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CHAPTER 1
INTRODUCTION

Queue 1is a-common phenomenon observed almost in every phase
of life such as in a gas station, at a checkdut counter, at a tool
crib, and in hospitals. In most of the industrial systems, men,
machines; or materials form a queue for some type of service.

The problem of queue is not so obvious in the industrial systems
as is the case with the queue encountered in every day life. For
example, in production systems where material or semi-finished
products wait for processing at each machine causing many delays
such that due-dates cannot be met, decisions have to be made re-
garding the increase in the number of facilities to provide a
certain level of service.

In such situations also, queues are formed due to the un-
certainty in demand, service time, or in both. Two extreme cases
may occur: (1) providing too much service than desired would
involve much idle fime of the facilities and hence increase
costs; (2) not providing enough facilities, thus overloading the
existing facilities would cause long queues most of the time.

The 1latter case would cause loss of good will, . hence loss of
customers. In an industry, this would cause idle employees and
resources. Management may like to find a solution which makes a
compromise between the two conflicting situations. Many such
decisions are based on the intuition and personal judgment.

Queueing theory helps make such decisions in a scientific

way by providing vital information about the behavior of the



queueing system. Queueing theory is a body of knowledge which
deals with the development of various mathematical models for
analyzing and predicting the behavior of stochastic service
systems. ‘

Following Lee [l5], there are three principal uses of queue-
ing models: (1) In planning the extent and character of new
facilities where queueing is likely to be an important factor;
(2) In evolving strategies for manpower planning in existing fa-
cilities to meet conditions upon service standards and economics
of operation; and (3) To compare alternative forms of organiza-

tion of servicing facilities.

1.1 Basic Structure of Queueing Models

In a queueing system, units arrive for certain types of
service, form a queue if the service facility is busy and then
depart after the service is completed. In order to analyze such
a system, a study of the nature of the input source from which
the arrivals are generated, a statistical description of the
arrival process, a description of the pattern and behavior of
the arriving units, the nuﬁber and type. of servers, the queue
discipline, and the service time distribution are required. The
basic random variables in such a system are the number of units
present in the system at any time t, the inter-arrival time be-
tween units, and the waiting time of a unit in the queuge or in
the system. Thus, a queueing system consists of a set of random
variables which depend on time. A queueing system is completely

described by specifying: (1) input; (2) queue; (3) queue



discipline; and (4) service mechanism. The basic queueing pro-

cess isshown in Figure 1.1,

Input. The nature of the source from which arrivals are
generated should be specified. If the generation of arrivals
from the source is affected by the number of units in the system,
then the source is called a finite source; otherwise, it is
called infinite. The pattern of arrivals should be specified by
whether the units arrive singly or in batches. Arrival behavior
should be known, too. There are cases where an arriving unit
must wait until the service is completed. Such cases are common
for automobiles at toll booths near a turnpike. In some instan-
ces, an arrival will not join the queue if, on his arrival, a
long queue exists. The arrival may not join the system if the
server is busy; that is, balk. In some other instances, the
arriving unit may join the queue and after waiting for some time
looses patience, and, hence leaves the system; that is, reneges.
When the unit remains in the system until service is completed,

]

its behavior is known as patient.

Queue. A queue is formed when all the service stations are
busy. The queue size is specified by the maximum number of units
that can be allowed to wait. The queue is referred to as limited

or unlimited depending on the capacity of the size of the queue.

Queue Discipline. This indicates the order in which the

units are selected from the queue for service. Common types of

queue disciplines are first-come, first-servéed; random service;
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last-come, first-served; and service according to some other pri-

ority rules.

Service Mechanism. Just like arrivals, service pattern

should be specified whether the unit is served one at a time or
in a batch. The number and type of servers should be specified.
Availability of service and the probability distribution of ser-

vice time should be known.

1.2 Solutions of Queueing Models

There are generally two approaches for the solution of
queueing models: (1) analytical approach; and (2) numerical
approach,

In the analytical'approach, arrival and service time dis-
tributions are approximated to one of the well-known probability
distributions. Furthermére, the basic elements of the system
are defined and then a mathematical model is constructed in terms
of the state probabilities which are dependent on time. This
model, when solved analytibally, provides solutions in the tran-
sient state. However, a s%eady state solution can be obtained
by solving the above model independent of time. The time effect
in a queueing system is clearly visible at the start of the oper-
ation.

When a queueing system has recently started operating, the
state of the system, for example, the number of units iﬁ the

system will be greatly influenced by the initial state and the

time that has since elapsed. Due to Hillier [10], the system is



rsaid to be in transient state when such a condition arises. In
general, after a sufficient warming up period, the state of the
system becomes independent of the initial state. The system is
said to be in stéady state in such conditions. Steady state
will only occur when the mean service rate exceeds the mean ar-
rival rate of units for service, otherwise the system always
will remain in the transient state. Generally, steady state
solutions are easier to obtain thgn those for transient state.

The study of a transient state solution is quite useful in
the following situations: (1) When the effect of rush-hour upon
the system is to be determined; (2) When the service mechanism
needs occasional checks, rest, or overhaul, and a reserve of
servers is not available. In such cases the problem might be
one of how many servers may be rested and for how long before
the system explodes; (3) When the behavior of the system is to
be studied during a short interval of time; and (4) When the
effect of sudden changes in system parameters are to be studied
[6]. In the above cases, steady state solution is of little use.

Analytical solution for transient state is not available for
most of the queueing models. Even if the solutions for simpler
models are available, they are in a closed form .of Laplace and
Z-transforms from which solutions for pratical use are difficult
to obtain. Hence, numerical approaches should be considered for
handling such models. The numerical approach may be typified by
two classes: (1) Simulation technique; and (2) Numerical

analysis.



When theoretical models are not available, simulation is
quite useful. Statistics concerning arrivals and service times
are generated from specified distributions. Operating data for
any variety of a;rival and service time distributions with any
queue discipline can be generated.

On the other hand, when the behavior of alqueueing process
can be répresented by a mathematical model, and an analytical
solution cannot be obtained, such models can be analyzed numeri-
cally providing a good approximation. An advantage of a numeri-
cal analysis 1is that it is relatively easy to estimate the error
in the solution. For example, when a numerical integration pro-
cedure is used for solving a set of simultaneous linear differ-
ential equations for which the initial conditions are known,
~error due to truncation of higher order terms are easily estima-
ted. The solution obtained by numerical methods are also approx-
imate, but are quite accurate to be applied in most of the prac-

tical situations.

1.3 Proposed Research

There have been many épplications of queueing theory, such
as in telephone traffic problems, scheduling of‘patients in hos-
pitals, scheduling of personnel, cafeteria design, vehicular
traffic, and air line industries. The practical application of
queueing theory, however, is far less than the number of theoret-
ical papers published (more than 2000 publications in over a half
century). The practical application of the theory has been

limited because of the difficulty in obtaining the solutions of



the models. Most of the queueing models have no available ana-
lytical solutions. For models having analytical solutions, no
transient solutions exist. Transient solutions have been obtained
for a number of models in terms of complicated multiple Laplace
transforms and generating functions. It is very difficult to

find the inverse of these functions, and thus they are difficult
to solve explicitly for practical use.

Even when expl&cit transient solutions for a few simple
models are available, they appear in terms of infinite series of
rather very complicated functions. For example, the explicit
transient solution of a single queueing model which has been de-

veloﬁed in [6] is

: "n - n-1
P (t) = e‘“’“‘"‘“[p7 o)+ o 2 1,00+ - p))
o -[n+r)
5 z 1 ()
T=2 ° e
where
x = 2t/An |
p = k/ﬁ i

and In(x) is a Bessel function of order n such that

n 2 h
- X - X -
&) = s [1 Ty T AR () ]’

where
Pn(t) denotes the probability of n units in the system at
time t, and n = 0, 1, 2, .... In applying such a solution, we

have to take recourse to a numerical approach. In practice,



numerical solutions are needed to predict the behavior of the
system having a certain waiting capacity during a particular time
domain.

Because of the lack of success in obtaining explicit solu-
tions to the existing queueing models, which can directly be
applied to practical situations in industry, we propose some
numerical methods of solution to the various queueihg models.
This will open avenues for industrial practitioners to apply
queueing theory in industry to a great extent. Numerical solu-
tions will provide the state probabilities both in the transient
state and in the steady state. From the state probabilities,
various measures of effectiveness will be computed. The method
used is a numerical integration procedure for solving simultan-
eous linear differential equations of initial value type.

Several curves for various measures of effectiveness are
plotted and their tables also are included. Application of
queueing models to job-shop scheduling is discussed also. A job-
shop is viewed as a queueiﬁg process and the corresponding models
are developed. The computation has been done with the use of
computer programs in FORTRAN IV executed on the IBM 360/50 com-
puter. The solutions obtained are not of the same accuracy as
analytical solutions could have provided, but they are quite

useful for most of the practical purposes.
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CHAPTER II
NUMERICAL SOLUTIONS OF QUEUEING MODELS

Certain stoéhastic service systems which ﬁossess the Marko-
vian property are attacked analytically. A stochastic system has
the Markovian propefty if its future depends only on the present,
regardless of past information. In a Markovian queueing process
the distribution of the interarrival time as well as the service
‘time follow the exponential distribution because of its forget-
fulness property. This property can be shown as follows:

Let T be a random variable representing the service time
which follows the exponential distribution. Then,

P(T < t} = jrue *T at

t

=ueut
-uo
=1_e"11t

or

P{T > t} =1 - (1 - e'“t)

Now, given At any non-negative quantity,

CP{T > t + At}
P{T > t}

P{T > t + At|T > t}

o M(t+at)
—ut

€

e-uAt

But,
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e P8t = piT > At}
Hence
P{T > t + At|T > t} = P{T > At}

Thus, the probability of service time being greater than t + At
given that it is greater than t is équal to the probability that
the service time is greater than At. Thus, the past information
that the service time is;greater than t is completely forgotten.
Queueing models of Markovian type involve ordinary difference-
differential equations of initial value. The numerical solution
is similar to the solution of a system of ordinary linear dif-
ferential equations of initial value. Differential equations of
the initial value type are those in which all the conditions are
known at the initial point of the integration interval. There
are various methods of solution of ordinary linear differential
equations of the initial value type. They can be categorized
into two main classes: (1) Single step methods including Euler's,
Picard's, Taylor series expansion, and Runge-Kutta's method of
various orders; and (2) Multiple step methods including Adams-
Bashforth's, Moultﬁn's, Milne's of various orders, and Hamming's.
Single step methods are those in which the functional values at
a single previous point are required to obtain the functional
values ahead. The most well-known and frequently-used method in
this class ix the fourth order Runge-Kutta method.

In multiple step methods, functional values at more than one

previous pdint are necessary to start the solution. Thus, multi-

ple step methods are not self starting. These methods also are
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known as predictor-corrector methods. One of the well-known pre-
dictor-corrector methods is Hamming's method. In this thesis,

fourth order Runge-Kutta and Hamming's methods are used.

2.1 Fourth Order Runge-Kutta Method

It is a fourth order integration procedure which is stable.
The truncation error is of the order of the fifth power of step
size. Hence, if the step size is small, the truncation error
will be very small. For example, if the step size is 0.1, the
truncation error is of the order of 10 ° which is quite accurate
for most of the queueing problems. Hence, a fourth order inte-
gration method is used to solve the difference-differential equa-

tions of the queueing models.

Mathematical Development. Let the differential equation be

of the following type:

dy .
= fty), ty st st

where t, and t are the initial and final points of the integra-
tion interval, respectively. Let the initial condition be
y(ty) =¥,

The sequence of calculations is shown below, step by step.

Step 1. Substitute the initial value of y(to), Yo in the
right hand side of the differential equation to obtain f(to,yo).
Multiply-f(to,yo) by the chosen step size, h, to obtain '

kl = hf(to,yoj

Step 2. Calculate k2 ﬁsing k; and h such that
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= hf(t0 +

Step 3. Calculate k3 using k2 and h such that

k, = hf(t, + %, Yo * 5

Step 4. Calculate k4 using k3 and h such that

k, = hf(ty + h, y, + k3)

Step 5. Substitute the values of kl’ kz, k3, and k4 compu-
ted in Steps 1 to 4 to calculate the value of the first increment

in y, Ay such that

Ay = % (k; + 2k, + 2k, + k,)

Step 6. Add the value of y obtained in Step 5 to the pre-

vious known value of y to get the next value of y, Y1 such that

Y1 =Y * Ay, at ty; = t, + h.

Step 7. Repeat Steps 1 to 6 to get the increment in y for
.the second period in a similar manner, considering the known
value of y, at t, in place of Yo 3t ty-

In this manner, calculation proceeds from one step to the
other in an orderly sequence until the whole integration interval
up totn is run through.

Thus, in the fourth order Runge-Kutta Method the solution at
each step is given by

= 1 |
Yiep = Vi g (kg * 2ky + Zkg + ky)
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where
ky = hf(ti,yi)
k, = hf(t, + h/2, y; * k1/2)
k, = hf(tir+ K2, y; * k2/2)
k, = hi(t; + h, y; + k)

Note that h is known as step size. The value of y; at t; is
already known. Detailed analysis of the method can be found in
[23]. Truncation error of the method is of the order of hs.

The Runge-Kutta Method can be used to solve a set of simul-
taneous ordinary differential equations of the initial value
type. The method can be demonstrated by considering a pair of
simultaneous first-order differential equations of the form

& £ (t, x(8), ¥(8))

d
F = £,(t, x(£), y(£))
with the initial conditions
X =Xp, Y=Y atts=t
Using the fourth-order methbd, the increments in x and y for the

first interval are found from the relations

+ k

1
Ax E—(kl + Zkz + Zk3 4)

and

T |

Ay = g (ml + 222 + 223 ;-24)
where

ky = hf;(tg, x4, ¥g)
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k, = hfl(t0 + h/2, Xg ¥ kl/z, Yo ¥ 21/2]

ke = hf, (t, + h/2, xo *ky/2, vy * 22/2)

=
1]

g = DE (Eg + by xg * Kgy o+ o25)
2q = hfZ(tD, Xgs yo)
4 = hi,(t, + h/2, Xg * k1/2, Yo * 21/2)
L, = hfz(t0 + h/2, X, + kz/z, Yo * 22/2)
Ly = hfz(t0 ¥ hy Xy * k3, Yo * 13)
The increments for the succeeding intervals are computed in ex-

actly the same way except that tys Xp and Y, are replaced by tys

X1s Yq» etc. In geheral,

[]
-
+

X (kl + 2k, * Zk3 + k

2 4)

| 1
i+l i 6
% 1
Yieg = Vi * 5 (4 * 28y ¥ 250 £y)

The solution is initiated by substituting the known initial val-
ues of x and y into the given differential equations to get ini-
tial values of the functions f1 and f2' Values of k1 and %, are
obtained next by multiplying the initial values of fl and fz by
h as shown above. With values of k1 and %q known, kz and %, are
next calculated; then k3 and %5 are calculated, and finally k4

and Sy Then, from the recurrence equation, values of X{ 41 and
Yi+1 2T found at t = t, + h. These new values of x and y are

used as the beginning values for the next step to obtain. values

of X349 and y.

it
gration interval has been run through.

at t = ti + 2h and so on until the desired inte-
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The above method,rwhich was demonstrated for two equations,
can be generalized to any number of equations by merely using a
set of equations for each dependent variable appearing in the
system of simultaneous equations. IBM scientific subroutine
package (RKGS) has been used for the solution of queueing models.

Since, for the fourth order Runge-Kutta Method, all the
terms containing up to h4 in the Taylor series expansion are re-
tained and all other terms containing h° and other higher powers -

of h have been neglected, the truncation error, e_, is of the

t
form '

e, = kh® + 0(h®)
where k depends upon f£(t,y) and its higher order partial deriva-
tives. If h is sufficiently small so that the error is deter-

mined by the first term, then

e, = kh®

Selection of step size depends upon fhe accuracy that is
desired. The step size should be small enough to achieve re-
quired accuracy. It should be as large as possible in order to
keep rounding errors under control and to avoid an excessive num-
ber of derivative evaluations to save computer time. Detailed

error analysis can be found in [3].

Sample Problem. For illustration, consider a simple.sihgle

‘queueing model having the following specifications:
Arrival Source : Infinite

Arrival Pattern :+ Single



Arrival Behavior : Patient

Arrival Time Distribution : Exponential

Queue Si:ze ¢ No Queue Allowed

Service Diécipline : First Come, First Served
Service Pattern ¢ Single

Service Mechanism : Single Phase

Service Time Distribution : Exponential

Number of Servers : One

The following are the required notations:
Po(t) probability that there is no unit in the system
at time t

Pl(t) probability that there is one unit in the system

at time t
X mean arrival rate
u mean service rate

The state probabilities can be expressed by the difference-

differential equations as given in Morse [16]:

dPO(t)

T = '?\PD(t) + uPl(t)
and

dp, (t)
Use

for simplifying the computations. Then,

ap, (t)
—5— = “Pp(t) *+ Py(t) (1)

17
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dPI(t)
——-a:E——- = Po(t) = Plct).

Let the initial conditions be

Py (0)

1

and

0.

P, (0)

Fourth Order Runge-Kutta Solution.

Step 1. Multiplying the right hand side of the equations

by ‘h, kl’ and Ll are determined.

k; = hEy (Py(0), Py(0))

h{-PO(OJ * Pl(O)}

21 = hE,(Py(0), Py (0))

h{P(0) - Py (0)}

n

Let the step size h be 0.1, then
k

1 0.1(-1 + 0) = -0.1

y

0.1(1 - 0) = 0.1

- Step 2. Using kl and 11 from Step 1 and step size h, k2 and

12 are determined.

k2 = hfI(PO(O) + kl/z’ Pl(O) + 21/2)
= h{-(1 - 0.1/2) + 0.1/2} = 0.1(-0.9) = -0.09
%5 = hfz(Po(O) + k1/2, Pl(O) + 11/2)

0.1(0.95 - 0.1/2) = 0.1 x 0.90 = 0.09
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Step 3. Using k2 and %, from Step 2 and step size h, k3

and Ly are determined.

k3 = hfl(PG(O) + kz/z, P1[0) + 22/2)

[}

0.i{-(1 - 0.045) + 0.045} = 0.1(-1 + 0.09)

0.1(-0.91) = -0.091
hfz(Po(O) ¥ k2/2, Pl(O) ¥ 22/2)

0.1(1 - 0.045 - 0.045) = 0.1(1 - 0.09) = 0.1(0.91)

0.091

Step 4. Using k3 and %4 from Step 3, k4 and %, are deter-

mined.

k4 -'hfl(Po(OJ + k3, Pl(O) + 23)

Q-l{-(l - 0.091) + 0.091} = 0.1(-1 + 0.182)

0.1(-0.818) = -0.0818
hfz(Po(O] + k

!'4 3 Pl(o) + 2’3)

|

0.1(1 - 0.091 - 0.091) = 0.1(1 - 0.182) = 0.0818

Step 5. Using kg, kz; kg, kyy and 24, %5, 25, &, from

Steps 1 to 6, the first inc}ement in PO(O) and P1(0) is compu-

ted.
4P, (0) = % (k; + 2k, + 2Zkg + k)
= & (0.1 + 2(-0.09) + 2(-0.091) - 0.0818)
= (-0.1 - 0.18 - 0.182 - 0.818)
= & (-0.5638)

-0.090633
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Similarly,

Pl(O) = %— (ml + 222 *2%q * 9.4)
= £(0.1 + 2(0.09) + 2(0.091) + 0.0818)
= (0.1 + 0.18 + 0.182 + 0.0818)
= # (0.5638)
= 0.090633

Step 6. Adding the value of APO(O) to PO(O) and APl(O)
to Pl(OJ, PO(O.l) and Pl(O.l) are obtained.

P,(0.1) = Py(0) + 4P(0)

(1]

1 - 0.090633
0.909367

Pl(O.l) PI(O) + API(O)

0 + 0.090633

0.090633

Step 7. Similarly, Po{t) and Pl(t) can be calculated at

some time t, considering the previous values obtained.

Analytical Solution. Having solved the sample problem by Runge-

Kutta method, the same sample problem will be solved analytically.
From the properties of probability,

Po(t) + Py(t) =1

Hence,

P]_(t) = 1 ~ Po(t).‘ (2)



Substituting the value of Pl(t) as obtained from Equation (2),

dP, (t) . '
=% - Rt + 1~ Byl
=1 - ZPO(t)
or
‘ dPO(t)

—gg— * 2P,(t) = 1 (3)
The solution of the ordinary linear differential equation

d =

=+ Py =Q
is given by

Y = —paE rQe’ Pt gt 4)

e

Comparing Equation (3) with Equation (4),

y = Pg(t)
P = 2
Q =1
JPdt = [f24t
= 2t + ¢, ' where c is a constant
1Qe’ Pt at & r1e%t7C gt
= re?t*C gt
= ecIeZt dt
c eZt
s g k), where k is a constant
c
= %— e2t + ke®

Hence, from Equation (4)

_ 1 et 2t c
¥ = gy gt ke



c 2t
e e
y eZtec ( e 7 k)
I B
7t Z
= 7 (1 + 2ke”?%)
But
y = Po(t)
Hence
Py(t) = 3 (1 + 2ke 2%) (5)

Applying initial conditions,

PO(D) =1, at t = 0

or )
1= % (1 + 2ke
- % (1 + 2k)
or
2 =1 + 2k
or
2k = 1
or
1
k=3

Substituting the value of k in Equation (5)

Po(t) = 7 (1 + 2+ 7e %%
1 -2t

(1 +e (6)

22
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From Equation (2)

Pltt) =1 - P0(t)
Hence
Pi(£) =1 -2 (1+e %t
=7 @ - et (7)
Equations (6) and (7) represent the general solution of Po(t)
and Pl(t).
At t = 0.1

PD(O.l) from Equation (6) is such that

]

P, (0.1) % (1 + e 02y

7 (1 + 0.8187)

1.8187
e

0.90935
PO[O.I) from the Runge-Kutta Method was 0.909367.

P,(0.1) from Equation (7) is such that

Pl(O.l)

% (1 - 0.8187)

_ 0.1813
)

[}

0.09065
Pl(o.l) from the Runge-Kutta Method was 0.090633.

Thus, we see that numerical solution and analytical solution
are quite close to each other. Unfortunately, we do not have the

analytical solution for most of the cases. In such cases, we
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have to rely on numerical methods. For a comparison between

- Runge-Kutta Solution and Analytical Solution, see Table I.

2.2 Hamming's Method

In Hamming's Method initial values at four consecutive
points must be known. If only the value at the single point is
known, the remaining three values can be found by any of the
single step methods. The single step method used for starting

the solution is generally the fourth order Runge-Kutta Method.

Mathematical Development. Once the starting values are

known, the sequence of calculations in Hamming's Method are as

shown below, and as described by James [14].

Step 1. Find the predicted value of Yi+1 such that

_ ah 1 1 1
P(Yijeq) = Y53+ 5 (2¥37 - V597 + 2¥3.57)

where h is the step size. As the values of y., Yi-1° and y; _,
are previously known, their derivatives, yil, yi-ll’ and yi_zl,

are known also.

Step 2. Modify the predicted value of Yie1® P(yi+1) to
eliminate some error such that
M(ys, ) = POriyq) - 179 [POy;) - COyyl
Step 3. Substitute the modified value of Yie1? M(yi+1) in
the given differential equation to obtain a modified value of

M(Yi+11) such that

My30q0) = £lts,qs M3 )]
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1

Step 4. Use the modified value of y. s M( 1) in the

i+l y+1
~corrector equation to get the corrected value of Yis1® C(yi+1)
such that

1
COryey) = 5 (975 - Y55 * 3AMO 1) + 2y, -y 1)

Step 5. Calculate the final value of Yie1? F(yi+1) using
P6&+1) and C(yi+1) such that

F(Yi-rl) = C(yi+1) % T%T [P(Yi+1) - C(Yi+1)]

LiBM scientific subroutine package (HPCG) has been used for apply-
.ing the Hamming's Method for solving queueing models.

