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CHAPTER 1
Introduction

Reliability is defined as the probability that a system will perform
its intended function for a specified interval under stated conditions.
As it relates to equipments, components, and parts, reliability is one of
the important characteristic by which the usefulness of a system is judged.
Reliability often given as function of time but we are assuming constant
values. In calculating the reliability of a given system it is necessary
to specify the system configuration which describes how the equipment is
connected, and the rules of operation. The present work is based on a
theorem by A. Albert [1], who introduced a technique of increasing the
reliability of a series system with minimum effort.

Let n components be connected in series configuration and let Ri be
the reliability of 1th component. The reliability of the system is given

by

n
R, = T R, 0 <R <1 (1.1)

Let R be the required reliability of the system, where R > Rs' It is
then required to increase at_least one of the values of the Ri so that the
required reliability R will be obtained in accordance with Equation (1.1).
Accﬁmp]ishing such an increase requires a certain "effort", which is to
be allotted in some way among the components (under the conditions assumed
by Albert, which are discussed below). The technique of increasing RS to R

with minimum effort is as follows:



a in nondecreasing

¥

(A) Order the known reliabilities Rys Rys -.ou R

order (we assume now that such an ordering is implicit in the notation)

so that

Ry <Ry <Ry2 ... <R (1.2)

(8) Increase each of the reliabilities Ry» Ros «evs RK to the same
' 0

value RO; but do not attempt to increase the reliabilities Ry ,q» ...s Rp.
. 0

Sy

The number K_ is determined as

0

K_-= Maximum value of j such that

{ a ) )
NV 7 W T e T
Ry < - = vy (say) ‘ (1.3)

I R.
Ci=gan

I

where'Rn+1 = 1 by definition.

The number ﬁo is determined as

1/k
_ IR °
I L

o R
J=K°+l

(C) It is evident that the system reliability will then be R, since

_ kg | _ kg, nil (1.5)
New reliability = R R ... R =R i R, 1.9
0 k°+] n 8] j=k D+'I J

From using equation (1.4) we immediately obtain

New reliability = R



The foregoing technique is based on the existence of an effort function

G (x,y) which measures the amount of effort (weight, volume, cost, manpower,

etc) needed to increase the reliability from x to y for ith component.

The effort function is assumed to satisfy the following requirements:

1.

G(x,y) > 0, which means that increasing the reliability from

lavel x to higher level y will always need at ledsngggg effort.

i T e e

G(x,y) is nondecreasing in y for fixed x and nonincreasjggmiﬂ_i

T

for fixed y; eg.,
G(0.35, 0.65) < G{0.35, 0.75)
and G(0.25, 0.65) < G(0.35, 0.65)

If x <y <z, G(x,y) + G(y,z) = G(x,2),

which states that the amount of effort to increase the reli-
ability from x to z is equal to the sum of effort to increase the
reliability from x to y, then from y to z namely, G(x,y) is ad-
ditive.

G(0,x) has a derivative h(x) such that xh(x) is strictly in-

creasing in (0 < x < 1).

If R is the minimum requirement of the system reliability and

.th

Xj = R? the optimal i~ stage reliability, then we can readily define the

effort function minimization problem as:

N
Minimize ] &;(R;» x;)
i=1

Subject to;



There are a number of functions which obey the stated criteria; all have

the form
G(R, x) = H(x) - H(R) (1.6)
The function used in this work is

1~ R;
G(Ry> x3) = 3y enly~ ) 0 <Rys x5 =1 (1.7)

Albert assumed a; = a, so that all components have same effort coefficients. 7

T AR R - .

e SR el e *\‘F"I{-ﬁ -‘-'&'5

Example:
Let (Ry» Rys Rgs R4) = (0.6, 0.7, 0.8, 0.9), so that

R. = =0.302 (1.8)

S

= -

R.
j=1 J

Suppose the required value of system reliability to be R = 0.45. We use

equation (1.3) to determine ko to do this we calculate the quantities:

1/4
7'4 = [&'?_5'] = 0-8]9’ . (1'9)

th

so that rg < R4. Therefore the 4~ component is good enough.

1/3
_ 10.45 _
ry = [(0.9 = = 0_794, (1.10)

so that ry < R4. Therefore the Bth component is good enough.

1/2
. 0.45 }
T2 ™ [ 0.8)x 0.9):-:]) = 0.791 {1113

so that r, > Rz. Therefore the Z"d component is not good enough. Since 2



is the largest subscript j such that Rj < Ty then ko = 2, which means that

to achieve the desired system reliability of 0.45, the minimum effort results

nd

from raising the reliability of the 1St and 2 components from 0.6 and 0.7

to the same level Xy = 0.791; the remaining components are left unchanged.

The resulting reliability of the entire system is, as required,
R=(0.791% x 0.8 x 0.9 = 0.45 (1.12)

The total effort required, from equation (1.6), is (assuming a; = 1),

1R,
O Z a; tn (=) = 1.00 (1.13)

Suppose that we did not consider the selection of k0 by equation (1.3),

but arbitrarily decided to set ko = 1 and use equation (1.4}, we would

P E P i e e
then obtain
N
- 0'4 -
R, = [_“‘“““"‘4 ] 0.893 . (1.14)
I R; x1
j=2 3
and we would have
R=0.83x0.7x0.8x0.9=0.45 (1.15)

as desired, with total effort of

’\,_ s Z a. %Q,n (——1) 1.32 (1.76)

we see that here the effort to increase reliability has not been allotted in

an optimum manner; i.e., more effort has been used than is necessary

(e2 > e1).



The objective of this study is to investigate how the re]iabilj}y al-

location changg;,jillnggg@ggﬂfzi cost coefficients a. in equation (1.6)
Jmcdlian chail - it (i ot
are not equal. This will be done for:

a) A simple series configuration.

b) A simple parallel configuration.

c) A elementary mixed (complex) configuration.
The optimization technique employed for obtaining the optimal allocation is
the Generalized Reduced Gradient (GRG), which solves problems having a
nonlinear gbjective function with linear or nonlinear constraints. It is
an elaborate extension of hill-climbing gradient technique, and has been

coded in FORTRAN in a program named GREG.



