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CHAPTER I

INTRODUCTION

This report can essentially be divided into two parts. In the first
part, the notion of the time-varying Fourier transform which was introduced
recently [l] for noise-free discrete signals is extended to the case when
noise is present. This is achleved by introducing some damping in the
filtering process associated with the time-varying Fourier transform. The
second part presents a study of Arnold's on-line computational algorithm[l}

It is demonstrated that Arnold's algorithm can be used to good advantage
prior to classification for signal representation of transient waveforms which
are embedded in noise. It is especially useful for those cases in which the
sipgnal to noise ratio is low. Examples of such applications include the
following [2] H

(1) The classification of moving traffic in the presence of a noisy

background.

(2) The discrimination between classes of seismic events in a noisy

background.

(3) The classification of both man-made and biologically generated

transients in an ocean background.
If the transient waveforms are well above the noise to the extent that their
epoch and duration can be easily determined, then the fast Fourier transform
(FFT) technique [3] may be used as a means of signal representation prior to
classification. However, in applications of the type cited above, the tran-

sients are usually well below the level of the noise. Consequently their



epochs and durations are not known, To overcome this, one could choose an
upper bound Tmax as the duration of any transient of interest and then use
the FFT technique. However, this is not satisfactory since the arbitrary
segmentation could result in spectral distortion.

Next, it is demonstrated that the time-varying Fourier transform, on
being modified as cited above, can be used as an effective tool to estimate
the Fo&rier power and phase spectra of transients in the presence of noise,
Again, 1t is shown that such estimation can be achieved with any desired
frequency resolution, In conclusion, it is demonstrated that the spectral
estimates so obtained are superior to those obtained by standard smoothing
techniques.

The above applications are considered in Chapter IV of this report. In
Chapters II and IIT some fundamental aspects of Arnold's algorithm and
the time-varying Fourier transform are presented, Conclusions pertaining to
the study undertaken and corresponding recommendations for future work are

presented in Chapter V.



CHAPTER II
TIME-VARYING FOURIER TRANSFORM AND RELATED SPECTRA

2.1 Fourier Transform of a Discrete Signal

Let X(t) be a continuous real-valued signal. It can be approximated to
a series of rectangular segments of width At as shown in Figure 2.1 (a).
Now the signal can be represented by the sequence of impulses X*(t) shown
in Figure 2.1(b). The impulse at the point mAt has a strength At X(m), which
is area of a rectangle formed by the base At and the height X(m) at mAt in

Figure 2,1(a).
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Figure 2.1 Decomposition of Signal into Impulse Train

*
The discrete signal X*(t) can be written as
N-1
x*(t) = & [At¥ ()] §(t-mat) (2-1a)

n=0

where 6(t) is the Dirac or impulse function. It X(t) has a bandwidth of

B Hz, then from Shannon's Sampling theorem At must be less than or equal to

1/2B sec.

Fourier transform F *(w) of X*(t) is given by
o N-1
—-iwt
Fx() = at | I X(m) s(t-mat) e o dt (2-1b)
~= m=0

*See for example, "Lin.Network Analysis', by Seshu and Balabanian,
John Wiley, 1959, p.205,



Interchanging the order of integration and summation in Eq. (2~1b) we obtain

N-1 =
Fs(w) = ot ¢ X(m) f6 (t-Mat) e TW%q¢

m=0 -m

N-1
= At I X(m)e
m=0 (2-2)

—imwAt

N-1 N-1
=At I X(m)Cos(wmAt)=1i I X(m)Sin(umAt) (2=-3)
m=0 m=0
that is,
Fx*(w)=At{R(m)—iI(m)} (2-4)
where
N-1
R(w)= I X(m)Cos (wmAt)
m=0
and
N-1
I(w)= I X(m)Sin(wumAt)
m=0

F *(w) in Eq. (2-4) is the desired Fourier transform of a given
X

discrete signal X*(t).

2.2 Time Varying Fourier Transform [1]

Fx*(w) in Eq. (2-4) can be expressed in terms of a (2xl) vector to

obtain,
R(w)
Ex*(w}=ﬂt[1(m)] (2_5)
Now, consider the (2x2) matrix
Cos (wAt) =Sin(wAt)
Lw]- Sin(wAt)  Cos(uAt) (2-6)

Since[L(mi]is orthogonal, it has the property



XL(“)I% {Cos(mbAt) ~Sin (mwAt) e

Sin(mwAt) Cos (mwAt)

Thus, from Eqs. (2-5) and (2-7) it follows that,
N-1
Exw@)=st I L. @] "X (m) (2-8)
m=

where

We introduce the recurrence relation
2(,%)= [L()] Z (0, k=1)+bX (N-1-k)
(2-9)
k=0,1,2,...,(N=1)
where k denotes the instant of time t=kAt and
z (w,-l)-[g]
With k=0, and k=1, Eq. (2-9) yields
Z(0,0)=[L(w)] Z(w,-1)+bX(N-1) (2-10)
and
Z(w,1)= [L(w)] Z(w,0)+bX (H-2)
= [L(w)]{ [L ()] Z(w,-1)+bX (N-1) }+bX (N-2)

= [L(w) ] %2 (w,*1) +[L(w)] bX (N-1)+bX (N-2) (2-11)

Proceeding on similar lines we arrive at the fundamental relationship
N=1
Z(u,N-1)= I [L(w)]"bX(m)=1 Fy, (w) (2-12)
m=0 At
where Ex*(m) is the (2x1) vector defined in Eq. (2-5). Eq. (2-12) states
that, at the instant k=(N-1), Z(w,k) in Eq. (2-9) yields the conventional

Fourier transform defined in Eq. (2-4). Z(w,k) can therefore be defined as



the time-varying Fourier transform., Again if we denote
Z1(w,k)
7 =|“1\Ws
(m’k) [2-2 (m:k)] (2“13)

then the time-wvarying power and phase spectra can be defined as

P (0, k)= (at) 2| |Z(w,k) | |2 (2-14a)
and ‘{’(m,k)r:tan_1 Zg(w,k)
(2-14b)
Zl(w,k)
respectively. Eq. (2-9) yields an efficient recursive algorithm to

compute the time-varying power and phase spectra, This is illustrated in
Figure 2.2 for the case of computing the time-varying power spectrum at
a set of points w=w_,n=1,2,...M, From Figure 2,2 it follows that the

computational process can be associated with a bank of filters characterized

by the (2x2) matrices [?(wni},n=1,2,...ﬂ.

