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CHAPTER 1

INTRODUCTION

Reinforced concrete plates form component parts of complex structural
systems such as shear walls in multistory buildings, components of shell
and folded plate roofs, and box girders. In most of these applicaticns
the reinforced concrete plate element is subjected to compressive forces
which may be applied eccentrically.

Eccentricity in the planar element can result from any of the following:
line of load application, support details, variation in flatness, unsywm-
metrical cross—section of the planar element with respect to the supports,
and roﬁation of floor and roof slabs supported on the planar element.,

In some designs of reinforced concrete shesr walls and other lead
bearing walls, the walls are analyzed as compression members with flexure (l)l.
The required reinforcement is designed for the internal forces resulting
from the elastic analysis. Other types of asnalyses (for shells, folded
plate roofs arnd walls) consider the planar element in a general plane stress
state and involve the solution of a two-dimensional continuum problem (1).
In these analyses the reinforced concrete has been considered to be an
elastic,; homogeneous and isotropic material.

However, a realistic analysis of reinforced concre@e for internal
stress should include several complexities such as the non-linearity in the
behavior of materials and the influence of progressive cracking of concrete
under increasing load. Cracks cause a redistribution of stress in the

concrete. Also, the effect on the response of such planar elements due to

INumbers in parentheses refer to references listed in the Bibliography.



the eccentricity of the applied ioads should be considered. In addition,
plate bending is characterized by the warping of the plate into a non-
developable surface,

The purpose of this paper is to presentlan analytical approach to
predict the response of a reinforced concrete plate subjected to normal
loads and to eccentrically applied, uni-directional compressive loads taking
into account the effects of the cracking of the concrete. The effects of |
different warping stiffnesses on the piate response will slso be presented.

Initially, an analytical approach for predicting the response of a
reinforced concfete plate with a uniformly distributed lateral load is
presented. This approach is then extended to the case of a simply supported
reinforced concrete plate with an eccentrically applied uni-directional
compressive loading. The study 1s limited to the service loa& range. The
analysis involves the use of a two-dimensional continuum problem. With the
non-homogeneous nature of reinforced concrete and the cracking of concrete,
a classical solution of the problem in closed form is not thought to be
possible; However, a solution can be obtalned by numerical methods such
as the finite difference or finite element.

The finite difference method is used in this presentation. Computer
programs are developed for the solution of the problems. Numerical results
are presented and comparison made with published sclutions of equivalent

problems.



CHAPTER 2

LITERATURE REVIEW

Literature on reinforced coﬁcrete subJected to in-plane compressive
loads is very much limited. However, some work has been reported on
reinforced concrete plates subjected tb lateral loading with effects of
cracking and the non~linearity of reinforced concrete taken into account.

In 1923 Huber (2), working with concrete as an orthotropic material,
first formulated the linear differential equation which governs the small

deflection behavior of such an orthotropic plate. His egquation was:

D i-hg-+2H __;3_h_g__+D au“- (x,y) (2.1)
fo) o QR o e cen S A R e oo .
x ox Bx28y2 ¥ ayh '

where q(x,y) is the latersl load function. He recommended the folloving

‘rigidities:
Ech ECI
Dy=—"73 Dy=——7 T YDy

I, are the transformed moments

where v is Poisson's rutio for concrete, I, y

of inertie in the x and y coordinate directions respectively, E. is the
elastic modulus for concrete, and Hy is the warping stiffness.

Timoshenko and Winowsky-Krieger (2) have done theoretical work on the
small deflection behavior of elastic isotropic plates under lateral and
in-plane loads. The differential equation for the deflection of a plate

under lateral and in-plane loads is given as:

L L ok -, 2 2

3w 3w w o1 3w 3w 3w
+ 2 + = = (Ny & + N, = + 2y, 5=+ @) = = - (2.2)
axt ax°ay® ayh - ax* ¥ aya v Y

where Nx'Ny are the in-plane loads per'unit length in the x and y directions

respectively, H__ is the shearing force in the y direction per unit length

Xy



of section of plate perpendicular to the x axis, g is the intensity of the
uniformly distributed lateral ioad, and D is the flexural rigidity of the
plate (sec Figure 2.1 for positive szigns of these forces).

