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Abstract

We study the obstacle problem with an elliptic operator in nondivergence form with principal
coefficients in VMO. We develop all of the basic theory of existence, uniqueness, optimal
regularity, and nondegeneracy of the solutions. These results, in turn, allow us to begin
the study of the regularity of the free boundary, and we show existence of blowup limits, a
basic measure stability result, and a measure-theoretic version of the Caffarelli alternative
3

proven in Caffarelli’s 1977 paper “The regularity of free boundaries in higher dimensions.”

Finally, we show that blowup limits are in general not unique at free boundary points.
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Chapter 1

Introduction

In this chapter we give the physical motivation for the obstacle problem, and then we

describe the obstacle problem for second order elliptic operators in nondivergence form.

1.1 Original Physical Motivation

What happens when we pull an elastic membrane down over an obstacle?

Contact Set \\ Membrane

Obstacle

To formulate what is happening mathematically:

Assume the membrane is given by the graph
u:BiCIR"— R, u=0 on 0B, andp: B CR"—1IR, op<0 on 0B;.
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We want to find a function u (the “membrane”) which minimizes the Area integral:

Li(u) := /B V1+|Vu|? among u satisfying :
1

e 4 =0on dB; (i.e. the membrane is “pinned down”) and
e 4> pin B (i.e. the membrane is above the obstacle).

From the calculus of variations, it easily follows that functions which minimize I; in a neigh-
borhood among functions with fixed boundary data satisfy the minimal surface equation.
Observe that for a small deflection of the membrane, |Vu|? is the first important term in
the Taylor expansion of /1 + [Vu[2. (i.e. I+ z ~ 1+ iz, for z small.) Thus, we want to

find a function v which minimizes

L(u) := |Vul? i.e. Energy - The Dirichlet Integral
B1

among u satisfying:
e u=0on dB; (i.e. the membrane is “pinned down”) and
e u > pin B; (i.e. the membrane is above the obstacle).

It is easy to show that functions which locally minimize I satisfy Laplace’s equation. Lin-
earizing the Area integral is very standard in the study of the obstacle problem. Mainly
because it adds technical simplification- it changes the operator from nonlinear to linear-

without altering the real difficulties of the problem.
Therefore, the obstacle problem involves finding a function u which solves the problem:

Minimize / |Vul? dz among all functions u € K,
By

where we define K, to be the closed convex set:

K,:={ue W01’2(B1), u> @}

2



For the definition of the Banach spaces W*? and W™ see chapter 1.2.

If we define the “height function” w := u — ¢, and we let f := —Ay, then w satisfies:

Aw = X{w>0}f .

Since the problem above is variational, there is no difficulty in establishing existence and
uniqueness of solutions. Regularity of the solution has been studied by many authors, and
in the case where ¢ is smooth, Frehse showed in 1972 that the solutions would belong to
CY1. Finally in Caffarelli’s famous Acta paper in 1977, the regularity of the free boundary

was addressed in the case where f was Holder continuous and positive.

Since the obstacle problem was formulated, but especially in the last 15 years, there has been
interest in extending some of these results to related problems. Ki-Ahm Lee studied the
case where the Laplacian is replaced with a fully nonlinear (but smooth) operator. Blank
studied the case where the function f was not assumed to be Holder continuous. Many
people (Blanchet, Caffarelli, Dolbeault, Monneau, Petrosyan, Shahgholian, Weiss, ...) have

recently studied the case where the Laplacian is replaced with the Heat Operator.

Here we study the case where the Laplacian is replaced with a general second order elliptic

operator in nondivergence form.

1.2 Elliptic Operators in Nondivergence Form
We study strong solutions of the obstacle-type problem:

Lw = a" Djjw = Xjwsoy 1 Bi, (1.1)

where we look for w > 0. (We use Einstein summation notation throughout this disserta-
tion.) A strong solution to a second order partial differential equation is a twice weakly

differentiable function which satisfies the equation almost everywhere. (See chapter 9 of?.)



We will assume that the matrix A = (a/) is symmetric and strictly and uniformly elliptic,
ie.

A=A" and 0< M < A<AT, (1.2)

or, in coordinates:
a’ =a and 0 < \¢)? < a"6& < AJE)? forall € € R, €#0.

Our motivations for studying this type of problem are primarily theoretical, although as
observed in'? the mathematical modeling of numerous physical and engineering phenomena
can lead to elliptic problems with discontinuous coefficients. Although we do not want (or
even need) any further assumptions for many of our results about the regularity of solutions
to our obstacle problem, it turns out that the question of existence of solutions will require us
to assume some regularity of our a¥. In fact, there is an important example due to C. Pucci
(found in'?) which shows that the strict uniform ellipticity of the a” (i.e. Equation (1.2))
is in general not even enough to guarantee the existence of a solution to the corresponding
partial differential equation. On the other hand, the space of vanishing mean oscillation
(VMO) turns out to be a suitable setting for existence results and a priori estimates as was
shown in papers by Chiarenza, Frasca, and Longo (see” and®), and it will also turn out to
be an appropriate setting for getting some initial results about the regularity of the free
boundary. It is worth noting that there are results due to Meyers which require a little
bit less smoothness of the coefficients if one is content to work in LP spaces with p close
to 2 (see'?), but in this case, one cannot use the Sobolev embedding to get continuity of a
first derivative except in dimension two. In any case, we will assume that the a” belong to
VMO when proving existence, and again when we turn to study the regularity of the free
boundary.

After showing existence of nontrivial solutions when the a¥ belong to VMO, we turn to
some of the basic questions in the introductory theory of the obstacle problem. Namely, we

follow Caffarelli’s treatment (see® and'), and show nondegeneracy and optimal regularity



of the solutions. Once we have these tools, it becomes time to turn to a study of the free
boundary regularity. We begin with some useful approximation results and an important
measure stability theorem, and from there we establish a number of standard theorems
about free boundary regularity.

We will use the following basic notation throughout this dissertation:

Xp the chacteristic function of the set D
D the closure of the set D
oD the boundary of the set D

x (x1,m9, ..., xy)

x’ (x1,x9,...,2,-1,0)

B,(x) the open ball with radius r centered at the point z
B, B0

For Sobolev spaces and Holder spaces, we will follow the conventions found within Gilbarg
and Trudinger’s book. In particular for 1 < p < oo, W*?(Q) will denote the Banach
space of functions which are k times weakly differentiable, and whose derivatives of order
k and below belong to LP(Q), and for 0 < o < 1, C**((Q) will denote the Banach space
of functions which are & times differentiable on ) and whose k™ derivatives are uniformly
a-Holder continuous. (See? for more details.)

When we are studying free boundary regularity, we will frequently assume

0€o{w>0}. (1.3)
We will make use of the following terminology. We define:

Q(w) :={w > 0},
A(w) :={w =0}, and (1.4)
FB(w) := 0Q(w) N OA(w) .

We will omit the dependence on w when it is clear. Note also that “A” and “A” each have
double duty and it is necessary to interpret them based on their context. We use “A” for
both the zero set and for one of the constants of ellipticity, and we use “A” for the both the

Laplacian of a function and for the symmetric difference of two sets in IR". (If A, B C IR",

then AAB := {A\ B} U{B\ A}.)



