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Abstract

Leibniz-type rules associated to bilinear pseudodifferential operators have received con-
siderable attention due to their applications in obtaining fractional Leibniz rules and the
study of various partial differential equations. Generally speaking, fractional Leibniz rules
provide a way of estimating the size and smoothness of a product of functions in terms of
the size and smoothness of the individual functions themselves. Such rules are helpful in
determining well-posedness results for solutions of PDEs modeling a variety of real world
phenomena, ranging from Euler and Navier-Stokes equations (which model incompressible
fluid flow, such as airflow over a wing) to Korteweg-de Vries equations (which model waves
on shallow water surfaces).

Bilinear pseudodifferential operators act to combine two functions using their Fourier
transforms and a symbol, which is a function that assigns different weights to the functions’
frequency components as they are combined. Thus, Leibniz-type rules associated to bilinear
pseudodifferential operators serve as a generalization of fractional Leibniz rules by providing
estimates on the size and smoothness of some combination of two functions, for which point-
wise multiplication is recoverable by choosing a symbol identically equal to one. A variety
of function spaces may be used to measure the size and smoothness of functions involved,
including Lebesgue spaces, Sobolev spaces, and Besov and Triebel-Lizorkin spaces. Further,
bilinear pseudodifferential operators may be considered in association with different classes
of symbols, which is to say that the symbol itself (and possibly its derivatives) will possess
certain decay properties.

New Leibniz-type rules in two different settings will be presented in this manuscript. In
the first setting, Leibniz-type rules associated to bilinear pseudodifferential operators with
homogeneous symbols in a certain class are proved, where the sizes of the functions involved

are measured using a combination of Lebesgue space norms and norms corresponding to



function spaces admitting appropriate molecular decompositions, specifically focusing on
the case of homogeneous Besov-type and Triebel-Lizorkin-type spaces. In the second set-
ting, Leibniz-type rules and biparameter counterparts are proved in weighted Lebesgue and
Sobolev spaces associated to Coifman-Meyer multiplier operators. All of the new Leibniz-
type rules proved in the manuscript yield corresponding new fractional Leibniz rules, which
are highlighted as appropriate. Various techniques from Fourier analysis serve as impor-
tant tools in the proofs of these new results, such as obtaining paraproduct decompositions
for bilinear pseudodifferential operators and utilizing Littlewood-Paley theory and square

function-type estimates.
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Chapter 1

An Overview of Leibniz-Type Rules

Our discussion about definitions, motivations, and the history of Leibniz-type rules must
begin with some background on fractional Leibniz rules, the type of estimates which serve
as a foundation for Leibniz-type rules. As the name suggests, fractional Leibniz rules are
closely related to the general Leibniz rule, a formula which gives a representation for partial
derivatives of products of functions. Considering the simplest case, the derivative of the
product of two differentiable functions defined on R, we obtain the product rule (fg) =
f'g + fg'. Notice that in this formula, the right-hand side has two terms, one of which has
the derivative on f and no derivative on g, while the other has no derivative on f and one
derivative on g. In its full generality, the Leibniz rule may be stated for two sufficiently

differentiable functions f and ¢ defined on R" and any multi-index a € Nj} as

(0% «Q o — 6} (63

0*(f9) =) (5) (0P 1)(0*Pg) = (0°f)g + f(79) + ...
B<a

Again, notice that as a part of this formula, there are two terms on the right-hand side,

one of which has all a derivatives on f and no derivatives on g, and another which has

no derivates on f and all o derivatives on g. We briefly note that all standard notation is

collected in Appendix A, including definitions for the multi-indices mentioned above, along

with definitions of function spaces and aspects of Fourier analysis that will be utilized below.



Fractional Leibniz rules, also known as Kato-Ponce inequalities (due to the pioneering

work done by Kato-Ponce [39]), have the form

1D (F e S D% Fll o N9l o + 15 oz 1D o2 (1.1)

172 e S T Fllpon 9l o + 171 oo (1779 oo (1.2)

which hold for indices satisfying 1 < p1,p2, q1, 2 < 00, % < r < 0o such that % = p% 4 qil —

p% + qiz, and s > max{(),n(% — 1)} or s € 2Ny, and for functions f and ¢ in the Schwartz
class S(R™). The operators D* and J*® are as defined below, but should be thought of, in
general, as taking s derivatives of a function. Put simply, these fractional Leibniz rules
involve measuring the size of s derivatives of a product of functions f and g, then bounding
this quantity by the sum of two terms, one of which has all s derivatives on f and none on g,
and the other having no derivatives on f and s derivatives on g. In this way, we see a parallel
to the simpler notions of the product rule or general Leibniz rule, as discussed above.
For s € R, define the operator D* via
Def(€) = " f(€), EcR"feS®RY,

referred to as a homogeneous differentiation operator of order s if s > 0. There is a connection
between the operator D® and the homogeneous Sobolev space WP (R™), which motivates
thinking of D?® as taking s derivatives; see Section A.2 for more details. Similarly, define the

operator J° via

TFE) = (1 +[€)*2F(€), €eR", feSRY,

which is referred to as an inhomogeneous differentiation operator of order s if s > 0 and
which shares a connection with the inhomogeneous Sobolev space WP (R™).

Inequalities of the forms (1.1) and (1.2) (and related commutator estimates) have received
much attention due to their applicability to problems in partial differential equations. Tech-

niques were initially developed for fractional Leibniz rules to handle the case 1 < r < oc.



Specifically, estimates similar to (1.2) were studied in Kato-Ponce [39] in relation to the
Cauchy problem for the Euler and Navier-Stokes equations (which model incompressible
fluid flow, such as airflow over a wing), with previous work in Strichartz [62] for the case
» < s < 1. Further, in both Christ-Weinstein [14] and Kenig-Ponce-Vega [41], estimates
along the lines of (1.1) were considered in connection to the Korteweg-de Vries equation
(which models waves on shallow water surfaces), and in Gulisashvili-Kon [34], estimates of
both forms were studied in relation to smoothing properties of Schrodinger semigroups. In
recent years, the range for r has been extended to include % < r <1, treated in Grafakos-
Oh [30] and Muscalu-Schlag [52] (with related work in Koezuka-Tomita [42]), and the case
r = oo was settled in Bourgain-Li [9] (see also Grafakos-Maldonado-Naibo [28] for related
results). This is a small selection of previous work done relating to inequalities of the forms
(1.1) and (1.2), and more history will be detailed throughout the manuscript once additional
necessary concepts have been introduced.

On the left-hand side of inequalities (1.1) and (1.2), the functions f and g are combined
via pointwise multiplication. It is natural to consider similar inequalities wherein the func-
tions involved are combined using more versatile methods. In particular, we will combine

functions using bilinear pseudodifferential operators.

DEFINITION 1.1. Let o(x,&,n) be a complex-valued, smooth function defined for x, &, n € R™.

Define T, the bilinear pseudodifferential operator associated to o, by

-~

T,(f, 9)(x) = / o, € m)FEG M= € de dy, Vo € R™.

R2n

In general, o is referred to as the symbol associated with the operator 7,,. If o does not depend

on x, then o is referred to as a multiplier, and T, is known as a bilinear multiplier operator.

When discussing bilinear pseudodifferential operators, certain decay estimates will be as-
sumed for the associated symbol o and its derivatives, which will result in o lying in various
symbol classes. These will be introduced in subsequent chapters as necessary. See Section A.5

for some simple examples of bilinear pseudodifferential operators, along with a remark on



the connection between such operators and their linear counterparts.

Our main focus in this manuscript is proving various Leibniz-type rules, which are rem-
iniscent of the Kato-Ponce inequalities introduced in (1.1) and (1.2), and which will often
serve as complements and extensions of said equations. Leibniz-type rules are inequalitites

of the form

ITo(F )l x S W Fllv, lallz, + 11y, lgllz, - (1.3)

where T, is a bilinear pseudodifferential operator as in Definition 1.1 and X, Y;, Y5, 71,
and Z, are function spaces measuring some sense of smoothness of the functions involved.
In fact, since T,(f,g) = fg for 0 = 1, we see that (1.1) and (1.2) may be regarded as
Leibniz-type rules with ¢ = 1 and X, Yi, Y5, Z1, and Z, various Lebesgue spaces and
homogeneous/inhomogeneous Sobolev spaces. The history given above for the development
of (1.1) and (1.2) gives some background for Leibniz-type rules, but more can be said in
general. Additional results of the form (1.3) in the case 0 = 1 with X, Y, and Z5 Besov or
Triebel-Lizorkin spaces and Y, and Z; Lebesgue spaces, along with applications to partial
differential equations, may be found in Bahouri-Chemin-Danchin [2], Chae [12], and Runst-
Sickel [59], while estimates of the form (1.3) with ¢ = 1 involving weighted or variable
exponent spaces were obtained in Cruz-Uribe-Naibo [17]. We give more history on the
development of results of the form (1.3) for ¢ in certain bilinear homogeneous symbol classes
in Chapter 2, and for ¢ in Coifman-Meyer or biparameter Coifman-Meyer multiplier classes
in Chapter 3. Below, we state the main Leibniz-type rule results proved in Chapters 2 and
3, reserving technical definitions for the respective chapters. We note that the main results
of Chapter 2 were originally published in Brummer-Naibo [11], while those of Chapter 3 are
to appear in Brummer-Naibo [10].

In Chapter 2, we will present a unifying approach towards establishing Leibniz-type rules
of the form (1.3) where T, is a bilinear pseudodifferential operator with bilinear symbol o
in the homogeneous symbol class B'ST1 for some m € R, and where Z; and Y, are standard
Lebesgue spaces and X, Y7, and Z, are function spaces admitting a molecular decomposition

in the sense of Frazier-Jawerth [24; 25]. We demonstrate this unifying approach by proving



explicit Leibniz-type rule results in the case where X, Y], and Z, are homogeneous Besov-

type or Triebel-Lizorkin-type function spaces, denoted B;:qT and F;g , respectively:

Theorem 1.2. Let m € R and 0 € B'Sqfl. If 0 < pg<o0, s, <s<oo and ) <7<

j+iﬁ¢tmmsmm

n 7

IT5(f, 9)]

g S W ggemr N9l + 1l gl grtmn s VS, g € So(R).
If0<p<oo, 0<qg<o00, s, <s< 00, and0§7<%+%, it holds that

IT5(f, 9)]

prg S I lgseme N9l g+ 1l N9l omn . VFg € SolRY).

Note that s, and s,, are as in (2.19). We also note that there are homogeneous differ-
entiation operators implicit in the results of Theorem 1.2, making them reminiscent of
(1.1). Specifically, this is seen through the norm equivalences | D*f]| BT ™ Ilf]
1D*fllos ~ IIf

detailed in Section 2.4, utilizing as a primary tool Theorem 2.1. Theorem 2.1 establishes

By; and

for (see Yang-Yuan [69, Proposition 3.5]). The proof of Theorem 1.2 is

decay properties for certain families of functions relating to T,(f, g), allowing us to utilize
established theory for spaces admitting molecular decompositions based on the pioneering
work of Frazier-Jawerth [24; 25] and therefore obtain the Leibniz-type rule results given in
Theorem 1.2. Said results may be considered as bilinear counterparts to Grafakos-Torres [31,
Theorems 1.1 and 1.2], wherein boundedness properties in homogeneous Besov and Triebel-
Lizorkin spaces were addressed for linear pseudodifferential operators (and where such bound-
edness properties were extended to the setting of Besov-type and Triebel-Lizorkin-type spaces
in Sawano- Yang-Yuan [61], again for linear pseudodifferential operators). In Subsection 2.1.2,
we will discuss connections between Theorem 1.2 and Kato-Ponce inequalities in Besov-type
and Triebel-Lizorkin-type spaces, and in Subsection 2.3.1, we detail a number of spaces
which may be realized as particular cases of Besov-type and Triebel-Lizorkin-type spaces so
that Theorem 1.2 will yield Leibniz-type rules and associated fractional Leibniz rules in such

spaces.



In Chapter 3, one of our goals will be to prove Leibniz-type rules of the form (1.3)
where T, is a bilinear multiplier operator with symbol ¢ a Coifman-Meyer multiplier, and
where X, Yy, Y5, Z;, and Z; are a combination of weighted Lebesgue spaces and weighted

homogeneous/inhomogeneous Sobolev spaces:

Theorem 1.3. Let 0(&,7), &,n € R", satisfy (3.1) and consider 1 < p,q < o0, % <7r < oo
such that * = }D + é, and s > max{0,n(* — 1)} or s € 2Ny. Ifv € A,(R") and w € A,(R"),

then for all f,g € S(R™), it holds that

ID*(To(fs o e 50my S UD Fll oy 19 Lagwy + 1 o) 1079 Loy » (1.4)
(WP wh) (v) (w) () (w)

[T (T oz o ST Fl o) 19N Loy 1Nl Loy 1791 agw) (1.5)
Lr(oFwh) ) (w) (v) (w)

where the implicit constant depends on p, q, s, [v]a,, [W]a,, and 0. If v = w, different choices

of p and q are allowed in each term on the right-hand side of (1.4) and (1.5).

Estimates of the forms (1.4) and (1.5) for ¢ = 1 and finite p and g were proved in Cruz-Uribe-
Naibo [17], along with related weighted commutator estimates. Additionally, unweighted
estimates in the spirit of (1.4) were proved in Hart-Torres-Wu [35] for certain multipliers
with minimal smoothness assumptions, and estimates similar to (1.4) are proved in Naibo-
Thomson [56] for A, weights in the scales of weighted Besov/Triebel-Lizorkin and weighted
Hardy spaces. Also in Chapter 3, we prove Leibniz-type rules relating to biparameter coun-
terparts of the homogeneous differentiation operator D®. For s € R and ny,ns € N such that
n = ny + n9, define the operators Dj and Dj via
Dif(€) =&l F©), €=(6,&) eR™ xR™, f e S(R"), (=12,

referred to as partial homogeneous s-th differentiation operators if s > 0, and thought of as
taking s partial derivatives in some subspace of R™. The Leibniz-type rules we prove relating
to partial homogeneous differentiation operators are of the following form, where the symbol

o is a biparameter Coifman-Meyer multiplier:



Theorem 1.4. Let n = ny + ny for ny,ng € N, & = (£,&),n = (n1,1m2) € R™ x R,
Assume o(&,n) satisfies (3.2) and consider 1 < p,q < o0, % < r < oo such that % = ]19 + é,
and s¢ > max{0,n,(2 — 1)}, £ =1,2. Ifv € A,(R™ x R™) and w € A,(R™ x R™), then for
all f,g € S(R™), it holds that

1D D3* (To (fs O 1o o5ty S 1PV D3 Fll ooy 191 Loy + 101 Fll ooy 102°9l gy (1.6)

H D2 Fll ooy 197 9l oy + 171l ooy 197 D39l Loy

where the implicit constant depends on p, q, s1, So, [v];lp, [w];‘q, and o. If v = w, different

choices of p and q are allowed in each term on the right-hand side of (1.6).

For o = 1, biparameter results of the form (1.6) for n; = ny = 2 were studied in Muscalu-
Pipher-Tao-Thiele [50] and for the general case ny,ny € N with n; = ny in Grafakos-
Oh [30], while applications of (1.6) were studied in Kenig [40] in relation to local well-
posedness results for the KP-I equation, which models capillary gravity waves. We detail
the proofs of Theorem 1.3 and Theorem 1.4 in Section 3.4 and Section 3.3, respectively,
following a similar procedure for each. Briefly, the shared procedure involves obtaining
paraproduct decompositions for T,(f, g), followed by analyzing multipliers associated with

said decompositions and applying various square function-type estimates.



Chapter 2

Leibniz-Type Rules for Bilinear
Operators with Homogeneous

Symbols and Smooth Molecules

2.1 Introduction

Our main goal in this chapter will be to prove the Leibniz-type rules presented in The-
orem 1.2. As a result, we obtain a process for proving general Leibniz-type rules of the
form (1.3) involving function spaces which admit a molecular decomposition in the sense
of Frazier-Jawerth [24; 25]. The main tool for proving such results is Theorem 2.1, which
provides estimates necessary for verifying that certain families of functions associated to T,

are families of smooth synthesis molecules:

Theorem 2.1. Given m € R and o € BSTP there exist o*,0? € BSTl with Ty, = Ty + Ty
and such that if 1 <r < o0, 0 < M < oo, A € S(R") with A supported in {£ € R"™ : % <

€] < 2}, and v € Ny, it holds that

vn

25t gv(m+|v) 9 5*

i (A 1, <
’ o ( K g)(x)’ ~ (1_'_ ‘2V$—k’)M

gl VeeR" (2.1)



and
9% gum+i) 9=t

‘a’yTzﬂ(fa Al/,k)<x)’ 5 (1 + ‘2”:6 _ ]{7|)M ”fHLTa

Ve e R", (2.2)
for everyv € Z, k € Z", and f,g € S(R"), and where A, ;(z) = 2% A(2"x — k).

With the decay properties given in Theorem 2.1, we are able to show that, up to multiplicative
constants, we have families of smooth synthesis molecules in the settings of Besov-type and

Triebel-Lizorkin-type spaces given by

Ty (A, To2(f, Au
{ - HgHLi) } . { 2”"1(J|C!f||Loo) } |
where the implicit constants are uniform in v € Z, k € Z", and f,g € S(R™). The
proof of Theorem 1.2 utilizes the molecular decomposition theory pioneered by Frazier-
Jawerth [24; 25] in association with these families of smooth synthesis molecules to obtain
the desired Leibniz-type rule results. Further, because smooth synthesis molecules also serve
as building blocks for a variety of other function spaces, the procedures outlined in the proofs
of Theorems 2.1 and 1.2 will apply to such spaces as well.

The outline for Chapter 2 is as follows: Subsection 2.1.1 details the bilinear homogeneous
class of symbols BSTI appearing in the statement of Theorem 1.2, followed by Subsec-
tion 2.1.2, which examines Kato-Ponce inequalitites relating to Theorem 1.2. In Section 2.2,
we give the proof for Theorem 2.1, the main tool used in the proof of Theorem 1.2. We
provide the necessary background for Theorem 1.2 in Section 2.3, wherein we introduce full
definitions for the function spaces B;’:; and szqT and the relevant material associated to fam-
ilies of smooth synthesis molecules and spaces admitting a molecular decomposition in the
sense of Frazier-Jawerth [24; 25], along with examples of such spaces. Section 2.4 contains
the proof of Theorem 1.2, and we conclude the chapter with some remarks in Section 2.5,
including one about the situations where s < s, and s < s, , (in which case analogous results
may be obtained if some additional hypotheses are imposed upon the first adjoint of 7,1 and
the second adjoint of T,2), and another which gives a version of the Leibniz-type rule results

of Theorem 1.2 involving L"(R")-norms of f and g instead of their L>°(R™)-norms.



2.1.1 Class of symbols BS} |

The class of bilinear symbols associated to results in this chapter are defined below, followed

by two concrete examples of bilinear symbols relating to said class.

DEFINITION 2.2. Let o(x,&,n) € C*(R* \ {0}) and m € R. o is in the bilinear class of

symbols B'Sqfl if, for all «, 8,7 € Ng, there exists C, 3, > 0 such that

Ca
07080 o (x,&,m)| < e m,),’f’jﬂ,mm, V(z,&,m) #(0,0,0). (2:3)

The infimum over all such viable C,, 5, is denoted as |||, ,, 5-

As examples, we consider two classes of symbols closely related to those defined in Defini-
tion 2.2. First, setting m = 0, we have that the z-independent symbols in B'S(i1 correspond
exactly with the class of Coifman-Meyer multipliers, defined later in Definition 3.1. Coifman-
Meyer multipliers are introduced in Subsection 3.1.1, and boundedness results for bilinear
pseudodifferentail operators associated with this class of symbols are well-understood, due
in large part to their categorization as bilinear Calderén-Zygmund operators (for a definition
and treatment of such operators, see Grafakos-Torres [33]). As a second example, we con-
sider a class which lacks some of the nice Lebesgue space boundedness properties exhibited
by Coifman-Meyer multiplier operators and is a particular instance of a family of inhomo-
geneous classes of symbols closely related to those given in Definition 2.2, which we define

next.

DEFINITION 2.3. Let o(z,&,m) € C*(R*\ {0}), 0 <6 < p <1, and m € R. o is in the
bilinear Hérmander class of symbols BS7's if, for all a, 3,7 € Ny, there exists C, 5, > 0 such

that

o Ca,B,
|020¢ 0o (w,&,m)| < (1+|§!+|nl)ﬁ"1+ﬂ‘—5h‘—m’ Y(x, & m) # (0,0,0).

Specifically, we consider B S(f,l for our second example, the so-called bilinear forbidden class
of symbols. The relationship between symbols in BS?,1 and B'S(L1 comes from the fact that,

given o € BS?J, we can decompose ¢ as a sum of one symbol which is supported within
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{(z,&,m) € R : [£] + |n| < 1} (and is therefore well-behaved and smoothing) and another
symbol which is in B.Sg,l. For pioneering work related to BSY,, see Coifman-Meyer [15]
(and the references it contains). Symbols in the forbidden class BSY?, are known to produce
bilinear pseudodifferential operators with a bilinear Calderén-Zygmund kernel, but they are
not, in general, bilinear Calderén-Zygmund operators themselves, as they do not always
possess mapping properties of the form LP x L9 — L" for 1 < p,q < oo with % + % = % >0
(for an explicit example, the construction of a symbol in BS?, which fails to map L* x L?
into L' may be found in Bényi-Torres [7]). However, mapping properties (including those
of type (1.3)) for bilinear pseudodifferential operators with symbols in BS}, have been
established in various other settings, including Sobolev spaces (see Bényi-Torres [7] and
Bényi-Nahmod-Torres [6]) and Besov and Triebel-Lizorkin spaces (see Bényi [3], Naibo [53],
and Koezuka-Tomita [42]). In general, much attention has been given to studying bilinear
pseudodifferential operators with symbols in BS;}(S for 0 < p<4§d<1and m € R and
related classes; see Bényi-Bernicot-Maldonado-Naibo-Torres [4], Bényi-Maldonado-Naibo-
Torres [5], Bényi-Torres [7; 8], Herbert-Naibo [36; 37], Koezuka-Tomita [42], Michalowski-
Rule-Staubach [46], Miyachi-Tomita [47-49], Naibo [53; 54], Naibo-Thomson [55], Rodriguez-

Lépez-Staubach [58], and references therein.

