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A review of the authors’ results is given. Several methods are discussed for solving non-
linear equations F'(u) = f, where F' is a monotone operator in a Hilbert space, and noisy
data are given in place of the exact data. A discrepancy principle for solving the equation
is formulated and justified. Various versions of the Dynamical Systems Method (DSM)
for solving the equation are formulated. These versions of the DSM include a regularized
Newton-type method, a gradient-type method, and a simple iteration method. A priori
and a posteriori choices of stopping rules for these methods are proposed and justified.
Convergence of the solutions, obtained by these methods, to the minimal norm solu-
tion to the equation F'(u) = f is proved. Iterative schemes with a posteriori choices of
stopping rule corresponding to the proposed DSM are formulated. Convergence of these
iterative schemes to a solution to equation F'(u) = f is justified. New nonlinear differ-
ential inequalities are derived and applied to a study of large-time behavior of solutions
to evolution equations. Discrete versions of these inequalities are established.
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1. Introduction

Consider equation
F(u) = f, (1.1)

where F' is an operator in a Hilbert space H. Throughout this paper we assume
that F' is a monotone continuous operator. Monotonicity is understood as follows:

(F(u) — F(v),u—v) >0, Yu,v € H. (1.2)
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We assume that equation (1.1) has a solution, possibly non-unique. Assume that f
is not known but f5, the "noisy data”, ||fs — f]| < d, are known.

There are many practically important problems which are ill-posed in the sense
of J. Hadamard. Problem (1.1) is well-posed in the sense of Hadamard if and only
if F is injective, surjective, and the inverse operator F'~! is continuous. To solve ill-
posed problem (1.1), one has to use regularization methods rather than the classical
Newton’s or Newton-Kantorovich’s methods. Regularization methods for stable so-
lution of linear ill-posed problems have been studied extensively (see [14], [16], [38]
and references therein). Among regularization methods, the variational regulariza-
tion (VR) is one of the frequently used methods. When F' = A, where A is a linear
operator, the VR method consists of minimizing the following functional:

|Au — f5]* + alu||* — min. (1.3)
The minimizer u; , of problem (1.3) can be found from the Euler equation:
(A*A + aI)u(;’a = A*fg.

In the VR method the choice of the regularization parameter « is important. Various
choices of the regularization parameter have been proposed and justified. Among
these, the discrepancy principle (DP) appears to be the most efficient in practice (see
[14]). According to the DP one chooses « as the solution to the following equation:

|Aus,o — f5ll = C9, 1 < C = const. (1.4)

When the operator F' is nonlinear, the theory is less complete (see [2], [37]). In
this case, one may try to minimize the functional

17 (w) = fs]I* + al|ul]* — min (1.5)

as in the case of linear operator F. The minimizer to problem (1.5) solves the
following Euler equation

Fl(us.o) Fus,a) + aus o = F'(uso) fs. (1.6)

However, there are several principal difficulties in nonlinear problems: there are
no general results concerning the solvability of (1.6), and the notion of minimal-
norm solution does not make sense, in general, when F' is nonlinear. Other methods
for solving (1.1) with nonlinear F' have been studied. Convergence proofs of these
methods often rely on the source-type assumptions. These assumptions are difficult
to verify in practice and they may not hold.

Equation (1.1) with a monotone operator F' is of interest and importance in
many applications. Every solvable linear operator equation Au = f can be reduced
to solving operator equation with a monotone operator A*A. For equations with a
bounded operator A this is a simple fact, and for unbounded, closed, densely defined
linear operators A it is proved in [29], [31], [32], [16].

Physical problems with dissipation of energy often can be reduced to solving
equations with monotone operators (see, e.g., [35]). For simplicity we present the
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results for equations in Hilbert spaces, but some results can be generalized to the
operators in Banach spaces.

When F is monotone then the notion minimal-norm solution makes sense (see,
e.g., [16], p. 110). In [36], Tautenhahn studied a discrepancy principle for solving
equation (1.1). The discrepancy principle in [36] requires solving for a the following
equation:

1(F'(us.a) + D) (F(usa) — f5)l = C3, 1< C = const, (1.7)
where us o solves the equation:
F(ué,a) + aUs o = fé'

For this discrepancy principle optimal rate of convergence is obtained in [36]. How-
ever, the convergence of the method is justified under source-type assumptions and
other restrictive assumptions. These assumptions often do not hold and some of
them cannot be verified, in general. In addition, equation (1.7) is difficult to solve
numerically.

A continuous analog of the Newton method for solving well-posed operator equa-
tions was proposed in [3], in 1958. In [1], [4]-[34], and in the monograph [16] the
Dynamical Systems Method for solving operator equations is studied systematically.
The DSM consists of finding a nonlinear map ®(¢, u) such that the Cauchy problem

= ®(t,u), u(0) = uy, (1.8)
has a unique solution for all ¢ > 0, there exists lim; .o u(t) := u(c0), and
Fu(o0)) = f,

Mu(t) VE>0 Ju(oo); F(u(c0)) = f. (1.9)

Various choices of ® were proposed in [16] for (1.9) to hold. Each such choice yields
a version of the DSM.

In this paper, several methods developed by the authors for solving stably equa-
tion (1.1) with a monotone operator F in a Hilbert space H and noisy data fs, given
in place of the exact data f, are presented. A discrepancy principle (DP) for solving
equation (1.1) stably is formulated and justified. In this DP the only assumptions
on F' are the continuity and monotonicity. Thus, our result is quite general and can
be applied for a wide range of problems. Several versions of the Dynamical Systems
Method (DSM) for solving equation (1.1) are formulated. These versions of the
DSM are a Newton-type method, a gradient-type method and a simple iterations
method. A priori and a posteriori choices of stopping rules for several versions of
the DSM and for the corresponding iterative schemes are proposed and justified.
Convergence of the solutions of these versions of the DSM to the minimal-norm
solution to the equation F'(u) = f is proved. Iterative schemes, corresponding to
the proposed versions of the DSM, are formulated. Convergence of these iterative
schemes to a solution to equation F'(u) = f is established. When one uses these iter-
ative schemes one does not have to solve a nonlinear equation for the regularization
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parameter. The stopping time is chosen automatically in the course of calculations.
Implementation of these methods is illustrated in Section 6 by a numerical exper-
iment. In Sections 2 and 3 basic and auxiliary results are formulated, in Section 4
proofs are given, in Section 5 ideas of applications of the basic nonlinear inequality
(2.87) are outlined.

2. Basic results
2.1. A discrepancy principle
Let us consider the following equation
F(Vsa) +aVse— f5=0, a >0, (2.1)

where a = const. It is known (see, e.g., [16], p.111) that equation (2.1) with a
monotone continuous operator F' has a unique solution Vs, for any fs € H.

Assume that equation (1.1) has a solution. It is known that the set of solution
N :i={u: F(u) = f} is convex and closed if F' is monotone and continuous (see,
e.g., [16], p.110). A closed and convex set N in H has a unique minimal-norm
element. This minimal-norm solution to (1.1) is denoted by y.

Theorem 1. Let v € (0,1] and C > 0 be some constants such that C67 > 4.
Assume that ||F(0) — fs]| > C67. Let y be the minimal-norm solution to equation
(1.1). Then there exists a unique a(d) > 0 such that

1F(Vs,ae)) — foll = Co7, (2.2)

where Vs q(5) solves (2.1) with a = a(d).
If0 <y <1 then

tim [V — o] = 0. (2.3)
Instead of using (2.1), one may use the following equation:
F(‘/(S,a) + a(V(S,a - ’lj) - f5 = 07 a> Oa (24)

where @ is an element of H. Denote Fj(u) := F(u + @). Then F; is monotone and
continuous. Equation (2.4) can be written as:

Fl(U57a) +aUs,q — f5 =0, Usa:=Vsa—1u, a>0. (2.5)
Applying Theorem 1 with F' = F; one gets the following result:

Corollary 2. Let v € (0,1] and C > 0 be some constants such that C6Y > 6.
Let w € H and z be the solution to (1.1) with minimal distance to u. Assume that
|E (@) — fs]| > C67. Then there exists a unique a(d) > 0 such that

||F(‘75,a(5)) - f(SH = 0577 (26)
where f/(;’a((;) solves the following equation:

F(Vsa) +a(8)(Vsa —a) — f5 = 0. (2.7)
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If v € (0,1) then this a(d) satisfies
lim [|V5,a(5) — 2l = 0. (2.8)
The following result is useful for the implementation of our DP.

Theorem 3. Let 0, F, fs, and y be as in Theorem 1 and 0 < v < 1. Assume that
vs € H and «(0) > 0 satisfy the following conditions:

[ F(vs) + a(d)vs — fsl| < 09, 0 >0, (2.9)
and
C107 < ||F(vs) — fs]] < Cad7, 0<Cr <. (2.10)
Then one has:
tim o5 — ] = 0. (2.11)

Remark 1. Based on Theorem 3 an algorithm for solving nonlinear equations with
monotone Lipchitz continuous operators is outlined in [12].

Remark 2. It is an open problem to choose v and C, Cs, optimal in some sense.

Remark 3. Theorem 1 and Theorem 3 do not hold, in general, for v = 1. Indeed,
let Fu= (u,p)p, |lpl =1, p LN(F):={ue€ H:Fu=0}, f=p, fs =p+ g0,
where (p,q) =0, ||lq]| = 1, Fqg = 0, ||¢d]| = 6. For linear operator F' we write Fu,
rather than F(u). One has F'y = p, where y = p, is the minimal-norm solution to
the equation Fu = p. Equation FV;s, + aVs, = p + ¢d, has the unique solution
V5o = qd/a+p/(1+ a). Equation (2.2) is Cd = ||¢d + (ap)/(1 + a)||. This equation
yields a = a(8) = ¢6/(1 — ¢6), where ¢ := (C? —1)'/2, and we assume ¢§ < 1. Thus,
lims_o Vs,a5) =P+ ¢ lq := v, and Fv = p. Therefore v = lims_.o Vs,a(5) 18 not p,
i.e., is not the minimal-norm solution to the equation Fu = p. This argument is
borrowed from [15], p. 29.

If equation (1.1) has a unique solution, then one can prove convergence results
(2.3) and (2.11) for v = 1.

2.2. The Dynamaical Systems Method

Let a(t) N\, 0 be a positive and strictly decreasing function. Let Vs(t) solve the
following equation:

F(Vs(t)) + a(t)Va(t) — f5 = 0. (2.12)

Throughout the paper we assume that equation F'(u) = f has a solution in H,
possibly nonunique, and y is the minimal-norm solution to this equation. Let f be
unknown, but f5 be given, ||fs — f|| < 4.
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2.2.1. The Newton-type DSM

In this section we assume that F' is a monotone operator, twice Fréchet differen-
tiable, and

IFD ()| < Mj(R,u0),  Yu € Blug,R), 0<j<2. (2.13)

This assumption is satisfied in many applications.
Denote

A= F'(us(t)), As:=A+al, (2.14)
where I is the identity operator. Let us(t) solve the following Cauchy problem:
Us = —A;(lt) [F(us) + a(t)us — fs5], us(0) = uo. (2.15)

We assume below that ||[F(ug) — f5]| > C16%, where C; > 1 and ¢ € (0,1] are
some constants. We also assume without loss of generality that 6 € (0,1). Assume
that equation (1.1) has a solution, possibly nonunique, and y is the minimal norm
solution to equation (1.1). Recall that we are given the noisy data fs, || f5 — f|| < 4.