We will also be using the BMO and the VMO spaces frequently, and we gather the

relevent definitions here. (See'?.) For an integrable function f on a set S C IR™ we will let

fs:—]éf-

1.2.1 Definition (BMO and BMO norm). If f € L;, (IR"), and

loc

1
171l s= sup oo /B (@) — fal do (1.5)

is finite, then f is in the space of bounded mean oscillation, or “f € BMO(IR").” We will

take || - ||+ as our BMO norm.

1.2.2 Definition (VMO and VMO-modulus). Next, for f € BMO, we define

") .
ng(r) == sup
p<r, y€lR" |Bp| B,(y)

|f(z) — pr(y)] dr | (1.6)

and if ns(r) — 0 as r — 0, then we say that f belongs to the space of vanishing mean

oscillation, or “f € VMO.” n(r) is referred to as the VMO-modulus of the function f.

Since we will need it later, it seems worthwhile to collect some of Caffarelli’s results here
for the convenience of the reader. These results can be found in® and®. We start with a

definition which will allow us to measure the “flatness” of a set.

1.2.3 Definition (Minimum Diameter). Given a set S € IR", we define the minimum
diameter of S (or m.d.(S) ) to be the infimum among the distances between pairs of parallel

hyperplanes enclosing S.

1.2.4 Theorem (Caffarelli’s Alternative). Assume 7y is a positive number, w > 0, and
Aw =YX 0y i B1 and 0€ FB(w) .
There exists a modulus of continuity o(p) depending only on n such that either

a. 0 is a Singular Point of F'B(w) in which case
m.d.(ANB,) <pao(p), forallp<1, or
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b. 0 is a Regular Point of FB(w) in which case
there exists a py such that m.d.(ANB,,) > po o(po), and for all p < py, m.d.(ANB,) >

Cpo(po) -

Furthermore, in the case that 0 is reqular, there exists a py such that for any x € B, NOQ(w),

and any p < 2p1, we have

m.d.(AN B,(z)) > Cpo(2p1). (1.7)

So the set of regular points is an open subset of the free boundary, and at any singular point
the zero set must become “cusp-like.” Examples of solutions with singular points exist and
can be found in!', and in® Caffarelli has shown that these singular points must lie in a C*

manifold.

1.2.5 Theorem (Behavior Near a Regular Point). Suppose that w satisfies the assumptions
of the Theorem (1.2.4) but with the domain By replaced with the domain By, and suppose
0 is a reqular point of FB(w).

Given p > 0, there exists an € = €(p) and an M = M(p), such that if m.d.(A(w)NBy) >
2np, then in an appropriate system of coordinates the following are satisfied for any x such

that |2'| < p/16 and —1 < x,, < 1, and for any unit vector T with 7, > 0 and ||7’|| < p/16 :
a. Dw>0.

b. All level surfaces {w = ¢}, ¢ > 0, are Lipschitz graphs:

)
ip p

v = f(,c) with ||f

c. D, w(x)>C(p)d(z,A) .
d. For ||T'|| < p/32, D.w > C(p)d(z,A) .

1.2.6 Theorem (C Regularity of Regular Points). Suppose that w satisfies the assump-

tions of Theorem (1.2.5) but in By again, and suppose 0 is a reqular point of F'B(w). There



exists a universal modulus of continuity o(p) such that if for one value of p, say po, we have
md(A N BPO) > poO'(,O()),

then in a pg neighborhood of the origin, the free boundary is a C** surface z,, = f(z') with

¢
1l e < o (1.8)

1.2.7 Remark. Note that by the last theorem, the CY® norm of the free boundary will
decay in a universal way at any regular point under the standard quadratic rescaling if we

are allowed to rotate the coordinates.

Finally, there are two results due to Chiarenza, Frasca, and Longo which will be of
fundamental importance throughout this work, so we will state them here. These results

can be found in” and?®.

1.2.8 Theorem (Interior Regularity (Taken from Theorem 4.2 of")). Let D C IR™ be open,
let p € (1,00), assume a” € VMO(D) and satisfies Equation (1.2), and let

Lu := a" D;ju

for all x € D. Assume finally that D" CcC D' CC D. Then there exists a constant C' such

that

ullwzrory < CfullLeon + [ Lull o) - (1.9)

The constant C' depends on n, A\, \,p,dist(0D",D’), and quantities which depend only on
the a. (In particular, C" depends on the VMO-modulus of the a*.)

1.2.9 Theorem (Boundary Regularity (Taken from Theorem 4.2 of®)). Let p € (1,00) and

assume that u € W2P(By) "W, P(By). Then there exists a constant C' such that

ullwery < C(l|ullzrzy) + || Lul|Lrs))) - (1.10)

The constant C' depends on n, X\, A, p, and quantities which depend only on the a%.



1.2.10 Remark (C"' domains are good enough). We wrote the last result with balls
because we will not apply it on any other type of set, but in®, they prove the result for
arbitrary bounded C'!' domains. Of course for a C*! domain, the constant C' will have

dependance on the regularity of the boundary.

1.2.11 Corollary (Boundary Regularity II). Let p € (1,00) and assume that u,v €
W2P(By), and w — ¢ € WyP(By). Then there exists a constant C' such that

lullwerzy < Cllulleesy + [ Lullr sy + 9] lw2rs) - (1.11)

The constant C depends on n, X\, A, p, and quantities which depend only on the a%.



Chapter 2

Existence Theory when ¢/ € VMO

We assume

a”’ € VMO. (2.1)

With this assumption coupled with our assumption given in Equation (1.2) we hope to
show the existence of a nonnegative solution to Equation (1.1) with nonnegative continuous
Dirichlet data, v, given on dBj. In order to ease our exposition later, we will assume that
we have extended v to be a nonnegative continuous function onto all of Bs.

Next, let ¢(x) denote a standard mollifier with support in By, and set ¢ () := € "¢p(x/€).
In order to approximate the Heaviside function, we let ®.(¢) be a function which satisfies

l. 0<®.(t) <1, VteR.

D.(1)=0 if ¢t <0.

O (t)=1 if t > e (2.2)
®.(t) is monotone nondecreasing.

o, € C™.

ARl

We define a¥ := a% x ¢., we define 1), := 1) * ¢, and finally, we let w, denote the solution to

the problem
a¥ (z)Dijju(x) = ®(u(z)) in B

u(z) = (xr) on 0B.
2.0.12 Lemma (Existence of a Solution to the Semilinear PDE). The boundary value

(2.3)

problem (2.3) has a nonnegative solution in C™(B).

Proof. We will show that the solution, w,, exists by a fairly standard method of continuity

argument below. Using the weak maximum principle it also follows that w. > 0. By Schauder

10



theory it follows that any C*® solution is automatically C*°, so it will suffice to get a C*
solution.
We let S be the set of ¢ € [0,1] such that the following problem is solvable in C2%(B ) :

a¥(x)Diju(z) = t® (u(z)) in By

2.4
u(z) =1v(r) on 0B . 24)
Equation (2.4) is solvable for ¢ = 0 by Schauder Theory. (See chapter 6 of?.) Thus, S is

nonempty.

Claim 1: S as a subset of [0, 1] is open.
Proof. We define L(u) as a map from the Banach space C2%(B;) to the Banach space Y
which we define as the direct sum C*(B;) @ C>*(9B;) . (The new norm can be taken as
the square root of the sums of the squares of the individual norms.) Our precise definition
of L*(u) is then

L'(u) :== (a?Diyju —t®(u), u) .

