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CHAPTER I

INTRODUCTION

The nature of many agricultural, biological and industrial
experiments necessitate the estimation of the effects of several
different factors on the variable of interest to the researcher.
Therefore, in these experiments, factorial designs are widely
used as they allow several factors to be included simultaneously
in the experiment.

Sometimes in factorial designs it may not be possibis to
apply all the treatments in one hnmogeneous set of experimental
units, In this case the treatments are often divided into
subsets and applied to smaller ssts of homogenzous units (uhich
are called 'blocks')., It is well known that scome 'information'
is sacrificed in this case, i.e., some of the factorial 'effects’
are confounded with the block 'effects'.

As the number of factors and their levels increase, the
size of factorial experiment enlarges rapidly and sometimes
goes beyond the limits of available resources. In such
situations,rfréctional factérial experiments (an experiment
consisting of only a fraction of the complete set of treatments)
may be considered. Again, some 'information' on the factorial
teffects' is sacrificed,

It is not generally knoun among experimenters that there
is more than one way of defining factorial effects, In general,

the definitions do not aqree when there are at least two factors



with more than two levels. Unfortunately, the definition used
most often in designing 'fractional replicates of factorial
experiments' and in designing experiments where some effacts are
'confounded with blocks' does not give factorial effects with
desirable physical interpretations, Thus some of the designs
recommended in the standard reference books do not have

desirable properties as far as interpretations are concerned,

1.1 Contents and Goal af the Report

A factorial effect is a linear combination of the 'true'
yields of all the assemblies (treatment combinations) in the
experiment. There are two types of definitions available for
the factorial effects in an experiment (Srivastava 19639).

When there are at least two factors with more than two levels,
the two definitions differ in the coefficients of the assemblies
in the linesar combinaticn. A lot of misconception exists in
the literature as to the nature of the relationship betueen
these two definitions, their practical importance to an applied
statistician, their physiéal interpretations and their use in
designing fractional factorial experiments or developing
confounding plans for factorial experiments. In the following,
if it is implied that the tuo definitions do not agree then i£
is to be assumed that there are at least two factors with more
than tuo levels in the experiment,

Effects defined by the product definition are the easiest

to interpret and consequently, are the most desirable from



the experimenter's point of view., The geometric definition
utilizes the concepts of hyperplanes in finite Euclidian
Geometry and has desirable mathematical properties but no
physical interpretations., The geometric definition is useful
in construction of the fractional factorial designs and
confounded designs but, in generél, product effects are not
estimable in such desians,

A design in which the variances of thé estimates of the
factorial effects of the same order, i.e., with the same number
of factors, are equal is called a balanced design., If balance
is achieved in a fractional factorial design with respect to
the effects defined by the geometric definition, then usually
it will not be balanced if the corresponding product effects
are estimated, If the block size is less than the number aof
treatment combinations then often tint experimenter will choose
to partially confound some degrees of freedom of geometric
effects, In such partially balanced designs, estimation of
the product effects is not straight forward. The geometric
effects which can be estimated with certain preéision cannot
be interpreted physically.

A discussion of the two types of definitions and a brief
review of Finite Euclidian Geometry and Galois Fields is
presented in Section 2,1. The relationship between the effects
defined by these two definitions is investigated for symmetrical
factorial experiments in Section 2,2. This will enable one to

use these effects interchangeably in some designs.



A computational technique for estimating the product effects from
geometric effects is given in Section 2.3. Three confounding
plans, given in Cochran and Cox (1968), are considered in

Chapter 3 to illustrate the theory. These plans are designed

by partially confounding some geometric effects which are
estimable from part of the design but the corresponding product

effects are not directly estimable,
1.2 Notations

A general factorial experiment involving n factors with
s; levels of the ith factor (i = 1,2,..,n), is said to be a

8yXs,x..xs_ Factorial Experiment (FE).

Example 1.2,1 An agricultural experiment consisting of

3 factors (i) water at two levels (ii) nitrogen at three
levels and (iii) potash at five levels is said to be a

2x3x5 factorial experiment.

If all s; are equal (s1=32=..=sn=s) then the experiment is knoun
as a symmetrical factorial experiment and is denoted by sn,

i.e.,, n factors each at s levels,

Example 1,2.2 In an experiment in which 3 factors potash,

nitrogen and phosphate occur each at 2 levels, it is a 23

symmetrical factorial experiment.

If at least one Si is different than the others then the



experiment is an asymmetrical facterial experiment (AFE).
In the above experiment the set {say.n) of all possible

treatment combinzations (or assemblies) consists of S4XS,XeeXS

elements., A general assembly can be denoted by (af1a;2..ain),
where factor ai-eccurs at jith level for i = 1,2,.,.,n and

ji = D,1,..,si-1. If m of the ji are non=-zero the assembly is
an m=fzclur =2ssembly, The assembly with all ji = 0D is denoted
by #. The expected valus E(aiTagz..ain) denotes ths 'tru=f

-
L )
- 2

Jg dp L
-yield when assembly (a11322..ann) is applied to an experimental

unit,

Examnle 1,2.3 In the gxperiment 2x3x5, the assembly

(a:agag) is the treatment combination of 1st level eof the
first factor (water), Oth level of the second factor
(nitrogen) and 3rd level of the third factor {patash).

This assembly is equivalent to the assembly {a;ag) or (103)

and is a 2-factor assembly., The expected valuye E(a;agag
denctes the 'true} yield of the assembly in which water is

at 1st level; nitrogen at Oth level and potash at 3rd level.

I

The factorial effects are dencted by capital letters such as

ky kg K ' ky ks, k.
B, A, ,.84 ', The effect A1 AZ es A is an m=factor interaction

i1 72 n n
when m of the ki are nonzero., When m = 1 it is gcalled a main
affect of the respective factor., UWhen m = 0 it is the mean

affect, denoted by/u. Technical definitions are given in

Section 2.1.



Example 1.2.4 1In the 2x3x5 AFE, the effect ASA2A. (uhich

1723
is equivalent to A§A3) is a 2-factor interaction af the
second and the third factors. The factorial effect A.lﬂgﬁg

(= A,) is the main effect of the- first factor and
1 -

D

A A2

- O

Ag is the mean effect Mo
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CHAPTER II

THE RELATIONSHIP BETWEEN THE PRODUCT AND THE GEOMETRIC EFFECTS

2.0 Introduction

In this chapter the relationship between the tuo types of
definitions is examined. The definitions are introduced in the
first section, The product definition is essentially the same as
used in Cochran and Cox (1968), Chapter 5.. For the physical
interpretation the reader is refered to the above béok. -Cochran
and Cox also use the geometric definition implicitly in Chapter 6,
The geometric definition is taken from an unpublished paper by

Srivastava (1969).

2.1 Product and Geomeiric Definitions

2.1.17 Product Definition

Consider a s,xs,x..xs_ factorial experiment (Si not
necessarily egqual). The product dafinition of the factorial

k k2 k

effect A1 o ..ﬂmm, is given by
ky k, Kk, m # =1 (s) ;
(2.1.1) Ry Ry eoh W = 351 { Zi:D dy (kj) E(aj-)}

where E(a ) is the sum of 'true' yields of all the assemblies

in which Jth factor occurs at level i. The constants dg )(k)

satisfy the following conditions:

s=1
{2.142) s dga)(k) =0, 0 <k < s=1
j=0



which makes every effect a linear contrast,

(2.1.3) %éé {dgs)(kq)}-{dgs)(kzi} = 0, for k, # k, and

0.5:k1,k2 £ s-1; so that any tuwo effects are orthogonal and
(2.1.4) dgs){ﬂ) =1, for all j and s

for defining the mean effect,

These d's depend upon the values of s, j and k, The
conventional values are given in the Table 2,1.1, but the
results in this report are valid for any choice of these

constants so long as they satisfy Egns. (2.1.2) and (2.1.3).