2.1.2 The case ¢ =1 and connections to Kato-Ponce inequalities

Considering the case 0 = 1 in Theorem 1.2, we obtain Kato-Ponce inequalities for Besov-type

and Triebel-Lizorkin-type spaces, as highlighted in the following corollary:

Corollary 2.4. If0 < p,g < 00, s, < s <00, and 0 < 7 < ]—1) + =22 4t holds that

n

1 9lier S 1 gsz 19l + 10 gl gz Vfg € So(B).

If0<p<oo, 0<qg<o00, s, <s< 00, and0§7‘<}—1)—l—%, it holds that

1/9]

b S Wl Mol + 17 e gl Vg € So(RY).

11



As will be discussed in Subsection 2.3.1, homogeneous Sobolev spaces may be realized as
particular cases of Besov-type or Triebel-Lizorkin-type spaces. Thus, we may recover (1.1)
in the case ¢ = py = oo directly from Corollary 2.4.

The proof of Theorem 1.2 may be regarded as a procedure for proving Leibniz-type
rules relating to function spaces which admit a molecular decomposition as introduced in
Frazier-Jawerth [24; 25]. Subsequently, the results of Corollary 2.4 yield the following type of
estimates in a given function space X which measures smoothness in some sense and admits

a molecular decomposition:

1Fallx S 1Al x N9l + 11F 1o Nl x - (2.4)

Chapter 1 details the historical development of results similar to (2.4) in the settings where
X is the homogeneous Sobolev space W*?(R™) with s > 0 and 1 < p < oo (in which case the
WeP(R™)-norm is defined via ||D*-||,,), and where X is the inhomogeneous Sobolev space

WeP(R™) for the same range of parameters (in which case the W*P(R"™)-norm is defined via

17501 )

2.2 Proof of molecular estimates

In this section, we present a proof of Theorem 2.1, which we break into a few steps. We
begin by obtaining a paraproduct decomposition for T, (f, g), with T, a bilinear pseudodif-
ferential operator as defined in Definition 1.1 having symbol o € BSYA as in Definition 2.2.
Lemma 2.5 below will provide such a decomposition suited for our purposes and is proved
in Subsection 2.2.1 (with ideas inspired by Coifman-Meyer [15]). We then procure formulas
for the derivatives of the building blocks within the paraproduct decomposition for T,(f, g),
appropriately evaluated as in Theorem 2.1. Said formulas are stated in Lemma 2.6, which
is proved in Subsection 2.2.2. Finally, we pull together the results of the lemmas in Subsec-
tion 2.2.3 to prove Theorem 2.1.

Throughout this section, we will make use of ¥ € S(R") satisfying (A.5) and (A.6) and

12



¢ € S(R™) defined via (A.7), along with functions ¢, ¢ € S(R") as defined in (A.9) and
(A.10) for which ¥ = ¥ and & = ¢P. We also note (A.3) and (A.4), which set notation
for certain families of operators associated to the ¥ and ®: Briefly, for j € Z, ¢ € R™, and
f € 8'(R"), we define AYF(€) = W(279€)f(€) and ST (€) = B(27) f(€)

Finally, before beginning to state and prove lemmas, we give a decomposition for the

symbol o that will be used throughout the section. Let § € S(R) be real-valued with

supp(f) C (—2,2) and 6(t)+6 (%) =1, Vi>D0. (2.5)
For o € B.Sﬁ, m € R, we define
g = ot &nd (1) and g =otngno (). wnener

so that ¢ = o' + 02, and therefore,

Ta(f;g) :Tal(fag>+Ta2(fag>a Vf,gGS(Rn)
As shown in Lemma B.1, o!,0% € BSTI, and we see by following the proof that

gl

lo

2
V067 g H%aﬁ 5 a<silg<5 HO’H%@B’ Va, 8,7 € Ng’

where the implicit constant depends only on «, 3, 7, and 6. Also, by endowing Sy(R") with
the topology inherited from S(R"), a standard argument using integration by parts allows
us to conclude that 7,1 is continuous from Sy(R"™) x S(R") to S(R™) and T2 is continuous
from S(R™) x Sp(R™) to S(R™). With this decomposition for ¢ in mind, we may proceed
with the proof of Theorem 2.1.

13



2.2.1 Construction of paraproduct decomposition

In this subsection, we state and prove Lemma 2.5, which gives a suitable paraproduct de-

1

composition for the operators 7,1 and 7T,» with the symbols o' and o? as defined above,

along with decay estimates for coefficients associated with the decompositions.

Lemma 2.5. Let m € R and o € BSTl. With the nmotation introduced above and given
N > n, there exist sequences of functions {C'[j](z,u,v)}jez and {C?[j](x,u,v)},cz defined

for x,u,v € R"™ such that iof v € Ny, then

sup |07C [j)(z, u,v)| S 2D i ez 0 =1,2, (2.6)

z,u,vER™
and if [ € So(R™), g € S(R™), and = € R™, it holds that

du dv

Ta(fo)e) = [ Sl u A AW @ Ty @0
and
Tolo. /)@ = [ S CllannlS d@AT A0 T w29

jez

— —
-~

where A7V f(€) = 7,9 (2796 f(§) and S}7g(€) = 7,273 ().

We will restrict our proof to verifying (2.7) and (2.6) in the case ¢ = 1, for the other

results in the lemma follow analogously. We will consider

~

Toi(f.9)(x) = / o (€. m) FLE)G )= € de

R2n

Taking into account (A.5), (A.8), and the fact that o' is supported within {(z,&,n) € R3" :
In| < 2[¢|} by definition, it is easily verified that ®(27-p) is equal to 1 within the support of
U(279¢)o! (z,€, ). To simplify notation, we will denote ®(275-) as simply ® going forward,

as the only features that o possesses which are of importance are its membership in S(R™)

14



and its compact support in a ball centered at the origin, both of which 21\3(2*6-) possesses as

well. Thus, we see that

V(279€)0t (x,&,m) = V(27962 )0 (x,€,m), Va,&,n € R j € L.

By also considering (A.6) and the facts that ¥ = ¢¥ and ¢ = ¢P, we have

UQZ@XZ2%>xuMWWMW%@

Z
=Z/@ )t (@, &, m) FEFm)e = de dn
JEZ R2n
= E o' [j)(x,277€,277 ) (2~ g) (2° 77)/\(5)2]\(77)62“”(&77) dé dn,
/
jGZ R2n

where o' [j](z, &, n) = o' (z,27¢, 2'n)y(§) o (n).
We now analyze o'[j] for j € Z. For any multi-indices «, 3,7 € NI, an application of
the Leibniz rule implies that 970¢87c"[j](x,&,m) can be written as a linear combination of

terms of the form
0 ()0 ¢(n) (07082020 |(w, 29€, 2m) 202 oy + ay = o, By + By = B

As mentioned in the introduction of Section 2.2, ol € BSTI, so the absolute value of each

term above is bounded by

lort ! | (60" 3| - 020820320 (.26, 27 29)
a1 5(£)9P1 a1 (€195
< gilaz+B2| 0 ¢(§)3 gb(n)’ — 9i(m+y]) IP(E)9™ o) J(m+1v])
~ (|27¢| + |2]7]|)\a2+52|—|7|—m (€] + |7]|)\a2+52|—|7|—m ~ ’

where all implicit constants are independent of j € Z, and in the first inequality we have

used (2.3) for o', and in the last inequality we have used that ¥(£)¢(n) is supported in
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{(&n) e R : 1 < €]+ |n| < 2}, so that

0 ()0% 50| 03], [0*9].

loaa+B2|—|y]-m — . 1\la2+B2|=ly[=m 9\ laz+B2|=|y[-m
(€1 + ) min { (1) (9 }

We now define coefficients in our paraproduct decomposition using o'[j]. For u,v € R",
set

Cll(, uyv) = (14 Jul® + [v]) Y Flo [5)(x, -, )}, v),

where by Flo'[j](z, -, )](u,v), we mean to take the Fourier transform of o![j](z, &, n) with
respect to (£,n7) € R* and evaluate at (u,v) € R?". Define the operator 1 — A, as
the identity minus the standard Laplacian operator with respect to both ¢ and 7, that is,
1= De)() = F = S5y (244 24). Since [ — Ag,J(e m00m) = (14 dn? uf? +

4n? |v]?)e2miwé+vn) e have that

€ (e, u,v)| = |6 [ [l 2o e, e dn} '

~ / 0Lo' (71w, & m)[L = Agy] ™ (e72m ) dg dn‘
R2%

- / 11— A, )N (@10 []) (s €, m)e270€40) e
Lg+mi<2

IA

[ 1= AN (070 []) (2, €,m) | dE dn
L<lgl+nl<3

< gilm+hl)

where in the third line we have taken into consideration the support of o'[j] and done
integration by parts, and in the last line we are using the fact that a finite sum of functions
uniformly bounded, up to a constant, by 2™+ (see (2.9)) integrated over a compact set

is itself bounded by 27(m+hl).

Finally, considering the Fourier inversion formula with ¢'[j], we obtain

. . I _ du dv
1r,: - — _ 11, 2mi(u-279E+v-277n)
g .] (ZL’,Q ]€a2 ]77) _/ C ] (IL',U,’U)G :
l R2n ) (1+ [u]* + Jo*)¥
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By substituting back into the formula for 7,1 and using property (A.3.3) of the Fourier

transform, we obtain

du dv
Ty (f.9) CHj)(z, u, v)e?™ w2 Tev2 ) }
=3 o[ [ Ctw0 TF R P

JEZ
U(279€)®(277n) F(€)G(n)e*™ =€) de dn,

= /R% ZClb] (x,u,v) /Rn 627riu-2*j§(1}(27j£) A(g)e%iz-g dg}

JEZ
Tiv-27INE (=G \ Tix- du dv
| [ e e |

du dv

o I CXRINAFICIE A

2 2
jez (1 ful” + o)

thus completing the proof of the lemma.

2.2.2 Representation for derivatives of paraproduct building blocks

We now state and prove Lemma 2.6, which leads to pointwise estimates relating to the
building blocks within the paraproduct decomposition established in Lemma 2.5. First, we

set some notation by defining, for u,v € R",

o' [u,v](z, &) ZCl z,u,0)7, (2776 T, B(27),

JEZL

s0 that Tyij.(f, 9) (@) = 3¢z C' i) (2, u, v) AT f(2) ]+ g(2) and

du dv
T 5,0 = [ ToranF.0)0) o .10

Similarly define o?[u,v]. The following lemma deals with derivatives of T,i[,,) and Tz,

evaluated at certain functions in S(R™) as required for Theorem 2.1:

Lemma 2.6. Ifye N}, ve€Z, k€ Z", u,v € R", and g,A € S(R™) such that supp(/A\) C

17



{Ee R 5 < [¢] <2}, then

1
O Torfu) (Mo 9) (@) =27 > 2esle o CH v — 6)(x, u,v)

6=—1
Y1+y2+73="Y

X Y[6,%2)(2"x — k 4 2°u) - [O[6, v3] * g(277)](2"x 4 2°v),

n

where Y[0, 2], O[6, v3] € S(R™) are independent of v, k, u, v, and g, and A, 4(z) = 22" A(2z—
k). An analogous formula holds for 0T,z .(f, Avk) with f € S(R™).

We are interested in studying derivatives of

Tty (Dks 9)(x) = > C ], 1, 0) ATV A (1) ST g (). (2.11)

JEZL

By properties (A.3.3) and (A.3.4) of the Fourier transform, we have

vn

Ror(€) = 29 FIA2Y - —k)|(€) = 27 272 W ER (20 (¢) = 27 % 272" PER (27¢), (2.12)

so the support of A, coincides with the support of /AX(Q_”-), which is contained within
fEeRM: 27 < J¢ < 2}, Since supp($(271)) C {€ € RY : 971 < |¢] < 2771}, we may
verify that @(Q_Jf)m(g) is zero whenever j < v — 1 or j > v+ 1. Thus, we simplify our

sum over j € Z in (2.11) to only run over v — 1 < j < v + 1, or equivalently, we consider

Tt fue) (Aues 9)( Z CHy = d)(w, u, 0)[(A]5A8) - (S]59)) ().

0=—1

Using the Fourier inversion formula, we have

—_—

AT A (2) = / T (27N, f(€)ePTE e,

S0 () = / B2 n)G(n) T iy,

18



We make these replacements in the representation for T,ip,.(Au, g)(z) obtained above,
along with using (2.12) and changes of variables £ — 2"¢ and n — 2"n, to reach a form for

Tt fuw) (A, g)(x) given by

1
S CH 6]z, u,0) (2 / ﬁ(zéamaem@“f—“fdg) (2” / ﬁ(z%)@(zvmemm”ﬂ-ndn).

6=—1

With this representation for T,1(, (Au, g) in mind, we define

Gslu, v, v, K](z) = C'[v — d](x,u,v) ( / mI@GAEeHmE e ds)

- (QW/ 7,8(20)§(2"n) X D d”),

so that for any multi-index v € Nj,

1
O T fu) (M, 9) () = 2% > D Gislu, v, v, k] (x).
6=—1

We conclude the proof by analyzing 0"Gs[u, v, v, k](z), which by an application of the Leibniz

rule, may be written as a linear combination of terms having the form

Ot s O CH v — 6) (2, 4, ) (/ T U (226)A(6)[(2mi2v €) 2 ePmi ke d€>

n

< (2 [ BEEE IR ) gt e =

By associating the (27i)” and (274)7 terms with the constant C., ., -, and using prop-

erty (A.3.3) of the Fourier transform, we see that each term above may be expressed as

2 02Ol = o) ([ e BEIRGE e g

% (2un/ 7773&\)(2677)/9\(21/77)e2m’(2”x+25v)-n dT]) )
Finally, utilizing properties (A.3.2) and (A.3.4) of the Fourier transform, we put everything
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together to obtain the desired result, that is

1
aWTal[“’U](AVzk’ g)(l‘) - 2% Z 2V‘72+W3|071172,736;Z1C1[V - 5](1:7 u, U)

6=—1
Y1+72+Y3="Y

X T[6,%)(2"% — k + 2°u) - [O[6,75] * g(27)](2"z + 2°),

where T[0,72], ©[d, 73] € S(R™) are defined via

—

T[0,7,)(€) = €2 T(2OAE)  and O[5, 5](n) = 7 B(2°).

By swapping the u and v variables, and replacing g with f, we obtain essentially the same

result for 07Tzp, 4 (f, Av ) ().

2.2.3 Conclusion for molecular decay properties

We now pull together Lemmas 2.5 and 2.6 to complete the proof of Theorem 2.1. Let
o € BSTD 1 <r<o0, 0 <M< oo, A e §R") such that A s supported within
{¢eR": 1 <|¢] <2}, and g € S(R"). By Lemma 2.6, we see that [0 T, (v, 9)(2)] is
bounded by

1

2% Y 2telen L, |0rC v - o) (,u,v))|

6=—1
Y1t+y2+73="Y

X ‘T[(Sv 72](2VI —k+ 26“)‘ ’ ||@[57 73] * 9(2—1/.)“[/00 :

By (2.6), we know |[0'C![v — 6](x,u,v)| < 20=9m+mD - Using this identity and Young’s

inequality (see Section B.2), we bound |07 Ty, (Av, 9)(x)| further by

1
95 gr(m+|y)) Z 2—5(m+|n|)07wm3 ||@[5773]||Lr"HQ(Q_V')|

6=—1
Y1+y2+73="Y

Y5, 7o) (2°x — k + 2°u)

Y

L’
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where 1 < 1’ < oo satisfies % + % = 1. We note that

—6(m+|m| m|+|y —
2 0(mtnl) < glml+] ‘7 Coiyas S max. {071,72,73}7
Y1+Y2+v3=Y

01893l < _max {[|e[5.7)
<y

b e@ e =2% Nl

so that we have

Y

1
|07 T (A 9) ()| S 2727000255 | gl L (8, 7)(2 2 — ke + 2°u)

o=—1
<y

where the implicit constant depends on m and v, but not on v, k, u, v, or g. Finally, we use

(A.2) to obtain the bound

(14 |2%u|)M

T[6,7](2"x — k + 2°u)| <
|T10,7)(2"x — k + “)‘~(1+|m—k|)M’

where the implicit constant depends on Y[d,7] and M, but we may take the max of such
constants over 6 = —1,0,1 and 7 < 7 so that the implicit constant depends only on v and

M. Therefore, we see that

9% gu(m+|n]) 92 !
|87T01[u,v](AV,k79)(l’)} 5 (1 + ‘2,,:1: — ]{f|)M ||g||LT Z (1 + |26u|)M )
o=—1

Plugging this result back into (2.10), we see that

du dv
P T (A g) (2 s/ O Tonnt (A g) (2
T B ) < [ 10T s 0] o s

94 gu(m-+|y))9 L2 ol Z§:_1(1+|25U|)Md p
~ gllrr wudv | .
(1 + |27 = kDM 0\ Jron (14 [uf® 4 Jo*)Y

Finally, letting V > 0 be large enough so that the integral converges yields the desired
result for T,1(Ayx, g)(x). The T,2(f, Ay x)(x) case follows by very similar calculations, thus

completing the proof of Theorem 2.1.
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2.3 Setting for Leibniz-type rules

In this section, we define a number of function spaces relevant to the Leibniz-type rule
estimates stated in Theorem 1.2. We begin by introducing homogeneous Besov-type and
Triebel-Lizorkin-type spaces in Subsection 2.3.1, which are the settings in which Theorem 1.2
is stated. Additionally, we give a number of special cases of such spaces, so that Theorem 1.2
will imply Leibniz-type rules in many familiar function spaces. In Subsection 2.3.2, we give
details on the general class of function spaces for which the procedures outlined in the proofs
of Theorems 2.1 and 1.2 may be utilized to obtain Leibniz-type rule estimates, with the
class of interest being spaces which admit a molecular decomposition in the sense of Frazier-
Jawerth [24; 25].

Before we start defining spaces, we set some notation, beginning with the following

definition:
DEFINITION 2.7. We denote by D the collection of dyadic cubes in R". That is, D =
{Qu}vez wezn, where

vak::{xeR":k‘jSij<k‘j+1,j:1,...,n}.

Additionally, for any Q € D, we denote its edge length by [(Q)) and its volume by |Q|, so that
(Qur) = 277 and |Q,x] = 277", Also, for Q@ = Q,x, we denote xg = x,; = 27"k, the

“lower-left” corner of the cube.

In the following subsections, we will require functions A\, A € S(R") satisfying some or

all of the following properties:

supp(A), supp(A) C {§ € R": 3 < [¢] < 2}, (2.13)
’X(&)‘ , K(ﬁ)) > ¢ for all £ such that £ < [¢] < 2 and some ¢ > 0, (2.14)
S M2 IOA2TE) =1 for £ £0. (2.15)
JEZ
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We may construct such a pair by considering real-valued ¥ € S(R") satisfying (A.5), (A.6),
and (2.14), then setting A = A = ¥z,

2.3.1 Homogeneous Besov-type and Triebel-Lizorkin-type spaces

For the definitions below, we fix A € S(R™) satisfying (2.13) and (2.14). In Definition 2.10,
the primary definition of this subsection, we define Besov-type and Triebel-Lizorkin-type
spaces, the settings in which we obtain results in Theorem 1.2. But first, we define a few
other important function spaces, which will help establish some context for the function
spaces in Definition 2.10.

Homogeneous Besov and Triebel-Lizorkin spaces, as presented in Definition 2.8, serve to
unify many well-known classical function spaces, including Lebesgue spaces, Sobolev spaces,
Hardy spaces, and BMO(R™). For a comprehensive overview of the aforementioned function
spaces and some historical context on the development of homogeneous Besov and Triebel-

Lizorkin spaces, see Triebel [63-65] and references therein.
DEFINITION 2.8. Let s Rand 0 < ¢ < 0.

(a) For 0 < p < oo, the homogeneous Besov space, denoted B;Q(R"), is the set of all

f € S§;(R™) such that

1/1

1
q
. (Z o ||A;-fuzp) .

=

(b) For 0 < p < oo, the homogeneous Triebel-Lizorkin space, denoted F;Q(R”), is the set

of all f € S)(R™) such that

1
q
< Q.

If1

b= [Zws Ay
j€ .
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In the case p = oo, Fso’q(R") is defined as the set of all f € S{(R™) such that

(ZjS’A?f‘)qu < 00.
)

o0

/]

1

o pen | 1] /P j=—loga(I(P
We note that the spaces in Definition 2.8 are independent of the choice of the function A
(see, for example, Triebel [65]). Also, these spaces are in general quasi-Banach spaces, and
in the case where p, ¢ > 1, are Banach spaces, having Sy(R") as a dense subspace if p and ¢
are finite.

Somewhat more recently, there has been growing interest in a new family of function
spaces called Q-spaces. Originally introduced in Aulaskari et al. [1] as @, 0 < s < 1, to be

a Banach space of analytic functions in the unit disk satisfying

sup / P gz w) d= < oo,
weB(0,1) J B(0,1)

log(1—wz)

where ¢(z,w) = —

is the Green’s function of B(0, 1), these spaces were further
developed in Euclidean spaces in Essén et al. [21] and shown to constitute a nested family
of nontrivial subspaces of BMO(R™) (for 0 < s < 1if n > 2, or for 0 < s < 1 if n = 1).

