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I. INTRODUCTION

In this paper T shall compare several multivariate statistical programming
packages which are currently available at Kansas State University for performing
multivariate variance,‘covariance, and regression analyses, discriminant analy-
sis, and principal components and factor. analysis. Among the programs considered
are Multivariate AARDVAPK, BMD, MANOVA, OSIRIS, SAS, S5PSS, and FORTRAW SSF.

Several data sets were analyzed by simllar procedures in different pro-
grams. Numerical results will be compared, as well as time and storage require-
ments of these analyses. The options available with each program will also be
compared.

Short general descriptions of the program packages follow. Descriptions of
the statistical methods used by each program will be found in the respective

sections where these methods apply.



I1I.

Analysis of
variance and
covariance

AARDVARK  YES

BMD NO

MANOVA YES

OSIRIS YES

SAS - YES

SPSS NO

SsSP NO

* geparate program for principal components analysis

CHART OF PROGRAM CAPABILITIES

Regression
analysis

NO
NO
YES
NO
YES
NO
NO

Discriminant
analysis

NO
YES
NO
NO

" YES

YES
YES

Stepwise
discriminant
analysis

NO
YES
NO
NO
NO
YES
NO

Factor
analysis

NO
YES #
NO
YES
YES
YIS
YES



II1. DESCRIPTION OF PROGRAMS
A. AARDVARK

The Multivariate AARDVARK program was obtained in late 1975 from the
quVersity of Rhode Island at Kingston, thde Island. It was written by Dr.
William Hemmerle. The program is stored on tape and requires a rather large
amount of JCL, which is available at the KSU statistical laboratory.

AARDVARK can perform both univariate and multivariate analysis of variance
and covariance (single or multiple covariates) on balanced, complete data. The
univariate analysis rvoutine has capablilities for random and mixed effects models
and for separate covariate analysis when several covariates are to be analyzed,

although these options are not available for multivariate analvsis.



B. BEMD

BMD (Biomedical Computer Programs) were written at the University of
California for the primary purpose of analyzing medical data. The programs
available with this package are arranged in six classes. The multivariate pro-
grams comprise one of these classes.

Principal components analysis, factor analysis, and discriminant analysis
can be performed. There are separate programs for discriminant analysis for two
groups, discriminant analysis for several groups, and stepwise discriminant
analysis.

Some standard transformations have been implemented and may be used by
supplying a TRANSGENERATION card. This feature is explained fully on pages 18-20
of the BMD user's manual.

The procedures for factor analysis, discriminant analysis for several
groups, and stepwise discriminant aralysis are stored on disk at KSU and can be
executed with the following procedure:

//jobname JPB (standard job card information),name

// EXEC BMD,PRAGRAM=program

control cards and data

/%

program=BMDO3M for factor analysis
BMDO5M for discriminant analysis for several groups
BMDO?M for stepwise discriminant analysis

The following procedure is required for the remaining programs:

//jobname JPB (standard job card information),name =

[ *TAPE9

// EXLEC BMDLDG,L@AD=YES,PRPGRAM=program

//L$AD. SYSIN DD *

CPPY INDD=BMD,@UTDD=LIE

SELECT MEMBER=program

//BMD.SYSIR DD #

contrel cards and data

/w\

program=BMDO1M for princival components analysis
BHMDO4M for discriminant analysis for two groups



C. MANOVA

MANOVA was written at the University of North Carolina in 1972, and can be
used for univariate and multivariate analysis of variance, covariance, and
regression. Contrasts among levels may be used, and data may be reanalyzed using
different dependent variables, covarlates, cohtrasts, or models.

The following card sequence is required for using MANOVA:

//jobname J@B (standard job card information),name
// EXEC MANGVA

~ J/MATOVA.SYSIN DD *
control cards and data

A 5



D. OSIRIS

OSIRIS III is a collection of programs written primarily for the analysis
of social science data, and was written in 1973 at the University of Michigan.

OSIRIS can perform univariate and multivariate analysis of variance and
covariance, and factor analysis. There is one procedure for analysis of variance
and covariance, and one for factor analysis.

The format of an OSIRIS data set is common to all OSIRIS programs. Cases
are stored by rows and variables are stored by columns.

The procedures for analysis of variance and factor analysis, as well as all
other OSIRIS procedures, are in the form of subroutines, and hence several pro-

cessing steps among different procedures cna be shared. The card sequence used

depends on the procedure, and will be explained in the respective sections.



E. 5AS

SAS (Statistical Analysis System) was designed by Anthony Barr and James
Goodnight aﬁ North Carolina State University at Raleigh, North Carolina, It can
be used for multivariate analysis of variance, covariance, regression, discrim-
inant analysis, and factor analysis.

SAS consists of many different procedures within the package. Variance,
covariance, and regression analyses-are done with a least squares procedure,
while discriminant analysis and factor analysis each use separate procedures.

The following card sequence is used:

//jobname J@B (standard job card information),name
/! EXEC SAS

//SAS.SYSIN DD *

control cards

data .
procedure information statements

/%



F. SPSS

SPSS (Statistical Package for the Social Sciences) is a systém of programs
designed for the analysis of social science data. The package was designed at
the Department of Political Scienée and the National Opinion Research Center at
the University of Chicazo. SPSS can be used to perform discriminant snalysis
and facto; analysis.

Calculations are done with a sequence of contreol cards which precede the
data. These control cards are described in the respective sections of the SPSS
user's manual. Various options and statistics are available for each routine,
which will be described later.

SPSS has certain capabilities for handling missing data. Each variable may
have up to three designated missing values, which are user specified. The miss-
ing data values are defined by using a MISSING VALUES card. Missing data capa-
bilities will be covered in the respective sections for discriminant analysis
and factor analysis because each procedufe has different options for‘handling

missing observations.



G. S8P

SSP (Scientific Subroutine Package) is a collection of FORTRAN subroutines.
It can be used for discriminant analysls and factor analysis.

Each procedure consists of a main program and several subroutines, each of
which perform a given function. The coding for the main programs and subroutines
is supplied in the SSP user's manual, although decks are available at the KSU
statistical laboratory.

The procedures may be executed using the following card sequence:

//jobname J@B (standard job card information),name
/! EXEC F@RIGCLG

//F@RT.SYSIN DD #

main program

subroutines

//G@.SYSIN DD *

data

/%
Alternatively, SSP may be run in WATFIV, requiring the following card
sequence:

//WATFIV J@B (standard job card information),name
$Jgn

SPRINT@FF used if a source listing is not desired
main program

subroutines

SENTRY

data

/*
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1V. MULTIVARIATE ANALYSIS OF VARIANCE, COVARIANCE, AND REGRESSION PROGRAMS
A. AARDVARK

The multivariate AARDVARK program can be used to perform univariate and
multivariate analyses of variance and covariance, with single or multiple covar-
lates. Multiple covariates can be analyzed either separately or together in the
univariate case, although they cannot be analyzed separately in the multivariate
case.

The required input for a multivariate analysis includes a list of variates
and covariates and the order in which they appear, what factors are in the
model, and how many levels of each factor there are. The MODEL and LIMITS state-—
ments are used for this purpose. An ORDER OF VARIABLES card is also used if the
order of variables in the input format is different from that of the model
statement. The exact form of these cards and all others applicable to a multi-
variate analysis is described on pages 5-8 of the Multivariate AARDVARK refer-
ence manual.

Univariate output can be obtained in addition to the multivariate anlaysis.
This includes analysis of variance tables for each variable. Sources of variance
may be pooled and effects may be random for a univariate analysis, however these
features are not available for multivariate analysis.

The data is preceded by an input format. This is a standard FORTRAN format
for reading in the data. Classification variables are not read in. The data then
appears one observation vector per read, and must be sorted properly iﬂ‘standard
sort sequence with the last subscript in the error term in the model statement
moving most rapidly.

The user may have a maximum of 20 variates and covariates in total, eight
factors in the model, and a total of 40 terms in the model.

OQutput includes, first of all, the means for each variahle for whatever
factors are specified on the MEANS card. Next, if univariate output is desired,
the usual analysis of wariance tables are printed out for each of the variables.

For the multivariate analysis of variance, a table is printed which shows
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the results of tests for each effect in the model for three different criteria.