CHAPTER 2
Optimal Reliability Allocation cf a Series System

2.1 Introduction

When every one of group of components (subsystems) must function
properly for the system to succeed, they are said to function in series.
A system consisting of a series arrangement of n components is shown in

Figure 2.1.

— . e m -——---—--—J n

Fig. 2.1 Simple serial system.

Thus in Figure 2.1 we have

System success = [C} success ][ [C2 success][) ... f][Cn Success J

so that
R, = P{[C1 success ] f)[Cz success]f] ... /][Cn success ]}
= P[C] success ] P[C2 success] ... P[Cn success ]
or "
R, = RyRy ... Ry = 1_1=11 R; (2.1)



2.2 Formulation of An Optimization Problem

The problem of minimizing the effort for the series system given
in Figure 2.1, subject to the desired system reliability R can be stated
as

Minimi ze: a; in (=% (2.2)

-1

i

Subject to

n-=33

i
The solution of the above constrained non-linear programming problem can

be obtained by the GREG technique.

2.3 Analytical Solution for n = 3.
To illustrate the analytical solution to the problem of minimizing
effort for a series system consisting of 3 components, we solve the fol-

Towing:

Minimize: e L (2.4)

]
I~ 00
»
¥
=
—

Subject to

o

3
g= I Xx; > (2.5)

From the equation (2.5) Xy can be found and eliminated from the

objective function. Thus, writing



R
X = (2.6)
1 XoXg
we get
e = aj n (1 - R]) - ay 2n (1 - x2X3) ta, en (1 - RZ) -
a, &n (1 - xz) +agen (1 - R3) - ag &n (1 - x3) {2.7)

This may now be minimized by calculus methods, since there are no bounds
imposed on Xy OF X3 due to the original restriction. Hence, in this

modified problem,

[ _R
' x2 X
ae 273 -1) set
. ., 3| g, 5 g (2.8)
ax2 1 . R 21 Xo
Xy + X3
r ﬁ. 3
X x2
je  _ 2" "3 (-1) set
1 - 3
{ X2 - X3

Now we simp1fy equations (2.8 and 2.9); from equation (2.8) we have
1 - x2) a;R - (x2x3 - R) Xy = 0 (2.10)

And from equation (2.9) we have



10

(1 - x5) a]§ - (xp%5 - R) azxy = 0. (2.11)

We may form equation (2.10) as

X5 = - x2 (2.12)
2 72
From equations (2.11) and (2.12), we obtain
r1 ) (1-x2)a]R + aZRE_Z) e [(1—x2)a]R + azR)i:2 ) QJ )
2 1 a,X
ay Xy 272
(1-x,)a;R + a,Rx
( 2’ 1 222]a3=o (2.13)
ay X,
which can be written as
ax’ - (1-x,)a,R - a,Rx \ a.-R - [(1-x,)a,Rx, + a Rx2
272 2¢ 22 1 271772 272
- azﬁxg} X [(1-x2) a]asﬁ - a2a3ﬁx2] =0 (2.14)
so that
(a,a,R - a,a ﬁ)x3 + (2a;a,R - a,a,R + a,) 2 +
273 173772 13 2°3 2 "2

Now we may rewrite equation (2.11) as
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i (l-x3)a1ﬁ < a3ﬁx3

Xy = L 2 (2.16)
373
From equations (2.10) and (2.16), we find x5 from
2 1 a4 X
az X3 373
(1-x,)a;R + a,Rx
[ 2o 33)a2=0 (2.17)
a3 %3
so that
(anaqR - aya,R) 3 + (2aja,R - a,a,R + a,) x2
2-3 172 3 172 273 3= 3
+ (a]§ - a]aZR - a3R) X5 = aTﬁ =0 (2.18)

Therefore the optimum values of Xo and X3 can obtained from equations (2.15)
and (2.18), and by substituting these optimum values in equation (2.6)
we can find Xy The corresponding optimal (i.e. minimized) effort is ob-

tained from equation (2.4).

2.3.17 A Numerical Example.
The nonlinear programming problem formulated in the preceding section
is restated again and the objective is to minimize

1-R;

3
e= § a, an () (2.19)
- B R
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subject to the constraint

3
=1 x; >R (2.20)

The constants s Ay and a3, and R, are as follows:

a; = Ta; a, = 1.1, az = 1.0,

R=0.74

The problem is formulated in equations (2.15) and (2.18) and solved
by the Newton root finding program (Appendix 1).

From equation (2.15),

0.074xg = 2.052x§ +0.814x, + 0.888 = 0 (2.21)

which has Xo = 0.9016.

Also from equation (2.18),

0.]628xg . 2.1395x§ +0.8288x; + 0.8880 = 0 (2.22)
which has x3 = (0,9074.

By substituting the values of Xo and X3 into equation (2.6), we found

Xy = 0.9045. The corresponding effort is e = 2.844
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2.4 Further Numerical Examples
The problem of minimizing the reliability of the series system,

subject to a single constraint, can be stated as follows

1-R 1-R

Minimize e =+ ayn (l-x:) t a, an (1_xs)
1-R3
+a, (T'x—a) (2.23)
Subject to
X] « Xy Xg > R (2.24)
Ry = x; <1 1 = J4243 (2.25)

The numerical values of the parameters a = {a],az,a3}, are given in
Table 2.1, and R was determined as follows. R values were chosen to be
uniformly distributed over the range from RS to 1. The range 4 = 1 - RS

was divided into 5 equal intervals yielding R = R5 2 %—A, k =1,2,3,4.

Then for

K = ‘g ) R= 0.36 + 1/5(0.64)
= 0.49

K = %— , R =0.36 + 2/5(0.64)
= 0.62

K = % R = 0.36 + 3/5(0.64)
= 0.74

K = g, R = 0.36 + 4/5(0.64)

0.87
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In the present example, the resulting R set was thus {0.49, 0.62, 0.74,
0.87}.

Now for this set of R values, for a as given in Table 2.1, and the given
initial reliability values of (0.5, 0.8, 0.9) for the three series com-

ponents, we apply the GREG computer code. Specifically, the problem will

be reformulated as

e _ 1-0.5 , _ 1-0.8
Minimize e = -a; an (T—:—E;d 2, Ln(] - x2)
1-0.9
- 33 an (1—_73) (2.25)
Subject to
“X| « Xy + X3 * R<0 (2.27)
Ry <% <1 i=1,23 (2.28)

Four external, user-supplied subroutines (Appendix 2), are used in
which PHIX defines the objective function, CPHI defines the constraint
functions, JACOB defines the gradient of constraint functions, and GRADFI
definaes the gradient of the objective function.

