graph G1

is denoted by A11, and the adjacency matrix of graph G2 is denoted by A22.

The elements of sub-matrix A12 and A21 denotes the connection between node

i and node j , where node i belongs to graph G1 and node j belongs to graph

39



Figure 3.1: Schematic of a contact network along with the agent-level stochastic
transition diagram for agent i according to the SIR epidemic spreading model.
β and δ denote the infection and recovery rate, respectively. The notation aij
is used to represent the connection between agent i and agent j. Specifically, if
the value of aij is 0, it signifies the absence of a link between the two agents.
Conversely, if aij is nonzero, it indicates the presence of a link between agent i
and agent j. Ij(t) is the state probability of being infected of node j at time t.

G2. So, the adjacency matrix for the two interconnected networks is:

A11 A12

A21 A22


The topology of networks G1 and G2 is undirected. As the interconnection

between both networks G1 and G2 is undirected, it can be written as A12 =

(A21)
T . The infection rates β11, β12, β21, β22 are such that a susceptible agent

of graph Gm receives the infection from an infected agent of graph Gn with the

infection rate, βmn for m,n ∈ [1, 2]. The recovery rates of the agents of both

networks are the same and equal to µ. The equations for the change in the state

probability of infection of node i at time t for SIR spreading dynamics in the

interconnected network can be expressed in the following manner:
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dIi(t)

dt
= Si(t) ∗ [β11

N1∑
j=1

aijIj(t) + β12

N1+N2∑
j=N1+1

aijIj(t)]− µIi(t); i = 1, .., N1

(3.1)

dIi(t)

dt
= Si(t)∗[β21

N1∑
j=1

aijIj(t)+β22

N1+N2∑
j=N1+1

aijIj(t)]−µIi(t); i = N1+1, .., N1+N2

(3.2)

Our assumption is that if there is no interconnection, then infection cannot

survive in G2; that is, β22/µ will be less than the epidemic threshold of G2.

So, in our case, the effective infection strength β22/µ will be between zero to

1/λ(A22). Here λ(A22) is the highest eigenvalue of A22.

As the initial fraction of infected individuals is very small, we can assume

that Si(0) ≈ 1. So, equations (1) and (2) can be written as follows:

dIi(t)

dt
≈ [β11

N1∑
j=1

aijIj(t) + β12

N1+N2∑
j=N1+1

aijIj(t)]− µIi(t); i = 1, .., N1 (3.3)

dIi(t)

dt
≈ [β21

N1∑
j=1

aijIj(t) + β22

N1+N2∑
j=N1+1

aijIj(t)]− µIi(t); i = N1 +1, .., N1 +N2

(3.4)

To find the epidemic threshold, we follow the approach of Youssef et al. [77].

Equations (3) and (4) can be written as follows:

dIi(t)

dt
≈

∑
j

LijIj(t). (3.5)

The element Lij = (βaij−µδij) of equation (5) is the element of the Jacobian

matrix L defined as follows (equation (6)).
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L =

β11A11 β12A12

β21A21 β22A22

− µ ∗ I(N1+N2)(N1+N2) (3.6)

where δij is the Kronecker delta function and I(N1+N2)(N1+N2) is the iden-

tity matrix of dimension (N1 +N2)(N1 +N2). We now perform the spectral

analysis of the Jacobian matrix to study the growth or decay of epidemics in

interconnected systems. In the above-mentioned Jacobian matrix, the elements

were in the form of βaij − µδij . However, instead of using these elements in

the form of βaij − µδij , we can write them as µ[τaij − δij ], where τ = β/µ.

Now a new matrix L̄ can be constructed where each element will be in the form

[τaij − δij ].

