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Abstract

Studies commonly focus on estimating a mean treatment effect in a population. However,
in some applications the variability of treatment effects across individual units may help to
characterize the overall effect of a treatment across the population. Consider a set of treatments,
{T,C}, where T denotes some treatment that might be applied to an experimental unitand C
denotes a control. For each of N experimental units, the duplet {rr;, rc;}, i = 1,2, ..., N,
represents the potential response of the i™ experimental unit if treatment were applied and the
response of the experimental unit if control were applied, respectively. The causal effect of T
compared to C is the difference between the two potential responses, r; — 1¢;. Much work has
been done to elucidate the statistical properties of a causal effect, given a set of particular
assumptions. Gadbury and others have reported on this for some simple designs and primarily
focused on finite population randomization based inference. When designs become more
complicated, the randomization based approach becomes increasingly difficult.

Since linear mixed effects models are particularly useful for modeling data from complex
designs, their role in modeling treatment heterogeneity is investigated. It is shown that an
individual treatment effect can be conceptualized as a linear combination of fixed treatment
effects and random effects. The random effects are assumed to have variance components
specified in a mixed effects “potential outcomes” model when both potential outcomes, 7, ¢,
are variables in the model. The variance of the individual causal effect is used to quantify
treatment heterogeneity. Post treatment assignment, however, only one of the two potential
outcomes is observable for a unit. It is then shown that the variance component for treatment
heterogeneity becomes non-estimable in an analysis of observed data. Furthermore, estimable
variance components in the observed data model are demonstrated to arise from linear
combinations of the non-estimable variance components in the potential outcomes model.
Mixed effects models are considered in context of a particular design in an effort to illuminate
the loss of information incurred when moving from a potential outcomes framework to an

observed data analysis.
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Chapter 1 - Introduction

Treatment heterogeneity refers to the variability of a treatment effect across individuals in
a population. The term treatment effect implies a comparison of one level of treatment against
another. To state that a treatment effect varies across individuals implies that this comparison of
treatment levels is made within an individual. Although such variability has often been
acknowledged as an important consideration in the application of experimental findings to
prospective individual experimental units (EU), many experimental design settings preclude the
comparison of treatment within an individual EU. Consequently, a measure of treatment
heterogeneity is not directly estimable. Therefore, in order to facilitate some sort of decision
about the use of treatment in individual EU’s, general statistical information is gathered about
the average or mean effect and then that same information is applied to the individual (cf.
Marshall, 1997). It should be noted, however, that the mean effect may be misleading when the
effect of a treatment varies widely across individuals. If individual treatment variation is large
with respect to the mean, then the mean treatment effect may appear to be favorable for one
treatment over another while the other treatment may be more favorable for a non-negligible
proportion of the EU’s in the population.

Crossover designs are one type of experimental design that allows observation of an
“individual treatment effect” because an individual crosses over from one treatment to another
after a washout period, thereby providing observable responses to each of the two treatments.
Therefore, they have been recommended as a design that provides more capability of evaluating
treatment heterogeneity in a study (cf., Senn, 2001). However, estimating treatment
heterogeneity, even in crossover designs, can involve assumptions that are not always explicitly
stated or apparent in random effects models. More about these assumptions will be discussed in
the next chapter.

Another approach to assessing treatment heterogeneity is the use of a potential outcomes
framework. Potential outcomes (Rubin, 1974) can help elucidate the role of treatment
heterogeneity in a statistical analysis. In this framework, an unobservable, individual treatment
effect is defined. It is the variance of this individual difference that is of primary interest.

This research explores issues that arise when estimating a variance of individual

treatment effects. This variance serves to quantify the degree of treatment heterogeneity in a



population. Concepts presented here should be useful for applications where estimating this

variance, in addition to estimating a mean effect, may be of interest.
1.1 Potential Outcomes

1.1.1 Causal Effect and the Fundamental Problem of the Causal Inference
Consider a set of treatments, {T, C} say, where T denotes some treatment that might be
applied to an EU and C denotes a control that also might be applied to an EU. For each EU,
consider the duplet {r, -}, which represents the potential response of the experimental unit if
treatment were applied and the response of the experimental unit if control were applied,
respectively. The true causal effect of T compared to C, denoted d, is the difference between the

two potential responses. That is,

d=rr—1¢ (1.1)
Notice that it is important to use terminology such as “imagine”, “consider”, or
“conceptualize” when discussing potential outcomes as it is impossible to simultaneously
observe all potential outcomes for a given experimental unit at a particular time. Only one of the
potential responses is actually observable. This constraint of a potential outcomes framework
has been called the fundamental problem of causal inference (Holland, 1986).

Although direct observation of the true causal effect is unachievable, the potential
outcomes framework is still a very viable pedagogical tool for conceptualizing varying responses
to the application of different treatments. As discussed in the next chapter, much work has been
done to elucidate the statistical properties of a causal effect, given a particular set of

assumptions.

1.1.2 The Randomization Mechanism and Naive Difference
As noted above, only one potential response may be observed for a given EU at a given
time. The question then becomes which of the potential outcomes should be selected for the
observable outcome and how should that choice be made. From a statistical perspective, the
inherent answer is to permit random chance to select the observable responses from the potential

responses.



Define a random indicator variable, Wi, such that

11, if j*" experimental unit receives T
J 0,if jt" experimental unit receives C

Define the observable outcome of the j* experimental unit, R;, as follows:
R; =rTj'M/}+er'(1_M/}')

where rr; and rc; are the potential responses of the jt* experimental unit. In potential outcomes

literature, the probability distribution of W is referred to as the randomization mechanism.
Once the samples have been selected, define the usual mean difference using the

observable outcomes

N N
_ 1 1
== W= —2 re; (1= W) (1.2)
Nt £ Nc £
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where Ry. is the arithmetic average of the n, responses for those units whose potential response
under T was selected to be observed and R,. is the arithmetic average of the n. responses of
those units whose potential response under C was selected to be observed. We distinguish D
from the true individual causal effect given in (1.1) by referring to D as the naive difference or
the naive effect. In a usual two-sample completely randomized design (CRD), the mean in (1.2)
would be an estimator for a population mean. Here, however, it is interpreted more generally as a
naive effect in a CRD because it is the only effect that could be attributed to individuals and
would be a naive version of the true quantity in (1.1). In later designs, such as the matched pairs
design, the naive effect would be a paired difference and would serve as a naive version for the
true effect for two individuals in a pair. More distinction between “naive” individual effects

versus their true counterparts will be discussed in later sections.



Employing the randomization mechanism effectively removes one-half of the potential
outcomes to yield the observable data. Removing one-half of the data alters the dataset in such a
way that certain quantities become inestimable. Consequently, information about pertinent
effects is lost. A reasonable question to ask is “What information is no longer available after
implementing the randomization mechanism?” Answering this question is a key component to
relating a potential outcomes model to an observable data model. Throughout this paper, it is
assumed that estimable effects in a potential outcomes model that are no longer estimable after
implementing the randomization mechanism are not removed from the model but, are
confounded together to produce the “residual” term in the corresponding observable data model.
Thus an observable data model produced from a potential data model contains the estimable
effects in the potential outcomes model that remain estimable after implementing the
randomization mechanism and the “residual” term consisting of the effects from the potential

data model that are confounded.

1.1.3 Inference Space and Statistical Properties of Potential Outcomes

In the potential outcomes framework, we conceptualize the experimental process as the
selection of a finite set of N duplets (F) from an infinite population of duplets (©2). Each duplet
contains the set of potential responses for an EU. A randomization mechanism is then employed
to the duplets in F to select which EU’s have their potential response under treatment selected as
the observable response and which EU’s have their potential response under control selected as
the observable response. As in the “usual” experimental setting, the end result is a collection of
nr EU’s receiving T and n EU’s receiving C, where N = ny + n. . From a broad inference
space perspective, the duplets are independent of one another, and the potential responses within

a duplet follow the joint distribution:

TT]-) { U l a% Prc* aTaCl}
~ ) 1.3
(rcl' (,uc) Prc " 070¢ ot (13

where pr is the correlation of the potential outcomes. It should be expected that the two
potential responses are correlated as they are potential responses of the same individual under
different treatment conditions. The correlation, however, is non-estimable due to the

fundamental problem of causal inference.



Much work has been done to elucidate the statistical properties of d, defined in (1.1),

under certain sets of assumptions. With D given in (1.2), it can be shown that
Eq[D] = Eq[Ew(DIF)] = Eqd] = pa (1.4

where d = %2?’:1 d;j, where pg = ur — uc, and where the unconditional expectation is with

respect to the distribution in (1.3) from which the finite set F is selected.
Similarly, based on the properties of conditional variance and assuming uniform

randomization,
varg[D] = varg[Ey (D|F )] + Eqlvary (D|F )] = varg|d] + Eq[vary, (D|F)]. (1.5)

Notice that

varg[D] = varg|d] (1.6)
with equality if and only if vary,(D|F ) = 0. In other words, the equality holds if all of the
variability in the estimator D for u, is in the selection of the finite set F from the broader

population. The inequality incorporates random variability resulting from the treatment

assignment mechanism

1.2 Overview of Research

Identifying the presence of treatment heterogeneity is the first step in determining
whether one treatment compared to another is uniformly more efficacious for all EU’s within a
given population or whether the efficacy of one treatment compared with another depends on the
EU under consideration. If treatment heterogeneity exists, then it would be reasonable to try and
identify the most effective treatment for a particular EU, based on the individual characteristics
of that EU.

Treatment heterogeneity has been clearly defined in terms of the variance of a true causal
effect by Gadbury et. al (2001), among others, using a potential outcomes framework. The

statistical properties of this variance compared with the variance of a naive effect have also been



considered from a finite population perspective, where the naive effect depends on the design.
More details on this and other pertinent results from published literature will be presented in
Chapter 2. From an infinite population perspective, Senn (2001) discusses an estimable subject-
by-treatment variance in a repeated measures crossover model. Based on results presented in
Chapter 3, relating this subject-by-treatment variance to the variance of the true causal effect
requires additional assumptions.

To my knowledge, no one has tied the quantities defined in a potential outcomes
framework that describe treatment heterogeneity to the components of an infinite-population
linear model. Linear models and, in particular, linear mixed models are quite flexible for
modeling data from complex experimental designs. Investigating treatment heterogeneity in data
from complex designs using a randomization based approach on a finite population becomes
nearly intractable for complex designs (cf. Ndum et al., 2012). In particular, some designs
analyzed by linear mixed models produce an estimate of a subject-treatment interaction variance
component, but it is not clear how this component relates to the variance of true effects and/or
what assumptions are required to equate the two. It is the goal of this research to, first relate
potential outcomes to a linear model in a two-sample completely randomized design (CRD) and
detail the loss of information that occurs when moving from a potential outcomes framework to
an observable model setting. In addition, I will describe new information gained about treatment
heterogeneity by considering increasingly complex experimental designs. In particular, I will
show that, while the variance of the true causal effect remains inestimable, it can be bounded
above, and in some designs, bounded above and below, by linear combinations of estimable
variance components associated with random effects from the observable linear model. The
purpose of this research is to clearly delineate the assumptions necessary to equate treatment
heterogeneity in a potential outcomes framework to estimable components of an observable data
model.

Chapter 3 presents the results of this process carried out under the assumptions of
independent random effects and Gaussian data. In Chapter 4, issues raised in Chapter 3
concerning correlation and the relationship of model sums of squares to finite population
variance estimates are resolved. Chapters 5 and 6 contain papers prepared for submission in
peer-reviewed journals. Both chapters include extensions of the research in Chapter 3 to more

complex treatment structures. Chapter 6 also includes a discussion of the extension of this work



to generalized linear mixed models. SAS codes used in Chapters 3 through 6 are standard SAS
codes, and are available upon request. | conclude with a discussion of ideas for future work in
Chapter 7.



Chapter 2 - Review of Literature

This chapter reviews the statistical literature on potential outcomes, treatment
heterogeneity and linear models. This is not intended to be an exhaustive review of the pertinent
literature on these topics, but it is intended to serve as a summary of the key contributions
addressing the question at hand, namely how to model data when individual treatment

heterogeneity is suspected.

2.1 Potential Outcomes

In 1990, Terrance P. Speed and Dorota M. Dabrowska edited and translated from Polish
into English a 1923 publication by Jerzy Neyman in which he states,

“...let us consider a field divided into m equal plots and let Uy, U,, --- U,,, be the true yields of a
particular variety on each of these plots...If we could repeat the measurement of the yield on the
same fixed plot under the same conditions, we could use the above definition of the true yield.
However, since we can only repeat the measurement of a particular observable yield, and this
measurement can be made with high accuracy, we have to suppose that the observable yield is

essentially equal to U;... "

Thus, we likely have one of the first references to what has come to be known as potential
outcomes. In his discussion following the Dabrowska and Speed translation of Neyman’s 1923
work, Rubin (1990, p.479), often himself credited with first formalizing the potential outcomes
framework (1974), states, “Without a doubt, Neyman (1923) is an important, but previously
unposted milestone, in statistics. ...with respect to his definition of causal effects, although the
underlying implicit definition was relatively common prior to 1923, Neyman certainly appears to
be the first to formalize it.”

Rubin (1974) utilized this potential outcomes framework to first formally define the
causal effect of a treatment versus control as the difference in potential outcomes for a particular
EU. Rubin highlights three important points related to a causal effect. First, a causal effect

requires a comparison of two treatments. This point is reiterated by Holland (1986) in his



discussion of Rubin’s Model for Causal Inference. Second, the causal effect cannot be measured
since potential outcomes cannot be measured simultaneously. Holland referred to this property
as the Fundamental Problem of Causal Inference. Rosenbaum and Rubin (1983) later wrote that
this Fundamental Problem of Causal Inference can be construed as a missing data problem since
either the potential outcome under treatment or the potential outcome under control is missing.

Finally, Rubin maintained that an assumption he termed stable unit treatment value
assumption (SUTVA-Rubin, 1980, 1986) must hold in order for a question to be well formulated
enough to have causal answers. This was a generalization of ideas described by Cox (1958).
SUTVA is the a priori assumption that the value of the response for a particular EU exposed to a
particular level of treatment will be the same regardless of how the assignment of treatment to
the EU is made, and regardless of what levels of treatment are assigned to other EU’s under
consideration. This assumption should hold for all EU’s under consideration in a study. For the
purposes of this research, it is assumed that SUTVA holds for all experimental designs under
consideration.

Potential outcomes are contrasted to observable outcomes, which can be thought of as the
realization of one of the potential outcomes via some selection process. As noted previously, the
inherent selection process for choosing which of the potential outcomes is selected as the
observable outcome is a random process. Rubin (1978; p.34 ) states that a treatment assignment
should be made according to a defined randomization mechanism and “...not according to ad
hoc decisions of the experimenters or the subjects of experiments.” He proceeds to describe a
process under which an experimenter could move from a conceptual collection of data to an
observed dataset. The conceptual data set includes all covariates measured on all EU’s and all
possible values of variables affected by level of treatment assigned to EU under every possible
level of treatment. The observable dataset contains only pieces of information found in the
conceptual dataset. As part of this process, Rubin (1978) defines a random vector, which can
take on one of ¢ + 1 values 0,1,2 ... t, where t is the number of treatment levels under
consideration. The probability distribution of this random vector is referred to as the
randomization mechanism. Furthermore, Rubin(1978, p.42-43) describes circumstances under
which the randomization mechanism is ignorable.

Rosenbaum and Rubin (1983) refined Rubin’s (1978) concept of ignorable treatment

assignment when they defined a strongly ignorable treatment assignment. They argued that the



conditional independence, or lack thereof, of the potential responses and randomization
mechanism given a vector of possible covariates that affect both treatment assignment and
potential responses is a characteristic difference between randomized and non-randomized trials.
If this conditional independence exists, then the treatment assignment mechanism is said to be
strongly ignorable. A strongly ignorable treatment assignment mechanism is a hallmark of a
properly designed, randomized experiment. Unless otherwise noted, a strongly ignorable

treatment assignment is assumed for the purposes of this research.

2.2 Treatment Heterogeneity

In a 1997 feature article concerning the foundations of personalized medicine, Andrew
Marshall (p. 954) wrote,

“...Medicine today is geared around taking statistical information about the general

population and then applying it to the individual...”

If either unit homogeneity or a constant effect (Holland, 1986) are valid assumptions in the
experimental process, then this method of prescribing a level of treatment for a particular EU is
valid. Holland defined unit homogeneity as the assumption that the same level of treatment
applied to distinct EU’s yields an identical response for each EU. The definition of constant
effect permits distinct EU’s receiving the same level of treatment to exhibit varying responses;
however, from a potential outcomes framework perspective, it is assumed that the difference in
potential outcomes within an individual EU is constant across EU’s in a population.

The decision of selecting a particular level of treatment for an individual EU becomes
increasingly complex if the true, causal effect of treatment compared with control varies across
units of a population. While valid estimates of the mean response are still obtainable, the utility
of applying average results to individual EU’s is called into question. Hwang et. al (1978)
discuss a phenomenon they observed in bioequivalence studies which they termed subject-by-
formulation interaction. They pointed out that two treatments that appear similar on the average
could perform very differently in individual subjects. Others have investigated the same
phenomenon, although they may have used different terminology. Cox (1992) used the term

treatment-by-patient interaction and Gadbury et al. (2001) defined what they termed subject-
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treatment (S-T) interaction. All of these ideas attempt to capture the idea that heterogeneity of
treatment effects exist at the individual level.

A consequence of this heterogeneity is that different individuals or groups of individuals
may respond to treatment in opposite directions, with treatment T having higher efficacy for
some and treatment C having higher efficacy for others. At times, this form of treatment
heterogeneity may be accounted for by group or subset identification. The term qualitative
interaction (QI) has been used to describe this condition at the subset level (Peto, 1982). Gail
and Simon (1985) developed a test to detect a QI, and when such tests are significant, optimal
treatments may differ across subsets (Byar and Corle, 1977).

Currently, the study of subset interaction alone may be too restrictive in light of existing
research objectives in areas such as personalized nutrition, health care, and behavioral therapy
(Lewis and Burton-Freeman, 2010; Marshall, 1997). For example, Kent and Hayward (2007, p.
1209) report, “There remain important differences between individuals in each treatment group
that can dramatically affect the likelihood of benefiting from or being harmed by a therapy.”
The possibility of quantifying individual treatment heterogeneity brings the hope of identifying
patients who may respond more favorably to one treatment over another based on personal
attributes of the patient. However, there are those who view evaluating treatment heterogeneity
from an individual perspective as a formidable challenge. For example, Senn (2001, p.1479)
stated that personalized care “...May be rather more difficult to realize than has been
supposed...”

Many methods that estimate a variance associated with treatment heterogeneity are
actually evaluating observable consequences of treatment heterogeneity (e.g., variability across
subsets of a population) rather than assessing treatment heterogeneity at the individual level.
Hence, there is the necessity for a framework that can accommaodate a single, individual EU.
The potential outcomes framework is one such a framework. Other approaches may make
assumptions that are not verifiable in observed data. For example, crossover designs have been
utilized to try and quantify individual treatment heterogeneity. In such a case, one assumption
would be that an observed individual treatment effect in a crossover design is equal to the true
individual effect of treatment. The issues involved with making this type of assumption were
recently discussed in Poulson et al. (2012). Senn (2001) notes that a subject-by-treatment effect

is estimable in an observable, repeated-measures crossover design in which EU’s are measured
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more than once on each treatment. Even so, in order to completely characterize the variability of
response as either between-EU variability or subject-by-treatment variability, one must assume
no variability in EU effect over time and no variability in subject-by-treatment effect over time.
Using potential outcomes and adapting their notation to match that defined in Chapter 1,
Gadbury et al. (2001) used the definition of a ‘true’ individual effect from (1.1) to delineate
assumptions about var(d). They show, given that (rr, r¢) originate from an infinite bivariate

normal distribution defined in (1.3), then
ot =var(d) = 6% + ¢ — 2070¢prc- (2.1)

Notice that (2.1) can be bounded by taking pr. = %1, and estimating all other parameters in

(1.3) from the observed data. Furthermore, they show that the proportion of the population
receiving a harmful effect, or a negative effect, from T, is given by P(d < 0) = ® (;—’Zd) and

may also be bounded. These bounds are given by

q>< _Ha )SP(d<0)SCD< _Hd ) (2.2)

Jo? + % — 20;0, Jo? + at + 2070,

Note that, as in (2.1), the upper bound is achieved when p;- = — 1 and the lower bound is
achieved when pr. = 1. Without loss of generality, assume u; > 0. Then, when p;. = 1 and
or = o, a condition which indicates a constant individual effect (Holland, 1986), then P(d <
0) = 0. Gadbury and lyer (2000) provide maximum likelihood estimates for the parameters
Uq, 07, and o, SO that large sample confidence intervals can be placed on lower and upper
bounds for P(d < 0) using estimates from the observed data. They also consider the role of a
covariate in tightening the bounds.

For certain designs, treatment heterogeneity has been accommodated in a general linear
model (LM) or a linear mixed model (LMM) by including a subject-by-treatment effect. Wilk
and Kempthorne (1955) modeled a subject-by-treatment effect as a fixed effect. First, they
assumed a value of zero for the fixed subject-by-treatment effect in all subjects and all treatment

combinations. Subsequent analyses assumed that the sum of fixed subject-by-treatment effects
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over all units in a population receiving a particular treatment combination was zero. Ghosh and
Crosby (2005) utilized clustering techniques in a crossover design to generate subgroups which
they then considered replicates of one “subject” in order to estimate differences in subject-by-
treatment effects. Kramer et al. (2011) presented a method in which they subtracted the
estimated fixed effects from the observations in a crossover design and applied principle

component analysis to residuals in order to isolate a subject-by-treatment effect.

2.2.1 Statistical Properties of d: Broad vs. Narrow Scope of Inference

McLean et al. (1991) define two possible scopes of inference: “the narrow inference
space” and “the broad inference space.” The narrow inference space presumes that once a finite
set of EU’s is selected from an infinite set, inference is specific to the finite set. A broad scope of
inference extends inference to the population from which the finite set is selected. Extending the
narrow scope of inference to the broad scope of inference is valid only if the finite set is
representative of the broader population.

Historically, statistical inference on parameters in a potential outcomes framework has
often been carried out under the assumption of a finite population from which a sample was
taken. Neyman (1923), Rubin (1974) and Gadbury (2001) showed that the expectation with
respect to the randomization distribution of the naive effect is the causal effect in a two-sample
CRD. That s,

Ey(DIF) =d.

Based on the properties of conditional expectation, it is rather straight-forward to see that both
the naive effect and the true causal effect are unbiased estimators of the true super-population
difference, 4, as shown in equation (1.4). When considering the variance of the naive effect
with respect to the randomization distribution in a two-sample CRD, Neyman (1935) observed
and Gadbury (2001) showed that the “natural” estimate of the finite population variance of the
naive effect taken with respect to the randomization distribution and computed from observable
data is biased. That is, if we denote the “natural” estimate of vary, (D|F ) based on observable

data as v’c?rw(ﬁ |F ) which Gadbury (2001) considered to be the common pooled estimator of

vary, (D|F ), and take its expectation, then
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E{vary, (D|F )} = vary,(D|F).

Furthermore, Gadbury(2001) showed that the bias was a function of the finite population
variance of the causal effect taken with respect to the randomization distribution, vary, (d|F ).

The description of statistical properties of the true causal effect has also been extended to
include more complex experimental designs than simply the two-sample CRD. In Gadbury et al.
(2004), a matched-pairs design was considered where outcomes were binary and in Albert et al.
(2005) a blocked design was considered with, again, binary outcomes. The latter paper produced
nonparametric estimates in a randomization based framework. For continuous outcomes, results
for estimating individual treatment heterogeneity in designs beyond a two-sample CRD were
derived in the context of finite population, randomization-based inference. This was done for a
matched-pairs design and a balanced two-period-two treatment crossover design (Gadbury 2001;
see Gadbury, 2010, for a summary of some results). It should be noted that randomization
techniques for deriving estimators of an S-T variance become increasingly intractable as designs
become more complex.

Dawid (2000) elegantly considered the potential outcome framework from a broad scope
of inference perspective. He clearly defined the joint distributional assumptions commonly
imposed on the bivariate potential outcomes, and delineated the Fundamental Problem of Causal
Inference as a problem of identifying the correlation between potential outcomes within an
experimental unit. Furthermore, he also discussed the assumption of unit-treatment additivity
and how the failure of this assumption to hold leads to a non-uniform causal treatment effect
across EU’s. He even noted the relationship of the variance of the naive effect and the variance
of the true effect given in equation (1.6) from a broad scope of inference perspective.
Unfortunately, it seems that the ambiguity produced by the Fundamental Problem of Causal
Inference soured Dawid on the potential outcomes approach as a pedagogical tool to investigate
the nature of causation. He favored a decision-analytic approach in which he used the
identifiable marginal distributions of responses under both treatment and control in addition to a
specified loss function to predict the response of a future EU. It should be noted that Dawid
(2000) considered only the two-sample CRD and did not explore the potential outcomes model

in more complex experimental designs.
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2.2.2 Treatment Heterogeneity and Unit-Treatment Additivity

In 1947, Cochran described the consequences of carrying out the usual analysis of
variance (ANOVA) when basic assumptions were not satisfied. Four basic assumptions were
considered, the first being that treatment effects and environmental effects, like block effects in a
randomized block design or row and column effects in a Latin square design, should be additive,
not multiplicative. Cox (1958, pp. 14-17) extended this idea of additivity from treatment effects
and environmental effects to treatment effects and subject effects. Cox wrote that many
fundamental experiments assume that the observation obtained when applying a particular
treatment to a particular unit is assumed to be an additive relationship of a quantity depending
only on the particular unit and a quantity depending on the treatment assigned. He noted that,
assuming fixed treatment effects, one consequence to this additive assumption of units and
treatments was that the true, causal effect was constant across subjects. Later, Cox (1992)
termed this assumption of additivity between unit and level of treatment unit-treatment
additivity. The statistical model based on this assumption is frequently referred to as the additive
treatment model. Adapting Cox’s (1992; p.295) notation to fit the notation presented in Chapter
1, this additive treatment model can be written

rr; =71c; td (2.3)
where d is assumed to be constantand j = 1,2, ..., N.

Due to the Fundamental Problem of Causal Inference, the assumption of unit-treatment
additivity cannot be directly checked. While no specific measures exist to show that unit-
treatment additivity holds, there are several indicators that unit-treatment additivity fails to hold.
One such indicator is considered below.

One of the fundamental consequences of the unit-treatment additivity assumption holding
is that the dispersion of potential responses around some measure of center is the same for the
potential responses under treatment as the potential responses under control. Thus, if the
variance of the responses under T and the variance of the responses under C are vastly dissimilar,
then this may be an indication that unit-treatment additivity does not hold. Cox (1992)
recommends a non-linear transformation of the responses in order for unit-treatment additivity to
be achieved. One example of such a transformation is the natural-logarithm transformation.
Consider the case where

TT].: 6 - erl
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for some 6 > 1. This is not an additive model as defined above. If this assumed model is true, it

is very easily shown that

var (TT]-) = 8% -var (Tc]-) > var (Tc]-)-
But, by applying the natural logarithm transformation, it is possible to achieve an additive
treatment model on the log-scale as follows:

In (rr,) = In(rg,) + In(6).

The above scenario is just one possible way in which dissimilar variances between
outcomes receiving treatment and outcomes receiving control indicate a failure of the additive
treatment model assumption to be satisfied. Consider a second situation which amounts to a
variation on the additive treatment model given in (2.3) in which d is permitted to vary
according to the experimental unit, rather than remaining constant across all experimental units.
In essence, each EU is permitted its own causal effect. Again utilizing notation defined in

Chapter 1 with Cox’s (1992) notation, this model might be written as
TTJ. = T'Cj + d],] = 1,2, ,N (24’)

A model of this form may arise as a result of interaction between level of treatment and a unit’s
covariate. These are the circumstances under which Gadbury et. al (2001) defined S-T
interaction.

From a finite population perspective, where d; is considered a fixed quantity, one
difficulty in working with a model like that in (2.4) is that the number of parameters under
consideration can quickly escalate. In a situation where a typical null hypothesis might be of the
form, Hy:d, = d, = -+ = dj;, the results of the test or estimates of a set of confidence intervals
may be incomprehensible. Typically, methods are sought that reduce the dimension of the vector
of parameters under consideration. One such approach is to take an infinite population

perspective and consider the d;'s as a random sample from some distribution such that

di~(1a, 04%)
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thus reducing the complexity of the problem by considering only two parameters: pg, o4%. It

should be straightforward to see that if model in equation (2.4) is true, then
var (TT]-) = var (ch) +04%+ 2 cov (rcj, d]-).
The variances of the potential outcomes are equal if and only if

04%+2-cov (ch» d]-) = (02 + o — 2070cprc) + Rorocprc — 208) =

02 —aé =0. (2.5)

Otherwise, heteroscedasticity of variances exists.

To clearly understand the relationship between treatment heterogeneity and
heteroscedasticity of variances, consider equation (2.1) as a function of p4, the correlation
between potential outcomes given in (1.3). Notice that (2.1) achieves a maximum when
prc = —1 and a minimum when py. = 1. Also note that when p¢ = 1, 0,2 = (o7 — 0¢)? and
when prc = —1, 6,2 = (a7 + a¢)?. So even though o472 is not identifiable in an observable

model setting, it can be bounded as follows:
0< (O-T — Uc)z < O'dz < (O-T + O-C)Z (26)

It should be clear from (2.6) that 642 = 0 when o2 = ¢ and pyc = 1. Thus 4% = 0 implies
homoscedasticity of variances and (2.5) holds. It should also be clear from (2.6) that if
heteroscedasticity of variance exists, then o;2 > 0.

