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Abstract

Beilinson’s resolution of the diagonal for complex projective spaces gives a locally free
resolution of the structure sheaf of the diagonal as a Koszul complex, which gives a Fourier-
Mukai transform inducing the identity on objects in the derived category of coherent sheaves
of P™. Since P" is a toric variety, we can ask for a resolution of the diagonal of an arbitrary
toric variety. While resolutions of the diagonal are known for toric varieties which are
unimodular in the sense of Bayer-Popescu-Sturmfels, in order to generalize a resolution of
the diagonal for simplicial toric varieties, we must consider smooth Deligne-Mumford toric
stacks associated to a given simplicial toric variety. Here, the diagonal can fail to be a
closed substack because of non-zero stabilizers at the origin, so that a direct generalization
of Beilinson’s resolution will not work. For a toric D-M stack associated to a given simplicial
toric variety X = X >/} which is a global quotient of the unimodular toric variety Xs; (in the
sense of Bayer-Popescu-Sturmfels) by the finite abelian group pu, let L denote the lattice of
principal divisors of X{.. Up to isomorphism, we can choose L, the lattice of principal divisors
of Xy, such that L C L is cofinite, L is a unimodular lattice in the sense of Bayer-Popescu-
Sturmfels, and L/ 7 = p. Here, we construct a diagonal object inducing the kernel of a
Fourier-Mukai transform by adapting a known resolution of the diagonal for X¢ unimodular
due to Bayer-Popescu-Sturmfels. We construct a resolution in families .7-";{2 /1 to resolve the
diagonal of a smooth toric variety Xs corresponding to the parameter € in the effective cone
of Xy. Furthermore, we strengthen this result to give a resolution of the diagonal for global
quotients X{ = XZ/M for Xy a smooth toric variety by the finite abelian group p by showing
that the cokernel of an inclusion coker(Myy <= Im(f)) from an associated map f is zero,
so that the complex F .E /i gives a resolution of the diagonal O, modulo torsion from the
irrelevant ideal [, for the product Xy x Xy. This also strengthens the construction of

the diagonal object giving the kernel of a Fourier-Mukai transform inducing the identity in



DY, , (X§) to the case that X% a global quotient of a smooth toric variety by a finite abelian

group.
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of Xy. Furthermore, we strengthen this result to give a resolution of the diagonal for global
quotients X{ = XZ/M for Xy a smooth toric variety by the finite abelian group p by showing
that the cokernel of an inclusion coker(Myy <= Im(f)) from an associated map f is zero,
so that the complex F .E /i gives a resolution of the diagonal O, modulo torsion from the
irrelevant ideal [, for the product Xy x Xy. This also strengthens the construction of

the diagonal object giving the kernel of a Fourier-Mukai transform inducing the identity in



DY, , (X§) to the case that X% a global quotient of a smooth toric variety by a finite abelian

group.



Table of Contents

List of Figures . . . . . . . . . . e xi
List of Nomenclature . . . . . . . . . . . ... xii
Acknowledgements . . . . . . .. Xiv
Dedication . . . . . . . . . XV
Preface . . . . . . 1
1 Introduction . . . . . . . . . . 1
1.1 Results. . . . . . . s 3

2 Preliminaries and background . . . . . . ... ..o 0oL )
2.1 HAG for DM stacks and orbifolds . . . . . .. . ... ... ... ....... 5
2.2 Toric stacks . . . . .. 8

2.3 Combinatorial construction of differential forms on a simplicial toric stack . . 9
2.3.1 Pre-Amble . . . . . .. 9

2.3.2 Finding all one-forms vanishing on Euler vector field v . . . . . . .. 10

233 Examplel . . . . .. . 13

234 Example 2 . . . . . 14

2.3.5  Finding the kernel . . . . . . . ..o oo 14

2.3.6  Kernel of @ as submodule of Pz, . . .. ... ... ... ... .. 15

2.3.7 Kernel as submodule of Qa« . . . . . ..o 19

2.3.8 Whether M — Qs is an isomorphism on Qas . . . . . . .. ... .. 21

viii



2.3.9 General case from matroidal setup . . . . . .. ... 22

2.3.10 Part II: arithmetic rules . . . . . . . .. ... ... ... ... 25
2.3.11 Inmnicecases . . . . . . . .. 32
2.3.12 Provided arithmetic rule 3, this reduces norm on w in all cases . . . . 32
2.3.13 Group action in the general case . . . . . . . . . .. .. ... ... .. 33
2.3.14 Background on polytopes. . . . . . . . ... 35
2.3.15 Koszul compexes and Gr(Q),X(A) . . . . ... ... L. 43
2.3.16 Toric ideals and Grobner bases . . . . . . . .. ... 43
2.3.17 An example of the general combinatorial approach: P1 . . . . . . .. 44
2.3.18 Syzygy resolution of P" and interior points of Gr(Pa) . . . . . . .. 48
3 Derived Categories D(X) . . . . . . . . 50
3.1 Resolutions of diagonal . . . . . . . .. ... .. oo 50
3.1.1 Koszul complexes . . . . . . ..o 51
3.1.2  Koszul complexes from a homomorphism ¢: E — R . . . . .. .. .. 54
3.2 Kahler differentials . . . . . . . ..o 56
3.2.1 Example: Kéhler differentials on P?, showing P? is a Fano toric variety 60
3.2.2 Beilinson resolution as a Koszul complex . . . . .. .. ... ... .. 62
3.3 Minimal resolution of unimodular Lawrence ideal J;, . . . . . . .. ... .. 73
3.4 Discussion of combinatorial approach for differential forms on simplicial toric
stack ... L 81
3.5 Resolution of diagonal in bimodules . . . . . . ... ... ... ... ... .. 83
850 For [P/l oo 84
3.5.2 For | I/Mn] ................................ 91
353 For [N/L] 95

3.5.4  General resolution of diagonal for An/G for G a finite abelian group . 97

3.5.5 Another approach: Morita theory . . . . . . .. ... ... ... .. 99

X



3.5.6  Shifting the grading for Koszul complex of section 3.5.4, for An/G with

G afinitegroup . . . . . . ..o 114
3.5.7 Adapting the argument of section 3.3 for Xy simplicial . . . . . . .. 118
3.5.8 Global diagonal object and resolution of the diagonal for X§, = XE/G

a global quotient of unimodular Xy, by G a finite abelian group . . . 126

3.5.9 Example of resolution for I:)l/uﬁ ..................... 128

3.6 Upgrading the grading on (S — Mod)éXG .................... 131
3.7 Weighted projective space P(1,2) . . . . . .. ... .. ... ... 133

3.8 Blj.0.0)(P?) and deforming to H§, for projective toric varieties which are smooth

and non-unimodular in the Bayer-Popescu-Sturmfels sense . . . . . . .. .. 137
381 Cokernelof Oy . . . . . .. ... 142
3.8.2 Moving around in the effective cone . . . . . .. ..o 145

3.8.3 General argument for coker(My )y — Im(f)) for € in the effective cone 149
A Appendix . ... 156

Bibliography . . . . . . .. 158



3.1
3.2

3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12
3.13
3.14
3.15
3.16

List of Figures

Cellular Complex Hp/L for P> . . . . . . ... ... ... .. .. ... 79
Morita Equivalence Functors Between R— Mod and Mat(R)— Mod, and their

Graded and G-Invariant Counterparts Between R — M od® and A — Mod . . 118
Quiver associated to wep,p, . . . ..o 123
Mo for Pl 129
Misgor P o 130
Histor P o 131
O(U;) and O(Uz) on P(1,2) . . . . . 0o 134
d°(C%) for O(=1) on P(1,2) . . . . . . . 135
d°(C%) for O(=2) on P(1,2) . . . . . . . 136
The fan ¥ and the nef cone for Blp.o.qP® . . . .. ... ... ... ... .. 138
RL, showing RLNH, CR* . . . . . .. ... .. . .. . .. 139
H for Bl[lzo:o}P2 deformed by O(D1) + O(Dyg) . . . . o o o oo 141
The quotient cellular complex HeL/L with monomial labelings from My . . 142
Monomial labels on vertices v € H$(0) modulo L . . . . ... ... ... .. 145
Chambers of the Effective Cone . . . . . .. ... ... ... . ... 146
Deformed complex H¢ for e corresponding to O(Ds) + O(Dy) . . . . . . .. 147

x1



Frie
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Hr

RL

Nomenclature

Cellular resolution of the cellular complex H5 .
Cellular resolution of the cellular complex H,.

The infinite hyperplane arrangement given by all integral shifts of coordinate hyper-
planes in R", {z; = r} for r € Z and 1 < i < n. Here n denotes the number of
primitive ray generators in . Hj is also used to denote the cellular complex given

by the intersection of this infinite hyperplane arrangement with RL

Deformation of the infinite hyperplane arrangement Hj by the element € in the effec-
tive cone of Xy. Also used to denote the cellular complex given by the intersection of

this infinite hyperplane arrangement with RL.

L®zR

p € ¥(1) The one-dimensional cone (also called a “ray”) p in the the fan ¥. At times, we

o

also use p € X(1) to denote the variable z, € S = Clz, : p € 3(1)] in the homogeneous

coordinate ring S for Xy, which is graded by the class group of Xy.

A strongly convex rational polyhedral cone in Ng = N ®z R

Cl(Xs) The class group of the toric variety Xy

D%, . (Xs) The bounded derived category of coherent sheaves on the toric variety X

D,

The divisor =, = 0 corresponding to the ray generator p € 3(1).

An algebraically closed field, which can be taken as k = C throughout.

xil



X5

A sublattice of Z™ for some n. For a complete simplicial toric variety Xy, with no

torus factors, L denotes the lattice of principal divisors
The polynomial ring S = k[A*™] = k[z1, ..., T, Y1, - -+, Yn)-
Toric variety X associated to the fan ¥ C Ny

The dual lattice Homz(N,Z) of characters

The lattice of one-parameter subgroups, isomorphic to Z™ for some m € N
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Chapter 1

Introduction

Here, we study bounded derived categories of coherent sheaves D% , (X) on a smooth pro-
jective variety X. The derived category D2, (X) forms part of the B-side of Homological
Mirror Symmetry (HMS). To motivate DY, _,(X) as a robust invariant of X, we give the

following introduction.

To begin, a variety is taken to be irreducible, reduced, and separated over an algebraically
closed field k& = k, with @ not irreducible. Historically, classical algebraic geometry realized

a 1-1 order-reversing correspondence between affine varieties and radical ideals given by

Y s I(Y)

Z(a) < a

Furthermore, the affine coordinate ring A(Y) := k[A”]/](Y) of an affine variety Y C A"

determines Y as an isomorphism invariant, in the sense that

Y2V = AY) =AY

In order to develop a mature intersection theory, one passes to projective closures Y over



an algebraically closed field k = k, so that for instance curves of degree ¢ and d, respectively,

intersect in c-d points, or so that any two linear hyperplanes intersect. This requires viewing

Y:?mUoan

and adding in Y \ Y which has codimension > 1 since Y is Zariski-dense in Y. However,
the cost here in taking a projective closure is that S(Y) = klwo, ... ’x"]/l(7>, where I(Y) is

the homogeneous ideal of Y, is no longer isomorphism invariant:

there exist projective varieties Y, Y’ with Y =2 Y’ S(Y) 2 S(Y”).

There are counterexamples from varieties one encounters early in the study of algebraic

geometry: the Veronese 2-uple embedding of P! in P? gives P! = 15(P1), yet

S(a(P) = T Tl oy % Mo, ;] = S(PY).

However, the category of finitely generated sheaves of Ox-modules (called “coherent”
sheaves) Coh(X) are intrinsic to X in the sense that they do not depend upon the choice
of a projective embedding. Gabriel showed that Coh(X) determines X! [Corollary 4.4].
Furthermore, a smooth projective variety with ample or anti-ample canonical bundle is
determined by D°(X)!?.

A smooth projective variety with ample anti-canonical bundle is called Fano®. While
Coh(X) can often be hard to compute, there are many known methods for computing D°(X)
in certain cases®®.

Working with D(X) now has several advantages: D°(X) determines X in some cases;
D*(X) is often easier to compute than Coh(X) when we have a (full, strong, complete)
exceptional collection; Grothendieck duality holds in D°(X)7; the composition of classically
derived functors becomes an outright composition of functors in D?(X), rather than a spec-

tral sequence®; D?(X) has connections to other areas of mathematics, such as Homological

Mirror Symmetry, classical algebraic geometry, birational geometry and variation of GIT? 1!,



Derived categories are now also studied in their own right.

Beilinson’s resolution of the diagonal? was crucial in understanding D°(P™). Since P"
is a toric variety, we can ask for a generalization of Beilinson’s resolution of the diagonal
to any toric variety. However, this will be too broad, so we will restrict our attention to
simplicial toric varieties. In order to generalize a resolution of the diagonal for any simplicial
toric variety, we must reconcile the fact that the grading on the homogeneous coordinate

ring comes from Pic(Xy), and not just Z as in the case of projective space.

1.1 Results

Bayer-Popescu-Sturmfels '? give a cellular resolution of the Lawrence ideal J;, corresponding
to a unimodular lattice L. Imposing the requirement that L, the lattice of principal divisors
of the projective toric variety be unimodular is fairly restrictive: In this case L is given by

the image of B in the fundamental exact sequence?
0— M5 ZPOIS Cl(Xy) =0

satisfies the property that B has linearly independent columns and every maximal mi-
nor of B lies in the set {0,+1,—1} (this is the sense of “unimodularity” used in Bayer-
Popescu-Sturmfels'?). This forms a proper subclass of smooth projective toric varieties, as
unimodular projective toric varieties can be viewed as subvarieties of products of projective
lines. Throughout this dissertation, the word “unimodular” refers to this restricted sense of

Bayer-Popescu-Sturmfels.

For a unimodular toric variety Xy, the known resolution of J, gives a finite and minimal
resolution of the ideal sheaf Oa of the diagonal A C Xy x Xy by locally free sheaves on
X5, X Xy. In the well-known example for Xy = Pg, Beilinson’s resolution gives the kernel

of a Fourier-Mukai transform inducing the identity on D%, (Xs). Here, we generalize this



resolution to simplicial toric varieties X{. which are a global quotient of a smooth toric vari-
ety Xy by a finite abelian group u by viewing X5, as a simplicial toric stack. The proof falls
into two parts: resolving the diagonal for a smooth toric variety Xy, and resolving the diag-

onal for a simplicial toric stack X' (¥’) = [X E/M] associated to the simplicial toric variety Xs..

Theorem

(a) Let Xy be a smooth toric variety. The complex (‘7:7:12 /1»0°) of S—free modules gives a

resolution of the diagonal object of D%, , (X5 x Xx).

(b) For a simplicial toric stack X' (¥’) = [XE/N} which is a global quotient of the smooth
toric variety Xy by the finite abelian group p, the diagonal object in DY, , (X% x X§)
is given by

T(Mpzy) = My @siaciy ©

Furthermore, the complex ( 2s /L
L

0°) resolves the diagonal object for AY..

In (b), the cofinite sublattice L C L is chosen so that L/ 7 = p. Now the technique
and deformations of the resolution of J; in Bayer-Popescu-Sturmfels generalize to give a
resolution of the diagonal

(Fes 12 9)

HS /L

The proof is given in Section 3.8 and culminates in Section 3.8.2.



Chapter 2

Preliminaries and background

2.1 HAG for DM stacks and orbifolds

For GG a topological group, X a topological space with a continuous action of G on X given
by
m:GxX — X, (g,x) — gz,

we denote by X := X/G the quotient space and by ¢ : X — X the natural projection. In
the category of schemes, a simplicial structure!® is given on a simplicial scheme y. = [X/G]

by x» = G™ x X and

(

(927"‘7gn79;1‘r) =0

di(g1; s G, T) = (G1y- - G9iGix1y -5 Gnyx) 1 <i<m,

\(gl,...,gn_l,x) i=n

A G-equivariant sheaf has an isomorphism © : djF ~ djF

satisfying the cocycle condition

EOodi0=d0, 50 =idp.



A key point here is: for G x X a free G space, ¢* : Sh(X) — Shg(X) is an equivalence
of categories with inverse functor ¢¢ : Shg(X) — Sh(X) where She(X) are G—equivariant

sheaves on X .

This implies that we can define for a free G—space Dg(X) := D(Shg(X)) = D(Sh(X)),
s0 Dg(G x X) := D(Shg(G x X)) = D(Sh(G x X)).

We have a simplicial description of Dg(X) as follows. Denote by Sh,([X/G]) the full
subcategory of Sh([X/G]) consisting of simplicial sheaves F' for which all structure mor-
phisms are isomorphisms. Then Sh.,([X/G]) is naturally equivalent to She(X). Now, for P

an oo-acyclic resolution, we have

D (x/G) % DL(P/G) ~ DMP)

~N
~N

3 Y
Dg(X)

is an equivalence from D ([X/G]) to D%(X).

In the case of £G = [{x}/G], we use a simplicial structure via (£G), := G"™

(927-~.7gn+1) Z:07
di(.glv S 7gn+1) =

(G151 GiGi+15 - Gnp1 1 <3<

We consider the bisimplicial scheme given by the diagonal object of G acting diagonally on

EG x X where the rows are given by G* x (£G x X)) with index starting at 0, and maps within



the rows d”, s given by those in £G = [G/G] and vertical maps dj : G X (EGx X) — EGx X

by dy(g,2 %) = (z,2) and dY(g,2,2) = (21, .., 20, 2019 ', g2) for z = (21,...,2,) € £G,
etc. This is to turn a right action of G on £G into a left action on both £G and on X. By
construction, the diagonal bisimplicial object A now has the structure of a quotient stack,

given by A, = G" x G"™! x X, with D; : A} — /A, given by

DO(gb 92, 93, $) = <g37 .T)

Di(g1, 92,93, %) = (929391 ', 1)

and S; : Ag — A given by

S()(g,l') = (]-7 1797'17)'

We have maps D; from A, to A; given by

D0(91>927 o395, %) = (92, 94, 95, 7)
Dl(gla -y 95, iC) = (9192793947957 l’)

-D2(gl7 v 7957I> = (9179379495951792x)

and maps S; : Ay — Ay given by

SO(gla 92, g3, J}) = (17 g1, ]-7 g2, g3, IE)

S1(g1, 92,93, %) = (91,1, 92,1, g3, )

the other maps D; and S; on A follow similarly.



From BG = [{x}/G],EG = [G/G], we have that BG is contractible.

For toric stacks, we must consider how to pull-back, tensor, and pushforward in a cofibrant
way. That is, we must consider Deligne-Mumford stacks, rather than derived stacks. To

pushforward and pull-back in the derived setting, we can’t simply take a derived functor.

2.2 Toric stacks

Following Geraschenko-Satriano®®, a toric stack is a stack quotient of a toric variety X by a
subgroup G of its torus 7. The stack [X/G] has a dense open torus 7' = Ty /G which acts
on [X/G]. Toric stacks have an accompanying stacky fan. To start, our examples will take

G to be a finite cylic group, so that we have toric Deligne-Mumford stacks'©.

Definition: For L a lattice (finitely generated free abelian group), we denote by 77, the
lattice D(L*) = Hom,,(Homg,(L,Z),G,,) whose lattice of 1-parameter subgroups is natu-
rally isomorphic to L. Here the functor (—)* denotes Homyg,(—,Z) and the functor D(—)

denotes Cartier dual Homg,(—,G,,).

Definition: A stacky fan is a pair (2, §) where ¥ is a fan on a lattice L and 5 : L — N

is a homomorphism to a lattice N so that cokf is finite.

For Xy the toric variety associated to X, the map £* : N* — L* induces a homomorphism
of tori Ty : T, — Ty. Since Cok(f) is finite, 8* is injective, so Tj is surjective. Let
Gp = ker(1;) and note that 77, is the torus of Xy. Note that Gz C T}, is a subgroup.

Using the notation above, if (X, 8) is a stacky fan, then we define the toric stack Xs, 5 to
be [Xx/Gp] with the torus Ty = 11, /Gp.

Examples:

[Al/115] is given by the stacky fan (3, 3) for



Here, ¥ consists of the origin and ray generated by e; € L = Z!| together with the map
B:Z -2 Z. Here, 8 induces the map t — 2 so G = 2 C Gy and Xy 5 = [Al/ua).

2.3 Combinatorial construction of differential forms on

a simplicial toric stack

2.3.1 Pre-Amble

Let R = k[zo,...,2,], I & R®;, R — 0 is exact, and in I/I* we have generators dz; =

1 -1z, df = fR1-1f => %dwi. This description of {2a» comes from the
diagonal embedding A C X x X, so that ker(u) = Za, the ideal sheaf of the diagonal. Then

the conormal of A is the cotangent, which is dual to tangent.

