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Abstract

We prove that for £ > 2, 0 < ¢ < ﬁ, n > %, prime p > P(e, k), and integers a;,

0 <i<mn,with pta;, 1 <i<n, there exists a solution z to the congruence
n
Z a;7¥ =ay  (mod p)
i=1

in any cube

B:={zeZ":di+1<uz;<d;+ B,1<i<n},

of side length B > pr+e.
We further prove that for any positive integer k there exists a constant c¢(k) such that
for any positive integer n > 3(k* + k + 1), prime p, and integers a; with p{a;, 1 <i < n,

there exists a solution of
n

Z a;x¥ = ay  (mod p)

i=1
with 1 < z; < c(k:)p%.
We also prove that for any positive integer k, there exists a constant ¢(k) such that for

any positive integers n, ¢ with n > ¢(k) and cube
B:={z€Z":di+1<uz;<d;+B,1<i<n},

with side length B > (¢/k®)"/*, such that for any prime factor p of ¢, the k-th powers
(mod p) are not constant on any edge [¢; + 1, ¢; + B] of B, there exists a solution in B of the

congruence

Zaixf =qp (mod gq).
i=1
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Chapter 1

Introduction

The main goal of this thesis is to find the minimal B € N such that any cube

of side length B contains a solution of the congruence

¥ +agah 4+ -+ a2t =c¢  (mod g). (1.2)

Here, we let d;,a;,c € Z for 1 < i < n and (a;,q) = 1 for 1 <i < n. Of particular interest
are solutions with

[l == max [z;]

as small as possible.

1.1 History of the Problem

The main theorems in this thesis are motivated by the classical Waring Problem, stated here:

For a given k € N, is there a value n such that every ¢ € N may be written as

k k k
CISL’1+CL’2+“'+In



for nonnegative integers x;,1 < < n?

In 1909, Hilbert proved that such an n does exist:

Theorem 1.1.1 (Hilbert-Waring Theorem). For a fized k € N, there is a number n such
that every natural number can be expressed as a sum of at most n k™ powers of positve

integers.

Of particular interest is determining the minimal value of n given the degree k.

One of the most well-known results on Waring’s Problem is Lagrange’s Four Squares
Theorem—that every natural number can be expressed as a sum of at most four squares.
We also now know that every natural number can be expressed as a sum of at most nine
cubes thanks to Wieferich and Kempner [34, 21] and as a sum of at most nineteen fourth
powers due to Balasubramanian, Deshouillers, and Dress [6, 7].

We consider next Waring’s Problem (mod ¢) for a natural number ¢. For this task, we
define v := ~v(k, q¢) to be the smallest value n such that every integer ¢ can be written as a

sum of n k' powers of integers (mod ¢), that is,
c=af +ak+ - +a2h (mod ).

Using the Chinese Remainder Theorem, one can show that if ¢ has prime power factorization

q = ﬁpf", then ~(k,q) can be described by ~(k,q) = lngzg%v(k;,pfi); we prove this in
Corolf;rly 2.4.1. Thus, to find the value of v(k,q), we need only know ~(k,-) on prime
powers. Hardy and Littlewood proved that for any prime power p',t € N, ~v(k, p") < 4k, and
v(k, pt) < [%k + 1 for p odd. Thus, for any natural number (mod q), v(k,q) < 4k.

We may generalize Waring’s Problem further by not only considering congruences

(mod ¢), but also allowing the k™ powers to have integer coefficients.

Definition 1.1.1. Let T'(k,q) be the minimal n (should it exist) such that for any integers

a; with (a;,q) = 1,1 <i <n, and any integer c, the congruence

arwh + agrh + -+ a,2" = ¢ (mod q)

2



15 solvable in integers x;, 1 < i < n.

When all of the a; = 1 this is just Waring’s Problem (mod ¢). We will show in Chapter
2.6, Theorem 2.6.1, that for any positive integers k,q, we have that I'(k,q) < 4k, thus
generalizing the result of Hardy and Littlewood, stated above. The hypothesis that (a;, q) = 1
is natural to impose; otherwise, the congruence reduces to one in fewer variables for certain

prime divisors of q.

1.2 Previous Results

The goal of this thesis is not merely to obtain the existence of solutions of (1.2), but rather
to obtain solutions with the x; restricted to a cube B as in (1.1). Of particular interest is to

find small integer solutions to the congruence
Z a;x¥ = ¢ (mod q) (1.3)
i=1

with k,q € N and a;,c € Z, (a;,q) = 1,1 < i < n. We say the congruence is homogeneous
if ¢ = 0. By small we mean |[|z| := max|z;| < £¢* with A < 1 and £ a constant possibly
dependent upon A, k, or n. We hope, in particular, to find the smallest possible value of A for a
given k and n. We also find solutions within a small box that is not centered at the origin. In
this case, we seek the minimal B such that any cube B := {z : d;+1 < z; < d;+B,1 <i <n}
with d; € Z for 1 < i < n, contains a solution of (1.8).

The optimal choice of X is A = % We reach this conclusion after considering the congru-
ence Y1, a¥ = =1 (mod ¢). Any solution z must satisfy nfz|* > | Y1 2f| > ©* and so
Izl > (%52

As we shall see, by restricting our attention to a prime modulus or to a homogeneous
congruence, one can often get much stronger results. For instance, Schmidt in [27, Equation
(4.1)] proved that for k odd, € > 0, and n sufficiently large, there exists a nonzero solution

to the homogeneous congruence with prime modulus such that ||z < p°. (See Section 2.1

for information on the Vinogradov notation, f(z) < g(z).) Thus, one can surpass the pk

3



barrier for a homogeneous congruence of odd degree. For a homogeneous congruence of even
degree, p% is still optimal.

R. Baker [4] and Dietmann [16] proved results in the homogeneous case for a composite
modulus. In particular, Baker proved in [4, Theorem 1] that for any ¢ > 0, ¢ € N, and

integers ay, as, . . ., a,, there is a nonzero solution of

amr + - a2 =0 (mod q)

with
ST, n >4
]| <e
gs*e, n=3
Dietmann [16] made an improvement for cubic congruences. He proved that for ay, ..., a, €

Z,n > 3, and q € N, there is a nonzero solution of the congruence
@ + -+ apyzd =0 (mod q)

with

gz ten, n odd;
]l <

1y 1
q? =D n even.

Cochrane [11, Equation (2.33), Example 4.8.14] considered a non-homogeneous congru-
ence with prime modulus. He proved that for k,n € N, any prime p, and a;,c¢ € Z, with
pta;, 1 <i<n,and pf e, the diagonal congruence (1.3) with ¢ = p has a solution in any
cube of side length B for which
T, (1.4)

N[

B >>k,n p

For ¢ = 0 and n > 3, the same result holds (as seen in [11, Theorem 4.7.13]) with

1 1
B >>k,n p§+2(n—1) .



In [29, Theorem 3], Schmidt proved that for p a prime, k odd, € > 0, and a; € Z with

p1ta;, 1 <i<mn,the congruence

n

Z a;x¥ =0 (mod p)

i=1

has a nonzero solution x with

1, c(k)
z|| e p? T Vn T

for a constant ¢(k) depending on k.

(1.5)

Applying a result of Schmidt [28, Theorem 3], Cochrane [11, Cor. 5.7] showed that for

k > 2, there exists a solution to (1.3) when ¢ = p for arbitrary ¢ in any cube with side length

B> in p%+%(l—%)2’“<1>(k)+s

(1.6)

where ®(k) is a constant dependent upon k. The result of Schmidt shows that one can take

P(2) = ®(3) =1, ®(4) = 3, &(5) = 13, and in general, there is a ®(k) < (log2)~*k! that

one can take.

R. Baker proved in [5, Lemma 10.1] that for ¢ € N, a; € Z, 1 <1i <n, and n > C(k,¢),

there exist non-negative integers xq, ..., x, satisfying

Z a;x¥ =0 (mod q)
i=1

with

]l < g*

= —_ Y

although no attempt was made to make C'(k, ) explicit.

(1.7)



1.3 Main Results of This Thesis

We will highlight four of the main results in this thesis. In the first two theorems, we consider

the case of a prime modulus with arbitrary c,
Zaixf =c (mod p). (1.8)
i=1

The first theorem deals with finding solutions in a general cube
B:={zeZ":di+1<z<di+B1<i<n} (1.9)

of side length B.

Theorem 1.3.1. Fork > 2, 0 <e < ﬁ, n > %, prime p > P(e, k), and integers a;,
0 <i<mn, withpta, 1l <i<n, there exists a solution x to the congruence (1.8) in any

cube B of type (1.9) of side length B > prte.

We deduce this theorem, given in Chapter 3, from Theorem 3.0.3 whose proof makes use
of exponential sums and Weyl-type estimates. We note that the size of the cube given by
the theorem is optimal up to removal of the epsilon.

The next three theorems deal with finding small solutions of (1.8).

Theorem 1.3.2. For any positive integer k there exists a constant c(k) such that for any
positive integer n > %(/{:2 + k + 2), prime p, and integers a; with p t a;, 1 < i < n, there

ezists a solution of (1.8) with 1 < z; < c¢(k)p*.

The proof of this theorem, given in Chapter 4, makes use of the Vinogradov Mean Value
Theorem. We note that this result is best possible up to the determination of the constant
c(k). Ideally, we would like to obtain the same result for smaller values of n and for a cube
in general position. While we have not achieved that, we do have the following two results

for smaller values of n.



Theorem 1.3.3. For k > 2 and € > 0, there exists a constant P(e, k) such that for any
prime p > P(e, k) and integers c,a; with pta;, 1 < i < n, there exists a nonzero solution x
to (1.8) with

k(log k+~ loglog k)

p = if n<k(k—1)(logk+ vloglogk);

pr-1, if n > k(k—1)(logk + vloglogk).

Here, v = (e, k) is the same constant as in Lemma 3.3.1.
The proof of Theorem 1.3.3 is given in Section 3.3.

Theorem 1.3.4. For any positive e < 1, k >4, n > %klog(Be/s) + 3, prime p, and integers

a;, 0 <1 <nwithpta;, 1 <i<n, there is a solution of (1.8) with
1< a4 e pis,  1<i<n. (1.10)

The proof of this theorem, given in Chapter 4, involves additive combinatorics and results
in a solution in which all of the variables are smooth numbers (discussed in Section 4.8).
In contrast to the previous results, the next theorem pertains to the composite modulus

case.

Theorem 1.3.5. For any positive integer k, there exists a constant c(k) such that for any
positive integers n,q with n > c(k) and cube B of type (1.9) with side length B > (q/k*)V/*,
such that for any prime factor p of q, the k™ powers (mod p) are not constant on any edge
lc; +1,¢;+ B] of B and a; € Z with (a;,q) = 1,1 < i < n, there ezists a solution in B of the
congruence

Z a;r¥ = ¢  (mod q).
i=1

We note the necessity of the additional hypothesis in our theorem, “for any prime factor
p of ¢, the k™ powers (mod p) are not constant on any edge [¢; + 1,¢; + B] of B.” If the
k'™ powers are constant on an edge of B, then we are essentially dealing with a congruence

in fewer variables. Indeed, in the worst case, the congruence may not be solvable at all, no



matter how many variables we use. We give such an example in Section 2.3. Once again, we

have obtained an optimal result up to the determination of ¢(k).



Chapter 2

Preliminary Information

2.1 Vinogradov Notation

When we write

f(z) < g(z)

we mean that for all x,

()] < e(t)]g(=)]

for some constant ¢(t) depending only on ¢. In particular, f(x) < g(z) means |f(z)| < c|g(z)]

for some absolute constant c.

2.2 Modular Arithmetic

Definition 2.2.1. For a positive integer q and a,b € Z, if q|(a—b) we say that a is congruent

to b modulo q and write a = b (mod q).
Notice that the following are equivalent for integers a, b and positive integer ¢:
e ¢ =0 (mod q),

e a = b+ tq for some integer ¢, and



e ¢ and b have the same remainder when divided by g¢.