Doing calculus in Banach space one can verify that, [DL!(u)]v is equal to
(ad Dijv =t (u)v, v ),

and since ®.(t) is monotone nondecreasing and smooth we know that the first component

of this expression has the form:
a?(z)Dyv(x) — te(x)v(xr) and c(z) >0 V.

By Schauder theory again (see chapter 6 of?) the problem

a’D;v — tcv = in B
< / ' (2.5)

v=g on 0B.
has a unique solution for any pair (f, g) € Y which satisfies the usual a priori estimates.
In other words

[DLY(u)] ™' : Y — C**(By) is a bounded 1-1 map.

11



Therefore, by the infinite dimensional implicit function theorem in Banach spaces, S is open.

Claim 2: S'is closed.
Proof. This step is accomplished using a priori estimates. We know that 0 < t® (u(z)) < 1.

So we have ||a¥ () D;ju(z)||p=(p,) < 1, and so for any p we have (see Chapter 9 of?),

lullw2as,) < C (14 |[te]lco@ny)) < C.
By the Sobolev embedding,

<C.

= < Cllul|lw2rp,) < C, and so th)G(u)HoLa(B_l) <

[l —

Consequently, by Schauder theory again, u € C% and ||ul| cra(By S C. Now by Arzela-
Ascoli, if ¢, C S with t;, — to € [0, 1], then the corresponding solutions wu;, must converge
uniformly together with their 15* and 2"¢ derivatives to a C*® function. This function must
then solve the t,, problem as the left hand sides and right hand sides of the equations in

(2.4) are converging uniformly. Thus, S is closed, and hence S must be the entire set, [0, 1]. m

2.0.13 Theorem (Existence of a Solution to the Free Boundary Problem). Assume Equa-
tion (1.2) holds, assume that a” € VMO, and assume that v is nonnegative, continu-
ous, and belongs to W?P(By) for all p € (1,00). Then there exists a nonnegative function
w € W*P(By) which solves Equation (1.1) and satisfies w — 1 € W*P(By) N Wy (By) for
all p € (1,00). In other words, w satisfies:

a’(x)Dijw(z) = X{w>0}(x) in B

w(z) =1¢(z) on 0B;. (2:6)

Proof. We let w, denote the solution to the problem (2.3), and we view the a as elements
of VMO, and observe that the VMO-moduli 7,:'s (see Equation (1.6)) are all dominated by
the VMO-modulus of the corresponding a*. (This fact is alluded to in Remark 2.2 of".) In

fact, we can verify that all of the dependencies on the a* of the constant within Corollary

12



(1.2.11) remain under control as we send € to zero. At this point we can invoke this theorem
to get a uniform bound on the W?2?(B;) norm of all of the w,’s. Standard functional analysis
allows us to choose a subsequence €, | 0, an o < 1, and a w € W2?(B;) N CH*(By) such
that w,, converges to w strongly in C*(B;) and weakly in W2?(B;). It remains to show
that w satisfies Equation (2.6) .

The fact that w(z) = ¢ (x) on 9B follows immediately from the uniform convergence of
the w,, . Next we need to show that the PDE is satisfied almost everywhere. Everywhere that
w(z) > 0 it follows easily by the uniform convergence of the w, that ®. (w.,(z)) converges
to 1. To show that @, (w, (x)) converges to 0 almost everywhere on the set A := {w = 0}
we assume the opposite in order to derive a contradiction. So, we can assume that there is

a new subsequence (still labeled with €, for convenience), such that

0<~y< /A@en(wen(x)) dx

for all n. Using this fact we have:

0<vy

S/é"fn(u}fn) d:U

A

= / afi Dj;w., dx
A

= /(ag — a")Djjw,, dv + / a”’(Dyw,, — Dijw) dz + / a” Dijw dx
A A A

=1+ II + 1.

Integral I converges to zero by using Holder ’s inequality coupled with the strong conver-
gence of a¥ to a” in all of the LP spaces. Integral II converges to zero by using the weak
convergence in W?2? of w,, to w. Finally, integral IIT is identically zero because the fact
that w = 0 on A guarantees that D?*w will be zero almost everywhere on A. Thus ®.(w,)
converges to x,,.,, pointwise a.c., and as an immediate corollary to this statement, O, (w,)

(and therefore also ag Dyjw,) converges weakly to x,,_,, in LP(B;) for any 1 < p < oc.

>0}

13



Again, by Corollary (1.2.11), we know D;;w, is uniformly bounded in L?,1 < p < co. In
particular,

|1 Dijwel|s sy < C-
Now let g be an arbitrary function in L3(B;), then:
/ [(ad Dijwe)g — (a” Dijw)g] dx
By

:/ [(aijDiwa)g—(aijDijwe)g} dx+/ [(aijDijwe)g—(aijDijw)g] dx
By

By
=1+ 1I.

For any fixed 4, j, we can apply the Holder inequality to see that the function a”g is an
element of L32(B,), and then it follows that II — 0 from the fact that D;;w, convereges to
D;jw weakly in L3(Bj). On the other hand

I < || Dyjwellasollgll aanlla? — a”|| s, < Clla¥? — a”||ap,) — 0.

Hence, a¥ D;;w. converges weakly to a D;;w in L3(By). By uniqueness of weak limits, it

follows that a” Dijw = x,.,, a-c.

14



Chapter 3

Basic Results and Comparison
Theorems

In this chapter we will not need to make any assumptions about the regularity of the a¥
besides the most basic ellipticity. In spite of our weak hypotheses, we will still be able to
show all of the basic regularity and nondegeneracy theorems that we would expect. The
fact that we do not need a” € VMO for any result in this chapter will allow us to prove a

better measure stability theorem in the next chapter.

3.0.14 Theorem (Nondegeneracy). Let w solve (1.1). If B,(z¢) C By and zo € ), then
sup w(w) > Cr*, (3.1)
€ By (o)

with C' = C(n, A).

Proof. By continuity we can assume that xy € €. Define , := B,(x) N Q, T; :=
FBN B,(xg), and I'y := 0B, () N Q. Let v := %HainLoo(Qr), and set

v(z) = w(r) — w(zg) — v|r — 20> . (3.2)

15
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Now for x € 2, we compute:

Lv = a” Dijw — a” D;j(v|x — x0|?)
=1- 27@”517

=1- QVZaii
> 1 = 2n7]|a"]] L= (o)

>0.

So now by observing that v(xy) = 0, by using the weak maximum principle of Aleksandrov

(see Theorem 9.1 of?), and by observing that v < 0 on I'; we get

0 <sup
Q,

< supv’
oQ,

= supv
1)

= supw — w(xg) — yr?

Iy
< sup w — w(zy) — 72 .

BT(J'O)

16



Now by rearranging terms and observing w(xy) > 0 we are done. [

3.0.15 Remark (Nontrivial Solutions). As a simple consequence of nondegeneracy, we can
take Dirichlet data on 0 B; which is positive but small everywhere, to guarantee that we have
a solution to our problem which has a nontrivial zero set and a nontrivial free boundary.

(The origin must be in the zero set in this case.)