Grading in B: |f®g| = | f|+|g|. So Qg is a graded module. As R-Mod: Qg = R"*!,
as a graded R-module: Qp/, = R(—1)"*!. Now, G acts freely on M and w7 : M — M/G = N.
We can ask: What is TN with respect to TM and TG?
Let a: G x M — M,da : T(G x M) — TM. Then dap) : T.G x {0}, a|axp : G — M, and

da|r,axp : T.G — T,M. Also, Ty = T,M/Im(da). Then

0 — Im(da) = T,M — Ty N — 0

is exact. Dualizing gives



0= TYpyN — T, M — (Imda)” — 0.
For A"*! — P™ we can consider V — P(V), with trivial line bundle V* ® O(—1), which
gives Q on V. Now, G,, ~ V. For the Euler vector field on A" v =3 x,0,,,

Qpn — QR/k =T*M 2) 0.

2.3.2 Finding all one-forms vanishing on Euler vector field v

We know 1 € T*A™ can be written n = 3 f;dx; such that (v) = 0 with v := 374 2,0,..
Then

n(v) : = (Z fzdxz> (Z xj&,;j>

n+1

= Y fidwi (z;0.,)
ij=1

= Z x; fi6! (Kronecker 6 — function)
1,J
n+1

= Z xifi =0 by assumption.
i=1

Then suppose for the sake of contradiction that there’s a unique index ig such that f;, # 0.

Then

xiofio =0 = fio =0

in contradiction to f;, # 0. Therefore, there exist at least two distinct indices ¢, such
that f;, f; # 0. For notation, let ¢;; = x; ® x; — z; ® x; = w;dr; — v;dr;. We know

(€ij | i < j) C Qan+1 as a submodule vanishes on v. To show that any one-form 7 vanishing

10



on v is contained in (e;; | ¢ < j), from n(r) = 0 we have

n+1

Z zifi = 0.
=1

Starting with z;, we can write f; = f/ 4+ x1g; for i > 1 and f] € k[xs, ..., zm41]. Now
n+1 n+1
n=Y_gew=n—Y_ gi(rdr; — z;dz))
i=2 i=2
n+1
=n—> (gwida; — gizidy)
i=2
SO

n+1 n+1 n+1
n— Zgieli = <f1 + Z%%) dzy + Z — gir1) dx;.
i=2

Pairing n— ZZ 5 gie1; with v gives (7] — Z?;l gieli) (v) = (f1 + Z?Jr; giri)ry + F(xa, . .. ,xn+1)
for some F € klzs, ..., Z,41]. Since (n— Sl gie1;) (v) = 0, and since the only term in
the RHS above divisible by z; is (f1 + Zz ) g,xz) x1, it follows that (f1 + Z;H; gzxz) = 0.
Writing the RHS above as

n+1

=2

n+1

=2

shows that (1) h; = f! € k[za, ..., 2,41 and (2) f1 = 0.

Now, set ?) := Z?;l hidz; € klxa, ..., xh1] (d2a, ..., dx,, 1), which still vanishes on v,

11



and restart the above process: writing h; = R + wag; for all j > 2 with b € klzs, ..., 2p11]

gives

n+1 n+1 n+1

=2 j=2 J=2

n+1 n+1 n+1
= Z hjdil?j — Z hjdflfj — (Z gjxgda:j — gjl'jdl’2>
j=2 j=2

j=2
n+1 n+1
= (hg + Zgjxj> d.TQ + Z (h] — gjl’g) dilij
Jj=2 Jj=3
n+1
= gadxy + Z Fidx;
=3

where §, = 0 since ® vanishes on v (so n? — Z?;l g;je2; vanishes on v), and F; €
klxs,...,Tpy1] for ¢ > 2. Continuing in this fashion shows that n minus the maximal linear

combinations of (e;; | ¢ < j) obtained from the above process is zero, so n € (e;; | @ < j).

We have

A (2o, .oy n) = (Axo, .oy ATy)

from a : C* — C*1,

do(0)) = 00y + 104, + + -+ + 2,0,
0
- i=0 Oz

Now, to show ¢ € Hom (O(—1) K Qpn(1), Opnypn), where Opnyprn = klzg, ..., x,] Q4
klyo, - .., yn], we show that relations get mapped to zero. Note that since 1 is a map of

modules, multiplication by y; must go through as follows:
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(1 @ yreij) — (1 @ yier;) + V(1 @ yjen) = 2 @ YrY; — T @ YrYi — -
o= (TR @YY — 5 @ YiYk) + T @ YjYi — i D YUk

= 0.

We let F; have primitive ray generators e; = (1,0),e; + es = (1,1),e2 = (0,1), and
—€1 — €9 = (—1, —1>

The Euler-Jaczewski sequence!”

0—=Qx Py —=>H—=0

where H = H'(X, Oy) is associated with Pic(X) for a smooth toric variety X, H = H® Oy,
Px = @,c; Ox(D;) [note that it’s Py in the sequence] and D; are torus-invariant divisors
corresponding to rays in the fan 3, generalizes the Euler sequence for P”, and gives an exact

sequence computation for 2x. Indeed, on P", we have the following example.

2.3.3 Example 1

X =P, D; = {z; = 0}, Ox(D;) = O(1) since Pic(P™) = Z. Tensoring with C gives
H = Picc(P") =C. Now, H =H ® O = C® O and we have the short exact sequence

0— Qpn — O(=1)"" = 0 =0

where Qpr can be understood as a bimodule generated by (e;; | ¢ < j) C R ® R.
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2.3.4 Example 2

Let X = Fy, H = Pic(F) 2 Z?% and O? = H = O ® H = R ® Pic(F;). Pairing primitive
ray generators with the vector (1,—1) shows [D;] ~ [Ds]. (D; here is still {z; = 0}). The
numbering convention on ray generators here is (1,0) corresponds to Dy, (1,1) corresponds
to Dy, (0,1) as corresponds to Ds, and (—1,—1) as corresponds to Dy. We have the short

exact sequence

4
0= Qr, - @ Ox(-D;) 5 0%, =0

i=1
One can view Qr C Qa C R® R. The homogeneous coordinate ring of F; is R =

k|1, g, 73, 24] with grading from Pic(F;), which is a bi-grading on Z2.

The map o = 3.+, a; with a;(1) = 2; ® [D;]. To find ker(a), a sample element is
z = (23,0,—21,0) € ker(a).
The R—module associated to Oz, (—Dy)®---&Ox (—D,) is R* with grading shifts given

by |z%| = o — D. That is, O(D) as an R—module is R with grading |2*| = a« — D. Now,

a(z) = x311 ® [D1] — 2123 ® [D3]

= (z3x1 — 1123) ® [Dy] = 0.

2.3.5 Finding the kernel

In Pic(F1), we have that [D;] ~ [D3] (via dot product with (1,-1)) and explicitly, all relations

are given by:
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0= diV(Xel) == D1 + D2 — D47

0= diV(XEQ) = D2 + D3 — D4

since ey, e; form a basis for M = Z2. This gives relations Dy ~ D+ Dy and Dy ~ Dy+Ds.

Together, these imply [D;] ~ [Ds]. An explicit description is given by

: ~ (D1, Dy, D3, D
Pic(F;) & (D1, D2, Ds 4>/((D4~D1+D2~D2+D3)>

so that Pic(F;) = ([D1], [Do]) = Z2, but it’s useful to keep the explicit relations in mind.
To divorce the divisors from the grading, let Pic(F;) = (71, 72) where v; and 75 are viewed as
grading parameters. The sheaf Pic(F;) corresponds to the graded module M with elements

of the form avy; + by,.

2.3.6 Kernel of o as submodule of Py,

(i) The relation [D;] ~ [Ds] gives z; = (x3,0, —x1,0) € ker(«), since

a(x3,0,—x1,0)) = x123 ® [D1] — 1123 ® [D3] =0 € H = O @ Pic(F).

(ii) The relation [Dy4] ~ ([D;] + [D2]) gives
2o = (ToTy, 124, 0, —1129) € ker(a)

since
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a((razg, 1124, 0, —2122)) = 12224 @ ([D1] + [D2]) — 212924 @ [D4]

~0® ([D1] + [Ds]) ~ 0 € H= O Pic(F).
(iii) The relation [Dy] ~ ([Ds] + [D3]) gives

23 = (0, 2324, Toy, —x21w3) € ker(a)

since

a((0, z3zy, Toy, —x2w3)) = (Towswy) ® ([Da] 4+ [Ds]) — xewszy @ [Dy]

~ 0@ ([Do] + [Ds])

The submodule (z1, 2, z3) C P¥, is clearly contained in ker(a). To show the reverse

inclusion, note that £ = (&1, &, &3,&) € ker(a) satisfies

4

a(§) =) ai(&) =0

i—1
= (1181 + 2383) @ [D1] + 228 ® [Do] + 1464 @ [Dy]
= (11& + 23&3) @ [D1] + x2€o @ [Da] + 2464 @ ([D1] + [Dy))

= (2161 + 2383 + 4&4) ® [D1] + (228 + 24&4) ® [Do] =0

SO

2161 + 2383 + 148s = 1260 + 14&4 = 0
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and

9o = 11&1 + 2383 = —24&4 (2.1)

Viewing &1, &3 as parameters of £ gives

) —Ty
Cases
Note: & € K[zy,...,z4] for 1 <i < A4.
Case (i) If & =0 and &5 # 0, then

1383 = T2ly = —T484.

& = T3S implies x5 | &, and

X2
7383 . .
4= —= implies — x4 | &
so that £ = F' - (—xax4) for some F' € K[zq,...,z4]. Now, & = x;—; and & = %

imply

5 = (O, F . (—I3$4), F . (—172I4),F . CL’QIg)

=I- (07 —X3T4, —$29€4,$2$3)
is an —F-multiple of (0, x3xy, voxy, —x2x3). Taking —F = 1 is necessary to include
(0, 2324, To 4, —Tows) in a generating set.

Case (ii) If &3 =0,& # 0, then

96151 = X8y = —$4§4

so that & = %,54 = x_l—fi imply zo, —z4 | &. Hence, & = —x9xy - G for some
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Case (iii)

Case (iv)

Case (v)

G € K[xy,...,x4]. So

f = (—ZEQJZ4 . G, —T1T4 * G, 0751711'2 . G)

=G - (—xamq, —1124,0, T122)

is a G-multiple of (—zox4, —x174,0,2125). Taking G = 1 is necessary to include

(—xoxy, —x124,0, x129) in a generating set.

If 51 = 53 = 0, then € = (0,070,0)

If 21§ + w383 = 0 with &;,§3 # 0, then §; = & = 0, and

r1§1 = —x383

—x3&3

% implies x4 | &3 and & = 25 implies —x3 | £;. So

x3

gives &1 =

§=(—z3-H,0,2,-H,O0) for some H € K[z1,...,x4]

= H. (-373,0,1'1,0).

Taking H = 1 is necessary for including (—z3,0,21,0) in a generating set.

If &1,&3 # 0 then we can write & = §~1 + f - x3, where §~1 € Klzy, o, x4]. Let E— f-21 =
(51,52,53,54). Then, since z; € ker(a) and « is Og -linear as a homomorphism of

Oz,-modules, ¢ € ker(a) implies £ — f - z; € ker(a). We can therefore apply equation
(1) to &:

I252 = 96151 + $3é3 = —$4€4-

18



Solving for z1£; gives

$151 = $2f2 - 27353 = —$4§4 - 90353

From xlél = :cgé — xgég, since §~1 € K[z, o, 4], we can write l’lél = .legég, since part of

& must cancel with z3&;. Therefore, z | &1. Similarly, from z1&; = —24&4 — 2365, we

can write xlél = —1:454 since part of 54 must cancel with x3£3, since él € K[z, o, x4).

Therefore, xoxy | 51 so that

£ =g ToTs some g € k[$1,$2,$3»$4]a and

& — f-2z1 — g 2o has first component zero

which falls into cases (i) or (iii).

This gives

ker(a) = ((0, z3wq, £ox4, T223), (—Tots, —21%4,0, T122), (—23,0,21,0)) C Py .

2.3.7 Kernel as submodule of Qs

We know Qas 2 (day, ..., dzy). Also, Qan = ker(p), where R ® R % R is multiplication.

Claim 1: Given v : Pic(Xx) — Q over a field of characteristic zero and (f1, fa, f3, f1) €
ker(a)) a homogeneous element, then
4

Fy(fi, o fa) =Y _v([Di])fi ® z; € Qua.

i=1
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Proof. We prove the general case: Xy smooth with |3(1)| = n,

W (frr s fa)) = Z ([Di]) fis

(e

- flaafn))zo

S0 FI/(fl?"'afn)e ker(#)gQA”' O

Now, let

= (E,(fi,---, fa) : (fi,---, f1) € ker(r) homogeneous, v € Pic(Xx)g) .

Note: For £ = (&1,&2,&3,&4) € ker(a) C PV, the choice of v given by v([D;]) = v([Ds]) =1

enables one to view ker(a) C P¥, by

F (61,62,83,64) =61 @21 + 6 @20 4+ {3 @ 23 + 284 @ 24,

Now,

F,((=23,0,21,0)) = —23 ® 1 + 21 ® 3

= €13.
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F (0, 2324, Toky, —Xo3) = T3%4 @ Tg + Toy @ Ty — 22903 @ Ty
= 23(24 @ Ty — T @ Tq) + To(Ty @ T3 — T3 ® T4)

= T3 €40 + To - €43.

F (xoxy, 1174,0, —2129) = Toxy @ 1 + 174 ® Ty — 22129 @ T4
=2(xy @) — 11 @ xq) + T1(T4 @ Ty — T @ T4)

= T9- €41 + T1 - €42.

Therefore, as a submodule of a4, this choice of v gives:

Qr, = (613,23 - €42+ To - €43, T2 - €41 + T1 - €42) C Qs

2.3.8 Whether M — (a1 is an isomorphism on (a1

To compute the unstable locus Z for F;, we note that in the fan ¥ for F7, let us denote o,
as the cell between rays 1 and 2, o5 as the cell between rays 2 and 3, o3 as the cell between

rays 3 and 4, and o4 as the cell between rays 4 and 1. This gives

0y = D3+ Dy > 2314
0¥:D1+D4(—>l’11‘4
U§:D1+D2Hx1x2

O'X = D2+D3 < Tol3
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Informally: rays 3 and 4 are opposite o1, rays 4 and 1 are opposite o9, rays 1 and 2 are

opposite o3, and rays 2 and 3 are opposite o4. This gives the irrelevant ideal

B = (w34, T421, T129, Tol3) .

Now

Z=V(B)
= V(<x3x4, T1T4, T1T2, x2x3>)

= V(l’g, l’4) U V(Ih Ig).

So Al = AT\ Z = AT\ (V(2g,24) UV (21, 23)) = A*\ ({z2 = 24 = 0} U {z; = 23 = 0}).
On A?

587

we have that {either x5 or x4 # 0} and {either z; or x3 # 0}.

2.3.9 General case from matroidal setup

Previously, our finite set of points determining v above came from primitive ray generators
for the fan ¥ associated to Fi. In general, one can ask: given a finite set of points, can one
construct a similar map « and find ker(«)? The kernel of this map is matroidal: For A C N

a Z—linearly spanning set, we have the short exact sequence

0= Lys 7" LN =0 (2.3)
We’ll use the dual sequence
0 ML zA% LY Lo (2.4)

Define R = C[z, | a € A] which is L}-graded, a generalization of the Cox homogeneous

coordinate ring. Let |z,| = ¢Y(e)). Then the generalized « is
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a:@PR(—|r]) > ROLY =0

acA

where @ .4 B(—|Za]) 3 ta = aua) 1= 74 @ |24].

Characterize ker(a): a good relation in M can be divided into two positive parts:

M & 74 where

M 3wy (v) =7"(0)4 = 7" (v)-

- E Ca€q — E Ca€q

acA(v acA(v)—

where ¢, > 0 Va. Here, A(v), N A(v)_ =0, A(v) = A(v)y U A(v)_. Denote
f%a = Z €5 € ZA.
acA(v),a#a

Define

= Y catu— S e,

a€A(v)+ a€A(v)—

Claim: zy, 2o, 23 of the previous section are of this type.

Proof. From ¥ for F; with primitive ray generators a; = (1,0) corresponding to D; (and x;
and e1), as = (1,1) corresponding to Dy (and x9 and es), ag = (0,1) corresponding to Ds

(and z3 and e3), and a4 = (—1, —1) corresponding to D, (and x4 and e,), we have

{z, | v=1(1,0),(0,1),(1,=1)} = {(xoxy, x124,0, —x122), (0, T32 4, ToT 4, —T273), (23,0, —21,0)}

so that
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(2o | v E M) = ker(a).

For v = (1,0), we have vV((1,0)) = e; + e2 — e4 so that A(v); = ay, as, A(v)_ = a4 and

zo=1-23Ye; + 1. 20, — 1. z1V¢,

= ($2I4,$19€4707 —I1ﬂ72)-

For v = (0,1), we have 4V((0,1)) =1-e3+1-e3—1-e4 so that A(v), = ag, a3, A(v)_ = ay,

and

2y = 12GYe, + 123Vey — 1232%¢,

= (0, 324, oy, —T2T3).

For v = (1,-1), vY((1,—1)) = e; — e3 so that A(v)y = a1, A(v)_ = as, and

2o = lxde; — 1ates

= ($37 Oa —T1, O)

By the previous section, this shows that for Fi,

ker(a) = (2, | v € M).

Claim: In general, a(z,) = 0.
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Proof. Let [ = ZGGA(U) eq € Z4,. Then

a(z,) =« Z carou, | — o Z corlr o,

acA(v)+ acA(v
Y cateaw) - Y creatu)
a€A() 4 a€A(v)—
- Z Caxfmaxa ® |xa| - Z Cava’axa ® |xa|
a€A(v)+ acA(v)—
=2’ ® Z CalTa| — Z Ca|Tal
acA(v)+ a€A(v) -
e xf ® 5\/ Z Ca — Z cael\l/
acA(v)+ acA(v)—

— o ©6"(y" (1)) = 0

as the composition of two maps from a short exact sequence. O]

2.3.10 Part II: arithmetic rules
Finding a better set of generators for < z,: v € M >.

Arithmetic Rule 0:

By linearity of vV, z_, = —z,. This implies that if z, is included in a generating set, we do

not also need to include z_,,.

Arithmetic Rule 1: If we take disjoint sets A , A, C A and define the cone Cy_4, C Mg

via

Caa,=4meMg: vV ( Z bae) Z Caly With by, cq > 0

a€AL a€A_

(note: by, c, > 0 gives closed cone). Then over all disjoint pairs Cy_4, form a complete

convex rational polyhedral fan on Mg. We will use B = (A_, A,) to denote a signed subset,
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Proof. Two elements vy,vy of Mg are in the same cone iff A(vy)y, A(ve)y € A(v); and
A(v1)_, A(vz). C A(v)_. Linearity of vV : M — Z4 with rational images of each m € M gives
rationality of C4_4,. Convexity of C4 4, follows from viewing 7" as a linear map from
Mg — R whose orthants are convex. Since Ca_a, maps cones to subsets of orthants in

R4l and the intersection of convex sets is convex, C' 4,A, 1s convex. O

Arithmetic Rule 2: Suppose Cg,,...,Cp, are faces of Cp,_,, and v; € relint(Cp,) such

r4+1

r _ r B\B;, _
that >/, v; = vp41. Then > aB\Biz, =2z, .

Proof.

Assumption 1: B is a finite set. [Valid since A is a finite set.]

Reference 1:

foa= Y eaczZW

acA(v),a#a

Reference 2:

Zy = E ca Uy,

a€A(v)

Suppose Cp,,...,Cp, are faces of Cp

, .- Then By,..., B, are each given by B minus a

finite number of points.
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Assumption 2: v; € relint(Cp,) for 1 <i <r+1.
Assumption 3: >\ v; = v,41.

Construction 1:

Remark: Here, B = A(v,41).

' T
§ $B\Bizvi :E 1B\Bi E Ca,ivai'aua
i=1 =1

a€A(vy)

r
— g :L\B\BL § Ca,il‘fvi’aua
=1

a€B;

.
=) 2PN " aaracann Sy,
i1

a€B;

-
:E 1 B\Bi E Caﬂ,xza;ﬁaeBi Uy
i=1

a€B;

,
:§ E :L‘B\B"CQVixZ‘#GEBieaua

i=1 (lGBi

.
=> > 2P,

=1 a€B;

=Y > Ve

a€B, is.t.aeB;

= Z xB\a(Z Cai)Uq

a€eB a€B;

_ B\a

- E x \ Car+1Uq
a€eB

= Zypgq-
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]

Arithmetic Rule 3: (For tensors: if K = Q,R, or C): Let v € My and define z, as before.