Let g=the number of degrees of freedom associated with a given effect in a

univariate analysis,
u=the number of variates,
N=the total number of observations,
r=the number of cells in a corresponding univariate analysis,
H=the hypothesis sums of squares matrix associated with the effect
being tested,

and E=the error sums of squares matrix.

The first criterion is the llotelling-Lawley trace. This is the trace of
HEHl, and has an approximate chi-square distribution with gp degrees of freedom.
The next criterion is Wilks' criterion. The test statistic is
det (E)/det (H+E) and has an approximaté chi-square distribution with gp degrees
of freedom. The third criterion is the Heck characteristic root, which is the
largest root of HE—I. Charts for this test statistic are available in Morrison's
multivariate methods text, and they use the following three quantities:

s=min(g,u),

m=}3(abs (g-u)-1),

and n=k@N-r-u-1). -

When covariance anaiysis is specified, the following output is obtained in
addition to that just mentioned. The means for the covariates may be requested,
and if univariate output is requested, then an analysis of variance taﬁie for
each covariate is printed. Univariate analysis of covariance tables are printed.

Next is the multivariate analysis of covariénce; The same three criteria
are presented for testing the effect of covariates. For the Lawley and Wilks
criteria, the test statistics have approximate chi-square distributions with pec

degrees of freedom, where c is the number of covariates.
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B. SAS

SAS performs multivariate énalysis of variance, covariance, and regréssion
using the REGR (least squares regression) procedure. The output consists of
several univariate statistics as well as the multivariate analysi;.

First are the simple descriptive statistics, including sums, means, vari-
ances, and standard deviations of non-classification variables. Next are thé
sums of crossproducts, covariances, and simple correlation coefficients for each
palr of variables along with the significance probability for the correlation
coefficient., An analysis of variance table, lancluding the sources of regression,
error, and total is printed. Regression refers to variation due to all indepen-
dent variables, both classification and non-classification variables. Then there
is a table which éontains statistics for each of the sources.comprising the re-
gression source. These ‘statistics include depgrees of freedom, sequential sums of
squares and F values, and partial sums of squares and F values. Sequential sums
of squares are sums of squares adjusted for effects in the model preceding the
effect being tested, while partial sums of squares are‘adjusted‘for all other
effects in the model. SEquenﬁial sums of squares are, therefore, affected by the
order of terms in the mddel.

Estimates of the regression coeffi;ients-for non-classification variahles
are printed along with a t-statistic and significance probability of the t-
statistics Also printed are the s;andard error of the coefficient and the stan-
dardized regression coefficients. Predicted values and confidence 1imiE; on
these values are available. Adjusted means may be printed, and can be adjusted
for covariates or any other effects. The matrix obtained by adjusting the Y'Y ma-
trix for all independent variables can be printed. This is the error sums of
squares matrix.

The multivariate analysis of variance statistics include the characteristic
roots and vectors of HEAI, where 1 is the hypothesis sums of squares matrix and
E is the error sums of squares matrix. The Hotelling-lLawley trace, Pillai's

trace, Wilks' criterion, and Roy's maximum root are printed.
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Let p=the number of dependent variables,

q=the degrees of freedom associated with the effect being tested,
e=error degrees of freedom,

s=nin(p,q),

m=35( (abs (p—q))-1),

and n=%(e-p-1).

The Hotelling-Lawley trace is the trace of HEul, and the quantity
(2(sn+1)tr(HE—1))/(52(2m+s+1)) has an approximate F distribution with s(2mts+1)
and 2(sn+l) deprees of freedom. Pillai's trace is the trace of H(H+E)P1 and is
denoted by v. The quantity v(2n+s+l1)/((2mts+1)(s-v)) has an approximate F dis-
tribution with s(2mFs+1) and s(2n+s+l) degrees of freedom. Wilks' criterion is
det(E)/det(H+E) and has an approximate chi-square distribution with pq degrees
of freedom. Roy's maximum root is the largest characteristies root of HE—I, which
is the same as the Heck criterion. Charts for this test statistic are in the
Morrison multivariate methods text (1967).

Means of canonical variables and correlation coefficients between the de-
pendent variables and canonical variablee are available.

Multivariate regression analysis is done in the same way as a covariance
analysis, except that there are no classification variables, and no CLASSES
statement.

The form for all of the parameter cards appears on pages 99-105 of the SAS

Y

manual.
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C. MANOVA

Multivariate variance, covarlance, and regression analyses can be performed
with the MANOVA program. The output consists of the following items. First, the
cell frequencies, means, and standard deviations are printed. Next, the reduced
model matrix corresponding to the effects specified on significance test cards
is printed. Error correlations of the variables are printed, along with the es-
timates of effects which are tested against the error term. These estimates are
adjusted for covariates.

A regression analysis is performed if there are any covarlates. The Wilks'
lambda criterion is used as a significance test of effects. Rao's approximation
is used to yield an approximate F test for significance of effects. Error canon-
ical correlations between the variates and the covariates and the results of
univariate F tests for regression adjusted for covariates are printed. Standard-
ized discriminant functions corresponding to canonical weights for the dependent
variables in a canonical correlation problem are printed. These functions are
standardized by adjusted error standard deviations.

The results of both univariate and multivariate tests are printed for each
effect. The order of effects in the multivariate printout is opposite from the
order of significance test cards. That is, the highest order interaction comes
first and the main effects come last.

A multivariate regression analysis is treated as an analysis of covariance
with no classification variables. )

Data may be reanalyzed using different models in the same run.

The following items are input:

1. A title,

2. The total numher of variables, facfors, and covariates, and an input format
if the data is not punched according to the standard format,

3. Variable names (optional),

4. Variable subsets - used if not all of the variabies are dependent variables,

5. Contrasts - There are three major types of contrasts. First are the devia-
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tions of means from the grand mean for the usual significance tests. Second
are the single degree of freedom contrasts, which are usually orthogonal.
Third are orthogonal polynomial contrasts, and these may be at either equally
or unequally spaced points. The spacing is specified on a special contrast

"card. , |

6. Significance tests - tests of any effects, including main effects, interac-
tions, nested effects, or pooled effects, and

7. Transformations - square root, natural log, and arc-sine transformations.

The form for all of the input is shown on pages 3-13 of the MANOVA writeup.
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D. OSIRIS

OSIRIS uses a subprogr;m called MANOVA to perform multivariate analysis of
variance and of covariance. Beth qnivariate and multivariate analyses can be
performed with up to eight factors. Multiple analyses may be done, using differ-
ent sets of variates or covariates.

| rMANOVA uses a hierarchical model for analysis of variance. If the analysis
has more than one classification variable and if the cells have unequal sample
sizes, then the order in which effects are specified will affect the analysis.
The wvariables listed first are analyzed with the effects of the subsequent vari-
ables removed.

A design matrix for specifying treatment effects, interactions, and covari-
ates may be either generated by the program or supplied by the user. Contrasts
are specified for each facggr in the model. The deviations of row and column
means from the grand mean are the contrasts usuallylused, and are the only ones
used when only overall tests of significance are required. Single depree of
freédom contrasts may also be supplied.

The printed output includes the following items:

1. Cell means and sample sizes,

2. The design matrix,

3. Correlations among coefficients of the ncrmﬁl equations,

4, The error correlation matrix; and the principal components of this matrix,

5. The error dispersion matrix and standard errors of estimation, adjuééed for
covariates, if any,

6. Rao's approximate F test for significance of the overall effect for all de-
pendent variables simul taneously,

7. Eigenvalues of the hypothesis matrix,

8. Correlations between the variables and the components of the hypothesis ma-
trix,

9. Scores of the hypothesis for contrasts used in the design,

10. Cumulative Bartlett's test on the roots, which is an approximate test for



17
the remaining roots after eliminating previous roots, and
11. F ratios for univariate tests.

The program can handle up to eight factors, 10 levels per factor, and 19
dependent variables. The total number of factors, covariates, and dependent var-
iables cannot exceed 20. Up to 80 cells are allowed.