The optimal solutions which were obtained are presented in Tables 2.1
- 2.5. Table 2.1 presents the optimal solutions according to different a
(effort coefficients) and R (desired system reliability). Tables 2.2 -
2.5 present optimal solutions according to different effort coefficient

(a) for the R = [0.49, 0.62, 0.74, 0.87] respectively.
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The results given in Table 2.1 show that the component reliabilities
R; and the total effort are monotonically increasing for increasing R.
They are also sensitive to the values of effort coefficients (a).

In Figures 2.2 to 2.5, the reliability allocation for each component
is depicted for the various R values. They show that the worst component
is improved the most, then the next worst, etc. For example, Figure 2.5
shows that in case 1 we must increase from [R],RZ,R3] = [0.5, 0.8, 0.9] to
[x)3%9sx5] = [0.95,0.95,0.95] in order to meet our system demand. For
case 2, we must raise the component reliabilities to [x],xz,xB] = [0.93,
0.96, 0.97] to get the desired system reliability. We see the increases
for Rys R, and R; in case 1 and 2, are not identical, even though R =0.87
in both cases. This is because for case 2 the effort coefficients, for
C] and C2 are 2.0 and 1.1 times the corresponding effort coefficients for
case 1; therefore we obtain different allocations of component reliability.
The effort coefficients for case 3 are the reverse of those for case 2.
This causes a symmetric result in the reliability allocation. The same
symmetric situation occurs between cases 3and 4. The results do not

hold for all values of R.
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TABLE 2.1
OPTIMAL SOLUTIONS FOR DIFFERENT EFFORT COEFFICIENTS
AND SYSTEM RELIABILITY

EFFORT COEFFICIENTS R R? RS R-  TOTAL
a EFFORT
0.5 0.8 0.9

(1.00,1.00,1.00) 0.49 0.681 0.800 0.900 0.448
0.62 0.830 0.830 0.900 1.241

0.74 0.905 0.905 0.905 2.443

0.87 0.955 0.955 0.955 4.574

(1.11,1.10,1.00) 0.49 0.681 0.800 0.900 0.497
0.62 0.829 0.831 0.900 1.376

0.74 0.903 0.903 0.906 2.695

0.87 0.953 0.953 0.958 5.083

(1.12,1.10,1.00) 0.49 0.631 0.800 0.900 0.502
0.62 0.829 0.831 0.900 1.387

0.74 0.902 0.904 0.908 2.711

0.87 0.953 0.954 0.958 5.107

(1.13,1.10,1.00) 0.49 0.681 0.800 0.900 0.506
0.62 0.828 0.832 0.900 1.398

0.74 0.902 0.904 0.908 2.727

0.87 0.952 0.954 0.958 5.131

(1.20,1.10,1.00) 0.49 0.681 0.800 0.900 0.538
0.62 0.824 0.836 0.900 1.472

0.74 0.898 0.906 0.910 2.839

0.87 0.951 0.955 0.959 5.294

(1.30,1.10,1.00) 0.49 0.681 0.800 0.900 0.583
: 0.62 0.818 0.842 0.900 1.574
0.74 0.893 0.908 0.912 2.994

0.87 0.948 0.956 0.960 5.523

(1.50,1.10,1.00) 0.49 0.681 0.800 0.900 0.672
0.62 0.809 0.852 0.900 1.771

0.74 0.882 0.914 0.918 3.292

0.87 0.944 0.958 0.962 5.969



17
TABLE 2.1 (CONTINUED)

EFFORT COEFFICIENTS R RS RS R}  TOTAL
EFFORT
a
0.5 0.8 0.9

(2.00,1.10,1.00) 0.49 0.681 0.800 0.900 0.89
0.62 0.790 0.872. 0.900 2.226

0.74 0.867 0.922 0.926 3.982

0.87 0.935 0.963 0.966 7.022

(1.00,1.10,1.11) 0.49 0.681 0.800 0.900 0.448
0.62 0.837 0.823 0.900 1.256

0.74 0.909 0.904 0.900 2.517

0.87 0.957 0.953 0.953 4.916

(1.00,1.10,1.12) 0.49 0.681 0.800 0.900 0.448
0.62 0.837 0.823 0.900 1.256

0.74 0.909 0.904 0.900 2.517

0.87 0.958 0.954 0.952 4.914

(1.00,1.10,1.13) 0.49 0.681 0.800 0.900 0.448
0.62 0.837 0.823 0.900 1.256

0.74 0.909 0.905 0.900 2.518

0.87 0.958 0.954 0.952 4.921

(1.00,1.10,1.20) 0.49 0.681 0.800 0.900 0.448
0.62 0.837 0.823 0.900 1.256

0.74 0.907 0.906 0.900 2.519

0.87 0.958 0.955 0.952 4.972

(1.00,1.10,1.30) 0.49 0.681 0.800 0.900 0.443
0.62 0.837 0.823 0.900 1.256

0.74 0.911 0.903 0.900 2.517

0.87 0.960 0.956 0.948 5.040

(1.00,1.10,1.50) 0.49 0.681 0.800 0.900 0.448
0.62 0.837 0.823 0.900 1.256

0.74 0.907 0.906 0.900 2.519

0.87 0.962 0.958 0.944 5,164

(1.00,1.10,2.00) 0.49 0.681 0.800 0.900 0.448
0.62 0.837 0.823 0.900 1.256

0.74 0.911 0.903 0.900 2.517

0.87 0.966 0.963 0.935 5.413



TABLE 2.2
OPTIMAL SOLUTIONS FOR DIFFERENT EFFORT
COEFFICIENTS AND R =0.49

EFFORT COEFFICIENTS RY RS RS TOTAL
EFFORT
2
0.5 0.8 0.9

(1.00,1.00,1.00) 0.681 0.800  0.900 0.448
(1.11,1.10,1.00) 0.681 0.800  0.900 0.497
(1.12,1.10,1.00) 0.681 0.800  0.900 0.502
(1.13,1.10,1.00) 0.681 0.800  0.900 0.506
(1.20,1.10,1.00) 0.681 0.800  0.900 0.536
(1.30,1.10,1.00) 0.681 0.800  0.900 0.583
(1.50,1.10,1.00) 6.681 0.800  0.900 0.672
(2.00,1.10,1.00) 0.681 0.800  0.900 0.896
(1.00,1.10,1.11) 0.681 0.800  0.900 0.448
(1..60,1.10,1,12) 0.681 0.800  0.900 0.448
(1.00,1,10,1.13) 0.681 0.800  0.900 0.448
(1.00,1.10,1.20) 0.681 0.800  0.900 0.448
(1.00,1.10,1.30) 0.681 0.800  0.900 0.448
(1.00,1.10,1.50) 0.681 0.800  0.900 0.448
(1.00,1.10,2.00) 0.681 0.800  0.900 0.448



