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CHAPTER 1

INTRODUCTION

1.0 Purpose

The "capital asset pricing model" is a linear mathematical model
that relates the random rate of return on an individual security avail-
able in the market to the "risk" of the security. It was originally
developed in the 1960's by Sharpe (17), Lintner (10), Mossin (14) and
others as an extension of some of the earlier work by Markowitz (12)
on the return from portfolios of investments. About 1970, it was
discovered that the model can be applied to capital budgeting problems
faced by the firm. Using this methodology, the rate of return for an
individual project can be compared to the rate of return for the firm

demanded at the risk level of the project. The model has not been

applied to non-public firms; that is, those firms whose stock is not
traded on a stock exchange. This thesis will develop a method of
applying the model to the non-public firm. A numerical example is

also used to illustrate the proposed method.

1.1 Problem

The problem to be investigated in this thesis is the application
of capital asset "pricing" methodology to the capital budgeting, or
project selection problem, faced by firms whose stocks are not actively
traded on a stock market. The capital asset pricing model is the basis
for a resource allocation method that can be applied to publicly owned

companies, whose stock is actively traded on a public exchange.



Unfortunately, a large number of privately owned firms, some of sizable
net worth, are precluded from using this valuable method of allocating
scarce resources, The capital asset pricing model provides a viable
resource allocation method for listed firms in dealing with risky invest-
ments, It appears, however, that this model can be applied to private,
unlisted firms, and the purpose of this thesis is to extend the method-
ology of the capital asset pricing model so that it is a useful tool for

closely held firms.

1.2 Literature Survey

Capital asset pricing theory had its beginning in 1952 when Harry
Markowitz (12) first developed an analytical method for explicitly
recognizing the uncertainty associated with the future returns on a
portfolio of investments. Markowitz assumed that the variance of a
security, which he demonstrated to be a measure of the "risk" or
"uncertainty" of the security, included a correlational term to
express the covariance of the security with all possible pairs of
securities in a portfolio. He also suggested that the computational
effort could be considerably reduced if One were fﬁ recognize only
the covariance of the security with one particular market index. As
extensions to Markowitz' work, Sharpe (17), Lintner (10), and Mossin (14)
each formulated mathematical models which relate the risk premium of a
given security to the risk premium required by the securities market
itself. These models essentially followed Markowitz' suggestion, but
differed in form from each other. Fama (4 ), however, showed that the
three models were in fact essentially the same. Thus, there is now a

single model that is generally accepted by authorities in the finance
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field to represent the capital market theory originally suggested by

Markowitz, V////
The capital asset pricing model evolved from portfolio theory.

Portfolio theory deals with securities and the stock market. The

pricing model contains market parameters, and unlike many theoretical

models, it is empirically testable by direct evidence. The capital

asset pricing model, (CAPM), as understood and used in financial theory,

is a simple, linear model of the form

E;y = Re + Bi(Ey - Re) (1.1)
where E; = expected return from security i
Rfg = "risk-free" interest rate (generally taken to be a constant)
By = volatility of security i
Epy = expected return of the market portfolio.

It is especially useful and desirable because of its simplicity and
capability of uniform application. A1l factors on the right-hand side of
the equation are market-based parameters except the volatility constant,
By, the relationship between the return of security i and the return of
the market portfolio. B8; is the ratio of the covar{ance of the ith
security and the market to the variance of the market portfolio. If

the covariance term dominates the variance, the price of the security
will possess a high volatility, fluctuating more widely than the market.
If the variance of the market portfolio dominates, the security will
possess a low volatility, its fluctuations less wide than the market.
The risk-free interest rate, Rs, is often referred to as the "time value
of money". It is approximated by short-term U. S. Treasury bills and is
currently about 5%%. It remains fairly stable in the range 5-7%. It is

assumed to be the same for all securities, as is of course, the expected



return on the market portfolio. The market portfolio is the portfolio

which contains all securities available for purchase.

Standard & Poor, Yalue Line, and others, have compiled financial
market information on virtually every major listed corporation, mutual
fund, and public bond offering dating back for many years. With these
data available, many authors have tested the Sharpe-Lintner-Mossin
capital asset pricing model. Jensen has compiled summaries of most of
the major empirical tests of the pricing model through 1972 in his
comprehensive survey paper ( 7).

Most of the early tests were simply attempts to evaluate the
performance of mutual funds using historical data. Tests by Sharpe (19)
and Jensen (8 ) demonstrated the potential of the model by indicating a
positive correlation between the return rates for mutual funds and the
return rate of the market, as represented by a market index.

Since the model showed promise, many direct tests have been made
later. These direct tests were of a cross-sectional nature. The
returns of a cross-section of securities were regressed against the
covariances of each security with a market index ovef a specified time
period. The results of these tests have been conflicting and there is
still a controversy over whether this is the fault of the model or of the
data used in the tests. Some say that the model has too many assumptions
and 1s over-simplified and that capital asset pricing theory would be
better represented by a two-factor or four-factor coefficient model
instead of the one-factor model (1) (5). In any event, this controversy
is not of consequence in this thesis, since our purpose here is to
demonstrate a capital allocation methodology, given that a capital market

line exists.



Applications of the pricing model to capital budgeting and
project selection problems have been less extensively reported in
the literature. Tuttle and Litzenberger (22) proposed a risk-
equalized cost of capital method of applying pricing methodology to
capital budgeting. This method utilizes the device of leverage via
borrowing or lending to equalize the risk inherent in individual
projects with the current risk position of the firm.
Logue and Merville (11) report a detailed study of the character- v
istics of the volatility coefficient (g8) of a firm, and propose methods
of calculating an approximate 8 which can be used in the CAPM. They
show that the g of a firm can be expressed as a function of the variables
that represent the financial, marketing, production, and corporate policies
of that firm. However, since all policies are effectively “"encapsulated"
by the financial policies of the firm, they confine their attention to that
portion. The functional form used for calculations allows for the effects
of liquidity, leverage, dividends and several other financial parameters.
Weston (25) uses the capital asset pricing method as a project
selection criterion and contrasts it with the weightéd average cost
of capital (WACC) method, which is frequently used in industry today.
He notes the possibility that the firm can arrive at conflicting
decisions concerning the acceptance of projects when the WACC and CAPM
methods are used to evaluate investment alternatives. He then develops
another "asset pricing" decision criterion for the selection of projects
which differs somewhat from that used by Tuttle and Litzenberger. This

difference is only of a minor nature, however. No conflicting decisions



between Weston's criterion and that of Tuttle and Litzenberger will

result. The principal difference is that while Tuttle and Litzen-

berger equalize the "risk" involved by borrowing or lending (in order

to prevent a theoretical change in the market price of the firm's

stock), Weston does not equalize the risk of the project with that

of the firm. Thus, under Weston's model the risk of the firm would |
continually change as new projects are accepted and the firm's return

rate and risk parameters would require constant revision. The Tuttle

and Litzenberger criterion would require changes over long time periods
only, since the risk of the firm changes as the uncertain future affects
the expected return of the firm. Weston also gives a numerical example

of the application of pricing methodology to the project selection problem.
In this example, he assumes different possible "states of the world",
their associated probabilities of occurrence, and then calculates expected
returns and variances of returns for the individual projects under
consideration by the firm. The calculated project parameters are then
compared with the characteristic return and variance of that firm., By this
comparison, an investment decision for the acceptanée or rejection of a

project can be made.

1.3 Thesis Organization

This thesis contains four chapters. This, the first chapter, is
the introduction and contains the purpose of the thesis, the problem
to be dealt with, and a brief survey of the more important literature
concerning the topic of capital asset pricing theory and its application
to capital budgeting. The second chapter contains development of the

theoretical basis for applying capital asset pricing theory to the



project selection problem. It includes definitions of the required
terminology and the fundamental assumptions of capital asset pricing
theory. The concepts of indifference curves and the market portfolio
are discussed. The concepts of the "capital market line" and the
"security line" are introduced., The "company" security line is
established as the project selection criterion. Lastly, an explan-
ation of the linear regression analysis used to establish the "company"
security line from empirical data, will be introduced. Chapter III
applies capital asset pricing theory to project selection, introducing
the reward-to-variability and reward-to-volatility criteria. The
application is then extended to include a method of project selection
for the private firm by using a “surrogate" security, a combination

of the firm's publicly owned competitors. The brewing industry is
selected for illustration. Four prospective projects are considered
for analysis. The results of the reward-to-volatility criterion are
compared with the results using the weighted average cost of capital
method. A statistical analysis and discussion of the results is then
included. The final chapter is the conclusion of thé thesis. The
significant results of the thesis are discussed and areas for possible

further study are cited.



