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the purpose of this paper la to d»t«zalne m& ttoflne the abstraet grcnqw

c^ enters one ^roog^ t«sntj«8lx* It begins «lth the definition of a groi^

vhloh le foUowBd by soBie elsnentary concepts of group theory, ^!ost Inportant

are the oonoepte adT •^bgrot;q;>s, ecm^u^te elenumta end gnbgroiqpe* Sfitni*8

thoorm, direct products* and Isgnorphisas* Th* S7I0V themmi is stated bat

not proved because of the Imigth of its proof*

finally, the ttMNnrf that has been developed is aaed to obtain the nvnber

of (und the defining relations of the gro^s derived. In the sense of isonorw

phiaa no two of these gnN^pa am the mbm* the paper is sunnansBed by a table

likloh oorapares the namber of grotqps with the order*

Since the order of a gtwtp is a positive iateger, it is neoessaxy for the

Mader to have on understanding of the eUnentary ooneepts of modalo systena

and partitioning trm asMber theory. Othemise, the aaterlal c<»itained herein

is seffieient for the understanding of the oonteats*



Consider a set of elenumts a, b, •••» n t^lch taay be o«MMid by a vail

d»flii»<! oporttion* If th«ts lAmmts satisfy th« foUovlng four postulates*

HMtt they are said to fom a gXSSSSL*

1.) Fo^ 0niy
ji and b in the set, the product^ ab belongs to the set.

2.) Ihe assoeUtive law is valid, (i,e, (ab)c a(bc),)

3* ) An Identity element g exists suBh that for eveiy a in the set

al at la a a.

*• ) Fbr erory £ in the set, there exists an inverse den«ied by a*^

swfa that a"^a » aa~^ !

Ibe grei^ is said to be Abelian if the fbUoidng postulate is added.

5«} the oonotative lav is valid. (i,e, ab ba).

Definition Is If a sc&sei R of tiLenents of a group Q ferns a czt»up,

then this siAset is caUed a gubgroup of 0. If a subgroup H is neither

itself nor the identity I alone, then H is ealled a pioper subgroup

of G.

It ahoold bo noted that under the grotq> opexmtiaa« the ol«iMts satisfy

the ordinary lavs of «cponents.

If an eleMnt a of a group is raised to a positive pover ^ m«^ i^ »

is the least positive integer for tihioh a** • I, then £ U ••14 to be ths

os&f «* &• It follovs that the eUnent t has a distinct povert aod n,

Bie powers of 4 fora a set of n elaaents, vhieh a« has been detemined above.

jBereafter the torn product will be used to define the operation »•<«,
•Unento i^ether thio operation is addition, multlpUoation, or sene other
9pvmUmu ftio paradBBt viU be deslgMtwl bjr the juxtaposition of the ele.



i

are distinct. These eloments certainly satisfy the closure postulate, for the

product of any two of then belongs to the set. Cbviously the associative

postulate holds. The identity element I is in the set, for a" = I* Finally,

if a is any element of the set, thai a is its inverse for i j^ n. There-

for© the set forms a group. But the elements also commute, and the Abelian

group formed by powers of a single element is called the cyclic group of order

Definition 2: If the number of distinct elements of a group G is n,

th«i n is said to be the order of G.

Hereafter ^en the tern group is referred to, it will be assumed that

its order is finite.
|

Theorem 1: A nonempty subset S of a groi^ G is a subgroup if:

(i) a and b are in S, then ab is in S,

(U) a is in S. then a""'" is in S.

Proof: From condition (i) the subset is closed. Obviously the associa-

tive law holds since the subset is fron a set in lAloh the associative law

is true. It is imixLled by condition (ii) that every element has an inverse

in the set. The two oonditi<»s tak^i together inply that I is in the subset^

for

-1 T -1
aa B I B a a*

Thus the subset forms a group, and ttie theoran Is proved.

Let G be a grotQ) and H a subgroup of order h of G. Then the set of

elanents b-j^h^^ for i «= 1, 2, ..., h, where the h. belongs to H and b. belongs

to 0, is called a rirfit coset of H. This coset is denoted by b,H. Similarly

i \

I i



31«Uarl/ 9^ It (Mll«d ft mi OMtt «f B* It U laporfcant U Ml* ttet

If P i U alM • rlcM MMk. If t9r Mm ^ md X»W * ^)»«* thM )i^ » ^ij*

nai» la lii9Mtlbl« alM* tht ilwwnta of • MbKrsKp sr« iH^kUm. Tlwmfor*

tlia A«MnU la mHi rlffei MtH art 4lttln«t. SlAlUrl/ tli» tltMMtt la

/
tht ilift «r rlgM CMH It ««ti la Ito fiMT iC l«i«NI»*f

llliik «1U b« raf«rr«i to MV9raX iHwt in thlt pttptr,

flMTM It Tilt aritr %X • f^ifiip B •# t frM|i Q U « fMtor of Uw

XT & !• Vlt ariar af a, a«« if g hi iImhi %km ^immtm It tm*. if «> l^

tkMB J tet ta vltMBl ati la a, ttU it b^^. OoMt b^I U MwUwr rlfht

•r a tam UmI k^l Mi S art iittmtt. if te^li^ « li. for toat i tad i» tkta

*i
**

^f\^*
"^^^^ ^ ttatrary U tkt ilMlat of b^« XT f • 2li« thw Mm

ihoaroB U prtfod. If c > ai» tbM a ttattlna tatltor tlia«it bj difftnat

tfm \ i4UMi It att la a or k^a. ttortfort b^B It t third ngM ootot of •

tath that bjH. I^a, aad B am «UtloM rUht ootoU. If b^ • b^h. for toao

i M« 4* thta b, • ^j^* BUdUily if bjh^ • h^, tlMi b^ • b^*^. la

boU tatot thU 1« oaHimir %• tbt Atltt of b^ Agala tbti« art

oithtr g«9h,org>3h. ifc«3h»«lNalho thaaMa la BcwaB. if g

thaa tiatlaai by fladlag a dltiiaot tiltatnt b. of a aot la tar nghb

Vtm^mtkt Bttandatd aai ftm a foarth iliM ooaot* Ooatiaat tte

wUI a ji It faaai aa* that if g > (b^}h» thia g • Mu fiaa Iha praaf aC

tht <hoti'oa la

It ftUtmi frat tht yiaar af tht thaaiaa that tht aa*or of right



!• g/h k wh«« £ it tte ordtr of G j«4 ^ i» th» order of H, thtt nui^r

j£ is oallod tte ;u»gx of H ia G*

Dofinltlen 3« If owry ol^wmt of a group g e«n be exprttMd at a

prodaet of pmmn of eleiients in a aab^t of 0. then the Mbwit it taid

to j^snc^ate Q«

If 3 it a t»t of generating ttloaeiitt of a groap 0, and if no cloawit

«f 8 tta bt 4Biprttfd at a pewbtet of pewert of the raaalning elttsentt of 0»