3.0.16 Theorem (Weak Comparison Principle). Let wy, k = 1,2 solve (1.1). If wy < ws

on 0By, then wi < wy in By.

Proof. Set v := w; — w9, and suppose for the sake of obtaining a contradiction that

gréegfv(x) =v(zg) =m>0. (3.3)
Now we let
S™=A{zlv(z) =m} . (3.4)

Since v is a continuous function, there exists a number o > 0, such that v > m/2 on the
o-neighborhood of S™. We will denote this set by S". Now if ST extends to the boundary

of the set By, then we contradict the fact that v < 0 on 0By, and thus,
S CC By, and v <mondSJ. (3.5)
Now on this set, since wy > 0, we must have that w; > m/2 > 0. Thus, we have
Lv=Lw; — Lwy=1—Lwy >0 in S (3.6)
By applying the ABP estimate (see? Theorem 9.1) we can conclude that

= < .
m grcrelgzngv(x) < max v(x), (3.7)

but this equation contradicts the fact that v < m on 9SJ".

Now we let w3 denote the solution to (1.1) with boundary data equal to w; + €. By

the first part of the proof, we can conclude that wy < ws in B;. It remains to show that

17



w3 < wq + €. Suppose not. Then the function u := w3 — wy — € has a positive maximum, m,
at a point x;. Now after observing that ws(x) > 0 in a neighborhood of where u = m the

proof is identical to the proof of the first part. n

3.0.17 Corollary (Uniqueness). Any solution to (1.1) with given values on OBy is unique.

Proof. Let w; and ws be any two different solutions with fixed values on dB;. Then by

applying the weak comparison principle twice, we have w; = ws. [

3.0.18 Lemma (Bound on Bys). If w > 0 satisfies Equations (1.1) and (1.8), then w(x) <
C(n, )\,A) m Bl/2 .

Proof. Write w := w; 4+ ws, where

Lw; = X (w0} in By

(3.8)
w; =0 on 0B,

and
ng =0 in Bl

(3.9)
wy=w on 0B;.

Then wy < 0 in B; by the maximum principle. On the other hand, by the ABP estimate
(Theorem 9.17) we have, wy|, > —C. Also, by Corollary 9.25%, along with the fact that
w1(0) + w2(0) = w(0) = 0 we have:

wyl, < s};lpwg < OgIIfUJQ < Cwy(0) = —Cwy(0) < C.
2 1
2

2

Hence w|B1 < C. n
2

3.0.19 Theorem (Parabolic Bound). If w > 0 satisfies (1.1) and (1.3), then
w(z) < 4C(n, \,A)|z|? in By s,
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where the constant C(n, A\, \) is the exact same constant as the constant appearing in the

statement of the previous lemma.

Proof. Suppose not. Then, w(z) > 4C(n, A, A)|Z|* for some & € By s, and since 0 € FB,

we must have & # 0. Now set A := 2|Z| so that if  := A%, then we have x € 9B . Define:

wy(z) = A 2w(\z) .
Clearly w) satisfies (1.1) and (1.3)in B;. So by the lemma above:
wy(z) < C(n, A\ A) in ?/2
On the other hand,
Nwy(r) = wh) = w(F) > 4C(n, A\, A)|Z]> = C(n, A, A)N?,

and so

wy(z) > C(n,\,A),

which contradicts Equation (3.11) .
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Chapter 4

Approximation and Measure Stability

So far, except to prove our existence theorem, we have not made any assumptions about
our a” beyond ellipticity. In order to prove regularity theorems about the free boundary in
the next chapter, we will need to assume once again that the ¥ € VMO. In this chapter,
on the other hand, we will not assume a” € VMO, but many of our hypotheses anticipate

that assumption later. We start with a basic approximation result.

4.0.20 Lemma (First Approximation). Let w solve(1.1). Then there exist positive constants

v <1 and C(q,n, A\, \) such that if

<]é 0 (&) — 519 daz> P (41)

for some 0 < e <1 and ¢ > n, then we may find a function h € W??(By;4) with Ah =0 in
Bs, and such that

[lw = Blloe(8,2) < CE™ 11X oy 1Ln(Byy0) < (€ +1) (4.2)

Proof. By the Holder estimate for operators in general nondivergence form (see Corollary
9.24 in?)

||w||cw(33/4) S (43)

Let h solve
Ah =0 in 33/4

(4.4)
h=w on 0By .
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Since h is harmonic and w € C7(9Bs,4), by Lemma 1.35 of'” we have:

1Bl gy < Cllwllen @y o (45)

where C' = C'(n, ). Now, let § € 83(573) and let y be the closest point of 0B3/4 to y. Then,
4

since hlop,, = w,

[w(@) — h(@H)] < |w(G) —w(y)| + hly) = h(G)] < Cs" + Cs? < Os7/2,

Thus,
||w - h||L°°(BB<3/475)) < 037/2 ] (46)
Fix Z € B(3/s—s and define v(z) := W

It follows from (4.3) and (4.5) that |v(z)| < C, V|z| < 1. Also, since v is harmonic, by

Proposition 1.13 of*°:

|D*v(0)| < C max|v| < C in Bgss) - (4.7)

. D2h(z
Since D*v(z) = %, we have:

|D?h(%)| = |D*v(0)]s?/272 < Cs7/272. (4.8)
Now since h is harmonic, for any x € By, :
L(w—h) = X(wsoy + (8;; — a)Dy;h. (4.9)

Thus, by using the ABP estimate (as in Lemma 1 of®), and then by using Equations (4.1),
(4.6), and (4.8) we get:

|[w — || oo, ) < |Jw = hllLeo(s,,, )
< |lw = hl[r=@By,, )
+ CUIX ooy 1278y a0y + (87 = @) Dyshl|ns,,,_))
= C(s7? + 1+ 8777 2%¢)

=C(1 +67/4)
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for s := min{e'/2 1/4}. ]

4.0.21 Theorem (Basic L? Estimate). Suppose w > 0 solves (1.1). Given n < p < oo,
there exists 0 = 0(p) such that if:

sup |a" — 6] < 6, (4.10)

1

then
|D*w|| 1o (8,,) < C (I[w]|Loo@m,) + 1) (4.11)

Proof. This theorem is a very slight adaptation of Theorem 1 in Section 4 of®. The only
real difference is the fact that Caffarelli lists continuity of the right hand side of his PDE in
his assumptions, whereas our right hand side is a characteristic function.

Let wy, solve:
ka = fk in Bl

(4.12)
wy=w on 0B,

where fi = ¢o-rxX,_,, . Where ¢ is a mollifier as in the second section, and where we extend

to be zero outside of B;. Then 0 < f, < 1, fi € C* and for p < oo we have f =

X{w>0}
X{wso0) in B;. Set wj; := w; — wy. With this definition we have:
Lu;, = f; — in B
7k f] fk 1 (413)
ujp =0 on 0By,
Since f; — fi is continuous, by Theorem 1 in Section 4 of® we get
1D w8, ) < C (Mgl ooy + 15 = fillirs)y) » (4.14)
and then by the ABP estimate,
||wjel | Loo(By) < (%up uie + ClIf; — fk||Ln(Bl)> — 0, as j,k — oo. (4.15)
B1

Hence D?w; is a Cauchy sequence in LP(By/s) and so it converges in L? to D*w. Caffarelli’s

theorem in the continuous case gives us

1D w;ill o8, ) < C ([lwyll L@y + | fillos))) 5
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and so by taking limits we can now say
1Dl 175,y < C (el ooy + 1) (4.16)

n
Now we need a technical compactness lemma which we will need to prove measure stability
in this chapter and which we will use again when we prove the existence of blow up limits

in the next chapter.

