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Tbm diffMHmtial •qofttion

«M eoii*ld«r«d by Frc^MoiiM Mad F^oIm u terlj mm laee*

aiiMM th«t tine Tarious other writers hftve added to the

wMrflrs of theae aen* Solutl<ms for the n^anerftl oftae end for

n « 2 e^peer In many tAxt-hooka* In thia paper the author

tnq^oya the metliod uawl by Probeniua In hla 8oluti<»i of the

general eaae (1, , 3, 4}«

Vtm dlfferontial equation

djt^ 1 ^ ^ dai ^

In vhleh P^(x)« P^Cx}* and ¥^{x) are holoemiiliic at x «> 0»

la aaid to have a ragoXar point at x « 0» t^ia Is the nost

genaral differential equation vhoee aolutiona contain a

finite number of teraa with negative expon^nta* Solnti(ma

of thia kind are oallod rr^gular aolutiona* The aingular

point in qneatioB la ealled the re^olar sini^Xar point*

*ny aet of thre** linearly independent aolutiona of the

differential equation ia ealled a ftmdanental aet of

aolutiona beeauae it has the property that any aolution of

the eqtwtion oan be expr^aaed linearly in terma of that

aet*



8

Th« problem to bo solTrod hore la that of rindiac

foodinontrl aets of aolntioiM of th« differontial oqaatlcm

aador all pooaiblo bypotheaas vitb rogard to the

eoeffieienta P],<x}« ^2^%) » end F^Cx).



Sltm»D or SOLUTION

IB «lii«lk tiM Fj(z} er« holonorpliio} 1* tlMf Mqr iNi

L«t th» qui«Mitloii b» Fitivfd viMrtftMMr or not thm
ft •olxttlon in th« fovM of ttM poma> •«Plo«

GO

no
(8) -2 boX«^«

Tlw mbtttitation of tb* rluec for tiM Fj end s in

tOFiiMfdnMi (1} into

2 I^Vt^tn r)(n r - l)(n r - ?)3tn*J^3



(3)

thin WKf b« rewritten in the form

^ rS <n ^ r)(n r - l)<n r • 2i)13l,x'

00

tfpon •qttatlng to eero th« ooefficients of th© varlouii

pov«r8 of X In (3), thep* resalts for thm d«t*niin«tion of

tte WMkffioi«Dt8 t)^ the set of eqcMitlans

bof{r) « 0,

bj^f(r *^ I) * b^fi(p) - 0,

bgf(p ¥ 2) *- h^fy^iv 1} b^i'gCr) » 0,

(4)

b^f{r n) bn^j^r^Cr n - 1) \^2^2^^ * n - 2)

\ . • • * 1) ^o^n^^^ " ^»

vbere

f(r) * r(r . l)(r . 2) r(r - 1)*^^,, ^ r.^^^ ^ i^^^.

f,(r)«r<r.l)e,^^.r*^^^.a^^^,

fgCr) - r(r - Da^^^ * ^»2,2 * *3,2»



f„(r) - r(r - l)a^^„ ra^^^ *

flw •<|a&tion

(5) f(r) •

la called tba ii^lol&l aquation* V^or «»aoh Taltia of r vtaieh

aatlafios this aquation tha valuaa of tha in tensa of

ara uniqttaly detarminad by (4}« Tha XMtare of tha roota

datantlnaa tha oharaotar of tba aolution* Thara ara alx

•aaaa to ba eonaideired*

Ilia roota of (&} are all diatinot and no two of thm

differ by an intagar* Haoh of tha oxpraasiooa

«1 - ^.k^ "

ia a aoluti^m of (!)• It vill ba tfwan that thaaa

aolutlona oonatituta a fimdMiiotal aet*

It ia to bo ahown that caro ia the only Talua for tha

Cj avteh that

(6) ^1*1 * '^2*2 * ^5*3 " ^»