Table Z2.1.1

Values of dgs)(k) for s = 2,3,4,5; k = 1,2,3,45 j = 0;154095=1,

L&
o]
-
o
-
~N)
Q
-
N
A
(o]
-
N
[#]
-




Equation (2,1.1) can also be uritten as

k. 4 m TipeesD T r
(2'1.5) A,’JAr‘Z’-p\ m = > "'> [d 1 ’nm] E(a 1..3 m)
€™ TS0 To=0 L Kqreesk LI
1 m
where d, 1'"'r {d 51 (k )}{d (k ) {d (k )} and
1,'.’ _}

By Ty rm r, ¥, T
E(a1 a,“..a_ ") is the 'true' yield of the assembly (a1 a,"..a 1P

Example 2.1,1 Consider a3 34 FE, i.e., the 4 factors
(A1, TLETL 4) with 3 levels each (al,al,af; = 152,3:4)

A component of the two factor interaction between A1 and A2

is defined by

i3hg = {269 = 206D+ £@D ] (- 6D+ 2]

0_0 1_0 1.2 2 0
- E(ETEZ) + E(a1 ) + ZE(a 2) - 2E(a132) - E(a1a

2 2
+ E(a1a2)
Here E(a%ag) is the sum of 'true' yields of all assemblies
in which first factor (A1) occurs at the level i and the

second factor (A?) occurs at the level j. This is the sum

. i jk f
of 9 assemblies {(a1a%asaa); k,f = 0,1,2-}.

Example 2,1,2 For an 23x32 AFE in which three factors

(A1,A2, 3) are each at 2 levels (aq a}; i=1,2,3) and
factors (A,,Ac ) are each at 3 levels (aJ a},a?; j = 4,5),

the interaction
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fe(ad) - 2e(a)) + £(a2) ]

000 0 D 1 0 0_2 010
E(a18234) - 2E (a &) E(a1azad) - E(a1 2 a)

+ 2€(aja)ay) - E(aja ; 2) - E(ajabey) + 26(a)alal)

1.1 D
1%2%4

1.1.1

1,12
{Bg%y ) .

) + E(ajaza,

- E(a ) + E(a,a ) - 2E(a

1 2 4

In this effect each (a a 4) represents the sum of 'true!

yields of the six assemblies {(a a; g Z m), f = 0,1;

m = 0,1,2~F.

2.1.2 Euclidian Geometrv and Galois Fields

A field containing a finite number of elements (= s) is
called a Gaiois Field nr a Finite Field and is denoted by GF(s).
A Galois Field can be always constructed when s is a prime pouer.
When s is a prime number the elements of the field are the
residue classes of modulo s, i.e., 0,1,..,8=1., The addition and
multiplication-ﬂperatibns are illustrated below in Table 2,1,2
for s = 3 and s = 5. The GF(3) has 0,1,2 as its three elements
and GF{5) has 0,1,2,3,4 as its five elements.

When s is a prime pouer (nth pouwer of a prime), however,
the elements of Galois fField are polynomials in X of degree n
which belong to and are irreducible in GF(s). For example,

2 2

for s = 4 = 2°, let X = X + 1 and define addition and

multiplication as in Table 2.1,3.



Table 2,1,3

Addition and Multiplication Tables for GF(4)

GF (&)
+ 0 1 X X+1 x 0 1 X X+1
0 0 1 X X+1 0 0 0 o 0
1 1 0 X+1 X 1 0 1 X X+1
X X X+1 0 1 X 0 X X+1 1
X+1 | X+1 X 1 0 X+1 0 X+1 1 X

Consider the n=dimensional Euclidian Space EG{(n,s) based
on GF(s). There are s" points in EG(n,s) and sach point is
represented by a n-vecter over GF(s). The points satisfying

the equation
(2.1.8) CqXy * CoXy + .0 + C X = ol

where ¢;, i = 1,2,..,n and o are elements of GF(s), and not
all c; are zero, form a2 n-1 dimensional hyperplane which is
denoted by dl(c1,02,..,cn;a¢) or by Zﬁd:

As of is an element of GF(s) it has s choices which give

s parallel n-=1 dimensional hyperplanes which do not have any

11



Table 2.1,2

Addition and Multiplication Tables for GF{(3) and GF(S)

GF(3) )
+ g 1 2 X 0 1 2
0 0 1 2z 0 0 0 0
1 1 2 c 1 0 1 2
2 2 0 1 2 o 2 1
GF(5)
+ o 1 2 3 4 X a 1 2 3 4
0 0 1 2 3 4 c J D Q 0 0
1 1 2 3 4 0 1 8] 1 2 3 4
2 Z 3 4 0 1 2 0 2 4 1 3
3 3 4 0 1 2 3 0 3 1 4 i
4 4 a 1 2 3 4 0 4 3 2 1
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s points

point in common, Each of thesz planes cansists aof s
which are the solutiens of Egn, (2.1.6).

These hyperplanes are used to define the geometric effects,

2.1.3 Geometric Definition

Geometrically, a faﬁtnrialreffect, in a symmetrical
factorial experiment sn, i.e., n factors each with s levels,
where s is a prime power, 1is defined as
k, k k S=1

1, 2 n s : :
(2.1.7) Ay Ry eeh T = E;; dg )(kr) -EA(D,,.,D,1,kr+1,.,,kn;u%i}
where dgs)(kr)'are the same constants as defined in the product
definition, r is the least integer such that k. £ 0,

{?3(0,..,9,1,kr+1,..,kn;d%)} is the sum of the 'true' yields

9

L _n=1 ; J4 on ;
af the s assemblies (a1 28, eedp ) lying on the hyperplane

or satisfying the equation

) 3 i ¢ . =
(2.1.8) Joo ¥ Bpadoca ¥ ou % K .

d% being an element of GF(s).

Examole 2.1.3 In 2 3° FE, the geometric effect AZA, is

defined as

2, _ =1 (3) .
A1A2 = %;% d377(2) -{Zl(z,1,0,a,z%)j
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= (Xg# X, = 0) = 2(Xy+ X, = 1) + (Xg+ X, = 2)

2

0.0 1 2 21 0.1
{k(a1az) + E(a1a2) + E(a132)} -2 E(a1a2) +
1.0 2.2 D_2 1.1 20
E(a1a2) + E(a1a2)] + {F(3182) + E(a1a2) - E(a1a2)}.
Again, E(a;ag) stands for the sum of 'true' yields of the
. . i j k_f
9 assemblies in {(a%a%a3a4); k,f = 0,1,2].

2.1.4 Product=Geaometric Definition for Asymmetrical Case

Consider a (sszg) AFE, uwhere s, and's, are prime pouers.
If A1,A2,..,Am and B1,82,..,Bn denote the factors at s, and S5

k, k k
levels respectively, the geometric effects A11A22..Amm and

f1BF
1 72

respectively. These are called pure A=effect and pure B-effect,

2 fn m n

B ..Bn are defined as in symmetrical cases Sy and So

Ky Ko f Fn
The mixed effect of the type A, "Am B, ..Bn may be

defined by product-geometric definition (which is a product of

two geometric effects) as

k
1

1

m, 1 n
(2.1.9) Wy ol By aeBl " 2 X d; ' (ky) d

kK f, f 517 %27 (s)) (s,)
. z__ d; (k3)
J1=U 32=U 1 .
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where <. and Fﬁ vary over all the elements of GF(s,) and
Jq Jo 1

GF(sz) respectively, Here AS and A&%, are the same
J1 jz
hyperplanes as defined in symmetrical experiments 5? and sg

respectively. The product x denotes the product of the

assemblies lying on z%i and ﬁs%S s and is the same as the
Jq j
product of the assemblies as used in the product definition.