CHAPTER 11

THE CAPITAL ASSET PRICING MODEL
/

2.0 Introduction

The problem of how to cope with the "risk"™ associated with capital
expenditures has continually puzzled and harassed business decision
makers. For many years, companies routinely have used decision models
for investigating investment opportunities. These models have often
assumed that the return on investment, by whatever measure, is known
with certainty. But models using this assumption do not fully describe
the “price" of an asset that is actually paid by the firm. \lhen analyzing
a prospective capital asset for purchase, management wants to know not
only what it can expect in the way of an outcome (a return on the asset),
but it also wants an idea of the probable divergence of outcomes. This
is the "risk" involved in the purchase of the asset and is part of the
“price" paid. It seems perfectly rational for a company, therefore, to
demand a greater return on a project having a large range of possible

returns than for a project on which the return seems fairly certain.

2.1 Current Economic Evaluation Methods

There are two principal methodologies for evaluating project alter-
natives (investment opportunities) that are recognized at the present
time. These are based, respectively, on deterministic and utilitarian
assumptions. The deterministic¢ approach, which is by far the most common
in use by industry today, has one major fault. This fault is that the

deterministic approach is based on the obviously false assumption that

8



all future events are known with certainty. Under this approach all
future cash flows, equipment lives, salvage values and all other estimated
values are assumed to occur in the future exactly as predicted at the time
the decision is made. There is no margin for error. Obviously this is a
major drawback of the deterministic approach. The future cannot be known
. with certainty.

The utilitarian approach is one that is based on the assumption that
a decision maker maximizes some function of the return -- say a "utility
of money" function -- rather than simply the maximization of the return
itself. The utilitarian approach is based on the axioms developed by
Von Neumann and Morgenstern (15), and assumes that investors' choices
can be expressed by preference-ordering functions which measure preferential
utility instead of monetary value. But there are also problems with the
utilitarian approach. Utility functions for decision makers are difficult
to specify. They may vary widely in shape from individual to individual.
Utility functions also change over time. As a person ages he often becomes
more conservative in his thinking, causing a change in his perceptions of
the utility of money. Another problem with the uti]ftarian approach is
caused by the normal method of business decision making. Decisions
regarding projects are often made in group meetings. There js good
evidence to indicate that a "group utility function” is a theoretical
impossibility (26). Thus, the utilitarian approach has some serious defects

when one attempts to apply it in real-life decision making situations.

2.2 Assumptions of Capital Asset Pricing Theory v

Some of the shortcomings of both the deterministic and utilitarian

approaches can be avoided by application of "capital asset pricing" theory.
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The foundatiors of capital asset pricing theory were laid in 1952 when
Harry Markowitz (12) developed an analytic method for dealing with

the divergence of returns on a portfolio of investments. From

Markowitz' initial work, others in the field, principally Sharpe (17),
Lintner (1g9), and Mossin (14), have derived equilibrium market-based
models that require the simultaneous considcration of both the yield

from and the risk connected with the purchase of a marketed security. v
One of the functions of the market is to adjust the “price" of an asset

so as to reflect not only what is expected as a return from the asset,

but also to account for any possible "riskiness" arising from holding

the asset. Jensen ( 7) has synthesized most of the earlier work, and
states that these asset-pricing models either explicitly or implicitly H
contain the following assumptions:

1. ATl investors are single-period expected utility-of-
terminal-wealth maximizers who choose among alternative
portfolios on the basis of the mean and standard deviation
of return. This means that there is no compounding of any
of the factors involved.

2. All investors can borrow or lend an unlimited amount of
money at a given risk-free rate of interest with no
restrictions on the short sales of any assets.

3. A1l investors have identical subjective estimates of
the means, variances and covaridances of return among
all assets.

4, A1l assets are perfectly divisible and perfectly liquid.

That is, any amount of an asset can be held and it can
be sold and converted into money at will.

5. There are no taxes.

6. All investors are price takers. That is, there is no
one investor who can purchase enough of an asset or
have enough influence in the market to control or
significantly affect the price of an asset.

7. The quantities of all assets are assumed given.
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2.3 Portfolio Terminology

Capital asset pricing theory is based on the concept of the investor
“holding", or purchasing, a portfolio of investments, the return from

which is a random variable. The portfolic is assumed to have a mean

return and a finite variance of return. By way of explanation, a portfolio
is composed of stocks, bonds, or other assets, each of which is called a
security. The return of a portfolio (e.g., in dollars) is just the

increase (or decrease) in monetary value of the portfolio over one time
period. Normally a "return" is expressed in monetary units (e.g., dollars});
whereas, when one speaks of a return relative to an investment, the proper

terminology shifts to the words "return rate", which implies a decimal or

fractional form (dimensionless). For example, if a portfolio were
purchased for $100 and had a value of $110 at the end of one period, its
return would be $10, whereas its return rate would be 10%. In general
the return (either in monetary units or as a rate) may be calculated in

this manner:

X:R: (2.1)

R, = iRj

p

(LI e |

i=1

vhere Rp return of the portfolio (dollars, or decimal rate}
Ry = return of security i {doliars, or decimal rate)
Xy = proportion of portfolioc p held in security 1 in
terms of dollar amount in the total portfolio
(a decimal value); in general IX; = 1.
Since the return of a portfolio is conceived of as a random
variable, the mean or expected return of a portfolio can be calculated

as follows:
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Ep = 1glxiE1 (2.2)
where Ep = expected return rate of the portfolio per unit time
E; = expected return rate of security i per unit time
X; = proportion of portfolio p held in security i in

terms of dollar amount in the total portfolio.

The variance of a portfolio return rate is not found by the usual means
of adding variances of independent random variables. iInstead, each security
in a portfolio is assumed to be correlated with every other security in the
portfolio, so the variance of the portfolio return rate is defined as

n n
2= ¢ I XiXipi4040; {2.3)
123P1399 .

P 2151 JPij%i%]
where oZ = variance of return rate of portfolio p
X; = proportion held in security i

X; = proportion held in security j

J
Pijj = correlation of return rates of securities i and j (0 <045 2 1)
gj = standard deviation of return rate of security i

o: = standard deviation of return rate of security j.

2.4 Utility Theory

-

The variance of a return is taken to be a measure of the uncertainty
or risk associated with owning a portfolio. There is an economic basis
for this measure. The concept can easily be demonstrated by the use of
utility theory. Consider a decision maker whose utility-of-money function

is of the form

U(X) = A + BX - CX? (2.4)
where X = a money return
U(X) = utility of the money return

A,B,C = non-negative constants.
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The shape of the function U(X) on Cartesian coordinates of (U(X),X) is
concave downward. If the decision maker is one who maximizes expected

utility instead of expected monetary value, then he will maximize the

expectation of Equation (2.4) above, or

MAX: E(U(X)) = A + B-E(X) - C-E(X2) . (2.5)
Now, E(X) is simply the expectation of the return, or uy. However E(X?)
is the second moment of the random variable X, so that we have

E(X%) = v(X) + (E(X))* , (2.6)
and if we let V(X) = o} = the variance of X, then Equation (2.6) becomes

E(X2) = 0% + u} (2.7)
and finally Equation (2.5) then becomes

EQU(X)) = A + Buy -~ Clof *+ ug) . (2.8)

It is then easy to show that the directional partial derivatives

of Equation (2.8), respectively, are

SE(U(X))/3uy

SE(U(X)) /a0y

Risk attitudes can be inferred from Equations (2.9) and (2.10).

B - 2Cuy (2.9)
-2Ca, . (2.10)

For example, since B and C are taken to be both nomn-negative constants,

and uy > 0 is assumed (this is necessary for the project to be "attractive"
to the decision maker), then the quantity B - 2Cu, > 0 in the range where

B » 2Cuy. This is generally taken as the "valid" range of the parent utility
Equation (2.4). Hence, in this range (B > 2Cuy) the function E{U(X)}) slopes
positively with respect to X, indicating an increase in expected utility

with an increase in the project expected return.



14

Similarly, with respect to Equation (2.10), since both C and ¢ are
non-negative constants, then 3E(U(X))/3ay < 0 always, which indicates that
the decision maker's expected utility decreases with an increase in o,.
Such a decision maker is called a "risk avoider", since he suffers a
reduction in expected utility if he makes an investment in which the
standard deviation of return, ay (or the variance, c§) increases. Hence,
Oy (or o) is taken as a measure of the decision-maker's exposure to risk

for that particular project.

