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CHAPTER 1
INTRODUCTION

1.1 INITIAL AND BOUNDARY VALUE PROBLEMS

Calculus of variations and maximum principle are two approaches
frequently used for solving dynamic optimization problems. When these
methods are used, the problem generally reduced to a system of nonlinear
differential equations of the two-point boundary value type. In general,
problems of this type cannot be solved analytically. Various numerical
methods have been derived to solve a nonlinear differential equation of
the two-point boundary value type, such as methods based on successive
approximations and methods based on iterative procedures.

For a system of differential equations, if the given conditions are
specified at both ends of an interval, the problem is known as two-point
boundary value problems. If all conditions are specified at the same
point, it is called initial value problems, If conditions are imposed
on more than two points, the problem is known as multi-point boundary
value problem.

By introducing additional variables, an ordinary differential equa-
tion of higher order can be replaced by a set of first order differential
equations. Therefore, in this thesis only systems of first order
differential equations will-be discussed.

There are various methods for solving initial value problems. These
can be separated into single-step methods such as the Runge-Kutta scheme
and multiple-step methods such as the predictor-corrector schemes [4,5].

Because some of the initial conditions are not given, the numerical

solutions of the two-point boundary value problem cannot be obtained easily.



This chapter gives a brief review of some frequently used techniques
available for solving boundary value problems. These techniques are
the method of complementary functions and the method of adjoint functions
developed by Goodman and Lance [6], and the quasilinearization method

developed by Bellman and Kalaba [8].

1.2 THE METHOD OF COMPLEMENTARY FUNCTIONS AND THE METHOD OF ADJOINT
FUNCTIONS

Goodman and Lance [6], discussed two commonly used methods for
solving linear two-point boundary value problems. These two methods
are the method of adjoint functions and the method of complementary
functions. Each method leads to a system of linear algebraic equations
for the missing initial (final) conditions of the two-point boundary
value problems. _

Consider a general system of linear ordinary differential equations

in matrix form

Y = A(t)Y + F(t) (1-1)

where the dot denotes the differentiation with respect to the independent
variable t. Y is an n x 1 matrix with components Yi(t), A(t) isann xn
matrix and F(t) is an n x 1 matrix with components fi(t).

We shall assume that the y initial conditions given at t = t0 are

_ O
Yi(ty) = ¥y i=1, 2, i (1-2)



and the n-y final conditions given at t = te are

1
Y. (t.) =Y,
L f i

(A) The method of Adjoint Functions

The adjoint system of Eq. (1-1) is

X = -AT(t)X

m m=1, 2, ...

(1-3)

(1-4)

where X(t) is n x 1 vector with components xi(t) and T indicates the

transpose. The xi's and yi's are related by

n

xiyi) = I x,f

n
{ E I Xy

d
dt i

Eq. (5) can be obtained as the following

X:¥:) =d (X

n
d(i'l'l H

dt i=1

Substitute Eq. (1) and (4) into Eq. (6)

n
d (= xy) = xT(AY +F) - (ATX)Ty
at i=1
= xTay + xTF - xTay
n
= XTF = L x.f.

i=1 1

(1-5)

(1-6)

(1-7)



Integrating Eq. (7) over the interval (to, tf), we have

t
 x, (te)y; (t) - z x (€ )y (t) = 70 £ x (OF (t)dt  (1-8)
i=1 i=1 " Yo i=1

Now we integrate the adjoint system Eq. (1-4) backward n-y times

with the following final conditions

xm,i(tf) =0 ifgm+y

m=1,2, ...n - y (1-9)

th

Let nl><1.(t) denote the value of X obtained from the m*" integration of

the adjoint system and substituting this'mxi(t) into Eq. (1-8), we have
t

_ e
Catiltoit) <y (B =orp T g (0)Fy (t)at (1-10)

nem3

i

There are n - y simultaneous linear algebraic equations for the n - ¥

unknown initial conditions ¥; (to). Once the missing initial conditions
m

are obtained, the problem becomes an initial value problem.



Total number of integrations by the method of adjoint functions are
n - y for the adjoint system plus one for the original given system.
(B) The method of complementary functions

The homogeneous equation derived from Eq. (1) is
U= A(t)U (1-11)
Integrate this equation forward n - y times with the initial conditions

Um,i(t0)=o iFgy+tm

Let this integration results be represented by mui(t)’ where the subscript

th

m represents the m~ integration of Ui(t)' The nonhomogeneous equations

V = A(t)V + F(t) (1-12)

is then integrated forward once with the initial conditions

1
<
_——
o+
St
el
n
—
-
)
-
<

vi(to)



Let vi(t) denote the result of this integration.
Now the general solution of Eq., (1), with the given conditions,
can be written as
n-

Y0 = vile) ¢ TR (e) (1-13)

Substituting Eq. (1-3) into Eq. (1-13), n - y integration constants a,

can be solved by the n - y linear algebraic equations:

y
Ia muim(tf) (1-14)

y; (te) = vo (te) +
L f ™ ¥ =

By letting t = t, in Eq. (13), it is seen that the missing initial condi-
tions yy+m(to) =a,ms= 1, 2, ...n-y. By this method, also we require
n - y + 1 integrations.

S. M. Roberts and J. S. Shipman [7], have compared these two methods
according to the ease of programming, computation time, accuracy and sta-
bility. There seems to be no real advantage of one method over the other.
But, if a problem is stable on integrating forward, and is unstable on
integrating backward, the method of complementary functions is preferred.
Otherwise, the method of adjoint functions is preferred.

The method of adjoint functions can also be applied to nonlinear

system [6], [7]. It is called shooting method in common use. More detail



discussions can be found in references [6] and [7].

1.3 Quasilinearization

In this section we discuss a powerful method for solving nonlinear
two-point boundary value problems. The quasilinearization method is
essentially a generalized Newton-Raphson method for functional equations
[4]. By this method, the nonlinear differential equations are solved
recurrsively by a series of linear differential equations. The linear
equations is obtained by applying the Taylor's series expansion with
second and higher order terms ommitted,

Consider a general nonlinear, ordinary, differential system

x; = Fy(x,t) (1-15)

where the dot denotes differentiation with respect to independent

variable t. Boundary conditions are given as

n
>
[=]
—ts
n
—_—
-
(A%
-

xi(to) -1 (1-16)

i
>
)

u

-

+

—l
-
=

xj(tg) =

Choosing a set of initial approximation Xio by the Taylor's series

expansion, Eq. (15) can be linearized as



X0t = Fi(xg pot) H 00 3G ey -

where

3f3

X1

of ,

X

\

For the initial approximations x;

Bf]_

3X2

af 5

dXo

- e = o o = o

1,0

/

(1-17)

(1-18)

the values of fi(xi,o’ t)

and jacobins J(x ) can be obtained. The only unknown in Eq. (17) then
i,0

is Xs 7 This linearized equation with boundary conditions given by Eq. (16)

can be solved by either method discussed in the previous section.

After the unknown Xi 41 Was obtained, set it as initial approxima-

tions for the next iteration.

This procedure can be continued until

the desired accuracy is satisfied.



The main advantage of this method is, if the procedure converges,
it converges quadratically to the solution of the original system. The
main difficulty is in obtaining the integration constants, i11 conditioned
equations can make the method such as complementary functions useless.

More detailed discussions of quasilinearization can be found in

Ref. [4].
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CHAPTER 2
THE METHOD OF PARTICULAR SOLUTIONS

2.1 [INTRODUCTION

Many techniques have been derived for solving the two-point
boundary value problems. In the previous chapter, the method of
adjoint functions and the method of complementary functions [6]
have been discussed. Both methods have one common characteristic:
each requires to solve two differential systems, that is the original
system and the derived system, This derived system is the homogeneous
system in the method df complementary functions and the adjoint equa-
tions in the method of adjoint functions.

By the method of particular solutions; several sets of particular
solutions are obtained from the original system, then linear combination
is used. It has the following advantages as compared with the previous
techniquesﬁ (1) it requires only the original differential system;

(2) it employes stepsize control technique to speed the rate of conver-
gence; (3) in a physical problem, each particular solution represents
a possible trajectory satisfies the initial conditions.

The method of particular solutions can be applied not only to
linear systems, but also to nonlinear systems. First, the nonlinear
system is linearized into a system which is linear in the perturbation
about a nominal function. Then, applying the method of particular solu-
tions to find the perturbation leading to a new nominal function. The
procedure is employed iteratively, until the desired accuracy is obtained.

Since when solving a nonlinear system, the system must be linearized

first, we will discuss how to handle a linear system first. Then in



n

sections 3, 4 and 5, nonlinear system was discussed. Two different

algorithms for solving nonlinear systems are summarized in section 6,
discussion and conclusion are given in section 7, More detailed dis-
cussion can be found in Ref, [1,2]. The following discussion follows

the work of Miele and Iyer [1, 2, 3].

2.2 LINEAR SYSTEM

Consider the linear system

X = M(t)X + N(t) (2-1)
0<t<l
where t is the independent variable, the matrices X and X are n x 1; the
matrices M and N are n x n and n x 1 respectively. At the initial time

t = o, p scalar components of x are given, that is
BX(o) = A (2-2)

matrices B and A are p x n and p x 1 respectively, and components of A
are a;, i=1,2, ...p. At the final time t = 1, g scalar ré]ations must
be satisfied in matrix form as

CX(1) = D (2-3)
where C and D are given matrices with q x n and q x 1. Finally, assume

that

ptg=n and P>gq
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Now we can formulate the following problem: Find the functions
X; = xi(t) i=1,2, ...n

satisfying the differential system (2-1), the given initial conditions
(2-2) and final conditions (2-3).