Hamming's Method is also a fourth order method. Hence, trun-
cation error is of the order of hs. If pfopagation and round-off
errors are assumed to be negligiblé, estimates of per-step trun-
cation errors in the Hamming Method are given by

. 9
TC * 171 [P(Yi+1) - C(Yi'l'l)]

Sample Problem. Let us consider the same problem which has

been solved by the Runge-Kutta Method. The difference-differential

equations are:

dPO(t)
—at = 'Pott) B P]_(t)

dPl(t)
—qr— = Po(®) - P (V)
The initial conditions are

PO(D) 1

and

fl
[

P1(0)
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As there should be four unknown values of each dependent variabie
- to initiate the solution by the Hamming Method and only one value
is known, the other three values are first calculated by the
fourth order Runée-Kutta Method. For example, let the step size
h be 0.05. From the computer output of Runge-Kutta solution, the
other three values of the dependent variables are taken. Thus,
the four initial known values of the dependent variables are as

shown below: -

-_1:_ Po(t) P1 (t)

0.00 1.00000 0.000000
0.05 0.95242 0.047581
0.10  0.90937 0.090635
0.15 0.87041 0.129590

The procedure is shown below step by step.

Step 1. Substituting the known values of Po(t) and Pl(t),
the corresponding derivatives Pol(t) and Pll(t) at the four points

are determined such that

: Pl (1) Pt (1)
0.00 -1.000000 1.000000
0.05 -0.904839 0.904839
0.10 -0.818735 0.818735
0.15 -0.740820 0.740820

The predicted value of PO(O.Z), P(PO(O.Z)) and predicted value of
P1(0.2), P(P1(0.2)) is calculated from the equation

) 4h 1 1 1
P(Y541) = Vi3 * 3 (2¥3 -y * 2V5.57)
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Hence,

P(Py(0.2)) = Py(0) + H0.05) (2p,t(0.15) - P t(0.1)

+ 2P (0.05))

=14+ 4 0305 {2(-0.74082) - (-0.81875)

+ 2(-0.904839)}

1+ 933 (-1.139107)

0.92406

P(P,(0.2)) = P, (0) + g&g%ggl (2p,1(0.15) - pyt(0.1)

* ZPO(O.OSJJ

= 0.0 + Qgi {2(0.74082) - (0.818732)

+ 2(0.904839)1}

0.07594

Step 2. The predicted values are to be modified by the
relation |

M(yi'l'l) = P(Yi+1) - %']'-2'—% [P(Yi] - C(Yi)]

Hence,

M(P,(0.02)) = P(PO(O.Z)) - B2 p(p(0.15))

- C(P0(0.15))]

Since the predicted and corrected values of P0(0.15) are not
known as this is the starting point of solution of the Hamming

Method, the given value of P0(0.15) itself is taken as the value
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for
P(P,(0.15)) and €(P,(0.15)).
Hence,
M(Py(0.2)) = P(Py(0.2)) - {75 (0.0)
= P(P,(0.2))
= 0.92406
Similarly,
M(P,(0.2)) = P(P;(0.2))
= 0.07596

Step 3. The modified values of PO(O.Z) and Pl(O.Z) from
Step 2 are substituted in the given differential equation to ob-
tain the modified values of their derivatives, M(P01(0.2)) and
M[P11(0.2)). Hence,
M(Pol(o.Z))

-M(Po(O.Z)) + M(PI(O.ZJ)

-0.92406 + 0.07594
-0.84812

M(P11(0.2)) M(Py(0.2)) - M(P,(0.2))

0.92406 - 0.07594

0.84812

Step 4. ' The modified values of the derivatives obtained
in Step 3 are used to obtain the corrected value of the dependent

variables from the relation

1

1 1 1
C[Yi+1) - g‘{gyi = Yi-3 * 3h[M(Yi+1 ) + z)"i - Yi-1 1}
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Hence,
1
C(P((0.2)) = F{9P;(0.15) - P,(0.05) + 3h[M(P01(0.2))
+ 2P01(0.15) - Pol(o.l)]}
= %{9(0.87041) - 0.95262 + 3(0.05)[-0.84812
+ 2(-0.74082) - (-0.81874)]}
- %{7.83369 - 0.95242 + 0.15[-0.84812
- 1.48164 + 0.81874]}
= % {6.88127 + 0.15[-1.511027]}
- %{6.88127 - 0.22665}
1
= 516.65462}
= 0.83182
Similarly,
C(P;(0.2)) = 0.16818

Step 5. Using the predicted and corrected value from Steps
1 and 4, the final values of PO(O.Z) and P1(0.2) are calculated

using the relation
9

Henée, the final value of PO(O.Z) is

9
PD(O.Z) C(PO(D.Z)) * 12T [P(PO(O.Z)) . C(PO(O.ZJJJ

0.83182 + T%T [0.92406 - 0.83182]

0.83668
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Similarly, the final value of P1(0.2) is
P1(0.2) = 0.16332

Proceeding in this fashion, the probabilities Po(t) and Pl(t)
can be computed at any time t.

For comparison, the values of Po(t] and Pl(tJ during the
interval [0,1] at time interval of 0.1 for the sample problem
are obtained by using the analytical method, fourth order Runge-
Kutta Method, and Hamming's Method. The values of Po(t) and—
Pl(t) are displayed in Table I for the three methods. The devi-
iétion of the probabilities from the analytical solution is due
to the errors caused by the numerical method. Upon examining
the various values in the table, it is apparent that the numerical
methods provide quite accurate solutions for most of the practical
purposes. The solution obtained by Hamming's Method is similar to
that of the fourth order Runge-Kutta Method. Regarding computation
time, the computer spent 1.8 minutes using IBM scientific subrou-
tine package HPCG, on an IBM 360/50 computer, whereas the fourth
order Runge-Kutta Method took only 0.9 minutes of system time
using IBM scientific subroutine package RKGS.

Both HPCG and RKGS were used to solve a few more problems;
it was found that-RKGS took less computer time, and accuracy was
comparable to that of HPCG. Hence, RKGS was used to solve the
queueing modeis cited in this thesis. The computer program is
discussed and an output of a sample problem is given in Appendix

C.
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2.3 Dimensionless Time Transient Solution

In solving the above problem considering the deminsionless

n

time units v, let v = t/T, 0 <1t <1 and 0 <t < T. Consider the
set of difference-differential equations (1) presented above.
For convenience, these two equations are reproduced below:

dp (1)
—a - " P(v) * By ()

dPl(tJ
—at " Fo(®) - BB
The initial conditions are:

P,(0) = 1

and

Pl(O) 0

Applying the transformation technique,

when t = 0, T =0,
when t = T, T =1
and dt = Tdr

The integration limits of (0,T) can be converted to (0,1) in di-
mensionless time units.
Thus, the difference-differential equations in dimensionless

time units become

dPO(T)
—Tar = " Pp(®) * Py(x)

and

dP, (1)
=g * Pylr) — Pyl)

or
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dPO(T)
—ag— =T [Py(x) + Py(1)]

“and

dPl(T)'
—dt = T[P0(T) - PlfT)]

where

Py(0) = 1

P, (0)

0

Substituting the value of t in dimensionless time units, which is
Tt, in Equations (6) and (7), the analytical solutions are

~2Tr)

P, (1) % (1 +e

and
e-ZTT

Pi(x) = 3 (1 - )

Considering T = 100, we have

Py(r) = 3 (1 + e 200T)
and
P (x) = 7 (1 - e 2007T)

For comparison of the values of PD(T) and Pl(r) for 0 <1 <1,
computed by using the analytical method, fourth order Runge-Kutta
method and Hamming's method, refer to Table 2.2. System time for
Hamming's method, using the IBM Scientific subroutine package,
HPCG on an IBM 360/50 computer, was 2.16 minutes, and for the
fourth order Runge-Kutta method using the IBM scientific subrou-

tine package RKGS, was only 0.96 minutes.
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CHAPTER III
APPLICATION TO MACHINE-SHOP LIKE QUEUEING MODELS

A machine-sﬂop process consists of a group of work centers,
each performing a definite set of jobs which require processing
in one or more of the work centers, in a pre-determined sequence.
Most of the analytical work in fhe area of machine-shop schedul-
ing has been concerned with the static machine-shop process. - The
static problem ié defined such that given J jobs and M machines,
-the machine ordering of each job and the associated procegsing
time, find the séquence which optimizes some desired objectives.
The number of feasible sequences is very large. It also increases
as the number of jobs and machines increases. Some analytical
techniques such as combinatorial, mathematical programming are
available for solving small size problems. In the static machine-
shop models, it is assumed that all jobs arrive simultaneously at
times known in advance and also their processing times are known
and constant. In most of the real situations, however, jobs ar-
rive at the shop in a random fashion. To illustrate the effect
of intermittent job arrivals on the mean flow time, consider two
jobs to be proceésed on a single machine. Jobs 1 and 2 having |
processing times of 6 and 8 units, arrive at time 0 and 4, re-
spectively. Let us asSqme that preemption, that is, the process-
ing of a job that-has been started is stopped before completion,
is not allowed. If job 1 is loaded on the machine at time 0, it

will be completed at time 6. Hence, the flow time for job 1 is 6
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units. Job 2 arrives at time 4, and thus it waits 2 units of
‘time for the machine since the machine is busy processing job 1.
At time 6, job 2 ?s loaded on the machine and is completed at
time 14. The flow time of job 2 is 14 - 4 or 10 time units.
Consequently, the mean flow time of both jobs is (6 + 10)/2 or 8
units of time. In the case of simultaneous arrival of both jobs
at time 0, the mean flow time of both jobs will be (6+16)/2 or 10
units of time. As Reinitz [20] has pointed out, one or more of
the following factors cause the random behavior of arrival of
jobs and their processing times: (1) unexpected delays in supply-
ing the engineering specifications, tools, and raw materials; (2)
variations in worker's performance; (3) delays due to machine
‘breakdowns; (4) changes in customer's specifications and delivery
requirements; (5) variations in raw material and product quality;
(6) absenteeism; or (7) any unforeseen circumstances not included
in the above.

Due to its dynamic nature, the machine-shop is viewed as a
queueing system. This chapter is devoted to the study of the
basic structure of the machine-shop system. Such a system is
classified into flow-shop and job-shop processes. Various single—

machine and multiple-machine queueing models are developed.

3.1 Basic Structure

In general, a shop when viewed as a queueing process, con-
sists of four basic elements: (1) Arrival of jobs; (2) Queue;
(3) Service or processing; and (4) Output. The basic machine-shop

queueing process is shown in Figure 1.1.
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An arrival of jobs is said to occur when the jobs have been
engineered and are ready for processing in the shop. Jobs may
arrive in a machine shop from an outside source or from some other
work center. -

A queue is said to form from waiting jobs while a machine is
busy. Jobs are usually selected from the queue according to some
priority fules, referred to as a queue discipline. Various pri-
ority rules are as follows:

(1) First-come, first-processed. The job which arrives
earliest for processing is processed first. For example, gener-
ally, in a flow shop the jobs are processed in the order of their
arrival.

(2) Last-come, first-processed. The job which has arrived
last is selected for processing first. For example, jobs arriv-
ing at a machine center have been piled in such a way that the
latest arrival is the most accessible, and thus, the one to be
selected for processing first.

(3) Random selection. : Jobs are selected at random from the
queue. All the jobs in theiqueue at the moment of selection have
equal probability of being selected for processing. For example,
when many jobs have arrived for processing in a machine-shop and
jt is difficult to distinguish the order in which they arrived,
any job may be selected at random for processing.

(4) Due-date rule. This is often followed in manufacturing
organizations which produce according to customer orders (jobs).

A customer,while ordering, specified a delivery date. In order
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to fulfill this order, jobs are selected from the queue according
to their due dates. The time interval from the job arrival and
the required delivery date is determined. These intervals vary
from customer to customer. That job waiting in the queue is se-
lected first for which the difference between the promised due
date and the present date is a minimum.

_ (5) Preemptive priority rule. Each job is assigned a pri-
ority. The job with the highest priority is selected first from
the queue for processing. If a job with a lower priority is
being processed, it is interrupted to process a job with a higher
priority. If there are many jobs of one class of priority, se-
lection of jobs is generally done on a first-come, first-processed
basis or at random. If the processing of the preempted job can
be resumed where it has been left off, it is called a preemptive
resume priority. If the processing of the preempted job, when it
returns to the machine for processing, must be repeated from the
beginning, the process is called a preemptive repeat priority.
Preemption may be required, for example, when there are emergen-
cies such as in a maintenance shop of a production plant.

(6) Non-preemptive priority rule. When a waiting job is
selected according to its priority class, but without interrupting
any other job during its process, this is called non-preemptive
priority rule. For example, in the case of a job in process,
whose processing is very difficult and preemption will mean much
extra work and hence will be more costly, non-preemptive priority

rule is applicable.
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When a job completes its processing on the assigned machines,
it departs and is considered as an output. In-process usually is
considered when a job as an output departs from a workcenter af-
ter its completion and enters another work center as an input.

There are two basic ways in which a machine-shop like queue-
ing system can be considered: (1) flow-shop process and (2) job-

shop process.

Flow-shop process. In a flow-shop, machines are placed in

a serial order to suit the processing of particular jobs. There
is a natural ordering of machines in the shop. The main charac-
tefistic of a flow-shop is that the movement of the jobs is uni-
directional and noncyclic. There are two classes of flow-shop

process: (1) serial and (2) hybrid.

Serial-shop system. In a serial flow-shop process, each job has

the same machine ordering. The jobs are processed on machine 1
first, machine 2 second, ..., and machine M last. Serial flow-
shop process is shown in Figure 3.1. In such a case, jobs move
through the machines until they are completed. In terms of
queueing, this type of process is called single-channel, multi-
phase system. Fdr example, special purpose machines are arranged
in a serial order to manufacture crankshafts or cylinder blocks
for automobile engines. In an assembly line, where jobs move
from a work station to another work station, is another example
of flow shop. The work stations represent the machines in series.
If more than one operation on a job is to be performed on a ma-

chine, the machine is equivalent to a serial flow shop.
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Hybrid-shop system. In a hybrid flow-shop, there are a number of

identical machines in each work center. The number of machines
in all the work centers may not be the same. A hybrid flow shop
in Figure 3.2 shows that there are a number of work centers ar-
ranged in a. series to maintain the flow of material in a uniform
way. Job 1 is processed in work center 1 first, then goes to
work center 2 next, and after being processed in all the previous
work centers, is processed in work center M last. Job 2 is pro-
cessed in work center 1 first and work center 2 last, from where
it departs from the system. Job 3 is processed only in work cen-
ter 2 and, after being processed, leaves the system. Similarly,
job j is processed in work center 2 first and then goes directly
to the last work center M, from where it departs from the system.
Thus, the inﬁut to any work center may be from an external source
or from previous work centers or from both. It is also possible
that any job may depart from the system after being processed by
any workcenter. It may be assumed that one and only one operation
on a job is completed on a machine in a work center. For example,
in a typical overhéul shop for aircraft engines, there may be
five work centers, namely: stripping, detailed examination, re-
pair, assembly, and testing, arranged in series. Engines arrive
at work center 1 where sfripping is done. An arriving engine may
‘join any of the stripping stations of work center 1. After
strippiﬁg in work center 1, an engine can go to any of the idle
stations in work center 2 for detaile& examination of defects.

In this way, the engine moves from work center to work center,
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until it is out from work center 5 after completion of testing.
.Other examples are found in production shops where work centers
are arranged in series for processing a large number of jobs,
each work center ﬁerforming one type of operation only on a job.
Sometimes an arriving job has the choice to join any of the
many independent serial flow-shop systems. These serial flow
shops are independent in the sense that once a job has entered
in one of the first work centers of a serial flow-shop system;
it has to complete all its operations in the same flow shop.
Such cases are common in mass production systems where there are
several work centers, arranged in parallel. Each work center is
independent of the other work centers. Each work center consists
of cleaning, washing, primary painting, and finish painting units
arranged in serial order. Once any job enters in anyvof the
available work centers, it will complete all its operations in

that subsystem.

Job-shop process. In a job-shop process, similar machines

are grouped in departments or work centers according to the na-
tufe of the work they perform. Machine ordering of any job is in-
dependent of the routing of other jobs to be processed. In each
work center, all the machines perform the same operation.

There are two classes of job-shop processes: (1) parallel and

(2) hybrid.

Parallel-shop system. The parallel arrangement can be found in

a job-shop with one work center. The work center consists of

several similar machines suitable for one operation of a job.
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For example, similar grinding machines are placed in one work

center. Any job can be processed for the single operation on

any of the available machines. A parallel job-shop system is

shown in Figure‘3.3.

Sometimes, for eacﬁ.machine or a group of machines, standby
machines are kept such that if ‘any one machine or more machines
break down, operation can be switched to the standby machines.

If there are M standby machines for a group of r machines, full
_production rate can be maintained until there are only M machines
. broken down. If more than M machines break down, the sygtem
production rate is reduced proportionately.

In some caées, out of M machines, any m machine is available

for general jobs and M-m machines are reserved for special jobs.

Hybrid-shop system. In a hybrid job-shop process, there are many

work centérs; éach particular work center having similar machines.
The machine ordering of any job is independent of any other job.
This is the only difference in a hybrid job-shop process from a
hybrid flow-shop process. The hybrid job-shop process is shown
in Figure 3.4. When a job is completed in a work center, the job
goes to other work centers according to a pre-specified machine-
ordering. Generally, each job has a different machine ordering.
From Figure 3.4, it is shown that job 1 is processéd in work cen-
ter 1 first,‘then‘goes to work center 2 and, after being processed
in work center 2, goes directly to the work center M. After be-
ing processed in work center M, the job departs from the system.

Job 2 is processed in work center 1 first, then goes to work
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center M, and comes back to work center 2 and, after being pro-
cessed there, departs from the system. Job 3 is processed in
work center 1 first and work center 2 last. Simiiarly, job j 1is
processed in work center 2 only and, after being processed, de-
parts from the system. As an example, in a power press production
shop where a large range of presses are manufactured, there may be
many work centers, namely one work center for turning, one for
drilling, one for grin@ing,'one for milling, one for gear cutting,
one for polishing, one for painting, and work center 1 for packag-
ing. For a particular component, turning may be required first,
then drilling and, last, p;inting. For some other component,
grinding, drilling, and then gear cutting may be-reqﬁired., Thus,
all jobs may have a different machine ofdering. Such a production
shop truly behaves as a hybrid job-shop'process.

The mean flow time is a very important measure of'performance
for machine-shop like queueing processes. Mean flow time is the
sum of mean waiting time in the queue and mean processing time. |
Hence, the solution that minimizes the mean flow time also mini-
mizes the in-process inventory, that is minimizes the mean number
of jobs in the system. Other measures of perfofmance are: (1) the
mean number of jobs in the system; (2) the mean number of jobs in
the queue; (3) the mean waiting time of a job in the queue; (4)
machine utilization; (5) méan idle time of the machines; and (6).
probability of waiting of jobs.

Next, a machine-shop like queueing model will bé developed
in which the arrival rate of jobs -and processing raté are depen-

dent on the state of the System.
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The queue size of the model is assumed to be limited. Then

various special cases of the model will

be derived. It is as-

sumed that the machine ordering is independent of (1) the state

of the system, (2) the processing times, and (3) the knowledge of

specific future job arrivals.

Extensive investigations have been
rival and processing time distributions
tion process by the Management Sciences
University of California, Los Angeles.
conducted and the results of chi-square

have shown that arrivals of jobs can be

carried out as to the ar-
of machine-shop, produc-
Research Project at the
Empirical study has been
tests of the arrival data

approximated very closely

to the Poisson distribution [20]. The specifications of this

model are:

Arrival Source : Infinite or Finite

Arrival Pattern : Single

Arrival Behavior : Patient

Arrival Distribution : Poisson

Queue Size : Limited queue

Queue Discipline - : First-come, first-processed,

Last-come, first-processed, or
Random selection for processing

Processing Pattern : Single

Processing Mechanism : Single phase

Processing Time Distribution: Exponential

Number of Machines : Single-machine, or

Multiple-

The following notation is used:

machine

Pn(t) probability that there are exactly n jobs in the
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queuc system at time t.

Ay arrival rate of jobs giving n jobs in the system.

Hp processing rate of jobs on the machine giving n jobs
in the system.

N Shop capacity, that is, the number of jobs that can be

accomodated in the system.

Thus, the probability of n job arrivals during time t is

( - 'R
Aty :
L - € Ant, n=20,1,2,...

P(t) = —fr—

The probability of exactly:one job arrival during small time in-

terval At is

“A At
(Anht)e

Pl(At)

[}

(Anat)(l - A At 4 0(at))

A At o+ 0(at)

where 0(At) is any function of At whiéh is negligible compared to
At as At becomes sufficiently small. |

The probability of nd job arrival during the small interval of
time At is

“Agbt

PO(At] e

(aat)2 (A at)?

1 - At ¥ =7 * -+

I

1 - A 0t + 0(At)

The probability of more than one job arrival during the small in-

terval At is
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P o(at) = 1 - (1 - 2 At + 0(at)) - (A At + 0(at)),

n>2

0(at)

Similarly, the probability that a job will be processed complete-
ly during time t, when there are n jobs in the system and no ar-
rivals occur in the system at any time, is

t

-upt
% Hn© dt

Pn-ltt)

t
e-th
n -u
n oo

i

u

=1 - ¢ ¥nt
The probability that a .job will be completed during the small

interval of time At is

o~ Mnit

P _,(8t) =1 -

1 - {1 - u At + 0(at))

unbt T 0(at)

The probability that a job will not be completed during time At
when there are n jobs at time t is

Pn(t) =1 - At + 0(At)

Next, a set of diffierence-differential equations for Pn(t)
will be formulated by using the fundamental properties of proba-
bility. In enumerating all possibilities in which there'will be
n jobs in the system at timé t+At, the probability of n jobs in

the system at time t+At, may be expressed as follows:
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For n = 0

Po(t + 6t) = Po(t) (1 - A 8t + 0(at)) (1) + Py(t)
© (1 - ajAt + 0(At)) (ugAt + 0(at))

+ 0(at)

Po(t)(l 2 AoAt) #* Pl(t)u1At + glAt)
for 1 < n < N, where N is finite

Pn(t + At) = Pn(t)(l - AnAt + 0(at)) (1 - unat + 0(at))
+ Pn+1(t)(1 - Apeq At * 0(at))
(.18t + 0(2t)) + P, (%)

. (An_lAt + 0(at)) (1 - un_l(At) + 0(Aat))

+ 0(Aat)

Pn(t)(l - A At - ant) + Pn+l(t)un+lﬁt
+ Pndl(t)ln_lbt + 0(at),

and for n = N,

PN(t + At) = PN(t)(l)(l - At ¢ o(at)) + PN-i(t)
. (;N_lAt + O(At)(l-uN_l(At) + 0(at))
+ 0(at)

= Py(t) (1 - uydt) + Ppoihy qAt + 0(at)

Rearranging the above equations, dividing both sides by at, and
taking the limit of both sides as At ~ 0, we get

dPO(t)
—— = “2Pp (1) * uyPy(t) (1)
dP_(t) ’

gt = A, 1Pp-1(8) - O+ w )P, ()
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*uppPreg(8)s 1 sm <N (2)

dpy (t)
—at " Mn-1Pn-1(8) - uyBy(E) (3)

Case A: No Queue. In this case, the number of jobs in the sys-
tem at any time t is either zero or one. Hence, the stated

probability Equations (1) and (3) become

dP (t)

—qr— = " 2P (t) * wPy (1) (4)
and

dp, (t)

—35— = 2Pp(t) - ¥y Py (1) (5)

Case B: Unlimited Queue. In this case, Equation (3) is omitted
and Equations (1) and (2) are valid. The difference-differential

equations are:

ap, (t)
T 5 = Aopo(t) + ulpl(t) ' (6)
and
dpP_(t) | | |
=gt = *a-1Pn-1(8) * vpegPrag (8)
- (g + wJP (t), n >0 (7

In the remaining chapter, various models will be-developed.