For interconnected graphs, this new matrix (L̄) is shown in equation (7)

L̄ =

τ11A11 τ12A12

τ21A21 τ22A22

− I(N1+N2)(N1+N2) (3.7)

where τ11 = (β11/µ); τ12 = (β12/µ); τ21 = (β21/µ); τ22 = (β22/µ). Thus, we can

define L = µL̄. Let us denote the matrix L̄ as [L̃ − I]. It is known that a

system with negative eigenvalues indicates that perturbations will decay over

time, leading the system towards stability. Since the recovery rate, µ, is a

positive quantity, it follows that if the eigenvalues of [L̃ − I] are all less than

zero, the disease will not spread throughout the entire network system. This

insight is crucial for understanding the stability and containment of epidemic

spread in network structures. To ensure the epidemic threshold condition is

met, the maximum eigenvalue of L̃ must be 1. Given that the overall network is

connected, L̃ is an irreducible, non-negative square matrix. The largest absolute
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value of any eigenvalue of a matrix is called its spectral radius. According to the

Perron-Frobenius theorem [78], for an irreducible, non-negative square matrix

L̃, the spectral radius is a real, positive, and simple eigenvalue. Furthermore,

the corresponding Perron vector is strictly positive. Let V1 and V2 denote the

Perron vectors when the spectral radius equals 1.

So, for a spectral radius equal to 1, we can write as follows:

τ11A11 τ12A12

τ21A21 τ22A22


V1

V2

 =

V1

V2

 (3.8)

Based on equation no. (8) above, we can write the equations below (9 and

10).

τ11A11V1 + τ12A12V2 = V1 (3.9)

τ21A21V1 + τ22A22V2 = V2 (3.10)

Finding the value of V2 from equation (10), we get

V2 = τ21(I − τ22A22)
−1A21V1 (3.11)

As V1 is positive, it follows that V2 = τ21(I − τ22A22)
−1A21V1 exists and is

non-negative. By substituting the expression for V2 into equation (11) and then

into equation (9), we can rewrite equation (9) as HV1 = V1, where H is given

by:

H = τ11A11 + τ21τ12A12(I − τ22A22)
−1A21. (3.12)

We know that the infection process is the result of interactions between pairs of

agents. It depends on the rate at which the disease is transmitted and the ability
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of the susceptible to receive the disease. So β11, β12, β21, β22 are not completely

independent on each other. Following the analysis of the infection rates in any

interconnected network [57], we can write.

β12β21 = α2β11β22 (3.13)

As the recovery rates for all the agents are same, we can write the equation

(13) as

τ12τ21 = α2τ11τ22 (3.14)

Here α is a positive scalar accounting for the heterogeneity of interconnection

and intraconnection. So, by substituting equation (14) in equation (12), we

obtain

H = τ11A11 + α2τ22τ11A12(I − τ22A22)
−1A21. (3.15)

We can update equation (15) as H = τ11HT , where HT can be defined as

HT = [A11 + α2τ22A12(I − τ22A22)
−1AT

12] (3.16)

As we have stated, equation (9) can be expressed in the form of HV1 = V1,

so from equations (15) and (16), we can also update the expression HV1 = V1

as

τ11HTV1 = V1 (3.17)

We said V1 is a Perron vector, which is positive, and from the analysis of

Sahneh et al. [57], we can conclude that HT is an irreducible matrix. Therefore,
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from the Perron-Frobenius Theorem for irreducible matrices, we can conclude

that τ11 is the inverse of the spectral radius of HT .

If we call the epidemic threshold τ11c, we can say that τ11c is the spectral

radius of the matrix HT , which is denoted in equation (16). So, for any given

infection strength τ22 and coupling level, if the τ11 value is lower than τ11c, we

can say the epidemic will die out.

3.3.2 The threshold curve

To give an example of application of the results obtained in the previous section,

we have generated two different realizations of the Watts-Strogatz (WS) model

[79]. In layer 1, we have a WS network with 500 nodes, a mean node degree

of 20, and a rewiring probability of 0.2. In layer 2, we have a WS network

with 100 nodes, a mean degree of 4, and a rewiring probability of 0.1. We

have activated all potential edges between the two layers with some probability

ω for the interconnection of these two graphs. For high, medium, and low

interconnection levels, the values of ω are respectively 0.2, 0.042, and 0.01. We

have generated a plot of the normalized epidemic threshold τc1 = τ11,cλ(A11)

as a function of the normalized infection strength τ2 = τ22λ(A22) for different

interconnection levels. The plot of epidemic threshold curves is shown in Figure

3.2.

