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Web Figure 1: Distribution of the residuals for the NHS (left) and SKCM (right) data.

1.1 A remark for the Bayesian LAD regression

The Laplace distribution in Bayesian LAD regression can be treated as a special case of
the asymmetric Laplace distribution (ALD) in Bayesian quantile regression (Yu and Moyeed|
(2001); [Yu and Zhang| (2005)). In Bayesian quantile regression, ¢; follows the asymmetric
Laplace distribution with density

flemv) =71 —1)vexp{—vp.(&;)}, i=1,...,n, (1)

where the check loss function is p.(¢;) = ¢; {7 — I(e; < 0)} for the 7th quantile (0 < 7 < 1).
Note that, when 7 = 0.5, the ALD in (lf) reduces to a symmetric Laplace distribution. Yu
and Moyeed (Yu and Moyeed (2001))) have shown that maximizing a likelihood function
under the asymmetric Laplace error distribution (|1)) is equivalent to minimizing the check
loss function in quantile regression. Kozumi and Kobayashi| (2011) have proposed a Gibbs
sampler for Bayesian quantile regression based on a location-scale mixture representation of




the ALD. In particular, with & and z defined as above, the asymmetric Laplace error in ({1
can be represented as

e =v Mz + v ' kVaz, (2)
where
1-2 2
V= T and k=
T(1—17) T(1—7)

When 7 = 0.5, we have ¢ = 0 and x = /8, and equation reduces to the Laplace error.

1.2 A summary of proposed and alternative methods

All the methods under comparison can be grouped according to three criteria: with or with-
out robustness, with or without spike-and-slab priors, and the types of structured sparsity
(individual-, group- and bi-level) accommodated through variable selection. We first de-
scribe the robust Bayesian methods with spike-and-slab priors: RBSG-SS, RBG-SS and
RBL-SS, which have all been proposed for the first time. Among them, RBSG-SS is the
“golden” method developed for conducting robust sparse group variable selection for GXE
interactions with spike-and-slab priors on both the group and individual levels. Besides,
RBG-SS and RBL-SS are robust Bayesian group level and individual level selection with
spike—and—slab priors, respectively. The spike—and—slab prior has only been imposed on the
group level in RBG-SS. Compared to RBSG-SS, it does not induce within group sparsity.
On the other hand, RBL-SS conducts individual-level selection without accounting for group
structure. An immediate family of robust methods related to the three are RBSG, RBG and
RBL, which do not adopt spike-and-slab priors and cannot shrink coefficients corresponding
to the main and interaction effects to zero exactly. While RBG and RBL can be directly
derived based on [Li et al. (2010), RBSG, robust Bayesian sparse group selection, has not
been investigated in existing studies so far.

We have also included six non-robust methods for comparison. Among them, BSG—
SS, BG-SS and BL-SS are the non-robust counterparts of RBSG-SS, RBG-SS and RBL—
SS, respectively. In particular, the BSG-SS conducts (non-robust) Bayesian sparse group
selection with spike-and-slab priors on the group and individual level simultaneously, while
variable selection has only been conducted on group (individual) level through RBG-SS
(RBL-SS) under the spike-and-slab priors. In addition, BSG, BG and BL can be viewed as
the benchmarks without incorporating spike-and-slab priors corresponding to BSG-SS, BG—
SS and BL-SS. They can also be considered as the non-robust counterpart corresponding
to RBSG, RBG and RBL. All the six non-robust alternatives can be readily derived based
on existing studies.

For clarification, we list all the methods under comparison in Web Table and Web
Table (2) in the Appendix. Our contribution includes developing the 4 robust Bayesian
variable selection approaches, RBSG-SS, RBG-SS, RBL-SS and RBSG among the first
time. For all the rest of the approaches, a modification to the methods from the references
provided in Web Table by including clinical covariates is necessary. Otherwise, these
methods cannot be adopted for a direct comparison with the four newly developed ones.



Web Table 1: Summary of the proposed and alternative methods.

Methods Reference
RBSG-SS Robust Bayesian sparse group selection proposed for the first time
with spike-and-slab priors
RBG-SS Robust Bayesian group selection with proposed for the first time
spike—and—slab priors
RBL-SS Robust Bayesian Lasso with spike-and—slab  proposed for the first time
Robust priors
RBSG Robust Bayesian sparse group selection proposed for the first time
RBG Robust Bayesian group Lasso Li et al.| (2010)
RBL Robust Bayesian Lasso Li et al.| (2010)
BSG-SS Bayesian sparse group Lasso with Xu and Ghosh| (2015])
spike—and—slab priors
BG-SS Bayesian group Lasso with spike-and—slab Xu and Ghosh| (2015);
priors Zhang et al.| (2014)
BL-SS Bayesian Lasso with spike-and-slab priors Xu and Ghosh| (2015));
Non-robust Zhang et al.| (2014)
BSG Bayesian sparse group Lasso Xu and Ghosh| (2015])
BG Bayesian group Lasso Kyung et al.| (2010
BL Bayesian Lasso Park and Casella (2008)

Note: The models in the references are modified to be applicable to GXE settings.



Web Table 2: Summary of comparisons between the proposed and alternative methods.

Methods Robustness Likelihood Variable Selection Structure Identification
RBSG-SS Yes Laplacian Spike-and-slab prior Bi-level MPM

RBG-SS Yes Laplacian Spike-and-slab prior Group level MPM

RBL-SS Yes Laplacian Spike-and-slab prior Individual level MPM

RBSG Yes Laplacian Laplacian shrinkage Bi-level Credible interval
RBG Yes Laplacian Laplacian shrinkage Group level Credible interval
RBL Yes Laplacian Laplacian shrinkage Individual level Credible interval
BSG-SS No Gaussian Spike-and-slab prior Bi-level MPM

BG-SS No Gaussian Spike-and-slab prior Group level MPM

BL-SS No Gaussian Spike-and-slab prior Individual level MPM

BSG No Gaussian Laplacian shrinkage Bi-level Credible interval
BG No Gaussian Laplacian shrinkage Group level Credible interval
BL No Gaussian Laplacian shrinkage Individual level Credible interval

Bi-level: both the group and individual level.
MPM: Median Probability Model.

1.3 Posterior inference of the proposed method (RBSG-SS)
1.3.1 Hierarchical model specification

The joint posterior distribution of all the unknown parameters conditional on data can be
expressed as
7T(CX, 07 b{]a Wji,V, Ug, T, 71, 82|Y)
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1.3.2 Gibbs sampler

Define the coefficient vector without the jth group as By = (81,...,8;_1,8{41,---,5)
and the corresponding part of the design matrix as U;). Likewise, define the coefficient
vector without the [th element in the jth group as B(;;) and the corresponding design matrix
as Ugy. Let 12 = p(b; # Olrest), then the conditional posterior distribution of b; is a
multivariate spike—and—slab distribution:

b;|rest ~ zg NL(pe,, Tp,;) + (1 — zg) So(b5), (3)

-1

1 1 1
where Xy, = (I/H_Q Yo u;l‘/}Q UijUi—;‘/}Q + IL) , My, = Tp VR 20 U;IVjQ Ui;yi; and
v, =Yi—-Wa—E]6— U(E)B(j)' The [% can be derived as

o

= . . .
7o + (1 = m0) |, |72 exp {—% |25, ve 2 3wy VP Uz’j@'j”%}

The posterior distribution is a mixture of a multivariate normal and a point mass at 0.
Specifically, at the gth iteration of MCMC, b;g )is drawn from N (Kb, Xp;) With probability l?

and is set to 0 with probability 1 —l?. If bg.g) is set to 0, we have ¢?(g ) = 0, which suggests that
th(e )jth genetic variant is not associated with the phenotype at the gth iteration. Otherwise,
¢ = 1.

In addition to the multivariate spike—and—slab distribution on the group level, on the
individual level, the conditional posterior distribution of wj; is also spike-and-slab. Let
I5) = p(wji # Orest), we have

wjilrest ~ 15 N (e, o2 )+ (1 - 15)00(wji),

Wi

_ _ -1 _ _ ~ -
where of = (5 + v 0w UGV,) , piey, = 08 ve™? 300 up bpUip and Gy =
Y, - W, a—- E0 — U(yl)ﬁ(jl)' It can be shown that

1

_1 n — ~ \2 w5 -
™+ (1—m)3s(02,) "2 exp {—%Uijl (vr=2 320 ui 0aUsnisn) } [‘D <%)]

w

gt

where ®(-) is the cumulative distribution function of the standard normal random variable.
At the gth iteration, the value of (b;')l(g) can be determined by whether the wj(f’ ) is set to 0 or
not. Recall that (,b;.ul(g ) =0 implies that the jth genetic variant does not have the main effect
(if I=1) or the interaction effect with the (I — 1)th E factor (if { > 1).

The full conditional distribution for u; is Inverse-Gaussian:

u;|rest ~ Inverse-Gaussian(ft,,, Ay, ),

where the shape parameter \,, = 2v, mean parameter fi,, = 4 /% and y; =Y, — W, a—
E/60-U/B.



With the conjugate Inverse-Gamma prior, the posteriors of s? is still an Inverse-Gamma

distribution
1 1
s%|rest ~ Inv-Gamma (1 + 5 Z Liw, 01, 0+ 5 Zw?l) ,
j7l ]7l

With conjugate Beta priors, my and m; have beta posterior distributions

p p
To|rest ~ Beta (ao + Z I{bﬂéo}, by + Z I{bj0}> )

j=1 j=1
7r1|rest ~ Beta (a1 + Z I{wjz¢0}7 bl + Z I{wj10}> .
gl gl

Last, the full conditional distribution for v is Gamma distribution
v|rest ~ Gamma (s, ,),

where the shape parameter s, = ¢ + 37” and the rate parameter r, = d + Y ., u; +

(26%)71 3" w7 4%, Under our prior setting, conditional posterior distributions of all un-
known parameters have closed forms by conjugacy. Therefore, efficient Gibbs sampler can
be constructed for the posterior distribution.