Stated in full generality, we make the following definition:

DEFINITION 2.9. Let 0 < s<1,0<p <o, and 1 < g < oo. The ()-space, denoted Qf;q, is

the set of all f € S;(R™) such that f(z) — f(y) is measurable on R” x R" and

1
_ q q
=l H{ [ [T a0} < o
P I 1Jr

1£]
|z —yl

where I ranges over all cubes in R™ with dyadic edge lengths.

As shown in Essén et al. [21], @, coincides with Q%% and such spaces have applications in
the study of Navier-Stokes equations (see Xiao [66; 67]).
We are now able to motivate the definition of our primary function spaces of interest.

Homogeneous Besov-type and Triebel-Lizorkin-type spaces, defined below in Definition 2.10,
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were introduced and studied in Sawano-Yang-Yuan [61] and Yang-Yuan [68; 69] as natural
spaces which extend and unify the scales of homogeneous Besov spaces, homogeneous Triebel-
Lizorkin spaces, and (J-spaces, all as defined above, and therefore unify scales of many

familiar function spaces obtained as particular cases, as detailed following Definition 2.10.
DEFINITION 2.10. Let s,7 € Rand 0 < ¢ < 0.

(a) For 0 < p < oo, the homogeneous Besov-type space, denoted B;;;(R”), is the set of
all f € §§(R™) such that

Q=

1 > ,
oS, T rap—— J$ )\ p .
171 Bplg ]SDEII)) 1P| Z {/P(z |A] f(x)|) dx <00

j=—logy(I(P))

(b) For 0 < p < oo, the homogeneous Triebel-Lizorkin-type space, denoted Fpqu(]R") is
the set of all f € S{(R™) such that

1 > .
ns,r 1= SUP ——= 25 A f(2))1| dxp < oo.
Mg =swzed [ |2 @ lairw)

j=—logy(I(P))

From these definitions, it is easily seen that, for s,7 € R and 0 < p < oo, B;:; = F;’g . Also,
as in the case with Definition 2.8, we note that the spaces in Definition 2.10 are independent
of the choice of A (see Yang-Yuan [69, Corollary 3.1]). As in [69], we will use Az;g(R") to
denote either B;’;:g(R”) or F;qT (R™), excluding p = oo in the latter case. Additionally, for

ease of notation we will often refer to |||

A7 @S a norm throughout the remainder of the
chapter, despite the fact that it is only a norm if p,¢q > 1 and is otherwise a quasi-norm.

Special cases of AZ:Z(R”). We refer the reader to Yang-Yuan [68, Section 3] and [69,
Proposition 3.1] regarding the following statements about particular cases and unification
properties of AZZZE(RH)' Whenever we say that two spaces coincide, we mean to say they are

comprised of the same set of functions and their function space norms are equivalent.

(i) Let 0 < p,g < oo and s € R. If oo < 7 < 0, then A;g(]R”) = P(R"), where P(R")
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s

denotes the set of all polynomials on R™. If 0 < 7 < o0, then Ap (R™) is a quasi-Banach

a
space with Sp(R") C AZZZ(RN)'
ii) If 0 < p,q < 0o and s € R, then B*9(R") coincides with the homogeneous Besov space
p,q g
By (R™).

(ili) f0 < p < 00,0 < ¢g<oo, and s € R, then F;’g(R”) coincides with the homogeneous
Triebel-Lizorkin space F;q(Rn), with Flgz coinciding with the Hardy space HP(R").
Further, if 1 < p < oo, then F;’Q(R") coincides with the homogeneous Sobolev space

WsP(R"), and F,(R") coincides with LP(R") (see Theorem A.3).

- S7l . . .
(iv) f0<p<o0,0<q<o0,and s € R, then F,J (R™) coincides with the homogeneous

Triebel-Lizorkin space Fgo,q. In particular, F; 7 (R™) coincides with BMO(R").

- S7l 1 . . .
(v) f0<p<oo,1<g<oo,and 0 < s < 1, then F,y ”(R") coincides with the Q-space

Q>9(R"). In particular, F;:QE_%(R”) coincides with @ (R").

(vi) Further special cases of the spaces AZ:Q(R”) involving homogeneous Besov-Morrey and
Triebel-Lizorkin-Morrey spaces (along with definitions of said spaces) can be found in

Sawano- Yang-Yuan [61, Theorem 1.1].

We make particular note of the new Leibniz-type rules obtained by realizing ()-spaces as
particular cases of Triebel-Lizorkin-type spaces. Theorem 1.2 yields the following immediate

corollary providing Leibniz-type rules for Q)-spaces:

Corollary 2.11. Let s,s +m € (0,1) and o € BSTl. If1<qg<p<ooandq+# oo, it
holds that

IT5(f, 9)]

sa S [ Fllggrma llgllpe + 1 Fll e Nlgllggrma,  ¥f 9 € So(R™).

In addition, by considering the case ¢ = 1, Corollary 2.11 yields fractional Leibniz rules for

(Q-spaces.
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2.3.2 Families of smooth synthesis molecules and spaces admitting
a molecular decomposition

The ideas in this subsection are based on the pioneering work done in Frazier-Jawerth [24; 25],
with specific results as they relate to homogeneous Besov-type and Triebel-Lizorkin-type
spaces studied in Yang-Yuan [69)].

We begin this subsection with a type of wavelet decomposition for functions in a variety

of spaces. Fix A € S(R") satisfying (2.13) and (2.14), and define
Mor() =22 N2% — k) = 22 A2 (2 — w,1)), (2.16)

where we note that ||A[|,» = [[Avx| ;2. Given A € S(R™) satisfying (2.13), (2.14), and (2.15),

the following wavelet-type decomposition holds:

F= Y {f hm o, (2.17)
VELkELN
where the series converges for f € L?(R") in the topology of L?(R"™), for f € Sy(R™) in the
topology of S(R™), and for f € S’'(R™) in the the topology of &’'(R™) modulo polynomials
(see Frazier-Jawerth [24; 25] for details). Note that the notation (-,-) denotes the standard
inner product for complex-valued functions.
For some needed results relating to the wavelet decomposition given in (2.17), we require

sequence space analogs to Definition 2.10:
DEFINITION 2.12. Let s e R, 0 <7 < 00, and 0 < ¢ < o0.

(a) For 0 < p < o0, define the sequence space BZZZ(R”) to be the collection of all sequences

t = {tg}gep C C indexed by the dyadic cubes such that

TR

o0

]_ s _ 1
is,r = SUDP —— 2t x dz < 00.
sy 2 |, PIRCI e

j=—1logy(I(P)) Q=277

I

27



(b) For 0 < p < oo, define the sequence space f;7(R") to be the collection of all sequences

t = {tg}gep C C indexed by the dyadic cubes such that

p 1
q P

1 / _s_1
s = SUP ———= Q ~ 2|t ) dr p < oo
BT SR ), [Z(I 772 ltal xa(®))

QCP

1t

As in the case of AZ:HRR)’ we will use ;7 (R™) to denote either l};:g(R”) or ;’; (R™), excluding
p = oo in the latter case. A direct connection between the function spaces A;:g(R”) and
the sequence spaces @7 (R") was established in Yang-Yuan [69, Theorem 3.1}, wherein it

was shown that the two spaces are related in the following way: If 0 < p,q < 00, s € R,

0<7<o0, feS(R"),and A € S(R") satisfies (2.13) and (2.14), then

1 sz ~ I A b

b (2.18)
For our proof of Theorem 1.2, we will make use of (2.18), along with one additional norm
comparison property relating AZ:Q(R") and ay7(R") stated below as (2.20), for which we
require a few additional definitions.

In Frazier-Jawerth [24; 25], the authors study sequence spaces characterizing homoge-
neous Besov spaces B;q (R™) and Triebel-Lizorkin spaces F;q (R™), obtaining norm relation-
ships akin to (2.18) and (2.20), with the latter requiring a notion of families of smooth
synthesis molecules in B;VQ(R") and FPSVQ(R"). Such families are related to almost-diagonal
operators, another notion defined in [24; 25] which contributes to verifying boundedness
properties similar to (2.20). In Definition 2.13 below, we give an analogous characteriza-
tion for families of smooth synthesis molecules in AZ:Q(R"), as presented in Yang-Yuan [69,
Definition 4.2]. First, for s € R, define s* := s — |s|, where |s| denotes the largest integer

smaller than or equal to s. Also define

._ 1 OAST (TN — RS,T (PN
Sy =n (—min{l’p} — 1) : S sp+mn if AST(R™) = By (R™), (2.19)
Sp7q =N (m — 1) s Sp,q +n if Az:g(Rn) = F;;;(Rn)
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DEFINITION 2.13. Let0 <p,g<o00,s €R,0<7 <o0,and ) € D. Afunctionmg : R" = C

is a smooth synthesis molecule for Az’,g(R”) if there exist 6 and M satisfying
max{s", (s+n7)"} <6 <1 and J <M < o0,

such that the conditions given below hold for all x,y € R™:
(i) For~y e Ny with |y| < max{|J —n — s|, —1}, mq satisfies a vanishing moment condition
given by

mg(z)z" dz = 0.
Rn

(ii) mg satisfies a size estimate given by

lo]:

‘TTLQ(QZ)‘ < (1 n Z(Q)_l |l‘ _ IQ’)max{M,M—s}'

(iii) For v € N§j with || < [s+n7],

1
| | 2 n

A +UQ)" |z — o)™

|07 mg ()] <

(iv) For v € N§ with |y| = |s + n7],

Q5
|0"mq(z) — 0"mq(y)| < sup :
¢ PI= e T Q) o = = — ag)
A collection {mg}gep indexed by the dyadic cubes is called a family of smooth synthesis

molecules for Af,:g(]R”) if each mg, is a smooth synthesis molecule for AZZQ(R”).

For a smooth synthesis molecule mg, property (i) of Definition 2.13 states that m¢ and
sufficiently many of its derivatives must be zero at the origin, since property (A.3.5) of the
Fourier transform implies that, for any v € Nj,

o) ~ |

2Vmeg(z)e 20" dx:/ 2"meg(z) dx.

n
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The remainder of the properties imply that m¢ and sufficiently many of its derivatives decay
away from the dyadic cube @ by which the function is indexed, where said decay is enough
to verify a so-called almost-diagonal condition on certain operators associated with families
of smooth synthesis molecules for Af;;(R”). Below, we conclude the subsection with two
remarks: Remark 2.3.1 shows that any mg which satisfies property (iii) of Definition 2.13
for all v € Nj with |y] < |s+n7| + 1 necessarily satisfies property (iv) with § = 1,
and Remark 2.3.2 verifies that {\, x}vezrezn and {A,x}vezkezn (as defined in (2.16)) are
families of smooth synthesis molecules for any AZZQ(R”) with parameters s, 7, p, and ¢ as in
Definition 2.13, § = 1, and any M > J.

In the proof of Theorem 1.2, we will make use of Theorem 2.14 below, which gives certain
norm comparisons associated with families of smooth synthesis molecules on A;:;(R”), and
is proved in Yang-Yuan [69, Theorem 4.2] by analogous ideas on almost-diagonal operators

used to prove Frazier-Jawerth [25, Theorem 3.5].

Theorem 2.14. Let0 < p,q < 00, s € R, and0 <7 < T, where ifmax{|J —n —s|,—1} >

0,
1 M—-J 1 1—(J—s)
T::min{——i- J,——FM};
P 2n ' p n
or if max{|J —n—s],—1} <0,
. {1 M~-J 1 s+n—J}
T = min{ — + =t —.
P 2n ' p n

If {mq}oep is a family of smooth synthesis molecules for AS’;(R”) with parameters § and

P,

M satisfying max{s*, (s +n7)*} <d <1 and J < M < oo, then

Z tomq

QeD

d;’,; ; Vt = {tQ}Qe'D S a;’;(Rn), (220)

S

Ay
where the implicit constant does not depend on the family of molecules.

Remark 2.3.1. Suppose mg : R" — C satisfies property (iii) of Definition 2.13 for some
M > Jand all y € Nj with |y| < |s + n7]+1. We will see that m also satisfies property (iv)
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with 6 = 1. Indeed, let v € N{ with |y| = |s+ n7]. Then, for any z,y € R", the Mean
Value Theorem implies the existence of some ¢ € (0,1) with z,, = tx + (1 — t)y and
"me(x) — I'mq(y)

VOI'mo(zzy) = pr—y .

Note that [V "mq(2ey)| < D751 |07 9mg(2,,)] with |y +e;] = [s+n7] + 1, so that by
property (iii), we see

1_ |yl+1

g Q72 |z —y]
0" mo (@) — Fmo(y) < S |0 mo(z,)| |z — yl < n- sup 7
¢ Wl=2 | olzey)| ey (L UQ) [z — 2z — ag )M

j=1

where we have used that z,, = x — z for some z € B(0, |z — y|). Therefore, property (iv) is

satisfied, as desired.

Remark 2.3.2. Let p, q, s, and 7 be as in Definition 2.13, and fix v € Z, k € Z", and A € S(R")
satisfying (2.13). We will show that A, x, as defined in (2.16), is a smooth synthesis molecule
for A;’; with parameters § = 1 and any M > J. Considering the arguments made following
Definition 2.13, we see that A, satisfies property (i) since )\/,,\k has the same support as
//\\(2*”-) (see (2.12)), which is compactly supported away from the origin. Next, let v € N.

Since

M \p(z) = O[22 N2" (2 — Tyr))] = 2% [N (2 (x — xm))Q”M,

we use Definition 2.7 and (A.1) (since 9"\ € S(R™)) to see that property (iii) holds for
any v € Ny (and subsequently, property (iv) holds as reasoned in Remark 2.3.1, as does
property (ii) by taking v =0 and N = max{M, M — s} in (A.1)).

2.4 Proof of Leibniz-type rules

We proceed with the proof of Theorem 1.2. Fix A\, A € S(R") satisfying (2.13), (2.14), and
(2.15). We will consider only T,1(f, g); analogous steps apply to T,2(f, g). For f, g € So(R"),
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we have

T0'1<f7 g) = Z <f7 )‘V,k>T01<AV,kag)7

VELkELT
with convergence in S(R"), and where we have used that T, is continuous from Sy(R™) x
S(R™) into S(R™), that (2.17) converges in Sp(R™), and the linearity of T,.1.

Theorem 2.1 implies that, for a constant ¢; implicit in inequality (2.1), we have that

{ Cl2iumT0'1 (Au,ka g) }
||g||L°° vETZ kETN

is a family of smooth synthesis molecules for any AIS,

(R if 0 < p,g < 00, s> J —n, and
0 <7 < oo (withd=1andany M > J). Indeed, property (i) of Definition 2.13 is vacuously
satisfied since |J —n — s] < 0. Further, by Theorem 2.1, we have for any v € Z, k € Z",

and v € N,

vn _1 _I
- {clz—va(,l(A,,,k,g)} (@‘ 220 |QIF|QI
9]l £ Y+ 2ve = kDM (1 UQ) T |z — w )M

where we have used Definition 2.7. Since the above holds for all v € Nj, we see that
properties (ii), (iii), and (iv) hold (for (ii), consider v = 0, keeping in mind that the result
of Theorem 2.1 holds for any 0 < M < oo, that is, it holds for max{M, M — s}; for (iv), see
Remark 2.3.1).

We will apply (2.18) without any restrictions below, but to apply (2.20), we require that
0<7< i + %, so as to satisfy the hypotheses of Theorem 2.14 (we may choose any

M > J, so we let M be large enough so that the minimum in the expression for 7 in
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Theorem 2.14 equals i + SJ“%]) Considering T,:(f, g), we have

HTol (f> g) HA;:Z = Z <f7 AV,/C)Tal (Au,ka g)

vEZLkEL™

A1S,T
Aqu

cl —vm o Ay :
ST @ gl () (2T B g))

vEZL KELN ||g||L°°
< 2™ g e 4> Mt bkl

= H{<f7 Au,k)}l/,k

AS,T
Aqu

a1
Ap,q 9 L

Nl Nl e

where in the first line we have used the decomposition for T,:(f, g) given above, in the third
line we have used Theorem 2.14 and the fact that the piece in parentheses in the second line
is a smooth synthesis molecule for Af,g (R™), in the fourth line we have used that, if Q = Q,,
then

__s8+m

|Q‘—% gum _ gusgum _ 21/(m+s) — |Q| -

(see Definition 2.12), and in the final line we have used (2.18). Following the above calcula-

tions, we obtain an analogous result for T,z (f, 9), namely that || To2(f, )|l iz < [[f1 e (9] istmr.

Since T,(f,g9) = Ty (f,9) + T,2(f, g), we use the subadditivity (or quasi-subadditivity, if p

or q is less than 1) of the AZZZ(R”)—norm to obtain the desired result.

2.5 Remarks on Leibniz-type rules

We conclude this chapter with a few remarks regarding extensions of Theorem 1.2. Re-
mark 2.5.1 below gives analogous results for the cases s < s, and s < s, , by assuming some
additional cancellation conditions on operators 7,1 and T2, and Remark 2.5.2 discusses how
the proof of Theorem 1.2 could be altered slightly to give results involving the L"(R")-norm
of functions, 1 < r < oo, instead of the L>*(R")-norm of functions. Finally, Remark 2.5.3

examines how the implicit constants in Theorems 2.1 and 1.2 depend on the symbol o.
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Remark 2.5.1. Let m € R, 0 € BSTI, and 0 < p,q < oo, as in the hypotheses for Theo-
rem 1.2. Unlike the statement of Theorem 1.2, let s < J — n. The proof of Theorem 1.2 in
Section 2.4 nearly works exactly in this case, with the only difference being that property (i)
of Definition 2.13 is no longer vacuously true. By imposing some cancellation conditions on
T,1 and T,2, we will see that property (i) of Definition 2.13 is satisfied, which then implies
the results of Theorem 1.2 in the case where s < J —nand 0 < 7 < i + 1=U=9)"  The

n

cancellation conditions we require are as follows:
T (27, 9) =T3(f,27) =0, Vf,g€Sy(R"),ye€ Ny with |[y| < |[J—n—s],

where T*! and T*? denote the adjoint operators of a bilinear operator T'. Specifically, if T
is continuous from Sy(R™) x Sp(R") to S(R™), then T*! and T*?, which map from S'(R") x
So(R™) to SH(R™) and from Sp(R™) x S'(R™) to S{(R™), respectively, are defined as

(h,T(f,9)) = (T (h,g). f) = (T**(f,h), g).

The cancellation conditions above imply, for v € Z, k € 7", and v € Ny with |y| <
|JJ —-—n-—= SJa

/ waol (/\V,kag)(x) dr = <$77T01 (>‘V,7mg)> - <T:11<$77g), /\V7k> = 07 ‘v’g € SO(RH)>

and similarly for T,2(f, A\, x). Thus, the families of functions indexed over dyadic cubes
defined in Section 2.4 satisfy Definition 2.13 as families of smooth synthesis molecules for

A;:g, so the proof given in Section 2.4 applies directly in this case.

Remark 2.5.2. Let m, o, p, q, s, and 7 be as in the hypotheses of Theorem 1.2 or Re-

mark 2.5.1, and let 1 < r < oo. Since the families

{ Cl2iym2_% ol (Au,ky g) } and { CgQiVmQ_%TUQ (f, AVJg) }
gl - veL kEL" [ralre veL keL"
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are also families of smooth synthesis molecules for A;’;(R"), we may follow the reasoning in

Section 2.4 to obtain

1T5(f 9 gy < 111

geeme o gl + 1N Nlgl
P,q

isFm+ % .
Apvq

Remark 2.5.3. By carefully following the proofs of Theorem 2.1 and Theorem 1.2, we may
verify that the implicit constants in the results of the theorems depend linearly on |[o|| ,

for some K, L € N, where

HOHK,L = |7|§£}2§5‘§L H0—||'y,a”8a

and ||| is as in Definition 2.2. We omit the careful tracking of constants here, but

v,
we may find that the implicit constants in the inequalities of Theorem 2.1 are multiples of
lo ]l 2x with N € N such that N > M +n, and where 7 and M are as in the statement of
the theorem. In turn, this implies that the implicit constants in Theorem 1.2 can be taken

to be multiples of [|o|| |\, 41 0n With N > max{J +n,2(s+n) — J + n}. The latter is also
true for the inequalities from Remark 2.5.1 with N > J +n+2(1 — (J — s)*).
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Chapter 3

Weighted Fractional Leibniz-Type
Rules for Bilinear Multiplier

Operators

3.1 Introduction

Our objective in this chapter is to prove the weighted Leibniz-type rules presented in The-
orem 1.3 and Theorem 1.4. In Subsection 3.1.1, we introduce the classes of multipliers ap-
pearing in the statements of Theorems 1.3 and 1.4, along with a history of the development
of boundedness properties for associated multiplier operators. Then, in Subsection 3.1.2,
we highlight new Kato-Ponce inequalities relating to Theorems 1.3 and 1.4. We give the
rest of the background for Theorems 1.3 and 1.4 in Section 3.2, including definitions and
notation relating to weighted Lebesgue spaces and a number of lemmas containing square
function-type estimates for weighted Lebesgue spaces which will be useful in proving the
main Leibniz-type rule results. We conclude the chapter with Sections 3.3 and 3.4, wherein

we prove Theorems 1.4 and 1.3, respectively.
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3.1.1 Coifman-Meyer multipliers

In this section we introduce the classes of multipliers considered in Theorems 1.3 and 1.4.
DEFINITION 3.1. Let o(&,n) € L>®(R?") be smooth away from the origin.

(a) o is a Coifman-Meyer multiplier if, for all o, 5 € N, there exists C, s > 0 such that

C
9208 < o, v 0,0). 3.1
‘ I3 na<£an>| = (|€| + |77D|a‘+|ﬁl’ (5777) 7&( ) ) ( )
(b) Letn =ny+ngforny,ny €N, € = (&,&),n=(n,m2) € R™ xR™. o is a biparameter
Coifman-Meyer multiplier if, for all @ = (v, as), 5 = (b1, f2) € Ni* x Ni2, there exists

Cu 3 > 0 such that

Cop
‘fl| + ’n1|)|a1|+|ﬁ1|<|€2’ + ’n2|)|a2|+|52|7

|0¢0a(€,n)| < ( V(€ n) #(0,0).  (3.2)
We note that symbols which satisfy (3.1) necessarily satisfy (3.2). As outlined in Subsec-
tion 2.1.1, the class of Coifman-Meyer multipliers coincides exactly with the z-independent
symbols in BS?’l.