The following card sequence is used with the MANOVA procedure:

//jobname JPB (standard job card information) ,name
// EXEC @SIRIS

J//SETUP DD *

control cards

data

/&

Pages 542-548 of the OSIRIS manual, volume 1, show the detailed structure

of the control cards.
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E. Sample programs
The first example is a data set from page 179 of the Morrison (1967) multi-
variate methods text. It is a two factor design, with two dependent variables.
The importént statistiés (F ratios, etc.) agree to several decimal places. Most
of the optional output was requested in SAS, so that output is considerably
longer than the rest.

Time and space on these runs are as follows:

tine (seconds) space (k-bytes)
AARDVARK 4.68 113.77
SAS 6.12 200.00
MANOVA 1.38 125,22
QSIRIS 6.66 98.14

The second data set is from page 199, Morrison (1967). It is a one way
analysis of covariance with one covariate and three dependent variables. All
statistics agreed closely. Time and space requirements are as follows:

time (seconds) space (k-bytes)

AARDVARK 6.18 144,22
SAS 5.10 200.00
MANOVA 1.44 127,13
OSIRIS 6.90 98.29

The next problem is the same as the last one, except that there are two co-

variates. The time and storage are:

time (seconds) space (k-=bytes)
AARDVARK 6.36 143,93
SAS 5.04 200. 80 -
MANOVA 1.50 128. 84
OSIRIS 7.02 97.86

The next example is from Morrison (1967), page 191. This is a one way
analysis of variance problem with three dependent variables. There is again good

apreement with numerical results. Time and space break down as follows:

time (seconds) space (k-bytes)
AARDVARK 4. 80 120.53
SAS 5.10 200,39
MANOVA 1.26 129.00
QSIRIS 6.12 98, 32
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A data-set from Morrison (1967), page 202, was used for the next set of
runs. Different contrasts were used in the OSIRIS run. These are Helmert con-
trasts, which are means of deviations of effects from the sum of means one
through r, where there are r levels. The example is a two way model with three
dependent variables and one covariate. The data set caused errors in AARDVARK
and MANOVA, and the numerical results differed considerably among programs. Fol-

lowing are the time and space statistics:

time (seconds) space (k=bytes)
AARDVARK 6.06 138.92
SAS 4,92 200, 82
MANOVA 1.86 12932
OSIRIS 8.16 97.64

The next example is from Morrison (1967), page 203. This example has three
dependent variables, two covariates, and two factors. The usual statistics break

down as follows:

time (seconds) space (k=bvtes)
AARDVARK 6.60 140.13
SAS 5.58 198,92
MANOVA 2:.22 128.57
OSIRIS 8.16 97.64

The last analysis of variance example is a three way model with two depen-
dent variables and unbalanced data. The example was not run in AARDVARK because
AARDVARK can only analyze balanced data. Wumerical results agreed closely, as

usual. Time and space breal down as follows:

=%

time (seconds) space (k~bytes)
SAS 5.58 198.92
MANOVA 1.80 128.00
OSIRIS 7.68 97.94

The remaining examples are multivariate regression problems. The data con-
sists of 10 variables and each of the six runs used different subsets of these
10 variables in the analysis. Each example was run in SAS and MANOVA, and the
numerical results (analysis of variance tables, regression coefficients, etc.)

were in good agreement. The time and space of each run are as follows:



Example

SAS
MANOVA

Example

SAS
MANOVA

Example

SAS
MANOVA

Example

SAS
MANOVA

Example

SAS
MANOVA

Example

SAS
MANOVA

1

fi2

#3

#4

i#5

{6

t

10 variables total, 3 dependent variables

time (seconds) space(k-bytes)

5.28 101.42
1.38 127.83

10 variables total, 5 dependent variables

time (seconds) space (k-bytes)

4,86 101.37
1.50 128.00

5 wvariables total, 4 dependent variables

time (seconds) space (k=bytes)

2.88 100.94
1.38 127.09

4 variables total, 2 dependent variables

time (seconds) space(k-bytes)

2.88 101.65
1.26 124.95

7 variables total, 4 dependent variables

time (seconds) space (k-bytes)

3.42 102.30
1.44 125.33

10 variables total, 2 dependent variables

time (seconds) space (k-=bvtes)

3.96 101,23
1.26 129.00

20
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F. Summa;y |

AARDVARK, SAS, and OSIRIS generally matched time requirements closely,
while MANOVA took much less time. AARDVARK and MANOVA usually required zbout the
same amount of space, while SAS used much more and OSIﬁIS used less.

Both AARDVARK and SAS are relatively easy to learn to use, and are more
suitable for users without extensive programming experience. MANOVA and OSIPIS
are more difficult to learn how to use and their manuals are difficult to under-
stand at first, but the programs are not too difficult to use after getting a
few successful runs with them.

SAS and OSIRIS have more options available than either AARDVARK or MANOVA,
and should be used if the user wants output in addition to the most basic output
for variance, covariance, or regression analysis. Of course, if a multivariate
regression analysis is desired, then only SAS and MANOVA are available for that
purpose.

The costs matched closely for all programs except for MANOVA, whose costs
were much lower. The costs at KSU are based mostly on time, with some consldera-

tion given to the amount of space used.
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V. DISCRIMINANT ANALYSIS PROGRAMS

A. SSP

Discriminant analysis is performed with SSP by using a main program pamed
MD;SC and three subroutines, namely DMATX, DMINV, and DISCR.

Three control cards are required as part of the data. The first of these is
a title card. My main program differs from the sample main program in that a
full card is used for the title. The title card must be included, eveﬁ if it is
blank. The other two cards contain the number of groups, the number of varia-
bles, the sample sizes of each group, and the input format for the data. The
form for the card containing the number of groups, etc. is shown on page 426 of
the SSP manual, version III.

| The data cards follpw the format card. Each observatlion begins on ; neyw

card. All observations from the first group are read in first, then those from

the second group, etc.

The sample main program ﬁan handle Qp to five groups, 10 variables, and 250
obéervations. These limitations can be changed according to the following rules:
1. The dimension of array CMEAN must be greater than or equal to m, the number
of variables,

2. The dimension of array N must be greater than or equal to k, the number of
groups,

3. The dimension of array XBAR must be greater than or equal to mk.

4, The dimension of array C must be greater than or equal to k{(m+l),

5. The dimension of array D must be greater than or equal to mz,

6. The dimension of arrays P and LG must be greater than or egual to t, the
total numher of observations, and

7. The dimension of array X must be greater than or equal to tm.

The output with program MDISC includes the means of each wvariable within
groups’, the pooled dispersion matrix, common means, the generalized tahalonohis
D-square, the constant and coefficients of each discriminaut function, and the

probability associated with the largest discriminant function evaluated for each
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observation. The means of the variables in each group are calculated in subréu—
tine DMATX. The pooled dispersion matrix is the sum of squares and crossprodﬁcts
of deviations from means, and is computed for all £roups combined. This matrix
is also computed in the DMATX subroutine. The inverse of the pooled dispersion
matrix is computed in subroutine DMINV. All remaining computations are done in
subroutine DISCR.

The common means are the means of the variables combined for all groﬁps.

The generalized Mahalonobis D2 statistic is defined as

jf :z D_ o5 ji n (x aTE a)(xc.b—x..b) where
a=1 b=1
D is the pooled dispersion matrix,

n is the sample size of group c,

X 4 is the mean of variable a within group

¢

X . is the common mean of variable a,

L

X is the mean of wvariable b within group c, and

c.b

X 4 is the common mean of wvariable b.

The constant and coefficients for each of the k discriminant functions
are then computed. These functione are used for classifying observations into
the proups. The coefficients are calculated as ¢, =:§ Djlx where the sub-

ji =y 1a i.a

script j refers to variable j} and the subecript i refers to discriminant func-

tion i. The constants are calculated as oy -—ﬁif ﬁE Dab 125 The (i)th

a=] b=l
m "
discriminant function is given by f (zl,zz,...,z )= :E z ¢ i Coq where
=1
Z;12 greersZy is any observation from the m variahles.

The discriminant functions are then calculated for each observation. The
largest of these functions and the probability associated with the largest func-

tion are printed for each observation. The probability associated with the lar-
k

gest function is given as 1/:2 exp(f —max(f ¥
i=1
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B. SAS

Discriminant analysis is performed in SAS by using the DISCRIM procedure.
The form for all of the parameter cards is shown on pages 192-195 of the SAS
manual. Several options are available with the program. Simple descriptive sta-
tistics, including sample sizes, sums, means, variances, and standard deviations
may be printed.