We have taken various normalized epidemic strengths (τc1 and τ2) and found

that when the epidemic strengths are below the threshold curve, the infection

is not spreading, whereas when the infection strengths are above the threshold

curve, the infection is spreading. This is true for any level of interconnection.
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Figure 3.2: Graph of normalized epidemic threshold τc1=τ11,c*λ(A11) as a func-
tion of normalized infection strength τ2=τ22*λ(A22) with different interconnec-
tion levels and α=1. The yellow curve is for a strong level of interconnection
(ω=0.2), the red curve is for a medium level of interconnection (ω=0.042), and
the blue curve is for a low level of interconnection (ω=0.01). The curve shown
in this figure is for the above-mentioned small-world network topology.

Through the following figures, we have shown how the number of agents in

different compartments varies with time. The network topologies are the same

Watts-Strogatz models as mentioned earlier. In the given scenario where the

normalized infection strengths (τc1 and τ2) for both network one and network

2 are 0.4, and the inter-network infection strengths are equal with a value of

alpha being 1, as well as a recovery rate of 1 for the agents of both networks,

we observe that the epidemic is spreading when the level of interconnection

between the networks are strong (Figure 3.3). Conversely, when the level of

interconnection is weak, the epidemic does not spread (Figure 3.3).
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We have also plotted the epidemic threshold curves for the Erdos-Renyi

network. [80] (Figure 3.4). The first layer is a Gilbert model with 500 nodes

and a probability of interconnection of 0.02. The second layer is a Gilbert

model with 100 nodes and a probability of interconnection of 0.1. For this

configuration, the epidemic threshold curve is shown in Figure 3.4
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Figure 3.4: Graph of normalized epidemic threshold τc1=τ11,c*λ(A11) as a func-
tion of normalized infection strength τ2=τ22*λ(A22) with different interconnec-
tion level and α=1 for Gilbert networks. The yellow curve is for the high number
of interconnections (ω=0.2), the red curve is for a medium number of intercon-
nections (ω=0.042), and the blue curve is for a low number of interconnections
(ω=0.01). The network topologies for both networks are Erdos-Renyi.
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We have also plotted the epidemic threshold curve for an interconnected

network system where both the network is an Erdos-Reyni network of 500 nodes,

and the probability of interconnection is 0.02. The curve is shown in Figure 3.5
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Figure 3.5: Graph of normalized epidemic threshold τc1=τ11,c*λ(A11) as a func-
tion of normalized infection strength τ2=τ22*λ(A22) with different interconnec-
tion level and α=1 for Gilbert networks. The yellow curve is for the high number
of interconnections (ω=0.2), the red curve is for a medium number of intercon-
nections (ω=0.042), and the blue curve is for a low number of interconnections
(ω=0.01). The network topologies for both networks are Erdos-Renyi.
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Figure 3.3: Figures depicting spreading scenarios for weak and strong-level in-
terconnections. The figure shows that when the normalized epidemic strengths
are above the threshold, the infection spreads in the contact network (left).
When the normalized epidemic strengths are below the threshold, the infection
spreads in the contact network (right).
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3.4 Modelling Spillover

Spillover refers to transferring a virus from its usual circulating species, known as

the reservoir, to a different species, known as the novel host. In the host species,

the virus can either perish or undergo adaptations, potentially leading to the

emergence of an epidemic. Zoonotic infectious diseases spread from animals to

humans. Sixty percent of human infectious diseases are zoonotic, and seventy-

five percent are emerging zoonoses [81]. Many emerging zoonotic diseases are

caused by viruses, including avian influenza, rabies, and Ebola[82, 70].

The graphical representation in Figure 3.6 illustrates the transfer of infection,

referred to as spillover. The upper network represents a reservoir network, where

the nodes are highlighted in red. The lower network represents the population

of a novel host, with its nodes marked in blue. The red and blue links between

the agents of reservoir and novel host population network denotes the intra

network connection between the agents. The black-directed links indicate the

transmission of the disease from the infected agents in the reservoir network to

the agents in the novel host population network.

In a contact network where there are already some infected individuals, the

spread of a disease can occur, and various factors influence the extent of the

spread. However, if we keep all other properties of the network constant, it

has been observed that when the initial number of infected individuals is low,

the threshold for an epidemic to occur becomes higher. This means that if the

initial number of infected individuals is very low, the spread of the disease can

be controlled [83].