Then 4 vy,...,v, € M and by,...,b. € K such that

,
E bia:B\Bizvi =2z,
i=1

where v; € relint(Cp,) and B = A(v).

Proof. Over K, primitive ray generators all lie in a one K —dimensional face of Cz. Let {v;}
be a set of primitive ray generators for the minimal fan containing C'z (which each lie on a
ray — meaning, a face of Cg), with corresponding ray v; € Cp,. Let v € relintCp. In the
case K = Q, convexity and rationality of Cs imply there exists a subset {v;};" C {v;} and

coefficients {b;}/" € Q such that

r
E bjUj =7
=1

where j denotes the subscript on i. If K = R, convexity suffices to provide the existence of
{vi}r and {b;}77 such that > j—1 bju; = v. The proof that 7, b;aB\Biz, = z, goes through

as in the proof of Arithmetic Rule 2.

In the case K = C, v € Mc satisfies v = Re(v) + Im(v). We'll consider Mc = Mpgr =
Mg x Mg as a real vector space, so that v € Mc = Mg x Mg with Re(v) € Mg x 0 and
Im(v) € 0 x Mg.

This gives signed subsets A(Re(v))_, A(Re(v))+ and signed subsets A(Im(v))_, A(Im(v)).
The signed subsets A(Re(v))_, A(

e(v))4 yield the real cone Care(w)) a(Re(v)), S Mr X% 0,

R
and the signed subsets A(Im(v))_, A(Im(v)) yield the real cone C4(tm(v))_ A(m@)), € 0x Mg.
Now, B = A(v) = A(Re(v))_U A(Re(v)); U A(Im(v))_ U A(Im(v))..

+

The isomorphism as real vector spaces Mg = Mg x 0 = 0 X Mg lets us consider Re(v)

and Im(v), separately, as reducing to the case K = R with Re(v),Im(v) € Mg. Now, Re(v)
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and Im(v) both reduce to the K = R case. This gives the existence of a set of primitive ray

generators {v;}7" in Mg x 0 and coefficients {b;};” with b; € R such that

Z bjv; = Re(v)
7j=1

and

> bz, = zre).

=1

Similarly, Im(v) € Mg gives existence of a set of primitive ray generators {wl}z’i and real

coefficients {d;};* such that

¢
Z djw; = Im(v) and
j=1

L
> dir™ iz, = ).

i=1

Since Re(v) and Im(v) are in distinct copies of Mg,

ZRe(v)®Im(v) = Z(Re(v)B0)+(0Im(v))-

Therefore, let

{}+e vijxa 1<5<
Vj’f =

7j=1
6><wij r+1<j3</l+r
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so that B; = A(V;). We also have coefficients

bj 1§]§T7

9;
di r+1<j<r+/

so that
r+4
v=> gV
j=1
and

r4-£
B\B;
E bjx \ T2y, = 2y

Jj=1

How to Use Arithmetic Rule 3 for Section 9.2, 9.3

Since every nonzero v € M lies in the relative interior of the cone defined by its nonzero
coefficients C(y)_ 4, , Arithmetic Rule 2 implies that there always exists a set {v;}5_, {b;}F,

such that

k
Z Ca® ey = Z'Y(\:/(bi ®c v;)
i=1

a€By

and a monomial times ) 7 | b;z,, can always be used to reduce a positive value of ||wl]|

when tensoring over K = Q,R, or C.

Claim: ker(a) = (z, : v € M).

Proof. To fix notation, let A = {ay,...,a,}. The above computation shows z, € ker(«) for
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arbitrary v € M. Next, fix the basis R = Clz, [ a € A] = @, _; yenm C (xh - zim ) for

R. Then R ® LY can be viewed as

RgLYy = @ Cil,...,im$211 x xf{;jl ® LY for ¢;,,. 4, €C
(31,..ym )EN™

= @ C® L} by keeping track of the ordering of the basis of R.
(91,y8m )EN™

Suppose w = ) .4 Walla € ker (a). Let m, : R — C- 29 be natural projection, and let
B, :={a € A: z,w, € kermy}. Then a € B, implies z,w, contains a monomial c,z? with

co # 0. Therefore, z, | 29. Since the {z,} are mutually prime,

Hxa|x9.

a€By

Now a € B, implies that when z,w, is not in ker B,, we have that c,29“ appears in w,

with ¢, # 0, so that w, = F + ¢,29 % for some F € R(—|z,|). Now

0= Wg(o‘(w)) = Z Ca @ |T4]

a€By
= Z Cq ® 5\/(6(1)
a€By
= (5\C/(Z Caa) = Z Catq € ker(08) = Im(yY)
a€By a€By

Since we’ve tensored over C, we can’t necessarily say that there exists one single v € M

such that 3> cp ¢o ® e, = 7" (v). However, we can say two things:
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2.3.11 In nice cases

In the event that there does exist v € M such that v/ (v) = > cp Ca€q, then we can say:

for a given g € N,

HwH = Hw — ngzaGBg GGZUH = H’LU — ngzaGBg €q Z Caxz‘#ae“‘(”) efluaH
a€A(v)
= || @ (wa - I‘gfzaeBg eaa . xz&#aeA(u)u&> uaH
acA

where the ¢, are possibly 0

= 1D ((F + Tas=ee) — 27 Sreoa e Tmeeny ™) |

a€A

where F € ker(m,), since B, = A(v) by construction of v

=~ 16D (£ + @ =)o)

a€A

This shows that if we can select g such that |B,| > 0, then ||w — 29285 “ 2 || < [Jw]].

2.3.12 Provided arithmetic rule 3, this reduces norm on w in all
cases

We can always say there exists {v;}5_;, {b;}%_| such that

K
Z Ca®e, = Z%(bi ®c ;)
=1

We have that for a given g € N™ with B, # 0,
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k
] = [Jw — a9 >ecm sz’%H

= 1P | wa — 2" ZaeBge“Zb > dya>iacaen |y, |

acA = a€A(v;)
where 7" ( Z daeq
a€A(v;)
= [|€D | F+eans e — 2t =eem E“Zb R A
acA =1 a€A(vy)
= | @ F + (¢ — ¢g)z97%|| by assumption
acA

which gives || @, (F + (Go — ¢)x9~¢|| if 3 g with B, # 0.

2.3.13 Group action in the general case

The action in the generalized setting is given by tensoring the following sequence with C*:

0Ly 274 5 N 0.

For v € M, we have 7" (v) = > c 4(,) Ca€a; and we can differentiate to find 4.

L, —2 74
2l

zk B, 74
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Dl 1241 (’U)
2 va(v) : Al 1 v g
where B = and B(v) = . We can write v; = > .7 bje; with b} € Z. Now,
2 | 7141(v) |

(B®CY)(t1,...,tg) = (H t?ﬂl, I tsé, o]l tj'A) gives a subtorus which acts. A derivative

of this action at a particular point will give §. To define the action, we have

bi b/
(tl, PN ,tk) : (l’l, PN ,ZL"A|) = (Htjll’l, . .,HtjA:L‘|A)

where (t1,...,tx) € L4. The i—th Euler field (where i comes from an element u in Ly)

is

0 i b
Xi = a_t <Ht§1x1, o .,HtjAl.T|A>

t=1
i i i . ) 0 0
= D@y, 03w, ... by 4 as coordinates on the basis vectors . , SO
1 0|4
1A
T
k=1
4|
N 0 . :
= E uk(u)xka— which we can also write as
k=1 k
4|
0

k=1

we have 7; = §¥(e)) from before. The tangent space of the algebraic torus here is iso-
morphic to C® L4 from taking the exponential. Any element of L4 is a linear combination
of {8%} X; corresponds to the i—th basis vector in L4. So we can identify elements of L4
as tangent vectors to the algebraic torus, but really L4 ® C is the tangent space. This shows
that = is what was asserted in previous sections. We want to find which Kahler differentials

vanish on =.
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Note that F(z,) = . Aw) coxlvedz, is well-defined from dz, being a basis for Kahler

differentials on A™.

2.3.14 Background on polytopes

Definition 1: Let L(P) be the face lattice of a polytope (partially ordered by inclusion).
For F a face of P, we define

Np:={ue Ny =Mr | FC{x e P| (x,u) = mingep (Z,u)}}

and the normal fan'®:

Np :={Ngp | F € L(P)\ 0}.

If F and G are both fans in the same space R?, then we define their common refinement
as

FNG:={CnC :CeF.Ceg).

In general, the pullback of the common refinement of two fans with support in the same

space is the common refinement of the pullbacks, as follows:

Proposition: For linear spaces V, W and a linear map V' KN W, if F,G are fans with

support in W, then T*F AT*G = T*(F A G).

Proof. For C; € F,Cy € G,
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T*(Ol N 02) = {’U eV | T(U) - (Ol N 02)}
={veV |T(v) eC,T() e Cs}

== T*Cl N T*CQ

Since an arbitrary cone D € F A G can be written D = C; N Cy where C; € F,Cy € G,

we have

T*(FAG)={T*D| D e FAG}

—{T*(C'NCy) | Cy € F,Cy € G}

since any cone D € FAG can be written D = C,NC5 where C, € F,Cy € G. Continuing,

we have

T*(F N g) = {T*Cl N T*CQ | Cl € f, CQ € g} since T*<Cl N Cg) = T*Cl N T*CQ
—[DNE|DeT'F,EcTG)

= T"FANT*G.

Claim: F = (vY)*(OF) is normal fan to gr(Q, A). gr(Q) = >_ . 4[0, a], zonotope.

Proof. Y04 = {H, ,H,, H} so that [after repeating the process of common refinement over

all elements of A, taken two at a time]:

NEaeA[Ova} = {m Col| Ca € {Ha_aHaaH:}} .

acA
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Now, the orthant fan is the common refinement of coordinate half-spaces, and is the

common refinement to the coordinate intervals:

OF = /n\{H+ H. H:}
= /\'/\[[0761']'
i=1

Therefore,

F = (') (0F)
V(AN
= /\ )" (Noe)
=\ Noa)

a€A
=Ny, c.ba)
= Ngr(Q)'

Definition: Given a cone o whose support is in Ng and a linear map f : Ng — Ng, then
ffo:={ue Nr | f(u) € o}

Claim: f*o is a cone in Ni.

Proof. Let o = (;_; H,;,. Then
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az{ueNR| <u,m; >>0V1<i<s}
={ueNg|m/(u)>0V1<i<s} so that
ffo={ue Ng | < f(u),m; >>0V1<i<s}
={ue Ng | m/(f(u)>0V1<i<s}
={u €N | f'(m/)(u) 20V 1<i<s}

— ﬂl H;Q(ml_).

]

Since f*o is the intersection of finitely-many half-spaces, f*o is a also polyhedral cone.

38



Claim (Part ITI): We can describe (7" + (6¥)7'(x))*(OF) as tropical polyhedral de-

composition associated to a specific valuation on gr(Q). [Take maximal cells as well].

Proof. Particular Case: A = {0,e1,...,¢e,} so that v = Identity and " is composition
with identity. (2): Trop, = (v 4+ 1)*(Na).

Setup:
05 Ls—Z24 L5 N0
0 MLZA 5L =0
and
Mg R (R4
U U

(v +n)"(Na) Na

and for n € (R4)Y,u € M we have

RY 5 N
ni Lu
R c¢ C

so that for z € R4, (7Y + n)(u)(z) == u(y(x)) + n(z).

Now, let F' < Na,. Then F = Ng for some G < A,,. Now

(v 40 (F) = (v +n)"(Ne)

={ueM]| (v +n)(u) € Ng}

={fueM|Gc{reA, | (v +n)(u)(x) =minzgen, {(+" +n)(u)(Z))}}}

={ueM|GcC{zxeA,|ulx) +n(r)=mingea, {u@+n(z)}}}
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since v = Id implies 7" is composition with identity. In general, F' < P a face of a polytope
with P C R™ implies dim(F') + dim(Np) = n. In particular, dim(F) + dim(G) = n here.
Now, trop,(m) := min,ea{< m,a > +n(a)} has minimum assumed at least twice among

elements a;,, a;, of A iff

G = Conv(a;,, a;,) C {z € Ay | (v + n)(m)(x) = mingea, {(v" + u)(m)(@)}}

by linearity of 4" and 7. [The same is true if n is an affine function since an equal shift
is applied to all elements of A,]. Therefore, it suffices to consider the case where G is 1-
dimensional, which gives that F' is a wall of Trop,, and also a an n — 1-dimensional cone
Ng =< Na,. This is because if the minimum in trop,, is assumed more than twice at some
{ai,,...,a;,} € A, then

G = Conv(ay, .., a1,) € {w € Ay | (3 +m)(m)(x) = minzea, {(7* + 1) (m) (#)}}

and Ng is contained in some wall of Trop,. Therefore, Trop,, together with the maximal-

dimensional cells of the polyhedral subdivision of Mg equals (7Y + 1)*(Na,,). O

General Case:

Proof. P any polytope, with

P - @

N N

0 5 U 5V % W o

gives
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UV« VY o= WY« 0

oo
with 7€ UY,n € VV.Now, A :={f(v) : v a vertex of P}. n: A — R and n(5)(v) = n(v).
Also, 7j(B(v)) := n(v) so that the same proof carries through as above: using an extra variable
and projecting, No, — RY. We also have 7(5(v)) := n(v), which makes the proof the same

as above. Note: Evaluation on the vertices is given by 7. O

To construct a fiber polytope!?, we take a marked polytope Q with a set of points A
such that Conv(A) = @, and map the standard simplex to by map . From this map, we

construct the fiber polytope via:

Y(A) =%(P,Q). A — Q. R* 5 Ng — 0 where ¢, — a.

P - T(P)
N N
Rm L Rm

where T' is a linear map.
Proposition: Let T, W be linear spaces and 7' : V' — W a linear map. Let P C V so
that P — T(P) C W. Then for a face F' <X T(P), T~*(F) is a face of P.

Proof. By the definition of a face of a polytope, F' C T'(P) can be written ' = m~1(0) N P

for some affine function m subject to the condition that all p € T'(P) satisfy m(p) > 0. Now,
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is a face of P. N
Claim: NT(p) = (Tv)*<Np)

Proof. Let F < T(P) be a face. By the proposition, T~ F is a face of P.
NOW, NT(p) = {NF | F j T(P)} and

Np:={ue (R™)" | F C {x € T(P) such that u(z) = min zerp){u(z)}}}
={ue (R™)Y | F C{T(v) € T(P) such that u(T(v)) = (T"(u))(v) = ming@erm T (u)(0)}}
={uec (R™Y | T'Fc{ve P TVu(v) = mingep{T u(?)}}}

— (Tv)*NT—lp

so that
Nripy = {(TV)*Np-1p | F < T(P)}
={(I")"D | D € Np}

since if G X P is not the pre-image of any face in T'(P), T"(Relint)(G) = 0

= (TY)"Np.
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2.3.15 Koszul compexes and Gr(Q),%(A)

Sturmfels-Kapranov-Zelevinsky?® relate fiber polytopes (Chow polytopes) to Koszul com-

plexes. Here, we recall some constructions relating to a Koszul complex.

For R a ring and for the central element € Z(R), we define?' the Koszul complex K(z)
to be

0>R3R—0

where the first copy of R is in degree 1, the second in degree 0. If R is a ring and x =
(x1,...,2,) a finite sequence of central elements in R, then K (x) is the total tensor product
complex

K(z1) ®p K(23) ®p - @ K(,).

K (x) has a grading, and the degree p part of K(x) is generated by the symbols
eil/\.../\@ipzl(g)...@)l@exil ®"’®€w¢p®"'®1 (il < e <ip)-

We also have the

Koszul Resolution: If x is a regular sequence in R, then K(x) is a free resolution of

R/I, I = (x1,...,z,)R. That is, the following sequence is exact:

0— A"(R") = --- = A*(R") = R" 5 R— R/I - 0.

We will say more about Koszul complexes in Section 3.1.1.

2.3.16 Toric ideals and Grobner bases

+ +
Definition: A Toric ideal®® I is ker(7) : k[z] := Kk[x1,...,2,] — Kk[t; ,...,t,;] of map
x; — t% induced by N* — Z¢ where (uy,...,u,) = uia; + -+ + una, for some choice of

+ +
{ay,...,a,} C Z% Each a; € Z% is associated with t% € k[z, ,...,x,]. Note that V(Z,) is
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not necessarily normal here which differs from Fulton?.

An infinite generating set for Z4 is

{z* =2 | m(u) = 7(v)}

for u,v € N™. This raises the question of how to find a more optimal generating set.

Definition: The state polytope is a polytope whose normal fan is the Grobner fan??.

2.3.17 An example of the general combinatorial approach: P!

A reference for this section is GKZ?*. For a case where the primitive ray generators of 3(1)
do not lie in a hyperplane not containing the origin, we’ll consider P! x P! as the GIT quotient
C*/x¢. P= Conv({(0,0),(1,0),(0,1),(1,1)}. Here, the affine toric variety to consider is the
orbit of the diagonal. Let A = ¥(1) generators as a subset of N, and G = C*® L. We have
an exact sequence

z* z?

] |

0 - L - Z4 - N —> 0

with G acting on C* via:
(A1, A2) - (21,22, 23, 21) = (A121, M122, Aozg, Aozy) and x = LY = Hom(C* ® L,C*). The
following sequence is exact:
0 LY®RERY ¢ Mg« 0
and for x € LY @ R, Mg = (o) '(x) ~— x. Here, take P = (a")"!(x) N RE, which is

unique up to translation.

The set A of primitive ray generators in N of X give the exact sequence
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0L —=Z% = N—=0

Tensoring with C* gives

1 5C'®L— (CHY =Ty —1

Given ¥ a fan in Ng, Xy = Ux/G and

XZ X XZ = (UE X Uz)/(G X G)
where Us, x Ug C (C4)2. The diagonal Ax,, = Y/(G x G) where Y C (C4)2.
The affine toric variety ¥ = ®(C* ® La) is homogeneous with respect to G x G, and
R C La ®R is a polytope giving Y. Here, we have B C L{ ® R giving Y = Xpg. Here, Pic is
generated by line bundles, and we have a homomorphism from an equivariant divisor to line
bundles. There is a natural morphism from Z# to LY which gives a correspondence from Z4
to equivariant divisors and (Z4)Y. As finite dimensional vector spaces over C, L = LY, and

LV is congruent to the group of characters of the acting torus. This gives the exact sequence,

which splits

0=L—=-Z"<N—=0

if we choose a basis to get a splitting, s. Now G = a(C* ® L),

Xy, = C4/(x) or (C*)3*/G for x in the interior

0> LRL—=Z2®dZ* - NN —0
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o =NeZ @® CA. In order to to describe the G x G orbit of A, we have:

0 - Lol —» ZApZ4 — N@N — 0
N\ L (u,v) = u—w
N
1 ¢
0 0
with Xy, 2 A C Xy x Xyx. Here, the affine toric variety is the orbit of diagonal, associated
to
0
e
LaA=ZLaeLe N
@
hV
0— LeL— Z4 ¢ zA — N@N — 0
L N\ 1

compose with &, get B N
TN
0 0

6 _ . *
For Y C Z° Y = [2022, 2023, 20, 2122, 2123, 21] : 21, 22, 23, 24 € C*.

All rows satisfy z; + xo = 1, which is to say elements of the row space are contained in a

hyperplane in R*, which gives a 3—dimensional polytope Conv(B). The rows generate R%.
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Another example of the general combinatorial approach: P?

For P2, we have A = {(—1,-1),(1,0),(0,1)}.

023272 272

With L =Z and N = Z2. (1) = (1,1,1) gives

0Ly —>22022 =520

with Lx = Z*. We have matrices

10 -1 -1 0 1
01 -1 0 —-11

from the map (a,b) — a — b, and another matrix whose rows give B:

since B C LY and G = C*. Here, choosing 1 € L corresponds to (1,1,1,...,1).

As a dimension check: subtracting row 1 from all rows shows that the rank is 3. This
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shifted matrix with choice of basepoint given by row 1 is:

- 0 0 O O-
0 0 -1 1
0 0 -1 0

-1 1 0 0

-1 1 -1 1

-11 -1 0

with rank 3.

2.3.18 Syzygy resolution of P" and interior points of Gr(Px)

The interior points of the graph polytope Gr(Pa) give the free ranks appearing in a syzygy
resolution for P" as follows. From Gr(Pa) = Conv(}_ ;v : 1 C Vert(Pa)) and Vert(Pa) =
{eg,€1,.. . en,e0+ fre1+f,... en+ [} we see that, for [21, 29,. .., z,42] in Gr(Pa) , we have

that

for all 7 with 1 <7 <n+1 and

0<zpo<n—+1.