TABLE 2.3
OPTIMAL SOLUTIONS FOR DIFFERENT EFFORT
COEFFICIENTS AND R = 0.62

EFFORT COEFFICIENTS RY RS RS TOTAL
EFFORT
a
0.5 0.8 0.9
(1.00,1.00,1.00) 0.830  0.830 0.900 1.241
(1.11,1.10,1.00) ' 0.829  0.831 0.900 1.376
(1.12,1.10,1.00) 0.829  0.831 0.900 1.387
(1.13,1.10,1.00) 0.828  0.832 0.900 1.398
(1.20,1.10,1.00) 0.824  0.836 0.900 1.472
(1.30,1.10,1.00) 0.818  0.842 0.900 1.574
(1.50,1.10,1.00) 0.809  0.852 0.900 1.771
(2.00,1.10,1.00) 0,790  0.872 0.900 2,226
(1.00,1.10,1.11) 0.837  0.823 0.900 1.256
(1.00,1.10,1.12) 0.837  0.823 0.900 1.256
(1.00,1.10,1.13) 0.837  0.823 0.900 1.256
(1.00,1.10,1.20) ~0.837  0.823 0.900 1.256
(1.00,1.10,1. 30) 0.837  0.823 0.900 1.256
(1.00,1.10,1.30) 0.837  0.823 0.900 1.256
(1.00,1.10,1.50) 10.837  0.823 0.900 1.256
(1.00,1.10,2.00) 0.837  0.823 0.900 1.256



TABLE 2.4
OPTIMAL SOLUTIONS FOR DIFFERENT EFFORT
COEFFICIENTS AND R = 0.74

EFFORT COEFFICIENTS RS R RS TOTAL
EFFORT
a
0.5 0.8 0.9

(1.00,1.00,1.00) 0.905  0.905  0.905 2.443
(1.11,1.10,1.00) 0.903  0.903  0.906 2.695
(1.12,1.10,1.00) 0.902  0.904  0.908 2.711
(1.13,1.10,1.00) 0.902  0.904  0.908 2.727
(1.20,1.10,1.00) 0.898  0.906  0.910 2.339
(1.30,1.10,1.00) 0.893  0.908  0.912 2.994
(1.50,1.10,1.00) 0.882  0.914  0.918 3.292
(2.00,1.10,1.00) .0.867  0.922  0.926 3.982
(1.00,1.10,1.11) 0.903  0.904  0.900 2.517
(1.00,1.10,1.12) 0.909  0.904  0.900 2,517
(1.00,1.10,1.13) 0.909  0.905  0.900 2.518
(1.00,1.10,1.20) 0.907  0.906  0.900 2.519
(1.00,1.10,1.30) 0.911  0.903  0.900 2.517
(1.00,1.10,1.50) 0.907 0.906  0.900 2.519
(1.00,1.10,2.00) 0,911 0.903  0.900 2.517



TABLE 2.5
OPTIMAL SOLUTIONS FOR DIFFERENT EFFORT
COEFFICIENTS AND R = 0.87

EFFORT COEFFICIENTS RY R RS TOTAL
EFFORT
a
0.5 0.8 0.9
(1.00,1.00,1.00) 0.955 0.955 0.955 - 4,574
(1.11,1.10,1.00) 0.953 0.953 0,958 5.083
(1.12,1.10,1,00) 0.953 0.954 0.958 5.107
(1.13,1.10,1.00) 0.952 0.954 0.958 5.131
(1.20,1.10,1.00) 0.951 0.955 0.959 5.294
(1.30,1.10,1.00) 0.948 0.956 0.960 5.523
(1.50,1.10,1.00) 0.944 0.958 0.962 5.962
(2.00,1.10,1,00) 0.935 0.963 0.966 7.022
(1.00,1.10,1.11) 0.957 0.953 0:953 4.916
(1.00,1.10,1.12) 0.958 0.954 0.952 4.914
{1..80,1,30,1,.13) 0.958 0.954 0.952 4.921
(1.00,1.10,1.20) 0.958 0,955 0.952 4.972
(1.00,1.10,1.30) 0.960 0.956 0.948 5.040
(1.00,1.10,1.50) 0.962 0.958 0.944 5.164
(1.00,1.10,2.00) ~ 0.966 0.963 0.935 5.413
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CHAPTER 3
Optimal Reliability Allocation Tor Parallel System

3.1 Introduction

System or subsystem reliability can sometimes be increased by including
redundant components so that success is achieved as long as at least one
component is operating satisfactorily. Such components are said to Be in
parallel. A parallel system of n components (or subsystems) is illustrated

in Figure 3.1.

no

= = 2 - m - m-
.

=

-— e - -

Fig. 3.1 Simple parallel system

It is easily shown that all of the properties given in Chapter 2 for series
systems can be dualized to give the corresponding properties for parallel
systems by simply replacing any event by its complementary event.

Thus in Figure 3.1 we have

26
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System success [C1 success] U [02 success] U ... U [Cn success ]

=
|

. =P {[C] success ] f][C2 success] ... [}[Cn successl}

1-7P {[C1 success | [\[cz success ] f]... ﬂ[Cn success]}

1-P [C] success ] P[C2 success] ... P[Cn SuCcess |

o
-3
v

1}
——

]
=3

1 - Ry) (3.1)

i

3.2 Formulation of the Optimization Problem
The problem of minimizing the effort for the parallel system given in

Figure 3.1, subject to desired system reliability R can be stated as

n
e i
Minimize: _Z a; &n (T-x.) (3.2)
i=1 i
Subject to
n -
1- 1 (1-x)=2R (3.3)
i=1

The solution of the above constrained non-linear programming problem can

be obtained by the GREG technique.