Lemma 4 ([9] Lemma 2.7). Suppose Mi,cqo, and ¢1 are positive constants and
0y € H. Then there exist A > 0 and a function a(t) € C'[0,00), 0 < a(t) \, 0,
such that the following conditions hold

ol =™ (2.16)

o _ A [ )
S| ) (217)

@] _ a)[, la)
ol (218)
170~ fsll < 0. (2.19)

In the proof of Lemma 2.7 in [9] we have demonstrated that conditions (2.17)—

(2.19) are satisfied for a(t) = ﬁ, where b € (0,1], ¢,d > 0 are constants, ¢ > 6b,
and d is sufficiently large.
Theorem 5. Assume a(t) = ﬁ, where b € (0,1], ¢,d > 0 are constants, ¢ >

6b, and d is sufficiently large so that conditions (2.17)—(2.19) hold. Assume that
F : H — H is a twice Fréchet differentiable monotone operator, (2.13) holds, ug is
an element of H satisfying inequalities

[ £(0) — fs|
a(0)
Then the solution ug(t) to problem (2.15) exists on an interval [0, Ts], lims_oT5 =

00, and there exists a unique ts, ts € (0,Ts) such that lims_,ots = co and

1F (us(ts)) = fsll = Cr8%,  [1F(us(t)) = fsll > C10, ¥t € [0,15), (2.21)

l[uo — Vol < » h(0) = [[F(uo) +a(0)uo — fs]| < %a(O)HVZs(O)IL (2.20)
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where C; > 1 and 0 < ¢ < 1. If ¢ € (0,1) and ts satisfies (2.21), then

tim [us(t5) — | = 0. (2.22)

Remark 4. One can choose ug satisfying inequalities (2.20). Indeed, if ug is a suffi-
ciently close approximation to V5(0) the solution to equation (2.12) then inequalities
(2.20) are satisfied. Note that the second inequality in (2.20) is a sufficient condition
for the following inequality (see also (4.55))

e”2h(0) < Za(®)|Vs(®)], t>0, (2.23)

] =

to hold. In our proof inequality (2.23) (or inequality (4.55)) is used at ¢ = t5. The
stopping time t4 is often sufficiently large for the quantity e? a(ts) to be large. Note
that ||Vs(t)] is a strictly increasing function of ¢ € (0,00) (see Lemma 20). In this
case inequality (2.23) with ¢ = t5 is satisfied for a wide range of ug.

Condition ¢ > 6b is used in the proof of Lemma 27 (see below).

2.2.2. The Dynamical Systems Gradient Method

In this section we assume that F' is a monotone operator, twice Fréchet differen-
tiable, and estimates (2.13) hold.
Denote

A= F'(us(t)), Ag:=A+al, a=alt),
where I is the identity operator. Let us(t) solve the following Cauchy problem:
s = —Aqp[F(us) +alt)us — fs],  us(0) = uo. (2:24)
Let us recall the following result:

Lemma 6 ([10] Lemma 11). Suppose Mi,cq, and c1 are positive constants and
0 #y € H. Then there exist X > 0 and a function a(t) € C1[0,00), 0 < a(t) \, 0,

such that
a3
la(t)] < it), (2.25)
and the following conditions hold
M,
m <), (2.26)
A 2]a(t)|
%ma+au»§2ﬁ&{fa>cwj}, (2.27)
)] _ @[ 5, 2al)
1 a(?) < 3\ { (t) o(t) }, (2.28)
A 0)<1. (2.29)
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We have demonstrated in the proof of Lemma 11 in [10] that conditions (2.25)—
(2.29) are satisfied with a(t) = ﬁ, where b € (0, i], c>1,and d > 0 are
constants, and d is sufficiently large.

Theorem 7. Let a(t) = ﬁ, where b € (0,1], ¢ > 1, and d > 0 are constants,

and d is sufficiently large so that conditions (2.25)—(2.29) hold. Assume that F :
H — H is a twice Fréchet differentiable monotone operator, (2.13) holds, ug is an
element of H, satisfying inequality

h(0) = [[F(uo) + a(0)uo — fs]| < ia(O)IIV(s(O)Il- (2.30)

Then the solution us(t) to problem (2.24) exists on an interval [0,Ts], lims_oT5 =
00, and there exists ts, ts € (0,T5), not necessarily unique, such that

P (us(ts)) - foll = CaoF.  lim b5 = oc, (231)
where Cy > 1 and 0 < ¢ < 1 are constants. If ¢ € (0,1) and t5 satisfies (2.31), then

tim [Jus(t5) — y1] = 0. (2.32)

Remark 5. One can easily choose ug satisfying inequality (2.30). Note that in-
equality (2.30) is a sufficient condition for the following inequality (cf. (4.95))

e O(0) < Ja( VO], 120, (2.33)

to hold. In our proof inequality (2.33) (see also (4.95)) is used at t = t5. The
stopping time ¢; is often sufficiently large for the quantity e®(*)a(ts) to be large.
In this case inequality (2.33) (cf. (4.95)) with ¢ = ts is satisfied for a wide range
of ug. The parameter ¢ is not fixed in (2.31). While we could fix it, for example,
by setting ¢ = 0.9, it is an interesting open problem to propose an optimal in some
sense criterion for choosing (.

2.2.3. The simple iteration DSM

In this section we assume that F' is a monotone operator, Fréchet differentiable,
and

sup || F'(u)l] < Mi(uo, R). (2.34)
UEB(UQ,R)

Let us consider a version of the DSM for solving equation (1.1):
Us = —(F(’LL5) + a(t)u5 — f(;), U5(0) = U, (2.35)

where F' is a monotone operator.

The advantage of this version compared with (2.15) is the absence of the inverse
operator in the algorithm, which makes the algorithm (2.35) less expensive than
(2.15). On the other hand, algorithm (2.15) converges faster than (2.35) in many
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cases. The algorithm (2.35) is cheaper than the DSM gradient algorithm proposed
in (2.24).

The advantage of method (2.35), a modified version of the simple iteration
method, over the Gauss-Newton method and the version (2.15) of the DSM is
the following: neither inversion of matrices nor evaluation of F’ is needed in a dis-
cretized version of (2.35). Although the convergence rate of the DSM (2.35) maybe
slower than that of the DSM (2.15), the DSM (2.35) might be faster than the DSM
(2.15) for large-scale systems due to its lower computation cost.

In this Section we investigate a stopping rule based on a discrepancy principle
(DP) for the DSM (2.35). The main results of this Section is Theorem 9 in which a
DP is formulated, the existence of a stopping time t¢s is proved, and the convergence
of the DSM with the proposed DP is justified under some natural assumptions.

Lemma 8 ([11] Lemma 11). Suppose My and ¢y are positive constants and 0 #
y € H. Then there exist a number X > 0 and a function a(t) € C'[0,00), 0 <
a(t) \, 0, such that

2
t
() < S0, (2.36)
and the following conditions hold
M
L <, (2.37)
1yl
A la(®)|
0< t) — , 2.38
< 5“0~ g 23
la(t)] _ alt) |a(t)]
< —*la(t) — 2.39
C1 a(t) = 9 a( ) a(t) ’ ( )
A
——9g(0) < 1. 2.40
90 (2.40)
It is shown in the proof of Lemma 11 in [11] that conditions (2.36)—(2.40) hold
for the function a(t) = ﬁ, where b € (0, %]7 ¢ > 1 and d > 0 are constants, and
d is sufficiently large.
Theorem 9. Leta(t) = ﬁ, where b € (0, %], ¢ > 1 andd > 0 are constants, and

d is sufficiently large so that conditions (2.36)—~(2.40) hold. Assume that F : H — H
is a Fréchet differentiable monotone operator, condition (2.34) holds, and ugy is an
element of H, satisfying inequality

h(0) = [[F'(uo) + a(0)uo — fs[| < ia(O)HVa(O)II, (2.41)

Assume that equation F(u) = f has a solution y € B(ug, R), possibly nonunique,
and y is the minimal-norm solution to this equation. Then the solution us(t) to
problem (2.35) exists on an interval [0,Ts], lims_oTs = oo, and there exists ts,
ts € (0,Ts), not necessarily unique, such that

1F (us(ts)) — f5]| = Crd¢, lim ¢5 = oo, (2.42)
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where C1 > 1 and 0 < ¢ <1 are constants. If ¢ € (0,1) and ts satisfies (2.42), then
lim fJus(ts) = yll = 0. (2.43)

Remark 6. One can easily choose ug satisfying inequality (2.41). Again, inequality
(2.41) is a sufficient condition for (2.33) (cf. (4.131)) to hold. In our proof inequality
(2.33) is used at t = ts5. The stopping time t5 is often sufficiently large for the
quantity e?(*s)a(ts) to be large. In this case inequality (2.33) with ¢ = t; is satisfied
for a wide range of wug.

2.3. Iterative schemes

Let 0 < a,, ™\, 0 be a positive strictly decreasing sequence. Denote V,, := V,, 5 where
Vi,s solves the following equation:
F(Vhs5) +anVas — fs =0. (2.44)

Note that if a,, := a(t,,) then V, 5 = Vs(ty,).

2.3.1. Iterative scheme of Newton-type

In this section we assume that F is a monotone operator, twice Fréchet differen-
tiable, and

|FD ()| < Mj(R,up),  Yu€ B(ug,R), 0<j<2, (2.45)
and do not repeat this assumption. Consider the following iterative scheme:
Un+1 = Un — A;l[F(un) + antn — f(SL Ap = F/(un) +and, wug=up, (246)

where wg is chosen so that inequality (2.52) holds. Note that F’(u,) > 0 since F' is
monotone. Thus, |4, < .

- an

Lemma 10 ([8] Lemma 2.5). Suppose My, cg, and ¢1 are positive constants and
0#y € H. Then there exist A > 0 and a sequence 0 < (a,)>22, \, 0 such that the
following conditions hold

an S 2an+1; (247)
ag
Ifs = FO) = (2.48)
My
Y <Iyll; (2.49)
Ap — Ap41 1
, 2.50
a7 2e1\ (2:50)
[07% Ap — Qp41 Ap+1
— < . 2.51
N e ST (2:51)

It is shown in the proof of Lemma 2.5 in [8] that conditions (2.47)—(2.51) hold

for the sequence a,, = ﬁ, where ¢ > 1, 0 < b < 1, and d is sufficiently large.
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Remark 7. In Lemmas 10-14, one can choose ag and A so that 5> is uniformly
bounded as 6 — 0 even if M;(R) — oo as R — oo at an arbitrary fast rate. Choices
of ap and A, satisfying this condition, are discussed in [8], [10] and [11].

Let a,, and X satisfy conditions (2.47)—(2.51). Assume that equation F(u) = f
has a solution y € B(ug, R), possibly nonunique, and y is the minimal-norm solution
to this equation. Let f be unknown but fs be given, and || f5s — f|| < 6. We have the
following result:

Theorem 11. Assume a, = %n)b where ¢ > 1,0 < b < 1, and d is sufficiently
large so that conditions (2.47)—(2.51) hold. Let u,, be defined by (2.46). Assume that
ug is chosen so that ||F(ug) — fs]| > C167 > 6 and

1F(©) ~ fill

ao

go = |luo = Vol < (2.52)

Then there exists a unique ng, depending on C and ~y (see below), such that
|F(uns) — f5l| < C167, C16” < |[|F(uy) — fsll, Yn < ns, (2.53)

where C7 > 1,0 <~y < 1.
Let 0 < (01,)59_1 be a sequence such that 6, — 0. If N is a cluster point of the
sequence ng,  satisfying (2.53), then

lim wu,, =u", (2.54)
m—00

where u* is a solution to the equation F(u) = f. If

lim ns, = oo, (2.55)
and y € (0,1), then
lim [lupn, —yl =0. (2.56)

Note that by Remark 9, inequality (2.52) is satisfied with ug = 0.