To solve this problem by the method of particuiar solutions,
Eq. (2-1) is integrated forward q + 1 times with q + 1 sets of initial

conditions

xjj0) =a;  i=1,2,...9%1, i=1,2,...p
(2-4)
xp+k,j(°) = kij j=1,2,...q+1, k=1, 2, ...9

where aij denotes the kronecker delta. From these integrations, we

obtain the function

xpj = xpj(t) j=12, ...q 1 (2-5)

th

where X i is n x 1T matrix and subscript pj denotes j~ set of particular

P
solutions of Eq. (2-1), therefore,

ij = M(t)ij + N(t) J= s 2 su0g ¥1 (2-6)
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Now we introduce q + 1 undetermined scalar constants ki and form
the linear combination

qt1
X = & k.X (2-7)

j=1 J PJ
We will prove whether, by an appropriate choice of the constants kj, this
linear combination can satisfy the differential system (2-1), the initial
condition (2-2) and the final condition (2-3).
Substitute Eq. (2-7) into Eq. (2-1), we obtain the relation
q+l

z

J_]kj[xpj - M(t)ij] = N(t) (2-8)

From Eq. (2-6) and Eq. (2-8), it is obvious that if

g+l
Tk, =1 (2-9)
j=1
Eq. (2-7) will satisfy the differential system (2-1). By substituting
Eq. (2-7) into Eq. (2-2), we obtain
q+

z

3 ]kj[Bij(o)] = A (2-10)

which, in the light of Eq..(2-6), can be written as

q+1

I kA=A (2-11)
j=11

this means the initial conditions are satisfied providing the constants

kj are consistent with Eq. (2-9).
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Finally, by substituting Eq. (2-7) into final condition (2-3)

we obtain the relation

q+
jf]kj[cxpj(1)] =D

which is equivalent to q scalar eguations.

(2-12)

Hence, we have q + 1 simultaneous linear algebraic equations (2-9)

and (2-12), from which q + 1 unknown constants kj can be solved. After

that, the general solutions X(t) of the linear, two-point boundary value

problem can be obtained from Eq. (2-7).

Notice if p < q, it is convenient to integrate Eq. (2-1) backward

in order to reduce the computational efforts. More detail

can be found in Ref. (2).

2.3 NONLINEAR SYSTEM

Consider a system described by the differential Egs.

X - F(x,t) =0 0<t<]

subject to the boundary conditions
fix(0)]
g[x(1)1
h(x(0), x(1)1 =0

0

0

discussions

(2-13)

(2-14)
(2-15)
(2-16)

Where X and F are n x 1 matrix, f is px 1 and g is q x 1 matrix, h is

y x 1 matrix, withp +q + y

o0 and final time is t = 1.

prescribed initial time is t

differentiation with respect to time t.

n. t is an independent variable. The

The dot denotes
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It is assumed that F is a continuous function of the arguments
X and t, also the first derivatives of the function f, g, h with respect
to vector X exists and are continuous. The problem is to find the
continuous vector function X(t) which solves Eqs. (2-13) through (2-15).

Since the systems are nonlinear, the approximate method will be
used. In this connection, consider the continuous function X(t), which
satisfies the initial conditions but not necessarily the differential
system and the other boundary conditions.

Define P function as
1 = '
P=sp(x - F)'(x - F)dt + (F'f + g'g + h'h) (2-17)

which measures the cumulative error in the differential equation (2-14)
and boundary conditions (2-15) and (2-16). For any X(t) satisfying Egs.
(2-14) through (2-16), P = 0; otherwise P > 0. When approximate methods
are being used, they must ultimately lead to a state such that

P<e (2-18)
where ¢ is a small, prescribed value.

In order to solve the proposed problem, consider a nominal function

X(t) and a varied function i(t) such that
“x(t) = x(t) + ax(t) (2-19)

Where aX(t) denotes the perturbation of X at a certain time t. The passage
from the nominal function to the varied function causes the cumulative
error to change, later we shall prove that the function P has a descent

property.
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In order to find the varied function from the nominal function,
first, linearize Eq. (2-14) through Eq. (2-16) and obtain the following

system:

BX - FL(x, t)aX + [X = F(x, t)] = 0 (2-20)
fr(0)2X * FIx(@)] = 0 (2-21)

9y(,)8k * 9lx(1)] = 0 (2-22)

(o)X (0) + hl(l)ax(l) + hix(o), x(1)1 = 0 (2-23)

to prevent the variations aX(t) becoming too large, the above system is

imbed into a more general system

X - F;(x,t)ax + o[X - F(x, t)] =0
fI(O)Ax + af[x(0)] = 0 (2-24)
9y (,)2K + aglx(1)] = 0

T T
+ =
hx(o)AX(o) + hx(l)ax(1) ah[x(0), x(1)] =0
where o denotes a scaling factor (stepsize) in the range

* 0<ac<l (2-25)
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Next, introducing the auxiliary variable

A = aX (2-26)

rewrite Eq. (2-24) as

A-Fl(x, A+ [X - F(x, t)] = 0 (2-27)
fI(O)A(o) + fix(0)] =0 (2-28)

glu )AU) +g[x(1)] =0 (2-29)

(o) (©) * 1 (1)A() + hix(o), x(1)] = 0 (2-30)

For a given nominal function X(t), the vector X - F and matrices FI, fI(o)’
gl(l)’ hi(o)’ hI(T)’ fix(o)1, g[x(1)], h[x(o), x(1)] are known quantities.

Therefore, Eq. (2-27) through (2-30) form a linear, two-point boundary
value problem with dependent variable A(t).
Apply the method of particular solutions, integrate Eq. (2-27) forward

q+y+ 1 times with the following initial conditions:
(0) = a:;. j=1,2, ...q+y+1, i=1,2,...p (2-31)

i=1,2,...q+y+1, k=1,2,...q+y (2-32)
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Where the first subscript denotes variable number and subscript j denotes

th

the j- set of particular solutions. Equation (2-31) is obtained by solv-

ing Eq. (2-28). 85 denotes Kronecker delta.

After performing the integration, following functions are obtained:

Apj = Apj (t) j=1,2, ...qg+y+1 (2-33)

h set of particular solutions.

Where pJ denotes the jt
Now introducing q + v + 1 undetermined scalar constants kj and form
the linear combination
qty+l

A(t) = jzl ijpj (t) (2-34)

This linear combination satisfies the Eq. (2-27) through (2-30) providing

Q"'Y"']
$ k.=
=1 Y
+y+]
T e, AL () +g=0 (2-35)
.j=] J X(l) PJ
vt g I
i Kate(o)tpg @) * Mx( e (11 0= 0

Equation (2-35) gives g + f + 1 simultaneous linear algebraic equations
and can be solved for g + y + 1 unknown constants kj. After that, A(t)
can be obtained from Eq. (2-34). If stepsize « is specified, the pertur-
bation aAX(t) can be obtained from Eq. (2-26) and the varied function

X(t) can be computed from Eq. (2-19).
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2.4 DETERMINATION OF THE STEPSIZE
After we obtain A(t), Eq. (2-19) is a function of stepsize a.

The performance index p becomes a function of the form
p = p(a) (2-36)

Assume the minimum of p(a) exists, the corresponding stepsize which

gives the minimum p value can be determined by
Pa(a) = 0 (2-37)

Since the rigorous determination of o takes time on a computer, we will
solve optimum « as follows: assign the value 1 to the stepsize a, this

is acceptable only if
P(a) < P(o) (2-38)

Otherwise, the previous value of o must be replaced by some smaller value
in the range zero and one (for example, by a bisection process). The process
is repeated until the inequality (2-38) is satisfied.

Since the above procedure is guaranteed by the decent property of P

function, we will discuss this property in the next section,

2.5 DESCENT PROPERTY OF PERFORMANCE INDEX
The performance index P has been defined by Eq. (2-17). The first

variation of P function is given by
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_ 1 - T - T
§P = ZIOIX - F] [aX - FxAX]dt +

2[foI(0)AX(D) + ngI(1)AX(1) + hThI(O)AX(o)
+ hThI(])AX(l)] (2-39)

Substitute Eq. (2-24) into (2-39), we obtain

i .
6P = -2a/ [X - F)TIX - F1dt - 2a[f ' + g'g + h'h]
1 - .
= -2alf [X - F1T(X - F]dt + £1F + g'g + h'h}
= -2aP (2-40)

Since P > 0 and o has the range as given by Eq. (2-25), if a is
sufficiently small, the decrease of the P function is guaranteed, that

is

P<P (2-41)
2.6 ALGORITHMS FOR NONLINEAR SYSTEMS
(1) Scheme A
(a) Assume a nominal function X(t) consistent with the

initial conditions and possibly, with the final conditions.
(b) Along the interval of integration, compute the vector

i - F and the matrix Fx' On the boundary, compute the vector



(2)
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f, g, h and the matrices fx(o)’ gx(1), hx(o) and hx(l)'

(c) Determine the q + y + 1 particular solutions Apj(t)
by forward integration of the differential equation (3-27),
subject to the initial conditions given by Eqs. (2-31) and
(2-32).

(d) Compute the q + vy + 1 scalar constants kj solving
simultaneous linear equations (2-35).

(e) Determine the function A(t) by Eq. (2-34).

(f) Determine the stepsize in such a way that Ineq. (2-38)
is satisfied. To this effect, perform a bisection process
on a with starting value o = 1.

(g) Compute the varied function i(t) from Eq. (2-19).

(h) With X(t) known, the iteration is completed. The
varied function i(t) becomes the nominal function X(t)
for next iteration and return to step (a).

(i) Terminate the algorithm if the stopping condition
Eq. (2-18) is satisfied.

Scheme B

(a) Assume a nominal initial value X(o) consistent with
the given initial conditions. Integrate Eq. (2-14) forward
to obtain the nominal function X(t), for 0 < t < 1.