3.3 A Numerical Example
The problem of minimizing the reliability of the parallel system,

subject to a single constraint, can be stated as follows
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o ]-R1 1-R2
Minimize e =+ a; (T:§;9 +a, n (]_xz)
1-R,
+ 33 n (1—_';5) (3'4)
Subject to
3 -
1- 1 (1-x) >R (3.5)
i=1
Ry 2 x5 21 i=1,23 (3.6)

The numerical values of the cost parameters a, are given in Table 3.1,
and R was determined as in Section 2.4 of Chapter 2; in the present example,
the resulting R set was {0.92, 0.94, 0.96, 0.98}. Now for this set R, for
a as given in Table 3.1 and the given initial reliabilities, we apply the
GREG computer code, to solve this example. This problem will be reformu-

lated to

s .. 1-0. 1-0.6
Minimize e = - a; &n ( L 2) - 2, 4n (1-x2 )

1 -X]
1-0.7
- ay n (1—x3 ) (3.7)
Subject to
3 -
n (1 - xi) -(1-R)<0 (3.8)
i=1

R, < X; <1 i=1,2,3 (3.9)
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Four external, user-supplied subroutines (Appendix 3), are used in
which PHIX defines the objective function, GRADF1 defines the gradient of
the objective function, CPHI defines the constraint functions and JACOB
defines the gradient of constraint functions.

The optimal solutions obtained are presented in Tables 3.1 - 3.5.
Table 3.1 shows the optimal solutions according to different a (effort
coefficient) and R (desired system reliability). Tables 3.2 - 3.5 present
the optimal solutions according to different effort coefficients (a) for
the R = [0.92, 0.94, 0.96, 0.98] respectively.

The results of Table 3.1 show that the component reliability X; and
total effort are monotonically increasing with increasing R; they are
also sensitive to the value of effort coefficients (a).

Figures 3.2 to 3.5 depict the reliability allocation for each com-
ponent for various R. They show that the best component is changed the
most, then the next best, etc. For example, in case 1 of Figure 3.5 we
must increase from [R], RZ’ R3] = [0.2, 0.6, 0.7] to [x], Xos x3] = [0.27,
0.74, 0.90] to meet our system demand, whereas for case 2, we need only
increase R3 to the level Xg = 0.94. Notice that the amount of reliability
allocation for case 1 and 2 are not identical, even though both have the same
required system reliability (R = 0.98), because in case 2 the effort coef-
ficients, for C; and C, are 2.0 and 1.1 times those of C; and C, for case 1.
The effort coefficients for case 3 are symmetrical with case 2, but there is
no sign of symmetry in the reliability allocation. Case 4 and 5 are
symmetric in the effort coefficients, but the reliability allocations are

not symmetric.
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TABLE 3.1
OPTIMAL SOLUTIONS FOR DIFFERENT EFFORT COEFFICIENTS
AND SYSTEM RELIABILITY

EFFORT COEFFICIENTS R R R3 R  TOTAL
EFFORT
2
0.2 0.6 0.7

(1.00,1.00,1.00) 0.92 0.212  0.623 0.731 0.182
0.94 0.228  0.656 0.775 0.470

0.96 0.246  0.693 0.827 0.876

0.98 0.267  0.739 0.896 1.569

(1.11,1.10,1.00) 0.92 0.200  0.600 0.750  0.182
0.94 0.200  0.600 0.813  0.470

0.96 0.200  0.600 0.875 0.876

0.98 0.200  0.600 0.938 1.569

(1.12,1.10,1.00) 0.92 0.200  0.600 0.750  0.183
0:94 0.200  0.600 0.813 0.470

0.96 0.200  0.600 0.875 0.876

0.98 0.200  0.600 0.938  1.569

(1.13,1.10,1.00) 0.92 0.200  0.600 0.750 0.182
0.94 0.200  0.600 0.813  0.470

0.96 0.200  0.600 0.875 0.876

0.98 0.200  0.600 0.938  1.569

(1.20,1.10,1.00) 0.92 0.200  0.600 0.750  0.182
0.94 0.200  0.600 0.812  0.470

0.96 0.200  0.600 0.875 0.876

0.98 0.200  0.600 0.937 1.569

(1.30,1.10,1.00) 0.92 0.200  0.600 0.750  0.182
0.94 0.200  0.600 0.813 0.470

0.96 0.200  0.600 0.875 0.876

0.98 0.200  0.600 0.938 1.569

(1.50,1.10,1.00) 0.92 0.200  0.600 0.750  0.182
0.94 0.200  0.600 0.813  0.470

0.96 0.200  0.600 0.875 0.876

0.98 0.200  0.600 0.938  1.569
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TABLE 3.7 (CONTINUED)

—_ 0 0 it)
EFFORT COEFFICIENTS R Ry R, R;  TOTAL
, EFFORT
0.2 0.6 0.7
(2.00,1.10,1.00) 0.92 0.200 0.600 0.750 0.182
0.94 0. 200 0. 600 0.813 0.470
0.96 0. 200 0. 600 0.875 0.876
0.98 0.200 0. 600 0.937 1.569
(1.00,1.10,1.11) 0.92  0.333 0.600 0.700 0.182
0.94 0. 500 0.600 0.700 0.470
0.96 0. 667 0. 600 0.700 0.876
0.98 0.833 0.600 0.700 1.569
(1.00,1.10,1.12) 0.92 0.333 0.600 0.700 0.183
0.94 0. 500 0.600 0.700 0.470
0.96 0.667 0.600 0.700 0.876
0.98 0.833 0. 600 0.700 1.569
(1.00,1.10,1.13) 0.92 0.333 0.600 0.700 0.182
0.94 0.500 0.600 0.700 0.470
0. 96 0. 667 0. 600 0.700 0.876
0.98 0.833 0. 600 0.700 1.569
(1.00,1.10,1.20) 0.92 0.333 0. 600 0.700  0.182
0.94 0.500 0.600 0.700 0.470
0.96 0.667 0. 600 0.700 0.876
0.98 0.833 0. 600 0.700 1.569
(1.00,1.10,1.30) 0.92 0.333 0. 600 0.700 0.182
0.94 0. 500 0.600 0.700 0.470
0.9 0. 667 0. 600 0.700 0.876
0.98 0.833 0. 600 0.700 1.569
(1.00,1.10,1.50) 0.92 0.333 0.600 0.700 0.182
0.94 0.500 0.600 0.700 0.470
0.96 0. 667 0. 600 0.700 0.876
0.98 0.833 0. 600 0.700 1.569
(1.00,1.10,2.00) 0.92 0.333 0.600 0.700 0.182
0.94 0.500 0.600 0.700 0.470
0.96 0.667 0.600 0.700 0.876
0.98 0.833 0. 600 0.700 1.569