Example 2,1.4 In a 23532 AFE, where factors (§1,A2,A3)

are at 2 levels each and factors (B1,82) are at 3 levels

each, a mixed effect can be defined as

A

A.B2 T S— d(z)(‘l) d(:")(z) [A(1,1,o;=ej ) x
1

1
Jg=0 J,=0 1

A2,055 )
- {- (Xy+ X, = 0) + (Xg+ X, = 1)} X {(Y1 =0

-2(Y, = 1) + (Y, = z)}

(- £03eD) = E(alel) + £(elel) + £(1aD)]
fewd) - 2]y + €D}

0.0.0 0,01 0,0,2
= = E(a;a b)+2E(a1 2b1)-E(121)—E(a121)

{99
+ 2e{ataln]) = ealalb?) + e(aalnd) - 26(aaln]y -
1 2 1 2 1 1 2 1 17271
+ E(a al ) + E(1 bﬂ) - 2E(a O ) + E(a bz)
1 2 192 12y {997
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i
=4

In this case E(aiazbf) stands for the sum of ftrue' yields of

the six assemblies {(a:a%agbﬁbg); f =0,1 and m = 0,1,2}.

2.2 The Relatinnship between the Product and Geometric Effects

Consider a s" symmetrical factorial experiment., We will
state and prove a lemma which will be used to derive the
relationship between the effects defined by the product

definition and the effects defined by the geometric definition.

Lemma 2.2.1 The k=factor interactions as defined by

product (geometric) definition are orthogonal to all interactions
as defined by the geometric (product) definition except those

k=factor interactions involving the same k factors,

Proof: UWe will consider a 'p' factor interaction as defined
by product definition and a 'g' factor interaction as defined
by geometric definition, Without loss of generality we will
take the 'p' factor product effect involving the first 'p!

factors (A1,A ,...,Ap) and the 'q' factor geometric effect

2

involving the last 'q' factors (Ah+1’Ah+2""’ =Am) so that

Ah+g
h + g =m,

The product effect can be given as

k, k k s=1 .
(2.2.1) Aytay % P = 3'731 EZ'_ dff)(kj) E(a;)}

i=0

which is also eaual to
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k, k k s-1 r ssT r r
1, 2 p _ 1*° o] 1 p
(2.2.2) R, A, ..Ap = er . (dk1“”k ) E(a, el )
Rl P
r T
1700070 _ (s) (s)
h d = d Kk es d k_)e.
wnere k1’obskp r1 ( 1) rp ( p)

This product effect is a linear combination of s terms of
the form E(ar"A arp) with coefficient d(s)(k ) id(s)(k )}
1 L p { r1 1 }.l rp p

such that TyseesT = 041754045=1. These terms are summed over

p
all the levels of remaining (m=-p) factors in the experiment,

r _
That is, each term E(a11..app) is the sum of the 'true' yields

m=p

of s assemblies which are all the possible combinations of

r

the s levels of (m=p) factors combined with (311

T
p
e L Th S
a, ) u
the sP terms of this effect account for all the s" assemblies
in the experiment,
The geometric effect of the last 'g' factors can be defined

as

f‘11-1_-1”]‘)"’

h+1 m

(2.2.3) A m

s=1

= UZ=D dL(’S)(Fh+1) [A(010‘30’1’Fh+2""Fm;u<u)j

where ‘iu are the elements of GF(s), Fre # 03 and

{A(U,..,D,1,fh+2,..,!’m;°{u)} is the sum of 'true' yields of

g™ assemblies lying on the hyperplane
r

r
AS(D,..,D,1,Fh+2,..,Fm;dL), that is, the assemblies (a11..app)

satisfying the equation
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(2.2.,4) r

The geometric effect is a linear combipnation of 's'! terms

of the form A(0,..,0,1,f db) denoted by zxi with

!"!F ;
h+2 q u

the coefficients dﬁs)(F Fach of these terms (uhich-

h+1)‘
corresponds to a hyperplane in EG(m,s) ) is the sum of 'true'
yields of s™ ! assemblies which satisfy the Eqn. (2.2.4). So
the above s terms (hyperplanes) also account for all the s"
assemblies in the experiment,.

The lemma is proved in two parts, (i) both the product
and the geometric effects have some factors common, and
(ii) the tuwo effects do not have any factor in common. UWhen
they have all the factors ccmmon the two effects are of same
order involving same factors in which case they are not
orthogonal.

Orthogonality is proved by showing that the sum of prdducts
of corresponding coefficients of the assemblies in Eqn. (2.2.2)
and Egn, (2.2.,3) is zero.
Egggﬁi) Let tﬁere be 't! F;ctors cammon in both the product
effect of Eqn., (2.2.2) and the geometric effect of Eqn. (2.2.3).
For this case consider the 'p! factors of the product effect
and the 'qg' factors of the geometric effect to be overlapping

A are the 't' common factors.

so that A b b

A A

h+1?"h+2?°**?

Let ¢ be a fixed value from the set 0,1,..,5=1., The

hyperplane A has sm-1 assemblies all with coefficient

%
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qis)(Fh+1) in the gecometric effect., Consider s" of them, which
c

can be dencted by

* 3 Ch_Ch+1 ®m
A (epyqseescy) = 2’31 **8p Bhaq *°3p 5 CqeeesCy = 0,1,..,5-1§

for one fixed choice of Chyq?e*9Cpne By wvarying Ch4q?eesC, OvVer

me=h=1

all solutions of Egn. (2.2.4) we get s shch subsets each

with sh assemblies,

" h 5 . *
The coefficients of the s assemblies in A are

iqgs)(k1)--.d£s)(kh1} where C; < 091500’5'1; i=1,2,..4b.
1 h

These numbers are the coefficients of the h=-factor product

ky k, Kk

12 R
affect A1 A2 "Ah

ali product effects are contrasts, we have

. h- . ; "
in an s factorial experiment, Hence, since

S-1
(2.2.5) 01’.%§;h g déj)(k1) .o dgz)(kh) =0.

Thus for these sh terms the sum of products of the corresponding

coefficients in the product and the geometric effects is

iq#c(fh+1>f'“ = 1 o

m=h=1

The same is true for all the s subsets and thus for

. By letting ¢ vary over GF(s), all assemblies are
Aﬁqc

considered, This completes the proof of Case (i).
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3

Example 2,2.,1 Consider a 3~ FE, i.e., three factors

(A1,ﬂ2,A3) at 3 levels each iga?,a;,az); i= 1,2,3};
Let (Afnz)p be the 2=factor effect by product definition
and let (%1A§)ﬂ be a 2?-factor ef-fect definesd by geometric
definition, Both these effects have one factor (A1} in
common,

letc =1, i.e., £l1 is the hyperplane defined by the

egquation

X1 +’2X3=1.