2.3.2. Iterative scheme of gradient-type

In this section we assume that F' is a monotone operator, twice Fréchet differen-
tiable, and estimates (2.45) hold.
Consider the following iterative scheme:

Up+1 = Up — Oé"LA’tL[F(/U’TL) + anun — fé}v Ay = F/(un) +and, wug=up, (257)

where ug is chosen so that inequality (2.65) holds, and {«, }22; is a positive sequence
such that
2

a2 + (M + ap)?’

It follows from this condition that

11— and; Ad,ll = sup 1 —an\ <1—a,ad?. (2.59)
a? <A< (Mi+an)?

0<a<an,< 1 An]| < My + ap. (2.58)



March 8, 2010 17:53 WSPC o977

The DSM for solving NOE 13

Note that F’(u,) > 0 since F is monotone.

Lemma 12 ([10] Lemma 12). Suppose M, co,c1 and & are positive constants
and 0 #y € H. Then there exist A > 0 and a sequence 0 < (a,)22, \, 0 such that
the following conditions hold

an

<2, 2.60
Ap1 - ( )
ag
1fs = Ol < =7 (2.61)
M,
DY < lyll, (2.62)
co(My+ag) 1
—_— <~ 2.63
o) L (2.63)
a2 aat An — Ap41 a2+1
o _—_n4 7 < 2.64
A 2) . PTT (2:64)
It is shown in the proof of Lemma 12 in [10] that the sequence (ay,)52, satisfying
conditions (2.60)—(2.64) can be chosen of the form a,, = ﬁ, where ¢ > 1, 0 <

b < 1, and d is sufficiently large.

Assume that equation F'(u) = f has a solution in B(ug, R), possibly nonunique,
and y is the minimal-norm solution to this equation. Let f be unknown but fs be
given, and || fs — f]| < . We prove the following result:

Theorem 13. Assume a,, = # where ¢ > 1,0 < b < %, and d is sufficiently

large so that conditions (2.60)—(2.64) hold. Let u,, be defined by (2.57). Assume that
ug s chosen so that |[F(ug) — fs5|| > C16¢ > § and

F(0) —
g0 = lluo — ol < 1@ = Soll. (2.65)
ao
Then there exists a unique ng such that
| F(ung) — fs] < C16%, C18% < ||F(un) — fsll, Vn < ns, (2.66)

where C; > 1,0< (< 1.
Let 0 < (0,0)5°_1 be a sequence such that 0,, — 0. If the sequence {n, :=

N6, fome1 5 bounded, and {nm;}32, is a convergent subsequence, then

lim wy,,, =1, (2.67)

j—oo

where @ is a solution to the equation F(u) = f. If

lim n,, = oo, (2.68)
and ¢ € (0,1), then
lim ||uy,, —y|| = 0. (2.69)

It is pointed out in Remark 9 that inequality (2.65) is satisfied with uy = 0.



March 8, 2010 17:53 WSPC o977

14 N. S. Hoang and A. G. Ramm

2.3.3. A simple iteration method

In this section we assume that F' is a monotone operator, Fréchet differentiable.
Consider the following iterative scheme:

Up41 = Un — an[F(un) + antn — f5]7 Up = Uo, (270)

where ug is chosen so that inequality (2.77) holds, and {«, }22 is a positive sequence

such that
2
l<a<a, < ———, Mi(up, R) = sup F'(u)). 2.71
" an + (Ml + an) ( ) wEB(uo,R) || ( )” ( )
It follows from this condition that
11— an(Jn + an)|l = sup 1 —axA| <1 —apan. (2.72)

an <A<Mi+anp
Here, J,, is an operator in H such that J,, = J > 0 and ||J,,|| < M1, Yu € B(ug, R).

A specific choice of J,, is made in formula (4.186) below.

Lemma 14 ([11] Lemma 12). Suppose My, ¢1 and & are positive constants and
0# y € H. Then there exist a number A > 0 and a sequence 0 < (a,)nlg \, 0 such
that the following conditions hold

QA

<2, 2.73
PR (2.73)
ag
Ifs = EO)I < < (2.74)
M,

DY < llyll, (2.75)

an,  Ga? Ap — Qpt1 Gn+1
no_ Zn d < . 2.76
D N TR (2.76)

It is shown in the proof of Lemma 12 in [11] that conditions (2.73)—(2.76) hold
for the sequence a,, = #, where ¢ > 1,0 < b < %, and d is sufficiently large.

Let a, and A satisfy conditions (2.73)—(2.76). Assume that equation F(u) = f
has a solution y € B(ug, R), possibly nonunique, and y is the minimal-norm solution
to this equation. Let f be unknown but f5 be given, and || f5s — f|| < 6. We prove
the following result:

Theorem 15. Assume that F is a Fréchet differentiable monotone operator and
F’ is selfadjoint. Assume a, = ﬁ wherec>1,0<b < %, and d is sufficiently
large so that conditions (2.73)—~(2.76) hold. Let u,, be defined by (2.70). Assume that

ug is chosen so that ||F(ug) — fs5|| > C10¢ > 6 and
1F©) ~ S5l

ao

g0 = [Jluo — Vo] < (2.77)

Then there exists a unique ns such that

| F(tn,) — fs]] < C16%, C16% < ||[F(un) — fs|, Vn < ns, (2.78)
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where C; > 1,0 < (¢ < 1.
Let 0 < (0,0)5°_1 be a sequence such that 0,, — 0. If the sequence {n,, =
N6, ozt 5 bounded, and {nm;}32, is a convergent subsequence, then

lim wy,, =, (2.79)

Jj—oo

where 4 is a solution to the equation F(u) = f. If

lim n,, = co, (2.80)
m—0oQ
and ¢ € (0,1), then
lim |luy,, —y| =0. (2.81)

Remark 8. If H is a complex Hilbert space, then a bounded nonnegative-definite
operator A = F’, the Fréchet derivative of a monotone operator F, is selfadjoint; if
A is a bounded linear operator defined on all of H and (Au,u) > 0 for all u € H,
then A is selfadjoint. This is not true, in general, if H is a real Hilbert space.

11
Example: H = R?, A is matrix <O 1). Then A is not selfadjoint, but (Au,u) =
u? + ugug +u3 > 0 for all uy,us € R.

Remark 9. In theorems 11-15 we choose ug € H such that

IF(O) — £l

ao

It is easy to choose ug satisfying this condition. Indeed, if, for example, ug = 0,
then by Lemma 20 in Section 3.2 (see below) one gets

ao||V4 F(0) —
ao ao
If (2.82) and either (2.48) or (2.74) hold then
a
90 < 70~ (2.84)
This inequality is used in the proof of Theorem 11 and 15.
If (2.82) and (2.61) hold, then
2
g <2 (2.85)

— A .
This inequality is used in the proof of Theorem 13.

2.4. Nonlinear inequalities
2.4.1. A nonlinear differential inequality

In [16] the following differential inequality

9(t) < —v(t)g(t) + a(t)g®(t) + B(t),  t =, (2.86)
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was studied and applied to various evolution problems. In (2.86) a(t), 8(¢), v(t) and
g(t) are continuous nonnegative functions on [7p, 00) where 79 is a fixed number. In
[16], an upper bound for g(t) is obtained under some conditions on «, 3,. In [13]
the following generalization of (2.86):

9(t) < =v()g(t) + a(t)g”(t) + 5(t),  t=m70, p>1, (2.87)

is studied.
We have the following result:

Theorem 16 ([13] Theorem 1). Let a(t), 5(t) and v(t) be continuous functions
on [19,00) and a(t) > 0,Yt > 79. Suppose there exists a function u(t) > 0, u €
Cllr,0), such that

a(t) i { u<t>]
8 < — |yt — B2, 2.88
w0 = Y 25
Let g(t) > 0 be a solution to inequality (2.87) such that
1(10)g(m0) < 1. (2.89)
Then g(t) exists globally and the following estimate holds:
1
0<g(t) < —=, Yt > 19. 2.90
< : (290)
Consequently, if lim;_, pu(t) = 0o, then
tlim g(t) =0. (2.91)

Theorem 16 remains valid if the sign ”<” in (2.89) and (2.90) is replaced by the
sign ”<” (see Theorem 2 in [13]).
When p = 2 we have the following corollary:

Corollary 17 ([16] p. 97). Suppose there exists a monotonically growing function

p(t),
IS CI[TOaOO)a p >0, tli{lolo pu(t) = oo,
such that
0<a() <V [vm - Zg] = 2 (2.92)
R N (0]
B0) < 50 [0~ 20 . (2.93)

where a(t), B(t) and y(t) are continuous nonnegative functions on [19,00), 19 > 0.
Let g(t) > 0 be a solution to inequality (2.87) such that

1(7o)g(70) < 1, (2.94)
Then g(t) exists globally and the following estimate holds:
1
0<g(t) < — Vvt > 7. (2.95)
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Consequently, if lim;_ o p(t) = 0o, then
lim g(¢) = 0.

t—o0

2.4.2. A discrete version of the nonlinear inequality
Theorem 18 ([13] Theorem 4). Let a,,y, and g, be nonnegative sequences of
numbers, and the following inequality holds:
In+1 — Gn <
hn, -

or, equivalently,

—Yndn + Oéngf; + 6717 hn > 0; 0< hn'Yn < 1a (296)

In+1 < gn(1 = hn¥n) + anhngh + by fn, hp >0, 0<hyy, <1l (2.97)

If there is a monotonically growing sequence of positive numbers (1in )52, such that
the following conditions hold:

Qp 1 Hn+1 — HUn
+ﬂn§(’7n>, 2.98
1
Ho
then
1

n

Therefore, if limy, oo ttn, = 00, then lim,_, g, = 0.

3. Auxiliary results
3.1. Auxiliary results from the theory of monotone operators

Recall the following result (see e.g., [16], p. 112):

Lemma 19. Assume that equation (1.1) is solvable, y is its minimal-norm solution,
assumption (1.2) holds, and F is continuous. Then

i%”va_yu =0, (31)

where V, := Vp,o solves equation (2.1) with § = 0.

3.2. Auxiliary results for the regularized equation (2.1)

Lemma 20 ([12] Lemma 2). Assume ||[F(0) — fs|| > 0. Let a > 0, and F be
monotone. Denote
Y(a) = Vsal,  é(a) :=a(a) = |[F(Vsa) — fsll,

where Vs o solves (2.1). Then 1(a) is decreasing, and ¢(a) is increasing (in the strict
sense).
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Lemma 21 ([12] Lemma 3). If F' is monotone and continuous, then ||Vs .| =

O(%) asa — oo, and

T [F(Vsa) = £5ll = |IF(©) = . (32)

Lemma 22 ([12] Lemma 4). Let C > 0 and v € (0,1] be constants such that
CdY > 4. Suppose that ||F(0) — f5|| > Co67. Then, there exists a unique a(d) > 0
such that ||F(Vs qsy) — fs]| = Cd7.