3.2 Single-Machine Shop Models

In a single-machine shop like queueing models, one work cen-
ter consisting of one machine only can be formulated as a single
queueing model as shown in Figure 1.1. Let us assume that the

arrival rates and the processing rates are independent of the
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state of the system.

Case A: Infinite Source and No Queue. In this case, no
queue, before a machine, is allowed to form. Hence, either the
machine is busy when a job is processed or idle when there is no

job arrival.

Practical Example. An example is a parking lot with only one

working station and there is no waiting space.

Model Analysis. In this case, the arrival and service rates are:

E n=20
A =
B 10 n=1
0 n=20
o=
S Y n>0

Hence, from Equations (4) and (5) we have

dPo(t]

—3r— = - AP (t) + wPy(t) (8)
and

ap, (t) !

—37— = MPy(t) il uP, (t) (9)

Case B: Infinite Source and Limited Queue. In this case,
the system capacity is limited to N, that is, the maximum number
of jobs allowed in the system is N. Hence, the maximum length of
the queue is N - 1. A job is turned away if there are N jobs in

the system.

Practical Example. A gas station which has one pump unit and

there is a limited space for the cars to wait if the pump is
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serving a car.

Model Analysis. In this case, the arrival and service rates are:

E 0 <n<N
ln=

10 n =N

K n>20
U =
e 0 n=20

Hence, from Equations (1), (2), and (3)

dP_ (t)
—— = - APy(t) + uP,(t) - (10)
dP_(t)
e = AP g (t) + WP () - (A + WP (1), (11)
1l <n<N
dprP, (t)
N = Ry (1) - wPy(t) (12)

Case C: Infinite Source and Unlimited Queue. In this case,
the capacity of the system is unlimited, that is, any number of

jobs can queue before a machine for processing.

Practical Example. An example is a special purpose machine,

where there is ample space so that a large number of jobs may
wait. Another example is a toll booth near a turnpike where any

number of cars have to wait for paying the toll before proceeding.

Model Analysis. In this case, the arrival and service rates are:

AL = A n 0

o n>2~0
u =
B 0 n=20

v
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Hence, from Equations (6) and (7) we have

dPD(t) _
—IF = - APG(t) + uPl(t) (13)

ahd
dPn(t)

n>2>0

Case D: Finite Source and Limited Queue. In this case, the
arrival rate is dependent on the state of the system. It is in-

tuitively obvious that the queue is limited.

Practical Example. An example is the repairing of a group of

machines, assigned to a single repairman. The machines under
breakdown are the jobs and the repairman is the single server.
One repairman is assigned to a finite set of M machines. 1If a
machine breaks down while a repairman is idle, it will be served
immediately. But if the repairman is busy, the machine waits in
the queue. The machine tiﬁe lost due to waiting for the repair-
man or the operator is callgd machine interference. The main aim

of a queueing model of this type is to estimate the effect of

machine interference on the system's production rate.

Model Analysis. In this case, the number of running machines

form the input source. The job arrivals are those which have
broken down. Due to the finite number of machines, the break-
down rate, that is, the arrival rate depends on the number of

working machines.
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The probability that a breakdown will occur is the probabil-
ity that any one of the machines that are working now has a
breakdown. Let there be k machines working at t. Any of the k
machines may breakdown, while others will be working. Let the
mean breakdown rate be A per unit time. The probability of any
one machine breaking down during small intervél At is

K(AAt + 0(8t))(1 - rast + 0(at))¥1

kaat[l - (k - 1)aat + 0(at)] + 0(at)

I}

kaat + 0(at)

If there are n machines under breakdown out of M, then
k=M-n

Hence, the probability of a further breakdown when there are n

machines already under breakdown, out of M, is (M - n)A.

Hence, the arrival and service rates are:

-n)x 0 <n <M
A =
o n>M

_ n>20
u - 1
o n=20

1

v

1]

‘From Equations (1), (2), and (3), we have

dpP, (t)
_—%f—_ = - MAP,(t) + uP,(t) : (15)
dP_(t)
—F— = M- n+ 1) Py (E) - [0 - m)A v

« P (t) + WP (t), 1:n<M " (16)
dpy,(t)

T = ;\PM‘].(t) = HPM(tJ ' (17]
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Having developed the various types of the single machine queueing

models, we shall discuss the multiple machine shop models.

3.3 Multiple-Machine Shop Models

The multiple-machine shop queueing models will be developed.
They can be classified into two categories: (1) Parallel-

Machine shop models and (2) Serial-Machine shop models.

Parallel-Machine Shop Models.

The Parallel-Machine shop process is a class of job-shop
process in which there is only one work center consisting of
identical machines. Parallel-Machine process is shown in Figure
3.3. When a job arrives for processing, it has three choices in
joining the system: (1) If the machines are busy, it joins the
single queue. If no queue is allowed before the machine, it is
turned away; (2) If a machine is idle, the job can be processed
on that machine; and (3) If there are two or more idle machines
of the same type, the job can be processed on any one of these

machines. Consider the total number of machines is M.

Case A: Infinite Source and No Queue. As no queue is al-
lowed, the system capacity is limited to the number of machines,

that is, maximum M jobs may be in the system at any time.

Practical Example. An example is a parking lot where there are

M parking spaces and if all the parking spaces are full, an ar-

riving car is lost.
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Model Analysis. In this case, the arrival and service rates are:

E 0 <n <M
kn=

10 n>M

ny 0 <on < M
u =
. | Mu n>M

Hence, from Equations (1), (2), and (3) we have,

dPO(t)
—3g— = - AP (t) + uP,(t) (18)
dPn(t)
—t— - - (A + nP (t) + AP () + (n + 1)

© w4 (1), l1<n<M (19)
dPM(t)
—-a-f'—' - = nuPM(t) + )\PM_I(t) (20)

Case B: Infinite Source and Limited Queue. In this model,
there is a limitation upon the number of jobs which may be wait-
ing before the machines because of limited storage space. Thus,
the queue size is limited. , If the maximum system capacity is N
jobs, the waiting space is only for N - M jobs. If all the ma-
chines are busy when a job érrives, it will join the queue feed-
ing all the machines, provided the number of jobs in the system
is N. If the number of jobs in the system is already N, the ar-

riving job will not join the queue but will be turned away.

Practical Example. An example is a work center, having identical

machines and where the waiting space for the jobs is limited.
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Model Analysis. In this case, the arrival and service rates are:

B 0 <n<N
AL =
T 0 n>N
B 0 <n <M
u =
T [Mu n>M

From Equations (1), (2), and (3), we get the set of difference-
differential equations. Equation (2) is considered when 1 < n<M

and also when M < n < N

dP, (t)

—35— = - APy(t) + wP;(t) (21)

dP_(t)

—35— = P, (1) - (v + a)P () + (no+ 1)
TENE tencw  @2)

dpP_(t) |

—g5— = AP (t) - (& + Mu)P (t) + MuP ., (t),

M<n<N (23)
dPy (t)
—q5— = MPy.q () - MuPy(t) (24)

An application of this model has been made by Taylor and
Jackson [28] to the provision of spare aircraft engines. Some-
times for a group of working machines, standby machines are
placed in parallel-machine process. Suppose thefe are M standby
machines for a group of r machines. If any one machine breaks
down, the operation is.switched over to any standby mach?ne. So

long as not more than M machines are under break down, full pro-

duction rates are maintained. Once M + 1 or more machines break
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down, the production rate of the system is reduced proportionate-
ly. Let there be s repairmen to repair the broken machines. Let
Py.q be the probability of production emergency as the production
.rate of the systém is reduced as soon as M + 1 machines break
down. Management might be interested to find out the probability
of production emergency and to find out what combination of spare
machines and repairmen will reduce the probability of production
emergency to a desired level. The M machines break down at ran-
dom. The time between breakdowns and the service time for the
repair follow exponential distribution. As there are s repairmen,
s machines can be repaired simultaneously. All machines are as-
sumed similar as to the average number of break downs per unit of
working time. The mean break down rate is considered to be inde-
pendent of the number of machines working.

In this case, the machines under break down form the arriv-

ing jobs and s repairmen are the servers.

B 0 <n<M
T
"o . n>M

(ny i 0 <n <s
n =
o sp ns>s

From Equations (21), (22), (23), and (24).

dP, (t) -
—g— = . APy (t) + uP,(t) (25)

dP_(t) _
“%f““ = AP _4(t) - (0 + mu)P (t) + (n + 1)

u Pn¥1(t)’ 1<n<s (26)
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dPn(t) _
—35— = M. (t) - (x + sw)P_(t) + swP . (¢)

s <n <M (27)
Py q (1)

Case C: Infinite Source and Unlimited Queue. Unlimited
queue size signifies that the probability of an arriving job be-
ing lost is negligibly small. This probability can be determined
by management. As soon as a machine becomes idle, the job which
has been waiting longest is loaded on the machine instantaﬁeously.
If there are no jobs in the system, the machines remain idle un-
til some jobs arrive. If one job arrives when all machines are
idle, it joins any one of the machines and the remaining M - 1
machines remain idle. If two jobs come one after the other, two
machines will be busy and the rest of them will be idle. In this
manner, when there are M or more jobs in the system, all the M
machines will be busy. If the number of jobs n is greater than
M, exactly M jobs will be processed and n - M jobs will be wait-

ing for processing.

Practical Example. An example is a job-shop consisting of one

work center having identical machines and where there is ample

space for waiting for a large number of jobs.

Model Solution. In this case, arrival and service rates are:

Ap = A n>0
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[?u 0 <n<M
H =
n My n>M
From Equations (6), (7), and (8)
dPO(t)
—F— = ~ ABy(t) + uPy(t) (29)
dPn(t)
—Fr— = (0 )P (8) AP (£) + (n + 1)
uPn+1(t) 1 <n<M (30)
and
dPn(t)
-3 - (A + Mu)Pn(t) + APn_l(t) + My

P, (t), n > M (31)

Case D: Finite Source and Limited Queue. In this case, as
the source of the jobs is finite, the arrival rate of jobs depends
on the state of the system and, due to the source being finite,

the queue size is also limited.

Practical Example. An example is a group of repairmen who are

assigned to look after the maintenance of a finite set of M ma-
chines. Estimate of the effect of machine interference on the
system production rate can be made. Also, the right combination
of repairmen or operatives and machines to improve the machine

utilization can be determined.

Model Analysis. In this case, the arrival and service rates are:

~ n)A | 0 <n <M
A, = ;
T o . n > M
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1A
=
1A
wn

ny 0
i =
n
Su n

v

s

s is the number of repairmen, n is the number of machines under

break down. From Equations (1), (2), and (3)

and

dP, (t)
—3g— = - MAP,(t) + uP,(t) (32)

& (4)
—3r— = M - n+ 1P _;(t) - (M - n)x + nu)

SR(8) ¢ (n o+ WP (8), len<s (33)

dP_(t) '
=g— =M -n+ 1P _,(t) - (M-n)xr+s)

. Pn(t] + suPn+1(t), s <n <M (34)
dp,, (t)
e = APy (8) - suPy(t) ‘ (35)

The detailed derivation of the equations can be found in Ashour

[1]

Serial-Machine Shop Model

As discussed earlier, each job has the same machine ordering

in a serial-machine shop system.

Practical Example.

An example is the flow-shop for manufac-

turing crankshafts or cylinder blocks for automobile engines,

where special purpose machines are arranged in a serial order to

process the jobs.
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Model Analysis. For the sake of simplicity, let us consider the

case of two machines arranged in series. The job after complet-
ing its operation on machine 1, moves to machine 2 for processing.

The specifications of the model are:

Arrival Source : Infinite

Arrival Pattern : Single

Arrival Behavior : Patient

Arrival Distribution : Poisson

Queue Size : Unlimited before both phases

Queue Discipline

First come, first processed, or
Last come, first processed, or
Random selection

Processing Pattern : Single

Processing Mechanism : Two-phase

Processing Time Distribution: Exponential in both phases

Number of Servers : One in each phase

The following notation is used:

Py 0(t) Probability that there is no job in phase 1 and phase
3

2 at time t. 3
P_. _. (t) Probability that there are n, jobs in phase 1 and n
ny,n, : 1 2

jobs in phase 2, at time t.

A Arrival rate of jobs in phase 1.
My Processing rate of jobs on machine 1.
Mg Processing rate of jobs on machine 2

Next, a set of difference-differential equations for Pn i
; 1272

(t) will be formulated by using the fundamental properties of

probability. In enumerating all the possibilities in which there

will be n, jobs in phase 1 and n, jobs in phase 2 at time t + At,
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the probability of ny jobs in phase 1 and n, jobs in phase 2 at
time t + At, may be expressed as follows: (for n, =0, n, = 0)

PO,OCt)(l - xAt + 0(at)) (1) + PO,l(t)

PO,O(t f At)
« (1 - xat + D(At))(l)(uzat + 0(at))

+ 0(at)
= PO,O(t)(l - AAt) + PD’I(t)uzat + 0(At)

~
ct
+
>
ot

L
1]

PO,nz(t)(l - AAt + 0(At)) (1)

© (1 - u,at + 0(at)) + Po,n2+1(t)

(1 - aat + 0(at)) (1) (n,At + 0(at)

+

Pl,nz-l(t](l - AAt + O(At))(ulAt

+

0(at)) (1 - HoAt + 0(at)) + 0(at)
=.P0,n2(t)(1 - (A + uy)at) + Po,n2+1(t)
© u,At + Pl,n2~1(t)ulﬁt + 0(At)

Similarly for n; > 0, n, = 0,

Pnl,o(t + At) = Pnl,O(t)(l - (x ? ul)At) + Pnl’luzAt
+ Pnl_l’oct)AAt + O(Atj
Finally for n, > 0, n, > 0,
Pnl’nz(t + At) = Pn1’nz(t)(1 - AAt + 0(Aat)) (1 ) nydt)

+ 0(8t))(1 - w,At + 0(at))
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+ Pn1+1’n2_1(t)(1 - ABt + 0(at)) (uqAt)

+

0(at)) (1 - HoAt + 0(at)) + Phl’n2+1

(t) (1 - xat + 0(at)) (1 - ulAt)

+

D(At))(uzat + 0(at)) + P (t)

nl-l,n2

s

(Aot + 0(At)) (L - wyAt+ 0(At))

« (1 - uo At + 0(Aat)) + 0(at)

th

R T O LN

. Pn+1,n2-1(t) + uanl’n2+1(t) + 2

. P z(t) + 0(at)

nl-l,n

Rearranging the above equations, dividing by At, and taking the

limit of both sides as At + 0, we get

dPO,O(t) ) |
——= - APO,O(t) + “zpo,l(t) (36)
dPO,nz(t) = ulPl’nz_l(t) - (A + “23Po,n2(t3

+ uzPo,n2+.(t), n, = 0, n, > 0 (37)
dPnl,O(t) .
— = APnl_l,O(t) + uanl,l(t) - O+ )

. Pnl,oﬁ), n; > 0, n, > 0 (38)
dpnl’nz(t)

dt B kpnl-l,nz(t) T I‘IZ)Pnl,nzctj

*

P + P t
"? nl,n2+1(t) b1 n1+1,n2-1( )
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ny, > 0, n, > 0 (39)
The steady-state solution is
n n
- 1. 72
Pnl,pz =P P2 Pyog
where
pl = 7\/111
and
pz = J\/'I--"Z
Also
T 1 P = 1
- 2aTn,,n
o @ n n
D% by ey 2Po,o =1
n2=0 nl—O
n ® n
Poo I P 2 1 oep T =1
nZ—D n1—0
1 1
P . =1
030 l-pz 1'91 ]
or :
PU,O = (1 = pl)[]- - pz)
Hence,
n, n
Pho,n, = (17 pgleg “(1 - eyde,
1272
P = r P
By =0 ™1°M

Ry
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1 o0
(1 = pl)pl 20 (1 - pz)pz

. nl
(1 = pl)pl

Similarly,

n

.. 2 -
Pnz = pz (l pz)
Thus, we see that

Pn n, - Pn Pn
1°72 t "2

It shows that the two phases act independently; each phase
has a mean arrival rate of jobs equal to ) which is the mean ar-
rival rate of jobs to the system. The idea can be extended to a
flow shop consisting of M phases, each phase consisting of one
machine. Thus, each of the M phases could be considered as inde-
pendent queueing systems and the measures of performance can be
computed by finding the measures of performance of individual

phases. For the flow shop consisting of M phases,

M n,
Pnl,nz,...,nM = mzl P (1 - pp)
and
T
2, ™ W X -0), m=1,2,..0,M,
by = Mup

3.4 Hybrid-Machine Shop Models

As mentioned earlier, the hybrid-machine shop systems depend

on the type of the shop. In the case of the hybrid flow-shop
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system, the machine ordering of all jobs is unidirectional; but
in the case of the hybrid job-shop system, the machine ordering

of any job is independent of the other jobs.

Hybrid Flow-Shop Model

This model was developed and solved in the steady state by

Jackson [13].

Practical Example. A typical example is the overhaul shop

for aircraft engines, where there are many work centers arranged
in series, each consisting of identical machines. Consider, for
example, five work centers. Work centers 1, 2, 3, 4, and 5 are
for stripping engines, detailed examination, repairs, assembly,

and testing.

Model Analysis. Let M be the number of work centers arranged in

series, each consisting of r_ identical machines, where m = 1, 2,

m
..., M. Bach work center is referred to as one phase. Each job
is processed in phase 1 first, phase 2 second, ..., and phase M
last. If a job arrives at a phase and finds all machines busy,
it joins a single queue. The machines are loaded according to
first-come, first-processed discipline. In-process inventory is
allowed in each work center. The arrival of a job at the first
work center follows the Poisson distribution with arrival rate i.
The processing time distfibution of any job on a machine is ex-
ponential with mean 1/um units of time. Let n, be the number of

jobs in phase m. Hence, in this case, the arrival and service

rates are:
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A = A, n >0
n_ m
E < <
Le ['mMm V% By £ Ty
n
n FnMm n 2 Ty

Next, a set of difference-differential equations for the
probability of n, jobs in the work center 1, n, in work center 2,
and s:s5 L jobs in work center M, at time t, is formulated using
the fundamental properties of probability. So, enumerating all
the possibilities during the small time interval At, the probabil-

ity of the above state at time t + At may be expressed as follows:

M
P (t + at) = [1 - {x + I &6(nJa(n Ju_ At
NyseeesNy ], m m’ "m
M
+ P M+ z s(n_ + 1)
Dysreny " p=g m
. a(nm¢+ 1)umat Pnli;w;?nm+1’
(t) + rat
Mpe Lolpago e s eoly
P -~ (D+0(at)

Ill'l ,1'12, DRI ,nB{

where for m such thatm =1, 2, ..., M

n noo< T
a(nm) =

_fm "m 2 Tm

1 n 0
s(nm) =

10 n, = 0

6(nm+1) =1
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Rearranging the above equation, dividing both sides by t, and

taking the 1limit of both sides as t 0, we get

M
d -
=-[A+ 138§

dt nlﬁb,.guﬁj [ o (nm)a(nm)“mlpnl,nz,...,nM(t)

M ,

+ milﬁ (nm"'l)a(nm l)um

P t) + A

nl,.-.,nm+1,nm+1-1,nm+2,...,HM( )

Py (t)

1-1,n2’ll.’nM
where all the probabilities containing a negative value of n are

put equal to zero.

The steady-state solution is

M
= P
Pnl’nZ""’nM 0,0...,0 mEIB(nm)
where
- n
m
i 0 < my < T
_ | 'mi . _
B(nm) - 1 .3 Tn " 2 Th
— Ay ¢ n >71r
_fm!(vm) (”mrm) -
Summing over all values of n ., we have
. w o M
7 T ... I [P, me(n)l
n1=0 n2=0 nm=0 0,0,05-0 m;l Il'l
M o
= P n[ zg(n )l
0,0,...,0 (o1 p =0 ™
m
= 1

orTr
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M ®

P0,0,...,0 =1/ 11 8l

m=1 nm=0

Again, the solution shows that each phase consisting of T ma-
chines behaves as an independent queueing system. Hence, the hy-
brid flow-shop system can be analyzed by considering each phase
separately as a parallel job-shop model. The measures of perfor-
mance of the system can be computed from the measures of perfor-
mance of individual phases. From the solution, it is clear also
that arrival rate of jobs in each phase is equal to A, which is
the arrival rate in phase 1. Thus, the job arrivals in each phase
follow the Poisson distribution with mean ).

This type of system is referred to as a multi-channel, multi-

phase system. By consideringr_ =1, m=1,2,...,M, we can derive

m
the steady state solution for the serial flow-shop model. In that

case,

M n

r m
P0,0,...,0 I, O/up)

P
nl,nz’iac’nM

where i

Pho,...,0° (1 - a/ugy)

ne =

m=1

Hybrid Job-Shop Model

This model has also been developed by Jackson [11]. A hybrid
job shop consists also of many work centers; a particular work
center has similar machines., Jobs arrive at the shop or from an-

other work center in the system with independent routing according
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to the prescribed machine ordering. Note that the hybrid job-
shop system differs only from the hybrid flow-shop system in the

type of machine ordering of the jobs.

Practical Example. An example is the repair shop of a large

production plant. There are many work centers: work center 1
for turning, work center 2 for milling, work center 3 for drill-
ing, work center 4 for fitting and assembly, etc. Machine order-

ing of any job is independent of the other jobs.

Model Analysis. Let M be the number of work centers each having

a group of 8 similar machines. Consider that the arrival of
jobs to the system follows the Poisson distribution with mean A,
where m = 1, 2, ..., M. The processing time of a job on any ma-
chine in a work center is exponentially distributed with mean
l/um. The queue discipline in any work center is first-come,
first-processed. Once processed in work center m, a job goes to
work center k, k # m, according to the prescribed machine order-
ing, with probability e .; the probability of the processing be-
ing complete is '

1

M
1l = kzlemk.

Let v be the arrival rate of jobs at work center m from any
other work center or from outside the system. Then, for the
steady state,
M
Ym = *m " kilekmyﬁ

Let P_ (t) be the 'probability of n; jobs in work center

1oMgs ey
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1, n, in work center 2, ..., and ny in work center M at time t.
Next, a set of difference-differential equations for the probabil-
ity of n, jobs in work center 1, n, in work center 2, ..., Ny jobs
in work center M At time t is formulated using the fundamental
properties of probability. So, enumerating all the possibilities
during small time interval At, the probability of the above state
at time t + At may be expressed as follows:
M M
Pnl"“’nM(t + At) = [1 - {millm + mzlum(nm)um}ﬂt]
M

" + T + 1
Pnl,...,nM(t) [m=1am(nm )

nm =

* Um(l = ekm)]bt

k=1

+ P (t)

nl,...,nm+1,nm+1,...nM

M
+ (£ XA 6 _)At P _
el m m nl,...,nm 1,nm+1,

M M
R A R T A

« At - P ~Lyeuis

nl,...,nj+1,...,nm

(t) + 0(at)
Y|

where

um(nm) m1n(nm;rm)

and

[
I

= min(ni;l)
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Rearranging the above equations, dividing by at, and taking the

limit of both sides as at -~ 0, we get

d M M
P : = -
daT nl,...,nM(t) {mzlkm ¥ mzlam(nm)“m}
M
M
- I -« P
(1 k=19km) nl,...,nm+1,...,nM
M .
« (t) + I A & )P . &
(t) (m=1 m m) nl,...,nm-l,...;nM
M M
e (t) + = L a.(n. + 1)u.0.
( ) j—_-]_ m=1uJ (nJ )uJ jm
P
nl,...,nj"'l,-..,nm‘l,-.-,HM(t)
In steady state case, Ym/“mrm < 1, we have
P =p_ 1lp 2 p M
where
m,. n
. P0 (ym/umj /n! 0 <n < T 1 <m<M
P =
n -
Py G/ ug) /T ()T m>

This result also shows that the system behaves in the steady

state as if each work center were an independent queueing system.