Boundedness properties associated to a general bilinear pseudodifferential operator T,

have the following form in the setting of Lebesgue spaces:

1o (f Dl e S WA o gl o - (3:3)

When ¢ is a Coifman-Meyer multiplier, such estimates have been extensively studied; in
particular, (3.3) holds for 1 < p, ¢ < oo and r such that % = %jﬁ. See Coifman-Meyer [15] for
the introduction of Coifman-Meyer multipliers and the study of their boundedness properties
on L*(R"), and see David-Journé [18] and Grafakos-Torres [33] for further work. Also relating
to Coifman-Meyer multipliers, estimates similar to (3.3) in the context of weighted Lebesgue
spaces are considered in Grafakos-Torres [32], with further development of results in Lerner

et al. [45], wherein the authors prove weighted boundedness results for a more general class of
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operators, the class of bilinear Calderén-Zygmund operators. Analogous estimates relating to
biparameter Coifman-Meyer multipliers have also been studied. In particular, boundedness
properties for T, with o satisfying (3.2) with n; = ny were proved in the unweighted setting
in Muscalu et al. [50; 51] and Lacey-Metcalfe [44] (see also Journé [38] for some earlier specific

case results) and in the weighted setting in Chen-Lu [13].

Remark 3.1.1. There is a natural connection between studying fractional Leibniz rules and
Coifman-Meyer multipliers. For example, in studying (1.1), we may obtain a decomposition
given by

D*(fg)(x) =T (D f, 9)(x) + To2(f, D°g)(x) + Toa(D* f, g) (),

1 2

where o! and o2 are Coifman-Meyer multipliers for s > 0, while 0% is a Coifman-Meyer
multiplier if s > 2n+1 or s € 2Nj. Since boundedness properties relating to Coifman-Meyer
multipliers are well-understood (based upon the works mentioned above), we may readily
obtain bounds for some pieces of the decomposition above; the T,s piece requires further

3 is not, in general, a Coifman-Meyer multiplier,

analysis for s < 2n 4 1, in which case o
nor does it belong to any class of symbols for which boundedness properties in the setting
of Lebesgue spaces are known to hold. A similar connection may be drawn in relation to
(1.2) by decomposing J*(fg)(z) as a sum of two Coifman-Meyer multipliers and a third
multiplier operator requiring additional analysis, and in relation to fractional Leibniz rules

associated to D' D3*( fg) by utilizing a decomposition involving biparameter Coifman-Meyer

multipliers and other multiplier operators for which further analysis is needed.

3.1.2 The case ¢ =1 and connections to Kato-Ponce inequalitites

Restricting to the case ¢ = 1 in Theorems 1.3 and 1.4, we obtain weighted counterparts
to the fractional Leibniz rules, or Kato-Ponce inequalitites, introduced in Chapter 1. Even
in this simplest case, where T,(f, g) is replaced by the pointwise product fg, Theorem 1.3
and Theorem 1.4 yield new estimates, highlighted in Corollary 3.2 and Corollary 3.3 below.
Specifically, the estimates in Corollary 3.2 are new for the cases p = 0o or ¢ = oo (for

1 < p,q < 00, see Cruz-Uribe-Naibo [17]), and the results in Corollary 3.3 are new.
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Corollary 3.2. Let 1 < p,q < 00, 1 <r < 0o such that + = %%—%, and s > max{0,n(:—1)}

ors € 2Ny. Ifve A,(R™) and w € A,(R™), then for all f,g € S(R™), it holds that

ID* (DN bty S NP Fllioy 191 oy + 11 2oy 1P°9l Loy »

17D e ooty S NIl ooy 19l oy + 1 ooy 179l 2oy

where the implicit constant depends on p, q, s, [V]a,, [w]a,, and 0. If v = w, different choices

of p and q are allowed in each term on the right-hand side of the above inequalities.

Corollary 3.3. Let n = ny + ny for ny,ny € N, &€ = (£,&),n = (m,m2) € R™ x R,
Further, let 1 < p,q < oo, % < r < oo such that % = Ilj + %, and sp > maX{O,ng(% - 1)},
(=1,2. Ifve A, R™ x R™) and w € Ay(R™ x R™), then for all f,g € S(R™), it holds
that

105 D5 (F) o0y 108 D5 s 191 gy + 105 F L0 1 D

F D2 Fll oy 197 9l oy + 171l ooy 197 D39 Loy

where the implicit constant depends on p, q, s1, S2, [U];lp, [w];lq, and o. If v = w, different

choices of p and q are allowed in each term on the right-hand side of the above inequality.

Notice that, by considering weights identically equal to 1, the results of Corollary 3.2 recover
(1.1) and (1.2), while the results of Corollary 3.3 would yield biparameter Kato-Ponce in-
equalities, as studied in [30; 50]. It is also worth noting that the assumptions on s, s1, and
S in the corollaries above (and therefore in the main theorems) are sharp; the estimates do
not necessarily hold if s < max{0,n(X —1)} in Corollary 3.2 or if s, < max{0,n¢(+ — 1)} for

¢ =1 or ¢ =2 in Corollary 3.3. This was shown in the unweighted case in Grafakos-Oh [30].
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3.2 Setting for Leibniz-type rules

In this section, we will introduce weighted Lebesgue spaces, the class of function spaces
with which the main results of the chapter are concerned. Some background is needed first,

beginning with the Hardy-Littlewood maximal operator:

DEFINITION 3.4. For a locally integrable function f defined on R", define the Hardy-Littlewood

maximal operator through its action on f given by

1 n
M(P)(a) = sup oo /Q F)l dy, Vo € R,

where the supremum is taken over all cubes () C R™ containing .
We will also require biparameter versions of the Hardy-Littlewood maximal operator:

DEFINITION 3.5. Fix ny,ny € N such that n = n; + ny. Define the Hardy-Littlewood
maximal operators M) and M2 by their actions on certain f defined on R" as follows: If

f(+,z2) is locally integrable as a function on R™ for a.e. x5 € R"2, then

M (f)(a1,29) = sup —

0.0 |f(y1, 22)| dyr, Y(z1,22) € R™ X R™,
Q1371 |Q1| Q1

where the supremum is taken over all cubes ; C R™ containing z1. If f(xy,-) is locally

integrable as a function on R"* for a.e z; € R™, then

1
Mig<f)($1>$2) = Sup —=— |f(z1,92)| dya,  V(71,72) € R™ x R™,
Q23x2 |Q2| Q2

where the supremum is taken over all cubes ()2 C R™ containing xs.

Many of the results referenced throughout the paper pertaining to M will have biparameter

analogs associated to M}

L and M2 which will be detailed as necessary.

We next highlight a pointwise inequality in terms of M that will be useful throughout
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the chapter. Fix ¢ € S(R"), and begin with the pointwise inequality

lso <-> * f(x)

W <||@llp Mf(x), ae zeR", (3.4)

sup
>0

where ¢ is an integrable radially-decreasing majorant of ¢ (for a proof, see Grafakos [26,
Theorem 2.1.10]). Considering a translation of ¢ in the above inequality, we obtain the

following estimate involving 7,4 = ¢(- + u) and M:

e (3) x (@)

; ; <A+ u)" P Mf(z), ae xR (3.5)

sup
>0

This comes as a result of (A.2), which implies the existence of an integrable radially-

< ()

| < el where the implicit constant depends

decreasing majorant given by |7,p(x)

only on n and ¢. Thus,

dx

(1 fup? Y
~ 7 = (14 |u n+ — < 1+ |u n+1,
H = [ e <)

T+ [

where the implicit constant depends only on the dimension n.

3.2.1 Weights and weighted Lebesgue spaces

We begin by defining the weighted analogs to standard Lebesgue spaces, which essentially
allow us to assign more or less weight to different regions of R” when measuring size via

integration:

DEFINITION 3.6. A weight on R"” is a nonnegative locally integrable function defined on R".
Given a weight w on R™ and 0 < p < oo, define the weighted Lebesgue space L”(w) as the

class of measurable functions defined on R™ such that

v = ([ 10wt ) < o

We define L™ (w) = L>®(R™).
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Note that for w = 1, LP(w) is simply the standard Lebesgue space LP(R™). The hypothe-
ses of Theorems 1.3 and 1.4 reference the Muckenhoupt classes A,(R™) and the product
Muckenhoupt classes A,(R™ x R™?), collections of weights which are well-studied since they
characterize boundedness properties of the Hardy-Littlewood maximal operator in weighted

Lebesgue spaces. In particular, for 1 < p < oo,
we AR = [Mfllpw) Sl VS, € LP(w). (3.6)
Classically, A,(R™) is defined as follows, which is equivalent to (3.6) (see, for example,

Grafakos [26, Theorem 7.1.9]):

DEFINITION 3.7. If 1 < p < oo, the Muckenhoupt class A,(R") is comprised of all weights

w on R™ satisfying

wly, =sup (5 [ wtorae) (G [wer ) <o

where the supremum is taken over all cubes ) C R™. We define A (R") :== U,=14,(R™).
The biparameter analogs to these standard Muckenhoupt classes are then defined as follows:

DEFINITION 3.8. Fix ni,ny € N such that n = n; +ne. If 1 < p < o0, the product

Muckenhoupt class A,(R™ x R"?) is comprised of all weights w on R™ satisfying

= (g [wrte) (o [ ot d) < oo,

where the supremum is taken over all sets R = ()1 X ()2, with cubes (); C R™ and ) C R™2.

We define A (R™ x R™) := U, A, (R™ x R™).

It is worth noting that, if w € A,(R™ x R"), then w(-,z2) € A,(R™) for a.e. x5 € R,
and w(zy,-) € A,(R™) for a.e. x; € R™, with constants uniform in z; and xy (specifically,
[w(-, z2)] 4 and [w(z1,)],, are bounded uniformly in 1 and z3). Consequently, the operators

M, and M2 are bounded from LP(w) to LP(w), which can be seen by iterating norms.
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For example,
Mo o = [ M fE )] doy S | G 22l dxy = || £}
n1J || Le(w) n1d 2| pp (R w(-a)) T2~ 2L (R™M w(-yaz)) T2 Lr(w) >
R"2 R"2

where we denote || £ (-, 22) || 1o @n1 aw(e)) = (S [F @1, 22) [P w (w1, 22) dyl)% (and similarly for
M2).

Remark 3.2.1. The process of iterating norms used above to verify biparameter results
will be a common tool in proving many results in subsequent sections. The same rea-
soning may be applied, so long as the result corresponding to HM}Zlf(, :Eg)HLp(Rnl’w(.m)) <
1F (5 22) [ ot (- g)) from above is uniform with respect to the necessary parameters (which

will often result from the fact that w € A,(R™ x R"2) implies [w(-,22)], and [w(z1,-)],

are bounded uniformly in z; and z3).

3.2.2 Littlewood-Paley operators and square function-type esti-
mates

The following square function-type estimate, known as the weighted Fefferman-Stein max-
imal inequality (introduced in Fefferman-Stein [22]), is a vector-valued version of bounded-
ness properties relating to the Hardy-Littlewood maximal operator: If 1 < p,q < oo and
w € A,(R™), then for all sequences {f;};ez of locally integrable functions defined on R”, it
holds that

< (Z |fj|">q 7 (3.7

JEL JEZL L7 (w)

(Z IM(fj)|q>

Lr(w)
where the implicit constant depends on p, ¢, and [w] A, By iterating norms just as we did
in showing that M), was a bounded operator (see Remark 3.2.1), we obtain that (3.7) is
valid if M is replaced by either M), or M2_, a result which we will use while considering
norm estimates in Subsection 3.3.3. Additionally, throughout the proofs of Theorems 1.3
and 1.4, many weighted estimates in the spirit of (3.7) which involve various Littlewood-

Paley operators or other generalized operators will be needed. Here, we set notation for said
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Littlewood-Paley operators and state a number of lemmas providing the necessary estimates.

We begin by defining families of operators analogous to those defined in (A.3) and (A.4),
but which will be useful to us in the biparameter setting. Given functions ¥; € S(R™) and
U, € S(R™) whose Fourier transforms are supported in annuli of R™ and R"2, respectively,

define families of operators {A;-I" }iez by

~

AV F(E) = T2, €= (61.6) €R™ xR™, (=12, (3.8)

where f € S'(R™). Similarly, given ®; € S(R™) and ®» € S(R"?) whose Fourier transforms
do not vanish at the origin and are supported in a ball centered at the origin in R™ and

R"2, respectively, define families of operators {S;-I> ‘}jez by

~

SPF©) = B2, €= (6.6) €R™ xR, (=1,2, (3.9)

Many of the lemmas that will be stated below involve ¥ € S(R™) satisfying one or both
properties (A.5) and (A.6). Some lemmas also involve functions which satisfy biparameter
versions of said properties. Specifically, we will consider ¥, € S(R™), ¢ = 1,2, which satisfy

one or both of the following properties:

supp(T) € (& € B - 3 < Je] <2} (3.10)
S W27 =1, & eR™\ {0}, (3.11)
JEZ

We defer to Section B.1 for the proofs or proof references of all of the following lemmas.
We note that all lemmas stated below hold for slightly more general functions. In place of
properties (A.5) and (3.10), it would suffice to have the Fourier transform of the functions
supported in any annulus, and in place of properties (A.6) and (3.11), it would suffice for
the sum to equal any constant (uniform in  # 0), not necessarily 1. The lemmas as stated
here will be sufficient for our purposes.

The first lemma we will utilize gives a characterization of weighted Lebesgue spaces
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associated to weights in the Muckenhoupt classes in terms of square-function operators.
Lemma 3.9. Let 1 < p < o0.

(a) Let ¥ € S(R™) satisfy (A.5) and (A.6). If w e A,(R™), it holds that

1 1oy ~ (Z\Afff) , VfeLP(w), (3.12)

ez LP(w)

where the implicit constant depends on p, ¥V, and [w]Ap.

(b) For{=1,2, let U, € S(R™) satisfy (3.10) and (3.11). If w € A,(R™ x R™?), it holds
that

[ (ZZ\AJ@;A% ) , VfeLl(w), (3.13)

J1€Z j2€Z L7 (w)
where the implicit constant depends on p, Vi, Uy, and [w]’AP.

Notice in the statement of Lemma 3.9 that the result holds for weights in a specific
Muckenhoupt class A,(R") or A,(R™ x R") relating to the weighted Lebesgue space LP(w)
in which the associated functions lie. By relaxing this condition and allowing the weights
to be in any Muckenhoupt class (that is, in A, (R"™) or A, (R™ x R™)), we may obtain
results similar to (3.12) and (3.13) with the loss of one direction of norm comparability, as

the following lemma states.
Lemma 3.10. Let 0 < p < o0.

(a) Let U e S(R™) satisfy (A.5) and (A.6). If w € Ax(R™), it holds that

1l oy S (ZIA;I’ff) , Vfe L*RY).

Jez L7 (w)
(b) Fortl=1,2, let ¥, € S(R™) satisfy (3.10) and (3.11). If w € Ax(R™ x R"?), it holds
that

£ 1 oy S (ZZIA}?A% ) . Vf e L¥R™).

J1EZ j2€Z P (w)
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In proving Theorems 1.3 and 1.4, there will be situations where operators as defined in
(A.3) and (3.8) will appear, but with a translation associated to the multiplier function, that
is to say operators of the form AJT-“\I’ where 7,V (z) = ¥(z +u) and u may depend on j. The
following lemma says that one of the inequalities given in (3.12) and (3.13) holds for such

operators with constants uniform with respect to the translations.
Lemma 3.11. Let 1 < p < 0.

(a) Let ¥ € S(R") satisfy (A.5). Given a sequence z = {zjq}jezaczn C R", define
Uz () = V(2 + 2j4) forz € R*, a € Z", and j € Z. If w € A,(R"), it holds
that

5\ 2
) S HfHLP(w)7 vf S Lp(w>,

LP(w)

jez

(g

where the implicit constant depends on ¥, p, and [w]AP but is independent of a and Z.

(b) Fort=1,2, let U, € S(R™) satisfy (3.10). Given sequences z°* = {2 ,}jez.aezne C R™,
define \Ilfza(x) = Uy(x+2L,) forx e R™, a € Z™, and j € Z. If w € A,(R™ x R™),
it holds that

N

21 52
w2 vz
J1,a1 Jj2,a2
AVAE S

2
) SJ ||fHLP(w)7 vf € Lp(w)a

LP(w)

(¥

J1€EZ j2€Z

where the implicit constant may depend on Vi, Vo, p, and [w]'Ap but is independent of

ai, ay, Z', and Z*.

Next, we state two lemmas which give weighted square function-type estimates involving
more general families of operators. Specifically, we detail Lemma 3.12 (which will be useful
in the proofs of Lemmas 3.13 and 3.15 and Theorem 1.3) and Lemma 3.13 (which is utilized

in the proofs of Lemmas 3.9 and 3.11).

Lemma 3.12. Let 1 < r < oo and assume {Ty}rez is a family of operators acting on
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functions defined on R™ such that if w € A,.(R™), it holds that

<Z ITk(f)!2> Sl VFe Ll (w), (3.14)
keZ

L (w)

where the implicit constant may depend on v and [w], . If 1 <p < oo and w € A,(R"), we

have

<=

E (E !Tk(fj)F) N (E ‘fj‘r> ,
JEZ \keZ jez 17w
LP(w)

with the implicit constant depending on p, r, and [w]Ap.

Lemma 3.13. Let 1 < p < oo andni,ny € N, and assume {1} }jez and {17} }jez are families
of operators defined for functions on R™ and R"2, respectively, such that if wy € Ag(R™)
and wy € A,(R™), it holds that

=

(Z |T11(f)|2> S M2y, V€ L*(wy), (3.15)

JEZ L2(wn)
where the implicit constant may depend on [wl]AQ, and

(Z !Tf<f>!2> S gy - VI € LP(wn), (3.16)

JEZ LP(ws)

where the implicit constant may depend on p and [ws], . If w € A,(R™ x R"), we have

(Z Z ‘TJllTJQQ ) S Hf“LP(w) , VfeLP(w),

J1EZ j2 €L P (w)

with the implicit constant depending on p and [w];‘p.

We conclude the section with two final lemmas giving weighted square function-type

estimates relating to certain families of Littlewood-Paley-type operators whose associated
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multipliers have a translation and depend on the summation variable j € Ny. Lemma 3.15
requires Lemma 3.14 for its proof, and both lemmas will be utilized in the proof of Theo-

rem 1.3.

Lemma 3.14. Let ¥ € S(R") satisfy (A.5). Given s € R and j € Ny, define J;V¥ via
ﬁ(f) = (279 + |€2)5W(E) for £ €eR™ If1 < p < o0 and w € A (R™), it holds that

(Z ‘ATuJ ) ’2> N ||f||LF(w)a Vf e Lp(lU), u € R",

Jeto L7(w)

where the implicit constant depends on ¥ and [w],

Lemma 3.15. Let ¥ € S(R") satisfy (A.5). Given s € R and j € Ny, define J3U wvia
ﬁ(g) = (272 4 [)3U(E) for E €R™. If1 < p,r < 00 and w € A,(R™), it holds that

Z(Z‘ATujjquk’) S (Z\fk\T)T ;
keZ \jeNo keZ

LP(w) LP(w)

where the implicit constant may depend on p, r, and [w]Ap, but 1s independent of u € R™ and

{fk}kEZ-

3.3 Proof of weighted fractional Leibniz rules associ-

ated to biparameter Coifman-Meyer multipliers

In this section, we prove Theorem 1.4, which we will divide into a few pieces. In Subsec-
tion 3.3.1, we establish a biparaproduct decomposition of 7},, similar to the ideas introduced
in Subsection 2.2.1. In Subsection 3.3.2, we do some analysis on the multipliers associated
with the decomposition, and we conclude by applying various norm estimates (primarily
from Subsection 3.2.2) to obtain the desired results in Subsection 3.3.3.

Before beginning the proof of Theorem 1.4, we set some notation that will be used
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throughout the section. Let ny,ne € N with n = ny + ny. For ¢ = 1,2, fix ¥, € S(R™)
satisfying (3.10) and (3.11). Define ®, € S(R™) via

- 1, & =0,
Dy(&e) =

Sies Ve(279€), & € R™\ {0}

From this definition, we may conclude that for any k € Z,

D(27FE) = D W(2778,), V& € R™\ {0}, (3.17)

j<k—2
Additional properties satisfied by @, include

o~

®y Bod) = 1, supp(®r) C{& € R™ : [&] < 3} (3.18)
116
Throughout the chapter, we will also require auxiliary functions v, ¢, € S(R™) such that

@ and @ have slightly larger supports than @ and &)\g, respectively, and

~ ~

Yy =1, oy,

supp(¥y) supp(®y)

1. (3.19)

We may without loss of generality choose 1y, ¢, € S(R") satisfying

supp(ir) C {€ € R™ : L < |&| <2}, supp(dy) C {& € R™ : |&] < 1. (3.20)
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3.3.1 Paraproduct decomposition

Let o be a biparameter Coifman-Meyer multiplier as in Definition 3.1. By (3.11), we have

~

T,(f.9)(x) = / (& mFOFmT N dedy
= a(&,n) ( (277€) W, (270 )) ( Z ‘1/1\2(2_j2€2)‘172(2_k2772)>
RZ" Jo ko €T
G(n)e>™ = &) de dn

=: Z Ht17t2(f7 9)(x),

t1,to=1

where for t,,ty € {1,2,3}, II;, 4, are bilinear multiplier operators with corresponding multi-
pliers given by
o1, 1,(&,m) = 0(§, TI)MF(&, 771)M2t2(§27 12),

where

M} (&me) =Y W27 Ty(27Fmy) = Y We(2770,) Dy (27,
Je,ke€Z JeEL
ke<je—2

M (&me) = > Wo(277€,) Ty (2 Z D270 €)Wy (27 1 0py),
Jeke€Z ko€
Je<ke—2
M (&, me) - Z‘I’e 270 Wy (2790,

Je€Z

Technically, the actual form of M} is given by

2
> LZ Wp(279€0) Wg(27 0t ypp)

0=—2 Lj€Z

However, carrying the finite sum in ¢ throughout the proof does not affect the results, it
merely changes some of the constants obtained in inequalities. We will not track the specific

values of such constants, so for ease of notation, we will restrict to the case § = 0 (as done
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in the definition above for M}?). Note that, due to the supports of \/If\g and @, we have that
M} (&, me) is supported where |no| < 3 &, MZ(&,ne) is supported where [&] < 3 |n, and
M3 (&, me) is supported where [§] ~ [1].

