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Abstract

Beilinson’s resolution of the diagonal for complex projective spaces gives a locally free

resolution of the structure sheaf of the diagonal as a Koszul complex, which gives a Fourier-

Mukai transform inducing the identity on objects in the derived category of coherent sheaves

of Pn. Since Pn is a toric variety, we can ask for a resolution of the diagonal of an arbitrary

toric variety. While resolutions of the diagonal are known for toric varieties which are

unimodular in the sense of Bayer-Popescu-Sturmfels, in order to generalize a resolution of

the diagonal for simplicial toric varieties, we must consider smooth Deligne-Mumford toric

stacks associated to a given simplicial toric variety. Here, the diagonal can fail to be a

closed substack because of non-zero stabilizers at the origin, so that a direct generalization

of Beilinson’s resolution will not work. For a toric D-M stack associated to a given simplicial

toric variety X ′Σ = XΣ⧸µ which is a global quotient of the unimodular toric variety XΣ (in the

sense of Bayer-Popescu-Sturmfels) by the finite abelian group µ, let L̃ denote the lattice of

principal divisors ofX ′Σ. Up to isomorphism, we can choose L, the lattice of principal divisors

of XΣ such that L̃ ⊂ L is cofinite, L is a unimodular lattice in the sense of Bayer-Popescu-

Sturmfels, and L⧸L̃
∼= µ. Here, we construct a diagonal object inducing the kernel of a

Fourier-Mukai transform by adapting a known resolution of the diagonal for X ′Σ unimodular

due to Bayer-Popescu-Sturmfels. We construct a resolution in families F•Hϵ
L/L

to resolve the

diagonal of a smooth toric variety XΣ corresponding to the parameter ϵ in the effective cone

of XΣ. Furthermore, we strengthen this result to give a resolution of the diagonal for global

quotients X ′Σ = XΣ⧸µ for XΣ a smooth toric variety by the finite abelian group µ by showing

that the cokernel of an inclusion coker(MΛ(L) ↪→ Im(f)) from an associated map f is zero,

so that the complex F•
Hϵ

L/L̃
gives a resolution of the diagonal O∆, modulo torsion from the

irrelevant ideal Iirr for the product XΣ × XΣ. This also strengthens the construction of

the diagonal object giving the kernel of a Fourier-Mukai transform inducing the identity in



Db
Coh(X

′
Σ) to the case that X ′Σ a global quotient of a smooth toric variety by a finite abelian

group.
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3.3 Quiver associated to wαeρ1ρ2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

3.4 HL⧸L for P1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

3.5 HL⧸L̃ for P1
⧸µ6

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

3.6 HL⧸L̃ for P1
⧸µ6

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

3.7 O(U1) and O(U2) on P(1, 2) . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
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Chapter 1

Introduction

Here, we study bounded derived categories of coherent sheaves Db
Coh(X) on a smooth pro-

jective variety X. The derived category Db
Coh(X) forms part of the B-side of Homological

Mirror Symmetry (HMS). To motivate Db
Coh(X) as a robust invariant of X, we give the

following introduction.

To begin, a variety is taken to be irreducible, reduced, and separated over an algebraically

closed field k = k, with ∅ not irreducible. Historically, classical algebraic geometry realized

a 1-1 order-reversing correspondence between affine varieties and radical ideals given by

Y 7→ I(Y )

Z(a)←[ a

Furthermore, the affine coordinate ring A(Y ) := k[An]⧸I(Y ) of an affine variety Y ⊆ An

determines Y as an isomorphism invariant, in the sense that

Y ∼= Y ′ ⇐⇒ A(Y ) ∼= A(Y ′).

In order to develop a mature intersection theory, one passes to projective closures Y over

1



an algebraically closed field k = k, so that for instance curves of degree c and d, respectively,

intersect in c ·d points, or so that any two linear hyperplanes intersect. This requires viewing

Y := Y ∩ U0 ⊆ Pn

and adding in Y \ Y which has codimension ≥ 1 since Y is Zariski-dense in Y . However,

the cost here in taking a projective closure is that S(Y ) = k[x0, . . . , xn]⧸I(Y ), where I(Y ) is

the homogeneous ideal of Y , is no longer isomorphism invariant:

there exist projective varieties Y, Y ′ with Y ∼= Y ′, S(Y ) ̸∼= S(Y ′).

There are counterexamples from varieties one encounters early in the study of algebraic

geometry: the Veronese 2-uple embedding of P1 in P2 gives P1 ∼= ν2(P1), yet

S(ν2(P
1)) ∼= k[x0, x1, x2]⧸〈x0x2 − x21〉 ̸∼= k[x0, x1] = S(P1).

However, the category of finitely generated sheaves of OX-modules (called “coherent”

sheaves) Coh(X) are intrinsic to X in the sense that they do not depend upon the choice

of a projective embedding. Gabriel showed that Coh(X) determines X 1 [Corollary 4.4].

Furthermore, a smooth projective variety with ample or anti-ample canonical bundle is

determined by Db(X)1;2.

A smooth projective variety with ample anti-canonical bundle is called Fano 3. While

Coh(X) can often be hard to compute, there are many known methods for computing Db(X)

in certain cases4–6.

Working with Db(X) now has several advantages: Db(X) determines X in some cases;

Db(X) is often easier to compute than Coh(X) when we have a (full, strong, complete)

exceptional collection; Grothendieck duality holds in Db(X)7; the composition of classically

derived functors becomes an outright composition of functors in Db(X), rather than a spec-

tral sequence8; Db(X) has connections to other areas of mathematics, such as Homological

Mirror Symmetry, classical algebraic geometry, birational geometry and variation of GIT9–11.
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Derived categories are now also studied in their own right.

Beilinson’s resolution of the diagonal4 was crucial in understanding Db(Pn). Since Pn

is a toric variety, we can ask for a generalization of Beilinson’s resolution of the diagonal

to any toric variety. However, this will be too broad, so we will restrict our attention to

simplicial toric varieties. In order to generalize a resolution of the diagonal for any simplicial

toric variety, we must reconcile the fact that the grading on the homogeneous coordinate

ring comes from Pic(XΣ), and not just Z as in the case of projective space.

1.1 Results

Bayer-Popescu-Sturmfels12 give a cellular resolution of the Lawrence ideal JL corresponding

to a unimodular lattice L. Imposing the requirement that L, the lattice of principal divisors

of the projective toric variety be unimodular is fairly restrictive: In this case L is given by

the image of B in the fundamental exact sequence3

0→M
B→ Z|Σ(1)| π→ Cl(XΣ)→ 0

satisfies the property that B has linearly independent columns and every maximal mi-

nor of B lies in the set {0,+1,−1} (this is the sense of “unimodularity” used in Bayer-

Popescu-Sturmfels12). This forms a proper subclass of smooth projective toric varieties, as

unimodular projective toric varieties can be viewed as subvarieties of products of projective

lines. Throughout this dissertation, the word “unimodular” refers to this restricted sense of

Bayer-Popescu-Sturmfels.

For a unimodular toric variety XΣ, the known resolution of JL gives a finite and minimal

resolution of the ideal sheaf O∆ of the diagonal ∆ ⊂ XΣ × XΣ by locally free sheaves on

XΣ × XΣ. In the well-known example for XΣ = PnC, Beilinson’s resolution gives the kernel

of a Fourier-Mukai transform inducing the identity on Db
Coh(XΣ). Here, we generalize this

3



resolution to simplicial toric varieties X ′Σ which are a global quotient of a smooth toric vari-

ety XΣ by a finite abelian group µ by viewing X ′Σ as a simplicial toric stack. The proof falls

into two parts: resolving the diagonal for a smooth toric variety XΣ, and resolving the diag-

onal for a simplicial toric stack X (Σ′) =
[
XΣ⧸µ

]
associated to the simplicial toric varietyX ′Σ.

Theorem

(a) Let XΣ be a smooth toric variety. The complex (F•Hϵ
L/L

, ∂ϵ) of S−free modules gives a

resolution of the diagonal object of Db
Coh(XΣ ×XΣ).

(b) For a simplicial toric stack X (Σ′) =
[
XΣ⧸µ

]
which is a global quotient of the smooth

toric variety XΣ by the finite abelian group µ, the diagonal object in Db
Coh(X

′
Σ ×X ′Σ)

is given by

π(MΛ(L̃)) =MΛ(L̃) ⊗S[Λ(L̃)] S

Furthermore, the complex (F•Hϵ
L/L̃

, ∂ϵ) resolves the diagonal object for X ′Σ.

In (b), the cofinite sublattice L̃ ⊂ L is chosen so that L⧸L̃
∼= µ. Now the technique

and deformations of the resolution of JL in Bayer-Popescu-Sturmfels generalize to give a

resolution of the diagonal

(F•Hϵ
L/L̃

, ∂ϵ)

The proof is given in Section 3.8 and culminates in Section 3.8.2.
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Chapter 2

Preliminaries and background

2.1 HAG for DM stacks and orbifolds

For G a topological group, X a topological space with a continuous action of G on X given

by

m : G×X → X, (g, x) 7→ gx,

we denote by X := X/G the quotient space and by q : X → X the natural projection. In

the category of schemes, a simplicial structure13 is given on a simplicial scheme χ· = [X/G]

by χn = Gn ×X and

di(g1, . . . , gn, x) =


(g2, . . . , gn, g

−1
1 x) i = 0

(g1, . . . , gigi+1, . . . , gn, x) 1 ≤ i < n,

(g1, . . . , gn−1, x) i = n

A G-equivariant sheaf has an isomorphism Θ : d∗0F ≃ d∗1F

satisfying the cocycle condition

d∗0Θ ◦ d∗2Θ = d∗1Θ, s∗0Θ = idF .

5



A key point here is: for G ×X a free G space, q∗ : Sh(X) → ShG(X) is an equivalence

of categories with inverse functor qG∗ : ShG(X) → Sh(X) where ShG(X) are G−equivariant

sheaves on X.14

This implies that we can define for a free G−space DG(X) := D(ShG(X)) = D(Sh(X)),

so DG(G×X) := D(ShG(G×X)) = D(Sh(G×X)).

We have a simplicial description of DG(X) as follows. Denote by Sheq([X/G].) the full

subcategory of Sh([X/G]) consisting of simplicial sheaves F for which all structure mor-

phisms are isomorphisms. Then Sheq([X/G]) is naturally equivalent to ShG(X). Now, for P

an ∞-acyclic resolution, we have

Db
eq([X/G])

p∗→ Db
eq([P/G]) ≃ Db(P )

99K ∪|

Db
G(X)

is an equivalence from Db
eq([X/G]) to D

b
G(X).

In the case of EG = [{∗}/G], we use a simplicial structure via (EG)n := Gn+1,

di(g1, . . . , gn+1) =


(g2, . . . , gn+1) i = 0,

(g1, . . . , gigi+1, . . . , gn+1 1 ≤ i ≤ n.

We consider the bisimplicial scheme given by the diagonal object ofG acting diagonally on

EG×X where the rows are given by Gi×(EG×X) with index starting at 0, and maps within

6



the rows dhi , s
h
i given by those in EG = [G/G] and vertical maps dv0 : G×(EG×X)→ EG×X

by d∨0 (g, z, x) = (z, x) and d∨1 (g, z, x) = (z1, . . . , zn, zn+1g
−1, gx) for z = (z1, . . . , zn) ∈ EG,

etc. This is to turn a right action of G on EG into a left action on both EG and on X. By

construction, the diagonal bisimplicial object ∆ now has the structure of a quotient stack,

given by ∆n = Gn ×Gn+1 ×X, with Di : ∆1 → ∆0 given by

D0(g1, g2, g3, x) = (g3, x)

D1(g1, g2, g3, x) = (g2g3g
−1
1 , g1x)

and Si : ∆0 → ∆1 given by

S0(g, x) = (1, 1, g, x).

We have maps Di from ∆2 to ∆1 given by

D0(g1, g2, . . . , g5, x) = (g2, g4, g5, x)

D1(g1, . . . , g5, x) = (g1g2, g3g4, g5, x)

D2(g1, . . . , g5, x) = (g1, g3, g4g5g
−1
2 , g2x)

and maps Si : ∆1 → ∆2 given by

S0(g1, g2, g3, x) = (1, g1, 1, g2, g3, x)

S1(g1, g2, g3, x) = (g1, 1, g2, 1, g3, x)

the other maps Di and Si on ∆ follow similarly.
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From BG = [{∗}/G], EG = [G/G], we have that BG is contractible.

For toric stacks, we must consider how to pull-back, tensor, and pushforward in a cofibrant

way. That is, we must consider Deligne-Mumford stacks, rather than derived stacks. To

pushforward and pull-back in the derived setting, we can’t simply take a derived functor.

2.2 Toric stacks

Following Geraschenko-Satriano15, a toric stack is a stack quotient of a toric variety X by a

subgroup G of its torus T0. The stack [X/G] has a dense open torus T = T0/G which acts

on [X/G]. Toric stacks have an accompanying stacky fan. To start, our examples will take

G to be a finite cylic group, so that we have toric Deligne-Mumford stacks16.

Definition: For L a lattice (finitely generated free abelian group), we denote by TL the

lattice D(L∗) = Homgp(Homgp(L,Z),Gm) whose lattice of 1-parameter subgroups is natu-

rally isomorphic to L. Here the functor (−)∗ denotes Homgp(−,Z) and the functor D(−)

denotes Cartier dual Homgp(−,Gm).

Definition: A stacky fan is a pair (Σ, β) where Σ is a fan on a lattice L and β : L→ N

is a homomorphism to a lattice N so that cokβ is finite.

For XΣ the toric variety associated to Σ, the map β∗ : N∗ → L∗ induces a homomorphism

of tori Tβ : TL → TN . Since Cok(β) is finite, β∗ is injective, so Tβ is surjective. Let

Gβ = ker(Tβ) and note that TL is the torus of XΣ. Note that Gβ ⊆ TL is a subgroup.

Using the notation above, if (Σ, β) is a stacky fan, then we define the toric stack XΣ,β to

be [XΣ/Gβ] with the torus TN = TL/Gβ.

Examples:

[A1/µ2] is given by the stacky fan (Σ, β) for
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Σ −→

β Z
·2→ Z

Here, Σ consists of the origin and ray generated by e1 ∈ L ∼= Z1, together with the map

β : Z
·2→ Z. Here, β induces the map t 7→ t2 so Gβ = µ2 ⊆ Gm and XΣ,β = [A1/µ2].

2.3 Combinatorial construction of differential forms on

a simplicial toric stack

2.3.1 Pre-Amble

Let R = k[x0, . . . , xn], I → R ⊗k R → 0 is exact, and in I/I2 we have generators dxi =

xi ⊗ 1− 1⊗ xi, df = f ⊗ 1− 1⊗ f =
∑ ∂f

∂xi
dxi. This description of ΩAn comes from the

diagonal embedding ∆ ⊂ X ×X, so that ker(µ) = I∆, the ideal sheaf of the diagonal. Then

the conormal of ∆ is the cotangent, which is dual to tangent.

Grading in B: |f⊗g| = |f |+ |g|. So ΩR/k is a graded module. As R-Mod: ΩR/k
∼= Rn+1,

as a graded R-module: ΩR/k
∼= R(−1)n+1. Now, G acts freely onM and π :M →M/G ∼= N .

We can ask: What is TN with respect to TM and TG?

Let a : G×M → M,da : T (G×M)→ TM . Then da(e,p) : TeG× {0}, a|G×p : G→ M , and

da|TeG×p : TeG→ TpM . Also, Tπ(p) ∼= TpM/Im(da). Then

0→ Im(da)→ TpM → Tπ(p)N → 0

is exact. Dualizing gives
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0→ T∨π(p)N → T ∗pM → (Imda)∨ → 0.

For An+1 → Pn, we can consider V → P(V ), with trivial line bundle V ∗ ⊗O(−1), which

gives Ω on V . Now, Gm ↷ V. For the Euler vector field on An+1, ν =
∑
xi∂xi ,

ΩPn → ΩR/k
∼= T ∗M

ev→ O.

2.3.2 Finding all one-forms vanishing on Euler vector field ν

We know η ∈ T ∗An+1 can be written η =
∑
fidxi such that η(ν) = 0 with ν :=

∑n+1
i=1 xi∂xi .

Then

η(ν) : =

(
n+1∑
i=1

fidxi

)(
n+1∑
j=1

xj∂xj

)

=
n+1∑
i,j=1

fidxi
(
xj∂xj

)
=
∑
i,j

xjfiδ
j
i (Kronecker δ − function)

=
n+1∑
i=1

xifi = 0 by assumption.

Then suppose for the sake of contradiction that there’s a unique index i0 such that fi0 ̸= 0.

Then

xi0fi0 = 0 =⇒ fi0 = 0

in contradiction to fi0 ̸= 0. Therefore, there exist at least two distinct indices i, j such

that fi, fj ̸= 0. For notation, let eij = xi ⊗ xj − xj ⊗ xi = xidxj − xjdxi. We know

⟨eij | i < j⟩ ⊆ ΩAn+1 as a submodule vanishes on ν. To show that any one-form η vanishing
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on ν is contained in ⟨eij | i < j⟩, from η(ν) = 0 we have

n+1∑
i=1

xifi = 0.

Starting with x1, we can write fi = f ′i + x1gi for i > 1 and f ′i ∈ k[x2, . . . , xn+1]. Now

η −
n+1∑
i=2

gie1i = η −
n+1∑
i=2

gi (x1dxi − xidx1)

= η −
n+1∑
i=2

(gix1dxi − gixidx1)

so

η −
n+1∑
i=2

gie1i =

(
f1 +

n+1∑
i=2

gixi

)
dx1 +

n+1∑
i=2

(fi − gix1) dxi.

Pairing η−
∑n+1

i=2 gie1i with ν gives
(
η −

∑n+1
i=2 gie1i

)
(ν) =

(
f1 +

∑n+1
i=2 gixi)x1 + F (x2, . . . , xn+1

)
for some F ∈ k[x2, . . . , xn+1]. Since

(
η −

∑n+1
i=2 gie1i

)
(ν) = 0, and since the only term in

the RHS above divisible by x1 is
(
f1 +

∑n+1
i=2 gixi

)
x1, it follows that

(
f1 +

∑n+1
i=2 gixi

)
= 0.

Writing the RHS above as

= f̃1dx1 +
n+1∑
i=2

hidxi

=
n+1∑
i=2

hidxi

shows that (1) hi = f ′i ∈ k[x2, . . . , xn+1] and (2) f̃1 = 0.

Now, set η(2) :=
∑n+1

i=2 hidxi ∈ k[x2, . . . , xn+1] ⟨dx2, . . . , dxn+1⟩, which still vanishes on ν,
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and restart the above process: writing hj = h′j + x2gj for all j > 2 with h′j ∈ k[x3, . . . , xn+1]

gives

η(2) −
n+1∑
j=2

gje2j =
n+1∑
j=2

hjdxj −
n+1∑
j=2

gj (x2dxj − xjdx2)

=
n+1∑
j=2

hjdxj −
n+1∑
j=2

hjdxj −

(
n+1∑
j=2

gjx2dxj − gjxjdx2

)

=

(
h2 +

n+1∑
j=2

gjxj

)
dx2 +

n+1∑
j=3

(hj − gjx2) dxj

= g̃2dx2 +
n+1∑
i=3

Fidxi

where g̃2 = 0 since η(2) vanishes on ν (so η(2) −
∑n+1

j=2 gje2j vanishes on ν), and Fi ∈

k[x3, . . . , xn+1] for i > 2. Continuing in this fashion shows that η minus the maximal linear

combinations of ⟨eij | i < j⟩ obtained from the above process is zero, so η ∈ ⟨eij | i < j⟩.

We have

λ · (x0, . . . , xn) = (λx0, . . . , λxn)

from a : C∗ → Cn+1,

da(∂λ) = x0∂x0 + x1∂x1 + · · ·+ xn∂xn

=
n∑
i=0

xi
∂

∂xi
.

Now, to show ψ ∈ Hom (O(−1)⊠ ΩPn(1),OPn×Pn), where OPn×Pn ∼= k[x0, . . . , xn] ⊗k

k[y0, . . . , yn], we show that relations get mapped to zero. Note that since ψ is a map of

modules, multiplication by yi must go through as follows:
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ψ(1⊗ ykeij)− ψ(1⊗ yiekj) + ψ(1⊗ yjeki) = xi ⊗ ykyj − xj ⊗ ykyi − ...

...− (xk ⊗ yiyj − xj ⊗ yiyk) + xk ⊗ yjyi − xi ⊗ yjyk

= 0.

We let F1 have primitive ray generators e1 = (1, 0), e1 + e2 = (1, 1), e2 = (0, 1), and

−e1 − e2 = (−1,−1).

The Euler-Jaczewski sequence17

0→ ΩX → P∨X → H→ 0

where H = H1(X,OX) is associated with Pic(X) for a smooth toric variety X, H = H⊗OX ,

PX =
⊕

i∈I OX(Di) [note that it’s P∨X in the sequence] and Di are torus-invariant divisors

corresponding to rays in the fan Σ, generalizes the Euler sequence for Pn, and gives an exact

sequence computation for ΩX . Indeed, on Pn, we have the following example.

2.3.3 Example 1

X = Pn, Di = {xi = 0}, OX(Di) = O(1) since Pic(Pn) ∼= Z. Tensoring with C gives

H = PicC(Pn) = C. Now, H = H ⊗O = C⊗O and we have the short exact sequence

0→ ΩPn → O(−1)n+1 → O → 0

where ΩPn can be understood as a bimodule generated by ⟨eij | i < j⟩ ⊂ R⊗k R.
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2.3.4 Example 2

Let X = F1, H = Pic(F1) ∼= Z2, and O2 = H = O ⊗H = R ⊗ Pic(F1). Pairing primitive

ray generators with the vector (1,−1) shows [D1] ∼ [D3]. (Di here is still {xi = 0}). The

numbering convention on ray generators here is (1, 0) corresponds to D1, (1, 1) corresponds

to D2, (0, 1) as corresponds to D3, and (−1,−1) as corresponds to D4. We have the short

exact sequence

0→ ΩF1 →
4⊕
i=1

OF1(−Di)
α→ O2

F1
→ 0

One can view ΩF1 ⊂ ΩA4 ⊂ R ⊗ R. The homogeneous coordinate ring of F1 is R =

k[x1, x2, x3, x4] with grading from Pic(F1), which is a bi-grading on Z2.

The map α =
∑4

i=1 αi with αi(1) = xi ⊗ [Di]. To find ker(α), a sample element is

z = (x3, 0,−x1, 0) ∈ ker(α).

The R−module associated to OF1(−D1)⊕· · ·⊕OF1(−D4) is R
4 with grading shifts given

by |xα| = α−D. That is, O(D) as an R−module is R with grading |xα| = α−D. Now,

α(z) = x3x1 ⊗ [D1]− x1x3 ⊗ [D3]

= (x3x1 − x1x3)⊗ [D1] = 0.

2.3.5 Finding the kernel

In Pic(F1), we have that [D1] ∼ [D3] (via dot product with (1,-1)) and explicitly, all relations

are given by:
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0 = div(χe1) = D1 +D2 −D4,

0 = div(χe2) = D2 +D3 −D4

since e1, e2 form a basis forM ∼= Z2. This gives relationsD4 ∼ D1+D2 andD4 ∼ D2+D3.

Together, these imply [D1] ∼ [D3]. An explicit description is given by

Pic(F1) ∼= ⟨D1, D2, D3, D4⟩⧸⟨(D4 ∼ D1 +D2 ∼ D2 +D3)⟩

so that Pic(F1) ∼= ⟨[D1], [D2]⟩ ∼= Z2, but it’s useful to keep the explicit relations in mind.

To divorce the divisors from the grading, let Pic(F1) ∼= ⟨γ1, γ2⟩ where γ1 and γ2 are viewed as

grading parameters. The sheaf Pic(F1) corresponds to the graded module M with elements

of the form aγ1 + bγ2.

2.3.6 Kernel of α as submodule of P∨F1

(i) The relation [D1] ∼ [D3] gives z1 = (x3, 0,−x1, 0) ∈ ker(α), since

α((x3, 0,−x1, 0)) = x1x3 ⊗ [D1]− x1x3 ⊗ [D3] = 0 ∈ H ∼= O ⊗ Pic(F1).

(ii) The relation [D4] ∼ ([D1] + [D2]) gives

z2 = (x2x4, x1x4, 0,−x1x2) ∈ ker(α)

since
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α((x2x4, x1x4, 0,−x1x2)) = x1x2x4 ⊗ ([D1] + [D2])− x1x2x4 ⊗ [D4]

∼ 0⊗ ([D1] + [D2]) ∼ 0 ∈ H ∼= O ⊗ Pic(F1).