4.0.22 Lemma (Basic Compactness Lemma). Fiz v > 0, 1 < p < oo and let o(r) be a

modulus of continuity. Assume that we are given the following:
1. 0 < M < a%k(x) < AL, for a.e. x.

2. wy, > 0 with LFwy, := aij’kDZ-jwk mn Bj.

= X{wk >0}

3. 0 € FBy, sow(0) = |Vw(0)| = 0.

4 Nwillw2e ) < 7.
5. AY is a symmetric, constant matriz with 0 < X < A% < AI, and such that ||a* —

A9y < o(1/).

Then for any a < 1 and any p < oo there exists a function ws, € WP(By) N CI’Q(E) and

a subsequence of the wy (which we will still refer to as wy, for ease of notation) such that
A. wy — ws strongly in Cl’o‘(E),
B. wy — we weakly in W2P(By), and

C. AVDijtoos = X(ypengy 00 0 € FBo = 0{wee =0} N By -

Proof. By using the fourth assumption, we immediately have both A and B from elementary
functional analysis and the Sobolev Embedding Theorem. We also note that our assumptions

of uniform ellipticity actually force a uniform L> bound on all of the a”* and the A%.
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.. 1 ..
That bound, together with the fact that a“* L A% allow us to interpolate to any strong

convergence in LY. In other words, by using the fact that

1 1-(1
lullzo < [Jul|5/? - | ful| SO/

(see for example Equation (7.9) in?), we can assert that for ¢ < oo we have a™* L3 Al

From this equation it follows that for any ¢ € L> we have
arp By Ay (4.17)

4.0.23 Remark (A Possible Improvement). It seems to be worth observing that if we were
to assume that the a”* € VMO and we removed the assumption of uniform ellipticity, then
we could still use the theorem of John and Nirenberg to get strong convergence in L9. On
the other hand, too many of the other proofs rely on the uniform ellipticity of the elliptic

operators for us to tackle this issue in this work.

Returning to the proof and letting S be an arbitrary subset of B; we have
/ aij’kDijwk = / (aij’kD,-jwk — A”Dijwk + A”Dzjwk)
S S

= /S (aij’k — A”)D”wk + /S (AZ]Dka — AijDZ‘jwoo + A”waoo)

S S S
=I+1+ / A" Dije .
S

The integral I now goes to zero by combining Equation (4.17) with the fourth assumption
and then using Holder ’s inequality. The integral II goes to zero by using B. Thus we can

conclude
/a,ij’kDijUJk — /AUDUUJOO (418)
s s
for arbitrary S C By, and in particular, the convergence is also pointwise a.e.

Now we claim: Xfuws0y 7 Xjwawsoy &€ in B;. Since we already know that aij’kDijwk N

0}

A D;iwy, ace. and since a”* Djjwy, = X (wo0y A€ if we show our claim, then it will imme-
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diately imply that

AYDjjwe = Xiwosop € (4.19)

Since we obviously have [[x,, ., |lzr(s;) < C for all p € (1,00], elementary functional

analysis implies the existence of a function g € L*>(B;) with 0 < ¢ < 1 such that

X(uy 20y — 9 1D P 1<p<oo. (4.20)

Now, wherever we had w,, > 0, it is immediate that X{uwy 50y CODVErges pointwise (and

0}
therefore weakly) to 1 by the uniform convergence of wy to ws. In particular, ¢ = 1 on
{ws > 0}.

Next we show that g = 0 in {w. = 0}°. So, we suppose that B,(zg) C {ws = 0}, and we

claim that wy, = 0 in B, /2(zo) for k sufficiently large. Suppose not. Then applying Theorem

(3.0.14) (the nondegeneracy result) to the offending wy,’s, we have a sequence {x;} CB,(z0)

such that wy(z) > C(r/2)?. On the other hand, w.(zx) = 0 (since B,(75) C {we = 0})
and this fact contradicts the uniform convergence of wy, to wy.
At this point we have g(z) = 1 for z € {ws > 0}, and g(z) = 0 for z € {ws = 0}°

and so g agrees with x,, . on this set. By the arguments above, the convergence to g

0}
is actually pointwise on this set. Now we finish this proof by showing that the set P :=
{z:|x (was0} g| # 0} has measure zero, and it follows from the preceding arguments that
Hwse =0} CP.

We will show that P has measure zero by showing that it has no Lebesgue points. To
this end, let zy € P and let r be positive, but small enough so that B,.(zg) C Bj. Define
Woo(z) := 1 ?we(xg + rx) and define Wj(z) := r~w;(xo + rz), and observe that all of the
convergence we had for w; to ws, carries over to convergence for W; to W, except that
now everything is happening on Bj.

From our change of coordinates, it follows that 0 € 9{W,, = 0} and since W, > 0, there

exists a sequence {x;} — 0 such that W (xx) > 0 for all k. Now fix k so that @), € Bys,
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and then take J sufficiently large to ensure that if ¢, 7 > J then the following hold:

Weo (21,

W) = Woellesy € =5, and [|[W; = Wjllpe(s,) < (4.21)

et

where C is a constant which will be determined from the nondegeneracy theorem, and
which will be named momentarily. The existence of such a J follows from the fact that W;
converges to W, in C(By).

We use the first estimate in Equation (4.21) to guarantee that W;(zy) > 0. We apply

Theorem (3.0.14) to W at x;, to guarantee the existence of a point & € By, such that
W, (%) > C(3/8)*. (4.22)

Putting this equation together with the second convergence statement in Equation (4.21)
and letting C' be defined by the constant on the right hand side of Equation (4.22) we see
that for 7 > J we have:

9C
Wi(z) > =— .
i(#) 2 95

(4.23)
Since all of the W;’s satisfy a uniform C* estimate, there exists an 7 > 0 such that W;(y) >
C/2 for all y € Bx(Z) once i > J. From this fact we conclude that By(#) C {Wa > 0}.

Scaling back to the original functions, we conclude that within B, (x¢) is a ball, B, with
radius equal to 77 such that B C {w,, > 0} C P°. Since this type of statement will be true
for any r sufficiently small, we are guaranteed that x( is not a Lebesgue point of P. Since
Ty was arbitrary, we can conclude that P has measure zero.

Finally we observe that the nondegeneracy theorem implies immediately that 0 remains

in the free boundary in the limit. [

4.0.24 Theorem (Basic Measure Stability Result). Suppose w € W?P(By) satisfies (1.1)
and (1.3), assume € > 0, p,q > n, and |[a" — §Y||La(p,) < €, and let u denote the solution
to

Au= X, n B

(4.24)
u=w on 0B;.
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Then there is a modulus of continuity o whose definition depends only on X\, \,p,q,n, and

|lw|lw2r(p,) such that

{A(u) A A(w)} N By| < ofe). (4.25)

(Here we use “A” first to denote the Laplacian and next to denote the symmetric difference

between two sets: AAB ={A\ B}U{B\ 4}.)