It will suffice to prove the desired boundedness result for each I, 4,, 1,2 € {1,2,3}. In
fact, due to similarities in arguments, we may restrict our analysis to II; ; (also representing
the process for Ily5), II; o (representing Iy ), II; 5 (representing Ils 3, 1134, and Il35), and
II3 5. In saying that we are representing the process for another operator, we mean that
some functions’ roles are interchanged initially, but by following the same steps outlined
here, we obtain a different acceptable boundedness result for that piece. For example, II; ;

is a bilinear multiplier operator with associated multiplier

01.1(§,n) = o(&,m) (Z‘If (27&)®:(27 ) <Z @(2_”52)@(2_”772)) :

J1EZ jo€Z

Ultimately, we will obtain a bound associated with II; ; of the form

1D DT (F 9 o305y S IDT D22 Fll ooy 191 gy

On the other hand, Il 5 is a bilinear multiplier operator with associated multiplier

022(&,m) = o(&,m) (Z@ (27&) (27 m ) (Z @(2_j2§2)‘/1’\2(2_j2772)> :

1€EZ J2€Z

Notice that @ and &)\g, ¢ = 1,2, are taking inputs & and 7, in the opposite way compared
to the multiplier associated with II; ;. The result, by following the same procedure we use

for 11 1, is a boundedness estimate of the form

107 D Moo (£, Ol o3y S 1 oy 191 D29l Lauy

Similar arguments may be made with other multiplier operators representing multiple cases.

First, we consider oy 1, the multiplier associated with I, ;. By (3.19), we have for £ = 1,2
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that E’\g = {D\g@ and E)\g = g/b\g&);, so we may rewrite oy 1(&,7) as
Z o1, jo) (27916, 277265, 27Ty 2792, ) Uy (2796 ) By (2770071 ) W (277265) Ba (272, ),
J1,J2€ZL

where

U[jla j2] (67 77) = U(2j1€17 2j2€27 2]1 i, 2j2772)F1,1<€7 77)

and T11(6.m) = ¥1(60)01(m)¥2(€)d2(n2). For multi-indices a = (an,02),8 = (51, 8) €
Ng* x Ni2, we have that |8§‘8f;[0(2j1£1, 27285, 27y, 2721, )]| is bounded by

2j1(|a1+,31|)+j2(|042+,32\) ’ [8?850] (23'151’ 2j2€2> 2]'1771’ 2j2172)|

<( o1 )a1+51|( 92 )a2+52|
~ (12908 ] + [270m) (1272€2] + 27272 )

1 1
(I€2] 4 [m)leat Al ([Ea] + |rpaf) 20217

where we have used that o satisfies (3.2). Since I'; ; € S(R*"), we see that |8g8;;1“171(§, n)| <
C, s for any 7,0 € Nj. Further, due to the supports of the functions which comprise I'y ;
(see (3.20)), it holds that

supp(I'1 1) C{(&,n) € R* ¢ < &1+ |m| < Ci}n{(&n) € R* : ¢y < |&a| + |m2| < Ca},

where in the specific case of I'y 1, ¢1 = 2 = % and C, = Cy = %. Due to the lower bounds
on |& ]+ |m| and |&| + |no| within the support of 'y 1, we may conclude that g0 o [jy, ja] is
bounded uniformly in ji, jo € Z.

Since o|j1, j2| is compactly supported (with support independent of j; and js), we may

consider the Fourier series expansion of a periodic extension of o[ji, jo] (see Section A.3).
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Let H = [—%,2)?" where h is large enough so that supp(o[ji, jo]) C H, then

o1, o) (27711, 279265, 2790y, 27 20) = (3.21)

( Z []17]2,a b]e T ¢ (a,b)-(2~ j1§1,2—1252,2—j1m,2—7'2772)> XH(2fj1€1’2fj2£272*j1771’2*j2772>7

a,beZ™

where

1 L _2mi 0 Eap
[]1,]2,61 b] h2n/ []17]2](5777)6 h( &tbm) dgd??

Fix N € N sufficiently large (where we specify the necessary size for N in Subsection 3.3.3).
Define

C[j17j27a7 b] = (1 + |CL‘2 + |b’2)NC[j17j27a’7b]'

Since [1 — Ag,](e~ " (@&+bm) — (1 4 A2 |af? + A b )em iH@ttbn) e have that

’C[.]17.]27a’ b”

| [ (Ll Yol €m0 s

~ /R oljn g2l (&ML = Agy]™ (e 2”’<a5+b”>>d§dn\

B / (1= DM (ol ) (€ m)e™ 0D dg

ci<|é|+|m|<Ch
ca<|&2|+|n2|<C2

|[1 - A&T]]N(U[jlij])(f?n)’ d€ dna

ca <&+ m|<Ci
c2<[&2|+[n2|<C2

where in the third line we have done integration by parts and taken into consideration
the support of ¢[j1,j2]. Considering the last line and using the fact that a finite sum of
uniformly bounded functions integrated over a compact set is itself bounded, we have that
IC[j1, j2, a,b]| < 1, where the implicit constant is independent of ji,jo € Z and a,b € Z".
We obtain a paraproduct representation for II; 1(f,g) by substituting (3.21) back into the
formula for oy (and dropping the xpm piece, which is redundant due to the supports of W,

and ®,, ¢ = 1,2, in the formula for o,;). By also using property (A.3.3) of the Fourier
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transform, the result is a paraproduct representation for Il ;(f, g)(x) given by

> iy L G a AT AT @S 0, (322
a,bezZn J1,J2€7Z
where a = (a1,a2),b = (b1,b2) € Z™ x Z" and 7,F(-) = F(- + #). In fact, throughout the
remainder of our arguments, our translation operators will always implicity divide the shift
by h, but we relax this notation since the division by A in the shift is negligible.

Obtaining paraproduct representations for Il 5, II; 3, and Il3 3 involves exactly the same
steps used in considering the multiplier associated with II; ;, with a few slight adjustments.

First, I'y ; is replaced by a product of appropriate auxiliary functions, where

T12(6,7) = $1(6) 61 (1) d2(E2) a(12),

T13(€,1m) = $r(&)o1 (m) o (E2) s (12),
T3,3(6,7) = U1 (€91 (m)Ya(E2) a(12),

corresponding to Il o, II; 5, and II3 3, respectively. The other differences in these cases from
that of II; ; are the specific values of ¢, and Cy, ¢ = 1,2. However, ¢;,c; > 0 and Cy, Cy < 00,
which is all that is necessary for the analysis. Finally, we obtain the following paraproduct

decompositions:

1 .. Tag V1 oTag P2 Toy P1 A Top T2
La(f,0@) = > Grars ey 2 Cndna AT SER @IS AL @),
a,bezm J1,J2€Z
1 . Tag Y1 A Tag P2 oy P1 A Toy W2
H1,3(f7g)(x> = Z (1+ |a|2+ |b‘2)N Z C[jla]%au b][Agl Ajg f](‘r)[sjl Ajg g]<x>7
a,beZ™ J1,J2€7Z
1 . Tag U1 A Tag P2 Toy W1 A Toy V2
H3,3(fag)(x> = Z (1+ ’CL|2+ |b‘2)N Z C[]17.727a7 b][Aj1 Ajg f](x)[AjZ; Ajz g](l’),

a,beZ™ J1,J2€Z
where the coefficients C[j1, jo, a, b] are defined slightly differently in each line but are nonethe-

less uniformly bounded in jq, j5 € Z and a,b € Z™.
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3.3.2 Analysis of multipliers

The following functions will be integral components of the multipliers we will come across

in applying the norm estimates in Subsection 3.3.3:

N2 Ges s bl (€0, m0) = €0+ nel™ Wo(277(E0 + 10) )Ty V(2790 7, (2772,
NZ[jes ae, be) (€0, m0) = |&0 + me|™ ‘/I’\e(?_” (& + 1)) Ty ®e(2770E0) T, W (277 my),

N es ae, bel (€, me) = €0+ 1e|™ Tay We(2774E0) 0, W (277my),

for ¢ = 1,2, j, € Z, and a,b € Z™. In this section, we do some preparatory analysis on the
above functions.

We first consider N}[j, ar, be] (&, m¢). Notice that

Nﬁl [jév Gy, bg] (5@7 778)
= 1€+ Ml V(27 (& + 00)) Ty Wa(2772E0) 7, B (2701y)
= el [ |27 (e )| Wel2 7 (€ + )| |27 72760 | 7 Bel2me)

= |Gl FID* W] (277 (€ + 1)) F LD~ 70, Wl (270 7, B2 1),

We consider the Fourier series expansion of a periodic extension of the compactly supported

function F[D*W,| (whose support is identical to that of @) Let H, = [—2%, 4]" with

supp(F[D**W,]) C Hy, then
F[D*W](27w) = [ > csf[mz]eTQje”'m‘] X, (2770w),
myEZ™L

where

1 sp T _2mip
c*my] = W/H ¢ We(Q)e Reme
4

with ¢*¢[my] = O((1 + |my|)~) for any K > 0 by (A.1) (replace m, € Z™ by a continuous

variable so we regard ¢* as a continuous function defined on R™; then ¢* € S(R™) is the
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inverse Fourier transform of |-|* U,, which isin 8 (R™) since U, eS (R™) is supported away
from the origin). Substituting in this Fourier series expansion formula for F[D%W,](27)
and using property (A.3.3) of the Fourier transform, we obtain a final representation given

by

NG [Ges ae bl (Se,me) = €™ D e [ma FID™*Tayiom, Wl (277 €0) F Ty 1m, D] (2770). (3.23)

meEL™

By the same process, we may obtain a representaiton for N7 [j,, as, be](&e, m¢) given by

NZles ae bel (me) = o™ D I Flapm @l (27960 FID Ty om, Wl (27710),
e (3.24)
where the coefficients ¢*¢[m,] are defined slightly differently, but satisfy the same decay
estimate.
Next, we consider N?[jy, ag, be] (€, m¢). Define o, € S(R™) via @ == @(2_6-), so that @ is
identically 1 on {&, € R™ : |&| < 4} and is supported within {&, € R™ : |£| < 16} by (3.18).
It is easily verified that @p(277¢(& + 7)) equals 1 within the support of N}[js, ar, be] (&, 1e),

so we have

N [Ges ag, bel (€e,me)
= (€0 + el Bo(277 (0 + 1)) Tag Ve 279E0) T W27 P0me)
e e n0l e ] [ e

= &0[* FID* 0] (277 (& + 1)) FID ™70, We) (279€,) 75, W (27011).

We consider the Fourier series expansion of a periodic extension of the compactly supported

function F[D%p,]. This results in

F[D* ] (277w) = Z g‘;;[mg]e%rjéw'm‘ X, (2770W),

myEL™E
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where

~ 1 s i
C”[me]_m/H 1% pe(¢)e™ ¢ dg

with cse[mg] = O((1 + |my|)~™ ) (see Grafakos-Oh [30, Lemma 1]). We substitute this
Fourier series expansion back into the formula found above for NJ[j,, as, be](&, m¢) to obtain

a final representation given by

NP les a, bel (€eme) = €™ D M FID ™ Ty om, Ul (277 E0) s, W) (277 00).
myEL™
(3.25)

3.3.3 Norm estimates

In this subsection, we consider ||Dj*D3*(T,(f,g))

Lrwhwh) and obtain the desired bound-
edness results, recalling that the indices p, ¢, 7, s1, s2, and the weights v and w are as
in the statement of Theorem 1.4. Before beginning, define r* := min{1,r}, and note that
vrw € Amax{pqt (R x R™) C A (R™ x R™) (see Lemma B.2 with 6, = 7 and 65 = {;

the same reasoning holds for product Muckenhoupt weight classes). Following the first line

of inequalities in Subsection 3.3.1, we see that

3
107 D2* (To (£, O 1 30ty S > 1DV Dy e, (F D 55 -

t1,ta=1

As reasoned in Subsection 3.3.1, we need only obtain the desired results for the pieces
associated with II; 1, II; o, II; 3, and II3 3.

We begin with the II; ; term. By Lemma 3.10, we have

r*

S1 1S r* s1 1S 2 ’
1D} DT (£ 9 505 (Z |AYIAT DS D22H1,1(f,g)\> . (3.26)

S ror
J1,J2€Z Lr(vPwd)

By recalling the paraproduct representation obtained for I1; ; in (3.22), we see that A;-I'llAj\I;QD‘leSQHM
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is a bilinear multiplier operator with associated multiplier given by

1 - =~
2 (1+ [al? + [p])N 2 Cliv v

a,beZ™ J1,J2€Z
X J&0 A+ Ml U277 (€ + 7)) T Ur (277060) 7, @1 (2770

X |&a + 1o ™ @(Q_h (o + 12))Tay Wa (277262) T, P2 (27722).

By considering the supports of ¥, and ®, for ¢/ = 1, 2, it may easily be verified that for each
fixed j, € Z, the sum in 3; € Z actually need only run over j, —3 < 3; < j¢+3. This simplies

the form of the multiplier associated to AﬁlA%D?D;?HM to be as follows:

> ¥ 1+|a|2+|b|> wCliL+ 01,52+ 62, 0,0)

01,02=—3 a,beZ™

X &+ m [T (27 (G +771))Ta1‘1’ (2770 )Ty, 1 (277 )

X |&o 4 M| Wa(2772(& + 1)) Tay Wa (27777 %265) 13, @ (2772772 ).

The next step would be to split the £>-norm and weighted L"-norm in (3.26) across the sum
in 01,0, = —3,...,3. Since the analysis works in the same way for all §, cases, we simplify
notation by only considering the case §; = 9, = 0, a case which yields the following form for

the multiplier associated to AilAj\I;QD‘fIDS?HM:

C[jl,jg,a,b]
N1, a1, b (&, . by (60,
a%n (1 + |a|2 + ‘b|2)N [Jl aq 1](51 771) [32 9 2](52 772)

where N} [J¢, ag, by] for £ = 1,2 is as defined in Subsection 3.3.2. With this multiplier in mind,
(3.23) implies that A‘ylA%DleSQHl 1(f, 9)(x) has the form

C[jl,jz,ab
2 (1 + [a? + [p2)N 2, 2, lmle(m)

a,beZN m1EZ™M moEL"2

y [(AD 1Ta1+m1\I/1AD 27a2+m2\I/2D31D52f> ( Tb1+m1<bl ST52+m2q>2g)i| ({L‘)

J1 J2 J1 J2
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Substituting this into (3.26), and taking into account that C[j1, js, a, b] are uniformly bounded,

we see that || D5 D31, (f, g)HZT(U%w

D T iD DI D (1 [ SN

a,beZn m1EL" mo€Zn2

5 is bounded by

J2 J2

1
2
— 2
D SlTa1+m1\I/1 D~ 27a2+m2‘1/2 S1 1S2 Tb1+m1q)1 Tb2+m2q>2
(}j a5, A Dy Dy f]- [S) ™ st ,

.. r r
J1,J2€Z Lr(wpwd)

where we have used Minkowski’s integral inequality (see Section B.2). Recall that we may
choose N > 0 as large as we wish, which only would have affected the definition of the
C[j1, j2, a,b], but not their uniform boundedness property. Also recall the decay properties
of the coefficients c*¢[my|, for which ¢*¢[m,] = O((1 + |m,|)~¥) for any K > 0. We will see
that, if we can obtain some K > 0 for which the L’"(viwg)—norm piece above is bounded by

something of the form
(1 + lal + (o] + [m[)* 1D D3> fll ooy 190 pacary -

where a = (a1, a2),b = (by,by),m = (my, mg) € Z™ x Z", our work will be complete, for if

we were able to do so, that would imply that || D' D311 (f, )" is bounded by

r T
LT(vPw?)

*

(1+ |a| + |b] + |m|)f‘ ' PO -
E D' D3? )
((1 a2 + [D2)N (1 + |mi|)E(1 + [ma|)K D1 D3 f”LP(v) ||9||Lq(w)

a,bymeZ™

Choosing K, N > 0 large enough would allow the above summation in a,b,m € Z" to

converge, so that we would conclude the desired result, namely

<

1D D3I a(f, 9)II,

(55N||

With this goal in mind, we use (3.5) to obtain a pointwise bound (uniform in jy,j> € Z)

59



given by

[5Gt ma® g ()| < (1 by | + g )" (1 + [bo] + [ma])2 ML M2 _g(x).

J1 J2

Using this pointwise bound and an application of Holder’s inequality on the L”(vgwg)—norm

piece of interest, we obtain the following bound for the L" (U%wg)—norm term:

(L [ou] + fma )™ (1 [Ba] + [ma )™ |MG, M2 o

— — 2
D770, 4my V1 A D7%27054me W2 1451 182
x ( > | AP Dy Dy f

J1,J2€7Z

LP(v)

Finally, an application of Lemma 3.11 on the LP(v)-norm term, along with the facts that

M}, and M2 are bounded operators on L4(w) (as discussed in Subsection 3.2.1) and (1 +

b1] + [ma )™ L1 + |ba| + |ma|)™2 T < (1 + |al + |b] + |m|)" 2, concludes the case for ITj ;.
We now move on to the II; 5 term, which will be handled very similarly to the II; ; term.

We again begin with an application of Lemma 3.10 to obtain

r*

2
S S S S 2
1D} D3 Tha(f ), 50 (Z \A%A%DIID;Hfo,g)\) . (321)

- -
J1,J2€ Lr(vPwi)

Following the arguments in the II; ; case, we see that we must examine A%A%D‘”D‘?HLQ,

a bilinear multiplier operator with associated multiplier given by

' b
Z Z 1—|—|Cl|2—|—|b|) []1+51,j2+52,a, ]

01,02=—3 a,beEZ™
X & A m " (27 (& + )T U (2770 T, B (2770 y)

X [€ 4 7o Wa(2792(E + 1) ) Tay Ba (27727026573, Wp (2792 021y,

As reasoned in the II; ; case, we may disregard the sums in d; and d,. By utilizing the func-

tions studied in Subsection 3.3.2, we see that the multiplier associated with A‘I”A% D' DI 5
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has the form

C[j17j27a,b]
N b b
a;n (1+ |af? + [p]2)V [j1, a1, b1] (&1, m) N3 [, az, ba) (€2, 1m2).

Thus, we may expand the multiplier using (3.23) and (3.24) to see that A}I’ll A}I;?D?D?Hm(f, 9)(z)

has the form

C[jl,]é,ab
2 1+ a2 + BN 2. D lmileima]

a,bezn m1EZM mo€Z™2

" [(AD 1Ta1+m1\1/1S7-a2+m2<132D51f) ( Tb1+m1¢'1AD 527b2+m2‘I/2D§29):| (l‘)

J1 J2 J1 J2

As in the IT; ; case, we now substitute back into (3.27) to see that || D7 D3*I1 o(f, g) ||

Lr(vpwi)
is bounded by
51 r*
Z 2 )N Z Z e ¢ [me]
a1 F |a| FIBPNT i i
17"
2
T, 4 V1 ~Tag+ (o2 Tb + o, D727, + Wy 2
(Z [T Dy [ AT DW‘)
j17j2€Z

r or
LT (vPw?)

Thus, if there exists some K > 0 for which the L™ (vrw)-norm piece above is bounded by

something of the form (1 + |a| + |b] + |m|)¥ 1D fll 2oy 1D5 9| £y the 2 case will be

(v)
complete, as it would imply || D7 D3*I1; 5(f, 9) < HDSlfHLp | Ds gHLq (w)> AgAIN as

|L’”(1;1T’wg
reasoned in the II; ; case. First, note that by (3.5), we have the following pointwise bounds

(uniform in jp and ji, respectively):

J1 J2

‘[Al?*slmﬁml\Ifls%mz@D?f](x>‘ S (1 + ag| + [mal) =t

D™ 174, 4my V1 sy
M2, D ()]

‘ [STb1+m1 @, AD

J1 J2

e Dgeg) ()| S (1 Il + )

M, A7 D) (@)

With these pointwise bounds in mind, we may use them with the Lr(vgwg)—norm piece

above, followed by Holder’s inequality on the L"(vgwg)—norm, to obtain a bound for the

61



L"(vpwe )-norm term given by

[\
[N

(1 + las| + [maf)"+! (Z M2 AL T D p

J1EZL L7(v)

. 2\ 2
X (L4 [ba] + [ma] )+ (Z M, AL T D )
J2€Z

La(w)

Finally, applications of the weighted Fefferman-Stein inequality (3.7) followed by Lemma 3.11
on each weighted term (applying part (a) while iterating norms; see Remark 3.2.1) yield the
desired result, thus concluding the II, 5 case.