(iii) The relation [D4] ∼ ([D2] + [D3]) gives

z3 = (0, x3x4, x2x4,−x2x3) ∈ ker(α)

since

α((0, x3x4, x2x4,−x2x3)) = (x2x3x4)⊗ ([D2] + [D3])− x2x3x4 ⊗ [D4]

∼ 0⊗ ([D2] + [D3])

The submodule ⟨z1, z2, z3⟩ ⊂ P∨F1
is clearly contained in ker(α). To show the reverse

inclusion, note that ξ = (ξ1, ξ2, ξ3, ξ4) ∈ ker(α) satisfies

α(ξ) =
4∑
i=1

αi(ξi) = 0

= (x1ξ1 + x3ξ3)⊗ [D1] + x2ξ2 ⊗ [D2] + x4ξ4 ⊗ [D4]

= (x1ξ1 + x3ξ3)⊗ [D1] + x2ξ2 ⊗ [D2] + x4ξ4 ⊗ ([D1] + [D2])

= (x1ξ1 + x3ξ3 + x4ξ4)⊗ [D1] + (x2ξ2 + x4ξ4)⊗ [D2] = 0

so

x1ξ1 + x3ξ3 + x4ξ4 = x2ξ2 + x4ξ4 = 0
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and

x2ξ2 = x1ξ1 + x3ξ3 = −x4ξ4 (2.1)

Viewing ξ1, ξ3 as parameters of ξ gives

ξ =

(
ξ1,

x1ξ1 + x3ξ3
x2

, ξ3,
x1ξ1 + x3ξ3
−x4

)
. (2.2)

Cases

Note: ξi ∈ k[x1, . . . , x4] for 1 ≤ i ≤ 4.

Case (i) If ξ1 = 0 and ξ3 ̸= 0, then

x3ξ3 = x2ξ2 = −x4ξ4.

ξ2 =
x3ξ3
x2

implies x2 | ξ3, and

ξ4 =
x3ξ3
−x4

implies − x4 | ξ3

so that ξ3 = F · (−x2x4) for some F ∈ k[x1, . . . , x4]. Now, ξ2 = x3ξ3
x2

and ξ4 = x3ξ3
−x4

imply

ξ = (0, F · (−x3x4), F · (−x2x4), F · x2x3)

= F · (0,−x3x4,−x2x4, x2x3)

is an −F -multiple of (0, x3x4, x2x4,−x2x3). Taking −F = 1 is necessary to include

(0, x3x4, x2x4,−x2x3) in a generating set.

Case (ii) If ξ3 = 0, ξ1 ̸= 0, then

x1ξ1 = x2ξ2 = −x4ξ4

so that ξ2 = x1ξ1
x2
, ξ4 = x1ξ1

−x4 imply x2,−x4 | ξ1. Hence, ξ1 = −x2x4 · G for some
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G ∈ k[x1, . . . , x4]. So

ξ = (−x2x4 ·G,−x1x4 ·G, 0, x1x2 ·G)

= G · (−x2x4,−x1x4, 0, x1x2)

is a G-multiple of (−x2x4,−x1x4, 0, x1x2). Taking G = 1 is necessary to include

(−x2x4,−x1x4, 0, x1x2) in a generating set.

Case (iii) If ξ1 = ξ3 = 0, then ξ = (0, 0, 0, 0).

Case (iv) If x1ξ1 + x3ξ3 = 0 with ξ1, ξ3 ̸= 0, then ξ2 = ξ4 = 0, and

x1ξ1 = −x3ξ3

gives ξ1 =
−x3ξ3
x1

implies x1 | ξ3 and ξ3 =
x1ξ1
−x3 implies −x3 | ξ1. So

ξ = (−x3 ·H, 0, x1 ·H, 0) for some H ∈ k[x1, . . . , x4]

= H · (−x3, 0, x1, 0).

Taking H = 1 is necessary for including (−x3, 0, x1, 0) in a generating set.

Case (v) If ξ1, ξ3 ̸= 0 then we can write ξ1 = ξ̃1 + f · x3, where ξ̃1 ∈ k[x1, x2, x4]. Let ξ− f · z1 =

(ξ̃1, ξ̃2, ξ̃3, ξ̃4). Then, since z1 ∈ ker(α) and α is OF1-linear as a homomorphism of

OF1-modules, ξ ∈ ker(α) implies ξ − f · z1 ∈ ker(α). We can therefore apply equation

(1) to ξ̃:

x2ξ̃2 = x1ξ̃1 + x3ξ̃3 = −x4ξ̃4.

18



Solving for x1ξ̃1 gives

x1ξ̃1 = x2ξ̃2 − x3ξ̃3 = −x4ξ̃4 − x3ξ̃3

From x1ξ̃1 = x2ξ̃2−x3ξ̃3, since ξ̃1 ∈ k[x1, x2, x4], we can write x1ξ̃1 = x2
˜̃ξ2, since part of

ξ̃2 must cancel with x3ξ̃3. Therefore, x2 | ξ̃1. Similarly, from x1ξ̃1 = −x4ξ̃4 − x3ξ̃3, we

can write x1ξ̃1 = −x4 ˜̃ξ4 since part of ξ̃4 must cancel with x3ξ̃3, since ξ̃1 ∈ k[x1, x2, x4].

Therefore, x2x4 | ξ̃1 so that

ξ̃1 = g · x2x4 some g ∈ k[x1, x2, x3, x4], and

ξ − f · z1 − g · z2 has first component zero

which falls into cases (i) or (iii).

This gives

ker(α) = ⟨(0, x3x4, x2x4, x2x3), (−x2x4,−x1x4, 0, x1x2), (−x3, 0, x1, 0)⟩ ⊂ P∨F1
.

2.3.7 Kernel as submodule of ΩA4

We know ΩA4
∼= ⟨dx1, . . . , dx4⟩. Also, ΩAn := ker(µ), where R⊗R µ→ R is multiplication.

Claim 1: Given ν : Pic(XΣ)→ Q over a field of characteristic zero and (f1, f2, f3, f4) ∈

ker(α) a homogeneous element, then

Fν(f1, . . . , f4) :=
4∑
i=1

ν([Di])fi ⊗ xi ∈ ΩA4 .
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Proof. We prove the general case: XΣ smooth with |Σ(1)| = n,

µ(Fν(f1, . . . , fn)) =
n∑
i=1

ν ([Di]) fixi

= (1⊗ ν)

(
n∑
i=1

fixi ⊗ [Di]

)

= (1⊗ ν)(α(f1, . . . , fn)) = 0

so Fν(f1, . . . , fn) ∈ ker(µ) ∼= ΩAn .

Now, let

M :=
〈
Fν(f1, . . . , f4) : (f1, . . . , f4) ∈ ker(α) homogeneous, ν ∈ Pic(XΣ)

∨
Q

〉
.

Note: For ξ = (ξ1, ξ2, ξ3, ξ4) ∈ ker(α) ⊂ P∨, the choice of ν given by ν([D1]) = ν([D2]) = 1

enables one to view ker(α) ⊂ P∨F1
by

Fν(ξ1, ξ2, ξ3, ξ4) = ξ1 ⊗ x1 + ξ2 ⊗ x2 + ξ3 ⊗ x3 + 2ξ4 ⊗ x4.

Now,

Fν((−x3, 0, x1, 0)) = −x3 ⊗ x1 + x1 ⊗ x3

= e13.
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Fν(0, x3x4, x2x4,−x2x3) = x3x4 ⊗ x2 + x2x4 ⊗ x3 − 2x2x3 ⊗ x4

= x3(x4 ⊗ x2 − x2 ⊗ x4) + x2(x4 ⊗ x3 − x3 ⊗ x4)

= x3 · e42 + x2 · e43.

Fν(x2x4, x1x4, 0,−x1x2) = x2x4 ⊗ x1 + x1x4 ⊗ x2 − 2x1x2 ⊗ x4

= x2(x4 ⊗ x1 − x1 ⊗ x4) + x1(x4 ⊗ x2 − x2 ⊗ x4)

= x2 · e41 + x1 · e42.

Therefore, as a submodule of ΩA4 , this choice of ν gives:

ΩF1
∼= ⟨e13, x3 · e42 + x2 · e43, x2 · e41 + x1 · e42⟩ ⊂ ΩA4 .

2.3.8 Whether M ↪→ ΩA4 is an isomorphism on ΩA4
ss

To compute the unstable locus Z for F1, we note that in the fan Σ for F1, let us denote σ1

as the cell between rays 1 and 2, σ2 as the cell between rays 2 and 3, σ3 as the cell between

rays 3 and 4, and σ4 as the cell between rays 4 and 1. This gives

σ∨1 = D3 +D4 ↔ x3x4

σ∨2 = D1 +D4 ↔ x1x4

σ∨3 = D1 +D2 ↔ x1x2

σ∨4 = D2 +D3 ↔ x2x3

21



Informally: rays 3 and 4 are opposite σ1, rays 4 and 1 are opposite σ2, rays 1 and 2 are

opposite σ3, and rays 2 and 3 are opposite σ4. This gives the irrelevant ideal

B = ⟨x3x4, x4x1, x1x2, x2x3⟩ .

Now

Z = V (B)

= V (⟨x3x4, x1x4, x1x2, x2x3⟩)

= V (x2, x4) ∪ V (x1, x3).

So A4
ss = A4 \ Z = A4 \ (V (x2, x4) ∪ V (x1, x3)) = A4 \ ({x2 = x4 = 0} ∪ {x1 = x3 = 0}).

On A4
ss, we have that {either x2 or x4 ̸= 0} and {either x1 or x3 ̸= 0}.

2.3.9 General case from matroidal setup

Previously, our finite set of points determining α above came from primitive ray generators

for the fan Σ associated to F1. In general, one can ask: given a finite set of points, can one

construct a similar map α and find ker(α)? The kernel of this map is matroidal: For A ⊂ N

a Z−linearly spanning set, we have the short exact sequence

0→ LA
δ→ ZA γ→ N → 0. (2.3)

We’ll use the dual sequence

0→M
γ∨→ ZA δ∨→ L∨A → 0. (2.4)

Define R = C[xa | a ∈ A] which is L∨A-graded, a generalization of the Cox homogeneous

coordinate ring. Let |xa| = δ∨(e∨a ). Then the generalized α is
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α :
⊕
a∈A

R(−|xa|)→ R⊗ L∨A → 0

where
⊕

a∈AR(−|xa|) ∋ ua 7→ α(ua) := xa ⊗ |xa|.

Characterize ker(α): a good relation in M can be divided into two positive parts:

M
γ∨

↪→ ZA where

M ∋ v 7→ γ∨(v) = γ∨(v)+ − γ∨(v)−

=
∑

a∈A(v)+

caea −
∑

a∈A(v)−

caea

where ca > 0 ∀a. Here, A(v)+ ∩ A(v)− = ∅, A(v) = A(v)+ ∪ A(v)−. Denote

fv,a =
∑

ã∈A(v),ã̸=a

eã ∈ ZA.

Define

zv =
∑

a∈A(v)+

cax
fv,aua −

∑
a∈A(v)−

cax
fv,aua

Claim: z1, z2, z3 of the previous section are of this type.

Proof. From Σ for F1 with primitive ray generators a1 = (1, 0) corresponding to D1 (and x1

and e1), a2 = (1, 1) corresponding to D2 (and x2 and e2), a3 = (0, 1) corresponding to D3

(and x3 and e3), and a4 = (−1,−1) corresponding to D4 (and x4 and e4), we have

{zv | v = (1, 0), (0, 1), (1,−1)} = {(x2x4, x1x4, 0,−x1x2), (0, x3x4, x2x4,−x2x3), (x3, 0,−x1, 0)}

so that
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⟨zv | v ∈M⟩ = ker(α).

For v = (1, 0), we have γ∨((1, 0)) = e1 + e2 − e4 so that A(v)+ = a1, a2, A(v) = a4 and

zv = 1 · x(2,4)e1 + 1 · x(1,4)e2 − 1 · x(1,2)e4

= (x2x4, x1x4, 0,−x1x2).

For v = (0, 1), we have γ∨((0, 1)) = 1 · e2 + 1 · e3− 1 · e4 so that A(v)+ = a2, a3, A(v) = a4,

and

zv = 1x(3,4)e2 + 1x(2,4)e3 − 1x(2,3)e4

= (0, x3x4, x2x4,−x2x3).

For v = (1,−1), γ∨((1,−1)) = e1 − e3 so that A(v)+ = a1, A(v) = a3, and

zv = 1x3e1 − 1x1e3

= (x3, 0,−x1, 0)

By the previous section, this shows that for F1,

ker(α) = ⟨zv | v ∈M⟩ .

Claim: In general, α(zv) = 0.
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Proof. Let f =
∑

a∈A(v) ea ∈ ZA
≥0. Then

α(zv) = α

 ∑
a∈A(v)+

cax
fv,aua

− α
 ∑
a∈A(v)−

cax
fv,aua


=

∑
a∈A(v)+

cax
fv,aα(ua)−

∑
a∈A(v)−

cax
fv,aα(ua)

=
∑

a∈A(v)+

cax
fv,axa ⊗ |xa| −

∑
a∈A(v)−

cax
fv,axa ⊗ |xa|

= xf ⊗

 ∑
a∈A(v)+

ca|xa| −
∑

a∈A(v)−

ca|xa|


= xf ⊗ δ∨

 ∑
a∈A(v)+

cae
∨
a −

∑
a∈A(v)−

cae
∨
a


= xf ⊗ δ∨(γ∨(v)) = 0

as the composition of two maps from a short exact sequence.

2.3.10 Part II: arithmetic rules

Finding a better set of generators for < zv : v ∈M >.

Arithmetic Rule 0:

By linearity of γ∨, z−v = −zv. This implies that if zv is included in a generating set, we do

not also need to include z−v.

Arithmetic Rule 1: If we take disjoint sets A ,A+ ⊂ A and define the cone CA ,A+ ⊂MR

via

CA ,A+ =

m ∈MR : γ∨(m) =
∑
a∈A+

bae
∨
a −

∑
a∈A

cae
∨
a with ba, ca ≥ 0


(note: ba, ca ≥ 0 gives closed cone). Then over all disjoint pairs CA ,A+ form a complete

convex rational polyhedral fan on MR. We will use B = (A ,A+) to denote a signed subset,
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with B = A ∪ A+.

Proof. Two elements v1, v2 of MR are in the same cone iff A(v1)+, A(v2)+ ⊆ A(v)+ and

A(v1) , A(v2) ⊆ A(v) . Linearity of γ∨ :M → ZA with rational images of each m ∈M gives

rationality of CA ,A+ . Convexity of CA ,A+ follows from viewing γ∨ as a linear map from

MR → R|A|, whose orthants are convex. Since CA ,A+ maps cones to subsets of orthants in

R|A| and the intersection of convex sets is convex, CA ,A+ is convex.

Arithmetic Rule 2: Suppose CB1 , . . . , CBr are faces of CBr+1 and vi ∈ relint(CBi
) such

that
∑r

i=1 vi = vr+1. Then
∑r

i=1 x
B\Bizvi = zvr+1 .

Proof.

Assumption 1: B is a finite set. [Valid since A is a finite set.]

Reference 1:

fv,a =
∑

ã∈A(v),ã̸=a

eã ∈ Z|A|.

Reference 2:

zv =
∑
a∈A(v)

cax
fv,aua.

Suppose CB1 , . . . , CBr are faces of CBr+1 . Then B1, . . . , Br are each given by B minus a

finite number of points.
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Assumption 2: vi ∈ relint(CBi
) for 1 ≤ i ≤ r + 1.

Assumption 3:
∑r

i=1 vi = vr+1.

Construction 1:

zvi =
∑

a∈A(vi)

ca,ix
fvi,aua

Remark: Here, B = A(vr+1).

r∑
i=1

xB\Bizvi =
r∑
i=1

xB\Bi

∑
a∈A(vi)

ca,ix
fvi,aua

=
r∑
i=1

xB\Bi

∑
a∈Bi

ca,ix
fvi,aua

=
r∑
i=1

xB\Bi

∑
a∈Bi

ca,ix
∑

ã ̸=a∈A(vi)
eãua

=
r∑
i=1

xB\Bi

∑
a∈Bi

ca,ix
∑

ã̸=a∈Bi
eãua

=
r∑
i=1

∑
a∈Bi

xB\Bica,ix
∑

ã̸=a∈Bi
eãua

=
r∑
i=1

∑
a∈Bi

xB\aca,iua

=
∑
a∈B,

∑
is.t.a∈Bi

xB\aca,iua

=
∑
a∈B

xB\a(
∑
a∈Bi

ca,i)ua

=
∑
a∈B

xB\aca,r+1ua

= zvr+1 .
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Arithmetic Rule 3: (For tensors: if K = Q,R, or C): Let v ∈MK and define zv as before.

Then ∃ v1, . . . , vr ∈M and b1, . . . , br ∈ K such that

r∑
i=1

bix
B\Bizvi = zv

where vi ∈ relint(CBi
) and B = A(v).

Proof. Over K, primitive ray generators all lie in a one K−dimensional face of CB. Let {vi}

be a set of primitive ray generators for the minimal fan containing CB (which each lie on a

ray – meaning, a face of CB), with corresponding ray vi ∈ CBi
. Let v ∈ relintCB. In the

case K = Q, convexity and rationality of CB imply there exists a subset {vi}iri1 ⊂ {vi} and

coefficients {bi}iri1 ∈ Q such that

r∑
j=1

bjvj = v

where j denotes the subscript on i. If K = R, convexity suffices to provide the existence of

{vi}iri1 and {bi}
ir
i1
such that

∑r
j=1 bjvj = v. The proof that

∑r
i=1 bix

B\Bizvi = zv goes through

as in the proof of Arithmetic Rule 2.

In the case K = C, v ∈ MC satisfies v = Re(v) + Im(v). We’ll consider MC
∼= MR⊕R

∼=

MR ×MR as a real vector space, so that v ∈ MC
∼= MR ×MR with Re(v) ∈ MR × 0 and

Im(v) ∈ 0×MR.

This gives signed subsets A(Re(v)) , A(Re(v))+ and signed subsets A(Im(v)) , A(Im(v))+.

The signed subsets A(Re(v)) , A(Re(v))+ yield the real cone CA(Re(v)) ,A(Re(v))+ ⊆ MR × 0,

and the signed subsets A(Im(v)) , A(Im(v))+ yield the real cone CA(Im(v)) ,A(Im(v))+ ⊆ 0×MR.

Now, B = A(v) = A(Re(v)) ∪ A(Re(v))+ ∪ A(Im(v)) ∪ A(Im(v))+.

The isomorphism as real vector spaces MR
∼= MR × 0 ∼= 0 ×MR lets us consider Re(v)

and Im(v), separately, as reducing to the case K = R with Re(v), Im(v) ∈ MR. Now, Re(v)
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and Im(v) both reduce to the K = R case. This gives the existence of a set of primitive ray

generators {vi}iri1 in MR × 0 and coefficients {bi}iri1 with bi ∈ R such that

r∑
j=1

bjvj = Re(v)

and

r∑
i=1

bix
B\Bizvi = zRe(v).

Similarly, Im(v) ∈MR gives existence of a set of primitive ray generators {wi}iℓi1 and real

coefficients {di}iℓi1 such that

ℓ∑
j=1

djwj = Im(v) and

ℓ∑
i=1

dix
B\Bizvi = zIm(v).

Since Re(v) and Im(v) are in distinct copies of MR,

zRe(v)⊕Im(v) = z(Re(v)⊕0)+(0⊕Im(v)).

Therefore, let

{Vj}r+ℓj=1 =


vij × 0⃗ 1 ≤ j ≤ r,

0⃗× wij r + 1 ≤ j ≤ ℓ+ r
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so that Bj = A(Vj). We also have coefficients

gj =


bj 1 ≤ j ≤ r,

dj r + 1 ≤ j ≤ r + ℓ

so that

v =
r+ℓ∑
j=1

gjVj

and

r+ℓ∑
j=1

bjx
B\BjzVj = zv

How to Use Arithmetic Rule 3 for Section 9.2, 9.3

Since every nonzero v ∈ M lies in the relative interior of the cone defined by its nonzero

coefficients CA(v) ,A+ , Arithmetic Rule 2 implies that there always exists a set {vi}ki=1, {bi}ki=1

such that

∑
a∈Bg

ca ⊗ e∨a =
k∑
i=1

γ∨C(bi ⊗C vi)

and a monomial times
∑k

i=1 bizvi can always be used to reduce a positive value of ||w||

when tensoring over K = Q,R, or C.

Claim: ker(α) = ⟨zv : v ∈M⟩.

Proof. To fix notation, let A = {a1, . . . , am}. The above computation shows zv ∈ ker(α) for
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arbitrary v ∈ M . Next, fix the basis R = C[xa | a ∈ A] =
⊕

(i1,...,im)∈Nm C
〈
xi1a1 · · ·x

im
am

〉
for

R. Then R⊗ L∨A can be viewed as

R⊗L
∨
A
∼=

⊕
(i1,...,im)∈Nm

ci1,...,imx
i1
a1
· · ·ximam ⊗ L

∨
A for ci1,...,im ∈ C

∼=
⊕

(i1,...,im)∈Nm

C⊗ L∨A by keeping track of the ordering of the basis of R.

Suppose w =
∑

a∈Awaua ∈ ker (α). Let πg : R → C · xg be natural projection, and let

Bg := {a ∈ A : xawa ̸∈ kerπg}. Then a ∈ Bg implies xawa contains a monomial cax
g with

ca ̸= 0. Therefore, xa | xg. Since the {xa} are mutually prime,

∏
a∈Bg

xa | xg.

Now a ∈ Bg implies that when xawa is not in kerBg, we have that cax
g−ea appears in wa

with ca ̸= 0, so that wa = F̃ + cax
g−ea for some F̃ ∈ R(−|xa|). Now

0 = πg(α(w)) =
∑
a∈Bg

ca ⊗ |xa|

=
∑
a∈Bg

ca ⊗ δ∨(ea)

= δ∨C(
∑
a∈Bg

caea) =⇒
∑
a∈Bg

caea ∈ ker(δ∨C) = Im(γ∨C)

Since we’ve tensored over C, we can’t necessarily say that there exists one single v ∈ M

such that
∑

a∈Bg
ca ⊗ e∨a = γ∨(v). However, we can say two things:
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2.3.11 In nice cases

In the event that there does exist v ∈ M such that γ∨(v) =
∑

a∈Bg
caea, then we can say:

for a given g ∈ Nm,

||w̃|| := ||w − xg−
∑

a∈Bg
eazv|| = ||w − xg−

∑
a∈Bg

ea
∑
a∈A(v)

cax
∑

ã̸=a∈A(v) eãua||

= ||
⊕
a∈A

(
wa − xg−

∑
a∈Bg

eaca · x
∑

ã̸=a∈A(v)uã

)
ua||

where the ca are possibly 0

= ||
⊕
a∈A

(
(F̃ + cax

g−ea)− xg−
∑

a∈Bg
eacax

∑
ã̸=a∈Bg

uã
)
ua||

where F̃ ∈ ker(πg), since Bg = A(v) by construction of v

= ||
⊕
a∈A

(
F̃ + (ca − ca)xg−ea

)
ua||

This shows that if we can select g such that |Bg| > 0, then ||w − xg−
∑

a∈Bg
eazv|| < ||w||.

2.3.12 Provided arithmetic rule 3, this reduces norm on w̃ in all

cases

We can always say there exists {vi}ki=1, {bi}ki=1 such that

∑
a∈Bg

ca ⊗ e∨a =
k∑
i=1

γ∨C(bi ⊗C vi)

We have that for a given g ∈ Nm with Bg ̸= ∅,
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||w̃|| = ||w − xg−
∑

a∈Bg
ea

k∑
i=1

bizvi ||

= ||
⊕
a∈A

wa − xg−∑a∈Bg
ea

k∑
i=1

bi
∑

a∈A(vi)

dax
∑

ã̸=a∈A(vi)
eã

ua||

where γ∨(vi) =
∑

a∈A(vi)

daea

= ||
⊕
a∈A

F̃ + cax
g−ea − xg−

∑
a∈Bg

ea

k∑
i=1

bi
∑

a∈A(vi)

dax
∑

ã ̸=a∈A(vi)
eã

ua||

= ||
⊕
a∈A

F̃ + (ca − ca)xg−ea|| by assumption

which gives ||
⊕

a∈A(F̃ + (ca − ca)xg−ea|| if ∃ g with Bg ̸= ∅.

2.3.13 Group action in the general case

The action in the generalized setting is given by tensoring the following sequence with C∗:

0→ LA
δ→ ZA γ→ N → 0.

For v ∈M , we have γ∨(v) =
∑

a∈A(v) caea, and we can differentiate to find δ.

LA ZA

Zk ZA

δ

∼ =

B

33



where B =



ν̃1

ν̃2
...

ν̃|A|


and B(v) =



ν1(v)

ν2(v)

...