The generalized squared distance can be based on either the pooled covari-
ance matrix or on within-group covariance matrices as the user chooses. The user
may specify a TEST option along with a significance level to test the equality
of the within-group covariance matrices. The pooled covariance matrix is used
unless the within-groups covariance matrices are significantly different. The
significance level is assumed to be .10 unless specified otherwise.

The within-proup covariance and correlation matrices, the pooled covariance
matrix, and the partial correlation matrix based on the pooled covariance matrix
may be printed. The classification resuits for each observation may be output.
Prior probabilities may be set equal or proportional to group sample sizes, or
they may be specified on parameter cards.

The group into which an observation is classified is based on generalized
squared distances. The generalized squavred distance for group t is given as
D (x)=g, (x, )+g, (x,)+g (x, ), where

gl(x,t}=(x—§t)'szl

(xfEt) if within-group covariance matrices are used,
=(x~;t)'s_l (X_Et) othervise;
gz(x,t)=ln(det(st)) if within-group covariance matrices are used,
=Dlotherwise;
g3(x,t)=—2 In{prior probability for group t) if prior probabilities are not
equal ,
=0 othervise.
An observation 1s classified into the group which has the smallest general-

ized squared distance from all groups.

The test for equality of covariance matrices is a chi-square test. The
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' po/2, % o /2
quantity -2r ln(n vfztini 1"7) has an approximate chi~square distribution
with (k-1)p(p+1)/2 degrees of freedom, where
k=the number of groups,

p=the number of wvariables,

n=the total number of observations,

ni=the number of observations from group i,
k n, /2 n/2
v=(:E (det (within-group covariance matrixz)) i’ 7)/(det(pooled matrix)) , and
i=1 ‘
5 2
r=1-2 1/(n;~1)-1)-1/ (a=k)) (2p +3k-1)/6(p+1) (k~10).
i=]1

A table showing how many observations would be classified correctly or in-
correctly according to the classificatlion criteria is printed.

If an observation has a missing value for one or more variables, then that
observation will be ignored. If all wvalues are present except for the group num-
ber, then the observation will be classified according to the classification

criteria developed by the program.
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C. BMD

BMD has three separate programs for performing discriminant analysis. There
is one program for discriminant anlaysis with two groups, one for discriminant
analysis with several groups, and one for stepwise discriminant analysis, where
the discriminating variables are selected one at a time in a forward solution.
1. Two groups program (BMDO4M)

The two groups program computes a linear discriminant function of the p
variables measured on each individual of the two groups, and computes the fol-
lowing statisties:

a. The group means,

b. The differences between group means,
¢. Within-group covariance matrices,

d. The pooled covariance matrix,

e. The inverse of the pooled covariance matrix,

)

f. The coefficients Ll,Lz,...,Lm of the discriminant function L=A*1(x1 X

where L'é(Ll Lo s Lm), A is the pooled covariance matrix, x and x, are

2 1s

the means for groups one and two, respectively, and m is the number of wari-

ables,
m m
g. The Mahaloncbis D2=(n n,~2) 2 "2 a,, (x, ,-x Y{x, ,-x } where n, and n
172 1=l =1 i1 t.d 24 Ted™ 2.4 1 2
are the group sample sizes, X4 is the mean of variable i within group one,

and x is the mean of variable i within group 2,

2
h. The F statistic is computed as

F(m,n +n2—l—m)=(D2n1n2(n1+n2—m—1))/(m(n1+n2)(nl+n2—2)). This statistic is

1

used to test the equality of the two group means.,

i. The mean, variance, and standard deviation of the quantities

m
Z ==§ L3, a=1,2,...,n i=1,2 , and
ia j=lAJ iaj i
j. The n1+n2 values of 7, arranged in descending order.

The program can handle up to 25 variables and up to 300 ohservations per
group. Any subset of the variables can be selected for 2 subsequent analysis.

The card input for the program is shown fully on pages 186-189 of the EMD user's
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manual.
2. Several groups program (BMDOSM)

The program for several groups computes a set of linear functiens in order
to classify an observation into one of several groups. A multivariate normal
distribution with equal covariance matrices is assumed. Therefore, the pooled
covariance matrix is used in the analysis.

The following quantities are computed and printed out. Most of these sta-
tistics are computed in the SSP discriminant analysis procedure and have already
been described. Therefore, only those which are not computed by S5P will be ex-
plained here.

a. Group means,

b. Vithin-group covariance matrices,

¢. The pooled covariance matrix,

d. The dinverse of the pooled covariance matrix,

e. The matrix product DD—1 as a check on the accuracy of DFI, where D is the
pooled covariance matrix,

f. Common means,

g. CGeneralized Mahalonobis Dz,

h. Coefficlents and constants of the discriminant functions,

i. Largest probability and function number for the largest probability for group
membership,

j+. The classification matrix which shows how many observations would beAclassi—
fied correctly and incorrectly according to the classification criteria.

The data input is basically the same as for the two groups program, except
there is no capability for wvariable subset selection. The input form is des-
cribed fully on pages 197-200 of the BMD manual.

3. Stepwise discriminant analysis program (BMDO7M)

The stepwise discriminant analysis program performs a multiple discrimgnant

analysis by entering one variable at each step. The variable with the largest F

to enter 1s selected. Variables are deleted if theldr F value becomes less than a
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speclified value. Canonical correlation ccefficients may be requested.

e

The program compﬁtes the following quantities:

Group means and standard deviations,

Within-group covariance and correlation matrices,

"Discriminant functions and a classification matrix,

The posterior probability of coming from each group and the square of the
Mahalonobis distance from each group for each case,
Eigenvalues, canonical variables, and coefficients of canonical variables,
Plot of the first canonical variable versus the second, and
Residuals and canonical coefficents.
The following information is printed at each step:
Vgriables already included and their F wvalues,
Variables not included and their F values,
A U statistic and approximate F statistic for testing equality of group means,
A matrix of F statistlcs to test the equality of means between each pair of
groups,
The variable which has just been entered or removed, and
The number of variables included.
Let p=the number of variables,
g=the number of groups used in the analysis,
t=the total number of groups,
nm=the number of observations in group m,
h=the total number of observations, and
®x_, ,=the value of variable 1 for observation k of group m.

mk

First, the data are read and the overall group means and group standard de-

viations are computed. In addition, the within and total crossproduct matrices,

within-groups covariance matrices, and within-groups correlation matrices are

calculated. At each step the variables are divided inte two groups = those that

are included in the analysis and those that are not. Assume that the first r are

included.
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= . =1 T T
let W Wll le and T 111 12

an M2 P21 Top e
where W is the within-groups crossproducts matrix and T is the total crossprod-

ucts matrix, and wll and T1 are r by r matrices. Let

1
o . -1 —1 _ -1 -1
A={a j) ”11 pllw12 and B~(b13 Tll 111 12
-1 1 -1 o, -1
Wy Hasmlo T21%11 'r,,2 leTuTw
Coefficients of the discriminant functions are computed as (n g):E Kki 14

(541

= = T a =1 i
1=1,2,...,r and k=1,2 ,...,8. Constgnts are computed as CkO Eélrkixki

i=1,2,...,8. The square of the Mahalonobis distance betwean each pair of groups
D

r
is glven as ﬂhL=E§1 (CmiﬂcLi)
§Li are the group means for group m and group L, respectively. F values for

(ﬁmi—gLi) m=1,2,...,g, 1=1,2,...,p, where ;mi and

testing differences between each pair of groups are also calculated.

F statistics are calculated, and these are compared to the F to remove in
the case of a variable which has already been included, or to the F to Include
in the case of a wvariable which 1is not includad. If a variable has already been

entered (variable j, say), then Fj (a jj jj)/b ) ({n-r-g+l1)/(g-1)) with g-1 and

n-r-g+l degrees of freedom., If variable j has not been entered, then

Fjﬁ((bjj—ajj)/ajj)((n—r~g)/(g—1)) with g-1 and n-g~r degrees of freedom.

A U statistic and approximate F statistic are calculated to test the equal-

ity of group means. U=det(wll)/det(T ) and F=((1-U1/s 1/s

where s=~&;2q2—4)/(r2+q2~5) 1E r2+q2#5

YU ) ((ms+l-rq/2) /xq),

H

= 1 otherwise, m=n~(r+q+3)/2 and q=g-1. F has rq and ms+l-rq/2 degrees of
freedom.