2.3 Noise Considerations [2'}

In the above analysis it is assumed that the signal x*(t) is noise-free.
In many real-world problems, however, one does not have isolated processes,
but usually a combinatiom, such as periodic and tramsient signals in a
noisy background, In such cases, the spectra discussed in the previous
gsection need smoothing if they are to yield consistent estimates. The
recurrence relation in Eq. (2-9) can be extended to handle the noisy
signals with some modifications., This is discussed in what follows.

The desired frequency range is covered by a bank of constant 0
filters whose frequencies are equally spaced on a logarithmic scale. The
matrix considered in the Eq., (2-6) is redefined for the n-th filter in

the filter bank as,
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e-aAtCos(mpAt) —e_aAtSin(woAt)
E.(wn (2-15)

e~ 510 (woht) e~ 2t00s (w, At)
where a=cmn,cis called the damping factor
and We=td I]_-i;z (2-16)

Then, corresponding to Eq, (2-9) we obtain

¥ (mn,k)=[L(mn):' Z(w_,k=1)+bX (N-1-k)
(2-17)
k=0,1,2,... N=-1
Again, the time varying power and phase spectra are respectively given by
Plu,k)=(a0)2] |2y, k) | | (2-18a)
and
¥(mn,k)=tan_1 Zy (wp,yk)

2, (g, )

(2-18b)

The computational process is identical to that shown in Figure 2.2
except that each {P(mn)]defined in Eq., (2-9) is replaced by that defined
in Eq. {(2-15). The introduction of the damping has the effect of smoothing

the spectrum as each filter has finite bandwidth Af given by the relation

T A A § »
=% =3 "= (e

The various contiguous filters overlap at their -3dB points as shown
in Figure 2,3, For a given O or equivalently for a given damping factor
L,the set of center frequencies for the filter bank are readily derived

using the algorithm [2]5

-1=(1+C) f
ase
1+C '
Ent1™ 727 fo» 7°1,2,.0.H (2-20)

The frequency points generated by Eq. (2-20) are equally spaced on a

logarithmic scale as shown in Figure 2.3,




-3dB }

Figure 2.3 Transfer Grain Characteristics of Filter Bank

The bhase frequency f base is obtained as

fbase - fN?//iODEC \em2l)

where ENY is the Nyquist or folding frequency given by

f = 1/2At
NY (2-22)

and DEC is the desired frequency range in decades,
If damping is not considered, then £=0, and hence one considers the
bank of filters as having zero bandwidth at a set of chosen frequencies.

The corresponding matrix associated with the n-th filter is given by
[L(m )] - |Cos(w At) -Sin(uw,At)
n Sin(mnAt) Cos (wpAt) (2=23)
Clearly,[i(mni]in Eq. (2-23) 1is the same as[}(mi]in Eq. (2-6).

2.4 Arnold's Recursive Algorithm [2]
Arnold's recursive algorithm is very similar to Egs. (2-9) and (2-17).

Specifically it 1is defined as
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2,10 = [Llwp)] Zlg,ke1)+bX (k)
k=0,1,...,N-1 7 (2-24)

where [L(mnﬂ is given by Egqs. (2-15) and (2-23) for the damped
(i.e. noisy) and undamped (i.e. noise free) cases respectively. Comparing
Eq. (2-24) with Eq. {(2-9) or Eq. (2-17) it is clear that while the
recurrence relation in Eq. (2-24) enables an on-line computation of
||2jwn,k)||2 (see Figure 2,4), ||§(mn,k)||2 # I]Eﬁmn,k)llz where Z(w ,k) is
defined in (2-13). At best, it can be shown that]lzkmn,N-l)|[2=

||z(w_,N-1)| |2, for the undamped case. Thus the quantity ||zxmn,k)]|2 can

.
be thought of a sort of instantaneous power of the n-th filter of the
filter bank, However Arnold's algorithm has been successfully used in
applications such as earthquake detection, where some sort of on-line

spectral estimation is preferred. This is because the gpoch of a transient

caused by the occurence of a certain event is unknown in such problems,
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CHAPTER III
RELATIONSHIP BETWEEN A CLASS OF SPECTRA

3.1 Relation Between the Time-Varying and Discrete Fourier Spectra
If{X(m)} denotes a sequence X(m),m=0,1,...,N=1 of N finite, real-
valued numbers, then its discrete [31 Fourier transform is defined as
N-1

X@W™k = 0,1,...N-1 . (3-1)

Cx(k) = 1
N m=0.

where W=e—izan

Eq. (3-1) can be rewritten as

Cy (k) = %_Nglx(m) CosLZEEE]—iNEIX(m)Sin(QEEE)}
m=0 N m=0) N
k=0,1,...(N-1) (3-2)
For the real-valued data sequence {X(m)} the DFT power spectrum is defined
as

|Cx(k)|2, k=20,1,...N/2 (3-3)

From Eq. (3-2) it follows that,

N-1 N-1
lc )2 =_1 | ]z x(m)Cos(zwkm)|2+| £ X(m)Sin (2nkm)|2 '
N m=0 N m=0 N (3-4)

k=0,1,...,,N/2
represents the DFT power spectrum
Now from Eqs, (2-8) and (2-12) we have
N-1
Fex(w) = (At) Z(uw,N-1) = (At) zo[;(mi]?gx(m) (3-5)

m=
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where,

-

and b

i

Sin(mwAt) Cos (mwht)
o
0

In particular, we consider the following set of values taken byw in

Cos (mwAt) =S5in(mwAt)
(3-6)

Eq. (3-5)

w_ = 2w, n=0,1,.,..,N/2 (3-7)
n e
NAt

Then the total power at the frequency w, is given by Eq. (2-14) as

Plw ,N-1) = (at)?]|Z(w ,N-1)]|2 (3-8)
where
r-1
L X(m) Cos(mmnAt)
m=0
Eﬁmn,N—l) =
N-1
¥ X(m) Sin(mmnﬂt)
;?=0 - {(3-9)