ν|A|(v)


. We can write νi =

∑|A|
j=1 b

j
iej with b

j
i ∈ Z. Now,

(B ⊗ C∗)(t1, . . . , tk) =

(∏
t
bj1
j ,
∏
t
bj2
j , . . . ,

∏
t
bj|A|
j

)
gives a subtorus which acts. A derivative

of this action at a particular point will give δ. To define the action, we have

(t1, . . . , tk) · (x1, . . . , x|A|) =
(∏

t
bj1
j x1, . . . ,

∏
t
bj|A|
j x|A|

)

where (t1, . . . , tk) ∈ LA. The i−th Euler field (where i comes from an element u in LA)

is

Xi =
∂

∂ti

(∏
t
bj1
j x1, . . . ,

∏
t
bi|A|
j x|A|

) ∣∣∣∣
t=1

= bi1x1, b
i
2x2, . . . , b

i
|A|x|A| as coordinates on the basis vectors

∂

∂x1
, . . . ,

∂

∂x|A|
, so

Xi =

|A|∑
k=1

bikxk
∂

∂xk

=

|A|∑
k=1

ν̃k(u)xk
∂

∂xk
which we can also write as

=

|A|∑
k=1

u(|xk|)xk
∂

∂xk

we have ν̃i = δ∨(e∨i ) from before. The tangent space of the algebraic torus here is iso-

morphic to C⊗ LA from taking the exponential. Any element of LA is a linear combination

of { ∂
∂ti
}. Xi corresponds to the i−th basis vector in LA. So we can identify elements of LA

as tangent vectors to the algebraic torus, but really LA⊗C is the tangent space. This shows

that Ξ is what was asserted in previous sections. We want to find which Kähler differentials

vanish on Ξ.
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Note that F (zv) =
∑

a∈A(v) cax
fv,adxa is well-defined from dxa being a basis for Kähler

differentials on An.

2.3.14 Background on polytopes

Definition 1: Let L(P ) be the face lattice of a polytope (partially ordered by inclusion).

For F a face of P , we define

NF := {u ∈ N∨R =MR | F ⊂ {x ∈ P | ⟨x, u⟩ = minx̃∈P ⟨x̃, u⟩}}

and the normal fan18:

NP := {NF | F ∈ L(P ) \ ∅}.

If F and G are both fans in the same space Rd, then we define their common refinement

as

F
∧
G := {C ∩ C ′ : C ∈ F , C ′ ∈ G}.

In general, the pullback of the common refinement of two fans with support in the same

space is the common refinement of the pullbacks, as follows:

Proposition: For linear spaces V,W and a linear map V
T→ W , if F ,G are fans with

support in W , then T ∗F ∧ T ∗G = T ∗(F ∧ G).

Proof. For C1 ∈ F , C2 ∈ G,
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T ∗(C1 ∩ C2) := {v ∈ V | T (v) ∈ (C1 ∩ C2)}

= {v ∈ V | T (v) ∈ C1, T (v) ∈ C2}

= T ∗C1 ∩ T ∗C2.

Since an arbitrary cone D ∈ F ∧ G can be written D = C1 ∩ C2 where C1 ∈ F , C2 ∈ G,

we have

T ∗(F ∧ G) = {T ∗D | D ∈ F ∧ G}

= {T ∗(C1 ∩ C2) | C1 ∈ F , C2 ∈ G}

since any cone D ∈ F∧G can be written D = C1∩C2 where C1 ∈ F , C2 ∈ G. Continuing,

we have

T ∗(F ∧ G) = {T ∗C1 ∩ T ∗C2 | C1 ∈ F , C2 ∈ G} since T ∗(C1 ∩ C2) = T ∗C1 ∩ T ∗C2

= {D ∩ E | D ∈ T ∗F , E ∈ T ∗G}

=: T ∗F ∧ T ∗G.

Claim: F = (γ∨)∗(OF) is normal fan to gr(Q,A). gr(Q) =
∑

a∈A[0, a], zonotope.

Proof. Σ[0,a] = {H−a , Ha, H
+
a } so that [after repeating the process of common refinement over

all elements of A, taken two at a time]:

N∑
a∈A[0,a] =

{⋂
a∈A

Ca | Ca ∈ {H−a , Ha, H
+
a }

}
.
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Now, the orthant fan is the common refinement of coordinate half-spaces, and is the

common refinement to the coordinate intervals:

OF =
n∧
i=1

{H+
ei
, Hei , H

−
ei
}

=
n∧
i=1

N[0,ei].

Therefore,

F = (γ∨)∗(OF)

= (γ∨)∗(
n∧
i=1

N[0,ei])

=
n∧
i=1

(γ∨)∗(N[0,ei])

=
∧
a∈A

N[0,a]

= N∑
a∈A[0,a]

= Ngr(Q).

Definition: Given a cone σ whose support is in NR and a linear map f : NR → ÑR, then

f ∗σ := {u ∈ NR | f(u) ∈ σ}.

Claim: f ∗σ is a cone in NR.

Proof. Let σ =
⋂s
i=1H

+
mi
. Then

37



σ = {u ∈ ÑR | < u,mi >≥ 0 ∀ 1 ≤ i ≤ s}

= {u ∈ ÑR | m∨i (u) ≥ 0 ∀ 1 ≤ i ≤ s} so that

f ∗σ = {u ∈ NR | < f(u),mi >≥ 0 ∀ 1 ≤ i ≤ s}

= {u ∈ NR | m∨i (f(u)) ≥ 0 ∀ 1 ≤ i ≤ s}

= {u ∈ NR | f∨(m∨i )(u) ≥ 0 ∀ 1 ≤ i ≤ s}

=
s⋂
i=1

H+
f∨(mi)

.

Since f ∗σ is the intersection of finitely-many half-spaces, f ∗σ is a also polyhedral cone.
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Claim (Part II): We can describe (γ∨ + (δ∨)−1(χ))∗(OF) as tropical polyhedral de-

composition associated to a specific valuation on gr(Q). [Take maximal cells as well].

Proof. Particular Case: A = {0, e1, . . . , en} so that γ = Identity and γ∨ is composition

with identity. (2): Tropη = (γ∨ + η)∗(N∆).

Setup:

0→ LA → ZA γ→ N → 0

0→M
γ∨→ ZA → L∨A → 0

and

MR
γ∨R→ (RA)∨

∪ ∪

(γ∨ + η)∗(N∆) N∆

and for η ∈ (RA)∨, u ∈M we have

(RA)
γ→ N

η ↓ ↓ u

R ⊂ C∗

so that for x ∈ RA, (γ∨ + η)(u)(x) := u(γ(x)) + η(x).

Now, let F ⪯ N∆n . Then F = NG for some G ⪯ ∆n. Now

(γ∨ + η)∗(F ) = (γ∨ + η)∗(NG)

= {u ∈M | (γ∨ + η)(u) ∈ NG}

= {u ∈M | G ⊂ {x ∈ ∆n | (γ∨ + η)(u)(x) = minx̃∈∆n{(γ∨ + η)(u)(x̃))}}}

= {u ∈M | G ⊂ {x ∈ ∆n | u(x) + η(x) = minx̃∈∆n{u(x̃+ η(x̃)}}}
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since γ = Id implies γ∨ is composition with identity. In general, F ⪯ P a face of a polytope

with P ⊂ Rn implies dim(F ) + dim(NF ) = n. In particular, dim(F ) + dim(G) = n here.

Now, tropη(m) := mina∈A{< m, a > +η(a)} has minimum assumed at least twice among

elements ai1 , ai2 of A iff

G := Conv(ai1 , ai2) ⊂ {x ∈ ∆n | (γ∨ + η)(m)(x) = minx̃∈∆n{(γ∨ + u)(m)(x̃)}}

by linearity of γ∨ and η. [The same is true if η is an affine function since an equal shift

is applied to all elements of ∆n]. Therefore, it suffices to consider the case where G is 1-

dimensional, which gives that F is a wall of Tropη, and also a an n − 1-dimensional cone

NG ⪯ N∆n . This is because if the minimum in tropη is assumed more than twice at some

{ai1 , . . . , aiℓ} ∈ A, then

G = Conv(ai1 , . . . , aiℓ) ⊂ {x ∈ ∆n | (γ∨ + η)(m)(x) = minx̃∈∆n{(γ∨ + η)(m)(x̃)}}

and NG is contained in some wall of Tropη. Therefore, Tropη, together with the maximal-

dimensional cells of the polyhedral subdivision of MR equals (γ∨ + η)∗(N∆n).

General Case:

Proof. P any polytope, with

P ↠ Q

∩ ∩

0 → U → V
β
↠ W 0

gives
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U∨ ↞ V ∨ ←↩ W∨ ← 0

η̃ ← η.

with η̃ ∈ U∨, η ∈ V ∨.Now, A := {β(v) : v a vertex of P}. η : A→ R and η(β)(v) = η(v).

Also, η(β(v)) := η(v) so that the same proof carries through as above: using an extra variable

and projecting, NQR → R∨. We also have η(β(v)) := η(v), which makes the proof the same

as above. Note: Evaluation on the vertices is given by η.

To construct a fiber polytope19, we take a marked polytope Q with a set of points A

such that Conv(A) = Q, and map the standard simplex to Q by map γ. From this map, we

construct the fiber polytope via:

Σ(A) = Σ(P,Q). ∆→ Q. RA
γ→ NR → 0 where ea 7→ a.

P ↠ T (P )

∩ ∩

Rn
T→ Rm

where T is a linear map.

Proposition: Let T,W be linear spaces and T : V → W a linear map. Let P ⊂ V so

that P ↠ T (P ) ⊂ W . Then for a face F ⪯ T (P ), T−1(F ) is a face of P .

Proof. By the definition of a face of a polytope, F ⊂ T (P ) can be written F = m−1(0) ∩ P

for some affine function m subject to the condition that all p ∈ T (P ) satisfy m(p) ≥ 0. Now,
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{v ∈ P such that T∨(m(v)) = m(T (v)) = 0}

= {v ∈ P | T (v) ∈ F}

= T−1F

= P ∩ (T∨(m))−1(0)

is a face of P .

Claim: NT (P ) = (T∨)∗(NP ).

Proof. Let F ⪯ T (P ) be a face. By the proposition, T−1F is a face of P .

Now, NT (P ) = {NF | F ⪯ T (P )} and

NF : = {u ∈ (Rm)∨ | F ⊂ {x ∈ T (P ) such that u(x) = min x̃∈T (P ){u(x̃)}}}

= {u ∈ (Rm)∨ | F ⊂ {T (v) ∈ T (P ) such that u(T (v)) = (T∨(u))(v) = minT (ṽ)∈T (P )T
∨(u)(ṽ)}}

= {u ∈ (Rm)∨ | T−1F ⊂ {v ∈ P T∨u(v) = minṽ∈P{T∨u(ṽ)}}}

= (T∨)∗NT−1F

so that

NT (P ) = {(T∨)∗NT−1F | F ⪯ T (P )}

= {(T∨)∗D | D ∈ NP}

since if G ⪯ P is not the pre-image of any face in T (P ), T∨(Relint)(G) = ∅

= (T∨)∗NP .
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2.3.15 Koszul compexes and Gr(Q),Σ(A)

Sturmfels-Kapranov-Zelevinsky20 relate fiber polytopes (Chow polytopes) to Koszul com-

plexes. Here, we recall some constructions relating to a Koszul complex.

For R a ring and for the central element x ∈ Z(R), we define21 the Koszul complex K(x)

to be

0→ R
·x→ R→ 0

where the first copy of R is in degree 1, the second in degree 0. If R is a ring and x =

(x1, . . . , xn) a finite sequence of central elements in R, then K(x) is the total tensor product

complex

K(x1)⊗R K(x2)⊗R · · · ⊗R K(xn).

K(x) has a grading, and the degree p part of K(x) is generated by the symbols

ei1 ∧ · · · ∧ eip = 1⊗ · · · ⊗ 1⊗ exi1 ⊗ · · · ⊗ exip ⊗ · · · ⊗ 1 (i1 < · · · < ip).

We also have the

Koszul Resolution: If x is a regular sequence in R, then K(x) is a free resolution of

R/I, I = (x1, . . . , xn)R. That is, the following sequence is exact:

0→ Λn(Rn)→ · · · → Λ2(Rn)→ Rn x→ R→ R/I → 0.

We will say more about Koszul complexes in Section 3.1.1.

2.3.16 Toric ideals and Gröbner bases

Definition: A Toric ideal22 IA is ker(π̂) : k[x] := k[x1, . . . , xn] → k[t
+

1 , . . . , t
+

d ] of map

xi 7→ tai induced by Nn → Zd where (u1, . . . , un) 7→ u1a1 + · · · + unan for some choice of

{a1, . . . , an} ⊂ Zd. Each ai ∈ Zd is associated with tai ∈ k[x
+

1 , . . . , x
+

d ]. Note that V (IA) is
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not necessarily normal here which differs from Fulton23.

An infinite generating set for IA is

{xu − xv | π(u) = π(v)}

for u, v ∈ Nn. This raises the question of how to find a more optimal generating set.

Definition: The state polytope is a polytope whose normal fan is the Gröbner fan22.

2.3.17 An example of the general combinatorial approach: P1

A reference for this section is GKZ24. For a case where the primitive ray generators of Σ(1)

do not lie in a hyperplane not containing the origin, we’ll consider P1×P1 as the GIT quotient

C4/χG. P= Conv({(0, 0), (1, 0), (0, 1), (1, 1)}. Here, the affine toric variety to consider is the

orbit of the diagonal. Let A = Σ(1) generators as a subset of N , and G = C∗⊗L. We have

an exact sequence

Z4 Z2

|| ||

0 → L → ZA → N → 0

with G acting on C4 via:

(λ1, λ2) · (z1, z2, z3, z4) = (λ1z1, λ1z2, λ2z3, λ2z4) and χ = L∨ ∼= Hom(C∗ ⊗ L,C∗). The

following sequence is exact:

0← L∨ ⊗ R
α∨
← RA ←MR ← 0

and for χ ∈ L∨ ⊗ R, MR
∼= (α∨)−1(χ) 7→ χ. Here, take P = (α∨)−1(χ) ∩ RA≥0 which is

unique up to translation.

The set A of primitive ray generators in N of Σ give the exact sequence
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0→ L→ ZA → N → 0

Tensoring with C∗ gives

1→ C∗ ⊗ L→ (C∗)A → TN → 1

Given Σ a fan in NR, XΣ = UΣ/G and

XΣ ×XΣ = (UΣ × UΣ)/(G×G)

where UΣ × UΣ ⊂ (CA)2. The diagonal ∆XΣ
= Y/(G×G) where Y ⊂ (CA)2.

The affine toric variety Y = Φ(C∗ ⊗ L∆) is homogeneous with respect to G × G, and

R ⊂ L∆⊗R is a polytope giving Y . Here, we have B ⊂ L∨∆⊗R giving Y = XB. Here, Pic is

generated by line bundles, and we have a homomorphism from an equivariant divisor to line

bundles. There is a natural morphism from ZA to L∨ which gives a correspondence from ZA

to equivariant divisors and (ZA)∨. As finite dimensional vector spaces over C, L ∼= L∨, and

L∨ is congruent to the group of characters of the acting torus. This gives the exact sequence,

which splits

0→ L→ ZA −→← N → 0

if we choose a basis to get a splitting, s. Now G = α(C∗ ⊗ L),

XΣ = CA/(χG) or (CA)ssχ /G for χ in the interior

0→ L⊗ L→ ZA ⊕ ZA → N ⊕N → 0
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CA ∆→ CA ⊕ CA. In order to to describe the G×G orbit of ∆, we have:

0 → L⊕ L → ZA ⊕ ZA → N ⊕N → 0

↘ ↓ (u, v) 7→ u− v

N

↓ ↘

0 0

with XΣ
∼= ∆ ⊂ XΣ×XΣ. Here, the affine toric variety is the orbit of diagonal, associated

to

0

↘

L∆
∼= L⊕ L⊕N

Φ

↘

0→ L⊕ L→ ZA ⊕ ZA → N ⊕N → 0

↓ πi ↘ ↓

compose with Φ, get B N

↓ ↘

0 0

For Y ⊂ Z6, Y = [z0z2, z0z3, z0, z1z2, z1z3, z1] : z1, z2, z3, z4 ∈ C∗.

All rows satisfy x1 + x2 = 1, which is to say elements of the row space are contained in a

hyperplane in R4, which gives a 3−dimensional polytope Conv(B). The rows generate R4.
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Another example of the general combinatorial approach: P2

For P2, we have A = {(−1,−1), (1, 0), (0, 1)}.

0→ Z
α→ Z3 → Z2

With L = Z and N = Z2. α(1) = (1, 1, 1) gives

0→ L∆ → Z3 ⊕ Z3 → Z2 → 0

with L∆
∼= Z4. We have matrices

1 0 −1 −1 0 1

0 1 −1 0 −1 1


from the map (a, b) 7→ a− b, and another matrix whose rows give B:



1 0 1 0

1 0 0 1

1 0 0 0

0 1 1 0

0 1 0 1

0 1 0 0


since B ⊂ L∨∆ and G = C∗. Here, choosing 1 ∈ L corresponds to (1, 1, 1, . . . , 1).

As a dimension check: subtracting row 1 from all rows shows that the rank is 3. This
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shifted matrix with choice of basepoint given by row 1 is:



0 0 0 0

0 0 −1 1

0 0 −1 0

−1 1 0 0

−1 1 −1 1

−1 1 −1 0


with rank 3.

2.3.18 Syzygy resolution of Pn and interior points of Gr(P∆)

The interior points of the graph polytope Gr(P∆) give the free ranks appearing in a syzygy

resolution for Pn as follows. From Gr(P∆) = Conv(
∑

γ∈I γ : I ⊂ V ert(P∆)) and V ert(P∆) =

{e0, e1, . . . , en, e0+f, e1+f, . . . , en+f} we see that, for [z1, z2, . . . , zn+2] in Gr(P∆) , we have

that

0 ≤ zi ≤ 2

for all i with 1 ≤ i ≤ n+ 1 and

0 ≤ zn+2 ≤ n+ 1.

This implies Int(Gr(P∆)) = {[1, 1, . . . , 1, b] : 0 < b < n+ 1} = {e0 + e1 + · · ·+ en + bf :

0 < b < n + 1}. These points are all candidates for interior points based on inequalities

above, and we can get a 0 or 2 in each of first n + 1 components (while zn+2 varies), and
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have [0, 0, . . . , 0] and [2, 2, . . . , 2, n+1] ∈ Gr(P∆) so that these are all actually interior points.

In the set T , this corresponds to a subset of {1, 2, . . . , n+1} of size n+1 and since b can

vary with 0 < b < n+ 1, we have

n

(
n+ 1

n+ 1

)
interior points in Gr(P∆) is k

(
n+1
k+1

)
with k = n. In the syzygy resolution, this gives the free

rank of Sn(
n+1
k+1) in

Sn(
n+1
n+1) → S(n−1)(n+1

n ) → · · · → Sk(
n+1
k+1) → · · · → S2(n+1

3 ) → S(
n+1
2 ) → S.
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Chapter 3

Derived Categories D(X )

3.1 Resolutions of diagonal

By a “resolution of the diagonal,” we mean: View O∆ as a complex of sheaves concentrated

in degree 0 in Db
Coh(XΣ × XΣ) for toric variety XΣ. Now, give a chain complex C · acyclic

(away from H0) and a chain map C · → O∆ which is a quasisomorphism. A locally free

resolution F · → A of a sheaf A is a complex 0 → F · → A → 0 of locally free sheaves with

A in degree 0 which induces a quasi-isomorphism of complexes25

· · · → 0 → Fn → · · · d→ F0 → 0

↓ 0 ↓ 0 ↓ 0 ↓ ϵ ↓ 0

· · · → 0 → 0 → · · · → A → 0

Now H0 of the two complexes coincides: H0(F ·) = F0/Im d = F0/kerϵ ∼= A = H0(A)

since a resolution is exact.
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3.1.1 Koszul complexes

For x ∈ R a central element with R a commutative ring with 1, K(x) denotes the complex

0→ R
·x→ R→ 0

in degrees 1 and 0. Here21, H0(K(x)) = R/ ⟨x⟩ and H1(K(x)) = {r ∈ R | rx = 0}. If we let

1 = ex in degree 1, then d(ex) = d(1) = x.

More generally, for (x1, . . . , xn) a finite sequence of central elements in R, the Koszul

complex K(x1, . . . , xn) given by

K(x1)⊗R K(x2)⊗ · · · ⊗R K(xn)

can be constructed by induction as the total tensor product

(K(x1)⊗R · · · ⊗R K(xn−1))⊗R K(xn).

Here the total tensor product Tot⊕((K(x1) ⊗R · · · ⊗R K(xn−1)) ⊗R K(xn)) has d
h = d ⊗ 1

and the sign trick for dv = (−1)p ⊗ d. For R1 the corresponding copy of R in degree 1 in

K(xi), n = 2 gives

(R1 ⊗R1)
dh+dv→ ((R1 ⊗R0)⊕ (R0 ⊗R1))

dh+dv→ (R0 ⊗R0)

in degrees 2, 1, and 0, which comes from

51



0 0

↓ ↓

0 → (R1 ⊗R1)
·x⊗1→ R0 ⊗R1 → 0

−1⊗ y ↓ ↓ 1⊗ y

0 → R1 ⊗R0
·x⊗1→ R0 ⊗R0 → 0

↓ ↓

0 0

Since Kp(x1, . . . , xn) is isomorphic to
∧pRn and has rank

(
n
p

)
, K(x1, . . . , xn) is often

called the exterior algebra complex. The differential d : Kp(x1, . . . , xn) → Kp−1(x1, . . . , xn)

sends

ei1 ∧ · · · ∧ eik 7→
k∑
j=1

xij(−1)j+1ei1 ∧ · · · ∧ êij ∧ · · · ∧ eik .

For n = 2, we see that

ex ⊗ ey 7→ (−ex ⊗ y, x⊗ ey)

ex ⊗ 1 7→ x⊗ 1,

1⊗ ey 7→ 1⊗ y

so we say that up to isomorphism,
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ex ∧ ey 7→ −yex + xey

ex 7→ x

ey 7→ y

This differential corresponds to contraction with the central sequence (x, y) in
∧·R2 when

R = k[x, y] for k a field, for instance.

Here, we also see that

(dh + dv) ◦ (dh + dv)(1⊗ 1) = (dh + dv)((−1⊗ y)⊕ (x⊗ 1))

= 0⊕ (−x⊗ y + x⊗ y)⊕ 0

= 0

so that d ◦ d = (dh + dv) ◦ (dh + dv) = 0 in all degrees.

For (x1, x2, x3) = (x, y, z) in k[x, y, z], we see that K(x, y)⊗K(z) is given by

0→ R
·x→ R→ 0

0→ R
·y→ R→ 0

0→ R
·z→ R→ 0

where R1 ∋ ex in the first complex, R1 ∋ ey in the second, and R1 ∋ ez in the third.

Furthermore,
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(R1 ⊗R1)⊗R1
dh→ (R1 ⊗R0 ⊕R0 ⊗R1)⊗R1

dh→ (R0 ⊗R0)⊗R1

dv ↓ ·1⊗ 1⊗ z ↓ dv ↓ dv

(R1 ⊗R1)⊗R0
dh→ (R1 ⊗R0 ⊕R0 ⊗R1)⊗R0

dh→ R0 ⊗R0 ⊗R0

shows that

ex ∧ ey ∧ ez 7→ z · ex ∧ ey − yex ∧ ez + xey ∧ ez

ex ∧ ey 7→ −yex + xey as before

ex ∧ ez 7→ xez − zex

ey ∧ ez 7→ yez − zey

ex 7→ x,

ey 7→ y,

ez 7→ z.

In general, K(x1)⊗K(x2)⊗ · · · ⊗K(xn) inherits signs from those previously in

K(x1)⊗ · · · ⊗K(xn−1), and sign conventions from K(xn).

3.1.2 Koszul complexes from a homomorphism ϕ : E → R

The Koszul complex arising from a homomorphism ϕ : E → R where R is a commutative

ring and E ∈ R−Mod is free with basis (e1, . . . , en) is given as follows. For each q, the map

Eq →
∧q−1E given by

(e1, . . . , eq) 7→
∑
i

ϕ(ei)(−1)i+1e1 ∧ · · · ∧ êi ∧ · · · ∧ eq
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is q−linear and alternating, hence factors through a homomorphism ϕq :
∧q E →

∧q−1E.

Identity 1: We verify that if a ∈
∧r E and b ∈

∧q−r E, then

ϕq(a ∧ b) = ϕr(a) ∧ b+ (−1)ra ∧ ϕ(b)

as follows. The left-hand side gives

ϕq(a ∧ b) =

(
r∑
i=1

ϕ(ei)(−1)i+1e1 ∧ · · · ∧ êi ∧ · · · ∧ er

)
∧ b+ . . .

· · ·+ (−1)ra ∧

(
q−r∑
j=1

ϕ(ej)(−1)j+1e1 ∧ · · · ∧ êj ∧ · · · ∧ eq−r

)
.

Then we prove by induction on q that ϕq−1ϕq = 0 as follows:

Proof. (I): Base case: For q = 0, 1 the statement holds since ϕk is defined to be 0 for k < 0.

(II): Induction step: Suppose ϕk−1ϕk = 0 for k ∈ Z>0. Write a ∈ Ek+1 as
∑

i aki ∧ bi

where aki ∈
∧k E, bi ∈

∧1E. Then by R-linearity of R−module homomorphisms, it suffices

to show ϕkϕk+1 = 0 for a given summand. Fix i. Let ak = aki , b = bi. Then

ϕkϕk+1(ak ∧ b) = ϕk ◦ (ϕk(a) ∧ b+ (−1)ka ∧ ϕ1(b))

= ϕk(ϕk(a) ∧ b) + (−1)kϕk(a ∧ ϕ1(b))

= ϕk ◦ ϕk(a) ∧ b+ (−1)k−1ϕk(a) ∧ ϕ1(b) + (−1)k(ϕk(a) ∧ ϕ1(b) + (−1)ka ∧ ϕ ◦ ϕ(b))

= (−1)k−1ϕk(a) ∧ ϕ1(b) + (−1)kϕk(a) ∧ ϕ1(b)

= 0
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by Identity 1 and the Base Case.