!• tra« If (e) is tru««

tlM d*(«nidaHit «ir ttk* o^sffioioata is

111

a| jg ft|

tlMn*«fiore» ia oMi»' fiDr Mm» •qiMtion

to b« tmo* the follovtac r«l«%iQtt wuift fuciatt



9M XX

(5) has A doable root end on« which is not dlffsrsnt

an integer*

ft be an arbltraxrsr fimotlon of rj, vhera r la In a

raifion of the otxiplex piano fi^om i^ioh are exoltided by

ariftll oirolea tha points oonf^mant on the left to r^^, t^,

r2»

Consider thm equation

<8) D(«) « b^(r)f(r)x',

where

D(s) n x^A 4^ x2p,(x)^ xr„(x)& P-(X)««
dx' * dx^ dx ^

fitle equation is not tho asm as but vhsn r « r^,

^1* ^2* reddoes to (!)•

Since T-^ Is a double root of the derivetiv*? of

th9 rii^t SMMBber, and e<»»e<;uentl7 the derivative of the

left r^^esaber vanish for r « r^^j i* e*»

|;(D(a)] » 0.

vheooe

x3^' x^F (xl^S" > xftx)^* ^ P,(x)^ * 0, r • r,.
or *- ^ ^ 6r *



a

vhloh it Is —im that ^ la ft solution of (1} if
or

Itno* Stt^ of tb* upg—i«Ml

00

is a solution of (!)• It vill shown that thsj oonsti*

ttits a funtassntal sot*

Again it la to hs shown iSbmt ssro is ths only valua

f'^r the Oj suoh that

^1*1 ^ ^2*2 ^ '^S^S * C»

SisM th« solutions af Oasa I ars llnaarly fwlirywiflflntj

it vill suffiea to ahov that

only if tiEia « 0* Itila will be d<»ie thz^otk^ ths «aa 9t

ttm thaorewt "if tha ttj(z) are single valuad, the relation



Is tvm only tf «2w uj(x> a 0%

(10) Uj(x) * a2(x) [log p !«] ti^Cx) [log yO uj^ • 0«

If tb« aHi^taa* !• iaoTMUiad 1»f ^7f« (10) btaaiM

«5(«) j^Log p t© SlniiJ^ • o

(U) ti^(») * Ug(x}log p Ug{3i)16 * ti2(x)21a7r

* 4q^(x}1o« p (irni} > >^(x}<i#}lo8 o

- 4a3(s)(7rn}(6) * C*

It {XL} is to b« tvom^ Vtm motfl«$m%m odT iam vmetwm

pcmm of n «wit tw tdontioally sero» lienor

•ad tlMir«f

ti^(x} • 0«
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Th« pr«09ding diaoussion shows timt if tl .' u relation ic

but slacM Sx^^c) ^ 0,

Og « 0,

«ad thevBtarm

Sioo« in o9Pd«p for the equation

to be true^ tho following xrelatlon moat cnclst;

tM III

(5) hea a triple root*

If a allglit extonalon of the dlseosaion of Oaae II It

la fotxnd that each of the aogpreaalfflaa

"1 " So
'30 , _ OO

00 . 00
,

4. x»^l 2 to.(r,)x*log® X,



tm ft ftoltitlon of (!)• TImi IliMMir tnAmpmnSmnM of ttm

ftolutiowi tpllx« dliNiotiy fjPdm the th«or«i mmtloaeA in

iSftM II* Htnoft* turn ttolttticmft oQn«%ltttt« ft tmsOammtml

•ftt*

OASIS XV

(S) has the roots Try m * and vhloh i»

iK>t dlff»r«nt bjr ftn isitft|c«r»

Lftt

(12) b^(r) « f(r 2) • . . (r n)g{r)

vtePft t(r) ^ tor r^^, Tg, Pj, fclawi ftU Uie am flnlfeft,

if n ^ q«

OMMiItfftr thft ft^iafttlan

«Sitrft

TbiM ftqnfttion i« not tUft ««m tm (X)» bat i^34ri r • r^^^

Pfe, Pj, It Pfttaftft to (11 •

If f(p) oontftlDft the feotopft (r - Pj^)»(r -fPj^ qi]