We now consider the II; 3 term. In this case, we apply Lemma 3.10 while iterating norms

(see Remark 3.2.1) to obtain

r*

2
s s r* s s 2
||D11D22H1,3(f7 Q)HLT(v%w%) S <Z ‘A;'DllDszQHl,s(fa 9){ > : (3.28)

Ji€z LT'(v%wg)

Using the paraproduct representation obtained for II; 3 in Subsection 3.3.1, we see that the

bilinear multiplier operator Aj\IilDleSZHLg has an associated multiplier given by

1 ~ ~
- 2 b
Z (1+ |(Z|2—{— |b|2)N ~Z C[]17]27a7 ]

a,bezZ™

J1,J2€7Z

— .

X €+ m T W (277 (€ + 1)) Tay U1 (2770 T, @1 (2770

X & + 12|™ Tay Ua(277280) T, W (27721,).

By the same reasoning as in the II; ; case, we may, without loss of generality, equate j~1 with
71 and disregard the sum in j~1 € Z. Also, for ease of notation, we rewrite j~2 as simply 7s.

Thus, using the notation of functions introduced in Subsection 3.3.2, we obtain the following
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form for the multiplier associated to AﬁlDingangi

1 o , ,
Z L+ al? + BN ZC[]1,]2,a,b]N1l[]1,a1,51](517771)]\723[]2,@2,52](527772)-
a,beZ" J2€Z

Expanding the multiplier using (3.23) and (3.25), we see that Aj‘lil D' D311 5(f, g)(z) has

the form

1 o 15
Z 1+ |af2 + [N Zc[jlaj%aab] Z Z ™ [ma] e [my]

a,beZ™ J2€Z m1EZL"T moEZL"2
D170, 4mq U1 A D7%27051mo V2 1451 182 Tbl+m1q>1 7'62+m2\p2
< |(a) A DDy f) - (S AT )| (@),

We substitute this formulation back into (3.28), from which we obtain that || D' D3*I1; 5(f, g) [

ror
Lr(vPw?)

is bounded by

2lmy]|”

1 1 17
Z (1+ |af? + [p]2)N Z Z | [ma]

a,beZn m1EL" moEZn2

2\ 2
(S (it o g |
J1€Z \j2€Z R
Lr(vPwd)
where we have used the uniform bound on Clj1, j2, a, b] and Minkowski’s integral inequality
(see Section B.2). Due to the decay of the coefficients ¢52[my], namely ¢%[m,] = O((1 +
Ime|)~"%), the existence of some K > 0 for which the L"(vrwe)-norm piece above was
bounded by something of the form (1+ |a|+|b] + |m1]) X DT D32 fll 1o () 1191 £y Would imply

that || D* D3*I1, 5(f, g) ) is bounded by

I,
ror
Lr(vPwa

*

> (1+ |a| + [b] + [my )X 1D D f o 915
o (1+]al? + b2V (L + |ma|)E (1 + [mg]|)nets 1 P2 Jlie ) 191 Law) -

For N, K > 0 sufficiently large, the sum in a,b € Z" and m; € Z"* converges, while the sum

in my € Z™ converges due to the hypothesis in Theorem 1.4 that s, > max{0,no( — 1)}
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(that is, this hypothesis guarantees that (ns + s2)7* > ny). With the sum in a,b,m € Z"
above converging, we would obtain ||Dj* D511, 5(f, g)H;(U%w%) S DY D3 FlI o) 1191 )
thus completing the II, 3 case. To analyze the L" (v%wg)—norm term above, we begin by using
(3.5) for the operator S;fﬁmlq)l (obtaining a bound independent of j; € Z), followed by an
application of Holder’s inequality on the ¢'-norm in j, € Z, which gives the following bound

for the L"(v»wa)-norm piece:

(14 [ba] + [ma )™+

1r*

_ _ 2 2\ |2
D 517—0,1+m1\y1 D 527—a2+m2\p2 S1 S9 1 Tb2+m2\p2
X [Z (Z ‘Ajl Ajz Dl D2 f Z MﬂlA]é 9
J2€Z

1EZ \j2€EZ

r T
LT(vPw?)

After pulling the second /2-norm in j, € Z outside the sum in j; € Z, an application of
Holder’s inequality on the L7 (vrwa)-norm yields an upper bound for the original L"(vrwa)-
norm term of the form

1r*

(L + [ba| + [maq )"+ (Z ’MLAJZQMQ%Q )
J2€Z

La(w)

r*

_ _ 2\ 2
D SlTa1+ml\I/1 D SQTa2+m2\I/2 $1 1 S2
x ( > |ar AP DDy f

J1,j2€Z Lr(v)

We complete the II; 3 case with an application of the weighted Fefferman-Stein inequality
(3.7) on the L9(w)-norm piece, followed by an application of Lemma 3.11 on both pieces,
noting that we iterate norms on the L¢(w)-norm piece (see Remark 3.2.1).

Finally, we consider the last case, which relates to II33. From the paraproduct repre-

sentation for Il3 3 given in Subsection 3.3.1, we see that D7’ D3Il 5 is a bilinear multiplier
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operator with the following associated multiplier:

1
b
2 Trarppr 2 Clindnad

a,bezZn J1,J2€Z

X [‘51 | T U (27916 ), U (27 Jl??lﬂ ' [’52+772|82 Tay U2 (27728) T, Wa (27721) |

Again switching to notation using functions from Subsection 3.3.2, we may express the

multiplier as follows:

Z (1—|—|a|2 )N Z Clj1, Jas a, OINT 1, ar, 1] (€1, ) N3 [J2, @z, ba] (2, ma).-

a,beZ™ J1,J2€7Z

By (3.25), we see that D;' D3*I153(f, g)(x) has the form

Z (1+|a|2+|b| )N Z Clir, g2, a. ] Z Z c*t [my |52 [my]

a,bezm™ J1J2€7Z mi1EZ"1 moEZMN2
D= 5174, 1m, U T2 e mo U Tb m1 Y1 A Thbot+mo V2
 [(AD T AL e pr i ) (AT AT ) (o),
Therefore, by the uniform bound on Cljy, j2, a,b] and Minkowski’s integral inequality (see

Section B.2), we see that we may bound || D3 D$2TI5 5(f, )| by

L’(vl’wq)

> G X 2 Emll” )l

a,bez™ m1EZ"™1 moEZLM2
T,*
DiSlTa1+m1 Uy D~ 2Ta2+m2\112 S1 S92 Tb1+m1\p1 Tb2+m2\112
X z : ‘ [Ajl Ajz D D f] [ Ajz g]
J1,J2€Z LT(U%wS)

If we could bound the L"(vrw4)-norm piece above by D7 D3 fll ooy 191l Loy this would
= is bounded by

imply that || D7 D311 5(f, g)||LT( 5 h)

*

1 ' 1 1)S r* r*
Z <(1 + ’CL|2 + |b|2)N(1 + |m1|>n1+s1(1 + |m2|)n2+s2) HDllDZZfHLp(”) ||g||Lq(w)

a,b,mezZn
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For N sufficiently large, the sum in a,b € Z" converges, and as reasoned in the II; 3 case,
the sum in m € Z" converges due to the hypotheses on sy, £ = 1,2, in the statement of

Theorem 1.4, which guarantee (ny + s;)r* > ny. With all sums converging, we would obtain

103 D s 3(f N o505y S DT D2 Fll oy 19/ 0y

(vPwi
which completes not only the II3 3 case, but also the proof of the theorem. In considering
the L’“(vgwg)—norm term above, we begin with two applications of Holder’s inequality, first
on the ¢-norm in j;, jo € Z, then on the L™ (vrwa)-norm, which gives the following bound

for the L"(v»wa)-norm piece:

1

|

1
2
_ _ 2
D SlTal+ml\I/1 D 527'a2+m2‘112 s1 s
( Z )AJI Ajz Dl D2f

J1,j2€7Z

2
Toy+mq Y1 A Tbodmeg P2
ATbrtmL L A Thodmy g
J1 J2
<j17j2€Z

LP(v)

An application of Lemma 3.11 on each piece then concludes the estimate for Ilj 5.

3.4 Proof of weighted fractional Leibniz rules associ-

ated to Coifman-Meyer multipliers

In this section, we present the proof of Theorem 1.3, broken up as follows. In Subsec-
tion 3.4.1, we establish an appropriate paraproduct decomposition for the bilinear multiplier
operator T, similar to the work done in Subsection 3.3.1 to determine a biparaproduct
decomposition. Subsection 3.4.2 deals with the proof of the homogeneous estimates (1.4),
while Subsection 3.4.3 considers the inhomogeneous estimates (1.5).

Some boundedness results relating to Coifman-Meyer multiplier operators were men-
tioned in Subsection 3.1.1. Before beginning the proof of Theorem 1.3, we state specifically
one such result for weighted Lebesgue spaces which will be useful in proving both the homo-

geneous and inhomogeneous estimates:

Theorem 3.16. Let o(&,n), £,n € R", satisfy (3.1) for o, B € Ny with |a + 5| < 2n+1, and
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consider 1 < p,q < oo and 3 <1 < 0o such that X = %%— %. Ifve A,(R") and w € Ay (R™),

then for all f € LP(v) and g € LY(w),

175(f, Q)HLT P wh S HfHLp(v) HgHLq(w)’
( )

where the implicit constant depends on p, q, [U]Ap, [w]Aq, and o.

For a proof of Theorem 3.16, see Grafakos-Martell [29, Corollary 8.2] or Lerner et al. [45,
Corollary 3.9], both of which give estimates in weighted Lebesgue spaces for the more general
class of bilinear Calderén-Zygmund operators. Note that the statements of the corollaries
mentioned do not include the cases p = oo or ¢ = oco. However, keeping in mind that
L>®(w) = L*> for any Muckenhoupt weight w, it is easily seen in the succinct proof of [29,
Corollary 8.2] that the operators involved are also bounded from L?(v) x L™ to LP(v) and
from L> x LP(v) to LP(v) for v € A,(R™) with 1 < p < o0, as stated in Theorem 3.16.

Throughout the following sections, we will require auxiliary functions ¥, ® € S(R").
Specifically, fix ¥ € S(R") satisfying (A.5) and (A.6), and define & € S(R") via (A.7).
Additionally, we will require auxiliary functions ¥, ¢ € S(R™) as in (A.9) and (A.10), so that
U =¥ and ¢ = ¢P.

3.4.1 Paraproduct decomposition

Let o be a Coifman-Meyer multiplier, as defined in Definition 3.1. By (A.6), we have

T.(f,9)(x) = / olem) (Z \Tf(zjg)@(zkn)) FlO)Tme= € de dy

J,kEZL

=1L (f, 9)(z) + Wa(f, 9) () + L5(f, 9)(2),
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where the II pieces are bilinear multiplier operators given by

o~

W (f.9)x) = 2 / o6 mPEIOT ) FEFm)™ D de dn
G kEZ "
k<j—2

- Z/RQ o (&, U (277)D(277n) F(€)G(n)e*™™ E ) dg dp,
JeZ "

Mo(f,g9)(x) = ) / o(&m(TOWE T FEFm)e T de di
J,kEZ
j<k—2

= Z/RQ 0(5’77)&)(Q_kf)\Tf(2_’“77)f(é)ﬁ(n)e%”‘(“’i) de d,
keZ "

~

s(f,9)(x) = 3 / o(&mUETIOUR ) FEOOn)e =+ de dn

Technically, II3 is a multiplier operator whose associated multiplier has the form

2
> [ZU<§,77)‘T’(2_j§)‘T’<2_j_677)
5=—2 Ljez
However, keeping track of this extra finite sum in ¢ throughout the proof does not affect the
results, but merely changes some of the constants obtained in inequalities. Since we are not
tracking the specific values of such constants, we will, without loss of generality, consider
only the case § = 0. Note that, due to the supports of ¥ and C/IS, the integrand in the formula
for II;(f, g) is supported where |n| < $[¢], the integrand for Ily(f, g) is supported where
€] < 11n], and the integrand for II5(f, g) is supported where |£] ~ [n).

It will suffice to prove the desired boundedness result for each II piece above, and due to
the fact that the II; and I, cases are handled with very similar arguments, we will restrict
our analysis to the IT; and I3 cases (see Subsection 3.3.1 for an example relating to the proof
of biparameter estimates which justifies considering only a few cases). We will first establish

a paraproduct representation for IT;(f, g). Using that ¥ = ¢)¥ and ® = ¢P, we see that the
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multiplier associated with II; may be expressed as

> " oljl(277€, 27 ) U (277€) (2 n),

JEL.

where o[j](&,n) = o(29¢,200)T1(£,n) with Ty (&, n) = O(€)d(n). At this point, we follow
through with much of the same type of arguments as used in Subsection 3.3.1, so we will
omit the exact details here. To give an idea of how things proceed, we would next verify
that o[j] and its derivatives are bounded uniformly in j € Z, due to the support of I'; and
the fact that o is a Coifman-Meyer multiplier. Then, we would consider the Fourier series
expansion of a periodic extension of the compactly supported o[j], using the Fourier series
coefficients {c[j, a,b]}apezn to define another family of coefficients for some fixed N € N
sufficiently large (the exact size of which will be specified in Subsections 3.4.2 and 3.4.3),
given by C[j,a,b] = (1 + |a| + |b])Nc[j, a, b] and satisfying |C[j, a,b]| < 1 uniformly in j € Z
and a,b € Z". Finally, by substituting the Fourier series expansion of o[j] back into the

multiplier for Iy, we arrive at the following paraproduct representation:

(19 = 3 s o Ol e HA @IS o))

a,beZN JEZ

Obtaining a paraproduct representation for Il3(f, g) follows the same steps, with the
notable difference being the use of I'3(§,n) = {b\(f){b\(n) in place of I';. In this case, we obtain

the following paraproduct representation:

(70 = 3 s O Ol e HA WA} o)),

a,beZ™ JEZL

where the coefficients C[j, a, b] are defined slightly differently, but are still bounded uniformly
inj€Zanda,beZ".

For both Subsections 3.4.2 and 3.4.3, let p, ¢, r, s, and the weights v and w be as in
the statement of Theorem 1.3. Note that vrwa € Anaxip.gt(R") C Ao (R™) (see Lemma B.2

with 6 = > and 65 = 7), and as before, set 7* = min{1, r}.
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3.4.2 Homogeneous estimates

We begin in the same way as in Subsection 3.3.3, noting that

1D (T £ Dl i,

<UD (£, 0)l sy + 1D Ta(f ), 5 0h, + 1D (F. )

T

roro,
Lr(vPw?)

Our goal is to verify the desired result for each of the II pieces above (or more precisely,
for the II; and I3 pieces, as justified in Subsection 3.4.1). We will first study the II; piece.
Since D?®II; is itself a bilinear multiplier operator, we may consider its associated multiplier

01, given by

1 —
01(&,n) = bz: (1+ |af? + [p]2)V Zc[j7a7b] 1§+ 0" V(277 ) n e (277 )
a,bezm JEZ

1 s . - |
B (1+|a|2+'b|2)NZC[j’a’b]‘glzlz7’ <Ta‘1’(2_35> |§IS> 7®(277n).
JEZ

a,beZ™

Thus, we see that D*ILy(f, g)(x) = T,,(f, 9)(x) = T5(D*f,g)(x), where

~ . 1 . |€+77’s/\ N A (—]
01(5777) T a%n (1 + ’CL|2 + ’b‘Z)N %C[]aavb] |£|s Ta\Ij(2 S)qu)(Q 77)

In fact, it can be verified that 07 satisfies (3.1) for all multi-indices «, 5 € Nf (using techniques

similar to those used to prove Lemma B.1), so an application of Theorem 3.16 yields that

1D ), 5ty = T2 D F D 50ty S 1D ey 19 sy

thus completing the I1; case. Note that the restriction on s in the statement of Theorem 1.3
was not needed for the study of II;.

We now move on to the II3 case. Following the reasoning in the II; case, it can be seen
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that D°Il3(f,g9) = T5(D°f, g), where

e = 3 e O O g R ORE )
In the instances where s > 2n+1 or s € 2Ny, it may be verified that o3, like 0; above, satisfies
the hypotheses on the multiplier in Theorem 3.16, so that an application of said theorem
yields the desired result just as in the II; case. More specifically, the hypotheses on the
multiplier require that (3.1) be satisfied for «, f € Njj with |a + 8| < 2n + 1. Recall that in
the I3 case, || ~ |n| within the support of the multiplier 03. Thus, taking derivatives of the
piece |€ 4+ n|” in 03 may prove problematic while checking whether the multiplier satisfies the
hypotheses of Theorem 3.16. However, for s > 2n+1, not enough derivatives need to be taken
for a singularity to develop (since we only need to check a, 8 € N§j with |a + 5| < 2n+ 1),
and for s € 2Ny, no singularity develops no matter how many derivatives are taken. For the
remainder of the subsection, we deal with II; in the general case s > max{0,n(+ —1)}. We
split our analysis into three cases: p and ¢ finite, ¢ = oo, and p = co.

Case 1: % <r<oo, 1 <p,q< oo. The reasoning for this case follows very closely to that
of Subsection 3.3.2, so we will omit some of the details which have already been carefully

laid out in that subsection. Note that we may rewrite o3 as

~ 1 : .
03(&,m) = ab%n (1+ |af? + [p]2)V %C[],a,b]N3[J,a, bl(&,n),

where

N3, a,b)(E,m) = %

For 3 = ®(275.), it is easily verified that (277 (£ +n)) = 1 for all (€,71) € supp(N*[j, a,b]).

70 (2776) 0 (277). (3.29)
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With this in mind, we may express N3[j, a,b] as

Ve = S a0+ ynBegREE )
=[P+ ml B +m)] [[27] 7 nu e ¥Ry
= F[D*Q](277 (£ +n))F [D’Sn‘lf](fjﬁ)r/b@(?*jn)-
Due to the compact support of F[D*p], say within H = [—%, %]" with h sufficiently large,

we consider the Fourier series expansion of a periodic extension of F[D*®p], obtaining
FID'¢(27w) = [Z Glmle ™ “”"] xm(27w),
mezZm

where the Fourier series coefficients are given by

1 2mi
_ S o(C)e Em ac,

with ¢3[m] = O((1+ |m|)™"*) (see Grafakos-Oh [30, Lemma 1]). We substitute this Fourier
series expansion for F[D®p| back into the formula above for N3[j, a,b], keeping in mind

property (A.3.3) of the Fourier transform, to obtain a final representation given by

N[, a,bl(Em) = Y SmFID  Tan V](27€) Flrym W](277n).

mezn

With this identity for the multiplier 03, we see that D*II3(f, g) = Ts (D f, g) has the form

S e Lol X Em [y @) o),

a,bezZn T |CL|2 T |b’ JEZ mezm

We may now consider | D*II5(f, g)|| o Using the fact that the coefficients C[j, a, b] are

r
Lr(vPw
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bounded uniformly in j € Z and a,b € Z", we see that || D*TI( f, g)||;(vgw5) is controlled by

r*

|CS Tatm¥ s Totm ¥
> L Z\ D A7)

a,bomeZm

ror
LT(vPw?)

Consider just the LT(vgwg)—norm piece above. Two applications of Holder’s inequality, first
on the ¢!-norm in j € Z, then on the U(viwg)—norm, imply that the Lr(vgwg)—norm term

above is bounded by

r*

s 2\ ?
(o[ ore])
JEZL

(=) |

Lr(v) La(w)

Applications of Lemma 3.11 on each weighted norm piece then imply that | D*TIs(f, g)||"

T
LT (vPw

QU3
~

itself is bounded by

*

1 r
D? )
Z ((1 + ‘CZP + ‘b|2 N(l + ’m|)n+s) H fHLP HgHLq(w

a,bymezZ™ )

For N sufficiently large, the sum in a,b € Z"™ converges, and the sum in m € Z" converges
due to the hypothesis that s > maX{O n(l — 1)} in the statement of Theorem 1.3. Thus,
1D Ts(f, DI 50z S 1D

LT v% q)
Case 2: ¢ =00, p=r, 1 < p < oo. In this case, we desire to show that, for v € A,(R"),

, which concludes case 1 for II5.

| D°TL5( f, g)HLP(v) S ||Dsf||LP(v) 19/l oo -

We begin by applying Lemma 3.10 to obtain

1

| D5 (f, g)HLP(fu) S (Z |A1‘3D8H3(f7 9)|2> : (3.30)

kez Lo(0)
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Fix k € Z, then A} D*II3(f, g) corresponds with Ty (D*f, g), where

1
1+ |a|? +|b]?)

5 > Clj a, bIN?[5,a,b)(&, n)

JEZL

G3[K](€,m) = W2 7F(E+n) Y (

a,bezZn
with N3[j,a,b] as defined in (3.29). It is easily verified that, due to the support of \T/, the
summation over j € Z needs only run over j > k — 3. With this in mind, and expanding

N3[j,a,b] using its definition, we see that

B[k (€.)
DY TR P &L gR e
[2ks‘2 (€ +n)| ¥ ’“(€+77))} % (1+|a‘21+ B
« ;%cu, a,b] [279° 277 " R 0(277g) | (2 7)
—FDUCHE ) Y

a,beZn

x Y 279Cj,a, b| F[D~ 1, W) (277€) U (2 7).

Jj=k—3

With this representation in mind for the multiplier 03[k], we see that |A} D*II3(f, g)(z)| =
| Ts(D* f, g)(x)| is bounded by

1 - .
2k8 27 Js C , b ‘AD AD Ta\IfD AT”‘D ‘ .
2 Ty 2 e [ n-a7"%) @)

By an application of Holder’s inequality on the £'-norm in j > k—3, we see that ‘AgDsﬂg(f, 9) (a:)|
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is further bounded by

28 3" (1+|a|2+|b| (Z 2” 2]5)

a,beZn >k—3

x ( D lelia b |APY [(AP D) - (A7) ]2> ;

jzk=3

Using the facts that the coefficients Clj, a, b] are uniformly bounded and ) jZk_?,(Q’QS)j ~

2725k we obtain

N

AYDIL(f, ) (o) S S <1+|a|21+|b|2)N (}Z ap [(Aj?‘sfaq’DSf)'<A;bq’g>H2>

a,bez™

Substituting back into (3.30) and applying the triangle inequality for Lebesgue space norms
and Minkowski’s integral inequality (see Section B.2), we see that ||D*II3(f,g)]| Lo(w) 1S
bounded by

> TR (ZZ\AM{AD D) (AT >H2> ’

a,bezZn keZ jeL. Lo(v)
If we were able to bound the L”(v)-norm piece above by something of the form ||D* f{| 1, |9/ 1

the case would be complete, since the sum in a,b € Z" converges for sufficiently large N.