It should be noted that it is possible for 62 = ¢ and yet the unit-treatment additivity
assumption to still be violated. Note that (2.5) implies homoscedasticity of variances regardless
of the value of pyc. Thus if 2 = 6 but pyc # 1, then (2.5) still holds even though 42 # 0,
indicating the presence of treatment heterogeneity. If it were possible to estimate some quantity
that indicated the existence of treatment heterogeneity, then this estimate might provide evidence
that the unit-treatment additivity assumption is violated, even when the variances of the potential

outcomes are equal.
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2.2.3 The Role of Covariates in Identifying Treatment Heterogeneity

As it has already been noted, the nature of treatment heterogeneity and its impact on
choice of treatment for an individual EU has interested researchers from a variety of fields for
decades. In particular there is a wide assortment of subset treatment heterogeneity literature in
clinical trials research. Subset treatment heterogeneity differs from individual treatment
heterogeneity in that subset interaction (SI) occurs when the effects of T and/or C change based
on the subset identifiable by an observable covariate (Milliken and Johnson, 1984, p. 113). As
Poulson et al. (2012) point out, individual treatment heterogeneity can be construed as subset
treatment heterogeneity with the size of the subset equal to 1 EU. Therefore, individual
treatment heterogeneity might be considered one form of subset treatment heterogeneity and it
would seem beneficial to consider methods developed to identify and interpret subset interaction
based on observable covariates in an attempt to elucidate the nature of individual treatment
heterogeneity.

Byar and Corle (1977) began to develop the use of multivariate regression methods to
define subsets for which T or C may be superior; however, they cautioned that “The proof of any
conclusions tentatively drawn must depend on future experiments designed specifically to test
the results suggested by the analysis” (Byar and Corle , 1977; p. 458). Later, Peto (1982)
distinguished between quantitative subset interaction and qualitative subset interaction, the
former meaning a change in magnitude of effect only across subsets, and the latter taken to mean
a change in magnitude and direction of effects across subsets. Gail and Simon (1985), Silvapulle
(2001), and Li and Chan (2006) all developed formal tests for qualitative interaction based on
subsets formed using values of observable covariates.

While no such formal test for the existence of individual treatment heterogeneity has
been developed, covariate information has been used to gain additional information about model
parameters that would indicate the presence of individual treatment heterogeneity. Gadbury et
al. (2001) showed that using a continuous covariate, say Z, that is not affected by the treatment
and that augments the potential outcomes, the overall variability of individual effects can be
reduced. The results shown here have been adapted to accommodate the notation presented in

Chapter 1. Assume that the distribution of d given Z = z, is normal with conditional mean

Ua|z=zy = UT — Uc t+ (Brz — Bcz) (2o — 1z) (2.7)
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and conditional variance
2 _ 2 2
O4)z = 01|z T 0¢|1z — 20720¢\12P1c|2" (2.8)

Brz and Bz in (2.7) are the slope coefficients between Z and r; and Z and r, respectively, and
prciz in (2.8) is the partial correlation of rr and r given Z. The conditional variances, aﬁz and
a§| 4 , are allowed to be different across the two treatment groups but are assumed not to depend

on the value of Z. Coupled with (2.7) and (2.8), Gadbury et al. (2001) showed that

2
o5 = (O'T|Z - UC|Z) + 2UT|ZO'C|Z(1 - pTC|Z) + (Brz — Bcz)?o%.

Therefore, if evidence showed that S, # B¢z, a§|z may be less than a3 making it possible to

reduce the bounds on P(d < 0) over Z = z,. Thus similar to (2.2) the proportion of the

population receiving a harmful effect under T for a particular value of z = z, may be bounded

by

@ _Bdiz=2g < P(d < 0)zey <@ _Bdiz=2g , (2.9)

2 2 2 2
\/O-T|Z+O-C|Z_20-T|ZUC|Z \/O‘TIZ+0'C|Z+20'T|ZO'D|Z

by letting the partial correlation pr¢|; be 1 and -1, respectively. Confidence intervals for the
bounds on P(d < 0)z-,, given in (2.9) can be derived using bootstrap samples from the
observed data or using asymptotic properties of maximum likelihood estimators (cf. Gadbury et
al., 2001).

Zhang et al. (2013) used covariate information to tighten the bounds given in Gadbury et
al. (2004) for the proportion of a population experiencing a detrimental treatment effect when
potential responses were binary instead of continuous (i.e.- a potential response under C
indicating success and a potential response under T indicating failure). Methods were presented
under three sets of assumptions pertaining to the conditional independence of potential responses

given a set of covariates.
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2.3 Linear Models

As stated in section 1.2 of Chapter 1, one of the purposes of this research is to tie the
potential outcomes framework to a linear model. The following section briefly reviews the
pertinent literature pertaining to the development of statistical linear models.

Statistical models are concerned with relating the observations from a set of data to a set
of components that is believed to give rise to the dataset. Based on statistical models, an attempt
is made to make inference about these components. In earliest forms, a statistical model required
three parts: the observation, the deterministic component, and the random components.
Deterministic components (also referred to as systematic components) are considered to be
determined by the level of treatment assigned to a particular EU. These deterministic
components are assumed to be fixed constants. The random components describe how each
individual response varies about the systematic component. As Stroup (2013) notes, the random
component is a characterization of the uniqueness of the individual EU. By carefully stating
relevant assumptions, the most common form of a statistical model takes the following generic
form (Gbur et. al,2012):

observation = deterministic component + random component

While, technically, statistical models are approximations and it is unlikely that data are generated
according to such a pedestrian process, the development of more complex approximations based
upon this simple linear relationship has provided meaningful methods (i.e. logistic regression,
Generalized Linear Mixed Models, etc.) of analyzing data that are vastly different than those data

typically presented in an introductory statistical setting.

2.3.1 General Linear Models (LM’s) and Linear Mixed Models (LMM's)

A complete history of the origins of the statistical linear model is well beyond the scope
of this dissertation. Even if it were to be attempted, it would be imprudent to think that this
author would be able to offer much in the way of additional information to what has already been
summarized by those who are far more qualified to give attention to the subject. The interested

reader is referred to the following three works in particular for a rather detailed history of the
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general linear model: Eisenhart (1947), Scheffe (1956), and Searle et. al (1992, chapter 2). The
following section is simply a brief overview of what is contained therein.

It is interesting to note that statistical modeling seems to have originated in the field of
astronomy. In particular, Scheffe (1956, p.255) notes “...Very explicit use of a variance-
components model for the one-way layout is made by Airy (1861, Part IV), with all the subscript
notation necessary for clarity...Airy assumes the following structure for the jt" observation on
the i*" night:

Yij =ptcte

where p is the general mean or ‘true’ value and the {c;} and {e;;} are random effects...”

Searle et al. (1992) detail additional contributions to statistical modeling and variance component
estimation throughout the latter part of the 19" century and the early part of the 20™ century
including the likes of Tippett (1931), Fisher (1918, 1925; although he did not explicitly apply
linear modeling) and Neyman (1935).

Eisenhart (1947) distinguished between two types of linear statistical models, which he
termed Model | and Model 1l. The former has come to be known as the fixed-effect or general
linear model (LM) while the latter has come to be known as the random-effects model. Under
the assumptions of the LM, responses are independently distributed, Gaussian random variables
with a common variance and a mean that is taken to be fixed constant. Means of the responses
may possibly differ depending on which level or combination of treatment factors are applied to
the EU, however any difference between two means of interest is also taken to be a fixed
quantity. Under the assumptions of the random-effects model, all treatment factors that are
thought to affect the value of a response are considered random variables with a common mean
of zero, but possibly different variances for each factor. Thus all observations, regardless of
level or combination of treatment factor applied to the EU, are thought to vary around one
common mean. Statistical models containing both fixed and random effects have been termed
linear mixed models (LMM).

Over the past 40-50 years, statistical modeling has become a foundation in most
introductions to statistical analysis. As such, there is a vast body of literature detailing methods

for estimation of mean treatment effects, variance component estimation, inference procedures,
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and confidence interval estimation in LM’ s random effect models and LMM’s. Among the most
notable are Searle (1971), Rao (1973), Graybill (1976), and Hocking (1985).

2.3.2 Generalized Linear Models(GLM’s)

In the previous section, it was noted that the LM and the LMM had the following two
defining characteristics: first, the random components of the model were assumed to follow a
normal distribution; second, the responses were modeled as a linear combination of fixed and
random effects. The natural sequela of such investigations is to consider a scenario in which the
responses do not follow a normal distribution. The following sections summarize the pertinent
literature pertaining to such an investigation.

Although analyses pertaining to certain instances of non-normal data existed dating back
to the mid 1930’s, usually incorporating some transformation of the data, it was Nelder and
Wedderburn (1972) that clearly described a theory for modeling non-normally distributed data
which they termed Generalized Linear Models (GLM), so as not to be confused with the general
linear model (LM) of the previous section. They described a method in which they used iterative
weighted linear regression to arrive at maximum likelihood estimates of distribution parameters
for distributions that were members of the exponential family. Furthermore, they modeled the
mean of the responses as a monotonic transformation of a linear model. It should be noted that
the linear models in this context contained fixed effects only.

Wedderburn (1974) extended these results so that in order to obtain parameter estimates,
one need not know the actual distribution of the data, but must specify a quasi-likelihood
function which is a function the defines the relationship between the mean and variance of the
distribution. Wedderburn (1974) showed that a quasi-likelihood function possessed properties
similar to properties of log-likelihood functions and thus maximum quasi-likelihood estimates of
the distribution parameters could be obtained using iterative estimation procedures. Finally, he
demonstrated that estimates obtained using maximum likelihood estimation as in Nelder and

Wedderburn (1972) were a particular case of the quasi-likelihood approach.

2.3.3 Generalized Linear Mixed Models (GLMM)
After Nelder and Wedderburn (1972) published their results on GLM’s, the next logical
progression was to try and extend the GLM to include both fixed effects and random effects in

the monotonically transformed linear model. Models that included both fixed and random
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effects for non-normal data have become known as Generalized Linear Mixed Models (GLMM).
Many researchers sought to do this from the mid 1980’s to the mid 1990°s. Two papers in
particular are noted here. Breslow and Clayton (1993) and Wolfinger and O’Connell (1993)
both demonstrated that estimates for fixed effects and random effects could be found by solving
what have been termed the general mixed model equations (cf. Littell et. al, 2006; Ch. 14) which
are a type of extension of mixed model equations to a non-normal setup. In both papers, iterated
techniques were used to arrive at solutions rather than more cumbersome numerical methods that
had been used previously to estimate effects in GLMM’s. The difference between Breslow and
Clayton (1993) and Wolfinger and O’Connell (1993), as the latter pointed out, was the
assumptions about the values that certain model parameters could take. By constraining the
dispersion or scale parameter defined in Wolfinger and O’Connell to equal 1, they demonstrated
an equivalent analysis to that produced by Breslow and Clayton (1993). Thus Wolfinger and
O’Connell’s (1993) method may be thought of as a generalization of Breslow and Clayton’s
(1993) method. It should also be noted that Wolfinger and O’Connell’s work (1993) forms the
basis of the theory underlying PROC GLIMMIX in SAS.
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Chapter 3 - Completed Research: Gaussian Data

3.1 Model Assumptions and Simulation Methods

This chapter presents results for potential outcome models and observable data models in
each of five common experimental designs, assuming Gaussian random effects. The five
experimental designs included the Two-Sample CRD, the Matched Pair Design (RCBD); the
Generalized Complete Block Design (GRCBD) containing two observations per level of
treatment, T and C within each block; the Two-Period-Two-Treatment Crossover Design; and
the Repeated Measures Crossover Design with Two Treatments where each level of treatment is
randomly assigned to two of four total time periods for each EU. Some of the material presented
in this chapter on the CRD and RCBD designs has been reviewed and published in Richardson
and Gadbury (2012).

Stroup (2013) developed a method termed What Would Fisher Do (WWFD) to correctly
identify the components of the LMM. This method was based on the contribution Fisher made
to a discussion paper authored by Yates (1935). We adapted this method and applied it to the
potential outcomes framework to identify the potential LMM’s for the experimental designs
presented in the subsequent sections. As in Wilk and Kempthorne (1955), we assume no
technical error.

For each of the five experimental designs, models were considered for each of two
variance/covariance structures. The first structure assumes that all random effects are mutually
independent of one another and that each random effect has its own variance component that is
common to both levels of treatment, T and C. This variance structure will be referred to as the
common variance structure. The second structure still assumes mutual independence of random
effects, however outcomes under treatment are permitted a distinct variance component from
outcomes under control. This variance structure will be referred to as the distinct variance
structure. Only pertinent results for the distinct variance structure will be given in this chapter.
See Appendix A for a set of complete results, including the common variance structure. Under
both sets of assumptions for all experimental designs, the expectation of all random effects is
assumed to be zero. With this structure, the treatment heterogeneity variance for the particular
design is derived using potential outcomes and is shown to be linear combinations of variance

components. Then the model is defined in terms of observable data and, where appropriate, the
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variance of a naive version of a treatment heterogeneity is derived. The connections between the
naive version and the true variance of individual effects are then established. The assumptions
required to equate the two, or to bound the latter by estimable quantities are stated.

Derived results are illustrated using simulated data. Using SAS statistical software,
potential outcomes data were simulated for each experimental design, under relevant
assumptions. A total of S = 100 simulations were performed. Within each simulation, data
were simulated for three distinct sample sizes. Unless otherwise specified, it is assumed that
there are N total EU’s in an observable experiment. Consequently, there are tN responses in a
potential outcomes framework, one response for each of t levels of treatment imagined to have
been simultaneously applied to each of N EU’s. For all experimental designs in the following
sections, t = 2. The resulting number of responses in each potential outcome framework will be
highlighted for each experimental design in the results sections below. Where applicable, ny
and n refer to the number of subjects per treatment level, T and C, respectively. For the
purposes of these simulations, we assumed designs were balanced. That is, we assumed
Ny = Ne = N.

PROC GLIMMIX was then utilized on the simulated data to obtain REML estimates of:
(1) the difference in fixed treatment effects between the two potential outcomes, (2) the
variances of the random effects included in the potential model, and (3) the variance of the
difference in the two potential outcomes, denoted var(d).

Next, one-half of the data were removed to simulate observed data under uniformly
random treatment assignment. Of the observations that were removed, one-half were treatment
potential responses, and one-half were control potential responses. PROC GLIMMIX was again
utilized on the observed data to obtain REML estimates of: (1) the difference in fixed treatment
effects between the two treatment groups, (2) the variances of identifiable random effects in the
observable model, (3) the variance of the linear combination of non-identifiable random effects
that constitute the residual term or error variance in the observable data model, and (4) the
variance of the naive difference in observable data, denoted var (D).

Boxplots of estimates resulting from the S = 100 simulations were plotted for each of
the three sample sizes to examine the shape and spread of the distribution of parameter estimates.

The mean, median, minimum, maximum and standard deviation of the 100 parameter estimates
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were computed. Then the mean of the S = 100 simulations was compared to the simulated

value for each of the respective estimates.

3.2 Two-Sample CRD

Table 3.1 gives the effects and assumptions for both potential and observable models. A

direct relationship between the two models is established by defining

eij = Sj + STij (31)
since multiple observations per subject are “lost” when the randomization mechanism is invoked.
Thus the residual term in the observable two-sample CRD consists of the confounded subject and
subject-by-treatment effects from the potential model. If such confounding occurs, then

% =02+0% i=T,C. (3.2)

by the independence assumptions given in Table 3.1. Under the assumption of unit-treatment

additivity, st;; = 0 forall i and j and

Thus

irrespective of the level of treatment assigned to the j* EU.

Model Model Parameters Assumptions
Potential Model ;= U+ T+ s+ STy, sj~iid N(0,0¢)
= T; Cl STT]' 0 O-SZT 0
j=12,..,NEU's [srcj] ~MVN [(0)' 0 o2

s; and st;; are independent.

Observable Model Rj=p+1+e; [eTj] MVN (0) o O
i=T,C; €cj 0/'\ 0 oZ%
j = 1,2, o NG

EU’s per level of trt

Table 3.1 Model effects and assumptions in a 2-sample CRD.
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Define the true causal effect to be the difference in potential outcomes for the j* EU.
That is

d] = T'Tj - er . (33)

Given the potential model and assumptions in Table 3.1, the variance of the true causal effect is
readily seen to be
var(d;) = var(u+tr +s; + st0; —p— ¢ — 5 — ST¢j) =

var(tr — t¢ + str; — s1¢j) = var(sty; —st¢) = & + ok (3.4)

Since only one observation per EU is recorded, an individual naive effect is undefined in
the 2-sample CRD. However, it is possible to compute the variance of an average naive effect,
D, defined in (1.2). Under the model assumptions given above, the variance of the average naive

effect is given by

1 nr 1 Nc
var(D.) = va —ZR .——ZR. =
(D) r Ty 4 Tj . Cj
j=1 j=1
nr nc

1 1
Fvar ZS]'-FSTT]' +FUCI,T Zsj+STCj =
Cc

T = =1

2 2 2 2 2 2 2 2
o5 + OsT + os + Osc _ Oer | OcC _ Oer + Oec

,Whenn; =n; =n. (3.5)
nr ne nr  Ne n

Writing the result in (3.5) in terms of quantities from the potential model in Table 3.1 gives,

(202 + 0& + 0)

n

var(D.) =

=

n-var(D) = (20 + 0% + 0%) = 4 + 0% = 202 + var(d;) (3.6)
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Observed Data: Upper Bound var(d_j)
tau1=>5, tau0=2, mu=3.5
Variance: Subject=2, Subject*Trt=5, Subject*Ctrl=2

Overall Statistics: Ctrl Variance=11
Min 1.472901 5.42146 7.388777
Mean 11.25184 11.61277 10.92221
Q2 10.09225 11.51037 11.15894
Max 30.28123 18.89916 16.61605
Std Dev 5.634205 3.236864 1.559685
40
30 T
&
L
€ 2
P
[

<5 n*var(D)=11
10
var(d)=7

Figure 3.1 Bounding the Individual Causal Effect: 2-Sample CRD.
n-var(D.) = var(d;;). Box plots of the S = 100 estimates of n - var(D.) at N=10, 30, and 100 Dotted lines
represent values used in the simulation design.

when the design is balanced. var(D.) is estimable in observable data but the individual
components are not. As demonstrated in Figure 3.1, one can see that n - var(D.) is an estimable
upper bound for var(d]-), the variance of individual effects. Equation (3.6) also demonstrates
that equality of var(d,) and var(D.) is achieved when 62 = 0. Recall that o is the variance
attributed to EU’s, so equality of var(d;) and var(D.) would require that all j = 1,2, ... N EU’s
in the experiment be identical to one another in every respect except which level of treatment
they were assigned to receive.

A comparison of var(dj) with var(D.) might seem a bit unusual since var(D.) is
computed based on aggregate information from a sample and var(dj) is computed based on

information available from a single EU. Therefore it is possible to define

rT] rC] (3.7)

1
N

an

and note
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var(d.) ——var [z T, = rC] ——var E(STTJ st¢)| =

o + o5 _ var(d;)

N N (3.8)
Combining the results of (3.6) and (3.8), note that
var(d ) n -var(D) wvar(D)
var(d.) = N =—
=
_ D.
var(d.) < var(D.) (3.9)

when a two-sample CRD is balanced.

Figure 3.2 illustrates the results of (3.9). For each sample size, boxplots of the S = 100

var(D ) var(D.)

are shown in blue and estimates

values for and var(d.) are shown. Estimates of ——

var(D.) is

for var(d.) in red. For each sample size, the mean value of the 100 estimates of

greater than the mean value of the 100 estimates of var(d.).

Variance Comparison:
Avg Naive Effect vs Avg Causal Effect

+§-;._b

0 —=—

10 30 100
N
Model ® Observed B Potential

(=]
@ a O O
o]

Variance

Figure 3.2 Bounding the Average Causal Effect: 2-Sample CRD.
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Tables 3.2 (i), 3.2 (ii), and 3.2 (iii) give more specific results of all effects of interest
based on S = 100 simulated data sets. Values represent the mean and standard error of
estimates across the S = 100 data sets. Table 3.2 (i) gives results for the fixed treatment effect
for the model fit to both potential and observable data, Table 3.2 (ii) shows the results for the
random effects in the potential model and Table 3.2 (iii) the results for the random effects in the
observable model. In all cases, as the sample size increased from 10 to 30 to 100, the variability
of the effect estimates around the true simulated value decreased, and in all cases, the estimated
value of the simulation parameter based on the S = 100 simulations is within 2 standard errors
of the true value. Comparing the standard errors of the estimates between potential data and
observable data in Tables 3.2 (ii) and 3.2 (iii) reveals a larger standard error for the observable
estimates. This is to be expected as the observable estimates are computed from half the data,
compared with the potential data.

Of particular note is that the estimates of var(dj) given in Table 3.2 (ii) seem to be
reasonable estimates of the theoretical value derived in (3.4). In these simulations, 6. = 5 and
0% = 2. Thusby (3.4), var(d;) = 0% + 0% =5+ 2 = 7. Indeed, Table 3.2 (ii) demonstrates
that the potential model estimates of var(d;) were within two standard errors of 7 for each of
the three distinct sample sizes. Furthermore, notice that the estimates for o2 and 62 given in
Table 3.2 (iii) also seem to be reasonable estimates of the theoretical value derived in (3.2),
where it was assumed that the subject and subject-by-treatment effects from the potential model
were confounded to form the residual term in the observable model. Assuming 62 = 2,64 =5
and 6% = 2, then 6% = 7 and 6%, = 4 based on (3.2). The results in Table 3.2 (iii) demonstrate
that the estimates of 62, and o2 are within two standard errors of 7 and 4, respectively, for each
of the three sample sizes considered.

For the two-sample CRD, a comparison was made of two methods for computing
estimates of both var(dj) and pr¢, the correlation seen in the distribution specified in equation
(1.3). Recall that neither quantity is estimable in an observable model. As such, this comparison

was made in the potential model only. Estimates of var(dj) were computed using one of two

methods. The first method, termed Model var(d;) and denoted var(d;), was computed by

summing the variance component estimates obtained from the PROC GLIMMIX procedure.
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Fixed Fixed Std.
Effect Simulated Average Std. Error Effect Simulated Average Error
(Potential) Value 2N (§=100) (5=100) (Obs.) Value N (5§ =100) (8§ =100)
Tr—T¢ 3 20 311 0.10 Tr —T¢ 3 10 3.08 0.14

60 3.04 0.05 30 3.08 0.09
200 3.03 0.03 100 3.07 0.05
0]

. _ ]
Potential Simulated Average Std. Error
Variance Value 2N (§ =100) (S =100)

Subject 2 20 1.85 0.18
60 2.15 0.11
200 2.03 0.06
Subject*Trt 5 20 5.06 0.27
60 5.25 0.17
200 4.96 0.10
Subject*Ctrl 2 20 211 0.16
60 1.98 0.10
200 1.99 0.06
var(d;) 7 20 7.18 0.31
60 7.22 0.18
200 6.95 0.11
(ii)
= ]
Observable Simulated Average Std. Error
Variance Value N (S =100) (S =100)
Trt Residual 7 10 7.25 0.50
30 7.33 0.27
100 6.82 0.15
Ctrl Residual 4 10 4.00 0.27
30 429 0.16
100 4.10 0.08

(iii)
Table 3.2 2-Sample CRD Simulation Results.
Values represent the average and standard error of treatment effect estimates across S = 100 simulations in both
the potential and observable data models for N=10, 30, and 100 for (i) Fixed Effects. (ii) Potential Random Effects.
(iii) Observable Random Effects.

The second method entailed computing the difference in potential responses for each subject and
then estimating the variance of these differences using PROC UNIVARIATE in SAS. This
method is termed Estimated var(d;) and denoted var(d;). Table 3.3 gives the results of this
comparison for one of the S = 100 simulations only. Results of the comparison in the 2-sample
CRD demonstrate that the two methods of estimation yield identical estimates for all 3 sample

sizes.
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Estimation of pc was also carried out using one of two methods. The first method,
denoted Model Correlation, estimated the intra-class correlation coefficient from the variance
component estimates from PROC GLIMMIX. That is

63

\/65?+6.S;T'\/65;+652C

—~

Prc =

Model correlation estimates are required to be non-negative by the assumptions given in Table
3.1. The default procedure of PROC GLIMMIX for handling negative variance component
estimates is to replace the negative estimate equal to zero. Thus, anytime PROC GLIMMIX
encountered a negative estimate of ¢, the estimate of Model Correlation was also zero. The
second estimate of p;., denoted pr¢, was computed by passing the simulated potential outcomes

to PROC CORR in SAS where the Pearson correlation coefficient was computed. That is,

. XN (rrj — 7 ) (rej — 7c.)

Prc =
\/Z?’:l(ﬁj - 77T-) '2?’:1(7”0 - fc-)

This method is termed Estimated Correlation and permitted negative correlation coefficient
estimates. Results given in Table 3.3 indicate that the two methods yielded identical estimates of
correlation. This provides reassurance that the linear mixed effects model is providing estimates
of the correlation in potential outcomes data that yields the same value as Pearson’s computed
correlation on the set of N bivariate potential outcomes. Recall that p. is the only quantity
given in equation (2.1) that is nonestimable from observable data. Therefore since pr¢ is

nonestimable in an observable model, var(d,) is nonestimable in an observable model. As

Model Estimated Model Estimated
2N var(dy var(dp Correlation Correlation
20 3.87 3.87 0.20 0.20
60 11.90 11.90 0.16 0.16
200 6.98 6.98 0.36 0.36

Table 3.3 Different Methods of Estimation: 2-Sample CRD.
Comparison for var(dj) and pr .
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such, any attempt to describe the loss of information incurred by moving from a potential model
to an observable model ought to appropriately estimate p;. in the potential data setting. The
only times these two estimates of p;. differed were when PROC GLIMMIX encountered a
negative estimate of o and replaced the estimate with zero. The corresponding Estimated
Correlation estimate was always negative in such situations. Specifying the potential LMM in
such a way as to accommodate a negative correlation between potential outcomes under
treatment and potential outcomes under control is discussed further in Chapter 4.

The connection between models for potential versus observable outcomes when
evaluating individual treatment heterogeneity lacks some intuition in the CRD because there is
not an actual naive individual effect that can be defined, other than the sample mean difference.
Other designs provide more intuition by having a naive effect that makes more sense when

attributing it to the individual.

3.3 RCBD

Table 3.4 gives the effects and model assumptions for the matched-pairs analysis. These
results are easily extended to a conventional randomized complete block design, but for the
purposes of these simulations, only the matched-pairs design is considered here. A direct
relationship between the observable model and the potential model may be established by

defining

eijk = Sj(i) + bTik + STj(i) k (310)
since multiple observations per subject within a block and multiple observations under a
specified treatment within a block are “lost” when the randomization mechanism is invoked.
Thus the residual term in the observable matched-pairs design consists of the confounded
subject-within-block, block-by-treatment and subject-within-block-by-treatment effects from the

potential model. If such confounding occurs, then

0l = 02 + 0+ 054; k=T,C (3.11)
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Model Model Parameters

Assumptions

POtential MOdel rijk =u + bi + Sj(i) + Tk + bTik + STj(i)k
i=1,2,..,B pairs;
j =1,2 EU's within a pair
k=T,C

Observable Model Rijk = U+ b; + 14 + €y,
i=12,..,Bpairs;
j =1 EU within a pair receiving Trt k

k=T, C

b;~iid N(0, 52)
bt ~iid N(0, o)

» 2
7o @) (% %)

bi!Sj(i)! bTik and ST]'(,:)k are mutua”y
independent.

b;~iid N(0, %)

€ijr 0\ (04 O
[eijc] MVN[(O)'<O ol

b;, e;r, and e are mutually
independent

Table 3.4 Model effects and assumptions in a RCBD.

under the assumptions given in Table 3.4. Furthermore, under the assumption of additivity, both

unit-treatment additivity and block-treatment additivity, bt = sty = 0 forall i and j and

Cijk = Sj@)-
Thus

— 2
Oer = Ogc = O

irrespective of the level of treatment assigned to the jt* EU.

Define the true causal effect to be the difference in potential outcomes for the j&* EU

within the i** pair. That is

dij = Tyr — Tijc -

(3.12)

Given the model assumptions in Table 3.4, the variance of the true effect is given by

var(dij) = var(u + 70 + b; + i) + btir + STjyr — 1 — T¢c — b; — Sjiy — bTic — sTj() C)
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= var(briT — btic + STj)r — STjW) C) =
208 + (0% + 0%) (3.13)

The structure of the matched-pairs design lends itself to an intuitive definition of naive
effect. This is defined as the difference between the EU receiving treatment and the EU receiving

control within the i** pair and is given by
Di ES RiT - RiC' (314‘)

D; may be thought of as a naive version of the true, individual causal effect for the two units in
the i*" pair, which here would be given by d;;and d;,. Given the model assumptions in Table
3.4, the variance of the naive effect is given by

var(D;) = var(p + 7 + b; + Sjcy T bTir + STjyr — M — Tc — by — Sjrpy — bTic — sTjr(py c)
= var(s;q — Sjrq) + bTir — bTic + STjyr — STy ¢)
= (oér + o)
= 20¢ + 205 + (0% + 0%) (3.15)

where the final equality in (3.15) follows from equation (3.11).