Here, t = 1 and h = 1 and so the 33_1= 9 assemblies lying

an this hyperplane are {002, 012, 022, 100, 110, 120, 281,

211, 221}, They have the same coefficient in the geometric
5 2 _

effect (A1A3)g, namely d, = -1,

tet ¢, be the level of the factor A whnich is common

1 1°
te both the product and the geometric effect, then for
c, = 0,1,2 the above 9 assemblies form 33-1-1= 3 subsets
each with 31 = 3 assemblies,
i.e., {002, 012, 022§ for e, =0
= 1

{100, 110, 120} for c,
{201, 211, 221} forc, = 2.
Consider the first subsst {DBZ, 012, 022}. Their
coefficients in product effect {A?Az)p are (=1, 0, 1)
respectively which sum to zero.
Similarly, for cther two subsets the sum of their

coefficients in the product effect is zero and hence the



21

sum of their corresponding coefficiants in the product
: 2 . - 2 .
ffont
effan (A1A2)p and in the gecmetric effect (R1A3)g is
(=1)°0 = 0O,
This is also true for the other hyperplanes AO and AZ'

Thus the two effects are orthogonal.

Case {ii) There are no common factors in the 'p' factor product
effect and the 'q' factor geometric effect., For this case
assume that the 'p' factors of the product effect and the 'q!
factors of the geometric sffect are not overlapping and they do
not have any facter in common.

Consider one general term of the product effect, say

c c
E(a11..apP) where Cy9Cgse2sC, aTe constant values belonging

CT"’!C

to GF(s). This term has the coefficient dy kp in the
EREE LT

product effect and it represents the total of the 'true' yields

'é1 cp cp+1
assemblies (a1 TL I B

mi—=p

]
©_M=p m 5 ]
OF 8 .cam ) such that 1P+1""lm

vary over GF(s)., These s assemblies form s groups according

to 'db in the equation

+.’+ih ==¢.

(2.2.6) * h+2 , m m B

het ¥ lhez ©
The s groups consist of an equal number (= sT-p-1) of
assemblies each, and lie on the s hyperplanes of Eqn. (2.2.3)

such that one group lies on one hyperplane.



Thus the s P assemblies considered above are equally

distributed on the s hyperplanes of Egn, (2.2.3). The sum

of the products aof the corresponding coefficients of these
Me=p

assemblies in the two effect is

S=1

C,90e,49C
(2.2.7) [dk1 kp] > 4,

(Fh+1)

s=1

which is equal to zero since > d (fh+1) = 0.
=0

=
c

The samething is true for all the other terms in Eqn.

(2.2.2). Thus the two effects are orthaogonal.

Example 2.2.2 Consider a 3% FE with four factors

(A1,A2,A3,Ad) each at three levels, .The product effect
2 : 2
(A1A2)p and the geometric effect (A3A¢)g do not have any

factor common. We have

(r38,), = {E(a]) = 26(a}) + £(ap)} {- E€(a3) + E(a3)}
= - E(a?ag) + E(a?ag) + 2E(a:ag) - EE(a:ag)

2 0 2 2
- E(a1az) + E(a1az) "

In this effect the term E(a?ag) accounts for the 'true!
yields of 9 assemblies:

0ooo DDC1_ 0002

0010 0011 0012

0020 0021 0022 ,

22
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and soc do all the other 8 terms,

The geometric effect is
2 _
(ﬂ3E4)g = (x3+ X4 = o) - 2(x3+ X, = 1) +-(x3+ xa = 2).

Out of the 9 assemblies accounted for by E(a?ag) in the

product effect, 3 lie on each of the above 3 hyperplanes,

1-8-,
oooo, 0012, 0021 lie on (x3+ X4 a),

0001, 0010, 0022 lie on (Xg+ X, = 1),

]

and 0002, 0011, 0020 lie on (x3+ X, = 23
Hence the sum of the corresponding coefficients of the
assemblies in the two effects is zero and the tuwo effects

are orthogonal.

Thus a product (geometric) effect is orthogonal teo all the
geometric (product) effects except uhen both the effects have

all the factors common,.

Example-2.2.3 We will consider a 3a FE to show that the

product and the geometric effects are not orthogonal when

the tuo effects have all the factors common. The product
2 ; 2 _

affect (A1A2)p and the geometric effect (A1A2)g are

2-factor interactions involving the same two factors,

e have
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2 0.0 2y 5o 1.0
(Afh,) = = E(aja)) + E(afaz) + 26(ajay) - 2E(a;a§)
2 0 2.2
- E(aja,) + E(a1az)
and
2
(A1A2)g = - (x1+ 2X, = o) + (x1+ 2X, = 2)

- {E(a?ag) + E(a}a;) + E(a?ag)} + {E(a?a;)

+

2 2.0
E(a}az) + E(a1az)}.

These two effects have both the factors common and the
sum of the corresponding coefficients of the assemblies
in the two effects is equal to -~ 3. Hence the above tuwo

effects are not orthogonal,

Jg 4 J
In a s" factorial experiment, let {(311322.,amm);
DSjr:{ s=1; ©r = 1,2,..,m} denote the treatment combinations
k, k k

or assemblies, Let (A11A22..Amm) denote an interaction with

p
product definition, which is a linear combination of all the

assemblies as

: k1 km s=1 : TapeesT T, ro

(20208) (A .'A- ) = : [dk k ] E(a1 “a )

T r =0 qrece m
1***?"'m

yhere g 1772 m _ ¢, (s), (s)
here d [gr1 \k1)}..{drm (k )}

k1"|’km =
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Let a denote a column vector of all assemblies in the

following arbitrary but fixed order:

[ﬂ —— a®™?1. a a™t  aom., aa
2 849 849 e 9 3y ? 393 eosee 5 A, 5 3,85, 485y eeece

S=1_s=1 S=1 _5=1 s=1 S=1
81 az ? 1 3’ L ] ’ am_1 m - [ a13233’ e e a0 ] 31 ..am .

Let ﬂp denote the column vector effects in.the same order as 3.

Then Eqn. (2.2.8) can be written as

(2.2.9) A =D

-p E(E)’

p

r1’..,rm

wvhere Qp is a smxsm matrix of the coefficients dk . As

1”"km
these contrasts are mutually orthogonal, the sum of preducts
of corresponding elements in any two, rows of Qp is zero. Let
(Sg)p be the sum of squares of the elements in ith row of gp'
To make gp orthonormal divide the ith row of 2@ by (éi)p‘
Let Qp be a diagonal matrix of order s" with (81);1 in the
(i,i) cell., Let L, = é% D, and so

A A = C E

Sp =p g, E(2)

or

/
(2.2.10) e(a) = ¢, 4,4, .
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Similarly by geometric definition
(2.2.1)  (ea™ = S a0 (k) A0,..,0,1,k kn3%s)]
L 1 e - J=D ,j r geegy [ B ] r+1’oc’ m, JJ

If ﬂg is the column vector of these effects in the same order

as a, then

2,1.12 A = D E(a) .
(21.12) &, = o E(a)
An expression similar to Egn, (2.2.10) can be obtained in terms

of Ag' which gives

-

{2.2,13) . E(a)

n
10

fe]

|
o
[fa]

From £qn, (2.2,10) and £an., (2.2.13), we get

=p =p =p =g ég

or

~P =P =P =9 =g =g
o 0 42 B A
~ TP =g Tg =g = =9
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By the previous lemma, then, this matrix B will have a

pattern as followus:

By

jo

jo
]
m

o
.

Qm—1
d

where By is a matrix of order (s-1)m+1 corresponding to the
mean and main effects and §1, EZ’ e Em-1 are the matrices

corresponding to the interactions.

Theorem 2.2.1 In 2 s" FE, where s is a prime power, the

k-factor interactions, as defined by the product (geometric)
definition, depend only on (are linear combinations of only)
the k=factor interactions inveolving the same factors, as

defined by geometric (product) definition.

Proof: The proof follows immediately from the Lemma
2,2,1 and the fact that the matrix B in Egn. (2.2.15) is a

matrix of real numbers,

>

=p

|

the BLUE of A_.