Substituting Eq. (3-7) in Egs. (3-8) and (3-9), the power spectrum

can be written as

N-1 N-1
P(w_,N-1) = (At)2 l T X(m)Cos [2mmn)2 + | I X(m)Sin (2wmn ]2
e m=0 ( N ) m=0 N )
n=0,1’ao-N/2 (3-10)

which is the same as the DFT power spectrum defined in Eq. (3-4), except

NAt
is obtained as a special case of the time-varying power spectrum. Similarly,

for the scale factor( 1 )2. Thus we conclude that the DFT power spectrum

it can be shown that the DFT phase spectrum can also be ohtained as a

speclal case of the time-varying phase spectrum.
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3.2 Time-Varying BIFORE Transform Power Spectrum [b]
The BIFORE (Binary Fourier Representation) transform* power spectrum

is related to DFT power spectrum as follows [3 )

P(0) = |C, (0)]2
8-1
P(S) = I |Cyl<k»)|2
§=1,2,..4n3 n=logyN (3-11)

where <k> denotes the decimal number corresponding td the bit reversal of
kbinary‘ For example if k=6, kbinary=110 and hence <k>=3,
From the preceding section it follows that

lc ()] = ;tIIZ(wa,N;l)Ilz (3-12)
= s

Comparing (3-11) and (3-12) it follows that the time-varying BIFORE trans-

form power spectrum can be defined as

P (0,m) = _ 1 |]|2(uo,m)]|?
B D2

25-1 \
PR(s,m) = (Flﬁzkggs_ll ]%(m<k>!m) |
for $=1,2,,.. m, n=log,N, m=0,1,2,,.{N-1) (3-13)
It follows that by combining groups of the [lzjm<k>;m | |2terms niven

by Eq, (3-13), the BIFORE transform time-varying power spectrum can he

computed as shown in Figure 3,1 for the Case N=8.

*Also known as the Walsh-Hadamard transform.
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CHAPTER TV

APPLICATION CONSIDERATIONS

4,1 Tntroductorv Remarks

Two applications pertaining to the recurrence relations defined in
Fas, (?2-17) and (2-24) are considered in this chapter. First, it is demon-
strated that Arnold's alporithm defined in Fq. (2-24) can be used to secure
on—-line signal representation (i.e. feature extraction) in pattern recog-—
nition problems., On-line signal representation is desirahle in cases where
the epochs of transients embedded in noise are not known, Such situations
are encountered in the processing of seismic and sonar signals [2]. Second,
it is demonstrated that damping associated with the recurrence relation in
Va. (?2-17) can be used for the spectral estimation of transients embedded in

noise whose statistics may be known or unknown,

4,2 Opn-lLine Sipnal Representation

An experiment is simulated to classify two classes of signals, A and
B. The discrete signals belonging to class A and class B are reptesented by
the wavefoms in Figure 4.1 and Figure 4.2 respectively. In Figures 4,1 and

4,2

»

Aj and Bj denote the j-th sample of A and B respectively. The discrete
values, 50 for each sample of A, are normally distributed random variables
with zero mean and unit standard deviation, which are generated using two
scientific subroutines, SUBROUTINE GAUSS and SUBROUTINE RANDU,

The discrete values for each sample of E are obtained by adding the

discrete data given by
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Fm) = 2.8 x e ™0 5in (21 x 4 x £
m=1,2,...,26 (4-1)
to the discrete values of each sample of A in various positions. The signal-
to-noigse ratio for the class B was not evaluated, However, the scale factor
2.8 associated with f£(m) in Eq. (4-1) was chosen such that the mean-square
value of the signal f(m) is approximately one-half times that of the samples

of A, That is,

1 2,  g5( 1 8 50 |
26ac L £5(m)= g {SOAt Iz A (4-2)
m=1 j=1 m=1
where At= _1 sec.
26

The corresponding Nyquist frequency is given by 0,5/At=13Hz from Eq. (2-22)

A computer program* which implements Arnold's algorithm given in
Eq. (2-24) was used.to compute the instantaneous spectra of the discrete
signals of A and B over a frequency range of 1 decade. Since the Nyquist
frequency is 13 Hz, the base frequency is given by 13/10=1.3 Hz from
Eq. (2-21)., The damping factor ¢ was chosen as 0.0588. Substituting this
value of £ in Eq. (2-20) there results 20 filters equally spaced on logarith-
mic scale between 1.3 Hz and 13 Hz., The center frequencies associated with
these 20 filters are listed in Table (4-1),

The corresponding instantaneous power points at the filters having
center frequencies 3,97, 4.47 and 5.03 Hz were used as the training sets of
the two classes A and B for a training algorithm which uses a least-square
mapping technique L3]. The basic idea used is to map (in the least-squares

sense) the training samples of a class k, k=1,2,..., K intc a unit vector

*For a listing of the program, see Appendix I,



TABLE 4-1
Filter # Center
Frequency
Hz

1 1.38
2 1.55
3 1.74
4 1.96
5 2,20
6 2.48
7 2,79
8 3.14
9 3.53
10 3.97
11 4,47
12 5,03
13 5.65
14 6.36
15 7.15
16 8.05
17 9.05
18 10.19
19 11.46
20 12,89

22
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Vi in a K-dimensional decision space. All the components of V, are zero
except for the K-th one, which is unity. The corresponding mapping matrix
is obtained during the training process. Then the trained classifier
assipgns an incoming pattern to class iO if the pattern is mapped closest to
the unit vector Vin in the decision space. The training vectors used are
listed in the Table (4-2).