then 3 it taid to be a tet dT iadependgnt generators,

Theorttt 3i avtry gmop a potfttt a tet of independent generators,

Pi«ef t Let the tet of elanentt I, h, •..» nbetbetotofaUofthe

elMMwtt of Q« The eleaent J[
can be rvuired aJLnoe it it the prodaet of any

liiwrt Mi lit iirrerte, Mow, either the ratalnlng tLtaentt in the tet torn

an Independent tet of ga«tntt«rt or they do not. If they do* then no el«ent

otn be ezpretted at a prodaot of the reaainlag taet. Tint the theorat it prored.

On the otbtr hand if the x^aalning eltMenta do not fom an Iniaptadant tet of

gtneratert, thea atat «>thtr altMHi, say £• emU wprttttd at a prtAiot af

the others. Then either the tet of eleaentt with 1 and ^ deleted it a tet of

laitytndent generatort* or it it not. If it it, then the theorea it prtftd*

If net, aoAtlnttt tht prtoaat untU a att of iadependtnt generatort it found,

aid the theorem it ptwed.

flM '»^^^^'"y relatioftt of a group indioate the ordert of tht gtStratort

of the group and the relatione betveen that*

At a retult of Thaorta 3 the eyolio group it generatml by a tingle ele»

amt* for every eloemit of a oan be expretted at a peiter of jt*
t>here |^ it the

single elenent.



L«i ••• a,* •*•• *& ^ * ffliwi set of elements. Then the notation

^»«2««»«*«^i* «M^ to drnot* i)M group that arise* trm erery poaalhle

ftvAiat of the giTM aliwenta* For «aM[pl« the eyelie srcnp of ertor j^ oan

te denoted by 1^},

ttm^vmk 4i Tte order of an elonexst of a groop a Is a faetor of the order

of 0.

ProoTi If s, la the order of an elf«ent £ of 0, tlM« a* I« 4efliies the

ogrclio grvt'p of order a. Honoe It fo&liw* from Theorea 2 that £ is a faetor

of tiM order of Q«

OMiJiigcle aMe»ts and Sttbgroapt

CoBtider the eleaents £, $t» and j^ of a group 0* If t^^at « b, then %,

is said to tgaarfani |^ into ^, If a « b, th<m £ is said to be l^nrarlant or

«.oon.1ttgate under j^. That ia» if t at « at then j| oannites with every

i of a,

Oftflnition ^t If the eleseRts j^ and ^ are eleasenta of a group 0» then

•1
a a»d t at ars said to b« eoniaaato slfents of Q.

«1
5t If Ji and t at are tifo oonjugate al«Mit8 of a gronp ?» then

(t-^at)» • t-^a^.

Proof I (t"^at )"• - t"^att"^at, . .t"^at

« t*^a^t*^at...t"^at

t-^aV



TheorM 6t Two tlMMnts nhiA are oonjugste in a giirMi group hare 1^

me ordar.

Proof t lr«t 1^ b« «a aleMnt of order j^ and t an7 othar aiaamt of 3.

Then fran XhaenMi 5

(t-^at)" - t-^a^

« I.

CoBveraaly if t at i« of order j|, than

a" - t(t-^a\)*-^

« t(t-^at)V^

•I*

Tfana the ibeoroM la proved.

Lai t*^t be the aet of oonjngatea of the elaaenta of H aader ^. It aan

be shoifn that this ia a waJbgrmp,

Definition 3» If H la a Mbgroap of a group 3, and t la an eXeoent of 0,

then H and t*^ are oaUed oon,1tigafce aategnwBt af G.

Tka Mribgrottp H ia said to be trenafamed into t*^ by the eleMBi %,

If j^ ia an el«Mnt of H, then every aubgroap tH of a la aaajagata to itaalf

»

ainoe it can be tranafonaed into itaelf by eaoh of ite own ele«enta« If the

P. ^7.
'^***'* °» Camiohael, Qrottpa ^ Unite Order. Qlnn and Qm^ftmr, 1937.



H and t*^t are Idantioal for tmi^ ^ of a, tlMn H i» taid to bo

* ^^oon.lugate or an iTfirlWl ift^">»P ^ °*

DoflnitlTO 6 1 tbft fff[l»r of a gwwp ia tho aabgroap nhoao «l«Ba&ta

tranofom mub alawMnt of o into itatOf

.

In the proof of Lagrai«a*a ttaaomn If H la 8«Xf*o«ijn(cta« then the ooaeta

Urn a grmp* Thia groap la called tho SEiS^^alk i''*^ ^^ ^ denotod by a/H*

Hf vtittT ia aqnal to the indaoc of H in a«

Oiraot Predaata

The foUotfing thaoran %m •B&mti il ia tetandniaf tlia muHmr of groopa

of aartalB ozilara.