Proof. Let v := ||w||w2s(p,), and suppose the theorem is false. Then there exist wy, u, and a***
such that:
1. LFwy, = aij’kDijwk = X{uwy>0) in Bj.

2. 0 € FB,w;,(0) = [V (0)] = 0.

3. 0 < M < ak <AL

4. ||a* — §9|| Loy < 35
5. Auy = X uy >0} in B; and u, = wy on 0B5;.
6. |Jwellw2rimy) < -

But,

|A(ug) AA(wy) N By| > v > 0 for some fixed v > 0. (4.26)

We invoke the last lemma to guarantee the existence of a function w,, which satisfies:

Awy a.e. (4.27)

= X{woo>0}

and has 0 € FB.

27



Now we will use Equation (4.26) to get to a contradiction. We have

0<y
= ||X{uk>0} - X{wk,>0}||L1(Bl)

< ||X{uk>0} - X{woo>0}||L1(Bl) + ||X{woo>0} - X{wk>0}||L1(B1)

= I+ 1.

Now the argument above combined with Lebesgue’s Dominated Convergence Theorem shows
immediately that II — 0.

In order to show I — 0, we first note that w., and wu; satisfy the same obstacle problem
within B;, and on dB; we know that wu; equals w; which in turn converges in CH® to
Woo. Now by a well-known comparison principle for the obstacle problem (see for example,

Theorem 2.7(a) of') we know that

uk — wos||Loe(By) < |[ur — Wool[ L (08y) - (4.28)

At this point we can quote Corollary 4 of* to finally conclude that I — 0 and thereby obtain

our contradiction. m

4.0.25 Corollary (Uniform Stability). Suppose w € W*P(By) satisfies (1.1) and (1.3),

assume € > 0, p,q > n, and ||a”? — §Y||a(p,) < €, and let u denote the solution to

Au = X{u>0} m Bl (4 29)
u=w on 0B;. '

Then there is a modulus of continuity o whose definition depends only on X\, \,p,q,n, and
\|w||lw2rp,) such that

[l = wl[zeosy) < o (e)- (4.30)

Proof. By Calderon-Zygmund theory, if the Laplacian of v — w is small in L", then v — w

will be small in W27, (See Corollary 9.10 in%.) If » > n/2, then smallness in W?" guarantees
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smallness in L* by applying the Sobolev Embedding Theorem.

Alu—w) = X pog — (69 — a¥ + a¥) Dyw
= (Xjusoy = Xgusoy) T (@7 = 07) Dyjw
=T+ 1.

The fact that [ is small in any L" follows from the fact that it is bounded between —1 and
1 (to get control of its L™ norm), and is as small as we like in L' by Theorem (4.0.24) . In
order to guarantee that II is small in L" for some r > n/2, we first observe that D;;w is
bounded in L? for some p > n, and ||a” — 6Y|| 1¢(p,) is as small as we like by our hypotheses.

Now we simply apply Holder ’s inequality. [
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Chapter 5

Regularity of the Free Boundary

We turn now to a study of the free boundary in the case where the ¥ € VMO. We will
show the existence of blowup limits and it will follow from this result together with the
measure stability result from the previous chapter, that a form of the Caffarelli Alternative

will hold in a suitable measure theoretic sense.

5.0.26 Theorem (Existence of Blowup Limits). Assume w satisfies (1.1) and (1.3), assume
a satisfies (1.2) and belongs to VMO, and define the rescaling

we(x) == e *w(ex).

Then for any sequence {ex} | 0, there exists a subsequence (which we will still call {ex} to
simplify notation) and a symmetric matriv A = (A7) with
0< AN <ALZAI

such that for all 1 < 1,7 < n we have

7[ a’(z) dov — AV, (5.1)

€k

and on any compact set, we, (x) converges strongly in CY* and weakly in W*? to a function

Weo € W2P(R™), which satisfies:

AYDjjwe = Xjwwsoy 0N IR, (5.2)

and has 0 in its free boundary.
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5.0.27 Remark (Nonuniqueness of Blowup Limits). Notice that the theorem does not claim
that the blowup limit is unique. In fact, it is relatively easy to produce nonuniqueness, and

we will give such an example in the next chapter.

Proof. Because the matrix a*(z) satisfies 0 < Al < a¥(z) < AT for all z, it is clear that if

we define the matrix

A ][ 0 (z) da, (5.3)
then this matrix must also satisfy the same inequality. Of course, since all of the entries are
bounded, we can take a subsequence of the radii ¢, such that each scalar Agc converges to
a real number AY. With this subsequence, we already know that we satisfy Equation (5.1),
but because a”(x) € VMO, we also know:

£ (o) - 47
B

€k

dr < n(e) =0,

where 7 is just taken to be the maximum of all of the VMO-moduli for each of the a%’s,
and by the triangle inequality this leads to
7[ la¥(z) — AY| dx — 0. (5.4)
€k
Now we observe that if a’*(z) := a%(exx) then the rescaled function wy = w,, satisfies

the equation:
a?* () Dijwi () = X, 20y (%) 5 (5.5)
and

][ |a*(z) — AY| dz < nlep) = 0. (5.6)
By

By combining Theorem (3.0.19) with Corollary (1.2.11) we get the existence of a constant
7 < 00 so that [|w||w2r,) < 7y for all k. At this point we satisfy all of the hypotheses of

Lemma (4.0.22), and applying that lemma gives us exactly what we need. ]
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5.0.28 Theorem (Caffarelli’s Alternative in Measure (Weak Form)). Under the assump-

tions of the previous theorem, the limit

. |[Aw) N B,
1 St 5.7
TN 5:1)
exists and must be equal to either 0 or 1/2.
Proof. We will suppose that
Alw) N B,
lim sup Aw) 0 By >0 (5.8)
rl0 ‘BT|

and show that in this case the limit exists and is equal to 1/2. It follows immediately from

this assumption that there exists a sequence {e;} | 0 such that (for some 6 > 0) we have

|A<w€k) n B1|
—=— >0 5.9
| B1| (59)
for all k. (Here again we use the quadratic rescaling: w,(x) = s 2w(sx), and we will

even shorten “w,” to “w;” henceforth.) We can now apply the last theorem to extract
a subsequence (still called “¢;”), and to guarantee the existence of a symmetric positive
definite matrix A% with all of its eigenvalues in [\, A], and a wy, € W2P(IR"), such that if
a*(x) == a¥(exx), then

][ la*(z) — AY| dz — 0. (5.10)
B

and

AT Djjwe, = X(wwooy ON R, (5.11)

and 0 is in F B(we).

Now we make an orthogonal change of coordinates on IR™ to diagonalize the matrix A%,
and then we dilate the individual coordinates by strictly positive amounts depending only
on A and A so that in the new coordinate system we have AY = §%. Now of course, there
are new functions, and the constants may change by positive factors that we can control,
but all of the equations above remain qualitatively unchanged, and we will abuse notation

(in a manner similar to the fact that we have not bothered to rename the subsequences), by
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continuing to refer to our new functions in the new coordinate system as wy and wy,, and

by continuing to refer to the “new” a* as a"*, etc.