TABLE 3.2
OPTIMAL SOLUTIONS FOR DIFFERENT EFFORT
COEFFICIENTS AND R = 0.92

EFFORT COEFFICIENTS RS RS RS TOTAL
EFFORT
a
0.2 0.6 0.7
(1.00,1.00,1.00) 0.212  0.623  0.731 0.182
(1111, 10.1:00) 0.200 0.600  0.750 0.182
(1.12,1.10,1.00) 0.200 0.600  0.750 0.182
(1.13,1.10,1.00) 0.200  0.600 0,750 0.182
(1.20,1.10,1.00) 0.200  0.600  0.750 0.182
(1.30,1.10,1.00) 0.200 0.600  0.750 0.182
(1.50,1.10,1.00) 0.200 0.600 0.750 0.182
(2.00,1.10,1.00) 0.200  0.600  0.750 0.182
(1.00,1.10,1.11) 0.333  0.600 0.700 0.182
(1.00,1.10,1.12) 0.333  0.600 0.700 0.182
(1.00,1.10.1.13) 0.333  0.600  0.700 0,182
(1.00,1.10,1.20) 0.333  0.600  0.700 0.182
(1.00,1.10,1.30) 0.333  0.600  0.700 0.182
(1.00,1.10,1.50) 0.333 0.600  0.700 0.182
(1.00,1.10,2.00) 0.333  0.600  0.700 0.182



TABLE 3.3
OPTIMAL SOLUTIONS FOR DIFFERENT EFFORT
COEFFICIENTS AND R = 0.94

EFFORT COEFFICIENTS RS R2 RS TOTAL
EFFORT
a
0.2 0.6 0.7

(1.00,1.00,1.00) 0.228  0.656  0.775 0.470
(1.11,1.10,1.00) ' 0.200 0.600  0.813 0.470
(1.12,1.10,1.00) 0.200 0.600  0.813 0.470
(1.13,1.10,1.00) 0.200 0.600  0.813 0.470
(1.20,1.10,1.00) 0.200  0.600  0.813 0.470
(1.30,1.10,1.00) 0.200 0.600  0.813 0.470
(1.50,1.10,1.00) 0.200 0.600  0.813 0.470
(2.00,1.10,1.00) 0.200 0.600  0.813 0.470
(1.00,1.10,1.11) '0.500  0.600  0.700 0.470
(1.00,1.10,1.12) 0.500  0.600  0.700 0.470
(1.00,1.10,1.13) 0.500 0.600  0.700 0.470
(1.00,1.10,1.20) 0.500  0.600  0.700 0.470
(1.00,1.10,1.30) 0.500  0.600  0.700 0.470
(1.00,1.10,1.50) 0.500  0.600  0.700 0.470
(1.00,1.10,2.00) 0.500  0.600  0.700 0.470



TABLE 3.4
OPTIMAL SOLUTIONS FOR DIFFERENT EFFORT
COEFFICIENTS AND R = 0.96

EFFORT COEFFICIENTS RS RS RS TOTAL
EFFORT
a
0.2 0.6 0.7
(1.00,1.00,1.00) 0.246  0.693  0.827 0.876
(1.11,1.10,1.00) 0.200 0.600  0.875 0.876
(117,110,100} 0.200 0.600  0.875 0.876
(1.13,1.10,1.00) 0.200 0.600  0.875 0.876
(1.20,1.10,1.00) 0.200 0.600  0.875 0.876
(1.30,1.10,1.00) 0.200  0.600  0.875 0.876
(1.50,1.10,1.00) 0.200  0.600  0.875 0.876
(2.00,1.10,1.00) 0.200  0.600  0.875 0.876
(1.00,1.10,1.11) 0.667  0.600  0.700 0.876
(1.00,1.10,1.12) 0.667 0.600  0.700 0.876
(1.00,1.10,1.13) 0.667  0.600  0.700 0.876
(1.00,1.10,1.20) 0.667  0.600  0.700 0.876
(1.00,1.10,1.30) 0.667  0.600  0.700 0.876
(1.00,1.10,1.50) 0.667  0.600  0.700 0.876
(1.00,1.10,2.00) - 0.667  0.600  0.700 0.876



TABLE 3.5
OPTIMAL SOLUTIONS FOR DIFFERENT EFFORT
COEFFICIENTS AND R = 0.98

EFFORT COEFFICIENTS RY RS RS TOTAL
EFFORT
a
0.2 0.6 0.7
(1.00,1.00,1.00) 0.267 0.739  0.89 1.569
(1.11,1.10,1.00) 0.200 0.600  0.938 1.569
(1.12,1.10,1.00) 0.200 0.600  0.938 1.569
(1.13,1.10,1.00) 0.200  0.600  0.938 1.569
(1.20,1.10,1.00) 0.200 0.600  0.938 1.569
(1.30,1.10,1.00) 0.200  0.600  0.938 1.569
(2.00,1.10,1.00) 0.200  0.600  0.937 1.569
(1.00,1.10,1.11) 0.833  0.600  0.700 1.569
(1.00,1.10,1.12) 0.833  0.600  0.700 1.569
(1.00,1.10,1.13) 0.833  0.600  0.700 1.569
(1.00,1.10,1.20) 0.833  0.600  0.700 1,569
(1.00,1.10,1.30) 0.833  0.600  0.700 1.569
(1.00,1.10,1.50) 0.833  0.600  0.700 1.569
(1.00,1.10,2.00) 0.833  0.600 0.700 1.569
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CHAPTER 4
Optimal Reliability Allocation for a Complex System

4.1 Introduction

In previous chapters, the system considered had redundant components
in simple series or parallel configuration. The problem becomes con-
siderably more difficult when the redundant component of the system can
not be reduced to series or parallel configurations; then it is called a

complex system. The case treated here is depicted in Figure 4.1.

s 4 b
- 2 e

Fig. 4.1. A schematic diagram of a complex system.