The resulting "confusion matrix" obtained from the classification of

the training sets using the above training algorithm (see Appendix II) is

-]

From the matrix F it can be observed that one member of class B is classified

as follows:

as belonging to class A, That is, only one error was incurred in 16
decisions. Thus the above simulated experiment demonstrates the manner in
which Arnold's algorithm (see Eq. (2=24)) can be used as an effective tool

to secure on-line signal representation in pattern recognition problems,

4,3 Spectral Estimation of Transients

This section demonstrates the smoothing effect of using damped filters
characterized by the[L(wni}matrices defined in Eq. (2-15). A discrete
signal was generated as follows:

S(m) = 3,97xe"™ 6540 (2r x 4 x E%%) (4-3)

m=1,2,..4,26

Fipure 4,3 shows the waveform corresponding to this discrete signal, This
sicnal was then perturbed by additive noise which consists of 26 normally
distributed random variables with zero mean and unit variance. An ensemble

of 8 samples of perturbed signal was generated, the waveforms corresponding

to which are shown in Figure 4,4, We denote the j-th member j=1,2,...,8, of



TABLE 4-2

24

Instantaneous Power P, at the ith Instant

Class Sa;ple Fitler #10,3.97 Hz | Filter #11,4.47 Hz | Filter #12,5.03 Hz

P20 | P30| Pao P20| P30| Pao P20 P30

1 0.6 {12.9] 0.9 3.6] 6.7] 12.6 14,8 6.0

2 7.3 | 3.8] 13.1 17.0| 18.9| 11.0 7.5 | 10.3

3 0.8 | 4.3]15.2 5.6 4.4] 20.2 3.5 | 15.0

Class A| 4 5.7 |13.0| 4.8 7.5 4.9] 3.0 15.3 2.6
5 6.3 | 0.2] 7.2 0.0] “0.6] 1.9 2.6 0.9

6 2.6 F 7.7 4.8 17.6| 0.6] 8.0 14,8 3.6

7 3.0} 9.1] 0.6 4.2| 18.9| 1.7 4,2 | 22,0

8 4.3 1.5 8.3 9,9] 3.4| 8.8 3.8 5.4

1 li6.4 {31.0] 2.8 28.4| 4.5 16.7 37.6 9.9

2 |39.4 |25.0] 26.0 35.2| 35.4] 11.0 8.5 13.7

3 [35.3] 7.5]30.4 46.3| 1.8| 9.1 32.5| 10.5

Class B| 4 8.8 |17,0| 0.3 42,7| 13.6] 10.8 59.4 7.1
5 |51.5 |:18.8 | 12.7 20.6| 5.5| 7.9 13.9 3.6

6 9.1 | 5.1 14.4 39.3| 19.8| 11.1 47.3 | 4.4

7 |18.6 |11.2] 7.9 12,2| 2.0] 7.3 7.6 4,1

8 2.6 [20.3] 30.0 23,1| 35.8| 4.4 25.0 | 21.8
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Figure 4-3 Waveform of the 8ignal S(m) Pefined in Eq. (4-3)
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the ensemble of perturbed signal as
Pj(m) = S(m)+Nj(m)
m=1,2, 004526 (4-4)
where Nj(m) denotes the j—-th noise sample.
The scale factor 3.97 associated with S(m) in Eq. (4-3) was chosen such
that the mean-square value of S(m) is approximately equal to that of the

noise ensemhble.

That is,
26 , B8 2
Los?m) =g I I N.2(m)
m=1 j=1 m=1 7 (4-5)

The Fourier power spectrum of the signal S(m) at 20 filters having
center frequences listed in Table 4-1 is given by
Pla,-1) = (a)? ||z(w ,N-1)]]|?

n=1,2,...,20

H=26,At=1 sec (4-6)
2
where
N-1 i
Zw ,N-1) = I [L(mn)] b S(m)
m=0 (4-7)

Z(w,,N-1) is obtained using the recurrence relation in Eq. (2-9) as
Z(w k) = Eu(mn)] Z(o_,k=-1) + b X(i-1-k)
k=0, Ly wenylb (4-8)
where
X(N-1-k) is replaced by S(27-m), m=1,2,...,26
and

Cos (w,At) —Sin(mnAt)
(4=9)

Sin(mnAt) Cos(wnAt)

[L(mnj} =
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Next, the following computations were performed*:

(1) The Fourier power specgrum of S(m) defined in Eq. (4-6) was
obtained using the recurrence relation in Eq. (4-8).

(2) The Fourier power spectra of the samples of the perturbed signal
Pj(m),j=l,2,...,8 were obtained using the recurrence relation defined in
Fq. (4-8) with X(N=-1-k) replaced by Pj(27—m),m=1,2,...,26, ! I .
at the frequencies listed in Table (4-1),

(3) The smoothed power spectra of the samples of the perturbed signal
Pj(m),j=l,2,...,8 were obtained using 20 damped filters having the same
center frequencies using the recurrence relation in Eq. (4-8) with X(N-1-k)

replaced by Pj(27—m), m=1,2,...,26, j=1,2,,..,8 and

e_aﬁtcos(woﬁt) -e'uAtsin(wcAt)
l- ]
Eimn) e—aétsin(wgﬁt} e OlAtcos(w.-.At)
where
a=Tw
wc=anI:E§
£ = 0.0588 (4-10)

The above value of [ was obtained using Eq. (2-20). Thus Eq. (2-19)
implies that each filter has a Q=1/27 =8,5,

The Fourier power spectrum points of the signal S(m) and the power
spectra of a typical perturbed signal Pl(m) without smoothing and with
smoothing are tabulated in Table (4-3). Also, the mean-square errors of the

above spectra with respect to the Fourier power spectrum of the signal S(m)

are tabulated in Table (4-3).

*For a listing of the computer program, see Appendix III,
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The usual practice to smooth the power spectrum against a random
process is to average the spectrum over neighbouring frequencies. A

particular case is the discrete-time Hanning smoothing algorithm given by,

P (w,N-1)=P (w__;,N-1) +4P(w,N-1)

n<}’
+%P(mn*1,N—1) (4-11)

The Hanning smoothed power spectrum points for a typical perturbed
signal Pl(?) and the corresponding mean-square errors are also listed in
the Table (4=3). It is remarked that Hanning smoothing algorithm is as
effective as any of the other smoothing algorithms for run-of-the-mill
problems [2].

The mean-square errors corresponding to the unsmoothed power spectra,
- the smooth power spectra and Hanning smoothed power spectra of the set of
8 perturbed signals (see Figure 4.4) are plotted in Figure 45,

From the Figure 4+5 it can be observed that the smoothed power spectrum

of the perturbed signal Pj(m) obtained using the damped filters gives the

best spectral estimate of Pj(m) with the least error.



