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Abstract

In the first half of the 20th century, the initial study of so-called the Sobolev type in-
equalities was motivated by the question- Can one control the size of a function by the size of
its gradient in the higher dimensional Euclidean space? Later in the second half, the Sobolev
type inequalities found applications in proving some embedding theorems associated with
the Sobolev space, and then to study the local behavior of solutions of certain elliptic partial
differential equations, such as to prove the Harnack inequalities and the Holder’s continuity.
The Poincaré type inequalities were also studied together due to the similar phenomena and
applications as of the Sobolev type inequalities.

At the earlier developmental stage, the Sobolev and Poincaré inequalities were estab-
lished associated to the metric balls, more precisely to the Euclidean balls. The richness of
applications of these inequalities in metric spaces motivated mathematicians to investigate
such inequalities in various complicated geometrical structures. One of such geometrical
structures is the space of homogeneous type, that is, the quasi-metric space equipped with
the doubling measure.

The Poincaré and Sobolev type inequalities in the quasi-metric spaces are studied deeply
throughout the first two decades of this 21st century. In 2008, G. Tian and X.J. Wang
investigated Sobolev inequalities in a space of homogeneous type so-called the Monge-Ampere
quasi-metric structure, for the first time, based on the geometry of the Monge-Ampere
sections studied by Caffarelli and Gutierrez in 1990s. Later in 2014, D. Maldonado developed
Poincaré inequalities under the minimal assumptions in the Monge-Ampere quasi-metric
structure.

In this dissertation we first focus on improving the known Poincaré inequalities in the

Monge-Ampere quasi-metric structure by weakening the hypotheses, for instance with cheaper



assumptions on the Monge-Ampeére measure, and then develop new such inequalities by im-
posing some stronger conditions on the Monge-Ampere measure. Finally, we present the
application of these Poincaré inequalities in establishing the corresponding Sobolev inequal-
ities. The proofs of both Poincaré and Sobolev inequalities developed earlier in the Monge-
Ampere quasi-metric structure involve the Green’s functions. We use a completely different
approach to establish such inequalities, which is proudly a novelty of our work. Towards the
end of this dissertation we study the geometry of the Monge-Ampere sections in the form of

the Whitney decomposition.
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assumptions on the Monge-Ampeére measure, and then develop new such inequalities by im-
posing some stronger conditions on the Monge-Ampere measure. Finally, we present the
application of these Poincaré inequalities in establishing the corresponding Sobolev inequal-
ities. The proofs of both Poincaré and Sobolev inequalities developed earlier in the Monge-
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Chapter 1

Introduction to Poincaré and Sobolev

inequalities

In this chapter we begin with the review of the classical Poincaré and Sobolev inequalities
over the Euclidean balls and then briefly present the intuition of such inequalities in a space
of homogeneous type. Let B := B(x,r) be a ball in R" with center z € R" and radius r > 0.
Fix 1 < p < n and define ¢ := % (> p). Then there exist constants C;,Cy > 0, depending

only on n, r and p, such that

Q=
3=

vfeC™(B), (/B |f(x) - fqud'T>

< a( / |Vf<x>|pdx> (1.1)

Vf € C=(B), (/B\f(xﬂqu)q < CQ</B|Vf(9c)\pdx>p. (12)

Here above fp is the average integral of f over the ball B, that is, fp := \_él fB f(z)dx.

and

We denote the space of infinitely differentiable functions defined in B by C*°(B) and the
space of infinitely differentiable functions with compact support in B by C°(B). We use
the notation V f to represent the gradient of f in the classical sense. It is quite obvious to

observe that the inequalities (1.1) and (1.2) hold true for all s with 1 < s < ¢ due to the



Holder’s inequality. The inequality (1.1) is known as the classical Poincaré inequality and
the other inequality (1.2) as the classical Sobolev inequality. The proofs of these inequalities
with different approaches can be found in many articles and books (for instance, see Chapter
1 inl).

Notice that the Sobolev inequalities are studied for the compactly supported continu-
ously differentiable functions while the Poincaré inequalities don’t require the functions to
be compactly supported. These classical Poincaré and Sobolev inequalities involve the Eu-
clidean balls, which are easily manageable in the sense that the surface area and volume can
be computed precisely. On the other hand, the quasi-metric balls, in general, are not nice
from this viewpoint.

For an open convex set {2 C R™ and a strictly convex smooth function ¢ : 2 — R, we
define a space of homogeneous type so-called the Monge-Ampere quasi-metric structure, to
be the triple (€2, d,, 1t), whenever the measure p is a doubling Borel measure on the Monge-
Ampere sections of ¢, and the map 9, is a quasi-distance. We will entirely stay inside the
Monge-Ampere quasi-metric structure throughout chapter 2 to 7.

There have been significant developments on the Poincaré and Sobolev inequalities in
the Monge-Ampere quasi-metric structure in recent years. The first authors to develop the
groundbreaking (¢, 2)-Sobolev inequality associated to the Monge-Ampere structure were G.
Tian and X.J. Wang (see[?). In 20138, D. Maldonado proved Sobolev inequalities associated
to the Lebesgue measure and the Monge-Ampere measure analogous to the ones developed
by G. Tian and X.J. Wang by using strictly weaker hypotheses and by allowing the exponent
q to depend only on the dimension. A year later in 2014, D. Maldonado developed a (1, 2)-
Poincaré inequality associated to the Monge-Ampere measure in¥ and an application is
presented immediately in the same article to establish the following Harnack inequality for
positive solutions of the linearized Monge-Ampere equation at a strictly convex smooth

function ¢.

Theorem 1.1 (Theorem 1.4 in). Suppose Q@ C R" be open and bounded subset, and let

e, the Monge-Ampére measure associated to a strictly convexr smooth function ¢, satisfies



DC'-doubling condition (that is p, € DC(Q,6,)). Then there exist constants C' > 1 and
n € (0,1), depending only on the doubling constant and dimension n, such that for every
Monge-Ampére section S,(xg,t) CC 2, and every positive solution u of L,u = 0 in 2, we

have

sup u<C inf w, (1.3)

Sy (zo,Tt) Se(x0,7t)

where L, is the linearized Monge-Ampere operator at a strictly convex smooth function
© defined as

Lou(z) = trace(Ay(z) D*u(z)) € €, (1.4)

for twice differentiable function u, and here A,(x) is the co-factor matrix of the Hessian
matrix D?p(x), that is,
A,(z) = detD*¢(x) D*p(z) " (1.5)

The operator L, is the linearization of the well known nonlinear Monge-Ampere operator
M(x) := detD*p(x). (1.6)

The other notations used in Theorem 1.1 will be studied in detail in chapter 2.

A strictly convex smooth function ¢, associated to its Monge-Ampere sections and mea-
sure, models the geometric and measure theoretical approach in the analysis of regularity
properties for the solutions to the linearized Monge-Ampere equation L, (u) = 0, as well as
other singular/degenerate elliptic PDEs (see for instance %4 11),

If a strictly convex function ¢ is three times differentiable at = € Q with D%*p(z) > 0, we

obtain

trace(A, (z) D*0(z)) = > ai;(2)0y,05,v(x) (1.7)

1]

= 7 0, (03 (@), 0(0)) = V(AT ),



where A, (z) = {a;;(x)} is the co-factor matrix of D*p(x). The second equality of (1.7) is

due to the fact that the columns of A, are divergence free. That is,
> 0s, (ay(x)) =0, Vi,

Thus the linearized Monge-Ampere operator L, is a singular/degenerate elliptic operator
that takes both the nondivergence and divergence forms. The divergence form of L, has
naturally led to the study of various properties for the Monge-Ampere sections and measure
that guarantee the existence of Sobolev, Poincaré, or other first-order inequalities related
to A,. In turn, such first-order inequalities have been crucial to the regularity theory for
solutions to the linearized Monge-Ampere equation in*' as well as to its applications to
semi-geostrophic equations and optimal transport in[%'? and capacitary estimates!?.

At this point knowing the history and rich applications of Poincaré and Sobolev inequali-
ties in the Monge-Ampere quasi-metric structure, it is very appropriate to have some natural
concerns, such as “Can we establish these inequalities by means of different approaches?”
or “Can we improve these inequalities ?” This dissertation has been devoted to gathering
answers in diverse circumstances to these questions. In the article!, the authors estab-
lished a series of improved versions of (g, p)-Poincaré and Sobolev inequalities associated
to the Monge-Ampere measure and Lebesgue measure by increasing the exponent g on the
left, by decreasing the exponent p = 2 on the right, and by replacing some of the expensive
hypotheses by cheaper ones in the pre-existing corresponding inequalities. Also, a number
of new Poincaré and Sobolev inequalities are developed in the same article considering a
different set of hypotheses. Most importantly, the novelty in this work lies in the different
approaches used in the development of these inequalities — approaches distinct from the
techniques adopted in the early stages of their original developments.

In chapter 2, we study the Monge-Ampere cross sections of a given convex function
¢ : R" = R, the Monge-Ampere measure associate to ¢, p,, the doubling conditions on the
Monge-Ampere cross sections and some geometric properties of the Monge-Ampere cross

sections. We also study the quasi-distance ¢, associated to a convex function ¢, as well as



other crucial techniques that will be employed to establish our main results in the subsequent
chapters. The main results of this dissertation are dispersed throughout chapter 3 to 7,
and the main results presented in chapter 2 to 6 were originally published in Maldonado-
Ranabhat "4,

In chapter 3, we begin with the history of Poincaré inequality in the Monge-Ampere quasi-
metric structure, and then develop the necessary ingredients, such as the reverse doubling
property, the growth conditions and the self-improving properties for the Poincaré inequali-
ties, to improve the known Poincaré inequality. The main results appearing in this chapter
illustrate the improvements of previously known Poincaré inequality under the assumption
that the Monge-Ampere measure satisfies the DC-doubling condition in the Monge-Ampere
cross sections, and by weakening the assumption on the smoothness of the associated convex
function ¢.

In chapter 4, we develop new Poincaré inequalities when the Monge-Ampeere measure
associated to the given convex function ¢, p,, satisfies the so-called Muckenhoupt’s A..-
weight condition. Both original Poincaré inequality and the ones improved in Chapter 3
carry the fixed exponent p = 2 on the right side of the inequalities. We observe that the
Muckenhoupt’s A.-weight condition introduced in this chapter is strictly stronger than
the DC-doubling condition defined in Chapter 3. Under this new assumption, we sharpen
the Poincaré inequalities by increasing the exponent ‘g’ on the left-hand side as well as by
decreasing the size of the exponent p = 2 on the right-hand side.

In chapter 5, we present the Poincaré inequalities when the Monge-Ampeére measure
satisfies the so-called Muckenhoupt’s A;-weight condition or the reverse Holder’'s RH.-
condition. These conditions are even stronger than the A,-weight condition and the DC-
doubling condition. The Muckenhoupt’s A;-weight condition corresponds to the Poincaré
inequalities associated to the Monge-Ampere measure while the reverse Holder’s RH .-
condition corresponds to Lebesgue measure. With the aid of these stronger conditions,
we develop new Poincaré inequalities with the exponent ‘¢’ enlarged up to % on the left-
sides of the inequalities whenever the dimension n > 2. In dimension 2, we will observe that

we can feed any exponent ¢ > 1 on the left-hand sides of the Poincaré inequalities, under



the same set of of hypotheses, by allowing the constant to depend on ‘q’.

Chapter 6 is primarily focused to explore applications of the Poincaré inequalities de-
veloped in Chapters 3, 4 and 5 in establishing Sobolev inequalities in the Monge-Ampere
quasi-metric structure. The techniques employed to prove Sobolev inequalities in this chap-
ter will be different form the ones adopted by G. Tian and X.J. Wang inl? and by D.
Maldonado int*. The Sobolev inequalities presented in this chapter will be either new or
the improvement of pre-existing Sobolev inequalities. All the Sobolev inequalities under the
assumption that the Monge-Ampere measure satisfies Muckenhoupt’s A,.-weight condition
or Aj-weight condition or reverse Holder RH.-condition are new, and only few of them will
be presented for the purpose of illustration as well as to compare with existing literature.

Chapter 7 is the closing chapter of this dissertation. We begin this chapter with some re-
view of the Whitney type decomposition in different geometrical structures. Then we present
the Whitney decomposition of the Monge-Ampere sections. The main result presented in

this chapter is also new and will be a part of future publication.



Chapter 2

Geometric properties of the

Monge-Ampere cross sections

This chapter is devoted to setting some basic definitions and notations, and discuss pre-
liminary results that will help to understand the flow of the materials in this dissertation.
Section 2.1 provides brief reviews of convex functions and their properties. We introduce the
Monge-Ampere measure and Monge-Ampere sections associated to the given convex func-
tion in Section 2.2. Section 2.3 starts with the discussion about the doubling measures in
the Monge-Ampere sections. In Subsection 2.3.1 we illustrate the techniques of normalizing
convex sets. In Subsection 2.3.3, we introduce the engulfing property, observe the connection
of such property with the doubling measures in the Monge-Ampere sections. We conclude
this chapter with an observation that the doubling condition implies the reverse doubling

condition in Lemma 2.29 in Subsection 2.3.4.

2.1 Some properties of convex functions

Throughout this chapter, unless otherwise mentioned, we will assume that 2 C R™ is open

and convex.



Definition 2.1. A function ¢ : Q@ — R is convex if for all z,y € Q and o € [0, 1], we have

plaz+ (1 —a)y) < ap(z) + (1 — a)e(y). (2.1)

In other words, a function ¢ is convex if the secant line joining two points (z, ¢(x)) and
(y, o(y)) lives above the graph of the function in between x and y.

One of the well known results about convex functions is that they are continuous. How-
ever, convex functions are not necessarily differentiable. For example, p(z) := |z| in R is
convex, but not differentiable. As we will consider strictly convex functions in most of our
work in this dissertation, let us see the definition and some associated results about such

functions.

Definition 2.2. A function ¢ : Q2 — R s strictly convex if for all x and y with x # y in €

and a € (0,1), we have

plaz + (1 —a)y) < ap(@) + (1 - a)p(y). (2.2)

(a) Strictly convex and dif ferentiable (b) Not strictly convex but dif ferentiable

(¢) Not strictly convex but dif ferentiable . g .
(d) Strictly convex but not dif ferentiable

Figure 2.1: Graphs related to strictly convezity



Note the strict inequality in the definition of strictly convex function. A strictly convex
function, in simpler words, means its graph doesn’t contain line segments, for instance see
Figure 2.1 above. Before looking at some examples, let us see two definitions associated to

square matrices. The properties and details on such matrices will appear later.

Definition 2.3. A square matriz A € R"™*" is positive semidefinite if (Ax,z) > 0 for all
x € R™, and positive definite if (Ax,x) > 0 for all nonzero x € R™. We simply write A >0

to denote a positive semidefinite matriz and A > 0 for positive definite.

All the affine transformations of the form
o(x) :=a" Az +b, (a € R", A € R”" b € R)
are non strictly convex functions. The quadratic functions of the form
o(r) =2"Ar + v +d, (c€ R", A€ R™" d € R)

are convex if A > 0, and strictly convex if A > 0.
Another important class of convex functions is

P
op(z) = ﬁ,xER”and 1<p<oo.
p

These functions are strictly convex whenever p > 1. The influence of such strictly convex
functions will be seen throughout this work. We will stress on other examples of convex
functions whenever appropriate.

Unlike in dimension one, the test of convexity in general could be complex in higher
dimension. The following straightforward theorem, stating the convexity implies the con-
vexity through all the lines in the domain is sometimes useful to test the convexity in higher

dimension.

Theorem 2.4. A function ¢ : Q0 — R is convex if and only if for all fived x,y € €0, the
function ¥ (t) = p(x + ty) is convex on its domain {t : x + ty € Q}.

9



As mentioned earlier, the convexity doesn’t imply the differentiabilty in general. However,
if a convex function is differentiable, we have very nice properties that allow us to test the
convexity with the aid of derivatives. In fact, a function ¢ € C?(QQ) is convex if and only if
D%p(x) > 0 for all z € Q. Here D?p is just the classical derivative ¢” in dimension n = 1,

and it’s the Hessian of ¢ defined as below for n > 2.

Definition 2.5. Consider a function ¢ : @ — R such that the second order partial derivatives

exist. Then the Hessian of ¢ is defined by

[ Po(z) Pplr)  Po(r)]
0x? 0x1074 0x101,,
Po(r) Po(x)  Pp(r)
D?*p(x) := 012014 O3 01201, ,for all x € Q.
Po(x) Polx)  OPp(x)
| 02,01  0x,01; ox? |

Whenever the second order partial derivatives are continuous, the Hessian matrix is
symmetric (that is, D?p(z)T = D%*p(1)).

The convexity of a function can also be characterized by using the first derivatives as
well. To summarize this characterization by using first and second derivatives, we have the

following theorem.

Theorem 2.6. Consider that ¢ : 2 — R s twice differentiable. Then the following state-

ments are equivalent:
1. ¢ is conver.
2. o(y) > o)+ V)" - (y—x) for all z,y € Q.
3. D*p(z) >0 for all x € Q.

The proof of this theorem can be found in many books, for instance, see Chapter 3 in[*.
Observe that the strict inequalities in the second and third statements correspond to the

strictly convexity of ¢ in Theorem 2.6.

10



If ¢ is a twice differentiable function, then the positive definiteness of the Hessian matrix
D?p (that is, D%*p > 0) implies the strictly convexity of . To see this in dimension n = 1,

assume that ¢” > 0 in Q. Now by Taylor’s theorem and the mean value theorem,

1

oly) = o(z) + ¢'(@)(y — 2) + 59"y - z)’, Vo <<y

This implies ¢(y) > ¢(z) + ¢'(x)(y — x) as ¢” > 0 in Q. Hence, ¢ is strictly convex. Now in
higher dimension n > 2, we use the Theorem 2.4. For this, consider ¢(t) := ¢(x + ty) such
that x + ty € Q. Then

V'(t) = y" D*p(x + ty)y = (D*¢(x + ty)y, y).

Since D%p > 0 in , v is strictly convex. Hence ¢ is strictly convex.
The converse, however, is not true. That is, strictly convexity of a twice differetiable
function does not imply D?p > 0. For example, we can see the function o(z) := 2,z € R.
Another ground-breaking result about convex functions is the following theorem by Alek-

sandrov.

Theorem 2.7 (see Page 242 inl'%). A convex function ¢ : Q — R is twice differentiable a.e.

i 2.

We will discuss few other interesting properties associated to convex functions in Section

3.2 as they require to involve concepts on the convex conjugate.

2.2 The Monge-Ampere sections and the Monge-Ampere

measure

Unless otherwise mentioned, we assume that ¢ : @ — R is a convex and continuously

differentiable function (that is, ¢ € C'(Q)) throughout this chapter hereafter.

11



2.2.1 The Monge-Ampere sections

Definition 2.8. The Monge-Ampére section of ¢ centered at x € ) with height t > 0 s
denoted by S, (x,t) and is defined by

Se(w,t) :=={y € Q:p(y) < p(z) + Vo(r) - (y — v) +1}. (2.3)

In other words, the Monge-Ampere section S,(x,t) is the set of all points y € {2 such that

©(y) is dominated by the tangent plane at x shifted by ¢ units up (see Figure 2.2 below).