2.5 Indifference Curve Analysis -

To predict which particular portfolio a typical risk-avoiding
investor would logically select, the concept of expected utility is again

invoked. A rational decision maker, who maximizes the expected utility of

return, will do so in accordance with Equation (2.8). By setting E(U(X))
in Equation (2.8) equal to a constant and differentiating twice we have
E(u(x)) = A + Buy = C(U% + p%) = constant
B(duy/duy) - ZCUX(dcxldux) = ZCux(dux/dux) = B
or doy/duy = (B - 2Cuy)/2Coy (2.11)
and dzcx/dui = (-4(:0}2( - (B - 2C;jx)2Cdnxfdux)/4C20§;
and upon substituting (2.11) we have

dzux/dui = -] - l(dax/dux)g i (2.12)
a g«

Now, for the valid region of Equation (2.8), we have that B > 2C always, and
since u, > 0, the numerator of (2.11) is positive always. Also, the variance
o > 0 always, so that oy > 0 is taken as necessary. lence, (2.11) is always
positive. By similar reasoning, and since doy/duy > 0, then (2.12) is always
negative. Thus the parent expected utility function E(U(X)) = constant,

Equation (2.8), will plot on (ap,Ep) coordinates (Up=ﬂx,Ep=ux) as an
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upward sloping, concave downward curve; or on (Ep,op) coordinates as an

upward sloping (duy,dsy, > 0), concave upward (d?ny/dof > 0) function.

Hence, the decision maker's "indifference" among (Ep,cp) combinations,
is an upward sloping, concave upward function, as illustrated in Figure 2.1.

Along a particular indifference curve, an investor is indifferent between

one portfolio and another. However, expected utility increases as one

moves from one indifference curve to another, that is, upward and to the

left. (This is inferred from Equations (2.9) and (2.10)). Thus, as the

expected return increases and the risk decreases, expected utility increases,

o
[~
i~
-
%]
S
O

N
2
s
S
Ly

Jmng Utility

Up = Std. Dev. of Return Rate

Ep = Expected Return Rate

Figure 2.1. Typical decision maker's
indifference curves
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2.6 Dominance Among Securities and Portfolios: The Efficient Portfolio

Since a portfolio can be measured in terms of its mean and standard
deviation, it can be plotted as a point on Ep,ap coordinates, as in
Figure 2.2, In this figure, consider three points which describe the
expected values and standard deviations of three possible portfolios, A,
B, and C. In order to determine which of these points will be preferred
by a typical decision maker over the other two, the investor will be
assumed to be a risk avoider as above. Because he is assumed to maximize
expected utility, he will choose between portfolios on the basis of the
risk-avoiding indifference curves described previously. The choices can
be summarized as follows:

1. If two portfolios have the same standard deviation

of returmn, the one with the larger expected return

is preferred by an investor who aveids risks, since
he attaches greater expected utility to the portfolio
with the higher return.

2. If two portfolios have the same expected return, the

one with the smaller standard deviation of return is

preferred, since the same investor will tend to avoid
risk (have greater disutility for risk).

W

=

o

o

=1

3

O

&=

o . ¢
3 ¢ B
o

7]

=y

>3

Ll

" ‘A
o

ad

cp = Std, Dev. of Return Rate

Figure 2.2. Graphical representation
of three portfolios
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Thus, in Figure 2.2, portfolio B is preferred to portfolio A since
B has a greater expected return, even though the risk is equal. Hence,
B is said to "dominate" A. Likewise, portfolio C would be preferred to
B since, although the expected return is the same, its risk is less. Thus,
C dominates B. Also the commutative property applies, so that if B
dominates A and C dominates B, then C dominates A. In general, points
lying upwards and to the left on Ep,op coordinates will dominate port-
folios represented by points lying downward and to the right.

The calculation of the standard deviation of a portfolio, using
Equation (2.3), becomes a lengthy process as the number of securities
in the portfolio becomes large. According to Equation (2.3) the risk of
a portfolio is a function of the variances of each of its component
securities and their covariances. Each security is affected to some
extent by various factors, some of which are general, such as the state
of the economy, and others that are specific, such as the particular
earnings of each security. Also, securities tend to be affected by
each other and this correlative relationship is measured by the correlation

coefficients of the securities. The correlation ceefficient, £jks s

defined as
Pjk = T P(dj,dk)(djdk) (2.13)
where dj E (Rj - Ej}/cj
de = (Re - Ex)/og
P(dj,dk) = probability that a pair of deviations dj'dk will occur.
Hote that dj is simply the relative deviation of the actual random return

Rj from the expected return, expressed in terms of the standard deviation
for security j. The correlation coefficient is then taken as the sum of

all the possible event pairs times their probabilities.
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The covariance Cjk between two securities is defined in terms of

the correlation coefficient as
Cjk = pjkoj%k - (2.14)

The covariance is stated in terms of the square of the units used for
the random variable (the return). Calculation of the standard deviation
thus can become a tedious process when the correlation coefficients of
each pair of securities in a large portfolio is required. For large
portfolios it becomes necessary to find another method for calculating the
standard deviation of portfolio return in a more economical fashion.

Markowitz proposed a simplifying method of calculating portfolio
variance. To illustrate this method, consider a portfolio composed of
only two securities, say securities 1 and 2. Let X; be the proportion
of each security in the portfolio, so that E Ki = 1, where i = 1,2. Let
the two securities have expected returns of E; and E,. The expected
return of the portfolio then is
E, = £ X4E5 = XE) + X,E, (2.15)

p
The variance of the return for the portfolio is

1}

o LI Xixjpijcioj : (2.16)

n

+ 2.2
o X o5

12%394 2

ok Tan

2,2
xxcl + lexzp
If the correlation coefficient ik = +1, indicating that the securities

are perfectly and positively correlated, then the variance reduces to

05 = (Xlol + Xzoz)2 {2.17)
or 9p = X0, * X,0, (2.18)

which is simply a linear relationship. HNote also that the expected
value of return, Ep, is given by Equation (2.15), so that as the values

of X, and X, change, the standard deviation of the portfolio will change
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linearly with respect to the expected return. This is illustrated in

Figure 2.3.

Expected Return Rate

Ep =

op = Std. Dev. of Return Rate

Figure 2.3, Linear combination of 2
perfectly correlated securities

However this linear relationship only holds for the particular

Pij = +]1. As the correlation coefficient becomes less than unity the

relationship between o_ and Ep becomes non-linear. This functional

p
relationship will then look like the curves in Figure 2.4. MNotice from
Figure 2.4b and 2.4c that there is a portion of the curve in which there
can be two expected returns for the same standard deviation. An important

concept can be implied from this.
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Consider two expected returns with the same risk (points 1, 4 in
Figure 2.4c). The investor will always prefer the greater of the two
expected values. The portfolio which results in the greater expected
return will be referred to as an "efficient” portfolio. The other
portfolio will be referred to as an "inefficient” portfolio.

The properties of an efficient portfolio need to be considered
further, in order to develop a basis for understanding the concept of
portfolio analysis. In Figure 2.4a, any point along the mean-standard
deviation "mix" line between portfolios 1 and 2 can be obtained by
considering the proportion of each security held. Depending on the
values of X, and X,, any point on the line 12 comprises another port-
folio. Also, a third security, say 3, could be added to the set,
giving the relationship shown in Figure 2.5. Any point along the lines
13 and 23 can be obtained by the relationships given in Equations (2.15)
and (2.18) above.

Mow consider some portfolio E, which is a combination of securities
2 and 3, as illustrated in Figure 2.6. A mean-standard deviation locus
will connect point B with point 1 also, thus indicating (by prior
reasoning) that any point on this locus can be obtained by holding
different proportions of security 1 and portfolio B. This idea can be
extended until there is an infinity of portfolios among points 1, 2 and
3, which is represented by a region of portfolios bounded by the loci
previously developed (see Figure 2.7). Hence, the investor is free to

choose any point as a portfolio in this feasible region.
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Figure 2.5. Addition of a third securitv

Expected Return Rate, Ep

Std. Dev. of Return Rate, %

Figure 2.6. Combination of more than
two securities
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Efficient Frontier

Expected Return Rate, Ep

Std. Dev. of Return Rate, cp

Figure 2.7. The efficient frontier

In this region, however, there are only a few efficient portfolios.
If a portfolio is dominated by another it is inefficient. Therefore only
portfolios represented by points along the upper 1éft—hand boundary of
the region, between points BCD (Figure 2.7), are considered efficient.
A1l other portfolio possibilities are dominated by one of the portfolios
lying on this arc, and hence are inefficient. The curve BCD is referred
to as the "efficient border" or the “"efficient frontier”. An investor
may select any portfolio corresponding to the infinity of points between
B and D, and always have an efficient portfolio.