1.4 Posterior inference of RBG-SS

1.4.1 Hierarchical model specification

Y, =W, o+ E;/0+U/B+v 2ruiz, i=1,...,n,

;v [ Exp(v), i=1,...,n,
% MN@, 1), i=1,...,n,
v ~ Gamma (¢, ¢2),

a ~ N, (0, Xno),

0 ~ N (0, Xgo),
ind .
Bjloj,s; ~ &; N (0, s;11) + (1 —¢;)00(85), j=1,....p,
bjlmo ! Bernoulli(m), j=1,...,p,

o ~~ Beta (Clo, bg),

L+1
Sj‘nNGamma(%7g)7 j:17"'7p7

n ~ Gamma (dy, ds).



1.4.2 Gibbs Sampler

e u;|rest ~ Inverse-Gaussian(i,,, Ay, ), where the shape parameter \,, = 2v, mean pa-
rameter fi,, = % and g, =Y, — W,a— E]60 - U, B.

e vlrest ~ Gamma (s,, r,), where the shape parameter s, = ¢; + 32—” and the rate param-
eter 7, = ¢y + > ui + (26%) V0wt

o alrest ~ N(fto, Xq), where

Ho = Savi Y u ' WilYi - B[O - U] B),

=1

n —1
o = (;m? > ulWiw 2a3,> .
=1

e O|rest ~ N(pg, Xg), where

p,g = Egl/li_z Zu;lEl(K - W,;Ta - Uq,T/B)u
=1

o Bjlrest ~ [;N(pg,, Xg;) + (1 —1;)d0(B;) where

n
Ka; = Elng/i_2 Zui—lUi_j@j,

=1

-1
. 1
Eﬁj = (VFLQ ZUZIUUU@; + S_IL> ,
i=1 J
o
- L 1 1 n _ —~ :
mo + (1 — mo)s; [Xg;| 2 exp {—%Hzéﬂ’ﬁ” D i1 U lUijyz'ng}

and g;; is defined as §;; =Y; — W, a — E;0 — U(E)B(j)'

e The posterior of s; is

Inverse—Gamma(%, 2, if 3; =0,

Inverse-Gaussian(n, , /W), if3; #0
2112

s, ' [rest ~

e To|rest ~ Beta (ao + 25 Ligyz0y, Do+ >0, I{szo}).

P
_ p+pxL o Zj:l Sj
e 7n|rest ~ Gamma (s, r,), where s, = 222 +d; and the rate parameter r,, = =5~ +

ds.



1.5 Posterior inference of RBL-SS

1.5.1 Hierarchical model specification

Y, =W, a+ E[0+U;B+v ik/uz,
u;|v sy Exp(v), i=1,...,n,
% N0, 1),
v ~ Gamma (¢, ¢s),
a ~ N, (0, Xno),
0 ~ N, (0, Xgo),

Bitldjis 551 w ¢ N (0, s50) + (1 = d5)d0(Bj), j=1,....p;1=1,... L,

bji|m " Bernoulli(my), j=1,...,p;l=1,...,L,

sﬂ\n~Gamma(1,g), j=1,....pl=1,...,L,
T ~ Beta (al, b1>,

n ~ Gamma (dy, ds).

1.5.2 Gibbs Sampler
e u;|rest ~ Inverse-Gaussian(ii,,, Ay, ), where the shape parameter \,, = 2v, mean pa-
rameter i, = 4 /% and g, =Y, — W, a — E] 6 — U, .

e vlrest ~ Gamma (s, 7,,), where the shape parameter s, = ¢; + 2 and the rate param-
eter r, = co + >0 u + (262) 700w i

e alrest ~ N(tto, Xo), where

e = S S0 WiV, B0 UTB)
i=1

n —1
Yo = (1//{_2 > u Wi+ 2;3) .

=1

e O|rest ~ N(pg, Xg), where

fo = Dovk > Z u  Ey(Y — W, a - U, B),

=1



o Bplrest ~ 1;N(ug,,, 03.) + (1 — 1;)d0(8) where

n
2 —2 -1 ~
g, = 03, VK E u; Uijilii,
=1

=1

—1
n
-~ B 1
05, = <Vl€ 2 Zul U2, + s_ﬂ> :
US|
i —
m (1= m)si(03,) 7% exp { =303 (vr2 Xy u Ui}

and y;;; is defined as y;;; = Y; — W, a—E/0 — U(le)ﬁ(jl).

L

e The posterior of s is

Inverse-Gamma(1, 7), if B, =0

Inverse-Gaussian(n, /ﬂ%)? if 8; # 0.
il

—1
sj; |rest ~

e 7 |rest ~ Beta (a1 + > Loy, b1+ 225, I{gﬂzo}).

e 7|rest ~ Gamma (s,, r,), where s, = px L+d; and the rate parameter r, = %qLdg.

1.6 Posterior inference of RBSG

1.6.1 Hierarchical model specification

Y, =W,)a+E/0+U/B+ V_%/{\/u_izi,

ui|u%i Exp(v), i=1,...,n,
% " N(0, 1),

v ~ Gamma (¢, ¢s),
o~ Nq((), Za0)7
0 ~ Nk(07 290)7

m . 1 1 —
Bjlri, wi e N.(0, V;), where V; :d1ag{(—+ —) 1, | = 1727,”’[/}7
T

1 1)\ 2 L
_1 T 2
(o) orton(--28)

D
M, e < nin" exp {—dym — danp}

M‘H

L
Tj,bdjl,.. (JJ]L 1’]1,7720(H wjl
=1

ol ~1/0°

9



1.6.2 Gibbs Sampler

e u;|rest ~ Inverse-Gaussian(i,,, Ay, ), where the shape parameter \,, = 2v, mean pa-
rameter [, = 4 /% and g, =Y, — W,a— E]60 - U, B.

e vlrest ~ Gamma (s,, r,), where the shape parameter s, = ¢; + %" and the rate param-

eter 7, = ¢y + o ui + (26%) V00w g

o ajrest ~ N(uqo, Xq), where

Ho = Savi Y u ' WilYi - B[O - U] B),

i=1
n -1
Yo = (;m? > ul Wi+ za(g) .
i=1
e O|rest ~ N(pg, Xg), where

Lo = Tk > Z u; "By (Y; — WiTOé - UiTB),

i=1

n —1
Yo = <1//{_2Zui_lEiE;r +2;01) .

=1

o Bjlrest ~ N(ug;, Xg;) where

n
_92 1 ~
po; = Spvw "y ui Uisliy,
=1

n -1
Eﬁj = <l/li_2 ZU;IUZ]UJ + ‘/j_1> ;
i=1
and ¥;; is defined as 4;; = Y; — W, aa — E/ 0 — U(;),B(j).

— . 2
o 7 '|rest ~ Inv-Gaussian(n;, /%)
212

— . 2
o wﬂ1|rest ~ Inv-Gaussian(n, /%5-).
il
_p _ X
e n|rest ~ Gamma (s,,, 1, ), where s, = £4-1 and the rate parameter r,, = =5 4-d;.

o nolrest ~ Gamma (s,,, 7,,), where s,, = p x L + 1 and the rate parameter r,, =
Zjlel

S+ da.

10



1.7 Posterior inference of RBG

1.7.1 Hierarchical model specification

Y;:WiTa—}—EJO—FU;,B—}—I/_%I{\/U_iZi, 1=1,...,n,
w;|v d Exp(v), i=1,...,n,
% %N, 1), i=1,...,n,
v ~ Gamma (¢, ¢2),
a~ N, (0, ),
0 ~ N, (0, Xgo),

ind

/6J|Sj NNL(Oa SjIL)7 j:17"'7pa

L+1n

n~ G - - i=1,...
8]‘77 amma( 2 72)7 ] ) 7p7

n ~ Gamma (dy, ds) .

1.7.2 Gibbs Sampler

o u;|rest ~ Inverse-Gaussian(fi,,;, Ay, ), where the shape parameter \,, = 2v, mean pa-
rameter fi,, = /% and g, =Y, — W,a— E]6 - U, B.

e vlrest ~ Gamma (s,, 7,), where the shape parameter s, = ¢; + 37" and the rate param-
eter r, = co + > or up + (26270 u g

o alrest ~ N(ptq, Xq), where

Ho = Savi™2 Y ul WilY: — B[O - U] B),

i=1
n -1
Yo = (1//@_2 > ul Wi+ E;é) .
i=1
e O|rest ~ N(pg, Xg), where

l,l,g = Egyliiz Zu;lEZ(YQ - W,;Ta - UzT/B)u

i=1

n -1
3o = <1//<;_22u;1EiEiT +2;§) .

=1

11



o Bjlrest ~ N(ug;, Xp,;) where

n
) -1 ~
ua; = ZngIi E u, Uijyij,
i=1

-1
1
( Zu’lU Uy + IL> :
S
and ;; is defined as g;; =Y; — W, a — E;0 — U(;)B(j).

o 5;'[rest ~ Inverse-Gaussian(r, | /W)
212

P
_ p+pr

+d; and the rate parameter r, = = A

e n|rest ~ Gamma (s, r,,), where s, =

ds.

1.8 Posterior inference of RBL

1.8.1 Hierarchical model specification

Y, =W a+ E[0+U;B+v kw2,

w;|v £ Exp(v), i=1,...,n,
% % N(0, 1),

v ~ Gamma (¢, ¢2),
a ~ N, (0, Xno),
0 ~ N (0, Xgo),
ﬁjl\sjliﬁle(O, si), j=1...,p;l=1,...,L,
3jl|77NGamma<1,g>, =1 .pl=1,. 1L

n ~ Gamma (dy, d).