R
@ I(y)+t
l(y)
N ‘X ) R
'
Splx, t)

Figure 2.2: The Monge-Ampére sections of ¢ at x where I(y) = p(z) + V(z) - (y — x) is
the tangent line at (z,p(x)).

With the definition of

0p(2,y) = p(y) — p(z) — Vo(x) - (y — 2), (2.4)

the Monge-Ampere sections defined in (2.3) can be written as

Sp(x,t) ={y € Q:0,(x,y) <t} (2.5)

12



The Monge-Ampere section is non empty as its center always lies in the set. One can also
observe that the Monge-Ampere sections are convex. In fact, if y,z € S,(z,t), then by

definition

o(y) < p(x) +Vo(z) - (y—x) +t

and

p(2) < pl2) + Vo(z) - (2 —2) + 1.

As ¢ is convex, p(ay + (1 — a)z) < ap(y) + (1 — a)p(z). Now by substituting ¢(y) and

©(z) from the above inequalities gives

olay+ (1 —a)z) < p(x) + Ve(z) - (ay + (1 —a)z —z) + .

So, the Monge-Ampere sections of a continuously differentiable convex function ¢ are non
empty open convex sets. Moreover, if the function ¢ is strictly convex, then its Monge-
Ampere sections will be bounded. Thus, We will consider functions to be continuously
differentiable and strictly convex in order to have the Monge-Ampere sections open, bounded
and convex. However, the assumption of differentiablity (and strictly convexity) is not
required for the sake of definition of the Monge-Ampere section. If we simply assume that

¢ : ) — R is convex, then the Monge-Ampere sections are defined as below:

Definition 2.9. For given t > 0, and a supporting hyperplane l(y) = o(x) +p- (y —x) of ¢
at (x,(x)) (that is, p(y) > l(y), Yy € ), the Monge-Ampére section of ¢ centered at € €
with the height t is defined by

Se(w,p,t) ={y € Q:py) <ly)+t}={yeQ:p(y) <ex)+p-(y—z)+t}

We may get more than one supporting hyperplane for ¢ at (z, ¢(x)) if the function is not
differentiable at x. However, if the function is differentiable at z, the supporting hyperplane
of p at (x,p(x)) is unique and p = Vp(z). Consequently, the Monge-Ampere sections

defined in (2.9) coincide with the ones defined earlier in (2.3).

13



We now see two examples of the Monge-Ampere sections, one for a non-differentiable

convex function and the other for a differentiable convex function.

Example 2.10. Consider a convex function p(x) := |z|, x € R™ whose graph is a cone.
We get infinitely many supporting hyperplanes at the origin. If a supporting hyperplane is
not parallel to any generator line of the cone, then the Monge-Ampére sections are ellipsoid.
The supporting hyperplanes at the points other than at the origin coincide with a generator
line of the cone, and hence the Monge-Ampére sections are the unbounded paraboloids in this

case.

Example 2.11. Consider a convex function @y(x) := @, xr € R", whose graph s a

paraboloid. Then the Monge-Ampére sections of o reduce to the classical Euclidean balls.

In fact,

Spp(,t) = {y 1 a(y) < pa(z) + Vipa(z) - (y — 7) + 1}

2 |2

e
2 2

= :%—%—x-(y—1)<t}

={y: [yl + |2]* — 22 -y < 2t}
={y: |z —yl* <2t}

— B(z,V2t).

2.2.2 The Monge-Ampeére measure

Definition 2.12. The Monge-Ampére measure associated to a convex function ¢ € C*(Q)

is denoted by ji,, and is defined by

po(E) = |Ve(E)| E CQ,E Borel set, (2.6)

where |E| denotes the Lebesque measure of E C R".
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The Monge-Ampere measure defined as above is a Borel measure measure which is also
locally finite. As in the definition for the Monge-Ampere sections, the differentiablity of ¢
is not required in the definition of the Monge-Ampere measure. We refer the readers to see
chapter 3 inl” as we are not going to consider such functions in this dissertation.

The Monge-Ampere measure for a twice continuously differentiable convex function can
be expressed in the integral form. In fact from Page 5 in!™), if p € C2() is a convex function,

then the Monge-Ampere measure associated to ¢ satisfies

1o (E) = /E det Do (z) da, (2.7)

for every Borel sets E C ).
We have this integral representation for the Monge-Ampere measure even with the weaker
assumption on ¢. Before we see this stronger result, let us recall the Sobolev space that will

be of our interest.

Definition 2.13. We say that a function f : Q) — R is locally integrable with respect to the

Borel measure p if

[ 1ldu < o,
K

for all compact subset K of 2.

Definition 2.14. Let o = (aq, -+ , ) € N§ be a multi-indez and || :== oy + - - - a,. Then

we say that a locally integrable function g is the o'-weak derivative of f € L} (Q, du) if

loc

/fDaSDdMZ (—D'“'/gsodm (2.8)
Q Q

for all p € C(Q, dp), where D%p := 0,010,02 - - - Opanp. The weak derivative of f is denoted

by D*f = g.

Definition 2.15. We say that a function [ € Wk’p(Q,du) if for all multi-index o with

loc

o] < F,

1D f\l 2o (s, a0 < 00, for all compact K C Q. (2.9)
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That is, D*f exists in the weak sense and D*f € LV (2, du).

loc

The Sobolev norm of f € WkP(Q, du) is usually defined by

1/p
||f||kaP(Q7du) = ( Z ||Daf||IZ,P(Q7du)> , 1 <p<oo.

lal<k

Most of our work in this dissertation will be focused with the Sobolev space W27 (9, dx)
(that is, k = 2 and p = n).

Recently, D. Maldonado proved (see Theorem 1 in 7)) that the Monge-Ampere measure
can be expressed as in (2.7) by replacing the assumption ¢ € C%(Q) with ¢ € W2™(Q, dx).

In fact, he proved that if ¢ € W2"(Q, dx) is convex, then ¢ € CY(Q) and du,(z) =

loc

det D*¢(x) dz. This immediately implies that det D?¢ € Lj, (2, dz) and the integral repre-

loc

sentation (2.7).

2.3 Geometric properties

2.3.1 Doubling measures

We start this section with some basic definitions and notations.

Definition 2.16. If U is bounded and measurable set, then the center of mass of U is the

point x* defined by

i)
= — | xdex, (2.10)
Ul Ju

where |E| denotes the Lebesgue measure.

We note that the center of mass of a convex set lives inside it while this may not be the
case for general bounded sets, such as annulli. The center of mass of some nice geometrical

shapes matches with their center, for example, Euclidean balls and ellipsoids.

Definition 2.17. For a given 0 < X\ < 1, the A-contraction of the Monge-Ampére section
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Sy (o, t) with respect to its center of mass is denoted by A © S,(xo,t) and is defined by

AO Sy(xo, t) :=={2" + XNx — ") 1 x € Sy(xo, 1)} (2.11)

We can see Figure 2.3 to visualize the concept of the contraction with respect to the

center of mass.

Figure 2.3:  \-contraction of the Monge-Ampére section S := S,(xo,t) with respect to its
center of mass x*.

For the case when A > 1, the equation (2.11) is called the A-dilation of S,(z,t) as we
enlarge the original set. The A-contraction of S,(zo,t) is convex, but it is not necessarily
the Monge-Ampere section.

For a given 0 < A < 1 and a section S, (zo,t), we denote AS,(x¢,t) to represent the
A-contraction (or A-dilation when A\ > 1) with respect to the parameter ¢ of the section
Se(xo,t). That is,

AS,(xo, t) := Sy,(xo, AL). (2.12)

We note that the contraction A\S,(xzo,t) defined in (2.12) has a different meaning than the

contraction A ® S, (z,t) defined in (2.11).
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Definition 2.18. A Borel measure p on ) is said to satisfy the DC-doubling condition,
and write p € DC(S,6,), if there exists a constant Cp > 1 such that for every section
S = S,(z,t) CC Q, we have

1(S) < Cpu(3®89). (2.13)

The abbreviation DC' here is to mean the doubling with respect to center of mass. In
our work later, all the constant depending on the doubling constant from p, € DC(€,4,)
and dimension n will be called geometric constants. We now see another definition of the

doubling measure associated to the parameter.

Definition 2.19. A Borel measure p on ) is said to satisfy the DP-doubling condition,
and write p € DP(Q,6,), if there exists a constant Cp > 1 such that for every section
S = S,(x,t) CC Q, we have

u(S) < Cppu(39). (2.14)

As an example of the Borel measure that satisfies the D P-doubling condition (2.14), we
look at the following lemma by Caffarelli and Gutiérrez stating that the Lebesgue measure

satisfies the D P-doubling condition on the Monge-Ampere sections.

Lemma 2.20 (Lemma 5.2 inl%). Consider a strictly convex function o € C*(Q). Then for

every Monge-Ampére sections Sy(z,t) CC Q, we have
1S, 1)] < 2715, (2, /2)]. (215)

Note that the Lebesgue measure satisfies the D P-doubling condition with precise size of
constant C' = 2". However, this constant may not be the optimal one.

The DC-doubling condition (2.13) implies the D P-doubling condition (2.14) (see Corol-
lary 3.3.2 inl™). The proof of this statement relies on the following geometric properties of

the Monge-Ampere sections.
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Lemma 2.21 (Lemma 3.3.1 inl™). Let 0 < A < 1. Then
ASy(zo,t) C Sy, (1 — (1= N) n—3/2) £).

The converse direction, however, is not true in general. For example, the Monge-Ampere
measure associated to the strictly convex smooth function ¢(z) := e*,x € R satisfies the
D P-doubling condition (2.14) but not the DC-doubling condition (2.13) (see Remark 3.3.3
inl™).

The connection between the measure theoretical phenomena and the geometrical struc-
ture of the Monge-Ampere sections is stressed in Subsection 2.3.3. For now, we see two

examples of Monge-Ampere measure that satisfy the DC-doubling condition (2.13).

Example 2.22. Let p(z) be the polynomial in R™. Then the measure |p(x)| dx satisfies the
DC'-doubling condition (2.13) on the Monge-Ampére sections of a strictly convex function ¢
with the doubling constant C' depending only on the degree of the polynomial. In particular,
the doubling constant doesn’t depend on the coefficients of the polynomial. This result is
proved in Remark 3.8.4 in!".

Example 2.23. The Monge-Ampére measure, ji,,, associated to the strictly convex function
wp(x) = m, x € R" and 1 < p < oo, satisfies the DC-doubling condition (2.13) on
the Monge—flmpére sections of p,. In fact, p,, satisfies even stronger condition than the

DC'-doubling condition with some restriction on p which we will see in Section 5.4.

As the affine transformations play vital role on the study of geometric properties of
Monge-Ampere sections, we now discuss the role of such transformations here.

For a real invertible matrix A, the map T4 : R" — R" given by Tx(x) = Az +b, b € R" is
an invertible affine transformation. Suppose ¢ : R" — R is a twice continuously differentiable

convex function and A > 0. Now define

Ua(y) == s o(Ta™'y). (2.16)
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Then vy is also a twice continuously differentiable convex function. In fact,

Vipa(y) = (A" Vo(Ta™y), (2.17)

and

D*x(y) = (AT Vp(Ta ty) AL (2.18)

So for a Borel set E C R",

polTaE) = [ det Dus(y) dy

TarFE
1
_ / < det(A™) det Dp(z) det(A")|det Alds
E

1 _
= 57 det(A7)] .

Thus the relationship between the Monge-Ampere measure associated to ¢ and v, is
given by
1 _
ol TAB) = 5= det(A7)] g (). (2.19)

Now we see observe the comparison between the ma sections associated to ¢ and ¢,. The

Monge-Ampere section of ¥, centered at T'zy and height % is given by

Sys(Tazo, 5) = {y € R" : Ya(y) < Ua(Tazo) + Vor(Tazo) - (y — txo) + 5}
={y eR": (T 'y) < (o) + +V(xo) - (Ta~ 'y — x0) + £}
= {Tuz € R" : o(y) < p(x) + V() - (y — ) + t}, with y = Tyx

= TA S(p(xo, t)
Thus the Monge-Ampere sections of ¢ and i, are associated by the equation

T (S, (@0, 1)) = Sy, (Tao, ). (2:20)
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We now note that if the Monge-Ampere measure associated to ¢, fi,, satisfies the DC-
doubling condition (2.13), then so does the Monge-Ampere measure fi,, . To see this, assume
that ., satisfies the DC-doubling condition (2.13) on the Monge-Ampere sections of ¢ and
denote S := S, (xo,t). Then

o (3 ©OT4S) = [VUr(} © TaS)] = 3| det A (3 © 5)

< Csnldet Ay| py(E) = Cpy, (TaE).

Observe that i, satisfies the DC-doubling condition (2.13) with the same doubling constant
produced for p,. Similarly, if the Monge-Ampeére measure p, satisfies the DP-doubling
condition (2.14), then so does the Monge-Ampere i,,. For this, we need the following
immediate equation

Ta(a(S,(20.1)) = aTa(S,(x0,1)).

2.3.2 Normalization of convex sets

As normalization of convex sets is one of the crucial techniques in the study related to the
geometry of the Monge-Ampere sections, we focus this section to build some background to
deal with such techniques for later use. To do so, let us start with some quick reviews on
ellipsoids.

One of the familiar form of the ellipsoid centered at ¥ and radii aq,--- ,a, is the set of
points x such that

_ 2
R S § (2.21)
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Now consider a diagonal matrix with diagonal entries \; :=

S~

M O - 0
. 0 X -+ 0
0 0 - M\,

Then the matrix A is symmetric positive definite, and the ellipsoid given by (2.21) can be
formulated as

BAz)={r:(x—3)TA(x —7) < 1}. (2.22)
The volume of the ellipsoid is given by

~ Wn
|E(A, z)| = ARy = Q10 -+ Ay W, (2.23)

where w,, represents the volume of the unit ball in R"™.
A central result employed to normalize convex sets is the following theorem by F. John
which guarantees the existence of an ellipsoid of minimum volume that inscribe bounded

convex sets (see Figure 2.4).

Theorem 2.24 (Theorem 1.8.2 inl). If U C R™ is a bounded convex set with nonempty
interior and E s the ellipsoid of minimum volume containing U centered at the center of

mass of U, then

a, . CUCE, (2.24)
where oy, = n~%/% and o FE denotes the a-contraction of E with respect to its center of mass.

Definition 2.25. We say that a bounded convexr set V is normalized if its center of mass is
0 and
B(0,a,,) CV C B(0,1), (2.25)

where B(x,r) denotes the Euclidean Ball with center x and radius .
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Figure 2.4: Existence an of ellipsoid of minimum volume that inscribe bounded convex sets.

Due to Theorem 2.24, every open bounded convex set can be normalized. In fact, for
a given open bounded convex set €2, there is an ellipsoid £ of minimum volume such that
(2.24) holds true. To see this, let T be an affine transformation that maps the ellipsoid E
to the unit Euclidean ball, that is, TE = B(0,1). Then the center of mass of T'(€) is 0 and

B(0,a,) C T(Q) C B(0,1), (2.26)

as shown in figure 2.5

Thus the set 7'(€) is the normalization of Q by the affine transformation 7. In particular,
since the Monge-Ampere sections S,(x,t) are open convex and bounded (whenever ¢ is
strictly convex), we can normalize them. That is, there is an affine trnasformation 7" such

that the center of mass of T(S,(x,t)) is 0, and
B(0, ) C T(Sy(x,t)) C B(0,1). (2.27)

Now by defining ¥ (y) := o(T)~'(y), we get TS,(2,t) = Sy(Tx,t) from (2.20). Consequently
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~

Figure 2.5: Normalization of open bounded convex sets.

from (2.27), we have
B(0, ) C Sy(Tx,t) € B(0,1).

This implies

iy < \Sw(fx,t)] < w,.

These inequalities give the bound for the Lebesgue measure of the normalized Monge-Ampere
section of . The techniques depicted here in this section will be used to prove the main

results in the subsequent chapters.

2.3.3 The engulfing property

We recall that the Euclidean balls are the metric balls given by the metric induced by the

Euclidean norm. Then for any point z in an Euclidean ball B(xg,r), we have

B(zg,1) C B(z,2r).
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This inclusion is an immediate consequence of the triangle inequality of the associated metric.
This property of Euclidean balls motivates us to study of similar phenomena associated to

the Monge-Ampere sections, so-called the engulfing property.

Definition 2.26. We say that the Monge-Ampére sections of a convex function ¢ € C*(Q)
have the engulfing property if there exists a geometric constant © > 1 such that whenever
zo € Q and T > 0 satisfy S,(xo, ©*1) CC Q, then for every x € Sy(xo, T) following inclusion

holds true:
Sy(0,7) C Sy(z,OT). (2.28)

This definition is depicted in Figure 2.6 here below.

S¢(x0, @zt)

Figure 2.6: The engulfing property of the Monge-Ampere sections.

We will next observe that the Monge-Ampere sections of ¢ have this engulfing property

whenever the map d,, defined in (2.4) is a quasi-distance in the following sense.

Definition 2.27. A map § : Q x Q — [0,00) is a quasi-distance if there exists K > 1 such
that

(i) 0(z,y) =0 iff v = y;
(i1) §(z,y) < Kd(y,z), for all x,y € Q and
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(11i) 6(x,y) < K [0(x,2) + 8(z,y)] for all x,y, z € Q.

The space € associated with the quasi-distance §, that is, (£2,9) is called the quasi-metric
structure. The second condition in Definition 2.27 is named as a quasi-symmetry and the
third one as a quasi-triangle inequality. We should pay attention on the quasi-symmetric
condition (iz) in the above definition as we can find some mathematicians defining quasi-
distance with symmetric condition instead of (i) in our definition above. We also observe
that the case K = 1 reduces this definition to a distance.

Now we see that if the map d,, defined in (2.4) is a quasi-distance, then the Monge-Ampere
sections of ¢ have the engulfing property.

For y € S,(zo,7), we have d,(zo,y) < 7. Then by the quasi-triangle inequality and the

quasi-symmetry,

So(2,y) < K [8,(,20) + 6(20,y)] < K [Kd,(x0,2) + 7] < 2K*T.

This verifies the inclusion of the engulfing property (2.28) with © = 2K?2,
One of the most celebrated result in the study related to the Monge-Ampere sections is

the following characterization of the DC-doubling condition by the engulfing property.

Theorem 2.28. For jui,, the Monge-Ampere measure associated to a strictly convex function

p € CHQ), the following statements are equivalent:
(1) p, satisfies the DC-doubling condition 2.13.
(ii) The sections of ¢ have the engulfing property 2.28.

The direction (i) implies (i¢) of Theorem 2.28 is proved by Gutiérrez (see Theorem 3.3.7
in[™) and the result of other direction is proved by Forzani and Maldonado (see Theorem 8
inl'8). Note that the strictly convexity in the statement of this theorem can be relaxed by
assuming the sections of ¢ are bounded.

We have already seen that if the map 0, defined in (2.4) is a quasi-distance, then the

Monge-Ampere sections of ¢ have the engulfing property. On the other hand, the map d,,
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restricted to a suitable region is a quasi-distance under the assumption of the engulfing prop-
erty. In fact, the first condition of Definition 2.27 is immediate. Let us next briefly indicate
how the inclusion (2.28) amounts to a quasi-symmetry and a quasi-triangle inequality for d,,
in a restricted region.