This implies Int(Gr(Pa)) ={[1,1,...,1,b]: 0<b<n+1}={eg+e1+---+e, +bf:
0 < b < n+ 1}. These points are all candidates for interior points based on inequalities

above, and we can get a 0 or 2 in each of first n + 1 components (while z,,o varies), and

48



have [0,0,...,0] and [2,2,...,2,n+1] € Gr(Pa) so that these are all actually interior points.

In the set T', this corresponds to a subset of {1,2,... n+ 1} of size n+ 1 and since b can

vary with 0 < b < n + 1, we have

(n—l—l)
n
n+1

"H) with £ = n. In the syzygy resolution, this gives the free

interior points in Gr(Pa) is k‘(kJrl

rank of S”(ZJJ:D in

sr(i) 5 gm0 (h) o gk G 2 g s
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Chapter 3

Derived Categories D(X)

3.1 Resolutions of diagonal

By a “resolution of the diagonal,” we mean: View Oa as a complex of sheaves concentrated
in degree 0 in D%, (Xx X Xyx) for toric variety Xx. Now, give a chain complex C" acyclic
(away from HY) and a chain map C° — Oa which is a quasisomorphism. A locally free
resolution F© — A of a sheaf A is a complex 0 - F — A — 0 of locally free sheaves with

A in degree 0 which induces a quasi-isomorphism of complexes?®

- 0 = F = .- KN Frb = 0
10 10 10 le 10
- 0 - 0 - -+ - A = 0

Now H? of the two complexes coincides: H(F') = Fy/Im d = Fy/kere = A = H°(A)

since a resolution is exact.
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3.1.1 Koszul complexes

For x € R a central element with R a commutative ring with 1, K (z) denotes the complex
0—-RS35R—0

in degrees 1 and 0. Here?!, Hy(K(z)) = R/ {(z) and H,(K(x)) = {r € R | rz = 0}. If we let
1 = e, in degree 1, then d(e,) = d(1) = z.

More generally, for (xy,...,z,) a finite sequence of central elements in R, the Koszul

complex K(z1,...,x,) given by
K(2)) ®p K(12) @ - @p K ()
can be constructed by induction as the total tensor product
(K(71) ®p -+ @r K(1y-1)) ®r K(z,).

Here the total tensor product Tot®((K(z1) ®p -+ @p K(2,-1)) @r K(z,)) has d" = d ® 1
and the sign trick for d” = (—1)? ® d. For R; the corresponding copy of R in degree 1 in
K(x;), n =2 gives

(R @ Ry) "5 (R ® Ro) & (Ro® Ry)) “55 (Ro ® Ro)

in degrees 2,1, and 0, which comes from
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0 0

\J 3
0 — (R1®R1) -aﬁl R0®R1 — 0

-1®yl 11®y
0 - RoR 8 R®R — 0
\J 3
0 0
Since K,(z1,...,x,) is isomorphic to A” R™ and has rank (Z), K(x1,...,x,) is often
called the exterior algebra complex. The differential d : K,(z1,...,2,) = K,—1(x1,...,2p)

sends

k
ei, N Nej, — inj(—l)jﬂeil N Ney N Neg, .
j=1

For n = 2, we see that

er®ey = (—e;, Ry, x® ey)
e Q1 —ax®1,

I1®e,—1Qy

so we say that up to isomorphism,

92



ex N\ €y — —ye, + xe,
€y T

€y =Y

This differential corresponds to contraction with the central sequence (z,y) in A" R* when

R = K[z, y] for K a field, for instance.

Here, we also see that

(d"+d)o(d"+d)1@1)=(d"+d)(-1Qy)® (zr®1))
=00 (—2xQ@y+rxRy) &0

=0

so that dod = (d" + d¥) o (d" + d*) = 0 in all degrees.

For (zq,x9,23) = (z,y,2) in K[z, y, 2], we see that K(z,y) ® K(z) is given by

0—>R3R—-0
0=RAR—=0

0—>R3R—0

where R; > e, in the first complex, R; > e, in the second, and R; > e, in the third.

Furthermore,
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(RROR)®R 5 (R®R &R OR)®R % (Ry® Ro)® Ry
P l1Rl®: Ldv L

h
(R1®R1)®R0 d—> <R1®R0@R0®R1)®RO — R0®R0®RO

shows that

ez NeyNe, = z-e. Ne, —ye, Ne, +xe, Ne,
€z N\ €y —Yye, + Tey as before
e \e, — xre, —ze,
ey N\ e, — ye, — zey
€y — T,
€y — Y,

e, — 2.

In general, K(z;) ® K(x3) ® - -- ® K(x,) inherits signs from those previously in

K(r)® - - ® K(x,_1), and sign conventions from K(x,).

3.1.2 Koszul complexes from a homomorphism ¢ : £ — R

The Koszul complex arising from a homomorphism ¢ : £ — R where R is a commutative
ring and £ € R — Mod is free with basis (eq, ..., e,) is given as follows. For each ¢, the map

E1 — N\ E given by

(e1,...,€q) l—)Zgb(ei)(_l)i—l—lel/\.../\éi/\.../\eq
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is g—linear and alternating, hence factors through a homomorphism ¢, : A? E — /\q_l E.
Identity 1: We verify that if a € A" E and b € A" E, then

G(a Ab) = dr(a) Ao+ (=1)"a A §(b)

as follows. The left-hand side gives

pqla Nb) = (Zgb(ei)(—l)”lel/\---/\e}/\---/\er) ANb+ ...

=1

o+ (=D"a A (i de) (=1 ey A  AEEA A eq_r> :
j=1

Then we prove by induction on ¢ that ¢,_1¢, = 0 as follows:

Proof. (I): Base case: For ¢ = 0,1 the statement holds since ¢y, is defined to be 0 for & < 0.

(IT): Induction step: Suppose ¢p_1¢, = 0 for k € Z+o. Write a € EF! as doiak Nb;
where ay, € /\k E b € /\1 E. Then by R-linearity of R—module homomorphisms, it suffices

to show ¢p¢r+1 = 0 for a given summand. Fix ¢. Let a; = ay,,b = b;. Then

Srdrsi(ar AD) = dp o (¢r(a) Ab+ (=1) a A ¢1(b))
= di(dr(a) Ab) + (=1)"dx(a A ¢ (b))
= o 0 ¢r(a) Ab+ (1) ox(a) A da(b) + (=1)"(dr(a) A 1(D) + (1) a A d o &(b))
= (=1)""ou(a) A ¢1(b) + (=1)"dx(a) A ¢ (b)

=0
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by Identity 1 and the Base Case. [

Therefore, we get a chain complex K.(¢) := {(K,,d,) := (A E, ¢,)}.

3.2 Kahler differentials

Let B € A—alg for A a commutative ring with 1, B® 4 B a left B—module via multiplication
on the left and f : B®4 B — B a homomorphism of B modules gives by f(b® b') = bb'.
Let I = ker(f). Then I/I? inherits the structure of a B-module®®. Define d : B — I/I* by
db) :=1®b—b®1. Then (I/I?, d) is a module of relative differentials for B/A. Note that

we've implied that B ® 4 B is also an A—algebra by writing I2.

On PE, Opn is a free Opn module, generated by 1. It has rank 1. Let S = K|z, ..., z,]

denote the homogeneous coordinate ring of projective space, and E := S(—1)"*1.

Qpn is defined by the Euler sequence
0 — Qpn — Opn(—1)"" = Opn — 0
from the corresponding exact sequence of modules
0= M—S(-1)"tL s

where f(e;) = ;. If we localize at z;, then E,, > 2 and M,, is generated by {e;—*Le; | j # i}

and Q|y, is generated by elements in degree zero: {(=)e; — e; | j # i}. Since U; =
Spec K[2,..., 2] is affine, Q|y, is a free O|y,-module generated by d(3%),...,d(2*). Then

the isomorphism ®; : Qy, — M|y, is given by P(d(32)) = % (wie; — zje;). To show that the
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maps ¢; glue together, on U; N U; we have

Tl T Ty

€T; Ty X

implies by the Leibniz Rule that

A=) = d(GE)Z + 2Ed() so
ZT; Tj I T ZT;
T Tk ,,Tj T , Tk
d(—) — —d(—) = —=d(—
() = Srach) = ach)
Now ®; of the left-hand side gives
@)~ (B = ) )
i — ) — —a\— = S5 \Tie — X€;) — ——5\(T;€; — T;€;
T omy oy g2 R izt
€L Tr€; Tr€i Tr€;
=T T2 T L+ k2
ZT; x; T x5
_ G kG
N xX; Xy j
and ®; of the right-hand side gives
z; 1 er Tk

——(rjer — vpe5) = — —
€Z; $j ZT; T

so these are equal and the ®; glue together.

U, = <xii€j — z—%ei for j # z>
U, = <d(z—]) for j # i>, subject to

To summarize: On U;, M

Q
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d(r) =0 for all r € k,

x .
)+ —d(

LiyTk Lk

).

This is equivalent to the construction of Q|y, as (I/I?,d(b) =1®b—b® 1( mod I?)) for
b € O|y, since: Here, B = O|y,, A = k.

To check the Leibniz rule?’, we note that

d(b') — (d(b)b' +bd(b) =10 —bb' @1 - (1@b—bR 1)V +b(1®V —b @1))
=10 -1 -0b+b'®@1 -0V +b'®1

=1 -Ve)(1b->bx1)c I

To show Q|y, = <1 RL-LR1|j# z'>, we construct g : Q|y, — I/I?, show that g

is surjective, then construct h : I/I? — Q

v, show that h is well-defined, and show that
hog:Q|y, — U; is the identity.

Proof. (=): Define g : Q|y, = I/I* by g(d(3£)) =1® 2 — 2 ® 1. Then g is surjective (mod
I?), since if for z;, w;, 2, w} € Oy,

YaQw el = Y zw,=0sothat Y,z 0w, =) z(lQw, —w;®1).

(«<): Define h: I/I? — Q|y, by z ® w +— zdw. To show h is well-defined, we show that

elements of I? are sent to 0:
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J Y]

must map to 0 when

g 2ZiW; = E zgw; = 0.

But by the Leibniz rule,

h (Z 22y ® w,-w}) = Z ziZzd(wiw})

0 i.j
= Z ziZyd(w;)w) + Z zizywid(w})
i i

() () (o) (320

=0.

Now hog: Qly, = Q|y, is the identity, as

hog(d(x—{))_m@ J —I—?®1)
X X;
=d(= 2.0
(xi) z
:L'.
— J(=L
%g

as desired. We can now see the morphisms ¢; in the sequence

1125 Qly. 2 o(=1)" ),
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Bioh(1® =2 — 2 g 1) = ;(d(2L))

as before. ]

In complex geometry?®, the dual to the Euler sequence given above at z = m(X) on fibers
is given by
0—=C-(Xo,...,X,) = (H""), = T.(P") = 0

where H is the hyperplane bundle defined to be dual to O(—1). That is, fibers of H are given
by linear functions C{X} on the fiber of the tautological bundle O(—1) on P™. Here, lin-

ear functionals descend to give vector fields on P", and o = (0, ..., 0,) — . (Z oi(X )%) :

The corresponding exact sequence in algebraic geometry is given by

0— O — O™ - TP" =0

and the dual sequence (tensored with Opn (1)) is given by

0— Q1) - 0" - 0(1) =0

where as before e; — 2; and M (1)|y, = <ej —(H)e; | j# z>

3.2.1 Example: Kihler differentials on P?, showing P? is a Fano
toric variety

Let ¥ C N be the fan for P? with rays pg, p1,pe with vo = (=1,1),v; = (1,0),v9 =

(0,1) primitive ray generators in N. Then the affine semigroup oy has generators (z,y),
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Vv 1

of = (z7h z7ly), and oy = (xy~',y~') so that Uy = Spec(C[z,y]) has coordinates (x,y),
U, = Spec(Clz~, 27 1y]) has coordinates (z~!, 27 'y) and U, = Spec(Clxy~!,y~!] has coor-
dinates (zy~ ',y !). Since P? is smooth, Qp: restricted to any affine open subset is locally

free. In particular, Qp2| = (dz,dy) as a free Clz, y]-module.
Uo

Let ¢o9 : Uy — U, be the transition function given by (z,y) — (xy~t,y~!). Call the

coordinates (zy~',y7 1) = (a1, as) on Uy. Then the Jacobian matrix

Jac ¢g9 =

implies that da; = y~tdx — %dy and day = —y~*dy in terms of (x,y)-coordinates on Uy. The
transition functions for € from U, to U; are given similarly by Jac ¢19. Then the cocycle

condition ¢19 0 Pog = @19 implies that Jacpis o Jacpsy = Jacyy, and the transition functions

on A\*Qp2 = wp2 = O (ZpieE(l) —Di> are given by

x
day A day = (y 'dr — Edy) A (—y2dy)

= —y3dz Ady

and dw; A dwy = —x73dz A dy for (z7',27'y) = (w;,ws) on U;. This shows? that
/\2 Qp2 = Wp2 = O(—3)

Now the anticanonical divisor —Kp2 := Zpi es(1) D; gives the polytope

Py, :={ueM| (uv) > —a; Vi}

= Conv((—1,-1),(~1,2), (2, ~1))

with Card(P_k_, N M) = 10 gives 10 global sections of —Kp2 which do not all simulta-
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neously vanish on P?, and hence a well-defined map to P1°=! = PY That is, P? is a Fano

toric variety.

3.2.2 Beilinson resolution as a Koszul complex

In the case of complex projective spaces Pg, the resolution of diagonal is given by a Koszul
complex corresponding to the morphism?® O(—1) ® Q(1) — Oxxx. The relevant exterior
algebra is then A*(p*O(=1) ® ¢*Q(1)) ~ p*(O(—k)) B ¢*(Q(k)). Dually®, we can also say
that the Koszul resolution for P" is constructed using a section s of O(1)XT'(—1) on P" x P™
which vanishes exactly on the diagonal3!2. Griffiths-Harris?® also give a Koszul resolution

for O/ 7 as a module over O. Beilinson’s resolution of the diagonal also implies®? that

Db (P") = (O(a),...,O(a+n)) for any a € Z

~ (0 =0°0),Q'(1),...,9"(n))
form a strong full exceptional collection for D°(P™).

D% (P") = (O(—n),O(-n+1),...,0).

The Koszul complex corresponding to the morphism O(—1) ® (1) — Oxxx from the
first description given above is given as follows?’. On the open set U; X V;,, O(—1) XK Q(1) is

generated by {+ ® (e; — %ek)}#k. The map V¥ is given by

1 Y 1. Yigy) =2 _ Uitk

k € Opxp|uixv
T Yk X Yk X Y

from the chain of morphisms
¢"((1)) = ¢ (OF) = (Oxxy)™ = p"(OX) = p"(Ox(1)).
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The composition resulting from such chain, tensored by p*(Ox(—1)), yields a morphism

p'Ox(=1) ® ¢"Qy (1) = p"Ox(—1) ® p*Ox(1).

Together with the chain of natural isomorphisms

p*Ox(=1) @ p"Ox(1) ~ p"(Ox(-1) ® Ox(1))
~ p*(Ox>

~ Oxxy

gives a morphism

P Ox(=1) ® ¢"Qy (1) = Oxxy-.

U vanishes precisely on the diagonal {y; = z; | 0 < j < n} of P* x P" and is minimal

with respect to this property by a degree argument, hence C'ok(¥) = Oa and

)

O(—l)‘gﬁ(l) — Opxp — 0
1
OA — 0

is exact at Opyp. Now, we can form the Koszul complex associated to the map ¥. Note
that O(—1)XQ(1) is locally free of rank given by the product (rankO(—1)) - ( rank (1)) =

1-n =n. This Koszul complex is given by
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OA—)O

with dg s e, Ao+ Aey = >, (e, ) (—1) e, Ao A€i, A- -+ Ae;,, which gives® a locally

free resolution of Ox.

Note that this same resolution will not work for a general toric variety X, as Pic(Xy)
need not be isomorphic to Z. Therefore, O(—1) and (1) need not be defined for a general
toric variety Xy. Since {u, | p € (1)} span Ng in the case of P", the fundamental exact
sequence® for P

0 — M — CDivy, (Xy) — Pic(Xy) — 0

shows Pic(P™) = Z. Here, the first map sends m — div(x™) and the second sends a T-

invariant divisor to its divisor class in Pic(Xy).

For a more general toric variety Xy, we have the generalized Euler-Jacewski sequence "3

0—Qx — @ O(-D,) = H—=0

peX(1)
where H = H® O(1), H = H*(X,Qx). Here, H is isomorphic®® to the Weil divisor class

group of X (modulo linear equivalence) tensored with Ox.
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Generalizing Koszul resolutions for P"

Taylor resolutions®’ generalize Koszul resolutions, and are examples of cellular resolutions?®
of monomial ideals in the case that X is a d — 1 simplex where d monomial generators label
the vertices of X. This description of a Taylor resolution implies that Koszul resolutions can
be viewed as the cellular resolution of an d — 1 simplex. This is why the binomial coefficients
appear as the free ranks in a Taylor resolution: for every subset of 0,1,2,...,d — 1 of size

k < d, there exists a face of X, the d — 1 simplex with this subset as vertices.

However, toric ideals are binomial ideals (which can be viewed as lattice ideals!?36:37)

rather than monomial ideals, so resolutions of toric ideals in general come from resolutions

of lattice ideals.

Syzygy resolution for the lattice ideal from orbit of diagonal of P?

For Xy = P?, we have the set A = {(1,0),(0,1),(—1,—1)} of primitive ray generators with

|A| = 3 giving the exact sequence

05z L N0

with L & Z, N = Z2. Here, the matrix v is given by

1 0 -1

01 -1

and we can view

65



Here, o : 1+ (—1,—1,—1). For the orbit of A C X x X, we have the following setup:

0
N
LOELON =~ La
N\ P
0 - L&l -~ ZWgzZA Y NgN — 0
N I (a,b)—~a—0
N
} N\
0 0
with @ given by
I, ~1 10 [10
a0 ~1]0 |01
0 —1 10 (00
¢ = —
I, 0 |-1 110
0« 0 |-11]0 1
0 0 |-11]00

satisfies the hyperplane condition that —(x; + x2) = 1. For a; given by row i of ® the

unique minimal generators of the affine semigroup @, we have the nonzero Betti numbers?°
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Bip of the number of minimal th syzygies of the lattice ideal I, in degree b are:

b B

1 —1 1 0| (1,0,0,...)

~1 -1 1 1|/ (1,0,0,...)

1 -1 0 1| (1,0,0,...)

0 -1 1 1 (0,1,0,0,...)

-1 -2 1 1|/(0,1,0,0,...)

These correspond to the syzygy resolution

04 I, < @ S(—b)or « P S(~b)»> -+« P S(=b)*> <0

beQ beQ beQ

and 3,1, of I, equals®® the dimension over k of the j reduced homology group H i(Ap; k)

where for any b € ), Ay, is the simplicial complex defined on the vertex set {1,...,n} by

Ap={IC{1,....n} [ b= alies in Q}.

iel

For this particular case of the orbit of the diagonal in P? x P2, we have zero-dimensional
reduced homology generators from b = a; + a5 = ay + a4,a1 + ag = a4 + a3, and as + ag =
as + az in degree 2, with 5, = (1,0,0,...) for each. The free ranks of k(’;ﬁ) appearing in

Section 2.3.18 come from k = 1, from choosing (only listing one element of each equivalence

class here, to avoid overcounting):

{b=a+a;|1<i<nn+2<j<2n+2,j>i+n+1}

gives
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generators for Hy(Ay, K), each with rank 1. We can see that Ay, here is the disjoint union

of two line intervals here by considering the first two columns of ®.

Generators of H 1(Ap, K) live in degree 3. From the matrix ®, augmented to include row

labels as a;:

1101 0 - 0] a;
11010 1 0] ae
11070 0O 11 a,
110[0 0 <+ 0] apes
0[1]1 0 -+ 0| anss
01110 1 -+ 0 apss
oj1({0 0 --- 1 aA2n+1
0/{1({0 0 --- 0 A2n+2

We choose 3 elements from {1,2,...,n + 1}. Now, homology generators for H; (A, k)
come from x5 = 1,2. So for iy,49,i3 € {1,2,...,n+ 1}, we have homology generators of the

form

(i) b =a; + @i, + @iy With x5 = 1 and
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(11) = 4y + Aio4n+1 + Aig4n+1 with T = 2.