3.5 A Special Shop Queueing Model

Consider a machine-shop, consisting of three work centers:

A, B, and C, as shown in Figure 3.5. Machines in work center A
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- Figure 3.5. Special Machine Shop Process.
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are similar and a job can be processed on any one of the machines
in this work center. Machines in work center B are different

from those of A, hence, a different type of operation can be per-
formed on any of éhe machines in work center B. Jobs for work
center A are different from jobs for work center B. It is assumed
that job arrivals and processing times for both work center A and
work center B, behave as if the jobs originate from the same pro-
cess. Machines in work center C can process both the type of jobs
arriving at work center A or the type of jobs arriving at work
center B. The machines in work center C can perform the operation
on any job that requires processing on one of the machines in work
center A or B. It is assumed that the source of arrival of jobs
is infinite and no queue is allowed.

Let there be Ma, Mb, and Mc machines in work centers A, B,
and C, respectively. Also let M denote the total number of ma-
chines in all the work centers. Thus, the number of available
machines in work center A may be considered as Ma ¥ M, and simi-
larly in work center B as Mb + Mc' But, in place of providing
Ma + Mb + ZMC machines, only Ma + Mb # Mc machines are in the
system. So, Mc machines can be used by both the groups A and B.
The maximum number of jobs in the system at any time is M as

there are only M machines and no queue is allowed.

Practical Example. Consider a job-shop process in which

work center consists of M, drilling machines, work center B con-
sists of M, turning machines, and work center C consists of M,

general purpose machines which can process both types of jobs—
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ones which require only drilling and ones which require only turn-

ing operations.

Model Analysis. It is assumed that there are equal numbers of

machines in work center A and work center B.

Let m = Ma + MC

b * Mc

When the number of busy machines is less than m, an arriving job
will always find an idle machine. Hence, the probability of
transition from state n to n+l during a small interval of time At
is Ast. When n > m, a job for a particular work center will get
an idle machine only when the m machines are accessible to this
work center are not all busy. It is assumed that all the machines
are equally likely to be busy. Hence, the probability By that
all m machines accessible to that work center will be busy at any
one time, when there are n busy machines among M, is given by the
hypergeometric probability function such that
n, M-n
g™
B =
n M
()
n
)

]

Hence, when n > m, the probability of transition from state, n to
n + 1, busy machines is A (1 - Bn)at

when n < m, Bn =0

Thus, the arrival and service rates are:
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[ A n<mn
A, = A(1l - Bn) m<n-<M
0 n>M
Wy T ny n>20
From Equations (1), (2), and (3)
dPo[t)
—J5— = - APp(t) + WPy (%)
dPn(t)

—Te— = AP (t) - (A + mu)P_(t) + (a + 1)uP_,,(t)

1 <n<m

—gr— = A -8, )P (8) - (L - 8) + mu)P(t)

+ (n + 1)uPn+1(t), m<n-<M

—gg— = M1 - By )Py 1 (8) - MuPy(t)
This type of model was used for studying the problem of limited
availability in telephone traffic systems, details of which can

be found in Syski [27].
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CHAPTER IV
NUMERICAL RESULTS OF QUEUEING MODELS

As has been discussed in Chapter I, the study of queueing
models help make scientific decisions for stochastic service sys-
tems by predicting their behavior. For example, in a parallel
machine-shbp process, thé decision whether to buy new machines in
order to reduce the in-process inventory may be based on assessing
the annual profit from additional production obtained due to re-
duction in mean flow time of jobs and comparing this with the cap-
ital cost of the new machines. Mean flow time of jobs can be com-
puted by the existing and proposed arrangements from the study of
the queueing models. Sometimes, the mean waiting time of jobs
may be small. On the other hand, it may be too large. In such
cases, the knowledge of mean waiting time of jobs when there is
a non-empty queue will help decide whether to buy new machines.
The knowledge of the probability of a lost job will help decide
whether to increase the waiting space for jobs or to buy new ma-
chines to increase the processing rate by comparing the business
lost due to jobs turned away and the cost of new machines. The
probability of a lost job may be reduced by increasing the wait-
ing space, but this will increase the mean flow time of jobs. By
reducing the system capacity, the mean flow time may be reduced,
but the probability of lost jobs will rise. An increase'in the
number of existing machines will reduce the mean flow time and,

hence, will reduce the probability of a lost job. It may be



81

cheaper, sometimes, to provide more waiting space than to increase
the number of machines. Generally, an economic balance is to be
maintained between the system capacity and the number of machines.

In practicallsituations, for decision making, many measures
of performance which enable comparisons to be made among various
alternatives, are to be computed. For computing the various
measures of performance, we have to compute the probabilities by
solving the difference-differential equations, describing the
state probabilities, using a numerical integration procedure as
discussed in Chapter II.

First, the flow time and waiting time distributions are de-

rived.

4,1 Flow-Time and Waiting-Time Distributions for Single-Machine

Models

Consider the queue discipline is first-come, first-processed.
The flow time is the period a job spends in the shop. In other
words, it is the differencelbetween the completion time and re-
lease or arrival time. The period the job waits before the pro-
cessing begins on a machine is termed the waiting time. Thus,
flow time is the sum of two independent random variables: the
waiting time and the processing time. In queueing terminology,
flow time is the waiting time in the system and waiting time is

the waiting time in the queue.
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Flow-Time Distribution for Transient State. Flow time of

an arriving job is a random variable. If there is no job ahead
of the arriving job, flow time is the processing time of the job.
If there is one job ahead and that job is in process, flow time
is the sum of the remaining processing time of the first job and
the processing time of the second job. Thus, if an arriving job
finds n jobs ahead of it in the system at any time t, it is the
(n + 1)th job in the system. The flow time of the (n + 1)th job
is then the sum of the remaining processing time of the first job
and the sum of all the processing times of the remaining n jobs
in the system. Or, simply,

f(t)=ti+t2+t3+..,+t

n+l

f(t) flow time of (n + 1)th job

td remaining processing time of the job being processed
at the time of arrival of the (n + 1)th job

£ processing time of the jobs, I m 285000l
Note that tj,j =2, 3, ..., n+ 1, are identically, independently
distributed random variables having the following exponential

distribution:
pe *ti, 3 =2,3, ..., n+1
with mean 1/u.

On account of the Markovian property of the exponential dis-

tribution, the distribution of the remaining processing time ti
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is the same as that of tj’ j=2,3, ..., n+ 1, That is, the
remaining processing time of a job in process satisfies the same
law as the processing time of the unprocessed jobs.

Thus, the distribution of flow time of (n + 1)th job is the
distribution of the sum of the (n + 1) random variables; that is,

'+t +

1* %y ¥ Ly
lows an exponential distribution.

the distribution of t ves + L 1 where each tj fol-

n+
It is known that the distribution of the sum of j random
variables, each following an exponential distribution, is a gamma

distribution having the probability density function

j-1
(1) = plut) -pt
wJ( ) i e

If there are n jobs at any time t in the system, flow time proba-

bility density function of the (n + 1)th job is

n
_ p(ut) -ut
wn+1(t) - n! ©

This should be multiplied by the probability that there are n jobs
in the system at any time t to give

P(t) w, (t)

1

Since the job considered may occupy any position in the system,
the above expression must be summed over the domain, n = 0, 1,
This gives the flow time probability density function for
the unlimited queue case as
£(£) = B P(t) ()

The mean flow time is given by
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F(t) = s tf(t)dt
t=0
=LE B P () w ., (t)dt
" nio JbtPn(t) W, q(t)dt

If Pn(t) is obtained numerically for each value of t, the numeri-
cal value of Pn(t) can be put in the above expression and the

mean flow time F(t) may be computed as follows:

F(t) _sq(tldt

]
ne 8

PCdfﬁf
n=0"""p

w0 -] n
= 1 P ()7 EL%El— e 't tde

n
© o« +1
= ¢ P (t)f (”Eqn e'?t."dt
n=0 0 ) :
) © +1 ‘
= (n+1u (ut)" -ut

© @ | +1 .
- (m+Dy )™ -ut

« 0 1
- (n+1) [~ ()™ -t
E-O Pn (t) u fo (n_‘_lj E e dt

==

: (n+1) P_(t) - 1

1
n - Pn(t) + =

P_(t)
0 ¥ n=0 !

et 8

1
n - Pn(t) + F.
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=

F(e) = =+

= =

It will be shown later that

1

P (t
nnn()

I 2 8

0
is the mean waiting time of jobs in the queue,
where

CW(t) = Ls/u

Lg - the mean number of jobs in the system

Thus, the mean flow time is

B(t) = W(t) + %

where
W(t) - mean waiting time

1/¢y - mean processing time

Flow time distribution for steady state. In the steady state

case,
P (t) = P, ;

Hence, the flow time density function

£f(t)

n
8

inn+l(t)

n=0

P u!ut]n g ut

n.

1]
fl > §

n=0

However,
P_=p"(1 - p)

Hence,
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o n
£(t) = o™ - p) EL%El- e ¥t
n=0 *
- = n
= u(l - p) e Mt p D iﬂ%%_
n=0 '

- 2 2
= u(l - p) e nt [1 + put + E_Lﬂgl_ + o]

= u(l - p) e7MTE
= u(l - p) e'(l'p)ut

The cummulative distribution function for the flow time is given

by the probability of flow time of no more than t,

P(<t) {: £(t)dt

= st -y em(redutge
0

u(l - o) St e  (1-Pdutg,
0

1
- (1-p)ut

SENCIS e & = T

T [eﬁcl“p)ﬂt g]

_ _[e-(l-p)ut - 13

0

]
=l s

]
olo

=1 - ¢ (1-PJut

From the density function of flow time, it is clearly seen that
it is an exponential distribution having a mean of 1/u(1l - p).

Hence, mean flow time, which is the waiting time in the system,
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is given by

g - u(l - p,

Waiting-time distribution for transient state. With a simi-

lar analysis, an arriving job will not wait if there is no job in
the system; that is, the machine is idle. If there is one job
running, the waiting time will be the remaining processing time
of the running job. Hence, if there are n jobs in the system a-
head of an (n + 1)th arriving job, the waiting time will be the
sum of the remaining time of the first job and processing time of
(n - 1) jobs. Hence, the waiting time distribution function is
the distribution of n exponential random variables, which is a

gamma distribution,

(1) = E%%;%;;l it
This equation is multiplied by Pn(t), the probability of n jobs
in the system and summed over the domain, n =1, 2, .... Summa-
tion starts from the value of n = 1 because if n = 0; that is,
there is no job in the systém, then there will be no waiting.
Hence, waiting time pr;bability density function
w(t) = ngl Pn(t) wn(t)

Thus, the mean waiting time is

W(t) = s/° t w(t)dt
0

il
h...
(a3

et 8

E Pn(t) wn(t)dt
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o

W(t) = IO tPn(t) Wn(t)dt

it~ 8
=

n

If the numerical value of Pn(t) is taken, then

W(t)

I
nm 3
=t

Pn(‘c)f0 t wn(t)dt

P_(t)/° ﬂ(%i o't tat
n=1 0 :

s B = nu (ut)T o -ut
M wm T e 9t

L}
Il ™ 8

[}
==

Also,

W(t)

n
ot
~
ot
—
1
=|=

Waiting-time distribution for steady state. For the steady
state

P (t) = P,

= p™(1 - p)
Hence, for t > 0, the waiting time probability density function

is



[ -]

nzl inn(t)

w(t)

© n-1
= .2 p™(1 - p) H%%%%TT‘ e Mt

n=1 .
© n-1 n-1
- ) -ut P (ut)
up(l p)e nil (n—l)l
- - 2
= e (1 - p)e 1 4 put + L2BT Ly
= pp (1 - p)e-ut R eput
= wp(1 - p)e-(l_p)Pt

Thus, the mean waiting time is

W=Js"tw(t)dt
0
=%t up(1 - p)e” (17PJutay
0

= of% (1 - p)ut e~ (1-pduty,
0

: g u(l-p)t
-O_U( 'p)t ;_u -p
= o|-te¥(@-0dt _ e-“(l'p)t}
| U(l'pj 0
= p
u(l-p
Also,
W = F = l.
H
" 1 __1
u(l-p u

- Ju( - p)

e-u(l-p)t]°°
0

-u(1-p)
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The cumulative distribution, p(<t), which gives the probabil-

ity of waiting no more than time t is obtained as follows:

CP(<t) = 1 - P(>t)
=1 - fSw(t)dt
t
=1 - el - p)e (I-Plutyy
t
1 [ (1 - o) EL%ELE%EE]Q
- - u -
e p -1'—01.1 "

- -]

s p{e'(l'plut]t

=1 -pe d0dut g

It should be pointed out that the mean flow time and mean waiting
time for all queue disciplines, which are independent of the pro-
cessing time, namely last-céme,first-processed and random selec-
tion disciplines, are the séme as that for first-come, first-
processed queue discipline. Refer to Appendix A for details.

The flow time probability density function, the waiting time
probability density function, and the corresponding mean flow
time and mean waiting time, for the limited queue case and no

queue case have been derived in Appendix A.
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4.2 Flow-Time and Waiting-Time Distributions for Multiple-

Machine Models

Consider the queue discipline in first-come, first-processed.

First, waiting-time distribution will be derived.

Waiting-time distribution for transient state. As we know,

the waiting time is the period during which a job has to wait in
queue before the processing on any of the available machines is
~started. If a job, after ayrival, finds j jobs already in the
system before it, the job will be loaded on the machine immedi-
ately if j < M, where M is the number of machines in parallel job-
shop system. If j >M, the job has to wait until j-M+ 1 jobs
are processed completely. The processing of each job is a random
variable having exponential distribution with mean 1/Mu. We know
that the distribution of the sum of n random variables, each fol-
lowing exponential distribution of mean 1/Mp is a gamma distribu-

tion having the probability density function

My (Mut)n_1 e-Mut
(n-1) T

Hence, the probability density function\for the sum of j - M + 1

exponential random variables is

My (Mpt)d M o Mut
(3-M) !

This is to be multiplied by the probability of waiting. When

there are M or more jobs in the system, only an arriving job has

to wait. Hence, the waiting time probability density function for



unlimited queue case is

Mu(Mut)j-M e-Mut
(3-M)!

Wit = & Ps(t)

j=M

The mean waiting time is

t j-M
;oM (Mut)I T -Mut

WEEl = o G

tdt

18

P.(t)
j=M
where

Pj(t) - the numerical value of Pj at time t

Also it is known that

L
= S
W(t) = -
£ nP_(t)
_n=0 "
H
where
L. + the mean number of jobs in the system

Waiting-time distribution for the steady state. For the

steady state case,

Pi(t) = Py

Hence, waiting time probability density function

P e Mu(Mut)J-M e-Mut

w(t) = jEM j (G3-M) "
5T ) g™ e
j=M M -M 1M (3-M)!

= Py a3 MumIMpyeyI-M Mt

Ty M 0 GO
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» P . M, j-M
- 0 j Mu p 't -Mut
w(t) = I - A :
(t) jam VT (-7
_ ?0”“(1) Me “Mut ; (At)j'M
H u J-= J-M .
P _Mu
0 X 2
=5 & Mut g 4 ot + Ei%;_ +
_ PoMu MM -Mut At
iﬁ- Hu
P.M ;
_ ot (%)M e tMu-d), 0 <t <

Mean waiting time is

W

52t w(t)dt
0

P . Mu . _
IO A rone) g,
0 . H
P My . - }
= O MM o et MmA) gy
|
) POMu (i M . e-t(Mu-A] ) fe-t(mu-l)
M! H - (Mu-2x) -Mu-2) |,
r ' q®
) P Mu (L)M . . e-t(Mu-A) ) e-t(Mu-A)
M u Mu-2 (Mu-2)“ 0
2o M1
P My

0 A\M 1
= G wmEraee

A M



Py (™ |
W= WMr(a-p)z ° ° A/My

Flow-time distribution for transient state.

machine queueing models, the flow time density fun
w(t) = I P,(t . t
(8 = 20 By Wy ()
But
Wj+1’ in this case, is
- Mu(Mut)j_M e-Mut
(3-M)!
Hence,
w© i-M
Mu(Mut)? ™" -Mut
w(t) = E Pj(t) CEE e

j
Mean flow time is

j-M
o My (Mut)? -Mut
Py(r) £ ST e tdt

Nt 8

w(t) = .
J
where

Pj(t) the numerical value of Pj at time t
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As in the single

ction is

Alsd, the mean number of jobs in the system at time t is

L = £ nP_(t)
s n=0 n
Hence,
L
= 1
F(t) = -—E" + ";'
= W(t) + £
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e 8

n Pn(t)

F(t) = 2 . +

= |-

" Flow-time distribution for steady state. In the steady

state case,

Pj(t) = Pj

Hence, the flow time density function,

Qo

jig Pj wj+1(t)

£(t)

oo

s p, oo MuGuty) M
j=0 J 0 (J 'M)!

tdt

Mean flow time is computed from the relation

The mean flow time and mean waiting time for last-come, first-
processed and random selection for processing queue disciplines
are the same as that for first-come, first-processed. For lim-

ited queue and no queue cases, refer to Appendix A.

4.3 Measures of Performance

In order to design a new qﬁeueing system or study an exist-
-ing system, several measures of performahce of the system are re-
quired fdr decision making. As the system is stochastic in nature,
the measures of performance are expressed in terms of the proba-

bilities and expectations.
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The measures of performance and their notations as computed

in this thesis are as follows:

PO probability of no job in the system

PL probabilify of a job being turned away

PB probability of all servers being busy

NS mean number of jobs in the system

NQ mean number Qf jobs in the queue

FT mean flow time

WT mean waiting time

N/Q mean number of jobs in the queue given that there is a

non-empty queue

NPROC mean number of jobs in service
NIDLE mean number of idle servers
IDLE% percentage of idle servers
UTIL% percent of utilization of servers

Some of the relations between these measures of performance
are as follows:

1. The probability of all servers being busy is the same as

‘the probability of waiting. From this relation, the probability
that all servers are not busy can be computed.

2. The mean flow time and mean waiting time can be computed
easily from the known relationship

FT

NS/
NQ/ A

3. The mean number of jobs in service is, simply,

WT

NPROC = NS - NQ
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4. The utilization of servers, in percent, is

NPROC

UTIL% = -~

x 100

where 1 is the number of servers.
5. The mean number of idle servers is given by
NIDLE = r - PROC
6. The idle servers, in percent, is
IDLES =:100 - UTILS
If the mean number of jobs in the system is reduced, the mean
flow time also reduces, and hence the in-process inventory is re-
duced. The mathematical expressions from which the above measures
of performance for the single- and multi-machine shop models,

which have been computed, are shown in Appendix B.

4.4 Numerical Results

The various single-machine and multiple-machine queueing
models are solved using the IBM subroutine RKGS. Tables for
measures of performance for single-machine and multiple-machine
models are displayed in App%ndix B. From these tables, curfes
are plotted for the important measures of performance. No queue,
limited queue, and unlimited queue sizes have been considered.
For each model, three tables are displayed correéponding to three
different utilization factors, that is p = 0.75, 1.00, and 1.25
for the infinite source queueing models and p = 0.50, 0.75, and
1.00 for the finite source queueing models. For no queué models,
curves only for percentage idleness of servers and percentage

utilization of servers have been plotted as other measures of
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pérformance can directly be derived from them. Curves for infi-
"nite source and limited queue size models are similar to those of
infinite source and unlimited queue size models. Hence, measures
of performance curves for infinite source and unlimited queue size
models only have been plotted. From Tables B.1.1, B.1.2, and
B.1.3 and Figures 4.1, 4.2, and 4.3 it is seen that as the values
of utilization factor increase from 0.75 to 1.25, percentage
idleness of servers decreases. On the other hand, probability of
jobs being turned away, that is PL is increased. This, because
of the serious limitation on the queﬁe size which is zero, in
these cases. As such, when the server is busy processing a job,
an arriving job is lost. For the same utilization factor, as the
queue size is increased; the percentage idleness of servers and
probability of lost jobs decreases, as is eviﬁent from Tables
B.1.1, B,2.1, and B.3.1. An extreme case is that whin the queue
size is unlimited, the probability of a lost job is zero, as seen
from Table B.3.1.  Thus, no queue and unlimited queue cases are
“two extremes of limited queue cases. When an unlimited queue
exists, the probability of a lost job is negligable. For single-
machine model, with unlimitéd queue size, the system capacity is
considered to be 50, for which the probability of a lost job, PL
is zero, as seen from Table B.3.1. Thus, the large number: con-
sidered for the infinite capacity of the system is 50 in this
case. As seen from Figures 4.5 and 4.6, the mean number.of jobs
in the system and mean number of jobs in the queue increase with

the increase in dimensionless time, that is, the system is in
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tfansient state and after a certain time it is stabilized around
the value 2.93 and 2.2, respectively, although the system capa-
city is 50. In this case, the value of the utilization factor is
0.75., Similarly,-the system is stabilized in the case with mean
flow time and mean waiting time as seen from Figure 4.7. In this
case, the mean number of jobs in the system, mean number of jobs
in the queue, mean flow time, and mean waiting time are indepen-
dent of time and the system capacity. Practically, in this case,
the system reached the steady state. Thus, from the tables and
figures, we can also find how the system behaves in the transient
state and how long the system takes to reach the steady state.

The value of Py, the probability of no job in the system is given
by 1 - p in the steady state. In the case of this study, P0
should be equal to 1 - 0.75, that is 0.25, which agrees with the
numerical result obtained as seen in Table B.3.1. When the util-
ization factor is equal to 1, the mean number of jobs in the
system and in the queue is increasing with time and does not

reach a steady state. This,is evident from Figure 4.9. Similarly,
this is apparent in the case with mean flow time and mean waiting
time. When the utilizationlfactor is 1.25, mean number of jobs in
the system and in the queue has reached the value of 44,259 and
43.259 at v = 1.0 as seen from Table B.3.3, and does not reach the
steady state. As is also evident that although there is unlimited
queue allowed in this case, even if we limit the system capacity
to a very large number, there will still be some probability of

lost jobs as the time passes. Thus, when utilization factor is 1
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or more, the system never reaches the steady state and the queue
grows without bounds. This fact is not evident in the no queue
case, as it is in the limited or unlimited queue cases. Thus,

the solutions of é queueing model differ significantly depending
on the value of the utilization factor, p. When p is < 1, the
probability of the length of the queue being equal to the queue
size is zero, while, with p > 1 among all the probabilities of
lost jobs is the largest among all other probabilities of jobs in
the system. When p < 1, the mean number of jobs in the system is
independent of the sfstem capacity and is very small in comparison
to system capacity, providéd it is large. When the utilization
factor is equal to or greater than one, the mean number of jobs
increases with time and with increases in the system capacity.
From Figures 4.9 and 4.11 it may be inferred that with the in-
crease in utilization factor, the mean number of jobs in the sys-
tem is very large and behaves as if roughly proportional to the
system capacity. Thus, when the utilization factor is equal to or
greater than one, the system always remains in the transient

state and never reaches the steady state. When p = 1.25, percent-
age utilization of servers reaches the value 100. On the other
hand, probability of jobs lost also increases, as seen from Tables
B.3.3. and Figure 4.10. Similar arguments hold equally well for
mean number of jobs in the queue, mean flow time, and mean waiting
time. In the finite source and limited queue cases, percentage
utilization of servers increases very rapidly to a very high value

even when the utilization factor is equal to 0.5.
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For multiple-machine models, similar conclusions may be drawn.
Special shop model is considered a multi-machine model with in-

finite source and no queue.
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CHAPTER V
SUMMARY AND CONCLUSIONS

The pratical‘appliCation of queueing theory is far less than
the number of theoretical papers published because of the difficul-
ty in obtaining the explicit transient solutions of the models in
a finite time domain. In practical situations, when the effect of
rush-hour upon the system is to be determined or when the behavior
of the system during a short interval of time is to be predicted,
transient solutions are quite useful. In order to apply the
steady state solﬁtion in practical situations, one has to deter-
mine how long the system will remain in that state before reéching
the steady state. Analytical solutions for transient state are
not available for most of the queueing models. Transient solutions
for a number of models are in terms of multiple Laplace transforms
and generating functions from which solutions are difficult to ob-
tain for practical use. On the other hand, when the behavior of a
queueing process can be represented by a.mathematical model, and
an analytical explicit solution cannot be obtained, such models
can be analyzed numerically providing a good approximation.