1.8.2 Gibbs Sampler

e u;|rest ~ Inverse- Gaussian(,uu , A\y;), where the shape parameter )\, = 2v, mean pa-
e and g; =Y, - W,)a— E/0 - U, 3.

rameter f,, = (Y =

e vlrest ~ Gamma (s,, r,), where the shape parameter s, = ¢; —|— 2 and the rate param-
eter 7, = ¢y + > ui + (26%) V00wt

12



o alrest ~ N(tto, X ), where

Mo = Dok > Zu;lwi(Y; —E/0-U/p),
i=1

n -1
Yo = (wﬁ > ul Wi+ E;é) .

=1

e O|rest ~ N(pg, Xg), where

po = Sovr S u ' Bi(Y - W a - U/ ),

=1

o Bjilrest ~ N(pug,,, aéﬂ) where

n
2 —2 —1 ~
gy, = 0g VK § u; Usjiyiji,
=1

-1
n
1
2 —2 —1772
0, = (VK, Zuz Uiﬂ—i——s ) ,

i=1 gl
and g;;; is defined as g;; =Y; — W, a — E;0 — U(;l)ﬁ(jl).

o 5 '|rest ~ Inverse-Gaussian(n, , /& ).

gl

e n|rest ~ Gamma (s, r,), where s, = px L+d; and the rate parameter r, = %—i—dg.

13



1.9 Posterior inference of BSG-SS

1.9.1 Hierarchical model specification

n R
Y|a797/3702 8 (0-2)_5 exp __Z(E_WzTa_EJ—O_UzTB)2 )
202 —

Q ~ Nq(O, Za0)7
0~ Nk(07 290)7
1 1
Bj = V;i°bj, where V? = diag{wj1, ..., wjr},
ind
bl ~ @I N (0, I) + (1 — ¢)d0(b;),
gb;’- |70 nd Bernoulli(m),
o ~ Beta (ao, bg) >
w nd w
wilgf ~ ¢ NT (0, 8%) + (1 = ¢57)d0(wy),
kst (S Bernoulli(my),
T Beta (al, b1> R

s? ~ Inverse-Gamma (L,n),

o? ~1/0%

1.9.2 Gibbs Sampler
e ajrest ~ N(tto, X ), where

fa = Za(0®) 'Y Wi(Y,— E{6 -U;B),

=1
1 -
_ T -1
Yo = (; > wiw + Ea()) .
=1

e O|rest ~ N(pug, Xg), where

po = Xo(0?)™! Z Ey(Y, - W a-U;p),

i=1

-1
1 ¢ T ~1

14



[ bj\rest ~ le(l,l,bj, Eb].) (1 — 1 )(SQ(b ) where
n 1 N
Py, = Sy, (0%) Z V2 Uijyij,
=1
n -1
1 3 Ty 3

o

1 ER. 1 — J
o -+ (1= 70)| S, |3 exp {555, S0, VAU )

and y;; is defined as g;; =Y; — W, a — E; 0 — U(;),B(j).

o wjlrest ~ 1% N* (1, aiﬂ) + (1 = 1})do(wj1) where
Hewy = wjl ijlleywla

-1
2 U2 b2
Ouwj = <g2 Z wlb]l ) )

wo_
gt —

Ut

2

0% n —~ W 71'
m (1= m)5s(02,) 7 exp {_ 2 (i bleijlyiﬂ)Q} @ (52))

Twy

and y;;; is defined as y;;; = Y; — W, a—E/0 — U(le)ﬁ(jl).

s?|rest ~ Inv-Gamma (1 + % Zj,l L, 20}, 1+ % Zj,l W?l)-

mo|rest ~ Beta (ao + Z§:1 I, -0y, bo + Z§:1 I{ﬁj:0}>.

7T1|rest ~ Beta (al + Z]}l I{wjﬁgo}, by + ZjJ I{wjl:()}).

7 is estimated with the EM approach used in the proposed method. For the gth EM

date n9) = 1 :
update n ZR [f?'y]

n ~2 —
o?|rest ~ Inv-Gamma(%, Zi:; Vi) where y; =Y, — W,)a— E0 — U, 3.

15



1.10 Posterior inference of BGL-SS

1.10.1 Hierarchical model specification

ind .
Bjloj, 0% 55 ~ ¢;NL (0, 0°s;1) + (1 — ¢;)00(B;), j=1,..
ojlmo 2 Bernoulli ™), J=1,...,p,

7o ~ Beta (ag, bo),

Sj’nJGamma<%7g)a J=1...,p,

n ~ Gamma (dy, ds),

o ~1/0%

1.10.2 Gibbs Sampler
e alrest ~ N(tto, Xq), where

Sa(0?) Y WY - E[6 -U/B),

i=1

-1
1 T -1
Y, = (ﬁ > wiw + za()) .
=1

Ha =

e O|rest ~ N(pg, Xg), where

po = Xo(0?)™! Z Ey(Y, - W a-U;B),

=1

-1
1 T -1

16
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o Bjrest ~ [;N(ug,, 0*33,) + (1 —1;)d0(B;) where

Mp; = g, Z Ui;jVij:

i=1

-1
Yig; = (ZU UT L) ’
o

- L _1 3 n ~ ’
7o+ (1= mo)s 7 [ B, exp { 51133, Yoy Ui}

and 7;; is defined as 4;; = Y; — W,'aa — E/ 0 — U(E)B(j)'
e The posterior of s; is
Inverse-Gamma(ZHt, 1), if B; =0,

Inverse-Gaussian(7), 4/ ﬁ), it 8; # 0.
J 12

s ' [rest ~

e mo|rest ~ Beta (ao + Z§:1 I, 40y, Do+ Z§:1 I{gj:0}>.

P
_ p+p><L _ 245=15
e njrest ~ Gamma (s, r,), where s, = +d; and the rate parameter r, = =5~ +

ds.

nLY5 1 Tigiz0y T 624300 (s5) 1B B, )

e o%|rest ~ Inv-Gamma( 5 , 3 , where y; = Y;— W, a—

E/60-U/B.

17



1.11 Posterior inference of BL-SS

1.11.1 Hierarchical model specification

n

n 1
Y|a7 97/6702 X (0-2)_5 exp {__ Z(Y; - WiTa - E';l—e - Uz—rﬁ)2} )

202 4
=1
Q ~ Nq(O, Za0)7

0~ Nk(07 290)7

ind .
Bildi, 02,55 '~ ¢ N (0, 0s5) + (1 — ¢)d0(Bi), j=1,...
djilm nd Bernoulli(my), j=1,...,p; [ =1,...

sjl|77i2JdGamma<1,g>, j=1,....,p;1l=1,...

T Beta (al, b1> s
n ~ Gamma (dy, ds),

o® ~1/0%

1.11.2 Gibbs Sampler
o alrest ~ N(tta, X ), where

n

pa =Sa(0®)' Y Wi(Y. - E/6-U;B),

i=1

-1
1 - T -1
Y, = (; > wiw + Ea()) .

i=1

e O|rest ~ N(pug, Xg), where

po = o(c?) ™! Z Ey(Y, -~ W a-U;B),

=1

—1
1 - T -1
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o Bplrest ~ 1;N(ug,,, 03.) + (1 — 1;)d0(8) where

n
pey =05, (02> Uinlligi
=1

To
ljl B 1 1 1 o3 ~ 2 ‘
7o+ (1 — o) (03, )4 (0%)F exp {—— (50, Unniin) }

and g;;; is defined as g;;; =Y; — W, a — E;0 — U(;l)ﬁ(jl).

e The posterior of sj; is

X Inverse-Gamma(1, 1), if B =
s |rest ~

Inverse-Gaussian(7, 17"—2), if 8;; # 0.

7T1|I"€St ~ Beta (Cll + Zj,l I{leyﬁo}u bl + Zj,l I{le:()}) .

n|rest ~ Gamma (s,, 7,), where s,, = px L+d; and the rate parameter r, = @%—dg.

n g0y T G005
o o?rest ~ Inv-Gamma(——=5—~ e

, 5 ), where g; = Y, — W, a —
1.12 Posterior inference of BSG
1.12.1 Hierarchical model specification
n 1 <
Y|, 0,8,0° o (0°) 2 exp {—ﬁ Y- W, a - E6 - Ufﬁ)Q} :
o
=1
o~ Nq((), Za0)7
0 ~ Nk<07 290)7

in . 1 1._
ﬁj’wjl,rj Nd NL(O, 02‘/].)7 where ‘/.; — d1ag{ (_ + _) 17 I

1,2,...,L}
ry W

L _1 L
1 (1 1 2 _1 Ui 12
T, Wi, - - WyiL|M1, M2 O H [(le) 2 (r_ + w_l) ] (rj)”2 exp <_5r]~ - EZ%‘Z) ;
I=1 J J I=1

D
M, e < nin" exp {—dym — danp}

ol ~1/0°
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1.12.2 Gibbs Sampler

o alrest ~ N(tto, Xq), where

n

fa = Za(0®) 'Y Wi(Yi— E[0 -

=1

U B).

-1
l T -1
Y, = (ﬁ > wiw + 2a0> .

i=1

e O|rest ~ N(pg, Xg), where

n

po = Zp(0”) 'Y Ei(Y; - W, a -

i=1
1< B
T —1
Y = (FE;EE + 290> :
o Bjlrest ~ N(ug;, Xg;) where
H3; E[—}J Z Uzija
(ZU uj -

and ;; is defined as 3;; = Y; — W, aa — E/ 0 — U(;)B(j

— . 2
o7 !rest ~ Inv-Gaussian(ny, 4/ ””ﬁl‘j‘ ).
a2

— . 2
. wjl1|rest ~ Inv-Gaussian(n, /%5z-).
gl

e 7|rest ~ Gamma (s,,, 7, ), where s, = £41 and the rate parameter r,, =

U B).

).

P
ZJ; L d,

o 1nolrest ~ Gamma (s,,, 7,,), where s,, = p x L + 1 and the rate parameter r,, =

Zi% | g,

~ —1
n4+px.L > y¢2+25:1 BJTVJ Bj )

e o?|rest ~ Inv-Gamma("“5*=, L

U/ B.