Jeeffriet and McNeice (3) repprted a finite element analysis on the
‘response of reinforced concrete slabs subjected to lateral loads in the
service load range. Their analysis included the effects of cracked regions.
They gave suggested procedures for the following: (1) a means of taking
account of the orientation of the cracks with respect to the coordinate
system of the slabj (2) & reasonably good estimate of the effect of the
rigidity of a cr&cked region at moment levels greater than the cracking
moment; and, (3) an estimate of the effect on riéidity of steel orientation
vith respect to the crack direction. For fleéxural platé rigidities mention
was made of the suggestion by Huber (2) in the case where the crack direction
coincides with either direction of veinforcement. Joeffriet and McNeice
suggested that sinée for low steel percentages (which is the case for
reinforced concrete plates} the reinforcement contributes little to the
resisting moﬁents of the uncracked seétion, an uncracked rezion may be
treated as isotropic regardless of the orientation and orthotropy of
reinforcement. In their finite element anelysis.a unit load was applied
and scaled until only one‘element cracked governed by the magnitude of the
maximum principal moment. The stiffness of the cracked element was appro-
priately changed. The unit load was applied again and scaled until the next
crack observation. The procedure was repeated until the desired load level
was reached. The analysis ailowed for cracking in two orthogonal directions
if the minor principal moment in an element reached the cracking moment
value. However, they did not discuss the significancg ol the warping

stiffness.
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Several non-linear stress analyses of reinforced concrete slabs with
lateral loading have been reported, e.g. (4,5). In each of these cases the
stress-strain relationship for concrete was assumed to be elastic-perfectly
plastic in compression and elastic and brittle in tension. The stress-strain
relationship for reinforcing steél was assumed to be elastic-perfectly
plastic.

Vanderbilt, Sozen and Siess (06) reborted the deflections of multi-panel
reinforced-concrete floor slabs in which finite difference solutions were
compared to experimental results.

Cervenka and Gestle (1,7) at the University of Colorado made studies
on reinforced concrete panels. The studies were on the inelastic analysis
of reinforced concrete planar elements subjectéd to in-plane loading.
However, the eccentricity of the loading was not considered. The following
assunptions were made for an analytical model of reinforced concrete capable
of describing the interaction of uncracked or cracked concrete and reinforcing
steel in any number of arbitrary directions: (1) the uncracked concrete is
en isotropic, homogeneous material in plane stress state; (2) the cracked
concrete is anisotrépic and capable of resisting only stresses normal to
the crack direction; (3) the crack direction is perpendicular to the prin-
cipaul tension in the conerete just prior to the crack formation; and, (4)
both cracked and uncracked concrete are in a uniaxial stress state,

Different component material stiffness matrices were obtained for (1) elastic
uncracked concrete, (2) plastic uncracked concrete, (3) elastic cracked
concrete, (4) plastic cracked concreté, (5) elastic reinforcement, and {6)
plastic reinforcement. A numerical analysis was perforﬁed by load increment
using the finite element method. After comparing numerical solutions to

experimental results, they made the following conclusions: (1) crack



propagation and plasticity gf materials sre the most important non-linear
effects in the problems with monotonically increasing loads; (2) beam
analysis of shear wails and other load bearing walls over estimates the
stiffness of the uncracked psnel; and, (3) beam analysis of the cracked
- panel based on elastic transformed cross-section excluding tension concrete .
well represents the average stiffness of the cracked psanel.
Athavichitjanyaraks (8) presénted the development of an analytical
approach for predicting the behavior of a-simplf supported rectangular
plate made of & linearly elastic, homogeneous and isotropic material and
subjected to uniformly applied unidirectional compressive load with equal
end eccentricities. He found that for the given boundary ccnditions there