Indifference curves can be used to determine the portfolio that will

be selected by a particular risk-avoiding investor. Such a portfolio will
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lie on the "efficient frontier”, and the one selected will be the one
that is tangent to the highest level of indifference curve for the
individual, such as point B in Figure 2.8. However, because each partic-
ular investor possesses his own set of indifference curves (depending on
the values of the coefficients A, B and C in the utility function), the
point B (Figure 2.8) varies from investor to investor. If the investor
places all of his funds in some (Ep,cp) portfolio, he would do so at

some typical point B, since this maximizes his expected utility.

Increasing Expected
Utility

Expected Return Rate, Ep

Std. Dev. of Return Rate, 9p

Figure 2.8. Maximization of investor's utility



25

2.7 Borrowing and Lending in Connection with Portfolios

The second major assumption of capital market theory permits all
investors to borrow or lend an unlimited amount of money in the market
at a given "risk-free" rate of interest. The term “risk-free” is not in
actuality correct. There is no such thing as a riskless asset. A
preferable term is "default-free" asset. For example, short term U. S.
Treasury bills, usually of no more than one year maturity, are considered
virtually default free. This is due to the government's power to raise
money by taxes and to print currency. Hence, when a "risk-free" rate is
used, the term "virtually default free” is implied. The relaxation of
this assumption causes no insurmountable problems. The current risk-free
rate is assumed to be around 5-6%, but whether an exact (constant) value
exists is arguable. The risk-free interest rate, since it is assumed to

have "zero" risk (o=0), can be plotted on E coordinates, and is a

p*°p
point on the expected return axis, since it is assumed to have zero
variance. The risk-free rate is denoted by Rg.

Fama { 4 ) points out that borrowing or lending at the risk-free
rate, R¢, can be coupled with investment in any risky security or port-
folio. Consider portfolio C involving combinations of R¢ and an arbitrary

security A, as in Figure 2.9. The expected return and standard deviation of

return for the combined portfolio C are:

oc = (1-X)op +‘x~%o = (1-X)a, (2.20)

where X is the proportion of available funds invested in the risk-free

¢ = XRe + (1-X)Ep X < 1 (2.19)

security at the risk-free rate, Rg, and (1-X) is the proportion invested

in Security A. Applying the chain rule to Equations (2.19) and (2.20),

doc/dEc = (doc/dx)-{dx/dEc) = oa/(E, - Re) - (2.21)
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This implies that the combinations of expected return and standard
deviation involving the riskless asset and security A must lie along

the straight line through Rf and A as in Figure 2.9. Portfolios lying
between R¢ and A involve the lending of funds (0< X <}). That is, an
investor invests a portion of his money in security A and lends the rest
of it by purchasing riskless assets (i.e., default-free bonds). Points
lying beyond A involve the borrowing of funds (X%<0). An investor will
invest all his available funds in security A and borrow more funds at
the risk-free rate by selling default free bonds and investing these
funds in security A. For X = 0, the investor invests all of his available
funds in security A, without borrowing or lending outside funds. For

X =1, the investor uses only his own funds to purchase the riskless
asset, yielding the return rate Ry. This case is the one in which all

funds are "lent" at the riskless rate R

Borrowing

(X=1)

Lending

Expected Return Rate, Ep

Std. Dev. of Return Rate, 9p

Figure 2.9. Combination of any portfolio
and the riskless asset
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pe

2.8 The Capital Market Line v

v

It is possible to connect the point (Rf,0) with the efficient frontier

of risky portfolios by means of a straight line, as is shown in Figure 2.10.
The line is tangent to the efficient frontier at some point {EM,UM), denoted
by M in Figure 2.10. The point of tangency, M, describes an "optimal"
portfolio of "risky" securities, since by the application of indifference
curve analysis any combination of the risky portfolio, M, plus borrowing
or lending at the riskless rate, Ry, will dominate all other possible
portfolios lying along the efficient frontier. The particular optimal
investment for an investor will lie somewhere along the line ReM, as
dictated by the investor's indifference curves (see Figure 2.10). His
optimal portfolio, consisting of a fraction X, of portfolio M and a
fraction (1 - XM) of the riskless asset, would be at, say, point A in the
diagram. If Xy = 0, corresponding to no investment in M, then his optimum
would be at Rf. If XM = 1, however, then his optimum portfolio would be
at (EM,UM), or at point M., The concept of interest here is that the pro-
portion of funds invested in the risky portfolio (XM} versus the proportion
invested in the riskless asset, (1 - XM), is determined by the investor's
indifference function that is tangent to the Tine RZN. i

 The point M has a special interpretation. [t is called the "market et
portfolio", whose mean return rate and standard deviation are (Ey,om). It
needs to be demonstrated that M is, in fact, the market portfolio; that
is, a portfolio composed of all securities in the market, in which the ith
security is included in the portfolio at a relative level Xj, so that when

all securities are included, & X; = 1.
j



E, Expected Return Rate
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Indifference
E(U(X) Curves
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Efficient Frontier of
Risky Portfolios
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g, Standard Deviation of Return Rate

Figure 2.10. The Capital Market Line
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Recalling from the third assumption of capital asset pricing theory

that all investors view all securities in the same way, we can make further

inferences. As a consequence of this assumption, all investors will hold

equal proportions of all securities in an equilibrium market. This pro-

position can be demonstrated by assumption and contradiction. If this
assumption were false, so that the optimal combination of securities
contained a different proportion of securities than the portfolio repre-
senting the entire market, then all investors would try to hold different
proportions of securities than those available in the market. Equilibrium
in the market makes it impossible for this to be done. Therefore, port-
folio M will be the optimal combination of risky securities that is avail-
able in the market, and is called the "market portfolio”. The line inter-
secting the risk-free rate, Rfs and the market portfolio, (EM,GM), is called
the "capital market 1ine", and represents all Tinear combinations of port-
folios composed of the market portfolio, M, and the risk-free asset Rg.

The equation of the capital market line can be written in linear
slope-intercept form:

Em = R¢ + Aoy : (2.22)

where X = a proportionality constant, which can be interpreted as the
premium required for incurring additional risk for a finite-

variance portfolio; i.e., one having an assessable risk, g

Ey = expected return of the market portfolio

oy = standard deviation or risk of the market portfolio.
This equation simply says that the expected return on the market portfolio

is a linear function of the market portfolio standard deviation (risk).
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2.9 Individual Securities and Portfolios

While a theoretical “market line" -- i.e., one that hypothesizes a
straight 1ine increase in the expected return of the market portfolio as
market uncertainty increases -- is certainly a simplifying concept in
finance theory, it tells us nothing about the prospective behavior of the
firm vis-a-vis its decisions concerning prospective investment projects.
The reason is that the firm does not invest in the market portfolio, or
in combinations of the market portfolio and riskless assets. On the
contrary, the firm invests in discrete projects, probably far removed
from the leveling effects of the market. Hence, we need to know something
about individual investments and specific combinations of individual
investments in individual portfolios.

To investigate the behavior of individual securities, consider the
following development. Suppose an investor wished to divide his funds in
some way between some security j and the market portfolio, so as to form
a new portfolio "A" (see Figure 2.11). The composition of this new
portfolio "A" would be represented by some point on a line connecting
the (Ej,oj) point for the security and the (EM,oM} point representing the
market portfolio. The shape of the connecting curve would again depend on
the value of the correlation coefficient between the security and the

market portfolio, P33 and the position of the point value (E ) of

p*“p
the portfolio would depend upon the relative amounts invested,

Equations (2.15) and (2.18) can again be used as functions to define
the implicit slope dE/ds of the capital market line. The portfelio p
would be a combination of the market portfoiio, M, and security j.