20
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1.13 Posterior inference of BGL

1.13.1 Hierarchical model specification

n 1
2 2\—2
Y’a707/670- OC(U ) QGXP{—ﬁZ(K— 1 - 1

a ~ N, (0,
0 ~ N (0,

2(10)7
290)7

ind .
Bjlo?, s; ~ Np (0, U2stL) . J=1,...,p,

sjln % Gamma <%

"2

n ~ Gamma (dy, ds),

o’ ~1

1.13.2 Gibbs Sampler
o alrest ~ N(tta, X ), where

n

/o2

n .
_)7 j:]-)"'apa

fa = Ta(0®) 'Y Wi(Yi— E{6 -U;B),

=1

-1
1 ¢ T -1
Yo = (ﬁ > wiw + Ea()) .
=1

o O|rest ~ N(pug, Xg), where

n

po = To(0*) 'Y Ei(Yi - W o

i=1

-1
1 < T -1
Yo = (E;EE +200> :

e Bjlrest ~ N(pg,, 0°Xg,) where

1p; = Eﬁj

(ZU U, +

- EZTH - U(—_l;)ﬂ(j)'

and 7;; is defined as 7;; = Y; — W'«

ZUijgijv

=1
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. sj_1|rest ~ Inverse-Gaussian(n, ”gfug).
212
P
L -y
e n|rest ~ Gamma (s,, r,)), where s, = E*E*£ + d; and the rate parameter r, = = +
ds.

Ei G (55) 1B By
o o%|rest ~ Inv-Gamma/(22xt ==t ® Tl B

U/ B.

1.14 Posterior inference of BL

1.14.1 Hierarchical model specification

Y’aa 07/6702 X (02)_% exp {_2_ Z(Y; - WiTa o E;ro - UTﬁ)Q} )

ind

ﬁjl|02a3leN<07 023jl>a ]:17apal:17aLa
sjl|n%l(}amma(l,g>, j=1,....,p;1l=1,...,L,
n ~ Gamma (dy, ds),

ol ~1/0°

1.14.2 Gibbs Sampler
o alrest ~ N(tto, Xq), where

fa = Ta(0®) 'Y _Wi(Yi— E{ 6 -U;B),

=1
1 & -
_ T -1
Yo = (ﬁ > wiw + 2a0> .
=1

e O|rest ~ N(pg, Xg), where

po = Sg(0?) ™ Z Ei(Y, - W;a-U/pB),

i=1

-1
1 n
Yo = (F Y EE[ + z;g) :

=1

22
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o Bjilrest ~ N(pug,,, aéﬂ) where

n
KB = Ugjl(o-z)_l Z Uijlgijlu
=1

—1
- 1
2 _ 2 2
i=1 gt
and @, is defined as g; =Y, — W,'aa— E] 6 — U(—;l)ﬁ(jl)-

— . 2
o 5;'[rest ~ Inverse-Gaussian(n, , [z )
3l

e 7|rest ~ Gamma (s, r,), where s, = px L+d; and the rate parameter r, = %—f—dg.

S G450 B ~
o o’[rest ~ Inv-Gamma(2H2E ==t Tl L) where i; = Y;— W, a—E] 0-U,' 8.
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2 Web Appendix B

2.1 Simulation results for Examples 2, 3 and 4

Web Table 3: Simulation results in Example 2 for methods with spike—and—slab priors.
(n,q,k,p) = (500, 3, 5, 100). mean(sd) of true positives (TP), false positives (FP)and
prediction errors (Pred) based on 100 replicates.

RBSG-SS  RBG-SS RBL-SS BSG-SS BG-SS BL-SS

Error 1 TP 24.87(0.35) 25.00(0.00) 24.53(0.51) 24.83(0.38)  25.00(0.00) 24.53(0.51)
N FP  1.63(1.16) 31.40(3.38)  2.30(1.86)  1.13(1.04)  29.20(1.10)  0.60(0.85)
Pred  0.85(0.03)  0.86(0.03)  0.86(0.03)  1.09(0.06)  1.13(0.06)  1.10(0.07)

Error 2 TP 22.23(1.76) 24.67(0.76) 19.23(1.72) 19.97(1.63) 24.47(0.90) 15.27(1.91)
L FP  1.90(1.30) 35.73(7.83)  2.10(1.40)  2.33(1.42)  34.13(7.44)  1.73(1.39)
Pred  2.24(0.14)  2.18(0.11)  2.38(0.16)  10.21(1.27)  9.13(0.94)  11.30(1.83)

Error 3 TP 21.50(1.48) 25.00(0.00) 17.43(2.13) 18.73(2.02)  25.00(0.00)  13.10(1.54)
Mix.L FP  213(1.14)  35.20(6.77)  1.90(1.37)  2.90(1.71)  34.00(6.88)  1.37(0.96)
Pred  2.39(0.18)  2.29(0.11)  2.52(0.22)  12.46(1.67) 10.40(0.94)  13.04(1.35)

Error 4 TP  23.58(1.49) 25.00(0.00) 21.04(2.29) 15.94(5.34) 23.18(3.50)  12.08(4.60)
t2 FP  0.80(0.93) 30.32(3.27)  0.78(1.07)  7.46(27.02) 53.50(58.05) 3.56(8.91)

Pred  1.85(0.16)  1.82(0.13)  1.92(0.17)  25.65(55.13) 25.63(67.60) 30.67(87.77)

Error 5 TP  24.12(1.00)  25.00(0.00) 21.82(1.90) 18.04(3.64) 24.24(1.88)  13.12(2.99)
logNor FP  0.90(1.02) 29.48(1.64)  0.82(0.90)  2.72(1.75) 36.12(12.21)  1.48(1.25)
Pred 1.81(0.13)  1.82(0.12)  1.89(0.15)  14.85(6.53) 12.87(5.94) 15.19(6.43)
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Web Table 4: Simulation results in Example 2 for methods without spike—and—slab priors.
(n,q,k,p) = (500, 3, 5, 100). mean(sd) of true positives (TP), false positives (FP) and
prediction errors (Pred) based on 100 replicates.

RBSG RBG RBL BSG BG BL

Error 1 TP  24.20(0.61)  25.00(0.00) 24.23(0.57) 24.33(0.61)  25.00(0.00)  24.30(0.60)
N FP  293(1.86) 54.80(17.34) 3.30(1.97)  1.87(1.61) 56.20(10.30) 5.77(2.56)
Pred  1.14(0.05)  1.32(0.06)  1.15(0.05)  1.74(0.12)  2.13(0.14)  2.01(0.15)

Error 2 TP  14.00(2.27) 22.20(2.33) 13.63(2.66) 13.70(2.29) 23.63(1.61)  14.20(1.97)
L FP  0.60(0.85) 31.40(12.07) 0.83(1.05)  1.33(1.18)  62.77(24.90) 8.80(4.54)
Pred  257(0.13)  2.77(0.14)  2.58(0.14)  12.18(1.15) 14.42(1.40)  14.91(1.43)

Error 3 TP  12.40(2.03) 22.47(1.17) 12.27(1.87) 12.43(1.77) 23.20(1.49) 13.37(2.13)
Mix.L FP  057(0.77)  29.33(5.54)  0.60(0.93)  1.47(1.31)  59.80(13.17)  8.17(3.04)
Pred  2.69(0.11)  2.86(0.11)  2.69(0.10)  13.59(1.05)  16.32(1.46)  16.93(1.60)

Error 4 TP 15.98(2.92) 23.04(2.78) 16.10(3.12) 10.20(5.31)  20.52(5.81)  11.08(5.00)
t2 FP  0.26(0.53) 27.36(6.21)  0.30(0.65)  2.34(3.56)  65.04(30.70)  9.38(6.26)

Pred  2.19(0.16)  2.35(0.16)  2.21(0.17)  26.27(53.26) 34.08(78.47) 34.95(79.04)

Error 5 TP 16.48(2.69) 23.48(1.58) 16.30(2.63) 11.96(3.66) 22.26(3.70)  12.70(3.50)
logNor FP  0.32(0.59) 28.72(5.89)  0.34(0.59)  1.40(1.21)  62.34(20.52)  8.34(3.77)
Pred  2.20(0.14)  2.41(0.14)  2.20(0.13)  15.79(5.97) 18.90(6.61)  19.53(6.65)
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Web Table 5: Simulation results in Example 3 for methods with spike-and-slab priors.
(n,q,k,p) = (500, 3, 5, 100). mean(sd) of true positives (TP), false positives (FP)and
prediction errors (Pred) based on 100 replicates.

RBSG-SS  RBG-SS RBL-SS BSG-SS BG-SS BL-SS

Error 1 TP 24.00(0.91)  25.00(0.00) 22.13(1.57) 24.33(0.66)  25.00(0.00)  22.83(1.37)
N FP  1.85(1.46) 33.40(5.21)  1.87(1.36)  1.27(1.34)  29.60(1.83)  0.77(1.04)
Pred  0.86(0.03)  0.86(0.03)  0.89(0.03)  1.11(0.07)  1.13(0.07)  1.17(0.10)

Error 2 TP 17.63(2.37) 24.73(0.69) 14.37(2.54) 15.00(2.32)  23.73(1.46)  11.00(1.95)
L FP  250(1.41) 33.27(5.14)  2.67(1.99)  2.60(1.43)  30.67(6.69)  1.87(1.53)
Pred  2.33(0.12)  2.15(0.10)  2.40(0.17)  10.37(1.01)  9.01(0.81)  10.71(0.94)

Error 3 TP 17.23(1.77) 24.80(0.61) 14.47(2.21) 15.10(2.29) 23.67(1.77)  11.03(1.38)
Mix.L FP  227(1.78)  32.20(6.94) 1.63(1.43)  2.13(1.70)  30.93(5.48)  1.17(1.34)
Pred  2.39(0.13)  2.24(0.10)  2.45(0.13)  11.98(1.45) 10.32(1.04)  12.37(1.41)

Error 4 TP  23.63(1.19) 24.67(0.92) 20.13(2.19) 15.07(4.69) 22.67(3.68) 11.40(4.01)
t2 FP  1.30(1.12)  29.13(2.67)  1.17(0.95)  3.37(1.88)  29.93(9.48)  2.37(1.97)

Pred  1.48(0.13)  1.45(0.11)  1.55(0.14)  12.66(12.40) 10.10(8.77) 12.75(11.83)

Error 5 TP 24.80(0.48)  25.00(0.00) 23.57(1.43) 20.30(2.83) 24.87(0.51) 15.87(2.32)
logNor FP  0.33(0.55) 29.60(1.83)  0.40(1.04)  3.00(1.66)  32.93(5.86)  2.33(1.63)
Pred  1.19(0.10)  1.21(0.10)  1.21(0.11)  6.055(1.77)  5.47(1.73)  6.54(1.75)
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Web Table 6: Simulation results in Example 3 for methods without spike-and—slab priors.
(n,q,k,p) = (500, 3, 5, 100). mean(sd) of true positives (TP), false positives (FP) and
prediction errors (Pred) based on 100 replicates.