Now we let u;, denote the solution to

Auk = X{Uk>0} in Bl (5 12)
U = Wk on 831 . ‘

Using Equations (5.9) and (5.10) and applying our measure stability result to u; and wy we
can make |A(ur)AA(wy)| as small as we like for k sufficiently large. In particular, we now

have:
[A(up) N By| ¢
—_ > . 5.13
| B1 2 (5.13)
Since wy converges uniformly to w., on every compact set, it follows that u; converges
uniformly to w,, on 0B, and now we start arguing exactly as in the last paragraph of the

proof of our measure stability theorem. In particular, Equation (4.28) holds, and Corollary

4 of* then gives us
[A(wee) N By

)
> = 5.14
Of course now we can invoke the C*® regularity at regular points (see Theorem (1.2.6)) to

guarantee that we, is C1® at the origin, and this in turn implies that

. A wee)N By 1
lrlf(()l B, =3 (5.15)

Now it remains to do two things. First we need to pass this result from w,, back to our
subsequence of radii for w, but second we will then need to show that we get the same limit
along any sequence of radii converging to zero. The first step is a consequence of combining

our measure stability theorem with Corollary 4 of* again. Indeed, for any r > 0,

(AwIN B, | [ Aw) 0B, [ _
! ( B, B, ) 0 (5.16)

k—o00

On the other hand, by our rescaling, this equation becomes

A(w) N By Awao) N B,
hm(! (W) N Birey | | AMwo) N |):0,

5.17
Booy | B, (5.17)

k—o0
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which we can combine with Equation (5.15) to ensure that

A(w) N Bire 1
lim LA 0 Bea |1 (5.18)
k—ro0 ‘ B(rek) ’ 2
Finally, we wish to be able to replace “re,” with “r” in Equation (5.18). Suppose that
we have a different sequence of radii converging to zero (which we can call s,) such that

1AW N B, |
f—o00 | BSZ |

1

#3 (5.19)

At this point we are led to a contradiction in one of two ways. If the limit above does
not equal zero (including the case where it simply does not exist), then we can simply use
Theorem (5.0.26) combined with Theorem (4.0.24) to get convergence to a global solution
with properties which contradict the Caffarelli Alternative (Theorem (1.2.4)). On the other
hand, if the limit does equal zero, then we use the continuity of the function:

_|Aw)N B, |

g(r):
| B, |
to get an interlacing sequence of radii which we can call s, and which converge to zero such

that g(s¢) = 1/4, and then we proceed as in the first case. ]

5.0.29 Definition (Regular and Singular Free Boundary Points). A free boundary point
where A has density equal to 0 is referred to as singular in measure, and a free boundary
point where the density of A is 1/2 is referred to as regular in measure. For the rest of
this work, we will refer to these free boundary points as simply “singular” or “regular.”
Note that this definition should be compared with Caffarelli’s definition which is given in

Theorem (1.2.4).

The theorem above gives us the alternative, but we do not have any kind of uniformity
to our convergence. Caffarelli stated his original theorem in a much more quantitative (and
therefore useful) way, and so now we will state and prove a similar stronger version. We
will need the stronger version in order to show openness and stability under perturbation

of the regular points of the free boundary.
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5.0.30 Theorem (Caffarelli’s Alternative in Measure (Strong Form)). Under the assump-
tions of the previous theorem, for any e € (0,1/8), there exists anry € (0,1), and a7 € (0,1)
such that

if there exists at < rg such that

|A(w) N By
> 5.20
| Byl N ( )
then for all r < 1t we have
[A(w)NB,| _ 1
L > — 21
| B,| -2 < (5.21)

and in particular, 0 is a regular point according to our definition. The vy and the T depend

on € and on the a”, but they do not depend on the function w.

=

Proof. We start by assuming that we have a ¢ such that Equation (5.20) holds, and by
rescaling if necessary, we can assume that ¢ = ry. Next, by arguing exactly as in the last
theorem, by assuming that r( is sufficiently small, and by defining sq := /rg, we can assume

without loss of generality that

7[ la(z) — 69| dx (5.22)

Bs,

is as small as we like. Now we will follow the argument given for Theorem 4.5 in! very
closely.
Applying our measure stability theorem on the ball By, we have the existence of a

function « which satisfies:

Au = X{u>0} n B(3so)/4

(5.23)
u=w on 0B,
and so that
{A(w)AA(w)} N By, (5.24)
is small enough to guarantee that
‘A@rg—:f%l > % , (5.25)
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and therefore

m.d.(A(u) N B,,) > C(n)ree . (5.26)

Now if 7 is sufficiently small, then by the C'* regularity theorem (Theorem (1.2.6)) we
conclude that OA(u) is C** in an 73 neighborhood of the origin. Furthermore, if we rotate

coordinates so that F'B(u) = {(2/,z,) | , = f(2')}, then we have the following bound (in

B,2):
° C(n)
< — . 5.27
1l < 5 (.27
On the other hand, because of this bound, there exists a v < 1 such that if pg := yr¢ < ro,
then
|A(u) N B, 1—e¢
> (5.28)
| By | 2
Now by once again requiring ro to be sufficiently small, we get
[A(w) NV By 1
— 0 > ——c. (5.29)
| By | 2

(So you may note that here our requirement on the size of ry will be much smaller than it
was before; we need it small both because of the hypotheses within Caffarelli’s regularity
theorems and because of the need to shrink the LP norm of |a” — §%| in order to use our

measure stability theorem.)

Now since % — ¢ is strictly greater than e, we can rescale B, to a ball with a radius close
to 9, and then repeat. Since we have a little margin for error in our rescaling, after we
repeat this process enough times we will have a small enough radius (which we call 77r¢), to

ensure that for all r < 7ry we have

Alw)n B, 1

—€.
|B|

5.0.31 Corollary (The Set of Regular Points Is Open). If we take w as above, then the set

of points of FB(w) which are reqular in measure is an open subset of F B(w).
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The proof of this corollary is identical to the proof of Corollary 4.8 in' except that in place

of using Theorem 4.5 of! we use Theorem (5.0.30).

5.0.32 Corollary (Persistent Regularity). Let A% be a constant symmetric matriz with

eigenvalues in [\, A]. Let w satisfy w > 0,
AT Dijw = X oy
and assume that FB(w) N Byyy is CY*. If a*(x) € VMON L™®(By), and
la" — A pasy)
1s sufficiently small, then the solution, w,, to the obstacle problem:
we >0, a”(x)Dijw,(z) = Xfwosoy (T),  Wa =w on 0By
has a regular free boundary in Bye. (In other words the density of A(w,) is equal to 1/2 at

every x € FB(w,) N Bys.)

Proof. We start by observing that by Theorem (1.2.5) there will be a neighborhood of
FB(w) N Bss where w(x) will satisfy:

- dist(x, A(w))? < w(z) < - dist(z, A(w))? (5.30)

for a constant v > 0. By the same theorem, the size of this neighborhood will be bounded
from below by a constant, 8, which depends only on the C** norm of F'B(w)N Bs,4. In other
words, Equation (5.30) will hold for all # € A(w)zNBs/s. On the other hand, in A(w)g N m
the function w will attain a positive minimum. By applying Corollary (4.0.25) to guarantee
that

lw = wal|Lo(B))
is as small as we like, we can ensure that w, > 0 in A(w)§ N E/g, and so FB(w,) C A(w)g.