Let Xj = the amount of resources invested in security j and (1-xj) = the



P

Expected Return Rate, E

Std. Dev. of Return Rate, 9p

Figure 2.11. Combination of any security and
the market portfolio
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amount invested in the market portfolio, M. Using the chain rule the slope

of the curve, jM, can be calculated, thus:

dEp/dgj = (dEp/de)-(de/dop) (2.23)
where, from Equation (2.15):

dEp/dX; = E5 - Ey (2.24)
and from Equation (2.18):

dxj/dcp = Up/(xJ(J‘]z + Gr?i - ZCJM) + CJM = Uﬁ) - (2.25)

Substitution of (2.24) and (2.25) into (2.23) yields

dEp/dcp = (Ej - EM)/((Xj(o§ # cﬁ - ZCJM) + CjM & oﬁ)/op). (2.26)
Now, at point M, Xj = 0 and op = o Thus,
dEp/dﬂp = (EJ = EM)UH/(C:'M H Uﬁ) . (227)

However, at point M in Figure 2.11, the slope of curve jH is required to
be tangent to the capital market line for the following reasons. If the
slope of curve jM were steeper or flatter than the slope of the capital
market line, at point M, there would be points on jM which would represent
portfolios that were "better" than the market portfolio and plot above the
capital market line, or "worse" than the market and plot below the market
portfolio. The only possibility left for curve jM, since the market is
required to be in equilibrium, is that it be tangent to the capital

market line at point M. When curve jM is tangent to the capital market
Tine then its slope must equal the slope of the capital market line. Thus,

the trade-off between expected return and risk for small changes in the

amount of security j included in the market pcrtfolio must equal the

trade-off in the capital market as a whole. From Equation (2.22), the

slope of the capital market line, A, is

A= (EM = Rf)fGM . (2.28)
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Equating the slopes of the capital market line.(Equation (2.28)) and curve
jM (Equation (2.27)) gives
Ej - Re = (Ey = Re)=(Cj/0f) (2.29)

where now the left-hand side is the expected risk premium (above the risk-
free rate) required for the jth security and (E, - Rf) is the expected risk
premium of the market portfolioc itself. Thus, the expectation of the risk
premium required for investing in the jth security is simply a multiple
of the expected market risk premium, where the multiplier is the factor,
CjM/oﬁ.

This multiplier, which relates an individual security's expected
risk premium to the expected risk premium of tne market itself, is
called the "volatility" of security j. It is taken to be a constant,
denoted B.; or g, = CJM/cﬁ. On substituting B into Equation (2.29), we

J J

have

Equation (2.30) is called the "“Capital Asset Pricing Model".
Bj, the volatility constant for the jth security, is also the
appropriate measure of risk for an individual security. This is because of

the fact that the individual security is assumed to be correlated only with
the market portfolio, M. Bj relates each security to the variance of the

market portfolio. Thus, the problem of an appropriate measure of risk

for an individual security jis approached through the use of the volatility
concept.

Since it is an important concept, more should be said of the nature
of B., the volatility. The market return, Ry, 1s taken to be a random
variable with mean Em and variance cﬁ. Hence the market risk premium,

Ey - R, is also a random variable. If a security exhibits a fj greater
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than 1, an increase in the random market risk premium will mean an even

larger increase in the expected premium for the security.

Similarly, a

larger decrease would occur in the expected return of the security in the

event of a decrease in the expected random market premium. When g, < 1,

J

the increase or decrease in the risk premium for a particular security is

less than that of the expected market premium.

2.10 Linear Regression

P

Equation (2.30), the equation of the security line is unfortunately

never observable because of the deviations away from the security line that

occur in actuality.

be examined, however.

Using regression techniques, the relationship can still

The volatility, Bj, can be estimated from the relationship of the

return of security j, Rj, and the market return, Ry. B8;

1) both R
finite

d

J

can be estimated if

. and R, are assumed to be bivariate random variables with
means and variances and are correlated with a covariance

CoM. The returns occur in a time series t = 1,2,...,n with ob-
sgrvable values, R-t and RMt'

J

2} the nature of the correlative relationship can be examined
using regression techniques and taking Rj{ as being conditionally
distributed upon fixed values of Ryg.

If this is done, Equation (2.30) can be estimated by the time-series

regression

where R.

(Rjt = Rf) = Gj + Bj(RMt = Rf) + €jt

= random return on security j at time t

= return rate on market portfolio M at time t

= the risk-free or default-free interest rate

i

an unknown intercept parameter

(2.31)

;.//
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Bj = an unknown proportionality factor, or the "volatility" of
security j with respect to the market
€jt = normally distributed random error term representing the

deviation away from the security line.
By assumption, Ejts the random error term, has the following three
properties:
1. E(Ejt) = 0;

2. C(E't,Ejt_]) = 0; i.e., there is no timewise correlation
betiween error terms;

3. For two securities, i and j, C(sit,ejt) =0 i#].
The third property is based on the assumption by Markowitz (12) that the
covariance between two securities is zero. Covariance is assumed to exist
only between each security and the market.
Letting Rjey = Ryp - Re and Ryvg = Ry - Re in (2.31), then
Ry = aj + 85 ‘Ryrg * e5¢ {2.32)

where Rj't = random return rate on security j above the risk-free rate
for period t

RM't = return rate on the market portfolio 1 above the risk-free
rate for period t.

Equation (2.32) is a linear regression model with parameters aj and
i These parameters are not directly observable, and, as such, must be
estimated. The linear regression model can then be estimated by a linear

B

regression function based on least squares methods. This estimate of

(2.32) is

) ~ ~

Rj. = Q-_j + B‘]RMI (2-33)
where Rj, &j’ and E} are estimates of the corresponding parameters in

(2.32).
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This method gives point estimates of o« and & for a security, j, using the

normal equations. These estimates are
Fas

and

;j = Ejl - BjE”I - (2-35}

Using the definitions of covariance and variance, Equation (2.34)

can he rewritten as
~

BJ = ler;-illo'r':';l; (2.36)

which is a point estimate of the slope, By in Equation (2.30). From
Equation (2.35), we have a point estimate, ;-, of the true intercept,

aj, which by analogy with Equation (2.30) becomes a test of the estimate of
Rg. If the correct value for Ry has been chosen, 3& should be indistin-
guishable from zero. Hence, the Capital Asset Pricing Model (Equation 2.30))
is empirically testable, and the parameters Rg and Bj can be estimated by
linear regression techniques.



CHAPTER III

THE CAPITAL ASSET PRICING MODEL APPLIED TO CAPITAL BUDGETING

3.0 Introduction

The Capital Asset Pricing ifodel appears to be a very useful tool,
based on its simplistic assumption of a linear relationship between risk
and expected return for individual securities. It is this simplicity
which is appealing in its application to industrial capital budgeting.
In their study of seven industrial firms, Bower and Lessard (3) discovered
that all seven firms wanted simple, intuitive measures which could be used
at the project decision level. Six of the seven companies used internal
rate of return as the principal screening device. lone of the firms was
satisfied with its current methods for incorporating risk into the decision
model. The Capital Asset Pricing Model meets the requirements of simplicity
and theoretical correctness. It should then be possible for management to
use this model directly as a decision criterion. This is a very important
point. It is of 1ittle importance how effective or efficient a new idea
may be if its originator cannot get its implementation approved by manage-
ment. This chapter will detajl the application of the Capital Asset Pricing
Model to industrial capital budgeting, and specifically to privately owned

firms,

3.1 Risk Equivalency

One should recall that all securities can be plotted on (Ej,aj)
coordinates in which Ej is the expected return rate on the market value
of the jth firm's equity and j is the estimated standard deviation on

37
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the market value of the firm's equity. A line could be drawn extending L.
from the risk-free rate of interest, R¢, through the firm's "market trade-
off point", I, as in Figure 3.1. This line would represent the possible

combinatiops of the risk-free asset and the "risky" asset which an investor

1

o T

could oﬁi‘by investing a portion of his funds in security j and lending
the rest by purchasing riskless assets or borrowing at this risk-free rate
and investing the money in security j. This concept has previously been
demonstrated. This line could theoretically then be used in evaluating
individual project alternatives available to the firm. A1l projects (i)
having (Ej, o;) values lying above the line would yield expected returns
higher than those required by the firm's common stock in the market, and
thereby increase the market value of the firm. Hence, all projects whose
(Ei, gi) plot above this 1ine should be accepted by the firm and all projects
below the line should be rejected. The firm would be indifferent about
projects lying on the 1ine. From a practical view, this criterion is
acceptable, but there are theoretical problems associated with it. ;
Each firm has a current risk level, o5, on its equity. Individual /
projects have varying risk levels. As each project is accepted and
invested, the "riskiness" and equity price structure of the firm would
be altered, thereby changing the risk level of the firm and hence, the
firm's market trade-off point. This difference between project risk and
the firm's risk also forces the need for moving from one indifference
function to another in order to determine the desirability of one return-
risk combination against another. Tuttle and Litzenberger (22) have

proposed a method of risk adjustment to achieve a risk-equivalency of

the proposed project and the firm's residual return to equity. The



purpose of this adjustment is to leave the market price of the firm's

shares unchanged. This is accomplished by combining borrowing or lending

with equity capital to finance the proposed project.