We can write (i) as

Qiytnt1 + Qi + iy = Giy + Qigtnt1 T Qi

= @iy + Qiy + Qigniy1

but not as

@iy + Qiy + Qig

which contributes 1 free rank to H;(Ap, k).

Similarly, for (ii) we have

iy 4nt1 T+ Giginr1 T Qis = Qi 4nr1 T Qiy + Qijgrnii

= Qj; T Qigpnt+1 + Gig4nt1

satisfying x5 = 2, which cannot be written as

@iy nt1 T Qigtnt1 T Qigngl

since this satisfies 2, = 3. Therefore, each element of (ii) contributes 1 free rank to Hy (A, K).

This case of P2 x P? is indicative of the homology generators for P* x P" in general. We

have the following:

Claim: Homology generators of H, k—1(Ap, K) for P™ x P™ come precisely from a subset
of size k + 1 from {1,2,...,n+ 1}, adjusted to be at height h where 1 < h < k. These are

values of b given by:
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{ai1+n+1 T Qigpni1 T Qipngl T Qi + Qi + 000 Ay ‘ 1<h< k}

An analogous proof to the case for P2 x P? shows that these are all distinct (for a given
subset of size k + 1, each distinct height x5 = h represents a distinct value for b, and an

analogous shuffle construction giving pairwise equality between the elements of the set

> i+ Y ai | JCIwith |[J]=h

jet JENNT
where [ is the previous choice of k4 1 elements in {1,2,...,n+ 1} with no other ways to
write this sum shows that each b contributes free rank 1 to Hj,_1(Ap, k) for k € {1,2,...,n}.

To say more:

Claim: rank(Hj_;(Ap;K)) = 1 for

b ¢ Zai+”+1+ Z a;

ieT i€S\T

Sc{l,2,....,n+ 1} with |[S|=k+1,TC Swith1 <h=|T|<k

Proof. Let C' = [0,1]*"1. C has 2F™! vertices, since vertices come from either a 0 or a 1 in
each component. If h € {1, k}, then up to symmetry by set complement of 7" C S, it suffices
to let h = 1. This gives that the set of b at h =1 is

Ajtnt1 + E a;

i€S\{j}

jes

Let b = + Zs\ia a; for some i, € S. Then Ay has facets

ilES}

which retracts onto OAF, since there’s a 1-1 correspondence between facets of Ay and ele-

aia+n+1

{{aé» {aj}jes\iny}
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ments of S, with |S| =k + 1 as the facets are

{i, 0, ik b {0, oot by oo {0 g, T

Since {i1,a,...,i511} is not a face of Ay, this shows that Ay, retracts onto OAF, the
boundary of the standard k-simplex, so that rank(H,_;(Ap:;K)) = 1 in the case h € {1,k}.
Next, if h = |T'| satisfies 1 < h < k, then for

be{) ajm+> a;||T|=h},
T

S\T

the facets of Ay, are given by

{ {aitier, {ai}iGS\T} .

Due to symmetry in 7" and S\ 7', we can assume without loss of generality that |T'| > %

Let C' = [[,er0, €q) be the & + 1-dimensional cube with half-space representation Hrep

from {e/,1 —¢e/}:

c=N (H;;V’O N Hjeivv_l) .

€S

C' contains the hypersimplex

A(h, k) =Cn (Zey—h)

€S

Facets of Ay, are

{ {aa}aETa {aa}aGS\T} .
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So there’s a 1-1 correspondence:

{ Facets F of A} <> {T C S,|T| = h}.

Consider the set map ¥ : { Facets of A} — C given by W(F) = >  .r¢es. Then
Im¥ C A(h, k) and contains each vertex of A(h,k) since any subset T' C S with |T| = h
gives a way to write bas b =Y, a;+ > s\7 @i That is, ¥ gives a bijection between facets

of Ay and vertices of A(h, k).

Now, the dual A(h, k)° has a facet for each vertex of A(h, k). Combinatorially, A(h, k)°
is given by Conv({inward pointing normals}), so that facets of A(h,k)° are given by the

convex hull of all elements of a given set T'.

That is, facets of A(h,k)° are given by
Conv{v, : a € T}.

Since |T| > % each facet of A, retracts onto the corresponding facet of A(h, k)°.
Thus, Ay retracts into OA(h, k)°, and surjectivity of the map ¥ shows that the retraction

Ap — 0A(h, k)° is onto.

This provides k - (ZE) values of b with free rank 1 of ﬁk_l(Ab; k). That is, distinct

homology generators for Hj,_1(Ap;K) come from
h k+1
bE{ZaiﬁnH%—Zainghgk}.
Jj=1 j=h+1
Since the free resolution of /x, computed by Macaulay2 is minimal and has free rank &- (Zﬁ)

for 1 < k < n, these are indeed all homology generators for ]:]k_l(Ab; k). O]
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3.3 Minimal resolution of unimodular Lawrence ideal
Jr

For ¥ a complete fan in the lattice Z™ and Xy, the associated complete normal unimodular
toric variety with {by,...,b,} C X(1) the primitive ray generators of ¥, and B the n x m
matrix with row vectors b;, each b; determines a torus-invariant Weil divisor D; on X;, and

the group C1(X) of torus-invariant Weil divisors modulo linear equivalence is given by !?

0z & z0 5 cix) —o, (3.1)

where 7 takes the i-th standard basis vector of Z" to the linear equivalence class [D;] of
the corresponding divisor D;.

112

Definiton: The Lawrence ideal ** J;, corresponding to L, a sublattice of Z" is

Jr = <Xayb —xPy*|la—b¢c L> CS=kx,. . ..,Tn, Y1, Yn)
for k a field. Here x* = z{*x5?--- 2% for a = (ay,...,a,) € N".
For Xy, unimodular with homogeneous coordinate ring R = Clz, | p € £(1)] = Clzy, ..., z,),
the toric variety Xy x Xy has homogeneous coordinate ring

S=R®r R=Fkl[r1,...,%0, Y1, ,Ynl-

The diagonal embedding Xy, C Xy X Xy, defines a closed subscheme, and is represented by
a Cl(X)xCl(X)-graded ideal Ix in S. Here, Ix = ker(¢)) for ¢ : S = R®x R — k[CI(X)|®R
given by x"y¥ = x" ® xV > [u] @ x""V. That is,

Ix = (x"y¥ —x"y" | 7(u) = n(v) in Cl(X)) C S.
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Proof. First, we have the following
Lemma: Suppose X = Spec(R) is an affine variety. Then the diagonal mapping
A :V — V xV corresponds to the C-algebra homomorphism R ® R — R given by

> r1 @ ro > > _ 11, from the universal property of X x X.

Next, locally, for > C Ng, we have that the diagonal map U; & U; x U; corresponds to

Clo, N M] ®y, Clo;” N M] — Cloy N M] given by

ZT1®T2'—>ZT1T2.

A choice of o € ¥ gives® the monomial

z’ = H x, €S

pgo(1)

for S the homogeneous coordinate ring®® of X. And the map

m <m> __ <m,up>
X = T = | | l’p
P

induces the isomorphism

7% Clo¥ N M] 22 (S,e)¢ for G corresponding to the GIT quotient of A=W

= (Sge)o

which are degree 0 in the Cl(X)-grading on S.
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So locally, we have

(Suo)o @k (Sys)o 2 (S,e)o by

Zua R ub — E :ua+b.

for u local coordinates in U, .

From

Iy =(x"®x" —x"@x" | r(u) =7n(v) € Cl(X))

= ker(¢)

for v : R®; R — k[ClI(X)] @ R via X" @ XV +— [u] ® x""V, we have that locally:

(In) o gy 00 = ker(x" @ x¥ = [u] @ x"Y) C Ryo ® Ryo

Now

+ +
Rys 2 klxy, ... 20wy ... w0, |

from getting powers of variables to cancel when localizing by z° for some r and ¢, and

X1 Ly

(Ryo)o = kI

]

o e
from X unimodular implies that for each by, € (1) there exists my € M such that

my - b; = 6F for all by, € o(1). Taking degree zero and considering the kernel gives
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Z; r; )"
(IA)w(}@kxf’ = <{ ®1-1® }._1>

Wi W

which we’ll write as

{z" ="}

on affine charts. [

Now!?, theideal Ix C S defining the diagonal embedding X C X x X equals the Lawrence
ideal Jy, for the lattice L = Im(B) = ker(w) of principal divisors from the sequence at the
beginning of this section 3.3. This latice L is unimodular precisely when Xy is unimodular,

and since the Lawrence lifting

A(L) = {(u,~u) | u € L}

is isomorphic to L, this implies that A(L) is unimodular as well 2.

Next, we’ll require the following definitions:

+ +
Definition: Given a field k, we consider the Laurent polynomial ring T' = k[z; ,..., 2 |
as a module over the polynomial ring S = k[xy, ..., z,]. The module structure comes®’ from

the natural inclusion of semigroup algebras S = k[N"] C k[Z"] =T.

Definition: A monomial module is an S-submodule of T" which is generated by mono-

mials x* = z{' -- -zl a € Z".

Definition: When the unique generating set®” of monomials of a monomial module M
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forms a group under multiplication, M coincides with the lattice module

Mp:=8S{x*|acLy=k{x" | beN"+L}CT

for some lattice L C Z™ whose intersection with N™ is the origin 0 = (0,0, ...,0).

Definition: The Z"/L graded lattice ideal I}, is?

I =(x*-x"|a-beL)cCS.
Claim: IA(L) = JL-
Proof.

[A(L) = <X£°l —xP ‘ a—be A(L)>
= (x*y* —x"'y™ | a = (a;,a),b = (by,bs),a— b € A(L))

= <Xa1ya2 — Xblyb2 | (a1 — bhag — b2) = (al,ag) - (bl,bg) € {(u, —U) | uc L}>
where the rightmost constraint implies
a2—b2:—(a1—b1):b1—a1 and al—bl €L

gives

=x"Yy —x'y*|u—-velL)=J,

O

While the hull resolution of the unimodular Lawrence ideal Iz = Ji is not necessarily
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minimal, the minimal resolution of I;y does come from a cellular resolution of M) and
is described by a combinatorial construction given by the infinite hyperplane arrangement 2
Hy. Here, H; comes from intersecting RL, the real span of the lattice L = ker(w) C Z7,
with all lattice translates of the coordinate hyperplanes {z; = j},1 <1i < n,j € Z. Bayer-
Popescu-Sturmfels'? prove that each lattice point in L is a vertex of the affine hyperplane
arrangement Hp, and that there are no additional vertices in Hy iff L is unimodular. Fur-

thermore, the quotient complex H /L of the hyperplane arrangement modulo L supports!?

the minimal S-free resolution of Jy, precisely because RLNHy = L.

Example of cellular resolution of /L for P?

For the unimodular toric variety X5 = P2, we have the fundamental toric exact sequence

defining Cl(Xy) via

0228723757 40

with
1 0
B=10 1
-1 —1
and B(a,b) given by
1 0 a
a
0 1 = b
b
-1 -1 —a—b

so that ker(m) = Im(B) contains

{61 — €2,€61 — €3,69 — 63}
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but can be generated by
{61 — €2,62 — 63} .
0
NOWL:Z-< —1!,! 1 >isrank2.
0 -1
If we label H;, with elements of the monomial module M, ;) and build the corresponding

quotient cellular complex on Hj /L labeled with one up triangle and one choice of down

triangle, subject to the orientation below, we see!?:

XaX3Y1

Xz¥3
Y1Xa Xs¥z2
X1¥2

Figure 3.1: Cellular Complex Hy/L for P?
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Here, the edges corresponding to the basis vectors e; — es and es — ez are labeled in blue,
the edge ordering is given by the number of arrows (1-3), and the upward-pointing face of
H/L is oriented counterclockwise while the downward-facing face is oriented clockwise in
Figure 3.1. We order the 2-cells via { “up-triangle,” “down-triangle”}. The cellular complex
H /L has one vertex, three edges, and two 2-cells. This choice of fundamental domain and

face ordering gives the S-free resolution'® (F3, ,;,d) resolution of S/.Jp:

Y2 T2 Y173 — T1Y3
Y1 T T2Ys — T3Y2
Ys T3 T1Y2 — T2l (3.2)
0 — 5?2 — S3 — Sst— 0
J
S/JL — 0
where
mg
o(F) = FFYy— . I
(F) > dRR)E
F'CF,

codim(F', F) =1

for mg the monomial label of the face F' and e(F, F') € {£1} with €(F, F’) = 1 if the
orientation of F” agrees with that induced by F. Here, mp is the lowest common multiple

of mp over the facets of F', starting with a labeling of the vertices.

That is, the cellular resolution of S/ J. coming from My in Equation 3.2 resolves the

ideal Ip2 of the diagonal P? C P? x P2,
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Discussion

Here, the cellular resolution for My (z) works precisely because the vertices of a unimodular
lattice are exactly the vertices of Hy. In order to resolve the diagonal for simplicial toric
varieties, we require the Morita theory of Section 3.5.5.

We generalize the Cellular Resolution of Hy/L for a simplicial toric variety in Sec-

tion 3.5.7.

3.4 Discussion of combinatorial approach for differen-

tial forms on simplicial toric stack

Given the generalized Euler sequence from page 64, here we recast the previous combinatorial
approach as follows: We have that Q(D;) = Q ® O(D;). For A C N a Z—linear spanning
set, we have

0L, 5725 N 50

and dual sequence

0 MLzA% Y 4o

Let R = Clz, | a € A] graded by L} with |z,| = 6" (e;). Let a : @, 4 R(—|za|) —

R® Ly — 0where @, 4 R(—|7a]) 3 ug = a(ug) = 2a®|2a]. Let foa = D ac ap).ana €a € 27

Define

ZU = E Caxfmaua — E cava,aua‘

a€A(v)+ a€A(v)_

Then ker(a) = (2, | v € M) = (2, : v is a ray generator of fan {C4_a, }).

This implies the graded module corresponding to Qx(D;) is generated by

{z, :wvis aray generator of fan {C4_a, }}
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with a grading shift given by |7,| = |z, — §Y(e}).

If we naively attempt to mimic Beilinson’s resolution of the diagonal for a general toric

variety by taking a direct sum of the maps

p*Ox(—D;) ® ¢*Qy(D;) = Oxxy

then the cokernel is no longer A C Xy x Xy. Since the direct sum of resolutions is
the resolution of the direct sum, we do not resolve the diagonal for general Xy, in this case.
Explicitly, a map
Qx(D;)) X Oy (—D;) = Oxxy

is given by a map of corresponding graded modules via the toric generalization of Serre’s
theorem giving an equivalence between coherent sheaves on Xy and graded modules over

the homogeneous coordinate ring, modulo torsion.

The isomorphism modulo torsion of ker @ — Qx,. away from the unstable locus of A

is given by

F(z,) = Z coxlvadr,

acA(v)

— Z Cat (1@ g — 24 ® 1)
a€A(v)

So we look for a map
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< Z Camfv,a(]_ Rk Ty — Tg Dk 1)> X <1>_Di i (e} ClZa,Ya : a € A]
D; in {zq}

acA(v)

= < . fd> ® R(|74) ® R(~|ya,]) = Clea, s a € A]
acA(v)

where the subscripts above denote grading shifts. Dually, if we look for sections of Txxy

of degree —D;, we do not in general have as many sections as there are for P*. Thus, in

general we do not have a non-trivial map

) = Clxa, Y - a € A

< > car (1@ 20 — 24 @ 1)> ® R(|7a;) © R(=[Ya,

acA(v)

whose cokernel gives Ia.

3.5 Resolution of diagonal in bimodules

Let A be an algebra over R, a commutative algebra over k a field. A is not necessarily
commutative. We consider In < A ®; A as a submodule given by kerpu : A ®, A — A of
multiplication. Here, A ®; A > A contains an isomorphic copy of A. We consider A ®;, A as

an A ®; A°?-bimodule, not as an algebra. Here,
_A®LA
Ap = N
To consider derivations and differentials of elements in A, consider the map given by

ozEAI—Mioz:oz@l—l@ozE]A

We do not consider I/I? here.
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Claim: ker pp = In = <CZ04 | o € A> as A ® A°-module.

Proof. (=): We construct g : ker yp — <c§a fa € A> via g (32, 2 @ wi) = 3, zidw; as fol-

lows:
Zzi@)wiekeru — Zziwizoso that
Zzi@)wi:Zzi(l@wi—wi@l) € <Joc | a€A>.
(«<): We clearly have that da = 1 ®; a — a @, 1 € ker . O

Relative to R, if we suppose that A is finitely generated as an R—module over R by

{f1,..., fr} then
<cia|a€A>%<JT|T€R>®{f17-~afr}

so that this gives a finite set of generators for Ia.

Additionally, we observe that the Leibniz rule d(a8) = d(a)8 + «d(3) holds here.

Al
3.5.1 For ["/;,]

Now, for x = Al/u,, we have that (O, O(1)) = DP(x) since any graded module admits a
direct sum decomposition over characters, and a direct sum of resolutions of submodules is

a resolution of the direct sum of submodules. Similarly, Db([Al/'un]) =(0,...,0(n—-1)).

Here, G = O®O(1) is a generator for D°(A'/15) which is isomorphic to just D’(A— mod )
(with no consideration of the grading) since we have a DG algebra concentrated in degree 0.
(G is projective, so just gives a degree 0 endomorphism algebra. So this DG endomorphism

algebra

84



a b
End*(G) = a,d € k[z]™™ and b, c € k[z]°%

c d

admits a direct sum over Hom(G, O)® Hom(G, O(1)) over the columns. Here, k[z|*V*" =
k[z?] and k[x]°dd = xk[2?]. Here, in the category of Z/2-graded modules over k[z] (graded
by the characters of ps), we have an abelian category containing, for instance, k[z] with 1 in
degree 0 and another given by k[z] with |1] = odd. (Here, O = k[z] corresponding to Al.)

On P!, there are no projective coherent sheaves, but for P!, we have torsion. Here, there
is no torsion because we are working with affine stacks, so there are projective objects. Now,

we fix A = End*(G), R = k[z]"* = k[z]*"*", the ring of invariants.

10 0
Here, d and d generate Ia.

Note: d(Id) = 0 = dl = 0 by construction.

By Lefevre-Hasegawa®', Ax is cyclic in the following diagram, generated by [Id ®y, [d] =

le A
YA
A"
= (A A)? - A®A — 0
1 3
AA — 0
10
Notation: Let e = € A. Then we have e? = e. For notation, let
00
E=e®(l—¢)—(1—e)®e. Now
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Je:e®1—1®e

=e®(l—e)—(1—e)®e.

Now,

0 0
(erA)-(e@(l—e)—(1l—€)®e)=€e® A
01
00
:€®
c d
for ¢ € k[z]°,d € k[x]*"*®, and
00
(Ame) (e®(1—e)—(1—e)@e) = —A- e
01
0 b
= R e
0 d

So we have projectors

00 -
(1_6)'A3:Qbottom:(€®A)-E:<6® >C<E>:<de
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and

0 b )
A.e:Pe:(A®e).E:< N ®6>C(E):<de>

so that < F >=(®b® r ®t (informally, “left tensor bottom plus right tensor top”). We'll
refer to these as subspaces P;, (); C A where P, comes from considering A as a left
A-module, hence P; consists of possibly nonzero elements in column 1. Similarly, @; as a
vector subspace of A considered as a right A-module gives that ¢); has possibly nonzero

entries only in row j.

Since P; and (), are projective left- and right-submodules of A, respectively, if we tensor
these together then P; ® @); is a projective A ® A°-bimodule. We have that
A=A C A® A, so to start the resolution we have that A ® A % A where A is unital so

that ker = A. Since u corresponds to matrix multiplication,

P ®Q2, P, ®Qy Cker = Ix

but since these are projective subspaces of A ® A%, we can split them off from ker(u).

Based on whether we consider A as a left- or right- module over itself, we can say

A2Pr=da;

Since <de> gives a projective part of the kernel of multiplication, we can split this off.

-0 =z
To find the equivalence class of [d | e 1 A/ < cZe>’ we note that
xz 0
[0 =z 0 =z 0 =z
d = R1-1®
z 0 z 0 z 0
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= ® - ® - ® - ® —~
0 0 00 0 0 01 z 0 00 z 0 0 1
10 0 = 10 0 0 00 0 00 0 0
— ® - ® + ® + ®
00 0 0 00 z 0 01 0 0 0 1 z 0

where the first and fourth summands in the first line, and the second and third summands

~ (0 =
in the second line are in <de>. Therefore we are left with [d | € IA/ < Je> as given

x 0
by
10 x 0 0 1 0 10 0 =z
d | = ® — ® +
z 0 z 0 00 00 00
0 =z 0 0 00 00
+ ® — X
0 0 0 1 0 1 z 0
where
0 0 1 0 1 0 0 =z
u = & — ®
z 0 00 00 0 0
and
0 x 00 00 00
V= & — &®
0 0 0 1 01 z 0

whereu € /@t and v € r ® b.