Lemma 23. If F' is monotone and a > 0, then

max <||F(u) —F(v)|,a||u—v> < ||F(u) = F(v) +a(u—)|, Yu,v € H. (3.3)

Proof. Denote
w:= F(u) — F(v) + a(u — v), h:=|w]|. (3.4)
Since (F(u) — F(v),u — v) > 0, one obtains from two equations
(w,u—v) = (F(u) — F(v) + a(u —v),u —v), (3.5)
and
(w, F(u) = F(v)) = ||[F(u) = F()|* + a{u — v, F(u) = F(v)), (3.6)
the following inequalities:
allu —v||* < (w,u —v) < |Ju—v|h, (3.7)
and
1F(u) = F(0)|[* < (w, Fu) = F(v)) < h||F(u) = F(v)]]. (3-8)
Inequalities (3.7) and (3.8) imply
allu—vl <h, [|F(u) = Fv)[| < h. (3.9)

Lemma 23 is proved. O

Lemma 24. Let ty > 0 satisfy
1) 1

—_ = 1. 1
s iaeant (e (3.10)

Then,
|1F(Vs(to)) — fsll < C, (3.11)
and

a

; a 1
Wil < Lt (14 225), vt (5,19
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Proof. This ¢y exists and is unique since a(t) > 0 monotonically decays to 0 as
t — oo. Since a(t) > 0 monotonically decays, one has:

0 1
—_ < — <t <ty. 1
a(t) = C - 1”va 0 >t =0 (3 3)
By Lemma 22 there exists ¢; > 0 such that
[1F(Vs(t1)) — fsll = €5, F(Vs(t1)) + a(t)Vs(t1) — fs = 0. (3.14)

We claim that t1 € [0, to].
Indeed, from (3.14) and (3.30) one gets

05 = a(t)|Vs(t)]] < a(tn(yn n 5) —a(t)lyl 45, C>1,

a(tl)
SO
(tl)llyl\
0 <
- C-
Thus,
6 lyll o

< = .
a(t1) -~ C-1 a(to)
Since a(t) \, 0, one has t; < . It follows from the inequality ¢; < to9, Lemma 20
and the first equality in (3.14) that

1E(Vs(to)) — foll < I1F(Vs(t1)) — fsll = €.
Differentiating both sides of (2.12) with respect to ¢, one obtains
AgyVs = —aVs.
This and the relations

Ay :=F'(u)+al, F'(u):=A>0,

imply
lal Ial < lal 1
Vill < lalll Az Vall < 1Vl < —{ lly ||+ L l{1+ 7= ), Vt<to
(3.15)
Lemma 24 is proved. O
Lemma 25. Let ng > 0 satisfy the inequality:
) 1 )
> — > —, C>1. 3.16
> gl 2 (3.16)
Then,
”F( no+1) f&H < 04, (3.17)

2
Wl < ll(1+ 52 ). 0<nsnotL (3.18)
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and

n — Wn 2
Vi = Vi < 20 (14 =2}, 0<n<no+L (3.19)
Ap41 -1

Proof. The number ny, satisfying (3.16), exists and is unique since a,, > 0 mono-
tonically decays to 0 as n — oo.
One has _*=— <2, ¥n > 0. This and inequality (3.16) imply

n+l

%Ilyll > ii > aan > 01_ 1||yH > aio’ C>1. (3.20)
Thus,
2 0
mHyH > o Vn <ng+ 1. (3.21)
It follows from Lemma 22 that there exists ni > 0 such that
[1F (V1) = foll < CO < |F(Vi,) — foll, (3.22)

where V,, solves the equation F(V,,) + a,V,, — fs = 0. We claim that nq € [0, ng).
Indeed, one has ||F(Vy,) — fsll = any | Vi, ll, and [|[Va, || < |yl + ﬁ (cf. (3.30)), so

)
08 < eVl < an (Il + ) =anll +6, €1 323
Therefore,
an, ||y

§ < o, .24
<T-1 (3.24)

From (3.24) and (3.16) one gets

) 0

— < ol < (3.25)

Qn, C—-1  apy+1

Since a,, decreases monotonically, inequality (3.25) implies ny < ng. This, the first
inequality in (3.22) and Lemma 20 imply

IE(Vig+1) = fsll < 1EF (V1) = fil] < C6. (3.26)
One has
ant1l|Vi = Va1l = ((@ns1 — an) Ve = F(Va) + F(Vag1), Vi = Vig)
< {(ans1 — an)Vip, Vi = Vigr) (3.27)
< (an = ang1)[VallllVe = Vagal, Vn 2 0.

By (3.30), |Vl < llyll + £ and, by (3.21), £ < 2 for all n < ng + 1. This
implies (3.18).
From (3.18) and (3.27) one obtains

Ay — G, Ay — 2
IMWMK“M%SWMG+) Wi < o+ 1.
Ap41 An41 Cc-1
(3.28)
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Lemma 25 is proved. O

Lemma 26. Let V,, := Vs 4|5=0, s0 F(V,)+aV,—f = 0. Let y be the minimal-norm
solution to equation (1.1). Then

é
H%,a - Va” S 57 HVaH S ”yHa a> 07 (329)
and
1) 6
WVoall < IVall + 2 < llyll + 2, a>0. (3.30)

Proof. From (2.1) one gets
F(V;s,a) - F(Va) + a(‘/;;,a - Va) = f5 - f
Multiply this equality by (Vs — Vi) and use (1.2) to obtain

5“‘/:5.@ - Va” > <f5 - fv V;S,a - Va>
= <F(Vv57ll) - F(Va) + a(‘/&,a - Va)7 ‘/(S,a - Va>
> a||V5@ - Va||2~

This implies the first inequality in (3.29).
Let us derive a uniform with respect to a bound on ||V,]|. From the equation

F(V,)+aV,—F(y) =0,
and the monotonicity of F' one gets
0=(F(Va) +aVa = F(y),Va —y) 2 a{Va, Va — y).
This implies the desired bound:
Vall < llwll,  Va>o0. (3.31)

Similar arguments one can find in [16], p. 113.
Inequalities (3.30) follow from (3.29) and (3.31) and the triangle inequality.
Lemma 26 is proved. O

Lemma 27 ([9] Lemma 2.11). Let a(t) = ﬁ where d,c,b > 0, ¢ > 6b. One

has
_t t S 1
e’ / ezla(s)[|Vs(s)llds < ga@®)lVs(@®)ll, ¢ =0. (3.32)
0
Lemma 28 ([10] Lemma 9). Let a(t) = ﬁ where b € (0, 1], d>c'=2" > 6b.
Define ¢(t) = fg “zés)ds. Then, one has

0 [ e Ola(s) Vio)ds < a) Va0, (333)
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Lemma 29 ([11] Lemma 9). Let a(t) = ﬁ where b € (0, 3], dc'=° > 6b.
Define ¢(t) = Ota(;) ds. Then, one has
! 1
6_“’“)/ e?Oa(s)[[|Vs(s)llds < a(®)|[Vs(®)]]- (3.34)
0

4. Proofs of the basic results
4.1. Proofs of the Discrepancy Principles
4.1.1. Proof of Theorem 1

Proof. The existence and uniqueness of a(d) follow from Lemma 22. Let us show
that

lim a(9) = 0. (4.1)

The triangle inequality, the first inequality in (3.29), equality (2.2) and equality
(2.1) imply

a(&)|[Vas) | < ald) (1Vs.ae5) — Va)ll + [1Vs,as)ll)

(4.2)
where V, solves (2.1) with § = 0. From inequality (4.2), one gets
tim a(6)] Vi) | = 0. (43)

It follows from Lemma 20 with fs = f, i.e., § = 0, that the function ¢g(a) := a||V4]|
is nonnegative and strictly increasing on (0, 00). This and relation (4.3) imply:

lim a(8) = 0. (4.4)

From (2.2) and (3.30), one gets
€87 = a||Vsall < a(d)llyll + 6. (4.5)
Thus, one gets:
CoY =46 < a(d)|y]- (4.6)
If v < 1 then C — 6!~ > 0 for sufficiently small §. This implies:

R R e |
< — < — =0. .
0<lim 7% S =0 (47)

By the triangle inequality and the first inequality (3.29), one has
)
1Vs.a@) — vl < [Va@) = yll + 1Va) = Vsa)ll < 1Vas) —yll + a@)’ (4.8)

Relation (2.3) follows from (4.4), (4.7), (4.8) and Lemma 19. O
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4.1.2. Proof of Theorem 3

Proof. By Lemma 23
allu —v|| < ||F(u) — F(v) + au — av||, Yv,u € H, Va> 0. (4.9)

Using inequality (4.9) with v = vs and u = Vj (s, equation (1.4) with a = «(4),
and inequality (2.9), one gets

a(8)l|vs = Vs,a@)ll < 1F(vs) — F(Vs,ais)) + a(d)vs — a(8) Vs o)l

(4.10)
= ||F(vs) + a(d)vs — fs| < 60.
Therefore,
06
[vs = Vs,a@ll < ad); (4.11)

Using the triangle inequality, (3.30) and (4.11), one gets:
a(d)]lvs| < (0)[[Vs.aee)ll + a(d)llvs = Vs,awll < ad)llyll + 6+ 66. (4.12)
From the triangle inequality and inequalities (2.9) and (2.10) one obtains:
a(®)llvs| = [[F(vs) = f5ll = [ F'(vs) + (8)vs — f5]| = C167 — 66 (4.13)
Inequalities (4.12) and (4.13) imply
C167 — 605 <06+ a(0)]|y]| + 6. (4.14)

This inequality and the fact that C; — §'=7 — 20617 > 0 for sufficiently small &
and 0 < v < 1 imply

1—y
I i 1]

a0) = Gy =5t — 2051 0<oxl. (4.15)
Thus, one obtains
lim 0 0 (4.16)
5§—0 Oé(é) e ’

From the triangle inequality and inequalities (2.9), (2.10) and (4.11), one gets

a(O)IVs.a@)l < [1F(vs) = fsll + 1 F'(vs) + a(d)vs — foll + a(d)llvs = Vsael
< Crd7 + 66 + 66.
This inequality implies
tim a(8) Vi a0 = 0. (1.17)
The triangle inequality and inequality (3.29) imply
afVall < (Ve = Vall + 1Vs.all)

(4.18)
<6+ allVsall



March 8, 2010 17:53 WSPC o977

24 N. S. Hoang and A. G. Ramm

From (4.18) and (4.17), one gets

lim a(9)[|Vas) [ = 0. (4.19)

It follows from Lemma 20 with f5 = f, i.e., = 0, that the function ¢o(a) := al|V4]|
is nonnegative and strictly increasing on (0, 00). This and relation (4.19) imply

}ilr(l) a(d) = 0. (4.20)
From the triangle inequality and inequalities (4.11) and (3.29) one obtains

lvs = yll < llvs = Vo,a)ll + 1Vo,a(e) = Vaw) | + [Vaw) — vl
06 1) (4.21)
< b o Vi —
where V,,(5) solves equation (3) with a = «(0) and f5 = f.
The conclusion (2.11) follows from (4.16), (4.20), (4.21) and Lemma 19. Theo-
rem 3 is proved. O

4.2. Proofs of convergence of the Dynamical Systems Method
4.2.1. Proof of Theorem 5

Proof. Denote

1
.-Gl (4.22)
2
Let

wi=us — Vs, g(t):=|w]. (4.23)

From (4.23) and (2.15) one gets
W= Vs = A [Flus) = F(Vs) + a(t)w]. (4.24)

We use Taylor’s formula and get:

M.