In performing the reliability analysis of a complex system, it is almost

impossible to treat the system in its entirety. The logical approach is
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to decompose the system into functional entities composed of components,
subsystems or units. [In the example used here the following paths of energy
flow are possible: C]C4, 0284, CZCS’ C3C5. A method of decomposing the
reliability structure of a complex system into simplex substructures can

be developed through successive application of a conditional probability
theorem. The technique begins by selection of a KEYSTONE COMPONENT which
appears to bind together the reliability structure of the problem. The
reliability may then be expressed in terms of the keystone component k.

Thus if k is a component upon whose state, whether good or bad, the system

reliability depends, we say that the reliability of system R (system), is
Ry = P (system good given component k is good) P(k is good)
+ P (system good given component k is bad) P(k is bad) (4.1)

In figure (4.1) component C, fis selected for the key component;

thus we have the expression for system reliability
RS = P(System goodlcz) P(Cz) + P(system faT]SIEZ) p(cz) (42)

where C.i indicates that the izh-component is good

C, indicates that the it component is bad.

If component C2 is good the system can fail only if both C4 and C5 fail.

The system reliability, given C2 is good, is

Ry (if Cy is good) = (Ry + Rg = Ry - R5) -+ (R)) (4.3)

If on the other hand Cz is bad the system fails only if the two paths

01C4 and C3C5 fail. Thus the system reliability for C2 bad, is
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R (if C, is bad) = (RyRy * RgRz = RiRgR4R:) - (1-R,) (4.4)

Now by summing equations 4.3 and 4.4 we obtain the reliability of the

system, as

X
|

= P(C, or Cg good). P(C, good) + P(C;C4 or C5Cg). P(C, bad)  (4.5)

Rs . (R4+R5 - R4R5)(R2) + (R1. R4 * R3R5 - R1R3R4R5)(1 - R2) (4.6)

4.2 Formulation of the Optimization Problem
The problem of minimizing the effort for the complex system given in

Figure 4.1, subject to desired system reliability R can be stated as

% (I-Ri
Minimize a. an
H L

=% (4.7)

Subject to
(x4 + xs-x4x5)(x2) + (x]x4 + XgXp - x]x3x4x5)(1-x2) > R
(4.8)

The solution of the above constrained non-linear programming problem can be

obtained by the GREG technique.

4.3 Numerical Examples
The following test problems were solved by the computer program using

the method of GREG for Figure 4.1 .
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1. Assume C] as best component and all others equal.
2. Assume C2 as best component and all others equal.

3. Assume C5 as best component and all others equal.

4.3.1 First Example
The nonlinear programming problem formulated in the preceding section
is restated, when the C] is best component and the objective is to minimize

1- R 1- R2
Minimize e =+ a; wn (3o = ) +a, an (70)
2

+ ag an (] ) +a, an (

1- R
1- x5

+ ag on ( (4.9)

Subject to

R; < X; <1 i= 1,2, vu.s 5 (4.11)

1 1

The numerical values of parameters a, are given in Table 4.1, and

assume R = [0.90, 0.93, 0.95, 0.97] value with initial value [Rl’ RZ’ R3,

Rys R5] < [0.9, 0.7, 0.7, 0.7, 071,

The problem is formulated in GREG format as follows:
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Minimize e = - a; n (] =0. 9) - 3, in (] xz )
- a5 n (}:237) - a, 2n (] - 7)
- ag (7720 (4.12)
Subject to
- (xg + x5 = xg%5) (xp)
- (x]x4 + x3x5-x]x3x4x5)(l - x2) +R<0 (4.13)
Ri =% <1 i % Va2s waey § (4.14)

Four external, user-supplied subroutines will be used (Appendix 4).
The optimal solutions which were obtained are presented in Tables 4.1 to
4.5. Table 4.1 presents the optimal solutions according to different
a (effort coefficient) and R (desired system reliability). Tables 4.2 to
4.5 present the optimal solutions according to different effort coefficient
(a) for the R = [0.90, 0.93, 0.95, 0.97] respectively.

Table 4.5 shows the reliability allocation for each component when

= 0.97. Note that in all cases the increase on reliability cccurred for

the keystone component C2 and the two other components, C, and 05. which

4
follow the keystone component. The C.I and C3 remain unchanged. The optimal
solutions for cases 1 to 3 are identical, and for case 4 and 5 we have dif-

ferent reliability allocations and optimal effort this is because the effort
coefficient is different for the best component in the various cases.

The roles of R] and R3 can be enterchanged for alternate solutions, because

of the symmetry of the configuration.
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4.3.2 Second Example
Consider Figure 4.1 when the C2 is the best component (Rz = 0.9,
=0.7 i=1,3,4,5). The formulation for GREG is

Minimize e = - a; n ( =0. 7) - 3, &N (] -0. 9)
1 T1-x 2 2

-ay m (F20) g (_}12;7)
1-0.7

Subject to

- (x4 + Xg - x4x5)(x2) - (x1x4 t XgXg - x]x3x4x5)(1-x2)
+ R< 0 (4.16)

R. < X. <1 1= 1s 25 sssa D (4.1%)

Four external, user-supplied subroutines will be used (Appendix 4). The
optimal solutions which were obtained are presented in Tables 4.6 to
4.10.

In Table 4.10, the reliability allocation is shown for each component
when R = 0.98. The optimal solutions for cases 1 to 3 are almost identical.
That is, the most expensive component is also the best component; the
optimal effort is e = 2.440. For cases 4 and 5, we have different reli-

ability allocations and optimal total efforts.
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o ) 1-0.7, _ 1-0.7
Minimize e = - ay &n (I-x1 ) - a, an (T-x2 )
1-0.7 1-0.7
" ag i bngt) - ag
1-0.9
- ag n (1-x5 ) (4.18)
Subject to
- (x4 + Xg - x4x5)(x2) = (x]x4 * XgXg - x1x3x4x5) (1-x2) +R<0
(4.19)
Ri < X: < 1 i=1,2, ... 5 (4.20)

Four external, user-supplied subroutines wiil be used (Appendix 4).
The optimal solutions are presented in Tables 4.11 to 4.15.