In our work, when the number of infected individuals in the new host net-
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work exceeds a significant threshold (considered as three), it indicates an effec-

tive spillover event. Therefore, if the number of infected agents resulting from

spillover in the host network is less than three, the spillover size is considered

zero. Similarly, if the probability of spillover in the host network (calculated

as the ratio of spillover occurrences to the total number of realizations) is less

than 0.1, it is classified as a non-spillover scenario. These assumptions are in

line with previous research on the stochastic epidemic model [84].

To simulate the spillover events, we have used the stochastic simulator

GEMFsim based on the Generalized Epidemic Mean Field (GEMF) framework

developed by the Network Science and Engineering (NetSE) group at Kansas

State University [49, 50]. We have used the Matlab and Python version for

simulation.
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Reservoir Network 
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Figure 3.6: Spillover in networks from reservoir population to the novel host
population.

3.4.1 Simulation results

Our simulation model pertains to diseases like avian influenza, West Nile virus,

and Ebola. In the first portion of our simulation based study we have modeled

avian influenza and West Nile virus diseases.Transmission of avian influenza oc-

curs primarily from birds to other birds and occasionally from birds to humans.

For West Nile disease, the mechanism of transmission is different. The disease

mainly circulates between mosquitoes and birds, which can infect each other

and be infectious. When mosquitoes cannot find birds, they sometimes target

mammals and can infect them (such as humans). Mammals cannot transmit

the disease and are known as dead-end hosts. Hosseini et al. have explained
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the mechanism of West Nile virus transmission using a system of differential

equations and employ this model to predict the number of new cases [85]. Our

network-based model for West Nile disease and avian influenza in this simulation

study draws inspiration from the work of Moon et al. [51]. In our simulation-

based study of avian influenza and West Nile virus, we can envision a scenario in

which the agents within the reservoir network represent birds while the agents

in the novel host population network represent humans. Consequently, within

our spillover model, we establish an effective infection rate of zero between the

agents in the novel host population network. Conversely, both the effective in-

fection rate within the reservoir network and the effective infection rate between

the novel host population network and the reservoir network are non-zero.

The examination of data from the 2019 European study [86] revealed that the

percentage of infected birds can vary significantly due to various factors. With

this study as a reference, we aim to establish an effective infection rate within

our reservoir network such that the number of infected agents in the reservoir

network falls within the range of 4 to 6 percent of the total population. Notably,

the study [86] found that, on average, 5.6 percent of birds were infected with

Highly Pathogenic Avian Influenza (HPAI) in eight European countries.

In this specific situation, both the novel host network and reservoir network

are Erdos-Renyi networks consisting of 1000 nodes and 3255 links. Throughout

the simulation, the infection rates have been set as follows. The infection rate

within reservoir network β22 is set to 0.15 in order to obtain the expected number

of infected agents to be within 4 to 6 percent of the total population as reported

in [86].
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Now, the probability that a human is infected by a bird can vary a lot based

on different factors like virus strain, immunity of people, infection-spreading

capability of birds, etc. However, based on a study conducted on Egyptian

people, the probability of a person being infected by a poultry bird is 0.02 [87].

Another study conducted in European countries claims that the risk of avian

influenza for general people is low, and for occupationally exposed people, the

risk of infection is low to medium [88]. Based on these studies, the infection

rate between agents of the reservoir network and the novel host population

network β12 is set equal to 0.02 such that the probability of infection for humans

from birds is 0.02, and the rate is also low to moderate. Finally, we set the

infection rate within the novel host population network β11 equal to 0, assuming

human-to-human disease transmission is very limited. The recovery rate δ for

all agents is assumed to be equal to 1 to maintain a proper effective infection

rate. The fraction of the total number of interpopulation links between the two

networks has ranged from 0.0001 to 0.03. To establish an interpopulation link,

we randomly select one node from the reservoir network and one node from

the novel host population network, creating a directed link from the reservoir

network to the novel host population network.

To measure the spillover size, 16000 simulations have been conducted for

each fraction of all possible links. For each specific fraction of links, a box plot

has been generated to depict the spillover size (Figure 3.7). Ten random nodes

were chosen as initially infected nodes in the reservoir network. This random

selection process was repeated for each realization, resulting in different sets of

initially infected nodes for each iteration.
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Figure 3.7: The number of infected agents in novel host population network
due to spillover with the fraction of total possible links between novel host
population network and reservoir network. Every 16000 realizations have been
shown in the boxplot.