To find the kernel of the quotient map 7 : In — I v Je> which sends

Yo M@ N; = [> . M; @ N;], we consider Annagaer(u), Annagaor(v) separately. Then, we
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note that since u € f®t and v € r ® b,

[0 x
AnnA®AOP([d

x 0
as a set-theoretic intersection.

(i) If we first consider Annagaor(u), we have

a b 00 10 10 0 z
& — &
c d z 0 00 00 0 0
bx 0
—
dr 0

Here, if we compare tensor product of matrices, we're left with four equations:

bxr Qi a=aQ cx
bx®k5:a®gx
dr®a=cQcx

dr @b =c® dx

®

) C (Annagaor (u) N Annagaer(v))

o, o

S

(3.3)
(3.4)
(3.5)

(3.6)

Since a,b,c,d,a,b, ¢, d € k[x] and the tensors are over a field k, Equation (1) implies that

there exists A € k* such that A\bx = a, \"'a = ¢z. Since k[x] is an integral domain and

UFD, we have that = | b and that a # 0 <= b # 0 since x is not a zero divisor in k[z].

Similarly for equations (2)-(4).

(ii) To consider Annagaer(v), we have
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a b 0 z 00 00 00 a b
. ® — ® 1 =0
c d 00 01 01 z 0 ¢ d
0 ax 0 0 0 b
— Rk | = oz
0 cx ¢ d 0 d

Again, we have four equations:

ar@ec=bR ax

cx®Cc=d® ax
ar @d=b® bx
cr®d=d® bx

ar bx

Here, (5) implies that there exists A € k* such that Aax = b, A™'¢ = az. Since z is not a

zero-divisor in the integral domain and UFD k[x] when k is a field, a #0 <= b # 0.

Similarly for equations (6)-(8).

Now combining equations (1) and (5) gives that a # 0 <= b # 0 and if either a # 0 or

b # 0, then (1) gives deg(a) > deg(b) while (5) implies deg(b) > deg(a). Therefore,

a = b= 0. Similarly for the relation between @ and ¢ from comparing (1) and (5).

d=0.

Combining equations (2) and (7) yields that b
Combining equations (3) and (6) yields that ¢ = d = 0. These also show @ = ¢ = 0.
Combining equations (4) and (8) also shows that b = d = 0.

Together, these show that Annagaer(u+ v) = Annagaer([d ]) = 0. That is,
z 0
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0 z

[d . ] is torsion-free in 2 / (de)- Thus, we have the 2-term resolution of /x for [Al/m] :
T
I
7
00— A A — A®A — 0
+ +
An — 0

- - -0 =z
where the map A ® A — I is given by dX. Here In = <de> ® <[d ]> where
x 0

again, the second summand is taken in IA/ FAY Writing Py for left (“£7), Qo for bottom

(“D”), Py for right (“r”), and @ for top (“¢”), we note that (E) = P, ® Q2 & P, ® ;. This
1
gives, for [A/m],

In = <Je> @ (u+v)

=(PL® Qs ® Py ® Q1) ® (u+v)

Whereu€P1®Q1,U€P2®Q2.

Al
3.5.2 For ["/), |

Recall that we have D*(A'/p,) = (O, ..., O(n — 1)) so that we have
G =D, (y)gem Ox(9)) and A = End*(G) a dg-algebra concentrated in degree 0 given by

aix Q2 -+ Aip
a a cee Qo o o

A= { M= | | € Mata (k[2]) | ay; € x0(G) = 2 - k[x"}}
Ap1 Ap2 -+ Qpp
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from considering A = @ Hom(Gy(y),G) and columns as the image of the j-th basis

gE€Hn
vector for G. Here, i — j in y7) is taken mod n. Note that
Hom(G;,Gj) = (277" - ey € A= D jer(un) Hom(Gi, G;) where e;; € Mat,,(k[z]) is given

by

1 k=i,l=3j
(€ij)ke =
0 else.
For general n, let
0 0 T
x 0 0
0 =z 0
X := €A
0 0 0
00 ---2 0

Here, R := {r-Id | r € k[z"]} is a central subalgebra of A.
Claim: {dr | r € R} C <CZX>.

Proof. By linearity of d, it suffices to show that d(2") € <JX> But

dz" = d(X")
— Z Xi—l. X . Xnt [Leibniz Rule]
=1
Y (X @1)-dX-(1eX" ) e <JX>
i=1
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From

deji = e ®1—1®e; =e; ® (1 —ei) — (1 — e5) ® € 1=

we have

with span

(€ii ® (1 —ei)) = <€ii ®

ai

0

a11

0

0

0

@22

Q22

0

= <€m’ ®) d]-jejj>

JFi

= {F @ Qj}jx) -

0

0

so that (Ej;) D ({P ® Q;};) for a given value of ¢ and
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({E:}"7) D ({P @ Q;}1<i<n—1,42:). Note: d(Id) = d(1) = 0 by definition, so we only need

to take E;; for 1 <0< n — 2.

To give a finite generating set for A over R as an R-algebra, we again consider:
Hom(Gi, GJ) = <.§L’j_i . eji).
To generate Ia: we note that In = <Ja Ca € A>. By the above, we have

<cZa | a € A> = <ch | r € R> ® <{sz}f:1>
c (dX) + ({d@ - e5) | # i} Adlea) Vg )

where A is generated over R as an R-algebra by {fi,..., f.}. Here, note that
X = Z?:o T - €;i—1). Taking a quotient gives

szi/j{eii} = T€(i+1)i @ €ii — €(i+1)(i+1) @ TE(i+1)i

This implies

{zeqr1y @ ei — eirn)ir1) ® eyt C @ P ® Qi
X (kn)

generates In = <cZoz | € A>, if we only consider the P, ® Q; parts of df;. Here, indices are
considered (mod n).

1

Claim: [d(X)] is torsion-free in IA/<CZ ' >

Proof. To find Ann agaer([dX]) for [dX] € In, < Je-->’ we note that based on the direct sum

decomposition of A, we can consider the annihilator of the projected parts of [dX]
separately to each of the P;’s and @);’s, and then ask for an element in the intersection,

analogously to the case of [A!/us] above.
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Considering the annihilator of dX, we note that X is a multiple by z entrywise of a
permutation matrix. Reading off from the rows, we have x multiplied in the entries by a

cyclic permutation which yields the set of implications

Qij 7é 0 — deg(aij) = deg(aij) +n, ELZ‘]‘ 7£ 0 = deg(dw) = deg(&”) +n

for all 4, j for M @ M € Anngard(X) so that Annagaer([dX]) = 0 and [dX] is

torsion-free. N

1
So for general n, we have that I for A /1, 18 Tesolved by a 2-step resolution with just the

single element [dX]:

I

A
00— A A — A®A — 0
3 3
Ax — 0

Note that A is codimension 1 here.

A2
3.5.3 For [/,)]

01
Here, we have O = k|21, 29]. R =k[2?, 23] - Id. Let ¢; = z; -

10
D(A?/i5) = (Oy, O1) where Oy consists of even polynomials:

Oy = <k:[zf,z§],zlzgk[zf,z§]>

and O consists of odd polynomials:
O1 = (zk[z], 23], 20k (27, 23]) .
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Here, A = End*(O & O(1)) denoted by

Oy O

O; O
From (? = 22, (3 = 22, we have that dR C <JC1, CZC2>

To generate {da | a € A} modulo <{Je,-,-}>, we have that d1 = 0,

J(my “e0) = d(fy)eoo = CZ(QCQ “€00)

CZ(Q) (o ego+ (1 - d~(C2) - €00 modulo <J{e“}>

and similarly for d(zy - e11). For d(z; - eg1), we have

62(21 : e01) = CZ(Cl : 601)
d(¢, - €0)

d(Gh) - eqo modulo <{cze“}>

and, for instance,

Cz(Z1 : 610) = CZ(€11C1)

= ey - d((1) modulo <{cz(e”)}>

96



Slmllarly for d~22€01, d~(22€10> € <d~§1, CZC2>
Toghether, these show
(dac| o€ A) e ({d(C)ydle))

Thus, we have a resolution in terms of {J(Q)f:l}, once we remove the projective part
PLoQ:®d Q= <d(€u>> :

3.5.4 General resolution of diagonal for An/G for G a finite
abelian group

Let G = Homay(G,G,,), S = k[A"] = k[z1, . .., 2] the affine coordinate ring, and
F =S5"e S—Mod. Note: As a k—algebra, A is generated over k by ((;, {€; }izo0). Consider

M = Mat\Gly\Gl(/\'F) DB={MeM]| 2% = (p1 —p2) = Xi + Xi» + -+ Xin}
s

which is Z>¢ x G’—graded, where the Z>o-grading comes from the Z-,—grading on Ay F,
and the G-grading comes from the sum of G' x G-grading on A = End (D, jeqre Gi ® Gj)

where G is the x;-graded part of S. As a module over k, M is generated by

{Zaeil AREENAN eikeﬁlpz}

As an S—module, M has basis {e,...,e.} where {e;}icr = {2%€pup, 20 |=pa—pp.azb- I M,

‘Zaeil ARERRA eieemm’ = (6, |Za| + (pl - 02))
for z¢ a monomial in S. Here,
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B(*vo) — M(*vo)
={MeM||z%=pr—p2=Xi + + X}

=M e M| deg(M) = (x,0)

with no constraints on *. Here, imposing |z,| = p1 — p2 implies that we can view the
columns as image of basis vectors (as left module) of an endomorphism of A, which is to

say that columns are @, .\ Hom(G;, G).

%

We choose an equivariant basis of characters associated to GG such that

gz :Xi<g) © Zi

To generalize the constructions considered in previous cases, let

Gi i= zi€; Z €(p+xi)p

el

Note: B is an algebra over k. B is also an R—algebra, where

R= <z°‘epipi | pie G, ]2 =01in F>

Definition: Let s € B ® B be defined by

s=Y Gel-18(
i=1

Claim: Multiplication by s (on the right) defines a differential on the (character-deformed)

Koszul complex A F, yielding a resolution of /a.

98



Proof.

s? = (ZQ@l—l@Q) : <ZQ®1—1®Q>
=1 i=1
= (ZC¢®1—1®ZQ> ’ (ZCk@)l—l@ZCz)
i=1 j=1 k=0 =1
:ZCi§k®1—22C¢®Z@+1®ZQ@
ik i=1 =1 I

=-23 (®¢
7,0

=0

via the Koszul rule for signs, since s is in degree 1.

3.5.5 Another approach: Morita theory

Consider An/,u where p is a finite group of the torus. From the above, we understand
D(An/u) = D(k[z1, ..., 2z, — Mod") where modules are considered with grading. The goal
here is to understand D(An/u X An/M) in terms of D(An/'u), and more specifically, to
understand Oa of D(An/u X A”/Iu) in terms of Oa on An/ﬂ. That is, we would like a
description of O of An/u X An/u in terms of A for affine space. There is always the
cohomological grading present, but now we also have an extra grading on k[A"] — Mod".
Here, let S = k[A"]. Note that D(An/,u) is generated by line bundles O(¢) for characters

X € p*, so we have the generator

G=> 0y

xep*

Note: Hom(O(x;),O(x;)) is S with the right grading. Ignoring grading, we have
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so that

End'(G) == Matw (S)

In order to incorporate the grading, we would then take the degree 0 part. Here we use

Morita theory.

Background on Morita Equivalence

Note: Notation in this sub-subsection follows Weibel, and differs from notation used in
later sections.

Definition: Two unital rings R, S are said to be Morita equivalent if there exists an

R — S bimodule P and S — R bimodule ) such that P ®s Q = R as R — R bimodules and
Q®r P =S as S — S bimodules. Then

(—) ®g P gives a functor from mod — R — mod — S and

(—) ®s Q gives a functor from mod — S — mod — R

which are inverse categorical equivalences, since for all M € mod — R, we have

M®RrPRsQ=M®®r(PRsQ) =M

and

M®sQ®RrP=2M®s(Q®rP)=M
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for all M € mod — S.

Next, we have?4 the following:

(a) Morita invariance is an equivalence relation.

Proof. [(1): Reflexivity] To show that R is Morita equivalent to R, we note that
P =@ = R gives

PRsQQ=R®RrR=R

as R — R bimodules, and

QrP=R@rR=R=S

as S — S bimodules, which are R — R bimodules.
[(ii): Symmetric] R ~S == there exists P € R — S bimodules, Q € S — R
bimodules such that
PRsQ=R

as R — R bimodules, and
QrP=S

as S — S bimodules. Now to show there exists a P’ € S — R bimodules, Q' € R — S
bimodules such that

PorQ =S

as S — S bimodules,
Q' ®sP' =R

as R — R bimodules, we note that P’ := Q, Q" := P give
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PloprQ =QorP=S5

as S — S bimodules,
Qs P =P®RsQ=R

as R — R bimodules.

[(iii): Transitivity] R ~ S == there exists P € R — S bimod, Q € S — R bimod
such that
PRsQ=R

as R — R bimodules,
QerP=S

as S — S bimodules. And S ~T = there exists P’ € S — T bimodules, Q' € T — S

bimodules such that

PlorQ =S5

as S — S bimodules,
Q®sP'=T

as T'— T bimodules. Now

P®g P € R—T bimod ,

Q' ®sQ €T — R bimod ,
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and

(PosP)or(Q ®sQ)=Pcs (P orQ)®sQ
2 PRsS®sQ
=2 P®s@

=R

and

(Q®sQ)®r (PRsP)=Q ®s(QQrP)®s P’
~Q SRy P
%JQ/®SP/

=T

(b) If R and S are Morita equivalent, so are R and S°.

Proof. If R ~ S, then there exists P € R — S bimod, () € S — R bimod such that

PsQ=R

as R — R bimodules,
QerP=S

as S — S bimodules. Now, to show there exists a P’ € R’ — S° bimod,
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Q' € S°? — R°’-bimod such that

P/ ®SDP Q/ ~ ROp,

we note that P’ := Q, Q" := P gives

Q ®sr PEZP®R5Q

=R

and

Ql®Rop P/:P®ROPQ
=Q®rP

=S

so that R ~ S implies that R ~ S°. Note that R(°?)°? = R, (S°)° = S implies
that R~ S <= R% ~ S%.

(c) If R ~ S, then R — mod — R is equivalent to S — mod — S via

Q ®r(—)®r P

and

P®s(—)®sQ

from the following diagram
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Proof. We know R — mod — R is equivalent to S — mod — S if V& = [di_,04_r, and

UO(M) =¥(Q ®@r (M) ®@r P)

12

(P®sQ)r M Qr (P ®sQ)
X RRrRMRr R

=M

and
OU(N) =P(P®s N ®s Q)
= (Q®rP)®s N ®s(Q®rP)
2 S®s N ®s S
&N
so R —mod — R and S — mod — S are equivalent. n

Proposition: For any n € Z., the matrix rings R and S := Mat,(R) are Morita

equivalent.

Proof. Lam* builds functors G : mod — R — mod — S and F : mod — S — mod — R
and shows that they compose to the identity in each category, respectively. Weibel?!
takes a different approach, and uses P and () as above to construct bimodule

isomorphisms P ®g ) — R and Q ®g P — S. We will give each argument below.
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[(i): Lam] Let S := M, (R) = R for any n € Z.,. We construct
G :mod — R — mod — § as follows: Given V € mod — R, we let

GV):=V" = (vy,...,v,) €mod — S and for a: V — V',

(Ga)(vy, ... v,) = (Quy, ..., c0,)

so that G defines a functor from mod — R — mod — S.

Conversely, given U € mod — 5, let

F(U) = UEll

(returns the first column in column 1) so that UE; - s = U - sEy; € UEy; shows that
F(U) € mod — S and given 8 € Homg(U,U’), we have

B(UEwn) = (BU)E; C U’

so we say F(8) € Homg(F(U), F(U")) is induced by .

For V € mod — R,

(FoG)(V)=F(V®)

=F(v1,...,0p)

consists of row vectors of the form (vq,...,0). So (F o G)(V) = Idpnea—r(V).

Next, For U € mod — S, we have F(U) = UEy; :=V € mod — R (returns the first
column of U) and (G o F)(U) = V™. To find a natural isomorphism ¢, from U to
V) = (G o F)(U), let
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EU(U) = (uElla UEgl, Ce ,’LLEnl)

returns the i-th column in mod — R as the first column of an n X n matrix. Now,
(uE;) - E1n € V= Eyp = F(U) for all i. To check that ey is a homomorphism of right
S—modules from U to V™ = {(uy,...,u,) | u; € UE}; for all i}. We have

ev(uy +ug) = ey(uy) + ey (ug) from distributing matrix multiplication across addition,
and to check that ey(u-s) = ey(u) - s, we note that S is generated as an S module by
the matrices E;;. Since s = Z” ri;E;;, it suffices to check that

ev(u-rE;;) = ey(u) - rE;;. Direct computation gives

EU(U . ’f’EZ‘j) = (U, . TEZ']‘EH,U . T’Eingl, e, U T’EijEn1>
= (u'T(S}Eﬂ,u'TésziQ,...,U'Té?Eﬂ)

:(0,0,...,U'TEM,...,O)

with u - rF;; in the j-th position. Additionally, we have

EU(U) . TEU = (uEll,uEm, PN ,’lLEn ) . ’I"EZ"

:(0,0,...,U‘T’Eﬂ,...,O)

with u - rF;; in the j-th position. This concludes Lam’s proof.

Following the proof method in Weibel, we note that for S = Mat, (R),
P=(ry,...,m,) € R— S bimod, and Q = (ry,...,r,)T € S — R bimod, we first
consider the map P ®g Q — R given by matrix multiplication p: p ®sq — >, pig;.
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To show that this gives an isomorphism of R — R bimodules, we show that p has

trivial kernel and is surjective.

(i) If w(p® q) = D27 pigi = 0, then

q1 q1
q2 q2
(pla"'7pn)®s . :(plv”'apn)®5
Qn dn
g - 0 1
g - 0 1
= (p1-..pn) ®s :
Gn --- 0 1
q - 0 1
¢ - 0 1
=(p1...pn) " o | ®s
qn .- 0 1
1
1
= ZPZQ’L707aO ®S
1
1
1
=(0...0) ®s
1
=0®s0

so that ker(u) = {0 ®g 0} is trivial.
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(ii) Since R > 1 is unital, we have that for fixed r € R,

0
I (7’ 0 --- O>®s _ =r

so that p: P ® Q) — R is surjective. Therefore, i induces an isomorphism of R — R

bimodules P ®g Q — R.

Next, we consider another map p given by matrix multiplication: Q ®g P — S and
show that it is an isomorphism of S — S bimodules by again showing it has trivial
0

a2
kernel and is surjective. This time, ®r (p1 [EEE pn> — (qip;) € S.

Qn
(i) If g®grp+— 0= (qip;), then ¢;p; = 0 Vi, j. This gives

0
0
q1 _
q2
. ®R(p1 p2 - pn)zz qi ®R<p1 p2 ... pn)
| 0
Gn
0
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0
0
=2
i 1
0
0
0
=
i 1
0
0
0
=2
i 1
0
0
0
23
i 1
0
=0®gr0

7 QR (pl P2 - pn)

QR i (Pl P2 v Pn>

®r (Qipl qip2 - Qipn)
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so that ker(u) : Q ®@g P — S is {0 ®g 0}.