RBSG RBG RBL BSG BG BL
Error 1 TP 21.27(1.17)  25.00(0.00) 21.30(1.06)  22.23(0.94)  25.00(0.00)  22.13(1.28)
N FP  1.97(1.56) 45.40(11.68) 2.03(1.56)  1.23(1.33)  43.60(10.41)  3.37(2.03)
Pred  1.08(0.04)  1.21(0.05)  1.07(0.04)  1.57(0.12)  1.87(0.13)  1.79(0.13)
Error 2 TP 840(1.87) 18.67(2.68) 827(2.02)  8.07(1.57)  20.73(2.65)  8.73(2.15)
L FP  0.43(0.63)  20.73(4.93)  0.57(0.77)  0.67(0.66)  36.27(11.59)  3.83(2.05)
Pred  2.44(0.13)  2.58(0.13)  2.44(0.12)  10.97(1.05) 12.78(1.31)  13.02(1.33)
Error 3 TP 843(2.18) 16.70(3.29)  8.70(2.00)  7.97(2.04)  18.60(3.07)  8.27(1.78)
Mix.L FP  0.33(0.71)  17.70(4.60)  0.43(0.73)  0.60(0.72)  33.60(10.63)  3.70(2.34)
Pred  254(0.11)  2.69(0.12)  2.55(0.11)  12.33(1.15)  14.30(1.40)  14.55(1.40)
Error 4 TP 13.77(2.18) 21.20(2.06) 13.67(2.04)  9.67(3.74)  20.60(4.79)  9.77(3.76)
t2 FP  0.43(0.63) 22.80(3.98)  0.57(0.63)  1.03(1.13)  38.00(12.21)  4.47(2.50)
Pred 1.73(0.12)  1.85(0.13)  1.73(0.13)  11.78(9.05) 13.94(11.84) 14.22(12.41)
Error 5 TP 19.10(1.86) 24.87(0.73) 19.10(1.60) 15.27(2.94) 24.07(1.70)  15.07(2.88)
logNor FP  0.20(0.48) 31.13(5.96)  0.23(0.57)  1.10(1.16)  43.93(11.82) 3.83(2.21)
Pred  1.45(0.08)  1.61(0.09)  1.46(0.08)  6.13(1.13)  7.19(1.24)  7.16(1.29)
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Web Table 7: Simulation results in Example 4 for methods with spike-and-slab priors.
(n,q,k,p) = (500, 3, 5, 100). mean(sd) of true positives (TP), false positives (FP) and
prediction errors (Pred) based on 100 replicates.

RBSG-SS RBG-SS RBL-SS BSG-SS BG-SS BL-SS

Error 1 TP 24.93(0.37)  25.00(0.00) 24.93(0.25)  25.00(0.00)  25.00(0.00)  24.90(0.31)
N FP  1.33(0.99) 30.60(3.84)  1.47(1.25)  1.00(1.02)  29.20(1.10)  0.33(0.61)
Pred  0.84(0.02)  0.88(0.02)  0.85(0.03)  1.10(0.04)  1.20(0.06)  1.11(0.05)
Error 2 TP  20.80(2.65) 23.60(1.47) 17.24(2.96) 18.58(3.46) 23.04(1.64)  14.08(3.26)
L FP  1.32(1.22)  30.76(4.93)  1.66(1.29)  1.98(1.53)  27.72(5.49)  1.42(1.25)
Pred  2.25(0.11)  2.22(0.08)  2.37(0.12)  10.32(1.25)  9.53(0.75)  11.43(1.20)
Error 3 TP  20.56(2.73) 23.69(1.38) 16.53(3.20) 17.56(3.49) 22.80(1.65) 12.67(3.39)
Mix.L FP  1.40(1.30)  30.04(5.46) 1.78(1.82)  1.76(1.28)  27.60(5.24)  1.22(1.43)
Pred  2.38(0.13)  2.35(0.10)  2.51(0.16)  12.04(1.40) 11.12(0.96)  13.32(1.44)
Error 4 TP  24.60(0.93) 24.67(0.92) 23.77(1.57) 20.10(6.38) 22.27(5.10)  15.63(6.69)
t2 FP  0.40(0.56)  29.13(2.97)  0.47(0.73)  1.83(1.90)  28.13(9.22)  1.17(1.15)
(6.95)
(1.83)
)

Pred  1.48(0.09)  1.52(0.09)  1.51(0.11)  11.54(6.94) 11.33(6.95)  12.64(6.74)
Error 5 TP 23.16(1.68) 24.96(0.28) 19.60(2.14) 15.64(3.76) 23.44(1.83) 11.60(2.75)
logNor FP  1.08(1.16)  29.16(1.33)  0.72(0.83)  2.20(1.83)  30.56(7.43)  1.48(1.43)
Pred 156(0.14)  1.53(0.13)  1.63(0.15)  10.98(5.80)  9.45(5.38)  11.38(6.03)
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Web Table 8: Simulation results in Example 4 for methods without spike—and—slab priors.
(n,q,k,p) = (500, 3, 5, 100). mean(sd) of true positives (TP), false positives (FP) and
prediction errors (Pred) based on 100 replicates.

RBSG RBG RBL BSG BG BL

Error 1 TP 21.47(1.87) 24.40(1.07) 21.67(1.81) 22.70(1.64) 24.87(0.51) 22.53(1.85)
N FP  3.17(251) 56.00(20.03) 3.33(2.59)  2.30(1.66)  66.33(14.04) 6.57(2.62)
Pred  1.26(0.06)  1.44(0.07)  1.27(0.06)  2.40(0.27)  2.83(0.24)  2.75(0.30)

Error 2 TP  9.08(2.54)  19.38(3.12)  9.20(2.60)  9.68(2.41)  20.82(2.93)  10.80(2.65)
L FP  0.78(0.86)  30.30(10.26) 0.84(0.89)  2.18(1.48)  65.94(19.60) 8.62(3.38)
Pred  2.67(0.08)  2.89(0.09)  2.67(0.09)  13.54(0.87) 16.38(1.19)  16.87(1.27)

Error 3 TP 851(2.31) 18.71(3.37)  8.62(2.33)  9.02(2.33)  20.60(2.76)  10.58(2.50)
Mix.L FP  0.56(0.69) 25.29(7.94)  0.56(0.66)  1.87(1.36)  56.87(15.55) 7.38(2.91)
Pred  2.79(0.11)  3.00(0.12)  2.79(0.12)  15.34(1.29)  18.66(1.69)  19.30(1.88)

Error 4 TP 13.30(3.32) 21.93(2.72) 13.47(3.33)  10.93(4.30)  20.97(4.76)  11.97(4.43)
t2 FP  0.50(0.57)  29.07(9.28)  0.40(0.50)  1.70(1.39)  60.03(20.56)  7.90(3.92)

Pred  2.03(0.12)  2.22(0.12)  2.03(0.12)  15.20(7.98) 18.61(12.19) 19.41(13.39)

Error 5 TP 14.38(2.64) 22.36(2.22) 14.40(2.70) 10.12(3.53)  20.84(3.74)  10.56(3.39)
logNor FP  0.30(0.58)  25.16(4.36)  0.22(0.46)  0.88(1.12)  36.52(12.60) 3.70(2.57)
Pred  1.84(0.15)  1.99(0.17)  1.84(0.15)  11.23(5.54) 13.02(5.80)  13.18(5.90)
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2.2 Hyper-parameters sensitivity analysis

We demonstrate the sensitivity of RBSG-SS for variable selection to the choice of the hyper-
parameters for my and 7. We consider five different Beta priors: (1) Beta(0.5, 0.5) which
is a U-shape curve between (0,1); (2) Beta(1, 1) which is a essentially a uniform prior; (3)
Beta(2, 2) which is a quadratic curve; (4) Beta(1, 5) which is highly right-skewed; (5) Beta(5,
1) which is highly left-skewed. As a demonstrating example, we use the same setting of Ex-
ample 1 to generate data under Error 2. Web Table [0 shows the identification performance
of the median thresholding model (MPM) with different Beta priors. For all choices of Beta
priors, the MPM model is very stable. Also, RBSG-SS correctly identifies most of the true
effects with low false positives in all cases. Therefore, we simply use Beta(1, 1) as the prior
for m, and 7 in this study.

In addition, we evaluate the sensitivity of RBSG-SS to the choice of the Gamma hy-
perprior on v. We test the shape parameter of the Gamma prior for five different values:
{0.1,0.5,1,2,5}, ranging from highly skewed exponential shape to highly diffuse unimodal
shape. The rate parameter is fixed at {1,2,5}. We test different combinations of shape and
rate parameters on a two-dimensional grid. In Web Table [9, we show the simulation results
of some representative cases under the scenarios of Example 1. RBSG-SS model has stable
performance with high TP and low FP for different Gamma priors. Similar patterns are
observed for all other cases. In this study, we use Gamma(1, 1) for v under all scenarios.