33

# 1931¥4

uopjeuUTlsy Teildadg ufl sioaag jo Aleumng Gy IANBTH

6T 87 LT 9T Si bl Si @7

I

orF

L

&

unijoadg azamog payjoous

unijoadg Iamod payjooums Jutuuepy

uni3ydadg 1amog payjoowsug

{

.JWHD ]

209-

F9C0-

1 800:

wo-

310

reQ

r 70

2o -

L .VDQ

Joaag aaenbg uwap



34

CHAPTER V
CONCLUSION

This report has presented a study of the possible applications of
Arnold's algorithm and the time-varying Fourier transform. It has been
demonstrated that Arnold's algorithm can be used in situations where tran-
sient waveforms, embedded in noise, have to be classified via pattern
classification techniques. Then it is shown that the time-varying Fourier
transform can be used for two purposes: (1) to compute the Fourier tran-
sform of a discrete signal, and (2) to estimate the Fourier power and phase
spectra of transient waveforms embedded in noise. Both of these spectra can
be obtained recursively with any desired frequency resolution.

Several areas are opén for further work. Arnold's on-line computa-
tional algorithm might be extended to two-dimensions and hence applied to
image processing. Specifically it could prove to be useful in classifying
two-dimensional patterns, embedded in noise,

It is apparent that the time-varying Fourier transform could be used
to estimate the correlation and convolution functions associated with
discrete signals in the presence of noise, As such it could prove useful
in the area of digital filtering and hence deserves to be investigated and
compared with the techmiques which are presently available,

By means of a simulated experiment, it has been demonstrated that the
time-varying Fourier transform yields superior spectral estimates when
compared with a standard smoothing technique such as that attributed to

Hanning., ‘The logical question which arises is whether this is the case in
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general at various signal-to-noise ratios. It would be very worthwhile to
investigate this problem using methods which are used in the area of

statistical communication theory.
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APPENDIX I

In this appendix, a listing of FORTRAN IV Computer program which
implements Arnocld's on-line computational algorithm (Eq. (2-24)) to compute
the instantaneous power points of the first sample of the signals belonging

to Class A (see Figure 4~1) is provided.
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APPENDIX II

This appendix proﬁides a listing of a computer program for a training
algorithm which uses the least-square mapping principle to classify two

classes of signals mentioned in Section 4.2,
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APPENDIX III

In this appendix, a listing of the Computer program which implements
the algorithm defined in Eq. (2-9) to compute the Fourier transform power
spectrum, The outputs consist of the following (see Table 4~3):

1. Fourier power spectrum of signal S(m) defined in Eq., (4-3).

2. Unsmoothed power spectrum of the first sample of the perturbed
signals —- Pl(m) defined in Eq. (4-4).

3. Smoothed power spectrum of Pl(m).

53



54

2 A3 Ea'NIT 401V TA “XBT wAININIZHS dIAINID 4 X0T*alNIID N IT/ /%2
S31Iv3INI394 HIALINID EIALVIS 40 STEVLXOU///%E*0T 34 =1S11DAN*HIT /€L

*Qat =SV WtXET/ /s **==3d¢ 331ININI2¥4 DILNdAI) SHL RS e D dLloAU0d ¥ 114
INGA*SIu4* 2w LNlud SE »Z
SIIINII3H4 J5LNdAID 4L LtNlud 2
Jz 21 0D €Z
AId=0AN) Iz wd 22
IR FEST] 12
SE OL 09 (xd2d°L7*Ivdd)41 [+}4
Xd4eldv4=Xdd JE 61
X3d=(T1)33dd R
IAND/2dNI=13v¢d L1
=33 921
EEEYERDES SE| sT
¥13Z-*1=7nN] »1
v1l3i+*1=7dN] A 4
AININI3dd IS¢ IHL SI SH8dd=-L434ADD 2
J3D#x"0T/0Nd =544 21
AJNITI3dA LSTIDAN 13L7dA0D IHL S] INHI~LNIAADD J
10/5°)=3NYd 11
SIIINIVIIHS dFLN3T w2LTIF 5L 2
Co0S)33v23 4 '2°Ed4%a= 3ONVY ADNINDIUI e *x5%H04% .= V37,4056
Ho94%.= | VL1324 %0T s o/ /4dANHLIZdS ¥INId TIHLIIAS*XIE' 14 ) LvAnDd 52 o1
J23049132°10%G62 INldd 5
(0°Ld) Ledydd 02 B
J33%)2 Jv3d L
Quvd viv] JdIHL e&e 3
09 21 D09 (*0*23°vl13t) 41 2
(EI*TI*Y*04Z)1vanDd 61 s
INT*L4014VL32%10%51 Jv3y L]
0dvd vivQ JIVIJ3S == I
(EI) ) 7dudd DT £
N'JT Jv3d 4
Qgd4vd vivl LSHId e#ee
(221)83M244(02T) 23844 (00TI224¢0DTITZ4C00T)X NOISN3WID 1

J¥37 D1 T9ID3 LON
SI ¥137 N3I4M J341INY3d SI Jdv) ¢Llyd Jd1HAL*LIVAdDd D°Ed
NI*€E-1°S7227 NI*533v230 NI 39Nwd ADNINIIHA 2391530 341°%33)
***INIVINDD 24vD Vivd Jdi4L 341
INVESNT Hl=4 AHIAY J3UINIdd 3@ TTIM ¥34]d ONIAHVA
=3A1L 341 Lv4L S3I17dAl A=INI*1vAddd eI N1%0Z-B81°S722
NI ¥343d ONIAYYA-3AIL 3HL INILNIWd 40 TvAU3ILND FHLAUINI
*Jevide H114 33ITNINIIHS NISOHD
341 Llv 8D 9137 N3IALD 341 4LIY $31I43N0344 J3LNdW0D
341 1¥ AHLID345 ¥3IND4 341 S3AID D=1471°%*D=vl13Z
AL1M 33129313344 J2INDddvd IHL L¢ ATMLD3435 H3IMDd
JHL SIAID T=14301*1vaddd TI NI“L1°720 NI*d313Avdvd OvTd° L1401l
; ONI4LIJAS IN S3IITdAL
*0=v132°1VAdId %84 N1*3T1-5°5730 NI dI1Ivd ONIdav] 341°%VL03Z
lvAd33d »*8d NI1*B-T*572D2 vl 19vAd31IV] 9417dAVS 3HL*L]
¢eeSNIVANDY Jde¢Dd vi¢d ONDIIS 3HL