In order to motivate the industrial practitioners to apply
queueing theory in industry, numerical methods of solution are con-
sidered in this thesis. Markovial queueing models which are ex-
pressed in terms of difference—differen;ial equations are solved
numerically. |

First, the basic concepts of queueing theory are discussed.

The structure of the basic queueing process is presented.
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The methods used for obtaining the numerical solutions are
the fourth order Runge Kutta and Hamming for the solution of simul-
taneous difference-differential equations of initial value type.

A sample model is-taken and is solved by the IBM scientific sub-
routines for the fourth order Runge Kutta (RKGS) and Hamming (HPCG)
methods. Solutions by both numerical methods of the sample model
are compared with the analytical solution, and it is found that
numerical results are quite close to the analytical solution.. The
inﬂependent variable in the difference-differential equations has
been transformed to the dimensionless.time units. The RKGS sub -
routine takes less computer time than the HPCG. Hence, the RKGS
has been used ;o sol#e the other models.

Application of queueing theory to machine-shop like systems
is considered. Machine-shop process is classified into flow shop
and job shop processes. In a machine-shop process, the jobs are
the customers and the machines are the servers. Hence, a machine
shop process is considered in terms of single-machine models or
multiple-machine models. The existing queueing models are devel-
oped for various single-machine and multiple-machine systems.

Numerical solutions provide the state probabilities both in
the transient and steady state. From the state probabilities,
various measures of performance are computed. Nine basic models
for the single and multiple-machine systems are investigated.

Each model is solved with three different values of utilization
factors, that is p = 0.75, 1.00, and 1.25 for the infinite source
queueing models and p = 0.50, 0.75, and 1.00 for the finite source

queueing models.
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The measures of performance are very.useful in designing a
new Queueing system, improving an existing system, or comparing
the various alternative queueing systems. Hence, several curves
for various measﬁres of performance such as mean number of jobs
in the system, mean number of jobs in the queue, mean flow time,
mean waiting time, percent of idle servers, utilization percentage
of servers for the single- and multiple-machine models afe plotted
and 27 tables for the measures of performance of different models
are also included. Computer programming has been written in
FORTRAN IV for the IBM 360/50 computer.

Significant results obtained from this are as follows:

1. The behavior of the system differs significantly depend-
ing on whether the utilization factor is p < 1 or p > 1. When p
is less than one, the system must reach the steady state after a
certain time. When p is greater or equal to one, the system never
réaches the steady state for a large system capacity. The larger
the system éapacity, the longer the system takes to reach the
steady state.

2. For the same wutilization factor as the system capacity
is increased, the probability of a job being turned away decreases.
For no queue case it is maximum, while for unlimited queue case,
it is minimum.

3. As the utilization factor increases, percentage of idle
servers decreases; on the other hand, the probability that a job
is turned away also increases very rapidly. |

4. When the system capacity is too small, the difference

between transient and steady state is not apparent during a short
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period of time.

5. When the source of arriving jobs is also finite, the per-
centage utilization and probability of a lost job increases very
rapidly.in comparison with the case of infinite input source.

6. When the utilization factor is less than one, a.riumber of
measures of performance such as the mean number of jobs in the
system and the mean number of jobs in the queue 1is much smaller
in comparison to the system capacity and is independent of the
system capacity provided that it is large.

7. As the utilization factor is increased beyond one; the
mean number of jobs in the system or mean number of jobs in the
queue and other related measures of performance can be thought of
as if they are approximateiy proportional to the system capacity
and rise very rapidly to a very large value.

It is assumed in these models that both the arrival and ser-
vice patterns are single. In practice; either or both patterns
may be in batch. Further research can be done in applying these
humerical methods to the solution of Markovian queueing models

with bulk arrival or bulk service or both.
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APPENDIX A

MEAN FLOW TIME AND MEAN WAITING TIME
FOR VARIOUS QUEUE SIZES AND QUEUE DISCIPLINES
This appendix includes the derivation of mean flow time and
mean waiting time for the limited queue and no queue cases and al-
so for the random selection and last-come, first-processed queue

disciplines.

Single-Machine Shop Models. The flow time density function

for limited queue case 1is

=

f(t)

]

nio Pn(t) Wn+1[t)
N N 1| '

plut) -ut
% Pn(t) Ryt @

n=0
where
N the system capacity

Mean flow time, in this case, is

[0t f£(t)dt
t=0

F(t)

Pn(t) Wn+l(t)dt

L tio Pn(t) Wn+1(t) tdt

where

Pn(t) is obtained numerically,

Hence,
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N
F(t) = nzo Pn(t) i Wn+1(t) tdt
N NPT S
= .1 P (t) re E£%$l~ e Pt tat
n=0 t=0 '
N
= 1 P (t) 2l
n=p " k
N N
1 1
== InP (t)+= 1 P_(t)
M n=0 Hp=p P
N
=2 1nP (1) +1
pn=o M
=.L.‘_s..+l
W u
For the steady state case,
o N
F=2 znpP +c=
=0 u
=£§.+.3:.
n u

Similarly, the waiting time density in the limited queue case is

N
nzl Pn(t) Wn(t)

W(t)

T o Ut
n-1j)!

TR > A

(
P (t) E

n=1

where

Pn(t) the numerical value of Pn at time t
The mean waiting time is

W(t) = st w(t)dt
0
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[

ik
0 n=1

W(t) P (t)w (t)dt

[ o B

N
>

P (t) 57 w_(t)tdt
n=1 " o M

]

W =

The flow time density function for no queue case is simply the

processing time distribution, that is

£(t) = pe Mt
The mean flow time is
F(t) = 1/u
Evidently, the mean waiting time is zero.
As the above derivations for flow time distribution and
waiting time distribution is independent of the nature of the
arrival source, the expression for infinite source and limited

queue for flow time and waiting time density functions also hold
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equally well for the finite source and limited queue case.

Random Selection Discipline. In this discipline, jobs are

selected at random from those waiting without regard to when the
unit entered the system. As such, all the jobs waiting have equal
probability of being selected fof processing. As in deriving the
equations for the state probabilities, the queue discipline is not
considered; the probability distribution for the number of jobs in
the system is the same as in first-come, first-processed disci-

pline. Thus, for steady state with unlimited queue,

P =0o"(1-0), o =A/u,n=0,1, 2,

where

Pn probability of n jobs in the system

Next, the analytical expression for mean waiting time, W, is de-
rived [16]. Let
qn(t) probability that a specified job which arrived when

n other jobs were already in the queue, is still in
the queue a time t after arrival.

Also, let us suppose that the job arrived after a small interval

of time At instead of arriving at time 0. Then, the interval of

time to the end will be t - At. Considering all the possibilities

during the small interval At, we get
q,(t) = %%T bt qy_y (t-8t) + A8t q ., (t-At)
+ (l-uAt-AAt)qn(t-At)

or



154

q,(t) - q (t-at) = %%T At q o (t-st) + Aat q ., (t-at)

- ‘ It -
(A+u)st qlt-at)

or
a, (t) - q (t-at)
< s = |Hun - -
ﬁiﬂét Gk Limit[n+1 qn'lct at) kqn+1(t at)
At-0

(A+u) Gy (t-61)]

dq, (t)

T = S a1 (t) + g, (t) - (+w)q (t)
dq_(t)

T T T o (8 R a g (8) - (Mg (¢)
dq (t) n

T = T 91 (8) * eap, (8) - (I*edq, - (1)

with the initial conditions,

q,(0) =1 .
q,(=) =0
Let
Gq(t) probability that any job would have to wait for at
least time t
Thus,
6, () = ngo Pheg (£, ()

For the steady state
Pn+1(t) B Pn+1

= (l-p)pn+1

Hence,
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61 = = (102" q (1)

it~ 8
(=]

n
The mean waiting time is obtained ﬁy integrating Gq(t] over the
whole range of t from 0 to .

Hence, the mean waiting time,

W 17 6 (t)dt
t=0 9

o

7 @) = o™ g (1)
0 n=0

(1-p) ZO gt ﬂj q (t)dt
n=

/]

1- ; n+l
( p)n=0 p qu (2)

Where

qu = % qn(t)dt

Multiplying Equation (1) by (n+1)pn+1, integrating both sides over

t from 0 to =, and summing over n from 0 to =, we have

[ 1 ' o« .
(n+1)pn+ @ _ n n+l .«
I ~——— s dq_(t) = I —/5 n+lp Ioq. _,(t)dt
n=0 H 0 n n=g Bt o ™ 1
®  n+2 o
+ Lop (n+*l) 5 q (t)dt
n=0 0 n+l
-1 (1#0)e™ (1) 17 (1) dt
n=0 0
_° n+l e '
= I np f qn_l(t)dt
n=0 0
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+ I (n+l)p
n=0

+ oo
" A (1)

- 3 (@+e)e" T me1) sPq (D)dt
n=0 0

H npn+1Wn + I (n+l)p
n=0 q n=0

n+l

. - > n+l
wn X (1+p)(n+l)qup

1 =0

Z pn+1wnq(n+(n+1)p-(1+p)

=0
* (n+1))

-]
n+l
niop qu(n+[n+1)p-(n+1)

« p(n+l1)

ot bl oo A
@ Feo~f W
el “nq

> n+l
W
f=0® ™

On the other hand, in expanding the left hand side of the

above equation, we get

j =
]
|
L |
~~
=]
+
-
St
©
o
[
~
1
=
s

@
Z

n

+1 n+1[ (t) w}
(n+1)p™ " |ay ]0

=

0

]
1
==

or
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z (n+1) %! (3)

But, from Equations (2) and (3), the mean waiting time is

® 1
1-p) ¢ o™y
( p)n=op -

Lf

(1-0) % & (m+1)p™*!
Hh=0

n=
=L (o 2524 307 4 L)
- 1-p p
M (2-p)=
G . B
u(l-p

The abo?e expression is the same as in the first-come, first-
processed discipline. The units as individuals are affected;
their waiting time distributions differ in comparison to the first-
come, first-processed discipline, but the mean waiting time of
mean flow time does not differ. The variance of waiting time and
flow time differ in comparison to that of first-come, first-
processed. The relation has been derived by Riordan [21], and is
as follows:

E(W'2) in random selection = ry— 77y E(W"2)

where
E(W'2) The second moment of waiting time in the random

selection discipline
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E(W"2) the second moment of waiting time in the first-

come, first-processed discipline.

Last-come, first-processed discipline. In this discipline,

the job which has arrived last in the waiting line is selected
for processing. At many times, jobs arriving in a machine shop
have been stacked in such a way that the job which has arrived
last is the most accessible. In such cases, it is more conven-
ient to select such jobs for processing.

The probability distribution of the number of jobs in the
system is the same as in the first-come, first-processed disci-
plipe‘ In the steady state, the probability of n jobs in the

system is given, in the unlimited queue case, by

It

P

- (1-9):3"

n
(1"]:) (%’) ’ n = 0: -13

In the last-come, first-processed queue discipline, the waiting
time of an arriving job j will not be affected by the number of
jobs n already in the system because the job ] will be processed
before the other jobs in the system. If other jobs arrive during
the time between the arrival of job j and completion of another
job i already in the process, the arriving jobs will receive ser-
vice before the job j. Thus, the distribution of waiting time of
an arriving job is the distribution of the period starting when
there are n jobs in the system and ending when the number in the
system again falls back to n. This period is called the busy

period. Thus, the mean flow time in the last-come, first-processed
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case is the same as the mean length of busy period. Let us sup-
pose that the machine is idle at some time. If a job arrives at
this time, it will be loaded on the machine for processing imme-
diately. Thus, this job will not have to wait. During the pro-
cessing time of the job, let more jobs arrive and be processed on
the machine according to the selection discipline after the first
job is completed. This process will continue until all jobs are
completed, after which the machine will be idle.

The busy period is referred to, also, when the machin¢ is
busy processing the jobs in that length of period. Since a machine
becomes idle in some periods, the busy period and idle period of a
machine alternate one after the other [6].

When the jobs arrive according to poisson distribution, there
is a AAt chance of an idle period being terminated by the arrival
of a job during any short interval of time At. Therefore, the
distribution of length of idle periods is exponential with mean
L.

Now, whatever the distribution of job processing time is, the
steady state probability that the machine is idle is 1-p, where »p
is the utilization factor = A»/u. If a long time period T is con-
sidered, the machine will be idle for a time T(l-p). But mean
length of an idle period is 1/x. Therefore, during a period T,
there are T(lip) idle periods, that is TAa(l-p) idle periods.
There must be TA(1-p) busy periods also during time Tp occupying

a total time TA. Hence, the mean duration of a busy period is

Total busy time
Number of busy periods
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The above expression for the mean length of busy period is the
same as that of mean flow time in the first-come, first-processed
case.

Similarly, the mean waiting time, W in the last-come, first-
processed discipline is the same as in the case of first-come,

first-processed discipline, that is,

W

o |

MeEn

Although the mean waiting time, W and mean flow time, F are
the same as those in the first-come, first-processed case, the
variance of waiting time or flow time is less in first-come,
first-processed than in the last-come, first-processed discipline.
This is explained by the following relation:

1

E(w!Z) = T3

E(W"2)

where
E(W'2) second moment of waiting time in the last-come,
first-processed discipline
E(W"?2) second moment of waiting time in the first-come,
first-processed discipline |

The second moment of waiting time thus differs by a factor
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which depends on utilization. When p is very high, the relation
shows that the first-come, first-processed discipline is prefer-
able, as when p tends to 1, the factor 1/1-p becomes very large
indicating that tﬂe variance in waiting time in the last-come,
first-processed discipline will be higher in comparison to the
first-come, first-processed discipline.

Thus, it is seen that out of the three selection disciplines
discussed, the first-come, first-processed case has the least -var-
iance of waiting time, while the last-come, first-processed has

the greatest variance of waiting time.

Multi-machine shop models. For the limited queue case, with

system capacity, N, the mean flow time is

1
nPn(t) + =

u
0

F(t) %

n e 22

n
= Ls/u + 1/n

For the steady state case

N
F=1 3 ne, + 1
Hu n=0 H
=L, /u + 1/u

The mean waiting time is

N
T nPn(t)
n=0

= Ls/u

1

W(t)

For steady state,
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W= % 'g nP_
n=0
= 1,;‘}/1_J
For no queue case, the mean flow time is the mean processing
time of a job, that is
B(t) = 1/y
Evidently, the mean waiting time is zero.
For finite source and limited queue case, the mean flow time

and mean waiting time is the same as that of infinite source and

limited queue.
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APPENDIX B
ANALYTICAL EXPRESSIONS AND TABLES FOR MEASURES OF PERFORMANCE

This appendii includes the mathematical expressions from
which the measures of performance for the single- and multiple-
machine models have been computed. Tables for these measures of

performance are presented also. The following notation is used:

N system capacity i
M number of machines

b o number of repairmen

A arrival-fate

H processing rate per server

Pn(r)-probability of n jobs in the system at dimensionless time
units

T dimensionless time = t/T
where T is the final value of the interval for which the

measures are computed
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Next, the tables for the measures of performance for the
_various single- and multiple-machine models are presented. The
list of figures as shown in Chapter IV corresponds to the tables

in this appendix as shown below:

Table Figure Table Figure
B.1.1 4.1 ' B.5.3 4.22
B.1.2 4,2 B.7.1 4,23
4,24
B.1.3 4.3 4,25
B.3.1 4.4 B.7.2 4,26
4.5 4,27
4.6 4.28
B.3.2 4.7 B.7.3 4,29
4.8 4.30
4.31
B.3.3 4.9
4.10 B.8.1 4.32
4.11 4,33
B.4.1 4.12 B.8.2 4,34
4.13 4.35
4,14 4.36
B.4.2 4.15 B.8.3 4.37
4.16 4,38
4,17 4.39
B.4.3 4.18 B.9.1 4.40
4.19
B.9.2 4.41
B.5.1 4.20
B.9.3 4.42

B.5.2 4,21
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1.C000

C.571

C.571

0.571

C.571

C.571

C.571

C.571

C.571

0.571

0+5T1

C.571

C.571

0.571

0.571

G511

CebT71

C.571

G571

C.571

PL

0.428

0.429

0.429

C.429

0.429

0.429

0.429

0.429

0.429

0.429

0.429

0.429

0 « 429

0.429

0.429

MEASURES OF PERFORMANCE FOR SINGLE-MACHINE MODEL
INFINITE SOURCE AND

CAPACITY

PB

0.0

0.428

0.425

0.426

0.426

0.429

0.425

0.425

C.426

0.429

0.426

0.426

0426

0.429

Ce426S

0.426

0.426

0.4265

0.42S

0.425

0425

= 1, LAMDA =
NS NQ
C.C U.0
0.428 0.0
C.429 C.0
0.429 0.0
C.429 0.0
C.429 C.0
C.429 0.0
0.429 V.0
0.429 C.0
0.429 0.0
0.429 C.0
0.429 0.0
C.429 U.0
0.429 U.0
0.429 0.0
0.429 0.0
C.429 C.0
0.429 0.0
C.429 0.0
0.429 0.0
C.429 C.0

TABLE Bial.l

0.75y MUE =

FT

0.0

1.0G0
1.C00
1.000
1.C00
1.CC0
1.C00
1.C00
1.C00
1.C00
1.000
1.000
1.C000
1.000
1.C00
1.000
1.C00
1.C00
1.C00
1.000

1.C00

NO QUEUE
1.00y INTERVAL =(0,
WT N/d
0.0 0.0
0.0 C.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0

100.0)

NPROC

0.0

0.428

0.429

0.429

0.429

0.429

0.429

0.429

0.429

0.429

0.429

0.429

0.429

0.429

Cet29

0.429

0.429

0.429

0.429

0429

0.429

NIDLE

1.0C0

0.571

0.571

0.571

0.571

U571

0.571

0.5T71

C.571

U.571

0.571

0.571

0.571

0.571

0.571

0.571

0.571

0.571

0.571

0.571

0.571

IDLEZ

100.000

57.150

57.143

57T.142

57.142

57142

57T.142

5T.142

5T«.142

57T.142

57.142

57.142

5T.142

57.142

5T.142

5T.142

5T7T.142

57.142

5T.142

57.142

57T.141
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UTILZ

0.C

42.850

42.857

42.857

42.857

42.857

42.857

42.857

42.857

42.857

42.857

42.856

42.856

42.856

42.856

42.856

42.856

42.856

42.856

42.856

42.856
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1.000
C.500
€C.500
€.500
C.500
0.500
C.500
C.500
C.500
0.500
C.500
C.500
€.500
C.500
0.500
C.500
€.500
C.500
€.500
€.500

C.500

PL

0.500

C.5C0

0.500

0.5C0

0.500

0.5CC

0.500

0.5C0C

0.500

0.5CC

0.500

0.5C0

0.500

0.5CC

0.500

0.500

0.500

0.500

0.5C0

0.500
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0.0

0.500

C.50C

0.500

0.50C

0.500

0.50C

0.50C

C.5CC

0.50C

C.5CC

0.50CC

C.5CC

0.500

C.5CC

0.500

0.5CC

0.50C

0.5CC

0.50C

0.50C

TABLE B.l.2

INFINITE SOURCE AND NO QUEUE

= 1, LAMDA =
NS NQ
0.C 0.0
0.500 0.0
C.5C0 C.0
0.500 C.0
C.500 C.0
0.500 0.0
G.50C C.0
0.500 0.0
C.500 C.0
0.500 0.0
0.500 C.0
0.500 0.0
C.5C0 0.0
0.500 0.0
0.5C0 C.C
0.500 0.0
G.500 C.0
0.500 0.0
C.500 C.C
0.5C0 0.0
0.500 C.0

I

1.00, MUE

FT

0.0

1.C00

1.C00

1.CC0

1.000

1.C00

1.C00

1.000

1.C00

1.CCO

1.C00

1.C00

1.C00

1.000

1.Cce

1.000

1.CGO

1.C000

1.CCO

1.000

1.CCO

1.00,

WT

INTERVAL =(0,

N/Q

10C.0)

NPROC

0.0

0.500

0U.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

NIDLE

1.C00

0.500

0.500

0.500

C.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

U.500

0.500

0.500

0.500

0.500

0.500

0.500

0.500

IDLEZ

100.000

50.002

50.000

50.000

50.000

50.000

49,999

49.999

49,999

49.999

49,999

494999

49.999

49.999

49.999

49,999

49.999

49.999

49.999

49,999

49.999
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0.0

49.997

50.000

50.000

50.000

50.000

49.999

49.999

49.999

49,999

49.999

49.999

49.999

49.999

49.999

49.999

49.999

49.999

4£9.999

49,999

49.999
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0444
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C.C

0.556

0.55¢

0.556

0.55¢

0.556

0.55¢

0.55¢6

0.55¢

0.556

0.55¢€

U.556€

0.55¢

0.556

0.55¢€

0.556

0.55¢€

C.55¢

0.556

0.55¢€

0.556

TABLE B.l.3

INFINITE SOURCE AND NO QUEUE

= 1l» LAMDA =
NS NQ
G.C 0.0
0.556 0.0
C.556 C.0
0.556 0.0
C.556 C.C
0.556 0.0
C.556 C.0
0.556 0.0
0.556 C.C
0.556 0.0
C.556 C.C
0.556 C.0
C.556 C.C
0.556 c.0
C.556 C.C
0.556 0.0
0.556 C.0
C.556 0.0
0.556 .0
C.556 0.0
0.556 0.0

1.25, MUE =

T

1.0C0
1.C00
1.C00
1.C00
1.C00C
1.000
1.C00
1.000
1.CC0
1.C00

1.0C0

1.000

1.CG0

1-00'

WT

INTERVAL =10,

N/Q

100.0)

NPROC

C.0

U.556

0.556

0.556

0.556

0.556

0.556

0.556

0.556

0.556

0.556

0.556

0.556

0.556

0.556

U.556

0.556

0.556

0.556

U.556

0.556

NIDLE

1.000

Oubtls

O.444

Oebbb

0444

U444

0.444

0. 444

0.444

O.t44

0.444

C.444

O.444

Ueb444

O.b44

Oeb44

0.444

Cubtsts

0.444

Ce444

0.444

IDLEZ

100.000

44,445

44 444

44 444

44 444

44 444

44 444

44 444

44 444

44,444

44 444
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44,444

b4 444

I A
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0.0

55.554

55.555
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55.555

55.555

55.555

55.555

55.555

55.555

55.555

55.555

55.555

55.555
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0025
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PO

1.000
Ce380
Ce337
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0e328
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C.328
0+328
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Ce328
Ce328
Ce328
Ce328
Ce328
0e328
C.328
Ce328

C.328

PL

D0

0070
0.098
0.103
0.104
0104
Oe1lC4
0.104
0.10C4
0104
0.104
0.104
0,104
0.104
0104
0=104
0,104
0e104
0104
De1C4

0.104
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INFINITE SOURCE AND LIMITED QUEUE

CAPACITY =

PB

0.0

0e.62C
0e663
0.671
0e672
Dab672
0.672
De672
0.672
0e672
0.672
0672
0e672
00672
0e672
0.672
De 672
0s672
Qe 672
De6T72

Qe 672

49 LAMDA

NS

Ge 0

Lu222
1. 406
1,437
1,443
1444
ls 444
la444
la444
lo4b4
1. 444
1.444
la 444
l.444
le 444
1. 444
lo 444
lo 444
lo 444
lo444

l.444

TABLE EoZol

= 0.75,

NQ

0.0

U603
UaT742
Qa767
CaT771
U772
CaT72
0772
Oe 772
Qe?72
Ce7172
Ce7T72
0772
Ce772
CeT72
Je 772
CeT772
CaT72
Ge 772
CaTT2