(b) For the nominal function X(t), compute the matrix Fy

as a function of time t, also compute matrices fx(o)’

gx(]), hx(o)’ hx(l) and vector f, g, h.

(c) Determine the q + 1 particular solutions Apj(t) by

forward integration of the differential equation (2-27).
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(d) Compute the q + 1 constants kj by solving the linear
algebraic system (2-35).

(e) Determine the initial value A(o) from Eq. (2-34) applied
at t = 0.

(f) Determine the stepsize @ in such a way that Ineq. (2-38)
is satisfied. To this effect, perform a bisection process
on a, start from o = 1.

(g) Find the initial points of the varied function by
X(0) = X(0) + ah(o0)

Then, integrate Eq. (2-15) forward with this initial
condition to obtain i(t), 0«ts1.
(h) i(t) becomes the nominal function for the next iteration.
Go to step (b) and start algorithm again.
(i) The algorithm is terminéted when the stopping condition
Eq. (2-18) is satisfied.

There are two main differences between scheme (A) and scheme (B).
First, in scheme (A), the initial approximation X(t) for 0 < t < 1, has
the value consistent with the given initial value X{o). In scheme (B),
X(t) is obtained by forward integration of the original system with initial
condition X{o). Second, the linearized differential system is a non-

homogeneous system in scheme (A) and is a homogeneous system in scheme (B).

2.7 DISCUSSION AND CONCLUSION

In preceding sections, a general method for solving nonlinear two-
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point boundary value problems is presented. It is assumed that the differ-
ential system has order n and is subject to P initial conditions, q
final conditions and y mixed boundary conditions, where p + q + y = n.

The method is based on the consideration of the performance index
P, which is the cumulative error in the differential equations and the
boundary conditions.

The algorithm has the form X(t) = X(t) + aX(t), where X(t) is a
nominal function satisfying the initial conditions. The differential
system is linearized about X(t), then, the stepsize ¢, 0 < « < 1, is
introduced to each forcing term. The method of particular solutions is
then employed to obtain the perturbation aX(t) = cA(t), leading from the
nominal function X(t) to the varied function X(t).

Since the cumulative error P has a decent property, if a is sufficient-
ly small, the passage of nominal function to the varied function will
decrease the value of P. The stepsize is determined by a one-dimensional
search until the inequality P < P is satisfied. This can be achieved
through a bisection process starting froma = 1. The algorithm is termi-
nated when performance index P function is smaller than a prescribed value.

There are three main advantages of this method. First, it employes
only the original differential system. Second, stepsize control is used
to speed the convergence rate. Third, in physical problems, each parti-
cular solution represents a physically possible trajectory even though
it satisfies only the initial conditions.

The method of particular solutions requires more undetermined
constants as compared with the methods mentioned in chapter one. Another

drawback is that the performance index P function does not guarantee



24

convergence. In other words, as the number of iterations increases, we
cannot guarantee that P - 0. This is due to the fact that the convergence
depends on the analytical nature of the functions F, f, g and h. Further-
more, the convergence also depends on the nominal function X(t) used to

start the algorithm.
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CHAPTER THREE
APPLICATION TO AN ADVERTISEMENT PROBLEM

3.1 DEVELOPMENT OF THE MODEL

The well known diffusion model [10] is used for advertising.
Consider a group of people in which only certain members possesses a
particular piece of information about a firm's product. Suppose
that the total number of persons in this group remains constant and the
diffusion of information occurs only through personal contact. The
number of contacts made by an average informed person in an arbitrary
time is given by a contact coefficient. In a contact, the contactee
receives information if he does not already have it. If he already has
it, the contact is wasted in the sense that it does not increase the
number of informed people.

Let

=
n

The total number of persons in the group.

o
[}

Contact coefficient = The number of contacts made by one
informed person per unit time.
K(t) = The number of informed persons at time t.
K(t)/N = Proportion of informed persons at time t.
CK{t)dt = Contacts made during a time interval dt.
The number of informed persons at time t, K(t), can be obtained by

solving the following differential equations

dK(t) = CK(t),1 - K(t
{ (€)1 - Kit), (3-1)

Suppose now that the firm can increase the number of its contacts by
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spending money on advertising. Specifically, it can increase the number
of contacts made by the informed people by an additional number A per unit

time. Thus

dK(t) = K(t)(C + A(t) (- 5__1)
dt (3-2)

If each informed person buys C_ units of the firm's product, and

q
S(t) represents the sale at time t, then

S(t) = CqK(t) (3-3)

If Cq = 1, and substitute for K(t) in Eq. (3-2)

dS(t) = S(t)(C + A(t)(1 - t)) (3-4)
dt N
The rate of change of the inventory level I(t) can be presented by
dI(t) = P(t) - S(t) (3-5)

dt

where P(t) is the production rate at time t. The production rate is

assumed as

P(t) = a + bt (3-6)

Where a and b are given constants.

The problem is to find the advertising rate A(t) such that the
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following net profit is maximized

tf 2 2
J =17 [CS(t) - Cp(I - I(t)) - CpS(t)A (t)] dt (3-7)

t

where CS is the revenue from the sale of one unit of the product, CI is
the inventory carrying cost, and Im can be considered as the capacity

for the storage of inventory and CA is the cost of advertisement.

3.2 DEFINITION OF THE PROBLEM

Maximize

AT 2 2
J= £ TICS(t) - Cp(I - I(£))" - CuS(t)A” (t)1dt (3-7)

%

subject to

P(t) = a + b(t) (3-8)
dI(t) - p(e) - s(t) (3-9)
9§§%l-= s(t)(c +A(£)( - §%51 (3-10)
with boundary conditions
I(t) = 1° (3-11)
S(t,) = s°
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3.3 FORMULATION OF THE PROBLEM

The above problem can be solved by calculus of variations with the
help of the method of particular solutions. Detail treatment of the
calculus of variations can be found in Ref. [4, 13].

Equations (3-8) and (3-9) can be combined as

d_ﬂg%h (a + bt) - S(t) (3-12)

The problem now has two state variables I and S and one control variable
A. To solve the problem, the Lagrange Multipliers L;, L, are introduced.

Define the following functions

F = [Ll(i -a-bt+5S)+ Lz(é -S(C +A+ X - __J)
3 2
+ CSS = CI(Im -I) - CASA ] (3-13)
L
J = s 'Fdt (3-14)
t

Where I and S represent the differentiation of I and S with respect to t.
Equation (3-14) will be maximized, this is a Bolza problem in the
calculus of variations [4]. The Euler - Lagrange equations can now be

written as

a,_( -3—I= ' (3-15)
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gf{fﬁo - X -0 (3-16)
3S d
3F
ﬁ =0 (3']7)
that is
dL,
—= (1, - 1) (3-18)
2 2 2 2
dL, 3L,S° LyS L,  2CL,S (3.19)
=Ly +Cc - cly + - + + 3-19
gt L1 ¥lg-cle 2
4N N 4, N
%= '_—_2_(% - 1) (3-20)
26y

After substituting Eq. (3-20) into Eq. (3-10), the control variable

A can be eliminated and obtain the following equations

dI

H=a+bt-$ (3—2])
E 32L2 SL S
) 2 A2
e Cs -Gt -—-— (3-22)
CAN 2CA ZCAN
dL,
e - 26(1, - 1) (3-23)
dL 3LZS2 LZS L2 2CSL
2 2 2 2 2 -
gt "L tCg-clat 7 - ¥ ¥ (3-24)
4C CAN 4CA N

AN
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There are four equations, but only two boundary conditions are given
by Eq. (3-11). We need boundary conditions for the Lagrange Multipliers
L, and L,, they can be obtained by using the following nature boundary

conditions

2 a F _ g (3-25)

31 3S
for t = tO and t = tf

Because the boundary conditions at t = to are given, only the conditions

at t = t. are needed. By Eq. (3-25), we obtain

|
o

Ly (tf) =
(3-26)

I
o

Lz(tf) =

Now we have nonlinear differential equations (3-21) through (3-24)
and boundary values Eq. (3-11) and Eq. (3-26). In order to maximize the
objective function Eq. (3-7), this nonlinear two-point boundary value
problem must be solved first. We shall use the method of particular

solutions to solve this two-point boundary value problem.

3.4 COMPUTATIONAL PROCEDURE BY ALGORITHM SCHEME (A)
Equations (3-21) through (3-24) can be written as
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\I !
1! fa+bt+s R
2 2 ;
i CS SL, SL, SL, F !
S CS - + = - 5 2|
N C4N 2C 2C,N :
- A A TA =] (3-27)
Ly| [2C (1 - T) - F3|
|
2 2 2 2 ; ?
. 3L,S L,S Lo 2CSL, | :
L%} L}l +Cg-clyt 7 = * ¥ E Fiy!
Also rewrite boundary conditions as
_ 0
f1[X1(to)] = I(to) -1
_ o
fz[Xz(to)] = S(to) -5
(3-28)

gl[xa(tf)] = Ll(tf)
gz[xq(tf)] = Lz(tf)

To solve this problem by the method of particular solutions with

scheme (A), we first assume the following nominal functions
I(t) = 19, s(t) =S L;(t) =0, Ly(t)=0 (3-29)

for t) <t < tg
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Then, compute the following matrix

- ~

oF; 9F, aFy 3F

2 ) 3L; 3L,

s8Fp  3F 3F,  3F;

3T~ 35 3 3l
Fl(x,t) = -

oFy  oFy  oFy 9Fy

] ] BLI 3L2

aF,  3F, oFy 9oF

) ol
4 ;
0 <1 0 0
. 2 3

265 2sL, L, 3SL, < § 3

0 Ew — 4 . g i e
N CN 26, 2C,N CAN 26, 2C,N
-2, 0 0 0
2 2 2
3L, L, 2CL, 3L, 2L, L, 2CS
0 - = - 1 -C+ - - + +
26N NN 26N C,N2¢, N