Tolerance values (U ) are computed, where W =a, /tii’ i=r+l ,r+2,...,p, and

tii is the (i)th diagonal element of T. A variable passes the tolerance test if

Wi and t,y are greater than or equal to the value specified on the subproblem
card.
At each step one variable will be added or deleted according to the follow-

iag rules:

a. Out of the variables which have been entered, if any have a control value of



30
one and hasve a computed F value lower than the F to remove specified by the
user, the one with the smallest F value will be deleted.
b. From those variables which have the greatest control value, one is selected
(if no variable satisfies rule 1) according to the option stated on the prob-
lem card. The default option is to enter the variable with the greatest F to

enter. If option 1 is stated, the entering variable is the one which mini-

g
mizes Cl=2/(g(g~1)) fE 1/(1+DLm/4). If option 2 is specified, the variable

L=1,L#m g : b4
entered is the one which minimizes C2=1/h S A /4), vhere h= .AL "
L=l,L#m 1™ L=1,L#m "™

is a generaliza-'

The ALm are speclfied on an ALPHA card. The formula for C2

tion of Cl. I1f option 3 is selected, the entering variable is the one which

maximizes the smallest F between pairs of groups.
The following statistics are computed:

a. The value of the (m)th discriminant function evaluated at observation k of
r

Braup L (SLmk=cm0+§zlcmjxmkj)’
b. The posterior probability of case k in group L having come from group m.
3
(Prop P B}/ 2 exp(8; )0,

i=1
¢. The square of the Mahalonobis distance of case k in group m from group L

)
2 = —
(DLmk*:‘El ;51(kai_xLiaij(xmkj_XLj))’
Coefficients, Ui’ of canonical varlables and the amount of dispersion, Li'
explained by each variable are computed. Let W and T be the within and total sum

of crossproduct matrices of the p variables already entered, and let B=T-U. Then

U, and L, are found from BUi=LiNU

1 i for i=1,2,...,p. . These vectors are normalized

i

LR T
so that Ui ”Lj_sij' Canonical correlations rl,rz,...,rp are computed, where
ri=Li/(1+Li). The first three canonical variables are computed for each observa-
i =
= 1 — = 3= = -
tion. Zi ] Ezlbji(xmkj xj) Tl 2.3, j=152505.;8 k l,2,-.-,nm, The first two

of these are plotted.
The form for the input cards may be found on pages 214 b - 214 g of the EMD

manual.
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D. SPSS

Discriminant analysis is performed In SPSS by using a subprogram called
DISCRIMINANT. Like BEMD, all ﬁariables may be used, or they may be entered one at
a time, although SPSS has five different stepwise selection procedures availa-
ble.

The method by which all variables are entered concurrently is called the
direct method (METHOD=DIRECT specification), and is the default method.

The first stepwise method 1s the Wilks procedure. This procedure producés
a multivariate F ratio for testing for differences between group means. The var-
iable which maximizes the F ratio and minimizes Wilks' lambda is the next varia-
ble to be entered.

The second method is the Mahalonobis procedure, which finds the maxinum
Mahaionobis distapce between the two closest groups.

With METHOD=MAXMINF, the next Qariable selected is the one which maximizes
the smallest F ratio between pairs of groups. This method should produce eqqiv—
alent results to METHOD=MAHAL when the group size% are equal.

The criterion R—:E jzi lf(1+D /4) is used with METHOD=MINRESID,
where g is the number ;é grou;:jincluded and Dij is the Mahalonobis distance be-
tween groups 1 and j. The objective is to minimize R.

With METHOD=RAO, Rao's V, a generalized distance measure, is computed. The
variable which causes the largest increase in V is selected because the objec-
tive 1s to separate the groups as much as possible. The change in V haéfa chi-
square distribution with one degree of freedom and can be tested when there is a
large number of observations.

Variables are selected in any of the stepwise procedures only if their mul-
tivariate F ratio is larger than a specified value. Also, a variable will be re-
moved only if its F ratio is less than a specified value,

The keywords and parameters are summarized on page 457 pf the SP3S user's
manual, and thelr use is illustrated on pages 448-456 of that manual.

The order of entry of variables with the stepwise methods may be controlled
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by specifyiﬁg inclusion levels. An inclusion level must be an integer number
from zero to 99 with default wvalue of one. If an inclusion level is even, all
variables with that level are entered concurrently. If the level is odd, varia-
bles are entered according to the criteria specified by the selection method.
Variables with higher inclusion levels are entered before those with lower in-
clusion levels.

There are 19 options available using the program, which are summarized on
pages 456-459 of the user's manual. Options 13-19, however, are not currently
operational but will be in the near future.

The following statistics may be calculated and output:

l. Group means and common means,

2. Standard deviations,

3. Pooled covariance and correlation matrices, .

4, Matrix of pairwise F ratios, or significance tests for the Mahalonocbis dis-
tance between groups,

5. Univariate F ratios, which are tests for the equality of group means on one
discriminating variable,

6. A test for equality of covariance matrices, and

7. Within-group total covariance matrices.

Also, covariance matrices may be input,'rather than raw data, to save ex-—

cessive input for large data sets that are to be rerun several times.
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E. Sample programs

The first example is a set of data from page 154 of the Morrison (1967)
multivariate methods text, and was run on all programs. There are two groups
with sample sizes 10 and 12, respectively, and three variables. Most numerical
results (discriminant function coefficients, Mahalonobis Dz, etc.) agree to at
least three decimal places. For those programs which show classification results
{(SSP, SAS, BMDOSM, and BMDO7M) the classification matrix is the same. There were
two observations from group one Incorrectly classified into group two. All
others were correctly classified.

Both the BMD and SPSS stepwise procedures were used. The MAXMINF method was
used in S5PSS. BMD included all three variables, while SPSS entered only the

first two variables. The time and storage requirements break down as follows:

time (seconds) space (k-byvtes)
SSP 1.56 ‘ 27426
SAS ‘ 2.34 197.44
BMDO4M 2.64 208,82
BMDOSM .60 136.80
SPSS 1.38 203.00
BMDO M 1.14 160,00
SPSS(stepwise) 1.20 209.45

The next example comes from page 155 of Morrison's text, and contains two
groups with 10 and six members, respectively. There are four variables. The
wiéhin—group covariance matrices were used In SAS, but the classification re-
sults came out the same in all programs. All observations were correctly classi-
fied. BMDO7M was the only stepwise procedure used. It included only the first

variable. Time and storage are as follows:

time (seconds) space(k-bytes)
sSSP 1.26 27.26
SAS 2.46 200,00
BMDO 4M 1.86 183.58
BMDOSM .54 149,33
SPSS 1..20 200.85
BMDO 7M .26 157.48

The next example is a modification of the previous one, and has four groups

with two variables. The example could not, of course, be run on the BMD two
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. greups program. It also could net be run on BMDOSM because that program requires
the number of variables to be greater than or equal to the number of groups.

The POOL=TEST option was specified in SAS, and the within-group covariance
matrices were found to be significantly different, so they were.used in the
analysis rather than the pooled covariance matrix. All the programs except SAS
showed the same classification matrix. The SAS matrix differed considerably,
mostly because of the use of within-group covariance matrices. The SAS results
were worse than others for some groups and better tgan other results for other
groups.

The BMD and SPSS (MINRESID) stepwise procedures were used. BMD included

both variables, while SPSS included only the second. Time and storage are:

time (seconds) space (k-bvtes)
SSP 132 27.26
SAS 2.94 198.63
SPSS 1.08 209.83
BMDO 7M 1.38 160.00
SPSS (stepwise) 1:20 207.70

The fourth example is from page 156, Morrison (1967). There are two groups
each with 10 members, and all of the programs were used. Numerical results were
in closer agreement than usual, and no observations were misclassified.