To show that p: QQ ®g P — S is a surjection: we note again that S is generated as an
S — S bimodule by {E;; | 1 <4,j <n} and for ¢ given by a 1 in position i and 0

elsewhere, and p; given by a 1 in position j and 0 elsewhere, we have

G®rp;= |1 ®R(0 P 0)

ij

so the image generated by @) ®r P under p is all of S. This concludes Weibel’s

proof. O]

Claim: The bimodule structures induce ring isomorphisms
Endgr(Q) = S = Endg(P)®

Proof. First, we show that P is a summand of S™ for some m as follows: Since

P ®sQ ~ R, we have that 1 € R can be written as

1= Zpi'%’
for some m. Now let e : P — S™ be given by p — (¢1 D, ..., qm - p) € S™ where (—) - (—)

here refers to matrix multiplication over tensors from ) ®z P. Then e is a homomorphism

of right S-modules. Next, construct h : S™ — P by (s1,...,8m) — > .o, p;s; where here we
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view P as a right S—module. Then A is also a homomorphism of right S-modules, and

(hoe)(p) = Zpi(Qi p)=> (pi-a)p=p

from associativity of matrix multiplication. Thus P is a summand of some S™ in mod — S.
Now, since Morita equivalence is an equivalence relation (shown above), we have that @ is
a summand of R™ in mod — R for some m. Therefore, when we view () as an S — R

bimodule, we note that

S = @ Hom(Q;, Q)

columns
Now, Endg(Q) is a ring with addition given by (f + ¢)(¢) = f(¢) + g(¢) and multiplication
given by composition of functions. Here, Endg(Q) acts on the left of @ via f-q¢ = f(q)
gives Endg(Q) = S. Since P can be expressed as a summand of R", and P € R — .S — mod,

we have that S = Endz(P)° by a similar argument. O

Morita equivalence for resolution of diagonal

This section resumes notation used in Sections 3.5.1-3.5.3 and 3.5.5. We have projectors P;
and (), as subspaces of End (G), based on whether we view End (G) as left- or right-
End (G)-modules, respectively. Viewing P as a column with |p*| entries and @) as a row,

we have that
P e (MMS, S) — bimod ,

Q € (S, M,S) — bimod

Now @ ®r, (s) P~ Sa = 5 and P ®s Q = M, (S)a = M,(S). The diagonal A respects
P, @ here. If we take (=) of both M|, S and of S, then we would reverse the role of P

and . Ignoring this, we write
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P®s(—_>)®sQ

(S, S) — bimod (MMS, M|M|S) — bimod

+—

Q ®M\MS (_) ®MIuIS P

Starting with M € (S, .S) — bimod, we have that under the composition of arrows to the

right and left, respectively:

M= P®sM®sQ
HQ@MM P®5M®SQ®MW| P=(Q QM P)@s M s (Q QM P)
=2 S®RsM®s S

=M

This gives an equivalence of monoidal categories, as a unit maps to a unit.
To get a projective resolution of A for M, S, we note that units are mapped to units in

Sa = M, (S)a (these are monoidal functors). If we take a resolution F. of Sa:

(/\’(5 @i S)", LS) =F

<—

and get a projective resolution
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Then we also need to compensate for the fact that the grading is not degree 0, which we

will do in the next section.

3.5.6 Shifting the grading for Koszul complex of section 3.5.4,
r An/G with G a finite group

Given that s := > " (v; —yi)e; = > o (2; @1 — 1 ® x;)e;, we have that the Koszul
complex (A°(S @ S)™, 1s) is isomorphic to the Koszul complex corresponding to the local

sequence (L1 — Y1,..., Ty — Yn) of S ®; S. So

n—1

(F*e) =0 NS @ 9)" = N(S@ S)" = =5 (S@ 9)" 2 S @, S =0

gives an isomorphic complex to

k
(F*,d(ey N+ Neyy,) :Z 17 % e Ao Ney A Ney,)

7=1
where X = (1 — y1,..., 2T, — Yn) in the notation of Weibel. Here, we can see

(A*(S @ 8)d) =SS5 = Ayin D' )

since In =< 1 — Y1, -, Tn — Yn > S0 (A" (S @k 5)", 1s) = (A*(S @ S)™, d) gives a
resolution of Sa.
Next, since P € (M),S, S)—bimod and @ € (S, M,S)-bimod are projective, they are flat.

Now

(Pos \(S@:8)"®sQ,10de 1)

has
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A . P H(A(S®,LS)"d)®Q i=0,
HPe NS@ S ®Q 1edo1) =
0 else .

ie. P(@s A*(S®rS)" ®sQ,1®d®1) is a resolution of

P®g(x1—y1,..., %0 — Yn) Qs Q = P ®g Ia s Qg Q

g ]A’MW\ C M‘/'L‘ - blmOd
We say that (P ® (A*(S®, S)") ® Q,1®d®1) is a resolution of

P®s(5®k5)®sQ/P®IAS®Q

and

(My(9))a = (PRs F ®sQ,10d®1)

For the grading, we turn S into a p-graded ring by x1,...,x, and g - x; = x(g) - x;. Next,
we shift F* by

[ ) n

AEP(S @ S)(—xi)

i=1
and turn the bi-grading on S ® S into a grading by taking the sum of the bi-gradings. This

gives a resolution of A in graded bimodules, and from our Morita equivalence functors,

Pos NS &1 9)(~x) 25 @

gives a resolution of (M, (S))a as a graded bimodule as follows: Here,
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My, = End* (@5 O(x))

as an internal hom in graded S-mod where G = @, O(x) is a generator for Db(An/G), SO

we can view

My (S) = €D Hom*(O(x), @)

as a direct sum over the columns P € (M, S)—graded bi-modules and

M, = P Hom*(G,0(x))

X

as a direct sum over the rows for @ € (S, M, /(S))—bimodules. Here,

P — Homgr—S—mod(O = Sv G - @ S(X))

is in right S-mod and
@ = Homg:. 5-moa (P S(0), 9)
X

is in left S-mod. Now, the components of F* are p-bigraded S — S bimodules and

P e p—grS-mod, Q € p—grS—mod. Here, since the morphisms for F* are degree 0, we
have a degree 0 differential on F*. The degree 0 part of F* is not a graded module over
M,,/(S) or over S, but only over M‘(LI. Modules here are equivalent to graded modules over

A”/u as an affine stack. Here, F° =~ S ®; S implies

(PsF'®sQ)’ = (P®s(S®S)®sQ)°
> (P @ Q)

g@PX@)kQ—X
X
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since P = P ®g S as an (M, k)—bimodule and P = Hom(S, P S(—x).

Now, MI(LI = A and we want P,,()_, to be projective A — A bimodules. To get P as an

A—module: P = P

P @ Q =pimod @ P, @k Qp,.

P1,P2

Now, we ask: What does a full resolution look like?

Since F¥ = A* @7, (S @ S)(—x;) has basis {e;, A--- Ae;, } with degree xi, +- - -

have

P&,Q=EP P, @k Py,

p1,P2

so that

Frk= @ (S ® 9)( ZX%

11 <t <--<ij

+ Xip,, We

as a free S ® S-graded bimodule. Note that F! has basis {e;,...,e,} in degrees xi, ..., Xn.

Now,

PasF @sQ= @ F,o(SaS5) lej 2 Qp,

P1:P2>
1< <,

which we can write as
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= @ Pﬂl Ok Qm

p1,p2,1C[n]
|[I|=k and p14p2=xr1

=(PRF ®Q)°

3.5.7 Adapting the argument of section 3.3 for Xy simplicial

For X{, a simplicial toric variety which is a global quotient XE/G of a unimodular toric
variety Xy, with G a finite abelian group, we can choose an isomorphism of the lattice L of
principal divisors of Xy which is unimodular such that L C L is cofinite, and L/ = G.

Furthermore, locally, X3, = ATL/G, so that locally we can consider L = Z".

Diagonal Object in Mod-A

Here, let R = k[A"] and S = R®; R = k[z1,..., 20, Y1, ..., Yn). In D(A”/G)’ we have
generator H = P, .4 O(x), with endomorphism algebra A = End(H). Now,
A~A e A® A? — Mod. We have functors given in Figure 3.2

Q aﬁ(-)

Ty

R-Mod Mat(R)-Mod

~aR

IMat(R)®(-)
| A

Qe() l

/B\ A-Mod
r\Pﬁ(-)/

Figure 3.2: Morita Equivalence Functors Between R — Mod and Mat(R)— Mod, and their
Graded and G-Invariant Counterparts Between R — Mod® and A — Mod

R-ModG

Here, P € (R, Mat(R)) — Mod is a row vector with grading on generators
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P={ex | lexl = =x)

Q€ (Mat — R, Ré) — Mod is a column vector with grading on generators

Q = {ex | lex] = x)

and we have

Hompa(Q, —) = P ®pe (—)

For P®a (=) : A— Mod — R — ModC applied to A = A € Obj(A® A — Mod), we have
that

P ®a A= <Zaeplpz ’ ’zaemm’ - ‘Za’ + P1— P1 + P2>

with grading

2%€p | = [2%] + p1 — p1 + p2

= [z + p2.

For m(Ma(ry) = Mar) QgaD)] S, we have

xu
T(Mary) =S - {E | u€ L} ®gpizy S

with S[A(IZ)] = <:1:“1y"2 ® 27 | (ug,ug) € N* v € [:> induces an L/E grading left on,

say, {z1,...,z,} from cancelling y* in the denominator. Here, the map

¢ : S[L] — My via 2“1 y"* @ ZV1v2) |y guatvrg uatvs
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induces an S[A(L)]-module structure on M, hence an S[A(L)]-structure on My(. In

Bayer-Sturmfels®”, the map ¢ : S[L] — My, was used to show that

n(Mp) =S4 g @ 5= 2,

by using the fact that 7(My) is cyclic when we only have the unimodular lattice L to

consider.

We can also view

(R — Mod)® = Mod — A

P M, = M. — Hom(EP R(—p), M) = € Hom(R(—p), M) = P M,

peG e P

where , M, contains idempotents e,, € A on the right-hand side.
We also have 7(Mar)) € (S — Mod)¢*C with

W(MA(L)) ~ +E€G‘Mﬂ . 30

is a sum which is not necessarily direct, and

I

k[Z*™).

x"LL
S - {E | u € L} C S(m.-.xnyr"yn)

Here, the localized ring Se, . zpy;..y,) @dmits a Z?" grading descending to an L/E @ L/f/
grading. While m(My(z)) is no longer cyclic, we do have
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and

SIML)) = @ SIAL)] - 207

ueG

carries an anti-diagonal grading. Now
SIL]=(x"®2"|vel)

and in

SIAL)] = {(z"y"* @ 2z | u € L)

S has an L x L grading since L = Z", and taking the quotient of L by L induces a quotient
on A(L) by A(L) which gives an L/E X L/E-grading on S[L]. Now S[L] has a degree 0

grading on z’s with respect to L/ 7

For ¢ : S[L] — M via 2" ® 2¥ — 2%T" we have that ¢ is surjective,

ker¢p = (2" ® 2¥ — 2"’ ® 1) and
Ip=@E"—2"|u—vel)y<S$

comes from ker ¢ by setting z’s equal to 1. Here, we have that

My = S[L]/kergb

as S[L] modules. As S[L]-modules, we still have
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For ¢ : S{A(L)] = My, we have that

ker ¢ = (y; ® 207 — z;)

—€i,€4

is homogeneous of degree (1,0) is one generating set, and ker ¢ = <xz ® 2 ) — yz-> is

another generating set of homogeneous elements of degree (0,1) € (G, G). Furthermore, we

have that

Inwy = (x5 — y5)

since L = Z", and considering ¢ as a map of S [i]—modules gives that ker ¢ still specializes

to In(z) when we set the 2’s equal to 1.

To show that

A W(MA(L)> = MA(L) ®S[A(Ji)] S e (S — MOd)éXé

I
ML ®S[[~/} S

we note that A is generated over k by

A/k = <wae/)1p2 ‘ ‘CK’ =p1— p2>

so we construct a map W : A — w(My(z)) by describing its image on generators of A/k:
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¢<wa€p1pz) =7°® ZAle2),
Given M € R — Mod, we can use the projectors e,,,, to get
epipM = M, €k —wv.s.

and

M:®Mﬂi

as a graded R—module.

To get a G x G-grading on A € (A® A°P) — Mod, we use projectors
e,DPAeﬂ'p’

to pick up the (p, —p’)-homogeneous component of A in the G x G-grading.
To get a G x G-grading on w(My), we have that

2y @ 22, °| = (a1 + B, a5 — ).

Here, the grading on generators of A over k comes from Figure 3.3.

w!l

/\

o o
P, P,
Figure 3.3: Quwer associated to w*e,, ,
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Since (M) € (S — Mod)éxc and A~ A € (A® A?) — Mod, we put an (S — Mod)éXé

structure on A via

S=R®. R

and use the matrix representation representing multiplication by » € R to give R — A so
that both A and m(My(r)) € (S — Mod)@*€.
Now to check that 1 is compatible with the (S — Bimod )GXG structure, we note that

B, __a+p .
LW €ppy = W " €pi1|B],p2 Left action

and

Ywe, = w e, sl Right Action
gives that we have an S — Mod homomorphism:
f(s-m)=s-f(m)

since
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Y(awley,,,) = ¢(wa+ﬁem+\ﬁ|ﬁ2)

_ CL‘OH_/B ® Z)\(,D2)
= :L'ﬁ . (xa ® Z)\(PQ)

= xﬁw(waempz)

and

@b(yﬁwaempz) = ¢(wa+ﬁep1,pzflﬁl)

= ¢ot8 @ H(P2=1Bl,=p2+IBl)

= (z® ® 27FF)) . (2@ @ 22())
— y6<$a ® ZMPz))

= yﬁ¢(waep1pz)

Lastly, to show that this is an isomorphism, we construct an inverse to . Since

T(Mary) = R[G] as k — v.s., we construct

LI X 2V = wa€a+§7§

as an inverse to .
This shows that for global quotients, we tensor over S[A(L)] rather than over S[A(L)] to
get A.
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3.5.8 Global diagonal object and resolution of the diagonal for
X5 = XE/G a global quotient of unimodular X5 by G a
finite abelian group

Here, we’ll give a global diagonal object for the example of Pn/G and a proof for why this
is a global diagonal object for Pn/G which depends only on the fact that P" is unimodular,
hence giving a global diagonal object for the more general case of X& = XE/G a global

quotient of unimodular Xy by G a finite abelian group.

Claim: We have a global diagonal object for Pn/G for GG a finite abelian group.

Proof. Locally, Pn/G is isomorphic to An/G. So locally, we have U = UU/G for U, = A"

open in Xy = P". For A", we have presentation of CI(A") = 0 via

0 M3 Z2°0 5 c1x)—o0

gives

Yy

02" 8z7 %00

and L = ker(m) = Im(B) = Z". This gives A(L) = {(u,—u) | u € Z"}. We have A for
A”/G as

A r(Mygy) =" [A<L)]/kerd) Bsia@y S

KA @ (200 o
Py — 2, @ @) @siay) FIAT]

where R[@] is the group-ring with variables w; and G = L/ 7. Now the transition maps for
coordinates x; on local charts of A" = U, C Xy, = P" induce transition maps on transition

maps for U, x U,, and hence on U, x U! = UU/G X UU/G_ This induces transition maps on
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the 22(¢)’s from locally writing 2; = y; ® z*€) in My, in U’. This implies that the

Ae;)

transition maps for the z s glue together, and the diagonal object A for An/G glues

together to give a global diagonal object for Pn/G. O]

Note: This proof is highly dependent on the fact that locally, P" is isomorphic to A" in the
sense that P" = U,;U,, with each U,, = A". Since this also holds for any unimodular toric

variety by the Lemma below, an analogous argument gives a global diagonal object for

Xg = XE/G with Xy unimodular.

Lemma: A complete unimodular toric variety Xy has a cover by open charts which are all

isomorphic to A”.

Proof. Let the complete unimodular toric variety Xy have fan ¥ with maximal-dimensional
cone o € Y(n). Then 0¥ N M is generated as a semigroup by normal vectors to the facets
of o, which is to say by the ray generators of ¢¥. But there are n such normal vectors, and
X, unimodular impies that ¢ is unimodular, so subsets of p; € o(1) up to size n are
linearly independent over Z. This implies that the n ray generators of oV are also linearly

independent over Z. So U, = A", O]

Claim: 7(My(z)) is resolved by the cellular complex associated to HL/ 7 which we view as

sy = Phy,

ueG

together with a covering map of

i
HL/L
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Proof. Since My () is a monomial module, Hy, resolves My (r). The complex (]-";[L, 0) is not
S-finite, but has finite length m = rank(L). It is also a minimal Z*"-graded free

S-resolution of the lattice module My r,) 12 Since HL/L resolves

M) ®siawy S

we have that HL/ 7 resolves
T(Mar)) = Mp Qg S-

1
3.5.9 Example of resolution for P //~L6

Recall that for P! we have a presentation of CI(P!) & Z given by

B s

0 - M = zZFOL IS C|(PY) —0
I 1 I

0 - Z —» 722 = Z = 0

with maps B and 7 given by

1

-1
0z =/ 22MWz 40

so that L = ker(11) with L =2Z < > C Z2. If we fix L = Z, then L = 6Z and

-1
L/E = 115 = G. Now P! has monomial labels on %L/L given by Figure 3.4:
For G = pg, we have the cellular complex HL/ 7 and is given by Figure 3.5.
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(0,0)
X
1%2
X
1%2
(1-1) Y1
Figure 3.4: HL/L for P!
The decomposition
M =DM
ueG
and corresponding covering map h is given by Figure 3.6
with corresponding complex and resolution
—Z1Y2 0 o T2l
rayr  —x1y2 -+ 0
0 Toyp e 0
0 0 T T a2
S6 — S6 — 0

1
W(MA(L)) — 0

The covering map h corresponds to a subdivision of the maximal torus of P" by G.
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1
Figure 3.5: HL/i for I3/”6
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—

<

1
Figure 3.6: HL/i Jor P/MG

3.6 Upgrading the grading on (S — ]\40d)é><é

If we add in a (Z& G) x (Z® G)-grading to (S — Mod)®*¢ and view
(M) € Ob (S — Mod)%*C for instance, for PI/M with R = C|xg, x1], exact sequence

1

A )

02 "= 22" 57Z25G—=0

with map

131



ZEBZ/ZJL2<—Z2

(a+b,a) < (a,b)

and

|z5° 21| = (a0 + a1, @)
with ag = —ay, ag = 4b from L = Im(B) C Z?* gives a Z ® G-grading on R, inducing a
(Z® G) x (Z® G)-grading on S.
Now, with
SIAL) = @ SIAD) - MO

uel

1
allows us to write the resolution for / 1t as

—T1Y2 0 0 Tal
Toy1  —T1Y2 0 0

0 oY1  —T1Y2 0

. 0 0 ToYyr  —T1Y2
0— S — D,cc Ox,—x) — 0
1
A — 0

where the vertical map downwards takes the basis element e, for O(x, —x) to

ZA@) S W(MA(L)).
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3.7 Weighted projective space P(1,2)

For £, £’ line bundles on normal toric variety Xy, if £ has sheaf of sections O(D) and £’

has sheaf of sections O(FE), then to compute

Ext'(Ox,(D),Ox.(E))

we note that for ¢ = 0,

Hom(O(D),O(E)) ~ O(E — D)

and Ext/(O(D), O(E)) = RD(O(E — D)) = H*(Xs,, O(E — D)).

Now, for

P(1.2) = [cz \{(0, o>}/c*]

where C* acts via A - (21, 22) = (Az1, A22), the set
0,0(1),0(2)

is an exceptional collection.

Proof. Note that

H*(O(~1)) = RLHom(O(2), O(1))

= R['Hom(O(1),0).

To find H*O(n) on P(1,2), we form a Cech cover on C?, noting that z; has degree 1 and z,

has degree 2. On Uy, we localize at z; to get O(U;). In Figure 3.7 each lattice point is
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labeled by the total degree of monomial. On Us, localizing at z5 gives O(Us). Here, lattice
points in turqoise are again labeled by total degree of monomial. Level sets of total degree
are highlighted in increments of 2. In the Cech cochain complex, C°(U; U Us) is given by
['(Uy) x I'(Us) in Figure 3.7. Note that both I'(U;) and I'(Us) contain (0,0). For

e ([C V{0, 0)}/C*D

we consider elements only of degree 0.

)

0 @& o ¢ & @ 0@ o @ 0 o
-

- _0 2 3 3 5 1o
¢ @ 0 @ ¢ e o & o ¢ 0 @
) ° b b

-3 -2 - = E
o o 0 ¢ 0 o o @

_5 4 2 2 = 0 | 2 a ] 5 b
éo—o—H—o?%—o—-s—o—*-—o—v&-
0,)

D

‘ls..‘,.

o
)
L

(Ol,)

et e oo e

o ! 2 3 4 g b

(0,0) e eo. 0 o 0 ©
= N 0 2 3 4

2 0 9. _0 9. _0 e

l‘* -9 0 o e @

W S 4y =2 =t o

e @ 0 @. .0 @

Figure 3.7: O(U,) and O(Usz) on P(1,2)

To build the Cech complex for O(n) on P(1,2), we map O(U;) to O(Us) using d°, which
shifts O(U,) n steps to the left. For O(—1), and H*(O(—1)), d°(C°) and C* are given in
Figure 3.8. Here, H! is the kernel of d' by a dimension argument. Any lattice points

labeled by both red and turquoise have elements in the kernel. But this does not occur for
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Figure 3.8: d°(C°) for O(—1) on P(1,2)

any points with degree 0, so H'(P(1,2),O(—1)) = 0. Here, H" is the cokernel: but all
degree 0 elements lie in the image of C?, since each degree 0 lattice point is labeled either

red or turquoise. Therefore,

H'(P(1,2),0(-1)) =0

for all 7.