L (3-30)

According to Eq. (2-20), the linearized system can be written as

Al + aS + [ T = F,1=0
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2
: 26 2sL, L, 3SL,
AS - [C - — + -
N N 20, 2N

21Ag _

2 3
B B ™ B, + 1§ 5 F1=0 (3-31)
CiN 2, 2C,N

ALI + ZCIAI + [Ll = F3] =0

2 2
y 3st, L, 2L,
ALZ - [ B + ]AS - ALI =
2C,N CaN N

2
3sL, 20,5 L, 2CS :
T A
A A A )

After that, we linearize the boundary conditions, since
T T
f =f =1
I(to) s(to)

T _ T -
Bilte) ™ Ly(te) =] (2-3¢}

According to Eq. (2-21) and {2-22), we obtain the following equations

[}
o

AI(t,) + I(t,) - 7

n
o

as(t,) + S(t,) - s0 (3-33)

aly(tg) + Ly(te) = 0
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ALz(tf) + LZ(tf) =0

Introducing stepsize o to each forcing term of Eq. (3-32) and

(3-33), also introducing the auxiliary variables

A; = Al/e A3 = AL/q (3-34)
A, = AS/a Ay = Aly/a
Rewrite Equation (3-32) and (3-33) as follows
Ay + A, + [I-F] =0
: 20S  2SL, L,  3S2L,
A2 = [C = + = = 2]A2
N CAN ZCA ZCAN
2 3
) S S "
< | = = 7]Ay + [S - F3] =0 (3-35)
CAN ZCA ZCAN

Ay + 2CA; + [Ly - Fa] = 0

2 2

oL, L, 2L,

Ay - [ 2= + 1A, - Az -
ZCAN CAN N

2
3L, 21,8 L, 2CS :
['C + i+ i + + ]Aq + [LZ - Fq] =0
ZCAN CAN ZCA N

A (ty)) = 0

Az(to) =0 (3-36)
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As(te) + Laltg) = 0

Aq(tf) + L2(tf) =0

Equations (3-35) and (3-36) are corresponding to Egs. (2-27) through

(2-29). For the assumed nominal functions, the matrix FI(x!t) and I - Fis
S - Fas L1- Fi, iz - Fy, Ll(tf), L2(tf) are known quantities. Therefore,

equations (3-35) and (3-36) form an ordinary, linear, two-point boundary
value problem.

From Eq. (3-36) we notice that there are two initial and two final
conditions, that is, p = 2 and q = 2. By the method of particular solutions,
q+ 1 = 3 sets of particular solutions are integrated with the initial

conditions

Aij(o) =0 j=1,2,3. i=1,2.
(3-37)

Ak+2(o) = ij j=1,2,3. k=1, 2.
Let A;J(t) denote the results we obtained where i denotes variables, pj

h

denotes the jt set of particular solutions.

The undetermined constants k;, k,, k3 can be solved by the linear

algebraic equations

kl + kz + k3 = ]



3 3 3 _
klApl(tf) + kZApgtf) + kgApa(tf) = -Ll(tf) (3-38)
KoAo (te) + koA “(t,) =
1 pl(tf) kz pz(tf) + k3Apgtf) = 'Lz(tf)
with k;, k,, k3 known, we form the linear combination

J P

: 3 _
Al(t) = = kA (t)
J:

i=1,2,3,4 (3-39)

After that, varied functions can be formed as
sz 1
I(t) = I(t) + oA (t)
~ 2
S(t) = S(t) +aA (t)

(3-40)

(£) = Ly(t) + oA (t)

— ¢

|

(t) = Ly(t) + oA (t)

The performance index P of this problem is

t . 2 - 2 . 2 . 2
Pay f[(l -Fy) +(S-F,) +(L; -F3) + (L - Fy) 1dt +
t
(o]
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Ly ()1 % Lyl (3-41)

The stepsize o« can be calculated with Egs. (3-40) and (3-41) in such
a way that Ineq. (2-43) is satisfied. Once stepsize is know, the

varied functions can be obtained by Eq. (3-40). Then the profit and
advertisement can be obtained. This complete one iteration, further

jterations are allowed until desired accuracy is satisfied.

3.5 COMPUTATIONAL PROCEDURE BY ALGORITHM SCHEME (B)
By scheme (B), assume the nominal initial values consistent with

the given initial conditions.

I(t,) = 1° S(t,) = g9

(3-42)
Li(t,) =0 La(ty) =0

With this initial values, integrate Eq. (3-27) forward to obtain the
nominal functions I(t), S(t), L;(t), L,(t) for ty <t <ty For these
nominal functions, we know that T = Fy =0, § = F, =0, Ll -F3=0
and Lz - F, = 0. Therefore, Eq. (3-35) becomes a system of homogeneous

equations:

A1+A2=0

2
; 265 2SL; Ly 3STL,
Ay - IC - —+ -—- SR - (3-43)
N 26N 2C,  2C,N




(3-43)

2
3s°L, 2L,8 L, 2CS
[C+—— - —F —+ —JA, = 0
ZCAN CAN ZCA N

Boundary conditions were given by Eq. (3-36).

This linearized system will be integrated forward q + 1 times with
the initial conditions Eq. (3-37). Actually, only q sets of particular
solutioné are required by scheme (B). This is because Eq. (3-44) is a

homogeneous system, and the third set of initial values are equal to

zero. Therefore, the third set of particular solution

Al (¢) =

Ps(t) 0
fori=1, 2, 3,.4 (3-44)
E; sttty

Since we need only two sets of particular solutions, the undeter-

mined constants reduced to two and can be obtained by following equations
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3 3
klApl(tf) + szpz(tf) +Ly(tg) =0

(3-45)
4 n + _
klApl(tf) + szpz(tf) Lo(te) = 0
When k; and k, are known, form the linear combination
_ 2 i
Al(e) Tk kAps (t)
J
i=1,2, 3, 4 (3-46)
The initial values of the varied functions were formed as
= 1
I(to) = I(to) + oA (to)
~ _ 2
S(t,) = S(t)) + aA (t,)
(3-47)

[y(t,) = Ly(t,) + oA (t,)
[o(t,) = Ly(t,) +ahlt,)

Once stepsize o was calculated by P function and satisfies Ineq. (2-43),
the initial values of the varied functions can be computed from Eq. (3-47).
With these initial values, integrate Eq. (3-27) forward to obtain the
nominal functions for next iteration. Advertisement and profit were
calculated by Eq. (3-21) and (3-7) respectively. Iterations were continued

until desired accuracy was obtained.



40

3.6 NUMERICAL ASPECTS
In order to solve this problem, the constants were assumed to have

the following values

a=70 Cy=15 I(t,) = 1° = 20
b=100 C;=0.15 S(t))=5"=20
c=2 N =150 t, =0, te=1
c=10 I =50 at = 0.01
Nominal functions of scheme (A)

I(t) = 20 L,(t) =0

S(t) = 20 L,(t) = 0

for'to_<_1:_<_tf
Initial nominal values of scheme (B)
I(t,) = 20 Li(t,) =0

S$(t,) = 20 La(t,) = 0
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The initial values for three sets of particular solutions are

I(t,)  S(t)  Lilty)  La(t)

set 1 0 0 1 0
set 2 0 0 0 1 (3-48)
set 3 0 0 0 0

3.7 COMPUTATIONAL ASPECTS
(I) Scheme A
With the initial conditions given by (3-48), Eq. (3-35) was
integrated forward by fourth order Runge-Kutta integration method
with 100 grid points and double precision accuracy. Three sets
of particular solutions were obtained.
Constants kj were obtained by solving simultaneous equa-

tions (3-38) by direct substitution and elimination. In order to
test the effectiveness of stepsize control, the problem was solved

through two processes. (1) With stepsize control process, (2)
Without stepsize control process.

Stepsize was set equal to one for the process without step-
size control. For the process with stepsize control, stepsize was
calculated in such a way that Eq. (3-41) was minimized and Ineq.
(2-43) being satisfﬁed. In search for a, we proceeded by two ways,
one is by bisection method, the other is by Fabonacci search tech-
nique.

By bisection method, o was first set to zero and calculate

P(o) by Simpson's integration method. Then set o = 1 and calculate
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P(1), if P(1) < P(o), stepsize has the value one. Otherwise,
bisect the o value until the inequality P(a) < P(0) is satisfied.

By Fibonacci search technique, define e as the least interval
between two points of the last experiment. Let n be the number of
experiments, the first experiment was placed at

n
Foop ¥ (-1)"e

X =
Fn

Xo =athb-x;

where a and b are the extreme points of the range of o. Fi is

the ith Fabonacci number in the Fabonacci series:
F0 = 1
Fp =1
F, =F + F K=2, 3, ..

In this thesis, € = 0.01 and n = 5, therefore, for the first
experiment, x; = 0.624 and x, = 0.376.
The IBM - 360/50 Computer system was used for all computations.
Computer program was given in Appendix,
(II) Scheme B

Computational aspects for scheme (B) is essentially the same as
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scheme (A). Also the problem was solved through process with stepsize

control and process without stepsize control.

3.8 RESULTS
The Advertisement problem was solved by the following methods:
(1) The method of particular solutions, scheme (A) with and without
stepsize control.
(2) The method of particular solutions, scheme (B) with and without
stepsize control.
(3) Quasilinearization with the method of complementary functions.
(4) Quasilinearization with the method of adéoint functions.
For the purpose of comparison, the results obtained by the above methods
were presented in this section.
(1) Results obtained by the method of particular solutions scheme
(A) without stepsize control.
Convergence was produced by 13 iterations, optimal profit was

J = 587.58 and optimal initial and final values are

I(o) = 20. I(1) = 66.596
S(o) = 20. S(1) = 115.750
A(o) = 4. A(1) =0

The convergence rates of sales, inventory and advertisement are shown

in Fig. (1) through Fig. (3). Figure (4) shows the convergence rates
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of the profit function. Also the convergence rates of these variables
are tabulized in Table (1). The IBM 360/50 computer took about five
minutes to complete 17 iterations for this problem with FORTRAN IV G
level complier.