UaT712

MUE =

FT

Us0

1o 630
l.874
1917
1.924
1e925
1.926
1,926
1.926
1926
1.926
le 926
1,526
1926
1,926
1926
1,926
1,926
1.926
1:926

1,926

1,00y INTERVAL =(0,

WT

0.0

0,804
0990
1,022
1,028
1,029
1.029
1,029
1,029
1.029
1.029
1.029
1,029
1,029
1,029
1,029
1,029
1,029
1.G29
1.029

1.029

N/ G

0.0

1. 706
1,795
1.808
1,810
l1-811
1-811
1s811
1,811
lo811
1,811
lo811
1,810
1.810
1.810
1.810
1,810
1,810
1,810
1.810

1.810

100.0)

NPROC

Us 0

0620
U663
0671
00672
02672
UobT2
0672
0672
0.672
Ua6T2
0672
Ua672
s 672
Csb672
0672
U672
0672
ta672
0672

U672

0. 328

0328

Us 328

0,328

Us 328

Vs 328

Oc 328

0.328

Ue 328

0.328

Ua 328

U.328

Us328

02328

IDLER

100,000

38027

33,687

329317

32.805

32,783

32,778

32778

32,777

32,777

32,777

2ol T

(NN

32777
32777
32777
3201776
32776
32.776
32776
32776

32,776

(7 |

612973

66,313

67063

67.195

67217

67,222

67=222

672223

67223

67.223

67223

672223

61e223

67.223

67,224

6T7:224

€T:224

670224

67224

6T-224



TAU

0.0
0.05
0.10
0.15
0020
0e25
Ce 30
Ue35
Us 40
Qe45
Ca50
0+55
0.60
0265
Ce70
0e75
0.80
0285
0.90
0.95

1.00C

PO

1.000
Ce254
0. 208

0.201

Ce200 °

C.200
C. 200
C.200
0. 200
Ce 200
C.200
Ce200
C.200
C.200
C.200
0« 200
C.200
Ce200
Ce200
C.200

C«200

PL

0.0

Oel47
0,192
D.159
0e2C0
0e200
0,2C0
0,200
0,2C0
0200
0s2C0
04200
0.200
0.2C0
0,200
0e200
0.20C
0.200
0.2CC
0200

0. 2CC

MEASURES OF PERFORMANCE FOR SINGLE-MACHINE MODEL
INFINITE SOURCE AND LIMITED QUEUE

CAPACITY

PB

0«0

0e 746
0s792
0.7S6S
0. 80C
0.80C
0e 800
0.80C
0,800
0.8CC
0. BGUC
0.8CC
0.800
0.8GC
0.800C
0.8CC
0. 80C
0.800
0.80C
0800

0. 8CC

= 4, LAMDA

NS

0 @G

1. 719
1.958
1,594
1.599
2,000
2.C00
2.CC0
2. GG0
2,000
2,000
2,000
2. CCO
2.000
2,CCC
2.CC0
2, C00
2.000
2.CC0
2,000

2.CCO

TABLE

= 1000'

NQ

Ca0

Ca973
la166
1.195
1199
1.2CC
1.200
1.2C0
14200
1.2G0
1,200
1,200
1.2C0
1,200
1.200
1,200
1,200
1,200
1,200
1,200

1.20G0

Beleal

MUE =

FT

Cs0

1,719
1,958
12594
1,999
2,000
2,000
2oCC0
2.C00C
2000

2000

2,000
2. 0060
2000
22000
2000

2,000

1.C0y INTERVAL =10,

WT

CaC

0973
1.166
14195
1.199
1,200
1.200
1,200
1.200
1,200
1,200
1,200
1.200
1,200
1.200
1,200
1,200
1.200
1200
1,200

1.200

N/ GQ

0.0

1,897
1,986
1.998
2000
22000
2-000
22000
2,000
20000
2,000
2:000
2,000
2000
2,000
2,000
2000
2000
2,000
2,000

2000

100, 0)

NPROC

0.0

0-746
0.792
0-799
0. 800
0.800
0-800
0.800
0.800
0.800
U. 800
0,800
U800
0. 800
0. 800
U.800
0s800
- 800
U.800
U= 800

0,800

0200

0. 2G0

0200

U. 200

0,200

0.2C0

IDLE®R

100,060

250385

20., 793

20.117

20 017

20.002

20000

19.999

19,999

19,999

19+ 999

19:999

19,599

19.999

19,999

19,999

19,999

19:999

19,998

19,998

19,998

T T

172

UTILZ

0.0
742615
79, 207
79,883
79,983
79,998
80,000
80,001
80,001
80-001
800001
80.001
80,001
80.001
80,001
80,001
€0.001
80.002
BO=0C0Z
80-C02

80,002



TAL

Ce0
0.05
CelC
.15
C.2C
C.25
C.3C
Ce35
Ce4C
0e4S
Ce5C
0.55
Ce 6C
Ce65
Ce 7C
.75
C.8C
Ce8E

Ce9C

0e9%

le0C

PO

l1.C00
C.1€5
Ce127
C.122
C.122
C.122
Cel22
C.122
C.122
Cel22
Ce122
0.122
Cel22
C.122
Cel22
C.122
Cel22
Ce.l22
Cal22
C.122

Cao122

PL

0.0

C.237
0.291
C.297
0.297
C.257
0297
C.297
0,297
C.267
Ce297
0.257
0.297
0267
0257
Ce267
0257
0.297
C.297
0.297

C.257

MEASURES CF PERFCRMANCE FCR SINGLE-MACKHINE MODEL
INFINITE SCURCE AND LIMITEC QUEUE

CAPACITY

PB

C.0C

C.835
C.873
C.878
C.878
C.E78
C.878
C.E78
C.878
C.878
C.878
C.ETE
C.878
CaE87E
C.878
C.ETE
C.878
C.878
C.878
C.878

C.E78

= 4, LAMCA

NS

0.C

2. 1€E
2,407
2. 434
22437
2437
22437
2. 437
22431
204321
22437
20427
204317
2437
20431
24327
2,437
2437
2+ 437
2,431

24317

TABLE B:e2.3

= 1025!

1,559
1.559
1.55%9
1.559

1.559

MUE =

FT

C.0

1734
1,926
1947
1,949
1.949
1.949
1.949
1.949
1+949
1949
1.949
1,949
1.949
1,949
1.949
1.949
1,949
1,949
1,949

1,949

IOCCI INTERVAL =(0'

WT

C.0

1.066
1.227
1,245
1.247
1.247
1.247
1.247
1.247
1,247
1le 247
1,247
1,247
le 247
lo247
1,247
1.247
1,247
1,247
1,247

l.247

N/Q

0.0

2.058
22139
2.146
20 147
2.147
2-147
20147
20147
2.147
22147
2.147
20147
2,147
22147
22147
2,147
221417
22147
20147

22147

100.0)

NPROC

0.C

0.835
0,873
0.878
U.878
0.878
0-878
C.878
0.878
0-.878
0-878
0.878
0.878
C.878
0.878
U.878
0.878
0.878
0,878
0.878

0.878

NIDLE

1.C00
C.165
g.127

C.122

C.122
C.122
C.122
C.1l22
0.122
0,122
0-122
C.122
C.122
C.122
C.122
C.122
C,122
C.122
0.122

C.122

ICLE%R

10C.000

16651¢

12,€61

12,221

12,190

12.185%

12.1€4

12,184

12.184

12.184

12:184

12,184

12.184

12,184

12,184

12,184

12,184

12,184

12.183

12.184

12,183

173

UTILZE

0.0
€3,484
87-3365
87,762
87.81C
87.815
87,816
B7.81¢
87,816
87.81¢
87,81¢
87.81¢
87.81¢
87.81¢
87.81¢
87.81¢
87,817
87.81¢
ET.817
87,817

E7.8117



TAU

C.0

0.05
CelC
Cel®
C.2C
Ce25
0.30
Ce35
Cs4C
0e45
O0.5C
C.55
Ce6C
0e65
0.70
C.75
C.8C
C.85%
C.9C
Ce9%

l.0C

C.25C

C.25C

PL

C.C
Ce.C
C.C
CeC
C.C
C.C
C.C
C.0

C.C
C.C
C.0
C.C
0.0
C.C
C.0
C.C
C.C
C.C
C.C

C.C

MEASURES CF FERFCRMANCE FOR SINCGLE-MACKINE MCCEL
INFINITE SCURCE AND UNLIMITEC QUEUE

CAPACITY

PB

C.0

Cs695
Cs 726
Ce 737
Ca742
Ce745
Ca746
Ca748
Ce 745
Ca749
Ca74S
0»750
Ca74S
Ce750
C.75C
Cs750
Ce.75C
C.75C
Ca74S
Ca750

C.75C

= 50, LAMCA

NS

0.0

l.G38
24384
2+ €C2
20721
2. 781
2. 838
2. 8€C
2. 815
2.EEC
22922
20 8S€
2452¢E
2.5C1
2+52¢
22522
2524
24925
2,572
2.92¢€

24522

TABLE

= 0759

NC

G.0

1. 243
1.659
1. E€¢€
1.579
2.C3¢€
2.092
2.112
2-126
2.126
2,173
2-146
2.179
2,152
2.177
2.173
2,174
22175
2,224
2.176

2,174

Be 30l

MUE =

FT

0.0

20583
3,179
3,470
3629
3.7C8
3,785
3.813
3.833
3846
3.896
3.861
3.904
3.869
3.902
3.898
3,899
34900
3.964
3.901

3,858

100y INTERVAL =G,

WT

C.C

1.€57
2.212
20487
20639
2715
2,789
2.E816
2835
20848
2.898
20862
2.505
2+ 869
24502
2.EG8
2.E899
2,500
24565
2,501

2898

N/Q

0,0

2:643
30176
30453
3.,6C3
3,674
3.752
3,779
3.797
3.8C9
3.863
3.822
3.873
3.828
3,869
3.865
3.866
3,867
32946
3.867

3.860

250,0)

NPROC

G.C

0,695
G.726
0.737
U742
U745
0.746
C-748
0.749
0-749
U.T46S
0.750C
0=749
G.75C
0.750
0,750
C.750
0-750
0=74S
0-.75C

0.75C

NIDLE

1.000C
0-305
C.274
0,263
C.258
0.255
C.254
0.252
C.251
C.251
C.251
C.250
C.251
€-.250
C.250
C.250
C.25C
€250
C.251
C. 250

C»25C

174

ICLEZ

10C.CCC
30,542
271446
26,2C2
2501715
5:4G2

25435

25,101
25,144
25,049
25.,C71
25,026
25.C3¢
25,012
25.CC7
25,C04
25,065
25,00C

25,034

LTIL®

C.0
6S.458
12.554
13,657
14,225
T4,5C€
T4s €45
14,785
T4, 855
T4.899
T4, 85¢€
74,951
142626
T4.974
T4.9€4
T4,988
74,992
14,996
74,935
75,000

T4eSEE



PO

1.C00

0.159

C.113

0.092

C.080

C.071

.065

C.060

C.056

C.053

C.050

C.048

C.046

C.044

C.043

C.041

C.040

C.039

C.038

C.037

C.036

0.C0O1

0.002

0.CC2

0.C03

C.CC3

0.004

0.CC4

0.005

0.CC5

MEASURES OF PERFORMANCE FOR SINGLE-MACHINE MODEL

CAPACITY

PB

0.0

0.841

O.887

0.908

0.92C

0.929

0.935

0.94C

0.944

0.947

0.95C

0.952

0.954

0.956

0a5957

0.955

0.96C

0.961

0.962

0.963

0.964

TABLE B.3.2

INFINITE SOURCE AND UNLIMITED QUEUE

= 50, LAMDA =

NS NQ

0.0 0.0
3.482 2.641
5.1C9 4.221
6.343 5.435
7.370 6.450
8.314 7.385
S.114 6.179
9.890 8.951
10.623 9.679
11.280 10.334
11.914 10.964
12.584 11.633
13.291 12.337
13.837 12.882
14.357 13.399
14.851 13.892
15.322 l4.362
15171 14.809
16.198 15.236
16.606 15.642
16.594 16.C30

1.00,

MUE =

FT

0.0

3.482

5.109

6.343

73170

8.314

9-114

9.890

10.623

11.280

11.914

12.584

13.291

13.837

14.357

14.851

15.322

15.771

16.198

16.606

16.594

1.00, INTERVAL

WT

0.0

2.641

4.221

5.435

6.450

T+ 385

8§.179

8.951

9.679

10.334

10.964

11.633

12.337

12.882

13.399

13.892

14.362

14.809

15.236

15.642

16.030

N/Q

0.0
3.832
5.432
£.650
T«6064
8.607
9.398
10.173
10.905
11.560
12.191
12.868
13.585
14.127
l4.646
15.136
15.605
16.050
l6.473
16.875

17.260

=(0,

250.0)

NPROC

0.0

0.841

0.887

0.908

0.920

0.929

0.935

0.940

0.944

0.947

0.950

0.954

0.956

0.957

0.959

0.960

0.961

0.963

0.964

NIDLE

1.000

0.159

0.113

0.092

0.080

0.071

C.065

0.060

0.056

0.053

0.050

0.048

0.0406

0. U044

0.043

0.041

0.040

0.039

0.038

0.037

G.036

IDLE®

100.000
15.897
11.256

9.197
T977
7.130
6.509
6.026
5.641
5.316
5.043
4.809
4.606
4.432
4.263
4.123
3.989
3.869
3.760
3.664

3.568

175

UTILZ

0.0

84.103

88.744

90.803

92.023

92.870

93.491

93.974

94,359

94 .684

94.957

95.191

95.394

95.568

95 T37

95.877

96.012

96.131

96.240

96.336

96.432



PO

1.000
C.072
C.034
(.019
C.012
C.008
C.006
C.004
C.003
C.002
C.002

C.001

U.C02
0.C0C6
0.014
0.026

0.042

0.077
0.094
0.110
0.124
0.137
0.148
0.157
0. 165
0.171

0.177

MEASURES OF PERFORMANCE FOR SINGLE-MACHINE MODEL

CAPACITY

PB

0.0

C.928

0.96¢€

0.981

0.988

0.992

0.994

0.59¢

0.997

0.99E

0.998

0.995

1.00C

1.00GC

1.0GC

1.00C

1.0CC

1.000

1.CCC

1.000

1.0CC

TABLE B.3.3

INFINITE SOURCE AND UNLIMITED QUEUE

= 50| LAMDA = 1-25|

NS

0.0

5.516

9.217

12.€07

15.896

15.290

22446

25.480

28.336

30.663

33.325

35.408

37.214

38.757

40.056

4l.144

42.C40

42.783

43.383

43.869

44,259

NQ

0.0
4.588
8.251
11.627
14.909
18.298
21 .452
24,484
27.339
29.965
32327
34.409
36.214
37.757
39.056
40.144
41.040
41.783
42.383
42.869

43.259

MUE =

FT

0.0

4413

T.374
10.086
12.717
15.432
17.957
20.384
22.669
24.770
26.660
28.327
29.771
31.C05
32.045
32.915
33.632
34,226
34.706
35.095

35.407

1.00, INTERVAL =(0,

WT

0.0

6.601

9.301

11.927 .

'14.638
17.162
19.588
21.871
23.972
25.861
27.528
28.971
30.205
31.245
32.115
32.832
33.426
33.906
34,295

34.607

N/Q

0.0

5.438

8.911
12.149
15.327
18.639
21.728
24.707
27.519
30.110
32.443
34.503
36.255
37.757
39.056
40.144
41.040
41.783
42.383
42.869

43.259

250.0)

NPROC

0.0

0.928

0.966

0.981

C.988

0992

0.994

0.996

0.997

0.998

0.999

1.060

1.000

1.000

1.C00

1.000

1.000

1.000

1.000

1.000

NIDLE

1.000
0.072
0.034
0.019
0.012
0.008
C.006
0.004
0.003
0.002
0.002

0.001

IDLEZ

100.000

T.197

3.367

l.944

1.232

C.824

0.572

0.406

0.294

0.216

0.161

Qs 12}

176

UTIL%

0.0
92.804
96.633
98.056
98.768
99.176
99.429
99.594
99.707
99.785
959. 840
99.879

100.000
100.000
10C.000
100.000
100.000
100.000
100.00C
100.000

100.000



PO

1.000
0.018
0.012
0.012
0.012
0.012
0.012
0.012
0.012
0.012
0.012
0.012
0.012
0.012
0.012
0.012
0.012
0.012
0.012
0.012

C.012

PL

0.100
0.133
0.136
0.136
0.136
0.136
O.136
0.136
0.136
0.136
0.136
0.136
0.136
0.136
0.136
0.136
0.136
0.136
0.136

0.136

MEASURES OF PERFORMANCE FOR SINGLE-MACHINE

CAPACITY

PB

0.0

0.982

0.988

0.988

0.988

0.988

0.988

0.988

D.988

0.988

0.988

0.988

0.988

0.988

0.988

0.988

0.988

0.988

0.988

0.988

0.988

TABLE

FINITE SOURCE AND LIMITED QUEUE

= 6y LAMDA

NS

6.000

4.037

4.025

4.024

4.024

4.024

4.024

4.024

4.024

4.024

4,024

4.024

4.024

4.024

4.024

4.024

4.024

4.024

4.024

4.024

4.024

= 0.501

NQ

6.000

3.055

3.037

3.036

3.036

3.036

3.036

3.036

3.036

3.036

3.036

3.036

3.036

3.036

3.036

3.036

3.036

3.03¢6

3.036

3.036

3.036

MUE =

FT

12.6G00

8.073

8.050

8.048

8.048

8.048

8.048

8.048

8.048

8.048

2.048

8.048

8.048

8.048

E.048

8.048

8.048

8.048

6.048

8.048

8.048

1.00, INTERVAL =(0,

WT

12.000

6.110

6.075

6.073

6.073

6.073

6.073

6.073

6.073

6.073

6.073

6.073

6.072

6.073

6.073

6.072

6.072

6.072

6.072

6.072

N/Q

0.0

3.284

3197

3.191

3.191

3.190

3.190

3.190

3.190

3.190

3.190

3.190

3.190

3.190

3.190

3.190

3.190

3.190

3.190

3.190

3.190

MODEL

100.0)

NPROC

0-0

0.982

0.988

0.988

0.988

0.988

0.988

0.988

0.988

0.988

0.988

0.988

U.3988

0.988

0.988

G.988

0.988

0.988

0-988

0.9838

0.988

NIDLE

1.000

0.018

0.012

0.012

0.012

0.012

0.012

0.012

0.012

0.012

0.012

0.01%

0.012

0.012

0.012

O.012

0.012

0.012

IDLEZ

100.000

1.835

1.249

1.211

1.208

1.208

1.208

1.208

1.208

1.208

1.208

1.208

1.208

1.208

1.208

1.208

1.208

1.208

1.208

1.208

1.207
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UTILZ

0.0

98.165

98.751

98.789

38.732

98.792

98.792

98.792

98.792

98.792

98.792

98.792

98.792

F8.7392

98.792

98.792

98.792

38792

S6.792

98.792

96.793



0s45

0.50

0555

0,90
0,95

1.00

PO

1. 000
0.003
0.002
04002
04002
04002
0.002
04002
0002
0,002
0.002
0+002
0.002
04002
0.002
00002
04002
06002
0+002
0.002

0,002

PL

0,0

0,238
0.263
0:264
0.264
D:264
0a.26%
0.264
02264
0.264
0264
0,264
0,264
0,264
0,264
0.264
D264
0,264
0.264
0,264

0:264

MEASURES OF PERFORMANCE FOR SINGLE-MACHINE MODEL

CAPACITY

PB

0.0

02997
0,998
0,998
0,998
0,998
0998
0998
0,998
0,998
0.998
0.998
0.998
0,998
0,998
0,998
02998
0.998
0,998
0.998

0998

TABLE

Ba4,2

FINITE SOURCE AND LIMITED QUEUE

= 6y LAMDA = 0,75, MUE = 1,00,

NS

6. 000
4670
4, 669
4,669
4. 669
42669
4o 669
42669
4, 669
4,669
4, 669
45669
4,669
49 669
4, 669
4 669
44669
4, 669
44 669
4y 669

4,669

NQ

6,000

3,673

3,672

3,671

3,671
3.6T1
3,671
3,671
3,671
3,671
3,671
3.6T1
3.671
3,671
3,671
3.6T1
3,671
3.6T1
3,671
3.,6T1

3,671

FT

84000
62227
62226
6:226
60226
60226
6.226
62226
6.226
60226
6226
6226
6.226
62226
62226
64226
6+ 226
62226
6226
62226

6226

WT

8.000
4897
4+895
44895
44,895
44895
44895
45895
4895
40895
44895
45895
44895
40895
44895
42895
4,895
42895
44895
4,895

44895

INTERVAL =1(0,

N/7Q

00

3,727
3,714
3,714
3,713
3,713
3,713
3.713
3;713
3,713
3,713
3,713
3,713
3,713
3,713
3,713
3,713
3,713
3,713
3,713

3,713

10040)

NPROC

0.0

0,997
0,998
0-998
0,998
0-998
0.998
0-998
0998
0,998
0.998
0.998
0,998
2.998
02998
0:998
0.998
0,998
0998
0:998

0998

NIDLE

1,000
0,003
0,002
0. 002
0.002
0. 002
0.002
0,002
0.002
0. 002
0,002
0,002
0.002
0. 002
0,002
0,002
0,002
0,002
0,002
0,002

0,002

IDLEZ

100,000
0275
0,207
0,206
0.206
0.206
0.206
0. 206
D206
0,206
0,206
0,206
0206
0.206
0,206
0. 206
02206
0.206
0,206
02206

02206
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UTILZ

0.0
99,725
99,793
99,794
99, 794
99,794
99,794
99, 794
99,794
99. 794
99,794
99, 794
99,794
99, 794
99,794
99,794
99,794
99, 794
99,794
99, 794

99,794



TAU

0.0

0.05

0.10

0.40

0.45

0.50

0.75

0.80

0.85

0.95

1.00

PO

1.000

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

PL

0.0

0.356
0.368
0.368
D.368
0.368
0.368
0.368
0.368
0.368
0.368
0.368
0.368
0.368
0.368
D.368
0.368
J.368
0.368
0.368

0.368

MEASURES OF PERFORMANCE FOR SINGLE-MACHINE MODEL

CAPACITY =

PB

0.0

1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

1.000

TABLE

Bef%e3

FINITE SOURCE AND LIMITED QUEUE

6y LAMDA = 1-00,

NS

6.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000

5.000

NQ

6.000
4.000
4.000
4.000
4.000
4.000
4.000
4.000
4.000
4.000
4.000
4.000
4.000
4.000
4.000
4.000
4.000
4.000
4.000
4.000

4.000

MUE =

FT

6.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000
5.000

5.000

1.20, INTERVAL =(0,

WT

5.000

4.000

4.000

4.000

4.000

4.000

4.000

4.000

4.000

4.000

4.000

4.000

4.000

4.000

4,000

4.000

4.000

4.000

4.000

4.000

4.000

N/Q

0.0

4.014%
4.012
4.012
4.012
4.012
4.012
4.012
4.012
4.012
4.012
4.012
4.012
4.012
4.012
4.012
4.012
4.012
4.012
4.012

4.012

100.0)

NPRIC

0.0

1.002
1.000
1.002
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

1.000

NIDLE

1.000

0.0
0.0

0.0

IDL=%

100.000
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JTILE

0.2

132.399

100.020

1323.223)

100.000

123.22)

100.230

102.223

100.000

122.32)

100.020

122.3))

100.000

12J.22)

130.000

122.22)

100.000

133.33)

102.000

122.23)

100.200



CAPACITY =
PO PL
1.000 0.0
0.276 0.310
C.276 C.310
C.276 0.310
0.276 0.311
0.276 0.310
C.276 0.310
C.276 0.311
C.276 0.310
C.276 0.310
C.276 0.210
C.276 0.310
C.276 C.310
C.27¢6 0.310
C.276 0.310
C.276 0.310
C.277 0.312
0.276 0.310
C.276 0.310
0.276 0.310
C.276 0.310

2,y

TABLE

B.5.