Expected Return Rate, F

%3 Std. Dev. of Return Rate, o

Figure 3.1. Combination of any security
and the riskless asset

To i1lustrate this approach, consider a project alternative, 1, for

a firm, with an expected return rate and estimated standard deviation of

return ratei Let:

the expected return rate to equity from the project;.

= the estimated standard deviation of the return rate to equity

the risk-free borrowing and lending rate;

the financing ratio of the project; unity plus the project's
debt-equity ratio (1+D/E); where debt is either borrowed or
loaned;

39
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R.

: expected return rate from project i;

g.

j estimated standard deviation of return from project i.

The estimate of the risk on return to equity since of = 0, is
g, = ooy . (3.1)

When a dollars per dollar of equity are invested in a project and (a-1)

dollars are borrowed per dollar of equity, the expected return on equity

from the project is aR; and the cost of borrowing is (a-1)Rf. From the

fact that the total return is composed of the return to equity plus the

return to borrowed capital, we find that the expected return rate to equity is
R, = Ry # (a-])R.i - (u-'l)Rf (3.2)

which simplifies to

Recalling the form of Equation (3.1), we can write Equation (3.3) in the

form
RZ &= Rf + (Ri - Rf)(dz/ﬂ.i) . (3-4)

Differentiating return rate with respect to its standard deviation,

dR,/do, = (R; - Re)/os . (3.5)
Now, there exists some factor (a') which, when multiplied by the risk of
the investment project, o;s Will equate a'oi with fhe current risk of the
firm, 0. Thus,

og = a'o_I (3.6)
or o' =agfoy . (3.7)
The risk effect of a project on return to equity may be equalized either
through long-term lending of an amount equal to ((1/a') - 1) of the cost
of the investment project if oj > o, OT the long term borrowing of

(1 - (1/a')) of the cost of the project if o; < 0 The risk-adjusted

e
return rate on an investment project, Ri’ is
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or R." = B + (oq/as)(R; - Rg) (3.9) -
i f A B f ///

Firure 3.2 illustrates the risk adjustment procedure of Tuttle
and Litzenberaer. Point I is the return-risk combination of proiect I.
Point N is the return-risk level of the firm. Throuah borrovinn or
lending (in this example, borrowina) at the risk-free rate. Pe. the
return-risk level of nroject I can be ecualized with the rish level of
the firm. This eaualization occurs at point I'. Thus in this case,
project I would ke accepted as it vields a areater return than the firm
is currently receivino on its investrents at the firm's current risk

level.
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Expected Return Rate, E
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%9 Std. Dev. of Return Rate, o

Figure 3.2. Risk adjustment of a project
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3.2 Capital Budgeting Criteria

As illustrated in Fiqure 3.2, all projects will be accepted if the.
slope of the line connecting the (Ri'ci) coordinates of the project and
the riskless asset exceeds the slope of the firm's security line. These
projects will be preferred by the firm whether or not the projects are
risk equalized, since all points on the project line will lie on a higher
indifference curve than the firm's shares themselves. The slopes of these
lines can be calculated by Equation (3.5). They can then be compared and
used in a decision criterion for the firm. The resulting criterion is:

Accept the project if (Ri = Re¥/oj > (Rg - Re)fo, . (3.10)
If the firm wishes to risk equalize, the criterion becomes

(Ri' = Re)lay" > (Ry = Redog . (3.11)
Recalling that oi' = o, from risk equalization Equation (3.11) reduces to:

Accept if Ri' > Ry . (3.12)

These relationships are known as "reward-to-variability" ratios. The
ratio was developed by Sharpe (18) and means simply that a reward above the
riskless rate exists for accepting the risk of such investments; in order
for a project to be accepted by a firm, its reward-to-variability
ratio must be greater than the ratio the firm is currently achieving from
its existing projects.

Sharpe (18) questions the application of the reward-to-variability
ratio as being a legitimate measure in evaluating a single security or
single project. He states:

The reward-to-variability ratio is designed to measure the

performance of a portfolio. The investor is presumed to have

placed a substantial portion of his wealth in the portfolio in

question. Variability is thus the relevant measure of the

amount of risk actually borne. To evaluate the performance of
a single security, or that of a portfolio constituting only
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part of an investor's holdings, a different measure is needed.

Variability will not adequately represent the risk actually

borne. A more appropriate choice is volatility.
This objection is a theoretical one. Sharpe demonstrates that the total
variability of the project in Equations (3.10) and (3.11), a;, can be
separated into two parts; i.e., into what he calls the "systematic"
risk -- risk associated with market (or "system") fluctuations -- and
the “nonsystematic" risk -- the portion of the risk which can be
eliminated by combining the préject into a diversified portfolio of
projects. He then points out that for a portfolio the nonsystematic risk
becomes zero, since it can be diversified away, but for a single project
{or single stock) "portfolio" it cannot be set to zero. Hence, Sharpe

says, the correct measure of variability for a single project (or security)

is the reward-to-volatility ratio, (R - R¢)/85, which requires no premium

(Rj - R¢) being expected for that portion of the firm's risk that can be
diversified away (the nonsystematic risk).

The resulting reward-to-volatility criterion is of similar form to
the reward-to-variability criterion, except that the volatility, &;,
replaces the standard deviation, o, in the denominator. As first pro-
posed by Treynor (21), the reward-to-volatility criterion is:

Accept the project if (R; - Re)/By > (Ry - Re)/B, (3.13)
where B; is the volatility of the project and Bo is the volatility of the
firm. Risk equalization can again be achieved using a similar analysis as
that of Tuttle and Litzenberger. The result is:

Accept the project if (Ry' - Re)sBy' > (Ry - Re)/Bg (3.14)

ar R.I. > RO . (3.]5)
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The concept could be illustrated in a manner similar to Figqure 3.2, by
replacing standard deviation with volatility along the horizontal axis.

The return from a project is actually a random variable because the
future is uncertain. Thus, the reward to volatility criterion for future
investments is more correctly stated using an expected return, or

Accept the project if (E; - Re)/B; > (Ep - Re)/By (3.16)
The expected return then could be risk-equalized in a manner similar to
Equation (3.9); thus:

Ey' = Re + (Bo/83)(E5 - Re) (F.A7)

3.3 The Reward-to-Volatility Ratio Applied to the Privately Owned Firm

The reward-to-volatility ratio can be used by publicly held firms for
use in capital budgeting decisions. However, since the reward-to-volatility
ratio requires a relationship between the return of the firm and the market,
the ratio cannot be used directly for the many privately owned and financed
firms that operate in the industrial sector. The concept of volatility with
the market for a private firm is meaningless, since there is no market for
the firm's stock. This does not however, eliminate the possibility of
indirectly applying the reward-to-volatility ratio.to the private firm.

There are numerous industries in which private firms are engaged in
competition. Often they are competing chiefly against publicly owned
corporations. In any type of industry, one way of evaluating the success
of any firm would be by making a comparison against its competitors. If
the firm had a return on its investment that was as good or better than its
competitors it is reasonable to assume that the firm is performing well in its
investment decisions. Thus, an average of the competing, publicly owned

firms could be calculated and used as a comparative "standard". Tnis



average could serve as a "“surrogate" or pseudo firm, against which the
private firm could be compared. The private firm could evaiuate all
investment alternatives against a security line constructed from the
surrogate firm. A reward-to-volatility ratio could then be used for
any private firm which was competing in the same field of endeavor
against publicly owned firms.

A weighted average of the returns of selected individual public
firms could be calculated. Thus

Ry = & XjRj (3.18)

i
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o

where Xj is the proportion invested in firm j using net worth of the firm

as the weighting factor, X The larger firms would then be weighted

i
greater than the smaller firms, acknowledging their importance in the
industry. The value for R; in Equation (3.18) could then be calculated
for a number of years and these values could be used in a time series
regression model, such as that developed in Chapter II. The estimates
for Rj and Si could be used in a reward-to-volatility ratio criterion
for the private firm. This results in a "surrogate security line" on
(E,B) coordinates which the private firm could use-in its capital
budgeting analysis. All projects plotting above the line would be
accepted as before with projects plotting below the line being rejected.
That s, all projects with (E;,8;) coordinates above the line are
projects which would improve the firms expected position relative to its
competition. This is a true test of the survival of a firm, how it

performs in relation to its competition.