F(us) = F(Vs) + aw = Agw + K, || K[| < =2 [lwl?, (4.25)

where K := F(us) — F(Vs) — Aw, and M is the constant from the estimate (2.13)
and A, := A+ al. Multiplying (4.24) by w and using (4.25) one gets

00 <~ + 214 g + [Vl (4.26)
Since 0 < a(t) N\, 0, there exists to > 0 such that
) 1
o) -1
This and Lemma 24 imply that inequalities (3.11) and (3.12) hold. Since g > 0,
inequalities (4.26) and (3.12) imply, for all ¢ € [0, %], that

Co 2 \a| MQ 1
o2 4] 22 .= 1+ — ). 4.28
am? tam 95 @ {1+ 5= (4.28)

lyl,  C>1. (4.27)

g<—g(t)+
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Inequality (4.28) is of the type (2.87) with

_ ¢ _ .. ldl
1) =1, aft) ﬁ) BO) = 1oy (4.29)
Let us check assumptions (2.92)—(2.94). Take
A
p(t) = o)’ (4.30)

where A = const > 0 and satisfies conditions (2.16)—(2.19) in Lemma 4. It follows
that inequalities (2.92)—(2.94) hold. Since wg satisfies the first inequality in (2.20),
one gets g(0) < @, by Remark 9. This, inequalities (2.92)—(2.94), and Corollary
17 yield

g(tk@, Vt<to,  g(t) = |lus(t) — Vs(t)]. (4.31)

Therefore,

1 (us(8)) = S5l <IF(us(®)) = F(Vs@)I + [F(Va(t)) — fsll

<Mag(t) + | (Vi) — fo )
M W) - gl <o

From (3.11) one gets
[ F'(Vs(to)) — fsll < Co. (4.33)

This, inequality (4.32), the inequality 2 < ||y|| (see (2.16)), the relation (4.27),
and the definition C; = 2C — 1 (see (4.22)), imply

Mia(t
1B Gusto)) — foll <2502 4 05
(4.34)
<Mli(||c_1)+cfss (C = 1)5+C6 = 6.
Yy
Thus, if
1F(us(0)) — f5] > C16¢, 0<¢ <1, (4.35)

then, by the continuity of the function ¢ — ||F(us(t)) — fs|| on [0, 00), there exists
ts € (0,tp) such that

1F (us(ts)) = fsll = C18¢ (4.36)

for any given ¢ € (0, 1], and any fixed C; > 1.
Let us prove (2.22).
From (4.32) with ¢ = ¢5, and from (3.30), one gets

t
e < a0 20 o) 500

a(t
< 2,252 1 Jyla(ts) +5.

(4.37)
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Thus, for sufficiently small §, one gets
- M -
3¢ < alts) (Al + ||y||>, C >0, (4.38)

where C' < C is a constant. Therefore,

1) 51_C My
i < lim — [ — = . .
lim a(ts) < lim =2 ( S +y||) 0, 0<¢<1 (4.39)

We claim that
%LI)I(I) ts = oo. (4.40)

Let us prove (4.40). Using (2.15), one obtains:

d
T (F(u(s) + aus — fg) = Ayts + aus = —(F(U5) + aus — f5) + aus. (4.41)
This and (2.12) imply:
4
dt
Denote

vi=0(t) == Flus(t) — F(Vs(t) +a(t)(us(t) = Vs(t)),  h:=h(t) = |v[. (4.43)

[F(us) — F(Vs) 4+ a(us — Vs)] = —[F(us) — F(Vs) + a(us — V)] + aus. (4.42)

Multiplying (4.42) by v, one obtains
hiv = —h? + (v, a(us — Vs)) + alv, Vs)

, _ (4.44)
< —h* + hla||jus — Vs|| + |a| || Vs]], h > 0.
Thus,
h < —=h+alllus — Vsl + |al||V3]]- (4.45)
Note that from inequality (3.3) one has
allus = Vsl| < b, |[F(us) — F(Vs)|| < h. (4.46)
Inequalities (4.45) and (4.46) imply
< h(1 - ") Al (4.47)
Since 1 — % > % because ¢ > 2b, it follows from inequality (4.47) that
. 1
h < =5h+al[|Vs]. (4.48)

Inequality (4.48) implies:

t
h(t)gh(O)e—%+e—%/ e31a]||Vs|ds. (4.49)
0
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From (4.49) and the second inequality in (4.46), one gets
t
I1Fus(0) - (@) < b s +eF [ ehlallvals. (450
0

This and the triangle inequality imply
[1F(us(t)) = fsll = [[E(Vs(t)) — fsll = [F'(Vs(t)) — F(us(t))]]

. YL (4.51)
> ab)[Va(0)l = h0)e5 —eF [ e Vil
By Lemma 27 one gets
t
JaOIVG O] = e [ el IVa(e)as (4.52)
From the second inequality in (2.20), one gets
M)t < LaO) V) s, t>0. (4.53)
Since a(t) = ﬁ, be (0,1], c > 1, 2b < ¢, one gets
e 2a(0) < aft). (4.54)
Therefore,
eEh(0) < OO < Ja®IVi(D)l, £ 0, (455)

where we have used the inequality ||[Vs(t)|| < ||[Vs(t')| for t < ¢, established in
Lemma 20. From (4.36) and (4.51), (4.52), (4.55), one gets

1
C10¢ = ||F(us(ts)) = foll = Jalts)[Va(ts)|l (4.56)
It follows from the triangle inequality and the first inequality in (3.29) that
a@V©OI < a@®)[[Vs@)] + 0.
This and (4.56) imply

0 < lim a(ts)[|V (ts)]| < lim (40154 + 5) = 0. (4.57)

Since ||V (t)]| increases (see Lemma 20), the above formula implies lims_q a(ts) = 0.
Since 0 < a(t) \, 0, it follows that lims_qt5 = o0, i.e., (4.40) holds.

It is now easy to finish the proof of the Theorem 5.

From the triangle inequality and inequalities (4.31) and (3.29) one obtains

l[us(ts) = Vs(ts)ll + 1V (ts) = Vs(ts) [l + IV (E5) — yll

a 458
4 s Vi) ol )

IN

|us(ts) — vl

IN




March 8, 2010 17:53 WSPC o977

28 N. S. Hoang and A. G. Ramm

Note that V'(t) := Vs(t)|s=0 and V5(t) solves (2.12). Note that V(t5) = Vi a(t,) (see
equation (2.12)). From (4.39), (4.40), inequality (4.58) and Lemma 19, one obtains
(2.22). Theorem 5 is proved. O

Remark 10. The trajectory us(t) remains in the ball B(ug, R) := {u : ||lu — uo|| <
R} for all t < t5, where R does not depend on § as § — 0. Indeed, estimates (4.31),
(3.30) and (3.13) imply:

[[us(t) — uol|

IN

llus () = Vs (@Il + Vsl + [luoll

a(0) , Clly| (4.59)
Here we have used the fact that t5 < tg (see Lemma 24). Since one can choose a(t)
a(0)

and A so that =~ is uniformly bounded as ¢ — 0 regardless of the growth of M;

(see Remark 7) one concludes that R can be chosen independent of § and Mj.

4.2.2. Proof of Theorem 7

Proof. Denote

Ch+1
o=t (4.60)
2
Let
wi=us— Vi, g(t) = ||l (4.61)
From (4.61) and (2.24) one gets
W= —Vs — A%y [Fus) — F(V) + a(t)w]. (4.62)
We use Taylor’s formula and get:
_ M, 2
F(us) = F(Vs) +aw = Aqw + K, || K| < =[], (4.63)

where K := F(us) — F(Vs) — Aw, and M is the constant from the estimate (2.13)
and A, := A+ al. Multiplying (4.62) by w and using (4.63) one gets
MQ(Ml —+ a)

99 < —a’g" + —————g"+ [Vsllg, g:=g(t) = Jw(B)], (4.64)

where the estimates: (A% A,w,w) > a?¢g? and ||A,|| < M; + a were used. Note
that the inequality (A% A,w,w) > a?¢? is true if A > 0. Since F' is monotone and
differentiable (see (1.2)), one has A := F'(us) > 0.
Let tg > 0 be such that
5 1
a(to) N c-1
as in (3.10). It follows from Lemma 24 that inequalities (3.11) and (3.12) hold.

lyl,  C>1, (4.65)
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Since g > 0, inequalities (4.64) and (3.12) imply, for all t € [0, o], that

§(8) < —a2(0)g(t)+co(Ms +a()g2()+ 2D o, %Mﬂqmwul).

a(t) 2 Cc-1

(4.66)

Inequality (4.66) is of the type (2.87) with
1 (t

y(t) = a(t), a(t) =co(My +a(t)), Bt)=c |2Et§| (4.67)

Let us check assumptions (2.92)—(2.94). Take
A
p(t) = 20 A = const. (4.68)

By Lemma 6 there exist A and a(t) such that conditions (2.25)—(2.29) hold. This
implies that inequalities (2.92)—(2.94) hold. Thus, Corollary 17 yields

g(t) < @ Vvt < to. (4.69)

Note that inequality (4.69) holds for ¢ = 0 since (2.29) holds. Therefore,

1P (us(®)) — Il <IF(ust)) — VO + | F(Va(0) - f]
Mot - PO~ 5 (470)
O

It follows from Lemma 20 that ||F(V;;( )) — fsl| is decreasing. Since t; < tg, one gets
1E(Vs(to)) = fsll < 1F(Vs(t)) = fsll = Cé. (4.71)

This, inequality (4.70), the inequality 41 < |y|| (see (2.26)), the relation (4.65),
and the definition C; = 2C — 1 (see (4.60)) imply

Mia
I#Gusto)) - £l <2220 L o
Y (ﬁ( o) (4.72)
<= L 06 < (20 —1)6 = C46.
Allyll
We have used the inequality
o(C -1
a2(ty) < alty) = (y”) (4.73)
which is true if § is sufficiently small, or, equivalently, if ¢y is sufficiently large. Thus,
if
1F (us(0)) = f5ll > C16°, 0< (<L, (4.74)
then there exists t5 € (0,t9) such that
|F(us(ts)) — f5ll = C16¢ (4.75)

for any given ¢ € (0, 1], and any fixed C; > 1.
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Let us prove (2.32). If this is done, then Theorem 7 is proved.
First, we prove that limgs_.qg (55) =0.

From (4.70) with ¢ = t5, (2.12) and (3.30), one gets

t
0166 < M@ +alts)|[Vs(ts) |

4.76
@2(t5) (4.76)
< Mi—— +llylla(ts) + 4.
Thus, for sufficiently small §, one gets
_ Mia(0 _
cﬁga%aswm( f”+m) >0, (4.77)
where C' < (' is a constant. Therefore,
1) 51-=¢ M1a,(0)
1 <1 - = 1. 4.
ti 5 < Jim 2 (B gl ) =0, 0<c< (179)
Secondly, we prove that
glir(l) ts = oo. (4.79)

Using (2.24), one obtains:

d
dt

This and (2.12) imply:

(F(u(s) + aus — f5> At + aus = —AL A} (F(U5) + aus — f5) + aus. (4.80)

[P (us) ~ F(Vi)+aluss ~ V)] = ~Aa Al [F(ug)— F(V5) +alus —V;)] +ius. (481)
Denote
v 1= Flug) — F(V) +alug — Vs), h = h(t) := [o(t)]. (4.82)
Multiplying (4.81) by v and using monotonicity of F, one obtains

— (Ao AL, v) + (v, a(us = Vs)) + afv, Vs)

2 2 . . (4.83)
—h”a” + hlalllus = Vs[| + lalhl[Vs], — h=0.