Web Table 9: Sensitivity analysis for RBSG-SS under Example 1 for Beta hyperprior (upper
panel) and Gamma hyperprior (lower panel). mean(sd) of true positives (TP), false positives
(FP) and prediction errors (Pred) based on 100 replicates.

TP FP Pred
Beta(0.5, 0.5) 21.31(1.67) 1.71(1.50) 2.19(0.11)
Beta(l, 1) 21.66(1.72) 1.32(1.33) 2.17(0.10)
Beta(2, 2) 21.13(2.10) 1.47(1.16) 2.18(0.10)
Beta(l, 5) 20.82(1.71) 1.38(1.30) 2.17(0.10)
Beta(5, 1) 21.58(1.75) 2.22(1.52) 2.19(0.09)

TP FP Pred
Gamma(0.1, 1) 20.95(2.06) 1.38(1.19) 2.19(0.12)
Gamma(0.5, 2) 20.93(1.95) 1.70(1.30) 2.19(0.10)
Gamma(l, 1) 21.66(1.72) 1.32(1.33) 2.17(0.10)
Gamma(l, 5) 20.91(2.10) 1.52(1.40) 2.18(0.12)
Gamma(2, 5) 20.81(1.88) 1.48(1.30) 2.18(0.10)
Gamma(5, 1) 20.89(2.06) 1.78(1.40) 2.18(0.10)
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2.3 Assessment of the convergence of MCMC chains

Following Li et al. [Li et al| (2015), we assess the convergence of the MCMC chains by
the potential scale reduction factor (PSRF).Brooks and Gelman| (1998); Gelman and Rubin
(1992) PSRF values close to 1 indicate that chains converge to the stationary distribution.
Gelman et al. |(Gelman et al. (2004) recommend using PSRF< 1.1 as the cutoff for conver-
gence, which has been adopted in our study. We compute the PSRF for each parameter and
find all chains converge after the burn-ins. For the purpose of demonstration, Web Figure
shows the pattern of PSRF of the first five groups of coefficients in Example 1 under Error
2. The figure clearly shows the convergence of the proposed Gibbs sampler.

T T T T T T T T T T T T T T T T T T T T
0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000

T T T T T T T T T T T T T T T T T T
0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000

T T T T T T T T T T T T T T T T T T
0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000

T T T T T T T T T T T T T T T T T T
0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000

T T T T T T T T T T T T T T T T T T
0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000

Web Figure 2: Potential scale reduction factor (PSRF) against iterations for the first five
groups of coefficients in Example 1. Black line: the PSRF. Red line: the threshold of 1.1.
The ;1 to 8¢ represent the six estimated coefficients for the main and interaction effects in
the jth group, (j =0,...,5), respectively.
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2.4 Computational cost

We examine the computational cost of the proposed and alternative methods. As a demon-
strating example, Web Table [10[shows the CPU time of different methods for finishing 15,000
MCMC iterations under the setting of Example 1.

Time (seconds) Time (seconds)
RBSG-SS 64.29 BSG-SS 55.35
RBG-SS 44.94 BG-SS 55.08
RBL-SS 28.79 BL-SS 29.26
RBSG 40.14 BSG 36.01
RBG 19.33 BG 35.15
RBL 10.50 BL 11.18

Web Table 10: Computational cost analysis under the setting of Example 1. time: CPU
time (in seconds) for 15,000 MCMC iterations.
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2.5

Estimation results for data analysis

Web Table 11: Analysis of the NHS T2D data using RBSG-SS.

SNP Gene chol act gl ceraf  alcohol
3.503 -3.447 0.752 -3.364 -2.639

rs10741150 DOCK1 -0.948

rs10765059 TCERGI1L -0.531 0.877

rs10786611 RF00019 0.668  0.723 0.530

rs10884466 RNA5SP326  -0.466 0.643

rs10885423 NRG3 -0.715

rs10886442 GRKS5 0.805

rs11196539 NRG3 -0.608 -0.801

rs11198590 CACUL1 -0.494 0.994 -0.687

rs11259039 FRMD4A 1.016

rs1194657 THAP12P3 0.798

rs1219508  RPS15AP5 -0.742

rs12265854 SLC16A12 0.397

rs12414552 TCERGIL 0.667 0.470  0.585 -0.690

rs12767723 SLC25A18P1  0.820 -0.515

rs12772559 TACR2 0.938 0.510

rs12774333 LRMDA -0.599

rs12775160 FOXI2 -0.651 -0.501 0.647

rs16916794 SLC39A12 -0.552  0.511 0.455

rs16920092 PLXDC2 -0.843

rs17094114 GFRA1 -0.615

rs2492664  OR6L1P 0.695 -0.737

rs2784767  PLAC9 -0.540

rs2814322  GRID1 -0.830

rs3740063  ABCC2 -0.966

rs3763722  LARP4B 0.332 -1.156 0.866

rs4411238 PRKG1 0.537

rs4578341  CHST15 -0.822 0.602

rsd747517  ITIH5 -1.468 0.920

rsd749926  IL2RA -0.840 -0.815

rs4917817  PYROXD2 -0.624 0.594

rs4918904  XRCC6P1 0.997

rs6482836  DOCK1 -0.957 1.067

rs7070789  GPAM -1.245 -0.791

rs7072255  ANTXRLP1 0.800

rs7077721  SNRPD2P1 0.858 0.774

rs7896554 NACAP2 0.840 -0.630 -0.565

rs7897847  LGI1 0.962

rs870753 CFAPS38 -0.783
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Web Table 11: Continued from the previous page.

SNP Gene chol act gl ceraf  alcohol
rs881726 GFRA1 1.001
Web Table 12: Analysis of the NHS T2D data using RBL-SS.

SNP Gene chol act gl ceraf  alcohol

1.354 -0.430 -0.778 -2.424 -4.000
rs1041168  PLPP4 0.463
rs10741150 DOCKI1 -1.126
rs10786611 RF00019 0.632
rs10794069 ADAM12 0.524
rs10824802 MBL2 0.553
rs10884466 RNA5SP326  -0.439 0.503
rs10885423 NRG3 -1.060
rs10886047 MIR3663HG -0.410
rs10886442 GRKSH5 1.087
rs10998780 ATP5MC1P7 0.150
rs11003665 RNA5SP318 0.632
rs11013740 KIAA1217 0.852
rs11196539 NRG3 -0.624
rs11198590 CACUL1 -0.628
rs11202221 BMPRI1A 0.815
rs11259039 FRMD4A 1.021
rs11595123 AKRI1E2 1.079
rs11813505 KIAA1217 1.301
rs1194657 THAP12P3 0.663
rs1219508 RPS15AP5 -0.886
rs12265854 SLC16A12 0.596
rs12269237 RF00017 0.884
rs12414552 TCERGIL 0.594
rs12414627 PNLIPRP1 -0.551
rs12767723 SLC25A18P1  0.962
rs12772559 TACR2 0.906
rs12774333 LRMDA -0.449
rs12775160 FOXI2 -0.560
rs1573137  SORCS3 0.615
rs16916794 SLC39A12 -0.803 0.528
rs16920092 PLXDC2 -0.655
rs17094114 GFRA1 -0.563
rs2291314 PLPP4 0.536
rs2420979  TACC2 -1.091
rs2492664  ORGL1P 0.655 -0.363

Continued on the next page
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Web Table 12:

Continued from the previous page.

SNP Gene chol act gl ceraf  alcohol

rs2664339  RNU6-543P  -0.501

rs2666236  IATPR 0.689

rs2784767  PLAC9 -0.452  0.730

rs2814322  GRID1 -0.806

rs2842129  DYNCI1I2P1  -0.662

rs2900814  SNRPD2P1 -0.643

rs3740063  ABCC2 -0.885

rs3763722  LARP4B 1.036

rs4411238  PRKG1 0.399

rs4578341  CHST15 -0.582 0.479

rs4747009  LRRC20 0.710

rsd747517  ITIH5 -0.905

rsd749926  IL2RA -0.607

rs4752432  PLPP4 0.725

rs4917817  PYROXD?2 -0.506

rs4934762  PCAT5 -0.560

rs6482836  DOCK1 -0.709

rs7070789  GPAM -0.820

rs7072255 ANTXRLP1 0.811

rs7077721  SNRPD2P1 0.702

rs7894809  PCGF5 0.501

rs7896554 NACAP2 0.850 -0.953

rs7897847  LGI1 0.929

rs7903853  FRMD4A -1.185

rs7920351 TCERGIL -0.713

rs881726 GFRA1 0.675

rs943213 DOCK1 -0.939

Web Table 13: Analysis of the NHS T2D data using BSG-SS.

SNP Gene chol act gl ceraf  alcohol
2.045 -2.049 -2.204 -1.796 -4.436

rs1041168  PLPP4 0.638

rs10765059 TCERGI1L 0.709

rs10786611 RF00019 0.773  0.556

rs10829671 EBF3 -0.505

rs10884466 RNASSP326  -0.563 0.625

rs10886442 GRKSH 1.038

rs10998780 ATP5MC1P7 0.704

rs11017821 TCERGIL 0.665

rs11198590 CACULI1 -0.698 0.905  0.568
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Web Table 13:

Continued from the previous page.