Thaoran 7t If two group* fi and X hcfa ae alaaMri la oonnon oxsopt tha

lAMtlty, and if ovary aianent of H fiiMitat vltli avazr oilaaaRt ia Kt

llMn Vb0 m^ a»K ia a group of order hie,

•

Pro(tf t If h^ belmga to H and kj balMga to K» m^vb 1 » 1, •••« h aad

J X» •••• kt than tbara aadat tdc aatiMwaiia of the fotn h^k.. Slaoe ovomr

*U«t h^k^ . kjh, «d .in- a «4 I ». gr«p.. «« «t 1. *«^ »*"**^

iatlTo Imi holda for It holda ia R and K. The identity aUmat beloi^a to tha

•at ainoa it la la both R aad K. Alao avaiy ia.aMiit haa an inverae for V» aat

oontaina ev«iy alaiamtr In Uie two groups, Tharofore the aet forma a urmp and

fnai tte firat aaatawaa ia thia proof» the group ia of order hk« Bmoa tha

Definition 7> Tlw group ia thaoran 7 ia oalXad tha diraat prajaot of B

end K*



IsoraorphlOBS

» and bj^, bj, .... h^ b« tiM laLMMito «f a ind H P»«p»«Ut«ly, It the >lt«inlt

mtti th» SUM* Mtonvripte eorj«i9t«> *» •«ot» othar, tad if a^^aj ^ b^bj for

all 1; and JU ^I^» ^^ ^^ !;mps a and H am aaid to bo Jf^fy^**

law nppaae ana wanta to abUin all poaaUbla gzwopa of a glvan ardar«

If tba liefinimj raOaitoiw baWaatt tJia of thaaa groaiia ara tte mm* tlMa «ia»a

two groiipa ar« laMarplkia. As a aiapla aoGB^piLe oontKlar tba tM groups of ox^lar

4, ona balDg tite giXN^t iSefiued \^ ii» ijalasaya (nod 4) aadar addition, and tba

•llwr W tha ^Lanania (1, 1, -O.* «d) aadax- the operation of aalUplioatioa,

«ki»x« )^ ia tba ocaifaaii naribar dafined in the ttaoal aaanar* The isomor-MM

aatablicb»4 batwaan th9 tno g?03ipa ia asra aaaUy aaen if a iaJa&o of the «lo»

wMfta la aei «p &s folloiiat

1 2 3

I 2 3

I 1 2 3

2 2 3 X

3 U 1 2

1 i •1 «d.

1 1 i -1 «i

i i ^ •i 1

^ «a -1 1 i

•i •i 1 1 ^

The nOatimtaiip batwaB the ^aarat •» It 1 «» it 2 4» ^It

and 3 «» -i of the raapeotifo grotqw IwflMftaa that the firat oanditlim for

an i.9oi»x^bUm holda* To tibon tt»wX operationa are preaanrod one wdy neada

to obaerre fron the tiro tablea that a. a. 4» b.b. holda for every elenont*
i J i 4



10

S7l(w*s Tbtorta md CcmseqttMMM

fh» first two of the foUotfing three theoroM are quoted beama* their

rMMlts are needed in a later proof. The nost important Sylow Theom ie qpioted

and not proved beeaase of the length of its proof. The third theena eo^blM

one to detemlne the mnber of Mbgronpe vhMO order is the pmmr of a priae.

This BWMiyt is extreaely laportant in the derelopsent of the possible grsapa

of a siv«m order.

Theorem 6t The eleamts of a finite group Q whioh eownte with a givsa

aiammt g^^ in a fom a subgroup H of a. The aoriber of eleosata aanjagais

to g^ in G is equal to the index of H in Q*

Thasrsa ft The elsMBtts of a finite group a nhioh eomnte vi^ a glvsa

ihti iw^p H of a fom a subgroup K of G irtiiob is either tha saas as R or

contains H as a Sfllf<»oonjugate subgroup. The imaber of subgroups omjugata

2
to H in a is aqpal to the index of K in Q.

10 (Sylotf*8)t tat a be a group of order n and let p' be tlM

pover of a priae £ contained in j^ as a faster, g being a positiTe intagar.

Then oontains at least one subgroup of onler A All its subgroups of

order p* form a sii^le oonpLete eonjugate set, and their naaber is l4kpf

ahere |^ is an integer (positive or sero).

Hm aahgreup referred to in Theorem 10 is oalled a Sylo* wtSognmpm

In the proof of Sylow's Theorem the foUoiring oorollary was proved.^

^Garaiohaal, aobert !>•, Sfittlt ll fUUft 2E3te£» ^^"^ '^ Conpangr* 1937t

2
Ibid., p. ^.

^Ibid,, p. 58,



GorbUary li The only elaninfet of a whloh ooBiuta with a 3[ylfl»

of of ordor p* md whose oilers «iift powere of £, are the elenents of that

9A9K laticroap.^

Corollary 2t fbe auiMr 1-t-kp of 3ylotf subgroaps of of order ^ if ft

taotor of the order of 0*

Proof t Trm Theenai 9 the naaber of Mhsraopi oonjogate to H in G la

eqaal to the ladn oC X la Q itfkioh U a faotor of the order £ of 0. 3inoe the

9yUm Mhsnraps of order p'" foxn a ooi^aioto Mi of osnJttfiAo ai^innn of Q,

thla nudMr l4kp oaat be a faotor of the order of 0« aad the oox^Utiy i«

prevad*

Prlae Power OnMQio

DeflnltioB 8t A priae potfor graap Xa a group n^mm ftvAer %m a ftfmt of

a prtjie.

tot a bo a grc«p lAooo order la not a poeor of a prliw. Then if a 1»

the order of Q. n Vx^^P^^,^*]?^, There are at iMfl tM» ^r&Mt •esiamad

in a* thaa froB 3y%m*» ThooreN oanftalM two or atvo prlae pw«r i«feffi««p««

for if
pj^

and pg are factore of a, thw «baro oxlsta l-Htj^P^ aatagroiipo of o«ler

j^, and l-HcgPg aubgroupe or order p^, ehore h^ tad 1^ are aaMM««tivo

intogora. A given group nay be gwwinKlod by ft Mi af flirlow aabgrattpat for if

thia aet oontaina aae 9fijxr saberoop <a eaxSx order, then for oMh afLmi waStigrmp

there codtta a aet of goaenitora. ThoM gaoeraiors dotanHae a gimp idMM «i«ar

la at leaat aa great aa that of the given graap, and hMM the gwup ao gener«ia4

2_
Cazsioliael, liobert 0., Qroopa of Finite Order, aim ftMi OHf«ay, 1937«

p. ^3*
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ooliMltlM With tte given group. This faot alone shovi tlM i^porianoc of priM

paimr grettpt*

Tbtorw lit A priao pawor c^oap a of ordor ^ oontains a aMBlf^eonJagato

iJHaiiit of ordtor £»