Based on the assumptions about spillover mentioned earlier in this paper, we

have generated a plot between the probability of spillover in the host network

and the fraction of links between the reservoir and the host network (Figure

3.8).
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Figure 3.8: Probability of spillover in novel host population network with inter-
population link density. All other parameters are kept constant.

It is important to mention that when the fraction of links is smaller than

0.0013, the probability of spillover remains very low. However, beyond this

threshold, there is a noticeable increase in the probability of spillover. Therefore,

we can conclude that the fraction of 0.0013 of the total possible inter-network

links acts as a clear threshold, indicating a distinct phase transition.

In the next scenario, the number of links between the novel host population

network and reservoir network has been kept constant at 1000. However, the

inter-network infection rate (β12) has been systematically reduced from 0.7 to

0.005. The infection rate within the novel host population network (β11) is

set to zero, while the infection rate within the reservoir network (β22) remains

at 0.15. The novel host network and the reservoir network maintain the same

topology as previously mentioned. It is assumed that ten random nodes are
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infected during each iteration.

To analyze the impact of different inter-network infection rates on spillover

size, 16000 realizations have been recorded for each value of inter-network in-

fection rate. For each inter-network infection strength, a box plot has been

generated to represent the spillover size visually (Figure 3.9).
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Figure 3.9: The number of infected agents in novel host population network
with the inter-network infection rate between novel host population network
and reservoir network. Every 16000 realizations have been shown in the boxplot.
These boxplots are generated in Matlab

Based on the previously mentioned assumptions about spillover, we draw a

curve between the probability of spillover and inter-network infection strength

between two networks (Figure 3.10).
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Figure 3.10: Probability of spillover with inter-network infection rate keeping
all other parameters constant.

If we observe Figure 3.10 closely, we can see that the inter-network infection

rate close to 0.026 acts as a threshold between a low and significantly high

probability of spillover. A clear phase transition in spillover probability also

exists for the change in inter-network infection rate.

When all other factors remain unchanged, and the fraction of total possible

links between different populations exceeds approximately 0.001 in a fixed net-

work structure, we can observe a relationship between the strength of infection

between networks (β12) and the total fraction of inter-population links between

populations. This relationship confirms the validity of our assumption regard-

ing the extent of spillover events. In fact, the strength of infection between

networks (β12) and the proportion of links between populations are inversely

proportional to each other. Based on this correlation, we can represent a rect-

58



angular hyperbola curve where either of these two quantities can be plotted on

the x-axis and the other on the y-axis (Figure 3.11). The region above this curve

(shown in green in Figure 3.11) corresponds to a significant spillover area, while

the region below the curve represents a minor spillover area (shown in yellow in

Figure 3.11).

0.005 0.01 0.015 0.02 0.025 0.03

Interpopulation link density

0.005

0.01

0.015

0.02

0.025

In
te

rn
et

w
or

k 
in

fe
ct

io
n 

ra
te

Figure 3.11: Spillover region separation based on inter-population links and
inter-network infection strength. The green-colored zone is the significant
spillover zone, while the yellow zone is the non-significant spillover zone.

Furthermore, we conducted the same experiment with scale-free networks

[89] in both layers. There were no significant changes in the results compared

to the previous findings when the inter-network links between the host and

reservoir networks were randomly connected.

However, when the agents of the novel host network were connected with

the hubs of the reservoir network using the same inter-network infection rate, a
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phase transition occurred at a significantly lower fraction of links compared to

the previous results shown in Figure 3.8. In this case, we had a scale-free network

consisting of 1000 nodes and 2957 links for both the novel host population

network and the reservoir network. The infection rate among the agents of

the reservoir network was 0.1, and the inter-network infection rate was 0.02.

We distributed the number of links equally among five hubs. However, the

fraction of links varied from 0.0001 to 0.0039, and for each fraction of links,

we conducted 16000 realizations to illustrate the size of spillover, shown in the

boxplot (Figure 3.12). We observed the same phase transition in the spillover

probability as before, but it occurred when the fraction of inter-population links

was much smaller, approximately 0.00018 (Figure 3.13).
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Figure 3.12: The inter-population links are connected with only the hubs of the
reservoir network. The spillover size for each fraction of links has been shown
in boxplot
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Figure 3.13: The phase transition curve when the inter-population links between
novel host population network and reservoir network are connected with the
hubs of reservoir network. The phase transition occurs for a very low fraction
of links.