Lemma 2.2.1. For all a,b,z,y € Z, if x = y (mod ab), then x =y (mod a) and x =y
(mod b).

Proof. Suppose x =y (mod ab). By definition, this is equivalent to ab|(x — y). Thus, both
a and b divide (z — y). Hence, z =y (mod a) and x =y (mod b). O
Lemma 2.2.2. [f (a,b) =1 (i.e. ged(a,b) = 1), z =y (mod a), and x =y (mod b), then
=y (mod ab).

Proof. Since x =y (mod a) and x =y (mod b), by definition, a|(z —y) and b|(x —y). Then

since (a,b) = 1, it follows that ab|(x — y). Again by definition, this is equivalent to = =y
(mod ab). O

We can generalize the above lemma so that it applies to any number of congruences by

using mathematical induction.

Lemma 2.2.3. If (m;,m;) =1 for each 1 < i < j < n and x = y (mod m;) for each

1<i<n, then z =y (mod Hmz)
i=1
Proof. From Lemma 2.2.2, when n = 2 this lemma holds. Assume now that for some n > 2

we have that x =y (mod myms ...m,). Consider m,, 1 such that (m,1,m;) =1,1 <i <n.
Then (my4+1,mims...m,) = 1. Thus, by Lemma 2.2.2 again, x = y (mod mimsy...m,, -

mn+1). ]

Finally, in the Section 2.3, we will make use of the following theorem due to Fermat.

Theorem 2.2.1 (Fermat’s Little Theorem (1640)). If p is a prime and p{ a, then a?~! =1

(mod p).

2.3 Additional Hypothesis in Theorem 1.3.5

Recall the additional hypothesis in Theorem 1.3.5, “for any prime factor p of ¢, the k"
powers (mod p) are not constant on any edge [¢; + 1, ¢; + B] of B.” Otherwise, the diagonal

sum Y., a;z¥ will be constant (mod p) on the cube B.

10



As an example, if we suppose that ¢ is a positive integer with prime factor p such that
(p — 1)|k and the intervals [d; + 1,d; + B] do not contain a multiple of p, then, by Fermat’s
Little Theorem, for any z; € [d; + 1, d; + B|

¥=1 (mod p).
That is, the k™™ powers are constant on the edge [d; + 1,d; + B]. In this case,
iz + axh + -+ a2t =a 4+ +a, (mod p).

Thus, without the added condition, we cannot solve the congruence for an arbitrary integer

C.

2.4 Chinese Remainder Theorem

Theorem 2.4.1 (Chinese Remainder Theorem). Suppose that the positive integers mq, ..., m;
are parrwise co-prime. Then for any given integers ai, ..., a;, there exists an integer x that

simultaneously solves the system of congruences

r=a; (modmy)

r=a; (mod m;),

j
and it is unique (mod Hmz)
i=1

For a proof of the Chinese Remainder Theorem, see [2, p. 117].

j
Corollary 2.4.1. If q has prime power factorization g = pri, theny(k,q) = max v(k, p*).

1<:i<y
=1 ==

j
Proof. Let us begin by supposing that n > ~(k, pr), and let us pick an integer c. Then,

i=1

11



there exist integers zy, ..., , such that ¢ = zf +-- -+ 2" (mod HZ 1 pl '). By Lemma 2.2.1,
it follows that ¢ = 2% 4+ --- 4+ 2F (mod p!*) for each 1 < 7 < j. Since ¢ was arbitrary,
we have shown now that for any integer ¢, there exist integers xy,...,x, such that ¢ =
28+ 4+ 2*F (mod p!) for every 1 < i < j. Hence, n > y(k,p%) for all 1 < i < j. Thus,
n > max<ic; (k. pi°).

Next let us instead suppose that n > ~(k, pf) for all 1 <1 < j, and let us pick an integer

c. Then, for every 1 < ¢ < j, there exist integers x;;, 1 <t < n, such that
c=af +. 4 2F  (mod pf)

For each 1 < t < n, we are assured by the Chinese Remainder Theorem, Theorem 2.4.1,
that there exist mtegers x4, 1 < t < n, such that for all 1 < i < j, xy = x; (mod pz h).
Thus, th = szt = ¢ (mod p!) for 1 <4 < j. Thus, by Lemma 2.2.3, ¢ = Y1 aF

t=1 =1
i
(mod pr) O

In a similar manner, one can show:

Corollary 2.4.2. If q has prime power factorization ¢ = | | pl’, thenT'(k,q) = 1II<1a<><; [(k, pZ h).
i<j
=1

2.5 Calculation of ~(2,q)

To illustrate the calculation of Waring’s number using Corollary 2.4.2, we consider the case

when k£ = 2 and ¢ is odd.

Lemma 2.5.1. For any integer ¢ and odd prime p, there exist v,y € Z such that x*+1y? = c

(mod p), i.e. v(2,p) = 2.

Before we begin the proof of Lemma 2.5.1, let us state Lagrange’s Theorem which we

will use in its proof.

12



Theorem 2.5.1 (Lagrange’s Theorem). If p is a prime and f(x) = aqz® + -+ + a1z + ag
is a polynomial of degree d > 1 whose coefficients are integers with aq Z 0 (mod p), then

f(z) =0 (mod p) has at most d solutions (mod p).

Proof of Lemma 2.5.1. Notice that for each positive integer a,

> (mod p).

(p—a)?=p*—2ap+a*=a
Hence, the nonzero squares (mod p) can each be represented in two ways. That is, for b # 0,
2?2 —b =0 (mod p) has two solutions (mod p), and by Lagrange’s Theorem, it has no more
than two solutions (mod p). Thus, for an odd prime p, there are exactly ]‘%1 distinct squares

2

(mod p). There are also ZE distinct numbers ¢ — y? (mod p) for a fixed c¢. Now, there are

p values (mod p), and I%l > £ of them are squares (mod p) while I%l > £ of them can be
represented as ¢ — y* (mod p). Hence, there must be at least one square (mod p) that can

also be written as ¢ — y? (mod p). Therefore, there exist x,y with 22 = ¢ —? (mod p). O
Lemma 2.5.2. For any prime p with p =1 (mod 4), v(2,p") = 2 for any positive integer (.

Proof. We will prove this lemma by induction. Theorem 2.5.1 assures that for any ¢ and
odd prime p, z* 4+ y* = ¢ (mod p) has a solution. If p { ¢, then certainly p{x or p{y. If p|e,
then 22 4+ y* = ¢ (mod p?) for some j > 1 implies that 22 + y?> = 0 (mod p). Since p = 1
(mod 4), there exist x,y such that 22 + y?> = p. In this case too, we may say p { . (If,
however, p = 3 (mod 4), then 2% + y> = 0 (mod p) would imply that z = y = 0 (mod p).
Thus, we need another variable in the case when p =3 (mod 4).)

Without loss of generality, let us say that p{ z. Suppose that for some j > 1 there exist
x,y such that 2% + y* = ¢ (mod p’) where p tz. Consider (z + p’t)? + y* (mod p'™1).

(x+p't)? +9* = 2® +9° + 22p’t + p¥t? = 2> +y* + 22p’t  (mod p’™).

—1 (c—22—y?

Let us choose t = 27z 3 ) (mod p) (note that all of the inverses are (mod p) and

13



P’|(c — x? — y?) since 2% + y* = ¢ (mod p’)) so that:

(z+pt)? +y* = 2® +9° + 2ap't

(c— x?— y?)

=a2? 2 4 22 !
p]

2?4+ te—at —y?

=c (mod p'™).

O
Lemma 2.5.3. For any prime p with p = 3 (mod 4), v(2,p") = 3 for any positive integer (.

Proof. One can prove this lemma by induction as well. Theorem 2.5.1 assures that for any
¢ and odd prime p, 2%+ y? = ¢ (mod p) has a solution. Now we will split our proof into two
cases.
The proof of the case when p { ¢ is the same as the proof for v(k, p’) = 2 when p = 1
(mod 4). That is, we only need two variables when p 1 ¢ even when p = 3 (mod 4).
Let us consider the case when p|c. We note that p|c implies that p ¢ — 1. Thus by the
first case, > +y?> = ¢ — 1 (mod p’) is solvable; that is, 22 + y* + 1 = ¢ (mod p’) is solvable.
O

The next theorem follows from the previous two lemmas and Corollary 2.4.1.

Theorem 2.5.2. For odd q, v(2,q) = 2 if all prime divisors p of q are such that p = 1
(mod 4), and v(2,q) = 3 if ¢ has a prime divisor p such that p =3 (mod 4).

J
Proof. Let us say ¢ has prime power factorization g = pri, then v(k,q) = gagcq(k:,pf")
Y
i=1
by Corollary 2.4.1 above. Thus, if all prime divisors p; of ¢ are such that p; = 1 (mod 4),
then v(k, q) = gag;y(k,pfi) = 2 by Lemma 2.5.2. If, however, ¢ has a prime divisor p; such
<i<j

that p; =3 (mod 4), then y(k,q) = 1H<1?<)§ v(k,pl*) = 3 by Lemma 2.5.3. ]

Note, in Theorem 2.6.1, we show that for any odd ¢, I'(k,q) < %k This, of course,

implies that v(2,¢q) < 3 for any odd ¢ as we just discovered. One can prove in an identical

14



manner that ['(2,¢) = 3 for any odd gq.

2.6 A Generalized Waring Number (mod q)

Let us recall the definition of I'(k,q). For any positive integers ¢ and k let I'(k, ¢q) be the
minimal n (should it exist) such that for any integers a; with (a;,q) = 1,1 <i <n, and any

integer ¢, the congruence
arzk k E—
127 + agxs + - - + apzy = ¢ (mod q) (2.1)

is solvable in integers x;,1 < ¢ < n. When all of the a; = 1 this is just Waring’s Problem
(mod ¢), and in this case it is known by the work of Hardy and Littlewood [17] that if
n > 4k, then every integer is a sum of at most n k-th powers (mod ¢). We claim that the

same is true for the more general congruence (2.1).

Theorem 2.6.1. For any positive integers k, q, we have uniformly that T'(k,q) < 4k. More-

over for any odd q, T'(k,q) < %k:, and for any prime p, T'(k,p) < k.

We will make use of the following extension of the Cauchy-Davenport inequality due to

Chowla [9].

Lemma 2.6.1. Let g be a positive integer, and S, T be subsets of Z, such that 0 € S, and
for all nonzero s € S we have (s,q) = 1. Then |S 4+ T| > min(q, |S| + |T] — 1).

Proof of Theorem 2.6.1. It is plain that if ¢ has prime power factorization ¢ = le p;' then
['(k,q) = max; I'(k, p;") and so we may restrict our attention to prime power moduli ¢ = p".
We will actually prove a slightly stronger result than what is stated in the theorem. For

1 <i <mn, let a; be an integer with (a;,q) = 1 and

S i={0yU{aix* € Z, : (x,q) =1}

15



By successive applications of Chowla’s Lemma, we see that for any positive integer n,
|Sl + SQ + -+ Sn’ Z min(q, |Sl| + |SQ| + -+ |Sn| - (n - 1)) (2.2)

Suppose that p is odd, so that the group of units (mod ¢) is cyclic. Then the subgroup
of k-th powers has cardinality ¢(q)/(k, ¢(q)), and we get

for 1 <7 <n. By (2.2),
|S1+ S+ -+ S, > min{q,nﬂ+ 1}.

Thus, if ng(q)/(k, ¢(q)) +1 > g, then Sy + --- + S, = Z,. It suffices to have n > £-k. In

p—1

the worst case, p = 3, we need n > %k For g = p, it suffices to have n > (k,p — 1).
It is easy to verify that for any & > 2, I'(k,2) = 1 and ['(k,4) = 3. Suppose next that

q = 2° with e > 3, the case where the group of units is not cyclic. The subgroup of k-th
e—1
powers has cardinality 27! if k is odd, and cardinality =R if k is even. In the former

(26—27 k.)
case, |S;| = 271 + 1 and so it suffices to take n = 2, while in the latter case,

2@—1 26—2
Sl=—2_ 11> 1,
Sl= gy T2 F
and so, by (2.2), it suffices to take n = 4k. O

2.7 Cauchy-Davenport Type Result for an Abelian Group

We begin this section with the statement of the Cauchy-Davenport Theorem.