Proof I «ai8ii a U AbolUn, then every elenent In Q 1» iolf-oonjugate, and

henee the tbooMM is trae. Hmmi MppoM a if iii>.Aboliin . Ut £ bo an elOMat

of a whioh is not self-oonjugato, and oonsider the ooaplete e«t of oonjugatea

to wbloh g \€kwt%% ftm tiMWMi 8 it fdUoira that the amber of oonjugatos

ef A la a faetor of iiP« and honoe the aiabor ia p'^ i^ro £ la sooe positive

Iflkagar. TbM«fore the oleMmts of a tdiioh ai^ not a«lf•connate fall into

ittSt at* WWtllnliN, a nnbor of •loMBta vhieh is divisible \>y £. Sinoo no

two of ttaMW aoka htm an dement in aomon, it follons that the noaber of olo»

amts in a vhioh are not aolf-oonjogato ia a aaltiple of £, aay ip* %t the

of aUnmta in a boaides tbo identity U ^"U Ut j^ bo tho Mi*ar of

•«lf*oenjiigata olaMiiia in a boaides the idmtity. Then k^ip « p"«l inplioa

that kH • p(p*^«i)# and it feUows that k+1 is diviaihle by £. If k • 0,

tkia aaoaiUMloB ia not valid* H«em» G oontalns a seLf-eonJugate OI«ient besidoa

the identity, and tho order of sioh an AlMMBt is nooeaaarily a power of £.

Thorefore tho thooraa follovs.

Corollary Xi The maber of oelf^oonjugate ol^ienba of a ia a poaer of

Proofs PnM the above theorem all distioot poifers of tho M(lf«aonJusate

alaasnt are 80lf<«(sonJtigata« Honoe the nuober of aolf-*oopjagate elaiamts is

a jMfvar of £.



II

2
CoTollAry 2t A iv&op R «f ordtr p is Abelian.

2
Proof} If R oontidiui an •iawmt of order p , it is oytflie, and h«noe

Abolian. If R is not ayolio« let
;S^

bo a solf-eenjiigato eleMmt of order 2

«Ml let ^ be an element of R lAXch ia not in [a]» Than b*^ab » a vhieh iaqpiliaa

ab bft» Prmb Theorem ^ ti» sdwant |^ la alao of order 2* Therefore H la ^e

direct prodQfft {a«b^ of Cal and (bl« and t*tb3 ia Abelien.

Corollazy 3i Bvery getfop Q vhosa order ia a nnltiple of a priM aawtaini

an ala—lit of order j,*

Proof! From Sjriow'a Thaai am it followa that 3 oontains a tnkgrmp af

order £• Hesoe from the thaer«i Jvst propad, a oonteina an elamant «f order

£• Thaa the oorotUary ia proved*

OiWpa of Ordo? pq

SappoM la of order pq* vhere 2 and ^ are prlaea. Let £ be lesa than

g, TlMO freai 9ylo)r*8 Theorem the noiber of aabgreapa of order g is of the fom

l^cq* The aeeend eorollary of Syleir*a Theorem indieatea that thia noflber divides

pq. BsBoe there is only one wabgvmp of order g ainee 2 gp aad £ ia the order

of the uniqae a^^ia group {bj defined bgr b*^ • !• TIm aaiAer of aobcroapt

of order 2 ia «f the fern Mtp and diridsa pq, and thoa anai be 1 or £. If

the nabmr of mtogptrnp* of order n is 1, then there acciata a aaOLf-ooBjacate

aabgreap £a} defined by 1^ « I, Canaeqaently, 3 ia the direot prodaet of a

aad ^], Sere a « ab ia of order pq, and Q ia oyolie. There remalBa the oaae

with l^kp a q mbgrottps of order p, ahera « aabgroap (a^ of order 2 la not

aailf«»0(H}4ugate. Then

a^ • II b** I,
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SIM* (b^ l« •Af-oonjiigatft. «"^ • b**, for »oii» £. «•»• If r - 1» ^ i»

AMUan, and it !• ti>e oyfiile group «m»»4 •^•W. »«» U* order to haw a

wm grwip, r fi 1. fiwm a*Va « b^ ' for any i* and in parUoaUr CW%, - b •

»*^^ - a"^6''« « b^. Piwwadiag oy inSttOtian it la a»«tt»d thai thia

ia trtw for yi, Thtta

a-^a-^^^a - a*W - a'^'^a « b**.

For j « p. thla HiMMi b • a^^^P - b^. Siiie« b ia rf order q, r^ • 1

(aod O- ^K«5 tisf eaajlete set of d»fiatag raisUaaM 1«

1.) a^ «« b** « Ij ba « ab .

If ,P J X (aed q) haa only the solution r « 1, then th»«i axiata only mm

abst-art s^-ewT ^ -??*»?• n. I^ ^ 1» ^"^ " « l"»nll«»9 th«t ba • ab. Thia

ia th» cjyAia group nai«d **f». Tha* in ordor for thare to bo «ora than

mm group of ordar pq» r^ ; 1 (aod q) mat haw Moro than ooo 8«l»tion«

The oondition will ma bo d«tomiaad in iiliioh tha oqaaUon r^ » 1 (aod q)

tea Mara than one aelntien, Daing tha indaoc thoory one Mn (dianga

r^ - I (»d q)

into lKi»i <") S ^ ("^^ 4*^)*

If £ diir|4at %»!• than lot p « k(q^) ae thst

iad r s (aod k).

Thia will have More than on© mlution for r aod q. therefore the oondition

haa bean oataiblialwd. Henoe the foUwlng two relation^iipa exist for abatract

gronpa of nx^mr pq*
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«,) a^ • b' • li b» « tiK r £ 1 (m& q) yA»v £ divide* q-l,

Ab«Uaa anmpt

An iMUaa gronp mb hava only «iit 9afUm Mibgrettp of « flTM w^Ati*

•iBM «U tto ^fiLm Mbgroap* azv ooa^ate under every groop. Smee «vei7

AMdlitB groap is the direot produet of its SfUm aiihtlimijfw i^Mnever its order

it diviaiULe kgr a»re than one pr^ae wmSamr, Then a neoeasary ii4 Mffiidaiit

oendition that two Abellan greaps are iaaaerphio ia that their SN^loir sab*

grei^ are Hii>u<iia» Hmmm the study of Abellan groupa la radliaed to the

study of grsaiMi alMMNi ardera are powera of a aingle priae anaibar baaaiaa the

order of a Sylow sabgroiap is a paver of a prla»« In partioolar if the p^imr

^ aa Abalian gre^p ia not divlaible by the square of a priiM nosber, the

gmap aast be egrcaio* If pq is the order of the gra^ a, then fron the see.

tion on groups of order pq there eadsts oiily one Abelian groiQ) of ontor pq,

waasly the oyAle group.