Notice, D; is the difference between the observable treatment value and the observable
control value within the i*® block/pair. Denote different EU’s within the same pair as j and j'.
The difference in (3.14) is across EU’s so the difference in random subject terms, s;;) — sj7(;),
remains as a component of D; . Contrast this to var(d;;), where the subject effect is removed
because the difference in potential outcomes is within the same EU. Also notice that based on

(3.11), (3.13) and (3.15), var(D;) is an estimable upper bound for var(d;;) since

var(D;) = 26¢ + var(d;;)
=
var(dij) < var(D;)
o
var(d;;) < 20 + var(d;;)
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(=
var(dij) < 20'52 + Zﬂgt + (O-SZT + O-SZC)
(=

var(d;;) < (6% + o). (3.16)

The third line of equation (3.16) demonstrates that equality of var(dij) and var(D;) is achieved
when g2 = 0. Recall that 6 is the variance attributed to EU’s within a pair. It would be
reasonable to expect that as the quality of matching improves, 62 decreases, and consequently
var(D;) nears var(di j). If a perfect match of EU’s within pair were achievable in an
observable model setting so that a2 = 0, then the estimate of var(D;) from observed data could
indeed be considered an estimate of var(di j). Otherwise, var(D;) serves as an estimable upper
bound of var(d;;).

Tables 3.5 (i), 3.5 (ii), and 3.5 (iii) give the results of all effects of interest based on
S =100 simulated data sets. Within each simulation, the following numbers of blocks of size
n = 2 were considered: B = 10,B = 30,and B = 100. The resulting number of responses in
the potential outcome framework is given by 2N = 2 - Bn = 4B and the resulting number of
EU’s in the entire observable experiment was given by N = Bn = 2B. Values represent the
mean and standard error of estimates across the S = 100 data sets. Table 3.5 (i) gives results for
the fixed treatment effect for the model fit to both potential and observable data, Table 3.5 (ii)
shows the results for the random effects in the potential model and Table 3.5 (iii) the results for
the random effects in the observable model. In all cases, as the block size increased from 10 to
30 to 100, the variability of the effect estimates around the true simulated value decreased. For
most effects under consideration with B = 100, the true simulated value is within one or two
standard errors of the mean of the S = 100 estimates. All were within three standard errors of
the mean across the S = 100 estimates at B = 100. This would indicate that as the block size
increases, the REML estimates of these effects are reasonable estimates. Comparing the
standard errors of the estimates between potential data and observable data in Tables 3.5 (ii) and
3.5 (iii) reveals a larger standard error for the observable estimates, as expected because they are

computed from half the data versus the potential model.
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Fixed Fixed Std.
Effect Simulated Average Std. Error Effect Simulated Average Error
(Potential) Value 2N (§=100) (S=100) (Obs.) Value N (5 =100) (§ =100)
Ty —T¢ 7 40 6.97 0.12 Ty — T 7 20 6.90 0.16

120 7.03 0.06 60 6.98 0.09
400 7.06 0.03 200 7.06 0.05
0]
I —
Potential Simulated Average Std. Error
Variance Value 2N (S =100) (5§ =100)
Block 10 40 9.67 0.63
120 9.68 0.42
400 9.94 0.22
Block*Trt 3 40 3.06 0.25
120 3.09 0.14
400 3.06 0.07
Subject 4 40 3.94 0.23
120 4.00 0.15
400 3.83 0.08
Subject*Trt 6 40 5.57 0.30
120 6.03 0.19
400 6.00 0.09
Subject*Ctrl 2 40 2.03 0.18
120 1.97 0.13
400 2.07 0.07
var(d;;) 14 40 13.73 0.51
120 14.19 0.26
400 14.19 0.15
(i)
|
Observable Simulated Average Std. Error
Variance Value N (S =100) (S =100)
Block 10 20 9.32 0.68
60 9.63 0.48
200 9.93 0.24
Trt Residual 13 20 12.39 0.83
60 13.34 0.51
200 13.20 0.28
Ctrl Residual 9 20 9.88 0.73
60 9.33 0.44
200 9.00 0.20
var(D;) 22 20 22.64 111
60 22.68 0.63
200 22.19 0.31
(iii)

Table 3.5 Matched-Pairs/RCBD Simulation Results.

Values represent the average and standard error of treatment effect estimates across S = 100 simulations in both
the potential and observable data models for B=10, 30, and 100 of size 2 for (i) Fixed Effects. (ii) Potential
Random Effects. (iii) Observable Random Effects.
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Once again, it noteworthy that the estimates of var(d;;) given in Table 3.5 (ii)
correspond the theoretical value derived in (3.13). The relevant values used in these simulations
were o = 3,04 = 6,and 0% = 2. By (3.13), var(d;;) = 20} + (65 + &) =2-3 +
(6 +2) = 14. Results in Table 3.5 (ii) demonstrate that the model estimates of var(dij) are
reasonably close to 14. The estimates for ¢4 and o2 given in Table 3.5 (iii) also seem to be
reasonable estimates of the theoretical value derived in (3.11), where it was assumed that
subject-within-block, block-by-treatment and subject-within-block-by-treatment effects in the
potential model are confounded to form the residual term in the observable model.

Figure 3.3 illustrates the result in (3.16). Dotted lines represent the true values used in
the simulation. The upper line corresponds to the simulated value of var(D;) and the lower line
corresponds to the value of var(di j). The difference between the upper and lower dotted line
should be equal to 202, as demonstrated above. Indeed, in these particular simulations, o2 = 4,
thus the distance between the two dotted lines can be seen to be 262 = 2 - 4 = 8. Notice that as
the block size increased from 10 to 30 to 100, the variability of the effect estimates around the
true simulated value decreased. When B = 100, the true simulated value is within one standard

error of the mean of the S = 100 estimates. This would indicate that as the block size increases,

Observed Data-Plot of Naive Var (D)

tau0=3, tau1=10, mu=4
Variance: Block=10 Subject(Block)=4, Block"Trt=3, Ctrl Error=2, Trt Error=6

Overall Statstics: True=22

M 5724214 10.70959 1684042
Mean 2264176 2267551 2218354
02 209173 21.88955 2176071
Max 5469409 4118663 3240214
Std Dev 11.06654 6.333547 3076116

60

80 1

-
=3
1

Naive Var(D)
b1

var{gy=14

| |

T T T
20 60 200
N

Figure 3.3 Bounding the Individual Causal Effect: Matched-Pairs Design.
var(D;) = var(d;;). Box plots of the S = 100 estimates of var(D;) at B=10, 30, and 100 blocks of size 2. Dotted
lines represent values used in the simulation design.
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the REML estimates are reasonable estimates. In addition, notice the distributions of the effect
estimates became more symmetric as the number of blocks increased.

Once again, two methods of estimating var(dij) were compared, the first method
utilizing estimated model components to compute the estimate of var(dij), denoted by
var(d;;), and the second estimating var(d;;) directly using the sample variance from the
simulated data, var(d;;). Table 3.6 gives the results of the comparison. Recall that in the two-

sample CRD, these two methods of computation yielded identical results. However here, the
two methods of computation yielded slightly differing values. To see why, consider the

computation of var(d;;) under the assumption that 6% = 0% = o&:

B 2
_ 1 22

i=1 j=1

=

(28 - Dvar(dy) = Y > (dy—d.)’ (3.17)
i=1j=1

As shown in Appendix B.1, the sum of squares in (3.17) can be written as follows:
B

2
Z(di,- —d.)? =2 (SSur + SSer) (3.18)

i=1j=1

where 5SSz is the sum of squares of the block-by-treatment effect and SS; is the sum of squares

due of subject-by-treatment effect. Both SSgz and SSg, are defined in Appendix B.1. Thus

SS SS
BT + ST )

1
var(d;;) =ﬁ-2-(SSBT+SSST) :2'<23—1 5 -1) (3.19)

However, estimating var(d;;) from (3.13) yields

MSzr — MS

— ~ ~ ~ ST
var(dij) =26+ (654 +6%) = 2( > > + 2(MSgr) =
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Model Estimated

2N var(d;) var(di)

20 7.92 7.82

60 13.20 13.25
200 15.24 15.13

Table 3.6 Different Methods of Estimation: Matched-Pairs
Comparison of var(dj).

SSgr_, SSsr
(B—1) B

where MSgr is the mean square of the block-by-treatment effect and MSg; is the mean square of

MSBT + MSST =

(3.20)

the subject-by-treatment effect. Thus from (3.19) and (3.20), one can see that

SS SS SS SS
5. ( BT " ST ) ( BT " ST
2B—1 ' 2B—1 (B—1) B

where the inequality is due to degrees of freedom associated with sums of squares terms in the

> = vﬁr(dij) F U’a?r(dij) (321)

linear model.

3.4 GRCBD
The potential model for the generalized complete block design in which each level of

treatment is replicated more than once, is almost exactly the same model as the potential model
in the matched pair analysis, with the caveat that our number of subjects within a block is now
greater than 2. For the case considered here, blocks of size n = 4 are assumed. Consequently,
everything that is estimable in the matched pair potential analysis is also estimable in the
generalized complete block design setting. In addition, the variance of a random block-by-
treatment effect becomes identifiable in the GRCBD since multiple observations per treatment
are observable within the same block. Table 3.7 gives the effects and assumption for both the
potential and observable models in the GCBD.

Because the random block-by-treatment effect becomes identifiable in a GRCBD, a direct
relationship between the observable model and the potential model may be established by
defining

€ijk = Sj(i) T STk (3.22)
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Model Model Parameters

Assumptions

POtential MOdel rijk =u + bi + Sj(i) + Tk + bTik + STj(i) k
i=1,2,..,B blocks;
j =1,2,..4 subjects within a block;

k=T, C

Observable Model Rijk =1+ by + 74 + bTy + €4
i=1,2,..,B blocks;
j = 1,2 subjects within a block on trt k;

k=T, C

b;~iid N(O, O'bz)
Sj(i)"‘iid N(O, 0'52)
bty ~iid N(0,0Z)

- 2
70|05 )|

bi'Sj(i)' bTik and ST]’(!') g are mutua“y
independent.

b;~iid N(0, 52)
bTL'k"‘"iid N(O, O'bzt)

€ijr 0\ (0% ©
[eijc] MVN[(O)'<O ol

b;, bty e;jr, and e; ¢ are mutually
independent

Table 3.7 Model effects and assumptions in a GRCBD.

since multiple observations on subject within a block are “lost” when the randomization

mechanism is invoked. Thus the residual term in the observable GRCBD consists of the

confounded subject-within-block and subject-within-block-by-treatment effects from the

potential model. If such confounding occurs, then

o4 =02+0%; k=T,C

(3.23)

under the assumptions given in Table 3.7. Furthermore, under the assumption of unit-treatment

additivity, st;;)x = 0 forall i, j,and k and

€ijk = Sji):
Thus

irrespective of the level of treatment assigned to the j* EU.
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The definitions of d;; and var(dij) remain unchanged from those given in (3.12) and
(3.13), respectively. What does change, however, is the definition of the naive effect.

Recall that the structure of the matched-pairs design lent itself to an intuitive definition of
naive effect, D; given in (3.14). However in the GRCBD with 4 EU’s per block, there are 4
possible D;s that can be defined within a block given the random treatment assignment of EU’s.
Selecting which treatment observation and which control observation to use in the computation
of D; in order to accurately reflect the true value of D; is not at all intuitive. It seems more
reasonable to consider the average difference in outcomes for EU’s assigned treatment and EU’s

assigned control. More formally, for the two units receiving treatment T', define

1y
Rir = EZ Rijr
j=1

and, for the two receiving treatment C,

1y
Ric = EZ Rijc
j=1

so that B _
Di' == Ri-T - Ri-C . (324)

Under the model assumptions given in Table 3.7

1
E Z (,LL + bl' + 1+ S10) + bTiT + STj(1) T) \
{j:k=T}

var(D;.) = var
- = z (‘Ll + bi + Tc + Sj’(i) + le'C + ST]‘(L') C)/

2
{j:k=C}

1
‘u+TT+bi+le'T+E Z (Sj(i)+STj(i)T)

= var 1{j:k=T}

—H—Tc = b —bTic —5 Z (i) + 5Ty c)/
Uik=c)
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1
= var (bTiT — bTiC) + z Z (S](l) + STj(i) T) - z (S](l) + STj(i) C)
{j:k=T} {j:k=cC}

, 1 1
= Zo-bt + ?UCIT Z (S](,_) + STj(i) T) + ?UCIT Z (S](l) + STj(i) C)
{j:k=T} {j:k=c}

1 1
= 20} + 7 2(0i+0) + 7 2(0d+0%)

1 1
= 204 + 5 (05 +057) + 5 (07 +05)

04+0l
2

o2 + ol
=204 + <‘”Tec> (3.25)

=20§t+052+<

where the final equality in (3.25) follows from (3.23). The variance in (3.25) is estimable, but of
the individual components in the potential model given in Table 3.7, only a7 is estimable. The
linear combinations (62 + ¢%) and (62 + o) are estimable, but the individual components are

not. Multiplying both sides of the equality in (3.25) by four yields

4 -var(D;) = 80 + 402 + 2(c5+0%)
= 604 + (0 + i) + 204, + 202 + (05+0%)
= 604 + (o0& + 02;) + 202 + var(d;;)
=

4-var(D;) — 60} — (62 + 0&) = 204 + (62 + o) = 202 + var(d;;) (3.26)

and one can see that an estimable upper bound for var(dij) has been established, since 6, 6,
and o are all estimable in a GRCBD. Recall the definition of var(d;;)given in (3.13). Then
based on the first line given in equation (3.26), equality of var(dij) and 2 - var(D;.) is achieved
when o2, = 62 = 0. From Table 3.7, o is the variance attributed to applying the k" level of

treatment to the i*" block and 62 is the variance attributed to EU’s within a pair. Also recall that
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a2, = 0 is a consequence of the additivity of block and treatment effects. So if additivity of
block and treatment effects holds, but unit-treatment additivity does not, and perfect matching
within a block of all n = 4 EU’s occurs, then twice the estimate of var(D;.) from observed data
could indeed be considered an estimate of var(dij). However if the assumption of additivty of
block and treatment effects is valid, then var(d;;) given in (3.13) reduces to (6 + o), which
is equivalent to var(d, ), the variance of the causal effect defined for the two-sample CRD,
givenin (3.4)
Furthermore, from (3.13)
var(dij) = 204 + (0% + 0%)
=
var(dij) — (0 + o) = 205,
=

20% < var(d;;) (3.27)

and since o, is estimable in a GRCBD, an estimable lower bound has been established for

var(d;;). Combining the results of (3.26) and (3.27), one can see

204 < var(d;;) < 2-[var(D;) — 6]
=
20¢; < var(d;;) < 202 + var(d;;)
=
208, <var(d;;) < 202 + 204 + (64 + 0%)
=

205 < var(d;;) < 204 + (62 + o) (3.28)

In the matched-pairs analysis, the trivial lower bound of zero and a non-trivial estimable
upper bound for var(dij) were demonstrated in (3.16). However, here in the GRCBD, both a

non-trivial lower bound and upper bound have been established. The lower bound, 267, is non-

trivial if the assumption of additivity of block and treatment effects fails to hold. It is important
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to note that the upper bound in (3.16) and (3.28) are identical in terms of the potential model
parameters given in Tables 3.4 and 3.7, respectively. This upper bound is 262 + 207, +
(6% + ¢Z). From an observable model perspective, the difference between the matched-pairs
design and the GRCBD can be described by the respective difference in residual variances given
in (3.11) and (3.23). According to (3.11), 262 + 20 + (6% + 0Z) = 02 + 02 in the
matched-pairs design, however, in the GRCBD, 262 + 20 + (6% + 02%) = 204, +
(6% + oZ.), according to (3.23).

Equations (3.25) and (3.26) can be extended to accommodate a balanced GRCBD with
more than 4 EU’s per block. The following equations give the general result for any balanced
GRCBD with blocks of size n.

var(D;.) = 20}, + %asz + % (0% +0Z) (3.29)
and
n-var(D;) = var(d;) + 2(n — D)ok + 462 + (04+0%)
=
n-var(D;) — 2(n — Dok — (o + o) = var(d;;) + 202
=202 + (0% + %) + 202

= 204, + (0ér + 0&¢) (3.30)

As in the 2-sample CRD, comparison of var(di]-) with var(D;.) may not be intuitive
since var(D;.) is computed based on aggregate information from a sample and var(dij) is

computed based on information available from a single EU. Therefore define

4 4
-1 1
di. = ZZ dij = ZZ(TUT — Tijc) (3.31)
j=1 j=1
to compare and contrast with D;.. For d;. defined in (3.31),

4
_ 1
var(di.) = var ZZ(M +Tr + b + sj) + bTir + STjyr — 1 — Tc — by — Sji) — bTic — STjyc) | =
=1
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4
1
var ZZ btir — btic + STjyr — STji) ¢
j=1

4
1
var| (bt;r — btic) + ZZ(ST]'(D T = STj() c) =
Jj=1

1
207 + Yo (402 + 40%) =

0% + o2
205 + <%> (3.32)

By the same reasoning used in using (3.27), it is easily seen that 207 is also an estimable lower
bound for var(d,.).

Comparing and contrasting var(di.) to var(D;.), notice that var(D;.) can be written

2 2
UsT+GsC>

var(D;) = 207, + 02 + ( 5

42 0%.+0?

— 902 4+ 207 + oGtoi: + oo + 04c
bt T4 4 4

202 N o4 + ak

4 4

= var(d;.) +

o4 + Uezc> (3.33)

=20§t+2-< 2

where the final two equalities in (3.33) follows from (3.23) and (3.32). Writing var(D;.) in this
form, notice that

— _ 2 + 2

20 < var(d;.) < var(D;.) — (%)

=4

(3.34)

2 2
- o, + 0O
20 < var(d;) < 20 + <u>

4
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thus, estimable upper and lower bounds of var(c?i.) have been established.
Equations (3.32), and (3.33) can also be extended to accommodate a GRCBD with more
than 4 EU’s per block. The following equations give the general result for any balanced

GRCBD with blocks of size n.

- %4 + o’
var(d;) = 204 + <STTSC> (3.35)

and

D k1 4 0-2 +O'2
var(D;.) = var(di_) + HO-Sz + < ST sC)

n
=14

(3.36)

_ ol + o’
var(D;) = 207, + 2 - <u>

n

It would be reasonable to consider the behavior of var(c?i.) as n increases. From (3.35), notice

lim var(d;.) = lim [Za,ft + <@>l = 205 (3.37)
which shows that the variance of a block average converges to the variance component
associated with a block-treatment random effect.

Notice that the results given in (3.28) and (3.34) are not the same result. The result in
(3.28) is a statement with respect to individual treatment heterogeneity. The result from (3.34) is
a statement about the average casual effect within a block. As such, there is no comparable
result to (3.37) for var(dij). The variance of the true, individual causal effect given in (3.28) is
a fixed population parameter, thus extending the matched-pairs design to a balanced GRCBD
with blocks of size n only permits an estimable lower bound. Extending the design does not
change either the value of var(d;;) or the estimable upper bound.

As with the RCBD, B = 10, B = 30,and B = 100 blocks of size four were considered.
Thus the resulting number of responses in the potential outcome framework is given by 2N = 2 -
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Bn = 8B and the resulting number of EU’s in the entire observable experiment was given by
N =Bn =4B.

Tables 3.8 (i), 3.8 (ii), and 3.8 (iii) give the results interest based on S = 100 simulated
data sets. Values represent the mean and standard error of estimates across the S = 100 data
sets. Table 3.8 (i) gives results for the fixed treatment effect for the model fit to both potential
and observable data, Table 3.8 (ii) shows the results for the random effects in the potential model
and Table 3.8 (iii) the results for the random effects in the observable model. As in the RCBD,
as the block size increased from 10 to 30 to 100, the variability of the effect estimates around the
true simulated value decreased. For most effects under consideration with B = 100, the true
simulated value is within one or two standard errors of the mean of the S = 100 estimates. All
were within three standard errors of the mean across the S = 100 estimates at B = 100. This
would indicate that as the block size increases, the REML estimates of these effects are
reasonable estimates. Comparing the standard errors of the estimates between potential data and
observable data in Tables 3.8 (ii) and 3.8 (iii), notice that the standard errors for the observable
estimates are larger. This is to be expected since these estimates are computed with one-half of
the data available for the potential model estimates.

As in the two-sample CRD and matched-pairs design, the estimates of var(dij) given in
Table 3.8 (ii) correspond to the theoretical value derived in (3.13). Furthermore, the estimates of
var(c?i.) also correspond to the theoretical values derived in (3.32). The relevant values used in
simulation to establish (3.13) and (3.32) were 6% = 3,04 = 6,and o2 = 2. Once again, the
estimates for 62 and 2. given in Table 3.8 (iii) also seem to be reasonable estimates of the
theoretical value derived in (3.23), where it was assumed that subject-within-block and subject-
within-block-by-treatment effects in the potential model are confounded to form the residual
term in the observable model. Relevant simulation values demonstrating the result of (3.23) are
0% = 4,0% = 6,and 6. = 2.

Figure 3.4 demonstrates the results of (3.28). Dotted lines represent the true values used

in simulation. The upper line corresponds to the simulated value of var(dij) + 202, the middle
line corresponds to the value of var(dij), and the lower line represents the lower bound of
var(dij), 202,. The difference between the upper and middle dotted line should be equal to

202, as demonstrated in (3.28). In these particular simulations, 62 = 4, thus the distance
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Fixed Fixed Std.
Effect Simulated Average Std. Error Effect Simulated Average Error
(Potential) Value 2N (§=100) (S=100) (Obs.) Value N (5§ =100) (S =100)
Ty —T¢ 7 80 6.98 0.08 Ty — T 7 40 6.91 0.12

240 6.97 0.05 120 6.92 0.06
800 6.99 0.03 400 6.98 0.04

0]

Potential Simulated Average Std. Error
Variance Value 2N (S =100) (5§ =100)
Block 10 80 9.77 0.58
240 9.95 0.34
800 9.96 0.19
Block*Trt 3 80 3.37 0.20
240 2.90 0.10
800 2.95 0.06
Subject 4 80 4.07 0.15
240 3.99 0.09
800 4.00 0.05
Subject*Trt 6 80 6.01 0.19
240 5.94 0.10
800 5.86 0.06
Subject*Ctrl 2 80 211 0.14
240 2.02 0.07
800 2.07 0.04
var(d;;) 14 80 14.87 0.46
240 13.76 0.23
800 13.81 0.13
var(d;.) 8 80 8.78 0.40
240 7.80 0.21
800 7.87 0.12
(i)
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Observable Simulated Average Std. Error
Variance Value N (8 =100) (S =100)
Block 10 40 9.88 0.63
120 10.01 0.38
400 9.95 0.22
Block*Trt 3 40 3.46 0.31
120 2.82 0.18
400 291 0.11
Trt Residual 10 40 10.43 0.47
120 9.92 0.24
400 9.73 0.15
Ctrl Residual 6 40 5.96 0.35
120 6.04 0.17
400 6.21 0.08
var(D;) 14 40 14.78 0.58
120 13.58 0.35
400 13.81 0.21
Upper Bound var(d;;) 22 40 23.31 0.57
120 21.61 0.40
400 21.75 0.24
Upper Bound var(d;.) 10 40 11.01 0.56
120 9.63 0.34
400 9.80 0.21
Lower Bound 6 40 6.92 0.61
120 5.64 0.35
400 5.81 0.22
(iii)

Table 3.8 GRCBD Simulation Results.

Values represent the average and standard error of treatment effect estimates across S = 100 simulations in both
the potential and observable data models for B=10, 30, and 100 of size 4 for (i) Fixed Effects. (ii) Potential
Random Effects. (iii) Observable Random Effects.

between the upper two dotted lines is 262 = 2 - 4 = 8. Indeed, note from Figure 3.4 that the
same distance is seen to be 22 — 14 = 8. Also notice that Figure 3.4 is nearly identical to Figure
3.3 from the matched-pairs design, except that Figure 3.4 now shows the estimable lower bound
of (d;;) . The upper bounds of var(d,;) in both Figure 3.3 and 3.4 occur at the same value, 22.
Figure 3.5 illustrates the result in (3.34). Dotted lines represent the true values used in

simulation. The upper line corresponds to the simulated value of var(D;.), the middle line
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Observed Data-Plot of Naive Var (D)
tau0=3, tau1=10, mu=4
Variance: Block=10 Subject(Block)=4, Block*Trt=3, Ctrl Error=2, Trt Error=6

Overall Statistics: True=20
Min 10.32792 1368626 15.49397
Mean 23.30878 21.60567 2174997
Q2 21.98517 21.46999 21.92528
Max 38.25515 35456 27.67342
Std Dev 5731308 3977272 240819
40
30
s Q var(D)}=22
(=)
T2
s
var(d=14
10 -
Lower Bound=6
0
40 120 400
N
H:\My D 'hD and A i otential O ion.sas

Figure 3.4 Bounding the Individual Causal Effect: GRCBD.
20%, + (0% + 0%) = var(d;;) = 20%. Box plots of the S = 100 estimates of 207 + (2 + 0Z) at B=10, 30,
and 100 blocks of size 4. Dotted lines represent values used in the simulation design.

Observed Data-Plot of Upper Bound of Var (d-bar)
tau0=3, tau1=10, mu=4
Variance: Block=10 Subject(Block)=4, Block*Trt=3, Ctrl Error=2, Trt Error=6

Overall Statistics: True=8
Min 258198 3440263 5119328
Mean 11.01481 9633219 9796647
Q2 9.546541 9.443524 9.463005
Max 25.69756 1878615 15.60557
Std Dev 5641512 3426001 2094574
30
25

Upper Bound var(d-bar)
o

10 Upper Bound=10
. var(d-ban=8
Lower Bound=6
5
0
40 120 400
N
H:\My D 'hD and A i otential O ion. sas
Figure 3.5 Bounding the Average Causal Effect: GRCBD.
2 2 _ 2 2
202, + @TL}L‘EC) > var(d;.) = 20,. Boxplots of the S = 100 estimates of 207 + @T‘LLEC) at B=10, 30, and 100

blocks of size 4. Dotted lines represent values used in the simulation design.
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corresponds to the value of var(d;.), and the lower line represents the lower bound of var(d,.),

2 - a,. The difference between the upper and middle dotted line should be equal to 62 +

2 2
(%) as demonstrated in (3.33). In these particular simulations, 62 = 4, 62 = 6, and

2 2
o2. = 2 thus the distance between the upper two dotted lines is o2 + (@) =44+2=6.

Indeed note from Figure 3.5 that the same distance is seento be 12 — 6 = 6. In both Figure 3.4
and Figure 3.5, the variability of the effect estimates around the true simulated value decreased
as the block size increased from 10 to 30 to 100. When B = 100, the true simulated value is
within one standard error of the mean of the S = 100 estimates. This would indicate that as the
block size increases, the REML estimates are reasonable estimates. In addition, notice the
distributions of the effect estimates became more symmetric as the number of blocks increased.
Table 3.9 gives the results of the comparison of var(d;;) and var(d;;). As in matched-
pairs designs, the two estimates do not coincide. To see why, consider the relationship between
the estimates given in (3.21). Here we alter (3.21) slightly to reflect changes in degrees of
freedom that occur due to the fact that there are now 4 EU’s per block instead of 2 as in the
matched-pairs design. Even with this slight alteration, the inequality in (3.21) still holds. That

is,

<SSBT SSsr ) ( SSpr SSst

Model Estimated
2N var(dy) var(di)
80 12.65 12.60
240 12.30 12.15
800 11.66 11.57

Table 3.9 Different Methods of Estimation: GRCBD.
Comparison of var(d;).
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3.5 Two-Period-Two-Treatment Crossover Design
In an observable two-period-two-treatment crossover design, EU’s are randomly assigned

to one of two groups in which one group receives treatment at time period 1 followed by control
at time period 2. The other group receives control at time period 1 followed by treatment at time
period 2. Regardless of which sequence an EU receives, two responses are measured for each
EU, one response under treatment and one response under control. Random assignment to the
different sequences prevents the confounding of period effect and treatment effect. The model
for the two-period-two-treatment crossover design can be thought of as an extension of the
matched-pairs design in which the EU from the crossover design now takes on the role of the
block in the matched-pairs design and the period from the crossover design takes on the role of
the EU in the matched-pairs design. One significant disparity between the two designs is that
periods and EU’s are crossed in a crossover design (i.e. a response is measured in every EU at
every period) while EU’s are nested within blocks in a RCBD. Table 3.10 gives the effects and
assumption for both the potential and observable models in the two-period-two-treatment
crossover design, assuming no carry-over effect.

A direct relationship between the observable model and the potential model may be
established by defining

Model Model Parameters Assumptions
Potential Model Tijk = U+ S; + 1 + ST + Ty + STy + TTjy + STTyjy si~iid N(0,02)
sm;j~iid N (0, asp)
i=12..NEU's; STir o\ (o% O
j=12periods; k=T,C [sric] ~MVN [(0)’ 0 o

smrj~iid N(0,02,;)

S, ST;j, STy, and smt;j, are
mutually independent.

Observable Model Rij = p+s;+m + 1 + T + €y s;~iid N(0, o; )
€ijr UeT 0
i=12..NEU's; lege| ~MvN [( ). ( 0 o2
j =1,2periods
k=T,C S;, ejjr, and e;j¢ are mutually
independent

Table 3.10 Model effects and assumptions in a Two-Period-Two-Treatment Crossover.
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€ijk = STij + STy + STTyj (3.39)

since multiple observations per subject-period combination and multiple observations of subject-
treatment combinations are “lost” by invoking the randomization mechanism. Consequently, it
is reasonable to conclude that the subject-by-period, the subject-by-treatment, and the subject-
by-period-by-treatment effect from the potential model are confounded together in order to form

the residual term in the observable model. If such confounding occurs, then
Ol = 0% + 03 + 05k =T,C (3.40)

under the assumptions given in Table 3.10. Furthermore, under the assumption of unit-treatment

additivity, sm;; = sty = sty = 0 forall i, j and k and
eijk = 0

irrespective of the level of treatment assigned to the i** EU at the j¢ period. This implies that
the only random variability in responses in a two-period-two-treatment crossover is due to the
random variability of EU’s. The above assumption of unit-treatment additivity assumes
additivity at each time period so that the true individual causal effect is constant across both time
periods.