The BMDOVM stepwise progedure was used, as well as the WILKS and RAO meth-
ods in SPSS. BMD and the RAO method resulted in variables two through five being
included in the final analysis, while the WILKS method selected variables two,

four, and five. Time and storage are as follows:

time (seconds) space (k~bytes)
ssp 1.38 21726
SAS 2.79 197.98
BMDO4M 2.10 187.69
BMDOSM .66 13745
BMDO 7M 4.02 159.21
SPSS(WILKS) 1.44 204.58
SPSS(RAQ) 1.38 203.00

This data set was revised to contain five groups and two variables. Each
group has five observations,

The SAS program used the POOL=TEST option. The covariance matrices did not
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differ significantly, so the pooled covariance matrix was used in the analysis.
Equal classification matrices were produced for all programs except BEMD, which
differed slightly for groups two through five. The BMD stepwise analysis includ-
ed both variables, as did the SPSS analysis, which used the Mahalonobis method.

The usual statistics on the jobs break down as follows:

time (seconds) space(k-bytes)
SSP 1.50 27.26
SAS 3.00 198.66
BEMDO 7M 1.44 162,21
SPSS 1.38 203.00

The sixth and final example is a data set with four groups and six varia-
bles from page 426 of the SSP user's guide, volume III. It was run on all pro-
grams except BMDO4M. All classification results agreed except for SAS, whose re-
sults differed slightly in the first three groups. The only stepwise analysis
was in BMDO7M, which resulted in all six variables being entered. Time and space

are as follows:

time (seconds) space (k-bvtes)
SSP 1.98 27.26
SAS 3.06 200.65
BMDOSM . 84 144.00
BMDO7M 4,14 159,61
SPSS 1.20 206.00

The BMDOIM run took considerably longer than usual because plots of canoni-
cal variables were requested. The SSP program was run in WATFIV because this

produced substantial savings in both time and space over FORTRAN G.
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F. Summary
The SSP program used far less space than any of the others. SAS generally
needed the largest amount of time. SSP, SAS, and BMD generally cost the most.
SSP, SAS, and BMD are easy to learn to use, while SPSS is a bit more diffi-
cult. SPSS has many more options available than any of the other programs and is
especially useful for stepwise discriminant analysis because there are five dif-

ferent stepwise selection procedures.
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VI. PRINCIPAL COMPONENTS AND FACTOR ANALYSIS
A. 88P

SSP performs factor analysis using a main propram called FACTO along with
six subroutines: (1) CORRE - to compute means, standard deviations, and correla-
tions, (2) EIGEN - to compute eipenvalues and eigenvectors of the correlation
matrix, (3) TRACE - to compute the cumulative percentage of the eigenvalues,

(4) LOAD - to compute factor loadings, (5) VARMX -~ to perform varimax rotation
of the factor matrix, and (6) DATA ~ to read in the sample data.

SSP uses principal component analysis to determine the number of variables
needed to account for most of the variance among the total set of variables. A
variﬁax rotation simplifies columns (factors) of the factor matrix.

The example main program can handle up to 35 variables and 99,999 observa-
tion%, but these restrictions can be changed according to the following rules:
l. The dimension of arrays B, D, S, T, and XBAR must be greater than or equal to

p, the number of variables.
2. The dimension of array V must be greater than or equal to pz.
3. The dimension of array R must be greater than or equal to p(p+l)/2.

The form for the required input is shown on pages 429-430 of the SSP
manual. There are two major differences from what is shown in the manual.

First, an entire card 1s used for problem identification. This card must be in-
cluded, even if it is blank. Second, a varlable format card follows the card
with the number of observations, etc. -

The following quantities are computed and printed out:

1. Means and standard deviations of each variable,

2. A matrix of correlation coefficients between pairs of variables,

3. Eigenvalues and elgenvectors associated with the eigenvalues of the correla-
tion matrix,

4, The cumulative percentapes of the eigenvalues,

5. The factor matrix, which is a p by g matrix, where p is the number of varia-

bles and q is the number of factors. Denote the factor matrix by A. Then
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Aijjjf3vij i=1,2,...,p j=1,2,...,q where Lj is the (j)th eigenvalue, Vij

is its associated elgenvector, and q is determined by the number of eigenvalues

ues greater than or equal to the minimum value specified,

q
6. Communalities:l:§=ji aij 121,200 4 5P
j=1 -
7. A normalized factor matrix B, where bij=aij/ hij "
8. The variance of the factor matrix at each iteration. The variances for the

p P :
factors are comnputed as Sjn(pji bij—(ji Lij)Z}/pZ and variances for the
i=1 =
q
matrix are computed as VcﬁEilsj s

. The rotated factor matrix - The factor matrix is rotated as a function of ¢,

the angle of rotation. First, a different angle, @' , is computed as a func-
tion of the following quantities:
Xy and y, are factor loadings i=1,2,...,p,

P

P
B=2jf p 1 I
joq 11

P
= - w7 — )

i=1

P

D=£;;§l Gegtyyd Gy gy,
NUM=D-2AB/p, DEN=C-(A+B) (A-B)/p, ¢#'=ktan™ ' (NUM/DEN).
If DEN is positive, then lcos(@)l =cos (@') and \sin(ﬁ)l =gin(@').
Otherwise, ]cos(¢)| =%J§(cos(¢')+sin(¢')) and \sin(@)\ =%i§kcos(¢')~sin(¢')).
If NUM is positive, then cos(#)=\cos(¢)l and sin(@)m\sin(ﬁ)\.
Otherwise, cos(@#)=\cos(#)| and sin(¢)=—\sin(¢)\.
Single plane rotations are made on each pair of normalized factors. This com-
pletes one iteration, and the program returns to the step for calculating Vc'
If lVC—VC“l\ is less than 10"7 four successive times, then convergence has

been reached. The final rotated factor matrix A is computed as Aii=Bi hi and

i

then printed.
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10. Original communalities, final commumalites, and the difference between the
two. The difference should theoretically be zero.
We have the relationship]‘x] yf] cos () -sin (@) = {Xl YlT

Xy Yo sin(@) cos (@) .Y
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B. SAS

The proéedure named FACTOR is used to perform factor analysis. Every numer-

“ic varlable read Iin is analyzed unless the user instructs the program to do

otherwise. A matrix of factor loadings is computed and the technique of varimax

rotation is used_on this matrix.

The fqllowiﬁg quantities are always printed out, except as noted:

1. Means and standard deviations of each variable,

2. The correlation matrix,

3. The eigenvalues of the correlation matrix,

4. The cumulative proportions of eigenvalues,

5. The eigenvectors associated with each eigenvalue,

6. Transformed responses (optional) - The trénsformed response 1s the product of
a matrix of eigenvectors and a vector consisting of the values of the varia-
blest, ‘

71 The factor matrix (factor loadingé),

8. The results of the varimax rotation for each iteration, and

9. A communality check, or differences between cémmunalites from the rotated
factor matrix and communalities from the original factor matrix.

The number of factors to be used in the analysis can be controlled by two
factors, namely N and V. N is the maximum number of factors that may be used.
The number of factors actually used may be less than N if the number is further
restricted by V. V is the smallest wvalue that an eigenvalue of the corrélation
matrix may have and still be used in the analysis. N and V are specified on the
PROCEDURE FACTOR statement, whose complete form is shown on page 202 of the SAS

user's manual.
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C. BMD

BMD hasrtwo programs for factor analysis. One of these is a principal com-
ponent anélysis routine and the other is a general factor anélysis routine.
1. Principal components program (BMDO1M)

The principal components program computes the principal components of
standardized data (data with a mean of zero and a variance of one) and ranks the
standardized data by the size of each principal component separately.

There may be from two to 25 variables used, and from three to 400 observa-
tions. Instructions for input pf these quantities appear on page 152 of the BMD
manual.

Computations are done in the following order:

B {

3 1(xij--x.j)z , where

n =
=(1/n)§_>%j » n=the number of observations, i=1,2,...,n 7J=1,2,...,p and
i=1

M

)/

. fx W is , : _
First, the matrix W is computed as Wi xij x‘j

[

X-j

p=the number of variables. The data is standardized in this step.

Next, the correlation matrix of the wij values 1s calculated. This is the
correlation matrix among the p variables. Also, the eigenvélues and cbrrespond—
ing eigenvectors of this correlation matrix are computed.