For this, suppose x,y € {2 such that

So(z,0,(z,y)) CCQ and S,(y,Od,(z,y)) CC Q, (2.29)

and for ¢ > 0 sufficiently small we have y € S,(z,d,(x,y) + ) CC Q. Then the engulfing
property implies
So(x,0p(x,y) +€) C Su(y, O(0,(z,y) +¢)).

In particular, we have 0,(y, ) < O(d,(z,y)+¢). Now by letting ¢ — 0, we get the inequality

do(y, ) < ©d,(x,y), (2.30)

which represents the ©-quasi symmetry of d,. On the other hand, given z,y,z € {2 such
that
Sp(2,0(2,9)), Sp(2,0(y, 2)), Sp(x,Bd,(2, ) CC Q, (2.31)

assume first that d,(z,x) < d,(z,y) to write, for € > 0 small enough,

T € Sy(2,0,(2,7) +€) C Su(z,0,(2,y) +€) CC Q.

Now by applying the engulfing property to = and S,(z,d,(2,y) +¢€), we get

Y € S,(2,0,(2,y) +¢) C Su(x,0(0,(2,2) +¢)).

In particular, d,(z,y) < ©(0,(z,z) + €) and by letting ¢ — oo, we get

dp(z,y) < Ob,(2, ). (2.32)
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Next, if d,(2,2) > 0,(2,y), we reverse the roles of x and y in the argument

requires the inclusions (2.31) with y replaced with z, to obtain

(Sw(y: $) S @(54,0(27 y)
In addition, consider that

So(y,0,(y,2)) CCQ and Sy(z,0d,(y, x)) CC Q.

Then the inequalities (2.30) (with = and y interchanged) and (2.33) give

5<P(:E7 y) S 62590(27 y)

Since (2.32) or (2.35) will hold true, it follows that

do(z,y) < O(O0,(2,y) + (2, x)) < 92(5@(2, Y) + 0,(z, 2)),

above, which

(2.33)

(2.34)

(2.35)

(2.36)

which effectively represents a ©2-quasi triangle inequality for d, by considering the restric-

tions from the inclusions in 2.29, 2.31, and 2.34.

Thus if the Monge-Ampere sections of ¢ have the engulfing property or equivalently

if the Monge-Ampere measure associated to ¢, p,, satisfies DC-doubling condition (due

to Theorem 2.28), the map J, defined in (2.4) is a quasi-distance (possibly with certain

restrictions as mentioned above). Consequently, the space (€2,0,) takes the form of quasi-

metric structure. In broader sense, the triple (£2,d,, 1) is a space of of homogeneous type.

Here after, the notation p, € DC(€,6,) is valid.

2.3.4 Doubling implies reverse doubling in (2, 4,)

In this section we recall reverse-doubling properties of doubling measures in the Monge-

Ampere quasi-metric structure from !9,
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metric constant from the engulfing property (2.28).

Lemma 2.29 (see!'”)] Section 2). Fiz ¢ € CY(Q) with p, € DC(Q,d,) and let i be a Borel
measure on ) which is D P-doubling with respect to the Monge-Ampere sections of . Then,
for every a € (0,1) there exists £ € (0,1), depending only on «, the doubling constant of
w, and geometric constants, such that for every section Sy(xo,t) with Sy(xo, ©%t) CC Q we

have

(S, (0, at)) < Eu(S, (20, 1)). (2.37)

We note the constant & has to be smaller than 1. Otherwise the inequality (2.37) would
be trivial because S, (xg, at) C S,(zo,t).
Using Lemma 2.29, it was proved in') Section 2, that if u, € DC(€,6,) there exist

geometric constants Cp > 0 and ¢ € (0,1) such that

1o (S (20, 1)) i "
fo(Se(20, 1)) = (t/> (2:38)

for every section S,(x¢,t) with S,(zo,t) CC Q and every ¢’ € (0,t). Also, Lemma 2.29 will
be useful in the proof of Theorem 3.19 and in the proof that every (g, p)-Poincaré inequality

implies a corresponding Sobolev inequality in Chapter 6.
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Chapter 3

Poincaré inequalities when

iy € DC(€Q,0,)

Our objective in this chapter is to prove the (g, 2)-Poincaré inequalities presented in Theorem
3.4 and Theorem 3.5. In Section 3.1, we review the history of Poincaré inequalities in the
Monge-Ampere quasi-metric structure and then state our main results. Section 3.2 presents
the overview of the convex conjugate. Section 3.3 is devoted to state and prove self-improving
properties for the Poincaré inequalities in the Monge-Ampere quasi-metric structure. In
Section 3.4, we prove (1, 2)-Poincare inequality in Theorem 3.23 with respect to the Monge-
Ampere measure by weakening the hypotheses of the first (1, 2)-Poincare inequality developed

in 2014. Finally, Section 3.5 provides the proof of the main results stated in Section 3.1.

3.1 Introduction and main results

The Poincaré and Sobolev inequalities in the Monge-Ampere quasi-metric structure will
involve the Monge-Ampere gradient associated to the given convex function on the right
sides of the inequalities. The Monge-Ampere gradient associated to a convex function ¢,

denoted by V¥, for a function u differentiable at a point x € Q with D?*p(x) > 0 is defined
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Veu(z) i= D*p(z) "% Vu(z). (3.1)

In general, the Monge-Ampere gradient is different from the classical gradient of a function.

2
= ﬂ coincides

However, observe that the Monge-Ampere gradient associated to wo(z) :
with the classical gradient.
The first Poincaré inequality with respect to the Lebesgue measure in the Monge-Ampere

quasi-metric structure was established by D. Maldonado in 2014, which reads as

Theorem 3.1 (Theorem 1.3 in*). Given an open convex set U C R™ and ¢ € C*(U) with
D*¢ > 0 in U and p, € DC(U,d,) there exists a geometric constant C7 > 0 such that
for every section S := S,(xo,t) with Sy(xo,t) CC U and every h € C(S) the following
(1,2)-Poincaré holds true in the Monge-Ampeére quasi-metric structure with respect to the

Lebesgue measure

2

]i \h(z) — hs|dx < CF tz (]i |wh(x)|2dx) , (3.2)
where hg == fg h(z) dx.

With a combination of (1,2)-Poincaré inequality with respect to Lebesgue measure in
Theorem 3.1 and the change of variables from [ Section 4 yields the following weak (1,2)-
Poincaré inequality with respect to the Monge-Ampere measure, which has been essential to

the Harnack inequalities in!".

Theorem 3.2. Fiz n > 2 and ¢ € C*(Q) with D*o > 0 in Q and p, € DC(Q,6,).
Then, there exist constants C1,Cy > 1, depending only on the doubling constant from the
condition p, € DC(Q,9,) and dimension n, such that for every section S := Sy(zo,t) with
Sy(z9, Cit) CC Q and every u € C(S,(xo, Cit)) the following Poincaré inequality holds true

1
2

£ lute) = i ldo) < (][ rv¢u<x>12m<x>> , (33)
S Sy (x0,C1t)

[
where ug” 1= fqudji,.
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Note the difference between (1, 2)-Poincaré inequality and weak (1, 2)-Poincaré inequality
is that the first notion involves the same set for the integration on both sides while the second

one involves bigger set on the right side of the inequality.

Definition 3.3. Consider a set U C R™. Then a function f : U — R is called a Lipschitz
continuous, and denoted by f € Lip(U), if there exists a constant C' > 0 such that for all
v,y e U

[f(@) = fy)] < Clz —yl.

We remark that the Lipschitz continuity can be generalized for functions mapping be-
tween metric spaces. But we will use the Lipschitz continuity defined on the Euclidean
setting in our context. It is quite easy to observe that a continuously differentiable function
defined on a closed interval [a,b] C R is Lipschitz continuous, but the reverse may not be
true necessarily. For instance, the function f(x) := |z|, x € R is Lipschitz continuous on
[—a,a] with a > 0 but not differentiable on that interval. Another important property of
Lipschitz continuous functions is that they are differentiable a.e. and the derivatives are
bounded a.e.

We are now in the position to list the following two theorems, one with respect to the
Lebesgue measure and the other with respect to the Monge-Ampere measure, as our main

results in this chapter.

Theorem 3.4. Fizn > 2 and let o € W2 (2, dx) be a strictly convex function with D*p > 0
a.e. i and p, € DC(Q,08,). Then, there exist geometric constants K1, Ko > 1 and ¢ > 0
such that for every section S := S,(xo,t) with S,(xo, K1t) CC Q and every u € Lip(K;.S)

we have ) )
a1 2
(1 - @) < ket (. 97u@Pan@) . G
where ¢ := 2% + € and ug” = fgu(x)dpy(z).

As before we remark that the strict convexity of ¢ is not required in Theorem 3.4.
However, we keep in mind the underlying hypothesis that all the Monge-Ampere sections

involved are bounded.
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The Poincaré inequality in Theorem 3.4 is an improvement of Theorem 3.2 from couple
of viewpoints. The first thing to observe is that the hypotheses on Theorem 3.2 require ¢ €
C?(Q) with D%p > 0 in Q which are replaced with the weaker hypotheses ¢ € W2"(Q, dx)
and D*p > 0 a.e. in 2 in Theorem 3.4. Second, Theorem 3.2 is a (1,2)-Poincaré inequality
which is improved to (qq,2)-Poincaré inequality with ¢; > 2 in Theorem 3.4. We keep in
mind that the average integral (fq |- |p)% is increasing on p for p > 1. Finally, Theorem 3.4
establishes the weak (¢, 2)-Poincaré inequality for the Lipschitz continuous functions while
Theorem 3.2 is established for the continuously differentiable functions.

The second main result is the following weak (qi,2)-Poincaré inequality associated to
the Lebesgue measure with the same size of parameter ¢; as in Theorem 3.4 and with an
additional assumption that |[(D%*p)~!|| € LI .(Q,du,). Here onward, || - || deontes the L?-

loc

norm.

Theorem 3.5. Fizn > 2 and let p € I/Vlicn(Q, dx) be a strictly convex function such that
D?p > 0 ae. in Q, ||(D*p)7Y| € L1.(Q,du,), and p, € DC(Q,d,). Then, there exist

geometric constants K3, K4y > 1 and €; > 0 such that for every section S := S,(x¢,t) with

So(xo, K3t) CC Q and every h € Lip(K3S) we have

(][S |h(z) — hs|™ dx)qll < Ktz (]{(35 IVoh(x)? dx)% 7 (3.5)

where ¢ := 2% + € and hs := f;h(z) du.

We remark that the hypothesis ||(D?*p) 7| € L} .(Q, du,) will only be used to prove local

loc

L™ integrability of D%, where 1) is the convex conjugate of ¢ (see Section 3.2), but it will

play no role in the behavior of the constants.

3.2 The convex conjugate

In this section, we discuss about the convex conjugate of functions and the relevant properties

that play roles in the subsequent sections and chapters.
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Definition 3.6. The convex conjugate of a function u : €2 — R is the function u* : R — R

defined by

u*(y) = sup [z -y — u(x)].
€N

We observe that the convex conjugate u* is a convex function no matter whether u is

convex or not. In fact, for ¢ € [0, 1],

u(ty + (1 —t)z) = ilelg [z-(ty + (1 —1)z) — u(x)]

= sup[te -y = u()) + (1= (e~ 2 = u(@))

Stsuplr-y —u(@)]+ (1 —1) suplz- 2 — u(z)]

= tu*(y) + (1 — t)u*(2).

Let us see an example to get the better picture of the convex conjugate.

p
Example 3.7. Consider p(x) = ﬂ,l < p < oo from R — R. Then its conver conjugate
p

To see this, let’s recall the definition

P
©*(y) = sup [xy - ﬁ}, and let h(z) =xy — —.
zeR p

For the case z > 0, we have h'(x) = y —2P~!. This implies that x = yp%l is the critical point.

Since h"(x) = —(p—1) 2P~ < 0, the critical point maximizes the function h. And hence,

q

h(yp%l) :ypflly—yp’%l = y—
q

q
Hence ¢*(y) = L We proceed in the similar way for the case x < 0.
q

Consider a strictly convex ¢ € C'(€2). Then the gradient V¢ is one-to-one. Now let
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P € CY(Vp(Q)) denote its convex conjugate. Then we have

b(Ve(z)) = (Ve(z),z) —p(z) Voel,

It is proved in?”) Section 26 that if ¢ is a strictly convex differentiable function, then its
convex conjugate 1 is also strictly convex differentiable function such that Vi) = (V)~L.

That is,
Vo(Vi(y) =y Yy € Ve(Q), (3.6)

Vy(Ve(z)) =z Vo e (3.7)

An another useful result associated to the convex conjugate, due to Forzani and Maldon-
ado in 2004, is that if 1, € DC(£2,6,,), then py, € DC(Vp(Q2), 6,) with a constant depending

only on the constant from p, € DC(,6,). More precisely,

Theorem 3.8 (Theorem 12 in?Y). Consider a strictly convexr function o € C*(Q) such that
ty € DC(Q,6,), and let ¢ be the convex conjugate of ¢. Then p, € DC(Ve(R2),0y4) and
there is a geometric constant K* > 0 such that the section of ¢ and v have the following

relation:

So(z, 7/ K*) C VY(Sy(Vp(z), 7)) C Sz, K1), (3.8)
for every section S,(z,T) with S,(z, K*1) CC €.

We now add some details on the properties of convex functions that require to involve the
convex conjugate. Recall from Section 2.1 that the strictly convexity of a smooth function
doesn’t guarantee the positive definiteness of its Hessian matrix everywhere. However, we

have the following result that loses the positive definiteness on a set of measure zero.
Proposition 3.9. If ¢ € C?(Q) is strictly convez, then D*p > 0 a.e.in Q.
In order to sketch the proof of this proposition, we need the following theorem by Sard.

Theorem 3.10 (Theorem 1.1.15 inl™). Let Q@ C R™ be an open set and g : Q@ — R" is C*
function in Q. If Sy = {x € Q : det Dg(z) = 0}, then |g(Sy)| = 0.
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Proof of Proposition 3.9: By the way of contradiction, we assume that D*p % 0 a.e. in
Q. Then there is a set £ C  with positive measure such that D?p(x) = 0, Vo € E. Define
g := V. Note that Sy = {x € Q : det Dg(z) = 0} O E. When Sard’s Theorem is applied on
g =V, we get
0= 1g(S0)| = lg(E)]

That is, [Vip(E)| = 0. Now let ¢ be the convex conjugate of . Then v is C? and strictly con-
vex as so is . Also, Vg is one-to-one as @ is strictly convex. So, we have E' = Vi{(Vp(E)).
Now since V1 is also one-to-one (being the inverse of V), it maps a set of measure zero to
a set of measure zero. This implies that |E| = 0, a contradiction. ]

We next remark that if the hypothesis ¢ € C?(Q) of Proposition 3.9 is replaced by the
weaker assumption ¢ € Wng’(Q, dx), then the Proposition 3.9 fails due to the following

theorem.

Theorem 3.11 (Corollary 1 in??). If 1 < p < n, then there exists a strictly conver W2P-

solution to the degenerate Monge-Ampére equation
det D*p = 0 a.e.

on the n-dimensional unit cube.

This is the reason why we assume D?p > 0 a.e. in Q on the hypotheses of our statements

along with the strictly convexity of ¢ € W2"(Q, dz).

3.3 Self-improving properties for the Poincaré inequal-

ities in the Monge-Ampere quasi-metric structure

Our objective in this section is to establish some results related to the self-improving prop-
erties. We will observe that Lemma 3.14 illustrates the improvement of weak LP-norm to

strong LP-norm under suitable assumption on the associated Borel measure. Theorem 3.19
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improves (1, p)-Poincaré inequality to (g, p)-Poincaré inequality with ¢ > 1 when facilitated
with an appropriate growth condition. This theorem will function as the heart of many

results in this dissertation. Let us begin now with some definitions.

Definition 3.12. Consider two Borel measures p and v on ). Then we say that p is
absolutely continuous with respect to v, and write p << v, if for every Borel set E C ), we
have

v(E)=0= pu(E)=0.

In our context, we are only interested with those Borel measures that are absolutely
continuous with respect to the Lebesgue measure. A trivial example of such Borel measure
is the Lebesgue measure itself. Another Borel measure that is absolutely continuous with
respect to the Lebesgue measure is the Monge-Ampere measure. Indeed, let p, be the

Monge-Ampere measure of a convex function ¢ € T/Vlic"(Q, dx). Then from Subsection 2.2.2,

po(E) = /Edet D?*p(x) dx,

for every Borel sets E C €. Consequently, |E| = 0 implies pu,(£) = 0.

Definition 3.13. Let (X, 3, 1) be a measurable space. Then a function f: X — C is said
to be in the weak LP space, and write [ € LP*(X, u), if there exists a constant K > 0 such
that for all T > 0,

ru{z e X1 |f(x)| >} < K. (3.9)

The weak LP-norm of f is denoted by || f||;,.. and is defined by

1
£l o = suprppfe € X : | ()] > 7},
T>

which is same as the smallest possible constant K in the inequality (3.9). We note that the

weak LP-norm of a function f is smaller than the strong LP-norm, that is, || f]| ;o0 < ||f]l /s -
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Indeed,

|mm=/ |Ww+/ 1P du
{zeX:|f(x)|<T} {zeX:|f(z)|>T}

> [ ey 1P dp
{zeX:|f(z)|<T} {zeX:|f(x)|>T}

>7tPuf{r e X :|f(x)|>71}

By taking the supremum on the right side, we get the desired inequality.

We recall that for a real valued function v : X — R, the positive and negative parts
of u are defined by u; := max{u,0} and u_ := max{—u,0} respectively. Notice that
uy >, u- >0, u=u, —u_, and |u| = uy +u_.

Another useful result that we will employ in the proof of Lemma 3.14 is the Cavalieri

principle stating that if v : X — [0, 00) is a g-measurable function and 0 < ¢ < oo, then

/Xuq dp = q/ooo N p({r € X s u(z) > A}) dA. (3.10)

The proof of Cavalieri principle is quite straightforward. In fact, we can write u(z)? =

g [") X~V dX. This implies

/ u(z)? = q/ / NN | da
X x \ Jo
= / (/ A7 X (m0<r<u(@)) d>\> dx
x \ Jo
= Q/ /\q—l (/ X{z:0< <u(z)} dﬂ) dA
0 X

_ q/ooo N ({r € X s u(e) > A dA.

We are now ready to state and prove the following lemma.

Lemma 3.14. Let ¢ € CY(Q) be a convex function with D*p > 0 a.e. in Q and let u be a

Borel measure on ) absolutely continuous with respect to the Lebesgue measure. Let S, S be
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sections of ¢ with S C Sy CC Q and fir 0 < p < g < oo with ¢ > 1. If, for some constant

Co > 0, the inequality

(e € 5 ule) ~ ] 2 1) < ConS) (f, (9 (3.11)
So
holds true for every T > 0 and u € Lip(Sy), then
1/q P
(][ o — u‘§|qdu> < ( Veulp du) Vu € Tip(So), (3.12)
S So

where Cy := 16 (1 + (ﬁ)qf C’O%.

Notice that by taking the ¢'"-root and then supremum in the inequality (3.11) simplifies
the quantity on the left to be the weak L?-norm of |u — u/s| which is eventually improved to

the strong L?-norm in the inequality (3.12).