Theorem 2.7.1 (Cauchy-Davenport). For any prime p and nonempty subsets A and B of
Z/pZ, |A+ B| > min{p, |A| + |B| — 1}.

16



Theorem 2.7.2. Suppose that A, B are finite, nonempty subsets of an additive abelian group
G such that neither A nor B is contained in a coset of any proper subgroup of G. Then either

A+ B =G or |A+ B| > 3(|A| +|B)).

Note that by considering A = B = H U (H + a), where G is a finite group of odd order, H is
a proper subgroup of G, and a ¢ H, we see that the constant % cannot be improved. In this
case, |A| = |B| = |[HU(H+a)| = 2|H|since a ¢ H. Also, |A+B| = |HU(H+a)U(H+2a)| =
3|H|. We deduce the result as a consequence of Kneser’s Theorem following the method used

to prove [32, Corollary 5.6].

Lemma 2.7.1. Kneser’s Theorem. For any finite, nonempty subsets A, B of an additive

abelian group G, we have
A+ B| = |[A+ H|+ B+ H| - |H],

where H = stab(A+ B) ={x € G: 2+ (A+ B) = A+ B}.

Proof of Theorem 2.7.2. Let A, B be subsets of G not contained in a coset of any proper
subgroup of G. Suppose that |4+ B| < 2(|A| + |B|). Let H = stab(A+ B). If H = G then

A+ B = G. Assume now that H is a proper subgroup of G. By Kneser’s Theorem we have
3
JUAI+IB) > [A+ Bl 2 [A+ H|+[B + H| — [H| 2 |A[ +|B| - |H],

and so |H| > 1(|A|+|B|). Since A+ B is a union of cosets of H, and |[A+B| < 2(]A|+|B|) <
3|H|, we must have that A 4+ B is a union of one or two cosets of H. Suppose that A + B
is a union of two cosets. Then |A + B| = 2|H|. Also, A+ H and B + H are unions of
cosets of H, and so since neither A nor B is contained in a coset of H, |A + H| > 2|H| and

|B + H| > 2|H|. Thus by Kneser’s Theorem,
2H] = |A+ B| > |A+ H[ + B+ H| - |H| > 2[H| + 2|H| — |H| = 3|H],

a contradiction. Therefore, A+ B is a single coset of H, but this implies that A is contained
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in a coset of H, a contradiction. Hence |A + B| > 3(|A] + |B]). O

By induction on j, we obtain that for any collection of 27 subsets A; of Z, of cardinality
at least N, none of which are contained in a coset of a proper subgroup of Z,, that |A; +

-+ + Ayi| > min{g, (3/2) N}. Hence, we obtain the following corollary.

Corollary 2.7.1. Let Ay,..., A, be subsets of Z, of cardinality at least N, none of which

are contained in a coset of any proper subgroup of Z,. Then

. log(3/2)
|A; + -+ A, > min{q, (n/2) ez N}.
Proof. Given 29 <n < 2™ and |A;| > N for all 1 <i <mn,

| Ay + Ag + -+ Ap| > [Ay + Ay + - -+ + Ag| > min{g, (3/2)'N}.

Note that

. log(3/2)

(3/2)) = 2log2(3/2)) — 9 Tlogs

. log(3/2) log(3/2)

and since % >0and % <2/, we obtain 2" sz > (n/2) 2 and hence

log(3/2)

A1+ Ay + -+ Ay > (n/2) sz N

2.8 Exponential Sums

An example of an exponential sum is

B 2ms k
D et e (2.3)

r=1

18



2mix

where ¢, k, B € N, i =+/—1, and a € Z. We will define ¢,(z) := e ¢« so that we may more

briefly write (2.3) as
B
Z eq(az®).
=1

For our purposes, we need to estimate the size of such exponential sums. A trivial upper

bound is given by

< B,

Z eq(az®)

since each term has absolute value 1.
We can compute the number of solutions of (1.8) in B using the following two lemmas

involving exponential sums.

Lemma 2.8.1. For any positive integer q,

g q, ifqla

z=1 0, ifqta.

q q
Proof. 1f gla, then e,(ax) = 1 for x = 1,2,..., ¢ implying that Zeq(ax) = Zl =gq. If
=1 r=1

q 1 a, then

1 —e4(a) - 1—e,a)

S (o) = Al = eaala+1) _ ela) —eale)

]

Lemma 2.8.2. Fizn > 2, k> 2, and e > 0, and let ¢,a; be integers, 1 <i<n,qeN, B
be a cube

of side length B where B,d; € Z, 1 < i <mn, B> 1, and N be the number of solutions of
(1.8) in B. Then

N = % + l Z 6q<—/\0) H Z €q (/\(IZ(ZL’I + dz)k) .
A=1 i

q = =1 :Bizl

19



Proof. Let N be the number of solutions of (1.8) in B. Notice that via Lemma 2.8.1

q n q, ifq Tarh—c
€q ()\ (Z a;xrk — c>) = (2 )
1

A= i=1 0, otherwise ,

n

n

and so this sum is non-zero only when Z a;x¥ —c =0 (mod ¢), that is, only when Z a;rt =
i=1 =1

¢ (mod ¢). Hence if we multiply this sum by % and sum over all z € B, we obtain a sum

that counts the number of solutions to (1.8) in B. Therefore,

v (p (S )

zeB \=1 i=1
q—1 n

e (A (Z ))
q 133 zeB i=1

B 1 q—1 n d;+B

IS 0T S e (at).
q q =1 =1 x;=d;+1
and thus
n 1 q—1 n B
N="—+"= Z eq(—Ac) H Z eq (Aai(z; + d;)*) .
q 133 i=1 a;=1

]

Theorem 2.8.1. [33, Weil] For any polynomial P[x] over Z of degree k and prime p such
that Plz| is not a constant function (mod p) (that is, P(x) # g(x)? — g(x) + ¢ (mod p) for

any polynomial g(x) and constant c),

z (mod p)
Using the Weil estimate in the case when ¢ = p is prime, we get from Lemma 2.8.2 that

Bn
-2
p

S (GEVE) R U
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and so N > 0 provided that
B> (k—1)p2*n.

Thus, we obtain a result similar to that in (1.4). Unfortunately though, using the Weil
estimate above, we cannot reach any result below p% no matter how large n is.

In our application, we need a bound of the type

B

Z ep(az™)

r=1

max
1<a<p

<<57k B1+€—O' (24)

for some value o = o(k), depending only on k, that holds for any ¢ > 0. If B < Pk, we may
not obtain much cancellation, and so such an estimate cannot hold. Indeed, in this case, the
sum in (2.4) can remain close to B in size for certain a. For B > pﬁ,

e the classical Weyl sum estimate (1920) establishes that the result in (2.4) holds for

_ _1 .
U—Qk_—la

e Wooley [39] established the result in (2.4) for k > 3 with 0 = m; and

e Bourgain, Demeter, and Guth [8] established the result in (2.4) for &k > 2 with o =

1

R(—1)°

Inserting the bound in (2.4) into the value of N in Lemma 2.8.2, we see that

Bn
-z
p

<<a,k p; 1 (Bl-‘rs—o)” < Bn—na+n57

and thus N > 0 provided that

n
? >>€,k,n annoJrs,
that is,
1
13:§>akm/pE;+a'

Hence, if we use Weyl sum estimates such as that in Bourgain, Demeter, and Guth [§]
B

Z ep(az®)

x=1

where it was proven that max
1<a<p

<oy BYTRET | we would find that N > 0

21



provided that

k(k—1)

B> n max{pﬁ,p n e

For pt < B < p=T, we make use of a variation of (2.4) provided in (3.9).
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Chapter 3

Using Weyl Sum Estimates

In this chapter we improve on the results stated in Section 1.2 for the case of prime moduli,
establishing two main theorems, the first for cubes centered at the origin, and the second
for a cube in general position. The results apply equally well to the homogeneous and

non-homogeneous congruences.

Theorem 3.0.2. For k > 2 and € > 0, there exists a constant P(e, k) such that for any
prime p > P(e, k) and integers c,a; with pta;, 1 <1i < n, there exists a nonzero solution x

to (1.8) with

p
k(log k+~ loglog k)
n +e

. ifn <k(k—1)(logk + ~loglogk);

lz]l < pr, if k(k —1)(logk + yloglogk) < n < k(k —1)%

prtiEte, ifn> k(k—1)%
\

Here, v = ~y(e, k) is the same constant as in Lemma 3.3.1.

Thus, as n — oo, we approach the optimal estimate ||z|| < p%. In particular, for any

—k(kl,l) and n > %, applying the theorem with ¢ = ¢’ — %, gives a solution

positive & <
of (1.8) with ||z|| < p**€, for p sufficiently large. Indeed, as the next theorem illustrates,
for such n, p, any box of side length B > pite contains a solution of (1.8). The first two

estimates in the theorem are consequences of Proposition 3.3.1 in Section 3.3 while the third
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follows from Proposition 3.2.1 in Section 3.2, as we indicate after the statement of these
propositions. These estimates improve on the estimate [|z]| < p2T2r available from (1.4) for
n > (2 +o(1))klog k and uniformly improve on (1.5) and (1.6).

For solutions in an arbitrary cube, we establish the following result.

Theorem 3.0.3. i) For k > 2 and € > 0, there ezists a constant P(e, k) such that for any
prime p > P(e, k) and integers c,a; with p{a;, 1 < i < n, there exists a solution x to (1.8)

i an arbitrary cube B of side length B provided that

p@“, ifn < k(k—1)%
B> (3.1)

prr i > k(k — 1)

ii) For 2 < k <5, the inequalities in (3.1) may be improved to

poate if n <28k —1);
B> (3.2)

P L T k-1
prTTEe T ifn > 28Nk —1).

These results yield improvements on the bound in (1.4) for £ > 6 and n > 2k(k — 1) and
uniformly improve on (1.6). They also yield improvements on (1.4) for k =3, n > 8; k =4,

n > 16; and k = 5, n > 32. We have nothing new to offer here for k = 2.

Proof of Theorem 1.5.1. If n > 51 and € < m, then ¢ > 21 and n > k(k — 1)%

Applying (3.1) in Theorem 3.0.3, it is sufficient to take B > prHTE > pitete = pite . O

3.1 Best Bounds Among Known Results

In this section we give a summary of the best known bounds, including results from this

chapter and the next, on the size of solutions to the diagonal congruence
n
Z a;x¥ =c mod p
i=1
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for a given k, ¢, and n. We will separate the results into the four possible cases based upon

whether the congruence is homogeneous or not and whether the solution is small or in a

general cube. For the results obtained in other papers, we will include a citation next to the

bound. We will also use k;(k) as the same constant as in Theorem 4.7.1 while ry(k,e,n)

will be the implicit constant in Theorem 4.9.1.

3.1.1 Small Solutions of a Homogeneous (¢ = 0) Diagonal Congru-

ence

Degree | Size of Solution for p > P(e, k)
k=2 | 0<|z| <p2, n>4, [10].

0

P2, 4<n <8, [11];
k=3 | 0<|zl| <{pstsate, 9<n <21, Theorem 3.0.3;

K/{1(3)10%, n > 21, Theorem 4.7.1.

( 1 1

p D, n <14, [11];

prte, 14 < n < 24, Theorem 3.0.3;
k=4 10<|z]| <

pitute, 24 < n < 32, Theorem 3.0.3;

K111(4)]0%, n > 33, Theorem 4.7.1.

(1, 1

p= T, <30, [11);
k=5 |0<|zl| < pwte, 30 < n <47, Theorem 3.0.3;

k/~£1(5)p%, n > 48, Theorem 4.7.1.

0

p? D, n < (2+o(1)klogk, [11];
k>6 | 0<|lzf <qp =524 (24 0(1))klogh < n < 3(k* + k+2), Theorem 3.0.2;

k1 (k)pF, n > 3(k*+k+2), Theorem 4.7.1.