In every experimental design considered to this point, the observable data model
generated by confounding effects from the potential model has agreed with some form of a
“standard” model for that particular design. Considering the two-period-two-treatment crossover
design, the observable model here may not be readily recognizable. A common, standard

crossover model assuming no carry-over effects might look something like
Rijl =u + Tl.'j + Tk + V4 + éijl (341)

where R;;; is the response of the i** EU, i = 1,2,.., N, at the j*"* time period, j = 1,2, on the k"

level of treatment, k = T, C receiving the [*" treatment sequence, [ = 1,2. Without loss of
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generality, define y; as the sequence effect resulting from a {T, C} sequence and y,, as the
sequence effect of resulting from a {C, T} sequence. The indices k and [ are related since the
indices of treatment sequence, [ = 1,2, arise from combinations of the indices of treatment,
k =T,C,and time period, j = 1,2. Therefore the effect of y;may be thought of as the fixed
effect of receiving treatment k = T at time period j = 1 followed by treatment k = C at time
period j = 2. The effect of y,may be thought of as the fixed effect of receiving treatment k = C
at period j = 1 followed by treatment k = T at period j = 2. Conversely, if the sequence and
the time period are known, then the level of treatment applied at that time period is known. All
other effects are previously defined in Table 3.10.

The observable data models given in Table 3.10 and (3.41) differ in the following
respects: there is no sequence effect in the model given in Table 3.10 and there is no random
subject effect in the model given in (3.41). The following is a brief explanation of the

discrepancies. First, define é;;; in (3.41) as
€ij1 = s + €ijk

where e; ;. is given in Table 3.10. It has been noted above that under the assumption of unit-

treatment additivity,

eijk = 0.

Therefore,

€ij1 = Si
and

var(Rl-ﬂ) =o?

if unit-treatment additivity holds.

Second, from a potential outcomes point of view, treatment sequence is an artifact of the
implementation of the random treatment assignment mechanism producing a certain level of
treatment at a particular time period. Assuming uniform randomization, one could argue, as we

do here, that there is no reason to expect a significant effect due to groups of EU’s other than the
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fact that different treatment sequences were applied to the groups. Furthermore, notice that the
indices of the period-by-treatment effect inform us of which treatment was applied at which time
period. Therefore, a significant difference between the two groups to which treatment sequences
were applied should be attributed to period-by-treatment effects instead of group effects.
Without loss of generality, if we define y; as the sequence effect resulting from a {T, C}
sequence and y, as the sequence effect of resulting from a {C, T’} sequence, the observable data

models given Table 3.10 and (3.41) are equivalent under the following assumptions:

() mtyr = Ty = Y1
(ll) MTic = My = yz (342)

(iii) Eijl = s+ €k

Therefore, the model in (3.41) may be thought of as a specific case of the model in Table 3.10
Using the potential and observable model in Table 3.10, the existence of a difference in
sequence effects is something that can be tested, even if the assumptions in (3.42) do not hold.

Consider the following null hypothesis of no mean sequence effect under our particular model:

Hoy: par — Mac = Mot — Uic (3.43)

In other words, as long as the effect of treatment is defined as the difference in observations
under treatment and observations under control (cf., equations (1.1),(1.2), (3.9)), the null
hypothesis given in (3.43) assumes that the effect of a {T, C} sequence is the same as a {C, T’}
sequence. By substituting the fixed effects from our model in Table 3.10, we can re-write the

null hypothesis

Hy: p+mi + 10+ —U—Tp — T —TMTyc = U+ T +Tp +TTyr — U — T — T¢ — NTq¢
=

Hy: (my — ) + (t7 — 7¢) + (WTyr — W) = (M — q) + (Tp — T¢) + (WTor — WTyc)

Re-arranging we write

Hy:2 - (my — m3) + (MTyp — MTop + Ty — WTac) =0
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=

1 1
Hy: (my —my) + > (mtyr + MTyc) — 5 (T + o) =0
=

Ho: (77.'1 - 7T2) + (ﬁl _ﬁz) =0

It is important to note that all of the parameters of interest in testing for a difference in mean
sequence effects are estimable in both the observable and potential data models. For the
purposes of the following simulations, values of r,, ,, mT,7, TT1¢, TT,¢, and wT,7 Were chosen
so that (m, — m,) + (7,. — t,.) = 0. Consequently, no mean sequence effect was present.

Define the true causal effect to be the difference in potential outcomes for the it"* EU in

the j* time period. That is

dij = rijT — rijC . (344)
Given the model assumptions in Table 3.10, the variance of the true effect is given by
4.) = U+ S+ 1+ Smj + T + STyr + WTjp + STTy57
var( U) = var (—u — S, — Tj — ST — Tc — STjc — MTjc — Sntijc)
= var(TT — T¢ + STyr — STjc + MTjp — MTjc + SMT;j7 — STT; jC)
= (04 + 0&) + 202, (3.45)

As was the case with the RCBD, the structure of the two-period-two-treatment crossover
design lends itself to an intuitive definition of naive effect. This is defined as the difference
between the response under treatment and the response under control for the i*"* EU, irrespective

of which time period treatment and control were applied. Thus

Di = RijT - Rij’C' (34‘6)
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D; may be thought of as a naive version of the true individual causal effect for the two time
periods in the i** EU, which here would be given by d;;and d;,. Given the model assumptions
in Table 3.10, the variance of the naive effect is given by

UaT'(Dl-) = UaT'(,u + Si + T[] + TT + T[TjT + eijT - lzl - Si - T[j’ - TC - T[Tj’c - eijlc)
= UaT'(TL'j - 7Tj’ + TT - TC + T[TjT - T[Tj’c + ei]'T - el'jlc)

=2-(02 +02) + (0% + 0%) = o& + 0&; (3.47)

where the final equality in (3.47) follows from (3.40). Since D; is the difference between the
observable treatment value and the observable control value within the i*"* EU, this difference is
across time periods within the same EU so the difference in the random subject-by-period

effects, sm;; — sm;;7, remains as a component of D; . Contrast this to d;;, which is the difference

i
between potential outcomes within the j* period for the i** EU. Since the potential outcomes
are defined within the same period and the same subject, the subject-by-period effect is removed.
Note that the variance in (3.47) is estimable, but none of the individual components from the
potential model given in Table 3.10 are estimable. However, using equations (3.40), (3.45), and

(3.47), var(D;) can be written

var(Dy) = 2 03, + var(d;;)

=
var(d;;) < var(D;)

&

var(d;;) < 202, + var(d;;)
&

var(d;;) < 203, + 202 + (0% + 02)

&

var(d;;) < (6% + o) (3.48)
and an estimable upper bound of for var(d;;) has been established.
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The third line of equation (3.48) demonstrates that equality of var(d;;) and var(D;) is
achieved when g, = 0. Recall that o, is the variance in a response attributed to that response
being measured at the j* time period in the i** EU, regardless of which level of treatment was
applied at that time period. If the effect of the jt" time period is m; with probability 1 for
= 1,2 ... N EU’s, then the estimate of var(D;) from observed data could indeed be considered
an estimate of var(d;;).

Tables 3.11 (i), 3.11 (ii), and 3.11 (iii) give the results of all effects of interest based on
S = 100 simulated data sets. Within each simulation, N = 10, N = 30,and N = 100 EU’s were
considered. In the potential model, a potential response is considered for each EU at each time
period, thus the resulting number of responses in the potential outcome framework is given by
2-P-N =2-2N = 4N, where P is the number of periods under consideration. For this
particular design, P = 2. The resulting number of responses in the entire observable experiment
was given by P- N = 2N. Values represent the mean and standard error of estimates across the
S = 100 data sets. Table 3.11 (i) gives results for the fixed treatment effect for the model fit to
both potential and observable data, Table 3.11 (ii) shows the results for the random effects in the
potential model and Table 3.11 (iii) the results for the random effects in the observable model.
For most effects under consideration, the true simulated value is within one or two standard
errors of the mean of the S = 100 estimates. All were within three standard errors of
the mean across the S = 100 estimates at N = 100. This would indicate that as the number of
EU’s increases, the REML estimates of these effects are reasonable estimates. Comparing the
standard errors of the estimates between potential data and observable data in Tables 3.11 (ii)
and 3.11 (iii) reveals a larger standard error for the observable estimates, as expected because
they are computed from half the data versus the potential model.

As has been consistent in all other designs considered, the estimates of var(d;;) given in
Table 3.11 (ii) correspond the theoretical value derived in (3.45). Relevant simulation values
demonstrating (3.45) are o = 7,04 = 2,and 02, = 2. The estimates for ¢Z; and o2 given in
Table 3.11 (iii) also seem to be reasonable estimates of the theoretical value derived in (3.40),
where it was assumed that subject-by-period, the subject-by-treatment, and the subject-by-

period-by-treatment effects in the potential model are confounded to form the residual term in
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Fixed Fixed Std.
Effect Simulated Average Std. Error Effect Simulated Average Error
(Potential) Value 4N (§=100) (S=100) (Obs.) Value 2N (S =100) (S =100)
Tr — T 7 40 6.87 0.12 Ty — T¢ 7 20 6.85 0.18

120 6.96 0.06 60 6.95 0.08
400 6.98 0.04 200 6.98 0.05
®
. _ ]
Potential Simulated Average Std. Error
Variance Value 4N (S =100) (5§ =100)
Subject 10 40 9.12 0.65
120 9.38 0.40
400 9.81 0.23
Subject*Period 3 40 3.22 0.22
120 3.20 0.10
400 2.96 0.06
Subject*Trt 7 40 5.92 0.40
120 6.77 0.27
400 7.10 0.15
Subject*Ctrl 2 40 3.71 0.42
120 2.70 0.25
400 2.09 0.13
Subject*Period*Trt 2 40 1.93 0.08
120 2.00 0.05
400 2.03 0.03
var(d;;) 13 40 13.49 0.55
120 13.47 0.32
400 13.25 0.13
(i)
I —————————
Observable Simulated Average Std. Error
Variance Value 2N (5 =100) (S =100)
Subject 10 20 9.54 0.71
60 9.59 0.44
200 9.81 0.25
Trt Residual 12 20 11.37 0.83
60 11.83 0.46
200 12.15 0.25
Ctrl Residual 7 20 8.70 0.76
60 7.73 0.38
200 7.15 0.20
var(D;) 19 20 20.08 1.14
60 19.55 0.53
200 19.30 0.26
(iii)

Table 3.11 Two-Period-Two-Treatment Crossover Simulation Results.

Values represent the average and standard error of effect estimates across S = 100 simulations in both the
potential and observable data models for N=10, 30, and 100 for (i) Fixed Treatment Effects. (ii) Potential Random
Effects. (iii) Observable Random Effects.
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Observed Data-Plot of Model Var (D)
tau0=3, tau1=10, mu=4
Variance: Subject=10 Subject’Period=3,Subject'Ctri=2, Subject*Trt=7, Error=2

Overall Statistics: True=19

Min 3.045695 9933878 1259147
Mean 20.07562 1955273 1930404
Q2 18.32867 18.70143 19.43859
Max 86.25495 37 48081 26.03547
Std Dev 1137159 5268492 2574754

100

o @
S S

&
=1

Modal Observed var(D)

20 % var(D)=18
var(d)=13

H:\My D\ PhD R h and A Potential O sas

Figure 3.6 Bounding the Individual Causal Effect: Two-Period-Two-Treatment Crossover.
var(D;) = var(d;;). Boxplots of the S = 100 estimates of var(D;) at N=10, 30, and 100 EU’s. Dotted lines
represent values used in the simulation design.

the observable model. Relevant simulation values for the result in (3.40) are 62, = 3,04 =
7,04 = 2,and 02, = 2.

Figure 3.6 illustrates the result in (3.48). Dotted lines represent the true values used in
simulation. The upper line corresponds to the simulated value of var(D;) and the lower line
corresponds to the value of var(d;;). The difference between the upper and lower dotted line
should be equal to 2 - 0&,, as demonstrated in (3.48). In these particular simulations, 02, = 3,
thus the distance between the upper two dotted lines is 2 - 62, = 2 - 3 = 6. Indeed note from
Figure 3.6 that the same distance is seen to be 19 — 13 = 6. As the number of EU’s increased
from 10 to 30 to 100, the variability of the effect estimates around the true simulated value
decreased. When N = 100, the true simulated value is within one standard error of the
mean of the S = 100 estimates. This would indicate that as the number of EU’s increases, the
REML estimates are reasonable estimates. In addition, notice the distributions of the effect
estimates became more symmetric as the number of blocks increased.

Table 3.12 gives the results of the comparison of var(d;;) and var(d;;). Recall that

v?fr(dj), was computed using the variance component estimates obtained from the PROC

GLIMMIX procedure and var(d, ) represents the estimate of var(d;) based on the computed
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Model Estimated

4N var(di) var(d)
40 5.44 6.88
120 8.48 10.35
400 13.51 14.76

Table 3.12 Different Methods of Estimation: Two-Period-Two-Treatment Crossover.
Comparison of var(dj).

difference in potential responses for each subject across both periods. As in matched-pairs
designs and the GRCBD, the two estimates do not coincide. To this point, no result analogous to
that shown in Appendix B.1 has been derived for the two-period-two-treatment crossover design.
An extension of the result given in Appendix B.1 to a two-period-two-treatment crossover is

discussed in Chapter 4.

3.6 Repeated Measures Two-Treatment Crossover Design
As was the case with the matched-pairs design compared with the GRBCD, the potential

model for the repeated measures two-treatment crossover design is nearly identical to the
potential model in the two-period-two-treatment crossover design, with the caveat that the
number of periods crossed with each subject totals four or more periods. Each EU, therefore,
receives each treatment at least twice. Consequently, everything that is estimable in the potential
two-period-two-treatment crossover model is also estimable in the potential repeated measures
two-treatment crossover setting. In the observable model, there are now multiple observations
on each treatment for each EU that are observable, so the variance of a random subject-by-
treatment effect is estimable.

Table 3.13 gives the effects and assumption for both the potential and observable models
in the repeated measures two-treatment crossover.

A direct relationship between the observable model and the potential model may be

established by defining

eijk = ST[ij + ST[Tijk (349)

since multiple observations per subject-period combination are “lost” by invoking the
randomization mechanism. Consequently, it is reasonable to conclude that the subject-by-period,
and the subject-by-period-by-treatment effect from the potential model are confounded together

in order to form the residual term in the observable model. If such confounding occurs, then
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Model Model Parameters Assumptions

Potential Model Tijk = U+ S; + 1 + ST + Ty + STy + Ty + STTyjy s;~iid N(0,02)
Sﬂij~iid N(O, O'Szp)
i=12..NEU's; STir o\ (o% O
j = l4periods; k=T,C [sric] ~MVN [(0)’ 0 oZ

smryj~iid N(0,02,;)

S, STij, STy, and smr;j, are
mutually independent.

Observable Model Rijk =u + Si + 7Tj + Tk + T[Tjk + +STik + eijk Sl""lld N(O, 0'52)
STir 0\ (o& O
i=12..NEU; [STL‘C] MyN [(0)< 0 o
j = 11 4 periOdS eijk"" lld N(O, 0'92)
k=T,C

Siy STiT, STic, and e,-]-k are
mutually independent

Table 3.13 Model effects and assumptions in a Repeated Measures Two-Treatment Crossover.

02 = 04y + Oyt (3.50)

under the assumptions given in Table 3.13. Furthermore, under the assumption of unit-treatment

additivity, sm;; = sty = smt;j, = 0 forall i,j and k and
eij = 0

irrespective of the level of treatment assigned to the ;" EU at the j¢" period. This implies that
the random variability in responses in a repeated measures two-treatment crossover is due to the
random variability of EU’s and the random variability of EU’s receiving a particular level of
treatment.

The definition of d;; and thus, the resulting var(dij) remain unchanged from that given
in (3.44) and (3.45), respectively. However, a new definition of the naive effect from that given

in the two-period-two-treatment crossover design is required.
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Recall that the structure of the two-period-two-treatment crossover design lent itself to an
intuitive definition of naive effect, D; given in (3.46). However in the repeated measures two-
treatment crossover design with each EU exhibiting a response at each of 4 different time
periods, there are 4 possible D;s that can be defined for a given subject, depending on the
random treatment assignment of treatment to periods. Selecting which treatment period and
which control period to use in the computation of D; in order to accurately reflect the true value
of D; is not intuitive. It seems more reasonable to consider the average difference in outcomes
for periods assigned treatment and periods assigned control. More formally, for the two periods

receiving treatment T, define

g
Rir = Ez Rijr
j=1

and, for the two periods receiving treatment C

1y
Ric = EZ Rijc
=1

so that B
Di' = Ri-T - Ri-C . (351)
Given the model assumptions in Table 3.13,

_ Uik=T})
var(D;.) = var | —

N =

(u+s;+my +smyr + T¢ + STic + T + STT i)

1
> Z ([l+5i+7Tj+STL’l-]-+‘L'T+STL-T+7TT]-T+S7T‘L'UT) \
{J":k=C} /

1
u+s;+tr+str+ > Z (nj +sm;j + T + ST[TijT)
{j:k=T}
=var| —

1
u+s;+7tc+stc+ > Z (njr + ST + T + snrl-jrc) /



[ z (nj + ST + T + snrl-jT) ]\

1 k=
= var | (sTyr — sTic) + 5 Uk=T)
[_ Z (jr + smyjr + T + ST[Tij’C)J
{j":k=C}
2 2 1 1
= (6% +02) + Sz var z (smij + smryr) | + Sz var 2 (st + smtyjoc)
{j:k=T} {j":k=c}

2 2 1 2 2 1 2 2
= (UsT + USC) + 2_2 ' Z(Usp+aspt) + ﬁ ) z(asp +aspt)

1 1
= (0% +0%) + > (05, +05,) + 5 (03,+05)

2 2
Osp +aspt
2

~ @+t

= (0% +0%) + (Uszp"‘aszpt)

= (0% + 0%) + o (3.52)

where the final equality in (3.52) follows from (3.50). The variance in (3.52) is estimable, but of
the individual components from the potential model given in Table 3.13, only o2 and ¢ are

estimable. Multiplying both sides of the equality in (3.52) by four yields

4 -var(D;) = 4(cZ + %) + 4(03 + aszpt)
= 3(0% + 0%) + 202 + (o0& + 02) + 202, + 20,
= 3(0% + 0Z) + 202 + 202, + var(d;;)
=

4-var(D;) — 3(0% + 0%) — 207 = (0& + 0%) + 202 = var(d;;) + 203, (3.53)
and one can see that an estimable upper bound for var(dij) has been established, since 6%, 0%,

and o2 are all estimable in a repeated measures two-treatment crossover design. Recall the

definition of var(d;;) from (3.45). From equation (3.53), notice that equality of var(d;;) and
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the upper bound given in (3.53) is achieved when o3, = 0. If g2, = 0, then the estimate
(6% + 0Z) + 202 from observable data can indeed be considered an estimate of var(dij).

Furthermore, from (3.45)

var(d;j) = (6% + 0%) + 2+ 02
=

var(dy) 2+ 0% = (o + o2
=

(6% +0%) < var(dij) (3.54)

and since o2 and o are estimable in a repeated measures two-treatment crossover design, an
estimable lower bound has been established for var(dij). Combining the results of (3.53) and

(3.54), one can see

(0% + 0%) < var(d;;) < 4-var(D;) — 3(0% + 0%) — 202
s
(O-SZT + O-SZC) < var(dij) < VaT(dij) + 20_521)
s
(0% + 0%) < var(d;j) < (6% + 0%) + 203, + 203,
s

(0% + 0%) < var(d;j) < (6% + 0%) + 202 (3.55)

In the two-period-two-treatment crossover analysis, the trivial lower bound of zero and a
non-trivial estimable upper bound for var(di j) were demonstrated in (3.48). However, here in
the repeated measures two-treatment crossover design, both a non-trivial lower bound and upper
bound have been established. The lower bound, (6% + o), is a partial description of treatment
heterogeneity. More on this later. The upper bound in (3.48) and (3.55) are identical in terms of
the potential model parameters given in Tables 3.10 and 3.13, respectively. This upper bound is

(6% +02) + 204 + 204,. From an observable model perspective, the difference between the
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two-period-two-treatment crossover design and the repeated measures two-treatment crossover
can be described by the respective difference in residual variances given in (3.40) and (3.50).
According to (3.40), (& + 02) + 204, + 204, = 0z + 0 in the two-period-two-treatment
crossover design, however, in the repeated measures two-treatment crossover design, (¢4 +
o) + 205, + 202, = (04 + 0&) + 207, according to (3.50).

Equations (3.52) and (3.53) can be extended to accommodate a repeated measures two-
treatment crossover design with more than 4 periods. The following equations give the general

result for any balanced repeated measures two-treatment crossover design with P periods.

var(D;) = (6% + c%) + % (a§p+a§pt) =(c4% +d%)+4- %2 (3.56)
and
P-var(D;) = (P — 1)(0% + ) + 203, + 202 + var(d;;)
=
P-var(D;) — (P — 1)(0% + %) — 202 = var(d;;) + 202,
= (0% + 0%) + 202 + 202,
= (0% + 02) + 202 (3.57)

As in the two-sample CRD and GRCBD, comparison of var(dij) with var(D;.) may not
seem intuitive since var(D;.) is computed based on aggregate information from a sample and

var(dij) is computed based on information available from a single EU. Therefore define

4 4
— 1 1
di. = ZZ dij = ZZ(TUT — Tijc) (3.58)
=1 =1

to compare and contrast with D;.. Given the model assumptions in Table 3.13,

4
1
ZZ(M +s;+ 1+ smj + T + STp + T ¢ + ST

var(d;.) = var T

—[L—S; — T; — ST;; — T¢ — STic + MTjc + STTyjc)
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4
1
= var| 7 (sTir — STic + STy — STTy5¢ )

j=1
4
1
= var (STL'T - STiC) + ZZ(ST[TUT - STL'TUC)
=1

1
= (0% +03) + 5(4 2 Gszpt)

O-Szpf O-SZpt
= (ofr +05) + 2+ === (0 + 05c) + == (3.59)

Using a similar argument given (3.54), it is easily seen that (62 + ¢2.) is also an estimable
lower bound for var(d,.).

Comparing and contrasting var(di.) to var(D;.), notice that var(D;.) can be written

var(D;) = (6% + 6%) + a2

= (UszT + Uszc) + (0_92p+0.92pt)

Uszpt Uszpt
= (O'SZT +O'SZC) +T+T+O'Szp

_ X Ot
=var(d;.) + o2, + >

7 szpt Uez
= var(d;.) + St (3.60)

where the final equality in (3.60) follows from (3.50). Writing var(D;.) in this form and noting

the argument in (3.54) establishing an estimable lower bound for var(c?i.), one can see

2
_ _ o
(6% +0%) < var(di.) <wvar(D;) - =

2
o

2
_ ¥
(6% + 0%) <var(d;) < (6% + 0%) + —.

(3.61)
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By (3.61), estimable upper and lower bounds of var(&i.) have been established.
Equations (3.59) and (3.60) can also be extended to accommodate a repeated measures
two-treatment crossover design with more than 4 periods. The following equations give the

general result for any balanced repeated measures two-treatment crossover design with P

periods.
_ Ot
var(d;) = (6% +0%) + 2" 5 (3.62)
_ - 4 2
var(D;.) = var(d;.) + 5 03 + 5 02
&
_ - 2 2
var(D;) = var(d;) + = 62, + = 02
P P
o
_ ol
var(D;) = (6% + 0%) + 4 - (3.63)

It would be reasonable to consider the behavior of var(c?i.) as P increases. From (3.62), notice

2
O-Sp t
P

lim var(d;.) = Jim (6% +0%)+2- = (6% +0%) (3.64)

P—-oo

which shows that the variance of an average effect for an EU converges to the sum of the
variance component associated with subject-by-treatment random effects.

Notice that the results given in (3.55) and (3.61) are not the same result. The result in
(3.55) is a statement with respect to individual treatment heterogeneity. The result from (3.61) is
a statement about the average casual effect within a block. As such, there is no comparable
result to (3.64) for var(dij). The variance of the true, individual causal effect given in (3.55) is
a fixed population parameter, thus extending the two-period-two-treatment crossover design to a
balanced repeated measures two-treatment crossover design with P periods only permits an
estimable lower bound. Extending the design does not change either the value of var(dij) or

the estimable upper bound.
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Tables 3.14 (i), 3.14 (ii), and 3.14 (iii) give the results of all effects of interest based on
S = 100 simulated data sets. In contrast to the other designs considered, the number of EU’s
was altered slightly to accommodate balance with respect to the six different possible treatment
sequences. The number of sequences was a consequence of considering four time periods
instead of two. So for this design only, N = 12, N = 36,and N = 120 EU’s were considered in
simulation. In the potential model, a potential response is considered for each EU at each time
period, thus the resulting number of responses in the potential outcome framework is given by
2-P-N =2-4N = 8N, where P is the number of periods under consideration. For this
particular design, P = 4. The resulting number of responses in the entire observable experiment
was given by P - N = 4N. Values represent the mean and standard error of estimates across the
S = 100 data sets. Table 3.14 (i) gives results for the fixed treatment effect for the model fit to
both potential and observable data, Table 3.14 (ii) shows the results for the random effects in the
potential model and Table 3.14 (iii) the results for the random effects in the observable model.
For most effects under consideration, the true simulated value is within one or two standard
errors of the mean of the S = 100 estimates. All were within three standard errors of the mean
across the S = 100 estimates at N = 100. This would indicate that as the number of EU’s
increases, the REML estimates of these effects are reasonable estimates. Comparing the
standard errors of the estimates between potential data and observable data in Tables 3.14 (ii)
and 3.14 (iii) reveals a larger standard error for the observable estimates, as expected because
they are computed from half the data versus the potential model.

As has been consistent in all other designs considered, the estimates of var(dij) given in
Table 3.14 (ii) correspond the theoretical value derived in (3.45). Furthermore, the estimates of
var(c?i.) given in Table 3.14 (ii) correspond the theoretical value derived in (3.59). Relevant

simulation values demonstrating the results in (3.45) and (3.59) are 62 = 7,0% = 2,and a_fpt =

2. The estimates for o2 and o2 given in Table 3.14 (iii) also seem to be reasonable estimates of
the theoretical value derived in (3.50), where it was assumed that subject-by-period and the
subject-by-period-by-treatment effects in the potential model are confounded to form the residual

term in the observable model. Relevant simulation values for the result in (3.50) are aszp =

3and 0g) = 2.
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Fixed Fixed Std.
Effect Simulated Average Std. Error Effect Simulated Average Error
(Potential) Value 8N (§=100) (S=100) (Obs.) Value 4N (5§ =100) (S =100)
Ty —T¢ 7 96 6.91 0.10 Ty — T 7 48 6.86 0.12

288 6.99 0.05 144 6.99 0.06
960 7.02 0.03 480 7.04 0.04
®

Potential Simulated Average Std. Error
Variance Value 8N (S =100) (5§ =100)
Subject 10 96 8.99 0.53
288 9.65 0.32
960 10.09 0.17
Subject*Period 3 96 3.05 0.11
288 3.01 0.06
960 3.04 0.03
Subject*Trt 7 96 6.45 0.42
288 6.93 0.24
960 6.83 0.13
Subject*Ctrl 2 96 2.69 0.31
288 2.24 0.17
960 212 0.10
Subject*Period*Trt 2 96 2.01 0.05
288 2.02 0.03
960 1.99 0.01
var(d;;) 13 96 13.17 0.45
288 13.20 0.25
960 12.93 0.12
var(d;) 10 9 10.15 0.44
288 10.17 0.24
960 9.95 0.12
(i)
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Observable Simulated Average Std. Error
Variance Value 4N (§ =100) (5§ =100)
Subject 10 48 8.98 0.60
144 9.76 0.32
480 10.06 0.17
Subject*Trt 7 48 6.75 0.53
144 7.13 0.29
480 6.92 0.18
Subject*Ctrl 2 48 3.18 0.42
144 2.04 0.21
480 2.08 0.14
Residual 5 48 5.06 0.17
144 498 0.09
480 5.00 0.05
var(D;) 14 48 14.99 0.61
144 14.15 0.31
480 13.99 0.18
Upper Bound var(d;;) 19 48 20.05 0.64
144 19.14 0.32
480 18.99 0.19
Upper Bound var(d;.) 115 48 12.46 0.62
144 11.66 0.31
480 11.49 0.19
Lower Bound 9 48 9.93 0.63
144 9.17 0.32
480 9.00 0.19
(iii)

Table 3.14 Repeated Measures Two-Treatment Crossover Simulation Results.

Values represent the average and standard error of effect estimates across S = 100 simulations in both the
potential and observable data models for N=12, 36, and 120 for (i) Fixed Treatment Effects. (ii) Potential Random
Effects. (iii) Observable Random Effects.