Therefore, we get a chain complex K·(ϕ) := {(Kq, dq) := (
∧q E, ϕq)}.

3.2 Kähler differentials

Let B ∈ A−alg for A a commutative ring with 1, B⊗AB a left B−module via multiplication

on the left and f : B ⊗A B → B a homomorphism of B modules gives by f(b ⊗ b′) = bb′.

Let I = ker(f). Then I/I2 inherits the structure of a B-module26. Define d : B → I/I2 by

d(b) := 1⊗ b− b⊗ 1. Then ⟨I/I2, d⟩ is a module of relative differentials for B/A. Note that

we’ve implied that B ⊗A B is also an A−algebra by writing I2.

On Pnk , OPn is a free OPn module, generated by 1. It has rank 1. Let S = k[x0, . . . , xn]

denote the homogeneous coordinate ring of projective space, and E := S(−1)n+1.

ΩPn is defined by the Euler sequence

0→ ΩPn → OPn(−1)n+1 → OPn → 0

from the corresponding exact sequence of modules

0→M → S(−1)n+1 f→ S

where f(ei) = xi. If we localize at xi, then Exi ∋
xj
xi

andMxi is generated by {ej−xj
xi
ei | j ̸= i}

and Ω|Ui
is generated by elements in degree zero: {( 1

xi
)ej − xj

x2i
ei | j ̸= i}. Since Ui =

Spec k[x0
xi
, . . . , xn

xi
] is affine, Ω|Ui

is a free O|Ui
-module generated by d(x0

xi
), . . . , d(xn

xi
). Then

the isomorphism Φi : ΩUi
→ M̃ |Ui

is given by ϕ(d(
xj
xi
)) = 1

x2i
(xiej − xjei). To show that the
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maps ϕi glue together, on Ui ∩ Uj we have

xk
xi

=
xk
xj
· xj
xi

implies by the Leibniz Rule that

d(
xk
xi

) = d(
xk
xj

)
xj
xi

+
xk
xj
d(
xj
xi
) so

d(
xk
xi

)− xk
xj
d(
xj
xi
) =

xj
xi
d(
xk
xj

)

Now Φi of the left-hand side gives

Φi(d(
xk
xi

)− xk
xj
d(
xj
xi
)) =

1

x2i
(xiek − xkei)−

xk
xj

1

x2i
(xiej − xjei))

=
ek
xi
− xkei

x2i
− xkej
xixj

+
xkei
x2i

=
ek
xi
− xkej
xixj

and Φj of the right-hand side gives

xj
xi

1

x2j
(xjek − xkej) =

ek
xi
− xkej
xixj

so these are equal and the Φi glue together.

To summarize: On Ui, M̃ |Ui
=
〈

1
xi
ej − xj

x2i
ei for j ̸= i

〉
.

Ω|Ui
=
〈
d(

xj
xi
) for j ̸= i

〉
, subject to
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d(
xk
xi

+
xj
xi
) = d(

xk
xi

) + d(
xj
xi
),

d(r) = 0 for all r ∈ k,

d(
xj
xi

xk
xi

) = d(
xj
xi
)
xk
xi

+
xj
xi
d(
xk
xi

).

This is equivalent to the construction of Ω|Ui
as ⟨I/I2, d(b) = 1⊗ b− b⊗ 1( mod I2)⟩ for

b ∈ O|Ui
since: Here, B = O|Ui

, A = k.

To check the Leibniz rule27, we note that

d(bb′)− (d(b)b′ + bd(b′)) = 1⊗ bb′ − bb′ ⊗ 1− ((1⊗ b− b⊗ 1)b′ + b(1⊗ b′ − b′ ⊗ 1))

= 1⊗ bb′ − bb′ ⊗ 1− b′ ⊗ b+ bb′ ⊗ 1− b⊗ b′ + bb′ ⊗ 1

= (1⊗ b′ − b′ ⊗ 1)(1⊗ b− b⊗ 1) ∈ I2.

To show Ω|Ui
∼=
〈
1⊗ xj

xi
− xj

xi
⊗ 1 | j ̸= i

〉
, we construct g : Ω|Ui

→ I/I2, show that g

is surjective, then construct h : I/I2 → Ω|Ui
, show that h is well-defined, and show that

h ◦ g : Ω|Ui
→ Ui is the identity.

Proof. (⇒): Define g : Ω|Ui
→ I/I2 by g(d(

xj
xi
)) = 1⊗ xj

xi
− xj

xi
⊗ 1. Then g is surjective (mod

I2), since if for zi, wi, zj, w
′
j ∈ OUi

,∑
i zi ⊗ wi ∈ I =⇒

∑
ziwi = 0 so that

∑
i zi ⊗ wi =

∑
zi(1⊗ wi − wi ⊗ 1).

(⇐): Define h : I/I2 → Ω|Ui
by z ⊗ w 7→ zdw. To show h is well-defined, we show that

elements of I2 are sent to 0:
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(∑
zi ⊗ wi

)(∑
j

z′j ⊗ wj′
)

=
∑
i,j

zizj′ ⊗ wiw′j

must map to 0 when

∑
ziwi =

∑
z′jw

′
j = 0.

But by the Leibniz rule,

h

(∑
i,j

ziz
′
j ⊗ wiw′j

)
=
∑
i,j

ziz
′
jd(wiw

′
j)

=
∑
i,j

ziz
′
jd(wi)w

′
j +
∑
i,j

ziz
′
jwid(w

′
j)

=

(∑
i

zidwi

)
·

(∑
j

z′jw
′
j

)
+

(∑
i

ziwi

)
·

(∑
j

z′jdw
′
j

)

= 0.

Now h ◦ g : Ω|Ui
→ Ω|Ui

is the identity, as

h ◦ g(d(xj
xi
)) = h(1⊗ xj

xi
− xj
xi
⊗ 1)

= d(
xj
xi
)− xj

xi
· 0

= d(
xj
xi
)

as desired. We can now see the morphisms ϕi in the sequence

I/I2
h→ Ω|Ui

Φi→ O(−1)n+1|Ui
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by

Φi ◦ h(1⊗
xj
xi
− xj
xi
⊗ 1) = Φi(d(

xj
xi
))

as before.

In complex geometry28, the dual to the Euler sequence given above at x = π(X) on fibers

is given by

0→ C · (X0, . . . , Xn)→ (H⊕n+1)x → T ′x(P
n)→ 0

where H is the hyperplane bundle defined to be dual to O(−1). That is, fibers of H are given

by linear functions C{X} on the fiber of the tautological bundle O(−1) on Pn. Here, lin-

ear functionals descend to give vector fields on Pn, and σ = (σ0, . . . , σn) 7→ π∗

(∑
σi(X) ∂

∂Xi

)
.

The corresponding exact sequence in algebraic geometry is given by

0→ O → O(1)n+1 → T Pn → 0

and the dual sequence (tensored with OPn(1)) is given by

0→ Ω(1)→ On+1 → O(1)→ 0

where as before ei 7→ xi and M̃(1)|Ui
=
〈
ej − (

xj
xi
)ei | j ̸= i

〉
.

3.2.1 Example: Kähler differentials on P2, showing P2 is a Fano

toric variety

Let Σ ⊂ N be the fan for P2 with rays ρ0, ρ1, ρ2 with v0 = (−1, 1), v1 = (1, 0), v2 =

(0, 1) primitive ray generators in N . Then the affine semigroup σ∨0 has generators ⟨x, y⟩,
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σ∨1 = ⟨x−1, x−1y⟩, and σ∨2 = ⟨xy−1, y−1⟩ so that U0 = Spec(C[x, y]) has coordinates (x, y),

U1 = Spec(C[x−1, x−1y]) has coordinates (x−1, x−1y) and U2 = Spec(C[xy−1, y−1] has coor-

dinates (xy−1, y−1). Since P2 is smooth, ΩP2 restricted to any affine open subset is locally

free. In particular, ΩP2

∣∣∣∣
U0

∼= ⟨dx, dy⟩ as a free C[x, y]-module.

Let ϕ20 : U0 → U2 be the transition function given by (x, y) 7→ (xy−1, y−1). Call the

coordinates (xy−1, y−1) = (a1, a2) on U2. Then the Jacobian matrix

Jac ϕ20 =

y−1 −x
y2

0 −y−2


implies that da1 = y−1dx− x

y2
dy and da2 = −y−2dy in terms of (x, y)-coordinates on U0. The

transition functions for Ω from U0 to U1 are given similarly by Jac ϕ10. Then the cocycle

condition ϕ12 ◦ ϕ20 = ϕ10 implies that Jacϕ12 ◦ Jacϕ20 = Jac10, and the transition functions

on
∧2ΩP2 = ωP2

∼= O
(∑

ρi∈Σ(1)−Di

)
are given by

da1 ∧ da2 = (y−1dx− x

y2
dy) ∧ (−y−2dy)

= −y−3dx ∧ dy

and dw1 ∧ dw2 = −x−3dx ∧ dy for (x−1, x−1y) = (w1, w2) on U1. This shows23 that∧2ΩP2 = ωP2
∼= O(−3).

Now the anticanonical divisor −KP2 :=
∑

ρi∈Σ(1)Di gives the polytope

P−KP2 : = {u ∈M | ⟨u, vi⟩ ≥ −ai ∀ i}

= Conv((−1,−1), (−1, 2), (2,−1))

with Card(P−KP2 ∩M) = 10 gives 10 global sections of −KP2 which do not all simulta-
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neously vanish on P2, and hence a well-defined map to P10−1 = P9. That is, P2 is a Fano

toric variety.

3.2.2 Beilinson resolution as a Koszul complex

In the case of complex projective spaces PnC, the resolution of diagonal is given by a Koszul

complex corresponding to the morphism29 O(−1) ⊗ Ω(1) → OX×X . The relevant exterior

algebra is then
∧k(p∗O(−1) ⊗ q∗Ω(1)) ≃ p∗(O(−k)) ⊠ q∗(Ω(k)). Dually30, we can also say

that the Koszul resolution for Pn is constructed using a section s of O(1)⊠T (−1) on Pn×Pn

which vanishes exactly on the diagonal31;32. Griffiths-Harris28 also give a Koszul resolution

for O⧸I as a module over O. Beilinson’s resolution of the diagonal also implies33 that

Db
Coh(P

n) ∼= ⟨O(a), . . . ,O(a+ n)⟩ for any a ∈ Z

∼=
〈
O = Ω0(0),Ω1(1), . . . ,Ωn(n)

〉
form a strong full exceptional collection for Db(Pn).

Db
Coh(P

n) = ⟨O(−n),O(−n+ 1), . . . ,O⟩ .

The Koszul complex corresponding to the morphism O(−1) ⊗ Ω(1) → OX×X from the

first description given above is given as follows29. On the open set Ui× Vk, O(−1)⊠Ω(1) is

generated by { 1
xi
⊗ (ej − yj

yk
ek)}j ̸=k. The map Ψ is given by

1

xi
⊗ (ej −

yj
yk
ek) 7→

1

xi
(xj −

yj
yk
xk) =

xj
xi
− yjxk
ykxi

∈ OP×P|Ui×Vk

from the chain of morphisms

q∗(ΩY (1))→ q∗(On+1
Y )

∼→ (OX×Y )n+1 ∼→ p∗(On+1
X )→ p∗(OX(1)).
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The composition resulting from such chain, tensored by p∗(OX(−1)), yields a morphism

p∗OX(−1)⊗ q∗ΩY (1)→ p∗OX(−1)⊗ p∗OX(1).

Together with the chain of natural isomorphisms

p∗OX(−1)⊗ p∗OX(1) ≃ p∗(OX(−1)⊗OX(1))

≃ p∗(OX)

≃ OX×Y

gives a morphism

p∗OX(−1)⊗ q∗ΩY (1)
Ψ→ OX×Y .

Ψ vanishes precisely on the diagonal {yj = xj | 0 ≤ j ≤ n} of Pn × Pn and is minimal

with respect to this property by a degree argument, hence Cok(Ψ) = O∆ and

O(−1)⊠ Ω(1)
Ψ→ OP×P → 0

↓

O∆ → 0

is exact at OP×P. Now, we can form the Koszul complex associated to the map Ψ. Note

that O(−1)⊠Ω(1) is locally free of rank given by the product (rankO(−1)) · ( rank Ω(1)) =

1 · n = n. This Koszul complex is given by
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0→
n∧
(O(−1)⊠ Ω(1))→

n−1∧
(O(−1)⊠ Ω(1))→ · · · → O(−1)⊠ Ω(1)

Ψ→OP×P → 0

↓

O∆ → 0

with dk : ei1 ∧ · · ·∧ eik 7→
∑

ℓΨ(eiℓ)(−1)ℓ+1ei1 ∧ · · ·∧ êiℓ ∧ · · ·∧ eik , which gives34 a locally

free resolution of O∆.

Note that this same resolution will not work for a general toric variety XΣ, as Pic(XΣ)

need not be isomorphic to Z. Therefore, O(−1) and Ω(1) need not be defined for a general

toric variety XΣ. Since {uρ | ρ ∈ Σ(1)} span NR in the case of Pn, the fundamental exact

sequence3 for Pn

0→M → CDivTN (XΣ)→ Pic(XΣ)→ 0

shows Pic(Pn) ∼= Z. Here, the first map sends m 7→ div(χm) and the second sends a TN -

invariant divisor to its divisor class in Pic(XΣ).

For a more general toric variety XΣ, we have the generalized Euler-Jacewski sequence17;35

0→ ΩX →
⊕
ρ∈Σ(1)

O(−Dρ)→ H→ 0

where H = H⊗O(1), H = H1(X,ΩX). Here, H is isomorphic35 to the Weil divisor class

group of X (modulo linear equivalence) tensored with OX .
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Generalizing Koszul resolutions for Pn

Taylor resolutions30 generalize Koszul resolutions, and are examples of cellular resolutions36

of monomial ideals in the case that X is a d− 1 simplex where d monomial generators label

the vertices of X. This description of a Taylor resolution implies that Koszul resolutions can

be viewed as the cellular resolution of an d−1 simplex. This is why the binomial coefficients

appear as the free ranks in a Taylor resolution: for every subset of 0, 1, 2, . . . , d − 1 of size

k ≤ d, there exists a face of X, the d− 1 simplex with this subset as vertices.

However, toric ideals are binomial ideals (which can be viewed as lattice ideals12;36;37)

rather than monomial ideals, so resolutions of toric ideals in general come from resolutions

of lattice ideals.

Syzygy resolution for the lattice ideal from orbit of diagonal of P2

For XΣ = P2, we have the set A = {(1, 0), (0, 1), (−1,−1)} of primitive ray generators with

|A| = 3 giving the exact sequence

0→ α→ Z|A|
γ→ N → 0

with L ∼= Z, N ∼= Z2. Here, the matrix γ is given by

γ =

1 0 −1

0 1 −1


and we can view
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L = kerZ γ ∼= Z ·

〈
−1

−1

−1


〉
.

Here, α : 1 7→ (−1,−1,−1). For the orbit of ∆ ⊂ X ×X, we have the following setup:

0

↘

L⊕ L⊕N ≃ L∆

↘ Φ

0 → L⊕ L → Z|A| ⊕ Z|A|
γ⊕γ→ N ⊕N → 0

↘ ↓ (a, b) 7→ a− b

N

↓ ↘

0 0

with Φ given by

ϕ =



α 0

In

0

0 α

In

0


=



−1

−1

−1

0

0

0

1 0

0 1

0 0

0

0

0

−1

−1

−1

1 0

0 1

0 0


satisfies the hyperplane condition that −(x1 + x2) = 1. For ai given by row i of Φ the

unique minimal generators of the affine semigroup Q, we have the nonzero Betti numbers36
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βi,b of the number of minimal ith syzygies of the lattice ideal IL in degree b are:

b β⃗b[
−1 −1 1 0

]
(1, 0, 0, . . . )[

−1 −1 1 1

]
(1, 0, 0, . . . )[

−1 −1 0 1

]
(1, 0, 0, . . . )[

0 −1 1 1

]
(0, 1, 0, 0, . . . )[

−1 −2 1 1

]
(0, 1, 0, 0, . . . )

These correspond to the syzygy resolution

0← IL ←
⊕
b∈Q

S(−b)β0,b ←
⊕
b∈Q

S(−b)β1,b ← · · · ←
⊕
b∈Q

S(−b)βr,b ← 0

and βj,b of IL equals36 the dimension over k of the jth reduced homology group H̃j(∆b; k)

where for any b ∈ Q, ∆b is the simplicial complex defined on the vertex set {1, . . . , n} by

∆b = {I ⊆ {1, . . . , n} | b−
∑
i∈I

ai lies in Q}.

For this particular case of the orbit of the diagonal in P2×P2, we have zero-dimensional

reduced homology generators from b = a1 + a5 = a2 + a4, a1 + a6 = a4 + a3, and a2 + a6 =

a5 + a3 in degree 2, with βb = (1, 0, 0, . . . ) for each. The free ranks of k
(
n+1
k+1

)
appearing in

Section 2.3.18 come from k = 1, from choosing (only listing one element of each equivalence

class here, to avoid overcounting):

{b = ai + aj | 1 ≤ i ≤ n, n+ 2 ≤ j ≤ 2n+ 2, j > i+ n+ 1}

gives

67



n+ (n− 1) + · · ·+ 2 + 1 =
n(n+ 1)

2

=

(
n+ 1

2

)

generators for H̃0(∆b, k), each with rank 1. We can see that ∆b here is the disjoint union

of two line intervals here by considering the first two columns of Φ.

Generators of H̃1(∆b, k) live in degree 3. From the matrix Φ, augmented to include row

labels as ai:



1 0 1 0 · · · 0 a1

1 0 0 1 · · · 0 a2
...

...
...

. . .
...

...

1 0 0 0 · · · 1 an

1 0 0 0 · · · 0 an+1

0 1 1 0 · · · 0 an+2

0 1 0 1 · · · 0 an+3

...
...

...
. . .

...
...

0 1 0 0 · · · 1 a2n+1

0 1 0 0 · · · 0 a2n+2


We choose 3 elements from {1, 2, . . . , n + 1}. Now, homology generators for H̃1(∆b, k)

come from x2 = 1, 2. So for i1, i2, i3 ∈ {1, 2, . . . , n+ 1}, we have homology generators of the

form

(i) b = ai1 + ai2 + ai3+n+1 with x2 = 1 and
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(ii) = ai1 + ai2+n+1 + ai3+n+1 with x2 = 2.

We can write (i) as

ai1+n+1 + ai2 + ai3 = ai1 + ai2+n+1 + ai3

= ai1 + ai2 + ai3+n+1

but not as

ai1 + ai2 + ai3

which contributes 1 free rank to H̃1(∆b, k).

Similarly, for (ii) we have

ai1+n+1 + ai2+n+1 + ai3 = ai1+n+1 + ai2 + ai3+n+1

= ai1 + ai2+n+1 + ai3+n+1

satisfying x2 = 2, which cannot be written as

ai1+n+1 + ai2+n+1 + ai3+n+1

since this satisfies x2 = 3. Therefore, each element of (ii) contributes 1 free rank to H̃1(∆b, k).

This case of P2 × P2 is indicative of the homology generators for Pn × Pn in general. We

have the following:

Claim: Homology generators of H̃k−1(∆b, k) for Pn × Pn come precisely from a subset

of size k + 1 from {1, 2, . . . , n + 1}, adjusted to be at height h where 1 ≤ h ≤ k. These are

values of b given by:

69



{
ai1+n+1 + ai2+n+1 + · · ·+ aih+n+1 + aih+1

+ aih+2
+ · · · aik+1

| 1 ≤ h ≤ k
}

An analogous proof to the case for P2 × P2 shows that these are all distinct (for a given

subset of size k + 1, each distinct height x2 = h represents a distinct value for b, and an

analogous shuffle construction giving pairwise equality between the elements of the set

∑
j∈J

aij+n+1 +
∑
j∈I\J

aij | J ⊂ I with |J | = h


where I is the previous choice of k+1 elements in {1, 2, . . . , n+1} with no other ways to

write this sum shows that each b contributes free rank 1 to H̃k−1(∆b, k) for k ∈ {1, 2, . . . , n}.

To say more:

Claim: rank(H̃k−1(∆b; k)) = 1 for

b ∈

∑
i∈T

ai+n+1 +
∑
i∈S\T

ai

∣∣∣∣ S ⊂ {1, 2, . . . , n+ 1} with |S| = k + 1, T ⊂ S with 1 ≤ h = |T | ≤ k

 .

Proof. Let C = [0, 1]k+1. C has 2k+1 vertices, since vertices come from either a 0 or a 1 in

each component. If h ∈ {1, k}, then up to symmetry by set complement of T ⊂ S, it suffices

to let h = 1. This gives that the set of b at h = 1 is

aj+n+1 +
∑

i∈S\{j}

ai

∣∣∣∣ j ∈ S
 .

Let b = aiα+n+1 +
∑

S\iα aj for some iα ∈ S. Then ∆b has facets

{
{a′i, {aj}j∈S\{i1}}

∣∣∣∣ i1 ∈ S}

which retracts onto ∂∆k, since there’s a 1-1 correspondence between facets of ∆b and ele-
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ments of S, with |S| = k + 1 as the facets are

{i′1, i2, . . . , ik+1}, {i1, i′2, . . . , ik+1}, . . . , {i1, i2, . . . , i′k+1}.

Since {i1, i2, . . . , ik+1} is not a face of ∆b, this shows that ∆b retracts onto ∂∆k, the

boundary of the standard k-simplex, so that rank(H̃k−1(∆b; k)) = 1 in the case h ∈ {1, k}.

Next, if h = |T | satisfies 1 < h < k, then for

b ∈ {
∑
T

aj+n+1 +
∑
S\T

aj | |T | = h},

the facets of ∆b are given by

{
{a′i}i∈T , {ai}i∈S\T

}
.

Due to symmetry in T and S\T , we can assume without loss of generality that |T | ≥ k+1
2
.

Let C =
∏

α∈T [0, eα] be the k + 1-dimensional cube with half-space representation Hrep

from {e∨i , 1− e∨i }:

C =
⋂
i∈S

(
H+
e∨i ,0
∩H+

−e∨i ,−1

)
.

C contains the hypersimplex

∆(h, k) = C ∩

(∑
i∈S

e∨i − h

)
.

Facets of ∆b are

{
{aα}α∈T , {aα}α∈S\T

}
.
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So there’s a 1-1 correspondence:

{ Facets F of ∆b} ↔ {T ⊂ S, |T | = h}.

Consider the set map Ψ : { Facets of ∆b} → C given by Ψ(F ) =
∑

α∈T eα. Then

ImΨ ⊂ ∆(h, k) and contains each vertex of ∆(h, k) since any subset T ⊂ S with |T | = h

gives a way to write b as b =
∑

T a
′
i +
∑

S\T ai. That is, Ψ gives a bijection between facets

of ∆b and vertices of ∆(h, k).

Now, the dual ∆(h, k)◦ has a facet for each vertex of ∆(h, k). Combinatorially, ∆(h, k)◦

is given by Conv({inward pointing normals}), so that facets of ∆(h, k)◦ are given by the

convex hull of all elements of a given set T .

That is, facets of ∆(h, k)◦ are given by

Conv{vα : α ∈ T}.

Since |T | ≥ k+1
2
, each facet of ∆b retracts onto the corresponding facet of ∆(h, k)◦.

Thus, ∆b retracts into ∂∆(h, k)◦, and surjectivity of the map Ψ shows that the retraction

∆b ↪→ ∂∆(h, k)◦ is onto.

This provides k ·
(
n+1
k+1

)
values of b with free rank 1 of H̃k−1(∆b; k). That is, distinct

homology generators for H̃k−1(∆b; k) come from

b ∈

{
h∑
j=1

aij+n+1 +
k+1∑
j=h+1

aij | 1 ≤ h ≤ k

}
.

Since the free resolution of IX∆
computed by Macaulay2 is minimal and has free rank k ·

(
n+1
k+1

)
for 1 ≤ k ≤ n, these are indeed all homology generators for H̃k−1(∆b; k).
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3.3 Minimal resolution of unimodular Lawrence ideal

JL

For Σ a complete fan in the lattice Zm and XΣ the associated complete normal unimodular

toric variety with {b1, . . . ,bn} ⊂ Σ(1) the primitive ray generators of Σ, and B the n ×m

matrix with row vectors bi, each bi determines a torus-invariant Weil divisor Di on Xi, and

the group Cl(X) of torus-invariant Weil divisors modulo linear equivalence is given by12

0→ Zm B→ Zn π→ Cl(X)→ 0, (3.1)

where π takes the i-th standard basis vector of Zn to the linear equivalence class [Di] of

the corresponding divisor Di.