SNP Gene chol act gl ceraf  alcohol
rs11200996 CCSER2 0.508
rs11259039 FRMD4A 1.174

rs1219508 RPS15AP5 -0.787

rs12265854 SLC16A12 0.681 -0.494

rs12269237 RF00017 0.684
rs12414552 TCERGIL 0.480

rs12764378 ARID5B -0.420

rs12767723 SLC25A18P1  0.638 -0.559
rs12775160 FOXI2 -0.762 0.893
rs1361709 PCDH15 -0.852

rs1395465  RNT7SL63P 0.292

rs16916794 SLC39A12 -0.614 0.580 0.622

rs16920092 PLXDC2 -0.692
rs17094114 GFRA1 -0.676

rs17469499 KIAA1217 -0.527
rs2472737  RET 0.629

rs2577356  GFRAL1 0.875
rs2784767  PLAC9 -0.569  0.537

rs2792708  GPAM 0.488

rs2900814  SNRPD2P1  -0.460

rs2926458  RNU6-463P  -0.680

rs3763722 LARP4B -1.251 1.186
rs4411238  PRKGI1 0.619

rsd4747517  ITIH5 -1.257

rs4752432  PLPP4 0.956

rs4917817  PYROXD2 -0.626 0.630

rs4922535  GDF10 -0.601 -0.649
rs4934762  PCAT5 -0.640

rs4934858  NRP1 0.281

rs6482836  DOCKI1 -0.773

rs7070789  GPAM -0.642

rs7072255 ANTXRLP1 0.723

rs7085788  RHOBTBI1 -0.720

rs7086058  RNT7SKP143  -0.507

rs716168 VTI1A -0.570

rs7894809 PCGF5 0.642

rs7895870  RN7SKP167 -0.867

rs7896554 NACAP2 1.097 -0.477

rs7917422  HTRY 0.794
rs881726 GFRA1 0.933
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Web Table 14: Analysis of the NHS T2D data using BL-SS.

SNP

Gene

chol act gl ceraf  alcohol

rs1041168
rs10508670
rs10765059
rs10829671
rs10884466
rs10998780
rs11017821
rs11198590
rs11200996
rs11202221
rs11259039
rs11594070
rs1194657
rs12248205
rs12256982
rs12265854
rs12269237
rs12412976
rs12414552
rs12414627
rs12764378
rs12767723
rs12775160
rs1361709
rs1395465
rs1573137
rs16916794
rs16920092
rs17094114
rs17469499
rs2384105
rs2420979
rs2472737
rs2577356
rs2784767
rs2792708
rs2900814
rs2926458
rs3763722
rs4411238

PLPP4
KIAA1217
TCERGIL
EBF3

RNA5SP326
ATP5MC1P7

TCERGI1L
CACUL1
CCSER2
BMPRI1A
FRMD4A
ATE1-AS1
THAP12P3
CDH23
ZMIZ1
SLC16A12
RF00017
RPLP1P10
TCERGIL
PNLIPRP1
ARID5B

SLC25A18P1

FOXI2
PCDH15
RN7SL63P
SORCS3
SLC39A12
PLXDC2
GFRA1
KIAA1217
SNRPEPS8
TACC2
RET
GFRA1
PLAC9
GPAM
SNRPD2P1
RNUG6-463P
LARP4B
PRKG1

0.670

-0.717
-0.528

1.020

0.661

0.549
-0.564
1.062
-0.636
0.562
-0.430
-0.734
-0.629

0.553

-0.593
0.568

-0.527

0.461

3.095 -2.406 -2.373 -1.716 -3.721
0.773

0.445

1.195
0.307
1.273
0.509
0.954

-0.401
0.681
-0.938
0.152
-0.830
0.864
0.592  -0.590

-0.572

-0.729
0.869
0.862
-0.508
-0.680
-0.738
0.739
0.576
-0.157

-1.002 1.151

Continued on the next page
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Web Table 1

4: Continued from the previous page.

SNP Gene chol act gl ceraf  alcohol
rs4747009  LRRC20 1.016
rs4747517  ITIH5 -1.695

rs4752432  PLPP4 0.787
rs4917817  PYROXD2 -0.637 0.751

rs4934762  PCATS5 -0.771

rs4934858  NRP1 0.496

rs6482836  DOCKI1 -0.899

rs7069001  WDFY4 -0.942

rs7070789  GPAM -1.154 -0.771
rs7077718  DNMBP -0.661

rs7085788  RHOBTBI1 -0.721

rs7086058  RNT7SKP143  -0.872

rs716168 VTI1A -0.662

rs7894809 PCGF5 0.828

rs7895870  RN7SKP167 -1.295

rs7896554  NACAP2 0.989

rs7917422  HTRY 0.663 1.306
rs7920351 TCERGIL -1.059

rs809836 LYZL1 1.109

rs881726 GFRA1 0.922
rs915216 DUSP5 1.102

Web Table 15: Analysis of the TCGA SKCM data using RBSG-SS.

Gene clark  stage age  gender
0.834 0.228 -0.116 -0.183

AHNAKRS 0.107

ANKRD28 0.134 0.138

ASH2L -0.297

BTD -0.312

C10ORF140 -0.002 0.246 -0.083 -0.022 0.092

CD44 0.070

CHP1 0.107  0.045

CXCL6 0.126  -0.120 -0.095

DLG6 0.113 -0.015 0.067 0.185 -0.142

DOK5 -0.066

ETNK2 0.152

FILIP1 -0.030

JADE1 -0.147

JPH4 0.115

KBF2 -0.032  0.182 0.034 -0.026

Continued on the next page
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Web Table 15: Continued from the previous page.

Gene clark  stage age  gender
LRRN2 -0.061

MAGED4  -0.098 -0.020

NHSL2 -0.088

PITPNA 0.151 -0.051 -0.012 -0.033 0.008
SOXS 0.088 -0.212

TMEM145 0.048
TMEM159 0.160 -0.121 -0.042 0.189
WBSCR27 0.070 0.126

Web Table 16: Analysis of the TCGA SKCM data using RBL-SS.

Gene

clark  stage age  gender

AHNAKRS
ANKRD28
ASH2L
BATAP2
BTD
C1ORF140
C10ORF54
CHP1
CPXM1
CSNK2A2
CYP1BI1-AS1
DAP
DLG6
ETNK2
FHL5
FILIP1
GAMT
IL1IRA
IQCK
JADE1L
JPH4
KDMG6B
LRFN2
MACED4
MAPE
MPD1
NHSL2
PAX1

0.084
0.191

0.043

0.081

-0.003

0.036

0.109

-0.087

-0.161

-0.130

-0.078
-0.144
0.171

0.926 -0.062 -0.011 0.388
0.207

-0.258

-0.309
0.129

-0.255

-0.102
-0.111
0.005

0.104
-0.116
0.242

0.220
-0.016
0.082
-0.090
0.159
-0.142
0.096
-0.191

-0.306
0.217

Continued on the next page
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Web Table 16: Continued from the previous page.

Gene clark  stage age  gender
PBX2 0.141 0.130
PITPNA 0.161 -0.056
RNPEPL1 0.052

SLC12A5 -0.081
SOX8 0.140 -0.091

STPG1 0.184

TMEM145 0.222
TMEM159 0.123

TNFAIP1 0.283
TP53TG1 0.102 -0.063
WBSCR27 0.090 0.126

Web Table 17: Analysis of the TCGA SKCM data using BSG-SS.

Gene clark  stage age  gender
0.487 0.163 0.048 0.087

AHNAKRS 0.120
ANKRD28  0.138
ARMC(CY 0.008

ASH2L 0.019 -0.194 -0.107

BTD -0.303 -0.138
C140RF2 0.251

C10ORF140 0.100  0.024 0.029
CDh44 0.125
CHP1 0.123

CPXM1 -0.047

CXCL6 0.032

DLG6 0.093 0.204 -0.061
DOK5 -0.052

ETNK2 0.094

FILIP1 -0.049

GAMT -0.004

IL11RA -0.045

JADE1 -0.149

JPH4 0.110

KBF2 -0.077

LRRN2 -0.073

MAGED4  -0.122

MAPE -0.217
NHSL2 -0.026

PBX2 0.133 0.155

Continued on the next page
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Web Table 17: Continued from the previous page.

Gene clark  stage age  gender
PHP1B -0.076

PITPNA 0.150 0.077 0.038 -0.039
SOXS8 0.103 -0.148

STPG1 0.197

TMEM145 0.015 -0.045 0.147
TMEM159  0.140 0.113
TNFRSF4 0.077

TP53TG1 0.072

WBSCR27 0.015 0.092

ZFP62 -0.010

Web Table 18: Analysis of the TCGA SKCM data using BL-SS.

Gene

clark  stage

age

gender

AHNAKRS
ANKRD28
ASH2L
BTD
C140RF2
C1ORF140
CELSR2
CHP1
CPXM1
CSNK2A2
CYP1BI1-AS1
DAP
DLG6
ETNK2
FHL5
FILIP1
GAMT
IL11RA
IQCK
JADEL
JPH4
KBF2
KDMG6B
LRFN2
LRRN2
MACED4

0.102
0.180

0.080
-0.067
-0.026

0.088
0.206

-0.056

-0.203

-0.089

-0.091
-0.113

0.545 0.308
0.134
-0.386
0.126

0.199
0.112

0.104

0.076
-0.062

0.101

-0.173
0.109

0.080

-0.185

-0.139
0.236

0.058

0.047

-0.089

-0.098

Continued on the next page

41



Web Table 18: Continued from the previous page.