Corollary 2.2.1 In a 2" FE, the product effects and

the geometric effects are identical (except possibly for sign).
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Proof: Consider a 2" FE, invelving m factors (A1,A2,..,Am)
c 1 ;
at 2 levels each {Sai,ai); i= 1,2,..,m}. A k=factor
interaction, involving without loss of generality the first k

facters, by product definition is

| k
(2.2.16) A Ap..A, = E (- e)) +'E(al)}

-1 (8 + (-1*7" ()

where 90 is the sum of the 'true' yields of the assemblies

r1 T, T Kk
(a1 a," .03 ) in which > r; = 0 and 91 is the sum of 'true'
i=1
r, r, Ty k
yields of the assemblies (a, a,"..2 ") in which > r; = 1.
1=1

The same effect by geometric definition 1is given by

3
(2) :
(2.2.17) ARy, = > d,T(1) {A(1,1,..,1,0,..,052)%

- (Au) + (A1)

where Ab is the sum of the 'true'! yields of the assemblies

¥y Ta T
(31 a, .02 ) satisfying the equation

(2.2.18) T, + Ty, + .. +T = C.

It can be seen that ec and AE represent the same assemblies

and so if k is odd the two effects are identical, If k is even,
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then the two effects are identical in magnitude but opposite

in sign.

Corollarv 2.2,2 In a s" FE, the mean and main effects

defined by the two definitions are the same; and hence By = I,

in matrix 8 of Eqn. (2.2.15).

Proef: The mean in both definitions is the sum of all
the assembliesz as dgs)(ﬂ) - 1,
k
For main effects let us consider a main effect A11. By
product definition it ca2r be given as
k s=1 g
(2.2.19)  a.' = S— a'$)(k) E(ad)
i ; i 1 1
i=0
where E(a;) is the sum of the 'true' yields of =zll assemblies

in which the factor A1 occurs at level i,

Ey geometric definition; the same effect is given by

s=1

; s )
(2.2.20) . Al = > d(.s)(k ) iA(*l,a,..,n;o(.)}
1 j=0 o J 1 J
s=1 (S)
j=0 J
j ¥
where A&- is the hyperplane formed by the assemblies (311..amm)

1

satisfying j, = dﬁ’ a% being an element aof GF(s).
It is easily seen that the assemblies represented by E(a?)
are the same assemblies that are represented by ﬁ% and hencse

the main effects given by the two definitions are identical,
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Corollary 2,2.3 In a 2Mxs AFE, where s is a prime powuer,

both definitions of factorial effects are same except possibly

for sign.

Proof: Let factors (A1,A2,..,Am) occur at 2 levels each
{(ag,al); is= 1,2,..,@} and let factecr B occur at s levels
t%,5,..,65 "),

From Cor, 2,2.1 and Cor., 2.2.2 we can see that the main
effccts and k=factor pure=A effects will be identical.

A kel factor mixed effect containing factors A1,A2,..,Ak

and the factor B can be defined by product effect as

(2.2.21) q1A2..AkBf [Ti{ﬁ(a ) = E(a; )I] [J_: 55)(f) E(bj)]

i=1

[0 (ag) + 1) ()]
(£ s 00

[ 9

and the same effect by geometric definition is

- 1

(2,2.22) A1A2..AkaF = |>_ dﬁz)(1)£d(1,..,1;du)}]

L u=0

-1
= o4 (r) Al ]

L j=0

- - @] = [ o]

r r
vhere .ﬂ% is the hyperplane formed by the assemhlies (311..akk)

. - . * -
satisfying the Egn., (2.2.18) and le is the hyperplane formed
: J



31

r r
by the assemblies (a11..ammbt) satisfying t = “3.
From Cor. 2.,2.1 and Cor. 2.,2.2 these tuc effects are
identical when k is edd. When k is even the effects are

identic2l in magnitude but opposite in sign.

2,3 Finding the Elements of the Matrix 'B’

Let the vector a and the matrices ﬂp’ ﬂg’ gp’ gg’ ép and
éb be the same as defined in Section 2.2.1. 1In this section
we will derive a computational technique for finding the
elements of the matrix B. This will be useful fo estimate
thé product effects from the designs where geometric effects
are estimable,

We introduce a linear cperator <(uhich is similar to the

M—operatar in Bose and Srivastava (1964) ), and a special

product which we shall call 'Assembly Product'.

j1,oc,jr . )
Let CPi i be the number of times the sub-assembly
. 17" 7p
J J
(311..air) occurs in a complate replication of the factorial
1 r .

experiment, Define the linear operator by the following

equations:

(2.3.1) P(a;

and



32

j1 jr f"l fu
(2.3.2)  P[FGla) + Bylaleen |

f1,..,f

j!"’j
= P1¢i:,..,i§ ¥ P243k1,..,k:
where p1 and F& are constants.,

The linear oberator, 4), can be evaluated with the
following formulae for any assembly in symmetrical and
asymmetrical cases,

Let <#k be the number of times a k-factor sub-assembly
occurs in a complete replication. Then, in s symmetrical

factorial experiment

(2.3.3) . P = s " for 1€k<m
= 1 ’ for k = 0 .

In 2 s

= 3

xsg asymmetrical factorial experiment let

(Ai; i=1,2,,.,m) and (Bj; j = 1,2,..,n) denote the factors
. k k

at S, and S, levels raspegtluely and let CFA and 4DB be the

number of times a k=factor pure-A and pure-B sub-=assembly

occurs in a complete replication, then

[2,3,4) ¢>: = sT-ks; s, for 1<kgm
and
(2.3.5) cpk = MK , for 1< k<n .,

B
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For a mixed k=factor sub-assembly consisting of 'k1'
A-factors and 'kz' B-factors, CP:B is the number of times
this sub-assembly occurs in a complete replication and is
given by

K m—k1 n-k2
(2.3.6) Pbag = s, s, for k = k,+ ky, 1<k, < m

1
and 1<k, < n .

2

Definition The 'Assembly Product' of the coefficients of

two assemblies is the product of the corresponding coefficients

if the two assemblies zre the same and zero otherwise,
j1
are two coefficients and (a1

If d dd J"") d
1 an ..am an

2

k k
(a11.,amm} ara the tuo assemblies then their 'Assembly Product'

can be renresented by

j1 jm k1 km
(2.3.7) d, (a1 'fam ) ® d, (31 .ed )

3y ey L .
= (d1)(d2) (?1 ..amm) if j; = k; for all i

= 0 if j; # k; for at least one i .

Alsc an assembly and its coefficient can be factored in a

J J
similar manner, The symbol d(a11..amm) can be factored as
J

j | i iy
(2.3.8) g Pty a P) = d, (a;'..a;™) ® d, (a;'..a;™)

where d = (d1)(d2);
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In a s" factorial experiment, from Egn. (2.2.15)

’ a2
= D .
B = 9,04

* / * L2
Let B =0 0D then B =8 A° .,
= -p =q e ey

An element of the matrix gf can be expressed in terms of
the ¢=-operator. The element £(i,j) in (i, j)th cell of the
matrix gf corresponds to ith row of gp and jth row of Qg’ i.844
to the ith element of ﬁp and jth element of &g'

From the results of Lemma 2,2.7 and Theorem 2.2.1 it

k k f f

*
follows that the element E(A.1..A.m 3 A.1..A.m) of 8 1is zero
4 m Jq Im -

unless the two effects are of the same order and involve
exactly the same factors., Hence we will find only those

#*
elements of the matrix B which correspond to the same order

effects involving the same factors.