The abatraot four^reup haa the sdaamta, I« a» ab, b, with the fallow*

iM Mitijpliaaiiaii ti^ei

I a ab b

I I a ab b

a a I b ti»

all ti> b I a

b b ab a I

flM aiiatria ndtipiieatioa table indieates that the group Is Abelian. Alaa
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The Uble shows that ar^ one of the three non-identity elements eonbined with

the identity elesent foms a cyclic group of order two, (i.e. The two elements

for» a subgroup of the four-group). This result helps in part to prore the

following theorem.

Theorem 12: If the order i| of an ilbelian group G is dirisible by an

latsger gt, Q contains a subgroup of order m.

Proof I The example preceeding this theorem shows that the theorem is

true irtjen n = 4. Mathwwtioal induotltm will be used to prore it in general.

kamam it is true for all orders less than n. Let £ be a prime faotor of

a. Since G is an ^elian group each of its subgroups most not only be self-

conjugate, but also Abeltan. So G contains a self-conjugate subgroup, say H,

of order £. Bow the Abelian quotient group G/H has order n/p which is less

than n. By induction it contains a subgroup of order m/p and to this subgroup

of G/H corresponds a subgroup of order ^ in 0, which o<wpletes tt^ proof of

the theorem.

Theorem 13! An Abelian group whose order is not a power of a prime

number is the direct product of all its Sylow subgroups.

Proof: Since all Sylcsw subgroups of a given order in a finite group

form a single complete conjugate set. it follows that a given Abelian group

can have only one Sylow subgroup of a given order. Since no two of these

subgroups have an element in common except the identity, the theorem follows.

LcBoa 1: I?
g^^ is tha sleisent of largest order, p^, m a prime-power

group G, wid if g^ is aqy ether el««nt of Q, then g/"*^
is contained

in tie syclic gi-oup generated by g.

,

*r
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4
PrMfI tto ontor of g^ 1« a power of £• for tho oloiiirtn» If g^ g^ »

n4»v tf tto whgi'Wm of a !• a faotor of p*"* i^ro s^ 1« ttit orter of a*

MM* lift U tto «rAtr of g^» tad frai tint liypttlwiH aj ^ \> ^'***

fliu tb* liana la profvod, for X ^ ««rtaihly oontainsd in {g^ .

1^1 A iKN»»ci!^«iU.o JMUaa groap G t^ioao ordor la a priiw power.

Mar p*, i« tilt 4U«at prodnoi «^ iadtiwiMl 4ir«!U« g>w>p««

Proof t Fna U» Xmtm 9f9ry AmmeA of a mXm^U tbe (p"^)tb pomr

la la [fjj, ObooM a^ "*^ ^^^ ^^ (p^2)th power af aner «&MMBi la Q htSM^

to [g^^, bttt tho <p"^^}th power of aone ilaMnt la Q, aay a^ deea not bo.

^'"'^ ^ [*xi* ^^^^ th^ ^' CQrolio and a oontalaa no elMeat of order graatar

than ift.« It taOmm tbat otaxy i&mmA ifhloit la la £g^^ and la the (p"2)tii

power of aa elOMit of la a (p^)tli power of an eieMUt in {gy}. Let a^*

be in [g^itfhaae (p'"2)tli power «f ag^a^ It la (g^^^ amaa aaah a powar la tlie

proA»ot of two factora, ofie of which belatga to (gj,^ wlille tHe otter doee not.

TiiM aet ag'Sg * 82* Then ^g^] ^« **» mtmd of the cyolle groopa nased la

tiia tlieore0« for (tgS^^ * ^*

The dlreot pro«to«t [gj^.gg] «* ig{} miA(g^} U tltHa? 0, or It la not.

If 80. the thaoKMi la pwredj and if not, let a^ be aacdi that the (p"3)th

power of ofory «UMnt of le la ^gj^fg^^, wWle otmtalna an alaMit a-

whoae (j/^)th power Is net la [g^tSg^ «*• «»» i« «» liii—t «3» In

i^l'^z} '*o«» (l^3)th power la the luferao of the (p"3)th power of a«. lot

ftjU-j - gj* Thw the OMaot g^ la of o«i»r jW, idiUa aa pawar of g^ Uwar

than the (pP'3)th ia la {gj^.gg]. ftm {g^] la tlie third eyolle groop nmti la
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AffdB lf|,*82*C3^ ^* ^* «^ it is not. If not repeat tlw pmWM ibUI on

^ iaipriiiad m [g]^fS2»****<icl» ^ <^i'Mt product of }( i^gIIo grenpt* m
•d in tilt tliftMB*

If Ite «a0tv% of «M divtH iiraiMi it tttiiiitid «• «lw ALmH i>r«dii«r|

of iOforil groapo, md if p^ it tint ordor of the (i)th saoh group, then oo*

tJbMMtTM thst

iMioo tlw foUovlng definition is ttdod,

Doflnitiao 9 » If the ordert of
g^^, g^, »•„ g^ «ro p\, ^Z^ ,,•# |\

TOgpoellfoly, tlMci a it said to be of type (nj^, a^* •**• \)*

OoroUazy It Tbo iMriMr of idbotxMi JMliaa of order p^ equals the

Mliltr «r dl«llsMt iotogfil pvililaM of ^ oooh pariltion givii^ riot

to distinct typo*

Proof t Thlo ooroUazy feaiows iaaediatoljr froi the thooriM sad Definition

9.

issiwst aiuxKPS m oi?n ceam

flis Vmwf «IMI lM« IMM doviabiiMd iM aotf %o opiOied to dslomlM ilw

iMritor of sbotrool giwopo of o given order, Sinoo Msgr of the deralopMitO



AM alaUATf it vUl b» Mlfl«iiRt t« dtotoztdM onily « fmr «f Umb In this

'» It fdlloira trm TkMMn U, OerBllaxy 2, tlttt tter* «ad.9t DtOy iMHim
2

gvniNI «f «t4tr p , where £ it priM. Trm tfae OertfUary of Thtiovm 14 there

trv «a7 tM» idbftTMi greops of order p^ elnoe there are only tuo partitlofw

of the irtinr <•

The gz««pe of orders 12« Id. and 20 have orders of the fom p q» nlwre

S Mi £ av* pii«B«» Tha itaHnMi giwow of order 12 will ba datamiMd, A

ilAllar ppsiaiu-a mr ba foUovad to 4ii^mmAm the ibatrMt giaopa of orders

18 and 20 raspeotlvoly.