Proof. Given u € Lip(Sp), without loss of generality we may assume u§ = 0. Otherwise we

can work with v := u — wf. As |u| = uy + u_, we will estimate the integrals f,u/, dy and

5 ul d.
Let kg € Z such that
ko=l < ][u+ dp < 2% (3.13)
S
and for k > kg set
0, u < 2F
up = ¢ 2k u > 2k (3.14)

u—2F, 2F <y < 28

Since u is differentiable a.e., Vu, = Vu Xjorcycort1y (Lebesgue) ae. in Sy (see, for in-
stance®! Theorem 7.8) and consequently VPu, = VPu x(orc,cor+1y (Lebesgue) a.e. in S.

In particular, u; € Lip(Sp) and, in view of (3.13),

(up)s = ][uk dp < ][u+ dp < 2% < 281 Wk > k. (3.15)
S S
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From the definition of uj and the estimate (3.15) we get

{z €S ux)>2"}c{res: ulr) =2

= {z €8+ Jur(w) — (un)§] = 2" — (w)s| > 2°7'}.

This implies

"N u({r € S u(z) > 2" < 257 p({z € S+ Jup(r) — (wp)§ > 2771}

s

< Cou(S) ( Vel du)” |

So

where the second inequality is due to (3.11) applied to uy and 7 = 2¥~1. Define

[+[[;:/ u‘idu+/ uidu:][uﬁdu.
{z€S:u(x)>2k0+2} {zeS:u(x)<2k0t2} S

Then,

I::/ ul dp = Z / ul dp
{z€S:u(x)>2k0+2} k=ko+1 {zeS:2k+1 <y(z)<2k+2}

Z 2k+2)a ), ([ € § 1 2FH < u(x) < 2FF2Y)

k= k’o-‘rl
< 2% Z 27V u({x € S+ Jug(e) — (we)§| > 2871})
k=ko+1
< 2%Cou(S) ( !VS"uk\pdﬂ)p
So

k=ko+1

LIS

< 2%Cou(S ( Z |V“’uk|p d,u)

k=Fko+1

SIS

[e.9]

1
Olu( ) < Z (M(S ) Son{z€S:2k+1 <u(x)<2k+2}

k=
< 2MCou(S <][ IV“”UIpdu) ,
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where the second last equality uses the facts that V¥up = VPu xorccori1) (Lebesgue) a.e.
in Sy for every k > ko and that ¢ > p. On the other hand, given ¢ > 0, due to Cavalieri

principle, we get

]imdqugIUIdu:m/SIu—uSldu

C o0
- o [l €5 puw) =) = D + /C u({e € 8 fulz) — ] > 7} dr
e [ etz

Then the inequality (3.11) applied to u gives

][u+d,u <(+Cy (][ |V“"u|pd,u)p/ dr
s So ¢ 71
=( (1 + Cy ( |V<Pu|p du) P C_q> )
So

1
Let us define ¢ := Cp/* (fSo |VeulP du) . We will see in Remark 3.15 that ¢ defined here

S}

is finite under the assumption of integrability of certain function. So for this (, the above

inequality simplifies to

1/q

1
][u+ dp < 4Co ( |VPulP d,u) " (3.16)
S q—1 So

We note that (3.16) holds true also in the case ¢ = 0. In fact, when ¢ = 0, the quantity on

the right side of (3.12) is zero immediately. Now to see the quantity on the left is also zero,
observe that |V#uP = 0 a.e. in Sy. This implies D?¢(x)~/?Vu(x) = 0 a.e. in Sp. Since

D?*p > 0 a.e. in Sy, we must have Vu(z) = 0 a.e. in Sy, and hence u — ug = 0 a.e. in S.
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Now, the definition of ky € Z from (3.13) and (3.16) imply

q
11 r=/ ul dp < 200F9(5) < 2%(3) <][ Uy du)
{z€S:u(x)<2k0t2} S

g

4 P
< 2%(C, (L) w(.S) ( |VPulP du) .
q—1 So

Finally,

S}

P

/Suidu =1+11<CTu(S) (]i |V‘pu|pd,u> :

where Cf := 231C (1 + <ﬁ>q> :

With similar reasoning, we get

[t s cquts ( Ve du>p |
S

So

Now combing these positive and negative parts

1 1
(][ |ul? d,u) = (][[u+ +uf d,u)
S S
< ( / uld d,u) ' + ( / ul du) ' (due to Minkowski inequality)
S S
P \Y b (f 1vrapa)
<161+ | —— Cs |VPulPdu | .
q— 1 So
O

Remark 3.15. When 0 < p < 2 (which is the case we will be using), the condition
1
1(D%p)~Y|| € LL.(, dp) guarantees that ¢ == Cp/® (JCSO |VeulP du) " in the proof of Lemma

loc

3.14 1s finite. Indeed,

. 3 3
( |v¢u|pdu) s( |Wu|2du) =(f <<D%>—1w,w>dﬂ)
So So So

3
< esssup |Vl (f ||(D290)_1||du> P,
SO So
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Before presenting the main theorem of this section, let us briefly discuss about the
Lebesgue point and the maximal operator associated to the Monge-Ampere sections. Recall

that we assume Q C R™ is open and convex, and ¢ € C*(Q) is strictly convex.

Definition 3.16. Let u : 2 — R be a locally integrable function. Then a point x € § s

called the Lebesque point of u if for sections S,(x,t) C €,

: 1 /
lim ——— u—u(x)| dy = 0. 3.17
=0 (S (@, 1)) s, () = (o) (317)

The equation (3.17) implies that

1
u(r) =lim ————— / Udu'
(z) =0 u(Sp(,t)) Js, (@t

We note that if u is continuous at x € €2, then z is a Lebesgue point of u.

Consider two measurable spaces (x,%, 1) and (z,¥’ v), and let T" be an operator that
maps LP(X) to a space of measurable functions defined on Y. Then for 1 < ¢ < oo, we say
that T is of weak type (p,q) if there exists a constant C' > 0 such that for all & > 0 and

every u € L (X), we have

v{y e Y : |Tu(y)| > a}) < (%) : (3.18)

For the case ¢ = 0o, we say that T is of weak type (p,o0) if for every u € L¥(X),
1T ul| oo < C lull -

And, we say that T is of strong type (p,q) if there exists a constant C' > 0 such that for
every u € L (X), we have
1T ull e < Cllullg, - (3.19)

We can easily verify that T is of strong type (p, q) implies T is of weak type (p,q). And due

to Marcinkiewicz interpolation theorem (for instance, see Page 158 in[?¥), if an operator T
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is of weak (1, 1) type and strong (oo, 00) type, then T is of strong (p, p) type for every p with

1 <p<Loo.

Definition 3.17. Suppose U C Q and let u € L*(U) with respect to a Borel measure .

Then the noncentered mazximal function restricted to U is defined by

1
My u(z) = sup—/ ul dpu. 3.20
v ( ) t>0 M(Sw(x():t)) Sgp(xO7t)| | ( )

where the supremum is taken over all sections Sy(zo,t) C U containing x.

For the centered version of maximal function, we simply take supremum over all the
sections S,(x,t) C U. That is, replacing S, (zo,t) by S,(x,t) in (3.20) gives the definition
for the centered version. Whenever the associated Borel measure p is doubling with respect
to the Monge-Ampere sections of ¢ (that is, either 4 € DC(,0,) or p € DP(,0,)), then

the centered and uncentered maximal functions are comparable.

Remark 3.18. The mazimal function My defined by (3.20) is finite a.e. in U, weak (1,1)
type (seel’ Section 5 or?®l Section 3.2), strong (0o, 00) type, and consequently strong (p,p)

type for p with 1 < p < oo due to Marcinkiewicz interpolation theorem.
We are now ready to state and prove the following main theorem.

Theorem 3.19. Fiz p € CY(Q) with D*p > 0 a.e. in Q and p, € DC(Q,6,) and let p
be a Borel doubling measure on ) absolutely continuous with respect to Lebesque measure

satisfying the following conditions:

(a) for some Cp >0, A > 1, and p > 0, the Poincaré inequality

1
][ lu — ul| dp < Cpt> ( |VPulP d,u) ’ : (3.21)
s AS

with u := fS wdp, holds true for every section S := S,(xo,t) with AS CC Q and every
u € Lip(AS);
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(b) for some Cp >0 and s > p/2 it satisfies the growth condition

r

#(Sp(2,7) < Co (5) l(Splz,1)), (3.22)

/ra/

for all 0 < 1" <r and all sections S,(z,1) with S,(z,r) CC L.
Then,

2s—p

2

(f u — |55 du> U< Ot (][ IVPulP d,u) ° (3.23)
S 028

for every section S := Sy(xo,t) with A©O?S CC Q and every u € Lip(A©%S), where Cps > 0

depends only on s, \,0,Cp, and Cp.

Proof. Fix S := S,(xo,t) such that S,(zg,\O?t) CC Q, z € S, and u € Lip(A\©%S). For
j € Nsett; :=27tand S; := S,(x,t;), for j = 0set Sy := S, (9, ©%) and ¢, := ©*¢. Notice
that these choices imply 5,41 C S; for every j € Ny and, for A > 1, AS;; C AS; for every
J € Ny. To check this last inclusion when j = 0, we use that € S = S,(x¢,t) C S,(20, At)
and the second inclusion from (2.28) with “7 = At” to obtain AS; C ASp.

Due to the engulfing property (2.28), we get
z € S,(wo,t) CC Sy(wg, O%t) C S,(0, AO%t) CC .
We can use (3.22) with S = S, (xo,t) and S; = S,(x,t;) to obtain

2.1 1/s
t; < CHot (%) VjeN, (3.24)

with 1(So) = p(Sy(wo, ©2%t)) < CpO? (S, (20, t)) from (3.22). Hence,

1< oo ((H5) v VjeN (3.25)
R VIENV A |

Notice that (3.25) is obviously true for j = 0 because Cp > 1 and © > 1. In addition,
1(S;) < Cpu(Sj41) for every j € N and, when j = 0, the doubling condition (3.22) and the
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fact that S,(zg,t) C S,(x, Ot) give

11(80) < CpO*1u(Sy(x0,t)) < CpO* (S, (x, O1))

< 2°C30% (S, (x,t/2)) = 2°CHO* u(Sy). (3.26)

Consequently, by using the fact that any x € A©2S is a Lebesgue point of u, the estimates
above for ;1(S;)/p(Sj11) with j € Ny, the Poincaré inequality (3.21), and (3.25),

[u(@) — | = | lim ug, —ug,| = lim |u, —ug,|

[o¢] o0
DITEIMED DY SISO
=0 j=0 7S

Jj+1

[e.e]
< 2°C% 0% Z][ u— g | du
j=0 7 Si

< 2CHOMCp Y 13 (f

J=0

P

D=

J

[VPul? du)

Ogtz & . g
< B S sy (fveupdn)
u(So)zst:; ! <,\sj

with Cs := 236’%/263”3/201:. On the other hand, recalling that t, := ©%t,

| Sj[slu—u’éowu < CoB* f fu—uly|d
0

< CpO*Cpte (][ IV ¥ul? du) ’
ASo

Therefore, for every x € S we have

20325% > 1 g
) ~ ) < 20 S ()b £ (9Rupdu (3.27)
° 11(So) 25 jz:; ’ AS;

Next, introduce

M(z) :=sup 1 |VPulPdu >0
s Jsr
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where the supremum is taken over all the sections S’ C A©2S; with z € S’. From Remark
3.18, it follows that M (z) is finite for a.e. z € S and then m Jas, IVPulPdp>0ace. x € S.
Now, from Lemma 2.29, we obtain ;(AS;) — 0 as j — oo, and consequently, for a.e. = € S,

there is a smallest 7 € Ny such that the inequality

1 ©, P
;d%$>§qu;yA&JV ul? dp (3.28)

holds true. Let jo € Ny denote such integer (which depends on z). Notice that if jo = 0 then

equality occurs in (3.28) because

1
_ PulP du < M(zx).
/M@AQVMM_(@

In particular, we have

1
) < Po|P . < s .
p(AS;,) < M) /ASO IVeulP dp < p(ASjo—1) < CpA°u(Sj,-1),

with £1(S;,-1) < Cpu(S;,) if jo > 1 and, if jo = 1, we use (3.26) to obtain p(S;,—1) = p(Sp) <
C%0%u(S;). Hence,

1 PP 3 3)\s .
mwmsM@AJvmms@MGM@» (3.20)

Let us now split the sum from (3.27) into

1
o0 » Jjo—1 0
ZM(SJ.)% (7[ \V‘Pu]pd,u) :Z"'JFZ'”:: Y4y
=0 AS; =0 j=jo

Let us first consider ¥’. Notice that we can assume j, € N (that is, jo > 1, because ¥’ =

if jo = 0). Now, for jo > 1, Lemma 2.29 with o = 1/2 implies

1(Sio) < E°7u(S;) Vi < jo, (3.30)

47



where € € (0,1) depends only on Cp and ©. Now, if jo = 1 and j = 0, from the inclusion
Sy = S,(x,t/2) C Sy(wg, O%) = Sy, we get

H(S1) < i(So) = €7 p(Sy).

: (3.31)

Hence, for each jo € N, we have that u(S;,) < %Sjo_ju(Sj) for every j < jo, which, in turn,
implies (recall that 2s > p)

Jjo—1 ,M(S )L % Jjo—1 - %
Y= —JQS / |V¢U‘p dﬂ) < M(S.)E" </ ’ku’p d,u)
j;o M()‘Sj)% ( ASj JZO ’ AS;
1 11 Jo-! 11 P
< 52_’M(Sj~ )25_; Z g(g—;)(J—Jo) / |vg0u|p du
j=0 AS;

?

where Cy = fifi > 5(%7%)]“ and Cj = 04[6'}‘?—)()\@3)3]%7i and we used the second inequal-
k=1
ity from (3.29).

We now turn to 3”. We first use Lemma 2.29 again with a = 1/2 to write

u(S;) < EuS) Vi > o,

at least if jo € N. If jo = 0 the inclusion S; C Sp and Lemma 2.29 give u(S;) < & 1u(Sy) <
&7 u(S0) = ¢&777°u(S;,). Hence,

(3.32)
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Consequently, from (3.32) and (3.29),

= Yo (7[ _|V“““|’”du> < EFu(S;,) B M(a)r 3 €

Jj=jo J J=jo
1
2s
([ 1veuran)”,
ASo

with Cg 1= €72 3 €25 Going back to (3.27), we now have
k=0

() -t < 2C3(C5 + 106)155 M@)%—%S (/ |V PulP d,u) 25
pu(S0) 2 ASo

< Coti M(z) 2 (][ |VPulP du) ) (3.33)
ASo

)

< CoM(z)?~

1
with C; = 2)\%0[2)3 C3(Cs + Cg). Setting ¢, = Qis_pp > p and given 7 > 0, the inequality

lu(z) — uls] > 7, the weak (1,1)-type of M with a constant Cy; > 0 depending only on Cp
and © (see Remark 3.18), and (3.33) then yield

p{z € S fu(e) —ug[ = 7})

-
<pllzes: M) > CFrit i/ (][ |VeulP du)
ASo
%
< 01,10337'_%75‘15/2 (f |VeulP dﬂ) / |VeulP du
ASo S

2541
< Cot % pu(S) (f |VPulP d,u)
ASo

— Coru(S) (f IWUV’du) B
028

with Cy := C1,C% CpA*t%/2. Hence, Lemma 3.14 applied with ¢ = ¢, and Sy = A©2S imply
(3.23). O
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3.4 (1,2)-Poincaré inequality with a weaker hypothesis

Recall that Theorem 3.2 establishes (1,2)-Poincaré inequality under the assumption ¢ €
C?*(U) with D%*p > 0 everywhere in U. In this section we present (1,2)-Poincaré inequality
with weaker hypotheses, that is, by replacing the hypotheses of Theorem 3.2 with ¢ €
VVZQOC"(Q, dr) and D?*p > 0 a.e., and the assumption on the doubling condition is carried as
it is.

Let us first list some of the results that we will use to prove Theorem 3.23. The theorem
below is useful to verify p, € DC(€,d,) implies the Monge-Ampere measure associated to

the convolution function ¢, satisfies the same doubling condition (that is, p,. € DC(,0,))
in the proof of Theorem 3.23.

Theorem 3.20 (Theorem 4 in?). Let p € CY(Q) be a strictly convex function. Then the

following statements are equivalent.
(i) The sections of ¢ have the engulfing property (2.28).

(1t) There exists a constant Ky > 1 such that if y € Sy(x,t) with Sy(x, K1t) CC Q, then
T € S@(y, K1 t)

(11i) There exists a constant Ko > 1 such that

Ky +1
K,

[p(y) — p(z) = V() - (y — 2)]
< (Vo(r) = Vo(r)) - (y — )

< (Ko + 1Dp(y) — v(x) = Ve(z) - (y — )]

We recall that whenever a matrix A is symmetric positive definite, its eigenvalues are
positive and the largest eigenvalue gives its operator norm, that is | A|l, = Amax. Moreover,
a positive definite matrix is equivalent to a diagonal matrix. In particular, if D?*p(x) >

0 and A(x),---, A\, (x) are its eigenvalues, then there exists an invertible matrix X such
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that D*p(z) = X ' DX with D = diag(\i(z), -, \(x)). Consequently, det D*p(z) =
A (2) Ao () - - Ap(), and A = trace(D?*¢(z)) = A () + Ao(z) + -+ - + A\p(2).
For the convenience of readers, let us also list the Fatou’s lemma and the Lebesgue’s

dominated convergence theorem before heading to the proof of Theorem 3.23.

Lemma 3.21 (Fatou’s lemma, seel™). Let (X,%, 1) be a measurable space. If f, : X —

[0, 00] are measurable for all n € N, then

/ liminf f, dy < hmmf/ fndp.
b's

lim n—o0 lim n—o0

Theorem 3.22 (Lebesgue’s dominated convergence theorem, see?®). Let {f,} be a sequence

of measurable functions on a measurable space (X, 3, u) such that lim f,(z) = f(x) for a.e.
n—oo

x € E. If there exists g € L'(X) such that |f,(z) < g(x)| a.e. for alln € N, then f is

integrable,

lim/\fn—f|du:0, and lim/fnd,u:/fdu.