Definiton: The Lawrence ideal12 JL corresponding to L, a sublattice of Zn is

JL =
〈
xayb − xbya | a− b ∈ L

〉
⊂ S = k[x1, . . . , xn, y1, . . . , yn]

for k a field. Here xa = xa11 x
a2
2 · · ·xann for a = (a1, . . . , an) ∈ Nn.

ForXΣ unimodular with homogeneous coordinate ringR = C[xρ | ρ ∈ Σ(1)] ∼= C[x1, . . . , xn],

the toric variety XΣ ×XΣ has homogeneous coordinate ring

S = R⊗k R = k[x1, . . . , xn, y1, . . . , yn].

The diagonal embeddingXΣ ⊂ XΣ×XΣ defines a closed subscheme, and is represented by

a Cl(X)×Cl(X)-graded ideal IX in S. Here, IX = ker(ψ) for ψ : S = R⊗kR→ k[Cl(X)]⊗R

given by xuyv = xu ⊗ xv 7→ [u]⊗ xu+v. That is,

IX = ⟨xuyv − xvyu | π(u) = π(v) in Cl(X)⟩ ⊂ S.
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Proof. First, we have the following

Lemma: Suppose X = Spec(R) is an affine variety. Then the diagonal mapping

∆ : V → V × V corresponds to the C-algebra homomorphism R ⊗ R → R given by∑
r1 ⊗ r2 7→

∑
r1r2, from the universal property of X ×X.

Next, locally, for Σ ⊂ NR, we have that the diagonal map Ui
∆
↪→ Ui × Ui corresponds to

C[σ∨i ∩M ]⊗k C[σ∨i ∩M ]→ C[σ∨i ∩M ] given by∑
r1 ⊗ r2 7→

∑
r1r2.

A choice of σ ∈ Σ gives3 the monomial

xσ̂ =
∏
ρ̸∈σ(1)

xρ ∈ S

for S the homogeneous coordinate ring38 of X. And the map

χm 7→ x<m> =
∏
ρ

x<m,uρ>ρ

induces the isomorphism

π∗σ : C[σ∨ ∩M ] ∼= (Sxσ̂)
G for G corresponding to the GIT quotient of A|Σ(1)|

ss

∼= (Sxσ̂)0

which are degree 0 in the Cl(X)-grading on S.
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So locally, we have

(Sxσ̂)0 ⊗k (Sxσ̂)0
ψ→ (Sxσ̂)0 by∑

ua ⊗k ub 7→
∑

ua+b.

for u local coordinates in Uσ.

From

IX = ⟨xu ⊗ xv − xv ⊗ xu | π(u) = π(v) ∈ Cl(X)⟩

= ker(ψ)

for ψ : R⊗k R→ k[Cl(X)]⊗k R via xu ⊗ xv 7→ [u]⊗ xu+v, we have that locally:

(I∆)xσ̂⊗kxσ̂ = ker(xu ⊗k xv 7→ [u]⊗k xu+v) ⊂ Rxσ̂ ⊗k Rxσ̂

Now

Rxσ̂
∼= k[x1, . . . , xr, w

+

1 , . . . , w
+

ℓ ]

from getting powers of variables to cancel when localizing by xσ̂ for some r and ℓ, and

(Rxσ̂)0 = k[
x1
wα1

, . . . ,
xr
wαr

]

from X unimodular implies that for each bk ∈ σ(1) there exists mk ∈ M such that

mk · bi = δki for all bk ∈ σ(1). Taking degree zero and considering the kernel gives
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(I∆)xσ̂⊗kxσ̂ =
〈{ xi

wαi
⊗ 1− 1⊗ xi

wαi

}r
i=1

〉
which we’ll write as

⟨{xu − yu}⟩

on affine charts.

Now12, the ideal IX ⊂ S defining the diagonal embeddingX ⊂ X×X equals the Lawrence

ideal JL for the lattice L = Im(B) = ker(π) of principal divisors from the sequence at the

beginning of this section 3.3. This latice L is unimodular precisely when XΣ is unimodular,

and since the Lawrence lifting

Λ(L) = {(u,−u) | u ∈ L}

is isomorphic to L, this implies that Λ(L) is unimodular as well12.

Next, we’ll require the following definitions:

Definition: Given a field k, we consider the Laurent polynomial ring T = k[x
+

1 , . . . , x
+

n ]

as a module over the polynomial ring S = k[x1, . . . , xn]. The module structure comes37 from

the natural inclusion of semigroup algebras S = k[Nn] ⊂ k[Zn] = T .

Definition: A monomial module is an S-submodule of T which is generated by mono-

mials xa = xa11 · · · xann , a ∈ Zn.

Definition: When the unique generating set37 of monomials of a monomial module M
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forms a group under multiplication, M coincides with the lattice module

ML := S{xa | a ∈ L} = k{xb | b ∈ Nn + L} ⊂ T

for some lattice L ⊂ Zn whose intersection with Nn is the origin 0 = (0, 0, . . . , 0).

Definition: The Zn/L graded lattice ideal IL is36

IL =
〈
xa − xb | a− b ∈ L

〉
⊂ S.

Claim: IΛ(L) = JL.

Proof.

IΛ(L) =
〈
xa − xb | a− b ∈ Λ(L)

〉
=
〈
xa1ya2 − xb1yb2 | a = (a1, a2),b = (b1,b2), a− b ∈ Λ(L)

〉
=
〈
xa1ya2 − xb1yb2 | (a1 − b1, a2 − b2) = (a1, a2)− (b1,b2) ∈ {(u,−u) | u ∈ L}

〉
where the rightmost constraint implies

a2 − b2 = −(a1 − b1) = b1 − a1 and a1 − b1 ∈ L

gives

= ⟨xuyv − xvyu | u− v ∈ L⟩ = JL

While the hull resolution of the unimodular Lawrence ideal IΛ(L) = JL is not necessarily
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minimal, the minimal resolution of IΛ(L) does come from a cellular resolution of MΛ(L) and

is described by a combinatorial construction given by the infinite hyperplane arrangement12

HL. Here, HL comes from intersecting RL, the real span of the lattice L = ker(π) ⊂ Zn,

with all lattice translates of the coordinate hyperplanes {xi = j}, 1 ≤ i ≤ n, j ∈ Z. Bayer-

Popescu-Sturmfels12 prove that each lattice point in L is a vertex of the affine hyperplane

arrangement HL, and that there are no additional vertices in HL iff L is unimodular. Fur-

thermore, the quotient complex HL/L of the hyperplane arrangement modulo L supports12

the minimal S-free resolution of JL, precisely because RL ∩HL = L.

Example of cellular resolution of HL/L for P2

For the unimodular toric variety XΣ = P2, we have the fundamental toric exact sequence

defining Cl(XΣ) via

0→ Z2 B→ Z3 π→ Z→ 0

with

B =


1 0

0 1

−1 −1


and B(a, b) given by


1 0

0 1

−1 −1


a
b

 =


a

b

−a− b


so that ker(π) = Im(B) contains

{e1 − e2, e1 − e3, e2 − e3}
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but can be generated by

{e1 − e2, e2 − e3} .

Now L = Z ·

〈
1

−1

0

 ,


0

1

−1


〉

is rank 2.

If we label HL with elements of the monomial moduleMΛ(L) and build the corresponding

quotient cellular complex on HL/L labeled with one up triangle and one choice of down

triangle, subject to the orientation below, we see12:

Figure 3.1: Cellular Complex HL/L for P2
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Here, the edges corresponding to the basis vectors e1− e2 and e2− e3 are labeled in blue,

the edge ordering is given by the number of arrows (1-3), and the upward-pointing face of

HL/L is oriented counterclockwise while the downward-facing face is oriented clockwise in

Figure 3.1. We order the 2-cells via {“up-triangle,” “down-triangle”}. The cellular complex

HL/L has one vertex, three edges, and two 2-cells. This choice of fundamental domain and

face ordering gives the S-free resolution12 (F•HL/L
, ∂) resolution of S/JL:

0 → S2



y2 x2

y1 x1

y3 x3


−→ S3



y1x3 − x1y3

x2y3 − x3y2

x1y2 − x2y1


−→ S1 → 0

↓
S⧸JL → 0

(3.2)

where

∂(F ) =
∑

F ′ ⊂ F,

codim(F ′, F ) = 1

ϵ(F, F ′)
mF

mF ′
· F ′

for mF the monomial label of the face F and ϵ(F, F ′) ∈ {+1} with ϵ(F, F ′) = 1 if the

orientation of F ′ agrees with that induced by F . Here, mF is the lowest common multiple

of mF ′ over the facets of F , starting with a labeling of the vertices.

That is, the cellular resolution of S⧸JL coming from MΛ(L) in Equation 3.2 resolves the

ideal IP2 of the diagonal P2 ⊂ P2 × P2.
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Discussion

Here, the cellular resolution for MΛ(L) works precisely because the vertices of a unimodular

lattice are exactly the vertices of HL. In order to resolve the diagonal for simplicial toric

varieties, we require the Morita theory of Section 3.5.5.

We generalize the Cellular Resolution of HL/L for a simplicial toric variety in Sec-

tion 3.5.7.

3.4 Discussion of combinatorial approach for differen-

tial forms on simplicial toric stack

Given the generalized Euler sequence from page 64, here we recast the previous combinatorial

approach as follows: We have that Ω(Di) = Ω ⊗ O(Di). For A ⊂ N a Z−linear spanning

set, we have

0→ LA
δ→ ZA γ→ N → 0

and dual sequence

0→M
γ∨→ ZA δ∨→ L∨A → 0

Let R = C[xa | a ∈ A] graded by L∨A with |xa| = δ∨(e∨a ). Let α :
⊕

a∈AR(−|xa|) →

R⊗L∨A → 0 where
⊕

a∈AR(−|xa|) ∋ ua 7→ α(ua) = xa⊗|xa|. Let fv,a =
∑

ã∈A(v),ã̸=a eã ∈ ZA.

Define

zv :=
∑

a∈A(v)+

cax
fv,aua −

∑
a∈A(v)

cax
fv,aua.

Then ker(α) = ⟨zv | v ∈M⟩ =
〈
zv : v is a ray generator of fan {CA ,A+}

〉
.

This implies the graded module corresponding to ΩX(Di) is generated by

{zv : v is a ray generator of fan {CA ,A+}}
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with a grading shift given by |x̃a| = |xa| − δ∨(e∨i ).

If we näıvely attempt to mimic Beilinson’s resolution of the diagonal for a general toric

variety by taking a direct sum of the maps

p∗OX(−Di)⊗ q∗ΩY (Di)→ OX×Y

then the cokernel is no longer ∆ ⊂ XΣ × XΣ. Since the direct sum of resolutions is

the resolution of the direct sum, we do not resolve the diagonal for general XΣ in this case.

Explicitly, a map

ΩX(Di)⊠OY (−Di)→ OX×Y

is given by a map of corresponding graded modules via the toric generalization of Serre’s

theorem giving an equivalence between coherent sheaves on XΣ and graded modules over

the homogeneous coordinate ring, modulo torsion.

The isomorphism modulo torsion of kerα→ ΩXΣ
away from the unstable locus of A|Σ(1)|

is given by

F (zv) =
∑
a∈A(v)

cax
fv,adxa

=
∑
a∈A(v)

cax
fv,a(1⊗ xa − xa ⊗ 1)

So we look for a map
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〈 ∑
a∈A(v)

cax
fv,a(1⊗k xa − xa ⊗k 1)

〉
Di in {xa}

⊠ ⟨1⟩−Di in {ya} → C[xa, ya : a ∈ A]

∼=

〈 ∑
a∈A(v)

cax
fv,adxa

〉
⊗R(|xai |)⊗R(−|yai |)→ C[xa, ya : a ∈ A]

where the subscripts above denote grading shifts. Dually, if we look for sections of TX×Y

of degree −Di, we do not in general have as many sections as there are for Pn. Thus, in

general we do not have a non-trivial map

〈 ∑
a∈A(v)

cax
fv,a(1⊗k xa − xa ⊗k 1)

〉
⊗R(|xai |)⊗R(−|yai |)→ C[xa, ya : a ∈ A]

whose cokernel gives I∆.

3.5 Resolution of diagonal in bimodules

Let A be an algebra over R, a commutative algebra over k a field. A is not necessarily

commutative. We consider I∆ ≤ A ⊗k A as a submodule given by kerµ : A ⊗k A → A of

multiplication. Here, A⊗k A ≥ A contains an isomorphic copy of A. We consider A⊗k A as

an A⊗k Aop-bimodule, not as an algebra. Here,

A∆ = A⊗k A⧸I∆

To consider derivations and differentials of elements in A, consider the map given by

α ∈ A 7→ d̃α = α⊗ 1− 1⊗ α ∈ I∆

We do not consider I/I2 here.
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Claim: kerµ = I∆ ∼=
〈
d̃α | α ∈ A

〉
as A⊗ Aop-module.

Proof. (⇒): We construct g : kerµ →
〈
d̃α : α ∈ A

〉
via g (

∑
i zi ⊗k wi) =

∑
i zid̃wi as fol-

lows:

∑
i

zi ⊗ wi ∈ kerµ =⇒
∑
i

ziwi = 0 so that

∑
i

zi ⊗ wi =
∑
i

zi(1⊗ wi − wi ⊗ 1) ∈
〈
d̃α | α ∈ A

〉
.

(⇐): We clearly have that d̃α = 1⊗k α− α⊗k 1 ∈ kerµ.

Relative to R, if we suppose that A is finitely generated as an R−module over R by

{f1, . . . , fr} then 〈
d̃a | a ∈ A

〉
∼=
〈
d̃r | r ∈ R

〉
⊗ {f1, . . . , fr}

so that this gives a finite set of generators for I∆.

Additionally, we observe that the Leibniz rule d̃(αβ) = d̃(α)β + αd̃(β) holds here.

3.5.1 For [A
1
⧸µ2]

Now, for χ = A1/µ2, we have that ⟨O,O(1)⟩ = Db(χ) since any graded module admits a

direct sum decomposition over characters, and a direct sum of resolutions of submodules is

a resolution of the direct sum of submodules. Similarly, Db([A
1
⧸µn]) = ⟨O, . . . ,O(n− 1)⟩.

Here, G = O⊕O(1) is a generator forDb(A1/µ2) which is isomorphic to justDb(A− mod )

(with no consideration of the grading) since we have a DG algebra concentrated in degree 0.

G is projective, so just gives a degree 0 endomorphism algebra. So this DG endomorphism

algebra
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End∗(G) =


a b

c d

 ∣∣∣∣ a, d ∈ k[x]even and b, c ∈ k[x]odd


admits a direct sum over Hom(G,O)⊕Hom(G,O(1)) over the columns. Here, k[x]even =

k[x2] and k[x]odd = xk[x2]. Here, in the category of Z/2-graded modules over k[x] (graded

by the characters of µ2), we have an abelian category containing, for instance, k[x] with 1 in

degree 0 and another given by k[x] with |1| = odd. (Here, O = k[x] corresponding to A1.)

On P1, there are no projective coherent sheaves, but for P1, we have torsion. Here, there

is no torsion because we are working with affine stacks, so there are projective objects. Now,

we fix A = End∗(G), R = k[x]µ2 = k[x]even, the ring of invariants.

Here, d


1 0

0 0


 and d


0 x

x 0


 generate I∆.

Note: d̃(Id) = 0 = d̃1 = 0 by construction.

By Lefevre-Hasegawa39, A∆ is cyclic in the following diagram, generated by [Id⊗k Id] =

1 ∈ A:

I∆

↗ ↓

...→ (A⊗k A)2 → A⊗ A → 0

↓ ↓

A∆ → 0

Notation: Let e =

1 0

0 0

 ∈ A. Then we have e2 = e. For notation, let

E := e⊗ (1− e)− (1− e)⊗ e. Now
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d̃e = e⊗ 1− 1⊗ e

= e⊗ (1− e)− (1− e)⊗ e.

Now,

(e⊗k A) · (e⊗ (1− e)− (1− e)⊗ e) = e⊗

0 0

0 1

A

= e⊗

0 0

c d


for c ∈ k[x]odd, d ∈ k[x]even, and

(A⊗ e) · (e⊗ (1− e)− (1− e)⊗ e) = −A ·

0 0

0 1

⊗ e
∼=

0 b

0 d

⊗ e
So we have projectors

(1− e) · A := Qbottom = (e⊗ A) · E =

〈
e⊗

0 0

c d

〉 ⊂ ⟨E⟩ = 〈d̃e〉
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and

A · e = Pe = (A⊗ e) · E =

〈0 b

0 d

⊗ e〉 ⊂ ⟨E⟩ = 〈d̃e〉

so that < E >= ℓ⊗ b⊕ r ⊗ t (informally, “left tensor bottom plus right tensor top”). We’ll

refer to these as subspaces Pi, Qj ⊂ A where Pi comes from considering A as a left

A-module, hence Pi consists of possibly nonzero elements in column 1. Similarly, Qj as a

vector subspace of A considered as a right A-module gives that Qj has possibly nonzero

entries only in row j.

Since Pi and Qj are projective left- and right-submodules of A, respectively, if we tensor

these together then Pi ⊗Qj is a projective A⊗ Aop-bimodule. We have that

A ∼= ∆ ⊂ A⊗ A, so to start the resolution we have that A⊗ A µ→ A where A is unital so

that ker = ∆. Since µ corresponds to matrix multiplication,

P1 ⊗Q2, P2 ⊗Q1 ⊂ kerµ = I∆

but since these are projective subspaces of A⊗ Aop, we can split them off from ker(µ).

Based on whether we consider A as a left- or right- module over itself, we can say

A ∼=
⊕

Pi ∼=
⊕

Qj.

Since
〈
d̃e
〉
gives a projective part of the kernel of multiplication, we can split this off.

To find the equivalence class of [d̃

0 x

x 0

] ∈ I∆⧸〈
d̃e
〉
, we note that

d̃

0 x

x 0

 =

0 x

x 0

⊗ 1− 1⊗

0 x

x 0


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=

0 x

0 0

⊗
1 0

0 0

+

0 x

0 0

⊗
0 0

0 1

+

0 0

x 0

⊗
1 0

0 0

+

0 0

x 0

⊗
0 0

0 1

− . . .

· · ·−


1 0

0 0

⊗
0 x

0 0

+

1 0

0 0

⊗
0 0

x 0

+

0 0

0 1

⊗
0 x

0 0

+

0 0

0 1

⊗
0 0

x 0




where the first and fourth summands in the first line, and the second and third summands

in the second line are in
〈
d̃e
〉
. Therefore we are left with [d̃

0 x

x 0

] ∈ I∆⧸〈
d̃e
〉
as given

by

[d̃

0 x

x 0

] =


0 0

x 0

⊗
1 0

0 0

−
1 0

0 0

⊗
0 x

0 0


+ . . .

...+


0 x

0 0

⊗
0 0

0 1

−
0 0

0 1

⊗
0 0

x 0




where

u :=

0 0

x 0

⊗
1 0

0 0

−
1 0

0 0

⊗
0 x

0 0


and

v :=

0 x

0 0

⊗
0 0

0 1

−
0 0

0 1

⊗
0 0

x 0


where u ∈ ℓ⊗ t and v ∈ r ⊗ b.

To find the kernel of the quotient map π : I∆ → I∆⧸〈
d̃e
〉
which sends∑

iMi ⊗Ni 7→ [
∑

iMi ⊗Ni], we consider AnnA⊗Aop(u), AnnA⊗Aop(v) separately. Then, we
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note that since u ∈ ℓ⊗ t and v ∈ r ⊗ b,

AnnA⊗Aop([d̃

0 x

x 0

]) ⊂ (AnnA⊗Aop(u) ∩ AnnA⊗Aop(v))

as a set-theoretic intersection.

(i) If we first consider AnnA⊗Aop(u), we have

a b

c d

 ·

0 0

x 0

⊗
1 0

0 0

−
1 0

0 0

⊗
0 x

0 0


 ·

ã b̃

c̃ d̃

 = 0

=⇒

bx 0

dx 0

⊗
ã b̃

0 0

 =

a 0

c 0

⊗k
c̃x d̃x

0 0


Here, if we compare tensor product of matrices, we’re left with four equations:

bx⊗k ã = a⊗ c̃x (3.3)

bx⊗k b̃ = a⊗ d̃x (3.4)

dx⊗ ã = c⊗ c̃x (3.5)

dx⊗ b̃ = c⊗ d̃x (3.6)

Since a, b, c, d, ã, b̃, c̃, d̃ ∈ k[x] and the tensors are over a field k, Equation (1) implies that

there exists λ ∈ k∗ such that λbx = a, λ−1ã = c̃x. Since k[x] is an integral domain and

UFD, we have that x | b and that a ̸= 0 ⇐⇒ b ̸= 0 since x is not a zero divisor in k[x].

Similarly for equations (2)-(4).

(ii) To consider AnnA⊗Aop(v), we have
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a b

c d

 ·

0 x

0 0

⊗
0 0

0 1

−
0 0

0 1

⊗
0 0

x 0


 ·

ã b̃

c̃ d̃

 = 0

=⇒

0 ax

0 cx

⊗k
0 0

c̃ d̃

 =

0 b

0 d

⊗k
 0 0

ãx b̃x


Again, we have four equations:

ax⊗ c̃ = b⊗ ãx (3.7)

cx⊗ c̃ = d⊗ ãx (3.8)

ax⊗ d̃ = b⊗ b̃x (3.9)

cx⊗ d̃ = d⊗ b̃x (3.10)

Here, (5) implies that there exists λ ∈ k∗ such that λax = b, λ−1c̃ = ãx. Since x is not a

zero-divisor in the integral domain and UFD k[x] when k is a field, a ̸= 0 ⇐⇒ b ̸= 0.

Similarly for equations (6)-(8).

Now combining equations (1) and (5) gives that a ̸= 0 ⇐⇒ b ̸= 0 and if either a ̸= 0 or

b ̸= 0, then (1) gives deg(a) > deg(b) while (5) implies deg(b) > deg(a). Therefore,

a = b = 0. Similarly for the relation between ã and c̃ from comparing (1) and (5).

Combining equations (2) and (7) yields that b̃ = d̃ = 0.

Combining equations (3) and (6) yields that c = d = 0. These also show ã = c̃ = 0.

Combining equations (4) and (8) also shows that b̃ = d̃ = 0.

Together, these show that AnnA⊗Aop(u+ v) = AnnA⊗Aop([d̃

0 x

x 0

]) = 0. That is,
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[d̃

0 x

x 0

] is torsion-free in I∆/⟨d̃e⟩. Thus, we have the 2-term resolution of I∆ for [A
1
⧸µ2

] :

I∆

↗ ↓

0→ A⊗k A → A⊗ A → 0

↓ ↓

A∆ → 0

where the map A⊗ A→ I∆ is given by d̃X. Here I∆ =
〈
d̃e
〉
⊕

〈
[d̃

0 x

x 0

]

〉
where

again, the second summand is taken in I∆⧸〈
d̃e
〉
. Writing P1 for left (“ℓ”), Q2 for bottom

(“b”), P2 for right (“r”), and Q1 for top (“t”), we note that ⟨E⟩ = P1 ⊗Q2 ⊕ P2 ⊗Q1. This

gives, for [A
1
⧸µ2

],

I∆ =
〈
d̃e
〉
⊕ ⟨u+ v⟩

= ⟨P1 ⊗Q2 ⊕ P2 ⊗Q1⟩ ⊕ ⟨u+ v⟩

where u ∈ P1 ⊗Q1, v ∈ P2 ⊗Q2.

3.5.2 For [A
1
⧸µn]

Recall that we have Db(A1/µn) = ⟨O, . . . ,O(n− 1)⟩ so that we have

G =
⊕

χ(g):g∈µn O(χ(g)) and A = End∗(G) a dg-algebra concentrated in degree 0 given by

A =

{
M =



a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann


∈ Matn(k[x])

∣∣∣∣ aij ∈ χ(i−j)(G) = xi−j · k[xn]
}
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from considering A =
⊕

g∈µn Hom(Gχ(g), G) and columns as the image of the j-th basis

vector for G. Here, i− j in χ(i−j) is taken mod n. Note that

Hom(Gi, Gj) = ⟨xj−i · eji⟩ ∈ A =
⊕

i,j∈χ(µn)Hom(Gi, Gj) where eij ∈ Matn(k[x]) is given

by

(eij)kℓ =


1 k = i, ℓ = j

0 else.

For general n, let

X :=



0 0 · · · x

x 0 · · · 0

0 x · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · x 0


∈ A

Here, R := {r · Id | r ∈ k[xn]} is a central subalgebra of A.

Claim: {d̃r | r ∈ R} ⊂
〈
d̃X
〉
.

Proof. By linearity of d̃, it suffices to show that d̃(xn) ∈
〈
d̃X
〉
. But

d̃xn = d̃(Xn)

=
n∑
i=1

Xi−1 · d̃X ·Xn−i [Leibniz Rule]

=
n∑
i=1

(Xi−1 ⊗ 1) · d̃X · (1⊗Xn−i) ∈
〈
d̃X
〉
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From

d̃eii = eii ⊗ 1− 1⊗ eii = eii ⊗ (1− eii)− (1− eii)⊗ eii := Eii

we have

(eii ⊗ Ã) · (Eii) = eii ⊗



ã11 0 0 . . . 0

0 ã22 0 . . . 0

...
...