1

MEASURES OF PERFORMANCE FOR MULTIPLE-MACHINE MODEL
NO QUEUE

INFINITE SCURCE AND

NUMBER OF SERVERS =

FB NS NQ
0.0 0.0 0.0
0.31C 1.034 0.0
0.310C 1.034 0.0
0.31C 1.034 0.0
0.311 1.035 0.0
0.31C 1.034 0.0
0.310 1.034 0.0
0.311 1.035 0.0
0.31C 1.034 0.0
0.31C 1.C34 C.0
0.31C 1.034 0.0
0.31C 1.034 C.0
0.31C 1.034 C.0
0.31C 1.035 0.0
0.31C 1.034 0.0
0.31C 1.034 0.0
0.312 1.035 0.0
0.31C 1.C34 0.0
0.31C 1.034 0.0
0.31C 1.C34 0.0
0.31C 1.034 0.0

2y

LAMDA =

7 §

0-0

1.000

1.000

1.000

1.C00

1.000

1.000

1.000

1.0u0

1.C00

1.000

1.000

1.000

1.C00

1.000

1.C00

1.000

1.000

1.000

1.CG0

1.000

1.50,

WT

0.0
0.0

0.0

MUE =

1.00,

N/Q

INTERVAL =(0,

NPROC

1.034

1.034

1.035

1.034

1.034

1.034

1.034

1.034

1.935

1.034

1.034

1.035

1.034

1.034

1.034

1.034

100.01
NIDLE IDLEZ
2.000 100.000
0.966 484295
U966 48.276
0.966 48.276
0.965 48.261
0.966 48.276
0.966 48.276
0.965 48.271
0.966 48.276
0.966 48.275
0.966 48.276
0.966 48.275
0.9606 48.276
0.965 48.274
U.966 48.276
0.966 48.276
0.965 48.245
U.966 48.2176
0.966 45.2176
0.966 48.275
0.966 48.276
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UTILS

U.0

5l.705

51.724

51l.724

51.739

51l.724

5le724

51 729

5l.724

51.725

51l.724

51.725

51.724

51s 1256

5l.724

51l.724

51.755

51l.724

5l.724

51725

5l.724



CAPACITY =
PO PL

1.C00 C.C
C.200 0.4C0
C.200 0.400
C.200 0.400
0.2003 0.400
C.200 0.400
C.200 0.401
C.200 0.400
G.200 0.400
C.2C0 0.400
0.200 0.400
C.2C0 C.400
0.200 0.400
C.200 0.40C
C.200 0.401
C.200 0.400
C.200 0.400
€C.200 0.4C0O
C.200 0.400
€C.200 0.400
C.200 0.400

29

TABLE

3-5.

2

MEASURES OF PERFORMANCE FOR MULTIPLE-MACHINE MODEL
INFINITE SCURCE ANDC NO QUEUE

NUMBER OF SERVERS =
PB NS NQ
0.C G.C 0.0
C.4CC 1.200 0.0
C.40C 1.2C0 c.0
0.40C 1.200 0.0
C.4CC 1.2C0 C.0
0.40C 1.200 0.0
Ca.401 1.2C0 0.0
C.40C 1.200 0.0
C.4CC 1.2C0 C.C
C.40C 1.200 0.0
C.4CC 1.2C0 0.0
0.4CC 1.200 0.0
C.4CC 1.2C0 0.0
0.40C 1.2C0 C.C
0.401 1.200 C.0
0.40C 1.200 0.0
0.40C 1.200 0.0
C.4CC 1.2C0 0.0
0.400 1.200 C.0
C.4CC 1.2C0 0.0
0.400C 1.200 0.0

2y

LAMDA =

FT

C.0

1.000

1.CC0

1.C00

1.CC0

1.000

1.CC0

1.C00

1.C00

1.000

1.CCO

1.C00

1.C00

1.000

1.CG0

1.000

1.CC0

1.Cu0

1.C00

1.CC0

1.C00

2.00,

WT

MUE =

1.00,

N/GQ

INTERVAL =1(0,

NPROC

0.0

1.200
1.200
1.200
1.200
1.200
1.200
1.200
1.200
1.200
1.200
1.200
1.200
1.200
1.200
1.200
1.200
1.200
1.200
1.200

1.200

100.0)
NIDLE IDLEZ
2.000 100.000
0.800 40.007
0.800 40.000
0.800 39.995
0.800 40.000
C.800 39.999
0.800 39.986
0.800 40.000
0.800 39.998
U.800 40.000
U.800 40.000
C.800 39.9395
0.800 40.001
0.800 40.000
C.800 39.986
0.800 40.001
0.800 395998
C.800 40.000
0.800 40.000
0.80C0 39.995
0.800 40.001

181

UTILZ

0.0
59.993
60.000
60.005
60.000
60.001
60.014
60.000
60.002
60.000
60.000
60.005
59.999
60.000
60.014
59.999
60.002
60.000
60.000
60.005

59.999



CAPACITY =
PO PL
1.000 0.0
0.151  0.472
C.164  0.501
C.151  0.472
0.151  0.472
0.151  0.473
C.152  0.474
0.153  0.476
C.151  0.472
0.151  0.472
0151  0.472
0.151  0.472
C.152  0.473
C.152  0.475
C.154  0.477
0.152  0.473
C.151  0.472
C.151  0.472
C.151  0.473
C.152 O.474
C.153  0.476

2

TABLE

BIS.

3

MEASURES OF PERFORMANCE FOR MULTIPLE-MACHINE MODEL
INFINITE SOURCE AND NO QUEUE

NUMBER OF SERVERS =

PB NS NG
0.0 C.0 0.0
0.472 1.321 0.0
0.501 1.336 0.0
0472 1.321 0.0
C.472 1.321 0.0
0.473 1.321 0.0
0.474 1.322 0.0
0.47¢ 1.223 0.0
0.472 1.321 0.0
0.472 1.321 0.0
0.472 1.321 0.0
0.472 1.321 0.0
C.472 1.322 0.0
0.475 1.322 0.0
CatsTi 1.324 C.0
0.473 1.321 0.0
0.472 1.321 6.0
0.472 1.321 0.0
Cet72 15321 C.0
0.474 1.322 0.0
0.47€ 1.323 .0

2,

LAMDA =

FT

0.0

1.C00

1.C00

1.C00

1.C00

1.C00

1.000

1.0u0

1.000

1.000

1.000

1.C00

1.000

1.C00

1.CG0

1.C00

1.000

1.000

1.C0U

1.000

1.C00

2.50,

WT

MUE

1.00,

N/Q

INTERVAL =1(0,

NPROC

0.0

1.321

1.336

1.321

1.321

1.321

].- 522

1.323

1.321

1.321

1.321

1.322

1.322

1.324

1.321

1.321

1.321

100.0)
NIDLE IDLEZ
2.000 100.000
0.679 33.958
0. 664 33.180
0.679 33.954%
C. 679 33.941
0.679 33.932
0.678 33.903
0.677 33.847
C.679 33.962
0.679 33.951
C.679 334952
0.679 33.942
0.678 33.923
C.678 33.885
0.676 33.811
U679 33.930
0.679 33.956
0.679 33.949
C.679 33.936
U.678 33.910
Ce6T7 33.860
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UTILZ

0.0

66.042

66.820

66.046

66.053

66.068

66.097

66.153

66.038

66.043

66.048

b6.058

66.077

66.115

66.189

66.070

66.044%

66.051

tb.064

66.090

66.140



0.45

0.50

0.55

CAPACITY =

PO PL

1.000 0.0

C.190 0.0
C.163 0.004
0.154 0.007
0.151 ° 0.008
C.149 0.009
C.148 0.009
C.147 0.009
Cal47 0.009
0.147 0.009
0.147 0.009
0.147 0.009
C.147 0.009
Cel47 0.009
0.147 0.009
C.1l47 0.009
0.147 0.009
0.147 0.009
0.147 0.009
O.147 0.009
0.147 0.009

12,

TABLE Bre6.1l

MEASURES OF PERFORMANCE FOR MULTIPLE-MACHINE MODEL
INFINITE SOURCE AND LIMITED QUEUE

NUMBER OF SERVERS

PB

0.0

0.536

0.594

0.615

C.624

0.629

0.631

0.632

0.632

0.633

0.633

0.633

0.633

0.633

0.633

0.633

0.633

0.633

0.633

0.633

0.633

NS

0.0

2.153

2.653

2.873

2.978

3.029

3.054

3.066

3.072

3.075

3.076

3.077

3.077

3.077

3.077

3.078

3.078

3.078

3.078

3.078

3.078

= 2,

NQ

0.0

0.807
1.222
l.412
1.504
1.549
1.571
1.581
1.587
1.589
1.590
1.591
1.591
1.591
1.591
1.591
1.591
1.591
1.591
1.591

1.591

LAMDA =

FT

0.0

1.435

1.769

1.915

1.985

2.019

2.036

2.044

2.048

2.050

2.051

2.051

2.052

2.052

2.052

2.052

2.052

2.052

2.052

2.052

2.052

1-50’ HUE

WT

0.0

0.538
0.815
0.942
1.003
1.033
1.047
1.054
1.058
1.059
1.060
1.061
1.061
1.061
1.061
1.061
1.061
1.061
l1.061
1.061

1.061

1.00,

N/Q

0.0

24362
2.938
3.186
3.299
3.353
3.379
3.391
3.397
3.400
3.401
3.402
3.402
3.402
3.404
3.402
3.402
3.402
3.402
3.402

3.402

INTERVAL =(0,

NPROC

0.0

l.346

l.431

l.461

1.474

1.480

1.483

1.485

1.485

1.486

1.486

1.486

1.486

1.486

1.486

1.486

1.486

1.486

1.486

1.486

1.486

100.0)
NIDLE IDLE®
2.000 100.000
0. 654 32.675
0.569 28443
0.539 26.974
0.526 26.313
0.520 25.996
0.517 25.842
0.515 25.767
0.515 25.731
0.514 25.712
0.514 25.703
0.514 25.699
0.514 25.697
0.514 25.695
0.514 25.688
0.514 25.694
0.514 25.694
0.514% 25.694
0.514% 25.693
0.514 25.693
C.514 25.691
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UTILZ

0.0

67.325

T1.557

73.026

73.687

74.004

74.158

14.233

T4.269

74.288

T4.297

T4.301

7T4.303

74.305

T4.312

74.306

74.306

T4.306

T4.307

T4.307

714.309



TABLE

B.6o

2

MEASURES OF PERFORMANCE FOR MULTIPLE-MACHINE MODEL
INFINITE SOURCE AND LIMITED QUEUE

CAPACITY = 12, NUMBER OF SERVERS = 2,
PO PL PB NS NQ
1.000 0.0 0.0 0.0 0.0
0.095 0.007 0.726 3.440 1.809
0.065 0.035 0.808 4.746 3.003
0.053 0.055 0.843 5.442 3.652
0.047 0.067 0.860 5.813 4.000
0.044 0.073 0.869 6.012 4,186
0.042 0.076 0.874 6.118 4.285
0.041 0.078 0.877 6.174 4.338
C.041 0.079 0.878 6.204 4,367
C.040 0.079 0.879 6.220 4,382
0.040 0.080 0.879 6+229 4.390
0.040 0.080 0.880 6.233 4.394
0.040 0.080 0.88C 6.236 4.396
0.040 0.080 0.880 6.237 4.397
0.040 0.080 0.88C 6.237 4.398
0.040 0.080 0.880 6.238 4.398
C.040 0.080 0.88C 6.238 4.398
C. 040 0.080 0.880 6.238 4.398
0.040 0.080 0.88C 6.238 4.398
C.040 0.080 0.880C 6.238 4.398
0.040 0.080 0.88C 6.238 4.398

LAMDA =

FT

0.0

1.720

2.373

2.721

2.907

3.006

3.059

3.087

3.102

3.110

3.114

3.117

3.118

3.118

3.119

3.119

3.119

3.119

3.119

3.119

3.119

2.00, MUE

WT

0.0

0.904
1.502
1.826
2.000
2.093
2.143
2.169
2.183
2.191
2.195
2.197
2.198
2.199
2.199
2.199
2.199
2.199
2.199
2.199

2.199

1.00,

N/Q

0.0

3.223
4.374
4.932
5.207
5.346
5.419
5.457
5.4177
5.488
5.493
5.496
5.498
5.499
5.499
5.500
5.500
5.500
5.500
5.500

5.500

INTERVAL =(0,

NPROC

0.0

1.631

1.743

1.789

1.813

1.825

1.832

1.836

1.838

1.839

1.839

1.839

1.839

1.839

1.839

1.839

1.839

1.839

1.839

1.839

1.839

1006.0)
NIDLE IDLEZR
2.000 100.000
0.369 18.449
0.257 12.836
0.211 10.527
C.187 9.350
0.175 8.726
0.168 8.394
O.164 8.217
0.162 8.124
O.161 8.075
0.161 8.050
C.161 8.036
O.l61 8.030
O.161 8.028
O.161 8.028
C.1l61 8.028
C.161 8.029
O.161 8.031
O.161 8.031
C.1l61 8.03¢2
O.161 8.034

184

UTILZ

0.0

81.551

87.164

89.473

90.650

91.274

91.606

91.783

91.876

91.925

91.950

91.964

91.970

91.972

91.972

91912

91.971

91.969

91.969

91.968

91.966



CAPACITY =
PO PL
1.000 0.0
0.044 0.032
0.021 0.123
0.013 0.174
0.010  0.196
0.008 0.206
0.008 0.210
€.008 0.212
€.007 0.213
C.007 0.213
C.007 0.213
C.007 0.213
C.007 0.213
€.007 0.213
C.007 0.213
€.007 0.213
C.007 0.213
€.007 0.213
€.007 0.213
€.007 0.213
C.007 0.213

12,

TABLE

B.6.

3

MEASURES OF PERFORMANCE FOR MULTIPLE-MACHINE MODEL
INFINITE SOURCE AND LIMITED QUEUE

NUMBER OF SERVERS

PB

0.0

0.855

0.926

0.955

0.966

0.971

0.973

0.974

0.974

0.974

0.974

0.974

0.974

0.974

0.974

0.974

0.974

0.974

0.974

0.974

0.974

NS

0.0

4.979

7.128

8.090

8.505

8.684

8.761

8.794

8.808

8.814

8.817

8§.818

8.E18

8.819

8.819

8.818

8.818

8.818

8.818

8.818

8.818

= 2'

NQ

0.0

3.168
5.220
6.147
6.549
6.722
6.796
6.828
6.842
6.848
6.850
6.851
6.852
6.852
6.852
6.852
6.852
6.852
6.852
6.852

6.851

LAMDA =

FT

0.0

1.992

2.851

3.236

3.402

3.474

3.504

3.518

3.523

3.526

3.527

3.527

3.527

3.527

3.527

3.527

3.527

3.527

3.527

3.527

3.527

2.50y MUE =

WT

0.0

l.267
2.088
2.459
2.620
2.689
2.719
£+ 131
2.737
2.739
2.740
2.741
2.741
2.741
2.741
2.741
2.741
2741
2.741
2.741

2.741

1.00,

N/Q

0.0

4.264
5.992
6.701
6.991
T.113
T.l64
7.185
T.196
7.200
T.202
7.202
7.203
7.203
T7.203
7.203
T.203
7.203
T.203
7.203

7.203

INTERVAL =1(0,

NPROC

0.0

1.812

1.308

1.942

1.956

1.962

1.965

1.966

1.966

1.967

l1.967

l.967

1.967

1.967

1.967

l.967

1.967

1.967

1.967

1.967

1.966

100.0)
NIDLE IDLEZ
2.000 100.000
0.188 9423
0.092 4.579
0.058 £2.893
0.044 2.187
0.038 1.886
0.035 1.757
0.034 1.704
0.034 L.679
0.033 1.670
0.033 l.667
0.033 l.666
0.033 l.666
0.033 l.667
C.033 1.668
0.033 1.670
C.033 1.670
0.033 l.672
0.033 1.673
0.033 1.674
0.034 1.675

185

UTILZ

0.0
90.577
95.421
97.107
97.813
98.114
98.243
98.296
98.321
98.330
98.333
98.334
98.334
98.333
98.332
98.330
98.330
98.328
98.327
98.326

98.325



TAU

0.0

0.05

0.10

0.15

0.20

0.35

0.40

0.45

0.50

0.55

0.60

0.75

0.80

0.85

0.90

0.95

1.00

CAPACITY =100, NUMBER OF SERVERS

PO

1.000

0.190

0.163

0.154

0.150

0.148

0.146

0.145

O.144

0.144

O.144

0.143

0.143

C.143

0.143

0.143

0.143

0.143

0.143

0.143

0.143

PL

TABLE

BoT.1

MEASURES OF PERFORMANCE FOR MULTIPLE-MACHINE MODEL

PB

0.0

0.536

0.595

0.616

0.626

0.631

0.635

0.637

0.639

0.640

0.641

0.641

0.642

0.642

0.642

0.642

0.643

0.643

0.643

0.643

0.643

INFINITE SOURCE AND UNLIMITED QUEUE

NS

0.0

2.152

2.655

2.897

3.043

3.140

3.210

3.245

3.270

3.287

3.316

3.326

3.332

3.337

3.341

3.343

3.345

3.347

3.348

3.349

3.350

= 2,

NQ

0.0

0.805
1.223
1.436
1.567
1.656
1.721
1.753
1.775
1.791
1.819
1.828
1.834
1.838
1.842
l.844
1.846
1.847
1.848
1.849

1.850

LAMDA

FT

0.0

1l.434
1.770
1.931
2.029
2.093
2.140
2.163
2.180
2.191
2.211
2.217
2.221
2.225
2.227
2.229
2.230
2.231
2.232
2.233

2.233

1.50y MUE =

WT

1.104
l.147
1.169
l.184
1.194
1.213
1.219
1.222
1.226
1.228
1.229
1.231
l.232
1.232
1.233

1.233

1;00]

N/Q

0.0

2.358
2.942
3.236
3.421

3.552

3.823
3.827
3.830
3.833
3.834
3.836
3.837

3.837

INTERVAL =1(0,

NPROC

~

0.0

1.346

1.431

1.461

1.476

1.489

1.492

1.494

1.496

1.497

1.498

L.498

1.499

1.499

1.500

1.500

1.500

100.0)
NIDLE IDLEZ
2.000 100.000
C.654 32.676
U.569 28.435
0.539 264933
0.524 264216
0.516 25.805
0.511 25.535
0.508 25.388
C.506 25.279
0.504 25.203
0.503 25.149
0.502 25.110
0.502 25.079
0.501 25.061
C.501 25.046
0.501 254034
0.501 25.025
0.500 25.018
C.500 25.013
0.500 25.009
0.500 25.005

186

UTILZ

0.0

6T7.324

71.565

73.067

13.784

74.195

T4.465

T4.612

T4.721

T4.737

714.851

74.890

T4.921

T4.939

T14.954

714.966

T4.975

T4.382

T4.987

T4.991

T4.995



TAU

0.0

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60

0.65

0.75
0.80
0.85
0.90
0.95

1.00

CAPACITY =100,

PO

1.000
0.095
0.065
0.053
C.045
0.040
C.037
C.034
C.032
C.030
0.028
0.027
0.026
0.025
C.024
0.023
C.022
0.022
0.021
0.021

0.020

PL

MEASURES OF PERFORMANCE FOR MULTIPLE-MACHINE MODEL

NUMBER OF SERVERS = 2,

PB

0.0

0.726

0.809

0.844

0.866

0.880

0.890

0.899

0.905

0.911

0.915

0.919

0.923

0.926

0.928

0.931

0.933

0.935

0.937

0.939

0.94C

TABLE

B.7.2

INFINITE SOURCE AND UNLIMITED QUEUE

NS

0.0
3.438
4.928
6.059
7.001
71.834
8.595
9.272
9.905
10.503
11.071
11.576
12.100
12.562
13.052
13.482
13.946
14.352
14.745
15.180

15.556

NQ

0.0
1.807
3.184
4.268
5.180
5.994%
6.741
T.408
8.032
B.622
9.184
9.684
10.203
10.661
11.147
11.574
12.036
12.439
12.830
13.262

13.635

LAMDA = 2.00,

FT

0.0

1.719

2.464

3.030

3.500

3.917

4.297

4.636

4.953

5.251

5.535

5.788

6.050

6.281

6.526

6.741

6.973

T.176

T.373

T7.590

T.778

WT

0.0

0.903
1.592
2.134
2.590
2.997
3.371
3.704
4.016
4.311
4.592
4.842
5.101
5.330
5.574
5.787
6.018
6.219
6.415
6.631

6.818

MUE

1.00,

N/Q

0.0
3.220
4.637
5.739
6.663
T.483
8.238
8.906
9.532
10.125
10.690
11.186
11.708
12.164
12.654
13.079
13.544
13.946
14.335
14.772

15.145

INTERVAL =(0,

NPROC

0.0

1.631

1.744

1.792

1.820

1.839

1.854

1.865

1.873

1.881

1.887

1.892

1.897

1.901

1.904

1.908

1.911

1.913

1.916

1.918

1.920

100.0)
NIDLE IDLEZ
2.000 100.000
0.369 18.440
0.256 12.817
0.208 10.406
0.180 8.984
0.161 8.029
O.146 T.322
C.135 6.773
G.127 6.332
0.119 5.967
0.113 5.659
0.108 5.394
0.103 5.163
0.099 4960
0.096 4.778
0.092 4.616
0.089 4a468
0.087 4.335
C.084 4.212
C.082 4.099
0.080 3.995

187

UtTiLz

0.0

8l.560

87.183

89.594

9l.016

91 . 971

92.678

93.227

93.668

94.033

94.341

94.606

94.837

95.040

95.22¢

95.38¢4

95.532

95.665

95.788

95.901

96.005



TAU

0.0

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45

0.50

0.60
0.65
0.70
0.75
0.80

0.85

CAPACITY =100,

PO

1.000
0.044
0.021
0.012
0.008
0.006
C.004
0.003
0.002
0.002
C.001
C.001
C.0

0.0

C.0

PL

0.0

0.0

0.0

0.001

0.002

0.003

0.005

TABLE

'B.? .3

MEASURES OF PERFORMANCE FOR MULTIPLE-MACHINE MODEL
INFINITE SOURCE AND UNLIMITED QUEUE

NUMBER OF SERVERS = 2,

PB

0.0

0.855
0.930
0.958
0.972
0.981
0.986
0.990
0.992
0.994
0.995
0.996
0.998
0.998
0.999
0.999
1.000
1.000
1.0GCC
1.000

1.00C

NS

0.0

5.043

8.168
10.979
13.677
16.283
18.854
21.408
23.898
26.437
28.914
31.387
33.859
36.330
38.803
41.277
43.756
46.352
49.328
51.797

54.246

NQ

0.0
3.232
6.259
9.033
11.713
14.308
16.873
19.422
21.908
24.445
26.920
29.391
31.861
34.332
36.804
39.278
41.756
44.352
47.328
49.797

52.246

LAMDA =

FT

0.0

2.017

3.267

44391

5.471

6.513

T7.542

8.563

9.559

10.575

11.566

12.555

13.544

14.532

15.521

16.511

17.503

18.541

19.731

20.719

21.698

2.50, MUE

WT

0.0
1.293
2.504
3.613
4.685
5.723
6.749
T.769
B.763
9.778
10.768
11.757
12.745
13.733
14.722
15.711
16.703
17.741
18.931
19.919

20.898

1.00,

N/Q

0.0
4.350
T.179
9.796
12.351
14.844
17.325
19.804
22.232
24.720
27.154
29.591
32.005
34.455
36.909
39.368
41.799
44.352
4T7.328
49.797

52.246

INTERVAL =(G,

NPROC

0.0

1.812

1.909

1.945

1.964

1.975

1.982

1.987

1.990

1.992

1.994

1.995

1.998

1.998

1.999

1.999

2.000

2.000

2.000

2.000

2.000

10G.0)

NIDLE IDLE®
2.000 100.000
0.188 9.420
0.091 44554
U.055 2.738
0.036 1.6808
0.025 1.259
O.Uls 0.909
0.013 0.672
0.010 0.507
0.008 U.388
0.006 0.300
0. 005 0.234
0.002 U.102
0. 002 0.081
U.001 U065
0.001 0.052
0.0 0.0

0.0 0.0

C.0 0.0

0.0 0.0

C.0 0.0

188

20.580

95.4406

97.262

98.192

98.741

99.091

99.493

99.612

99.700

99. 766

99.598

993.915

99.935

99.948

100.000

100.000

100.000

100.000

10U.000



0.60

0.65

0.70

0.75

CAPAZITY = 12,

PO

1.000
0.0
0.0
0.0
0.0
0.0
0.0
0.0

0.0

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

0.0

PL

0.0

0.058
0.127
0.135
0.135
0.135
D.135
0.135
0.135
0.135
0.135
0.135
0.135
0.135
0.135
0.135
0.135
0.135
0.135
0.135

0.135

TABLE

B.a.l

MEASURES OF PERFORMANCE FOR MULTIPLE-MACHINE MJDEL

FINITE SOURCE AND LIMITED QUEUE

NUMBER OF SERVERS = 2,
PB NS NQ
0.0 12.000 12.000
1.000 10.001 8.002
1.000 10.001 8.001
0.999 10.002 8.005
0.999 10.002 8.005
0.999 10.002 8.005
0.999 10.002 8.005
0.999 10.002 8.005
0.999 10.002 8.005
0.999 10.002 8.005
0.999 10.002 8.005
0.999 10.002 8.005
0.999 10.002 8.005
0.999 10.003 8.005
0.999 10.003 8.005
0.999 10.003 8.005
0.999 10.003 8.005
0.999 10.003 8.005
0.999 10.003 8.005
0.999 10.003 8.005
0.999 10.003 8.005

LAMDA

FT

12.000
10.001
10.001
10.002
10.002
10.002
10.002
10.002
10.002
10.002
10.002
10.002
10.002
10.003
10.003
10.003
10.003
10.003
10.003
10.003

10.003

1.00, MUE

WY

12.000
B.002
8.001
8.005
8.005
8.005
8.005
8.005
8.005
8.005
8.005
8.005
8.005
B.005
8.005
B.005
B.005
8.005
8.005
8.005

8.005

1.00,

N/Q

0.0

8.006
8.004
8.014
8.014%
8.014
8.014%
8.01%
8.01%
8.015
8.015
8.015
8.015
8.015
8.015
B.015
8.015
8.016
8.016
8.016

8.016

INTERVAL =(0,

N2RIC

0.0

1.999
1.999
1.998
1.998
1.998
1.998
1.998
1.998
1.998
1.998
1.998
1.998
1.997
1.997
1.337
1.997
1.997
1.997
L.937

1.997

13J.2)
NIDLE IJL=%
2.00) 122.020
0.001 0.0%9
0.001 J.J3%
0.002 Jell7
0.002 dJ.115
0.002 D.117
0.002 J.118
0.002 J.1195
0.002 0.120
0.002 0.121
0.002 Je.122
0.002 J.123
0.002 Jol2%
0.003 J.125
0.003 J.125
0.003 Jeo1l27
0.003 0.128
0.003 J.129
0.003 2.130
0.003 0.131
0.003 J.132

189

JTILZ

J.)