Js In Ky K
Thearem 2,3.1 If €(A, ..A. , A. ..A. ) is an element of
i, i i, i
* ; ' y ) ; Js I
B at the intersection of row corresponding to A; eehy and
1 m
K, K
column corresponding to Ai ..Ai then it is given by
1 m
iy J K, k
(2.3.9) Bl "l & Rp' asBa)
i, i i, i

B, pasl s)y . s=1 S
- & {ﬂ {kz:ﬂ a3 (5, (a';r>}} ® | = a$®) (k) Ax}]
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where 11’¢-.im = 1,2,9«,“1; j1’oo,jm,k1’--,km = D,T',..,S—‘!;

g;i is the total of the assemblies lying on the hyperplane

i X: + .0 +k_X, = ‘4;
i, 2 i, moi

the product ® denotes the

'assembly product'; and (at ) is the total of assemblies
r

with factor Ai at level k.
r

Proof: Ye will prove this theorem for a case of 2-=factor

effects., The general case is a simple extension of this proof,.

. Jg o kg kg
Consider the element é(Ai'Ai s Ay A; ). This is the

1 72 1 72

innerproduct of the row Rp (of gp) corresponding to the slement
3y Jz
A. A.° in A and the rouw R_ (of D ) corresponding to the element
11 12 =P g =9

k, k

1.2 &

A. A.” in A ,

11 12 9

P f,

..a. 2,.a MY in the vector a are
1 *2 m -

{dfifj1)} [”Fiéjz)} and de(r,

Fs
element (a1 eed;

,F.')(k1) where
i
1 Z2

{2.3.:10) F. + k, f, = oL{f, ,Ff. ) .
i, 2 i, 11’ i,

The product of these is & where

(2.3.11) § = dfi(j1) dfi(ig) W(r,

or ) )
1 2 1 2 :
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ll ll
i i
Ue get the same S as many times as the sub-assembly (as|i 1ai 2)
1 2
1 'li
occurs in the vector a, i.e., (43 ) times., Let the
2 .

symbol A(f. ,f. ), which is a function of f, and f. , be
i, i, . i, i,

denoted by «(f).

Hence we can write

AP P ky Kk,
(2.3.12) E(Ai1ni2 ; Ai1A12)
s=1 . 1, 51,
= , ?;; o ifJ1) d (Jz) qx(F)(k ) (Cb
11 12
s=1 ; 1
- : ; : P
‘F’{fi"%;g dfif%) dfing) Ly ta) (g 2y, )}
s=1 li li
= i i a, 1:—1. 2
o [{f‘i ?F:l =0 dfi,fj") driéjz) =g, P, )}
1 "2 |
s=1
® . ; -0 (F)(k ) (a )
i,°71,°

The terms in the second curly brackets of the right-hand-sids
of the above equation can be rearranged so that the assemblies
which satisfy the Eqn. (2.3.10) with X = 0 occur first, those

with o = 1 occur next and so an, Hence
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Jg J, kg k
(2.3.13)  €(n,'a;%, a,'a,%)
1 72 1 72
t {71 [ e ¢l o { 32 dnp A
= d“j a.)}@{ d (k
r=1 tk=o ¥ T " ip BRFGE: «(£) 1717 TK(F)
Lemma 2.3.1 An element of the matrix B corresponding to
AP k, k *
the element E(A.Tn.z " A.1A.2) (say €) of B is (€)(r)
i,7i, i1, -

et [ 221 -1
where 7T =[% 1{%5% dés)(k1)}2}]

*
Proof: Since the matrix B = B .ég and QS is a diageonal
matrix, the element (i, j) of B can be obtained by multiplying

*
the element € in (i, j)th cell of B by the jth diagonal element
24=1
J)g
is the sum of squares of the elements in jth row of gg'

Y of ég. The jth diagoral element of éé is (4§ where (S?)g

For the element of B corresponding to the element

Iy dp 0 Ky Ky *
€(A, A, , A.'A.°) of B the jth row of D_ corresponds to the
k, k
geometric effect A, A,", The elements in this row of gg are
1 ' ' :

s
dy (k1); k = 041,..48=1 where each is repeated s™ times.

Hence

: s=1
(2.3.14) (8, = sm“’[ {dis)(k.,)} 2]

N
o

and the element of B is

2y=1
(2.3.15)  E(&HT = @M .
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Example 2.3.1 Conrider a 32 factorial experiment., We have
/

1 g
_B_ =
8 8,

For the 32 FE, I is of order 5 and B, is a square matrix

1
of order 4, Let A1 and A2 be the two factors, then

a = auaU a1aD a2aU aDa1 aoa2 a1a1 3231 a1a2 3232
m— 1727 TYET 12 TTER TR 2R THTER S1UT2Y V2T TRT2
and in the same order ﬂp and ﬂg are the vectors of
factorial effects,
we have d{(3 (1) = =1, ¢, 1 and a$3)(2) = 1, =2, 1, then
0 By ¢ D 2
€(RyA s048,) = Cp[i(' ay +a3) (= ay + aj){
® {- (Xg+ Xy = 0) + (X,+ X, = 2)}]
0.0 0.2 2_0 2_2 0.0
= cpl:[a1a2 - aja, = ea1a2 + a1a2} ® {— 3132
1 0
+ a, 1

]

]
-
4
=D
- -
N O

+
7
- -
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The corresponding element of the matrix of B is = 3(Y)

-1
’ =[3 {kiu {d’(‘S)“)}zH - Ve

or (= 1/2). -

Another element can be given as

where

00 0.2 2 0. 22}
dD[ia1az - a,a; = aja, '+ aja; ®
{(x1+ X, = 0) - 2(x1+ X, = 1) + (x1+ X, = 2)3]

0.0 02 - 20 2.2
(P[a1az - 3,3, = aja, + a132§ ®

2
G(A1A2,A1A2)

12, 2.1
+ a,a; + a1a2)l

[}
-
-0
- w
N O

i
-
- w
NN

'
i
- a
N O

i

~
s
- B
NN

The corresponding element of B is = 3(Yy) where

he? e z]” ]
Y = [3{k=0 .[dk (2)}} = 1/18

or {- 1/6),

*
The element of B corresponding to two quadratic effects is

aTngenng) = ¢ [{(] - 2] 4 a) (= a0+ 22)7 @

{(x1+2x2 = 0) - 2(><1+2x2 =1) + ()(1+2)(2 = 2)}]
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3 0 0 0.2 1.0 1.2 2.0

= 43 {— aja, + aja, + 2&132 - 2&132 - aja,
2 2 00 2 0 01 9

+ 3132§ & {a,la2 + 233, + a,a, + aja, +

[}
|
0

.

The corresponding element in B is (= 39/18) = (- 1/2).

Similarly we can find the other elements of the matrix-§1,

which cen be given as

1 o_1 o_1 1
Z2 a 2 G
L N T |
pd 2 Z 2
B =
= 1.1 11
Z 2 2 2
3 1 _3 1
L 2 2 . 2 -2 .

Far a 32 FE, this matrix 21 is repeated thrice on the
gdiageonzl znd off-diagaonal elements will be zero., For a 3" FE,
this matrix §1 will be repeated (g) times on the diagonal.
Thus 1f the 2=factor interactions of tuo fixed factors as
defined by the geometric definition are estimable in a design,

the 2-factors product effects involving the same factors can be



estimated.