were three different classes of solution to the governihg differential

equation:
"2
4 a=w
V‘J'—-Nx—_é' ------------------------- (2'3)
ax

vhere N is the compressive load per unit length in the x direction. These
three cases deﬁended on the value of Nx and its relationship to the plate
buckling load. MNumerical solutions to the equation indicated the following
effects of the plate aspect ratio, %, on the lateral deflections of the
plate: (1) the maximum deflection for a given lpad occurs for an aspect
ratio, %-= 1; (2) the curvature (for bending sbout the y-axis) is single
valued for % = 0,5 or 1, but triple valued for %1 2; and, (3) for %3__ 2 the
maximum deflection does not occur at the midpoint. Reéults of experiments
on plates with various aspect'ratios generally agreed with the theoretical
results. He concluded that the primary geometric parameter affecting the
behavior of simply supported rectangular plates under eccentric compressive

loads is the length to width ratio and that the eccentricity of the loading

has an effect on the plate behavior.



CHAPTER 3
DEVELOPMENT OF EQUATIONS
3.1 - Differential Equation For Bending of a laterally Loaded Reinforced
Concrete Plate

The follcewing assumptions have Leen made in the development of the
equations:

1. Deflections are small compared %o the thickness of the plate;

2. The stress-strain relationship for concrete is assumed to be

elastic~-perfectly plastic in compression and elastic and brittle

in tension (See Figure 3.1);

3. The stress~strain relationship for reinforcing steel is assumed
elastic~perfectly plastic in both tension and compression;

k. The reinforcing steel may be in one or two layers and has the same
amount in either coordinate direction;

5. The cracking direction of the concrete coincides with the longi-
tudinal or transverse coordinate directions;

6. Depth of cracking is the same in both coordinate directions; and,

7. Dowel sction of the reinforcement is neglected.

Equilibrium Equation

Consider & plate that is subjected to a uniformly distributed load, g,
applied perpendicular to the plane of the plate. The plate is of uniform
thickness, h. The x-y plane is taken as the middle plane of the plate with
the z~axis perpendicular to the plate. The forces and moments acting on an
element of size dxdy in the middle plane of the plate are shown in Figure 3.2.
The forces and mements are per unit length.

For the element shown, three equilibrium equations may be written (2):

(1) summing up forces in the z~direction and equating them to zero,
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2% V2
Qudy - (Q + 37~ dx)d:)r*-c.!dx—(cz5 dy) dx - qaxdy = 0

Q. 9Q
Simplifying, Ezf + -—JL-P Q30 = e m - —- - e (31)

(2) Taking moments about the x-axis and neglecting the moment of the load,
g, and the moment due to the change in the force Qy since these are small
gquantities of higher order, we obtain after simplifying:

aM |
-—l R R e & 11

9x

(3) Similarly, taking moments about the y-axis, we get:

aM ald , _
yX X : ' o

d om— ) = e wA me e o N em o WE S e W G W S e s e e e e

5T "% =0 (3.3)

Substituting equations (3.2) and (3.3) into equation (3.1) and eliminating

Qx and Qy, ve obtain:

220 oM oM oM
2x-+ amyx + 21 - aﬁ? e T B e S (3.4)
3xX + 3y §
Since Txy = Tyxs Mﬁx M equation (3.4) can be represented as:
2 2 2

29 M
a M B ql,- Xy

8:(2 a:yz IR

S om = e e = - = e - = B ] ( 3-5)

Equation (3.5) is the equilibrium equation.