The nvmf9 «r prtaa order are datamdMd hor the foUotfing theorw*

Thaa i'W 15( 9Mre aaaafct OfOjr one dlt%i«st group a whose order U
prim ]^

^vtafi ftm timrm % tte oi<dar of m atsMot of a la a factor of tha

order of Q. nuws i ur, the only faotors ofjgarelandj^ Ifthe faatar ia

£i ttal tlli Mfegii«m» la OT^io with order jj. Therefore thla ia the only group,

n» •fder of the grsa^a af artfar 24 ia of the fom p^q where £ and £
ara pvAwM. Slata thar are «f a different t^rpe ttea the other gitMpa stf

oi4ar I tlvwgh 26, th^ will be d^temined. Finally, the z^aalta of the

•aation on gixMps of order pq will ba vaed to eoe^&eta tim table of abatraat

fiwpt ti a«iar 1 through 2$,

Grottpa of Order 8

atMs 3 aaa be partitioned into (3), (2, i), and (1. 1, 1), thara ara

three ibtOSan tn^ «f order 8, Hmt have the ftdlowii^ dtflttli« xtiiKtleaa,
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I.) t?»U

2.) « • b « I» av • yx» wh«r» x, y « a, b.

3.) a^«b^-c^-l| ay • yx, vlitr* x, y • «, b, e.

A iMn-AbaXim groop of o«l«r 8 owmot ooaUla •ItMttit of enter 8 for thci

is the oydlo grmp ^thLda. has already been detenalned. If aU the alMMntc

«»© of order 2, then

(ab)^ » abab « I.

ab * a{I)b « a(abab)b » a^ab^ m kg,

and the groap is AbeXian. Henoe there mast be an «l«MBt of onier 4, aay

• • I. If
Ji belongs to the subgroup ^a], tten la ^a.ab], and b^ belongs

to [a|. If b^ • a or a^ then ^ Is of order 8, for

or

I • a** « (b^f « b'.

a-dOlsoydio, B«»b2-iora«, aob*.l. sinoe a is seU-oonJu-

S«io. b-^ab belongs to la] and b-^ab « a or a\ a»t if b-^ab « a. then

•b . ba. aad la AbAian. thus b-^ab . a^ O-waqpaotly tli.« are two

non-Abelian graaps of order 8. Oi»e generated by the relations

*.) a^.b^-l, ab-ba5.

whioh is aaUad the dihedral group. The other group is geoerated bjr

5.) a « It b^ « a^{ ab « ba^ « b\,

whic* is ealled the quateitiion group. Thus there exist fire abstract
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of order 8*

QrMps of Onior 12

Thft AtMlijui K^Nips of o?diir 12 Rro detttminod by taking the dlraet pro*

dnot of th9 ftrcnpa of ordor k and tho group of erdor % Slnoo thoro are

^8t t»o groapa of order k, both ilbelian« thon there are 2 Ab^iaa growpt

of order 12« TIm^ are defined by

1.) a^ » b'* • I| ab ba,

2*} a*' b " « « I| jqr «• yx, irtiere x« y « a, b, o.

aaiipoM tlie group of oMer k la oyelie. Thia corolio group la either

•elf-eorvJogaite, or it la not. If it is. let b ^ the eletaettt y/hHtk ganeratea

lt« Alao let £ be an element of ontor 3 met that a^ » I. Thaa

a**bft » b

•W « b'^

r3

r^ « I (aod ^)

r » 1 (nod k).

It fttiLUnt tliat £ oowutet with ^ aad henee d la an Abellan group,

Umi aiaae all of the Abellan groapa have been detemlned* no mw gnwpa

Kf datanit»Bd*

QmaUiaT tbe aaiw n^re the t^i^io group of order 4 la not 8elf«oenJugate«
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2
Tbtm b It « MCLf-.ttonjvgai* tUmm^f and [a^ i* alM fi^If->oeniagftte«

a « a

r* • 1 (.od 3)

r « 1, 2 (Md 3),

If r « 1 (aod 3)« thm «m obtains th* flortiia gnmp of ordar 12«

r 2 (aod 3) la tte ocOy aav raattlt.

3.) a^« b*^« Ii ab«ba*.

Ii» tmjm tiM fXWV of order 4 is the foaiv-^roup. Either it ia aelf.

ooQJQ(iate« or it ia aat, IT it ia» than

a*^ • b» bo, or a«

If ar\tL b, then tbe grenp is Abeliaa and has alroadtr kaaa dalanalBad* If

arh» « bo, and if a"Sa^ « o, then by allamatlnt g trm UMta tua r«l«tioiia,

«te fcOloirias reaalt ia obtains<»

banba « sba

ba M » ab

an3aT)e « b

aLbtTbaib • I

(a^»)5 . I,



fhtis tJw nm gr«^ If «*fif»<l biy the foUoMlng relations.

k,) 9?* U^)^«b^» I.

This tvmp U «U«4 tlM iklUmtiiag tnmp of dsgrM K

Ttus In ordor to obtain a mm greap. the foar-grMp Is not self-oonjiiffaio.

Wm tte MU*fioiiJugste group of ot^er 2 i« oitlior [b] or (o]. GonsoqttORtly*

if f is n i&MMiit of order 5, it suit bo one eif V^o eonjvgcte aieaeBts

nhile i%]iM self•conjugate, Tina

fM^ » ai eae e a

and .
•M • a t belb « a«

Tbe aeasadi rslaiioBship is siaidy the first with ^ and j> intor«lMato4« Wm

hW B /
lal 1 /
a m/
f^ » 1 (saed 3)

r » 1, 2 (and 3).