\



Note that from Theorem 4.9.1, we obtain a solution with

1+ 3exp (1 — %"T_g)

0 < HQH S H?(k)agan)pk )

which for k sufficiently large can yield further improvements for certain n. (See Remark

4.9.1.) For k odd, it is known [11] that for n > k, there is a nonzero solution with [|z| < pz.

3.1.2 Solution in a General Cube of a Homogeneous (c = 0) Diag-

onal Congruence

Degree | Size of Solution for p > P(e, k)

k= B> p%+ﬁ . [11].
(p%Jrﬁ, n <6, [11];

k=3 | B> pate, n =17,8, Theorem 3.0.3;
\p%ﬂ%“, n > 9, Theorem 3.0.3.
’p%+m, n <14, [11];

k=4 | B> {pate, 14 < n < 24, Theorem 3.0.3;
\p%+%+5, n > 24, Theorem 3.0.3.
(p%+ﬁ, n <30, [11];

k=5 | B> qpwte 30 <n < 64, Theorem 3.0.3;
\p%Jr%*E, n > 64, Theorem 3.0.3.
(p%ﬂm%n, n < 2k(k—1)—2, [11];

k>6 | B> p@*a, 2k(k—1) —2 <n < k(k—1)% Theorem 3.0.3;
pet e te n > k(k—1)2, Theorem 3.0.3.

\
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3.1.3 Small Solutions of a Non-homogeneous (¢ # 0) Diagonal

Congruence

Degree | Size of Solution for p > P(e, k)

(
prlogp, 4<n<12, [13];
k=2 0<|z| <

k1(2)p2, n > 12, Theorem 3.0.2.

pre, <7, [1;
Iz prte, n =8, Theorem 3.0.2;
E=3 |0<|z] £
pitate, 9 <n <21, Theorem 3.0.3;

m1(3)p%, n > 21, Theorem 4.7.1.

p2tan,  n <15, [11];

ol p%%’ 16 <n < 24, Theorem 3.0.3;
E=4 |0<]|z| <
pi+%+€, 24 < n < 33, Theorem 3.0.3;

m1(4)pi, n > 33, Theorem 4.7.1.

prta,  n <31, [11];
k=5 | 0<|zl| < pwte 32 < n < 48, Theorem 3.0.3;

k1(5)p5, n > 48, Theorem 4.7.1.

prn, n < (2+o(1)klogk, [11];

k26| 0< |zl < p 54 (2 4 o(1)klogk < n < (k2 + k +2), Theorem 3.0.2;

k1 (K)pF, n > 3(k*+k+2), Theorem 4.7.1.
\

Again, we note that from Theorem 4.9.1, we obtain a solution with

1 2n—3
0 < |zl < ralk, e, m)pk T3exP (1= 575%)
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for k sufficiently large and for certain n. (See Remark 4.9.1.)

3.1.4 Solutions in a General Cube of a Non-homogeneous (¢ # 0)

Diagonal Congruence

Degree | Size of solution

k=2 | B> prter, [11].

4

pitan, n <7, [11;
k=3 | B> qpite n =8, Theorem 3.0.3;

Y

p%JF%*E, n > 9, Theorem 3.0.3.

\
4

p2tan, n<2k—1, [11];

4<k<5|B>q{pwte 2k <n < 281(k — 1), Theorem 3.0.3;

k7
pg—k%—i-s’ n> 2k_1(k — 1), Theorem 3.0.3.

prtan, < 2k(k—1), [11];

k>6 | B> qp™ 2+ 2k(k—1) <n < k(k —1)?, Theorem 3.0.3;

pEtste > 2k(k —1)%, Theorem 3.0.3.

3.2 Solutions in a General Cube

We start by recalling a classical result of Hua and Vandiver [20] and Weil [33] on the number

N, (c) of solutions of the equation

Z a;rh = ¢ (3.3)
i=1
over the finite field IF, in p elements, where a; # 0, 1 <@ < n: If ¢ # 0 then

1

[Na(e) = < (k= 1) (3.4)
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Thus, for ¢ # 0, and n > 2, the equation (3.3) is guaranteed to have at least one solution
provided that
2n
p>knT. (3.5)

For ¢ = 0, (3.3) always has the trivial solution z = 0. We note that NV, (c) is just the number
of solutions of (1.8) in a cube of side length B = p.

Next we turn to finding solutions in a restricted cube

of side length B where B,d; € Z, 1 < i < n, 1 < B < p. The key ingredient to our
B

investigation is a Weyl sum estimate for the exponential sum Z e(apr + -+ + ozkxk); here,
r=1
e(x) := e*™ for x € R. The classical Weyl sum bound is stated in the next lemma; see [15,

Lemma 3.1].

Lemma 3.2.1. Let k > 2 be an integer, and o; € R, 1 < ¢ < k. Suppose that for some
a € Z, q € N with (a,q) =1, one has oy — 7| < q 2. Then with 0 = (k) = 27%, we have

for any B € N
B

Z elanz + -+ - + apa®)

r=1

g B Bk

1 1 7
<c.B'* (— + =+ i) (3.7)
for some constant c. := c.(k).

Wooley [38, Theorem 11.1] established an improved estimate, obtaining the inequality

in (3.7) with o(k) = for k > 4, and made further improvements in [40, Theorem

1
2he(k—2)

11.1] and [39, Theorem 7.3|, obtaining in the latter, o(k) = 2+(k*2) for k > 3. Bourgain,

=)

Demeter and Guth [8] recently obtained o(k) = k(k;_l) for k > 2. The latter value improves
on Wooley’s estimates and the classical value o (k) = 217% for k > 6. For k = 6, an estimate
of Heath-Brown [19] is better for certain ranges of ¢. Finally, Montgomery [22, Conjecture
1, p. 46] has conjectured that one can in fact take o(k) = %, which would be best possible.

Such a value is currently only known to hold for k£ = 2.
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Proposition 3.2.1. Fiz n > 2, k > 2, and suppose that the Weyl sum estimate in (3.7)
holds for some positive real o = o(k). For any € > 0, there exists a constant P(e, k) such
that for any prime p > P(e, k) and any integers c,a; with p{ a;, 1 < i < n, there exists a

solution z to (1.8) in any cube B of side length B < p with

pante, if n<(k—1)c!
B>

prtaate i n> (k—1)o
Applying the proposition with the value of Bourgain, Demeter and Guth, o = ﬁ,
immediately yields Theorem 3.0.3 (i) and the third inequality in Theorem 3.0.2. For 2 <

k <5 we use the classical value o = 2*~! to obtain Theorem 3.0.3 (ii).

Proof. Fix n > 2, k> 2, and € > 0, and let ¢, a; be integers with p{ a;, 1 <1i < n, B be a

cube as in (3.6), NV the number of solutions of (1.8) in B, and e,(§) = e’ . Then

p A=1 x€EB =1
B 1 p—1 n d;+B
=—4+-> ey(—Ac) H Z ep (Aa;zt)
p P4 i=1 z;=d;+1
and thus
n 1 p—1 n B
N:?—FZ—)ZGP(—/\C HZ (Aai(z; + d)") . (3.8)

A=1 i=1 z;=1

We now apply the Weyl sum estimate of Lemma 3.2.1 to the polynomial A\a,;(z; + d;)*

>\[l¢

with ¢ = p and o = = We observe that with a = Aa; and 1 < A < p — 1, we have

(a,p) =1 and |ay — %| =0< z%‘ Note that, it is also plain that with B satisfying the lower
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bound stated in the proposition, B¥ > p. By (3.7), we have

B

> ep(Aai(x; + dy)")

l’izl

(1 1 7
S C€/B1+€ (]_9 + E + %) (39)

for any ¢/ > 0. We use (3.8) to determine a lower bound for B such that the error term is

less than the main term in (3.8). It suffices to have B satisfy

p—1 n

ep(—Ac) (3.10)

| > ey (Mai(w + di)*) |

=1 x;=1

With (3.10) satisfied, we are assured a solution to (1.8) in B.

First, let us consider the case where n > (k—1)o~!. In this case, we put B = Lp%Jrﬁ*EJ.
We claim that B¥~! < p. Indeed, say n = (k — 1)o~! + 3, with 8 > 0, so that, n — 3 =
(k—1)o~!. Then

_ _ n—_/7 B8
B! < p%ﬁ-%—f—e(k—l) < pl—%-‘rv—&-a(k—l) — pltatele=) < o

for e < ~

ﬁ, which we may assume, for if there exists a solution of (1.8) with ¢ < T

_B8
k—1)n’

then trivially there exists a solution for larger values of e. Using B*~! < p and B < p, the

Weyl sum estimate in (3.9) simplifies to

B o
> ep(Aai(wi + di)*)| < ca B (%)
x;=1

for any ¢’ > 0. Applying this estimate and the triangle inequality to the right-hand side of

(3.10), we find that we are guaranteed a solution to (1.8) if

B , no
> > c” (B<1+€ >”> <%) (3.11)



or equivalently

Bn(ko'fs’) > 3nacglpl+no'
Thus it suffices to have

14no 1 + o1 1 + o1
B >>k o pn(kU*SI) — pk76/0'71 n(k—elo—1) — pk(lfs’aflkfl) nk(l1—e’c—1k=T)

If j—;{ < 3, then we may use (1 —2)~' <1+ 2z for 0 <z < 3 to see that it suffices to have

El

1 e 1
B > pz+2m+m+2ﬂ2nk2.

By taking &’ sufficiently small and p sufficiently large, we see that the latter bound holds for
B = |[prtaEte].
Next, let us consider the case where n < (k — 1)o~!. In this case we set B = [pant<].

Then plainly B! > p'sn > p, and thus the Weyl sum estimate simplifies to

3\’
< 5/B1+€ _
e (3Y

for any ¢’ > 0. Then by (3.10), we find we are guaranteed a solution to (1.8) if

B Ay 3\
R <B<1+€ >"> (E) , (3.12)

B

> ep(Mai(z; + di)")

:177;:1

and thus it suffices to have

B>,y pmufe’/w. (3.13)

If ¢//o < 5, then it suffices to have
A
B >>e’,k peon oZn . (314)

Thus, for &' sufficiently small and p sufficiently large, our choice B = | ﬁ“} suffices.
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3.3 Small Solutions via Sums Over Smooth Numbers

Let k € N and P be a large real number. When 2 < R < P, we define the set of R-smooth
numbers, A(P, R), by

A(P,R) ={n € [1,P|NZ: p prime, pjn = p < R},

and for each real number «, we define the corresponding exponential sum over smooth
numbers, f(«; P, R), by
fla; P,R) :== Z e(az®).

z€A(P,R)

In [35] Wooley established the following estimate for f(«; P, R).

Lemma 3.3.1. [35, Theorem 1.1] Let m denote the set of real numbers o such that whenever

a€Z,qgeN,(a,q) =1, and |a —a/q| < Pk —=, one has ¢ > P. Then when n = n(e, k) is a

sufficiently small positive number, and 2 < R < P", we have,

sup | f(o; P, R)| < &P (3.15)

acm

for some constants & := (e, k) and v := (e, k) with
o' =0o'(k) ==k '(logk + vloglog k) ~*

As a consequence of this lemma we shall deduce the following result.

Proposition 3.3.1. Suppose that the inequality in (3.15) holds for a given o' = o'(k). Then
for k> 2, n > o' and € > 0, there exist constants P(e, k) and n/'(e,k) such that for
any positive integer { satzsfymg < 1n'(e, k), prime p > P(e, k), integers c,a; with p 1 a;,

1 <11 < n, and positive integer B with

B > max {pa}nﬁ,pm} ,
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there exists a solution z to (1.8) with z; € A(B,Bt), 1 <i<n.

Applying the proposition with Wooley’s value o’ = k= (log k + v loglog k) ™!, yields the first

two inequalities in Theorem 3.0.2.