Uncracked bection

To represent equation (3.5) in terms of w, the deflection of the plate
in the z-direction, consider the element cut out of the plate by two pairs

of planes parallel to the xz and yz planes as shown in Figure 3.3. NN is

the neutral surface. Let _£3 -l-denote the bending curvatures and o, the

I'x !‘y l‘xy
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wiarping ewrvature of this neutral surface. Then the unit elongations,

Z
€.y £, Of & fiber at a point distant Z from HN are given by ¢ = —E, € b
X ks X r Yy r
X J
For small deflections, we can write (2):
P T SR 1 SR UL
ry A% ry o By© Ty OXo¥
Therefore, the unit elongations are given by (2):
321# ‘
By M ol T s R o e b e (3.6a)
9x
2
oW
£, = R TS s A R RS S RS e S SR (3.6b)
Y
32w
Y T B (3.6c)

by:
h/2
M, = -h52 O 242 = = = = o v m e .- —-———-——- (3.7a)
h/2
M, = _h§2 GRdE e o mmmmmn o S S e (3.70)
h/2
P L _h.;a BBl @ m = o i o e (3.7c)

To determine the stresses in the reinforced concrete consider the

effects of the steel and concrete separately and superimpose these effects.

Steel Stresses

For the steel, let

sti s°xs5i 3
- ng
N T (3.8b)



Oyst = Egfygy = - == ========»=~ cmememm-== = (3.8)
- 95
Eysi = by === === e m ... .---——- (3.84)

vhere i = ith layer of reinforcement; 1 = 1 or 2; Z; = distance from jth

1

layer of reinforcement to the neutral surface of the plate; o ., ¢

are
X8l

ysi
the steel stresses in the i'R layer of reinforcement in the x and y directions
respectively, and €,q4, €ysi are the steel strains in the ith layer of

reinforcement in the x and y directions respectively.

Concrete Stresses

Assuming the linear stress-strain relationship for the concrete as

shown in Figure 3.1, the concrete stress, fos is given by:

fo = Ecec e ® &Y% (compression}

- kf'c e, 2 €', (compression)

£, = Eceg e, < E'y (tension)
vhere E, = Young's modulus for concrete

€, = compress;ve concrete strain

€, = tensile concrete strain

e'c,s't = limiting compressive and-tensile strains respectively

f'c = cylindrical strength of concrete
k = a factor giving the upper limit of the working rangé

For the concrete stresses, let (2):

o. = E' e + E'¢

xc X xe ye
= [] a1
oyc = E ycyc + E .
Txy = Gny
where €xe*Cye are the concrete strains in the x and y directions respectively

Yxy = concrete shear strain
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llence:
G = =7 (E; EEE + E" EEE) R ‘- -« = == (3.9a)
*8 xaf af .
s = -7 (E'y Ef%+ E" EE%)' ------- L " (3.90)
oy 0x '
32w
Txy = -26G% %3y e .= e - - -~ TEssEEEEEEEs (3.9¢)

Superimposing the effects of the steel and concrete, Equation 3.Ta

becomes:
h/2 2 =
M = [ o Zdz+ L (pih) E e Ty = = = = = omm - (3.10a)
% -n/e xc 1=1 s xsi “i -
3 2 2 8 @
= -5 (m 3;+E"ag]-E‘hE—g'Ep.Zi2
12 X a5 3y 8 ax° 4=1 *

vhere (p;h) is the area of steel per wnit length in the iR layer,

Asti.

pi =] -TJ-E_’ . = total a.mount of steel in ith layer.

Astl
Similarly, equation 3.Tb becomes:

2 2

3 2 2 e
M o= b (g 2 1'?’ v g2 5] - Egh -?—"Ei I pyZy === === (3.100)
¥ 12 Y gy . ay i=1 Tt

Neglecting the dowel action of the steel, Equation 3.Tc becomes:

3.2
B0 BBl i s e s - s o s ko (3.10¢)

xy 12 9Xay

T e L e oy

C
1l - ve l = v2 xe
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These are Huber's assumptions (2) with the addition of the warping

parameter, A, where

v = Poisson's ratio for concrete

Exc’Eyc = Young's elastic moduli for concrete in the x and y directions
respectively |