In Table 4.15, the reliability allocations are shown for the various
component when R = 0.98. Note that all cases the increase occurs for the
keystone component Cz and the two other components C4 and CS which follow
the keystone component. The C] and 53 remain unchanged. The optimal
solutions for case 1 to 3 are identical. For cases 4 and 5, we have dif-
ferent reliability allocations and optimal efforts (Notice the difference
in the values of the effort coefficients). The roles of R4 and R5 can be
enterchanged for alternate solutions, because of the symmetry of the con-

figuration.
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4.3.3 Third Example

Consider again the example of Figure 4.1 when C_ is the best component

5
(R5 = 0.9, Ry = 0.7 i=1,2,3,4). The formulation for GREG is
.. _ 1-0.7 1-0.7
Minimize e =- a; &n (]-x ) - a, &n (]_x2 )
1-0.7 1-0.7
- azn (1-x3 ) - a, n (1-x4 )

1

-0.9
1-X )

5

n |

ag (4.18)

Subject to

- (xq4 + X5 - x4x5)(x2) - (x]x4 + XgXg - x]x3x4x5) (l-xz) +R<0

(4.19)
Ry <% <1 i=1,2, ...h 5 (4.20)

Four external, user-supplied subroutines will be used (Appendix 4).
The optimal solutions are presented in Tables 4.11 to 4.15.

In Table 4.15, the reliability allocations are shown for the various
component when R = 0.98. Note that all cases the increase occurs for the
keystone component C2 and the two other components C4 and C5 which follow
the keystone component. The CT and £3 remain unchanged. The optimal
solutions for case 1 to 3 are identical. For cases 4 and 5, we have dif-
ferent reliability allocations and optimal efforts (Notice the difference
in the values of the effort coefficients). The roles of R4 and R5 can be
enterchanged for alternate solutions, because of the symmetry of the con-

figuration.
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CHAPTER 5
Discussion and Conclusion

5.1 Introduction.

The purpose of this investigation was to find out how robust Albert's
procedure is when the components do not all have the same effort function
and/or when the configuration is not series.

In performing the reliability analysis in the previous chapters, all
the results depend on the structure assumed for G(x,y) = a n (%E%-. It

is of interest to determine what the results would have been for

G(x,y) = a 2"(%$§) and G(x,y) = a(¥y - ¥x ). To answer this question the

following test problems were solved.

5.2 Problem No. 1

1-R;
- 1 B
Case 1 Gi(x,y) = a, In (]'xi) i=1,2,3 (5.1)
1+yi
Case 2 Gi(x,y) = a; In (1+x1) i=1,2,3 (5.2)
Case 3 G.(x.y) = a, ({F; - V%) i =7.2:3 (5.3)

Case 1 is the effort function we used in the previous chapter. We use the
above cases to minimize the effort for three components in a series system

with the values of the constants as:

R] = 0-73 RZ = 0-8, R3 chg

R

0.65,

(=1}
[}

1.0 i=1,2,3.
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The optimal solutions which obtained are presented in Table 5.1.

Table 5.1 Optimal Solution

R R % EFFORT
Initial value 0.7 0.8 0.9
Case 1. 0.85 0.85 0.90 0.979
Case 2. 0.85 0.85 0.90 0.112
Case 3. 0.85 0.85 0.90 0.113

The solutions are identical, indicating that the solution is not very

sensitive to the structure of the effort function.

5.3 Problem No. 2
In this problem we minimize the effort for six components in a series
system (with the same G(x,y) structure as introduced in problem No. 1),

with the value of the constants as:

Ry = 0.75, R, = 0.80, R5=0.87

0.95, Rg =0.99

23
4=
I

= 0.90’ Rs

1.0 12132y 0665 B

R =0.53 a

The optimal solutions are presented in Table 5.2.
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Table 5.2 Optimal Solution.

Initial value 0.75 0.80 0.87 0.90 0.95 0.99

Case 1. 0.85 0.85 0.87 0.90  0.95 0.99 0.778
Case 2. 0.84 0.84 0.88 0.91 0.95 0.99 0.082
Case 3. 0.84 0.84 0.88 0.91 0.95 0.99 0.082

The solutions are almost identical, indicating that the solution is

not very sensitive to the structure of the effort function.

5.4 Conclusion
From the results presented in this study the following conclusions can
be drawn: _
1. The optimal reliability allocation depends on:
I) Series Configuration: R and a.
II) Parallel Configuration: R (not a).

II1) Complex Configuration: R and a.
2. The change of reliability for the:

I) Series Configuration: worst component changes the most.
II) Parallel configuration: best component changes the most.

III) Complex Configuration: keystone component changes the most.

3. The numerical value of the optimal efforts:
I) Series configuration: depends on a.
II) Parallel configuration: does not depend on a

(since the only components changed were those with a; = 1)s
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III Complex configuration: depends on a.
Therefore, the assumption that the effort coefficients are the same for
all components is a rather strange one.
The present work does not pretend to be an exhaustive investigation
in the problem. Many more cases could have been run, but this was not
done because this is a preliminary study and the results are expensive

(each case cost about $2 to obtain).
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The major purpose of this investigation was to discover how
robust Albert's procedure is when the components do not all have the
same effort function. This was done for:

a) A simple series configuration.

b) A simple parallel configuration.

c) An elementary mixed (complex) configuration.

The study also examined the sensitivity of the results to the structure
of the effort function.

The major conclusions were:

1. The optimal reliability allocation depends on:

I) Series Configuration: R and a.
II) Parallel Configuration: R (not a).
II1) Complex Configuration: R and a.
2, The change of reliability for the:
I) Series Configuration: worst component changes the most.
IT) Parallel Configuration: best component changes the most.
[II) Complex Configuration: Keystone component changes the most.
3. The numerical value of the optimal effort.
I) Series configuration: depends on a.
IT) Parallel configuration: does not depend on a (since the only
components changed were those with aj= 1).

[II) Complex configuration: depends on a.



4, The solution was not very sensitive to the structure of the
effort function.
Therefore, the assumption that the effort coefficients are the same

for all components is not justified.