. . .
...

0 0 . . . ˆ̃aii . . . 0

...
...

. . .
...

0 0 · · · ãnn


with span

⟨eii ⊗ (1− eii)⟩ =

〈
eii ⊗



ã11 0 0 . . . 0

0 ã22 0 . . . 0

...
...

. . .
...

0 0 . . . ˆ̃aii . . . 0

...
...

. . .
...

0 0 · · · ãnn



〉

=

〈
eii ⊗

∑
j ̸=i

ãjjejj

〉

= ⟨{Pi ⊗Qj}j ̸=i⟩ .

so that ⟨Eii⟩ ⊃ ⟨{Pi ⊗Qj}j ̸=i⟩ for a given value of i and
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〈
{Eii}n−1i=1

〉
⊃ ⟨{Pi ⊗Qj}1≤i≤n−1,j ̸=i⟩. Note: d̃(Id) = d̃(1) = 0 by definition, so we only need

to take Eii for 1 ≤ 0 ≤ n− 2.

To give a finite generating set for A over R as an R-algebra, we again consider:

Hom(Gi, Gj) = ⟨xj−i · eji⟩.

To generate I∆: we note that I∆ =
〈
d̃α : α ∈ A

〉
. By the above, we have

〈
d̃α | α ∈ A

〉
=
〈
d̃r | r ∈ R

〉
⊗
〈
{d̃fi}ri=1

〉
⊂
〈
d̃X
〉
+
〈
{d̃(xj−i · eji) | j ̸= i}, {d̃(eii)}n−1i=0

〉

where A is generated over R as an R-algebra by {f1, . . . , fr}. Here, note that

X =
∑n

i=0 x · ei(i−1). Taking a quotient gives

d̃fi/d̃{eii} = xe(i+1)i ⊗ eii − e(i+1)(i+1) ⊗ xe(i+1)i

This implies

{xe(i+1)i ⊗ eii − e(i+1)(i+1) ⊗ xe(i+1)i}n−1i=0 ⊂
⊕
χ(µn)

Pi ⊗Qi

generates I∆ =
〈
d̃α | α ∈ A

〉
, if we only consider the Pi ⊗Qi parts of d̃fi. Here, indices are

considered (mod n).

Claim: [d̃(X)] is torsion-free in I∆⧸〈
d̃eii

〉
.

Proof. To find AnnA⊗Aop([d̃X]) for [d̃X] ∈ I∆⧸〈
d̃eii

〉
, we note that based on the direct sum

decomposition of A, we can consider the annihilator of the projected parts of [d̃X]

separately to each of the Pi’s and Qj’s, and then ask for an element in the intersection,

analogously to the case of [A1/µ2] above.
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Considering the annihilator of d̃X, we note that X is a multiple by x entrywise of a

permutation matrix. Reading off from the rows, we have x multiplied in the entries by a

cyclic permutation which yields the set of implications

aij ̸= 0 =⇒ deg(aij) = deg(aij) + n, ãij ̸= 0 =⇒ deg(ãij) = deg(ãij) + n

for all i, j for M ⊗ M̃ ∈ AnnA⊗Aop d̃(X) so that AnnA⊗Aop([d̃X]) = 0 and [d̃X] is

torsion-free.

So for general n, we have that I∆ for A1
⧸µn is resolved by a 2-step resolution with just the

single element [d̃X]:

I∆

↗ ↓

0→ A⊗k A → A⊗ A → 0

↓ ↓

A∆ → 0

Note that ∆ is codimension 1 here.

3.5.3 For [A
2
⧸µ2]

Here, we have O = k[z1, z2]. R = k[z21 , z
2
2 ] · Id. Let ζi = zi ·

0 1

1 0

.

Db(A2/µ2) = ⟨O0,O1⟩ where O0 consists of even polynomials:

O0 =
〈
k[z21 , z

2
2 ], z1z2k[z

2
1 , z

2
2 ]
〉

and O1 consists of odd polynomials:

O1 =
〈
z1k[z

2
1 , z

2
2 ], z2k[z

2
1 , z

2
2 ]
〉
.
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Here, A = End∗(O ⊕O(1)) denoted by

O0 O1

O1 O0


From ζ21 = z21 , ζ

2
2 = z22 , we have that d̃R ⊂

〈
d̃ζ1, d̃ζ2

〉
.

To generate {d̃α | α ∈ A} modulo
〈
{d̃eii}

〉
, we have that d̃1 = 0,

d̃(xy · e00) = d̃(xy)e00 = d̃(ζ1ζ2 · e00)

= d̃(ζ1) · ζ2 · e00 + ζ1 · d̃(ζ2) · e00 modulo
〈
d̃{eii}

〉

and similarly for d̃(xy · e11). For d̃(z1 · e01), we have

d̃(z1 · e01) = d̃(ζ1 · e01)

= d̃(ζ1 · e00)

= d̃(ζ1) · e00 modulo
〈
{d̃eii}

〉
∈
〈
d̃ζ1

〉
and, for instance,

d̃(z1 · e10) = d̃(e11ζ1)

= e11 · d̃(ζ1) modulo
〈
{d̃(eii)}

〉
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Similarly for d̃z2e01, d̃(z2e10) ∈
〈
d̃ζ1, d̃ζ2

〉
.

Toghether, these show

〈
d̃α | α ∈ A

〉
∈
〈
{d̃(ζi)}2i=1, d̃(eii)

〉
.

Thus, we have a resolution in terms of {d̃(ζi)2i=1}, once we remove the projective part

P1 ⊗Q2 ⊕ P2 ⊗Q1 =
〈
d̃(eii)

〉
.

3.5.4 General resolution of diagonal for An
⧸G for G a finite

abelian group

Let Ĝ = HomAb(G,Gm), S = k[An] = k[z1, . . . , zn] the affine coordinate ring, and

F = Sn ∈ S −Mod. Note: As a k−algebra, A is generated over k by ⟨ζi, {eii}i ̸=0⟩. Consider

M :=Mat|G|,|G|(
∧
S

•F ) ⊃ B = {M ∈M | |zα| − (ρ1 − ρ2) = χi1 + χi2 + · · ·+ χin}

which is Z≥0 × Ĝ-graded, where the Z≥0-grading comes from the Z≥0−grading on
∧·
S F ,

and the Ĝ-grading comes from the sum of Ĝ× Ĝ-grading on A = End·(
⊕

i,j∈Ĝ×ĜGi ⊕Gj)

where Gj is the χj-graded part of S. As a module over k,M is generated by

{zαei1 ∧ · · · ∧ eikeρ1ρ2}

As an S−module,M has basis {e1, . . . , er} where {ei}i∈I = {zαeρaρb}|zα|=ρa−ρb,a̸=b. InM,

|zαei1 ∧ · · · ∧ eiℓeρ1ρ2| = (ℓ, |zα|+ (ρ1 − ρ2))

for zα a monomial in S. Here,
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B(∗,0) =M(∗,0)

= {M ∈M | |zα| = ρ1 − ρ2 = χi1 + · · ·+ χiℓ}

=M ∈M | deg(M) = (∗, 0)

with no constraints on ∗. Here, imposing |zα| = ρ1 − ρ2 implies that we can view the

columns as image of basis vectors (as left module) of an endomorphism of A, which is to

say that columns are
⊕

χ(gi)
Hom(Gi, G).

We choose an equivariant basis of characters associated to G such that

g · zi = χi(g) · zi

To generalize the constructions considered in previous cases, let

ζi := ziei
∑
ρ∈Ĝ

e(ρ+χi)ρ

Note: B is an algebra over k. B is also an R−algebra, where

R =
〈
zαeρiρi | ρi ∈ Ĝ, |zα| = 0 in F

〉
Definition: Let s ∈ B ⊗B be defined by

s =
n∑
i=1

ζi ⊗ 1− 1⊗ ζi

Claim: Multiplication by s (on the right) defines a differential on the (character-deformed)

Koszul complex
∧·
S F , yielding a resolution of I∆.
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Proof.

s2 =

(
n∑
i=1

ζi ⊗ 1− 1⊗ ζi

)
·

(
n∑
i=1

ζi ⊗ 1− 1⊗ ζi

)

=

(
n∑
i=1

ζi ⊗ 1− 1⊗
n∑
j=1

ζj

)
·

(
n∑
k=0

ζk ⊗ 1− 1⊗
n∑
ℓ=1

ζℓ

)

=
∑
i,k

ζiζk ⊗ 1− 2
n∑
i=1

ζi ⊗
n∑
ℓ=1

ζℓ + 1⊗
∑
j,ℓ

ζjζℓ

= −2
∑
i,ℓ

ζi ⊗ ζℓ

= 0

via the Koszul rule for signs, since s is in degree 1.

3.5.5 Another approach: Morita theory

Consider An⧸µ where µ is a finite group of the torus. From the above, we understand

D(A
n
⧸µ) = D(k[z1, . . . , zn]−Modµ) where modules are considered with grading. The goal

here is to understand D(A
n
⧸µ× An⧸µ) in terms of D(A

n
⧸µ), and more specifically, to

understand O∆ of D(A
n
⧸µ× An⧸µ) in terms of O∆ on An⧸µ. That is, we would like a

description of O∆ of An⧸µ× An⧸µ in terms of ∆ for affine space. There is always the

cohomological grading present, but now we also have an extra grading on k[An]−Modµ.

Here, let S = k[An]. Note that D(A
n
⧸µ) is generated by line bundles O(ξ) for characters

χ ∈ µ∗, so we have the generator

G =
∑
χ∈µ∗
O(χ)

Note: Hom(O(χi),O(χj)) is S with the right grading. Ignoring grading, we have
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G =
∑
|µ|

S

so that

End•(G) =Mat|µ|(S).

In order to incorporate the grading, we would then take the degree 0 part. Here we use

Morita theory.

Background on Morita Equivalence

Note: Notation in this sub-subsection follows Weibel, and differs from notation used in

later sections.

Definition: Two unital rings R, S are said to be Morita equivalent if there exists an

R− S bimodule P and S −R bimodule Q such that P ⊗S Q ∼= R as R−R bimodules and

Q⊗R P ∼= S as S − S bimodules. Then

(−)⊗R P gives a functor from mod−R→ mod− S and

(−)⊗S Q gives a functor from mod− S → mod−R

which are inverse categorical equivalences, since for all M ∈ mod −R, we have

M ⊗R P ⊗S Q ∼= M ⊗R (P ⊗S Q) ∼= M

and

M ⊗S Q⊗R P ∼= M ⊗S (Q⊗R P ) ∼= M
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for all M ∈ mod− S.

Next, we have21;40 the following:

(a) Morita invariance is an equivalence relation.

Proof. [(i): Reflexivity] To show that R is Morita equivalent to R, we note that

P = Q = R gives

P ⊗S Q = R⊗R R ∼= R

as R−R bimodules, and

Q⊗R P = R⊗R R ∼= R = S

as S − S bimodules, which are R−R bimodules.

[(ii): Symmetric] R ∼ S =⇒ there exists P ∈ R− S bimodules, Q ∈ S −R

bimodules such that

P ⊗S Q ∼= R

as R−R bimodules, and

Q⊗R P ∼= S

as S − S bimodules. Now to show there exists a P ′ ∈ S −R bimodules, Q′ ∈ R− S

bimodules such that

P ′ ⊗R Q′ ∼= S

as S − S bimodules,

Q′ ⊗S P ′ ∼= R

as R−R bimodules, we note that P ′ := Q,Q′ := P give
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P ′ ⊗R Q′ = Q⊗R P ∼= S

as S − S bimodules,

Q′ ⊗S P ′ = P ⊗S Q ∼= R

as R−R bimodules.

[(iii): Transitivity] R ∼ S =⇒ there exists P ∈ R− S bimod, Q ∈ S −R bimod

such that

P ⊗S Q ∼= R

as R−R bimodules,

Q⊗R P ∼= S

as S − S bimodules. And S ∼ T =⇒ there exists P ′ ∈ S − T bimodules, Q′ ∈ T − S

bimodules such that

P ′ ⊗T Q′ ∼= S

as S − S bimodules,

Q′ ⊗S P ′ ∼= T

as T − T bimodules. Now

P ⊗S P ′ ∈ R− T bimod ,

Q′ ⊗S Q ∈ T −R bimod ,
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and

(P ⊗S P ′)⊗T (Q′ ⊗S Q) ∼= P ⊗S (P ′ ⊗T Q′)⊗S Q

∼= P ⊗S S ⊗S Q

∼= P ⊗S Q

∼= R

and

(Q⊗S Q)⊗R (P ⊗S P ′) ∼= Q′ ⊗S (Q⊗R P )⊗S P ′

∼= Q′ ⊗S S ⊗S P ′

∼= Q′ ⊗S P ′

∼= T.

(b) If R and S are Morita equivalent, so are Rop and Sop.

Proof. If R ∼ S, then there exists P ∈ R− S bimod, Q ∈ S −R bimod such that

P ⊗S Q ∼= R

as R−R bimodules,

Q⊗R P ∼= S

as S − S bimodules. Now, to show there exists a P ′ ∈ Rop − Sop bimod,
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Q′ ∈ Sop −Rop-bimod such that

P ′ ⊗Sop Q′ ∼= Rop,

we note that P ′ := Q,Q′ := P gives

Q⊗Sop P ∼= P ⊗S Q

∼= R

and

Q′ ⊗Rop P ′ = P ⊗Rop Q

∼= Q⊗R P

∼= S

so that R ∼ S implies that Rop ∼ Sop. Note that R(op)op ∼= R, (Sop)op ∼= S implies

that R ∼ S ⇐⇒ Rop ∼ Sop.

(c) If R ∼ S, then R−mod−R is equivalent to S −mod− S via

Q⊗R (−)⊗R P

and

P ⊗S (−)⊗S Q

from the following diagram
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R−mod−R Q⊗R(−)⊗RP=Φ−→ S −mod− S
←−

P ⊗S (−)⊗S Q = Ψ

Proof. We know R−mod−R is equivalent to S −mod− S if ΨΦ ∼= IdR−mod−R, and

ΨΦ(M) = Ψ(Q⊗R (M)⊗R P )

∼= (P ⊗S Q)⊗RM ⊗R (P ⊗S Q)

∼= R⊗RM ⊗R R

∼= M

and

ΦΨ(N) = Φ(P ⊗S N ⊗S Q)

∼= (Q⊗R P )⊗S N ⊗S (Q⊗R P )

∼= S ⊗S N ⊗S S

∼= N

so R−mod−R and S −mod− S are equivalent.

• Proposition: For any n ∈ Z>0, the matrix rings R and S := Matn(R) are Morita

equivalent.

Proof. Lam40 builds functors G : mod−R→ mod− S and F : mod− S → mod−R

and shows that they compose to the identity in each category, respectively. Weibel21

takes a different approach, and uses P and Q as above to construct bimodule

isomorphisms P ⊗S Q→ R and Q⊗R P → S. We will give each argument below.
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[(i): Lam] Let S :=Mn(R) ∼= R for any n ∈ Z>0. We construct

G : mod−R→ mod− S as follows: Given V ∈ mod−R, we let

G(V ) := V (n) = (v1, . . . , vn) ∈ mod− S and for α : V → V ′,

(Gα)(v1, . . . , vn) := (αv1, . . . , αvn)

so that G defines a functor from mod−R→ mod− S.

Conversely, given U ∈ mod− S, let

F (U) := UE11

(returns the first column in column 1) so that UE11 · s = U · sE11 ∈ UE11 shows that

F (U) ∈ mod− S and given β ∈ HomS(U,U
′), we have

β(UE11) = (βU)E11 ⊆ U ′

so we say F (β) ∈ HomR(F (U), F (U
′)) is induced by β.

For V ∈ mod−R,

(F ◦G)(V ) = F (V (n))

= F (v1, . . . , vn)

consists of row vectors of the form (v1, . . . , 0). So (F ◦G)(V ) ∼= Idmod−R(V ).

Next, For U ∈ mod− S, we have F (U) = UE11 := V ∈ mod−R (returns the first

column of U) and (G ◦ F )(U) = V (n). To find a natural isomorphism ϵU from U to

V (n) = (G ◦ F )(U), let
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ϵU(u) := (uE11, uE21, . . . , uEn1)

returns the i-th column in mod−R as the first column of an n× n matrix. Now,

(uEi1) ·E11 ∈ V = E11 = F (U) for all i. To check that ϵU is a homomorphism of right

S−modules from U to V (n) = {(u1, . . . , un) | ui ∈ UE11 for all i}. We have

ϵU(u1 + u2) = ϵU(u1) + ϵU(u2) from distributing matrix multiplication across addition,

and to check that ϵU(u · s) = ϵU(u) · s, we note that S is generated as an S module by

the matrices Eij. Since s =
∑

i,j rijEij, it suffices to check that

ϵU(u · rEij) = ϵU(u) · rEij. Direct computation gives

ϵU(u · rEij) = (u · rEijE11, u · rEijE21, . . . , u · rEijEn1)

= (u · rδ1jEi1, u · rδ2jEi2, . . . , u · rδnj Ei1)

= (0, 0, . . . , u · rEi1, . . . , 0)

with u · rEi1 in the j-th position. Additionally, we have

ϵU(u) · rEij = (uE11, uE21, . . . , uEn1) · rEij

= (0, 0, . . . , u · rEi1, . . . , 0)

with u · rEi1 in the j-th position. This concludes Lam’s proof.

Following the proof method in Weibel, we note that for S = Matn(R),

P = (r1, . . . , rn) ∈ R− S bimod, and Q = (r1, . . . , rn)
T ∈ S −R bimod, we first

consider the map P ⊗S Q→ R given by matrix multiplication µ: p⊗S q 7→
∑

i piqi.
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To show that this gives an isomorphism of R−R bimodules, we show that µ has

trivial kernel and is surjective.

(i) If µ(p⊗ q) =
∑n

i=1 piqi = 0, then

(p1, . . . , pn)⊗S



q1

q2
...

qn


= (p1, . . . , pn)⊗S



q1

q2
...

qn



= (p1 . . . pn)⊗S



q1 · · · 0

q2 · · · 0

...
. . .

...

qn . . . 0


·



1

1

...

1



= (p1 . . . pn) ·



q1 · · · 0

q2 · · · 0

...
. . .

...

qn . . . 0


⊗S



1

1

...

1



=

(∑
i

piqi, 0, . . . , 0

)
⊗S



1

1

...

1



= (0 . . . 0)⊗S



1

1

...

1


= 0⊗S 0

so that ker(µ) = {0⊗S 0} is trivial.
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(ii) Since R ∋ 1 is unital, we have that for fixed r ∈ R,

µ


(
r 0 · · · 0

)
⊗S



1

0

...

0




= r

so that µ : P ⊗Q→ R is surjective. Therefore, µ induces an isomorphism of R−R

bimodules P ⊗S Q
∼=→ R.

Next, we consider another map µ given by matrix multiplication: Q⊗R P → S and

show that it is an isomorphism of S − S bimodules by again showing it has trivial

kernel and is surjective. This time,



q1

q2
...

qn


⊗R
(
p1 p2 · · · pn

)
7→ (qipj) ∈ S.

(i) If q ⊗R p 7→ 0 = (qipj), then qipj = 0 ∀i, j. This gives



q1

q2
...

qn


⊗R
(
p1 p2 · · · pn

)
=
∑
i



0

0

...

qi

0

...

0



⊗R
(
p1 p2 . . . pn

)
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=
∑
i



0

0

...

1

...

0


qi ⊗R

(
p1 p2 · · · pn

)

=
∑
i



0

0

...

1

...

0


⊗R qi

(
p1 p2 · · · pn

)

=
∑
i



0

0

...

1

...

0


⊗R
(
qip1 qip2 · · · qipn

)

=
∑
i



0

0

...

1

...

0


⊗R
(
0 0 · · · 0

)

= 0⊗R 0
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so that ker(µ) : Q⊗R P → S is {0⊗S 0}.

To show that µ : Q⊗R P → S is a surjection: we note again that S is generated as an

S − S bimodule by {Eij | 1 ≤ i, j ≤ n} and for q̃i given by a 1 in position i and 0

elsewhere, and p̃j given by a 1 in position j and 0 elsewhere, we have

q̃i ⊗R p̃j =



0

...

1

...

0


⊗R
(
0 · · · 1 · · · 0

)

= Eij

so the image generated by Q⊗R P under µ is all of S. This concludes Weibel’s

proof.

Claim: The bimodule structures induce ring isomorphisms

EndR(Q) ∼= S ∼= EndR(P )
op

Proof. First, we show that P is a summand of Sm for some m as follows: Since

P ⊗S Q ≃ R, we have that 1 ∈ R can be written as

1 =
m∑
i

pi · qi

for some m. Now let e : P → Sm be given by p 7→ (q1 · p, . . . , qm · p) ∈ Sm where (−) · (−)

here refers to matrix multiplication over tensors from Q⊗R P . Then e is a homomorphism

of right S-modules. Next, construct h : Sm → P by (s1, . . . , sm) 7→
∑m

i=1 pisi where here we
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view P as a right S−module. Then h is also a homomorphism of right S-modules, and

(h ◦ e)(p) =
∑
i

pi(qi · p) =
∑

(pi · qi)p = p

from associativity of matrix multiplication. Thus P is a summand of some Sm in mod− S.

Now, since Morita equivalence is an equivalence relation (shown above), we have that Q is

a summand of Rm in mod−R for some m. Therefore, when we view Q as an S −R

bimodule, we note that

S ∼=
⊕

columns

Hom(Qi, Q)

Now, EndR(Q) is a ring with addition given by (f + g)(q) = f(q) + g(q) and multiplication

given by composition of functions. Here, EndR(Q) acts on the left of Q via f · q = f(q)

gives EndR(Q) ∼= S. Since P can be expressed as a summand of Rn, and P ∈ R− S −mod,

we have that S ∼= EndR(P )
op by a similar argument.

Morita equivalence for resolution of diagonal

This section resumes notation used in Sections 3.5.1-3.5.3 and 3.5.5. We have projectors Pi

and Qj as subspaces of End
·(G), based on whether we view End·(G) as left- or right-

End·(G)-modules, respectively. Viewing P as a column with |µ∗| entries and Q as a row,

we have that

P ∈ (M|µ|S, S)− bimod ,

Q ∈ (S,M|µ|S)− bimod

Now Q⊗M|µ|(S) P ≃ S∆
∼= S and P ⊗S Q =M|µ|(S)∆ ∼= M|µ|(S). The diagonal ∆ respects

P,Q here. If we take (−)op of both M|µ|S and of S, then we would reverse the role of P

and Q. Ignoring this, we write
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(S, S)− bimod
P⊗S(−)⊗SQ→ (M|µ|S,M|µ|S)− bimod

←
Q⊗M|µ|S (−)⊗M|µ|S P

Starting with M ∈ (S, S)− bimod, we have that under the composition of arrows to the

right and left, respectively:

M 7→ P ⊗S M ⊗S Q

7→ Q⊗M|µ| P ⊗S M ⊗S Q⊗M|µ| P
∼= (Q⊗M|µ| P )⊗S M ⊗S (Q⊗M|µ| P )

∼= S ⊗S M ⊗S S

∼= M

This gives an equivalence of monoidal categories, as a unit maps to a unit.

To get a projective resolution of ∆ for M|µ|S, we note that units are mapped to units in

S∆ 7→M|µ|(S)∆ (these are monoidal functors). If we take a resolution F· of S∆:

(∧
•(S ⊗k S)n, ιS

)
= F·

↓

S∆

and get a projective resolution

P ⊗S F· ⊗S Q

↓

M|µ|(S)∆
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Then we also need to compensate for the fact that the grading is not degree 0, which we

will do in the next section.

3.5.6 Shifting the grading for Koszul complex of section 3.5.4,

for An
⧸G with G a finite group

Given that s :=
∑n

i=1(xi − yi)ei =
∑n

i=1(xi ⊗ 1− 1⊗ xi)ei, we have that the Koszul

complex (
∧•(S ⊗k S)n, ιs) is isomorphic to the Koszul complex corresponding to the local

sequence (x1 − y1, . . . , xn − yn) of S ⊗k S. So

(F•, ιs) := 0→
n∧
(S ⊗k S)n →

n−1∧
(S ⊗k S)n → · · · → (S ⊗k S)n

s→ S ⊗k S → 0

gives an isomorphic complex to

(F•, d(ei1 ∧ · · · ∧ eik) =
k∑
j=1

(−1)j+1xijei1 ∧ · · · ∧ êij ∧ · · · ∧ eik)

where x = (x1 − y1, . . . , xn − yn) in the notation of Weibel. Here, we can see

(
∧
•(S ⊗k S)n, d) ∼= S ⊗k S⧸I∆ = A∆ in Db(A

n
⧸G)

since I∆ =< x1 − y1, . . . , xn − yn >. So (
∧•(S ⊗k S)n, ιs) ∼= (

∧•(S ⊗k S)n, d) gives a
resolution of S∆.

Next, since P ∈ (M|µ|S, S)−bimod and Q ∈ (S,M|µ|S)-bimod are projective, they are flat.