ftBd (p • p^)t tbft d tt^ fftotor of (IS) oozstftlaft Urn fMoPft

(p "fr^ * q]), (r -fpj^ 8qJ), «nd (r -[pg c]). sinft*

(P *{Pi * qj ) i» ft dotiblo root of (13), tJaft dftrivatlvs of

the plf^ nembap, ftnfl ftoaftft<|ttftntly tsbft dftpivfttiv* of tbft

Iftft imwbftp vftnisn fop p • p, ^ i.
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whence

dr ^ ^

"'S)"'* '^'^'Sr
fMM irMoh it is that ia a eolutlon of (1) If

Honee eaoh of the ea^reasjUms

«. « it*l ^ bL (r )3«*,

is « aolution of (1)* 'Qmj oan 1»e cbovn to oonatitute «

fymdasMntal set by tho mottiod meplojttii In G&se II*

(6) has tha roots r^^, m > q» and 9 * p*

By a alight extanaIon of the disaussion of Oaaa IV it

ia found that each of the expressions



1« ft solation of (!}• Thay MR t« shown to eonstituto ft

ftmdmi«ntftl a«»t by tha n«thod enplojed in Oaca II*

Ci^S n

(C) hfts the roots r^, r.j « r^^, and « r^^ * q»

Affftin bjr ft sllprht extension of the dlsmisfilon of

(HMift XV it la found that each of the expressions

00
s, * A 2 b. (r, )J^,

«8 - x*l 2^ t^Crj^)}^^ x*"! b^(rj^)x*log x.

x^3 2^ lV(r-)3i?^log^- X,

is ft soluticn of (!)• Rmre agftin the rasthod employed in

Oftse II will tthow that they eonstltute a ftindsnentftl set*



Qowim9wtm OF vm sojmKxm
14

Tho 8ixb8Citation

a « ye J x
.1/4

twmafopma (1) Into an equation In whloh 1» missing.

I, without toss of gsnerallty, »«7 ^ •<l'»l

to s«z*o«

vhsnos

f(r) « r{r - l)(r - 2) *• a *^ ^

Asson* lOMit ths P*s ttoovsrgs sbsolutely for fxf » p*

vhsntts

1 Kwi<-a.
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and therefor*

also

«5

Ohooee if the larger of and U^, then

and

Choose /rl < R«

Then

f (r) < Il-C^ ^ 1).

For V > n, f(r v) anishes for no y^Iaa of r In 0»

f(r v) is of the 3 rd degree In and the coeffiolent of

Is 1, therefore

lltt 1 « 1
v^ao f{r V)

Ft»r > n

f(p + )
«lwre p Is a finite positive quanity*



——<^-
It will iNi tbown that there exists ft quantity

lndiq>«tMl«ct of r aueh that for all values of r in

(14) 1^ I ^ J>
K| • ^' 1» 2, . .

P

Let 9 toe a positive integer not less than n* Thwn ean be

ehosen large enough so that (14) Is trae for u » 1, 2, . •

• IT* AsstHse that this oan be done for u«0, l«2f«.«

V • 1, when V > Then

' f(r T) '"-^ f(r * T) ^ f(r » t) "

and hsMM .

N ' * 1)^ - . . ^ (K ^ 1)2 . X(H . do}

v5p^

Therefore

Oboose now S > r*(R « 1}. Slnoe v > w«

i
I

—

^
Henae

< 1*

IM<



•nd tlMreforo (14) Is truo*

'Staam for |x/ < p snd all r in

eonversea unlfonaly for <x/ <i/o' istean < /o, the series

Is sbsolutely and unlfoTnly converjont for /xf sad all

r in C«

fb* dlfferwitlflsl eqiuition

x^a^l x^f^{x)£^ xP^Cx)^ > F-(x}s -

doss have s solution in the form of the po»«r series

m

Jn every esse the fundenentsl set of eolations depends

fipQil the notnre of the roots of the indioiel equation*



AoamuRvmrnn

ftm mthor takM tblt opportunity to ttxpress a slneere

ttpl^^lntlon to t»* 9. C* Wmxro for hl« helpful

•Qgf»8ti«3s in th« doTelopntnt of thia problem*
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