Again, we have used the inequality A, A > a?, which holds for A > 0, i.e., monotone
operators F'. Thus,
h < —ha® + [a[|lus — Vs|| + |a|[[ V3] (4.84)
From inequality (3.3) we have
allus = Vsl < b, [[F(us) = F(Vs)|| < h. (4.85)
Inequalities (4.84) and (4.85) imply

h < —h<a2 - Z') + |al|| Vs |- (4.86)
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Since a® — % > % > %2 by inequality (2.25), it follows from inequality (4.86) that
i< =S ). (4.87)
Inequality (4.87) implies:
1) < O e 5 [ e (4
Denote
o(t) == /Ot a22(5)ds. (4.89)

From (4.88) and (4.85), one gets

1P (us(t) = F(Vs(t))]| < h(0)e™# +6"P(”/O e?a(s)||[Vs(s)llds.  (4.90)
This and the triangle inequality imply
[1F(us(t)) = fsll = [[F(Vs(t)) — fsll — [ F'(Vs(t)) — F(us(t))]]

a(t)[[Vs(t)]| = h(0)e™ ") —em#®) /Ot e?a|| Vs ds. o
From Lemma 28 it follows that
La® V0] > e /t e?)a||[Vi(s)||ds. (4.92)
2 0
From (2.30) one gets
R(0)e=*® < ia(0)||V};(0)He_9”(t)7 t>0. (4.93)
If ¢ > 1 and 2b < ¢2, then it follows that
e~ *Ma(0) < alt). (4.94)

Indeed, inequality a(0) < a(t)e?®) is obviously true for t = 0, and (a(t )e*"(t)) >0,
provided that ¢ > 1 and 2b < ¢2.
Inequalities (4.93) and (4.94) imply

a@)[Vs(@®)ll, ¢=0. (4.95)

e OR(0) < Ja()|V0)] <

5(t")|| for t < ¢, established in

1

1
where we have used the inequality ||[Vs(t)| < ||Vz

.95), one gets

Lemma 20. From (4.75) and (4.91), (4.92), (4
C6¢ = || Fus(ts)) — fsll = ia(t(s)ﬂ‘%(ta)”- (4.96)

It follows from the triangle inequality and the first inequality in (3.29) that
a@V©OI < a@®)[[Vs@)] + 0. (4.97)
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From (4.97) and (4.96) one gets
ogy%ammvugngp%@cﬁ+ﬁ):0 (4.98)
Since ||V (¢)|| is increasing, this implies lims_,oa(t5) = 0. Since 0 < a(t) \, 0, it

follows that (4.79) holds.
From the triangle inequality and inequalities (4.69) and (3.29) one obtains

lus(ts) — yll < llus(ts) = Vsl + IV (ts) = Vs(ts)ll + [V (ts) — vl

a®(ts) 0 (4.99)
< — Vi(ts) —
< T s+ V) .
where V(t) := V5(t)|s=o and Vs(t) solves (2.12). From (4.78), (4.79), inequality
(4.99) and Lemma 19, one obtains (2.32). Theorem 7 is proved. O

By the arguments, similar to the ones in the proof of Theorem 11-15 or in
Remark 10, one can show that the trajectory wugs(t) remains in the ball B(ug, R) :=
{u: |Ju — up|| < R} for all t < t5, where R does not depend on ¢ as § — 0.

4.2.3. Proof of Theorem 9

Proof. Denote

C;Q%i. (4.100)
Let
wimus—Vs, 9= g(t) = |w®)]| (4.101)
From (4.101) and (2.35) one gets
W= —Vs — [F(us) — F(Vs) + a(t)w]. (4.102)
Multiplying (4.102) by w and using (1.2) one gets
99 < —ag® + [|Vsllg- (4.103)
Let tg > 0 be such that
a&)zcllmw C>1 (4.104)

This ¢¢ exists and is unique since a(t) > 0 monotonically decays to 0 as t — oc.
It follows from inequality (4.104) and Lemma 24 that inequalities (3.11) and (3.12)
hold.

Since g > 0, inequalities (4.103) and (3.12) imply

1
a a=ll(itgtr) o
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Inequality (4.105) is of the type (2.87) with

At = alt), alt) =0, mw—qig. (4.106)
Let us check assumptions (2.92)—(2.94). Take
A
u(t) = o’ A = const. (4.107)

By Lemma 8 there exist A and a(t) such that conditions (2.37)—(2.40) hold. It follows
that inequalities (2.92)—(2.94) hold. Thus, Corollary 17 yields

g(t) < @ Vit < to. (4.108)

The triangle inequality and inequality (4.108) imply
1F (us(t)) = fsll <IF(us(t)) = F(Vs()| + [[F(V5(t)) = fl

<Myg(t) + [|F(Vs(t)) — fsll (4.109)
MO i) - gl <o

Inequality (3.11), inequality (4.109), the inequality % < |lyll (see (2.37)), the
relation (4.104), and the definition Cy = 2C' — 1 (see (4.100)) imply
Mia(t
P (us(to)) — Sl <21400) 4 o5
Mo(C —1)

Allyl

(4.110)
+C6 < (C—1)5+ Cé = C40.
Thus, if
1F (us(0)) = f5]| > C16¢, 0<(¢ <1, (4.111)
then there exists t5 € (0,%9) such that
1F (us(ts)) — fsll = C16° (4.112)

for any given ¢ € (0, 1], and any fixed C; > 1.
Let us prove (2.43). If this is done, then Theorem 9 is proved.
First, we prove that lims_.qg % = 0.
From (4.109) with ¢t = ts, and from (3.30), one gets

a(ts)
A

a(ts)
A

016 < My + alts)||Vs(ts)||

(4.113)

<M + |lylla(ts) + 6.

Thus, for sufficiently small §, one gets

Co¢ < alts) (J\f\l + ||y>, C >0, (4.114)



March 8, 2010 17:53 WSPC o977

34 N. S. Hoang and A. G. Ramm

where C' < C is a constant. Therefore,

S1=¢ (M
li <1 = — =0, 0 1. 4.115
ti s < tim = (B2 Il ) =0, 0<¢< (4.113)
Secondly, we prove that
lim t5 = oo. 4.116
fimyts =0 o

Using (2.35), one obtains:
d : . .
%(F(ug) + aus — fg) = Ayls + aus = —A, (F(U§) + aus — f(;) + aus, (4.117)
where A, := F'(us) + a. This and (2.12) imply:
4
dt
Denote

[F(us)— F(Vs)+a(us— V)| = —Aq[F(us) — F(Vs) +alus — V)| +aus. (4.118)

vi= F(us) — F(Vs) + alus — Vi), h=|v|. (4.119)

Multiplying (4.118) by v and using monotonicity of F', one obtains
hh = —<,;{av,v> —|— (v, a(us — V5?> + a(v, V) (4.120)
< —ha+hlalllus — V5| + |alh[Vs],  h=0.

Again, we have used the inequality (F'(us)v,v) > 0 which follows from the mono-
tonicity of F. Thus,

h < —ha+ [a|||lus = Vs|| +[al || Vs]- (4.121)
Inequalities (4.121) and (3.3) imply
h < —h(a - Z') + lal||Vs]|. (4.122)
Since a — % > ¢ by inequality (2.36), it follows from inequality (4.122) that

h < —Zh+lallVs]l. (4.123)

Inequality (4.123) implies:

5 t a(s t s a
h(t) < h(0)e™Jo “5ds | o= Jg “52ds / eJs “524)4(5)[|Vi () || ds. (4.124)
0
Denote
t
o(t) ::/ as) 4. (4.125)
O 2

From (4.124) and (3.3), one gets

1F (us () = F(Vs()]l < h(0)e™ ) + e‘“’(”/o e#®la(s)[|Vs(s)llds.  (4.126)
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Therefore,

1E(us(t)) = fsll = [1F(Vs(t) = fsll = [1F(V5(t)) — F(us (@)l

> a(t)||[Vs(t)]| — h(0)e ?H) — e=#(®) /Ot e?®a||| Vs ds. 4120
From Lemma 29 it follows that
a0V > 0 | Ol [V ()l (4.128)
From (2.41) one gets
h(0)e=#® < %a(O)HVg(O)He_“’(t), £ 0. (4.129)

If ¢ > 1 and 2b < d, then it follows that
e~ ?Wa(0) < aft). (4.130)

Indeed, inequality a(0) < a(t)e?®) is obviously true for ¢ = 0, and (a(t)e‘ﬁ(t)); >0,
provided that ¢ > 1 and 2b < d.
Inequalities (4.129) and (4.130) imply

e O(0) < Ja@VO)] < J®IVae)], £ 0, (4.131)

IN ==

where we have used the inequality ||Vs(t)]| IVs(®)| for t < t', established in
Lemma 20. From (4.112) and (4.127), (4.128), (4.131), one gets

08 = | F(us(ts))  foll = Jolts) Vit (1132)

It follows from the triangle inequality and the first inequality in (3.29) one obtains
a@®IV @O < a@Vs@)]l + 6. (4.133)

This and inequality (4.132) imply
0 < lim a(ts)[|V(t5)]| < lim (4Cs¢ +6) = 0. (4.134)
Since ||V ()| is increasing, this implies limgs_g a(ts) = 0. Since 0 < a(t) \, 0, it

follows that (4.116) holds.
From the triangle inequality and inequalities (4.108) and (3.29) one obtains:

[us(ts) = yll < llus(ts) = Vsl + IV (ts) = Vs (ts) [l + [V () = yll

a(ts) 0 (4.135)
< — Vits) —
< By s+ V)~
where V (t) := V;(t)|s=0 and Vs(t) solves (2.12). From (4.115), (4.116), inequality
(4.135) and Lemma 19, one obtains (2.43). Theorem 9 is proved. |

By the arguments, similar to the ones in the proof of Theorem 11-15 or in
Remark 10, one can show that: the trajectory us(¢) remains in the ball B(ug, R) :=
{u: ||u —upl| < R} for all ¢ < t5, where R does not depend on ¢ as § — 0.



March 8, 2010 17:53 WSPC o977

36 N. S. Hoang and A. G. Ramm

4.3. Proofs of convergence of the iterative schemes

4.3.1. Proof of Theorem 11

Proof. Denote

C = Cl; L (4.136)
Let
Zn = Un — Vi, gn = ||zn]- (4.137)
We use Taylor’s formula and get:
Flup) — F(Vy) + anzn = Aa,2n + Ky, || Kn|l < %Hznn% (4.138)

where K, := F(u,) — F(V,,) — F'(uy)z, and My is the constant from (2.13). From
(2.46) and (4.138) one obtains

Zng1 = 2n — 20 — A K (2) — (Vg1 — Vi), (4.139)
From (4.139), the second inequality in (4.138), and the estimate || A, 1|| < ai, one
gets
M. 2
i1 < 5220 4 Vs — Vil (4.140)

n

Since 0 < a, \, 0, there exists a unique ng such that

1) 1 0
> C>1. 4.141
ez o> (4.141)

It follows from (4.141) and Lemma 25 that inequalities (3.17)—(3.19) hold.
Inequalities (4.140) and (3.19) imply

Co o Ap — Ap41 My 2
1 < g2y dn T4l 2 o = 1+ "), (4142
i s D e oo IR a1 2 e
for all n < ng + 1.
Let us show by induction that
gn < “7" 0<n<n+ L. (4.143)

Inequality (4.143) holds for n = 0 by Remark 9 (see (2.84)). Suppose (4.143) holds
for some n > 0. From (4.142), (4.143) and (2.51), one gets

2
Co [ a Ay — Ap4t1
i1 < — (") 4 "7"'*‘01
an \ A A1
CoQ ap — a
_ 00n n n+1 o (4144)
A2 An41
a
S n+1.
A

Thus, by induction, inequality (4.143) holds for all n in the region 0 < n < ng + 1.



March 8, 2010 17:53 WSPC o977

The DSM for solving NOE 37

The triangle inequality implies
l[uo — unll < Jluoll + [lznll + [Vall (4.145)

Inequalities (3.18), (4.143), and (4.145) guarantee that the sequence u,,, generated
by the iterative process (2.46), remains in the ball B(ug, R) for all n < ng+1, where

ao C+1
R < — D 4.146
< Jluoll + 52 + Iyl 5 (1.146)
By Remark 7, one can choose ag and A so that 4¢ is uniformly bounded as § — 0
even if Mj(R) — 0o as R — oo at an arbitrary fast rate. Thus, the sequence w,,
stays in the ball B(ug, R) for n < ng + 1 when 6 — 0. An upper bound on R is

given above. It does not depend on ¢ as § — 0.