Theorem 3.23. Fiz an open convex set Q@ C R™ with n > 2 and ¢ € W2(Q) such that
D% > 0 a.e. in Q and p, € DC(Q,0,). Then, there exist geometric constants C§ > 0
and K* > 1 such that for every section S := S,(xo,t) with S,(xo,2 K*t) CC Q and every
h € CY(Sy(xo, 2K*t)) the following Poincaré inequality holds true with respect to the Monge-

Ampeére measure [i,

F 1h(a) = b ldpolo) < C5 (f IV“"h(w)de(m)) S (33
s Sy (w0,2K*t)

Proof. Let ¢ € W2'(Q, dz) with D?¢ > 0 a.e. in Q and p, € DC(Q,4,). Given a section
S = S,(x0,t) CC Q let Qg C R™ be an open convex set such that S CC Qg CC Q set

go = dist(Qg, 0€2) and for 0 < ¢ < gy and x € (g define

n

oel@) = o x 1e(a) = / (@ — y)ne(y) dy (3.35)
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where 7 € C(R"), n > 0, supp(n) C B(0,1) and ||| ;1 (gny = 1 with n.(y) == e™"n(e™'y).
Then, for each ¢ > 0, we have that ¢. € C>®(Qg) with D%*p. > 0 in Qg. Indeed, since
D¢ () = [pn D*0(x — y)n:(y) dy, if we had (D?*¢.(yo)v,v) = 0 for some point y, € Q and
non-zero vector v € R™ \ {0}, then it would follow that (D?p(yo — y)v,v) = 0 for almost
every |y| < e, contradicting D*p > 0 a.e. in Q. Also, ¢. and Vi, converge to ¢ and Vi,
respectively, uniformly over compact subsets of (2. Moreover, from the characterization of
iy € DC(€,6,) in terms of the engulfing property in Theorem 3.20 we have that u, €
DC(9,0,) for every € € (0,e0) with constants depending only on the constant from p, €

DC(€,,) (and, in particular, independent of ¢). In fact,

(Vo) =Volg)a =) = ([ Voo =)z = [ Toly=2)n(e)dz 2 - o)
(Vo(z —2) =Voly — 2),  —y) n(2) dz

[p(y = 2) =z —2) = Vo(z — 2) - (y — )] 1(2) dz.

o= nEd— [ p-nE)dz- [ Velo—2) - o)z

n Rn

= 0e(y) — pe(x) — Vo (2) - (y — 7).

Next, for each 0 < € < gq let ¥, : Vi (2) — R denote the convex conjugate to ¢, which

is smooth, strictly convex, and satisfies

Vo (VY(y) =y Yy € Vo (Q), (3.36)

Vi) (Vpe(z)) =2 Vo e (3.37)

Moreover, by Theorem 3.8 we have p,. € DC(dy., V- (§2)) with a constant depending only
on the constant from p, € DC(Q,d,). In addition, there exists a constant K* > 1, also

depending only on the constant from pu, € DC(£2,0,), such that
Se. (2, 7/K*) C Vb (Sy. (Ve(2),7)) C Sy (2, K*7), (3.38)
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for every section S,_(z,7) with S,_(z, K*7) CC €. At this point, given a section S,_(zo,t)
with S, (xg, 2K*t) CC €, the second inclusion in (3.38) and (3.36) give

52 := 5y (Vipe(20), 1) C Vipe(S,. (w0, K7t)) CC Vipe (). (3.39)

Notice that from the fact that . and V. converge to ¢ and Vi, respectively, uniformly

over compact subsets of {2 we can assume that ¢ > 0 is small enough so that

Ve (Sy. (z0, K*t)) C Vp(Sy(x0, 2K7t)) CC Vip(Qs). (3.40)

The next step is to apply (3.2) with ¢, in the section S¥. Given a function h € C'(S,(xo, 2K*t))
define u € C*(Vp(Sy (20, 2K*t))) as u(y) := h(Vi:(y)). In particular, the inclusions (3.39)
and (3.40) imply u € C'(S?), so that the Poincaré inequality (3.2) applied with 1. in the

section S7 to u reads as

|U(?J) — Ugsx
sz

dy < Cp th <]i 9 uly)P dyf | (3.41)
By setting y := V. (x) for z € S,(x¢,2K*t)), and recalling (3.37), we get

Vh(z) = D*¢-(2)Vu(Vi.(2)) = D*¥.(y) " Vu(y)
and then

[VP2u(y)* = (D*¢.(y) "' Vuly), Vu(y)) (3.42)

= (Vh(x), D*¢.(z)"'Vh(x)) = [V*h(z)[*.
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Hence, by changing variables y = V() in (3.41) we get

1
T5E] Joy. g5y 1) s et Do) e
1 =
*t§ 5
< |;*|é ( /V s V¢ h(z)|? det D2, (2) dx) (3.43)

where
1

hS =
52| Jop.(sz)

h(z) det D*p,.(z) d.

Notice that from the inclusions (3.38), (3.39), and (3.40) (with sufficiently small ¢) it follows
that
Se(xo,t) C Vo (SI) C Sy, 2K7t), (3.44)

so that the integral on the left-hand side of (3.43) can be replaced with the integral over
S, (7o,t) and the one on its right-hand side by the integral over S, (zo, 2/K*t). That is,

1
|5*|/S( )|h(az)—h55|detD2<pE(a:)dx
£ »(To,t
1
1k 2 et D? 2
<G / V¥ ()2 det D2o.(x) da (3.45)
|S¥|2 S (20,2K*t)

In addition, the inclusions (3.44), along with the fact that V. and V. are the inverse

of each other, imply

fo. (S (0, 1)) = [Vpe(Sp (o, 1))| < |57 (3.46)

< V(S0 2K 1))] = i (S, (0, 2K71).

Moreover, since p,, is doubling, we get

[S2] < e (Sp(20,2K71)) < Kpap. (Sp(w0, 1)) < K|SZ|. (3.47)
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Thus the inequality (3.45) reduces to

1
K fo. (Sp (o, 1))

/ h(z) — hg | det D2, (2) dz
S (20,t)

1
C: K3 ts 2
< 22 ( / ]V“"Eh(a:)|2detD2g05(a:)dx) (3.48)
o, (Sp(o, 2K*t))2 \J Sp(w0,2K71)

We are now in position to start taking limits as ¢ — 0. From the definition of .

in (3.35) we get that D?p.(x) (or a subsequence) converges to D%*p(z) for a.e. x € Q. In
particular, det D¢, (x) converges to det D?p(x) for a.e. z € Q. Let us first show that ., (F)
converges to fi,(F') for every Borel set F' C S, (x9,2K*t). Indeed, since S, (x, 2K*t) CC
let S” denote a compact set such that S,(zg,2K*t) CC " CC Q and introduce H(x) :=
Ap(x) xgr(x). Let us also assume that ¢ < g1 = dist(S, (o, 2K*t),0S") so that, for x €
S, 2K*t), we get (Ap xn.)(z) = (H *n.)(x). Then, for every z € S,(x, 2K*t), the

arithmetic-geometric inequality implies
0 < det D?*p.(z) < Ape(2)" = (Ap * 1) (2)" = (H *n.)(2)" < M(H)(2)",

where M denotes the Hardy-Littlewood maximal function whose (n,n)-strong type (here is

when we use n > 2) gives

/ det D*p.(x) dz < / M(H)(2)" dz < |MH) 7o gn a0
S(P(xo,QK*t)

S (xo,2K*t)

< Cu | H | n(gn,dzy = Cn . Ap(z)"dr < oo,

where the hypothesis ¢ € VV;?(Q) guarantees the finiteness of the last integral. Notice from
the explanation before Fatou’s Lemma that for a convex function ¢ we always have %Agb <

|D%¢|| < A¢ almost everywhere.) Therefore, by using Lebesgue’s dominated convergence
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theorem,

hmu F)=lim [ det D*p.(z)dx = [ lim det D%*p.(z)dx
Pe SO

e—0 e—0 F F e—0

= /Fdet DQQO(IB) dx = py(F),

for all F' C Sy(xo,2K*t). That is, p,, (F) converges to p,(F) for every Borel set F' C
So(xo, 2K*t) as claimed. Next, we will use Lebesgue’s dominated convergence theorem on

the integral
/ (V¥ h(z)|* det D*p. () dx.
Sy (z0,2K*t)

Given z € S,(z9,2K*t) let 0 < A\ o(z) < -+ < A, .(x) denote the eigenvalues of D%y, (x)

and using that |V#eh(z)|* = (D*p.(x)"'Vh(z), Vh(z)) we get

2
(V7 h(@)? det D*¢.(x) < ( sup [ Vh|) | D2pc(e) | det Dp.(x)

S (20,2 t)

with

1D pe ()" || det D (x)

>\15 lj (Z%A@)nl

< (o n@)" = Bpule) = Aprn(a) ™t < M(H)()"

j=1

Now for the case n > 2 we obtain that M(H)"' € L'(S,(xo,2K*t), dx) by reasoning as
above (that is, using the fact that the maximal function M is strong (p, p)-type for p > 1).
In fact, for the case n > 2, we can use Hoilder’s inequality to get the above result only with
the assumption ¢ € W2 ().

In the case n = 2 we just use that

|12 *77€”L1(R2,dx) < HHHLl(RQ,daz) HnaHLl(]RQ,dx) = ”HHLI(R?,dx) < 0.

Finally, by taking limits as ¢ — 0 in (3.48) and by recalling the inequalities (3.46) and the
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doubling property of fi,, we obtain the Poincaré inequality (3.34). We keep in mind that we
just use Fatou’s lemma on its left-hand side as we don’t whether the limit exist. But we have
already seen that the limit of the integrand already exist on the right-side. This completes
the proof. n

3.5 Proof of the main results

In this section we present the proof of the main results Theorem 3.4 and Theorem 3.5 stated

on Section 3.1.

3.5.1 Proof of Theorem 3.4

The idea is to use Theorem 3.19 to improve the Poincaré inequality (3.34) from Theorem

3.23. Let us first observe that the condition ¢ € W27 (€, dz) with D?¢ > 0 a.e. in € implies

loc
that ||[(D%0)7Y| € LL.(, du,). In fact, even ¢ € W' 1(Q, dz) with D%*p > 0 a.e. in Q

loc loc

will do so. Let us see briefly how this statement is true. since D?*p(z) > 0 for a.e. z € ,

let 0 < Aj(z) < -+ < A\ (x) < oo denote the eigenvalues of D?p(z). Then,

| D%p(a) | det Dp() = 1 Hmws( : ZM@)

Since pu,DC(£2,0,), we have the growth condition 2.38. That is,

1o (S (20, 1)) t "
1, (5, (w0, )) = P (t> ‘

Therefore, by using Theorem 3.19 with p = 2 and s = n — ¢ the Poincaré inequality (3.34)
self-improves to (3.4) since from our choices of p and s we get
2sp  4n—¢e)  2(n-—e¢) 2n

25 —p 2n—e)—2 (n—e)—lzn—l—'—gl’
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2(n—e)

where € := =T nel > 0 is a geometric constant. Also, notice that the requirement of

1

s > p/2 in Theorem 3.19 is met since s > p/2 iff n —e > 1 iff n > 2. [

3.5.2 Proof of Theorem 3.5

The idea of the proof is to apply Theorem 3.4 to v, the convex conjugate of ¢, and then do
a change of variables. In order to see that ¢ € W2 (V(Q), dy), we first notice from (3.7)
that Vi(Ve(r)) = x, Vo € Q. This implies that D?*p(z)D?*)(Vp(x)) = I. Since D?*p > 0
a.e. in Q, we get D*(Vp(x)) = D*¢(z)! > 0 for a.e. z € Q. Therefore, given a compact

set F' C Q and changing variables y := Vp(z),

[ ity = [ D%t det D2p(o) de < o,
Vo(F) F

where the finiteness of the last integral above follows from the hypothesis ||(D?*p)7!|| €
LTL

loc

(9, dp,). Notice that y = V() is a valid change of variables because Vi is one-to-one
and o € W2™(Q) (seel'™ Section 3).

Now, given a section S := S, (g, t) with S, (z¢, K1 K*t) CC Qand h € C1(S,(x, K1K*t))
(where K; > 1 is the geometric constant from the Poincaré inequality (3.4) in Theorem

3.4 and K* > 1 is the geometric constant from 3.8), by applying (3.4) to the section
S* = Sy(Vp(zo),t) and the function u(y) := h(Vi(y)) we get

1
2

qdumy))qgm% (£ wuwrPdnw) . @

( fuly) — o
S*

where ¢ = % +6 and Ut = fo. u(y) dpy(y). Now, by changing variables y = Vi (), using
the second inclusion in (3.8), reasoning as in (3.42), and noticing that det Dy (y) det D?*p(x) =

1 for a.e. z € Q, the integral on the right-hand side of (3.49) can be controlled by

|Vt < [ Voh() P da. (3.50)
K1S* Scp(IO KlK*t)
while, due to the first inclusion in (3.8), the integral on the left-hand side of (3.49) can be
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bound from below by the integral over Vo (S, (zo,t/K*)).
On the other hand, the inclusions in (3.8) and the doubling property of the Lebesgue

measure give

py (%) = [V (S™)| ~ |Se (o, )], (3.51)

where the implicit constants are geometric constants. Thus, the Poincaré inequality (3.5)
follows, with K3 := K;(K*)? > 1, from (3.49), (3.50), and (3.51). This completes the

proof. O]
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Chapter 4

Poincaré inequalities when

o € Aoo(§2, 0p)

This chapter is devoted to establish new Poincaré inequalities under the assumption that the
Monge-Ampere measure satisfies so-called the Muckenhoupt’s A.-weight condition. Section
4.1 provides the definition of Muckenhoupt’s A,-weight condition and its comparison with
the DC-doubling condition introduced in Chapter 3, and then state the main results of
this chapter in Theorem 4.3 and Theorem 4.4. Section establishes the (1,2 — ¢)-Poincaré
inequality with respect to Lebesgue measure in Theorem 4.8. We conclude this chapter with

the proofs of the main results in Section 4.3.

4.1 Introduction and main results

Let us consider that ¢ € C'(Q) be a strictly convex function defined on an open convex

subset 2 C R™ throughout this chapter.

1

loe(£2), we define its associated

For a given weight function w, that is, w > 0 and w € L

Borel measure as

pw(E) = w(F) = /Ew(x) dx, (4.1)

where E C ) is a Borel set.
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Definition 4.1. We say that a weight w satisfies Muckenhoupt’s A..-weight condition, and
write w € Ax(€2,0,) or py € As(€2,9,), if there exist constants Cy, Cy > 1 and 6 > 0 such
that

w(E) <|E l)e

—=<C | =), (4.2)

w(S) 5]

for every section S := S,(x,t) with S,(x¢,Cot) CC Q and every measurable subset
E C S. The definition for the Muckenhoupt’s weight class for general p € [1, 00] with some
details will be presented in Section 5.1.

Recall from Subsection 2.2.2 that if ¢ € VVlQ’”(Q, dx) is convex, then the Monge-Ampere

oc

measure associated to ¢ satisfies p, = det D*p and condition (2.7):

po(E) = /Edet D?*p(x) dx,

for every Borel set £ C Q. In this case, we will use the notations pu, € DC(,0,) and
det D*p € DC(,6,,) interchangeably. In the similar manner, 1, € A (£, d,) and det D?p €
As(€,0,) will have the same meaning. When det D*p € A, (Q,d,), all the constants
depending only on the constants C1,Cy and 6 from (4.2) and dimension n will be called
structural constants.

Caffarelli and Gutiérrez defined a condition so-called rio.-condition in their article in 1997
([6}, Section 1). Let us recall this condition and compare with the Muckenhoupt’s A..-weight

condition that we have defined here above.

Definition 4.2. Le ¢ be a convex function such that p, = det D*¢p. Then p, is said to
satisfy peo-condition if for given 61, 0 < 01 < 1, there exists do, 0 < 65 < 1 and C' > 0 such

that

E E
B] _ s polE)

5] no(5) O (43)

for every section S := Sy (z,t) with S,(xg, Ct) CC Q and every measurable subset £ C S.

We note that p, € Ax(£,0,) if and only if pu, € ps. To look at the direction (4.2)

implies (4.3), suppose 0 < §; < 1, and define J, := (%)g' Clearly, 0 < 9o <l as C; > 1
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and 0; < 1. Then for every measurable subset £ C .S, we have

@ po(E) 5_1 g
557 e <O ((0)

The other direction (4.3) implies (4.2) is proved in!® Theroem 6.

|
N——
>
Il
(=%
—

With some basic manipulation we can obtain the converse of (4.3), which will be con-
sidered to prove that u, € A(€,d,) implies py, the Monge-Ampere measure associ-
ated to the convex conjugate of ¢, satisfies the Muckenhoupt’s A.-condition (that is,
fy € A(V(£2),04)) in Section 4.3. In fact, let 61,02 € (0, 1) such that (4.2) holds. For any
given ' C S, set £ =S — F. Then ”"’ ) > 8, = £l > 5, Now by substituting £ = S — F,

Ell
% >0 = |S‘S‘F| > 0y. Due to the deﬁnltlon of measure, % >0 = |S“S}F‘ > 0y.
This implies 1 — §; > ”"’(( )) =1—0y > ‘S| Thus, there exist ag,as € (0,1) such that for
every F' C S, we have
fo(F) |F|
< = — < 4.4
ha(8) ST s T 44

We next make an important observation from page 426 in!® that Ly € Aso(2,9,) implies

1, € DC(,6,). In fact, for given & € (0,1), we can pick a € (0,1) such that |§|®S‘ =
1 —a" < d9. Indeed, for a given d, € (0,1) we can choose such «. Then from (4.3) with
E=S—a®S, we have % < ;. This implies

1p(S) = po(S — @ © 5) + pp(a © S) < G1164(S) + pp(a © 5).
= (1= 61) o (S) < prp( © ).

1
= pp(S) < ﬁﬂ@(@ ©85).
— 01

This establishes the inclusion A, (£2,0,) € DC(€2,d,). In fact, the inclusion is strict and
we refer the readers to see Section 3 in?" in order mark this gap. Now if the assumption
det D*p € DC(€,6,) used in Chapter 3 is replaced with the strictly stronger condition
det D*p € Aso(,0,), then the exponent on the right-hand sides of the Poincaré inequalities

(3.4) and (3.5) can be improved from 2 to 2 — € for some structural 0 < e < 1. More precisely,
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we have the following two theorems as our main results in this chapter.

Theorem 4.3. Fixn > 2 and let p € W'licn(ﬂ, dx) be a strictly convez function with D*p > 0
a.e. in Q and det D*p € A(,0,). Then, there exist structural constants Kz, Kg > 0
and €y > 0 such that for every section S = Sy,(xo,t) with S,(xg, Kst) CC Q and every

u € Lip(K5S) we have

1

(]i u(x) — ugﬂqoduw(:c)) Y < Kot <]€(5S Vu(@)|“du,(z) dx)z—leo’ @5

2(n—ep)(2—€p)

Sn—co)—(—cy) > 2

with qo ‘=

Theorem 4.4. Fizn > 2 and let p € VV;OC"(Q, dx) be a strictly convex function such that
D%*p >0 a.e. inQ, ||(D*p)7 ! € L .(Q, duy) and det D*p € A(Q,0,). Then, there exist

structural constants K7, Kg > 1 and 0 < €y < 1 such that for every section S := S,(x,1)

with S,(xg, K7t) CC Q, and every u € Lip(K7S) we have

(]i () — ug|® d:c> Y < Kgth (]i . V()2 da:) o (4.6)

2(n—ep)(2—€p)

2(n—ep)—(2—eo) > 2.

with qo ‘=

Observe that (4.5) is the (¢, 2 —¢) Poincaré inequality with respect to the Monge-Ampere

measure while (4.6) is the (¢,2 — €) Poincaré inequality with respect to Lebesgue measure

n
loc

with the additional assumption of integrability ||(D?*@)~!|| € Lt (2, du,) on its hypothesis.
The exponent on the left hand sides on both of these inequalities are same, but different

from the ones in the Poincaré inequalities (3.4) and (3.5).