Now

(P ⊗S
•∧
(S ⊗k S)n ⊗S Q, 1⊗ d⊗ 1)

has
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H i(P ⊗
•∧
(S ⊗k S)n ⊗Q, 1⊗ d⊗ 1) =


P ⊗H i(

∧•(S ⊗k S)n, d)⊗Q i = 0,

0 else .

i.e. P (⊗S
∧•(S ⊗k S)n ⊗S Q, 1⊗ d⊗ 1) is a resolution of

P ⊗S ⟨x1 − y1, . . . , xn − yn⟩ ⊗S Q ∼= P ⊗S I∆,S ⊗S Q

∼= I∆,M|µ| ⊂M|µ| − bimod.

We say that (P ⊗ (
∧•(S ⊗k S)n)⊗Q, 1⊗ d⊗ 1) is a resolution of

P ⊗S (S ⊗k S)⊗S Q⧸P ⊗ I∆,S ⊗Q

and

(M|µ|(S))∆ ∼= (P ⊗S F• ⊗S Q, 1⊗ d⊗ 1)

For the grading, we turn S into a µ-graded ring by χ1, . . . , χn and g · xi = χ(g) · xi. Next,

we shift F• by

•∧
(
n⊕
i=1

(S ⊗k S)(−χi))

and turn the bi-grading on S ⊗ S into a grading by taking the sum of the bi-gradings. This

gives a resolution of ∆ in graded bimodules, and from our Morita equivalence functors,

P ⊗S
•∧ n⊕

i=1

(S ⊗k S)(−χi)⊗S Q

gives a resolution of (M|µ|(S))∆ as a graded bimodule as follows: Here,
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M|µ| ∼= End•(
⊕
χ

O(χ))

as an internal hom in graded S-mod where G =
⊕

χO(χ) is a generator for Db(A
n
⧸G), so

we can view

M|µ|(S) ∼=
⊕
χ

Hom•(O(χ), G)

as a direct sum over the columns P ∈ (Mµ, S)−graded bi-modules and

Mµ
∼=
⊕
χ

Hom•(G,O(χ))

as a direct sum over the rows for Q ∈ (S,M|µ|(S))−bimodules. Here,

P = Homgr-S-mod(O ∼= S,G =
⊕

S(χ))

is in right S-mod and

Q = Homgr. S−mod(
⊕
χ

S(χ), S)

is in left S-mod. Now, the components of F• are µ-bigraded S − S bimodules and

P ∈ µ− gr S-mod, Q ∈ µ− gr S −mod. Here, since the morphisms for F• are degree 0, we

have a degree 0 differential on F•. The degree 0 part of F• is not a graded module over

M|µ|(S) or over S, but only over M0
|µ|. Modules here are equivalent to graded modules over

An⧸µ as an affine stack. Here, F0 ∼= S ⊗k S implies

(P ⊗S F0 ⊗S Q)0 ∼= (P ⊗S (S ⊗k S)⊗S Q)0

∼= (P ⊗k Q)0

∼=
⊕
χ

Pχ ⊗k Q−χ
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since P ∼= P ⊗S S as an (Mn, k)−bimodule and P ∼= Hom(S,
⊕

S(−χ).

Now, M0
|µ| = A and we want Pχ, Q−χ to be projective A− A bimodules. To get P as an

A−module: P =
⊕

Pχ,

P ⊗k Q =bimod

⊕
ρ1,ρ2

Pρ1 ⊗k Qρ2 .

Now, we ask: What does a full resolution look like?

Since Fk =
∧k⊕n

i=1(S ⊗k S)(−χi) has basis {ei1 ∧ · · · ∧ eik} with degree χi1 + · · ·+ χik , we

have

P ⊗k Q =
⊕
ρ1,ρ2

Pρ1 ⊗k Pρ2

so that

Fk =
⊕

i1<i2<···<ik

(S ⊗ S)(−
k∑
j=1

χij)

as a free S ⊗ S-graded bimodule. Note that F1 has basis {e1, . . . , en} in degrees χ1, . . . , χn.

Now,

P ⊗S Fk ⊗S Q =
⊕
ρ1,ρ2,

i1<···<ik

Pρ1 ⊗ (S ⊗ S)(−
k∑
j=1

χij)⊗Qρ2

which we can write as
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=
⊕

ρ1,ρ2,I⊂[n]

|I|=k and ρ1+ρ2=χI

Pρ1 ⊗k Qρ2

= (P ⊗F• ⊗Q)•

3.5.7 Adapting the argument of section 3.3 for XΣ simplicial

For X ′Σ a simplicial toric variety which is a global quotient XΣ⧸G of a unimodular toric

variety XΣ with G a finite abelian group, we can choose an isomorphism of the lattice L of

principal divisors of XΣ which is unimodular such that L̃ ⊂ L is cofinite, and L⧸L̃
∼= G.

Furthermore, locally, X ′Σ
∼= An⧸G, so that locally we can consider L ∼= Zn.

Diagonal Object in Mod-A

Here, let R = k[An] and S = R⊗k R ∼= k[x1, . . . , xn, y1, . . . , yn]. In D(A
n
⧸G), we have

generator H =
⊕

χ∈ĜO(χ), with endomorphism algebra A = End(H). Now,

A ≃ ∆ ∈ A⊗ Aop −Mod. We have functors given in Figure 3.2

Figure 3.2: Morita Equivalence Functors Between R−Mod and Mat(R)−Mod, and their

Graded and Ĝ-Invariant Counterparts Between R−ModĜ and A−Mod

Here, P ∈ (RĜ,Mat(R))−Mod is a row vector with grading on generators
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P = ⟨eχ | |eχ| = −χ⟩ ,

Q ∈ (Mat−R,RĜ)−Mod is a column vector with grading on generators

Q = ⟨eχ | |eχ| = χ⟩

and we have

HomMat(Q,−) ≃ P ⊗RĜ (−)

For P ⊗A (−) : A−Mod→ R−ModĜ applied to ∆ ∼= A ∈ Obj(A⊗ Aop −Mod), we have

that

P ⊗A A = ⟨zαeρ1ρ2 | |zαeρ1ρ2| = |zα|+ ρ1 − ρ1 + ρ2⟩

with grading

|zαeρ1ρ2| = |zα|+ ρ1 − ρ1 + ρ2

= |zα|+ ρ2.

For π(MΛ(L)) =MΛ(L) ⊗S[Λ(L̃)] S, we have

π(MΛ(L)) = S · {x
u

yu
| u ∈ L} ⊗S[Λ(L̃)] S

with S[Λ(L̃)] =
〈
xu1yu2 ⊗ z(v,−v) | (u1, u2) ∈ N2n, v ∈ L̃

〉
induces an L⧸L̃ grading left on,

say, {x1, . . . , xn} from cancelling yu in the denominator. Here, the map

ϕ : S[L]→ML via xu1yu2 ⊗ z(v1,v2) 7→ xu1+v1yu2+v2
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induces an S[Λ(L)]-module structure on ML, hence an S[Λ(L̃)]-structure on MΛ(L). In

Bayer-Sturmfels37, the map ϕ : S[L]→ML was used to show that

π(ML) ∼= S[L]⧸kerϕ⊗S[L] S ∼=
S⧸IL

by using the fact that π(ML) is cyclic when we only have the unimodular lattice L to

consider.

We can also view

(R−Mod)Ĝ →Mod− A

by

⊕
ρ∈Ĝ

Mρ
∼= M· 7→ Hom(

⊕
ρ∈Ĝ

R(−ρ),M) ∼=
⊕
ρ

Hom(R(−ρ),M) ∼=
⊕
ρ

Mρ

where
⊕

ρMρ contains idempotents eρρ ∈ A on the right-hand side.

We also have π(MΛ(L)) ∈ (S −Mod)Ĝ×Ĝ with

π(MΛ(L)) ≃ +u∈ĜML̃ · z̃
u

is a sum which is not necessarily direct, and

S ·
{
xu

yu
| u ∈ L

}
⊂ S(x1...xny1···yn)

∼= k[Z2n].

Here, the localized ring S(x1...xny1...yn) admits a Z2n grading descending to an L⧸L̃⊕
L⧸L̃

grading. While π(MΛ(L)) is no longer cyclic, we do have
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S[L] ∼=
⊕
u∈Ĝ

S[L̃] · zu

and

S[Λ(L)] ∼=
⊕
u∈Ĝ

S[Λ(L̃)] · z(u,−u)

carries an anti-diagonal grading. Now

S[L] = ⟨xu ⊗ zv | v ∈ L⟩

and in

S[Λ(L)] =
〈
xu1yu2 ⊗ zu1 z−u2 | u ∈ L

〉
S has an L×L grading since L ∼= Zn, and taking the quotient of L by L̃ induces a quotient

on Λ(L) by Λ(L̃) which gives an L⧸L̃×
L⧸L̃-grading on S[L]. Now S[L̃] has a degree 0

grading on z′s with respect to L⧸L̃.

For ϕ : S[L]→ML via xu ⊗ zv 7→ xu+v, we have that ϕ is surjective,

kerϕ = ⟨xu ⊗ zv − xu+v ⊗ 1⟩ and

IL = ⟨xu − xv | u− v ∈ L⟩ ≤ S

comes from kerϕ by setting z′s equal to 1. Here, we have that

ML
∼= S[L]⧸kerϕ

as S[L] modules. As S[L̃]-modules, we still have
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S[L] ∼=
⊕
u∈Ĝ

S[L̃] · zu

For ϕ : S[Λ(L)]→MΛ(L), we have that

kerϕ =
〈
yi ⊗ z(ei,−ei) − xi

〉
is homogeneous of degree (1, 0) is one generating set, and kerϕ =

〈
xi ⊗ z(−ei,ei) − yi

〉
is

another generating set of homogeneous elements of degree (0, 1) ∈ (Ĝ, Ĝ). Furthermore, we

have that

IΛ(L) = ⟨xj − yj⟩

since L ∼= Zn, and considering ϕ as a map of S[L̃]-modules gives that kerϕ still specializes

to IΛ(L) when we set the z’s equal to 1.

To show that

A ∼= π(MΛ(L)) =MΛ(L) ⊗S[Λ(L̃)] S ∈ (S −Mod)Ĝ×Ĝ

||

ML ⊗S[L̃] S

we note that A is generated over k by

A/k = ⟨wαeρ1ρ2 | |α| = ρ1 − ρ2⟩

so we construct a map Ψ : A→ π(MΛ(L)) by describing its image on generators of A/k:
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ψ(wαeρ1ρ2) = xα ⊗ zΛ(ρ2).

Given M ∈ R−Mod, we can use the projectors eρiρi to get

eρiρiM =Mρi ∈ k − v.s.

and

M =
⊕
i

Mρi

as a graded R−module.

To get a Ĝ× Ĝ-grading on A ∈ (A⊗ Aop)−Mod, we use projectors

eρρAeρ′ρ′

to pick up the (ρ,−ρ′)-homogeneous component of A in the Ĝ× Ĝ-grading.

To get a Ĝ× Ĝ-grading on π(ML), we have that

|xα1yα2 ⊗ zβ1 z
−β
2 | = (α1 + β, α2 − β).

Here, the grading on generators of A over k comes from Figure 3.3.

Figure 3.3: Quiver associated to wαeρ1ρ2
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Since π(MΛ(L)) ∈ (S −Mod)Ĝ×Ĝ and A ≃ ∆ ∈ (A⊗Aop)−Mod, we put an (S −Mod)Ĝ×Ĝ

structure on A via

S = R⊗k R

and use the matrix representation representing multiplication by r ∈ R to give R ↪→ A so

that both A and π(MΛ(L)) ∈ (S −Mod)Ĝ×Ĝ.

Now to check that ψ is compatible with the (S − Bimod )Ĝ×Ĝ structure, we note that

xβwαeρ1ρ2 = wα+βeρ1+|β|,ρ2 Left action

and

yβwαeρ1ρ2 = wα+βeρ1,ρ2−|β| Right Action

gives that we have an S −Mod homomorphism:

f(s ·m) = s · f(m)

since
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ψ(xβwαeρ1ρ2) = ψ(wα+βeρ1+|β|,ρ2)

= xα+β ⊗ zλ(ρ2)

= xβ · (xα ⊗ zλ(ρ2)

= xβψ(wαeρ1ρ2)

and

ψ(yβwαeρ1ρ2) = ψ(wα+βeρ1,ρ2−|β|)

= xα+β ⊗ z(ρ2−|β|,−ρ2+|β|)

= (xβ ⊗ z(−β,β)) · (xα ⊗ zλ(ρ2))

= yβ(xα ⊗ zλ(ρ2))

= yβψ(wαeρ1ρ2)

Lastly, to show that this is an isomorphism, we construct an inverse to Ψ. Since

π(MΛ(L)) ∼= R[Ĝ] as k − v.s., we construct

Φ : xα ⊗ zv 7→ wαeα+v,v

as an inverse to ψ.

This shows that for global quotients, we tensor over S[Λ(L̃)] rather than over S[Λ(L)] to

get ∆.
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3.5.8 Global diagonal object and resolution of the diagonal for

X ′Σ = XΣ⧸G a global quotient of unimodular XΣ by G a

finite abelian group

Here, we’ll give a global diagonal object for the example of Pn⧸G and a proof for why this

is a global diagonal object for Pn⧸G which depends only on the fact that Pn is unimodular,

hence giving a global diagonal object for the more general case of X ′Σ = XΣ⧸G a global

quotient of unimodular XΣ by G a finite abelian group.

Claim: We have a global diagonal object for Pn⧸G for G a finite abelian group.

Proof. Locally, Pn⧸G is isomorphic to An⧸G. So locally, we have U ′σ = Uσ⧸G for Uσ = An

open in XΣ = Pn. For An, we have presentation of Cl(An) = 0 via

0→M
B→ ZΣ(1) π→ Cl(X)→ 0

gives

0→ Zn Id→ Zn π→ 0→ 0

and L = ker(π) = Im(B) ∼= Zn. This gives Λ(L) = {(u,−u) | u ∈ Zn}. We have ∆ for

An⧸G as

∆ ∼= π(MΛ(L)) =
S[Λ(L)]⧸kerϕ⊗S[Λ(L̃)] S

=
k[A2n]⊗

〈
zΛ(ei)

+
〉
⧸〈yi − xi ⊗ zΛ(ei)〉⊗S[Λ(L̃)] k[A2n]

∼= R[Ĝ]

where R[Ĝ] is the group-ring with variables wi and G ∼= L⧸L̃. Now the transition maps for

coordinates xi on local charts of An = Uσ ⊂ XΣ = Pn induce transition maps on transition

maps for Uσ × Uσ, and hence on U ′σ × U ′σ = Uσ⧸G×
Uσ⧸G. This induces transition maps on
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the zΛ(ei)’s from locally writing xi = yi ⊗ zΛ(ei) in ML in U ′σ. This implies that the

transition maps for the zΛ(ei)’s glue together, and the diagonal object ∆ for An⧸G glues

together to give a global diagonal object for Pn⧸G.

Note: This proof is highly dependent on the fact that locally, Pn is isomorphic to An in the

sense that Pn = ∪iUσi with each Uσi
∼= An. Since this also holds for any unimodular toric

variety by the Lemma below, an analogous argument gives a global diagonal object for

X ′Σ = XΣ⧸G with XΣ unimodular.

Lemma: A complete unimodular toric variety XΣ has a cover by open charts which are all

isomorphic to An.

Proof. Let the complete unimodular toric variety XΣ have fan Σ with maximal-dimensional

cone σ ∈ Σ(n). Then σ∨ ∩M is generated as a semigroup by normal vectors to the facets

of σ, which is to say by the ray generators of σ∨. But there are n such normal vectors, and

XΣ unimodular impies that σ is unimodular, so subsets of ρi ∈ σ(1) up to size n are

linearly independent over Z. This implies that the n ray generators of σ∨ are also linearly

independent over Z. So Uσ ∼= An.

Claim: π(MΛ(L)) is resolved by the cellular complex associated to HL⧸L̃, which we view as

HL⧸L̃
∼=
⊕
u∈G

HL⧸L

together with a covering map of

HL⧸L̃
↓
HL⧸L
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Proof. Since MΛ(L) is a monomial module, HL resolves MΛ(L). The complex (F•HL
, ∂) is not

S-finite, but has finite length m = rank(L). It is also a minimal Z2n-graded free

S-resolution of the lattice module MΛ(L)
12. Since HL⧸L resolves

MΛ(L) ⊗S[Λ(L)] S

we have that HL⧸L̃ resolves

π(MΛ(L)) =ML ⊗S[Λ(L̃)] S.

3.5.9 Example of resolution for P1
⧸µ6

Recall that for P1 we have a presentation of Cl(P1) ∼= Z given by

0 → M
B→ Z|Σ(1)| π→ Cl(P1) → 0

||≀ ||≀ ||≀

0 → Z → Z2 → Z → 0

with maps B and π given by

0→ Z


1

−1


→ Z2 (1 1)→ Z→ 0

so that L = ker(11) with L = Z

〈 1

−1

〉 ⊂ Z2. If we fix L ∼= Z, then L̃ = 6Z and

L⧸L̃
∼= µ6 = G. Now P1 has monomial labels on HL⧸L given by Figure 3.4:

For G = µ6, we have the cellular complex HL⧸L̃ and is given by Figure 3.5.
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Figure 3.4: HL⧸L for P1

The decomposition

HL⧸L̃ =
⊕
u∈G

HL⧸L

and corresponding covering map h is given by Figure 3.6

with corresponding complex and resolution

S6



−x1y2 0 · · · x2y1

x2y1 −x1y2 · · · 0

0 x2y1 · · · 0

...
...

. . .
...

0 0 · · · −x1y2


−→ S6 → 0

↓

π(MΛ(L)) → 0

The covering map h corresponds to a subdivision of the maximal torus of Pn by G.
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Figure 3.5: HL⧸L̃ for P1
⧸µ6
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Figure 3.6: HL⧸L̃ for P1
⧸µ6

3.6 Upgrading the grading on (S −Mod)Ĝ×Ĝ

If we add in a (Z⊕ Ĝ)× (Z⊕ Ĝ)-grading to (S −Mod)Ĝ×Ĝ, and view

π(MΛ(L)) ∈ Ob (S −Mod)Ĝ×Ĝ, for instance, for P1
⧸µ4

with R = C[x0, x1], exact sequence

0→ Z


1

−1


→ Z2

(
4 4

)
→ Z→ G→ 0

with map
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Z⊕ Z⧸4Z← Z2

(a+ b, a)← (a, b)

and

|xa00 xa11 | = (a0 + a1, a0)

with a0 = −a1, a0 = 4b from L = Im(B) ⊂ Z2 gives a Z⊕G-grading on R, inducing a

(Z⊕G)× (Z⊕G)-grading on S.

Now, with

S[Λ(L)] ∼=
⊕
u∈Ĝ

S[Λ(L̃)] · zΛ(u)

allows us to write the resolution for P1
⧸µ4 as

0→ S4



−x1y2 0 0 x2y1

x2y1 −x1y2 0 0

0 x2y1 −x1y2 0

0 0 x2y1 −x1y2


−→

⊕
χ∈ĜO(χ,−χ) → 0

↓

∆ → 0

where the vertical map downwards takes the basis element eχ for O(χ,−χ) to

zΛ(u) ∈ π(MΛ(L)).
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3.7 Weighted projective space P(1, 2)

For L,L′ line bundles on normal toric variety XΣ, if L has sheaf of sections O(D) and L′

has sheaf of sections O(E), then to compute

Exti(OXΣ
(D),OXΣ

(E))

we note that for i = 0,

Hom(O(D),O(E)) ≃ O(E −D)

and Exti(O(D),O(E)) = RΓ(O(E −D)) = H∗(XΣ,O(E −D)).

Now, for

P(1, 2) =

[
C2 \ {(0, 0)}⧸C∗

]
where C∗ acts via λ · (z1, z2) = (λz1, λz2), the set

O,O(1),O(2)

is an exceptional collection.

Proof. Note that

H∗(O(−1)) = RΓHom(O(2),O(1))

= RΓHom(O(1),O).

To find H∗O(n) on P(1, 2), we form a Čech cover on C2, noting that z1 has degree 1 and z2

has degree 2. On U1, we localize at z1 to get O(U1). In Figure 3.7 each lattice point is
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labeled by the total degree of monomial. On U2, localizing at z2 gives O(U2). Here, lattice

points in turqoise are again labeled by total degree of monomial. Level sets of total degree

are highlighted in increments of 2. In the Čech cochain complex, Č0(U1 ∪ U2) is given by

Γ(U1)× Γ(U2) in Figure 3.7. Note that both Γ(U1) and Γ(U2) contain (0, 0). For

H∗
([

C2 \ {(0, 0)}⧸C∗
])

we consider elements only of degree 0.

 Oui
2 4 8
I 2 3 4

56
6 748 9 10 12

9No t 2.3.4.5.6.7.8.9 ly
3 2 l o l 2.3.4.5 6 7

is 4 3 it 0 3 f
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6T 6 418 9 10 12

U2 104x4 5.6.7.8 9
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242 3.4.5.6 7 8

0
0,0

0 2.3.4.5 6
8

2T 2 1 0.1.2.3 4
6

y
4g 4 Yes

i 6 5,4
3 3 tor

Figure 3.7: O(U1) and O(U2) on P(1, 2)

To build the Čech complex for O(n) on P(1, 2), we map O(U1) to O(U2) using d
0, which

shifts O(U2) n steps to the left. For O(−1), and H∗(O(−1)), d0(Č0) and Č1 are given in

Figure 3.8. Here, H1 is the kernel of d1 by a dimension argument. Any lattice points

labeled by both red and turquoise have elements in the kernel. But this does not occur for
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Figure 3.8: d0(Č0) for O(−1) on P(1, 2)

any points with degree 0, so H1(P(1, 2),O(−1)) = 0. Here, H0 is the cokernel: but all

degree 0 elements lie in the image of Č0, since each degree 0 lattice point is labeled either

red or turquoise. Therefore,

H i(P(1, 2),O(−1)) = 0

for all i.

For O(−2), we would move the turquoise dots over to the right by 1 in Figure 3.8 (a total

of 2 steps to the right). However, we still have no lattice points of degree 0 labeled by both

red and turqoise lattice points, so H1(P(1, 2),O(−2)) = 0. Similarly, all degree 0 lattice

points are labeled by either red or turqoise dots, so the cokernel is 0, and H0(O(−2)) = 0

on P(1, 2).

Therefore
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Figure 3.9: d0(Č0) for O(−2) on P(1, 2)

Ext(O(2),O(1)) ∼= Ext(O(1),O) ∼= RΓ(O(−1))

∼= H∗(O(−1)) = 0

and

Ext(O(2),O) = RΓ(O(−2)) = H∗(O(−2)) = 0.

Note that d0(Č0) for O(−2) is given in Figure 3.9. To see that O,O(1),O(2) generate

Db(P(a, b)) for a, b > 0 and coprime, we note exactness of

0→ O(−a− b)→ O(−a)⊕O(−b)→ O → 0
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on P(a, b).

3.8 Bl[1:0:0](P2) and deforming to Hϵ
L for projective toric

varieties which are smooth and non-unimodular

in the Bayer-Popescu-Sturmfels sense

For toric varieties which are smooth and non-unimodular in the sense of

Bayer-Popescu-Sturmfels, we’ll need to deform the cellular complex HL by an element

ϵ ∈ RA. We use ϵ to give transversal intersections at the vertices in Hϵ
L(0).

Here, we deform the cellular complex HL to Hϵ
L for Bl[1:0:0]P2 which is smooth, Fano, and

unimodular as an illustrative example.

Recall that a sublattice L ⊂ Zn is called unimodular if L is the image of an integer

matrix B with linearly independent columns, such that all maximal minors of B lie in the

set {0, 1,−1}12. If we blow-up the torus-invariant point [1 : 0 : 0] of P2 (following

Cox-Little-Schenck, I will call XΣ = Bl[1:0:0]P2 the toric variety associated to the fan in NR

given in Figure 3.10), then the lattice L given by the image of B in

0→M
B−→ Z4 π→ Cl(XΣ)→ 0

where BT is given by

1 1 0 −1

0 1 1 −1

 is unimodular.

Here,

Cl(XΣ) ∼= ⟨D1, . . . , D4⟩⧸(D1 +D2 −D4, D2 +D3 −D4)

Since D2 corresponds to the exceptional divisor in the blow-up, D2 has self-intersection

number -1:

D2 ·D2 = −1
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Figure 3.10: The fan Σ and the nef cone for Bl[1:0:0]P2

while D1, D3, and D4 have self-intersection number 1, so the nef cone of XΣ is given by the

span of D1 and D4. This description of the nef cone comes from a map

(R2)∨


0 1 0 1

1 0 1 1


←− R4

corresponding to a fan in the first orthant of R4. Here, the element D1 +D4 in the nef cone

corresponds to



ϵ

0

0

ϵ


= ϵ



1

0

0

1


∈ R4.

Deforming the cellular complex HL

Here, XΣ is assumed to be smooth. If we consider RL = L⊗Z R ⊂ R4 as before from the

unimodular case, then the intersection of the infinite hyperplane arrangement HL with RL

will have more lattice points than just what appears in L12. That is, for XΣ smooth and

non-unimodular,
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(HL ∩ RL) \ L ̸= ∅.