By using Theorem (3.0.14) applied to w,, we can even guarantee that
FB(wa) N B5/8 C FB(U})B . (531)
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Now fix 0 < € << € < 1/100. We choose § <  based on the C'* norm of FB(w) to

ensure that for any zy € F'B(w) N Bs/s and any r € (0, 3] we have the inequality:

|Br(’92)3<20/)\’(w)| _ % e (5.32)

Arguing exactly as above and shrinking ||a” — AY||1¢(5,) if necessary, we can now guarantee
that
FB(w,) N Bss C FB(w)(a;) . (5.33)

Now pick an yy € FB(w,) N By/,. Using Equations (5.33) and (5.32) we estimate:

[Alwa) 0 Bj(yo)l _ [Aw) N Bj(yo)l .
|B3(vo)] — |Bs(wo)l

vV
|
|
)
|
Q
S
™
™
3

>1/4,

as long as we choose our constants sufficiently small. Now by shrinking the value of B (if
necessary) to be less than the ry given in Theorem (5.0.30) we can be sure that y, is a

regular point of F'B(w,). ]
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Chapter 6

An Important Counter-Example

Now we will give an example of a solution to an obstacle problem of the type we have been
studying above which has more than one blowup limit at the origin. The first step will be
to construct a convenient discontinuous function in VMO N L*>(By).

We define the function fi(x) by letting fi(z) := vx(|z|) where ~x(r) is defined by

_e2k+1

2 forr>e

r) = 6.1
() 5 + cos(mlog |log r|) for 1 < o= (6.1)

2

Now we observe the following properties:

1.
2§fk§31n Bla
2.
for any ¢ < oo, khmek—ZHLq(Bl):O, and
—00
3.

. / -
17%1 re(r) =0.

It now follows from a Theorem of Bramanti (using the first and third propery above) that
fr(z) € VMO(By). Since we were not able to find this result published elsewhere we will

include the proof in an appendix. (This proof is due to Bramanti and is found in his
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PhD dissertation: Commutators of singular integrals and parabolic equations with VMO
coefficients. Ph.D. Thesis, University of Milano, Italy, 1993.2)

Now we define a?*(z) := fi(x)0%, and pg(z) := ;((xn, — 8)+)*. Observe that ps solves
the obstacle problem:

2Aw = X{wsop 2

and F'B(pg) = {x, = B} . Now for —1/10 < 5 < 1/10 and k € IN, we let wgy denote the

solution to the obstacle problem:
w >0, a*(x)Dyw = X(wsoy i Bi,  w(z) = ps(z) on 0B, .
Now we observe that
20(ps — Wa k) = Xy 00 — (207 — ) Dijws e — X oy o0y
and so
128 — war)llrs) <X 00 = Xiu, ool lr@)
+11(267 — a”*) Dijwg k| o)

= ||X{pﬁ>o} - X{wﬁ’k>0}‘|Lp(Bl)

+ 11207 — a" ") Dijws il o(s_ pei)

The first LP norm can be made as small as we like by letting k£ be very large and then by using
measure stability, and the second L” norm can be made as small as we like by letting k& be
very large and by observing that |[wg k|[r(B, ,) < C. Since (ps—wg ) € W2P(By)NW, P (By)
we can use Lemma 9.17 of? to guarantee that ||ps — wgk||w2r(ps,) 1s as small as we like for

any p < oo and therefore by the Sobolev embedding
llps — wa ||z, is as small as we like. (6.2)

(We have not hesitated to increase k.)
Now by using Theorem (5.0.32) along with the nondegeneracy enjoyed by the wgy
functions and with (6.2), we can assert that for all § € [—1/10,1/10], as long as k is
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sufficiently large, every € FB(wgy) N By is a regular free boundary point (in the sense

of definition (5.0.29)) and
v € {8 —1/100 < z, < B+ 1/100}.

Now we claim that there exists a ) such that 0 € FB(wg, ), and since our function fi(z)
oscillates between 2 and 3 infinitely many times as we zoom in toward the origin, we can
apply Theorem (5.0.26) to guarantee the existence of different blowup limits. To establish
the claim, we observe that if it is false, then there is a ball By-» which never intersects the

free boundary for any 3, and this situation would contradict measure stability.
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Appendix A
Radial VMO

A.0.33 Theorem (Radial VMO). Let f : (0,R] — R, f € C*(0,R], and assume the

following:
1. fel?(0,R)
2. af () =0 forx — 0F
3. xf' (x) =0 forz — 07"

4o Joxlf (r) = f (@) f () dx — 0 for r — 07
(Note that if f is bounded, then it’s enough to assume 3).
Letu: B (0) CR" - R
u(z) = f(|z]).
Then uw € VMO (Bgr (0)).

Before we prove the theorem, let us see the following lemma. We will consider the case
n = 1. The general case can be handled similarly by radial change of variables. Hence u is

an even function on [—r,7].

A.0.34 Lemma. If f,u are as in the above theorem, then

1 T
¢(T)52—/ |u(.:1:)—u(,m)‘2dm—>0 asr — 0.
r T
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Proof. By integration by parts

1 T
f(O,r) 32;/0 f(x)dx
1

G
Then
/|u Uy P = /|f B
< /|f F)dz + o(1) for ¥ — 0
2Llf e )—f('f)]z]ii—é/Or:c[f@)—f('r’)] /(@) +o(1) =+ 0

To prove the theorem, it suffices to show that

* 1 2
Mo (1) = sup |u(2) — up, @)nspo)| dz — 0 for r — 0.

veBr(0).0<o<r | Bo (¥) N Br (0)] /B, @)nBr(0)

Proof. (for n = 1,R = 1) We will write (a,b)” := (a,b) N (=1,1). To bound 5, (r) (for
n=1R=1), let

1

|(.CI?0 —&,%0 + 5)*’ (zo—e,z0+€)*

(0 (x07 5) =

2
|u ($) - u(xo—s,x0+e)*| dz.
Assume z > 0 (for symmetry) and recall that
b ) b )
/a () = tap)| do = rAnelﬂrg/a lu(x) — A" dx.
Let us distinguish the cases:

1. 0 <z < 2. We can take e < 3. Then (zg — e, 29 +¢) C (—3e,3¢) C (—1,1) and

1 Tro+e 1 3e
Y (zg,€) < 2—/ ‘u (x) — u(,35735)|2 dx < 3—/ ‘u (x) — u(,35735)|2 dr < 3¢ (3e) = 0
€ xro—€E be —3e

as € — 0, by the above Lemma.
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2. 2¢ <xp < 1. Then (zg —&,x9 +¢)" C [g,1] and

¢ (an 8) S w? (2€>

where

we (h) = sup | f(x) = f (W)l

lz—yl<h; z,y€le,1]
Since f € C' e, 1],
w. (h) < h- max |f' (z)].

z€le,1]

Now, if f’ is bounded on (0, 1] we have w, (2¢) < ce, otherewise:

w: (26) < 2e|f'(&)] for some & € [¢,1], and

we (28) < 28 |f (&)

with & — 0 as € — 0, since f’ is unbounded near the origin; then (3) implies

26| (&) — 0. In any case, w, (2¢) — 0 for ¢ — 0.

We conclude that

sup Y (zg,e) — 0 for e — 0,
20€[0,1]

and u € VMO (B, (0)).
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