4.2 (1,2 —¢) Poincaré inequality

We recall that Theorem 3.1 provides the (1,2)-Poincaré inquality with respect to Lebesgue
measure under the assumption that p, € DC(€,d,). In this section, we put our efforts to

reduce the size of exponent 2 on the right-side to 2 — ¢ for some ¢ € (0, 1), by considering
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strictly stronger hypothesis p, € A (€2,9,), which is presented in Theorem 4.8. In order to

do so, let us begin by stating some of the ingredients to be used in this theorem.
Lemma 4.5 (Lemma 3.2.1 inl). Let Q C R" be a bounded convex open set and o € C*(€2)

be a convex function such that ¢ <0 on 0S). Then for every x € €,

—p(z)
|Vg0(x)| < m

More generally, if E C S, then

maxg(—p)
Velk)c B (0’ dist(E,aQ)) |

This lemma above helps us to estimate the size of the gradient of given convex function.
We next state a lemma that describe the behaviour of the norm of the Hessian matrix D?%gp

whenever p, € A(€,9,).

Lemma 4.6 (Lemma 3.1 inl). Let p € CY(Q) be a strictly convex function such that p, €
As(Q,0,). Then | D?*¢(z)|| € Ax(S2,8,) with constants depending only on the A (€, d,)-
constants for p, and dimension n. That is, there exist constants Cyp > 1 and ¢y > 0,

depending only on the p, € Ax(Q, d,)-constants for p, and dimension n, such that

(]i | Do ()| () da:)ljgo < Gy ][SHD%(@H dz, (@7)

for every section S := S, (x,t) CC (.

Let us state one more result which helps us to compare the product of the Monge-Ampere

measure and Lebesgue measure of the Monge-Ampere sections with their heights.

Lemma 4.7 (Corollary 4 inl'®l). Let p € CY(Q) be a strictly convex function such that

py € DC(8,6,). Then there exists constants Cy,Cy > 0, depending only on the doubling
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constant and dimension, such that for every section S := S,(x,t) CC Q, it holds that
Cit" < py,(S) 18] < Cat™.

Theorem 4.8. Fiz an open conver set U C R™ and ¢ € C*(U) with D*p > 0 in U and
fy € Ax(U,d,). Then, there exist constants Ni,e > 0, depending only on the constants
from p, € Ax(U,0,) and dimension n, such that for every section S := Sy,(zo,t) with
Sy(z0,t) CC U and every h € C'(S) the following (1,2 — €)-Poincaré holds true in the

Monge-Ampére quasi-metric structure with respect to the Lebesque measure

1

7[5 h(x) — hs|dz < Ny t5 (]i VR (z)[ dx) o (4.8)

where hg = {4 h(z) dx.

Proof. The proof of Theorem 4.8 goes along the lines of the proof of¥ Theorem 1.3. We
will follow the notation in!® Section 1 regarding the normalization technique of a given
section S := S,(xg,t). Thus, let T : R® — R™ be an affine transformation such that
B(0,n73/?) ¢ T(S) ¢ B(0,1). In particular, o, < |S||detT| < f, for some positive

dimensional constants ay,, 3,. Always as inl® Section 1, let A > 0 and ¢* be defined by

where [ is a linear function.

For 15 (y) = +¢(T'y) and I(y) == ¢ (y) + Va(Txo) - (y — Txo), we get

T(8) = T(S, (a0 1) = Sus (T 5 ) =l ") <0} and " =0 o A(T(S))

We note that
. 1, _ _
D?p*(y) = X(T YWD2p(T 1) T~ = D*y(y). (4.9)
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This implies

1 1
det D*¢* (y) =

= detD?*p(T! det(AA) = A" det(A).
g TR A DT, s det(MA) = X" det(4)

Denote i := p7,. Then by simple change of variable and using the definition of A, we obtain

A(T(S)) = / D) dy =1

From Lemma 4.7 we have

Cst < A < Cyt, (4.10)

where C3,Cy > 0 depend on the doubling constant from p, € DC(U,6,) and the dimension
n. Now from the first few lines of the proof of Theorem 2 inl® or Lemma 4.5 or Lemma 3.2
in[?® there exists a constant Cs > 0, also depending only on the doubling constants from

p, € DC(U,d,) and dimension n, such that

Ap*(y) dy < Cs. (4.11)
T(S)

Next note that p, € A (U, d,) implies pi« € Ao (T'(U), d,+) with the same set of constants.

In fact, suppose ., satisfies (4.2), Then

fo (T(E))  sopaer e (B) 1E\
po(T(S)) mr“cp(s) =G <|S|>

~a(fig) - (78)

Now, by Lemma 4.6 when applied to ¢* (recall that ||D?p*|| < Ap* as ¢ is convex), there

exist constants Cg > 1 and 0 < ¢y < 1, depending only on the constants from ., € A (U, d,)

and dimension n, such that

1

1+¢€q
( ][ Ap*(y)tteo dy) < s ][ Ap*(y) dy. (4.12)
T(S) T(S)
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Then, given h € C'(S) let u € C'(T(S)) be defined as u(y) = h(T'y). Thus, the usual
(1,1)-Poincaré inequality applied to @ on the convex set T(S) (recall that B(0,n™%/2?) C
T(S) C B(0,1)) yields

£ i) —mld <. f, vaia (113)
T

T(S)

where C,, > 0 is a dimensional constant, and by changing variables y = Tz in (4.13) we

obtain

]i \h(x) — hs|dz < C, ]i (TY)'Vh(z)| da. (4.14)

Next, notice that from the identity (4.9) and the fact that ||[D?¢| < Ay we get
(T D*p(2)T | < AA@*(T),
which followed by the simple matrix identity
(=) Do ()2 |” = (T Do ()T,

gives ||(T71)!D%p(x)2||> < MA*(Tz). Consequently,

_1 1
T*l tD2 1112(14¢0) d theo <A\ Ao* 1+e€0 d o
I(T) D ()2 || x < v (y) T dy
S T(S)

< C5Cp A,

where the last inequality follows from (4.12) and (4.11). Finally, by setting p := 2(1 + €)
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and recalling that V¥h = DQQO_%V}L,

][| 'V h(x |dx—][| o(2)2D*¢(x) "2 Vh(z)| da
f I (2)} | Do)} Vh(2)| de

(fu Hm)( Vh(a ypm)pl'

(][ |v¢h(x)|p’dx)” 040506t%(][ V4 h(z)|” da:) ,
S

where p’ = 2—¢€ with € := 2¢y/(1+2¢) € (0, 1), which combined with (4.14) proves (4.8). O

VI

< (C5C6N)

4.3 Proof of the main results

Before proceeding to the proofs of the main results, let us first outline the proof of the fact, to
be used in the proof of Theorem 4.3, that p1, € A (2, d,,) implies that 11y € A (V(£2),dy),
where 1) is the convex conjugate of . That is, the A, -property is preserved, quantitatively,
under conjugation. Fix ¢ € C'(Q2) such that u, € Ax(,0,). In particular, u, € DC(,6,)
and the sections of ¢ have the engulfing property. Now, since a section S, (z,t) coincides
with the set {y € Q : d,(x,y) < t}, the quasi-symmetry and quasi-triangle inequality
for 6, allows to think of the interior sections (meaning sections with S,(z,t) CC Q) as
balls in a space of homogeneous type. Consequently, the usual characterizations of the
Muckenhoupt’s class A hold true, see for instance see Section 4.1 above and Section 5 in 0.
Thus, the fact that p, € A(V(Q2),dy) will be a consequence, for instance, of the existence
of structural constants ag, 5y € (0,1) and My > 1 such that for every section Sy(y,t) with
Sy(y, Mot) CC Vp(£2) and every measurable set F' C Sy(y,t) the implication

pp () < copap (S (y, 1)) == |F < Bol Sy (y, 1)] (4.15)

holds true. To see this, let us assume that i, satisfies (4.2) with constants C;,Cy > 1 and

6 € (0,1) and fix a section Sy = Sy(y,t) and a measurable set F' C S,. From the second
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inclusion in (3.8), setting = := ¥ (y) we get
V(F) C Vip(Sy) C Su(x, K*t). (4.16)
Now, setting E := Vi (F), the fact that V¢ and Vi are inverses to each other gives
po(E) = [Ve(E)| = |F|
and the first inclusion in (3.8) and the doubling property (2.38) for p, imply

oS, K1) < Co(K)0 9 (S, (o, 1K)

< Cp(K")?" Dy (Vi(Sy)) = Cp(K7)*" 218y,

On the other hand, |E| = |VY(F)| = puyu(F) and, from (4.16), py(Sy) = |[Vi(Sy)| <
|Sy(z, K*t)|. Hence, by using (4.2) with £ := V¢(F) and S,(z, K*t) (and this requires
Sp(x, K*Cyt) CC Q) it follows that

Pl (B
CD(K*)Z(H_€>|S¢| N N@(Scp(x7 K*t))

= (m%w)e“ <;%)>)6'

Consequently, by taking ag € (0,1) so that 3y := Cp(K*)?")C1af € (0, 1), the implication

(4.15) holds true with structural constants ag, By € (0, 1).

Now we are ready to compile the techniques presented in this chapter (as well as in
previous chapters) to complete the proofs of Theorem 4.3 and Theorem 4.4.

Fortunately, the proof of Theorem 4.3 follows along the lines of the proof of Theorem 3.4.
First, Theorem 4.8 (used in lieu of Theorem 3.1) implies a version of Theorem 3.23 where
the exponent 2 on the right-hand side of (3.34) can be replaced by 2 — €. Note that we just
outlined the proof of the fact that the A, property is qualitatively preserved under convex

conjugation. It is also quantitatively preserved by the approximations ¢. due to the fact
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that ¢. and V. converge uniformly on compact sets. Set ¢y := min{e, e} with ¢ > 0 the
geometric constant from (2.38). Then, just as in Section 3.5.1, Theorem 3.19 applied with

1 as the Monge-Ampere measure, p = 2 — ¢y, and s = n — €, yields with

2(n —€)(2 =€)
2(n —e) — (2—¢€)’

qo ‘=

and (4.5) follows. O
The proof of Theorem 4.4 goes just like the one of Theorem 3.5, but now instead of
using Theorem 3.4 we use Theorem 4.3 with v, the convex conjugate of ¢, and then change

variables y = V(). O
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Chapter 5

Poincaré inequalities when

fp € A1(€,0,) or py € RHxo(S2,0p)

Our objective in this chapter is to present more new Poincaré inequalities by considering
even more stronger assumptions on their hypotheses. Section 5.1 first introduces the Mucken-
houpt’s A;(€2, d,,)-condition and reverse Holder's RH (€2, d,)-condition and then illustrates
the comparison with the weight conditions introduced in Chapter 3 and Chapter 4. We
state and prove the sharp Poincaré inequalities associated to the Monge-Ampere measure
when p, € A1(€2,0,) in Section 5.2 and associated to Lebesgue measure in Section 5.3. We
conclude this chapter by recording a list of convex functions whose determinants of Hessian

matrices satisfy the weight-conditions A;(,0,) or RH(€2,,) in Section 5.4.

5.1 Introduction to Muckenhoupt’s A;((2,d,)-condition

and reverse Holder’s RH (2, d,)-condition

As always, assume that Q C R™ is open and convex and ¢ € C(f2) is a strictly convex
function. Let us first introduce the definition of Muckenhoupt’s weight class and reverse

Holder’s inequality which will be the central assumptions in this chapter.

Definition 5.1. Let 1 < p < oo. A weight function w defined in € is said to satisfy
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Muckenhoupt’s weight class A,, and write w € A,(§2,6,), if there exists ©1,Hy > 1 such

that for every section S,(xo,t) with Sy,(zg,©1t) CC €,

p—1
][ w(z) dx ][ w(z) VP70 dg < Hy, when 1<p< oo, (5.1)
Sw(xo,t) S(p($07t)

and

][ w(z)dr < Hyessinfw(xz) when p=1. (5.2)
SLP(‘l’Ovt)

Si(0,t)
Definition 5.2. Let 1 < r < oo. A weight function w defined in ) is said to satisfy reverse
Hélder’s class, and write w € RH,(§2,6,), if there exists O, Ho > 1 such that for every

section Sy (xo,t) with S,(xo, O t) CC Q,

][ w(x) de | < HOO][ w(x)dr, when 1<7r < o0, (5.3)
S(p(xo,t) Sw(wo,t)

and

esssup w(z) < Hoo][ w(z)dx, when 1= o00. (5.4)
S(p(xmt) Sv(mo,t)

The reason to use constants with suffix 1 in the definition of Muckenhoupt’s weight class
A, and oo in the definition of reverse Holder’s class RH, is that our main results in this
chapter will be based only on Muckenhoupt’s weight class A, with p = 1 or the reverse
Holder’s class RH, with r = .

Let us record the facts that if det D?*p € A;(Q,d,) or det D¢ € RH,(9,d,), then
det D*p € A(Q,6,), quantitatively (see Section 5 inl®). In fact, to prove the fact det D%p €
RH,(Q,0,) implies det D*p € A (2,d,), we can assume that det D*p € RH,(9,d,) and
verify (4.3). By definition,

N«p(s)
5|

det D?*p(z) < Hy 7[ w(z)dr = Hy a.e. in S 1= S,(xo,1).
S

72



Integrating over E C S gives

/ det D*p(z) dr < Hy, e (S) |E|.
B 5]

E]
< Hyrar.
B

The choice of 6o = I};—; verifies (4.3) as required.

Figure 5.1: Comparison of weight conditions.

As illustrated in Figure 5.1 above, the hierarchy of the classes for the weight functions

on which we rely in this dissertation can be expressed with the following inclusions.

Ai(2,0,) U RH (2, 0,) € Ax(2,0,) € DC(2,0,,). (5.5)

Notice that the strictness in the second inclusion of (5.5) is discussed in Section 4.1. The
strictness on the first inclusion will be immediate from the examples of weights satisfying
A1(9Q,4,)-condition and RH.,(, d,)-condition in Section 5.4. Let us see a lemma from[?”!
that sums up more general properties of Muckenhoupt’s weight classes and the reverse Holder

classes.
Lemma 5.3. The following properties hold true:
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(1)) we A, 1<p<oo if and only ifwl’pleAp/ whereiﬁLz%:l.
(1) Ay C A, C A, for1 <p<g<oo.
(i1i)) RH,, C RHy C RH, for 1 <r <s < 0.

(i) A= U A,= | RH,.

1<p<oo 1<r<oo

As before, we remark that if det D*¢ € A;(Q,d,) or det D*p € RH(2,d,,), the constants
depending only the corresponding pairs (01, Hy) or (O, Hy) and dimension n will also be

called structural constants.

5.2 Poincaré inequalities when p, € A4;(€2,9,)

In this section, we state two theorems under the assumption that p, € A;(€2,6,), and the

proofs will be given in Subsection 5.2.1.

Theorem 5.4. Fiz n > 3 and let p € I/Vli:(Q, dx) be a strictly convex function with
det D*p € A;(Q,0,) and det D*p > 0 a.e. in Q. Then, there exist structural constants
Ky, K19 > 1 such that for every section S = S,(xo,t) with S,(x¢, Kot) CC Q and every
u € Lip(KyS) we have

(]i [u(z) — U’é“”lvf%dugo(a:)) B < Kit2 (]i,s |vsvu(;c)|2d,ubgo(:c)>é . (5.6)

In addition, there exists a structural constant eg > 0 such that for every 0 < e < €y there is

a constant K, > 0, depending only on € and structural constants, such that

(f 1ot - ut

n(2—e)
n—(2—e¢)

1

vdn()" < Ktk (f ) rv¢u<x>|2-edu¢<x>)zli (5.7)

> 2.

with q. ;=

Under the assumption that p, € A;(£2,0,) and n > 3, the exponent ¢ in the Poincaré

inequality (5.6) is % which is larger than the exponents on the left-hand sides in the
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Poincaré inequalities presented in previous chapters under the assumptions p, € A (€2, 9,)
or i, € DC(Q,9,). In dimension 2, we can have a larger exponent on the left hand size,
depending on some structural constant ¢y > 0, but in this case the constant appearing in

the corresponding Poincaré inequality will depend on ¢, as well. More precisely,

Theorem 5.5. Assume n = 2 and let ¢ € W2 (Q) be a strictly convex function with
det D?p € A1(Q,0,). Then, there exist structural constants Ko > 1 and 0 < ey < 1, such
that for every section S := Sy(xo,t) with S,(x, Kot) CC Q, every u € Lip(KyS), and every

0 < e < e we have

(f tuto) —

with qc :=2(2 —€)/e and K. > 0 depends only on € and structural constants.

q‘duw(fv)); <wit(f ) V)l (o)) AR

5.2.1 Proofs of Theorems 5.4 and 5.5

Since p € W(Q, dx) is a strictly convex function with det D% € A;(9Q,4,), from !

Section 4 we have that there exists a structural constant M; > 0 such that the Monge-

Ampe\ re 1measure Satisﬁes the growth Condition
,LL(D( g(x()? I)) < /\/11 (-) 5 (()9)

for every section S,(xg,t) with S,(x, ©1t) C Q and every 0 < ¢’ < t. Therefore, Theorem
3.19 applied with p = ., p = 2 (the right-hand side exponent from the Poincaré inequality
from Theorem 3.23), and s = n/2 (the growth exponent from (5.9)), yields

2sp 2n

qz?s—p_n—2’

which is finite in the case n > 3, and (5.6) follows.

On the other hand, let ¢y > 0 be the structural constant from Theorem 4.3 so that for
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every 0 < € < €, the inequality (4.5) implies (since ¢ > 2)

1
€

f 1ute) — b (o) < st (f Tl i) @) W

Now we use Theorem 3.19 applied with y = pu,, p = 2 — € (the right-hand side exponent
from (5.10)), and s = n/2 (the growth exponent from (5.9)) to obtain the inequality (5.7)

with
_2sp n(2—¢)
S 25—p n—(2—¢)

q (5.11)

Notice that in the case n = 2, the expression for ¢ in (5.11) reduces to ¢ = 2(2 — €)/e and
(5.8) follows. O

5.3 Poincaré inequalities when p, € RH. (€2, d,)

In this section, we state two theorems under the assumption that pu, € RH.(,0,), and

their proofs will be given in Subsection 5.3.1.

Theorem 5.6. Fiz n > 3 and let ¢ € W2™(Q, dz) be a strictly conver function with

loc

det D*¢ € RH,(Q,0,) and |[(D*o)7'|| € Li,.(Q, dz). Then, there exist structural con-
stants K1, K19 > 1 such that for every section S := Sy,(xo,t) with S,(xg, K11t) CC Q and

every u € Lip(K11S) we have

n—2 1
2n 2n 2
<][ lu(z) — ug|"—= dx) < Kppt? (][ |V‘pu(:p)|2d$) . (5.12)
S K118

In addition, there exists a structural constant eg > 0 such that for every 0 < e < €y there is

a constant K. > 0, depending only on € and structural constants, such that

(fg lu(z) — us

> 2.

1

1
e dx) " < K. t2 (][ |Veu(z)|? dx) : (5.13)
KoS

n(2—e)

with q. ;= o Gy
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We note that the Poincaré inequalities under the assumption p, € A;(€2,6,) in Theorem
5.7 and Theorem 5.8 differ from the theorems in this section just by the measure associated
to integrate the quantities. This difference is occurred from the growth conditions as we
obtain a growth condition with respect to the Monge-Ampeére measure when s, € A;(€2,9,)
and with respect to Lebesgue measure when p, € RH(€2,d,). As in Section 5.2, we have

the following theorem in dimension 2.