Figure 3.7 illustrates the result in (3.55). Dotted lines represent the true values used in
simulation. The upper line corresponds to the simulated value of (62 + 62.) + 202, the middle
line corresponds to the value of var(d;;), and the lower line represents the lower bound of
var(dy;), (6% + 6%). The difference between the upper and middle dotted line should be equal

to 202

&, as demonstrated in (3.55). In these particular simulations, o2, = 3 thus the anticipated

distance between the upper two dotted lines is 202, = 2 - 3 = 6. Indeed note from Figure 3.7

that the distance between the upper and middle dotted lines is seen to be 19 — 13 = 6. Also
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Observed Data-Plot of Model Var (D)
tau0=3, tau1=10, mu=4
Variance: Subject=10 Subject*Period=3, Subject"Trt=7, Subject*Ctri=2, Subject'Period*Trt Error=2

Overall Statistics: True=19
Min 7.640928 11.50425 1506748
Mean 2005418 1913509 18.99168
Q2 1935211 18.79193 18.7498
Max 4216019 2811167 2480401
Std Dev 6359452 3243934 1.875968
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Figure 3.7 Bounding the Individual Causal Effect: Repeated Measures Two-Treatment Crossover Design.
(6% + 0%) + 207 = var(d;;) = (o6& + 6Z). Boxplots of the S = 100 estimates of (63 + 0%) + 207 at N=12,
36, and 120 EU’s measured at 4 time periods. Dotted lines represent values used in the simulation design.

Observed Data-Plot of Model Upper Bound Var (d-bar)
ta , tau1=10,
Variance: Subject=10 Subject*Period=3, Subjecgfn-T.’gubject'cm. Subject*Period*Trt Error=2

Overall Statistics: True=11.5

Min 2424625 4697381 7689447
Mean 12.46059 11,6605 11.49469
Q2 11.96049 11.64806 11.36607
Max 3479691 19.82545 17.05281
Std Dev 6155632 3125294 1853062
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Figure 3.8 Bounding the Average Causal Effect: Repeated Measures Two-Treatment Crossover Design.

2 — 2
(% +0Z) + %‘3 > var(d;.) = (6% + 0Z). Boxplots of the S = 100 estimates of (63 + %) + %’“’ at N=12, 36,
and 120 EU’s measured at 4 time periods. Dotted lines represent values used in the simulation design.
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notice that the upper bounds of var(d;) in both Figure 3.6 and 3.7 occur at the same value, 19.
This confirms that the upper bound of var(d; j)is the same in both the two-period-two-treatment
crossover design and the repeated measures two-treatment crossover design.

Figure 3.8 illustrates the result in (3.61). Dotted lines represent the true values used in

2
simulation. The upper line corresponds to the simulated value of (¢ + ¢%.) + %‘3 the middle

line corresponds to the value of var(d;.), and the lower line represents the lower bound of

var(d;.), (6% + oZ). It can be shown that the difference between the upper and middle dotted

2
line should be equal to % In these particular simulations, o, = 3 thus the anticipated distance

3
2

2
between the upper two dotted lines is % === 1.5. Indeed note from Figure 3.8 that the

distance between the upper and middle dotted lines is seen to be 11.5 — 10 = 1.5. In both
Figure 3.7 and 3.8, as the number of EU’s increased from 12 to 36 to 120, the variability of the
effect estimates around the true simulated value decreased. When N = 120, the true simulated
value is within one standard error of the mean of the S = 100 estimates. This would indicate
that as the number of EU’s increases, the REML estimates are reasonable estimates. In addition,
notice the distributions of the effect estimates became more symmetric as the number of EU’s
increased.

It should not be overlooked that 62 and o2 were the inestimable quantities that
identified the presence of treatment heterogeneity in the two-sample CRD when either 62 or 62
were non-zero. By considering a more complex experimental design, these previously
inestimable quantities have become estimable, and treatment heterogeneity may be partially
described from observable data in a repeated measures two-treatment crossover. However, the
estimates of 6. and o2 still do not completely characterize treatment heterogeneity, at least not
without additional assumptions. The assumptions required for treatment heterogeneity to be
completely described and the consequences of those assumptions in the current experimental
setting are now considered.

Recall that in (3.45), var(d;;) was defined as the linear combination of 62, 6%, and
02, Estimable quantities from observable data include o2 and o2, but o2, is not estimable in

the observable data model, therefore var(d;;) is not estimable. Under the assumption that

02, = 0, however, var(d;;) is completely characterized by 03 and o2 so that var(d;;)

74



becomes estimable in the observable data model. Coincidently, if o2, = 0, then var(dij)
given in (3.45) and var(d;) given in (3.4) are equivalent, where var(d;) is the variance of the
true causal effect for the j** EU in a two-sample CRD.

But, practically speaking, what does it mean that o2, = 0? Recall, smt;; is the effect
produced by applying the k" level of treatment at the jt" period to the i*® EU. It may be helpful
to contrast smz;;;, with the fixed effect z;,, which is the effect produced by applying the kth
level of treatment at the j** period. Under the assumptions given in Table 3.13, the sum of these

two effects yields the following random effect:

(mtjp + smryji ) ~iid N(wtjy, 62:); (3.65)
i=12..N,j=12.4k=T,C

So if no variability is produced by applying the k" level of treatment at the j¢" period across
i = 1,2..N EU’s, then g2,, = 0. In other words, applying the k*" level of treatment at the j*"
period to the i*" EU yields the effect 7z;, with probability 1 for i = 1,2.. N when g3,, = 0.
Since a3, is not estimable in an observable model, the validity of this assumption cannot be
tested.

Table 3.15 gives the results of the comparison of var(d;;) and var(d;;). Asin

matched-pairs designs, GRCBD, and the two-period-two-treatment crossover design, the two
estimates do not coincide. To this point, no result analogous to that shown in Appendix B.1 has
been derived for the Repeated measures two-treatment crossover design. These results will be

discussed further in Chapter 4.

Model Estimated
8N var(di) var(d;)
96 9.40 12.29
288 16.43 18.88
960 15.53 17.36

Table 3.15 Different Methods of Estimation: Repeated Measures Two-Treatment Crossover Design.
Comparison of var(d;).
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3.7 Summary
In the preceding sections, models for potential outcomes were derived for each of five

common experimental designs. All models assumed Gaussian responses. Pertinent model
assumptions have been stated for each design. In the two-sample CRD, it was shown that for a
non-negative correlation between potential outcomes under treatment and potential outcomes
under control, estimates of this correlation using model components yielded identical results to
those estimates obtained by computing Pearson’s correlation on the set of N bivariate potential
outcomes.

Using the potential models, a definition of treatment heterogeneity has been clearly
defined in terms of potential model components. Simulations confirmed that using REML
estimates of the potential model components to estimate treatment heterogeneity yielded
reasonable results for all experimental designs.

Furthermore, “usual” observable models for each experimental design and the
corresponding potential models were linked by defining the residual term in the observable
model to be the sum of the confounded effects from the potential model. These potential model
effects were confounded together by removing one-half of the data to mimic the implementation
of a uniform randomization mechanism. Once again, simulations demonstrated that this
relationship between observable and potential models was reasonable, as REML estimates of the
observable residual were “close” to the sum of the confounded potential model effects used to
produce the simulated potential data.

Naive estimates of treatment heterogeneity were defined for each observable model and
the variance of these naive effects were given in terms of the variance of the appropriate
potential model components. In all experimental designs, the variance of the naive estimate of
treatment heterogeneity served as an upper bound for the variance of the true, causal effect. In
more complex designs (i.e.-GRCBD, and repeated measures two-treatment crossover), lower
bounds for the variance of the true, causal effect were also established. Simulations confirmed
both the existence and accuracy of these bounds. Furthermore, for each design, the assumptions
required to equate the variance of the naive effect and the variance of the true, causal effect were
presented.

Finally, it was demonstrated that some inestimable quantities in relatively simple

experimental designs become estimable by increasing the complexity of the design. In
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particular, the variance associated with a subject-by-treatment effect becomes estimable by
moving from a two-period-two-treatment crossover design to a repeated measures two-treatment
crossover design. The fact that this variance is estimable in a repeated measures two-treatment
crossover design has been noted previously Senn (2001); however, it was not clear how this
component was related to the variance of true effects and/or what assumptions were required to
equate the two. The results presented here clearly identify the relationship between the estimable
variance of a subject-by-treatment effect and treatment heterogeneity and the appropriate

assumptions required to equate the two have been described.
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Chapter 4 - Proposed Research Completed

The following chapters represent the work that was proposed to complete this dissertation
research. Topics in Chapter 4 clarify results presented in Chapter 3. Topics included in Chapters
5 and 6 serve as extensions of the research presented in Chapter 3. Further research ideas are

also presented in Chapter 7.

4.1 Discrepancy of Model var(d) and Estimated var(d)
For each of the five experimental designs presented in Chapter 3, two methods of

computing the variance of the individual causal effect, var(d) and var(d), were compared.
Both methods used estimates from the potential model only. var(d) was termed Model var(d)
and was computed using the appropriate variance component estimates obtained from the PROC
GLIMMIX procedure. var(d) was termed Estimated var(d) and was computed by estimating
the variance of the difference in potential responses for each EU using PROC UNIVARIATE in
SAS.

Of the five experimental designs, only the two-sample CRD yielded identical estimates
between the two methods. Discrepancies observed in the matched-pairs design and GRCBD
were shown in Appendix B.1 to be due to degrees of freedom associated with sums of squares
terms in the linear model. However, the proof presented in Appendix B.1 assumed
homoscedasticity of variances for potential outcomes. Furthermore, no comparable proof has yet
been established for the crossover designs presented in Chapter 3.

The results given in Appendix B.1 can be extended to a two-period-two treatment

crossover design by considering the computation of v’a\r(di j) under the homoscedastic

assumption that 6% = 6% = d2:

i=1j=1
(=
B
@N = Dvar(dy) = ) > (dy—d.)’ 4.1)
i=1j=1

As shown in Appendix B.2, the sum of squares in (4.1) can be written as follows:
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N

z z(dif - J--)Z = 2+ (SSsr + SSpr + SSspr) (4.2)

i=1j=1
where SSgr is the sum of squares due to the subject-by-treatment effect, SSpr is the sum of
squares due to the period-by-treatment effect and SSspr is the sum of squares due to the subject-

by-period-by-treatment effect. Theses sums of squares are defined in Appendix B.2. Thus

— SSsr SSpr SSspr
var(d;;) = 12 (SSsr + SSpr + SSepr) = 2 - <2N <t 1t on o 1). (4.3)
However, estimating var(d;;) from (3.45) yields
MS¢r — MS
v’\a-:r(dlj) = (6-\521' + 6-\526) + 2 ' é-\Szpt = 2 ( T 2 SPT) + Z(MSSPT) =
SS SS
MSgr + MSgpp = ——= SPT (4.4)

V-1 WW-—DEP-DT 1)
where MSq; is the mean square of the subject-by-treatment effect and MSsp is the mean square

of the subject-by-period-by-treatment effect. Thus from (4.3) and (4.4), one can see that

_ ( SSsr + SSpr n SSspr ) SSst + SSspr
2N—1 2N—-1 2N—-1/" (N=1) N=1DP-1D(T -1

= U/CTT'(dij) * vﬁ”r(dij) (45)

where the inequality is due to degrees of freedom associated with sums of squares terms in the

linear model and the additional sums of squares due to a period-by-treatment effect in the

computation of var(d;;).

4.2 Correlation
In section 3.2, two methods for computing the correlation between potential outcomes

under treatment and potential outcomes under control in the two-sample CRD were also

compared. One method used estimated variance components to compute an intra-class
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coefficient. The second method used Pearson’s computed correlation coefficient as an estimate
of correlation. Recall that the estimates were identical so long as Pearson’s computed correlation
was non-negative. When Pearson’s computed correlation returned a negative estimate, the
corresponding intra-class correlation estimate was always zero. Based on the model assumptions
given in Table 3.1, the intra-class correlation estimate is required to be non-negative since the
covariance between the potential response under treatment and the potential response under
control within the same EU is ¢, the variance attributed to the EU regardless of the level of
treatment applied. Also recall that equation (2.6) gave bounds for o2, the variance of the
individual causal effect. The upper bound and lower bound were determined by assuming

prc = —1and pyc = 1 respectively, where p; is the correlation between potential outcomes
given in (1.3). However, if the correlation between potential outcomes is restricted to being non-
negative, as is the case for intra-class correlation under the assumption of the model given in

(3.1), then different bounds from those given in (2.6) would be achieved. That is,

0 < (07 — 0¢)? < 042 < (072 + 0c?). (4.6)

Further investigation of the discrepancy between (4.6) and (2.6) is warranted. Results are given
in section 4.2.1.

A second issue that may be related to the nature of the correlation between potential
responses relates to the assumption of unit-treatment additivity. Recall that if unit-treatment
additivity holds, then the variance of the true causal effect, 0,2, is zero. Gadbury et. al (2001)
demonstrated that based on the definition of 6,2 given in (2.1), 642 = 0 if and only if the

following two conditions hold:

(i) of = o
and (4.7)
(i) prc =1

However, given the results of equation (3.4), 6,2 = 0 if and only if 6% = 62 = 0. Assuming
the intra-class correlation definition

o3

Prc =
2 2, 2 2
\/O'S + o5 \/O'S + o

(4.8)
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%4 = a2 = 0 forces prc = 1. The results given here for o;,2 = 0 differ from those given in the
literature. Resolving these differences in conditions under which 0,2 = 0 needs to be carefully
considered. Part of resolving these differences will include a description of how the bounds for
a42or conditions for estimability of a2 relate to correlation assumptions in the potential data

model. This is discussed further in section 4.2.2.

4.2.1 Pearson Correlation vs. Intra-class Correlation: Determining Bounds
According the model and assumptions for the two-sample CRD given in Table 3.1, the
joint distribution of the random effects in the potential LMM are

Sj 0 0'52 0 0
[STTj] ~MVN (o), 0 0% 0

STcj 0 0 0 o2

In order to resolve the discrepancy between (4.6) and (2.6), assume a more general multivariate

normal distribution of the random effects in the potential LMM such as

2
Sj 0 Og PsT0s0sT PscOs0sc
. 2
STrj|~MVN|{ 0], Pst0s0sT Ot PstcOst0sc ||- (4-9)
STri 2

¢j 0 PscO0s0sc  PstcOsTOsC Osc

According to the potential model given in Table 3.1

() var(r;;) = 02 + 02 + 2psi0505;i =T, C
(i) cov(rTj,er) = E(sjz) + E(stTT]-) + E(stTCj) + E(srTjser)
= 052 + Ps7050sT + PscOs0sc + PsTcOsTOsc-
so that
[;Z]] ~MVN [(.u + TT) ’< asz + aszT + 2psr050sr 052 + Ps70s0sT + PscOs0sc + psTCO-sTO-sC>].
J

2 2 2
H + Tc O + PsT0s0sT + PscOs0sc + PstcOsT0sc Og + Osc + zpscasasc

Now reconsider the intra-class correlation given in (4.8) under these revised assumptions about

the random effects in the potential LMM
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2
o5 + pSTasasT + pSCO-sO-sC + psTCo-sTO-sC

Prc = (4.10)

2 2
\/O’? + Osr + szTUSUST ’ \/0_52‘ + Osc + ZpSCo_so_sC

Notice that the intra-class correlation is no longer restricted to being non-negative. That is,
—1 < prc < 1 depending on the values of 62, psr, psc, and pgrc. The intra-class correlation in
(4.8) can be derived from (4.10) if the assumption pgr = psc = psre = 0 holds. Under this
assumption, the value of pr. must be non-negative.

By permitting a more general multivariate distribution on the random effects as in (4.9), a
result synonymous with the result given in (2.6) may be obtained. Reconsider the var(dj), now

under the more general assumptions given in (4.9):
var(d;) = var(rrj —1¢;) = 64 + 0% — 2psrcOsr0sc-

Upper and lower bounds are achieved by assuming psrc = —1 and pgre = 1, respectively, so
that

0 < (057 — 05¢)?* < 04* < (057 + 05¢c)* (4.11)

It should be noted that these bounds are not estimable in a two-sample CRD.

4.2.2 Pearson Correlation vs. Intra-class Correlation: Conditions for Zero Variance
From (4.11), 6,2 = 0 if and only if psrc = 1 and 624 = 2. Denote this common

variance as o%. If we impose these conditions on the definition of py given in (4.10), then

052 + (psT + psC)UsUst + Uszt

Prc =
\/052 + O-szt + ZpSTO-SO-St ) \/0-52 + 0-521: + 2psCO-sO-st

Notice that even though psrc = 1 and 6% = 6% = 02, prc is not necessarily 1 and o2 is not
necessarily equal to 6Z. In order to accomplish the necessary requirements for ;2 = 0 from
(2.6), the additional assumption that ps; = psc IS required. Denote this common correlation as

pse. 1f we assume (i) psre = 1, (ii) o0& = 0 = o and (iii) psr = psc = ps. then
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Usz + 2p510505 + Jszt —1

Prc =
\/Gsz + O-szt + 2p5:0504; \/0.92 + O-szt + 2p5:0504;

and

2 _ 2 __ 2 2
Or = O0¢c = Og + Ost + Zpsto-so-st

and the necessary assumptions required for ;2 = 0 from (2.6) are met. It is worth noting that if

psre = 1and 6% = 62 = 03, then 0,2 = 0 even if pg; # psc SO that a2 # o.

4.2.3 Summary

Using linear mixed models to delineate the assumptions necessary to equate treatment
heterogeneity in a potential outcomes framework to estimable components of an observable data
model yielded some surprising results, compared with those results published from a finite-
population perspective. For complex designs in particular, the estimates of o2 using linear
mixed model components did not always match the finite-population estimates of o,2.
Furthermore, intra-class correlation estimates based on LMM variance components matched
Pearson correlation estimates for non-negative values only. By carefully considering the model
assumptions used in linear mixed models and relating model variance component estimates to
the finite-population estimate of o2 through the use of sums of squares, these discrepancies

have been resolved.
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Chapter 5 - Identifying Treatment Heterogeneity in Complex
Designs: A Linear Mixed Effects Models Approach

The following chapter is a paper submitted to a peer-reviewed journal. The concepts discussed
in this dissertation are further developed to accommodate a more complex treatment structure

and then applied to an illustrative data example.

5.1.Abstract

A treatment’s efficacy or safety is often assessed by a study of the mean effect of a
treatment with respect to some reference treatment. If a treatment effect is highly variable across
units in a population, then applying information about the mean effect to each individual unit
cannot be recommended since there may exist a non-negligible portion of the population that
experiences an individual effect in the opposite direction of the mean effect. This variability of a
treatment effect is referred to as treatment heterogeneity.

Using a potential outcomes framework, treatment heterogeneity for several simple
designs has been investigated using a randomization based approach. However, as experimental
designs become more complicated, a randomization-based approach becomes increasingly
intractable. We present an approach to derive a “potential outcomes” linear mixed effects model.
From this model, treatment heterogeneity is conceptualized as a linear combination of potential
model variance components. These variance components are non-estimable in observable data,
but estimable bounds exist that depend on the experimental design and they arise from linear
combinations of the non-estimable potential model variance components. A specific application
of these results to a 2x2 factorial treatment structure in a 4-period cross-over experimental design
is presented. Assumptions required for equating naive estimates from observable data to those
that could be obtained from potential outcomes data are discussed.
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5.2. Introduction

Treatment heterogeneity refers to the variability of a treatment effect across individuals in
a population. Although such variability has sometimes been acknowledged as an important
consideration in experimental studies, decisions about the use of treatment generally make use of
statistical information gathered about the mean effect and then apply that same information to the
individual (cf. Marshall, 1997). When there is a high degree of treatment heterogeneity in a
population, there may be a non-negligible proportion of the population responding differently to
a treatment, and possibly in the opposite direction, from the average subject.

Quantifying the degree of treatment heterogeneity is facilitated by potential outcomes
(Rubin, 1974). Consider a set of treatments, {T, C}, where T denotes some test treatment and C
denotes a reference or perhaps a control treatment. For each subject there is a duplet, {r;, r.},
which represents the potential outcome to the test treatment and to the control treatment,
respectively. At any particular time point, either r or r, is observable for an individual so that
the individual causal effect, d = r; — r, cannot be observed — what Holland (1986) referred to
as the fundamental problem of causal inference. As in Gadbury (2010) or in Poulson et al.
(2012), treatment heterogeneity is quantified by 62 = Var(d), a nonestimable quantity since
there is no information in observable data on the correlation between r and . If we suppose,
as in Gadbury and lyer (2000) or Poulson et al., (2012) that the duplets arise from an infinite

population model given by

2
-6 [, ) o

then it is easy to see that (o — 0¢-)? < 07 < (07 + 0¢)?. Thus, non-estimable treatment
heterogeneity can be bounded by estimable quantities, resulting from setting the non-estimable
correlation, pr., equal to 1 and -1. Bounds can be tightened using covariate information
(Gadbury et al., 2001; Poulson et al., 2012), and estimates of treatment heterogeneity can be
obtained using assumed conditional independence between potential outcomes given covariates
(Zhang et al. 2013).

As experimental designs become more sophisticated, more information about treatment

heterogeneity may become available. If a blocking or subsetting variable is available, then there
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are methods that can detect the presence of treatment heterogeneity and potential qualitative
interactions, the latter meaning that the direction of a treatment’s effect differs across subsets
(e.g., Byar and Corle 1977; Simon 1982; Gail and Simon 1985; Silvapulle 2001; Li and Chan
2006). In repeated measures designs or cross-over designs, there is a true individual treatment
effect at each time period, and some have demonstrated the use of mixed-effects models fit to
data from cross-over designs that estimated a subject-treatment (S-T) interaction variance (e.g.,
Hauck et al. 2000; Endrenyi and Tothfalusi 1999). However, the estimated variance computed
from observed data may not equal a variance of true individual effects without certain
assumptions and/or depending upon how one defines an individual effect in multiple period
designs. In more complex designs, it is not always clear what these assumptions are and whether
or not they are reasonable for the application. The relationship between an estimable S-T
variance component and the true variance of an individual effect defined in a potential outcomes
framework remains unclear.

In this paper a data example from a 2x2 treatment structure applied to a 4-period cross-
over design is analyzed. These data were collected to investigate the effect of diet and plant
sterols on blood low-density lipoprotein cholesterol levels. Dietary or nutritional
recommendations for health that are reported in the literature and media can be a source of
considerable confusion to the public. Discussions relating to this, though with different
perspectives, can be found in a popular book by Campbell and Campbell (2005) and at The
Weston A. Price Foundation (http://www.westonaprice.org/). Thus, it seems pertinent to consider

an application area where an investigation into treatment heterogeneity may yield additional
insights regarding a treatment’s behavior on a population beyond what is told by a study of mean
effects.

The data considered here resulted from a double-blind, randomized cross-over design,
and were reported in Chen et al, 2009 and Kramer et al, 2011. The purpose of Chen et al, (2009)
was to determine if the main effects of two levels of diet and two levels of supplemented plant
sterols on low-density lipoprotein cholesterol (LDLC) blood concentrations were additive. Ina
subsequent publication (Kramer et al, 2011), these data were used as an illustrative example
while investigating the use of multiplicative decomposition techniques to estimate a subject-by-
diet interaction effect since experience suggested the LDLC responses to diet tend to be subject-

specific.
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The method proposed here first conceptualizes the potential outcomes in a design and
quantifies treatment heterogeneity as a linear combination of variance components in a linear
mixed effects model (LMM). Then the randomization mechanism is invoked to produce
observable data and variance components that are no longer estimable in observable data, at least
not without assumptions. A key step in comparing the potential and observable LMM’s is the
appropriate identification of the potential LMM. This is accomplished using a technique
proposed by Fisher in a discussion of Yates’ paper on complex experiments (1935) where Fisher
demonstrated that the choice of an experimental design is the choice of how a topographical
layout of the experiment is related to the treatment structure of an experiment. Stroup (2013)
adapted Fisher’s approach as a means of correctly identifying the appropriate components of an
observable LMM, and termed the approach “What Would Fisher Do” (WWFD). Using Stroup’s
WWEFD method, we further adapt Fisher’s approach to accommodate a potential outcomes
framework, and then consider what information is “lost” when the randomization mechanism is
invoked, that is, we use the potential LMM as a template to arrive at the observable LMM. This
process is an important step in the appropriate estimation of effects in the observable model as
misspecification of the model in PROC GLIMMIX has been demonstrated to alter both model
effect estimation and inference (Boykin et al., 2010).

For ease of illustration, the WWEFD idea is first presented in the context of a
straightforward two-sample completely randomized design (CRD). We then use the technique on
the diet and plant sterol data example from a 2x2 treatment structure applied to a 4-period cross-
over design, previously described. Considering the potential LMM clarifies the assumptions
necessary to equate estimable variances to the variances of the individual effects. Furthermore,
additional information regarding treatment heterogeneity that is not estimable in a traditional 2x2
factorial design at one time period becomes available due to the cross-over nature of this design.
This additional information hints at what might be surmised about treatment heterogeneity with
added time periods, if practical, and what assumptions would be required to directly estimate a

treatment heterogeneity variance. We conclude with a discussion.

5.3. WWEFD in a Two-Sample CRD

A simple two-sample CRD is used to illustrate basic principles that may be extended to

accommodate more complex experimental designs. Consider a two-sample CRD in which a
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random effect arising from the application of the j* level of treatment to the i*" experimental
unit (EU) is permitted. Potential outcomes consist of two sets of N responses, where each of the
N EU’s simultaneously contribute one response to each of the two sets so that EU’s are crossed
with sets. The structure for the potential outcomes framework and corresponding degrees of
freedom given in Table 5.1 (i) are a completely topographical analysis in that the total degrees of
freedom for the experiment are accounted for, independent of the treatment structure. The
treatment structure and its corresponding degrees of freedom are given in Table 5.1 (ii).
“Parallels” in Table 5.1 (ii) was a term used by Fisher to represent the number of times a level of
treatment must be prepared to accommodate a given sample size. In this case, there are two
levels of treatment and each level of treatment must be prepared N times, once for each EU;
therefore, the degrees of freedom associated with Parallels is 2*(N-1). Both the Topographical
and Treatment aspects completely account for the total degrees of freedom in the experiment. Per
Fisher’s instruction that the choice of an experimental design is the choice of which components
from the topographical and treatment aspects are permitted to correspond, we combine these two
aspects in Table 5.1 (i) and (ii) by choosing the degrees of freedom associated with “Trt” in
Table 5.1 (ii) to correspond to the degrees of freedom associated with “Set” in Table 5.1 (i). That
is, assume that any difference between sets is attributed to the level of treatment applied to that
set and not to characteristics inherent to the set. Accordingly, we choose the degrees of freedom
associated with “Parallels” in the Table 5.1 (ii) to be partitioned into the degrees of freedom
associated with “EU” and “Set*EU” in the Table 5.1 (i). That is, we assume that differences in
responses within a set are due to either inherent characteristics of the EU or the application of a
level of treatment to a particular EU rather than differences in the preparation of a particular
level of treatment. The resulting combined ANOVA table is given in Table 5.1 (iii) by replacing
“Set” with “Trt” everywhere “Set” appears in Table 5.1 (i):

Topographical Trt Combined
Source df. Source d.f. Source d.f.
Set 2-1 Trt 2-1 Trt 2-1
EU N-1 ‘parallels” | 2(N-1) | EU N-1
Set*EU (2-1)"(N-1) Trt'EU (2-1)"(N-1)
Total 2N-1 Total 2N-1 Total 2N-1

(i) (i) (iii)
Table 5.1 Potential WWFD ANOVA Structure: Two-Sample CRD
(i) Topographical, (ii) Treatment, and (iii) Combined ANOVA structures for a Potential two-sample CRD.
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Using the components of the combined ANOVA table above as a guide, the resulting potential
LMM is

rij =,U+Si+Tj+STij (52)
i=12,..,Nsubjects; j=T,C

where s; represents a random effect of the it"* EU, 7; represents a fixed effect of the j th level of
treatment, and st;; represents the random effect of the jt" level of treatment applied to the i"
EU. In a model assuming no technical error, s7;; would be considered the experimental error.

Under the “usual” set of experimental circumstances for random effects models, the

following distributional properties of s; and st;; are assumed:

sj~iid N(0,0¢)
STij~iid N(O, O'Szt) (53)
sj and st;; are mutually independent.

One can allow for different variance components for st;;for j = T, C, but this is unnecessary for
illustrating the ideas here. Invoking the randomization mechanism effectively removes one-half
of the data so that each EU is now represented only once within a set instead of being

represented in both sets. This results in two distinct sets of responses with n = gEU’s in each

set, assuming a balanced design. This effectively removes the “Set*EU” term from Table 5.1 (i)
and replaces it with an “EU(set)” term. Also notice that the degrees of freedom associated with
“Parallels” in Table 5.1 (ii) is reduced since each level of treatment need be prepared only n
times instead of N. Table 5.2 (i) and (ii) demonstrate how the Topographical and Treatment
structures are altered after the randomization mechanism is invoked.

Based on this new Combined ANOVA table given in Table 5.2 (iii), the observable LMM

can be written

Rij =,Ll+'l']+€l]
i=12,.,n, j=TC
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Topographical Trt Combined
Source df. Source df. Source df.
Set 2-1 Trt 2-1 Trt 2-1
EU(Set) N “parallels” | 2(N-4) | EU(Tr) N4

2(n-1) 2(n-1) 2(n-1)
Total 2N-1 Total 2N-1 Total 2N-1
2n-1 2n-1 2n-1

(i) (i (ii)
Table 5.2 Observable WWFD ANOVA Structure: Two-Sample CRD
(i) Topographical, (ii) Treatment, and (iii) Combined ANOVA structures for an Observable two-sample CRD.

where n; is the number of EU’s per level of treatment, such that N = ny + nc = 2nina
balanced two-sample CRD (i.e., ny = n¢ = n), and g;; is the usual error term in a two-sample
CRD.

A direct relationship between the potential and observable models can be established by
defining

gij =Sj + STij
Based on the distributional assumptions in (5.3), the error variance in the observable model,
denoted o2, is given by

0l =0+ 04

There is not enough experimental material in the observable model framework to
estimate all effects of interest specified in the potential model. In the observable model, only the
linear combination of the variance components of subject and subject-by-treatment effects can be
estimated. If the potential framework were feasible, both the variance of the subject effect and
the variance of the subject-by-treatment effect would be estimable.