First, we apply Lemma 3.12 with {T}}rez = {AP"V} ez and r = 2, which is possible since
(3.14) holds with » = 2 by Lemma 3.9, implying that the LP(v)-norm piece is bounded by
1 1
. 2 2 2
S|Py - arty) <swp { a7 _} \AD |
jez JEL L=

L (v) Lr(v)

Finally, we may bound the supremum above by ||g||;~ since

|a7g||, =l nw@ ]« gl e < 272 @) Mgl = 19150 gl e ~ Nl
(3.31)
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where we have used Holder’s inequality and we note that the above string of inequalities is
independent of j € Z, and we bound the LP(v)-norm piece by ||D*f{|,, using Lemma 3.11,
thus concluding this case.

Case 3: p=o00,qg=r,1 < ¢ < oo. In this last case, we desire to show that, for w € A,(R"),

1D M5 (f, | Loy < 107 F |l poe 1191l paguy -

We follow the exact procedure from case 2 (replacing LP(v) with L(w)) until we see that

we may complete the case by verifying

5T, s T 2 s
(Z (APTTDRf) - (A7) ) S 1Dl 190 2oy

JEZ L4(w)

Similar to the arguments made in case 2, we have

1

(Z (@p D) (A;-”’g)(z) I {[ar=mrpey

JEZ. JEL

()

L4 (w) ez La(w)

We bound the L?(w)-norm piece by [|g| .4, using Lemma 3.11, and we bound the supremum

by || D?f]| ;«, using the fact that, independent of j € Z,

’Af_ST“‘I’DS f(:c)‘ = [ D7, (2] + D f(w)]

< 2" D m ¥ (@) 1D fll g = | D] 1Dl

Finally, the case and the proof of the homogeneous estimates are concluded by noting that

| D~*¥|| ;1 < oo since, in view of the support of U, D0 ¢ S(R™).
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3.4.3 Inhomogeneous estimates

In this final subsection, we seek to prove the inhomogeneous estimates given by (1.5). As in

Subsection 3.4.2, we begin by noting that

1ol F e

I )ygy + 1T )y gy + 1T ) g

H

and our goal reduces to verifying the desired result for the II; (which also represents the Il
piece) and II3 pieces. We begin with the II; piece, whose treatment will be very similar to
the II; piece in Subsection 3.4.2. J®II; is a bilinear multiplier operator, whose associated

multiplier o} is given by

1
o\ (&) = % T TE TP NZch,a D+ 1€+ R T (27 n e ).
a,beZ™ VIS

We see that J°II;(f, g)(x) = T5/(J°f, g)(x), where

iy 1 e
01 (fvﬁ) T a’b%%n (1 + |CL‘2 + |b’2)N jZGZ:C[]?CL?b] (1 + |£|2)% Ta\II(Q ]f)qu)(2 j77)~

Again, we may apply Theorem 3.16 to obtain the desired estimates in the II; case, for it can
be verified that 0," satisfies (3.1) for any «, 3 € NI (using techniques similar to those used

to prove Lemma B.1). Theorem 3.16 then yields

1T ) 3y = 1T £ty S 1l 190 -

As in the homogeneous case, the restriction on s in the statement of Theorem 1.3 was not
needed with the II; piece.

We now consider the II3 case. Similar to the calculations in the II; case, it can be reasoned

7



that J°II5(f, g) = T5/(J°f, g), where

oy 1 (1+|€+77| i
) = Clj,a,b —ieVm(27
% (&) b% (1+ [a]? + o) N% At e nb(2 n)

If s >2n+ 1 or s € 2N, then similar to the 0" case, we can show that 03" satisfies the
hypotheses on the multiplier in Theorem 3.16, so an application of this theorem takes care
of these values of s. Thus, it remains to analyze II3 in the general case s > max{0, n(% —1)},
which we split further into three separate cases, just as in the proof of the homogeneous

results. In each case, it will be necessary to decompose 03 as follows:

oy 1 . o
03 (§,n) = a,b%” 1+ a2+ b2V [057 [, b](&,m) + 057 [a, b] (&, m)]

where
~ L+]€+1]%)2
550, Bl(En) :—((1f|§|§)') Sl JERC 7T )
_ 1 33 , L
a6 = Ul Sl b,
Since

1
L+ [al? + [o[)¥

TTs(f,9) = To(J°fr9) = Y (

a,beZ™

[T 1) (LS 9) + Ty 10y (J°f1 9) |

we see that ||J°TI3(f, )H  is bounded by

(%q

> [ s, e+ [Taeatrro) }

abezn 1+ [af? + [p]*)N Lr(wpwi) Lr(wpw)

If we are able to obtain bounds of the form

(T h9)|) P*(lal 1) 17 Fl ) N9l o)

r T
T(vaq)
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where Pt and P~ are polynomial functions, the result would be complete by taking N

T -wn(JF,9)| P(lal 1) 1° Fll 0 191 00y

ror
LT(vaq)

sufficiently large to counteract the polynomial growth and ensure convergence in a,b € Z".

Finally, before breaking into separate cases, define ¢ € S(R™) via § = ;I\>(2_7~) (so that
© is identically 1 on {£ € R™ : [¢] < 8} and is supported within {{ € R™ : [¢| < 32}). Also,
define the multiplier operator J; for j € No, t € R and f € S(R") via

—

TEF(E) = (277 + €2 F(©).

Case 1: % <r <oo, 1<p,q< oo. For this case, we will find that P* = P~ = 1. We first
treat 03" [a,b](¢,n). For any j € Z, it is easily verified that $(277(¢ + 7)) = 1 within the
support of @(2‘%)@(2‘%), SO

(LIS )% S el o, (2 (6 + ) B2 17T (2 ).

[G b](f? ) (1+ ‘€| o

Consider the identity

L+ E+n)F (2% + 1279+ )3

(1+1¢%)3 (272 + |279¢[*)3

along with the fact U= 7:/1\\/1}, which yield

“la.b](€m) = E:CLab[ 4 27+ m)[)REET(E + )

< |@7¥ + 2797 H0 e | RB TR )
= Y- Cli.a. T2 (€ +0) T DR IORERIORI2 ).

Jj=0

—

Since both jjg\o and J;*1 are compactly supported, we may consider the Fourier series

expansions of periodic extensions of each. Suppose h is large enough so that each function
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where

With these Fourier series coefficients in mind, define

b[m] = sup |*[m, j]|  and  b*[u] = sup |c*[u, j]| .
720 J20
We note decay properties associated with these coefficients given by b*[m] = O((1+|m/|)="*)
(Grafakos-Oh [30, Lemma 2]) and b~*[u] = O((1 + |u|) %) for any K > 0 (Grafakos-Oh [30

—_—

Lemma 3]). Replacing j;’?p and J;*¢ with their Fourier series representaitons and using

property (A.3.3) of the Fourier transform, we see that

03" a, b)(€,n)
=Y clat] | Y Em. et ](W)'m] [Z o Jle e | T2y (2 )
7>0 mezZm™ WEL™

= Cliab] Y- Em. ) ) F Tusm ) (296 Flnem W2 ).

Jj=0 m,puEL™

Using this representation for the multiplier 03" [a, b], we have

Totian (S Fo9) (@) =D Cliya,b] > E[m,gle [, j] [(AF Y I f) - (AT g) | ().

J=0 m,pEL™
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Taking absolute values, and using the fact that C[j, a, b] are bounded uniformly in j € Z and

a,b € Z, along with the formulas given above for b*[m] and b=*[y], we see that

Tovan(FF0) @) S Y0 Bl S| [(A7 ") (A7 )] ()]

m,uEL™ 7>0
To wrap things up with 63" [a, b], we have

r*

T

< X 3 [IAF g AT

m,uEL™ 7>0

ror
Lr(vPw?)

1r* 1r*

< Y Bl (Z)A?*Wff ) (Z!N”” \)2
j=20 j>0

LP(v)

La(w)

< S B

0 190 Z0w)

ST ooy 191 L) »

where in the second inequality we have applied Holder’s inequality twice (first on the £!-norm
in j > 0, then on the Lr(viwg)—norm), in the third inequality we have used Lemma 3.11,
and in the last inequality we have used the decay properties of b[m] and b=*[u] (where for
b*[m] we require the hypothesis that s > max{0, n(+ — 1)} for convergence, and for b~*[y]
we use b—*[u] = O((1 + |p|)™*) with K sufficiently large).

We now consider 03 [a,b]. For any j € Z with j < 0, it is easily verified that p({ +n) =
?(¢) = 1 within the support of W(277¢)W(2-7n), so

(L+1€+n)5 .

03" [a,b](&,m) = —PE+n)p Clj, a, b7, U (277€)m T (277 n)
L+iefE 7 ;
Too(€+m)T—p(€) S Clja b7, U(279¢) 7T (27n). (3.32)
7<0
Since ﬁ’?o and m are compactly supported, say within H = [—%, %] where h is large enough
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to contain the support of both functions, we may consider the Fourier series expansions of

periodic extensions of both functions:

Top(w) = [Z cS[m]e%“w-m] xu(@),  Toew) = [Z [u]] xu (@),

mezmn HEL™

where

2mi

ol = [0l = g [ 0 e ac

and c*[m] = O((1 + |m|)™%), ¢*[u] = O((1 + |p|)~%) for any K > 0 by (A.1) (replace

—% as continuous functions defined on

m, u € Z" by continuous variables so we regard ¢*, ¢
R™; then ¢*,¢™* € S(R™) are the inverse Fourier transforms of the smooth and compactly
supported functions (1 + |-[*)23, (1 + |-[*)"23 € S(R™)). We replace Jsg and m with

their Fourier series expansions and use property (A.3.3) of the Fourier transform to obtain

ag—[a,b]@,n):lzc[ Je € ”Z eTf“]Zcu,a,b@<2—j§>?@<2—jn>

mezm™ HEZL™ j<0
= > Slmle[w) > Clis a B F Taraime i Y12 7€) Fltpraim ¥1(27n).
m,puEZ™ 7<0

With this representation for the multiplier 03~ [a, b], we have

Tsoton (T f.0)(2) = D lmle ] 3 Clia b [(AF ") - (A7) (@),

m,uEL™ 7<0
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Therefore, we obtain

r*

T5-1am(f: 9)

r r
Lr(vpwa)
,r,*

* ¥ T ,- A\ T .
S 0 % ) W BN B AN
e 17"
< S ™ s r Tat2d (mtm) ¥ 75 2\’ Tyt 2dm ¥ 2\*
S D e el (Do ], T f Y oAy
m,uEL™ 7<0 P (v) 7<0 La(w)

S D el el 12 Al 191w

m,uEL™

S o) 190 o)

where in the first inequality we have used the fact that the coefficients Clj, a, b] are bounded
uniformly in j € Z and a,b € Z", in the second inequality we have applied Holder’s inequality
twice (first on the ¢'-norm in j > 0, then on the L"(vrws)-norm), in the third inequality
we have used Lemma 3.11 on each piece, and in the final inequality we have used the decay
properties of ¢*[m] and ¢*[u|, thus concluding our analysis of 03 [a, b] and completing case
1.

Case 2: ¢ =00, p=7r, 1 <p < 0o. We begin by considering 63" [a,b], in which case our

goal is to show that, for v € A,(R"),

where P* is a polynomial function. An application of Lemma 3.10 gives

oIS 9)| S PH(al ) 17 Pl Nl oo

Lr(v)

Lo(o) S (Z )Ai\fTé},ﬂa,b](Jsfa 9)’2) . (3.33)
’ kez

LP(v)

Ttia(J°1.9)]
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Fix k € Z, then we see that A} k Lsta (J°f, g) corresponds with T+ . 4 (J°f, g), where

2\ &
)= (14 €+ | )2{1}( 7195_'_77 ZCj,abTa (2 Jg)Tb\I;(2J)

&SJF{kaa?b](gan (1+|€|2)§
>0

Due to the support of \TJ, it is easily verified that we may adjust the summation in 03" [k, a, b]
to run over j > max{0, k — 3}.
We now analyze 03 [k, a, b], first for the case k > 3, so that max{0,k — 3} = k — 3, and

03" [k, a,b](&,n)

_(1+|5+U|2)%A —k a.blr —j - j
BRGENTRE v(2 (§+n))j>§k;3€b, D70 (2798) W (277n)

- |2+ e o Serte )]
x 3 Clia,b] [2727Y + 27 )E R0 27 | 7P (2 )
j>k—3

= 2 TUQ2THE+n) Y 27°C, 0,0 F [T W27 ) m W (27).

j>k—3

With this representation for the multiplier 63" [k, a,b], and since AET@WGM st kap)s Ve

then obtain

—is . : J T ¥
M Tsn(PF o] <20 3 27 ieliatl | | (o]

j>k—3

). <A;b““g>} ().

Through an application of Holder’s inequality on ¢!-norm in j > k — 3 and by recalling that

1
2)2

C[j, a,b] is bounded uniformly in j € Z and a,b € Z, we see that

ATy 1,00 kw(zzm)(z

j>k—3 i>k—3

A a7 - @779 @
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Further, we have Zj>k_3 27275 ~ 272k g0 that

ATty (Jf.9) @ >\5<Z

jzk=3

AP a7 07| @

2\ 2
), vk > 3.

Next, we analyze 03" [k, a,b] for k < 3, in which case max{0,k — 3} = 0. For k < 3, it is

easily verified that ¢ is identically 1 within the support of (1\1(2 k), so

03" [k, a, b](€, )

A+
- (1+|€’2)% 90<€+77) (

e+m)> Cliva, lr P (27 ) mP (27

j>0

"(E+m)

x> Clj,a,b) [2‘]’5(2—23’ + 12‘j£\2)‘5ﬁ1(2‘j€)] 70 (2 7n)
>0

= [(1+ [ +n)E(E +n)] T(2

= Ji(& +mUEF(E +n)) Y 279°Clj, a, Bl F[J; 5, W] (279€) ¥ (277 n)

J=0

Since AY T 10 = Doyt k> We have

Al‘firoJrab](‘] f7 ‘ 22 ]S‘Cj>ab]|

7>0

syt |a) ™ 87| @),

By applying Holder’s inequality on the £*-norm in j > 0, using the uniform bound on C[j, a, V]
in j € Z and a,b € Z", and using that )., 27%* ~ 1, we obtain

A%Tog+[a,b](‘]8f7 9)(95)‘ S (Z

320

syt @) e 87| @

2\ %
) Yk < 3.

We now combine results from the k£ > 3 case and the k£ < 3 case to finish our analysis of

85



03" [a,b]. Returning our attention to (3.33), we have

|t s,
5 (Z ‘A$TO~3+[a,b](Jsfag)‘2> (Z ‘A ab] J f g)‘2>
k>3 Lo (v) k<2 o)
2\ 2
S (Z oA [ AP TR <A;b‘yg>} )
k>3 j>k—3 o)

[N

2
5678%5[ Ay Jsf)'(A?‘Pg)} ) :

LP(v)

(xx

k<2 j>0

where in the first inequality, we have used the triangle inequality twice, first on the ¢?>-norm,
then on the LP(v)-norm. To handle the two summands following the final inequality above,
we will use a few lemmas introduced in Subsection 3.2.2. We begin with an applicaiton of
Lemma 3.15 (with v = 0 and r = 2) to see that the first summand is bounded by some

constant (independent of a,b € Z™) multiplied by

J‘ra

(A7 ) (A7)

2) 5 . (3.34)

LP(v)

>

Jj=0

For the second summand, we apply Lemma 3.12 with {7} }rez = {S{)]S“DA,%’}%Z, {fitiez =
J 5

{(Ay Jf) - (A]T-”\I/g)}jeNO, and 7 = 2 to obtain that the summand is also bounded by
some constant (independent of a,b € Z") multiplied by (3.34). To apply Lemma 3.12, we
must verify that {S; *AY}rez satisfies (3.14) with r = 2. For © € L*(w) and w € Ay(R™),

we see that

[N

W@‘

L2(w)

>t o
k Z

L2(w) L2(w)

2
: @Ag@‘ )

by Lemma 3.9. Finally, S  is a bounded operator on L?(w) (verified as follows), so that

>

kEZ
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{SI"? AV} ez, satisfies (3.14) as desired. Indeed, we actually have that S ¥ is a bounded
operator on L?(v) for any s > 0, 1 < p < oo, and v € A,(R"), since |(J°¢) * O(x)| <
|IM(©)(x)| by (3.4) and M is a bounded operator on L°(v).

Having bounded both summands by a term of the form (3.34), we continue from the

1
2)2

<o (s, 3| (o

string on inequalities above to conclude the 03" [a, b] case:

JTa

a9,

(A7 I f) - (A7)

W5

Jj=0

Lp(v)

1
) 2
)

LP(v)

Jj=0

where the supremum is bounded by ||¢| ;- due to (3.31) and the LP(v)-norm piece is bounded
by [[J°fl 1»(,) due to Lemma 3.14 (and all implicit constants are independent of a,b € Z").
We now move on to the consider the o3 [a, b] case, for which we must verify that, for

v e A,(R"),

where P~ is a polynomial function. Using (3.32), we obtain

P(lal, D N7 Fll ooy gl o »

Tian(I'f9),, . %

Totan (°fo9) (@) = 5372 | > Clisa, 0[(AFS7 20 f) - (A7 g)]| ().

§<0

We note that, by the reasoning following (3.34), both S; 7" and So 7% are bounded operators

on LP(v). Further, the symbol > ._,C[j, a, b}Ta (2~ jf)Tb\P<2 In) satisfies (3.1) for «, § € Npy

j<0
such that |+ 8| < 2n + 1 with constants C,p, < (1 + |a|)*"™(1 + |b])****C’, which may

be seen by considering property (A.3.3) of the Fourier transform and techniques similar to
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those used in the proof of Lemma B.1. Therefore,

T (J°F, g)HL =185 [Z Clj, a, [(ATYSy 2T f) - (A;b‘l’g)]]

P(v) <0

LP(v)

S| Cla bI(AFT Sy 2T f) - (AT g)

j<0

LP(v)

S (L Jal) 1L+ o)+t (1S5 2 f

o Il

S @+ [al)* @+ )T fll o) N9l e

where in the second line we have used the boundedness of S(‘)] ?on LP (v), in the third line we
have used the uniform boundedness of C[j, a,b] and applied Theorem 3.16, and in the last
line we have used the boundedness of S{)] ¥ on LP(v). This then concludes our analysis of
03 [a,b] and subsequently case 2.

Case 3: p=o00, ¢ =r, 1 < ¢ < oo. In this final case, we must show that, for w € A,(R"),

I T3 (fs D paqwy S 17 F 1 oo 190 Loy -

In the 03"[a,b] case, we follow the exact calculations from case 2 until the final set of

inequalities, replacing L?(v)-norms with L9(w)-norms. A slight alteration to the last chain

1
2> 2
La(w)

H(slf) ]
Le §=0 I

9(w)

of inequalities yields

s
Ta

(A7 V) (A7)

Togﬂa,b} (f,9) )

La(w) 5 (Z

720

STa

VAt
ANy

J20

where the L?(w)-norm piece is bounded by [|gl|(,, due to Lemma 3.14 and the supremum

is bounded by ||J*f]|;~ (justified as follows), and all implicit constants are independent of
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a,b € Z". By Young’s inequality, we have

J;STG\I/ s
NG

S H2jn<]j_s7—a\1/(2j')||Ll ||‘]Sf||L°° = HJ]'_S\IJHLI ||‘]Sf||L°° )

Loo
so that

AT g

J

sup {'
320

} < sup {11579, } 1

< ([ swlive) de) 111,
R

n j>0
dz <
< (/an> (Al

for any K > 0 (see Grafakos-Oh [30, Lemma 3]). Taking K large enough ensures that the

Lo

integral in the final line is finite.
All that remains is to consider the 03 [a, b] case. Again, we follow the calculations from

case 2 until the final set of inequalities, then conclude with

To}f[a,b](‘]sfv g)’

= |8 [Z Clj,a, b[(ATV Sy 2T f) - (A?‘Pg)]]

La(w) <o Lo(us)
<> clia A7) e ) - (A7 g))
71<0 Lq(w)
S (U a2 (14 )4 |52 Nl

S @+ [al)* @+ )T fll e 9l o)

where in the second and last lines we have used the boundedness of S(‘)] ? and S{)] ¥ on Li(w)
and L*°(R™), respectively, and in the third line we have applied Theorem 3.16 (with the same
justification as given in case 2 at that step). This wraps up our analysis on 03 [a, b], thus

concluding case 3 and completing all inhomogeneous estimates.
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Appendix A

A Glossary for Notation

A.1 Frequently used notation

For the following quick definitions, let z = (z1,...,2,) € R" and a = (o, ..., ) € NJ:

Z set of integers

set of positive integers

Ny set of non-negative integers
R set of real numbers

C set of complex numbers

|| Vat+ag+ o+l

o ap + g+

x® R N e

OF f(z) the k-th partial derivative of f(x1,xa,...,x,) with respect to x;

o fla) 0O ...0% f(a)

k! k(k—1)...2-1for k€ N (and 0! = 1)
! ap! -l

(g) WLB)' for multi-indices «, 5 € Nj

B(z,r) the Euclidean ball of radius r > 0 centered at x
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Sm the n-dimensional unit sphere; the boundary of B(0,1) C R**!