Theorem 5.7. Assume n = 2 and let ¢ € W22 (Q) be a strictly convex function with

det D?p € RHo(Q,0,) and ||[(D*0)7 Y| € L, .(Q, dz). Then, there exist structural constants

loc

K11 > 1 and 0 < ¢y < 1, such that for every section S := Sy,(xo,t) with Sy (zo, K11t) CC Q,

every u € Lip(K115), and every 0 < € < ey we have
1

(7[ lu(z) — ug|® da:) - < K, t2 (][ |VPu(x)|* dx) - , (5.14)
S Ki1S

with q. :== 2(2 — €)/e and K. > 0 depends only on € and structural constants.

5.3.1 Proofs of Theorems 5.6 and 5.7

Since ¢ € W2(Q, dx) is a strictly convex function with det D*p € RH,(9,6,), from [

Section 3 we now have that there exists a structural constant M., > 0 such that the Lebesgue

measure satisfies the growth condition

e <M= (7) 19
for every section S, (g, t) with S, (z9, Oxt) C 2 and every 0 < ¢’ < t.

Hence, the proofs of Theorems 5.6 and 5.7 follow as the ones of Theorems 5.4 and
5.5. Indeed, the same reasoning from Section 5.2.1 but now using Theorem 3.5 instead of
Theorem 3.23, and Theorem 4.4 instead of Theorem 4.3, as well as using Theorem 3.19 with
the Lebesgue measure instead of ., (but always with s = n/2 as in (5.15)) yields (5.12),
(5.13), and (5.14). O
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5.4 Examples of weight functions satisfying A,(2,,) or
RH(£2,6,) conditions

This section is intended to record ample examples of convex functions ¢ with det D%y €
A1(9,6,) or det D%p € RH,(Q,6,), which we borrow from!!'l. Let us begin with a conven-
tion of a notation associated to a convex function for which the Monge-Ampere measure and

Lebesgue measure are comparable.

Definition 5.8. We say that det D> ~ 1 in Q if there exists constants 0 < Ay < Ay such
that
Ay < det D*p(z) < Ay, Vz € Q. (5.16)

A trivial but very important convex function that satisfies (5.16) is the quadratic function

wo(x) := % |z|?, € R". In fact, this quadratic convex function plays a crucial role to bridge
in between the study related to the Monge-Ampere structure and the Euclidean setting. G.
Tina and X.J. Wang illustrated the following two non-trivial examples of strictly convex

non-smooth functions that satisfy (5.16) in?l Section 1.

Example 5.9. The strictly convex function defined by

2

! 2 2 2
= log |1 € B(0,r) C R?, 5.17
@(w) lOgHOg’l’P’ +$2 Og’ Og‘.fE’ ‘7 z ( T) ( )

satisfies (5.16).

Example 5.10. The strictly convex function defined by

ot + 25 if |wa] < |xq]3,
o(x) = ! zzj s = | (5.18)
%x% $2/ + 2x2/ if |wa] > a3,

satisfies (5.16).

We now list the examples of weights satisfying A; (€, d,,)-condition taken from['%.
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(i) The case det D*p ~ 1 in  in the sense of (5.16). Here ©; = 1 and H; = Ay/A;. Thus,
for instance, the function ps(z) := |z|* and the ones defined on (5.17) and (5.18) all
satisfy the A;(€,d,)-condition.

(i) The case det D*p ~ |g|=® in Q with ¢ = ¢(z) polynomial and 0 < a < 1/deg(q). Here
©; = 1 and the constant H; > 1 depends only on a, dimension n, and deg(q), the

degree of ¢ but not on the coefficients of the polynomial q.

(iii) The case @,(x) := %|x|p, z€R"and 2—1/n < p < 2. Here ©; = 1 and the constant
19

H, > 1 depends only on p and n. The author in['?! used above example (i) with the

fact that
det D2gop(a:) =(p-1) \x!”(”’m, Ve e R"\ {0}

in order to verify A;(£2,d,)-condition in this case.

(iv) The case pp(z) := Y. ool with o = (21,...,2,) € R" and P = (py,...,ps) €

(1,2]". Here ©1 = 1 and H; > 1 depends only on py, ..., p,, and n.

Next we list the examples of weight functions that satisfy RH..(£2,d,)-condition taken

from 9,
(a) The case det D*p ~ 1 in Q. As before, here ©,, = 1 and H,, = Ay /A;.

(b) The case det D*p ~ |q|* with ¢ = ¢(z) polynomial and a > 0. Here O, = 1 and

H,, > 1 depends only on a, n, and the degree of ¢ (and not on its coefficients).

(c) The case when ¢ is a convex polynomial in R"”. Here O, = 1 and H,, > 1 depends

only on n and the degree of ¢ (and not on its coefficients.)

(d) The case p,(x) = %|x|p with 2 < p < co. Here ©,, =1 and H,, > 1 depends only on

p and n.

(e) The case pp(z) = mﬂﬂpﬂ' with x = (2q,...,2,) € R" and P := (py1,...,pn) €
]71 VA

[2,00)". Here ©,, = 1 and H; > 1 depends only on py,...,p,, and n.
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From the list of these examples, we observe that some weight functions satisfy both
A;(Q,6,) and RH.o (€, d,)-conditions (that is, A;(€,d,) N RH (€2, 6,) # 0). Also, we can
conclude that the inclusions A;(2,0,,) C A (€2, d,) and RH(Q,06,) C Ax(R2,0,) are strict.

80



Chapter 6

Sobolev inequalities in the

Monge-Ampere quasi-metric structure

This chapter is devoted to present Sobolev inequalities in the Monge-Ampeére quasi-metric
structure corresponding to the Poincaré inequalities studied in previous chapters. We start
with a brief of history of Sobolev inequalities in the Monge-Ampere quasi-metric structure in
Section 6.1. Then, Section 6.2 provides discussion on how to obtain Sobolev inequalities from
Poincaré inequalities and records some new and improved Sobolev inequalities. In Section
6.3, we discuss the applications of both Poincare and Sobolev inequalities and also provide

the comparison and connection of new such inequalities with the existing literature.

6.1 History of Sobolev inequalities in the Monge-Ampere

setting

As indicated in Chapter 1, the first order inequalities such as Sobolev and Poincaré inequali-
ties are widely applicable to investigate the local behaviour of solutions to the elliptic partial
differential equations, such as to study the local estimates Harnack inequality and Holder’s
continuity. In contrast, G. Tian and X.J Wang were able to develop the following Sobolev

inequality in the Monge-Ampere quasi-metric structure, relying on the Hanrnak inequality
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for the solution of certain elliptic partial differential equation.
Theorem 6.1 (Theorem 3.1 in®). Fizn > 2 and ¢ € C?(Q) with D*p > 0 in Q such that
(a) py € Ass(§2,0,,) and

(b) there exist 0 > 0,0 > 0, Cy,Cy > 0 such that
Cil S < g (8) < Gyl S[7 (6.1)

for every section S := S,(z,t) CC .

Then the following Sobolev inequality holds true for every u € C°(Q)

</Q !u(x)lpduw(x));’ <C (/Q |V¢U($>|2dﬂw(gj)) (6.2)

n 0
where dug(x) = det D%p(x) dr, p 1= 200

NI

> 2, and the constant C' > 0 depends on

the constants from the A (2, 6,)-condition and (6.1) as well as on the diameter of €.

Theorem 6.1 is the first Sobolev inequality developed in the Monge-Ampere quasi-metric
structure. Notice that one of the hypotheses is the Monge-Ampere measure ji,, should satisfy
Muckenhoupt’s As-weight condition. In particular, if we replace the A..-condition with the
strictly stronger condition det D¢ ~ 1, in the sense of (5.16), it follows from Example 3 in [
that the Sobolev inequality (6.2) holds true with p = 2n/(n — 2). Consequently, whenever
n > 2, we recover the classical Sobolev inequality in the Fuclidean setting from the choice
p(z) = 3lzf*.

The proof of Theorem 6.1 basically relies on the Harnack inequality by Cafarelli and

Gutiérrez!? and a crucial lemma by G. Tian and X.J. Wang!?, which read as

Theorem 6.2 (Harnack inequality). Let ¢ be a strictly convex smooth function in R™ such
that p, € Ax(2,0,). Then there exist constants f > 1 > 7 > 0, depending only on the

Ao (€, 9,)-constants and dimension n, such that if u is any nonnegative solution of L,u =0
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in Sy(z,t), we have

sup u < [ inf w.
S (x,7t) Sy (z,71)

Lemma 6.3 (Crucial lemma). Suppose there is an integrable, almost everywhere positive

function p such that for any t > 0,
p({x € Q: G(x,y) >t}) < Kt P2

where p > 2 and K > 0 are constants. Suppose also that p satisfies the doubling condition,

namely there exists a constant b > 0 such that
p(B(x,2r)) < bu(B(z,2r))

for every ball B(xz,r) CC 2. Then for smooth function u € C°(2), we have the inequality

(/Q |u|PdM)p <C (/Qzaiju“fiuxﬂ' dx) ,

where the constant C' depends only on n,p,b, and K.

Here above G(z, ) is the Green’s function of the linear elliptic operator L = 0,,(a;;(x)0,,)

in a bounded domain 2, namely G(-,y) is a positive solution of

—L[G(-,y)] =9, in Q,

G(,y)=0 on 09,
where 6, is a Dirac measure at y € €. This crucial lemma, in other words, estimates a rate
of decay for the distribution function of the Green’s function associated to the linearized

Monge-Ampere operator (1.4) in .

Few years later, D. Maldonado established an improved version of Theorem 6.1, namely,

Theorem 6.4 (Theorem 11inl). Fizn > 1 and let p € C*(Q) with D%*p > 0 in Q and p, €
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DC(Q,6,). Then the following Sobolev inequality holds true for every section S := Sy (zo,1t)
with S CC Q and every u € CL(S)

(f |u<x>|3ﬁdu¢<x>>’%‘«f <ot (f wuatann) s

where the constant C' > 0 depends only on the doubling constant from the condition p, €

DC(,0,) and dimension n.

NI

We observe that Theorem 6.4 is established by completely dropping the condition (6.1)
and by replacing the another assumption p, € Ax(€2,6,) with p, € DC(€,6,) from the
hypotheses of Theorem 6.1. Moreover, the exponent ¢ in the Sobolev inequality (6.3) depends
only on the dimension while such parameter rely on couple of other constants in the Sobolev
inequality (6.2). Most importantly, the constant C on (6.3) depends only on the DC-doubling
constant and dimension n, but such constant in (6.2) relies on several constants including
the set (2 itself.

The Sobolev inequality (6.3) has played a key role in the implementation of Moser’s
iterations in!"" towards Harnack’s inequality for nonnegative solutions of certain singu-
lar /degenerate elliptic PDEs.

Most recently, when proving Holder regularity of solutions to the 2D dual semigeostrophic
equation by means of the linearized Monge-Ampere equation under the assumption det D?p ~

1 in the sense of (5.16) (which, in particular, renders du, ~ dz), N. Q. Le proved

Theorem 6.5 (Proposition 2.6 inl). Fiz n = 2 and ¢ € C*(Q) with det D%*p ~ 1 in the
sense of (5.16). Then, given q € (0,00) there exists a constant C' > 0, depending only on q

and Ay, Ay from (5.16), such that the following Sobolev inequality holds true for every section
S := S,(xg,t) with S CC Q and every u € CL(S)

(]i |u(ac)\‘1da;>é < Otz <]£ !wu(x)\?dx)é. (6.4)

The proofs of both Theorems 6.4 and 6.5 rely variations of the aforementioned crucial
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lemma 6.3.

6.2 Improved and new Sobolev inequalities

In this section we point out that from each one of the Poincaré inequalities presented in
previous chapters a corresponding Sobolev inequality can be obtained. This is possible due
to a well-known fact that weak (g, p)-Poincaré inequalities with respect to a reverse-doubling
measure imply (g, p)-Sobolev ones (see for instance Theorem 5.51 inl?!). For the sake of
completeness, we briefly sketch the proof in our context. Given a section S := S, (z,t) CC €,

u € Lip.(9), that is, u € Lip(S) with compact support within S, and ¢ > 1, we have

@ u(s)
= () (29
| 25| 25| | S lu 25‘| | H’ /1/(25)
< (][ |u|qdu)qsl—1/q,
25

where £ € (0,1) is the constant from the reverse-doubling property in Lemma 2.29 corre-

sponding to « = 1/2. On the other hand, since

1 1
q q
(][SIUquu> < (fsw—u';swdu) T ),
2 2

it then follows that

1 1
7 1 7
(o) < e (£, b vt)

which combined with an arbitrary weak (g, p)-Poincaré inequality

1 1
(fL1u-ran) <ot (£ vouran)’,
2S 208
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for some A > 1, and recalling that u is supported in S, yields the Sobolev inequality

q ' Cpt? eqlP
(furan) < S (F1v Idu) | (6.5)

As an illustration and for future reference, we state the Sobolev inequalities that follow from

the Poincaré inequalities in Theorems 5.4 and 5.5.

Theorem 6.6. Fiz n > 3 and let ¢ € W2™(Q, dz) be a strictly conver function with

loc

det D*p € A1(,06,). Then, there exist structural constants Ko, K19 > 1 such that for

every section S = Sy (x,t) with S,(xg, Kot) CC Q and every u € Lip.(S) we have
2 £

(f o and >)n2"gf<wté (f W%W%@);_ (6.6)

In addition, there exists a structural constant g > 0 such that for every 0 < e < € there is

a constant K. > 0, depending only on € and structural constants, such that

(e

with g, := % > 2.

1

) dp >)q<mz (f 1weutor-<dn, ) (6.7)

Theorem 6.7. Assume n = 2 and let o € W22(Q) be a strictly convex function with
det D*p € A1(Q,0,). Then, there exist structural constants Ko > 1 and 0 < €y < 1, such
that for every section S := S,(xo,t) with S (xg, Kot) CC Q, every u € Lip,(S5), and every

0 < e < e we have

(fre

with q. :== 2(2 — €)/e and K. > 0 depends only on € and structural constants.

1

ediy (o)) ek (f I7ut@rdn ) (63)

Remark 6.8. Notice that Theorem 6.7 extends Proposition 2.6 inl!, that is, Theorem 6.5
from Section 6.1, by weakening the assumption det D*p ~ 1, in the sense of (5.16), to
det D*p € A;(£2,6,).

86



Remark 6.9. Poincaré and Sobolev inequalities such as the ones in Theorems 5.4, 5.5,
and Theorems 6.6, 6.7, respectively, play a central role in the implementation of Moser’s

iterations for solutions to the linearized Monge-Ampére equation, as described in!"' Section

2.4,

6.3 Examples and applications

We conclude this chapter by discussing the further applications and connections of Theorems
presented in previous chapters as our main results as well as their corresponding Sobolev
inequalities with related inequalities in the existing literature. We also visualize such inequal-
ities associated to certain convex functions from the list of examples illustrated in Section
5.4.

As mentioned in Remark 6.9, the Poincaré inequalities presented as our main results in
Chapter 3, Chapter 4 and Chapter 5 will find applications in the implementation of Moser’s
iterations for certain degenerate/singular PDEs. Also, the comments below Theorem 3.4 and
Remark 6.8 point out how they improve upon a few previously known results. In addition,
in view of the examples in Section 5.4, all our main results presented in previous chapters
give rise to a large variety of new or improved Poincaré and Sobolev inequalities some of
which complement or extend inequalities from the existing literature. As an illustration, in
this section we take a look at just a couple of such inequalities. We start by mentioning the
following Sobolev inequality by Tian and Wang in? when ¢ is a strictly convex polynomial

in R™.

Theorem 6.10 (Theorem 1.1 inP!). Let ¢ be a strictly conver polynomial in R™, n > 3.

Then, for any bounded domain @ C Bgr(0) and any function u € C§°(2),

( /Q |u<x>!pdu¢(:c)>; <C ( /Q ‘V‘Pu(:c)|2d,u¢(:c))é, (6.9)

where p > 2 depends on n and ¢ and C' also depends on R.
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By using Theorem 5.6 and Example (¢ 5.4) of weights satisfying RH (2, ,)-condition
in Section 5.4 provide a Poincaré inequality with respect to the Lebesgue measure which,
in turn, yields a related Sobolev inequality (as described in Section 6.2) that complements
Theorem 6.10 where the Monge-Ampere measure is replaced with Lebesgue measure and

with a finer tuning on the constants. More precisely,

Theorem 6.11. Fiz n > 3 and let p be a strictly convex polynomial with ||(D?*p)7 || €
Ll

loc

(R™, dx). Then, there exist constants K11, K12 > 1, depending only on the degree of ¢

and dimension n, such that for every section S := S, (x,t) we have

n—2 1

(f |u<x>—us\f”2dx) " < Kt (][ |ku<x>|2dx)
S K118

for every u € Lip(K11.5), as well as

(][ () [ dx) < Koth (][ |V“‘7u(m)|2dx>
S S

for every u € Lip.(S).

We next see Poincaré and Sobolev inequalities associated to convex function ¢p defined
in Section 5.4 example (iv 5.4). For this let us first recall the following Sobolev inequality

proved by Cabré and Ros-Oton.

Theorem 6.12 (Theorem 1.3(a) inl®). Suppose A = (ay,...,a,) € R", with a; > 0 for
every j=1,...,nand let 1 <p <D :=n+ay +---+a,. Then there exists C, > 0 such
that for every u € C}(R")

< /R . Ju(z) [Pz da:) g <C, ( /R Q IVu(z)[Pz? dx) : , (6.10)

n
where py = p—_Dp, = 1] |z;]%, and
j=1
RY == {(x1,...,2,) 1 with x; > 0 whenever a; > 0}.
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Now, by means of the Poincaré inequalities from Section 5.2 and Example (iv 5.4) we
will next obtain Poincaré and Sobolev inequalities related to the weight 2 as in (6.10) but
now in the case —1/n < a; < 0 for every j = 1,...,n. Indeed, for —1/n < a; < 0 set
p;j:=24+a; € (1,2] and

n

op(@) =Y oo lplelP e = (o1, 2a) ERT, (6.11)

j=1

as in Example (iv 5.4). Then

zf 0 -0
Dy — | O 10
: )

0 0 0 |zl

so that det D?pp(x) = [] |7;/% = 2. Notice that the condition —1/n < a; < 0 for every
j=1
j =1,...,n guarantees that pp € W2"(R", dz). Also, for a.e. z = (x1,...,2,) € R” and

loc
u e CYR"),

Veru(z) = Dpp(z) 2 Vu(z)

a

a n
(), ol u(2)

= (]

and consequently

2

VPP u(z)| = (Z \le“jluj(x)|2>

Moreover, by?” Lemma 6 the Monge-Ampere sections of pp are related to the ones of

op, (T) = I%|:L‘|pj, x € R, by means of the inclusions
- J

S@P(yat) - S@pl (y17t> X X Stppn (y’mt) C S@P(y7nt)7
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for every y = (v1,...,yn) E R y; €R,j=1,...,n,and t > 0.
Finally, by using Theorem 5.4 with the convex function ¢p, we obtain the following

Poincaré and Sobolev inequalities.