With the potential LMM given in (5.2), d; is given by,

d; = (tr — 7¢) + (sTir — STy¢)-
Using the distribution of d; given in (5.3) and the model distributional assumptions in (5.3) gives
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di~iid N[(tr — 7¢), 205:%].

If 05,2 > 0, then 0,2 = 20,2 > 0, and treatment heterogeneity exists. Bounds for o2 using this
structure are different from the trivial ones given following equation (5.1). These bounds depend
on the non-estimable individual variance components, 62, g4, that are estimable as a linear

combination. Still, an estimable upper bound is given by 262 but the lower bound is zero. The

2
non-estimable correlation in (5.1) is now the intra-class correlation, J;iﬁ and the lower bound

N st

for this quantity is zero rather than -1. Allowing for a negative correlation between potential
outcome variables requires specifying a bivariate distribution of random effects where the
random effects are not independent. We have not seen this done when applying linear mixed
effects models to data arising from experimental designs.

For this simple design, relating the quantities in an observable model to those in the
potential model takes some thought. But it highlights the information that gets lost as one moves
from potential to observable data and, thus, what quantities in a model become inestimable. The
relationship between the potential model and observable model is not as explicit in more
complicated designs, but the WWFD technique can still be used to relate quantities in a potential

LMM to those in an observable LMM for any particular experimental design.
5.4. 2x2 Treatment Structure in a Cross-over Design: A Data Example

5.4.1. Data Description
Each of 22 subjects (13 male, 9 female) was assigned to receive each of four treatment

combinations of diet and plant sterols in random order for a period of 28 days (Chen et al.,
2009). There were no washout periods between 28-day intervals. Two levels of treatment were
considered for each treatment factor. The levels of diet were a typical American diet (TAD)
versus a recommended cholesterol-lowering Step-1 diet (STP). The levels of plant sterol (PSE)
were 0 g/day and 3.3 g/day incorporated into the diet. At each period, the study design
resembled a 2 x 2 factorial treatment structure with two levels of each treatment factor assigned
to each subject. At the end of the four periods, each subject had received all combinations of the

two treatments.
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A number of blood compounds were measured, however only LDLC (mmol/L)
measurements are discussed here. LDLC responses represent the average LDLC values from two
samples taken at day 22 and day 24 of each 28-day period. Baseline (pre-experiment)
measurements were taken the week prior to the initiation of the first, randomly-assigned
treatment combination. The outcome is a change from baseline with negative values meaning a

decrease from baseline.

5.4.2 Applying WWFED to this Design

The previous discussion related to a two-sample CRD can be extended to accommodate a
factorial treatment structure with two treatment factors, {a, £}, each having two levels, {T, C}.
The entire set of possible treatment combinations in this 2x2 factorial experiment is the set
{TT,TC,CT,CC}, where the level of a is given first followed by the level of 8. For the LDLC
data, a treatment level T denotes the STP diet for a and the 3.3 g/day dose of PSE for 3 (i.e., the
respective C treatment levels are TAD for a and 0 g/day of PSE for ). A design consisting of
more than two levels of treatment per treatment factor could also be accommodated.

For each EU, potential outcomes are a 4-tuple {r;rr, Tirc, Ticr> Ticc }, Which represents the
potential response of the i®" EU under each of the four possible treatment combinations arising
from the factorial treatment structure, with only one being observable at a particular time. The

observed response of the i** EU at a particular time is given by,

R; = [rigrUWi] + [1irc Ui (1 = W) + [1ier (1 = UDWi] + [1icc(1 — U (A = W],
where

U - 1,if a =T for the i*" EU
' 0,if a = C for the i*" EU
and

W= 1,if B =T for the i EU
' 0,if B = C for the i*" EU.

We assume uniform randomization and independence of U and IV
To extend the 2x2 factorial potential outcomes framework to a 4-period cross-over

design, we assume a unique set of four potential responses at every time period, one response per
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treatment combination per period. There are a total of 16 potential responses per EU are
permitted across the entire experiment. We suppose that the randomization mechanism randomly
selects a sequence of responses across the four periods for every EU so that every EU receives
every treatment combination once across the four periods.

Using Stroup’s WWFD method, the following potential LMM for a 2x2 factorial

treatment structure in a 4-Period cross-over design is obtained:

Tijlg = K+ 8 + 5 + 51y + i + B + afy + sa + sBuy + safi + maj, + nhj;
+rafji + snagj, + s + smap;jy (5.4)
i=12,..,NEU's; j = 1,2,3,4 periods; k =T, C levels of diet;l =T, C levels of PSE

where s; represents a random effect of the i*"* EU; m; represents the fixed effect of the j th
period; sm;; represents a random interaction effect of the i*" EU measured at the j* period; a;
represents a fixed effect of the k" level of diet; B, represents a fixed effect of the I*" level of
PSE; afsy,; represents a fixed interaction effect of the k" level of diet combined with the [
level of PSE; sa;, represents a random interaction effect of the k" level of diet applied to the
it" EU; spB;; represents a random interaction effect of the [t level of PSE applied to the i* EU;
safy, represents a random interaction effect of the k" level of diet combined with the I*" level
of PSE applied to the i*" EU; ma;; represents a fixed interaction effect of the k" level of diet
applied at the j"* period; nf;, represents a fixed interaction effect of the [ level of PSE applied
at the j*" period; mafj, represents a fixed interaction effect of the k" level of diet combined
with the I level of PSE applied at the j* period; sma; ik represents a random interaction effect
of the k" level of diet applied to the i*" EU at the j*"* period; smp;;, represents a random
interaction effect of the I*" level of PSE applied to the i*" EU at the j* period; and smap;
represents a random interaction effect of the k" level of diet combined with the I*" level of PSE

applied to the i*" EU at the j*"* period, and should be considered experimental error.

The distributional assumptions of the random effects are as follows:

s;~iid N(0,02)
sm;j~iid N(0,0%,)
sa;,~iid N(0,02))
sBy~iid N(0,0%5) (5.5)
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saPiq~iid N(0,04,p)
Sﬂaikl"'iid N(O, O'Szna)
TP ~iid N(0,0,p)
Sﬂaﬁikl"’iid N(O, O-Szﬂ'aﬂ)
Si) STij, SUig, Sﬁil' Saﬁikli ST k1, Sn—ﬁikl and Sﬂaﬂikl are mutua”y independent.

The resulting observable LMM for this design is

Rijkl =u + Si + T[j + (047 + ﬁl + aﬁkl + SUix + Sﬁil + T[(ij + Tlfﬁjl + Tlfaﬁjkl + gijkl (56)
i=12,..,NEU's; j = 1,2,3,4 periods; k =T, C levels of diet;l =T, C levels of PSE

where ¢; ;. is comprised of the confounded potential model effects for which there is not enough
experimental material in the observable model framework to estimate. In the observable model,
&;ji 1s considered experimental error. All other effects maintain the same definition as in the

potential LMM.
A direct relationship between the observable model and the potential model is established

by defining

Eijki = ST;j + SAPjy + ST ) + ST + STAP, jis.-
Given the distributional assumptions specified in (5.5),

2 _ L2 2 2 2 2
O; = O + Osqp + Osna + Ogpp + Ospap-
According to the model given in (5.4), a true causal effect at each of the four periods can
be defined as
dijik=r = TijrT — TijTC)
dij|k=C = Tijct — Tijcc
dij|l=T = Tijrr — Tijcr»
dijji=c = Tijrc — Tijcc

for the i" EU at the j*" period. For each EU there are 16 causal effects across the four periods.
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Based on the model assumptions given in (5.5) , var(d;jjx=r) = var(d;jj=c) and
var(d;j=r) = var(d;j;=c). Denote these two variances var(d;;pier ) and var(d;jpsk ),

respectively. Writing these variances in terms of the potential LMM variance components yields

var(dijwiet) = 2(0—52[? + Uszaﬁ + 0-521113 + O-Sznaﬂ)
and (5.7)
var(dijpsg) = 2(0Z + asza[; + 02, + asz,mﬂ).

o2, and aszﬁ are estimable in observable data because there are multiple observations per EU on a

particular level of diet (but differing levels of PSE) and multiple observations per EU on a

particular level of PSE (but differing levels of diet). This permits an estimable lower bound since

ZO'SZﬁ < var(dmmet)
and (5.8)

202, < var(d;jipsk)

The cross-over nature of this design permits the definition of an observable, naive version

of individual effects. Four naive differences are

Dyjk=r = Rijrr — Ryjrrc,

Dijk=c = Rijrcr — Rijrce

Dij=r = Rijrr — Ryjrer (5.9)
Diji=c = Rij'r¢ — Rijrece

Two distinct variances for the naive individual effects defined in (5.9) emerge from this
design. They are, var(D;x=r) = var(D;=c) and var(D;y=r) = var(D;;=¢) based on the
assumptions in (5.5). Denote these variances as var (D;jp;e;) and var(D;psi ), respectively,

then,

var(Dyjpiet) = var(Rijer — Rijrrc) = 2(0ds + 02)
and (5.10)
var(D;psg) = var(Ryjr — Rij’Cl) = 2(0% +02)
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where j and j’ indicate two different periods. Estimable upper bounds of the true variances of the

individual effects can be established since

2(0523 +02) = Z(USZﬁ + 02 + asza[; + 02, + crsznﬁ - asz,mﬁ)
=202, + 202, + var(dmmet)
and (5.11)
2(02 +08) = Z(Gsza + 05 + Gszaﬁ + Olna + Gsznﬁ + Gsznaﬁ)

= 202 + 2025 + var(d;jpsg)-

Combining the results in (5.8) and (5.11), we have

2035 < var(dijipiec) < var(Dypiet)
and (5.12)
204, < var(dijpse) < var(Dypse)

where the upper bounds are given in (5.10). The difference between the upper and lower bounds
is equal to 20 2.

Comparing the lower bounds established in (5.12) with the results of a traditional 2x2
factorial design carried out at a single time period yields an important distinction. In a standard
2x2 factorial design, a single observable response is permitted for each EU at a single time
period under only one level of diet combined with only one level of PSE. By construction of the
design, then, none of the variance components given in (5.7) are individually estimable from
observable data in this design. Consequently, the most that can be stated about the lower bound
of the variance of an individual effect is that it is non-negative. Thus, the extension of the 2x2
factorial to a cross-over design yields additional information regarding treatment heterogeneity
and provides an estimable lower bound.

If it were possible and practical to extend the design to permit eight time periods instead
of four, and each of the four diet-by-PSE combinations were randomly assigned to two of the
eight time periods, then the subject-by-diet-by-PSE variance component would become
estimable. So by extending the design to a repeated measures cross-over design, previously non-

estimable components of the variances given in (5.7) become estimable. Additional discussion
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regarding repeated measures cross-over designs for evaluating treatment heterogeneity can be
found in Senn (2001).

5.4.3 Results of Analysis

Using PROC GLIMMIX, we analyzed the LDLC data according to the model given in
(5.6) where «a;, represents a fixed diet effect and [, represents a fixed PSE effect. Table 5.3(i)
gives the results for tests of fixed effects in the model. Table 5.3 (ii) presents the estimates of
interest and standard errors for both fixed and random effects. A negative value represents a
reduction in LDLC levels.

Our results demonstrate that the STP diet significantly lowers mean LDLC compared
with the TAD diet (P = 0.012), and the introduction of 3.3 g/day of PSE significantly reduces
mean LDLC compared with 0 g/day of PSE (P < 0.0001). The interaction between diet and PSE
is not significant. Period-by-treatment interactions, Period-by-Diet, Period-by-PSE, and Period-
by-Diet-by-PSE, are also not significant. These results are consistent with those published by
Chen et al, although estimates and P-values are slightly different. Chen et al. accounted for
individual differences by including a base-line LDLC measurement in the model and a random
subject effect. The remaining residuals were fit with a one parameter autoregressive correlation
structure.

Further analyses not shown here demonstrated that adding a base-line LDLC
measurement to the model affected the estimate of the EU variance component but not the
estimates of the EU-by-diet, the EU-by-PSE, or the residual variances. The estimates of the
variance components in Table 5.3 (ii) give rise to estimable bounds of the variance of individual
effects established in (5.12). Gadbury and lyer (2000) describe a process by which the
proportion of EU’s in a population experiencing an unfavorable response can be estimated,
assuming a normal distribution for individual effects. In this case, an unfavorable response
would be considered an elevation in blood LDLC levels even though, on average, a reduction in
LDLC levels was observed. Without loss of generality, assume u; < 0. Then, the proportion of

EU’s experiencing an unfavorable response in this particular experimental setting is given by

_ _ _ —HUd
P =Pd>0)=1 cp( _W(d)),
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where p, is the mean effect of one level of treatment compared to the other. Table 5.4 gives the
estimated upper and lower bounds of the variance of the individual causal effects. In addition to
the estimable bounds we used B = 50 bootstrap (Efron and Tibshirani, 1994) samples to
compute the bootstrap standard error of both the upper and lower bounds. These bootstrap
standard errors, as well as the corresponding estimates of P_, are given in Table 5.4. The
difference between the estimable upper and lower bounds for both variances of interest is 0.0223.
This is twice the estimate of ¢2 given in Table 5.3 (ii). Also notice that for both variances of
interest, the estimate of the lower bound is more than two bootstrap standard errors above zero.

Thus, the data suggest that treatment heterogeneity exists for both Diet and PSE effects.

Type Il Tests of Fixed Effects
Fixed Effect F-Value P-value
Period 2.05 0.1601
Diet 7.52 0.0122
PSE 70.44 <.0001
Diet * PSE 0.21 0.6543
Period * Diet 1.02 0.4181
Period * PSE 1.50 0.2642
Period * Diet * PSE 1.36 0.3009
0]
Estimates: LDLC (mmol/L)
Difference Estimate Std. Error
Diet: STP-TAD -0.1637 0.0597
PSE: 3.3 g/day — 0 g/day -0.4491 0.0535
Variance Component Estimate Std. Error
a? 0.2095 0.0754
a2 0.0332 0.0125
a2 0.0256 0.0104
a? 0.0112 0.0041

(i)
Table 5.3 SAS PROC GLIMMIX Results.

(i) Type 111 Tests for Fixed Effects. (ii) Estimates of the difference in levels of Diet and PSE with standard errors
and estimates of the variance of random effects with estimated standard errors.
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Individual Effect Estimate Bootstrap SE Estimate of P_ Bootstrap SE P_

var(diﬂDiet)
Lower Bound 0.0511 0.0220 0.0235 0.0288
Upper Bound 0.0734 0.0206 0.0487 0.0339

var(dyps)
Lower Bound 0.0665 0.0288 0.2628 0.0809
Upper Bound 0.0888 0.0271 0.2914 0.0647

Table 5.4 Estimable Bounds for the Variance of Individual Effects.
Estimates of the upper and lower bounds given in equation (12) with bootstrap standard errors and estimates of P_
with bootstrap standard errors.

5.5. Discussion and Conclusion

In cases where treatment heterogeneity is suspected, it would be prudent design
experiments in such a way as to investigate the presence of treatment heterogeneity in addition to
estimating a mean effect before a claim of the superiority of one treatment over another is
established (Longford, 1999). The variance of an individual effect is the parameter of interest
when assessing treatment heterogeneity, with a non-zero value indicating the presence of
treatment heterogeneity. If the estimate of the lower bound is substantially greater than zero, one
might conclude that treatment heterogeneity is present. Likewise, if an estimable upper bound is
very close to zero then one might conclude that the treatment is having a similar effect on
individuals across a population. Experimental designs in which an estimable lower and/or upper
bound can be established permit the investigation of treatment heterogeneity essentially “without
cost” in the sense that no new data are needed to confirm the presence of treatment
heterogeneity. Furthermore, a comparison of the observable LMM and potential LMM for a
given experimental design delineates the information about causal effects that is lost in moving
from potential to observable data, and what assumptions about non-estimable quantities (or
design modifications) are needed to evaluate treatment heterogeneity in observable data.

We demonstrated that the extension of a traditional 2x2 factorial treatment structure to a
four-period cross-over design permits the estimation of both an upper and lower bound of the
variance of an individual effect, defined in a potential outcomes framework. Given the estimated
bounds of the individual effects and the bootstrap standard errors, it was reasonable to conclude
that treatment heterogeneity exists when considering the effect of diet (TAD vs. STP) and PSE (0

mg/day vs.3.3 mg/day). Furthermore, we estimated the proportion of EU’s experiencing an
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unfavorable effect. The point estimates of P_ indicate that there could exist certain EU’s for
which the TAD is a more favorable diet than the STP and certain EU’s for which 0 g/day of PSE
could be more favorable than 3.3 g/day of PSE even though, on average, the STP diet and the 3.3
g/day of PSE appeared to be more favorable for lowering LDLC levels. Poulson et al. (2012)
called this an individual qualitative interaction (1QI). However, after considering standard errors
of estimated bounds for P_, statistically it appears that only diet may have an 1QI.

The difference between the estimable upper and lower bounds of the variance of
individual effects is comparatively small. This is because the variability explained by the
random residuals is less than the variability explained by the other random effects, based on the
estimates given in Table 5.3 (ii) (6,° = 0.0112). The majority of variability in responses is
accounted for by the variability due to the random EU effect (6, = 0.2095). In other words,
while treatment heterogeneity likely exists, the amount of total variability in responses explained
by the variability of individual effect is small compared to the variability inherent to EU’s
selected from a given population.

Consideration of (5.7), (5.8), (5.10), and (5.11) reveals the required assumptions to
equate the variance of individual effects with the corresponding naive estimates available from
observable data. From (5.7) and (5.8), 207 = var(d;jipie¢) and 202, = var(d;jpss) if we are
willing to assume that aszaﬁ = 0%y = asznﬁ = Sz,mﬁ = 0; that is , if we are willing to assume
that the diet-by-sterol effect, the period-by-diet effect, the period-by-sterol effect, and the period-
by-diet-by-sterol effect are all constant across EU’s in a population. If we are willing to make
these assumptions, then the estimable lower bounds of var(d;;piec) and var(d;jpsz) become
estimates of the variance of the respective individual effects. If we assume 62, = 02,, =
afnﬁ = 0, that is, if the period effect, the period-by-diet effect, and the period-by-sterol effect are
all constant across EU’s in a population, then the estimable upper bounds become estimates of
var(d;j piec) and var(d;jjpsg ). Though the potential LMM helps to clarify what assumptions
are needed to equate estimated bounds with estimated treatment heterogeneity, these assumptions
cannot be directly tested using observable data from this design.

Senn (2001) noted that studies are rarely designed to separate information on an
individual effect from other sources of variability. In the two-sample CRD and traditional 2x2
factorial designs, only estimable upper bounds can be established. While knowledge of this
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upper bound informs the “worst-case” scenario regarding the estimate of P_ (e.g.- a larger
variance yields a larger P_), it is the estimable lower bound that informs the presence of
treatment heterogeneity. If treatment heterogeneity is suspected and a design permitting an
estimable lower bound of the variance of an individual effect is possible, then estimating the
degree of treatment heterogeneity in addition to a mean treatment effect should be of value when
characterizing a treatment effect across an entire population.

While the statistical methods presented here may be used to quantify the degree of
treatment heterogeneity in these data, they cannot explain the source of the treatment
heterogeneity. Further research is required to investigate the possible causes of treatment
heterogeneity in LDLC response to different diets and amounts of PSE. The data example was
used for illustration and not to confirm a superiority of one treatment over another. The sample

size was small and other issues such as treatment compliance were not considered.
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5.6 Supplementary Material

The following supplementary material is included for the benefit of the reader, and

describes how the potential LMM was generated. This material was omitted from the body of

the paper due to space concerns.

Topographical Trt Combined
Source df. Source d.f. Source df.
Replicate 4-1=3 Period 4-1=3 Period 4-1=3
Row(Rep) 4(2-1)=4 Diet 2-1=1 Diet 2-1=1
Period*Diet 3x1=3 Period*Diet 3x1=3
Col(Rep) 4(2-1)=4 PSE 2-1=1 PSE 2-1=1
Period*PSE 3x1=3 Period*PSE 3x1=3
Row(Rep)*Col(Rep) 4(1x1)=4 Diet*PSE 1x1=1 Diet*PSE 1x1=1
Period*Diet*PSE | 3x1=3 Period*Diet*PSE 3x1=3
Subject N-1 Parallels 16(N-1) Subject N-1
Subject*Rep 3(N-1) Subject*Period 3(N-1)
Subject* Row(Rep) 4(N-1) Subject* Diet (N-1)
Subject*Period*Diet 3(N-1)
Subject* Col(Rep) 4(N-1) Subject* PSE (N-1)
Subject*Period*PSE 3(N-1)
Subject* Row(Rep)*Col(Rep) 4(N-1) Subject* Diet"PSE (N-1)
Subject*Period*Diet*PSE 3(N-1)
Total 16N-1 Total 16N-1 Total 16N-1
0] (i) (iii
Potential Model WWFD:2x2 Factorial in a Repeated Measures Cross-over Design.
Part of 4-Tuple Receiving: Part of 4-Tuple Receiving:
EU 1T TC CT ccC EU T TC CT ccC
1 1T TC CT CcC 1 T TC CT CcC
2 T TC CT CcC 2 T TC CT CC
N-1 T TC CT CcC N-1 T TC CT CC
N T TC CT CC N T TC CT CC
Period 1 Period 4

2x2 Treatment Structure in a 4-Period Cross-over Plot Plans. An abbreviated representation
of the plot plan for the potential outcomes framework.
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Chapter 6 - Identifying Treatment Heterogeneity in GLMM’s

6.1 GLMM: Logistic Regression
For all five experimental designs in Chapter 3, a Gaussian distribution of responses was

assumed. Thus, the results given in Chapter 3 are confined to the LMM setting. The obvious
question remains whether or not the ideas presented in Chapter 3 can be extended to a non-
Gaussian distribution. The Binomial(n, ) distribution will be considered for the purposes of
this research, where n represents the number of independent Bernoulli trials and 7 is the
probability of success in a binomial process. | will pursue modeling potential outcomes using
logistic regression, although many of the ideas presented here for the binomial process should be
extendable to any of the distributions in the exponential family for which GLMM theory holds.
The first step in extending the results from Chapter 3 to a logistic regression setting is to
clearly define what is meant by treatment heterogeneity. While considering binary outcomes in a
matched-pairs design, Gadbury et. al (2004) used the same definition of treatment heterogeneity
as has already been presented in Chapter 3. That is, they defined the causal effect as the
difference in the potential outcome under treatment and the potential outcome under control.

Adapting their notation to fit that given in Chapter 1,
d=rr—r1g, (6.1)

they showed that in the binary data setting, the causal effect may take on one of three possible
values, —1,0,or 1. Gadbury et. al (2004) defined probabilities for each of these three possible
outcomes, noting that P(d = —1) represented the probability of an individual experiencing a

detrimental treatment effect. They further defined the average causal effect,
E(d)=E@r) —E()=POr=1)—-POc=1)

and demonstrated that E(d) could be estimated from observable data.
In a binomial setting, the definition of d given in (6.1) could take on one of 2n + 1

possible discrete values. Depending on the number of Bernoulli trials, assigning probabilities to
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each of these possible values may quickly become cumbersome. | propose defining the
individual causal effect in a slightly different manner. Instead of defining a causal effect as a

difference as in (6.1), define it in terms of an odds ratio (or)

or = nT/(l — 1)
”C/(l — 1)
= (6.2)

logit(or) = logit(ny) — logit(m.)

where 1 is the potential probability of success for an individual EU receiving treatment and
is the potential probability of success if the same EU had received control.

Treatment heterogeneity, then, permits each EU its own probability of success under
treatment and its own probability of success under control. Consider aset of j = 1,2, ... N EU’s,

each exhibiting a set of potential responses, {rr;, 7¢;}, such that
r;j~Binomial(n,m;;); i =T, C. (6.3)

Extending our definition of causal effect in (6.2), we have

nT}/ 1-—- nTj)
= mey)

= (6.4)
ln(orj) = logit(nTj) - logit(ncj)

o7

so that each EU is permitted its own individual causal effect.
Once treatment heterogeneity and an individual causal effect have been clearly defined, it
should be relatively straight-forward to see that logistic regression is an intuitive approach to
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modeling the m;;’s referenced in equation (6.3). Preliminary results for the 2-Sample CRD are
presented here. For convenience, results are presented under the assumption of homoscedasticity
of variances.

Table 6.1 gives the logistic regression model assumptions for both the potential and
observable data models. A direct relationship between the two models is established by defining

§ij = Sj + STij (65)
Logistic Regression Model Model Parameters Assumptions
Potential Model 1:jlsj, sT;;~Binomial (n, ;) s;~iid N(0, 6¢)

STL'J""I:id N(O, O'szt)

logit(m;;) = u+ t; +s; + 5755, .
git(my) = p+ 1+ H s; and st;; are independent.

i=T,C;
j=1.2,..,NEU's

Observable Model 1;;|8;j~Binomial(n, m;) §;j~iid N(0, 02)
logit(nij) =p+17+35;
i=T,C;
j=12, .1
EU's per level of trt

Table 6.1 Logistic Regression Model effects and assumptions in a 2-sample CRD.

since multiple observations per subject are “lost” when the randomization mechanism is invoked.

Thus the residual term, §;;, in the observable 2-sample CRD consists of the confounded subject

and subject-by-treatment effects from the potential model. If such confounding occurs, then

02 =02 + d2.

by the independence assumptions given in Table 6.1. As in Chapter 3, the assumption of unit-
treatment additivity in combination with those specified in Table 6.1 mean
st;j = 0 forall i and j and

Sij = Sj-
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irrespective of the level of treatment assigned to the jt* EU. This means that if unit-treatment
additivity holds in a 2-sample CRD, then the only variability in logit(nij) is due to
characteristics inherent to the EU’s so that in(or;) = logit(mr;) — logit(m¢;) is constant for all
j=12,..NEUs.
Defining causal effect as in (6.4) and under the potential model assumptions given in
Table 6.1,
ln(orj) =(tp— 1) + (STTj - STCj)~iid N(ug,2 - d2) (6.6)

where u, is defined as in (1.4). Exponentiating (6.6) gives
or; = exp|(tr — 1¢) + (5115 — 57¢) | ~lognormal(uy, 2 - o%). (6.7)

This implies that in the logistic regression setting, treatment heterogeneity can be quantified in
terms of the scale parameter associated with or; instead of var(d, ), as was done in the two-
sample CRD in section 3.2.

As with Gaussian responses presented in section 3.2, an average naive effect must be
used to estimate the individual causal effect given in (6.4), as an individual naive effect is

undefined in the two-sample CRD. Define the average naive effect in the logistic regression

setting as
nr nc
— 1 1
In(OR.) = (t7 — 1) + —Z sj+strj | — —Z sj + st¢; |- (6.8)
Nr & n¢ =
]: 3

According to the assumptions given in Table 6.1,

(6.9)

2+ ?
OR.~lognormal (,ud, 2 -M>
n

if (6.8) is exponentiated, and the 2-sample CRD is balanced.
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Define o,,-2 as the scale parameter given in (6.7) and agg 2 as the scale parameter given

in (6.9) and notice that

2 o2
Oor =n ODR.

son - opg 2 is an estimable upper bound for a,,-2.

One difficulty in obtaining estimates of o2 and ¢ in logistic regression is that variance
components in PROC GLIMMIX are not estimated using REML techniques. By default, PROC
GLIMMIX utilizes pseudo-likelihood (PL) methods to estimate model parameters. However, PL
methods can produce estimates that are biased (Pinheiro and Chao, 2006). Initial results in the
logistic regression setting verified the presence of bias in model parameter estimates.

Integral approximation techniques exist in PROC GLIMMIX that serve as alternative
methods to PL-estimation. LaPlace approximation and adaptive Gauss-Hermite quadrature are
both still capable of producing biased results, but the bias is typically smaller using these
estimation techniques compared with PL-estimation (Pinheiro and Chao, 2006). Adaptive
Gauss-Hermite quadrature was utilized in producing the preliminary results that follow.
Although a relationship between the lognormal distribution and the logistic regression model
given in Table 6.1 likely exists based on (6.7) and (6.9), it is unclear how to properly relate the
adaptive Gauss-Hermite quadrature estimates of ¢2 and o2 to the estimated scale parameter of a
lognormal distribution, given a set of observable binomial data. Describing this relationship
remains a topic of further investigation. It is encouraging, however, that reasonable estimates of
model variance components can be obtained for both the potential and observable data models.

Tables 6.2 (i), 6.2 (ii), and 6.2 (iii) give more specific results of some of the effects of
interest based on S = 100 simulated data sets. Values represent the mean and standard error of
estimates across the S = 100 data sets. Table 6.2 (i) gives results for the fixed treatment effect
for the model fit to both potential and observable data, Table 6.2 (ii) shows the results for some
of the random effects in the potential model and Table 6.2 (iii) some of the results for the random
effects in the observable model. In all cases, as the sample size increased from 10 to 30 to 100,
the variability of the effect estimates around the true simulated value decreased, and in most
cases, the estimated value of the simulation parameter based on the S = 100 simulations is

within 3 standard errors of the true value.
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Of particular note, the estimates for ¢2 given in Table 6.2 (iii) estimate the theoretical
value derived in (6.5), where it was assumed that the subject and subject-by-treatment effects
from the potential model were confounded to form the residual term in the observable model.
Letting 62 = 2 and 62 = 1, then 62 = 3 based on (6.5). The results in Table 6.2 (iii)
demonstrate that the estimates of o2 are reasonably close to 3, for N = 100.