Senoe t asir groiip is iltfi«»l Igr

3 2 2 2
5,) a*' * b • « I| id> • bt. I lor •* js« «kors x»a«biai7»o,

flMt tkoro WW fivs akttraot gtm»& of onlsr X2«



Qtm9» of Ordar 2i»

Trm 9fiMi*9 Theory a grw*p of ord«r 2k « 3(2^) auat contain ©Ithor

1 or 3 Mbgroiuw of ordor 8. Sadh a f^roap aay alao haro I or ^ MAtgroapa of

ordor 3. If it haa one Mbgroup of order 8 and me sabgrwip of order 3, the

grotip HMt to «boir direct ^ivdnot, »iMO» ttvm Syl€M*9 ThoertB eaoh of tlMM

MkCVMqp* la t«If«-oonjtig«l«« Trm Hm dltouaaion on groups of ordar 8, it

vaa obaerved that there are five AMUaMk groaps of this order, Therefore

there are fite distUROt froups of order a<» eaob of whieh is obtained by

takii« tlM direet prodtet of tlw tvwp of order 3 and one of the five groapa

aaasd in the other seetion. These five groaps hare the follotfiag defining

nAatiwHis*

1.) a^« b® • Ij ah- ha.

2«) a^ * b « e^ • It 3V «• yx« utmm x« /, • a» b« e*

3.) a^»b "a «d *• It jqt « yx« i^re x* jr « a* bt o» d*

^«

)

a^ < b « « It bo « ^1 » « axt Hbara x « b, e»

5*

)

a^ « b • a •> It ba » ob^i xa ax» nlMrt x > b« a.

If thara are three sv^roups of order 8» mm %tt9 of thai aaat hare

a awMB Mkixw^p of order ^t ei^ this <i<3mon sttb^reup Mti be a Mlf*oonjagate

»ab,^roap of the group of order a**, Nereorer if. In this ease, a saVroop

of order S is Abelian* txh elsMont of the selfoomjagaia sabgrpup of order

^ anst be a self.eenjii.f;ate «l«i«eiit of the group of order 7^,

ld« aappaaa a group of order 8 Is oyolie and let ^ be the elettmt whidi

ganeratea it« If b la aaXf.M>enjugate and j^ la an Aaaant of order 3* then
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5= tT^^u w b*

r^ « X (mod 8)

r « 1 '.i--t *!^.

OwiiaiiiWitXyt 1hi» obcrw relation a""^ « b inpllos that ab ba. This is

the abstract group 1«) alrettJtT^ ototaintd* Imm ^bl Moaot be self•eonjragate*

2
•Mdi b MMt be a telf-ecNijviiale eXensnt, llierefors j| is Me «f tuo wmjogate

eleatnte while t>^] ia aelf-oonJugate* Bmeea the following relati^w determine

a MW gnM9*

6«) a'' "• b a Ii ab • ba •

React l«i|> a grM? of order 8 be M AMUan group definod by b » e^ « Ii

be « ab» If tiiia la eelf-oon|ttcait» tbM b^ eonaideratiafia aiailar to theae

given above, it is inferred that the ^roup is the direot product of gns^ft

of order 8 and 3, and hwwe bM i&readr beea tfaWndntdt

If the gvmp of order 8 la not aiaf«>oaRjiigate» the asilf^eoiijagaie groop

of order 4 nay be either [b^ or ^b^.el. In either eaae If j| is an el«MBt

of order 3, it oust he one of two ocmjugate Asaenta ehile (aj ia aslf-conjugate.

asnee tbMpe tan tue amr gzwipa defined by

7.) a^ « Ti eae a i b*^«b « «,

8.) a^ - Ii b*^ab • a"^{
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2 2 2
IfH a group of order 8 be the Abeliea group defined by h m 9 » d !)

sy » yx* lAere x« y « b, o» d* Iff it is 8eIf»ooaJagete, and if the group

of order ^ ia not the direct prodaot of groups of orders 8 and 3, then an

etl«Mnt g of order 3 nust tranafem the 7 ele»nita of order 2 «Miag thsMMivea*

Therefore j| wMt OMMitfe with one of these 7 elements. How the second rela»

tion below

aktm, « bi a oa • b*

is not self eonsiatent, beewae the two inply that

••2 2 1/ <ai «
a ea a a (a oa)a

aSea

a*T»aa'*oa

a'^aa^ « bbo

Ibirefore a'^(a*^oa*)a • e • a"^ca.

Renee, slnM the group of ordtor 8 is generated by ^ jt ami any other elentnt

of order 2 «Me|* bo. It aay be aaMMd without loss of generality, that

•'Sa - b( a'^oa - dj a-^da - bVd*.

liMM X, y, ial • •«• pMlUve integera, fheaa relatlsiis giva

• • lol « a*^ia^

a-^a-^aaa*
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CoDtlnaiag

•ad

Una

• . .-^da^

• «^(bVd*)a

. b%Vd

V

•V. . d^

•V - d^a^

a^d^a - (bVd«)»

aV - (bVd»)V.

• bVa^d'a

«bVb«a»»d*Va

•••

Wmptmi, tiata ;^mAgwni paaltiv« inUgart* thm

y a « L,

lav if ^
a da « bod,

and if bo « 0% bd - d*»
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then a"H»a =» d», a*^d«a = b»d'j

so that the two alternatives x => and t: « 1 lead to IsoDorFhie gnrnps. Sy

choosing x = 0, a new group is obtained. It is the direct prodact of ^b j

and ^a, e» d] where

9. ) a ca « d; a da « cd.

If the group of order 8 is not self..o«D4ugate, the self-eoajugate group

of order 4 may be taken to be (b,d}. If j| is an element of order 3. then

there is a single new abstract group given by

10. } a*^ s It dad ° a ; bab « a; oac ^ a*

Let a group of order 8 be defined by the non-Abelian group defined by

It k -v -1
b =0 « Ij "Tjc « b ,

and let ^ be an element of order 3. If the group of order 8 is self»conJugate

and the group of order 24 is not a direct product of groups of orders 8 and

3. £ must transfono the 3 aabgroups of order 4, \h], [c^, and IbeJ* aaeag

themselves. Hence

a"*^a a

and _ '

a ca a be or (be) •

If §. transforms £ into (bc)^, then

and ^ cannot be an element of order 3. H«ice in this ease there is only
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CM M» alMtrMi grottp.

!!•) a} » Ii «"*bm • ft *^oa •• be.