The matrix Z is computed. Z, ,=/n-1 WB i=1,2,...,n j=1,2,...,p where B

ij
is the matrix whose columns are the previously computed eigenvectors, and the
W's are transformed into their orthogonal components. A covariance matrix between
the columns of Z is computed as an accuracy check. This matrix should be a diag-
onal matrix with eigenvalues on the diagonal. Each standardized observégion is

ranked in descending order for the p eigenvectors such that

P
Rmcl=mix (El(wik) (Bkm)}’ i=132"":n m=1125"'!p ]

P
- ; S - :
Rmcz m?x (Eél(hik)(ﬁkm)) over the remaining n-1 observations,

- .-

P
n=min (Eél(wik)(ﬂkm))’ i=1,2,...,n. The ci's are the observation numbers
having the (i)th ranks. The n components for each variasble along with their ranks

mc
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are printed.
2. General factor analysis program (BMDO3M)

The general factor analysis program is used in much the same way as the SSP
factor anélfsis program. The major difference is that in BMD a correlation ma-
trix or a factor matrix may be input instead of raw data.

The program can handle from two to 80 variables and from two to 9999 obser-
vations. The maximum number of factors to be rotated will be at least two and at
most the number of wvariables. The number of factors to be rotated is determined
by the smaller of these two numbers: (1) the number of eigenvalues greater than
or equal to a control value specified by the user, and (2) the number of factors
specified by the user.

Communality estimates may be supplied by the user and in this case they
will replace the ones on the diagonal of the correlation matrix. A special
COMMUN card is required in this case. Alternatively, multiple correlation coef-
ficients or maximum absoluterrcw values may be used as initial communality
estimates.

The details for parameter and data input appear on pages 170-174 éf the BMD
manual. The output from this program includes all of the items described in the
SSP factor analysis routine, and additionally the factor scores for each obser-
vation are computed and can either be printed out or written on tape. These are

standardized scores and are computed as Z vﬁi)/Aj P L T

157 Ky

j=1,2,...,9 where q is the number of factors retained.
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D. SPSS

S5P5S performs factor analysis using a subprogram named FACTOR. There are
five different methods of factoring available. These are: (1) principal factor-
ing without iteration, (2) principal factoring with iterations, (3) Rao's canon~
ical factoring, (4) alpha factoring, and (5) image factoring.

Principal factoring without iteration consists of extraction of principal
components of the correlation matrix among variables. The principal components
solution is used to determine the number of factors to be rotated. Alternétive—
ly, the principal compenents solution can be modifled by using communality esti-
mates on the diagonal of the correlation matrix instead of ones. Usually in this
case either the squared multiple correlation coefficient of one variable with
the others is used or the absolute value of the highest element in each column
of tﬁe correlation matrix is used.

With the method of principal factoring with iterations, the diagonal ele-
ments of the correlation matrix are automatically replaced by communality csti—
mates, these being squared multiple correlation coefficients. Also, this method
uses an iterative process for improving communality estimates and continues
uwntil two successive estimates are equal. The iterative principal factoring
method is automatically used by the program unless specific instructions are
given otherwise.

Rao's canonical factoring method attempts to find a factor solution where
the correlation between a set of hypothesized factors and the data variables is
maximized. It assumes that the lhypothesized factors can be determined by a lin-
ear combination of the common variance of the ohserved variables.

With alpha factoring, factors are defined which have maximum generalizabil-
ity, wmeasured by Cronbach's alpha. The process starts with the squared multiple
correlation communality estimates. The correlation matrix is readjusted assuming
that the variables used are a sample from a larger population of wariables. The
;Ummer of factors used is determined by the number of factors with positive

alpha values,
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The imége factoring method seeks to find the portion of a variable associa-
ted with common factors and the unique part not associated with other variables.
Factor extraction is performed on an image covariance matrix containing squares
.of images'oﬁ the main aiagonal and correlation coefficients elsewhere. The num-
ber of factors retained is determined by the eigenvalues of the image-covariance
matrix. Factors with eigenvalues greater than one are retained. Four methods of
factor ﬁatrix rotation are avallable, namely (1) quartimax, (2) varimax,

(3) equimax, and (4) oblique rotation. The first three of these are orthogonal
rotation methods.

The goal of quartimax rotation is to rotate initial factors so that a vari-
able loads high on one factor but nearly zero on all others. The method simpli-
fies rows of the facter matrix.

The varimax method maximizes the variance of factor loadings in each column
of the factor matrix. Columns are simplified rather than rows. This method is
automatically used unless another is specified.

The equimax method 1s a cross between the quartimax and varimax methods in
the sense that it simplifies both the rows and columns of the factor matrix.

With oblique rotation, the factors are not orthogonal to each other. The
method minimizes the crossproducts of factor loadings on reference axes to sim-
plify primary factor loadings. Factors may be correlated with each other.

A summary of parameters for the FACTOR program appears on page 499 of the
SPSS manual and the exact form of the parameter cards may be found on p;ges
490-498,

Correlation matrices or factor matrices may be entered instead of raw data.
In this case a READ MATRIX card is used instead of a READ INPUT DATA card. Other
program options include inclusion of missing data, pairwise deletion of missing
data, input and output of the correlation matrix and factor matrix along with
communalities, output of the factor score matrix, output of means and standard
deviations, specifying the order of variables on input correlation matrices

on the variable list card, weighted factor scores with missing data, and sequen-
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cing of factor scores. The rotated factor matrix, transformation matrix, and a
plot of rotated factors may also be ocutput. Factor scorss may not be output If

matrix input is used. The maximum number of variables for the program is 100.
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E. OSIRIS

OSIRIS performs factor analysis by using a subprogram called FACTAN. The
input can consist of either raw data or a correlation matrix.

I1f raw data is input, then the sum, standard deviation, mean, maximum and
minimum for each variable are printed. Optionally, the sums of squares and
crossproducts, both adjusted and unadjusted for means, and correlation matrices
may be printed. Only the correlation matrix may be obtained if matrix input is
used.

The Hotelling principal axes method is used to extract factors. The proced-
ure solves for all eigénvalues and eigenvectors of the correlation matrix simul-
taneously with a given level of accuracy, and ranks the eigenvalues.

Principal components analvsis is used to determine the number of factors to
be rotated and to estimate communalities. The number of factors mav be specified
in terms of either Kaiser's eriterion, which is the number of eigenvalues great-
- er than or equal to one, or the minimum percentage of variance which should he
exﬁlained by the factors. Initial communality estimates may be either ones,
squared multiple correlations, or estlmates supplied by the user.

Varimax and oblimin rotations of fhe factor matrix may be performed. The
varimax rotation is done first if both are specified. Different analyses on dif-
ferent subsets of variables may be performed in one run. The output includes the
following statistics, in addition to those already menticned:

1. Eigenvalues of the correlation matrix, and percentages and cumulativé'per—
centages of these eigenvalu;s,

2, Eigenvectors of the correlation matrix,

3. The inverse and determinant of the correlation nmatrix,

4, The correlation matrix with communality estimates on the diagonal, along with
eigenvalues and eigenvectors of this matrix,

5. Final communality estimates,

6. Factor score coefficients both in raw score and standard score form,

7. Multiple correlations
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8. Varimax rotated factor matrix (raw and normalized solutions),
9. Contributions of each factor to the total variance,
10. The transfermation matrix,
11. A 1ist of criterion values and differences at each cycle of oblimin rota-
tion,
12. Referenﬁe structure (raw and normalized solutions),
13. Correlations between reference factors,
l4. Correlations between primary factors and contributions of each one, and
15. Factor matrices.

If there is missing data, the user can héve the program either stop, treat
the missing data as valid data, or delete cases with missing data. Up to 60 var-
iables may be input to FACTAN and up to 30 factors may be used if oblimin rota-
tion is desired. Detailed instructions for the FACTAN procedure are on pages
606-613 of the OSIRIS user's manual, volume 1.