One has:
1F(un) = fsll <[[F(un) = F(Va)ll + [[F(Va) = f5l
<Mign + | F(Vn) — f5]] (4.147)
Mlan

where (4.143) was used and M is the constant from (2.13). By Lemma 25 one gets
[1F'(Vig+1) — fsll < C6. (4.148)

From (2.49), (4.147), (4.148), the relation (4.141), and the definition C; = 2C' — 1
(see (4.136)), one concludes that

Many,
|F (ung 1) = foll S+ C6
_ (4.149)
AMOC D) | o5 < (2C —1)8 = C40.
Allyll
Thus, if
|F(uo) — fsll > C167, 0<~y <1, (4.150)

then one concludes from (4.149) that there exists ns, 0 < ns < ng + 1, such that
[F(uns) = fsll < CL67 < |[[F(un) = fsll, 0 <n <ns, (4.151)

for any given v € (0,1], and any fixzed C; > 1.
Let us prove (2.54). If n > 0 is fixed, then us,, is a continuous function of fs.
Denote

aN = %11’% Us,N (4.152)

where IV < 00 is a cluster point of ns,, , so that there exists a subsequence of n;, ,

m?

which we denote by n,,, such that

lim n,, = N. (4.153)

m—00
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From (4.152) and the continuity of F', one obtains:
|FGin) = £ =l [1F(un,,) = fs,,]| < lim_C167, = 0. (4.154)

Thus, @y is a solution to the equation F(u) = f, and (2.54) is proved.
Let us prove (2.56) assuming that (2.55) holds. From (4.151) and (4.147) with
n =ns — 1, and from (3.30), one gets

Ay s — Up s —
167 < Ml% + g1 ||Vig 1]l < Ml% + [yllan,—1 + 6. (4.155)
If 0 < § < 1 and ¢ is sufficiently small, then it follows from (4.155) that

. M -
C6 < ap;—1 ()\1 + |y||>7 C>0, (4.156)

where C is a constant. Therefore, by (4.156),

5 5 S (M
0 < lim < lim <lim— (=2 +yll) =0, 0<y<1. (4.157)
6—0 2ap; ~ 0—0aGps—1  6—0 (' A

In particular, for § = d,,, one gets

. Om
lim
6m—0 QAns,

=0. (4.158)

From the triangle inequality, inequalities (3.29) and (4.143), one obtains

[uns,, =l < luns,, = Vas, | +[Vas,, = Vas,, ol + Vs, 0 = 9ll

Sm

(4.159)

m

a
< omoy

: + Va0 = ol

Mom

Recall that Vo = V,, (cf. (2.44) and (2.12)). From (2.55), (4.158), inequality
(4.159) and Lemma 19, one obtains (2.56). Theorem 11 is proved. O

4.3.2. Proof of Theorem 13

Proof. Denote
. Ci+1

C: 4.160
. (4.160)
Let
Zn = U — Vi, gn = |l2n]|- (4.161)
We use Taylor’s formula and get:
_ My o
F(up) = F(Vo) + anzn = Apzn + Kny || Ky < 7||zn|| , (4.162)

where K, := F(u,) — F(V,,) — F'(uy)z, and My is the constant from (2.13). From
(2.57) and (4.162) one obtains

Zntl = 2n — QAN Anzn — an AL K (20) — (Vg1 — V). (4.163)
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From (4.163), (4.162), (2.59), and the estimate || A, || < My + a,, one gets

anMQ(Ml + an)

B) 92 + ||Vn+1 - VnH

Gnt1 < gnlll — an AL An|l +

(4.164)
a, M (M + ay,
< a1~ apa) + 22O T ) o v
Since 0 < a,, \, 0, for any fixed § > 0 there exists ng such that
) 1 )
—_— > C > 1. 4.165
—— >z C> (1.165)
This and Lemma 25 imply that inequalities (3.17)—(3.19) hold.
Inequalities (4.164) and (3.19) imply
2 9, Op — Qp41
In+1 < (1 —anas)gn +anco(Mi1+an)g: + . Vn <ng+1, (4.166)
n+1
where ¢g = % and ¢ = [[y||(1 + g45) (cf. (4.66)).
Let us show by induction that
a2
gn < 7”, 0<n<ng-+1. (4.167)

Inequality (4.167) holds for n = 0 by Remark 9 (see (2.85)). Suppose (4.167) holds
for some n > 0. From (4.166), (4.167) and (2.64), one gets

a2 aQ 2 A — G
Inr1 < (11— anai)j” + anco(Miy + ap) (") pon el

A Qp41
o % (anCO(Ml + an) _ an) + ﬁ + Ap — Q41 1
A A A Gn+1 (4.168)
< _anay, N as | ap — 1
2\ A Ap41
< a%+1
=T

Thus, by induction, inequality (4.167) holds for all n in the region 0 < n < ng + 1.
The triangle inequality implies

l[uo — un| < [luoll + [Iznll + [[Val]. (4.169)

Inequalities (3.18), (4.167), and (4.169) guarantee that the sequence u,, generated
by the iterative process (2.57), remains in the ball B(ug, R) for all n < ng+1, where

ag C+1
< — _ .
R < ol + %2 + Iyl gt (1170)

By Remark 7, one can choose ag and A so that % is uniformly bounded as § — 0
even if M;(R) — oo as R — oo at an arbitrary fast rate. Thus, the sequence u,
stays in the ball B(ug, R) for n < ng + 1 when 6 — 0. An upper bound on R is
given above. It does not depend on § as § — 0.
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One has:
[ F(un) = f5ll <IF(un) = F(Va)ll + 1F(Va) = f5]]
SMlgn + HF(Vn) - f5|| (4_171)
M- 2
<SS IFWV) = fill, Yn<mo+1,

where (4.167) was used and M is the constant from (2.13). By Lemma 25 one gets
[E'(Vag+1) — fsll < C. (4.172)

From (2.62), (4.171), (4.172), the relation (4.165), and the definition C; = 2C — 1
(see (4.160)), one concludes that

M a%
[ F (ung+1) — fsll S% +C6
(4.173)

My6(C —1

<&+cag (C—1)6 4+ C6 = C46.

Allyll
Thus, if
IF(uo) — f5] > C16°, 0< (<1, (4.174)

then one concludes from (4.173) that there exists ng, 0 < ng < ng + 1, such that
[F(uny) = f5]| < C16¢ < |F(un) = fsll, 0<n<mns, (4.175)

for any given ¢ € (0,1], and any fized C; > 1.
Let us prove (2.67).
If n > 0 is fixed, then us, is a continuous function of fs. Denote

U i=UN = gi_r% U s (4.176)
where
lim n,,, = N. (4.177)
j—oo

From (4.176) and the continuity of F', one obtains:

IF@) = £l = lim | Flun,,,) = fs,

| < lim €65, = 0. (4.178)
Jj—o0 7

Thus, @ is a solution to the equation F'(u) = f, and (2.67) is proved.
Let us prove (2.69) assuming that (2.68) holds.
From (4.175) and (4.171) with n = ns — 1, and from (3.30), one gets

a? a?
Oﬂgc § M1 n;\ L -+ an5_1||Vn5_1H § leTl + Hy||an5_1 -+ 4. (4179)

If 6 > 0 is sufficiently small, then the above equation implies

- M -
Co¢ < an“( ;a" + |y||), C >0, (4.180)



March 8, 2010 17:53 WSPC o977

The DSM for solving NOE 41

2

where C' < () is a constant, and the inequality Qo1

fore, by (2.60),

< ap;—100 was used. There-

S1=C (M
0 < lim < lim < lim 2 L0 Lyl ) =0, 0<¢<1. (4.181)
6—02ap; ~ 6—=0ap;—1 ~ 6—0 (C A

In particular, for § = é,,, one gets

lim O (4.182)

Om—0 G,

From the triangle inequality and inequalities (3.29) and (4.167) one obtains
lun,, =yl < lun, = Vo, | +11Va = Vanoll + Va0 — yll

a2 b (4.183)
< B Iy oyl
a’nnz

Recall that Vi, o = Vi, (cf. (2.44) and (2.12)). From (2.68), (4.182), inequality
(4.183) and Lemma 19, one obtains (2.69). Theorem 13 is proved. |

4.3.3. Proof of Theorem 15

Proof. Denote

C = % (4.184)
Let
Zn = Un — Vi, Gn = |zn]|- (4.185)
One has
Flup) = F(Vo) = Jnzn,  Jn= /O1 F'(ug + €2,)dE. (4.186)

It follows for our assumptions that J, = J* > 0 and ||J,,|| < M;. From (2.70),
(4.185) and (4.186) one obtains
Zn+1 = fn — an[F(un) - F(Vn) + anzn] - (Vn+1 - Vn)

(4.187)
= (1 - an(Jn + an))zn - (Vn+1 - Vn)

From the triangle inequality, (4.187) and (2.72), one gets

n S nl_aan+an + Vn _Vn
In+1 < gnll ( M+ Vet | (4.188)
< gn(l - anan) + ”Vn-i-l - Vn”
Since 0 < a, \, 0, for any fixed § > 0 there exists ng such that
0 1 )
> — > —, C>1. 4.189
> ez (4.159)

This and Lemma 25 imply that inequalities (3.17)—(3.19) hold.
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Inequalities (4.188) and (3.19) imply

In+1 < (1 — anan)gn + %cl, Vn<ng+1, (4.190)
n+1

where ¢; = |ly[|(1 + 54 ) (cf. (4.105)).
Let us show by induction that
gn < “7" 0<n<ng+1. (4.191)
Inequality (4.191) holds for n = 0 by Remark 9 (see (2.84)). Suppose (4.191) holds
for some n > 0. From (4.190), (4.191) and (2.76), one gets

(079 Ay — anJrlc

In+1 S (1 - anan)i + 1

A Ap41
2 _
— _nln | G G0 7 Gndl (4.192)
A A (p41
< dntl
A

Thus, by induction, inequality (4.191) holds for all n in the region 0 < n < ng + 1.
The triangle inequality implies

luo = unll < luoll + llzall + [[Vall. (4.193)

Inequalities (3.18), (4.191), and (4.193) guarantee that the sequence u,, generated
by the iterative process (2.70), remains in the ball B(ug, R) for all n < ng+1, where

R < ol + %2 + Iyl g (1194)
By Remark 7, one can choose ap and A so that % is uniformly bounded as § — 0
even if Mi(R) — oo as R — oo at an arbitrary fast rate. Thus, the sequence u,,
stays in the ball B(ug, R) for n < ng + 1 when § — 0. An upper bound on R is

given above. It does not depend on ¢ as § — 0.

One has:
[F(un) = foll <IF(un) = F(Va)|l + [[F (Vi) = fsll
<Mign + [|[F(Va) = fsll (4.195)
Miay,
<= PV = fill,  Yn<no+1,

where (4.191) was used and M; is the constant from (2.13). From (3.17) one gets
I1E(Vag11) = f5ll < C6. (4.196)

From (2.75), (4.195), (4.196), the relation (4.189), and the definition C; = 2C — 1
(see (4.184)), one concludes that

Mia,
1t 1) = foll <2525 4 5

_Mis(C -1
Allyll

(4.197)
+C5 < (C—1)6+C6 = Cy6.
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Thus, if
[F(uo) — foll > C16¢, 0< (<1, (4.198)
then one concludes from (4.197) that there exists ns, 0 < ns < ng + 1, such that
I (tny) = f5ll < C16¢ < | F(un) = foll, 0<n < nsg, (4.199)

for any given ¢ € (0,1], and any fized C; > 1.
Let us prove (2.79).
If n > 0 is fixed, then us,, is a continuous function of fs. Denote

U= Uy = %ir% Uy, s (4.200)
where
lim n,,, = N. (4.201)
J‘POO

From (4.200) and the continuity of F', one obtains:
1F(@) = fll = lim [|F(un,, ) = f5,, || < lim C155, = 0. (4.202)
j—o0 J i j—o00 J
Thus, @ is a solution to the equation F'(u) = f, and (2.79) is proved.