3.3.1 Example. The use of a surrogate security in application of

capital asset pricing theory to capital budgeting for the private firm
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cannot be considered all inclusive. In industries which are dominated by
conglomerate firms which are diversified in several or many different
industries, the concept of a surrogate firm is unrealistic. The return
of the surrogate would be distorted by the return of divisions of these
firms whose product or service is entirely unrelated to the industry for
which the surrogate is being developed. This is not necessarily a severe
limitation, but an important one. In selecting an industry for purposes
of this thesis further requirements were specified. The industry should
have approximately five to twenty firms which are publicly owned and
should be easily identifiable and familiar to the general public. These
requirements kept the example simple for illustrative purposes while still
constituting a measure of the industry. Under these requirements, the
brewing industry was selected for this thesis.

The Standard Industrial Classification (S.1.C.) Manual (23) categorizes
types of industry by function, giving each particular category a unique
S.1.C. number. Thus, 2082 is the S.I.C. number for Malt Beverages.
Standard & Poor's publishes a 1ist of corporations by S.I.C. number.

From this 1ist, the publicly held firms with listings on the MNew York

and American stock exchanges, or "over-the-counter" price information

were selected. These six firms are Anheuser-Busch, Carling 0'Keefe Ltd.,
Falstaff Brewing, Pabst Brewing, F&M Schaefer, and Joseph Schlitz Brewing.
Closing prices, dividends paid, and net worth for the years 1961-1975 were
obtained using issues of the Wall Street Journal and Value Line (24). For
the market, Standard & Poor's 500 Composite Index was selected as the
indicator of market return. This is a composite of 500 common stocks
traded on the New York exchange. The dividend yield of the market was

obtained from various issues of the Federal Reserve Bulletin,
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The return rate for each of the breweries was then calculated

according to the following relationship:

Ry = (Pt + Dy - Peo1)/Peoy (2.19)
where R; = return rate for security i for year t
P+ = closing price for security i at year t (dollars)
Pt-1 = closing price for security i at year t-1 (dollars)
Dt = dollar amount of dividends paid by firm during year t,

These returns were weighted by net worth and summed using Equation
(3.18) to obtain a surrogate return of the brewing industry. (This
procedure is consistent with other investigative works on the Sharpe-
Lintner model).

The return of the market for each year was calculated in a similar
manner: R

Ry = (P - Pyo))/Peat + (De/Py) - (Pe/Pat) (3.20)
where Ry = return rate for the market for year t

P+ = closing market price (relative) of Standard & Poor's 500
Composite Index at year t

Pt-1 = closing market price (relative) of Standard & Poor's 500
Composite Index at year t-1

current dividend-to-price ratio for the market at close of
year t.

De/P

The results of this calculation are shown in Table 3,1. The raw data used
in obtaining these results can be found in the Appendix.

Using the information from Table 3.1, the linear regression analysis
developed in Chapter II was performed. The market premium (Ry - Rg) is
the independent variable, with the surrogate security premium (Ri - R¢)
the dependent variable of the analysis. The analysis was performed using
the computer system, AARDVARK, developed by the Statistics Department at

K.S.U. (6). The results of the regression analysis are found in Table 3.2.
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TABLE 3.2
RESULTS OF REGRESSION ANALYSIS USING AARDVARK SUBROUTINE

Yariable Mean Std. Dev. Parameter Estimate Std. Dev.
Ri - Rf 8.122 29.818 Alpha 3.900 4,252
RM - R¢ 2.965 17.814 Beta 1.425 243

ANALYSIS OF VARIANCE

DF  Sum of Squares Mean Squares F
Total (Uncorrected) 15 13,437.143
Corrections:
Mean 1 989.503 989.503
Total (Corrected) 14 12,447.640 889.117
Due to Regression 1 9,023.363 9,023.363 34.256
Deviations from Regression 13 3,424,277 263.406
ré = .7249

= .8514

-
1]
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The risk-free rate of return, Rg, was assumed to be 5%. [If this value
is correct, the capital asset pricing model predicts that the regression
line will pass through the origin in equilibrium. Using information from
the AARDVARK analysis a statistical test can be performed to test whether
or not a risk-free rate of 5% is a reasonable assumption., A t-test was
performed as follows:

Hot @ =0
Ha: « #0 with o = .05 significance, t'05(]3) = 2.16
t=(a-0)/o, = 3.90/4.25 = .92
Since .92 < 2.16, fail to reject H,
The decision, based on the t-test was to accept the null hypothesis. A
value of 5% would be considered acceptable to use as the risk-free rate.

The slope parameter, Bjs is the volatility of the brewing industry.
The estimate of the volatility, Bj = 1.43, implies that the mean return
rate of the brewing industry is expected to fluctuate nearly 1% times
that of the market itself. A test was made to see if this estimate of
Bj was significantly different from zero using an F-test as follows:

Ho: B =0  with « = .05, F(1,13) = 4,69

Ha: B#0
Ftest = MSR/MSE
where MSR = sum of squares due to the regression divided by its
associated degrees of freedom. (See Table 3.2)
MSE = sum of squares of deviations from the regression

divided by its associated deqrees of freedom. (See
Table 3.2)

F = 9023.363/263.406 = 34.256
Since 34.256 > 4,69, reject Hg-
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The decision based on the F-test is to reject Hy. The volatility of the
brewing industry is significantly different from zero., Since it is
different from zero, the best estinate available for the volatility is
used, which is the value obtained from the regression analysis, §} = 1.43.

Estimating the return for the market or individual projects in the
future is at best a speculative procedure. Weston (25) is one of many
who have proposed reasonable methods for estimating future events, He
suggests assuming various states of the world and the associated returns
of the market and individual projects with those states. A subjective
probability of occurrence is attached to each of these states.

Table 3.3 shows the returns for the market and four projects given
4 states of the world along with the probabilities for these 4 states.
Using this information expected returns and variances of return can be
calculated as in Tables 3.4 and 3.5. Using the same information the
covariance of the projects with the market is also estimated in Table 3.5.
Since the volatility of a project is defined as the covariance of that
project with the market divided by the variance of the market, an estimate
of the volatility for each project can be made. The volatility for each
project is shown in Table 3.6. The reward-to-volatility ratio for the
projects can then be compared with the reward-to-volatility ratio of the
surrogate, or the risk equalized return of the projects compared with the

current return level of the surrogate.
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TABLE 3.3
RETURN OF THE MARKET AND FOUR PROJECTS GIVEN FOUR STATES OF THE WORLD

Subjective Market Project Return
State of the World (S) Probability (=) Return (Rw) Ry Ro R3 Rg

1. Serious recession .05 -.30 -1.00 -.20 -.05 -.48

2. Mild recession .20 -.10 -.40 .07 .07 -.12

3. Mild recovery .45 .10 25 .16 10 .13

4, Strong recovery .30 .30 S0 25 17 33
TABLE 3.4

EXPECTED RETURN AND STANDARD DEVIATION OF RETURN FOR THE MARKET

- L P ™Ry Ru - By nl(Ry - Ey)”
1 .05 -.30 -.015 -.40 .008
2 .20 -.10 .02 -.20 .008
3 45 .10 045 .00 .000
4 .30 .30 .09 .20 012

Ey = .10 ofy = .028
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EXPECTED RETURN AND COVARIANCE OF RETURN WITH THE MARKET FOR FOUR PROJECTS

Project
1

S

o P — WMo — By —

MSwn —

.05 -
.45
30

.05
.20
.45
.30

.05
.20
.45
.30

.05
.20
.45
.30

Ei ﬂRi Rf - Ej RM = Ep "(Ri - Ei)(RM - Epm)
1.00 -.05 -1.133 -.40 L0223
-.40 -.08 -.533 -.20 L0214

.25 1125 .118 0

.50 .15 . 368 .20 0147

E] = ,133 COV(R],Rm) = ,0584
-.20 -.01 -.351 -.40 .007

.07 .014 -.081 .20 .0032

.16 072 .009 0

.25 ,075 .099 .20 L0059

E2 = .151 COV(RZ ,RM) = 0161
-,05 .0025 -1.5% -.40 L0031

.03 .006 -.075 -.20 .0030

.10 .045 0 N

s 17 .051 .065 .20 L0026

Eq = (TO5 Cov(R3,Ry) = .0087
-.48 -,024 -.59 -.40 .0118
-.12 -.024 -.23 -.20 .0092

13 .0585 .02 0

i3 .099 Ol .20 0132

E4 = 110 COV(Rq,RM) = ,0342
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TABLE 3.6
VOLATILITY FOR FOUR PROJECTS

Project Cov(Ri,RH) g
1 .0584 2.08
2 .0161 ol
3 .0087 81
4 .0342 1.22

The reward-to-volatility ratio for the surrogate is
{Ry = Rg)/Bg = (13.12 - 5)/1.43 = 5.68

The reward-to-volatility ratio for each of the projects is

(E1 - R¢)/87 = (13.3 - 5)/2.08 = 3.99  For project 1
(Ep - R¢)/Bp = (15.1 - 5)/.57 = 17.72  For project 2
(E3 - R¢)/B3 = (10.5 - 5)/.31 = 17.74  For project 3
(Eq - Rf)/54 = (11.0 - 5)1.22 = 4.92 For project 4

Comparing these values with the reward-to-volatility ratio of the
surrogate results in the acceptance of projects 2 and 3 and the
rejection of projects 1 and 4.