Proof. Suppose that k> 2, n > ¢'~!, and B satisfies pﬁ < B < p. We apply Lemma 3.3.1
with P = B, R = B'* where ¢ will be chosen below. For the sake of brevity, we’ll define
A= A(B,Bt) and let A" = Ax Ax---x A, n times. The number of solutions M of

Zaixf = ¢ mod p with z € A" is
i=1

P jean i3 i=1
AP, 15 - k
=—+ - el—A¢) H Z ep (Aa;zf) . (3.16)
p P i=1 z€A

Let m be as defined in Lemma 3.3.1. We note that for 1 < A <p—1, a := % € m.

Indeed, suppose that (a,q) = 1 and that ]’\Tf — %\ < qB%. Then either ¢ = p, whence ¢ > B,

or q # p, whence
1

qBF-

rq

1 ’)\ai a
p q

that is p > B!, contradicting B > pﬁ. Thus for any ¢’ > 0 and ¢ sufficiently large,
¢ > 1/n(e', k), we have by Lemma 3.3.1 that

< Sa’Bl_U,—i_a,-

Z ep (Aa;af)

;€A

Combining this with (3.16), we see that M > 0 provided that

|A|n > éf?/B(lfo’Jrs’)n.
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By the work of Ramaswami [24], we have

AB. B =08+ 0 (7).

where p is the Dickman function. Thus for B sufficiently large in terms of ¢, we have

|A(B, B7)| > 1p(¢)B. Hence it suffices to have

p(6)"B"

2 5Ot (3.17)
that is,
Qp%
Bcr’fe’ > g Rl
“p(0)

or equivalently

1
B >>€/,£,]€ pa’n(lfs/cr'_l) .
Assuming that '0’~! < 3, we see that it suffices to have

2¢’

1y ool
B >>E/,£,k pa’n 0-/277,.

Thus with ¢’ sufficiently small and p sufficiently large, we obtain a solution in A™ provided
that B > max {pﬁ%,pﬁ}. We note that since n > /=%, for & small enough, p== ¢ < p.
Thus we may take pﬁ < B < p as assumed.

]

Remark 3.3.1. In his work [36, Theorem 5], Wooley obtains an estimate for a more general
Weyl sum over smooth numbers that one may hope would allow us to generalize Proposition
3.3.1 to boxes in arbitrary position. Unfortunately, for the application here, this estimate

leads to a weaker result than what is already available from Proposition 3.2.1.
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Chapter 4

Using Vinogradov Mean Value

Estimates

4.1 Introduction

Let g,n,k be positive integers, a; be integers with (a;,q) = 1, 1 < ¢ < n, and ¢ be any

integer. Our interest here is in obtaining solutions to the diagonal congruence

¥ +agah + - 4 a2t =¢ (mod g), (4.1)
with variables restricted to a cube

B={zecZ":di+1<x,<d+B,1<i<n}, (42)

of edge length B € N with B < ¢; here d; € Z, 1 < i < n. First we give a general upper

bound on the number of solutions of (4.1) in B.

Theorem 4.1.1. Let ¢,n, k be positive integers with n > k?> +k +2, B be any cube of edge
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length B as in (4.2), a; be integers with (a;,q) =1, 1 <i<n, and c € Z. Then

n Bn
reB: a;r¥ = ¢ (mod < (— + B"_k) :
# {_ ; ( Q)} k P

In some sense this upper bound is the best one can hope for. Indeed, as ¢ runs from 0 to
q — 1, the average number of solutions of the congruence (4.1) with z € B, is B"/q. On the
other hand, if A :=Y"" | |a,| is fixed, and ¢ is allowed to run from —AB" to AB*, then the
average number of solutions of the equation Z?:l aixf = cwith 1 < z; < Bis of order B"*.
Thus for large B, we can do no better than B"/q, while for small B (namely, for B < q%)
and boxes cornered at the origin, we can do no better than B"*.

The upper bound in Theorem 4.1.1 implies that for n > k? 4+ k + 2, the value set of the

diagonal form,
{Zaimf (mod q) : z € B} :
i=1

has cardinality on the order of ¢ provided that B >, ¢'/*. Using further variables and

arithmetic combinatorics we can then represent all values by the diagonal form.

Theorem 4.1.2. For any positive integer k, there ezists a constant cz(k) such that for any
positive integers q,n with n > c3(k), cube B of type (4.2) with side length B > (q/k*)V/*,
and integers a; with (a;,q) = 1, 1 < i < n, such that for any prime factor p of q, the k-th
powers (mod p) are not constant on any edge [d; + 1,d; + B] of B, there exists a solution

of (4.1) in B.
For prime moduli, we can obtain a much stronger result.

Theorem 4.1.3. For any positive integer k there exists a constant c4(k) such that for any
positive integer n > %(/{:2 + k + 2), prime p, and integers a; with p t a;, 1 < i < n, there
exists a solution of

art + - a2t =c (mod p), (4.3)

with 1 < x; < c4(k’)p%.
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This improves on Theorem 3.0.2 for n > %(k2 + k + 2) and on Theorem 3.0.3 for n >

3(k* + k 4 2) and cubes cornered at the origin.

4.2 A General Upper Bound on the Number of Solu-

tions of (4.1)

Let Z, denote the residue class ring mod ¢. For any subsets Si,...,S, of Z,, put 8 =
S1 x --- xS, and define

L x(8) == #{(Lg) €8 XS: Z:L:x Zyl (mod ¢ }

Lemma 4.2.1. Let q,n,k be positive integers, Sy, ..., Sa, be subsets of Z,, and T = Sy X

- X Son. For any integers a;, 0 < i < 2n, with (a;,q) =1, 1 <1i < 2n, we have

2n
#{£ S Zaixf =aqay (mod q)} < H[n,k(sf)ﬁ,
i=1

i=1
where S}' is the cartesian product of S; with itself n times.

Proof. We have

#{xeT: ZZ e =ap (mod q)} = —ZZeq <)\ (Z a; Tk — a()))

J:ET/\ 1

= —Zeq —Xag) > e ()\Zaa: >

XET

:—Zeq —Aag) HZ@Q )\am

i=1 x;€S5;

Z eq(—Aap) H Z e, (Aaixf)

q A=1 i=1 2;,€85;

1
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Then by the triangle inequality and Hoélder’s inequality, we have that

#H{xeT ZZ 1a;2¥ =ay (mod ¢)}

< gz ea(—2a0) [T 3 e (Maiat)

=1 x;E€S;

= %Z Z eq(Aay o) Z eq(Nagrh) - -

=1 |z1€51 T9€E€S2
1

q 2n | 2n

A3

A=1

IN

Z eqg(Aay k)

T1ES51

Counsider now the sum

=1 |z;€S;

for a fixed 7, 1 <1 < 2n.

al(E)

Z eq(Aa;zF)

T, ES;

= Z [(Z eq(Na; x1)> (Z €q(—)\aiylf))

z1E€S5; Y1€S5;

:ZZ Z Z Z@q()\ai(x’f+x§+...

A=1 z1E€S; y1€S; Tn€S; Yn€S;

- Z Z Z qujeq()\ai(xlf+;pg+...

T1€S; y1€S5; Tn€S; yn€S; A=1

Z eq()‘aixf)

20, €S2

q

2

A=1

221, €S2n

2n

( Z eq(Aa;zk)

Tn ESi

Z €q (/\(Zin'gn)

Z €q ()\ngl";n)

)

+ak -y k-

A T

This counts ¢ times the number of solutions to the congruence

ai(a) + - o) = ailyy + -

39

+yr)  (mod g),

1
2n | 2n

Z eq(_)‘aiyﬁ

Yn€S;

)

c—yh).
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with variables restricted to S;, and since (a;,¢) = 1 this is just ¢l,, x(S}*). Therefore,

1

2n
#loeT: Yt =a (mod o)} < ¢ [[lalalst) = [[ 151
=1 1 =

[
4.3 Relating [, ;(B) to J,;(B)
Next, we obtain an estimate for I,, ;(B) for a cube of the type
B=B(,B)={z€Z" :c+1<xz;<c+B,1<i<n}, (4.4)
by relating it to the number of solutions .J, x(B) to the system of congruences
T4tz =+ 4y, (mod g),
vi4an =yl +yn (mod g),
(4.5)

- +yk (mod q)

+
8
3 o
Il
<
o
_I_

k
x1+...

with 1 <y, < B, 1 <7< n.
Proposition 4.3.1. For any positive integers n, k,q and cube B(c, B) as in (4.4) we have

k(k—1)

Lox(B) < (2n)* B2 J,4(B). (4.6)

Moreover, if for some j < k — 1 we have n(B’~! — 1) < q/2 < n(B’ — 1), then

iG=1
2

Lx(B) < (2n)'B7 2 ¢" 7 J, (B). (4.7)

Lemma 4.3.1. Let n,k, and q be fired positive integers, ¢ be any integer, and (z,y) €
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7" x 7. Then (z,y) is a solution of (4.5) if and only if (z,y) is a solution of the system

(r1=c)+-+(@n—c) =@ -+ + (Y —c) (modg),

(1=’ 4+ +(@—0’=( -0+ +(yo—c)® (mod q),

(4.8)

k

(1 =)+t (=) = =)+ + (g — ) (mod g).

Proof. Note that by considering a translation of the variables, it is enough to show that

whenever (z,y) solves (4.8), it also solves (4.5). We will show by induction on the degree k

n

that the result holds. First note that trivially (z,y) being a solution of Z(mi—c) = Z(?Ji—c)
i=1 i=1

(mod ¢) implies that Z T = Z y; (mod q).

Let us now assume that the result holds for systems of polynomials up to degree k — 1

and consider a system up to degree k. Suppose that (z, g) is a solution of

n n

Z(xl —c) = Z(yZ —¢)7 (mod q) for each 1 <7 < k. (4.9)
i=1 i=1
We know by the induction hypothesis that (z,y) is also a solution to
ix Zy (mod ¢) for each 1 < 7 < k — 1. (4.10)
We need only to show that (z,y) is a solution to

Xn:x Zyz (mod q). (4.11)
i=1

By the binomial theorem, (z,y) is a solution of

(@1 =)+t (=) = =)+ + (g — )" (mod g)
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if and only if (z,y) is a solution of
n k k n k -
>3 ()= X3 (F)ut-or mod
=1 t=0
In other words, (z,y) is a solution of
n n k-1 k n k-1 k
ot 4+ ()m’?—cktz kg ()?—ckt mod q).
;z;;tz() ;yzgt%() (mod q)

By (4.10),

t=0 ) i=1
n k-1 k
=33 ({0 o)
i=1 t=0
and thus (4.12) implies
doaf=> yf (mod g)
=1 i=1

In our application we actually consider a hybrid system

(rr—c)+-+(@n—c) = —c)+-+(yn—c) (modg),

2

(T1—c)’+ -+ (@—0’=—0’+ -+ (yn—c) (mod q),

(T =) @ —)f = =)+ (g — 0)F (mod )

42
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It follows from the arguments in the proof of Lemma 4.3.1 that this system is also equivalent
to the systems considered in Lemma 4.3.1. That is, z is a solution of (4.8) (or equivalently
(4.5)) if and only if z is a solution of (4.14). In particular, if z with c+ 1 < z; < ¢+ B
for 1 <i < n solves (4.14), then it solves (4.8). Thus, z,y with 1 < x;,y; < B solves (4.5).
Hence, the number of solutions z with c+ 1 < z; < ¢+ B,1 < i < n that solve (4.14) is

Jnk(B). This leads us to our next lemma.

Lemma 4.3.2. Let B(c,B) be a cube as in (4.4). The number of solutions of the system
(4.14) with z,y € B(c, B) is Jyx(B).

We are now in a position to prove Proposition 4.3.1.