(2) By the method of particular solutions scheme (A) With
stepsize control.
(a) Stepsize determined by bisection method.

Convergence was produced by 12 iterations, the optimal profit was

J = 587.59. Optimal initial and final values are

I{o) = 20. I(1) = 66.595
S{o) = 20. S(1) = 115.750
A(o) = 4. A(1) = 0

The convergence rates of sales, inventory and advertisement are tabulized
in Table (5). IBM 360/50 computer took 7.02 minutes to complete 15
iterations with FORTRAN IV G level complier,
(b) Stepsize determined by Fabonacci search

Convergence was produced by 11 iterations, optimal values are the
same as obtained by biseétibn method. The computer took 10.98 minutes
to complete 17 iterations. The convergence rates of sales, inventory
and advertisement are tabulized in Table (6).

(3) By the method of particular solution scheme (B) without step-

size control.
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Convergence was produced by six iterations, optimal profit was

J = 587.71, optimal initial and final conditions are

1(0) = 20 1(1) = 66.157
S(o) = 20 S(1) = 115.690
A(o) = 3.983 A(1) = 0

Convergence rates of sales, inventory and advertisement are shown
in Fig. (5) through Fig. (7). Figure (8) shows the convergence of
profit function. In table (2-1) the convergence rates of these variables
are tabulized.

(4) By the method of particular solutions scheme (B) with step-
size control.

Stepsize was determined by bisection method. Convergence was
produced by five iterations, optimal profit was J = 587.71. Optimal

initial and final values are

I{o) = 20. I(1) = 66.156
S{o) = 20. ) S(1) = 115.69
A(o) = 3.983 A(1) = 0.

Convergence rates of sales, inventory, advertisement and profit are

tabulized in Table (2-2).



(5) By quasilinearization with the method of complementary
functions.
Convergence was produced by five iterations. The optimal value

was J = 587.80 and optimal initial and final values are

I{o) = 20. I(1) = 66.159
S(o) = 20. 5(1) = 115.69
A(o) = 3.981 A(1) = 0.

Convergence rates of sales, inventory and advertisement, profit are
shown in Fig. (9) through Fig. (12). Also they are tabulized in Table 3.
(6) By quasilinearization with the method of adjoint functions.
Convergence was produced by five iterations. The optimal profit

was J = 587.74 and the optimal initial and final values are

I{o) = 20. 1(1) = 65.844
(o) = 20. s(1) = 116.100
A(o) = 4.023 o Afo) = 0.

Convergence rates of sales, inventory, advertisement and profit are
shown in Fig. (13) through Fig. (16). Also they are tabulized in Table 4,

For the purpose of comparison, we listed in Table 7, the optimal
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of I, S, A and J obtained by each method. Also the iterations
required for convergence and the stepsize a, the cumulative error P
were listed.
3.9 DISCUSSION

The Advertisement problem has been solved by four computational
procedures:

(1) The method of particular solutions, scheme (A) with and with-
out stepsize control.

(2) The method of particular solutions, scheme (B) with and with-
out stepsize control.

(3) Quasilinearization with the method of complementary functions.

(4) Quasilinearization with the method of adjoint functions.

It was observed that by the method of particular solutions, scheme
(A) without stepsize control, the number of iterations required for
convergence are three times more than that required by quasilineariza-
tion., From Table 3, it was observed that the values of state variables
decrease monotonically to the optimal value. But, in Table 1, those
values oscillates as they converge to the optimal. Therefore, the
method of particular solutions appears to require more iterations for
this particular problem.

As the problem was solved by scheme (A) with stepsize control, if
the stepsize was determined by bisection method, 12 iterations were

required for five digit accuracy. When Fabonacci search technique was
used, 11 iterations were required. The cumulative error P decreased

rapidly during the beginning iterations and then gradually slow down. By



bisection method, stepsize was 0.5 at the first iteration and stay at

1 for later iterations, this is because P(1) < P(o) at later iterations.
Because of these properties, there is no significant improvement when
stepsize control was applied to this particular problem,

By the method of particular solution scheme (B), 6 iterations
were required for convergence. Scheme (B) has a faster convergence
rate than scheme (A), this is because scheme (B) has a better initial
approximation than scheme (A). If a better estimate for the initial
values of Lagrange multipliers was made, a better result can be expected.
When stepsize control was applied, the iterations required for conver-
gence were reduced from 6 to 5.

If quasilinearization with the method of complementary functions
was used, it requires only four iterations. No significant difference
was observed when quasilinearization with the method of adjoint functions
was used,

For this advertisement problem, it seems that the method of parti-
cular solutions is not as powerful as the quasilinearization method.

But it still is an applicable technique for solving boundary value
problems, especially if scheme (B) with stepsize control was used.

In this problem, the control variables can be eliminated from the
performance equations. Next chapter we will apply the method of
particular solutions to a pﬁob]em with six state variables and three
control variables, which cannot be eliminated from the performance

equations.
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Fig. 2 Convergence rate of Inventory of the Advertisement problem by
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by quasilinearization with the method of complementary functions.
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Table 1. Convergence rate of the Advertisement problem by the method
of particular solutions, scheme (A) without stepsize control.
Iteration I(tf) S(tf) A(o) J
0 20.000 20.00
1 36.878 216.39 5.7902 703.51
2 75.600 109.24 4.8914 427.89
3 65.023 125.51 4.0194 606.59
4 65.307 116.91 3.8991 608.22
5 66.936 114.64 4,0008 583.39
6 66.726 115.76 4.0139 585.29
7 66.539 115,90 3.9992 588. 34
8 66.597 115.74 3.9981 587.90
9 66.606 115.73 4.0004 587.45
10 66.598 115..75 4.0004 587.54
11 66.594 115.75 4.0004 587.61
12 66.596 115.75 4.0004 587.58
13 66.596 115.75 4.0004 587.58
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Table 2-1. Convergence rate of the Advertisement problem by the
method of particular solutions, scheme (B) without
| stepsize control.
Iteration I(tg) S(te) Ao) J
0 106.330 41.85
1 52.095 133.19 5.8033 455,60
2 59.988 124.14 4,7199 566.28
3 64.853 117.58 4.1315 586.80
4 66.107 115.76 3.9889 587.71
5 66.158 115.69 3.9834 587.71
6 66,157 115.69 3.9834 587.71
Table 2-2. Convergence rate of the Advertisement problem by the method
of particular solutions, scheme (B) with stepsize control.
Iteration I(tf) S(tf) Ao) J a P
0 106. 330 41.85
1 75.472 101.61 2.9016 554.85 0.5 12.8440
2 62.820 120.43 4,3684 581.68 1 7.1907
3 65.773 116.25 4.0265 587.63 1 0.0802
4 66.156 3.9835 587.71 1 0.0090

115.69
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Table 3. Convergence rate of the Advertisement problem by

quasilinearization with the method of complementary

functions.
Iteration I(tf) S(tf)_ - A(o) J

0 20.000 20.00

1 36.869 216.39 5.7902 703.49
2 63.050 129.04 4.0867 612.26
3 66.129 115.88 3.9803 588.06
4 66.155 115.69 3.9816 587.80
5 66.155 115.69 3.9816 587.80

Table 4, Convergence rate of the Advertisement problem by quasilineari-

zation with the method of adjoint functions.

Iteration I(tf) S(tf) A(o) J
0 20.000 20.00
1 36.868 216.39 5.7902 703.50
2 62,252 130.39 4.2176 607.49
3 65.618 - 116.67 4,0430 588.27
4 65.836 116.11 4,0248 587.74
5

65.836 116.10 4.0248 587.74



Table 5. Convergence rates of the Advertisement problem, scheme (A)

with stepsize control and bisection.

Iteration I(tf) S(tf) A(o) J o P
0 20.000 20.00
1 28.434 118.20 2.8951 469.60 0.5 4404800
2 52.825 140.30 3.3037 769.95 1 2494 .600
3 69.476 109.34 4.0249 552.76 1 234,830
R 66.609 117.47 4.0395 585.30 1 27.670
5 66.315 116.19 3.9871 591.77 1 29.040
6 66.580 115.62 3.9941 585.10 1 0.604
7 66.641 115.68 4.0027 586.90 1 0.311
8 66.596 F18, 97 4.0011 587.54 1 0.263
9 66.588 115.76 3.9998 587.70 1 0.255
10 66.596 115.75 4.0001 587.59 1 0.254
11 66.595 115.75 4,0002 587.57 1 0.253
12 66.595 115.75 4,0002 587.59 1 0.253
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Table 6. Convergence rate of the Advertisement problem, scheme (A)
with stepsize control and Fibonacci.

Iteration I(tf) S(tf) A(o) J a P
0 20.000 20.00
1 28.501 118.98 2.9183 472.08 0.504 4424 ,400
2 44,013 132.13 3.1614 663.55 0.632 1441 .800
3 62.056 118.72 3.7424  626.51 0.880 69.676
& 65.504 115.48 3.9237 594.31 0.632 8.944
5 66.604 115.23 3.9990 584.88 0.752 2.236
6 66.657 115.72 0.4008 586.10 0.880 0.450
7 66.584 115.82 0.4002 587.57 0.752 0.292
8 66.578 115.78 3.9995 587.84 0.880 0.259
9 66.591 115.75 3.9998 587.67 p.152 0.253
10 66.596 115.75 0.4001 587.60 0.632 0.253
11 66.596 115.75 0.4001 587.58 0.632 0253
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CHAPTER 4
APPLICATION TO AN ADVERTISEMENT AND PRODUCTION PROBLEM
To show the effectiveness of the method of particular solutions,
we now apply the technique to a large-dimensional boundary value
problem, an advertising and production scheduling problem with

twelve dimensions will be solved.