In our study, we expanded our simulations to include small-world networks

(based on Watts and Strogatz’s model) and observed that the same phase tran-

sition phenomenon also exists for these networks.

To summarize, the primary focus of our simulations was on exploring the

spillover threshold. To achieve this, we selected random networks, scale-free

networks, and several small-world networks with varying rewiring probabilities

(ranging from 0.01 to 1). All of these networks contained the same number of

nodes (1000), while the small-world networks had a slightly higher number of

links.

During the course of the experiments, we carefully controlled the infection

rate to ensure that the average number of total infected individuals within the
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reservoir network remained consistently stable. Across all mentioned network

topologies, this average ranged around 5 percent throughout the entire infection

process. Additionally, the inter-network infection strength (β12) was kept con-

stant. Our goal was to measure the number of inter-population links required

to reach the spillover threshold. For this threshold, we validated our previous

assumption, stating that approximately 0.1 fractions of all realizations would

exhibit a spillover non-negligible spillover size.

Our findings revealed that the number of links needed to reach the spillover

threshold was the lowest for scale-free networks and the highest for regular lat-

tice networks. As for the small-world networks, an increase in the rewiring

probability resulted in a decrease in the number of inter-population links re-

quired to reach the spillover threshold. This behavior can be attributed to the

emergence of the small-world effect, which promotes the spread of epidemics

[90].

In the case of scale-free networks, the presence of hubs, which are highly

connected nodes, contributed to an enhanced spread of epidemics within the

network.

In another scenario, our simulation-based study has been expanded to dis-

cuss one of the most notorious zoonotic diseases, Ebola, which is prevalent in

West African countries. Unlike other infections where humans serve as dead-

end hosts, Ebola can also spread through human networks. The Susceptible-

Exposed-Infected-Recovered (SEIR) model is particularly apt for modeling Ebola

due to its ability to incorporate the incubation period before the disease becomes

transmissible. This model enhances the SIR model by introducing an ’Exposed’
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Figure 3.14: SEIR Transition Graph for Ebola Across Interconnected Networks.
The diagram illustrates the transition rates between SEIR states, a and h sub-
script denote to animal and human agents, respectively. Parameters β11 and
β22 represent the infection rates between the agents of the novel host popula-
tion network and reservoir network, respectively. and β12 denotes infection rate
between the agents of the reservoir network and novel host population network
; κ1 and κ2 indicate the incubation rates of animals and humans respectively
that lead to infectious states; δ1 and δ2 are the recovery rates of animals and
humans respectively. Dashed arrows show the inducing state for transitions.

state that accounts for the incubation period. The transition between states in

the SEIR model, as shown in 3.14, includes the incubation rate (κ), which is

incubation rate related the time it takes for an exposed individual to become

infectious.

In this analysis, we examine a hypothetical yet plausible scenario for the

transmission of the Ebola virus from animal reservoirs to human populations.

To enhance the realism of our model, we constructed two distinct network layers.

The first layer, representing the animal population, is modeled as a stochastic

block network comprising 2000 nodes and 5079 undirected edges. This network

simulates 20 distinct animal herds, where each block represents a particular

herd, each connected to at least two other herds, mimicking the potential inter-
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herd transmission dynamics. For the human population layer, we employed a

Barabási-Albert (BA) network to represent a small village setting. The BA

network, renowned for its scale-free properties, accurately captures the intricate

social structures present in human communities, featuring 5000 nodes and 14991

undirected edges. In Figure 3.15, an example of these two networks structure

is presented. We extracted the parameters for the SEIR model from the cases

covered in [91] as Uganda 2000 case and adjusted the rates to accurately reflect

the network structure for both humans and animals. The rates were adapted

based on the average degree of nodes ⟨k⟩. The parameters used for this experi-

ment are detailed in Figure 3.14.
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Figure 3.15: Illustration of an example for two-layer network structure used
in the simulation: (a) represents the contact network among animals, (b) rep-
resents the contact network among humans, and the grey arrows denote the
directed transmission links from animals to humans.