Fixed Fixed Std.
Effect Simulated Average Std. Error Effect Simulated Average Error
(Potential) Value 2N (§=100) (S=100) (Obs.) Value N (5 =100) (S =100)
Ty — T 3 20 3.03 0.06 Ty — T 3 10 3.13 0.12

60 3.00 0.03 30 3.03 0.07
200 2.99 0.01 100 3.04 0.03
(i)
Potential Simulated Average Std. Error
Random Effect Value 2N (8 =100) (S =100)
a? 2 20 1.82 0.12
60 191 0.07
200 1.98 0.04
aZ 1 20 0.94 0.06
60 0.99 0.03
200 1.01 0.02
(i)
|
Observable Simulated Average Std. Error
Random Effect Value N (5 =100) (S =100)
a? 3 10 2.33 0.13
30 2.82 0.08
100 297 0.05

(iii)

Table 6.2 2-Sample CRD Logistic Regression Simulation Results.
Values represent the average and standard error of treatment effect estimates across S = 100 simulations in both

the potential and observable data models for N=10, 30, and 100 for (i) Fixed Effects. (ii) Potential Random Effects.
(iii) Observable Random Effects.
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6.2 Treatment Heterogeneity in Generalized Linear Mixed Models
The following section is a paper being prepared for submission to a peer-reviewed journal. The

basis of this paper is an extension of the concepts previously discussed in Chapter 6, using a real
data example for illustration. For completeness, the paper is presented in tact so the reader may

note that some material setting the framework for the problem is repeated here.

6.2.1 Abstract
For continuous data, quantifying treatment heterogeneity is facilitated through potential

outcomes by considering the variance of an individual effect, defined as the difference in
potential outcomes. As the complexity of an experimental design increases, using the same
definition of individual effect for discrete data becomes increasingly intractable. In this paper,
the definition of individual effect is altered slightly to accommodate a potential outcomes
analysis for a generalized linear mixed model (GLMM). Treatment heterogeneity is
conceptualized as a linear combination of potential model variance components, modeled on the
link scale. These variance components are non-estimable in observable data, but estimable
bounds that arise from linear combinations of the non-estimable potential model variance
components exist and depend on the experimental design.

These methods are presented in the context of a 2x2 treatment structure applied to a
randomized complete block design with repeated measures where responses are assumed to
follow a binomial distribution. Only data from a single period are considered for analysis. The
data were collected as part of investigation of the effect of vaccine (VAC) administration and
direct-fed microbial (DFM) on the fecal shedding of E. coli O157:H7 in a commercial setting.

6.2.2. Introduction

Treatment heterogeneity refers to the variability of a treatment effect across individuals in
a population. Studies often focus on estimation of a mean treatment effect (cf. Marshall, 1997),
but when there is a high degree of treatment heterogeneity in a population, there may be a non-
negligible proportion of the population responding differently to a treatment, and possibly in the
opposite direction, from the average subject.

Quantifying the degree of treatment heterogeneity is facilitated by potential outcomes
(Rubin, 1974). Consider two treatments, {T, C}, where T denotes some test treatment and C

denotes a reference or perhaps a control treatment. For each subject, imagine a duplet of
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responses, {rr, 1}, which represents the potential outcome to the test treatment and to the
control treatment, respectively. The individual causal effect can be defined as d = rp — 1,
which cannot be observed since either r; or 1 , but not both, may be observed at any particular
time point. When responses are continuous, treatment heterogeneity has been quantified by

a2 = Var(d), a nonestimable quantity since there is no information in observable data on the
correlation between r; and r.. However, bounds for o can be defined that are estimable in
observed data (cf. Gadbury and lyer 2000, Poulson et al., 2012). Kaiser and Gadbury (2013)
recently made use of this result in evaluating the presence of treatment heterogeneity in
published weight loss clinical trials. Using a technique called What Would Fisher Do (WWFD,
Stroup 2013) applied to a potential outcomes framework, Richardson and Gadbury (2012, 2013-
in progress) used a linear mixed model (LMM) approach to evaluate treatment heterogeneity in
complex designs. They were able to elucidate the necessary assumptions required to equate the
variance of naive estimates of treatment heterogeneity from observable data in complex designs
with the variance of the true individual effects.

In this paper, a data example from a 2 x 2 factorial treatment structure applied to a
randomized complete block design (RCBD) with four experimental units (EU’s) per block is
analyzed. These data were collected to investigate the effect of vaccine (VAC) and direct-fed
microbial (DFM) on the fecal shedding of E. coli O157:H7 in a commercial setting (Cull et al,
2012). The actual data were collected from a RCBD with repeated measures where each of four
treatment combinations of VAC and DFM were applied to one of four pens blocked by
allocation date since seasonal effects associated with degree of fecal shedding (i.e.—higher
shedding in summer) have been well documented. For purposes of simplicity, we consider data
from a single period only, however, these methods may be extended to accommodate repeated
measures across four periods. Pre-harvest interventions that reduce fecal shedding of E. coli
0157:H7 have important food safety and commercial economic implications. Blanket
administration of treatment based only on average effects when there may exist a non-negligible
portion of a population that experiences an unfavorable individual effect is not a trivial matter.
Thus, quantifying the degree of treatment heterogeneity associated with these treatments beyond
an average affect seems appropriate.

Thirty fresh fecal samples were collected from pens each week over a period of four

consecutive weeks. Fecal samples were assessed for the presence (positive) or absence
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(negative) of the E. coli O157:H7 bacteria. Pen-level proportions were fit using a generalized
linear mixed model (GLMM) assuming a binomial distribution on thirty independent trials with a
logit link function. Outcomes were the proportion of positive samples from each collection.

When the potential responses are not continuous, a different approach to treatment
heterogeneity may be required. Gadbury et al (2004) considered binary response and defined d
as a multinomial response taking on one of three distinct values, 0, 1, or —1. They established
bounds for the probability of an EU experiencing an unfavorable effect of the test treatment
compared with the reference in a matched pairs design. Albert et al (2005) extended those results
to a blocked design with binary outcomes. Zhang et al (2013) further extended these results
from Gadbury et al (2004) to incorporate information on treatment heterogeneity from known
covariates and repeated measures.

The method proposed here compares a GLMM derived under a potential outcomes
framework to the usual observable GLMM. A comparison of the potential and observable
GLMM’s reveals components associated with treatment heterogeneity that are estimable in the
potential GLMM but not in the observable GLMM, at least not without non-trivial assumptions.
A key step in comparing the potential and observable GLMM s is the appropriate identification
of the potential GLMM. This is accomplished by adapting Stroup’s WWEFED (2013) technique to
accommodate a potential outcomes framework.

In the subsequent sections, we 1) use Stroup’s WWFD technique to develop a potential
GLMM linear predictor and corresponding observable GLMM linear predictor; ii) re-define
treatment heterogeneity in terms of GLMM components; iii) establish estimable bounds for
model parameters quantifying treatment heterogeneity; and iv) apply these results to the E.coli
data, first at one collection period and then across the four collection periods.

6.2.3. Potential and Observable GLMM Models

In order to accommodate a GLMM analysis, the traditional potential outcomes
framework is slightly altered. Imagine a collection of non-continuous potential responses as in
(1), except for each potential response, there exists an underlying parameter (or set of
parameters) giving rise to a non-continuous potential response. These underlying parameters

may be EU-specific and may possibly differ depending on the level of treatment the EU receives.
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For the E. coli data in particular, imagine that each pen in each block is afforded a 4-tuple of
potential binomial responses at each collection period. These potential responses are based on a
4-tuple of underlying binomial probabilities, one for each VAC-DFM combination, on thirty
independent Bernoulli trials. When the randomization mechanism is invoked in a potential
GLMM, one potential response is selected as the observable response. This is tantamount to
selecting one of the underlying potential parameters as the observable parameter under which the
observable response is generated. We use the potential GLMM as a template to arrive at the
observable GLMM. This process is an important step in the appropriate estimation of effects in
the observable model as misspecification of the model in PROC GLIMMIX has been
demonstrated to alter both model effect estimation and inference (Boykin et al., 2010).

The WWFD method is based on a discussion by Fisher of Yates’ paper on complex
experiments (1935) where Fisher demonstrates that the choice of an experimental design is the
choice of how a topographical layout of the experiment is related to the treatment structure of an
experiment. The potential responses are given for the j** pen in the i*" block receiving the k"
level of VAC combined with the [ level of DFM; i = 1,2, ...,10 allocation dates; j = 1,2,3,4
pens; k =T, C levels of VAC; and [ = T, C levels of DFM.

The potential outcomes framework results in four simultaneous replicate sets of 40
responses, one replicate set receiving each of the four VAC-DFM combinations. Figure 6.1 (i)
gives a plot plan for the potential outcomes layout of this experiment. Notice that every pen and
every block is represented in every replicate set. By virtue of the factorial treatment structure,
every block and every pen receive every level of VAC, every level of DFM and every level of
VAC-DFM treatment combination in the potential outcomes structure. Thus, from a potential
outcomes perspective, block and pen are crossed with each main effect and treatment
combination.

A topographical layout of the experiment at a single time period is given in Table 6.3 (i).
Table 6.3 (ii) gives the factorial treatment layout of the experiment, accounting for the total
degrees of freedom in the experiment. “Parallels” was a term used by Fisher and may be thought
of the number of times a particular VAC-DFM combination needs to be replicated in order to
carry out the entire experiment. In this case, there are 4 VAC-DFM combinations and each

combination must be replicated 40 times to accommodate the potential outcomes framework.

112



Using the combined ANOVA table in Table 6.3 (iii) as a guide, the linear predictor for

the potential outcomes experiment is given by

lOgit(ﬂl‘]’kl) =Uu + bi + p](L) + (247 + T + baik + bTil + ATy + ba'[ik, + paj(i)k + ij(i)l + paTj(i)kl (610)
i=1,2,..,10 allocation dates; j = 1,2,3,4 pens; k = T, C levels of VAC; and [ = T, C levels of DFM

where m; ; represents the binomial probability of the jt pen in the i*" block receiving the
combination of the k" level of VAC and the [*" level of DFM; b; is the random effect of the
i*" block (i.e.—allocation date); p;; is the random effect of the j* pen in the i*" block; a
represents the fixed effect of the k" level of VAC; t, represents the fixed effect of the It level
of DFM; ba;, represents the random effect arising from the application of k" level of VAC to
the it" block; bt;; represents the random effect arising from the application of I" level of DFM
to the i" block; aty, represents the fixed interaction effect of the k" level of VAC combined
with the I** level of DFM; bat;,; represents the random interaction effect arising from the
application of the k" level of VAC combined with the I** level of DFM to the i* block;

pa iy, represents the random interaction of the k" level of VAC applied to the j* pen in the
i*" block; ptj;) represents the random interaction of the I*" level of DFM applied to the j*"
pen in the it" block; and pat;)k represents the random interaction effect arising from the
application of the k" level of VAC combined with the [** level of DFM to the j* pen in the i*"
block.

For a distribution in which the estimation of a scale parameter is of interest, the final term
in the model, pat (;x;, would be considered the residual or error term, and would be utilized in
the estimation of the error variance. However, for a distribution belonging to the one-parameter
exponential family, like the binomial distribution, there is no scale parameter to estimate.
Consequently, this final source of variability must play either a different role than that of the
Gaussian residual term, or no role at all (Stroup, 2013). It is common practice to assume no
variability can be attributed to the final term and remove it from the model. For now, it will be
left in the model in order for the potential model to account for all degrees of freedom in the
experiment. Further discussion for the interested reader can be found in Stroup (2013, pp. 112-
114). The distributional assumptions in probability distribution form (Stroup, 2013) are as

follows:
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Data:
1ijx1lq~Binomial (30, ;4;)
where q is a vector of the following random effects:
bi~iid N(0,0?2)

Pj(i)~iid N(O, 0-5)
ba,~iid N(0, 05,)
bt;~iid N(0, ;) (6.11)

bat~iid N(0, 054;)

Paj(i)k~iid N(O, o'ga)

PTjay~iid N(0, o57)

paTj(i)kl~iid N(O, O-z?ar)

bi! pj(L)J baik, bTil! ba‘[ikl, paj(i)k, ij(i)l and pa‘rj(l-)kl are mutua”y independent.

Previously published results (Richardson and Gadbury, 2012; Richardson and Gadbury
2013-in progress) have shown that an observable model can be derived from a potential model
by considering the information lost after invoking the randomization mechanism resulting in the
removal of a portion of potential data. Figure 6.1 (ii) represents a plot plan after the
randomization mechanism has been invoked and three-fourths of the potential data have been
removed. By removing three-fourths of the data, the following information is lost:

(i) Multiple observations per block on the same DFM-VAC combination

(if) Multiple observations per pen within a block

(iii)Multiple observations per pen within a block on the same level of VAC

(iv)Multiple observations per pen within a block on the same level of DFM
The resulting observable linear predictor is given by:

lOgit(T[ikl) =u+ bi + ay + T + baik + bTil + ATy + bﬂE{Tikl (612)
i=1,2,..,10 allocation dates; k = T, C levels of VAC; and [ = T, C levels of DFM

where the pen within block can be identified by the VAC-DFM combination if the randomization
scheme is known. All other effects are defined as in the potential outcomes framework.
A direct relationship between the observable model and the potential model is established

by defining
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batiy = pjay + batiy + Pk + PTiay + PAT |-

Given the distributional assumptions specified in (6.11),

Gpat = Op + Ofor + Opa + 0fr + O e (6.13)

Table 6.4 gives the WWFD result for this experiment design. Since there is no scale
parameter to estimate, a usual observable GLMM approach attributes any remaining variability
in the linear predictor after fitting the VAC and DFM main effects, VAC-by-DFM interaction,
and block-by-VAC and block-by-DFM interactions to block-by-VAC-by-DFM interaction. By
first considering the potential GLMM linear predictor, the assumptions required to substantiate
this assertion become clear. In particular, by considering the variance components in (6.13),
Ghat = Ofqr ONly When o = 05, = 05, = 024, = 0. So, if one is willing to assume no
variability due to pen, no variability in VAC effect across pens, no variability in DFM effect
across pens, and no variability in VAC-DFM interaction across pens, then the block-by-treatment
interaction effect completely explains any remaining variability after the main effects (fixed), the
interaction effect (fixed) and the random block and block-by-main effect interactions have been
included in the model.

6.2.4. GLMM Individual Effects

Previous work with binary potential outcomes (Gadbury et al., 2004; Zhang et al. 2013)
has utilized the traditional definition of an individual effect. Extending the traditional definition
of individual effect to the binomial distribution results in (2n + 1) possible values of d = r; —
¢, Where n is the number of Bernoulli trials (i.e. n = 30 for the E. coli dataset). For large
values of n, using the approach described by Gadbury et al. (2004) may be rather cumbersome,
and an alternative definition of individual effect may facilitate a more intuitive investigation of
treatment heterogeneity.

Rather than defining an individual effect on the data scale (i.e.-the difference between
two potential responses belonging to the same EU), define an individual effect on the model or
link scale. For a binomial response assuming a logistic regression GLMM model, the resulting

individual effect is an individual log-odds ratio of T compared with C. In the E. coli data
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example, the 2x2 factorial treatment structure facilitates the following two individual effects for

the j* pen in the i*" block:

In(oryj,) = logit(mijr,) — logit(mijc:)
and (6.14)

in(oriji) = logit(mijr) — logit(mijic)

where In(or;;;;) represents the individual effect of VAC conditioned on a given level of DFM
and ln(orl-”k) represents the individual effect of DFM conditioned on a given level of VAC.
Using this modified definition of individual effect, the variance of the individual log-odds ratio,
0,2, quantifies the degree of treatment heterogeneity in an experiment in that a positive value of
0,2 indicates the presence of treatment heterogeneity. If no treatment heterogeneity exists, then
the variability of the individual log-odds is zero.

Based on the model assumptions given in (6.11), 6%, 1=r = 0%orj1=¢c @Nd 0% k=1 =
02 orjk=c- Denote these variances a2,,pry and 0%, vac , respectively. Writing the individual
effects given in (6.14) in terms of the potential GLMM linear predictor components and
considering the variance of the individual log-odds ration based on the model assumptions given
in (6.11) yields

0-207‘|DFM = 2(0-13(1 + O-l?a'r + 0-505 + 0'505-,;)
and (6.15)
0-207‘|VAC = 2(0-131' + O-l?a'r + 0-51' + Ggar)
where a7, and o/, are estimable from observable data since an observable data set contains
multiple observations per EU on a particular level of VAC (but differing levels of DFM) and
multiple observations per EU on a particular level of DFM (but differing levels of VAC). Thus

estimable lower bounds can be established by noting

2 2
zo—ba =0 or|DFM
and (6.16)
2 2
205 < 0% vac
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The factorial nature of this design permits two observable naive estimates of the
individual effects given in (6.14). The two naive estimates are, again, defined on the model

scale:

ln(ORl”) = lOgit(T[iTl) - lOgit(ﬂiCl)
and (6.17)
In(OR;) = logit(myr) — logit(myc)

where the differences in log-odds are across pens within the same block.

To compare the variances of the naive effects in in (6.17) to the variances of the
individual effects defined in (6.14), notice that based on the distributional assumptions given in
(6.11) and the relationship between the potential linear predictor and the observable linear
predictor in (6.13), 02 prji=r = 0% orji=c @Nd 0% prjk=r = 0%or|k=c, Where a2y represents the
variance of a naive effect. Denote these variances o rprm @nd 0%gvac , respectively. The

variances of the naive effects written in terms of model variance components are:

02 oriprm = 2(02q + 6207) = 2(0fy + 02 + 0y + 020 + 0pr + 024r)
= O-ZOT'lDFM + 2(0'5 + 0'5-[)
and (6.18)
02 orwac = 2(04; + Gpgr) = 2(oZ + Op + Opyy + Opq + 0 + agm)
= O-ZOT|VAC + 2(0’5 + Uga)

Combining the results of (6.16) and (6.18), notice

2 2 2
20hq < 0% oripFM < O 0R|DFM
and (6.19)

2 2 2
20 < 0% orivac < 0 oRr|vac

where 6% priprm = 2(08, + 6247) and 6% privac = 2(05; + 63,.). Equation (6.19)

demonstrates that non-trivial, estimable upper and lower bounds for the variances of an
individual log-odds ratio can be established for this experimental design. The difference

between the upper and lower bounds is 267,
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6.2.5. Results of Data Analysis

Using PROC GLIMMIX, we analyzed the E.coli data from the first of four periods,
according to the model given in (6.12) where a;, represents a fixed VAC effect and t; represents
a fixed DFM effect. Table 6.5(i) gives the results for tests of fixed effects in the model. Table
6.5 (i) presents the odd-ratio estimates of interest for fixed effects with standard errors and
estimates of the random effects with standard errors.

Results from the analysis demonstrate that the probability of detecting a positive fecal
sample in pens that were vaccinated were significantly lower (P=0.0038) than pens that were not
vaccinated. There was no significant effect on the odds-ratio for the effect of DFM, neither was
there a significant interaction effect. These results are consistent with those published by Cull et
al (2012) even though we are only considering one period instead of four in this analysis. As
such, estimates and P-values given here will differ from those reported by Cull et al (2012).

The estimates of the variance components in Table 6.5 (ii) give rise to estimable bounds
of the variance of individual effects established in (6.19). Table 6.6 gives the estimated upper
and lower bounds of the variance of the individual causal effects. In addition to the estimable
bounds we used B = 50 bootstrap (Efron and Tibshirani, 1994) samples to compute the
bootstrap standard error of both the upper and lower bounds. These bootstrap standard errors are
also given in Table 6.6. The difference between the estimable upper and lower bounds for both
variances of interest is 1.6036. This is twice the estimate of 67,, given in Table 6.5 (ii). For both
variances of interest, the estimates of the lower bounds are within one bootstrap standard error of
zero. Additionally, the estimate of the upper bound for the individual effect of VAC given DFM
is within two bootstrap errors of zero. These estimates, together with a non-significant VAC-
by-DFM interaction, suggest that it would be reasonable to conclude no treatment heterogeneity
for VAC. For DFM at a given level of VAC, a conclusion of treatment heterogeneity is possible
since the estimate of the upper bound is more than two bootstrap standard errors above zero,
however, based on equation (6.18), one must be willing to assume o7 = a5, = 0 in order for the
variability of the individual log-odds to equal the variability of the observed log-odds. In other
words, if one is willing to assume no variability in individual log-odds due to the pens a block
and no variability in individual log-odds due to different pens receiving the same level of VAC,
then one could reasonably treatment heterogeneity of DFM. Even though the potential GLMM

helps clarify what assumptions are needed to equate estimated bounds with estimated treatment
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heterogeneity, these assumptions cannot be directly tested using observable data from this

design.

6.2.6. Discussion and Conclusion

In cases where treatment heterogeneity is suspected, quantifying the degree of treatment
heterogeneity in addition to estimating a mean effect should be undertaken before a claim of the
superiority of one treatment over another is established (Longford, 1999). Treatment
heterogeneity has frequently been assessed using finite population, randomization-based
approaches. These techniques have been utilized for both continuous (Gadbury et al, 2001,
Poulson et al, 2012) and non-continuous (Gadbury et al, 2004; Albert et al, 2004; Zhang et al,
2013) responses. However, as the complexity of an experimental design increases, assessing
treatment heterogeneity becomes increasingly intractable (Ndum, 2012).

Since linear mixed models (LMM’s) and GLMM’s are particularly useful for modeling
data from complex designs, their role in modeling treatment heterogeneity is investigated. In
order to accommodate a potential outcomes analysis for a GLMM setting, we slightly altered the
definition of an individual effect so that the individual effect is defined on the link or model
scale. Once this has been done, the variance of an individual effect is the parameter of interest
when assessing treatment heterogeneity, with a non-zero value indicating the presence of
treatment heterogeneity. If the estimate of the lower bound is substantially greater than zero, one
might conclude that treatment heterogeneity is present. Likewise, if an estimable upper bound is
very close to zero then one might conclude that the treatment is having a similar effect on
individuals across a population.

We demonstrated that both an upper and lower bound of the variance of an individual
effect can be achieved for 2x2 factorial treatment structure applied to a RCBD. Given the
estimated bounds of the individual effects and the bootstrap standard errors, there is not enough
evidence from the current data to conclude treatment heterogeneity in the effect of VAC on fecal
shedding. It should also be stated that this is not the same as concluding treatment homogeneity.
But given that the main effect of VAC was significant (P=0.0038), it seems reasonable to
conclude that the effect of VAC is favorable and that the effect does not vary significantly across

units in a population.
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The conclusion regarding the heterogeneity of a treatment effect for DFM is not as clear.
While the estimated lower bound is reasonably close to zero, one can argue that treatment
heterogeneity could exist since the estimable upper bound is more than two boot-strapped
standard errors above zero. In this case, it seems prudent to consider what assumptions are
required in order to equate aZOTWAC with its estimable upper bound. Based on the relationship of
02 orivac @nd 0% pryac given in (6.18), 0o vac = 0%orivac When of = o5, = 0. This means
that in order for UzorwAc to achieve its estimable upper bound, we need to be willing to assume
that there is no variability due to pen-within-block and no variability due to the application of
VAC to a particular pen. It should be noted that there is no way to test the validity of the
assumption that o = a5, = 0 from the current data.

Given that n = 30 in this experiment and with so many possible values of the usual
computation of d = r; — ¢ (i.e-61 possible values), a normal approximation seems like a
reasonable approach. In other words, one might consider the following distribution on the
potential responses:

Tijkl |q~N('uijkl’ 02)

where q is a vector of random effects, the estimate of ;;,;, would typically serve as the estimate
of nm; 4, and the distributional assumptions of the random effects remain unchanged from those
given in (6.11). However, if estimates of y;,,; can be interpreted as the corresponding estimate
of nm;jy;, then the variance of these estimates should also be related the estimates of ;.
Using the normal approximation, the variance of the estimates of 11, ;; would be related to o2,
the meaning of which is ambiguous. Furthermore, using the normal approximation convolutes
the interpretation of treatment heterogeneity. Recall, 63 = Var(d) quantifies the degree of
treatment heterogeneity using the usual definition of individual effect. Using a normal
approximation introduces 2¢2 into the computation of 2 and its upper and lower bounds, since
d is defined as the difference between to potential responses for the same EU. Permitting 202
into the computation of o7 introduces an ambiguous source of variability that is related neither to
the variability of the true conditional distribution of the potential responses nor the random

effects specified in the linear predictor. This is not trivial, especially if the marginal distribution
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of the data is not approximately normal. Let f(q) denote the joint distribution of random effects

in the linear predictor. The marginal distribution of the data can be determined as follows:

f@) = [ [ rolaf@da

where r is a vector containing potential responses. When f (r|q) is a binomial distribution, the
integral of the resulting joint distribution, f(r|q)f (q), cannot be directly evaluated to obtain a
marginal distribution. Simulation studies have shown this marginal distribution can be heavily
skewed either to the right depending on the value of the binomial probability and the amount of
variability introduced into the process by the random effects specified in q. (Stroup, 2013)
Imposing a normal distribution on the conditional distribution of the data given the random
effects, and including the resulting “approximate” variance in the computation of o7 may lead to
misleading conclusions about the existence of treatment heterogeneity.

As in the case of the heterogeneity of the DFM effect, a comparison of the observable
GLMM and potential GLMM for a given experimental design delineates the information about
causal effects that is lost in moving from potential to observable data, and what assumptions
about non-estimable quantities (or design modifications) are needed to evaluate treatment
heterogeneity in observable data. Furthermore, for experimental designs in which an estimable
lower and/or upper bound can be established, the investigation of treatment heterogeneity is
essentially “without cost” in the sense that no new data are needed to confirm the presence of
treatment heterogeneity.

Studies are rarely designed to separate information on an individual effect from other
sources of variability (Senn, 2001). For many simple designs, only estimable upper bounds of the
variance of an individual effect can be established. If treatment heterogeneity is suspected,
careful thought and planning should be undertaken to design an experiment in such a way that an
estimable lower bound can be established since an estimable lower bound significantly greater
than zero confirms the presence of treatment heterogeneity.

While the statistical methods presented here may be used to quantify the degree of
treatment heterogeneity in these data, they cannot explain the source of the treatment
heterogeneity. If we concluded that that treatment heterogeneity existed, further research would
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be required to investigate the possible causes of treatment heterogeneity. The data example was
used for illustration and not to confirm a superiority of one treatment over another. The sample

size was small and other issues such as treatment compliance were not considered.
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Figure 6.1 Plot Plans: 2x2 factorial treatment structure in a RCBD.
Plot plans for (i) the potential outcomes framework and (ii) the observable model framework.

Topographical Trt Combined
Source d.f. Source d.f. Source d.f.
Rows of Replicate Sets 2-1=1 VAC 2-1=1 VAC 2-1=1
Columns of Replicate Sets 2-1=1 DFM 2-1=1 DFM 2-1=1
Row*Column 1x1=1 VAC*DFM 1x1=1 VAC*DFM 1x1=1
Block 10-1=9 Block 10-1=9
Block*Row 9x1=9 Block*VAC 9x1=9
Block*Column 9x1=9 Block*DFM 9x1=9
Block*Row*Column 9x1x1=9 Parallels 4(40-1)=156 Block*VAC*DFM 9x1x1=9
Pen(Block) 10(4-1)=30 Pen(Block) 10(4-1)=30
Row*Pen(Block) 1x30=30 VVAC* Pen(Block) 1x30=30
Column*Pen(Block) 1x30=60 DFM* Pen(Block) 1x30=30
Row*Column*Pen(Block) 1x1x30=30 VVAC*DFM* Pen(Block) 1x1x30=30
Total 160-1=159 Total 160-1=159 Total 160-1=159

(i) (i (iii
Table 6.3 Potential WWFD ANOVA Structure: 2x2 Factorial in RCBD
(i) Topographical, (ii) Treatment, and (iii) Combined ANOVA structures for a Potential 2x2 factorial treatment
structure in a RCBD.
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Topographical Trt Combined

Source d.f. Source d.f. Source d.f.
Row 2-1=1 VAC 2-1=1 VAC 2-1=1
Column 2-1=1 DFM 2-1=1 DFM 2-1=1
Row*Column 1x1=1 VAC*DFM 1x1=1 VAC*DFM 1x1=1
Block 10-1=9 Block 10-1=9
Block*Row 9x1=9 Block*VAC 9x1=9
Block*Column 9x1=9 Block*DFM 9x1=9
Block*Row*Column** 9x1x1=9 Parallels 4{40-1)=156 Block*VAC*DFM+*+

4(10-1)=36
Total 160-1=159 Total 160-1=159

40-1=39 40-1=39

(i)

Table 6.4 Observable WWFD ANOVA Structure: 2x2 Factorial in RCBD

(i

(ii)

(i) Topographical, (ii) Treatment, and (iii) Combined ANOVA structures for an Observable 2x2 factorial treatment
structure in a RCBD.

**Assumes no pen-within-block variability and a uniform treatment effect of VAC, DFM and VAC-DFM

combination on every pen within a block.

Table 6.5 SAS PROC GLIMMIX Results
(i)Type 111 Tests for Fixed Effects. (ii) Estimates of the odds ratios of observing a sample positive for E. Coli with
upper and lower confidence limits and estimates of the variance of random effects with estimated standard errors.
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Type 111 Tests of Fixed Effects
Fixed Effect F-Value P-value
VAC 14.94 0.0038
DFM 0.04 0.8385
VAC * DFM 3.02 0.1163
0]
Estimates:
Fixed Effect Odds Ratio Lower Upper
VAC (T vs. C) 0.26 0.12 0.57
DFM (T vs. C) 0.92 0.38 2.22
Variance Component Estimate Std. Error
o 0.6942 0.5842
oy 0.0468 0.3886
o 0.1803 0.4552
6lre 0.8018 0.6068
(i)




Individual Effect Estimate Bootstrap SE
O_ZorlDFM
Lower Bound 0.0936 0.4511
Upper Bound 1.6972 0.8523
UZ()erAC
Lower Bound 0.3606 0.5791
Upper Bound 1.9642 0.8602

Table 6.6 Estimable Bounds for the Variance of Individual Effects.
Estimates of the upper and lower bounds given in equation (6.19) with bootstrap standard errors.
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Chapter 7 - Future Work

The following sections present ideas for future work based on the research presented in
Chapters 1-6.