Figure 3.3 illustrates graphically the reward-to-volatility
criterion as a project selection tool. The (E;,8;) coordinates for
each project are plotted and compared with the security line of the
surrogate, This 1ine connects the risk-free rate for g = 0 with the
(Eq» By) coordinates for the surrogate. The reward for accepting
additional risk for projects 2 and 3 is greater than the reward for
accepting risk currently in effect for the surrogate, resulting in

(Ej.84) coordinates above the firm security line. Since the reward-
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to-volatility ratio for projects 1 and 4 are less than the ratio of
the surrogate, those projects plot below the security line and are

rejected.

Project Number Surrogate
Mean
15 " Y

o EO ---------------------- : *]
£ 12 ' WACC
= o & | .
E .3 I (Weighted Average
& 10 i Cost of Capital)
© 1
3 )
Q
o I
a2 |
*x
(8] I
" 5 :
w |

i

I

I

i

i

| M

T 7

Bo = 1.43 2 Volatility, 8

Figure 3.3. The reward-to-volatility and
weighted average cost of capital criteria

To point out the possibility of conflicting decisions between the
reward-to-volatility criterion and the weighted average cost of capital
(WACC) criterion, the WACC was also included in Figure 3.3. A WACC of
12% is assumed for the surrogate. This is a typical value. There are
many books and articles explaining the weighted average cost of capital
and how it is calculated. One such book is written by Quirin (16).
Since the volatility of the surrogate with the market has no effect on

the WACC, it is represented by a horizontal line at Ep = 12%. There are
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two areas in which the WACC criterion and the reward-to-volatility ratio
give conflicting decisions. These are the triangular shaped areas
containing points 1 and 3. Under the reward-to-volatility ratio, project 1
would be rejected while accepted by the WACC criterion. Project 3 would be
accepted by the reward-to-volatility criterion and rejected by the WACC
criterion. The remaining areas would not result in conflicting decisions.
Project 2 and any other project plotting above both lines would be accepted
by both criteria. Project 4 and any project with (Ep,Bp) coordinates below
both lines would be rejected by both criteria.

In order to maintain the current risk level of the surrogate, all
projects could be risk equalized using the method of Tuttle and Litzenberger

introduced earlier. From Equation (3.16)

Ry' = 5+ (1.43/2.08)(13.3 - 5) = 10.8
Ry = 5+ (1.43/.57)(15.1 - 5) = 30.3
Ry’ = 5 + (1.43/.31)(10.5 - 5) = 30.4
Ry' = 5+ (1.43/1.22)(11 - 5) = 12.0 .

These risk-equalized rates are then compared directly with the rate of
return for the surrogate, Rg = 13.12%. The decision regarding investment
in each project is not changed since movement occurs along the line
representing the slope or reward-to-volatility ratio for each surrogate.
This risk-equalization process is shown in Figure 3.4. For projects 2, 3,
and 4 this movement corresponds to borrowing at the risk-free rate and
investing in the project. Funds from project ! would be lent to another

investment alternative at the risk-free rate to achieve risk-equalization.

3.4 Statistical Analysis and Discussion

Capital asset pricing theory assumes a linear relationship between

the return of an individual security and the return of the market. The
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relationship was tested by regression analysis to determine whether or not
this linear relationship was true for the brewing industry. The r? value,
the square of the sample correlation coefficient, is the proportion of the
variance of the return of the surrogate security attributed to its linear
regression on the return of the market. This value was .725, indicating
that nearly three quarters of the variance associated with Ri' the return
of the security, was associated with the return of the market, Ry.

Unfortunately, the reward-to-volatility criterion uses only point
estimates in its evaluation of projects. Ideally, the variance associated
with the random nature of the return of the project and the surrogate
security should be incorporated into the decision criterion., HNo attempt
has been made here to develop a statistical model which uses interval
estimates in comparing a project against the surrogate firm for an investment
decision. A statistical criterion is not used because of the nature of the
estimate of the return for the project. Unlike the surrogate security, no
sample is involved in determining the expected return and covariance of
return with the market for the proposed project. These values are truly
only estimated values. To compare the project with the surrogate for
acceptance of the project at a specified confidence level, it becomes
necessary to pseudo-sample the future project via a simulation technique,
generating a number of points for return rates, which would comprise a
sample. Unless the project is sampled it is not possible to use a
statistical model for capital budgeting.

A possible problem with a statistical model of capital budgeting
might occur if the variances of the samples that determine the estimated

parameters of the regression analysis, a and B, are large. The confidence



bands about these parameters then would be quite wide. The wider these
confidence bands, the less capable the model is in distinguishing a

significant difference between possible projects and the surrogate firm.
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CHAPTER TV
CONCLUSTON

The most significant result of the thesis is the demonstration of
the application of capital asset pricing theory to the project selecticn
problem for the private firm. This result was accomplished by using

the concept of a surrogate security for the private firm. This surrogate

was composed of the publicly owned competitors of the firm. Using the
reward-to-volatility criterion projects were compared against the
performance of the surrogate security for acceptance. The industry
selected for the example was the brewing industry. Four possible
projects were compared against the surrogate security as a demonstration
of the application of the model. Thus by example, it has been demons-
trated that capital asset pricing theory can be applied as a criterion
to the capital budgeting selection procedures of the firm.

The capital asset pricing model is applicable to homogeneous
industries in which there are publicly owned firms competing with a
private firm. The only restriction occurs in industries which are
dominated by diversified, conglomerate corporations whose return rate
is from varied divisions of the corporation. Inclusion of these
conglomerate firms would distort the return rate of the surrogate
security.

The capital asset pricing model was demonstrated as superior to
the common weighted average cost of capital method. The WACC method
of capital budgeting assumes that the future cost of capital is known
with certainty and requires all investments, regardless of risk, to

60
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generate a certain specified minimum return rate. The reward-to-volatility
criterion confronts both of these problems, acknowledging that the return
rates of investments are random variables, and requiring an increased

return premium for increased risk. Conflicting decisions result between

the WACC criterion and the reward-to-volatility ratio; for example, the

WACC criterion often giving an incorrect investment decision, as illustrated
in the example of Chapter III.

Only point estimates are used in the reward-to-volatility criterion of
capital asset pricing theory. This satisfies the constraint Bower and
Lessard (3) posed concerning management's desire for simple, intuitive
measures to be used as capital budgeting criteria. However, the reward
to volatility criterion implies that in accepting a project, all that can
be stated concerning the project is that, on the average, it will perform
as an investment superior to the level of return commanded by the firm's
competitors from their past and present investments. This is only a
survival criterion for the firm, If the firm wants to perform in a
manner superior to its competitors with a certain degree of confidence,

a statistical model that permits interval estimates must be used. In
order to apply the statistical model, it is necessary to pseudo-sample
the future project via a simulation technique since no sample is involved

in calculation of the expected return for the project.
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ABSTRACT

This thesis develops a method for using the "capital asset
pricing model", originally proposed by Sharpe, Lintner and Mossin,
as a capital budgeting criterion for the private firm. The theory
underlying the capital asset pricing model is introduced. The capital
asset pricing model is then applied as a capital budgeting criterion
to the privately owned firm using the "reward-to-volatility" criterion.
Previous investigative work has been Timited to the application of
capital asset pricing theory to publicly owned firms. The theory is
applied here to the private firm's capital budgeting decision by
constructing a surrogate “security" composed of the private firm's
publicly owned competitors. A1l projects being considered for
investment are then compared to the surrogate "security" for evaluation.
The brewing industry is selected to demonstrate this application. Four
hypothetical projects are compared to the surrogate "security" resulting
in decisions to accept or reject the projects. Thé reward-to-volatility
criterion is then demonstrated as one that is superior to the traditional
weighted average cost of capital method for making the proper investment
decision. Problems associated with the statistical testing of the
capital asset pricing model are discussed with further study being

recommended in this area.