Proof of Proposition 4.3.1. Let B = B(c, B) be a cube as in (4.4). For any z,y € B we set

b =(r = )+ (2= ) = (=€) =+ = (g — ©)

By =(1 = ) (= ) (= T = (g — o)

It is plain that for any choice of z,y € B, we have |h;| < n(B7 —1), 1 < j <k — 1. Thus,

c+B c+B
by summing over the potential values for the h; and writing Z to denote Z e Z ,
zeB r1=c+1 Tn=c+1
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we have

In,k(B) =

2.0 !

zeB yeB

itk =yb 4+ 4yk  (mod q)

|h1|<n(B-1) |hg—1|<n(BF=1-1)

hi=>"70

2 !
c+1<z1,....2n<c+B
c+1<y1,...,yn<c+B

(zi—c)=32i—1(yi—c) (mod q)

hkflzz?:1(xi_C)k_l—i?:l(yi—C)k_l (mod q)

ok

+wk—y1+ +yn (mod g¢)

2. kZZZ Z

|h1|<n(B-1) |hp_1|<n(Bk—1-1) * z€B yeB M=

[ (B30 3 (e

DY %ZZZ‘“Z

[hi|[<n(B-1)  |hp_1|<n(Bk-1-1)
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By the triangle inequality and Lemma 4.3.2; we obtain

q q k
[n,k(B) = Z cee Z qik Z ce Z €q [Z —Ajhj] X
[R1|<n(B=1)  |hp_1]|<n(BF-1-1) © M=1  X\=1 j=1
n k—1 n n
ZZeq[ (Zx ARSI <xi—c>f—2<y,-—c>j)”
zeB yeB i=1 j=1 =1 =1
1 q q
S SR S 555 ol >
|h1|<n(B-1) |hi_1|<n(BF-1-1) 1=1  A\=1|z€B yeB
n n k—1 n n
o[ (3ot 3 )+ 3o (St - S|
i=1 i=1 J= i=1 i=1

— Z_

|h1|<n(B-1) |Pi—1|<n(Bk—1-1)

k(k 1)

< 28Ikt 1, k(B).

If for some j < k we have n(B’~! — 1) < ¢/2 < n(B? — 1), then the upper bound can
be improved by simply allowing h;, ..., hy_1 to each run through a complete residue system
(mod ¢). In this case, we see that there are at most (2n)/~! B!+2++0U-1gk=i choices for the

h;, and so we obtain the second inequality in the theorem. O
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4.4 Estimation of J, ;(B)

Let J: . (B) denote the number of integer solutions of the system of equations

xl_i__i_xn:yl_'__i_yn’
Zi b tan =y by,
(4.15)

with 1 <,y < B, 1<i<n.

We call a nonnegative real number A, an admissible exponent for the system (4.15) if
wi(B) < ci(n, k) B2 2k DAL, (4.16)
for some constant ¢1(n, k). In his seminal work on Waring’s problem, Wooley [37, 38| estab-

lished the following estimates for J; , (B) and A ;.

Lemma 4.4.1. (i) [37, Theorem 1.1] Suppose thatn and k are natural numbers with k > 2

and n > k(k+1). Then for any € > 0 we can take A}, , = e.

n

(ii) [37, Theorem 1.2] Suppose that k > 3. Then for n > k* + k + 1, we have
J%w(B) ~ c(n, k) B2~ zk0+D) (4.17)

for the positive constant c(n,k) as given in (4.19) below. Consequently, for such n,k
we can take A = 0.
(iti) [38, Theorem 1.1] If k > 3 and n > k* — 1 then for any € > 0 we can take A}, = €.

Recently, Bourgain, Demeter, and Guth proved the following.

Lemma 4.4.2. [8] Let n and k be natural numbers such that n > $k(k+1) and k > 2, and
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let e > 0. Then
J;:k(B) < Ban%k(k+1)+5'

Furthermore, if n > $k(k + 1), then
T3 w(B) ~ c(n, k) B~ 2k, (4.18)

where c(n, k) is the positive constant in (4.19) below.

Define
o g q q n
S(n, k) ::Z Z Z q_IZeq ()\1:17+---+)\kxk)
q:1 A1=1 )\k:]- =1
ALy Ay9)=1
and
1 2n
J(n, k) = / / e(Brx+ - + Bpa®)dz| dB.
r* |Jo
Whenever the asymptotic formula in (4.17) is valid it is known that
c(n, k) =6&(n,k)J(n, k). (4.19)

In this case we can take the constant c¢(n,k) in (4.16) to be ¢(n,k) 4+ ¢ for any ¢ > 0,

provided that B is sufficiently large in terms of ¢, n,and k. In Section 4.10 we show that

et FHDEDT (k) < e(n, k) < (1= &) ! T2 50 ),

It is shown in Arkhipov, Chubarikov and Karatsuba [3, Theorem 3.9] that for n >

2k%log k + k*loglog k + 4.5k2,

np(B) < K pRnmahlnl),

In [31, Theorem 1.1], Steiner proved that for k > 3,n > k2 + k +2, A = kj:{l > 1 and
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B > n'% we have the estimate
Jn,k(B) < C«B2n—%k(k+1)7
where C is the maximum of 4%3%" and
2De3

1.03973k2+6.57361k+3.86874 7. L k2+ 01515 L1yg 5 %5 log(MEP T
el +6. +3. k§ -‘r? —7"1‘* 5 10g()\)§ i|

0 . 4(2k)2k+11,

where

D— 4logk + loglog k + 4.2
N log A

and

My = max
v —k
ve{l.755

2 _ _ 132,19, 2 N\7 2_
{ (61.09658k +6.21267k—0.52770 | — 5k>+ 2k 4(>\+ 1)k62_66> e 0.34657k 1.27076k+3.86874}'

Lemma 4.4.3. For any integers ly, ..., 1, the number of integer solutions of the system

(4.20)

with 1 < x;,y; < B is at most J;;k(B).

Proof. Note that

o 1, n=0;
/ 627T’L)\nd)\:
0 0, neZ\J{0}.
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The number of solutions is given by

B
rx1=1

Yn=

B>

1

1
/ / 627ri)\1(w1+~~~—yn—l1)” 627rz)\k(1:1+ —yn lk)dA
/\k 0 )\1:0

B B
= ZZ/ / H 2midi(@ - —yn—l) g\
ool a1 dA=0 A=0;
1 B k
_ / / S ZHeZM)\(:E+ ) gy
Ap=0 A= 0961:1 yn=1 i=1
1 1 k B B k
_ / / [[ee S S [[ et
Ap=0 A1=0 ;1 r1=1 yn=1 i=1
1 1 B Bk _ _
< / / Z Z 2mNi (@i —un) | g
Ae=0 M=0g=1 yu=1i=1
1 1 B B k
:/ / S S e ian
Ar=0 M=0 5 —1 yn=11i=1
= Jyx(B). H

Lemma 4.4.4. If for some j with 1 < j < k we have that n(B’~' — 1) < ¢/2 < n(B’ — 1),
then

Ini(B) < 6¢q(n, k:)(Qn)k_”lqj_k_lBQ"_ij(jf;l)+A2,k.

Remark 4.4.1. If n > $k(k 4 1), then we may remove the A}, ;. from the exponent of B by

Lemma 4.4.2.

Proof. For 1 <t < j — 1 we have n(B" — 1) < ¢/2, and thus any integer solution of the
congruence

gl tat =yt 44yt (mod q), (4.21)

with 1 < x;,y; < B,1 <1 < n, is in fact a solution of the equation
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For ¢ > j any solution of (4.21) is a solution of an integer equation of the form
Tyt an =y g

for some integer I, with |l;[ < n(B'—1)/q. Thus there are at most 2| %(B" — 1)] + 1 choices

for I;, and altogether at most

k n
II(QM{BW—UJ+1)
t=j q

choices for [;,...,l;. In order to simplify this product we define for 7 <t <k,

22(B* - 1)) +1

Be = 2n pt
q
Using the fact that B/ —1 > ;L we have
28B" — 2 41 12
bs——mm 1t mgps
q q
_ 2n
q
<1l+57 B
q 2n
2n

and thus for B > 2,

t]jﬁts (H%) (”%) (“%)"'(”Bij)

1

< 26X BT — 9e BT < 6.

Therefore, the number of choices for I;,. .., is at most

k(k+1) _ jG=1)

II@—B%ﬁ2mkﬁwleff—z
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Each such choice of the [; gives a system of the type (4.20) having at most J; ,(B)
<

solutions, by the preceding lemma. The result now follows from the upper bound J , (B)

ci(n, k)BQ"_ R TAL K 0
Theorem 4.4.1. For any positive integers n, k and cube B as in (4.4), we have
B2n *
Ik (B) < 6¢1(n, k)(2n)* max {—, BQ”_k}BAM. (4.22)
q

Proof. 1f for some j < k — 1 we have n(B’~! — 1) < ¢/2 < n(B? — 1), then by Lemma 4.4.4
Jn,k(B) S 601 (n’ /{2) (Qn)k—j—i-lqj—k—lBanij(];l)+A;‘1,k’
while by Proposition 4.3.1

j(G=1)

Lix(B) < (2nY'B™ 7 ¢" 77,4 (B) < 6ci(n, k)(2n)F B> nrg !,

Similarly, if n(B*1 —1) < ¢/2 < n(B* — 1), then

k(k—1)

Jur(B) < 6c1(n, k)(2n)g B> 2 tAuk

?

while

k(k—1)

I..(B) < (Qn)k_lB 7 Juk(B) < 6¢q(n, k)(?n)kB%Jrszkq_l.

Finally, if n(B* — 1) < ¢/2, then J, x(B) = J;: ,(B) < c1(n, k:)B2”_k(k2+1)+A:lvk, and so
k(k—1)

Li(B) < (20)* "B 2 J,1(B) < ci(n, k)(2n)" 1 B Ak,

The theorem is now immediate. O

Corollary 4.4.1. Let q,n,k be positive integers and C be any cube of edge length B as in
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(4.2) with n replaced by 2n. For any integers a; with (a;,q) =1, 1 <i < 2n, we have

2n

B :

#{x €eB: Zaixf =aqy (mod q)} < 6¢1(n, k)(2n)* max {—, BQ"”“}BAW.
i=1 q

Proof. For 1 <i<2n,let S;={r €Z:¢+ 1<z <c¢+ B}, making S a cube of type
(4.4). By Theorem 4.4.1, we have

2n

B .
Lk (S7) < 61 (n, k)(2n)" max {T; anfk}BA”*’“

for each of the cubes S, and thus the corollary follows immediately from Lemma 4.2.1. [
We are now in a position to prove Theorem 4.1.1.

Proof of Theorem 4.1.1. Let q,n, k be positive integers with n > k% 4+ k + 2, B be any cube
of edge length B as in (4.2), and a; be integers with ayp € Z and (a;,q) = 1,1 <i<n. It
suffices to prove the upper bound for n = k? + k + 2. Indeed, if n > k* + k + 2, then for
k? +k+2 < i <mn, we can assign any of the B possible values in the i-th interval to x;, and
apply the upper bound for n = k% + k + 2 to the resulting congruence. Set m = % By
the work of Bourgain, Demeter, and Guth [8], we can take Ay , = 0. Thus, by Corollary
4.4.1, )
#{xeB: Z a;v¥ =ag  (mod q)} < 6cy(m, k)(2n)* max {%, B"‘k}.
i=1
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4.5 Lower Bound on the Number of Values of a Diag-
onal Form (mod q)

For any cube B as in (4.2), we define Si to be the set of values the diagonal form Z a;z?
i=1
takes on (mod ¢) as x runs through B,

Sp = {Z a;x¥ € 7, x € B}, (4.23)
i=1
and put
Np = # {(X, y)€EBxB: a;xh = Zaiyf (mod q)} : (4.24)
i=1 i=1

Lemma 4.5.1. For any cube B and diagonal form Z a;x%, we have
i=1

|Sg| > B*/Np.

Proof. For any integer v define n, by n, := # {g eB ‘ Zaiwf = v (mod q)} Then by
i=1
the Cauchy-Schwarz inequality,

v=1 v=1
n,7#0

After squaring both ends of the inequality, we arrive at

B < i 1 (i ni) ,
v=1 v=1
ny,#0

q n
where Z 1 is the number of values of v that can be represented as Z a;x¥ = v (mod q)

v=1 =1
n,#0
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q n n
with z € B and Zni is the number of solutions to Zaimf = Zaiyf (mod ¢) with
i=1

v=1 =1

z,y € B. That is,
B*" < |Sg| - Np.
One now only needs to divide both sides of the inequality by N to complete the proof. [
By Theorem 4.1.1, if (a;,q) = 1, 1 < i < n, then for any cube B,

B .
, BQ"*’“}BAM, (4.25)
q

Ni < 6¢1(n, k) (2n)* max {

and so we derive from the preceding lemma the following result.