Lyddld €1 NI*E-T°S72D NI SUINIDd vIVI LGNNI 40 W3IBWNN FHL*N
*eSSNIVINDD T¥¢d viv0 1Sdl4 2HL

41412345 d3IM14 ONITAHVA-ZAIL 40 NOLLVLdHWOD

T LOUUUUULUULDLLLRLUULUULRULDLY L=

dar



55

(A)ZZadDv ) 1726SS=0T0rAN22
(A=-T+NIX4(N)ZT83S~0W)TZaDD=(1vdllZ

43434 ONIAdVA-3AlL JHL 2311dADD

N*T=4 2% 32

. AINILINDD

CadI0%4 SNIINGLINTLSNT A N2T eIl 4D LNVASNI&*XOT*ada) lvandd
5 ivldd

So 0L 02 (D*33*INIM4]

(2*3Td%sm ADNIVIYIw " XDITPET e=4 3L 10du*eda)Llvab0d
(N1 03ad*%*G3 LN1kd

AINILINDD

*)=(4122

*)=tA)1Z

1*T=4d J3E 31

SY4L714 341 3SIvILINI

[+N=1

(9de*ZAJHINISexx3=5§

. (U wZANIY)SDIPEX3=])
(9YVev13Z-)dn3=xx3

(N)1J33dd«l T4 =08V

AN T=9 D26 D]

(02*3T400% o)/ 92VLVO 031dAVS LNdNTa*404) LVAEODS
(N*T=1%¢1)x)*D52 LNI1¥d

(9*840T) 174823

CN'T=T%¢1)%) (23D1=0N3*202%;) 1v3iy

viv0 L7dNI 341 Jv3d

(Z#eVl3Z-0°T1)1435=24dDY

L ¢1733 Id JIML SI 13dl-L1N34ADD

1J«3Tedd*2=10d1
C02°0T40T% w)//7a***3dv 33TININIA¥A N3ISIHT ZMLe*s o /1
F+S3ITINIIIIYA NISIHD 341 LV WNHLDIdS H3IMOd 8314703+ *X0T1*T4) Luanld
(NN T =4 () D3Hd) *SIE LNI¥d

((2*0T48)/E1)LvANDS

(IR T=3 (N1 D3ud) “Anx*IL dvin

SITININO3IYY NISOHD 341 vy

SL 3L 09

IINIUINDID

CLTeNYI /T T-V ) =C ) D30

A=NY

AN*Z=1 331 20

] N=NY
TeZ/N=AN

*D=(T)D3ud

S3IIN3INI3d4 DINIAEVH 4L ALVTIDIVI

(2aS3IININD3dd JINDAUYA LV WAHLI3dS HIMId 4314704 *XOT4aTa) L 7AYIS
390 InNInd

69 J1 39 (T=3N*1431V41

SL 31 29

JINIAINDD

(o 0T44N0Z4*DTd X029 2T *XIT EI*XDT% o) LVAYNOS
$3242°0Yvd ) D349 65 LNIEd
((TdA)D3IWae(N)DIES)LUD3=3500D

23 21 09

(TdIYd =N 3384) Lud5=55002

(NN DA% 10v4=1404d4

2% J1 03 (dM*3IN*AHISI

[ed=TdN

CAID3ddevidZed*2=]Nva

WAtT=x I31 23
(//+*Ld w3\] $SJME

56
26

0sZ

00z
08

SL
591
L
69

Js1

091
237

221
H
26
Sy

LL
9

sL
¥l
EL
L
1L
0L
69
B9
L9
93
59

%9
13
29
19
09
(-3
8BS
LS
9s
5§

L4
ES

2%
15
0%
by

B
Ly
Y
124
¥y
2]
(4]
Ty

0%
6E
BE
LE
9E
GE
e
EE
[43
1€
113
62
32
Lz
9z



56

aN3

d01§

JINTLINDD

0z J1 29

VIV LdNTI 40 13S 1x3N aQvsd 0L Ndni3y
IINIAINDID

(%°214%s=43M0d TvL1DLla® XOT*s #)LVANH04d
(X)Y3IM0d*02T LNIwd

JAINIINDD

(9=2T44X02%EI*XST*s o) LUAYOS
(H)Y3IMOd*WESTT LNIud

00% J1 39 (ddd*3IN-INIH)ISI

HA=4id

INId=u

INIV/AV=INIY

INI=INIV

A=AV

OTT OL 09 (1°D3*INI)4I

227 01 09 (J+D3A*ININIT
Crel(T+Ad)2Z+Zux(T+A)TZ=(A)d3MId

AYLINIS

02J1

0058
021

Q0%
ST1
R

96
S6
76
£6

26
16
06
68
88
L8
98
S8
%8
€8
4}
18
08
6L
8L



57

LI*D
3te)-

5d* 21
LS*t

830~
b5*0

51°0~
LA

5121
1k

§1%)-
75

02*90 50°0~-
[ 3 L) 129
23°2- TLel-
3)*3 alet

anee Jeé*e

S3IIN31IZud NISIAD 3AL av

JED*S

ILw*y

HsE

105

I¥T=E

JeL?

b1 A4

Jogee

395°1

LIS ¢

086°1

J3E"T

L0=0~-
ZF*D
SE*T1-

g9
7541

¥31714

¥34714

LETRIE]

¥31714

431714

LEPS F

431114

LEIRIE]

¥3aiigd

43L1d

¥3LI4

LEVRIF]

431114

LEIRIE]