39.351

?7.355

93.883

37.333

93.883

77.332

93.881

32.33)

99.379

93.373

99.877

33.375

99.375

77.37%

99.373

33.3872

99.371

33.37)

99.357

79.358



CAPACITY =
PO PL
1.000 0.0
0.0 0.205
0.0 0.262
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264
0.0 0.264

TABLE

B.8.2

MEASURES OF PERFORMANCE FOR MULTIPLE-MACHINE MIDEL

12, NUMBER OF SERVERS = 2,
PB NS NQ
0.0 12.000 12.000
0.999 10.668 8.671
0.999 10.667 28.668
0.999 10.667 8.668
0.999 10.667 8.668
0.999 10.6067 B.668
0.999 10.667 8.668
0.999 10.667 8.668
0.999 10.667 8.668
0.999 10.667 8.668
0.999 10.667 8.668
0.5999 10.667 8.668
0.999 10.667 B.668
0.999 10.667 B.668
0.999 10.667 8.668
0.999 10.667 8.668
0.999 10.667 8.668
0.999 10.667 Be668
0.999 10.667 d.668
0.999 10.667 B.668
0.999 10.667 8.668

FINITE SOURCE AND LIMITED QUEUE

LAMDA =

FT

8.000

T«.1l1l2

T=112

T.112

7112

T.112

Telk?

7.112

T.112

T.112

Tell2

Tall2

T.112

T.112

T.112

Ta1ll2

T.112

T«112

T.112

Tell2

T+112

1.50, MUE

Wl

8.000

5.781

5.779

Se-td D

b

5.779

5.779

5:T7T9

5.7T79

5419

5.779

S 719

5.779

5.779

S5« 119

HeEIl9

5.779

5779

5.779

S5+ 1179

5+ T75

= 1-00'

N/Q

0.0

8.681
6.673
8.673
8.673
6.673
8.673
8.673
8.673
8.673
B.5673
B.673
8.673
B.673
8.673
8.673
8.673
8.5673
B.673
8.673

8.6173

INTERVAL

NPROC

0.0

1.998

1.999

1::999

1.999

1.999

1.999

1.999

1.999

1999

1.999

1.999

1.999

1.999

1.999

1.999

1.999

1.999

1.999

1993

=(0, 100.0)
NIDLE IDLE%
2.000 100.000
0.002 U.123
0.001 0.052
0.001 0.053
0.001 2.054%
0.001 0.055
0.001 0.055
0.001 0.055
0.001 0.055
0.001 0.055
0.001 0.055
0.001 0.055
0.001 0.055
0.001 0.055
0.001 0.055
U.001 0.055
0.001 0.055
0.001 J.055
0.001 0055
U.001 0.055
0.001 0.055

JTILZ

VI

99.877

99.347

99,947

93.946

994945

33.3945

99,945

97.245

99.945

77.945

99.945

93.945

99.945

99.94%5

99.945

33.345

99.945

593.345

39.945

33.345



CAPAZITY =
PO PL

1.000 0.0
0.0 0.342
0.0 0.368
0.0 0.368
0.0 D.368
0.0 0.368
0.0 0.368
0.0 0.368
0.0 0.368
0.0 0.368
0.0 0.368
0.0 0.368
0.0 0.368
0.0 0.368
0.0 0.368
0.0 J0.368
0.0 0.368
0.0 0.368
0.0 0.368
0.0 0.368
0.0 0.368

12,

TABLE

B.8.3

MEASURES OF PERFORMANCE FOR MULTIPLE-MACHINE MODEL

NUMBER

PB

0.0

0.999
0.999
0.999
0.999
0.999
0.999
0.999
0.999
0.999
0.999
0.999
0.999
0.999
0.999
0.999
0.999
0.999
0.999
0.999

0.999

FINITE SOURCE AND LIMITED QUEUE

OF SERVERS = 2,

NS

12.000
11.001
11.001
11.001
11.001
11.001
11.001
11.001
11.001
11.001
11.001
11.001
11.001
11.001
11.001
11.001
11.001
11.001
11.001
11.001

11.001

NQ

12.000
9.003
9.002
9.002
9.002
9.002
9.002
9.002
9.002
9.002
9.002
9.002
9.002
9.002
9.002
9.002
9.002
9.002
9.002
9.002

9.002

LAMDA =

FY

6.000
5.500
5.500
5.500
5.500
5.500
5.500
5.500
5.500
5.500
5.500
5.500
5.500
5.500
5.500
5.500
5.500
5.500
5.500
5.50)

5.500

2.00, MUE

WT

6.000
4.501
4.501
4.501
4.501
4.501
4.501
4.501
4.501
4.501
4.501
4.501
4.501
4.501
4.501
4.501
4.501
4.501
4.501
4.501

4.501

1.00,

N/7Q

0.0

9.011
9.008
9.008
9.008
9.008
9.008
9.008
9.008
9.008
9.008
9.008
9.008
9.008
9.008
9.008
9.008
9.008
9.008
9.008

9.008

INTERVAL

NPROC

0.0

1.998
1.999
1.999
1.999
1.993
1.999
1.999
1.999
1.9993
1.999
1.999
1.393
1.993
1.939
1.999
1.999
1.999
1.999
1.999

1.933

=(0y 100.0)
NIDLE IDLEZ
2.000 120.000
0.002 J.0383
0.001 0.055
0.001 J.J55
0.001 0.066
0.001 J.J)55
0.001 J.055
0.001 2.055
0.001 0.055
0.001 J.J55
0.001 0.056
0.001 J.055
0.001 0.056
0.001 2.055
0.001 0.0556
0.001 2.055
0.001 0.066
0.001 J.055
0.001 J.056
0.001 J.055
0.001 J.0556
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JTILE

0.0
33.311
33.335
77.73%
93.33%
37.33%
39.934
33.93%
39.334%
73.33%
99.334%
23.73%
33.334
33.334%
33.334%
27.33%
33.334%
33.33%
39.33%
33.33%

33.334



CAPACITY =
PO PL
1.C00 0.0
C.266 0.087
C.251 0.094
C.25%0 0.094
C.250 0.094
C.250 0.094
C.250 0.094
0.250 0.094
€C.250 0.094
C.250 0.094
C.250 0.094
C.250 0.094
C.250 0.094
C.250 0.094
C.250 0.094
C.250 0.094
C.250 0.094
C.250 0.094
C.25C 0.094
C.25C 0.094

C.250

C.094

MEASURES OF PERFORMANCE FCR SPECIAL-SHOP
NU QUEUE

NUMEER OF SERVERS

PB

0.0

0.087

0.094

0.094

0.094

0.C94

0.094

0.094

0.094

C.094

0.094

0.094

0.094

C.094

C.C94

0.094

0.094

0.094

0.C34

0.094

0.C94

B.9.1

INFINITE SOURCE AND

NS

0.0

1.177

1.217

1.219

1.219

1.219

1.219

1.219

1239

1.219

1.219

1.219

1.219

1.219

1.219

1219

1.219

1.219

1+219

1.219

1.215

NQ

LAMDA =

FT

0.0

1.C00

1.000

1.CG0

1.C00

1.C00

1.C00

1.000

1.C00

1.CC0

1.C000

1.000

1.C00

1.C00

1.000

1.000

1.000

1.C00

1.000

1.C00

1.C00

1.50,

WwT

INTERVAL =(0,

NPROC

0.0

L.177

1.217

1.219

1.219

1.219

1.219

1.219

1.219

1.219

1.219

1.219

1.219

1.219

1.219

1+219

1219

1.219

1.219

1.219

1.219

100.0)
NIDLE IDLEZ
2.000 100.000
0.823 41.133
C.783  39.128
0.781  39.065
0.781  39.063
0.781  39.064
C.781  39.064
0.781  39.064
0.781  39.064
0.781  39.064
0.781  39.064
0.781  39.064
C.781  39.065
0.781  39.065
0.781  39.065
0.781  39.065
0.781  39.065
0.781  39.065
0.781  39.065
0.781  39.066
0.781  39.066
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UTILZ

0.0

58.86T

60.872

60.935

60.937

60.936

60.936

60.936

60.93¢6

60.936

60.936

60.936

60.935

60.935

60.935

60.935

60.935

60.935

60.935

60.934

60.934



CAPACITY =
PO PL
1.000 0.0
0.180 O.144
0.170 0.151
C.170 0.151
0.170 0.151
C.170 0.151
0.170 0.151
0.170 0.151
C.170 0.151
C.170 0.151
0.170 0.151
C.170 0.151
C.170 0.151
C.170 0.151
0.170 0.151
0.170 0.151
C.170 0.151
C.170 0.151
0.170 0.151
0.170 0.151
0.170 0.151

3y

TABLE

B.9.2

MEASURES OF PERFORMANCE FOR SPECIAL-SHOP

NUMBER OF SERVERS

PB

C.151

0.151

0.151

0.151

0.151

0.151

G.151

0.151

C.151

0.151

0.151

0.151

0.151

0.151

INFINITE SOURCE AND NC

NS

C.C

l.441

l.471

l.472

lL.472

l1.472

l.472

l.472

1.472

1.472

l.472

1.472

L.472

l.472

l.472

l.472

1.472

l.472

1.4?2

l.472

l.472

NQ

2y

LAMDA =

FT

0.C

1.000
1.C00
1.000
1.000

1.000

1.CG0

1.000

1.000

1.000

1.0C0O

1.000

1.C00

1.000

1.C00

1.000

2.00,

WT

QUEUE

MUE

MODEL

1-00'

N/Q

INTERVAL =(0,

NPROC

0.0

Le441
1.471
le472
1.472
le472
l.472
l.472
1.472
l.472
1.472
1.472
l.472
1.472
1.472
1.472
l1.472
1l.472
l.472
l.472

1.472

NIDLE

2.000
0.559
0.529
0.528
0.528
0.528
0.528
0.528
0.528
0.528
0.528
0.528
0.528
0.528
0.528
0.528
0.528
0.528
0.528
0.528

0.528

100.0)

IDLES

100.000

27.938

26444

264416

26.416

26.416

26.416

26.416

26.417

26.417

26417

26.417

26417

264417

26.417

26.417

264417

26417

264417

26.418

26418
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UTILZ

0.0

712.063

73.556

73.584

73.584

713.584

73.584

73.584

73.583

73.583

73.5863

73.583

73.583

73.583

73.583

73.583

73.583

73.583

73.583

73.582

13.582



CAPACITY =
PO PL

1.000 0.0

C.125 0.202
0.120 0.208
C.120 0.208
0.120  0.208
0.120 0.208
0.120C 0.208
C.120 0.208
€.120 0.208
C.120 0.208
0.120 0.208
C.120 0.208
0.120 0.208
C.120 0.208
C.120 0.208
C.120 0.208
0.120 0.208
0.120 0.208
C.120 0.208
C.120 0.208
C.120 0.208

3,

TABLE

B.9.

3

MEASURES OF PERFORMANCE FOR SPECTIAL-SHOP
INFINITE SOURCE AND NO QUEUE

NUMBER OF SERVERS

PB

0.C

0.202

0.208

0.208

0.208

0.208

0.208

C.20E

0.208

0.208

0.208

0.20¢

0.208

C.20¢€

0.208

0.2CE

0.208

0.2C¢

0.208

C.2CE8

0.208

NS

C.C

1.649

1l.€669

l.669

1.€69

l.669

l.£69

l.£69

1.€69

1.€69

l.€€9

L.€€9

1.€69

1.€669

1.€69

1.€69

l.€69

l.€69

1.£69

lL.€69

1.669

NQ

0.0

C.0

C.0

2,

LAMDA =

E¥

0.0

1.000

1.C00

1.C00

1.000

1.000

1.000

1.000

1.C00

1.0060

1.C00

1.000

1.C00

1.C00

1.000

1.000

1.C00

1.C00

1.000

1.000

1.C00

2+50,

WT

MUE

MODEL

1.00,

N/Q

INTERVAL =(0,

NPROC

0.0

1.649

1.669

1.669

l.669

1.669

1.669

1.669

1.669

1.669

1.669

1.669

1.669

1.669

1.669

1.669

1.669

l1.669

l.669

1.669

l.669

100.0)
NIDLE IDLEZ
2.000 100.000
0.351 17.529
U331 16.540
0.331 16.530
0.331 16.529
U.331 16.530
0.331 16.530
0.331 16.530
0.331 16.530
0.331 16.531
0.331 16.531
0.331 16.531
0.331 16.531
0.331 16.531
0.331 16.532
0.331 l6.532
0.331 16.532
0.331 16.532
C.331 16.532
0.331 16.533
U.331 16.533
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UTILZ

C.0

82.4171

83.460

83.470

83.471

83.470

83.470

83.470

83.470

83.469

83.469

83.469

83.469

£€3.469

83.468

83.468

83.468

83.468

8§3.468

83.467

83.4617
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APPENDIX C
COMPUTER PROGRAM

This appendix includes the sample computer program for the
numberical solutions of queueing models. The computer progranm
has been written in FORTRAN IV language for the IBM 360/50 com-
puter. For the numerical integration of difference-differential
equations, IBM scientific subroutine package RKGS (fourth order
Runge-Kutté subroutine) has been used. To use the RKGS, to exter-
'nal subroutines, FCT and OUTP for the functional equations and
output, respectively, are required in addition to the main pro-
gram. FCT is the name of the external subroutine for the func-
tional equations. Its parameters are X, Y, and DERY. This sub-
routine computes the right hand sides of DERY of the system at
given values of X and Y. OUTP is the name of the output subrou-
tine. Its parameters must be X, Y, DERY, IHLF, NDIM, and PRMT.
The parameters FCT and OUTP require an external statement in the
main program. The parameters of RKGS to be specified in the main
program are as follows:

PRMT (1) 1lower bound of the integration interval

PRMT(2) wupper bound of the integration interval

PRMT (3) step size for the independent variable

PRMT (4) upper bound for the truncation error

Y input vector of initial conditions (destroyed at subse-
quent steps). At subsequent steps Y is replaced by the
computed vector of dependent variables, computed at

intermediate points X.
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DERY input vector of error weights (destroyed at subsequent
steps). The sum of the components of the weights should
be equal to 1. At subsequent steps DERY is the vector
of deri%atives of Y at a point X. |

NDIM number of equations in the system

AUX auxiliary storage array with eight rows end NDIM columns.

The parameter IHLF gives the output value of the number of

bisections of the initial increment. If IHLF is greater than 10,

RKGS retufns with error message IHLF = 11 into main program. If

- PRMT(3) = 0, error message may be IHLF = 12, If sign of fRMT(3]

is not equal to the sign of PRMT(2) - PRMT(1), error message may

be IHLF = 13,

Next, a sample computer program for the infinite source and
limited queue case of the multiple-machine model is shown by
which 'the data for Tables B.6.1, B.6.2, and B.6.3 have been com-

puted.



187
IV G LEVEL 18 MAIN DATE = 70097 02/30/52

EXTERNAL QUTP,FCT
DIMENSION PRMT{5)1,Y(105),DERY{105),AUX(8,105)
COMMON NeNSesXL,GM,T,MK
HK=0-O
READ(13100)INsNSyXL,GM,T
100 FORMAT{2I4,3F10.5)
Nl=N+1
Yill=1.0
DO 105 I=2,N1
105 Y(I)=0.0
DO 110 I=1,N1
110 BERY!(1)}=1./N1
PRMT(1)=0.0
PRMT{(2)=1.
PRMT(3)=0,.01
PRMT (4)=0.0001
NDIM=N1
6 FORMATUIHL//7/7//762X%X,:'"TABLE 4.6.1"')
WRITE{3,6)
7 FORMAT{1HO,43X,"MEASURES OF PERFORMANCE FOR MULTIPLE-MACHINE MODEL
1'/71H 250X, *INFINITE SOURCE AND LIMITED QUEUE®)
WRITE{(3,7)
40 FORMAT{1HO,25X,'CAPACITY =*I3,", NUMBER OF SERVERS ='13,', LAMDA =
l.'FS-Z"f MUE ='F502!', INTERVAL =‘0"F‘6011')')
WRITE({3,40)NyNSyXLsGM,T
8 FORMAT(LHO 13X TAU' 38X, PO y IX 3 1PLY , TX PR, TXy "NS Y TX 4" NQ»yTXy 'F
LTV o TX g " WT Y g TX s "N/Q 95X o "NPROC" 4X, "NIDLE? 44X, "IDLE®? 34X, 'UTILE"/)
WRITE{(3,8)
CALL RKGS{PRMT,Y,DERY NDIM, IHLF,FCT,0OUTP,AUX)
STOP
END
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IV G LEVEL 18 FCT ' DATE = 70097 02/30/52

SUBROUTINE FCTI(X,Y,DERY)
DIMENSION Y({1),DERY{1)
COMMON NpeNSyXL,GM, T4MK
N1l=N+1
NF=NS+1
DERY({1)=T¥{(GM*Y(2)-XL*Y{1)})
O 10 J=2,NS§
C=Jd-1.
10 QERY(LJ)=TH{XLEY{J-1)—({XL+D*GMIEY{J)+{0+1 .1 :OMEY {J+1))
RO 20 J=NFN
20 DERY (J)=T&(XL#EY(J-LI+NSEGMEY (J+L)-{ XLENSEGM)¥¥Y{J))
DERYIN+L) =TH{XL*Y({N)-NS*GM*Y (N+1))
RETURN
END



IV G LEVEL

80

11

10

13

21

30

15

20
25

50

12

18 guTe DATE

SUBROUTINE OUTPIX,YsDERYIHLF,NDIM,PRMT)
DIMENSION Y{1),DERY(1),PRMT(1l)}
COMMON NyNSXLsGM,T,MK
N1=N+1

NF=NS+1

DO 80 J=1l4N1

IF (Y{J)elLT.0.001)Y(J})=0.000
CONTINUE

V:'-ZO- *X

NV=V
IFINV-V+0.002}11,10,410
NV=NV+1
IF{NV=-V-0.002)10,10412
SuMJ=0,

MK=MK+1

IFIMK.GT.21)GO 70 12
DO 13 J=NF,N1
SUMJ=SUMJ+{ J-NFI*Y{J)
CLO=5UMJ

SUMK=0.0

DO 21 K=1,NS

SUMK=SUMK +{K=1, ) *Y{K)
SUML=0.0

DO 30 L=1,NS§S
SUML=SUML+Y{(L)
PB=1.-SUML
CLS=SUMK+CLQ+NS*PB
B=CLS-CLQ

FT=CLS/XL

WT=CLQ/XL

Q=PB—Y {NF)
IF{Q)15,20,15

CLN=CLQ/Q

GO TO 25

CLN=0.0

CLD=NS-B i
ALPHA=(CLD/NS)#100.0
BETA=100.0—ALPHA
FORMAT(/13XF5.2,12F9.3)

70097

199
02/30/52

WRITE(3,50)XsY{1)sY(NL)+PBCLS+CLQ+sFTWT4CLN,B,CLDyALPHA,BETA

RETURN
END



NUMERICAL SOLUTIONS OF QUEUEING MODELS

by

RAM DEO JHA
Bachelor of Mechanical Engineering, Jadavpur University,

Calcutta, India, 1960

AN ABSTRACT OF A MASTER'S THESIS

submitted in partial fulfillment of the

requirements for the degree
MASTER OF SCIENCE

Department of Industrial Engineering

KANSAS STATE UNIVERSITY

Manhattan, Kansas

1970



ABSTRACT

Because of the lack of success in obtaining explicit trans-
ient solutions to the existing models in a finite time domain,
numerical methods of solution are considered for the existing
queueing models. This will motivate the industrial practitioners
to increase Fheir application of queueing theory in industry. In
practice, the transient solutions are very useful. Examples of
several situations are: (1) when behavior of the system during a
short interval of time is to be predicted, (2) when the effect of
rush-hour upon the system is to be studied, and (3) when the time
period after which the system will reach steady state is to be
determined. Numerical solutions to several shop-like queueing
models are obtained by fourth order Runge-Kutta and Hamming meth-
ods. The numerical solutions are compared to the analytical so-
lution of a sample model and it is found that numerical solution
provides a good approximation.

The machine-shop is viewed as a queueing process and various
single-machine and multiple-machine models are developed in the
light of existing queueing models. Only Markovian queueing
models are considered. |

Numerical solutions provide the state probabilities both in
the transient and steady state. Measures of performance are com-
puted for nine single- and multiple-machine models, each with
three different values of utilization factors. Several measures
of performance are tabulated for all models and the corresponding

curves are plotted.



It is observed that for the same utilization factor, the
probability of a job being lost: :(1)'is negligible in cases
where unlimited queue exists, (2) increases as the system capacity
is reduced, and (3) becomes a maximum when no queue is allowed.
It is also observed that when the utilization factor is less than
one, the measures of performance are independent of the system
capacity-and are very small in comparison to system capacity.

Some other significant results are observed.