Let us prove (2.81) assuming that (2.80) holds.
From (4.199) and (4.195) with n = ns — 1, and from (3.30), one gets

Ans— Ay 5 —
C16¢ < Mlﬁ;T1 F any 1 ||Viy1| < MléT1 + |yl ans—1 + 6. (4.203)
If 6 > 0 is sufficiently small, then the above equation implies
~ M ~
Co° < any—1 <)\1 + ||y>, C >0, (4.204)

where C' < C4 is a constant. Therefore, by (2.73),

5= (M
(Al + yll) =0, 0<¢<1  (4.205)

lim < lim < lim
6—0 2ap; — =0 Aps—1 ~ 6—0

In particular, for § = é,,, one gets

lim O (4.206)

Sm—0 G,
From the triangle inequality, inequalities (3.29) and (4.191), one obtains

ltn,, =yl < lltn,, = Vo, [+ Ve, = Vo, oll + Va0 = wll

U,  Om (4.207)
<+ — + Va0 -yl

- A an,,

Recall that V;, o = V. (cf. (2.44) and (2.12)). From (2.80), (4.206), inequality
(4.207) and Lemma 19, one obtains (2.81). Theorem 15 is proved. |
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4.4. Proofs of the nonlinear inequalities
Proof. [Proof of Theorem 16] Denote w(t) := g(t)ef:o V()95 Then inequality (2.87)
takes the form
w(t) < a(t)w?(t) +b(t),  w(ro) = g(70) := go, (4.208)
where
at) == a(t)e P I 7 by = g(p)edn 1) (4.209)

Denote

B €f:0 v(s)ds

t) = ———— 4.210
) = s (4.210)
From inequality (2.89) and relation (4.210) one gets
1
w(mo) = g(10) < —— = n(70). (4.211)
(7o)
It follows from the inequalities (3.29), (4.208) and (4.211) that
) 1 1 ,U(TO):| d ef‘fto ~(s)ds .
w(10) < QT +,67' < |:— = —— =1(70)-
N A7) i) AT O M
(4.212)

From the inequalities (4.211) and (4.212) it follows that there exists § > 0 such that

w(t) <n(t), T0<t<m+d (4.213)
To continue the proof we need two Claims.
Claim 1. If
w(t) <n(t),  Vte[n,T], T >, (4.214)
then
W(t) <nt), Ve [n,T). (4.215)

Proof of Claim 1.
It follows from inequalities (2.88), (4.208) and the inequality w(T) < n(T), that

t
oP I (s)ds

: (1=p) [} ~(s)ds J1 o (s)ds
t) < 70 t + B(t)e’mo
(D) < ) + (0
f:() (s)ds .
< 67[ - ’“‘(ﬂ (4.216)
() p(t)
d ef:(J ~v(s)ds
== =7(t), Vit € , 1.
i a0 |, i(t) [70, T

Claim 1 is proved.
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Denote
T :=sup{d € R" 1 w(t) < n(t), Vt € [0, 70 + I]}. (4.217)

Claim 2. One has T = oc.

Claim 2 says that every nonnegative solution g(t) to inequality (2.87), satisfying
assumptions (2.88)—(2.89), is defined globally.

Proof of Claim 2.

Assume the contrary, i.e., T < co. From the definition of 7" and the continuity
of w and 1 one gets

w(T) < (7). (4.218)
It follows from inequality (4.218) and Claim I that
w(t) <it),  Vte[n,T). (4.219)

This implies
w(T) —w(ry) = / w(s)ds < / n(s)ds =n(T) — n(mo). (4.220)

Since w(1y) < N(70) by assumption (2.89), it follows from inequality (4.220) that
w(T) < n(T). (4.221)

Inequality (4.221) and inequality (4.219) with ¢ = T imply that there exists an
€ > 0 such that

w(t) <n(t), T<t<T+e (4.222)

This contradicts the definition of T" in (4.217), and the contradiction proves the
desired conclusion T' = oo.

Claim 2 is proved.

It follows from the definitions of n(t) and w(¢) and from the relation T' = oo
that

_ =S A(s)ds — [t ~(s)ds .
qg t)=e¢e ‘7o w(t) < e 7o t) = S
" " ) u(t)

Theorem 16 is proved. O

vVt > 7. (4.223)

4.4.1. Proof of Theorem 18

Proof. Let us prove (2.100) by induction. Inequality (2.100) holds for n = 0 by
assumption (2.99). Suppose that (2.100) holds for all n < m. From inequalities
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(2.96), (2.98), and from the induction hypothesis g, < ;%’ n < m, one gets

1 Qo
[ fim

1 hm m - Mm
Si(l - hm’}/m) + — (7111 - W)
:i o HPm+41 — Um (4'224)
Hm Mo,
1 1 1
= — MUm4+1 — Pm)\—5 —
Hm41 (b ) (li%n Hom fm41
b ()
Hamt1 Hakmt1 " Pt
Therefore, inequality (2.100) holds for n = m + 1. Thus, inequality (2.100) holds
for all n > 0 by induction. Theorem 18 is proved. O

5. Applications of the nonlinear inequality (2.87)

Here we only sketch the idea for many possible applications of this inequality for a
study of dynamical systems in a Hilbert space.
Let

d
= Au+ h(t,u) + f(¢), u(0) = ug, U:= ditL’ t>0, (5.1)
where A is a selfadjoint operator in a Hilbert space, h(t, u) is a nonlinear operator in
H . which is locally Lipschitz with respect to v and Holder-continuous with respect
tot € Ry :=[0,00), and f is a Holder continuous function on Ry with values in H.

Assume that
Re(Au,u) < —y(t){u,u), Re(h(t,u),u) < at)|ul**? Vu e D(A), (5.2)

where (1) and a(t) are continuous functions on R, h(t,0) = 0, p > 1 is a constant.

Our aim is to estimate the behavior of solutions to (5.1) as ¢ — oo, in particular,
to give sufficient conditions for a global existence of the unique solution to (5.1).
Our approach consists of a reduction of the problem to the inequality (2.87) and
an application of Theorem 16.

Let g(t) := |lu(t)||. Problem (5.1) has a unique local solution under our as-
sumptions. Multiplying (5.1) by u from left, then from right, add, and use (5.2) to
get

99 < —v(t)g* +a(t)g"P + B(t)g,  B(t) =) (5.3)

Since g > 0, one gets

9 < =1(t)g +a(t)g”(t) + B(). (5:4)
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Now Theorem 16 is applicable. This Theorem yields sufficient conditions (2.88)
and (2.89) for the global existence of the solution to (5.1) and estimate (2.90) for
the behavior of ||u(t)|| as t — oco.

The outlined scheme is widely applicable to stability problems, to semilinear
parabolic problems, and to hyperbolic problems as well. It yields some novel re-
sults. For instance, if the operator A is a second-order elliptic operator with matrix
a;j(z,t), then Theorem 16 allows one to treat degenerate problems, namely, it al-
lows, for example, the minimal eigenvalue A(x,t) of a selfadjoint matrix a;;(z,t) to
depend on time in such a way that min, A\(x,t) := A(t) — 0 as t — oo at a certain
rate.

6. A numerical experiment

Let us present results of a numerical experiment. We solve nonlinear equation (1.1)

with
1
F(u) := B(u) + (arctan(u))3 = / e~ 1Yy (y)dy + (arctan(u))g. (6.1)
0
Since the function u — arctan®u is increasing on R, one has
<(arctan(u))3 - (arctan(v))B,u —v) >0, Yu,v e H. (6.2)
Moreover,
1 e8] ei)\w
“lel = = —dA\. .
€ - /_Oo T2 (6.3)
Therefore, (B(u — v),u —v) >0, so
(F(u—v),u—v) >0, Yu,v € H. (6.4)
The Fréchet derivative of F is:
2
3(arct !
F'(u)w = (arlc—fr;gu))w +/O e~ 17Vl (y)dy. (6.5)

If u(z) vanishes on a set of positive Lebesgue’s measure, then F”(u) is not boundedly
invertible in H. If uw € C[0,1] vanishes even at one point x, then F'(u) is not
boundedly invertible in H.

We use the following iterative scheme
Up g1 =ty — (F'(up) + an[)il(F(Un) + antin — fs), (6.6)
Ug = O7 .

and stop iterations at n := ng such that the following inequality holds

[F(ung) = fsll < C67,  |[F(un) = fsll =2 C67, n<ns, C>1, y€(0,1).
(6.7)
The existence of the stopping time ngs is proved and the choice uy = 0 is also
justified in this paper. The drawback of the iterative scheme (6.6) compared to the
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DSM in this paper is that the solution w,,; may converge not to the minimal-norm
solution to equation (1.1) but to another solution to this equation, if this equation
has many solutions. There might be other iterative schemes which are more efficient
than scheme (6.6), but this scheme is simple and easy to implement.

Integrals of the form fol e~1#=¥In(y)dy in (6.1) and (6.5) are computed by using
the trapezoidal rule. The noisy function used in the test is

Js(x) = f(x) + Kfnoise(x), £ >0.

The noise level § and the relative noise level are defined by the formulas:

1)
0 = Kllfuoisells - dret =

In the test k is computed in such a way that the relative noise level d,.; equals to
some desired value, i.e.,

_ ] _ 5rel||f“
B ”fnoz’seH B anoiseH.
We have used the relative noise level as an input parameter in the test.

In the test we took h = 1, C' = 1.01, and v = 0.99. The exact solution in the
first test is u(x) = 1, and the right-hand side is f = F(1).

It is proved that one can take a, = H_in, and d is sufficiently large. However,
in practice, if we choose d too large, then the method will use too many iterations
before reaching the stopping time ns in (6.7). This means that the computation
time will be large in this case. Since

1E(Vs) = fsll = a(®)||Vsll,
and || V5(ts) — us(ts)|| = O(a(ts)), we have
Co7 = ||F(us(ts)) — fsll < a(ts)||Vs]| + O(alts)),

K

and we choose
d= 0057, Co > 0.

In the experiments our method works well with Cy € [3,10]. In the test we chose
50.99

an by the formula a, = Cy The number of nodal points, used in computing

integrals in (6.1) and (6.5), \A:L;rslN = 50. The accuracy of the solutions obtained in
the tests with N = 20 and N = 30 was about the same as for N = 50.

Numerical results for various values of d,.; are presented in Table 1. In this
experiment, the noise function fpyse is a vector with random entries normally
distributed, with mean value 0 and variance 1. Table 1 shows that the iterative

scheme yields good numerical results.

Remark 11. During the time this paper was waiting publication, the following
paper has appeared:
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Table 1. Results when Cyp = 4 and N = 50.

Orel 0.05 0.03 0.02 0.01 0.003 0.001
Number of iterations 28 29 28 29 29 29
Hw’ﬁf;“fm“‘” 0.0770 | 0.0411 | 0.0314 | 0.0146 | 0.0046 | 0.0015

N.S.Hoang, A.G.Ramm, FEzistence of solution to an evolution equation and a
justification of the DSM for equations with monotone operators, Comm. Math.Sci.,
7, N4, (2009), 1073-1079.

In this paper the smoothness assumption on F’(u) is replaced by the continuity
of F'(u). This allows one to treat Newton-type versions of the DSM under minimal
natural assumptions.
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