¥3Lid

431714

LLbg=2 =¥3v0d Wil
= AJINZNI3ud 91 =4
SHEL*Y =¢3v0d Tvidl
= ADNINIFHdS ST =#
THIT] =¥iN04 IVLOL
= AIN3ND3ad o1 =4
198241 =4390d 1131
= AON3INJ3ed E1 =4
151995 =d3N04 1v1al
= AININIIBA ZU =0
525215 =43M0d V131
= AIN3ID3Hd 11 =8
5968 °9E1 =43404 TWLIL
= AININIIHA o1 =4
1520°E31 *43M0d WI0L
= AINENDIFud 5 =¥
STLE"CH =4340d TvidL
= ADN3N33ud g =4
YRREEY =¥3und WIDL
= AINITD3bd Lo=4
L EEL T =d390d4 WLIL
= AIN3N934d 3 =¥
L692°92 =43404 WLIL
= AJN3ND3Iud s =¥
Es2122 =d3v0d IWL0L
= AININI3uA v =j
65L1%02 =§3uad WIIL
= AININDIYI £ =
1v58°31 =§3%04 V134
* AININIIHA z =4
s Ll =M3v0od Twidl
= AIN3NI3 84 1 =4
20*0- L2°9 21%)
0070 Yue0- 553~
9542 732 L=z
(W)S :viva 231davs 134M1
59°5 £9°¢ Lyy
wiel 3301 FIE)

***34y SITININIIES NISIHD 341

ANYLI3dS HINId E3T¥NDS



58

#560/2L =3Llva TLST  HOWv4 © TIA3T T NIISHIA - AIdLvd 4235 ¥9°2 =3ALL NJILTD3XI4D3S Iheg =34

0 =SNIISNILX3 30 d3QANN ¢ =SONINYYM 4D d438dNN D =5d0843 JO 438A4N S
S31Ad ,eomOG =373vIIVAY ¢3HV Twl]14S314A8 0232 =y3dv AVHYV*SILAG 89S =3200 1J3rao

JEED*I =y340d VLOL

068°21 = AIN3NDI3b4 oz

[L31+1 =43M04 TVIDL

IgheT1 = AJIN31D3dd 51

Y021 =d340d w10l

Is1*o01 = AININDIYS 81

3gZe"1 =y3v0d WW1O0L

380*5 = AJN3INI3U4 i1

1L 371dndD
J1L50N9V1Q
39vSN 3¥l1J

=§ d3LTI1d4

=¢ d3ILTIJ

=§ ¥3aLld

=§ ¥3LNJ



59

LA R
Fr0-

e
Lé ¢

192~
590

gueTT

UL

SR T~
800~

50*6
6l e

960 hG =0~

HC=1 hesn

¥§° 0~ Thezs

cney £1eg

guee 077
SELI

050*8

2514

J9¢*9

059*s

JE0°S

OLysH

0L6°E

208°€”

'L 3 4

JeLte

2852

paz+z

0961

O%4L*T

651

0geE* T

55°0
h)uﬂl
hor2-

9c 9
967

2dg% =22 =pz40d 7101

= AJNINDILY 9T =4
FGE0°YT =¥3n0d 17101
= AJNZNOand ST =4
2260°1 S ELIPIRLIO)
= AJNZND3HA LASE] |
weu0 7L =¥3M0e WlOL
= ADNIND2ad €1 =#
05610221 =yiM0d V101
= AINEN0 34 2T =
LhgH Lb =y3M0d IVL0L
= AIN3NDIud 11 =4
6LZETLOC  =d3M0d TWIOL
= AINZNO3U4 0T =#
6929*4%2 =4340d IVIOL
= AJN3IN04¥d 6 =¥
9€E9 *BY =y¥3M0d V101
= ADNINO3dd 8 =4
STEE*01 =¥340d V101
= AININD3ud L=
¥96T11L =434nd 1vi0L
= AJNINDIWS 9 =y
1816 *a8 =¥3MOd W10L
= AJNZNDI4 s =4
1189°€g =HIMDd V101
= AINZNDIY4 v =4
288041 =¥2M0d V101
= AINZNOZad € =0
S158°0 =¥240d WL10L
= AIN2N03b4 z =
611T-01 =yIMOd IVI0L
= AJNZNOZad 1 =W
%20 A ¢ 10*0
860 9640~ s0°1
9o 1 29¢ g1
() Tg :vivo a37aavs
§9°5 €35 Lvry
bt 66T éee1

V%4 NISIHD dHL LY WNulI3dS wivid ¥21annd

¥aLild

¥3aLl4

¥31114d

LETRIE]

¥3Lng

431714

LEFRIE

¥aild

331714

¥31714

LETRIE

¥aLnld

LEFRIE

L ETRIE]

¥3LIA

WalId

1NdNi

2¥¥ STLIININGINS NISOHI 3IHL



60

s60/721 =31V¥0

S31A8

1L61

=SNOISKNILXT 40 H3dwnh 0

19964

HJI¥YW £ 15AZ27 T KOISH3IA = ATALYM

=270 IVAY w2y YLNL4S31A8 0002

23S Y62

=SONINSYM 47 WIAWNN 40

=¢3av AVHEYSILAG BIcS

687271

J9%*11

061°01

050°*6

=3WIL NJITLINDAXS*I5S LE*E

=3WlLl 371d4W0D

=3W0YYI 40 W3HANN $911SON9YIQ

23009 1I3r80 39vsn 3W0)
NGLLYEY =¥IMOd V101

= ATNZNOSH4 0Z =4 ¥3L1IA
bhhTedz =¥IMOd Y101

= AINENDIed 61 =4 ¥IL113
2666 °95 =yaMng V101

= AINZNOIud 81 =4 w314
CERESZ =y3M0d IVIOL

= AININDTud L1 =i ¥31114



61

‘le

BT 0=
30~

4

197~
Sv°u

FTLgeel
€€5%21
PR A f
PEuIh
LILS
L2461
hehis9
6 G
LIS S
LEglew
2212w
Sl h
celgee
AC b0
Irgge?
THeee?
hapnez
Ta7d*
Crmgel
tegyeT

Ll CHe 1=
w7 eo*0-

(s )Pgase

L4

95°0
%31

Yd*0-

6GT6*1
SLye*1
GLLTT
8¥90* 1
S9%6°0
HT48°0
084%L°0
bHh90°Q
016%%0
96260
CL9*»*0
261%°0
169€*0
1272+ 0
A CYAd]
26470
%0€2°0
84020
17491°0
61010