4,1 DEVELOPMENT OF THE MODEL

Consider the manufacturing process shown in Fig. 17.

Let us assume that raw materials containing A, B and C is
available in unlimited quantity from another part of the manufacturing
process. B is the most valuable product and C is the least valuable.
Furthermore, B can be produced from A by chemical reaction. During
this reaction, a certain amount of B also decomposes into C, since C
is less valuable, this decomposition is undesirable. A, C have an
unlimited market at a fixed price and that they can be sold as soon as
manufactured, therefore no inventory for A, C will be considered. The
amount of B produced and decomposed can be controlled by the reactor
temperature T. In here B is a new product which needs advertisement to
boost the sales, and to protect against fluctuations in demand, an
inventory will be assumed for B.

The problem is: conéidering the costs of adjusting the temperature
in two reactors, costs of advertising, the storage of B, and the relative
sale values of A, B and C, what are the optimal advertising and produc-
tion rates of B?

Let x; and Y5 i = 1,2 represents the concentration of A and B



i3

respectively, Under steady state conditions, from material balance,

we have
amount of amount of amount of A
= + (4-1)
A in A out transformed to B
amount of amount of amount of B amount of B
= + -
B in B out transformed to C produced from A
(4-2)
let
Vi = Volume of chemical reactor i, i =1,2.
g = flow rate

g = reaction rate constant of the first reaction in reactor i.
ai

K_.= reaction rate constant of the second reaction in reactor i.

bi
Ga’ Gb = frequency constants of the first and second reactions, respec-
tively.
E. . Eb = Activation energies.of the first and second reactions, respec-

tively.

=~
1]

Gas constant

—
n

Temperature in reactor i



The kinetics of the reactions can now be written as
qx, = qx; *+ VlKalxl
or q(x0 - Xp) - lealxl =0

at steady state. Under unsteady state we have

dx1
Vi—=qg({x_ - x1) - VK_ x
1dt q( o 1) 8y 1

similiary, equation (4-2) can be expressed as
q¥, = 9y ¥ Vlkblyl = Vlkalxl
aly, - v1) - Vlkblyl + V1Ka1X1 =0

at a steady state. Under unsteady state we have

. ) + viK, X
Vi— = - -V v
L aly, - V1 1Ry, Y1 * ik, %

74

(4-3)

(4-4)

with similar arguments, the kinetics of the reactions in the second

reactor can be written as

%2 e alxs - x2)
Vo—=qlx; - Xxz) = VoK, x5
dt a2

(4-5)
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dy,
d V,— = - - vk + VoK -6
and Vo alyr - ¥2) - voky y2 ¥ vk, %o (4-6)

The reaction rate constants are defined as

E, E,
kaI = 6, exp(- E?:) kbl = 6y exp(- E;:)

E E w7
ks, = By €XP(- E%;) Kp, = Gy exp(- E%;)

We know that B is the desired product and it needs inventory and adver-

tisement. The performance equation for the inventory is

Rate of change production sales
of inventory rate rate
(4-8)
dI = qy2- S
dt

Where I is inventory and S is sales.
The performance equation for advertisement is the same as equation

(3-2) in previous chapter. Let Cq = 1. According to equation (3-3) we

have
S(t) = K(t)
% = SC+A) (-7 (4-9)
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Where C is the contact coefficient, A is the advertisement and N
represents the total number of people in the group.

Equations (4-3), (4-4), (4-5), (4-6), (4-8), (4-9) describe the
system completely. We have six state variables, x;, X, Y15 ¥2, I and
S and three control variables T;, T, and A.

The management wishes to obtain the values of three control vari-

ables such that the following profit function J is maximized.

t

profit = s f [ revenue of B + revenue of A +
%
revenue of C - inventory cost -
advertisement cost - mgt. cost ]dt
that is
tf 2
J= 7 {C)S + Cotxy + €3q(1 - x5 - yp) - Cp(I - 1)
t
o

2 2 2 2
-CAA S - CT [ (Tm -Ty) +(T; - T,) 13dt

4.2 DEFINITION OF THE PROBLEM

Maximize the functional

t
= f f

t

2 22
J {C13 + CquZ + ng(] - X5 = yz) - CI(Im - I) - CAA S - CT[(Tm -

1)+ (T - T2)° 13dt (4-10)



subject to

with

dxl ( )
Vi — =q(x_. - x;1) - vik, x1
dt 9 A

v s = g{ ) k + vk, x

1 E;-'- W = Y1/ = Viky N 183, %1
d12

Vz —_— q(X1 - x2) - Vzkazxz

v ) - Vok ¥2 + Vok
— = - - vok, X
" q(y; - ¥2 Va2 bzyz 2K3,%2

dl

a ° qyy = 3

ds - S

ik - S(C + A)(1 - N)

boundary conditions

x1(ty) = ] yilty) =
xp(t,) = X yalty) =

I(t,) =1° s{ty) =

0
Y1

77

(4-11)

(4-12)

(4-13)

(4-14)

(4-15)

(4-16)

(4-17)
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1t;) = 1

4,3 FORMULATION OF THE PROBLEM

It was required to find the optimal value of the state variables
and control variables so that the objective function is maximized. The
procedure for obtaining the solution remains essentially the same,

Equations (4-11) through (4-16) can be rewritten as

q Fa

Xl = TVT (XO - Xl) - Gae -ﬁTT Xl = Fl (4-]8)
q E, E,

Y, = i (Y, - Y1) - Ge RT; Y; +6.e R} X =Fp (4-19)
q Fa

X2 = 72- (Xl - XZ) - Gae --ET-; X2 = F3 (4"'20)
q E, E,

Vo= gz (Y1 -Y5) - Ge RT; Y+ Ge R, Xp = Fy (4-21)

I=q¥,-S=Fs (4-22)
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: S
S=(CS+AS) (1- EJ = Fg (4-23)

Introducing Lagrange multipliers Ajs i=1, 2, ...6, and constant

multipliers QJ., j=1,2, ...7 and define the following functions.

q Ea
F = {;\1 [ Xl - V—l- (Xo - Xl) + Gae-RT; X1 i+
. q b L
Ay [ Yl - -VT (YO - Yl) + Gbe RT]_ Yl - Gae RTT XI] +
; q Ea
Yy [ X2 - 5= (Xy - X2) + 6 e RT2 X I+
. q _&_ _Ea
Mo LY - g (Yy - ¥p) + GeRT, Y, - GeRT, Xp] +

As [1-qV,+S7]+

2 2
. CS AS
Ag [ S-CS-AS+ —+ —1+
N N

2 2 2
C1S + Cot¥p + C3q (1= Xy = ¥p) = € (I = 1) = C,A'S
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-G (T, - T1)2 * (T - ) 1) (4-24a)

T

and
6=10Q [Xi(ty) - X0 1 +Q [ Yalty) - Y31 +Qs [ Xaltg) - X2 ]
+Qu [ Yalt)) - Y31+ 05 [ I(t) - 1°]
+06 [ I(te) - 1T 1407 [5(t) - 5° 1 (4-24b)

Then, apply the Euler-Lagrange equation

d af ) aF
dt BYi BYi
d 3F aF
—(—':"')-—=0
dt BYi oX

aF

—_=

LY

these equations can be applied to equations (4-24) and (4-25) to obtain
the relationships for the six Lagrange multipliers
A E

. Aj _.a
;\1 = q (— - —'-) + (A] - )tz) Gae RT? = F7 (4-24)
vi Vz



and

] Ao Ay By
=0 (- P se R - R
Vi V2
g A3q _EL
A3 = — + (A3 - Ay) Gae RT, +q(C, - C3) = Fq
V2
. Auq _Eb
Ay = — + 16 RT, - q(Cs + As5) = Fyo
Va
As = 20,1 - 26,1 = Fy)
) 2CShg 2ASAg
A6=C1+15-CA6-A){6+N + N
2
- 20)A'S = Fyp
Ag
A G-
A
(Al-lz)GaEaxl -Ea ;& AzﬁbEbyl -Eb
- e RTT + —y— B RTl_
RT; RT)

26 (2T -T2 =T ) =0

81

(4-25)

(4-26)

(4-27)

(4-28)

(4-29)

(4-30)

(4-31)
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E

a
(A3 = Ay) GLE X5 e RT, + MOpEpy2 e:EE. +
4 Z
RT, RT, RT,
20.(Ty - T2) = 0 (4-32)

A can be eliminated from all performance equations, if we substi-
tute equation (4-30) into the performance equations. But, the control
variables T; and T,, appear implicitly in the above equations and cannot
be eliminated.

Substituting Eq. (4-30) into equations (4-23) and (4-29), we obtain

2
2
_C!_S_=CS_E§.+§)L5'_EL_S_AG'Z' (4-33)
C,N~ 2C 2C,N
dt N A A A
2 5 2
drg _ C, + A5 = Crg - Ag 4 2CSAg , SAg (4-34)

Z
dt 2CAN N ZCAN

Equation (4-18) through (4-21), Eq. (4-24) through (4-28) and Eqs. (4-33),
(4-34) represents the system. For these 12 differential equations we
have only 7 boundary conditions, given by Eq. (4-17). The additional &

boundary conditions can be obtained by applying the transversality

conditions
3G - oF =0
aX: | t .
i o axi t
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or
3G - oF =0
_ —
axi tf axi tf

to equations (4-24) and (4-25), we obtain

AI(tf) =0
lz(tf) =0
A3(tf) =0 (4-35)
Aq(tf) =0
hs(tf) =0

Now there are 12 boundary conditions, a two-point boundary value problem

was formed.