7.1 The Role of the Randomization Mechanism
To this point, all results have been predicated on a uniform randomization mechanism.

That is, assuming a balanced CRD experiment comparing two treatments, the marginal

probability of assignment is

1
P(Wy;=1)=P(W,; =0) = > (7.1)

for any of the j = 1,2,.. N EU’s, where W is the indicator variable defined in Chapter 1 to
represent the random assignment of EU’s to level of treatment. In a randomized experiment,
(7.1) holds regardless of the values of the EU’s potential outcomes and regardless of the values
of either observed or unobserved covariates. Furthermore, in a randomized experiment, the
treatment and control groups are usually comparable in every respect except for the level of
treatment applied to the group. The reason for this is that the law of large numbers ensures that
for a randomized experiment that is “large enough”, values of both observed and unobserved
covariates tend toward the mean value of the population from which the treatment groups were
drawn.

It has been well established (Fisher, 1935; Rosenbaum and Ruben, 1983; Rosenbaum,
2010) that studies in which uniform randomization is either impractical or infeasible do not
possess these same characteristics that tend to balance the treatment group and control group in
randomized experiments. It is very common among studies in which randomization is not
uniform to find significant differences between the treatment group compared with the control
group in attributes that affect the outcome of the study. Therefore, there is no reason to suspect
that the probability of being assigned to either treatment or control is independent of covariate

values, or even of potential outcomes. In other words, certain values of a covariate may make an
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EU more likely to be assigned to either treatment or control. If groups receiving treatment and
control differ in ways besides the level of treatment assigned and these differences matter for the
outcomes of the study, then the study is said to be biased. When all sources of bias in a study are
overt, (i.e.- the pertinent covariates have been collected and recorded), then the bias can be
controlled by making adjustments such as matching or stratification, under the assumption of a
strongly ignorable treatment assignment. If the bias is hidden, however, then no adjustment can
be made. A sensitivity analysis which seeks to describe the magnitude of the hidden bias that
must be present in the study in order to explain any associations seen in that study should be
included in the results of any study for which randomization is not uniform. There is a wide
body of literature that discusses matching technigues and the intricacies of sensitivity analyses in
studies containing bias. Unless these topics become a part of the current research, that literature
will not be considered at this point. The interested reader is referred to Rosenbaum’s (2010) text
on designing observational studies for a noteworthy summary of the topics discussed here.

Up to this point, the discussion regarding randomization and bias has still been predicated
on the assumption of an additive treatment model defined in equation (2.3). Few forays have
been attempted that consider a model that contains both treatment heterogeneity and non-uniform
randomization. One such attempt, however, was provided by Rosenbaum (1999) in which a
dilated treatment effect model was defined and a sensitivity analysis was performed under the
assumptions of this dilated treatment effect model. A dilated treatment effect model is a model
that permits a type of treatment heterogeneity in which it is assumed that the potential responses
under treatment,r, are systematically larger and more dispersed than potential responses under
control, .. The difference between r and - is assumed to be a non-negative, non-decreasing
function of .. This assumption has serious implications on the correlation between r and r,
namely that the correlation is non-negative. It seems reasonable that the current research could
be extended to investigate the nature of treatment heterogeneity in studies for which

randomization is not uniform without the imposed structure of a dilated treatment effect.

7.2 Estimating Treatment Heterogeneity in Observable Data
Consider, again, the potential model for a 2-sample CRD given in Table 3.1. For

simplicity purposes, consider a common variance on st;;’s so that 0% = 02 = oZ. Define

tl'j =T + STij;
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i=T,Cj=12..N (7.2)
so that the potential model in Table 3.1 becomes

rij =.u+tij+sj;
i=T,Cj=12..N

t;j~iid N(t;,0%) ; sj~iid N(0,0¢); t;; and s; are independent (7.3)

This is recognizable as a random model containing two random effects, where the expectation of
t;; is possibly non-zero. Assumptions about o¢; and o¢ required to equate the variance of the
individual causal effect and the naive effect have already been discussed. However, it seems
reasonable given the model in (7.3) that there may be other constraints placed on the model that
might permit both 62 and 62 to become estimable from observable data. For example, if the
constraint under Hy: T = 7, Were to be imposed, could 62 and o2 then be estimated? Or what
if 7; and o2 were considered hyper-parameters from some specified prior distribution on ¢;;?
What kind of estimate of 62 would the variance of the posterior distribution then be if a
Bayesian approach were adapted? Answers to questions like these seem tangible now that a
potential data model has been defined and its relationship to the “usual” observable data model

has been clearly established.

7.3 The Role of a Covariate
Gadbury and lyer (2000) demonstrated the use of a single covariate obtained on a

population of units in bounding measures of treatment heterogeneity in a two-sample CRD with
maximum likelihood estimates (MLE’s) obtained from observable data. They further discussed
assumptions of the conditional model required for a lack of treatment heterogeneity to exist.
Gadbury et. al (2001) performed sensitivity analyses over the range of possible values of
conditional and unconditional correlation. Denoting the single covariate Z, they considered the

population of potential responses to be drawn from the following trivariate Gaussian population
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By extending the models in Chapter 3 to develop analysis of covariance (ANCOVA)
models and using the results of the proposed research in section 4.2 on correlation, I would like
to reframe the work of Gadbury and lyer (2000) and Gadbury et. al (2001) in light of the
potential outcomes linear mixed models developed in Chapter 3. More specifically, | would like
to consider how information from a single covariate might alter the estimable bounds of
o4%defined in terms of model variance components, if at all. Furthermore, | would like to
investigate the assumptions in a potential ANCOVA model that are required in order for a lack

of treatment heterogeneity to exist.
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Appendix A- Results for Gaussian Data: Common Variance

A.1 2-Sample CRD

Model Model Parameters Assumptions

Potential Model ri]' =u + T; + Sj + STL']', SJ""lld N(O, O'Sz)

i=T,C; st;;~iid N(0,0%)
j=12,..,NEU's sj and st;; are independent.
PP . .. e iT 2
Observable Model Ry ,“ NRL €i;~iid N0, o¢
i=T,C;
j = 1,2, e NG

EU's per level of trt
Table A.1.1 Model effects and assumptions in a 2-sample CRD.

Fixed Fixed Std.
Effect Simulated Average Std. Error Effect Simulated Average Error
(Potential) Value 2N (§=100) (S=100) (Obs.) Value N (S =100) (S =100)
Tr — T 3 20 3.03 0.06 Ty — T 3 10 3.17 0.16

60 3.01 0.03 30 3.03 0.09
200 3.00 0.02 100 3.02 0.06

(i)

Potential Simulated Average Std. Error
Variance Value 2N (S =100) (S =100)
Subject 4.71 20 4.76 0.25
60 4.83 0.13
200 4.75 0.08
Subject*Trt 157 20 152 0.07
60 1.53 0.04
200 1.56 0.02
var(d;) 3.14 20 3.04 0.14
60 3.06 0.07
200 3.11 0.05
(i)

Observable Simulated Average Std. Error
Variance Value N (S =100) (S =100)
Residual 6.28 10 6.33 0.32

30 6.31 0.15
100 6.23 0.09

(iii)
Table A.1.2 2-Sample CRD Simulation Results.
Values represent the average and standard error of treatment effect estimates across S = 100 simulations in both
the potential and observable data models for N=10, 30, and 100 for (i) Fixed Effects. (ii) Potential Random Effects.
(iii) Observable Random Effects.
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Observed Data: Residual Variance
tau1=5, tau0=2, mu=3.5
Variance: Subject=4.71, Subject*trt=1.57

Overall Statistics: Ctrl Variance=12.56

Min 1.897146 6.726113 8.249945

Mean 12.66312 12.61258 12.45675

Q2 11.52462 12.65256 1257485

Max 32.001 21.35812 17.36989

Std Dev 6.314352 3.057967 1.715525
40

30

n*Var(D-har)
=

n*var(D)=12.56

var(d)=3.14

10 30 100
n
H:\My Documents\PhD Research and Admin\Simulation\Potential Outcomes Simulation. sas

Figure A.1.1n - var(D.) = var(d;;). Box plots of the S = 100 estimates of n - var(D.) at N=10, 30, and 100
Dotted lines represent values used in the simulation design.

Variance Comparison:
Avg Naive Effect vs Avg Causal Effect
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Figure A.1.2 rar®) s, var(cT.). One-half the variance of the average naive effect is an upper bound for the

2
variance of the average true causal effect.
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A.2 Matched-Pairs

Model Model Parameters

Assumptions

Potential Model Tijk = U+ by + Sjy + T + DTy + STj(yk
i=1,2,..,B pairs;
j =1,2 EU's within a pair
k=T,C

Riji = 1+ b + 7y + €y,
i=12,..,Bpairs;
j = 1EU within a pair receiving Trt k
k=T, C

Observable Model

b;~iid N(0,c?)
Sj(y~iid N(0,02)
bty ~iid N(0, o)

S’[j(i)k""iid N(O, O'Szt)

b, sjqiy, bty and st are mutually
independent.
b;~iid N(0,c?)
el]k""lld N(O, 0'6,2)

b;and e; . are independent

Table A.2.1 Model effects and assumptions in a RCBD.
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Fixed Fixed Std.
Effect Simulated Average Std. Error Effect Simulated Average Error
(Potential) Value 2N (§=100) (S=100) (Obs.) Value N (5 =100) (§ =100)
Ty —T¢ 7 40 6.90 0.10 Ty — T 7 20 6.78 0.14
120 6.97 0.05 60 6.94 0.08
400 6.98 0.03 200 6.99 0.05

0]

. _ ]
Potential Simulated Average Std. Error
Variance Value 2N (S =100) (5§ =100)

Block 10 40 9.92 0.69
120 9.62 0.40
400 9.83 0.23
Block*Trt 3 40 3.19 0.22
120 3.17 0.12
400 3.06 0.05
Subject 4 40 4.25 0.26
120 4.24 0.13
400 3.95 0.07
Subject*Trt 2 40 1.99 0.08
120 2.02 0.05
400 2.03 0.03
var(d;;) 10 40 10.36 0.43
120 10.37 0.25
400 10.18 0.10

(i)

|
Observable Simulated Average Std. Error
Variance Value N (S =100) (S =100)

Block 10 20 9.89 0.69
60 9.65 0.43
200 9.81 0.24
Residual 9 20 12.39 0.83
60 13.34 0.51
200 13.20 0.28
var(D;) 18 20 19.74 1.08
60 18.79 0.50
200 18.13 0.24

(iii)

Table A.2.2 Matched-Pairs/RCBD Simulation Results. Values represent the average and standard error of
treatment effect estimates across S = 100 simulations in both the potential and observable data models for B=10,
30, and 100 of size 2 for (i) Fixed Effects. (ii) Potential Random Effects. (iii) Observable Random Effects.
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Observed Data-Plot of Var (D)
tau0=3, tau1=10, mu=4
Variance: Block=10 Subject(Block)=4, Block*Trt=3, Subject*Trt Error=2

Overall Statistics: True=18
Min 5.333958 10.33511 1262601
Mean 19.74389 18.79271 1812607
Q2 17.52229 18.08073 18.06145
Max 80.44272 3475112 24 65959
Std Dev 10.76421 5.000618 2415224

100

80 =T
o 60
=
o~
>
2
L]
Z a0
20 + % var(D)=18
var(d)=10
0
20 60 200
N

Figure A.2.1 var(D;) = var(d,-,-). Box plots of the S = 100 estimates of var(D;.) at B=10, 30, and 100 blocks of
size 2. Dotted lines represent values used in the simulation design.

A.3 GRCBD
Model Model Parameters Assumptions
. Tije =+ by + Sj) + T + bty + 5T b;~iid N(0, o}
Potential Model e = BT DT Sj T Tk T DTik ¥ ST k i~iid N( b;
i =1,2,..,B blocks; Sjiy~iid N(0,05)
j=1,2,..4 EU's within a block; bty ~iid N(0,c7)
k= T, c STj(i) k"’lld N(O, O'Szt)
bi,Sj(i), bTik and ST]'(i) k are mutua“y
independent.
Observable Model Rijk = ”+bl +Tk +bTik +ei}'k bl’"lld N(0,0'g)
i=1,2,..,B blocks; bty ~iid N(0,0%)
j = 1,2 EU's within a block on trt k; e;j~iid N(0,02)

k=T, C
b;, bty and e;j, are mutually
independent

Table A.3.1 Model effects and assumptions in a GRCBD.
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Fixed Fixed Std.
Effect Simulated Average Std. Error Effect Simulated Average Error
(Potential) Value 2N (§=100) (S=100) (Obs.) Value N (5§ =100) (S =100)
Ty —T¢ 7 80 7.15 0.08 Ty — T 7 40 7.01 0.10

240 7.06 0.05 120 6.98 0.06
800 7.02 0.03 400 7.00 0.03
®
= ]

Potential Simulated Average Std. Error

Variance Value 2N (8 =100) (S =100)
Block 10 80 10.08 0.63
240 10.23 0.36
800 10.05 0.19
Block*Trt 3 80 3.19 0.19
240 2.98 0.09
800 3.01 0.05
Subject 4 80 3.93 0.14
240 3.90 0.08
800 3.97 0.04
Subject*Trt 2 80 2.08 0.06
240 2.03 0.03
800 2.01 0.02
var(d;;) 10 80 10.55 0.38
240 10.03 0.19
800 10.03 0.10
var(d;) 7 80 7.42 0.37
240 6.98 0.18
800 7.02 0.10

(i)
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Observable Simulated Average Std. Error
Variance Value N (8 =100) (S =100)
Block 10 40 10.04 0.65
120 10.25 0.38
400 10.06 0.18
Block*Trt 3 40 3.55 0.26
120 3.09 0.16
400 2.98 0.08
Residual 6 40 5.73 0.19
120 5.80 0.12
400 5.95 0.06
var(D;) 12 40 12.93 0.57
120 11.97 0.30
400 11.91 0.15
Upper Bound var(d;;) 18 40 18.56 0.57
120 17.78 0.30
400 17.86 0.15
Upper Bound var(d;.) 9 40 9.97 0.57
120 9.08 0.30
400 8.93 0.15
Lower Bound 6 40 7.11 0.57
120 6.17 0.30
400 5.96 0.15
(iii)

Table A.3.2 GRCBD Simulation Results. Values represent the average and standard error of treatment effect
estimates across S = 100 simulations in both the potential and observable data models for B=10, 30,
and 100 of size 4 for (i) Fixed Effects. (ii) Potential Random Effects. (iii) Observable Random Effects.
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Observed Data-Plot of Naive Var (D-bar)
tau0=3, tau1=10, mu=4
Variance: Block=10 Subject(Block)=4, Block*Trt=3, Error=2

Overall Statistics: True=12

Min 5.717468 11.34336 13.97227

Mean 18.56085 17.77652 17.85746

Q2 17.58091 17.47935 17.90399

Max 33.33758 25.39701 23.61601

Std Dev 6.062284 3.309414 1.654509
35

30

[}
o

Upper Bound Var(d_ij)
=3
o

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, var(D)=18
15
10 var(d)=10
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Lower bound
5
40 120 400
N

H:\My Documents\PhD Research and Admin\Simulation\Potential Outcomes Simulation. sas

Figure A3.1 20% + 202 > var(d;;) > 20. Boxplots of the S = 100 estimates of 202 + 202 at B=10, 30, and
100 blocks of size 4. Dotted lines represent values used in the simulation design.

Observed Data-Plot of Naive Var (D-bar)
tau0=3, tau1=10, mu=4
Variance: Block=10 Subject(Block)=4, Block*Trt=3, Error=2

Overall Statistics: True=9
Min 1.429367 4.093874 5.837767
Mean 9.971724 9.07529 8.934498
Q2 9.088621 8.621862 8.815518
Max 25.33129 19.63027 13.3252
Std Dev 5.160618 3.066122 1.502887
30
25 M

(=]
o

Upper Bound Var(d-bar)
&

Upper Bound=9

var(d-har=7
Lower bound=6

-
o
+

..

40 120 400
N

H:\My Documents\PhD Research and Admin\Simulation\Potential Outcomes Simulation. sas
2 - A 2
Figure A3.2 205, +°> = var(d;) = 204,. Boxplots of the S = 100 estimates of 207, + > at B=10, 30, and 100
blocks of size 4. Dotted lines represent values used in the simulation design.
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A.4 Two-Period-Two-Treatment Crossover

Model Model Parameters Assumptions
Potential Model Tijik = U+ S; + 1 + sy + Ty + STy + Ty + STy s;~iid N(0,02)
sm;j~iid N(0, 05,)
i=12..NEU's; sty ~iid N(0,02)
j =1_2periods; k=T,C sty ~iid N(0, 03,;)

Si) Snij'STik and 57”ijk are
mutually independent.

Rijx =u+si+m + T +Tj + € s;~iid N(0,02)
Observable Model J J J J eye~iid N(0,02)
i=12..NEU's;
j =1,2periods s; and e; j, are independent
k=T, C

Table A.4.1 Model effects and assumptions in a Two-Period-Two-Treatment Crossover.

144



Fixed Fixed Std.
Effect Simulated Average Std. Error Effect Simulated Average Error
(Potential) Value 4N (§=100) (S=100) (Obs.) Value 2N (5 =100) (S =100)
— 7 40 6.84 0.14 Tp — T¢ 7 20 6.73 0.17

120 6.95 0.07 60 6.93 0.09
400 6.98 0.05 200 6.99 0.06
0]
= ]
Potential Simulated Average Std. Error
Variance Value 4N (8 =100) (S =100)
Subject 10 40 10.06 0.75
120 9.53 0.44
400 9.78 0.26
Subject*Period 3 40 3.19 0.22
120 3.19 0.10
400 2.96 0.06
Subject*Trt 7 40 7.20 0.42
120 7.32 0.23
400 7.17 0.10
Subject*Period*Trt 2 40 1.97 0.08
120 2.01 0.05
400 2.03 0.03
var(d;;) 18 40 18.34 0.83
120 18.66 0.47
400 18.40 0.19
(i)
I ——
Observable Simulated Average Std. Error
Variance Value 2N (5 =100) (S =100)
Subject 10 20 10.29 0.81
60 9.53 0.47
200 9.70 0.27
Residual 12 20 12.59 0.69
60 12.52 0.34
200 12.26 0.16
var(D;) 24 20 25.18 1.39
60 25.04 0.69
200 24,51 0.32
(iii)

Table A.4.2 Two-Period-Two-Treatment Crossover Simulation Results. Values represent the average and standard
error of effect estimates across S = 100 simulations in both the potential and observable data models for N=10, 30,
and 100 for (i) Fixed Treatment Effects. (ii) Potential Random Effects. (iii) Observable Random Effects.
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Observed Data-Plot of Model Var (D)
tau0=3, tau1=10, mu=4
Variance: Subject=10 Subject’Period=3, Subject*Trt=7, Subject"Trt Error=2

Overall Statistics: True=24
Min 5.808366 1235851 17.23364
Mean 2517627 25.03776 2451195
Q2 21.67194 2463815 243364
Max 101.0486 4650113 3216291
Std Dev 13.85016 6.850863 3172752
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Figure A.4.1 var(D;) = var(d;;). Boxplots of the S = 100 estimates of var(D;) at N=10, 30, and 100 EU’s.
Dotted lines represent values used in the simulation design.

A.5 Repeated Measures Two-Treatment Crossover

Model Model Parameters Assumptions
Potential Model Tijk = U+ S; + T + ST + Ty + STy + T + STT;j s;~iid N(0,02)
sm;j~iid N(0,03,)
i=12..NEU's; sty ~iid N(0,03)
j = l4periods; k=T,C STT;ji ~iid N(o, aszpt)

Si, STI.',:j,STik and ST[Tijk are
mutually independent.

Observable Model Rijk =+ s+ + 7 + T + +5Ty + € s;~iid N(0,02)
sty ~iid N(0,03)
i=12..NEU's; eiji~ iid N(0,072)
j =1,4periods
k=T, C Si» STy, and e;j, are mutually
independent

Table A.5.1 Model effects and assumptions in a Repeated Measures Two-Treatment Crossover.
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Fixed Fixed Std.
Effect Simulated Average Std. Error Effect Simulated Average Error
(Potential) Value 8N (§=100) (S=100) (Obs.) Value 4N (5§ =100) (S =100)
Ty —T¢ 7 96 6.87 0.12 Ty — T 7 40 6.82 0.14

288 7.00 0.06 120 7.00 0.07
960 7.03 0.04 400 7.05 0.04
0]

Potential Simulated Average Std. Error

Variance Value 8N (5 =100) (S =100)
Subject 10 96 9.28 0.64
288 9.77 0.37
960 10.17 0.19
Subject*Period 3 96 3.05 0.11
288 3.01 0.06
960 3.04 0.03
Subject*Trt 7 96 7.00 0.33
288 7.21 0.18
960 7.02 0.09
Subject*Period*Trt 2 96 2.02 0.05
288 2.02 0.03
960 1.99 0.01
var(d;;) 18 96 18.03 0.65
288 18.45 0.37
960 18.02 0.19
var(d;) 15 96 15.00 0.65
288 15.43 0.37
960 15.04 0.19

(i)
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Observable Simulated Average Std. Error

Variance Value 4N (§ =100) (5§ =100)
Subject 10 48 9.40 0.69
144 9.94 0.36
480 10.15 0.20
Subject*Trt 7 48 7.02 0.44
144 7.13 0.22
480 7.04 0.13
Residual 5 48 5.18 0.18
144 5.01 0.09
480 5.00 0.05
var(D;.) 19 48 19.22 0.85
144 19.26 0.43
480 19.08 0.25
Upper Bound var(d;;) 24 48 24.41 0.85
144 24.26 0.44
480 24.08 0.25
Upper Bound var(d;.) 16.5 48 16.63 0.86
144 16.75 0.43
480 16.58 0.25
Lower Bound 14 48 14.04 0.88
144 14.25 0.44
480 14.08 0.25

(iii)

Table A.5.2 Repeated Measures Two-Treatment Crossover Simulation Results.

Values represent the average and standard error of effect estimates across S = 100 simulations in both the
potential and observable data models for N=10, 30, and 100 for (i) Fixed Treatment Effects. (ii) Potential Random
Effects. (iii) Observable Random Effects.
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Observed Data-Plot of Upper Bound var(d)
tau0=3, tau1=10, mu=4
Variance: Subject=10 Subject*Period=3, Subject*Trt=7, Subject*Trt Error=2

Overall Statistics: True=24
Min 10.26578 15.06317 19.51661
Mean 24.40665 24.26292 24.08475
Q2 2373133 24.36823 23.80189
Max 50.35677 35.16094 31.46103
Std Dev 8.548075 4.416191 2.508602
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Figure A5.1 203 + 202 > var(d;;) = 20%. Boxplots of the S = 100 estimates of 262 + 202 at N=10, 30, and
100 EU’s measured at 4 time periods. Dotted lines represent values used in the simulation design.

Observed Data-Plot of Upper Bound var(d-bar)
tau0=3, tau1=10, mu=4
Variance: Subject=10 Subject*Period=3, Subject*Trt=7, Subject*Trt Error=2

Overall Statistics: True=16.5
Min 2.575074 8.24877 11.83739
Mean 16.63194 16.75424 16.58278
Q2 15.2467 16.06468 16.21791
Max 42.74563 27.60415 23.45421
Std Dev 8.624106 4.314683 2464175
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40
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<30
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Figure A5.2 202 + %‘3 > var(d;.) = 20Z. Boxplots of the S = 100 estimates of202 + ~ atN=10, 30, and 100
EU’s measured at 4 time periods. Dotted lines represent values used in the simulation design.
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Appendix B

B.1: Proof of (3.18)
Consider the ANOVA table for the potential model given in Table 3.4. Without loss of

generality, assumethatk=1e k=Tandk=2 o k = C.

Source DF Sum of Squares
B 2 2
Block (B-1) SS, = Z Z Z(fi.. —7)?
i=1 j=1k=1
B 2 2
Subj(Block) B(2-1)=B SSsus) = z z Z(ﬁj. —7.)
i=1 j=1k=1
B 2 2
Trt (2-1)=1 SSrre = Z (T — T.)?
i=1 j=1 k=1
B 2 2
BIk*Trt (B-1)*(2-1)=(B-1) SSpr = Z Z(ﬁ.k R 4T
i=1 j=1 k=1
B 2 2
Subj(BIK)*Trt B(2-1)* (2-1)=B SSer = Z (ri — i — Foe +7.)
i=1 j=1 k=1
B 2 2
TOTAL 4B-1 SSrotal = Z Z Z(ri o—7.)"
i=1 j=1k=1

(i) Claim: For fixed it" pair and j* EU within a pair,

2

2
1 _
Z(rijk - T_'” - T_'l'.k + T_'l)z = E(du - dl)
k=1

(ii) Claim: For fixed it" pair ,

(iii) Claim:

2(SSyr + SSep) = ZB:Z(dU- - &..)2

i=1j=1



Proof of (i):

Z(ruk — Tk T 7 ) = Z[(ruk rlk) (rLJ — T )]
[(ijr = 7ir) = (g = 7]+ [(je = Fic) — (g — 7)) =

1 1 1 1 z
{(rijr - fi-T) - [E (rijT + rijc) - E(fi-T + ﬁ-c)] + (rijc - ﬁ-c) - [E (rijT + Tijc) 3 (o + Fi-c)]} =

f+f
{(rijr —fir) — E (TijT — fir) + % (Tijc - ﬁ-c)]} + {(rijc —Tic) — E (rijT — fir) + %(rijc - 77i~c)]}2 =
{% (rijr — Fir) — % (ryje — 7 c)} + {% (rije — Tic) — % (rijr — ﬁ-T)}z =

Clur i) = (e = 70)l] + (=510 = i) = (e = 7]} =
2 '%{[(riﬁ —1yy¢) = (Fr — ﬁ-c)]z} =

2

1 -
E(dij —d;.)
Proof of (ii):

2 2
Z(fi.k T =Tt T)E= Z[(fi.k — 7)) — (7. —7)]? =
k=1 k=1
[(For = Tip) = (Fr. = TP 4 [(Foc — 7o) — (R — TI]? =
.. 1M o .17
{(Ti-T —Tr) — [— (For +70c) — 5 (T--T + T--c)]} + {(Ti-c —T.c) — [— (Fr +Tic) — > (Fr + T--c)]} =

{(nr—rr)—[ (For — ) + 5 (nc—rc)]} {(rlc—rc)_[ (g — rT)+1(TlC—TC)]}
£ Gir ~ ) =3 i - C)} ¢ Btic—ro -2 (ﬁ-.r—r-._T)}z:

1 1
E1Gr =70 = Gic =7 + {=51Gir =7 = Gie = 70N =
1
2 Z{[(flr —Tic) — (Fr —7.0)%} =

2

1, _
(. -d)
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Proof of (iii):

2

2(SSpr + SSep) =2 [ZB: ZZ: Z(

j=1 k=1

ﬁ |

B 2
=1

j=

152

N R

=1 j=1

;Z[(dj—d) +2-(dyj—d;)(d. —d.) + (d:. —d)]

[(dy—d.)+ (d.—d)]" =

D (=)

=1 j=



B.2: Proof of (4.2)
Consider the ANOVA table for the potential model given in Table 3.10. Without loss of

generality, assumethatk =1 k=Tandk=2 o k= C.

Source DF Sum of Squares
N 2 2
Subject (N-1) SS = Z Z Z(;.. _ )2
i=1 j=1k=1
N 2 2
Period (2-1)=1 $Sp =) Y Y (7 -7)
i=1 j=1k=1
N 2 2
Subject*Period  (N-1)(2-1)= (N-1) SSep = Z Z Z( = T — o+ 1)
i=1 j=1 k=1
N 2 2
Trt 2-1)=1 SSpy = Z (Fp — 7.)2
i=1 j=1 k=1
N 2 2
Subj*Trt (N-1)(2-1)= (N-1) SSer = Z (Fop = 7o — T + 7.)2
i=1j=1k=1
N 2 2
Period*Trt (2-1)(2-1)=1 SSpp = Z (P —7j — T +7.)°
i=1j=1k=1
N 2 2
Subj*Period*Trt  (N-1) 2-1)2-1)=(N-1)  SSepy = Z Z Z(; e = T = T — Py + T 4 T+ T = 7.)°
i=1 j=1 k=1
N 2 2
TOTAL AN-1 SSroral = Z Z Z(ri w—7)
i=1 j=1 k=1

(i) Claim:

(ii) Claim:

N 2 2
_ _ _ —_ \2
SSspr = Z Z Z(Ttﬂc — Fyj. = ok + 73)” — SSpr

i=1j=1k=1

(iii) Claim:

N 2
= \2
2 (SSST + SSPT + SSSPT) = Z Z(du - d)

i=1j=1
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Proof of (i):

27 jyFop + 27T + 7.2 + 27

rjkr.j. —

2
jKk© — 2

Proof of (ii):
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'k

2
)2 by (i) of Appendix B.2

+ 7.

jk — Ty — Tk

Tijk — Tij. — Tik

Z(

2
j=1

N
i=1

T

2+ (SSsr + SSpr + SSspr)

Proof of (iii):

by (ii) of Appendix B.?2

‘ by (i)and (ii)of Appendix B.1

.)2 by (iii)of Appendix B.1

di]’ - J.

1j=1

Y

l

155