Corollary 4.5.1. For any positive integers k,n,q, integers a; with (a;,q) =1, 1 <1 < n,
and cube B as in (4.2) of edge length B, we have
i) If B¥ < q then
|Sp| > écl(n, k)~Y(2n) "k BF A, (4.26)

where c1(n, k) is the constant in (4.16).
i) If B¥ > q then
1 *
|Sp| > acl(n, k)~L(2n) kB~ Rng. (4.27)

4.6 Solutions of a Diagonal Congruence (mod ¢) in a

Cube

We return now to obtaining solutions to the diagonal congruence
amr + - Fa,at =c (mod q), (4.28)

in a cube.
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Lemma 4.6.1. For any cube B as in (4.2), and diagonal form Zaixf with (a;,q) = 1,
i=1

1 <@ < n, the value set Sg is contained in a coset of a proper additive subgroup of Z, if

and only if there exists a prime divisor p|q, such that * (mod p) is constant on every edge

[c; + 1, ¢; + B] of the cube.

Proof. Suppose that Sg is contained in a coset pZ, + [ for some plg, p # 1, and | € Z. We

may assume that p is a prime by enlarging the subgroup if necessary. Thus, for all x € B

k

we have Zaixf = [ (mod p). In particular, zf (mod p) must be constant on the interval
=1

lci +1,¢ + BJ. The converse is trivial. O

Theorem 4.6.1. For any positive integer k, there ezists a constant c5(k) such that for any
positive integers n, q with n > cs(k) and cube B of type (4.2) with side length B > (q/k*)Y/*,
such that for any prime factor p of q, the k-th powers (mod p) are not constant on any edge

lc; + 1,¢; + B] of B, there exists a solution of (4.28) in B.

The constant (1/k?)!/* in the size of B required for success can be reduced further at the

expense of increasing the value of ¢;(k), given in (4.31).

log 2
Proof. Set n, := % We may assume that n > 2(2’“*1711)10;1-5. Suppose first that

q < 2ny. For 1 <i < n set
A= {a;x¥ (mod q) :¢; +1 < a; < ¢; + B}

By the assumption that the k-th powers (mod p) are not constant on [¢;+1, ¢; + B], we know
by Lemma 4.6.1 that the A; are not contained in a coset of any proper additive subgroup of

Z4. Moreover, each A; has cardinality at least 2. Thus by Corollary 2.7.1
. log 1.5
|A; + -+ + Ap| > min{q, 2(n/2) ©e2 } = g,

the latter equality following from our assumption on the size of n and q.
Suppose next that ¢ > 2*n;. Let B be any cube in n variables with edge length B

satisfying 3(g/n1)"* < B < (g/n1)"/*. Note 1(g/n1)"/* > 1 by our assumption on the size
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of g, so such an integer B will exist. Divide the n variables into L := Lnllj sets each with

at least n; variables and no more than 2n; variables; let B; be the cube corresponding to
the i-th set of variables, 1 < i < L, and 5; = Sp,, the set of values assumed by the sum
over the i-th set of variables. To be clear, the first set of variables will have n; variables.
If say x1,...,x,, is the first set of variables, then S; is the value set of the diagonal form
a2+ -+ ap,zk  (mod ¢), as the z; run through the intervals [¢; +1,¢; + B], 1 <14 < ny,
and so on.

1
Let us define C} := G, ax {e1(n}, k) (2n3)*} with ¢; (n, k) as given in (4.16). Since

n1<ni<2ni

niB¥ < niq/n; = q, it follows by Corollary 4.5.1 that for 1 <i < L,
|Si| > O B* > ea(k)g, (4.29)
for some constant cy(k), which we may take to be
ca(k) == (201n1) 7" (4.30)

By Lemma 4.6.1 the S; are not contained in a coset of any proper additive subgroup of Z,
(by our assumption that the k-th powers are not constant (mod p) on any edge of B for

prime pl|q), and thus by Corollary 2.7.1,

ogl.5

1
|S1 4+ -+ + Sp| > min{q, (L/2) 2 co(k)q}.

Since co(k) < 1, if L > 2¢y(k)~?, we conclude that Sy + -+ S = Z,. Since L = | ], it

suffices to have

n > (2co(k) "2 +1) (W) =: c5(k). (4.31)
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4.7 Small Solutions of a Diagonal Congruence with
Prime Modulus

For prime moduli and boxes cornered at the origin, we obtain a result that allows the number
of variables to be much smaller, at the expense of a slightly larger solution. We make use of

the following lemma due to Sérkozy [26].

Lemma 4.7.1. [26, Corollary A] If A,B,C,D are subsets of Z, with |A||B||C||D| > p?,
then there is a solution of a +b=cd witha € A,be B,ce C,de D.

An immediate consequence is the following lemma.

Lemma 4.7.2. If Ay, By, Ay, By are subsets of Z, with |A1||By||As||Bz| > p?, then A1B; +
Ay + By =17,

Proof. For any = € Z,, apply Sarkozy’s Lemma with A = Ay — 2, B = By, C = —A;,D =
Bs. O

Theorem 4.7.1. For any positive integer k there exists a constant k1(k) such that for any
positive integer n > % (k* + k + 2), prime p, and integers c,a; with p{ a;;1 < i < n, there
exists a solution of

a4+ a,r® =c¢ (mod p), (4.32)

with 1 < x; < /ﬁ(k)p%.

Proof. Putn, = % and assume n > 3n;. We may also assume k1 (k) > max{2*n,, k/cy(k)3},
with co(k) as given in (4.30). If p < max{2*n;,k/co(k)?} < ri(k), the result is trivial.
In this case the z; are allowed to run through a complete residue system (mod p), and
since I'(k,p) < k by Theorem 2.6.1, it suffices to have n > k. Thus we may assume that
p > max{2n,, k/co(k)3}.

Let B be the cube 1 < z; < B, 1 < i < n, in n variables with side length B satisfying
2(p/n1)Y*¥ < B < (p/nq)"*. Such an integer B exists since p > 2"n;. Divide the n variables

into three sets, say Fi, Iy, F3, each with at least n; variables. Say that Fj has f;-many
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variables with f; > n;,1 < j < 3. Let B; be the cube corresponding to the i-th set of
variables, and let Ay, A, By be the value sets of the diagonal sums over each of these sets of

variables. Thus, for the first set of variables, I}, we have that
Ay :{alx'f—i-----I—afla:];l (modp):1<x; < B, 1<i< fi}

and similarly for Ay and By. Put By := {1%¥,2% ... [¥} C Z, (with L a parameter to be
chosen later), which is a set with at least L/k distinct values (mod p) assuming that L < p.
As in (4.29) we have,

| A1, [Azl, [Ba| > ca(k)p. (4.33)

Thus, if L < p and cy(k)3p3L/k > p?, we can apply Lemma 4.7.2 to obtain A; By + Ay + By =

Z,. It suffices to take L = {ﬁw, a value that is at most p by our assumption that

p > k/co(k)3. If the first set of variables is xy, ..., x, then
B =S alyr)t (modp) 1<y < L1<a <B1<i<()

Here 1 < yx; < LB < L(p/ny)Y* < k1(k)p'/* for some constant (k).
O

Remark 4.7.1. Tt is plain from the proof above that the cubes corresponding to the second
and third sets of variables may be taken in arbitrary position. In this way we can obtain
a solution of (4.32) with roughly one third of the variables restricted to the interval [1, B],

and the other two thirds in arbitrary intervals of length B > xip'/*.

Remark 4.7.2. The constant x; in Theorem 4.7.1 may be taken to be

(02(12)3—‘ [(20177,1)3]{—‘

k1 = 1 1
k k
ny g

where ¢y (k) is as in (4.30).
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4.8 Smooth Solutions (mod q)

Let k, q,n, ¢, and B be positive integers and A = A(B, B%) be the set of B7-smooth numbers
defined by
A= {z €[1,B]NZ: p prime, plz = p < B7}. (4.34)

By the work of Ramaswami [24], we have

Al = |JA(B, BH| = Bp(t) + O (é) | (4.35)

where p({) is the Dickman function. Put

I o (A") = #{(Lg) eA" x A" : Z(mf -y = O}.

i=1
The following definition and lemma are from [35, §2].

Definition 4.8.1. [35, §2, p. 4] We call an exponent A, permissible when
I (A™) < cle, b, £, n) B htet

Lemma 4.8.1. [35, Lemma 2.1] For k > 4, n > 2, let A, be the unique positive solution

Ap
of the equation A, e * :

= ke'=2"/k_ Then A, s permissible. In particular, the exponent

A* = ke'=2/% s permissible.

For any positive 6 < k, k > 4, and n > 1klog(ek/d), we obtain from the lemma the

permissible exponent
AL = kel TR < el TIos(eR/d) — (4.36)
Now we define

L o(A™) = #{@7@ € A" x A" Z(mf —y¥) =0 (mod q)}

=1
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Note that if we assume that B¥ < £ then any solution of Z(xf — ") =0 (mod q) is a
i=1

solution of Z(xf — yF) = 0. That is, if we assume that B¥ < £, then I, ;(A") = Iy (A™).
i=1

Corollary 4.8.1. For any integers a; with (a;,q) = 1 for 1 < i < 2n, B¥ < q/n, and any

permissible exponent A, we have

2n
#{g €A™ Zaixf =ag (mod q)} < (e, k,0,n)B2n—k+etBn,

=1

Proof. Applying Lemma 4.2.1 with S; = A with A as in (4.34), 1 <i < 2n, we have that

2n
#{g € A" Zaixf =ag (mod q)}
i=1

2n
:#{zeSl X e szn:Zaixfan (mod q)}
i=1

By Definition 4.8.1, for any permissible A, ;, we have
Low(A") < c(e, k, L, n)BQn—k-i-e—f—An’k,

and so
2n

#{g c A" Zaixf =ap (mod q)} < (e, k, £,n) B2nk+e+tn,

i=1
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Letting N 4» denote the value

Ngn = #{(g, y) € A" x A" : iaixf = iaiyf (mod q)},
i=1 i=1
we have as a special case of the corollary that if A, is a permissible exponent, then
Nyn < c(e, k, 0,n)B?—Frettns, (4.37)
Corollary 4.8.2. Let Syn := { iaixf €Zy:x€ An}. If B¥ < q/n then
i=1

San| > Lp(0)7" B [N n > eB* =,

where & := 1p(0)*c(e, k,l,n)".

Proof. Define n, by n, = # {g e A" Zaizf = v (mod q)} Then by the Cauchy-
i=1

Schwarz inequality,

q q v 1/2
A=< [ S0 (z)
v=1 v=1 v=1
n,7#0

For B sufficiently large, say B > By(n, (), we have by (4.35), that |A| > (%)ﬁ p(¢)B. Hence,

after squaring both ends of the inequality and using our lower bound on |A|, we arrive at

q q
o) B < AP < | Y (Z n2>
v=1

v=1
n, 70

q
where Z 1 is the number of values of v that can be represented as Y ;' | a;2¥ = v (mod )

v=1
n, 70
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q
with z € A" and Zni = #{(Lg) e A

r=1

Z a;rh = Zaiyf (mod q)} That is,
i=1

i=1

50(0*" B> < |San| - Nan.

One now only needs to divide both sides of the inequality by N4» and apply the bound in
(4.37). O

4.9 Small Solutions (mod p) with a Small Number of

Variables

Next, we use the results of the previous section to find small solutions of (1.8) with a prime

modulus.