4.4 COMPUTATIONAL PROCEDURE BY THE METHOD OF PARTICULAR SOLUTIONS,
SCHEME (A).
To solve the above system by the method of particular solutions
scheme (A), the procedure is the same as solving the two dimensional

advertisement problem. First, assume the following nominal functions
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X (t) = %] a{t) =0
xg(t) = x3 aa(t) =0
I1(t)=1° As(t) =0
(4-36)
yi(t) = y3 A (t) = 0
ya2(t) = y2 As(t) = 0
s (t) = s° rg(t) = 0

for t, <t <t

Then we linearize Eqs. (4-18) through {4-22), Eqs. (4-24) through (4-28)
and Eqs. (4-33), (4-34), and obtain the following equations

Al - qay, + aS + (I - qy, + S) = 0

(4-37)
A
: 2CS 6 SA
+ AS(-C + 5= - + "6
STt gt —)
CAN
s .1 .5 : cs”
+ Mg 77 + + ) + (S-CS+
TN 2, 2cAN2 LI
(4-38)

2
- She 4 A6 456 ).
—_ 2
Ty oy
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. - E &
9 o -3 -
x ¥ axy (v1 * 68 RT, )+ v % = x1)

-E (4-39)

a
* 6 RITx,) =0

Ax, + A%, ( 9——)+m(2 (9—+GeR—T—) +

(4-40)
. -E
(x5 - %; (x3 - xp) + 6 e R‘?‘; Xs) =
. - E -E
Ay, + Ayl(g-l—+ Gbe R?T ) + Axl( = Gae ﬁg'lT )
(4-41)
-E -E
y b a _
+ (y; '\S,T(.Vo - Y1) +Gbe RT y; ~ Gaem-l—xl) =
; q 9, gD “Ea
Ay, + Ay ( -Vz) + Mz(vz + Ge RT, ) - Ax, (Gae RT, )
(4-42)
Eb -Ea
"‘(Yz-—(h'h)*G b® RT, ¥2-Gaeﬁ'r2' X2} =0
A;\l + AJL] (-%T - Gae R—?.l— ) + A)tz(Gae .R,?_..i.. ) + Ala %._
(4-43)
E
+[’\1 -q(——-—)-— (’\1-12)Gem-—] =0
. "‘Eb .
Mo + My ( - %T- 6.8 R'TT)-+ A;\qu+ [ A =
(4-44)

Q(W-Vz—)-lzﬁbE-ﬁTI—] =0



. E E
A3 + Arg( - - Ge RT") + &lq(Gae RT" )

A3q
+ [ Ay - v;- - (Aa Ab) G E'HT* + Q(Cz - CB) ]=0

: E
Ahy + A0y ( -9—-- G e RT'J + Mg q +

) Anq -E
[ Ay = 7 AuGe RT*'* q(C3 + 25) 1 =0

+

Mg 20,41 + (Ag =2, 1_-2C, 1) =0

. Ag Shg
thg - Arg + Mrg (C + TN 3§§. — ) +
A CAN

2 2
Ag P05  Shg

[ Ag - C; - Ag + Chg + - - 1=0

After that, linearize the boundary conditions and we obtain:

al(t,) = 0 ar(te) +25(te) =0
as(t,) =0 AAz(tf) tag(te) =0
axy(ty) = 0 Mg(te) + as(te) = 0
sz(to) =0 - Akk(tf) + lq(tf) =0
ay1(ty) = 0 Aas(tf) + 26(te) = 0

2y, (t,) = 0 al(te) + [I(te) - 1T ]

0

(4-45)

(4-46)

(4-47)

(4-48)

(4-49)



Now introducing stepsize a to each forcing term of equation

(4-37) through (4-48) and equation (4-49). Also introducing the

auxiliary variables

A, = al/a A; = A/a
A, = AS/a Ag = xj/a
A; = Xi/0 Ag = X3/a
A, = yi/a Ao = ry/a
As = Xp/a Ai1 = xs/a
Rg = y,/a A2 = Xg/a

Then the equations (4-37) through (4-48) can be rewritten as

Al - gAg + A, + (i -qy2 +S8)=0

A Sx 2
' 265 e 6 s S
Ro (0 5 el crnz) g ¥ 4 LI N2) Az
A A ] A
CSZ Sig  Ag 5 A

F(S-cs+8 2Lt LTy
N- T TN 2T, 2N
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(4-50)

(4-51)

(4-52)



v. - 4 “Ep “Ea
*[ Y~ vz(.YI ‘y2)+GbeﬁT‘;.Y2-Gae ﬁ;-xz ] =

. -t -E
A-;-(v +GaeRT)A7+GE'm-—A3+g-A9

Al Ag -E_
+[A1-q(———-—) (A1 - 2y) GaeﬁTT]=

88

(4-53)

(4-54)

(4-55)

(4-56)

(4-57)
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Xy _ Ay

)Aa‘*g"'l\lo*[’tz“il(—'--—)

. E
- (-
Ag (vl * Gpe RT, Vo

-Eb
i Sl ol PO (4-58)

. -E -E
da a
Ag - (3= + Ge pr=) Ag + Gae g Asg

. q -
+ [ Ag - Tg- (Xa = kq)Gae m - q(C2 - C3) 1= 0 (4'59)

E - )qu
~ + Ge z2) Apg + Ay + [ 4y - —
( 2) 10 ¥ QA T [ ay Vs

E
-A4Gpe R? +q(C3 +15) 1 =0 (4-60)

Aip + 2C(A; + (A - 26,1 - 2, 1) = 0 (4-61)

. % e S :
Az - Ay + (C+ o - g%§ - ——zJA12 + [ %4
A CAN

2CShg  2ASAg

2
CL-Ag+Chg+ Mg -——-——+2AAS]=0 (4-62)
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Also equation (5-49) can be written as:

Ay(t,) =0 Ap(te) + ap(t) = 0
Az(to) =0 Ae(tf) + Az(tf) =0
Aa(tD) =0 Ag(tf) + Aa(tf) =0

(4-63)
Ak(to) =0 Alo(tf) + Ah(tf) = D
AS(to) =0 Alz(tf) + )ts(tf) =0
Ag(t,) = 0 Ay(te) + I(t.) = 17

For the assumed nominal functions {4-36), we can calculate the
coefficient and constant terms in equation (4-51) through (4-62).
Hence, the system forms a linear nonhomogeneous boundary value problem,
here we have six initial conditions and six final conditions. By the
method of particular solutions, we have to solve q + 1 = 7 sets of

particular solutions with the initial conditions:

Aij(to) =0 J=ly 2 500l T=27,2 ..,6

(4-64)

A (t ) =8

krej(to) =8 =T 2 7y k=1,2, .06

The results obtained are A;j(t), where i denotes variables, pj denotes



the jth

After that, compute the undetermined constants kj by solving

the following linear algebraic equations

7
I k, =

T
7 7

jil kj Apj(tf) = -Al(tf)
7

Jf1 ky ApJ(tf) = -aa(te)
7

jz] JpJ(tf) )\S(tf)
7
EI J PJ(tf) = Ak(tf)
7

12
jzl ij V(tf) = -As(tf)

'lp'l

set of particular solutions.

L (ee) == [ It - OF

91

(4-65)

With ki’ i=1, 2, ...7 known, we form the linear combination
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At(t) = 4 kAT (E) (4-66)
=1 I

then varied functions can be formed

I(t) = I(t) + oA (t)

$(t) = S(t) + A (t)

X (£) = x,(t) + oh’(t)

Yi(t) = ya(t) + A’ (t)

X,(t) = x,(t) + ah (t) (4-67)
V2(t) = yo(t) + oA (t)

W () = ap(t) + e ()

Xa(t) = Ap(t) + ad’(t)

23(t) = As(t) + oA’ (t)
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Ay (t) + oA ()

iq(t)

"

xs(t) = as(t) + oA (t)

Xe(t) = Ag(t) + oA (t)

After obtaining the solution for the six state variables and six
Lagrange multipliers, the profit J and control variables A, T, and T,
can be obtained by solﬁing equations (4-10), (4-30), (4-31) and (4-32).

The varied function then becomes the nominal function for the next
iteration. Further iterations are allowed until desired accuracy is

obtained.

4.5 NUMERICAL ASPECTS

The above problem was solved with following numerical constants

11
Ga = 0.535 x 10 per minute GT = 0.001
18
Gb = 0.461 x 10 per minute CA = 0.01
Ea = 18000 cal/mole ) C=1.
Eb = 30000 cal/mole C; =5
R =2 cal/mle % C2=C3=0
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q = 60 gal./min. CI =1,
vy = v, = 12 gallons xo(t) = 0.53
0<t=<tg

Im = 10 gallons yo(t) = 0.43
T = 340°K t; = 0.0

N = 100 te = 1.0

at = 0.02

The boundary conditions are

x;(0) = 0.53 I{o) = 1.0
X2(0) = 0.53 S{o) = 0.1
y;(0) = 0.43 I(1) =10.

y2(0) = 0.43

Since the control variables T; and T, appear implicitly in Eq. (4-31)
and (4-32), initial approximations of T, and T, were given as following

in order to solve the equations,
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Tl,n=0(t) = Tz’n___o(t) = 345,
For 0 <t <1

The nominal functions for the 1St iteration were assumed as

x,(t) = 0.53 A (t) =0
y1(t) = 0.43 Ap(t) = 0
xp(t) = 0.53 A3(t) = 0
yo(t) = 0.43 Ay(t) = 0
I(t) =1+ 9t As(t) = 0
S(t) = 0.1 Ag(t) = 0

The initial values for the seven sets of particular solutions are



Ay | Az | As | Ay [As| Ag| Az | Ag | Ag | Ao | A1 | Ar2
Set1 |0 0 0 0 0 0 1 0 0 0 0 0
210 0 0 0 0 0 0 1 0 0 0 0
310 0 0 0 0 0 0 0 1 0 0 0
4 |0 0 0 0 0 0 0 0 0 1 0 0
510 0 0 0 0 0 0 0 0 0 1 0
6 |0 0 0 0 0 0 0 0 0 0 0 1
710 0 0 0 0 0 0 0 0 0 0 0

4.6 COMPUTATIONAL ASPECTS

Basically, the computational aspect was the same as that mentioned
in chapter 3. With the initial conditions given in section 4.5, equa-
tions (4-51) through (4-62) were integrated by using fourth order Runge-
Kutta integration technique with 50 grid points. Seven sets of parti-
cular solutions were obtained.