HI1JLl%oNy A

yGe-
w20
The 2=

FRCHY 2%

=¢zvCo WVIOL

(X1 A = AININVZuI 9 =8 ¥31714
26113y =HaMlird 7101
woze? = AINEND NI s =4 ¥3LIN4
0HBGTLE =H3MCd TVLI0L
2961 = AJNZADZ VA  =§ ¥31114
906 €1 =H:Mio WI0L
[4 74 = AJNZINDZdad £ =# u3LTId
28ul Y =UZMOa T7I0L
G = AdzNb-dd 2 =& ¥3LTI4
61TL°01 =xI40d Tm101
LE*T = AJN=NBLud 1 =4 ¥3L14
560 %Z*0 1 40°0D
10°1- 96+0 96°0- 50°1-
w5 z- ove 1 29°¢ €871
. (@) T :viva 021awvs 1neni
JE2068°21 02
295859 11 61
2995F 1°01 a1
0ESHE0%6: 1
49864908 91
J689s 1L c1
21209€"% »1
d6lEs9t s f1
£98520°¢ 21
L£9L9%% n
0ZTLe"E ot
E7E0EL L 6
MGETE B
J9968L* T i
31861492 9
JoEHR02Z"2 S
£56666° T v
0061411 ¢
0EbEYS5*1 ?
LS79LE°T b
AMANJIYS WZAWID KNy

SEIIMNINDAHA w3L

sere Ay Saldn:

SRGHeLE MIZ7

JUHLTTAS M Mg OTHLI0AS

32 #21714 JU Gave

00T =15 1N0OAN
NnOE*T =3Svd
Niaed z1NdWhi2 3L

Setl*d= ) 71730



62

560771

=21vd TL6T  HIYYW € T13IA3T T NOISY3A - Aldivv  *23S L71°¢ =3WI1 NJILNDIX54D3S bE*E
0 =SMOISAILIX2 40 ¥3HWANN 0 =SONINMYM 40 HIAANN 4D =340¥¥2 40 H-9AN

S21A8 EBuYey =Z19VIIVAY vI¥v IvLl0L1“S31A8 0no0Z =¢3ey AVENVAS2LAA 89cS =3200J 122r40
22200 =43M0d

J6R*CT = AININOIYY
86150 =d3M0d

65%*11 = AININDIHS
osaL~1 =4aM0d

98101 = AINZNO3Wd
68%1°2 =¥3MUd

5606 = AININD3 YL
M1YRS:] =H3iM0d

6%0%7 = AINZNO3Iud
%6121 =43M0d

se1L = AJNIND3Ud
121801 =d3IM0d

09¢+9 = AJRIND2ud
9%pL *SE =Y¥3IM0d

»G69° g = AINISNO34d
1988° 1L =43M0d

9¢0°9 = AJNINDIWS
T1L008 =Y3M0d

g894h* 4 = AINZND3IYS
2069951 =4aM0d

TL6 € = AININDI YUY
ZL91°0%1 =4IM0d

Jes*g .= AJNINDIHd
9S1L°09 =43M0d

gelc = AdNZNO3dd
1909 €€ =43M0d

JeL*? = AINTND YA

=3Wll 3714WID

$J211s0n9vIq
39vsn 2¥0)
aviol
0Z =# u31714
viol
6T =# Y3114
Ivi0L
81 =4 ¥3L1I4
viol
LT =¢ ¥31114
wioL
91 =# u31114
V101
ST =4 ¥3LT14
viol
%1 =# ¥3LIId
Tviol
ET = ¥3111d
avioL
ZT1 =i ¥3a1ld
wiol
IT =# ¥3LTId
wviol
0T =4 ¥3LTIJ
Iviol
6 =y ¥31114d
viol
8 =8 431114
Iviol
L =¥ ¥31714



63

REFERENCES

N. Ahmed, K, R, Rao and S. K. Tjoe, "Time-varying Fourier Transform",
Electronics Letters, Vol. 7, No, 18, 9th September 1971, pp. 535-536.

C. R. Arnold, "Spectral Estimation for Transient Waveforms", IEEE Trans.
Audio Electracoust,, Vol, AU-18, pp. 248-257, Sept. 1970.

N. Ahmed and K. R. Rao, "Principles of Basic Digital Signal Processing
Techniques", manuscript (Kansas State University).

N. Ahmed, T. Natarajan, K. R. Rao and R. B. Schultz, "A Time-varying
Power Spectrum", IEEE Trans, Audio Electrocoust., Vol. AU-19,
pp. 327-328, Dec. 1971,



64

ACKNOWLEDGEMENT

The author wishes to express his heartfelt thanks to his major professor,
Dr. N, Ahmed,for his kind cooperation, valuable suggestions and consistent

encouragement during the course of this work.



SPECTRAL ANALYSIS OF APERIODIC DIGITAL SIGNALS

T, NATARAJAN

B. E., 1970, Annamalai University, Tamilnadu, India

AN ABSTRACT OF A MASTER'S REPORT

submitted in partial fulfillment of the

requirements for the degree

MASTER OF SCIENCE

Department of Electrical Engineering

KANSAS STATE UNIVERSITY
Manhattan, Kansas

1972



ABSTRACT

This report can be divided into two parts. First, the time-varying
Fourier transform which was recently introduced for noise-free discrete
signals is extended to the case when noise is present, Next, a study of
Arnold's on-line computational algorithm is presented.

It is demonstrated that Arnold's algorithm can be effectively used for
the signal representation of noisy transient waveforms, prior to their
classification. In such cases since the transients are usually well
below the noise level, their epoch and duration are not known. Therefore,
standard techniques available such as fast Fourier tramnsform fail to yield
adequate signal representation of the tramsients,

Again, it is shown that the time-varying Fourier transform can be used
for the effective estimation of Fourier power and phase spectra of tramsients
in the presence of noise, with any desired frequency resolution. It is also
demonstrated that the spectral estimates so obtained are superior to those

obtained by standard smoothing techniques.