Theorem 4.9.1. For any positive e < 1, k>4, n > %klog(?)e/s) + 3, prime p, and integers

a;, 0 <i<nwithpta;, 1 <i<mn, there is a solution of (1.8) with
1 <@y Koo pFe, 1<i<n. (4.38)

Proof. Let n > 3klog(3e/e)+3, m = %], B= L(%)%J Since n > k, we know by Theorem
2.6.1 that (1.8) is solvable for any odd prime p. Thus by taking the implied constant in
(4.38) sufficiently large we may assume that p is greater than any constant we may need
depending only on £,n and k. In particular, we may assume that 3p > n, whence B > 1.
We divide the n variables into three sets, each with at least m variables. Assuming the first

set of variables is x1, ..., z,,, let

A1:{ZaifoZp:xiEA,lﬁigm}7

i=1

and define A, and By similarly for the second and third sets of variables.

Note that m > % — 1 > 1klog(3e/e), and so by (4.36) with § = <, Ay < ¥ that is,
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there exists an ¢’ > 0 such that % — ¢’ is a permissible exponent. Also, B¥ < 32 < 2 Thuys,

n —m

by Corollary 4.8.2 (with the ¢ in the corollary taken to be &’) we obtain
’A1’7 ’A2’a |B2‘ > 6Bk7k5/37

for some constant ¢ depending on ¢, k, £ and n. Now 3% > el/kF > 1 4 %, and so for p > nk*

we have

B2 Go/n* =12 (14 1) @) = L= )4 L) = 1> o)

Thus for p > nk*,

1

|[Av], [Asl, [Ba| > é(p/n)e"H/3) = &(p/n)' ==/,

Let By = {1%,2% 3k ... L*} C Z,, a set with at least L/k distinct values (mod p),

assuming that L < p. Thus, for p > nk* and L < p,
2
[T14il1Bi| = &(p/n)*<L/k > p*,
i=1

provided that L > ké=3(p/n)¢. Letting L be the smallest integer satisfying this inequality,
we have L < p for p sufficiently large, and thus by Lemma 4.7.2, there exists a solution of
(1.8) with

1<z, <LB< 2/’{:5_3(p/n)‘e(3]9/71)1/’C = Ko(e, n, k)p%ﬁ,
for 1 <3 <n. O

Remark 4.9.1. An equivalent formulation of Theorem 4.9.1 may be stated as follows:
For k > 4, n > k, prime p, and integers a;, 0 < i < n with p{ a;, 1 <1i < n, there is a
solution of (1.8) with

1
1 S Z; <<5,n,k pE + 3eXp (1 B

wWro

).

Remark 4.9.2. By restricting the values in By to smooth numbers, we can in fact obtain a
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solution of (1.8) with all of the variables smooth.

Letting € = % — %, we see that if n > %k‘ log (lff’;) + 3 or rather if n > 5.23k 4+ 3 we obtain

the following corollary.

Corollary 4.9.1. If k > 4 and n > 5.23k + 3, then there exists a solution of (1.8) with

4.10 Estimation of ¢(n, k)

Define
oo g q q 2n
S(n,k):zz Z q_lzeq()\lx+---+)\kxk)
g=1 \1=1 Ap=1 =1
()\1 ..... Ak,q):l
and

2n

1
/ (B + -+ Bpa®)de|  dB.
0

Ak |

Then when the asymptotic formula in (4.17) is valid we have

c(n, k) = 6&(n,k)J(n, k).

For q,k,n,\; e N, 1 <14 < k, we define
2n

S(q) = ZZ q_lzeq()\lx+--~+/\kxk)

A1=1 Ap=1
(A1 Ak,9)=1

Theorem 4.10.1. S(q) is a multiplicative function. Furthermore,

&(n.k)= [ (SQ)+Spm) +SE)+--).

p prime
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Proof. Recall that

00 q 2n
S(n, k) = Z Z Z (Mz 4+ Aa¥)
=1 =1  M=I z=1
()\1 ..... >\k7q):1
Write S(n, k) ZS(q) Let a,b be positive integers such that (a,b) = 1. Write a =
q=1

(a,...,a), b= (b...;0), 1 = (1,...,1), @ = (ay,...,), B = (B1,...,5), and A =
(A1, ..., Ak). Let us define

and similarly

IS

™
Il
=
=
et
Il
—
@
=
Il
—

Then we can write both

a a 2n
S(a) = a ') eda(x,...,2")
a=1 z=1
(a1 yeeeyag,a)=1
and
Q b 2n
S(b) = by ey yh)
p=1 y=1
(B1s--,B1:0)=1

Let us begin by examining the inner sums
> eala-(w,...,2¥)  and doelB Yy
r=1

First, we note that for a polynomial function f(z) = Zle A\;xt, the sum Zzbzl ear(f(2))

can be reduced using the correspondence x <— bu + av where 1 < u < agand 1 < v < b.
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For a general power k of bu + av we have

(bu + av)* = bFuF + <I;) (bu)*tav 4 - + (T) (av)"tbu + a*o*

= bt*u" + a"*  (mod ab).

Thus,
ab
Zeab ZZeab (bu + av))
r=1 u=1 v=1
—ZZeab (Z/\ (bu + av) )
u=1 v=1
_ZZeab (Z/\ bzu’—i—azv’)
u=1 v=1

_ Z - (Zl Aibiu ) inleab (; Aiaivi>

v=1

b k
— Zea <Z )\ibi_lui> Z ey (Z )\iai_lvi) .
u=1 i=1

Second, we note that for \; = b¢; + ay; (1 < i < k),

Ay Amab) =1 <= (\,..., A, a) = Land (\,..., A, b) = 1

<~ (b1 + a1, ..., 0C + ayg,a) = 1 and (b(y + avy, - ..

<~ (b(y,...,bCk,a) =1 and (avy,...,a%,b) =1

— (¢1,..,C,a) =1and (y1,...,7%,b) = 1.
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Finally,

S(ab)

ab ab k
= Z (ab)_l Z €ab <Z(>\le))

A=1 =1 i=1

2n

2n

= Y @Y (Z(Az-bi—lu’d) pL (Z@iai‘lvi))

A=1 u=1 i=1 v=1 =1

Making the substitution \; = b(; 4+ a~;, we reach

Sa)= 3%

(ab)™ > e, (Z((bg + a%-w“ui)) > e (Z((bg + a%)a“vi))

¢=1 =1 i=1 v=1 =1
(C1seesCrra)=1
(V15-57850) =1
a b a k b k 2n
= Y ) (@)D e (Z(cibiui - ab“%u%) > e (Z(ba“cwi + aiw>>
¢=1y=1 u=1 i=1 v=1 i=1
(C1yeesCsa)=1
(V15e-Yk50) =1
a b a k b k 2n
— Z (ab)™ Z €q (Z bigui) Z ey (Z a1%02>
¢=1~vy=1 u=1 1=1 v=1 i=1
(C155Ck,a)=1
(Y15--57k,0)=1
a a k 2n b b k 2n
= a! Z €q (Z bigu1> b1 Z ey (Z a’%v’)
¢=1 u=1 i=1 =1 v=1 i=1
(C1yeesCsa)=1 (Y15ee7050) =1
a a k 2n b b E 2n
= Z a? €a <Z aixi> b1 Z €y (Z ﬁﬂf)
a=1 r=1 i=1 p=1 y=1 i=1
(o1, 0p,0)=1 (517-:51% b)=1
= 5(a)S(b),

where the penultimate equality is due to the substitution b'(; = «; and a'y; = 3; for each

67



1 <i < k. Thus, S(q) is a multiplicative function, implying that

&n.k)= ] (SQ)+Spm) +SE)+---).

p prime

For integers \; € Z,0 <14 < k, let f(x) = Ao + \iw + - - + \p2® and

q

S(f,0) = eq o+ Mz + -+ Ma®).
z=1
Currently, the best upper bounds known for S(f,q) are
S(f,q) < et OmRg o,
if (A1,..., Ak, q) =1, due to Steckin [30], and

S(f,q)| < eMThgt k,

if (A1,..., A, q) =1and k> 3, due to Qi and Ding [23].

Theorem 4.10.2. (i) Forn > (k* + k+2)/2 and k > 2, we have

6(71, k‘) < (1 + g) 61'74(k3+/€2+2k)‘

(ii) For all n we have &(n, k) > o0 (k1) (k+4)
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Proof. (i) Using the upper bound on S(f, ¢) in (4.39), we have that

q 2n

G(n,k):zzz g eg(Mz+ -+ M)

=1 =1 =1 =1
(A1, Ak,9)=1

00 q q L

< } :2 : 2 : g et Tk
g=1 \1=1 )\kil
(A5 Ak,9)=1

oo q q
SR
=1 =1 =1
A1y Ak,q)=1

o)

2n

S 63.48kn E :qk—T‘
q=1

2n

E2+k : 2n oo g—2n . :
For n > "5, or equivalently k — 2% < —1, the sum } ~14 & 1s a convergent series.

Furthermore, for such an n,

i k_z’“n<1+/oo S R S
e B AFL m— 2+ k)~ 2

and so

S(n, k) < 63-48knzqk*% < (14 k) pashn,
q=1

Since &(n, k) is decreasing as a function of n, for n > %,
k2+k kY 1.74(k3+k2+2k
6(n,k)§6<+T+2,k>§(1+§)e (k" +k"+2k)

(ii) Suppose that p < (k +4)/3. We shall derive a lower bound on

p 2n

pt Z ep ()\lx R )\kxk)

r=1

Sp)=3

A1=1 Ap=1
(M5 Ag5p)=1
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for such p. For p { z we have

p—2 k

k
Z)\ixi Z A | 2° (mod p)

i=1 =0 =1
i=¢ (mod p—1)

by Fermat’s Little Theorem. Let n, be the number of ¢ with i = ¢ (mod p—1) and 1 <i < k;

namely, ny, = uf%fj Note that since p < (k + 4)/3 we have n, > L?’p;lfej > L3p’;:f+2j =2

for all /.

In the case when p = 2, the above sum yields only the constant term z°. Thus there are
p™ — 1 = 2% — 1 choices for the \; with i = 0 (mod 1) and (A, Ay, ..., M\, 2) = 1 for which
the polynomial above is identically a constant.

Now let us consider the case when p > 2. The above polynomial is identically a constant

if for £ > 1, each sum over i is 0 (mod p). For a given £ > 1 there are p™~! —1 choices for the
k

A with i = ¢ (mod p— 1) where (A, Ayt - Mes(mp—t)(p—1),p) =Land > X\ =0
i=t (mod p—1)
(mod p). Thus, there are at least

p—2
png—l
)1

p—2 _
> ( _ ;) PP e

p—2 p—2 1
P H(pné_l —1)=p" H (1 el

/=1 (=1

choices of the \; with (A\i,...,A\x,p) = 1 that make the polynomial identically a constant,
noting that for £ = 0 the \; can be arbitrarily selected. Each such choice of the \; gives a
contribution of 1 to the sum S(p), and so S(p) > e 'p*P™2. By Theorem 4.10.1, we have
that

&(n.k)= [[ (S +Sm) +5F)+...).

p prime
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Thus
&mk)> [ sw= [] e 7™
)/3

p<(k+4 p<(k+4)/3

Taking the logarithm of both sides we get, for k£ > §,

log&(n, k) > > ((k—p+2)logp—1)

p<(k+4)/3
k
> Z (k—L—i-Z) log p
p<(k+4)/3
2
=S(k+1) > logp. (4.40)

p<(k+4)/3

By a result of Rosser and Schoenfeld [25], for z > 41,

O(z) = 3 logp >z (1 - 10;3) |

p<w

Applying this bound in (4.40), for (k + 4)/3 > 41, we obtain that

log &(n, k) > %(/{:—i— 0 <%) (1 _ m> |

Noting that for (k+4)/3 > 41,

1 1
1-— >1-—
log((k+4)/3) log 41

> 0.73,

we conclude that

log &(n, k) > (g) (k+1)(k+4) (%) = (%) (k+1)(k+4) > (1%6> (k+1)(k+4).

Finally, we can exponentiate both sides to get the result of the theorem for (k +4)/3 > 41.

For (k +4)/3 < 41, one can numerically check that the result of the theorem holds.
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