The following card sequence is used with FACTAN when raw data is read in:

//jcbname JPE (standard job card information) ,name
// EXEC @SIRIS '
J/SLTUP DD *

control cards

SDICT

SPRINT

input dictionary - list of variables

SDATA

SPRINT

data

/-k
The following card sequence is used for FACTAN when matrix input is being
used: ®

//jobname J@AL (standard job card information),name
// EXLEC ¢SIRIS
J/FTO2F00L DD SYS@PUI=A
//SETUP DD *

control cards

SMATRIX

SPRINT

dictionary
correlations

me ans

standard deviations

/*
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F. Sample programs

The first sample data set comes frnm page 154 of Morrison (1967). There arc
three variables and 23 observations. A minimum eigenvalue of 2.0 was specified
on the SSP and SAS runs, and because all of the eigenvalues were less than that
value, the factor matrix was not rotated. In the BMD fun, diagonal elements of
the correlation matrix were replaced by the maximum absolute wvalue in each row.
No rotation was done because the problem card specified rotation of three fac-
tors, and only two were retained. The NOROTATION option was chosen in SPSS. In
the OSIRIS program, the number of factors was chosen so that at least 90% of the
total varianée was to be explained. Both varimax and obligue rotations were domne
in this problem. Rotation was done only in this run, but the other results
(correlations, faétor matrices, etec.) agreed closely, usually to four decimal

places. The time and space of each run are as follows:

time (seconds) space (k-bytes)
5SP 1.20 35.90
SAS 1.80 90.97
BEMDOIM 1.80 201.00
BMDO 3M .66 129.82
SPSS 1.68 208. 46
OSIRIS 4.08 96.00

The next example is from Morrison (1967), page 155. The data set has four
variables and 16 observations. A maximum of two.factars and a minimum eipgenwval-
ue of 0.9 were specified in the SSP, SAS, and BMD programs. No rotation was done
because there was only one eigenvalue high enough. Only means, standard.devia-
tions, and correlation coefficients were compdted in SPSS because the BYPASS op-
tion was used for factoring. Oblique rotation was used in OSIRIS, with two fac-
tors and squared multiple correlations on the diagonal of the correlation ma-
trix. This was the only run where rotation was done, but the other results

agreed closely. Following are the time and space requirements of each run:
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time(seconds) space (k-bvtes)

5SP 1.26 35.90
SAS 1.62 92.00
BMDO1IM 1.98 195.88
BMDO3M .60 118.70
SPSS .96 208.13

OSIRIS 3.42 96.56

Next is an example from Morrison (1967), page 156, with five variables and
20 observations. The SSP, SAS, and BMD runs used a maxXximum of three factors and
a minimum eigenvalue of 1.0, This resulted in two factors being used fb; the ro-
tated factor matrix. Also, the correlation matrix and original factor matrix
were entered in BMD and SPSS, and the correlation matrix was input to OSIRIS.
This was done in separate runs, and the results all agreed closely. The time and

space requirements break down as follows:

time(seconds) space (k-bvtes)
SSP 1l.44 35.90
SAS : 1.92 91.03
BMDO1M 2.04 190,94
EMDO3M(raw data) A48 129.13
BMDO3M(correlations) .48 120,13
BMDO3M(factor matrix) .36 130.82
SPSS(raw data) . 1.80 206,00
SPSS(correlations) 1.38 i 195.65
SPSS(factor matrix) 1.62 204,00
0SIRIS(raw data) 3. 84 96,25
0SIRIS (correlations) 3.00 100,34

The fourth example is from page 14 of the Harman (1967) factor analvsis
texthook. There are five variables and 12 observations. SSP and BMD had a mini-
mum eigenvalue of zero, so there were five factors used for rotation. SAS speci-
fied a minimuym eigenvalue of 1.0, which resulted in two factors being retained.
The SPSS5 run used quartimax rotation with three factors. The 0SIRIS run used the
assumption that the data made up the entire population instead of a sample from
that population. Rotation was done with two factors. The numher of factors rota-
ted varied among programs, but the other results apgreed well, as usual. The time

and space requirements are as follows:
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time(seconds) space (h-bytes)
SSP 1.80 35.90
SAS 1.50 92.60
BMDO1M 1.92 200.53
BMDO 3M .96 123.38
SPSS 20970 203.71

OS;RIS 4.02 95.28

The next example is from Harman (1967), page 132. There are six variables
and 24 observations. Two factors were rotated in all of the programs except
SPSS, which rotated three. The results agreed closely. Rao factoring and equimax’

rotation were used by SPSS. The time and space statistics are as follows:

time (seconds) space (k-bytes)
SSP 1.62 35.90
SAS 1.56 93.19
BMDO1M 2.22 193.16
BMDO 3M A48 126.63
5PSS 2.94 206.69
OSIRIS 3.84 96,50

Next is an example from page 208 of Harman's (1967) text with five varia-
~bles and 24 observations. Rotation was performed with four factors only in the
OSIRIS run. The other runs specified a minimum eigenvalue of 1.5, and only one

elgenvalue met that criterion. Time and space are as follows:

~ time(seconds) space (k-bytes)
SSP 1.44 35.90
SAS 1.74 92.52
BMDO1M 2. 16 190.22
BMDO3M .66 122.18
SPES 1.74 203.62
0SIRIS 4.14 95.54

The final example is from page 429 of the SSP manual, volume III. A minimum
eigenvalue of 1.0 was used in the SSP, SAS, and BMD runs and the first of the
SPSS and OSIRIS runs. Four eigenvalues satisfied this requirement, so four fac-
tors were rotated. Varimax rotation was used in all of these cases, and the re-
sults agreed closely. The OSIRIS run included the output of factor scores for
each observation on cards.

The next SPSS and OSIRIS runs used a correlation matrix with an altered di-

agonal. Initial communality estimates of .73, .74, .81, .80, .83, .76, .92, .80,
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and .76 were used. Three factors were rotated, and the factor matrices, corre-
lations, etc. agreed very well between the two Tuns.

Oblimin (oblique) rotation was specified in two other SPSS and OSIRIS runs.
Four factors were rotated in the SPSS program. OSIRIS attempted to perform a ro-
tation with these four factors, but convergence was not reached. Time and stor-

age requirements are as follows:

time (seconds) space (k-bvtes)
Ssp 2.88 35.98
SAS 2.16 90.72
BMDO1M 2.46 195.46
BMDO 3M .90 119,87
SPSS 4.02 205.49
OSIRIS 4,38 95.78
SPSS(altered diagonal) 2,70 205.24
0SIRIS(altered diagomnal) 8,20 88.23
SPSS{oblimin rotation) 2:10 206.97

OSIRIS (oblimin rotation) 4,08 98.00



G. Summary

SSP used far less space than any of the other programs. BMDOIM, SPSS, and
OSIRIS generally agreed closely in time requirements, although OSIRIS used con-
siderably less space. SA5 and BMDO3M were usually faster than the other pru;
grams. Time and storage did not seem to be affected much by the type of data in-
put (raw data, correlation matrix, or factqr matrix) because the example data
sets are so small. Considerable savings in time can be achieved by using matrix
input in the case of a large data set. S5S5P and OSIRIS generally cost the most.

S55P, SAS, and BMD are the easiest programs for an inexperienced propgrammer
to use. I found OSIRIS to be very difficult to learn how to use at first.

SPSS and OSIRIS have more options available than the other programs. SPSS5
is ptarticularly useful for experimenting with different factoring and rotation

methods.
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Several programs are presently available at Kansas State University for

performing multivariate statistical analyses, particularly analysis of variance

and covariance, regression analysis, discriminant analysis, principal component,

and factor analysis.

Among these programs are the following:
Multivariate AARDVARK -~ for analysis of variance and covariance; from the
University of Rhode Island, Kingston, Rhode Island.
BMD (Biomedical Computer Programs) - for discriminant analysis and factor
analysis; from the University of California, Los Angelés, California.
MANOVA - for analysis of variance, covariance, and regression; from the
University of North Carolina, Chapel Hill, North Carolina.
OSIRIS - for analysis of variance and covariance and factor analysis; from
the University of Michigan, Ann Arbor, Michigan.
SAS (Statistical Analysis System) - for analysis of variance, covariance,
regression, discriminant analysis, and factor analysis; from North Carolina
State University, Raleigh, Worth Carolina.
SPSS (Statistical Package for the Social Sciences) - for discriminant
analysis and factor analysis; from the University of Chicapo, Chicago,
Illinois.
SSP (Scientific Subroutine Packape) - for discriminant analysis and factor
analysis; a collection of FORTRAN main programs and subroutines.

Different options are available with different programs. The options which

a user needs and the comparative efficiency of programs should be considered in

choosing a program for a particular computing task.