RL ∩HL is given in Figure 3.11 for Bl[1:0:0]P2, which is unimodular (hence no extra vertices

appear). Here, vertical lines in yellow correspond to integer values of x1, and x1 increases

in value as we move to the right in the diagram. Horizontal lines in black correspond to

integer values of x3, which increase as we move up. Diagonal lines in blue give integer

values in x2 and x4, which increase up and to the right, and down and to the left,

respectively.

Since more than two hyperplanes intersect in RL at each point, the cellular complex HL

does not have transversal intersections at each vertex.

Figure 3.11: RL, showing RL ∩HL ⊂ R4

To remedy the lack of transversal intersection at each vertex v ∈ HL(0), we adjust the

infinite cellular complex HL by deforming the hyperplane arrangement in a manner
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governed by our choice of ϵ in the nef cone, given by

x



1

1

0

−1


+ y



0

1

1

−1


+



ϵ

0

0

ϵ


= 0

corresponding to row 1 and row 2 of B, giving a basis for L ⊂ R4.

This gives the deformed hyperplane arrangement Hϵ
L corresponding to the shifts

e1 + ϵ ∈ Z, e4 + ϵ ∈ Z for 0 < ϵ≪ 1. We construct the Hull resolution (F•Hϵ
L
, ∂ϵ) below. The

deformed complex Hϵ
L is given in Figure 3.12, together with the monomial labelings given

by taking the vertex labeling associated to the floor function for each coordinate of a given

point in Hϵ
L ⊂ R4. Vertices with common color labeling are given the same monomial

vertex labeling in Figure 3.12. The arrows off of hyperplanes indicate direction of increase

of xi for 1 ≤ i ≤ 4, as in Figure 3.11.

Here, we emphasize that RL is a plane in R4 along which we are considering the

intersections with the hyperplane arrangement HL = {xi ∈ Z | 1 ≤ i ≤ 4}.

Taking the quotient of Hϵ
L by L and giving monomial labels from MΛ(L) given by the

integer floor function in each component are given in Figure 3.13. Here, the differential

∂ϵ1 :
⊕

e∈Hϵ
L(1)

S →
⊕

v∈Hϵ
L(0)

S

is given by

v4 0 0 0 0 1 −1 0 x3y4 0 −x3y1

v3 0 1 −y2 0 0 1 0 0 −x3y1 0

v2 0 0 0 1 −1 0 −x1y4 0 0 x1y3

v1 y2 −1 0 −1 0 0 0 0 x1y3 0

v0 −x2 0 x2 0 0 0 x4y1 −x4y3 0 0

E0 E1 E2 E3 E4 E5 E6 E7 E8 E9
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Figure 3.12: Hϵ
L for Bl[1:0:0]P2 deformed by O(D1) +O(D4)
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subject to the labeling in Figure 3.13. The color labeling of vertices and edges in

Figure 3.13 corresponds to the color labeling in Figure 3.12. Exactness away from

homological index i = 0 follows as before for the unimodular case by the same convexity

argument used in Theorem 3.1 in Bayer-Popescu-Sturmfels12. We investigate the cokernel

of ∂ϵ0 in the following section.
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Figure 3.13: The quotient cellular complex H
ϵ
L⧸L with monomial labelings from MΛ(L)

3.8.1 Cokernel of ∂ϵ0

Here, we consider the map

(FHϵ
L
, ∂ϵ)

f→ S∏xi

given by
⊕

v∈Hϵ
L
S(−mF )→ S∏xi where a vertex in Hϵ

L maps to its vertex monomial label

in MΛ(L).
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For Bl[1:0:0]P2, we have that L =

〈


1

1

0

−1


,



0

1

1

−1


〉
,

IL = ⟨xv+ − xv− | v ∈ L⟩

= ⟨x1x2 − x4, x2x3 − x4, x1 − x3⟩ ,

JL = ⟨xuyv − xvyu | u− v ∈ L⟩

= ⟨x1x2y4 − x4y1y2, x2x3y4 − x4y2y3, x1y3 − x3y1⟩

and MΛ(L) as an S−submodule of T has the infinite generating set {xuy−u | u ∈ L}. In the

quotient by L, the cellular complex Hϵ
L carries monomial labels given in Figure 3.14. When

we consider monomial labels on vertices in the quotient Hϵ
L/L, we only need to consider

the monomial labels on vertices given in Figure 3.14 due to which vertices in Hϵ
L(0) carry

the same monomial label.

Here, L ∩ Nn = {0} implies that MΛ(L) ∋ 1, so that MΛ(L) ⊂ Im(f) above, by considering

the action of L on the quotient from Figure 3.14. Modulo the action of L, there is one

additional monomial y2
x2

in Im(f) which is not contained in MΛ(L). Note that since

{x1x2y4
x4y1y2

,
x2x3y4
x4y2y3

,
x1y3
x3y1
} ⊂MΛ(L),

we also have

{x4y1y2
x1x2y4

,
x4y2y3
x2x3y4

,
x3y1
x1y3
} ⊂MΛ(L).

Now for XΣ = Bl[1:0:0]P2,
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Iirr = ⟨x3x4, x1x4, x1x2, x2x3⟩

= ⟨x1, x3⟩ ∩ ⟨x2, x4⟩

and Iirr for XΣ ×XΣ is given by

⟨x1, x3⟩ ∩ ⟨x2, x4⟩ ∩ ⟨y1, y3⟩ ∩ ⟨y2, y4⟩ .

Now, for any monomial q in Iirr for XΣ ×XΣ, we must have that either x2 or x4 divides q.

If x2 divides q, then

x2

(
y2
x2

)
= y2 ∈MΛ(L)

since MΛ(L) ∋ 1 shows that q · y2
x2
∈MΛ(L). If x4|q, then

y3x4 ·
(
y2
x2

)
=

(
x4y2y3
x2x3y4

)
· x3y4 ∈MΛ(L)

shows that q ·
(
y2
x2

)
is in the image of the action of S on q ·

(
y2
x2

)
. Therefore, the cokernel of

the inclusion of MΛ(L) ↪→ Im(f) is torsion with respect to Iirr for XΣ ×XΣ. In general, we

say that an R−module M is I torsion iff there exists k ∈ Z+ such that IkM = 0. Here,

k = 1 suffices to show that the cokernel of the inclusion of MΛ(L) ↪→ Im(f) is torsion with

respect to Iirr for XΣ ×XΣ.
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Figure 3.14: Monomial labels on vertices v ∈ Hϵ
L(0) modulo L

3.8.2 Moving around in the effective cone

Here we consider coker (MΛ(L) ↪→ Im(f)) for ϵ in the interior of the other chamber of the

effective cone, spanned by O(D2) and O(D4). (Again, D2 corresponds to the exceptional

divisor of the blow-up of Bl[1:0:0]P2.) Our previous discussion of coker(MΛ(L) ↪→ Im(f))

from Section 3.8.1 took place inside the nef cone of N1(XΣ), with N
1(XΣ) ∼= Cl(XΣ)⊗Z R

since XΣ is smooth. More generally, we can ask about the cokernel of the inclusion of

MΛ(L) ↪→ Im(f) inside of the other chamber of the effective cone, given in Figure 3.15.

Inside of this cone spanned by O(D2) and O(D4) in Cl(XΣ)⊗Z R, we have a corresponding

fan for which the ray ρ2 is removed. This gives the fan for P2, though we retain the

information that ρ2 no longer lives in any maximal cone so that the irrelevant ideal for XΣ

becomes

Iirr = ⟨x1, x3, x4⟩ ∩ (x2)

and the irrelevant ideal for XΣ ×XΣ in this case is
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Figure 3.15: Chambers of the Effective Cone

Iirr = ⟨x1, x3, x4⟩ ∩ (x2) ∩ ⟨y1, y3, y4⟩ ∩ (y2).

Taking ϵ =



0

ϵ

0

ϵ


corresponding to O(D2) +O(D4) in the interior of the chamber of the

effective cone spanned by O(D2) and O(D4), we have the deformed cellular complex Hϵ
L

whose quotient by L is given in Figure 3.16. Here, x2 = 0 and x4 = 0 are labeled in blue

and yellow, respectively, since those planes are deformed in RL.

In this case, Iirr for XΣ ×XΣ is given above and coker(MΛ(L)) ∋ y1
x1
, y3
x3

and is spanned by

translates of these elements by L. Note that in this case, at least one of x1, x3, or x4 must

divide any monomial q in the irrelevant ideal Iirr of XΣ ×XΣ.

For L-translates of y1
x1
, we note that if x1 divides q, then
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Figure 3.16: Deformed complex Hϵ
L for ϵ corresponding to O(D2) +O(D4)
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x1 · (
y1
x1

) = y1 ∈MΛ(L)

since 1 ∈MΛ(L), and MΛ(L) is an S−submodule of T = k[x
+

1 , . . . , x
+

n , y
+

1 , . . . , y
+

n ]. If x3

divides q, then

x3 ·
y1
x1

= y3 ·
(
x3y1
x1y3

)
∈MΛ(L).

If x4 divides q, then

x4y2

(
y1
x1

)
= x2y4

(
x4y1y2
x1x2y4

)
∈MΛ(L)

so that y1
x1

= 0 ∈ coker(MΛ(L) ↪→ Im(f)).

Next, for (L−translates of) y3
x3
, we again have that at least one of x1, x3, or x4 divides any

monomial q in Iirr, the irrelevant ideal for XΣ ×XΣ. If x1 divides q, then

y3
x3
· x1 =

(
x1y3
x3y1

)
· y1 ∈MΛ(L)

If x3 divides q, then

y3
x3
· x3 = y3 ∈MΛ(L)
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since 1 ∈MΛ(L). Lastly, if x4|q, then

(
y3
x3

)
x4y2 =

(
x4y2y3
x2x3y4

)
x2y4 ∈MΛ(L).

This shows that y3
x3

= 0 ∈ coker(MΛ(L) ↪→ Im(f)). Hence,

coker(MΛ(L) ↪→ Im(f)) = 0

modulo Iirr for XΣ ×XΣ for ϵ = O(D2) +O(D4) in the interior of the chamber spanned by

O(D2) and O(D4) in the effective cone of the secondary fan.

3.8.3 General argument for coker(MΛ(L) ↪→ Im(f)) for ϵ in the

effective cone

Given XΣ smooth and projective with no torus factors, we have the following exact

sequence:

0 ← Cl(T )R ← RA ← LR ← 0

∈

ϵ

where ϵ 7→ ϵ in the effective cone of FΣ(A). Now ϵ gives a convex function gϵ : NR → R

which is linear on all cones of a corresponding fan Σϵ such that the maximal domains of

linearity correspond to maximal cones in Σϵ. So gϵ gives the fan Σϵ with corresponding

irrelevant ideal Iirr for Σϵ × Σϵ given by

〈∏
i∈I∅

xi
∏
ρ̸∈σ

xρ | σ ∈ Σmax

〉
∩

〈∏
i∈I∅

yi
∏
ρ ̸∈σ

yρ σ ∈ Σmax

〉

Continuing with the map (F•Hϵ
L
, ∂•ϵ )

f→ S∏xi and our consideration of

coker(MΛ(L) ↪→ Im(f)) modulo Iirr for Σϵ × Σϵ, we consider p ∈ RA such that
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p 7→ p ∈ Hϵ
L(0) near 0 in RL. We have previously referred to p ∈ RL as p. Here, we take

p =
⋂
ρ∈Bp

{xρ = 0}

as a definition of Bp. Now transversality of Hϵ
L implies that Bp gives a basis for RL. Since p

is near 0⃗ in RA, the monomial label mp is squarefree, and ϵ ∈ RA≥0 implies that mp can be

written
yi1 ···yiℓ
xi1 ···xiℓ

.

By the definition of Hϵ
L, the monomial label on p is given by

mp =
xu⃗

yu⃗
| u⃗ = ⌊p⌋.

We now adjust gϵ by subtracting a linear functional ℓp determined by ℓp(uρ) = ϵρ for

ρ ∈ Bp. ℓp is determined by this information, since Bp gives a basis for RL and for N . That

is, we construct

g̃ϵ := gϵ − ℓp

so that we have

p = g̃ϵ({uρ})

except for coordinates in I∅. Since any variable corresponding to an element of I∅ always

appears in the support of any monomial in the irrelevant ideal, we may assume without

loss of generality that p = g̃ϵ. To show that coker(MΛ(L) ↪→ Im(f)) = 0 modulo Iirr, let σ

be any maximal cone in Σmax. From convexity of gϵ, it follows that g̃ϵ is also convex. This

gives a subdivision of maximal cones in Σ such that either:

(i) σ ⊆ g̃−1ϵ (R≥0)

(ii) σ ⊆ g̃−1ϵ (R<0)

(iii) Neither (i) nor (ii) holds

In case (i), since we only need to worry about what’s not in I∅, we can suppose that

gϵ(uρ) = ϵρ so that p = g̃ϵ({uρ}). If we choose ϵ to be small so that |ϵ| << 1, then ℓp
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remains small as a continuous function of ϵ which gives that the coordinates of p ∈ (−1, 1)

and the floor function of all coordinates is in the set {−1, 0}. Therefore, the set of indices

{ij} for which xij is in the support of mp are exactly the coordinates for which the floor

function returns −1. Since xσ̂ =
∏

ρ ̸∈σ xρ is a generator of Iirr (ignoring I∅), we have that

all variables cooresponding to rays of σ do not lie in the support of mp, so that xσ̂ can clear

denominators to give xσ̂ ·mp ∈MΛ(L).

In case (ii), we have that σ ⊆ g̃−1ϵ (R<0), mp =
yi1 ···yiℓ
xi1 ···xiℓ

and xσ̂ =
∏

ρ̸∈σ xρ. For p near 0⃗ we

show that there exists k > 0 such that Ikirr ·mp ∈MΛ(L) and coker(MΛ(L) ↪→ Im(f)) = 0 by

adding in the assumption that XΣ is Fano. If XΣ is Fano, then the anticanonical divisor

D =
∑

ρ∈Σ(1)Dρ is very ample so that we can define v ∈ L to be v(uρ) = −1 for ρ ∈ σ and

away from σ, v(ρ′) > −1 for ρ′ ̸∈ σ. Since v ∈ L is an element of the lattice L, v(uρ) ∈ Z

for all ρ ∈ Σ(1) implies v(ρ′) ≥ 0 for all ρ′ ̸∈ σ.

Now xv⃗

yv⃗
∈MΛ(L) and we need only consider variables in the support of mp for which ρ ∈ σ

from our previous description of Iirr. Here, there exists some w⃗ ∈ NA with yw⃗ ∈ S and

some {sρ} ⊂ N so that

∏
ρ̸∈σ

xsρρ ·mp = yw · x
v⃗

yv⃗
∈MΛ(L)

and

(xσ̂)max{sρ} ·mp = q ·
∏
ρ ̸∈σ

xsρρ mp ∈MΛ(L)

for some q ∈ S. Here we use the fact that |A| <∞ to take a maximum, and the fact that

Iirr has a finite generating set since S is Noetherian.

We generalize statements (i)-(iii) in the next subsection without the Fano assumption and

therefore omit consideration of (iii) here.
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For p ∈ Hϵ
L(0) away from 0⃗

For p away from 0⃗ and XΣ smooth (not assumed to be Fano here), we make use of the

following lemmas:

Lemma 1: Given p ∈ Hϵ
L(0) and σ1, σ2 ∈ Σ(n), there exists k > 0 with

(xσ̂1yσ̂2)k ·mp ∈MΛ(L) iff there exists v ∈ L and an ℓ > 0 such that (xσ̂1yσ̂2)ℓ ·mp+v ∈MΛ(L).

Proof. Any v ∈ L has integer coordinates so that ⌊v⌋ = v and mv =
x⌊v⌋

y⌊v⌋
= xv

yv
. This implies

that adding v ∈ L to p shifts all coordinates by only integer amounts, so that no

cancellation occurs when we take a floor function:

⌊p+ v⌋ = ⌊p⌋+ v

In particular, we note that if both p and v are in L, then mp+v = mp ·mv since

p, v ∈ L =⇒ p+ v ∈ L. So if there exists k > 0 with (xσ̂1yσ̂2)k ·mp ∈MΛ(L), then

(xσ̂1yσ̂2)k ·mp+v = (xσ̂1yσ̂2)k ·mpmv ∈MΛ(L) since MΛ(L) is closed under the action of S[L].

Now closure of MΛ(L) under the action of S[L] also proves the reverse direction.

For the following Claim, we require the Separation Lemma23, which separates convex

sets by a hyperplane:

Separation Lemma: If σ and σ’ are convex polyhedral cones whose intersection τ is a

face of each, then there is a u in σ∨ ∩ (−σ′)∨ with

τ = σ ∩ u⊥ = σ′ ∩ u⊥.

Generalizing the previous cases (i)-(iii) from Section 3.8.3, we make the following claim.

Claim: Given p ∈ Hϵ
L(0), for all σ1, σ2 ∈ Σ(n), there exists u ∈ L, k ∈ N and α, β ∈ NΣ(1)

such that (xσ̂1yσ̂2)kmp = xαyβmu ∈MΛ(L).

Proof. The Claim holds iff there exists u ∈ L, k ∈ N and α, β ∈ NΣ(1) such that
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(xσ̂1yσ̂2)kmpm−u = xαyβ ∈ S

Let ⌊pρi⌋ := ãρi for all i so that

⌊p⌋ = (⌊pρ1⌋, . . . , ⌊pρΣ(1)
⌋)

= (ãρ1 , . . . , ãρ|Σ(1)|)

and define the sets A+, A− by

mp =

∏
A+
x
aρ
ρ

∏
A−
y
aρ
ρ∏

A+
y
aρ
ρ

∏
A−
x
aρ
ρ

with aρ = |ãρ| for all ρ. Since XΣ is smooth, there exists u1 ∈ L such that u1(eρ) = aρ for

all ρ ∈ (σ1 ∩ σ2)(1) = σ1(1) ∩ σ2(1). By the Separation Lemma, there exists u2 ∈ L such

that

u2

∣∣∣∣
σ1∩σ2

= 0, u2

∣∣∣∣
σ1\σ2

> 0, u2

∣∣∣∣
σ2\σ1

< 0.

Since xσ̂1yσ̂2 is a generator of Iirr, up to torsion by Iirr it suffices to consider only factors

(over S) in the numerator and denominator of mp for variables xρ and yρ for ρ ∈ σ1 ∪ σ2.

Now there exists k0 ∈ N such that

(xσ̂1yσ̂2)k0mp =
f1∏

σ2∩A+
y
aρ
ρ

∏
σ1∩A−

x
aρ
ρ

=
f2∏

σ1∩σ2∩A+
y
aρ
ρ

∏
(σ2\σ1)∩A+

y
aρ
ρ

∏
σ1∩σ2∩A−

x
aρ
ρ

∏
(σ1\σ2)∩A−

x
aρ
ρ

[subdivision of sets A+, A−]

for some monomials f1, f2 ∈ S. Now mpm−u1 = mp−u1 since u1 ∈ L gives that there exists
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k1 ∈ N such that

(xσ̂1yσ̂2)k1mp−u1 =
f3∏

(σ2\σ1)∩A+
y
bρ
ρ

∏
(σ1\σ2)∩A−

x
bρ
ρ

for some {bρ} ⊂ N and some monomial f3 ∈ S, so that there exists ℓ ∈ N such that

mp−u1m−ℓu2 = mp−u1−ℓu2 since ℓu2 ∈ L gives

(xσ̂1yσ̂2)kmp−u1−ℓu2 = f4

for some monomial f4 = xαyβ ∈ S, for some α, β ∈ N|Σ(1)|.

By Lemma 1, this implies there exists k ∈ N such that (xσ̂1yσ̂2)k ·mp ∈MΛ(L) for any

choice of σ1, σ2 ∈ Σ(n) so that coker(MΛ(L) ↪→ Im(f)) = 0 for ϵ in the Effective Cone.

In fact, this argument shows that for p ∈ HL(0), coker(MΛ(L) ↪→ Im(f)) = 0 so that we

have a resolution of the diagonal for any smooth toric variety XΣ, without requiring the

deformation Hϵ
L.

This also strengthens the construction of the diagonal object giving the kernel of a

Fourier-Mukai transformation inducing the identity in Db
Coh(X

′
Σ) to the case that

X ′Σ = XΣ⧸µ is a global quotient of a smooth toric variety XΣ by a finite abelian group µ.

That is, since smooth toric varieties have an open cover by affine spaces:

XΣ = ∪σ⪯Σ(n)Uσ
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with Uσ = Spec C[σ∨ ∩M ] ∼= Am for m = rank (M) = rank (N), we have that the same

diagonal object

π(MΛ(L)) =MΛ(L) ⊗S[Λ(L̃)] S

and corresponding resolution (FHϵ
L/L̃

, ∂) carry through in the case of a global quotient

X ′Σ = XΣ⧸µ

with XΣ smooth (not necessarily unimodular) and µ a finite abelian group.
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Appendix A

Appendix

Lemma 2 from Section 3.8.3 for XΣ smooth, Fano, not necessarily unimodular:

For any p ∈ Hϵ
L(0) and σ ∈ Σ(n), there exists vσ ∈ L with (p+ vσ)ρ < 0 only on σ(1), and

(p+ vσ)ρ > 0 for ρ ̸∈ σ(1).

Proof. We previously noted that since XΣ is Fano, there exists v ∈ L such that


v(uρ) < 0 ∀ ρ ∈ σ(1),

v(uρ′) ≥ 0 ∀ρ′ ̸∈ σ(1)

Now there exists r ∈ Z such that (r · v)ρ << 0 for all coordinates with ρ ∈ σ(1) so that all

ρ ∈ σ(1) become much less than any coordinate ρ′ ̸∈ σ(1). Additionally, there exists a

unique ṽ ∈ L such that 
(p+ ṽ)(uρ) = 0 ∀ ρ ∈ σ(1)

(p+ ṽ)(uρ′) > 0 ∀ ρ′ ̸∈ σ(1).

Now adding on sufficiently large multiples of v and ṽ ensure that there exists r, k ∈ Z such

that vσ = rv + kṽ gives that p+ vσ satisfies


(p+ vσ)ρ < 0 iff ρ ∈ σ(1),

(p+ vσ)ρ > 0 otherwise.
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2009. doi: 10.1007/978-0-8176-4934-0 9. URL

https://doi.org/10.1007%2F978-0-8176-4934-0_9.

[12] Dave Bayer, Sorin Popescu, and Bernd Sturmfels. Syzygies of unimodular lawrence

ideals, 1999. URL https://arxiv.org/abs/math/9912247.

[13] J.P. May. Simplicial Objects in Algebraic Topology. Chicago Lectures in Mathematics.

University of Chicago Press, 1992. ISBN 9780226511818. URL

https://books.google.com/books?id=QGjwV0gyQnIC.

[14] J. Bernstein and V. Lunts. Equivariant Sheaves and Functors. Lecture Notes in

Mathematics. Springer Berlin Heidelberg, 2006. ISBN 9783540484301. URL

https://books.google.com/books?id=mot8CwAAQBAJ.

[15] Anton Geraschenko and Matthew Satriano. Toric stacks i: The theory of stacky fans.

Transactions of the American Mathematical Society, 367(2):1033–1071, jul 2014. doi:

10.1090/s0002-9947-2014-06063-7. URL

https://doi.org/10.1090%2Fs0002-9947-2014-06063-7.

[16] Nlab deligne-mumford stack. URL

https://ncatlab.org/nlab/show/Deligne-Mumford+stack.

159

http://eudml.org/doc/203789
https://arxiv.org/abs/1710.07370
https://doi.org/10.1007%2F978-3-319-46209-7_3
https://doi.org/10.1007%2F978-0-8176-4934-0_9
https://arxiv.org/abs/math/9912247
https://books.google.com/books?id=QGjwV0gyQnIC
https://books.google.com/books?id=mot8CwAAQBAJ
https://doi.org/10.1090%2Fs0002-9947-2014-06063-7
https://ncatlab.org/nlab/show/Deligne-Mumford+stack


[17] Gianluca Occhetta and Jaroslaw A. Wisniewski. On euler-jaczewski sequence and

remmert-van de ven problem for toric varieties, 2001. URL

https://arxiv.org/abs/math/0105166.

[18] Günter M. Ziegler. Lectures on polytopes. Springer-Verlag, New York, 1995. URL

http://www.worldcat.org/search?qt=worldcat_org_all&q=9780387943657.

[19] Louis J. Billera and Bernd Sturmfels. Fiber polytopes. Annals of Mathematics, 135

(3):527–549, 1992. ISSN 0003486X. URL http://www.jstor.org/stable/2946575.

[20] M. M. Kapranov, B. Sturmfels, and A. V. Zelevinsky. Chow polytopes and general

resultants. Duke Mathematical Journal, 67(1):189 – 218, 1992. doi:

10.1215/S0012-7094-92-06707-X. URL

https://doi.org/10.1215/S0012-7094-92-06707-X.

[21] Charles A. Weibel. An Introduction to Homological Algebra. Cambridge Studies in

Advanced Mathematics. Cambridge University Press, 1994. doi:

10.1017/CBO9781139644136.
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