Theorem 6.13. Fizn > 3 and let pp be the strictly convex function defined in (6.11). Then,
there exist constants Kg, K19 > 1, depending only on ay,...,a, € (—1/n,0] and dimension

n, such that for every section S := S,,(zo,t) we have

n—2

(f 1uto) = a1 i) = Kotd (1970l i 0)
S K9S

for every u € Lip(KyS), as well as

(]i u(z)|7 dps,, (:c)) E < Kit? (]i V() d, (x));

or every u € Lip .(S), where d x) = x4 dx.
f y p.(5), Lo p

Figure 6.1: Notions related to the given convex function in the Monge-Ampére quasi-metric
structure.

Throughout the discussion from Chapter 1 to Chapter 6, the readers shall observe that
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for each continuously differentiable strictly convex function ¢ defined in an open convex set
Q) satisfying so-called the DC-doubling condition, we have a family of notions related to
¢ as shown in Figure 6.1. That is, we have the Monge-Ampere sections associated to ¢
which can be viewed as quasi-metric balls, a measure p,, a quasi-distance ¢, which in turn
produces a space of homogeneous type: (£2,d,, /i), a linearized Monge-Ampere operator L.,
and the Monge-Ampere gradient V¥. We then can study Poincaré and Sobolev inequalities
associated to these notions in the Monge-Ampere quasi-metric structure. Thus for each
“nice” convex function, we obtain a pair of Poincaré and Sobolev inequalities associated to
it. In general, when a family of convex functions satisfying certain conditions is given, we
can produce a zoo of Poincaré and Sobolev inequalities associated to the given collection of
convex functions, which can be celebrated as a beauty of the study in the Monge-Ampere
quasi-metric structure. In addition, the study associated to some particular choices of convex
functions in the Monge-Ampere setting reduces to the study in the celebrated geometrical
structure known as the Euclidean space, and consequently the first order inequalities and
their applications generated in the Monge-Ampere quasi-metric structure translate to the

ones in the Euclidean settings.
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Chapter 7

The Whitney decomposition of the

Monge-Ampere sections

7.1 Introduction and main result

A class of essential components in the study related to Analysis, Differentiation and Ge-
ometry consists of covering lemmas. The Whitney type covering lemma, named after the
American mathematician Hassler Whitney, is one of such covering lemmas. The covering
lemma, originally introduced by Whitney in 1934, provides the partition of an open set with
non empty boundary into a disjoint sequence of half-open cubes such that the diameters of
the cubes are comparable to the distance from the corresponding cubes to the boundary of

the given set, namely,

Theorem 7.1 (Theorem 2.1 in®"). Let G be any open subset of R™ with non empty boundary
O0G. Then there is a countable collection of disjoint half-open cubes {Q;};>1 such that

diSt(Qj, 0G)

diam(Q;) >

G=JQ; and 1<

Jj=1

When the requirement of disjointness is relaxed in Theorem 7.1, then a collection of open

cubes {Q;} can be found such that G = |J Q; with dist(Q;, 0G) = 3 diam(Q);) and for each

Jj=1
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r € R",

Z XQj (I’) S A,
j=1

a, being a constant that depends only on dimension n.

The Whitney type decompositions, later in the second half of 20th century, were inves-
tigated widely in order to obtain similar partitions involving geometric shapes other than
cubes, for instance metric balls, generally by imposing some extra conditions. We now state

31

a Whitey decomposition in a doubling metric space from P! as below.

Theorem 7.2 (Theorem 2.3 inY). Consider (X, ) be a metric space and let ji be a doubling
measure defined on X (that is, there exists C' > 0 such that for every metric balls B(x,r) C
X, u(B(x,2r)) < Cu(B(x,r))). Then for every open set G C X with non empty boundary,
there exists a countable collection of balls {B(x;,r;)};>1 and K > 0, depending only on C,
such that

(a) G=U B(xj,r;);

Jjz1

(b) r; < dist(B(zj,7;),0G) < 4r;, for all j € N and

(c) j; XB(:c,-,rj)(x) < Kxg(z), for all x € X.

The Whitney decomposition in the doubling quasi-metric space, such as Theorem 7.2 as
well as the ones involving the cubes, find applications in establishing the well-known lemma
of Calderén and Zygmund. The readers can find more examples and applications of the
Whitney type decomposition mentioned here above in the lecture notes by Coifman and
Weiss in 1?2,

Whenever a Whitney type decomposition is intended for a set in the Euclidean space
involving Fuclidean balls or cubes, it is doable as we discussed above. In fact, these are
the nice scenarios for such decomposition as cubes and Euclidean balls are the geometric
shapes that behave very well. On the other hand, the scenario will be slightly complicated
for general metric spaces. However, the good news with metric spaces is that the metric balls

have nice properties due to the symmetric condition and triangle inequality of the associated

93



metric. But some complexity arise in order to find Whitney type decompositions whenever
the given space is a doubling quasi-metric space with the quasi-distance that satisfy quasi-
symmetric condition and quasi-triangle inequality as in the Definition 2.27. In other words,
the extra factor K > 1 in the quasi-triangle inequality and quasi-symmetric condition create
many troubles in the construction of partitions of given sets.

Our objective in this chapter is to provide the Whitney decomposition for the Monge-
Ampere sections in the Monge-Ampere quasi-metric structure. We keep in mind that the
Monge-Ampere quasi-metric structure is associated with the quasi-distance in the sense of

Definition 2.27. Let us state the main result of this chapter here below.

Theorem 7.3. Let ¢ € C'(Q) be a strictly convex function and the sections of ¢ have the

engulfing property with the engulfing constant © > 1. Also, let Sy := S, (xo,ty) be a Monge-

Ampére section of ¢ with Sy(z9, ©*tg) CC Q and fix € such that 0 < & < Then there

1
1006°
exists a countable collection of Monge-Ampére sections {S; = Sy(zj,t;)}j>1 in Sy and a

constant C' > 0, depending only on © and dimension n, such that
(1) S; are mutually disjoint for j > 1;

(ii) U ©%S; = Sy, where ©2S; = S,(z;,0%;),7 > 1;
j=21

(i) t; = 20,(;,050) for j > 1

(iv) 22 xezs;(z) < Cxsy(x), Vre

Jj=1

1 t;
2Q. 2Q. 4 2
(v) If ©2S; N ©2S; # 0, then S8 < 7 < 202

The proof of Theorem 7.3 is inspired from[?l. We know that every quasi-distance is
comparable to a power of a distance. That is, if (X, ) is a quasi-metric space (with quasi-

triangle constant K, say), then there exists a distance d and constants C,« > 0 (depending

on K) such that
1
c d(z,y)* < d(x,y) < Cd(z,y)*, forevery z,y € X.
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This is known as the metrization of quasi-metric spaces (a proof is due to Macias and

36] for other details and different approaches

Segovial®¥). Also, the readers can seel® and
related to the the metrization techniques of quasi-metric spaces. Therefore, the Whitney
decomposition for quasi-distances follows from the decomposition for distances by just re-
scaling the balls to quasi-balls. Despite the metrization result above, we give a proof of
Theorem 7.3 that is more direct.

Let us discuss about some ingredients that we will require to prove Theorem 7.3. Recall
from Lemma 2.20 that the Lebesgue measure is doubling in the Monge-Ampere sections.
That is, |S,(z,t)] < 2™|S,(x,t/2)], for every Monge-Ampere sections S,(x,t) CC Q. With

this, a simple manipulation provides that for every A > 1, we have

S (2, A)| < (20)" Sy (, 1)), (7.1)

for every Monge-Ampere sections S,(z, At) CC €2 In fact, for a given A > 1, there exists
k € N such that 2¥=1 < X\ < 2¥_ Then

So(x, N )| < |S,(x,28t)] < 278, (x, 28 1 ¢
® ® ¢

< (28, (2, 2577 1)

< (2)M1Sp(x, )] < (20)"|Sp (=, 1)].

Next we just state a lemma in the spirit of Subsection 2.3.3.

Lemma 7.4. Assume that the Monge-Ampére sections of ¢ have the engulfing property in
Q with the engulfing constant © > 1. (That is, there exists a geometric constant © > 1 such
that whenever xy € Q and T > 0 satisfy S,(xo, O°T) CC Q, then for every x € S,(xo,7) we

have Sy (zo,7) C Sy(z,07).) Then o, defined in (2.4) satisfies
(a) dp(x,y) < ©0,(y,x), Va,y € Sy(xo, 7);
(b) Sp(x,y) < O[,(2,7) + 0p(2,y)], Va,y, 2 € Sp(x0,7) and
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(¢) 0p(z,y)) < O[O 6,(x,2) +6,(2,9)] < O [0,(, 2) + 04(2,y)], V2, y, 2 € Sp(0, 7).

The size of the constants in the inequalities in part (b) and (¢) in Lemma 7.4 are based
on the the direction of the distance measured. In particular, we observe that the distance
d,(x,y) is bounded by the quantity smaller than the one used for the quasi-triangle inequality
in Subsection 2.3.3, which is same as the right-side of (¢) in Lemma 7.4. We will consider the
smallest possible quantities to bound certain distances in order to achieve smallest constant
in the proof of Theorem 7.3.

Let us also see a definition that plays a role in the proof of Theorem 7.3.

Definition 7.5 (Geodesic property). Let (£2,0) be a quasi-metric structure. Then a 0—ball
By C Q (or equivalently the quasi-distance §) is said to possess the geodesic property if
for every 6—ball B contained in By with center xg, we have for each x € B there is a
continuous one-to-one curve ¥ = Ypp.(1),0 < t < 1, in B with v(0) = zp,v(1) = = and

5@, 2) = 6(x,y) +0(y,2), Yy, 2 € 7 with y = y(s), 2 = 7(t) where 0< s <t < 1.

We can easily observe that the Euclidean balls in R™ possess the geodesic property. We
know that metric balls (or metric spaces) behave very well compared to the quasi-metric
balls. However, in general, metric balls may not possess the geodesic property. For example,

the d—balls in the discrete metric space (Z, d) where

1 if x#y

0 if z=uy.

5($vy) =

Another example of quasi-metric balls that have the geodesic property consists of the

Monge-Ampere sections due to the following theorem by D. Maldonado.

Theorem 7.6 (Theorem 16 in'%). Let Q C R™ be an open convex set and p € C1(Q) be a
strictly convex function. Then the Monge-Ampére quasi-distance d, defined in 2.4 possesses
the following geodesic property:

Given z,z € Q with Sy(x,0,(x,2)) CC Q and 0 < r < 6,(z,2), there exists y €

So(x,0p(x, 2)) such that 6,(x,y) =1 and 6,(x, 2) = 6,(z,y) + 6,(y, 2).
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7.2 Proof of Theorem 7.3

1
Let us fix Sy := S, (o, o) such that S,(xg, O? tr) CC Q and € with 0 < ¢ < T0d6" We first
prove (i) and (i4i). For this we begin by claiming that given x € Sy, there is a Monge-Ampere
section S,(x,t) such that

t =€0,(S,(z,t),05). (7.2)

To see this, define
f(t) :=0,(S,(x,t),050), 0<t<,(z,05).

Clearly, f(0) = d,(x,0Sy) and f(d,(z,05)) = 0. Since d,, is continuous, so is f. This
implies

g(t) = e0,(S,(x,1),0S)), 0<t<d,(x,08)

is also continuous on [0, d,(x, dSy)], which maps onto [0, ed,(x,dSy)] C [0, 6, (z, 0Sy)]. Then
by the fixed point theorem, there exists ¢’ € [0, d,(z,0S5y)] such that g(¢') = ¢/, and hence
the claim (7.2) follows.

Now define ¢; := sup{t > 0 : Jz € S, satisfying t = €0,(S,(x,t),05y)}. Then we can
pick z, € Sy and uy > 0 such that u, = €d,(S,(2k, ux), 0Sy) and uy is an increasing sequence
converging to t;. Since Sy is compact, z, has a convergent subsequence, say z, — o1 € Sp.
We next claim that

t1 =€ 0,(S,(x1,t1),05). (7.3)

In order to prove this claim, let’s pick 2, € 05,(zk, uy) such that
U = € (5@(5@(Zk‘, Uk), 350) =£ 5@<§k, 850)

By the same reason as above, we may assume that Z; has a convergent subsequence, say

Zr — 29 € Sp. Since Z, € S, (2k, uk), up — t1 and d,, is continuous, we get

dy(x1, 20) = k}g& O (2, Z) = 1}1—>I£lo up = t1.
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That is, zy € 05,(x1,t1) and

t1 = lim U = € khm 5&,0('%1“850) = 8590(20,830) Z 5(5@(‘5@(1’1,751),850).

k—o0

For the other inequality, we pick y € 0S,(z1,t;) such that
5(,0(S<p(x17 tl)u 850) = 590 (y7 830)

Now, if we can pick y € S(z,uy) such that yx — y, then

t; = lim u, = ¢ klim 05 (Sy(2k, ur), 050) < € klim 3y (yr, 0S0) = €6,(Yo, 050).
— 00 — 00

k—o00

In order to pick such yy, for a given k, assume that y ¢ S, (2x, ux) (otherwise we can choose
yr = y). Then by the geodesic property, we can pick y, on the line segment joining z; and y
such that 0, (2, yx) = g (that is, y, € 05, (2k, ux)) and 0y, (2k, y) = 0, (25, Yi) + 04 (Yk, v). So,

k:h—>Igo 6¢(yk7y) = kh_{go[dp(zkay) - uk] = 5<p(x17y) - tl =0.

This proves our claim (7.3) and hence name the Monge-Ampere section Sy := S,(z1,%1).

Clearly S; is the largest Monge-Ampere section in Sy satisfying (iii). Next define
ty:=sup{t >0:3z € S\ S; with t =¢e0,(S(z,t),05) and S,(z,t) NSy = 0}.

Then by proceeding similarly as above, we get another Monge-Ampere section Sy = S, (2, t2)
which is the second largest Monge-Ampere section in Sy satisfying (iii) and disjoint to Sj.
Continuing this process proves (i) and (iii).

Now we proceed to prove (ii). The inclusion C is obvious. Indeed, for all j,

@2tj = @28 (S(P(Sj, 850) < @28 5({;(3}]‘, 850) < 5<p<xj7 8S0)
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So, Sy(x;,©%t;) C Sy for all j. This implies

Jes; c S.
Jj=1
For the other inclusion D, let’s pick # € Sp and show that z € ©2S; for some j.

We know that for z € Sy, there exists a Monge-Ampere section S,(z,t) such that ¢t =
€0,(Sp(x,t),05). Clearly, t < t;. If Sy(z,t) NSy # 0, then by the engulfing property
Sy(z,t) C 6251 If Sy(x,t) NSy = 0, we still have ¢ < ¢y and continue the process. We now
claim that this process will terminate. That is, there exists jo such that S,(z,t) N.Sj, # 0.
If possible, let’s assume that there is no such j. This would mean that ¢ < t; for infinitely
many j = 1,2, --- By the engulfing property, x; € S, (zo, to) implies S, (xo,ty) C Sy(z;, Oto).
So,

1S, (z0, to)| < |S,(x5, Otg)| =
Oty
<[5 (a5 51:)

2 n
< ( ?to) 1S,(2;,8;)|  due to (7.1).

Se (xj, ?tj)

J

since t<t;,Vj

Consequently, [So| > > |5;] > (

n
) |So| >° 1 = o0, a contradiction. This completes the
j=1

t
2@t0 >1
proof of (i7).
Next, we proceed to prove (iv). We already know ©2S; C Sy, for all j. Let y € 9(025;)
and z € 8Sp. Then by Lemma 7.4, §,(x;, 2) < O[O0,(x;,y) + d,(y, 2)] < O[O%; + d,(y, 2)].

This implies

1 1 1 - 6%
(5¢(y, Z) > 65¢($j, Z) — @3tj > 6550(537 650) — @Btj > Or tj.
That is,
O¢ 9 .
i < T giz0(©785,05), Vi (7.4)

Let z € Sy and denote « := d,(x,dS)). If x € ©2S;, then 6,(0%5;,05)) < a and hence
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1 10
— from the assumption, we have

€ .
due to (74), t] S 1——@450[. Since m < 9
10
t; < —0Oca.
ISy e’
) 10 4 1 2 B
Let’s set 1 := 59 £ < 9 Then for those ©“ 5, containing x, we have
@3tj < €10 (75)

By the engulfing property and using the inequality (7.5), z € ©2S; implies ©%S; C S, (z, ©3;) C
S,(z,e1a). That is, all the ©%S; containing z lie in S,(x,e10). Since o = §,(x,Sp), there

exist Z € 05y such that o = d,(z, Z). For any y € Sy (z, e1a), we have d,(x,y) < g1 So,

5,(y.9S0) < 3,(y,%) < OB, (x,) + 8,(x,2)] < O(L + e1)av

10
Since 1 +¢; < 9

1
d,(y,05)) < Eo@oz, whenever =z € ©2;. (7.6)

Inequality (7.6) gives the upper bound for d,(y, 9S5y). We now estimate lower bound for this

quantity. For any z € 0.5,
a=0,(2,2) < 0p(x,2) < O[O (x,y) + dy(y, 2)].

This implies
1— @251

bn2) > T,
Since 1 — ©%; > g,
8 2
dy(y,0Sp) > 6% whenever x € ©%5;. (7.7)

So, combining inequalities from (7.6) and (7.7), we see that the distance from any y €

100



8 10
Sy(z,e100) to 05y is in between —a and g@a. Since ©25; C S,(z, 1), in particular,

90

8 10
@OJ < 5¢<Sj,850) < 5@0&
That is,
8 ;10 ,
6 <7 < g@a, whenever z € ©°5]. (7.8)

We know that ©2S; C S,(z, 1) whenever x € ©2S;. In particular, z; € Sy(x,e1). Then
by the engulfing property S,(z,e1a)) C S(z;, Oe1r). So,

@51atj) .

1Sy, 210)] < IS, (x5, 0210)| = |, (25, =2
J

Oc1a

3
From inequalities (7.5) and (7.8), we obtain < Z@G. Now by using inequality (7.1),

J

506 j)

|Sp(z, e100)| < ‘S¢, (:ch, Tt

That is,
z € ©%S; = |S,(x,510)] < OS], (7.9)

where C' := (5796>"7 depending only on n and ©. Clearly, there are finitely many of S;
satisfying the inequality (7.9). Otherwise, |S,(z,e1a)] = 0 because |Sy(z;,t;)| — 0 as
J — o0, which is impossible.

If N is the number of the Monge-Ampere sections S; such that z € ©2S;, then N < C.
In fact, if S}, is the Monge-Ampere section of smallest Lebesgue measure among all the S

for which x € ©25;, then from (7.9)

C’|Sj0| > |S¢(x,51a)| = Z |SJ| > N|Sj0|'

j:xE@QSj
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Since N is also the number of the Monge-Ampere sections ©25; containing z,

N = ZX@25J.(ZL’) S C.

j=1
This proves (iv). Finally to prove (v), let z € ©%5; N ©2S;. Then from inequality (7.8),

8  ti 10 8 t; 10

%a<g<§@a and @a<;<§@a
So, we have
z—; < %O@Q < 20? and 10862 ;—;
Hence,
%@2 ;—; < 207

This completes the proof.
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