2
(aZ,) . (1,
then (A1A2)p

(A1A2)p = -
+

+

When a
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For examole if the qeometric effects (A1A2)g,
2 £ Bl . .
Az)g and gA1A2)g are estimable from the design

can be estimated by

1 7,2 1 2 1,22
7 (R185), = 5 (R1Ay) g = 3 (AR3) + 5 (AJAZ),

% {_ E(00) - E(12) - E(21) + £(02) + E(11) + E(ZD)}

z {E(00) + E(20) + £(02) + E(11) + E(12) + E(21)
2 [e(10) + €(01) + £(22)f -3 {- £(00) - E(11)
E(22) + E(01) + £E(12) + E(ZD)} -1 {E(nn) + £(20)
E(01) + E(11) + E{12) + E(22) - 2 [5(10) + £(02)

E(21I]}.

2,4 Balanced Designs

design 1is balanced the variances of all the

estimates of the same order factorial effects are egual,

Consider a s" FE balanced with respect to geometric effects.

Then the variance=covariance matrix of the estimates of the

geometric factorial effects will have the following pattern.

[ =

a bi cj ols wie
et bj ((d=e)I+e]) £ ¢
&j fJ ((g=h)I+hJ) *°°°
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where j is a column vector of 1's;, J is a matrix of 1's, I is
the identity and a, b, c, d, e, f, g and h are constants,

Then the variance-covariance matrix of the estimates of
the product effects will be .

(2.4.1)  Yepy = BY,yB .
P 9

In a 2™ FE and 2"xs AFE, the matrix B is a-diagnnal with X 1 on

the diagonal and hence E(Ap} will have the same pattern as !(Ag)

and thus the gesign is also balanced_uith respect to product

effects.

Houever, in the gener3il s" FE or s?xsg AFE, the above is
necessarily true only for the mean and main effects. The
variances for the interactions of same order under the product .
definition are not necessarily equal even when tha design is

balanced with respect to the geometric effects.

Example 2.3.2 Consider a 32 FE, balanced with respect to

geometric effects, Then the variance-covariance matrix of

the estimates of the geometric effects will be of the form:

1
i

Yay =

0000 oo oo
- M - w0 0D O O O
- % m - 0 0O O o o
“4 =5 T = 0 O @O0 ® O
H ™ = = O 0 O © o
T T T WO H H om0
TO T T m o, om0
o IJ T T ™ = =n =-n 0

s e S Ve B S T I e B 7]

I
L
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The product effects can be estimated by multiplying the
vector of geometric effects by the matrix B obtainsd in
Example 2,3.1., The variance-covariance matrix of these product

effects is given by

V4
v = BV
I(a) T 2 (a2
—’a b b b b =C -C c c
b d e e e -f -f f f
b e d e e -f -f f f
b e 2 d e -f -f f f
b e e e d -f -f f f

5 4 1.2
wg =f w=f =f =f §g+§h h -(§g+§h) =h

-c =f =F =f ~f . h 0 ~h  g=2h
1 .2
e f f f f =(3g+¢3h) =h g h
c f f f f =h g=2h h 5g=4h

Thus the design balanced with respect to geometric effects

may not be balanced with respect to product effects,




CHAPTER II1
EXAMPLES ILLUSTRATING THE THEORY

In this chapter some of the confounding plans suggested
by Cochran and Cox are considered. These plans are for s"
symmetrical factorial experiments where s 23 and s,xs,X..xs
asymmetrical factorial experiment, The reader is led to
believe that these plans are partially balanced so that the
degrees of freedom confounded in one replication can be
estimated from the other replications, These plans are
designed by partially confounding certain geometric effects,
However, the corresponding effects defined by product definition
are not directly estimable in these designs. Furthermore, even
though the design is partially balanced with respect to
geometric effects, it is not partially balanced with respect to
product effects,

The first plan (plan 6.7 Cochran and Cox 1968) considered
is-a 33 symmetrical aesign, with four replications each of
which consists of 3 blocks of 9 units., Two degrees of freedom
of the 3~factor geometric effect ABC are confounded in each
replication. The assembly 021 denotes the treatment combination
of the factor A at level 0, the factor B at level 2 and the
factor C at level 1. The plan is given below. The estimibility
of the effects is tested in replication 1 but the other

replicaticns can be tested similarly.
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Plan 6,7 Cochran and Cox

Rep. 1 : Rep., 2 ~ Rep. 3 Rep. 4

1 2 3 4 8 6 7 8 9 10 11 12

060 100 200 000 100 200 0oo 300 200 000 100 200
110 210 012 110 210 010 210 010 110 210 010 110
220 020 120 220 020 120 120 220 020 120 220 020

101 201 o1 201 001 101 101 201 001 201 001 101
211 011 111 011 111 211 011 111 21 111 211 011
021 121 221 121 221 021 229 021 121 021 121 221

202 002 102 102 202 002 202 002 102 102 202 002
012 112 212 212 012 112 112 212 012 012 112 212
122 222 022 022 122 222 022 122 222 222 D022 122

In replication 1, two degrees_of freedom of geometric
effect A32C2, i.e., A82C2 and A282C2 are confounded. The other
6 degrees of freedom, 2 each of geometric effects ABC, ABCZ and
A82C are estimable from this replication. Lat (RBC), and (ABC)
denote the respective geometric aﬁd product effects,

Denote the observation from the above plan by yk(i1izis)
where k = 1,2,..,12 denote the block and (i1i213) denote the

assembly. Assume

(3.1.1) E(yk(i112i3}) = B * E(L4.8.)

where Pk denotes the effect of the kth block and E(i11213)
denotes as before the 'true' yield of an experimental unit

receiving the assembly (111213).
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Then,

£3.1.2) E{(est. value (ABC)g)

= 0) + (X,+ X+ X5 = 2) §

3 {- (Xg+ X+ Xo

E [" {"1(000) * Yi(o12) * Y1(o21) * y3(120) * Y3(102)

+

Ya(111) * Y2(210) * Y2(201) * Yz(zzz)} * ?,Yz(nuz)

+

Y2(020) * Y2(011) t Y1(110) T Yi(r01) T Y1(122)

+

Y3(200) * Y3(212) * V3(221)'}]

{E(UDD) + B + £(012) +_131 + E(021) + B + E(120)
]33 + E(102) + ,33 + E(111) +1?>3 + E(210) + P+ £(201)
B, + E(222) + }323 + {E(Gﬂz) + 3, + E(020) + 3, +

E(011) + (3, + E(110) + f + E(101) + B + £(122) + 3,

+ £(200) + 4 + £(212) + P + £(221) *]333

il

(nac)g

But the product effect ABC is not estimable from this replication

as it is confounded with block effects.
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(3.1:2) - E(est. value (ABC)p)

{_ E(al) + E(az)j {- E(b%) + E(bz)} {- _c(c“) + E(cz)}
" = {E(GDD) + By + £(022) + Py 4 £(202) + 3, + E(220)
+ [31}’ + {E(DDZ) + 3, + £(020) + 3, + £(200) + S +

£(222) + ,82}

(Asc)p " 3/32 ” 3}“—1'

Similarly, (A28C2)g is estimable from this replication but

(Achz)p is confounded. Since

(3.1.4) £(eset, valus (AQBCZ)Q)

-~

= Ef_(x1+ Xy X = 0) = 20X % Xpb Xg = 1) + (Xg+ Xy Xg =2)j

{E(000) + B + £(011) + 3, + E(022) + Py + 5(101-) + 3
+ E(112) + B, + E(120) + ]’33 + E(202) *‘P‘: + E(210) +P2
+ E(221) + j53} - 2 {E(ozﬂ + 3 + E(UUZj + 2, + 5(01-0)
+ [33 + 5(1;»2) + By o+ £(100) + }32 + E(111) + )33 + E£(220)
+ By + E(201) + P, + E(212) + B }+ {E(mz) + By o+
£(020) + 7’32 + E(001) + Ps + E(110) + ,’31 + E(121) + pQ F

£(102) + B, + £(211) + ﬁ + E(222) + 3, + £(200) + }33}

Lo
A=BC
(a%8c7)
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but
Toind
(3.1.5) E(est, value (A“BC )p)
- {E(an) ~ 2E(a1) - E(az)} {T E(ba) + E(bz)}
e - 26(c") + £(cD]
= zzE(Um) + 2P + E(010) + By + E(q12) + B, + 2€(100)
+ 2F2 + 2E(102) + 2f53 + 4E(111) + af; + 2e(201) + 2}32
+ E(210) + B, + E(212) + }53i - ie(uoo) + By + E£(002)
+ Pz + 26(011) + 2B, + 4£(101) + 4,3‘1 + 2£(110) + 23 +
26(112) + 2B, + £(200) + B, + £(202) + B, + 26(211) + 2}31}
2_.2

= (A“BC )p+9f>3-9]31 .