(f,9)  Jan f@)g(z)da
Tof(x)  f(x+u) for any u € R”

as<b a < Cb, where C' > 0 may depend on some parameters, but not on functions
or parameters being tracked

a~b a<band b<a

A.2 Function spaces

For more detailed background and results relating to the following function spaces, see for
example Grafakos [27, Chapters 1-3]:

Space of smooth functions. The space C*°(R") denotes the set of complex-valued in-
finitely differentiable functions defined on R™.

Lebesgue spaces. For 0 < p < oo, we define the LP(R™)-norm of a function f (which is

actually a quasi-norm if p < 1) via

WMw:(AJﬂ@Pm)R

where dz denotes the standard n-dimensional Lebesgue measure, and we define the L>(R")-

norm via

£l = e85 Sup |[f(2)] = inf{K >0: dg(f) = 0}

where dg(f) denotes the standard Lebesgue measure of {x € R™ : |f(x)] > K}. We then
denote LP(R™) to be the space of all functions with finite LP(R")-norm, where we consider
two functions equal if they differ on a set of Lebesgue measure zero. By virtue of being
a norm, it is well known that the triangle inequality holds for 1 < p < oo, implying for
f,9 € DP(RY) that ||f + gll,» < |l + gl

By replacing R™ with Z and the standard Lebesgue measure with the counting measure

in the definition for LP(R™) above, we obtain the Lebesgue sequence space ¢P. Specifically,
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this space consists of all sequences {z, }nez C C with finite ¢?-norm, defined for 0 < p < oo
via
1
p
I{n}nezllpw = (Z |$n|p>
neZ

and for p = oo via

[{Zn }nezll o = sup |2y .
nez

Schwartz class. The space S(R™) denotes the set of functions in C*°(R"™) which decrease

rapidly at infinity. Specifically, f € S(R") if for every a, f € Nj,

paplf) = sup |2°9° f(2)] < o0.
reR™

The set {pa,p}a,seny form a collection of seminorms on S(R™) through which we may define
a notion of convergence within S(R™). For {f;};ez C S(R"), we say that the sequence
f; converges to f € S(R") if pos(f; — f) g——;: 0 for every o, € Nj. An equivalent
characterization of S(R") may be given as follows: f € S(R") if for every @ € Nj and

N € Ny, there exists some constant éay ~ > 0 such that for all x € R”,

CVoz,N

At )™ (A.1)

0% f ()] <

Thus, the Schwartz class is the collection of all smooth functions which decay faster than the
reciprocal of any polynomial at infinty. We give a few examples of Schwartz class functions

below.

e Any smooth function with compact support lies in S(R"), since such functions vanish

at infinity.
e The function e~ is in S (R™), despite not being compactly supported.

e Suppose f € S(R™). It is easily verified that 0% f € S(R"™) for any multi-index a € Nj
and that Pf € S(R") for any polynomial function P defined on R™. Further, by the
Leibniz rule for differentiation, fg € S(R™™™) for any g € S(R™).
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Finally, we verify a useful property about Schwartz class functions. Given f € S(R"),

u € R" and N € Ny, we show that

~ (14 u\"
S| < C . A2
uf@)] < Gox (114 ) (12)
Since f € S(R™), we see that
Con
T ()] = T4+ u)| < : .
uf ()] = |fe + )| € o
We need only show that ij:';" is a majorant of m Indeed, by the triangle inequality, we

see that 1+ |z| < 1+ |x + u| + |u] < (1 + |u])(1 + |z + u]) so that

1 B 1+ |ul <14—|u|
T+jz4+u A+ u)d+|z+ul) = 1+ |z

Space of tempered distributions. The space §’'(R") denotes the dual of S(R"), that
is, the space of all continuous linear functionals on S(R™). For T' € S’'(R"™), we denote its
action on a given test function ¢ € S(R™) via T(p). Convergence in S’'(R") is defined as
expected for the dual of a function space: for {7}};ez C S'(R"), T o TifT e S'(R")
and Tj(p) ﬁ—oo> T(p) for every ¢ € S(R™). We give a few examples of distributions below,
defined for ¢ € S(R"):

e The Dirac mass at a point 2y € R" is denoted d,, € S'(R") and defined as d,,(¢) =
(o).
e Any f € LP(R"), 1 < p < o0, can be identified with a tempered distribution T} €

S'(R™) by defining Ty(¢) = [o. f(x)p(z) dz.

e Any finite Borel measure p can be identified with a tempered distribution 7, € S'(R")
by defining T),(¢) = [ ¢() du(z).

We make the following definitions associated to a tempered distribution 7" € S'(R") acting

on a test function ¢ € S(R"):
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e Define a notion of derivatives for tempered distributions via [0°T](¢) == (—1)T(9%yp)

for any multi-index o € Nj.

e Define a notion of the Fourier transform for tempered distributions via T(p) = T(3)

and [F~T)(p) = T(F1yp).

Sobolev spaces. For 0 < p < oo and s € R, the spaces W*?(R") and W*P(R") denote
the homogeneous and inhomogeneous Sobolev spaces, respectively, where the corresponding

function space norms (or quasi-norms, if p < 1) are defined via

[f s = 1D fll o and [ fllyep = 17 fll 1o -

Through certain parallels involving the Sobolev function space norms, we may think of the
operators D*® and J® as taking s derivatives of a function. Specifically, for £ € N; it is
well-known that f € W*?(R") if and only if > tal=k 10° fll 1 < oo (so that all k-th order
derivatives are in LP(R™)), while f € W*P(R") if and only if > o<k 10%fll» < o0 (so that
all derivatives up to order k are in LP(R")).

Hardy spaces. Let 0 < p < oo and ¢ € S(R") such that [, ¢(x)dz # 0. The space
HP(R™) denotes the Hardy space, having function space norm given by

11l =

7
p

sup | * f|
>0

where ¢ (z) = t7"p(z/t). We note that different choices of ¢ € S(R") yield equivalent
norms and that H?(R™) = LP(R") for 1 < p < 0.

Space of bounded mean oscillation. The space BMO(R") denotes the space of all
locally integrable functions for which the supremum of their mean oscillations over cubes in

R" is finite, measured via

1
o= s 7 [ 1) = fal de < o

where |@)| denotes the volume of ) and fg is the average of f on the cube @, that is
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fo = ﬁ fQ |f(z)| dz. We also note that BMO(R") is the dual vector space of the Hardy
space H'(R™).

A.3 Fourier analysis background

Fourier coefficients and series. Suppose that f € L'(R) is periodic of period h, that
is to say f(z) = f(x + h) for any x € R. Define the Fourier series expansion of f by

Y ez clale’ " * where {c[a]}qez are the corresponding Fourier series coefficients, defined by

1 % 27
claj == [ [fly)e”*dy.

Now suppose that f is a continuous compactly-supported function defined on R", say with

compact support inside H = [—%, %]" for some h > 0 large enough. By extending f period-
ically and iterating the formula for the Fourier series expansion of a function defined on R

given above, we obtain the following pointwise equality:

flz) = (Z H) Xu (@),

a€Z™

where

27

1 _2mi,,
cld] :ﬁ/ fly)e™ "V dy.
H
Fourier transform on S(R"). For a function f € S(R™), define its Fourier transform by

~

f(&) = FIfl(§) = . f(z)e ™8 dy.

The definition of the Fourier transform is extended to S'(R™) by duality (see Section A.2).

Note that F is a bijection on S(R") and §'(R") and an isometry on L*(R™). Moreover,

fla)= | Floem=tds, vf e S®").
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Many other convenient properties hold for the Fourier transform as well, listed below for

f:9 € SR"):
(A.3.1) Flaf + bg] = af + bg for constants a,b € C
(A32) Flf+gl=F3

(A.3.3) T, f(&) = 2w F(£) for any u € R

~

(A.3.4) FIF(2)](6) = t"f(t€) for any t > 0

(A.3.5) 2L(¢) = —2miFlw; f())(€) for 1 < j < n, which implies 9 f(€) = (—2mi)*lF[(-) £)(€)

for any a € Nj
(A.3.6) F[%](f) = 27'('2'5]']?(5) for 1 < j < n, which implies 8/0‘7(5) = (27ri)|a|§°‘]?(§)

For further Fourier analysis background information, including proofs of many of the state-
ments above, see for example Duoandikoetxea [20, Chapter 1] or Grafakos [26, Chapters 2

and 3].

A.4 Auxiliary functions and associated operators

While determining paraproduct decompositions in various situations throughout the manuscript,
certain operators will frequently appear, which we define as follows. Given ¥ € S(R"™) whose

Fourier transform is supported in an annulus, we define the family of operators {A;I’ }iez by

— ~

AYF(E) = T(27Ef(©), EeRr, (A.3)

where f € §'(R"). Similarly, for & € S(R™) whose Fourier transform does not vanish at the

origin and is supported in a ball centered at the origin, we define the family of operators

{S?}jez by

STR(E) = BRI F(E), ¢ eR™ (A.4)
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The operator A;»I’ acts to effectively zero out all but a specific band of frequencies of order
27 of the function to which it is applied, while ST isolates all frequencies of order below 27.

Specific instances of auxiliary functions W, ® € S(R") satisfying the support conditions
mentioned above will also be useful throughout proofs in the manuscript. Fix a real-valued

U € S(R™) satisfying

supp(¥) € {€ € R : & < |¢] < 2}, (A.5)
qu gy =1, VEeR™\{0}. (A.6)

Having fixed such a ¥, we define & € S(R") via

- 1, §=0,
B(e) = (A7)

S, U(277€), € e R\ {0},

Obtaining ¥ satisfying (A.5) and (A.6) can be done in a straightforward manner. For

example, take any real-valued ¢ € S(R™) which is non-negative, radial, decreasing, and for

2

which ¢[p, 1) =1 and supp(yp) € B(0,1). By defining

U(€) = p(£/2) — 9(€),

it is easily verified that W satisfies (A.5) and (A.6). Further, it may be verified that ®, as
defined in (A.7), has a Fourier transform which does not vanish at the origin and is supported

in a ball centered at the origin:

=1, supp(@) C {€ R :J¢| < 1), (A8)

We will also require functions ¢, ¢ € S(R"™) relating to ¥ and ® as defined above satisfying

Il
\'H

If

“b—‘

(A.9)

)

supp(\fl) supp(®)
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and satisfying

supp(¥) C {€ € R": L < €] <2}, supp(¢) C {£ € R": [¢] < 1}, (A.10)

A.5 Pseudodifferential operator background

We give a few specific examples of symbols and the bilinear pseudodifferential operators with

which they are associated, all of which may be verified using properties in Section A.3:

e If o is independent of both & and 7, that is, o(x,&,n) = o(z), then T,(f,g)(z) =
o(x)f(z)g(x). Of particular note is the symbol o = 1, for which T, (f, g)(z) = f(z)g(z).
In discussing Leibniz-type rule results relating to bilinear pseudodifferential operators,
we can often obtain results more reminiscent to (1.1) and (1.2) by considering the

symbol o = 1, so that T,(f, g) appears as pointwise multiplication.

e If o is a multiplier of the form o (&, n) = €21 for multi-indices «, 3 € Ny, then

T.(f,9)(x) = (0°f)(x)(9"g)(x).

(2ri Yot Bl

That is, products of derivatives of functions may be expressed via bilinear pseudodif-

ferential operators with the right choice of symbol.

e Combining the previous two examples, we note that if ¢ is of the form
O'(Z', 57 77) = Z Ka,ﬁ(x>€a77ﬂ7
a’/B

where the sum is taken over some finite set of multi-indices, then

(F0)) = X o 0 )@ °0) o),

a7ﬁ
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Remark A.5.1. Definition 1.1 is naturally motivated by the analogous definition for linear
pseudodifferential operators which act on a single function, as we examine in this remark. For
m(x, &) a complex-valued, smooth function defined for z, ¢ € R™, the linear pseudodifferential

operator associated to m is defined via

-~

Tu(f)(@) = [ ml@, Q@) de, Vo eR".

R”

The following identity holds for f,g € S(R"):

Tolfg)a) = | mle.Fg()e™ < = | m(e, L] gl(e)e* de

-~

= [ miwe) | [ Fie-matian| m=sae = [ o+ T dcan

Rn R2n

where in the second equality we have used property (A.3.2) of the Fourier transform, and in
the last equality we did a change of variables £ — & +n. Thus, we may recover the action of
any linear pseudodifferential operator acting on a product of functions using an appropriate

bilinear pseudodifferential operator: T,,(fg) = T,(f, g) where o(x,&,n) = m(z,§ +n).

A.6 Littlewood-Paley theory background

We briefly introduce Littlewood-Paley theory, from which many techniques and results will
be useful throughout discussions of our main results. Littlewood-Paley theory is built upon
the idea of decomposing a function into a sum of functions with localized frequencies using
the operators A;I’ defined in (A.3). One way to obtain such a localization is by considering

square functions:

DEFINITION A.1. The square function associated with a family of Littlewood-Paley operators

{A}}jez is defined by

o (Sharr) -

jez

Another aspect of Littlewood-Paley theory concerns itself with relating the size of a
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function to the strength of the frequencies from which it is built. For functions in L?(R"),

there is a straightforward relationship:

Theorem A.2 (Plancherel theorem). The Fourier transform is an isometry on L*(R"), that

is, for any f € L*(R"),

1£1lz2 = || 7]

2’
However, for functions in general LP(R"), no such simple isometry holds. The following
theorem serves as somewhat of an analog for LP(R™) functions, relating the sizes of a function

and its corresponding square function as in Definition A.1:

Theorem A.3 (Littlewood-Paley theorem). Let 1 < p < 0o and ¥ € S(R™) satisfy (A.5).
Then for any f € L?,
1/2
2
(Z A7 ) SNl
jez >

If in addition V satisfies (A.6), then the reverse inequality is true, that is,

1/2
1l S (ZlA}“ff)

JET .

Theorem A.3 serves as a basis for many square function-type estimates we will find useful in
proving results throughout the manuscript. For more extensive background on Littlewood-
Paley theory, including a proof of this result, see for example Duoandikoetxea [20, Chapter
8] or Grafakos [26, Chapter 6].
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Appendix B

Useful Results

B.1 Proofs of various lemmas
Lemma B.1. Let o € B'STI, and let 6 € S(R) be real-valued satisfying (2.5). Then o', 0? €

. m
BS| |, where

01(1,75777) = o(x,&,n)0 <%> and Uz(x,ﬁ,n) =o(x,&n)0 <\‘§||>

Proof. We consider only the o! case, as the o2 case follows analogously. Fix «a, 3,7 € Nj.

We wish to show that

1
€]+ In)letP=hi=m

01059, (r.m)| % W(z,&,m) # (0,0,0),

where the implicit constant may depend on the multi-indices involved. Due to (2.5), 0 is
constant on B(0,1) U (R \ B(0,2)), so the result clearly holds within {(z,&,n) € R¥ : %
5 or % > 2}. Thus, we restrict our attention to {(z,£,7) € R¥ : $[¢] < |n] < 2[¢]}, a
region wherein |£| ~ |n|. By an application of the Leibniz rule for differentiation, we see that

8;8?85 ol(x,&,m) may be expressed as a linear combination of terms of the form

Q0 O (. &I OPT(€m),  ontop=a,Bi+ =0,
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where 7(§,n) = 0(%) Note that 7(A, An) = 7(&,n) for any A > 0, which implies that for

any O‘27ﬁ2 € N87
0207 (&, m) = N2t 2l[922 002 7], M), VA > 0.

Taking A = |(£,1)| ", we then have

‘[3?285271 (lE?Z;\)‘

poeoiot (@ e S D 0100 o (x, & )]

a1 toas=« |(€777)||042+62‘
B1+B2=5
oy i og=apem] (e )
S 2 QA E (g + e
B1+p2=p
1

~

(1€] + In[)le+si=hi=m

where in the second line we have used (2.3) and the fact that |(&,n)] ~ |¢] + |n|, and in
the last line we have used the fact that 7(£,n) is smooth away from the &- and n-axes
by definition, and therefore, 8?28527' is bounded on the compact subset of the unit sphere
{(&n) € S? 1 2¢] < |n| < 2[¢]}, the closure of which is disjoint from the &- and n-axes.
0

Lemma B.2. Let v € A,(R™) and w € Ay (R™) for some 1 < p,q < oo with %Jr% =1 Then
v e Amaxip,qy (R") for any 0 < 0y,0; < 1 with 6, 46, = 1.

Proof. Without loss of generality, we suppose p > ¢. By standard nesting properties of Muck-
enhoupt weights, w € A,(R") (see, for example, Grafakos [26]). To satisfy Definition 3.7, we

desire to show that

ap (’712' /Q o(z) " w(z)” dx) (IT;I /Q (@) w(z)) 7 dx)p_l < 0,

where the supremum is taken over all cubes () C R™. Consider the first piece in parentheses,

which by an application of Holder’s inequality (see Section B.2) and the fact that 6; +6, = 1
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yields

_ (ﬁ/@wf;)dgpyl <|%|/Qw(x)dx>92.

Similar calculations on the second piece in parentheses give

(ﬁ/@(v(x)“w(fc)%)‘ﬁl dx)p_l < (ﬁ/@v(l‘)_pil dx)(p_l)el <|Qi|/Qw(x)—zi1 dx>(p_1)92.

Finally, we obtain the desired result by noting that v and w are both in A,(R").
0

Proof of Lemma 3.9. For part (a), see Rychkov [60, Proposition 1.9] (see also Kurtz [43]);
part (b) is a consequence of part (a), Lemma 3.13, and a duality argument (see also
Fefferman-Stein [23, pp. 128-129]).

[

Proof of Lemma 3.10. Part (a) follows from the facts that if & € S(R™) has integral 1 and

f € L*(R"), then |f| < sup,.q |&®(;) * f| pointwise, and

1
~ (Z \A%ff)
Lr(w) keZ

for 0 < p < 0o and w € A (R") (see Qui [57, Theorem 1.4] for such norm equivalence).

sup
>0

7o)+

Lr(w)

Part (b) was proved in Ding et al. [19, Theorem 3.5] for 0 < p < 1; the case p > 1
follows from the latter along with an extrapolation result on A, weights (see Cruz-Uribe-

Martell-Pérez [16, Theorem 2.1] with pg = p for any 0 < p < 1 and the family of functions

F = {f, <Zj1,j2€Z |Ai1qu;2f}2>2} !
fEL2(R™)

]

Proof of Lemma 3.11. For part (a), see Cruz-Uribe-Naibo[17, Theorem 2.1]; part (b) is a
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consequence of part (a) and Lemma 3.13.

Proof of Lemma 3.12. The case p = r is easily verified:

T

> (Z‘Tk(fi)‘2> = /n > (Z\Tk(fj)(iﬁ)’2) w(z) dx

jez \keZ jez \keZ
L7 (w) -
1T
2
2
¥ (Z\Tkw)
i€z || \kez Lr(w)
<S5
JEZ

T

= (Z |fj|T> ,
JEZ

L7 (w)

where in the third inequality we have used (3.14), which is independent of f;. The p # r
case follows from the latter case and extrapolation (see, for example, Duoandikoetxea [20,
Theorem 7.8]).

O

Proof of Lemma 3.13. This is an immediate consequence of Lemma 3.12 with an iteration

of norms. We have

p

(Z > }73'11T]'22(f)|2> S /an (Z ’Tjif(.’xg)‘2> s

J1€EZ jo €7 L7(w) J2E€Z Lo (R w(-,22))

:/Rn1 <Z \@if(am-)\?) day

J2€L LP(R"2 (w1 ,)

S [ 11 ars o
n1

N

N

= 1Al 2oy »

where in the first line we have applied Lemma 3.12 with r = 2 (which is applicable due to
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(3.15) and the fact that w(-, z2) € A,(R™) uniformly in x; € R™), and in the third line we
have used (3.16), noting again that w(zy,-) € A,(R") uniformly in z; € R™.
[

Proof of Lemma 3.14. As reasoned in (A.10), consider ¢ € S(R™) satisfying (A.5) and such
that @//J\\Tl —U. For s € R, 5 € N, and u € R", we have

~

(§)e2=< dg

Tu ;W

Aj J f(l'):/ 627ri(2*j§) 2]+{2 jé" %\/I} Jf)

~

- [ Teronefeen i,

where jj‘%(f’) = (27% + €]} 34(€). Let {c*[m, j]}mezn be the Fourier series coefficients of the

periodic extension of @XHv where H = [—2 2] with h large enough so that supp(w) C H.

By Grafakos-Oh [30, Lemma 3], it follows that sup, |¢*[m, j]| = O((1 + |m|)~¥) for any
K € N. Then, we get

AT p@)] = / n(Z fm, fle® GO )ﬁf(z-jms)emdf

mezZn"

~

= |3 mag] | Flrep W96 FE)m de

mezmn R
o Turm ¥
=1 em A fo)
mezZm™
1 TupmW
< [ ok

where we have used property (A.3.3) from Section A.3 in the second equality. Therefore,

1

) S 1+\m| (Z]A"*’" f\) Sl o

LP(w LP(w)

(Z a4

Jj€No

where we have applied the triangle inequality for weighted Lebesgue spaces, Lemma 3.11,

and assumed K > n to ensure convergence in the sum in m € Z".
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Proof of Lemma 3.15. We merely apply Lemma 3.12, noting that (3.14) holds by Lemma 3.14.
O

B.2 Known results

Theorem B.3 (Holder’s inequality). Let 1 < p,q < oo satisfy % —i—% = 1. The for all
f € LP(R") and g € LY(R"),

1Fgll e < 1Fllze 191l o -

Theorem B.4 (Young’s inequality). Let 1 < p,q,r < 0o satisfy %—‘—é 1+ 2. Then for all

f e LP(R") and g € LY(R™), we have

1 * gl e < [1fl1ze llgll e -

Theorem B.5 (Minkowski’s integral inequality). Let 0 < py,pa < 00, and suppose (Si, 1)

and (Sz, io) are two o-finite measure spaces with F : S; X Sy — R measurable. Then

(/ i dm@)) " [ /. ( [P ) . dm)] "

3|8

/ Fe,y)” d(2)
St
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