Gene clark  stage age  gender
MAPE -0.114
MPD1 -0.100

NHSL2 -0.035

PAX1 0.050

PBX2 0.126 0.072

PHP1B -0.054
PIP4K2C -0.101

PITPNA 0.193

PTP4A3 -0.138

RNPEPL1 0.171

SAA2 0.021 -0.058
SLC12A5 -0.112
SOX8 0.132 -0.084

TIE1 -0.093

TMEM145 0.188
TMEM159 0.174 0.181
TP53TG1 0.156 -0.030
WBSCR27 0.048 0.105

2.6 Implications of the markers identified by RBSG—SS
2.6.1 Nurses’ Health Study (NHS) data

The proposed RBSG-SS identifies 22 main SNP effects and 45 GxE interactions. The
detailed estimation results are provided in Web Table [11 We observe that the proposed
method identifies the main and interaction effects of SNPs with important implications in
obesity. For example, two important SNPs, rs6482836 and rs10741150, located within gene
DOCKI1 are identified. DOCKI1 (Dedicator Of Cytokinesis 1) has been reported as a putative
candidate for obesity-related to adiponectin and triceps skinfold by previous studies (Kim
et al. (2019); Vaughan et al| (2015)). RBSG-SS identifies the main effect of rs6482836
and its interaction with the E factor act. Physical activity plays an important role in the
prevention of overweight and obesity (Wareham et al. (2005)). This result suggests that
individuals carrying this variant in DOCK1 may react differently than others to increasing
physical activity in obesity prevention. RBSG-SS also identifies the interaction between
rs10741150 and the E factor chol, suggesting that the effect of DOCKI1 can be mediated
by cholesterol level. Interestingly, a previous study has shown that the expression level of
DOCKS5, an important paralog of DOCKI, is increased in individuals exposed to a diet high
in saturated fatty acids (El-Sayed Moustafa et al.|(2012)). Our results provide more evidence
of the importance of DOCKI1 in obesity and obesity-related diseases. Another example is
the SNP rs11196539, located within gene NRG3. NRG3 (Neuregulin 3) has been found to
be associated with both the basal metabolic rate (BMR) and body mass index (BMI) (Lee
et al| (2016)). RBSG-SS identifies its interaction with the E factors, gl and alcohol. Both
glycemic load and alcohol intake are important dietary variables associated with obesity. The
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continued intake of high-glycemic load meals leads to an increased risk of obesity (Brand-
Miller et al.| (2002)). The increasing alcohol consumption is associated with a decline in
body mass index in women (Nanchahal et al.| (2000)), however, heavy drinking can increase
risk of the metabolic syndrome (Baik and Shin| (2008])). Our results suggest that further
investigation of NRG3 may help explain the mechanism of the effects of glycemic load and
alcohol intake on obesity. For the environment main effects, two E factors, chol and gl, have
positive coefficients, and the other three, act, ceraf and alcohol, have negative coefficients,
which are consistent with findings in the previous literature.

2.6.2 TCGA skin cutaneous melanoma data

The proposed approach RBSG-SS identifies 16 main SNP effects and 32 G xE interactions.
The detailed estimation results are provided in Web Table One important gene identified
is CXCL6 (C-X-C Motif Chemokine Ligand 6), a chemokine with neutrophil chemotactic
and angiogenic activities. It has been reported that CXCL6 plays an important role in
melanoma growth and metastasis (Verbeke et al.| (2011)). RBSG-SS identifies its main effect
and its interactions with E factors, stage and Clark level. This suggests that CXCL6 can
have different effects at different stages of melanoma. Another important finding is the gene
MAGED4, one of the members in the MAGE (Melanoma-associated antigen) family. MAGE
family contains genes that are highly attractive targets for cancer immunotherapy (Zhang
et al. (2014))). MAGED4 has been found to be a potential target for glioma immunotherapy
(Sang et al. (2011)). RBSG-SS identifies the main effect of MAGED4 and its interaction
with the E factor tumor stage, suggesting that MAGED4 may also play an important role
in SKCM and its effect may change over different tumor stages. For the main effects of the
E factors, Clark level and tumor stage have positive coefficients, and age and gender have
negative coefficients, which match observations in the literature.

2.7 Biological similarity analysis

We examined the Gene Ontology (GO) biological processes which provide us with a deeper
insight into the differences of the markers identified by different methods. We identified
77 unique genes using our proposed method along with three other methods for the NHS
data. We conducted the GO enrichment analysis using the R package GOSim and found
these genes involved in a total of 158 GO biological processes, the p-values of which are
smaller than 0.1 in the GO enrichment analysis. Then we divided the 158 processes into
four categories: positive regulation (P), negative regulation (N), regulation (R, without a
well-defined “direction”) and other (O). We computed the proportions of genes that involve
in the four categories of processes for each of the four methods. Similarly, for the TCGA
SKCM data, 109 genes were identified by our method along with three other alternative
methods. GO enrichment analysis showed that they involve in 183 biological processes. The
results for NHS and TCGA SKCM are provided in Web Figure [3, which shows an obvious
difference between the proposed method and the three alternatives in both datasets.
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Web Figure 3: Gene Ontology (GO) analysis: proportions of genes that have the four
categories of processes with different approaches. Left: NHS data. Right: TCGA SKCM
data.
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3 Web Appendix C

3.1 Additional simulation results

For the 6 methods with spike-and-slab priors, we rerun Example 1-4 by reporting identi-
fication results for main and interaction effects separately. The mean square error (MSE)
for regression coefficients corresponding to all effects, zero—effects and nonzero—effects have
also been provided. The advantage of RBSG-SS over alternatives including RBL-SS has
been clearly observed. Identification results for main effects and interaction effects sepa-
rately show similar patterns as what have been observed for the total effects. By comparing
RBSG-SS to RBL-SS, we generally observe smaller standard deviation associated with the
point estimates, which indicate a more stable performance of RBSG-SS. For estimation accu-
racy, RBSG-SS has the lowest MSE in terms of total effects, zero-effects and non-zero effects
under heavy-tailed error distributions (Error 2-5). For example, under Error 2 in Example
1 (Web Table [20)), the MSE of RBSG-SS is 2.10(sd0.94) for total effects, 1.79(sd0.72) for
non-zero effects and 0.32(sd0.43) for zero-effects. While the MSE of RBL-SS is 3.39(sd1.28)
for total effects, 2.92(sd1.03) for non-zero effects and 0.47(sd0.51) for zero-effects. RBSG-SS
has smaller MSE in all three categories. These results add strength to the superiority of
RBSG-SS over the rest including RBL-SS.

Furthermore, in the 5th example, an additional data generating scenario has been con-
sidered. The gene expression data are generated based on the correlation structure extracted
from the TCGA SKCM data in the case study. Specifically, 500 subjects are simulated with
a multivariate normal distribution with marginal means zero and a correlation matrix com-
puted from the first 100 genes from the SKCM data. The same conclusion on the advantage
of RBSG—SS can be drawn based on the results in the Web Tables 39-43. We have made the
same conclusions with respect to the advantage of RBSG-SS over the alternative methods.

In the above simulations, the total number of non-zero effects (main and interaction) is
fixed at 25, but the number of the non-zero main effects and the number of the non-zero
interaction effects can be different in each replicate. We conducted simulations at different
fixed numbers of non-zero main effects, and found that all the conclusions still hold. As a
demonstrating example, we show the results with the number of non-zero main effects fixed
at 4 (the number of non-zero interaction effects is 21) under Example 1 setting in Web Tables
44-48.

3.1.1 Additional simulation results for Example 1
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Web Table 19: Simulation results in Example 1 Error 1.

(n,q,k,p) =

(500, 3, 5, 100).

mean(sd) of true positives (TP), false positives (FP)and prediction errors (Pred) based on

100 replicates.

Error 1 (N) RBSG-SS RBG-SS RBL-SS BSG-SS BG-SS BL-SS
TP  Total 24.91(0.29)  25.00(0.00)  24.68(0.57)  24.95(0.22)  25.00(0.00)  24.77(0.45)
Main 420(1.44)  4.29(1.44)  4.26(1.45)  4.29(1.44)  4.29(1.44)  4.27(1.45)
Int. 20.62(1.45)  20.71(1.44)  20.42(1.43)  20.66(1.46) 20.71(1.44)  20.50(1.47)
FP  Total 1.33(1.41)  20.78(2.03)  1.48(1.53)  0.77(0.84)  29.24(1.18)  0.52(0.73)
Main 0.31(0.54)  4.84(1.51)  0.35(0.63)  0.16(0.37)  4.75(1.49)  0.13(0.34)
Int. 1.02(1.19)  24.94(2.14)  1.13(1.30)  0.61(0.75)  24.49(1.59)  0.39(0.69)
MSE  Total 0.27(0.12)  0.52(0.14)  0.31(0.17)  0.19(0.08)  0.42(0.11)  0.21(0.10)
Non-zero  0.22(0.08)  0.26(0.09)  0.25(0.14)  0.16(0.06)  0.21(0.08)  0.19(0.09)
Zero 0.05(0.05)  0.25(0.10)  0.06(0.07)  0.03(0.03)  0.20(0.08)  0.02(0.03)
Pred. Error 0.84(0.03)  0.87(0.04)  0.85(0.03)  1.10(0.08)  1.16(0.08)  1.11(0.08)
Web Table 20: Simulation results in Example 1 Error 2. (n,q,k,p) = (500, 3, 5, 100).

mean(sd) of true positives (TP), false positives (FP)and prediction errors (Pred) based on

100 replicates.

Error 2 (L) RBSG-SS  RBG-SS RBL-SS BSG-SS BG-SS BL-SS
TP  Total 20.85(1.93)  24.90(0.44) 17.92(1.95) 19.35(2.06) 24.58(0.82)  14.42(2.09)
Main 3.60(1.26)  4.25(1.27)  3.14(1.26)  3.39(1.28)  4.20(1.29)  2.51(1.27)
Int. 17.25(2.06)  20.65(1.39) 14.78(2.07) 15.96(2.14)  20.38(1.42)  11.91(1.99)
FP  Total 1.67(1.39)  32.10(5.21)  1.87(1.80)  1.98(1.52)  31.16(5.25)  1.15(1.09)
Main 0.37(0.65)  5.25(1.62)  0.28(0.59)  0.27(0.49)  5.09(1.46)  0.19(0.42)
Int. 1.30(1.18)  26.85(4.40)  1.59(1.69)  1.71(1.44)  26.07(4.71)  0.96(0.98)
MSE  Total 2.10(0.94)  2.82(1.02)  3.39(1.28)  3.04(1.15)  3.77(1.13)  5.26(1.67)
Non-zero  1.79(0.72)  1.33(0.50)  2.92(1.03)  2.55(0.93)  1.83(0.61)  4.71(1.41)
Zero 0.32(0.34)  1.49(0.76)  0.47(0.51)  0.49(0.46)  1.