We ran 16000 simulations to examine the effects of varying the number of

links between humans as hosts and animals as networks as we increase the links

from 100 to 30,000 edges. Figure 3.16 shows the number of infected agents

in the novel host population network for a specific fraction of interpopulation

links. The data from a total of 16,000 simulation realizations is represented

using a boxplot. The probability of spill-over with respect to the fraction of

interpopulation links is also presented in Figure 3.17. In this simulation-based

study, we can also see a clear phase transition for the probability of spillover

as the number of interpopulation links increases. A fraction of up to 0.0001 of

the total possible number of links acts as a threshold for this phase transition

curve.
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Figure 3.16: The boxplot of number of infected agents in novel host population
network for the simulation-based study of Ebola. The number of infected agents
in the novel host population network increases with the fraction of the possible
links between the novel host population network and the reservoir network.

 

Figure 3.17: Probability of spillover in host population network for simulation-
based study of Ebola
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Based on the simulation-based study of the above-mentioned zoonotic dis-

eases, we can conclude that there will always be a clear phase transition in

the probability of spillover as the number of interpopulation links increases,

regardless of whether humans act as dead-end hosts.
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Chapter 4

Conclusions

My thesis investigated two scenarios for SIR spreading dynamics in intercon-

nected networks. In the first case, we have a situation where the initial infection

could be present in any of the two interconnected networks. The infection will

not spread in interconnected networks if the normalized infection strengths are

below the threshold curve for any level of interconnection. However, in the

second situation, the infection in the novel host population comes only from

the reservoir network. For avian influenza and West Nile virus modeling, we

conducted experiments by changing the number of inter-population links and

by changing the inter-network infection rate, keeping all other parameters con-

stant. Experiments have been conducted on Erdos-Renyi networks, Barabasi-

Albert networks, and Watts-Strogatz networks. The inter-population links were

distributed randomly. In all the cases, we obtained a phase transition in the

probability of spillover. While keeping all other network parameters constant,

we obtain a relationship between the inter-population link density and inter-
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network infection strength, based on which we get two regimes of significant

and minor spillover zones. When the inter-population links are connected only

with the hubs, we get a phase transition at a very low number of links while keep-

ing all other parameters constant. It can be concluded that hubs of scale-free

networks also play a crucial role in spillover. For small-world networks, we found

that the number of interpopulation links for the spillover threshold decreases

with the increase in rewiring probability. The spillover threshold, when consid-

ering a fixed number of infections in the reservoir population, follows a pattern

of highest to lowest interpopulation links: Regular Lattice networks have the

highest number of links, followed by Small-World networks, Erdos-Renyi net-

works, and finally Scale-Free networks with the lowest number of links. Finally,

when we expanded our simulation-based study to model Ebola, where human-

to-human infection spreading is significant, we observed a clear phase transition

in the probability of spillover.

For future work, this study can be enhanced by developing a theoretical

model to determine the spillover threshold for both inter-population links and

inter-network infection strength. Additionally, simulations using various net-

work topologies and inter-population link patterns can provide diverse results.

These simulation outcomes can be used to train a neural network for predicting

spillover in new scenarios.
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4.1 Abbreviations

• ENM: Ecological Niche Modeling

• SIR: Susceptible-Infected-Recovered

• SIS: Susceptible-Infected-Susceptible

• SEIR: Susceptible-Exposed-Infected-Recovered

• SEIV: Susceptible-Exposed-Infected-Vaccinated

• AHSv: African Horse Sickness viruses

• WS: Watts-Strogatz

• GEMF: Generalized Epidemic Mean Field

• NetSE: Network Science and Engineering

• HPAI: Highly Pathogenic Avian Influenza

• BA: Barabási-Albert

• MaxEnt: Maximum Entropy

• GARP: Genetic Algorithm for Rule-set Prediction

• AUC: Area Under Curve

• ROC: Receiver Operating Characteristics

• JEV: Japanese encephalitis virus

• WNV: West Nile virus
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• RVFV: Rift Valley fever virus

• COVID-19: Coronavirus disease 19

• SEIATR: Susceptible-Exposed-Infected-Asymptomatic-Treatment-Recovered
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