If VtM mAgrmp ^ ordar 8 is not self-ocmjugat*, tte MlfoMajiaKCU

•abgrcup of ordor k la oyelio* and eacAi of its •l«B«itta aat ooanto vith

j^ HmMO acida ttero U oimi mm tbatrMt grwipi

XS*} a-^ • 1$ b ib ai o •« • a •

FlaaU/t lot a aubgronp of ordor 8 Im a iumMMLIw grot^ doflnod by

Tbla oontalna mm fjraii* tad tve iioiv>oy«llo aabgrwp* of ordor ^. If it

ia aolf*ooiijig«U« tiM c>«iP «f •i*ter i^ nut thorafore bo the diroot prodaot

of grevpt «f ordbra 8 and 3 1 and there is no now «l>atraot group.

If tta aahgiwip of ordor 8 ia not aelf^MiOttgato, and tba aolf.oon^ato

w^rMp of ordor ^ ia the oydlio grottp {hi , than ^ nuii Manrto with an

«l««ont £ of order 3, and there ia a aii^o mw abstraot group giren by

13.) a^ - I, b**ab • a, o**ao - a^.

If the aelfooanjiigato Mkgxwip of ordor k is not oyolie, it aay bo takoa

to be (l, b^, 0, b^o3« If A Mamio* with oaoh oloMRt of this sabgroap,

ttoro is a tiaglo abstraot group given by

1<>.) a^ • I, b'^ab « a^, a"^ao • a

If A <Joe8 not eomnite with ofoiy aliamit of the self-oonjugate sabgraap,

it nnst transfom b^, o, b^o SMng thanaelves and then a'^^a - o, a"^ca b^o.

Row £o, a , b} is aelf-oonjugato* and ttaoroifora 4 oast tranaform 2 into
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another elAMRt of ord#r 3 oveMUmd la %Um Utttravp. Hence b"*^ » a*b%*.

n» only Tftlues of x, j« aad s irtiic* are eonaiatent vith the prerloaa

reUtioa bW ab^a, wf

3i«2(7«a«l«

the last Q«v grmp is ^tierfyTore deTiaed \xy

a^ « II aVa « cj a^«a b^oi b'^ab - a^^e.

«h«o £ la elialnated betwaan tteaa rwUtiena, it will be found that the only

liwttpwtdant raUtieafl rvMiAii^ wf

15.) a^-b^- (ba)2- I.

^^^
(ba)(ba) « b(id>)a • bWoa

« b*oa*t*

w2^2 2

« b^<*^a

2 S
• (a M}a oa

2 2

Therefore there are 15 abatraet groups of order 2*,

Conelttsloa

It follows from the section m groups of order pq that there are tM«



ittatraot grMvi of orterf 6, 10* 1^, 21, 22, snd ^ m^eoilftly. SLiie« 3

4iM not divide 4, ther* it only on* abatraoi group of ordor 15. Bmm all

of the groups <tf ordor pq throucb 26 have hum dHaiaiiwd.

2
Ths ordor of tho grmpt of ordor 9 and 25 ia of the fom p , ai^ hflCi«o

fm Corollary 2 or TboorM 11 thara art t»o abatraot groape*

Tha foUoMlBg taiae mMHtriaaa this aoeiion.

Orter 1 2 3k 5 6 7 8 9 10 11 12 13

iHiMr 1 112 1 2 15 2 2 1 5 1

Ik 15 16^ 17 18 19 20 a 22 23 2(> 25 26

2 1 Ik 1 5 15 2 2 1 15 2 2

'''teraalda, ><f., Thaonr of GftMl* MMiillan Qgapaaar. 1B97» p. 67.



AfaoiOMjtmmm

"Om wthor wirties to express his

l^hanks and i^pr«oistlon to his asjor pre*

f«Mer, Or. LsoMurd 8* roller, for Vam

Tsltutble saggestions and •ssistanoe uhioh

be m pctiMUjr gtmi thus, be ute ihU

possible.
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OSTiUCT

In thl« pcpsr tte ^batmat grwipt of oretors 1 throagh iS ar»

t!w tlMoi7 imtlvii grMtly radMMi tl» Utoor of tMting tlit gnMP pottvUAM

in MOh ««M« Tliia glTM IntlgM en wtthods thst can bo uMd ilMold om

4m1m t« 4»l«Ridai tlM gnapa «f mrtnnn gx«tl«r tban 26,

ThM* gxwv* «i« obti&iied !«r ^rMking 6am tht or4»r Into prlM pawtr

fMiors, Slnoo the order of * •hgroup ie a faetor of the order of the grenp*

sobgxxmps are ttsed U deKumine tiM re«p««tive grwipt, SyIoM*e thewm and

MMUaries are need to detemlne the amber of ntbgro^e of tiM iwnpeaitfe

orders. If there is but one Syloir aabgrottp of eadi possible order, then the

group is foMSd taor taking the direet pnxkiet of these respective sahgrMps*

Itai AbdLiui groups are dstemined bgr taking the direst predaet of Abelian

sal^ro^ips. A SHtogroQp is cither seXf-omijngats or it is not. If so* thMi

svwry flileneBt of the group bbH tiWMfem this sihgJBHp into itstflf• Ihls

gifiss a rslatianship betussA SMh of tbs ^.e^enta of the f^roap. If the m\>»

gronp ie not self.oonjugate, then sane of the eleaents of the grenp aret and

again there is a relati<mship betsesa the tlfwits of the groap. lbs mportwt

faet is that there is a relationship betwesR the sfUnwIs of a gronp, and

swijtigate theosy proridea a asans of findii^ this relationiriiip*

The speeial types of groapt detondned are these shisli hate orders p »

2
pq, and £ respeetively. There are alvays two groups of order p , wie eyelie

Mi the other Abelian. If £ divides q-l, there are two gre«^ of order pq.

The fizvt is the oyeiio group* and the seoeod is nen«AbeIian« There exists

only am gnwgp of order £ idiioh is the (^/olio group*

2
The pre<MMhu<e for finding groups of order p q i

£ and £• Bsaaver, in eaxfli ease it ie neoessary to go through the prsassa

2
The preosduw for finding groups of order p q is siailar for different



of dBteralning iha results, qb tllty 9X9 nsi tlmiys tbi tMi. Slallarly, th*

MOW i« tra* for groups of ordor p^q. fhw» ««l»t 5 gw«p« of OPd«p p^

iriioro p » 2.

Mm