In order to solve seven undetermined constants, a matrix inversion
subroutine SIMQ, supplied by IBM was used.

If we solve this problem with stepsize control, the P function is

t

f . 2 . 2 . 2 = 2
P= ft [ (xg -Fy) +(y; -Fy) +(xp-F3) + (y, -F,) +
0

(I - F5)2 + (S - F6)2 + (il - Fy) + (iz - Fs)2 +

. 2 . 2 . 2 . 2
(A3 - Fg) + (x4 - F1g) + (a5 - Fy;) + (xg - F12) 1 dt
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2 2 2 2
tUalte) 1o+ Daa(te) 1+ [ ag(te) 1+ [ au(te) ]

2 2
Ds(te) 1+ Delte) ] (4-68)

Where Fi’ i=1,2, ...6 are functions listed in Eqs. (4-18) through
(4-29). This cumulative error P is a function of stepsize o and can

be computed by Simpson's integration method. Optimal o which minimizes
the value of P can be obtained by search technique. Since the problem
has 12 nonlinear differential equations, the calculation of P function
and the searching for optimal stepsize require a lot of computer time.
Therefore, for this particular problem, only the process without stepsize
control was applied.

As we set the stepsize equal to one, the varied function was
obtained by Eq. (4-67). After that, the advertisement at each grid
point was computed from Eq. (4-30). For simplicity, the following
approximation was used to calculate the total profit.

te

2
J= T { G5+ Coqxp * Csqll - x5 - yp) = Cp(I - 1)

t

2.2 2 2
-CAST - C [ (Tm_- Ty) +(Ty -Ty) 11 at

Since T, and T, in equations (4-31) and (4-32) are implicit, Newton-
Raphson method was used for root finding. To start Newton-Raphson
method, initial approximations for T; and T, were assumed to be 350.0.

With these values, T; and T, at the first grid point of the first iteration
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were solved, At other grid points, solutions of T; and T, at previous

grid points were used as the initial approximations. Same procedure

was repeated for the next iteration.

Raphson's convergence was 0.1.

A11 these computations complete one iteration.

The accuracy to check Newton-

were allowed until convergence was obtained.

4.7 RESULTS

Results obtained by the method of particular solutions scheme A
without stepsize control are presented in this section.

The convergence rates of three control variables and six state

variables are shown in Fig. 18 through Fig. 24.

lized in Table 8 and Table 9.

The optimal profit is J = 80.195, and optimal initial and final

values are
x;(0) = 0.53
y1(o) = 0.43
X2(0) = 0.53
y,(0) = 0.43

I (o) =1.0

x;(1) = 0.477

Y1 (] ) = 0.460

x,(1) = 0.415

0.487

Yz(])

10.00

I(1)

Also they are tabu-

Further iterations
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S(0) = 0.1 S(1) = 34.78
A(o) = 370.36 A(1) = 0.

T,(0) = 362.43 S T,(1) = 340.
To(0) = 365.70 T,(1) = 340.

4.8 DISCUSSION

The advertisement and production scheduling problem was solved by
the method of particular solutions, scheme (A) without stepsize control.

This problem has been solved with quasilinearization method by
SHAH [13]. For comparison, the iterations required by quasilineariza-
tion and by the method of particular solutions were listed in Table 10.
(5 digit accuracy is used for all variables). It was observed that,
the quasilinearization has a better convergence rate than the method
of particular solutions for this particular problem,

The problem has been tried by scheme (B) of the method of particu-
lar solutions, By assuming the missing initial conditions for the
Lagrange multipliers and combined with the given initial values; the
original nonlinear system was integrated forward to obtain the nominal
functions. Because these nominal functions for Lagrange multipliers
were poor estimations, difficulty appears when solving T, and T, by
Newton Raphson method. This causes scheme (B) to be useless when solving
this particular problem,

It was observed that the method of particular solutions, although
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is not as powerful as quasilinearization; still is an applicable tool

even applied to a complicated problem.
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Fig. 18 Convergence rate of Advertisement of the production scheduling
problem by the method of particular solutions, scheme (A) without step-

size control.
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Fig. 19 Convergence rate of sales of the production scheduling problem

by the method of particular solutions, scheme (A) without stepsize

control.
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Fig. 20 Convergence rate of Inventory of the production scheduling

problem by the method of particular solutions, scheme (A) without
stepsize control.
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Fig. 21 Convergence rate of profit function of the production scheduling

problem, by the method of particular solutions, scheme (A) without step-
size control.
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by the method of particular solutions, scheme (A) without stepsize

control.
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Fig. 24 Convergence rate of X, of the production scheduling problem, by
the method of particular solutions, scheme (A) without stepsize control.
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Table 9. Comparison of the convergence rates by quasilinearization
and the method of particular solutions.

Number of Iterations*

Variable Quasilinearization Particular Solutions
xl(tf) 6 10
¥1(ts) 3 8
Xz (te) 6 13
ya(te) 3 5
I(tg) 2 3
S(tf) 3 8
J(t) 8 13
Tl(tf) 6 6
Ta(te) 6 6
A(to) 8 13

* 4 digit accuracy for %, ¥y, X3, ¥2.

5 digit accuracy for I, S, J, A, T;, T».
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CHAPTER 5
CONCLUSION

Two numerical examples have been solved by the method of particular
solutions, which were presented in previous chapters. It suggests that
the method of particular solutions may be an applicable technique for
solving nonlinear two-point boundary value problems. Because the
intimate relations between the boundary value problem and optimization
control, this technique can also be a useful tool for solving dynamic
optimization problems.

There are three main advantages of this method. First, it employes
only the original differential systems. Second, it employes stepsize
control to speed the rate of convergence. Third, in physical problem,
each particular solution represents a possible trajectory even if it
satisfies only the initial conditions.

When solving the mathematical models in previous two chapters, the
method of particular solutions has a slower convergence rate than the
quasilinearization method. Other disadvantage is that the particular
solutions method requires more undetermined constants than the quasi-
linearization method.

Computationally, the method of particular solutions can be proceeded
by two algorithms. Scheme (A): the nominal function X(t) is updated
according to i(t) = X(t) + aA(t). Scheme (B): the initial value X(o) is
updated according to X(o) = X(o) + «A(0), then integrate the original
system forward to obtain X(t). If the original system is a stable system,
scheme (B) has a better convergence rate than scheme (A). This is be-

cause the nominal function of scheme (B) was obtained by the integration
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of the original system.

The preformance index P function measures the cumulative error
in the differential system. P function has a descent property and is
a function of stepsize a. The.optimal value of o which minimizes the
P function, can be determined by one dimensional search. Theoretically,
when stepsize control was employed, the convergence rate will be improved.
In this thesis, bisection method and Fabonacci search technique have
been employed to search optimum stepsize. It is believed that if a
more sophisticated search technique had been used, a better result can
be expected. But, this will be traded by more computer times.

In chapter three, the effectiveness of stepsize control has been
tested. For that particular problem, the importance of stepsize control
was not significant. This is because the inequality P(1) < P(o) has
been satisfied at each iteration (only in the first iteration o = 0.5).
However, the stepsize control is a guiding tool during the progression
of the algorithm.

For illustrative purposes, only two problems have been considered.

It is believed that this method, although not as powerful as quasilineari-
zation, still provides an effective approach in solving two-point

boundary value problems.
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The method of particular solutions due to Miele and his coworkers
is essentially a revised quasilinearization method, It can be applied
to both linear or non]inear two-point boundary value problems. The method
consists of combining linearly several sets of particular solutions of
the original differential system. The performance index P, which estimates
the cumulative error in the differential system, was employed as a guide
during the progression of the algorithm. There are two computational
approaches, the main difference of these two approaches lies in the
selection of the initial approximations.

The purpose of this work is to investigate the effectiveness of
the computa;ionaT procedures of this recently developed tool in
solving two industrial management problems. First, the method was
applied to an advertisement problem with two state variables and one
control variable. Then, the method was applied to an advertisement and
production scheduling problem with six state variables and three control
variables.

Advantages of this method are: (1) it employes only the original
differential system, (2) it employes stepsize control to speed the
convergence rate, and (3) in physical problems, each particular solution
represents a possible trajectory even if it satisfies only the initial
conditions. The disadvantage is that it requires the determination of
more undetermined constants tﬁan the méthod of quasilinearization.

One approach of the particular solutions method is to use the initial
approximation X(t), ty <t < te which satisfies the given initial
conditions. Another approach which gives a better initial approximations

can be obtained by integrating the original system with the initial



point X(to). For the advertisement problem, it appears that Qhen the
first approach was used, 13 iterations were required to obtain 5 digit
accuracy. However, only 4 iterations were required for the same degree

of accuracy by the quasilinearization method. When the second approach
was used, 6 iterations were required for convergence; with the help of
stepsize control, the convergence rate was reduced from 6 iterations to

4 iterations. For the advertisement and production scheduling problem,
the quasilinearization method also has a better result than the particular
solutions method. For this particular problem, the second approach

fails when we try to obtain the control variables T, and T, by the

Newton-Raphson method.