For O(—2), we would move the turquoise dots over to the right by 1 in Figure 3.8 (a total
of 2 steps to the right). However, we still have no lattice points of degree 0 labeled by both
red and turqoise lattice points, so H'(P(1,2), O(—2)) = 0. Similarly, all degree 0 lattice
points are labeled by either red or turqoise dots, so the cokernel is 0, and H°(O(—2)) =0
on P(1,2).

Therefore
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Figure 3.9: d°(C°) for O(—2) on P(1,2)

Ext(0(2),0(1)) = Ext(O(1),0) = RT(O(~1))

~ H(O(-1)) =0

and

BExt(0(2),0) = RT(O(~2)) = H*(O(-2)) = 0.

Note that d°(C?) for O(—2) is given in Figure 3.9. To see that O, O(1), O(2) generate

D*(P(a,b)) for a,b > 0 and coprime, we note exactness of

0= 0(-a—b) = O(—a)®O(-=b) - O =0
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on P(a,b). O

3.8 Bl (P?) and deforming to H¢ for projective toric
varieties which are smooth and non-unimodular

in the Bayer-Popescu-Sturmfels sense

For toric varieties which are smooth and non-unimodular in the sense of
Bayer-Popescu-Sturmfels, we’ll need to deform the cellular complex Hj, by an element

¢ € R4 We use € to give transversal intersections at the vertices in H¢ (0).

Here, we deform the cellular complex H;, to H for Bl P2 which is smooth, Fano, and

unimodular as an illustrative example.

Recall that a sublattice L C Z" is called unimodular if L is the image of an integer
matrix B with linearly independent columns, such that all maximal minors of B lie in the
set {0,1,—1}'2. If we blow-up the torus-invariant point [1: 0 : 0] of P? (following
Cox-Little-Schenck, I will call X5 = Bl.0. P2 the toric variety associated to the fan in Ng

given in Figure 3.10), then the lattice L given by the image of B in

0> M-274 5 Cl(Xs) = 0

110 -1
where BT is given by is unimodular.

011 -1

Here,

~ (Dy,....D
CZ(XZ) :< ! 4>/(D1+D2 —D4,D2+D3_D4)

Since Dy corresponds to the exceptional divisor in the blow-up, Dy has self-intersection
number -1:

Dy - Dy =—1
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?
Figure 3.10: The fan ¥ and the nef cone for Blj.g.qP?

while Dy, D3, and D, have self-intersection number 1, so the nef cone of Xy, is given by the

span of D; and D,. This description of the nef cone comes from a map

0101
1011
RV " +— "R

corresponding to a fan in the first orthant of R*. Here, the element D; 4+ D, in the nef cone

€ 1

0 0
corresponds to =¢ € R%.

0 0

€ 1

Deforming the cellular complex |,

Here, Xy is assumed to be smooth. If we consider RL = L ®z R C R* as before from the
unimodular case, then the intersection of the infinite hyperplane arrangement H; with RL
will have more lattice points than just what appears in L'2. That is, for Xy, smooth and

non-unimodular,
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(Hp NRL)\ L # 0.

RL NHy is given in Figure 3.11 for Bl[y.o.) P2, which is unimodular (hence no extra vertices
appear). Here, vertical lines in yellow correspond to integer values of x;, and x; increases
in value as we move to the right in the diagram. Horizontal lines in black correspond to
integer values of x3, which increase as we move up. Diagonal lines in blue give integer
values in x5 and x4, which increase up and to the right, and down and to the left,
respectively.

Since more than two hyperplanes intersect in RL at each point, the cellular complex Hp,

does not have transversal intersections at each vertex.

A

NN N

Figure 3.11: RL, showing RLNH; C R*

To remedy the lack of transversal intersection at each vertex v € H(0), we adjust the

infinite cellular complex Hj by deforming the hyperplane arrangement in a manner

139



governed by our choice of € in the nef cone, given by

1 0 €
1 1 0
T +y + =0
0 1 0
—1 —1 €

corresponding to row 1 and row 2 of B, giving a basis for L C R

This gives the deformed hyperplane arrangement H¢ corresponding to the shifts
e1te€Zes+ecZfor0<e< 1. We construct the Hull resolution ( ;{2, 0°) below. The
deformed complex HS is given in Figure 3.12, together with the monomial labelings given
by taking the vertex labeling associated to the floor function for each coordinate of a given
point in HS C R*. Vertices with common color labeling are given the same monomial
vertex labeling in Figure 3.12. The arrows off of hyperplanes indicate direction of increase
of x; for 1 <7 <4, as in Figure 3.11.

Here, we emphasize that RL is a plane in R* along which we are considering the
intersections with the hyperplane arrangement H;, = {z; € Z | 1 <1i < 4}.

Taking the quotient of Hj by L and giving monomial labels from My () given by the

integer floor function in each component are given in Figure 3.13. Here, the differential

o P s— S
)

e€HS (1) veEHS (0
is given by

va| O 0 0 0 1 -1 0 T3Y4 0 —T3Y1
vy | 0 1 -y 0 0 1 0 0 —T311 0
vy | O 0 0 1 =1 0 —zy 0 0 T1Y3
mn| vy -1 0 -1 0 0 0 0 T1Y3 0
Vo | —x2 O Ty 0 0 0 Tal1 —T4Ys3 0 0

Ey E, FE, FE3y Ey E; Eg E; Ey Ey
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Figure 3.12: H5 for Blu.o.qP? deformed by O(Dy) + O(Dy)
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subject to the labeling in Figure 3.13. The color labeling of vertices and edges in

Figure 3.13 corresponds to the color labeling in Figure 3.12. Exactness away from
homological index i = 0 follows as before for the unimodular case by the same convexity
argument used in Theorem 3.1 in Bayer-Popescu-Sturmfels?. We investigate the cokernel

of g in the following section.

Figure 3.13: The quotient cellular complex HE/L with monomial labelings from My (r,)

3.8.1 Cokernel of J;

Here, we consider the map

e
(Fyz,a ) — Snzi

given by @veﬂg S(—=mp) — S1a where a vertex in H§ maps to its vertex monomial label

in MA(L)-
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1 0
1 1
For Blj1.0.)P?, we have that L = , ,
0 1
-1 -1

Ip = {(z" — 2" |velL)

= <$1$2 — Xy, XT3 — Ty, T1 — $3> )

Jp = (z"y’ — 2%y |u—v € L)

= <$1$2?J4 — TaY1Y2, To2T3Ys — T4Y2Y3, T1Y3 — 903yl>

and My () as an S—submodule of T" has the infinite generating set {*y~™ | u € L}. In the
quotient by L, the cellular complex H} carries monomial labels given in Figure 3.14. When
we consider monomial labels on vertices in the quotient H¢ /L, we only need to consider
the monomial labels on vertices given in Figure 3.14 due to which vertices in S (0) carry
the same monomial label.

Here, L N N™ = {0} implies that M) 3 1, so that My) C Im(f) above, by considering
the action of L on the quotient from Figure 3.14. Modulo the action of L, there is one

additional monomial £ in I'm(f) which is not contained in Mjr). Note that since

T1X2Y4 T2T3Y4 T1Y3
) )
TaY1Y2 T4Y2Ys T3Y1

} C My,

we also have

TaY1Y2 T4Y2Y3s T3Y1
) )
T1T2Y4 T2T3Y4 T1Y3

} C Maw).-

Now for X5, = Blj.0.]P?,
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Ly = <$3I4,$1$4,I1$2,$2$3>

- <l’1, ZL'3> N <'T271;4>
and I, for X5, x Xy is given by

(z1,23) N (T2, 24) O (Y1, y3) N (Yo, Ya) -

Now, for any monomial ¢ in I;.. for X5 X X5, we must have that either x5 or x4 divides gq.

If x5 divides ¢, then

Ty (%) = y2 € M)

T2

since My(z) 3 1 shows that ¢ - Z—z € M. If z4]q, then

Y2 T4Y2Yys
Y3Ty - (x—) = ( ) - T3ys € Ma(r)

2 ToX3Y4

shows that ¢ - <g—§> is in the image of the action of S on ¢ - (g—;) Therefore, the cokernel of
the inclusion of M) — Im(f) is torsion with respect to I;., for X5 x Xy. In general, we
say that an R—module M is I torsion iff there exists k € Z, such that I*M = 0. Here,

k = 1 suffices to show that the cokernel of the inclusion of My < I'm(f) is torsion with

respect to I;.. for Xy x Xs.
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Figure 3.14: Monomial labels on vertices v € H (0) modulo L

3.8.2 Moving around in the effective cone

Here we consider coker (My(y <= Im(f)) for € in the interior of the other chamber of the
effective cone, spanned by O(D,) and O(Dy). (Again, Dy corresponds to the exceptional
divisor of the blow-up of Bljy.0.0)P?.) Our previous discussion of coker(Mxy < Im(f))
from Section 3.8.1 took place inside the nef cone of N'(Xy), with N'(Xy) = Cl(Xy) ®z R
since Xy is smooth. More generally, we can ask about the cokernel of the inclusion of
My = Im(f) inside of the other chamber of the effective cone, given in Figure 3.15.
Inside of this cone spanned by O(D,) and O(D,) in Cl(Xyx) ®z R, we have a corresponding
fan for which the ray p, is removed. This gives the fan for P?, though we retain the
information that ps no longer lives in any maximal cone so that the irrelevant ideal for Xy

becomes

]i’rT = <$1, $3,ZE4> N ('TZ)

and the irrelevant ideal for Xs; x Xy in this case is
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Ab)
w(g) (D,

\) O

Figure 3.15: Chambers of the Effective Cone

Ly = <561, Zz3, SC4> N (902) N <y1,y3, Z/4> N (yz)-

Taking € = corresponding to O(D3) + O(D,) in the interior of the chamber of the

€

effective cone spanned by O(D,) and O(D,), we have the deformed cellular complex He
whose quotient by L is given in Figure 3.16. Here, x5 = 0 and x4 = 0 are labeled in blue
and yellow, respectively, since those planes are deformed in RL.

In this case, I;;, for X5 x Xy is given above and coker(My(r)) 2 %7 g—z and is spanned by

translates of these elements by L. Note that in this case, at least one of z1, x3, or x4 must

divide any monomial ¢ in the irrelevant ideal I;., of Xy x Xs.

For L-translates of %, we note that if x; divides ¢, then
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I.

»

e

LY

Figure 3.16: Deformed complex H¢ for € corresponding to O(Ds) + O(Dy)
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Yy
xy - (x—i) =y € M)

+ £ % +
since 1 € My(r), and My is an S—submodule of T' = k[x; ,... &0,y ,...,yn | If 23

divides ¢, then

Yy T3y
$3'—1:y3'( 2 1) € Mz
T1Y3

If x4 divides ¢, then

T
T4Y2 (2) = T2V ( 4y1y2> € M)
T T1T2Y4

T _=
so that &+ =0 € coker(My(r) = Im(f)).
Next, for (L—translates of) g—z, we again have that at least one of x1, x5, or x4 divides any

monomial ¢ in [;.., the irrelevant ideal for Xy, x Xx. If 21 divides ¢, then

Y x
L ( 1y3> “y1 € My
T3 T3Y1
If x5 divides ¢, then
Y
2z T3 =y3 € My
€3
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since 1 € M. Lastly, if 24]q, then

Yy L4Y2y
(—3) TqYo = < 72 3) Toys € My(r).
T3 L2T3Ya

This shows that % = 0 € coker(My(ry) = Im(f)). Hence,

coker(Myy = Im(f)) =0

modulo [;,, for Xy x Xy, for e = O(D3) + O(D,) in the interior of the chamber spanned by
O(D,) and O(Dy) in the effective cone of the secondary fan.

3.8.3 General argument for coker(M, ) — Im(f)) for ¢ in the
effective cone

Given Xy smooth and projective with no torus factors, we have the following exact

sequence:

0 < CI(T)r + R « Lg + 0
w
€
where € — € in the effective cone of Fy4). Now € gives a convex function g. : Ng — R
which is linear on all cones of a corresponding fan ¥, such that the maximal domains of
linearity correspond to maximal cones in .. So g. gives the fan ¥, with corresponding

irrelevant ideal I;,.,. for ¥, x ¥, given by

<Hxinxp loe zm> n <Hyiny,, oe zmax>

i€l péo 1€l pdo

Continuing with the map (3., 07) EN ST« and our consideration of

coker(Myy < Im(f)) modulo I;, for ¥, x X, we consider p € R4 such that
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p P € HS(0) near 0 in RL. We have previously referred to p € RL as p. Here, we take

D= ﬂ{xp:(]}

pEBp
as a definition of B,. Now transversality of H implies that B, gives a basis for RL. Since p
is near 0 in R4, the monomial label m,, is squarefree, and € € Réo implies that m, can be
Yiqg Yy
i Ty

By the definition of H{, the monomial label on p is given by

written

L

| 4= |p].

IS

3
|
QQ|H

We now adjust g. by subtracting a linear functional ¢, determined by ¢,(u,) = €, for
p € B,. £, is determined by this information, since B, gives a basis for RL and for N. That
is, we construct
Ge =g — Ly
so that we have
p = Ge({u,})

except for coordinates in [j. Since any variable corresponding to an element of I always
appears in the support of any monomial in the irrelevant ideal, we may assume without
loss of generality that p = g.. To show that coker(My) <= Im(f)) = 0 modulo I;,, let o
be any maximal cone in ¥,,,,. From convexity of g, it follows that g. is also convex. This

gives a subdivision of maximal cones in ¥ such that either:
(1) o € g (Rxo)
(ii) o € g-'(R<0)
(iii) Neither (i) nor (ii) holds

In case (i), since we only need to worry about what’s not in Iy, we can suppose that

ge(u,) = €, so that p = g.({u,}). If we choose € to be small so that || << 1, then ¢,
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remains small as a continuous function of € which gives that the coordinates of p € (—1,1)
and the floor function of all coordinates is in the set {—1,0}. Therefore, the set of indices
{i;} for which ;; is in the support of m,, are exactly the coordinates for which the floor

function returns —1. Since 27 =[] .z, is a generator of I, (ignoring Iy), we have that

pZo
all variables cooresponding to rays of o do not lie in the support of m,, so that z° can clear
denominators to give x7 - my € Myr).

In case (ii), we have that o C §7'(R<o), m, = 2% and 2% =[], ,. For p near 0 we

i1y pgo’

show that there exists k > 0 such that I*

i =My € Moy and coker(May — Im(f)) =0 by
adding in the assumption that Xy is Fano. If Xy is Fano, then the anticanonical divisor

D =3 csq) Dy is very ample so that we can define v € L to be v(u,) = —1 for p € 0 and
away from o, v(p’) > —1 for p’ € 0. Since v € L is an element of the lattice L, v(u,) € Z
for all p € 3(1) implies v(p’) > 0 for all p’ & o.

Now Z—Z € M) and we need only consider variables in the support of m,, for which p € o

from our previous description of I;,,. Here, there exists some @ € N4 with y* € S and

some {s,} C N so that

1

T
Hmzp.mp:yw_a € M)
péo y

and

(I&)max{sp} . mp — q . fo)pmp c MA(L)
pgo

for some g € S. Here we use the fact that |A| < co to take a maximum, and the fact that
I;., has a finite generating set since .S is Noetherian.
We generalize statements (i)-(iii) in the next subsection without the Fano assumption and

therefore omit consideration of (iii) here.
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For p € HS(0) away from 0

For p away from 0 and Xy smooth (not assumed to be Fano here), we make use of the
following lemmas:
Lemma 1: Given p € H$(0) and oy, 09 € X(n), there exists k > 0 with

(z%1yo2)F-m, € My () iff there exists v € L and an £ > 0 such that (z%1y%2) myy, € M-

Proof. Any v € L has integer coordinates so that |v] = v and m, = ztﬁ = E—Z This implies

that adding v € L to p shifts all coordinates by only integer amounts, so that no

cancellation occurs when we take a floor function:

lp+v]=[p] +v

In particular, we note that if both p and v are in L, then my,,, = m, - m, since
p,v € L = p+wv € L. So if there exists k > 0 with (z7'y?*)* - m,, € My (1), then
(z%y72)* -y, = (2%1y72)F - mym, € Ma(r) since Mz is closed under the action of S[L].

Now closure of My under the action of S[L] also proves the reverse direction. []

For the following Claim, we require the Separation Lemma??, which separates convex
sets by a hyperplane:
Separation Lemma: If o and ¢’ are convex polyhedral cones whose intersection 7 is a

face of each, then there is a u in 0¥ N (—o’)¥ with

r=cNu-=dNut.

Generalizing the previous cases (i)-(iii) from Section 3.8.3, we make the following claim.
Claim: Given p € H¢(0), for all o1, 05 € X(n), there exists u € L,k € N and a, 8 € N*()

such that (z71y%2)km, = 2%y’m, € Mz

Proof. The Claim holds iff there exists v € L,k € N and a, 8 € N*1) such that
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(27 emym_, = 2%y’ € S

Let |p,, | := a,, for all i so that

lp] = (I_pmJa R |_ppz<1)J)

= (g2 Apgy)

and define the sets A,, A_ by

—_— HA+ |
. HA+ vo' [1a )’

with a, = |a,| for all p. Since Xy, is smooth, there exists u; € L such that u(e,) = a, for
all p € (01 Noy)(1) =01(1) Noy(l). By the Separation Lemma, there exists us € L such
that

< 0.

o2\o1

U2 =0, ug > 0, us

o1MNo2 0'1\(72
Since 2%1y°2 is a generator of I;,,, up to torsion by I, it suffices to consider only factors
(over S) in the numerator and denominator of m,, for variables x, and y, for p € o1 U 0.

Now there exists ko € N such that

o h
(271 y2)kom, =
8 ngmA+ yﬁ” HglnA, évZ”

f2

= a a a — [subdivision of sets A, A_]
HamanAJr Yo" H(02\01)0A+ Yo" Ho’lﬁagﬁA_ zp” H(o’l\og)ﬂA_ zp’

for some monomials fi, fo € S. Now mpm_,, = m,_,, since u; € L gives that there exists
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ki € N such that

fs
b

(xﬁly@)klmpfm = b
Hioavonna, ¥ Honosna 20

for some {b,} C N and some monomial f; € S, so that there exists £ € N such that

My Me—puy = Mp—yy —eu, Since uy € L gives

(x(%l y62 )km}?—ul —bug — f4

for some monomial f; = 2%y® € S, for some a, § € NFMI,

By Lemma 1, this implies there exists & € N such that (z71y%2)* - m,, € M, A(r) for any

choice of 01,05 € X(n) so that coker(Myy = Im(f)) = 0 for € in the Effective Cone.

In fact, this argument shows that for p € H.(0), coker(Myr) — Im(f)) = 0 so that we
have a resolution of the diagonal for any smooth toric variety Xy, without requiring the

deformation H .

This also strengthens the construction of the diagonal object giving the kernel of a
Fourier-Mukai transformation inducing the identity in D%, (X%) to the case that
X¢ = XE/,u is a global quotient of a smooth toric variety Xy by a finite abelian group pu.

That is, since smooth toric varieties have an open cover by affine spaces:

XE = UojE(n) UO’
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with U, = Spec Clo¥ N M| = A™ for m = rank (M) = rank (N), we have that the same

diagonal object

7T(MA(L)) = M) Qs1aL)] S

and corresponding resolution (}"HEL it 0) carry through in the case of a global quotient
X5 = Xy /M

with Xy smooth (not necessarily unimodular) and p a finite abelian group.
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Appendix A

Appendix

Lemma 2 from Section 3.8.3 for Xy smooth, Fano, not necessarily unimodular:

For any p € H5,(0) and o € ¥(n), there exists v, € L with (p +v,), < 0 only on ¢(1), and

(p+vy), >0 for p&o(l).

Proof. We previously noted that since Xy is Fano, there exists v € L such that

v(u,) <0 Vpeo(l),
o) 20 Vil & o(l)

Now there exists r € Z such that (- v), << 0 for all coordinates with p € (1) so that all
p € o(1) become much less than any coordinate p’ & o(1). Additionally, there exists a
unique v € L such that

(0+7)u,) =0 ¥ pea(l)

(P+0)(uy) >0 Vo' go(l).

Now adding on sufficiently large multiples of v and © ensure that there exists r, k € Z such

that v, = rv + kv gives that p + v, satisfies

(p+vs), <0 iff peo(l),

(p+vy), >0 otherwise.
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