In a similar way it can be shown that none of the six
degrees of freedom of product effect is estimable in this
replication, It is further noted that these 6 degrees of
freedom, two in each of the other three replications are
confounded. The unconfounded geometric effects are estimable
in all the replications, but all the degrees of freedom af the
product effect are completely confounded,

Thus the confounded geometric effect is estimable with

3/4th precision and even though the product effect is not

directly estimable from the design, it can be estimated from
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the geometric effects if the elements of the matrix B are knouwn,
The second plan (plan 6.8 Cochran and Cox 1968) considered
is a 3% symmetrical factorial experiment., The complete design
consists of 4 replications each with 9 blocks., Consider the
first replication in which 2 degrees of freedom of each aof the

geometric effects ABZCZ, A802i ACD and BCZD are confounded,

Rep. 1 Plan 6.8 Cochran and Cox
1 2 3 4 5 6 7 8 9

0000 0011 0022 0012 0020 0001 0021 0002 0010
1011 1022 1000 1020 41061 1012 1002 1010 1024
2022 2000 2011 2001 2012 2020 2010 2021 2002
@121 0102 0110 0100 0111 0122 0112 0120 0109
1102 1110 1121 1111 1122 1100 1120 1101 1112
2110 2121 2102 2122 2100 2111 2101 2112 2120
0212 0220 0201 0221 0202 0210 0200 0211 0222
1220 1201 1212 1202 4210 1221 1211 1222 1200
2201 2212 2220 2210 2221 2202 2222 2200 2211

The definitions of the three factor effects are similar to
the 3~factor effects in tﬁs previous case except that the
assembly (021) nou stands for the sum of three assemblies (0210),
(0211) and (0212),

Thus in a similar manner as in plan 6.7 we can show that.
the 3~factor geometric effects (ABC) and (BCD) are estimable
but the corresponding product effects are not directly estimable

from this replication since



S0

{3,1.6) E(est, value (ABC)p)

(RBC), + 3(35 + Ps + By = By = P = PPg)
and

(3.1.7) E(est, value (BCD)p)
= (BCD)p + 3(f37 + F’s + /Bg -[51 -}32 - [53)

Alsc in this design the geometric effects are partially
confounded in the four replications but product effects are
completely confounded in each replication but can be estimated

from the geometric effects and the matrix B.

2

The third plan (plan 6.11 Cochran and Cox 1968) is a 3“x2

asymmetrical factorial experiment, The complete design which
is partially confnunded with respect to geometric effects AB and

ABC needs four replications. Consider the first replication:

Rep. 1 Plan 6.11 Cochran and Cox
1 -2 3
100 200 000

210 010 110
020 120 220

201 001 101
011 11 211
121 221 021

In this repliration, 2 degrees of freedom of the geometric

effect AB° and the product-geometric effect ABZC are confounded.
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These effects are also confounded in the 2nd replication but
are estimable from replication 3 and 4., The geometric effect
AB and the product-gecmetric effect ABC are confounded in

replications 3 and 4 but are estimable in the 1st and the 2nd

replications, Since in the first replication

(3.1.8) E(est. value (AB)g)

E i_ (X1+ X2 = 0) + (X1+ XZ = z)i
- {E(UD) + [32 + ]’53 + E(12) + }31 +j32 + £(21) +F1 +P3}
v E(02) + Py + By + €20) + By % By + E(11) + By + 5]

(AB)g

and
{3:1:9) E(est. value (Aac)g)
= E[{- (Xg# Xy = 0) + (X,+ 'xz = 2)}

X {- (X5 = 0) + (X5 = 2)”

- {E(DDU) + Py + E(120) + P, + E£(210) + B, + E(021)

+ By + £(201) + B+ EQ(111) + /323 + {E(U?D) v By o+
€(200) + FZ + £E(110) + PS + E(001) + f% + E(121) +

B, + E(211) + /33}

(Aac)g
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The correspondinn product effects can be shown to be

confounded with block effects as

(3.1.10) E(est. value (B) )

20 2] f- 0 « eD)]

ig(aa) + By o+ Py o+ E(22) 4 By + FS} - {e(o2) + B,
+ [+ E(20) + By o+ By¢

(AB)p +132 +P3 - 2[51

and
(3;5.11) ~ E(est. value (ABC),)
- {- E(a”) + E(az)i | i_— e(?) + E(bz)} {- E(c®) + E(c1)}
- -,{E(DDD) + By + £(220) + B+ £(021) + ﬁ3 + E(201)
+ }613 % {E(.DZD) + B + £(200) + B, + E(001) +f32 +
E(271) + ,92} | |

= (ABC)D + EFZ - 3P3

The relationship betuween the product effects and the
effects defined by product-geometric definition in asymmetrical
factorial experiments has not been considered., However, it is

conjectured that results similar to those for the symmetrical
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case given in Chapter 2 can be derived at which time estimates

of the product effects in the above plan can be proposed.



CHAPTER IV

CONCLUDING REMARKS

Several problems arise from this study of the relationship
between the two types of definitions ;F factorial effects.
Some are outlined here in,b;ief.

Most fractions of symmetrical factorial plans are
constructed sﬁ that they are balanced with respect to the
geometric effects, It has been shoun in this report that such
fractions are usually not balanced with respect to the product
effects, A new theory needs to be developed for canstruction
of fractional replicates which are balanced with respect to
the product effects.

-In this study the reslationship between the product and
the geometric effects was cnnsidered.only fér the symmetrical
factorial experiments., Further research on the relationship
between the praduct effects and tﬁe product—geometric effects
for the asymmetrical factorial experiments could be undertaken.

The geometric definition has always been used in the
construction of partially confounded symmetrical factorial
plans, Such designs are partially balanced with respect to
the geometric effects, Using the relationship obtained in
this report it'may be possible to construct designs soc that
they will be partially balanced with respect to the product
effects but not necessarily balanced with respect td the

geometric effects.
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ABSTRACT

The factorial experiments are widely used in experimental
situations where several factors are to be examined
simultan=sously. In these experiments estimates of the
factorial effects are of interest to the experimenters. There
are two definitions available for the factorial effects and,
in gensral, they do not agree when there are at least two
factors uith more than two levels., The effects defined by the
geometric definition are often used to design confounding plans
and fractignal replicates but are difficult to interpret
physically., The effects defined by the product definition,
vhich can be interpreted easily, often cannot be directly
estimated from designs constructed by confounding geometric
effects or from fractional replicates constructed by aliasing
geometric effects,

In this report, the relstioncship between the effects
defined by the two definitiscrs is given for the symmetrical
factorial experiments, A caomputational technique is presented
to estimate thé product eFFécts from the geometric effects.
This relationship is illustrated with some examples. Finally,

some directions for future research in this area are given.