A = parameter for the influence of warping on the torsional stiff-

ness, 0 < X < 1 (Huber assumed A = 1}

Therefore:
2 2
"W 9 W
Mx = -(Dxu 2 + Dlu_ __2-) ------------------ (3.1.1&)
9x ay
2 2
3w d w \
M, = =(Dyy =5+ Dy, =5) === = == = = e e m e m o (3.11b)
4Y ¥y ay2 u ax2
I 2D R (3.11c)
Xy Xyw ox9y ~ ~ T T TS T T T T T dlc
where2 b =D + D
- xu xlu 5
Dyy = Dygy * D
l-vy =
nyu A 2 ) Dxlunylu
Dlu = AV fDxluDylu
xiu 1 - v2 12
B 3
. =SB
ylu 1 - v© 12
L ~ 2
Ds = E:h .2 pizi n=1o0r2
i=l

Hence, for the uncracked section, the equilibrium equation (3.5)

becomes:

2Phe subscript “u" denotes uncracked section.
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4 4 4
Pxu - * by ;ﬂ' * 2 DDy anz L Fms - = - (3.12)

Cracked Section

Refefring to Figure 3.4, Cn‘is the depth of the compression face to
the neutral surface of the cracked section, Ei is the distance from the
ith layer of reinforcement to the neutral surface.

As-shown in the section Equilibriuwn Equation, the bending moments

per unit length in an elemental strip of the-plate are given by:
M, = JoyZdz
My = fcyZdz
= "Myx = -IT Zdz

Superimposing the effects of steel and concrete:

Cn 2 _
M o= S (B'ye, + Bley.) Zdz + 1 (pih) Egeygici
0 i=1
3
c 2 2 2 2
: 3 -
S S .Q_':zf.+ W/E_E i—},;_'— ~ Eh —-—Z; 5 pici2 - = (3.13a)
3(1-v) X ax ¥ oy ax° i=1
Similarly,
3
C - B
n F "4 W W . =2
M, = ( + AvwWE_E ——<Eh—— Ip,c.“ -~ (3.13b)
Y 3(1-v2) ¢ ay2 xetye o 2 ay2 i=1 ivi
3 fammm—— 3
M = 20 n” % _ MECHE. _C_rl__f‘l.. ____________ (3.13¢)
ey T 3 axdy | 1+v 3 3xdy .
Hence,3
2 2
3 W 9w
Moo= =D 24D  ==) mm e m - - - - (3.14a)
U xer .2 ler 332
2 2
W ; W
= w(Dyop ==t D, o) e e e m e e e .- (3.14p)
My J 3y2 ler ax2

3he subsceript "er" denotes & cracked section.
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32w

MJQ’ = 2nycr Gy T T Tt e e = - e e e = - e {3.1hc)

where Dy = Dyjepr + Dg

yer = Yyler

(1-v)
xyer 2 xlchylcr

_ PO ———
Dier AV ¥DyqerPyler
\ 3
_ Exe Cn”
Dijer =7 2 3
l-v
C 3
. .
ylcr ~. 2 3
l-v
B =% § adl
5 - g I pjcy
i=1

Hence, for a cracked section the equilibrigm equation (3.5) becomes:

ahw ah h . ,
_— FD o Do s g we e e e .
xer axh * I}:,rcr H ¥ 2) xlcr ylcr - 2 2 =1 (3.15)

Depth of Compression Face to Neutral Axis of Cracked Section, C,

Figuce 3.4 shows a cracked section, The concrete has been reinforced

A_' are the areas of steel réinforcement per unit length

in two layers. A, 4

in the two'layers. Using the transformed area method:

C
Cp+ 1o 5t + (n-1) A" (Cymdp) = n (Ag) (d-Cp)
2
i
5+ [n=1) A +nA] €y - (n-1) AS'dp - nAgd = 0

For A = Ag'

2 L]
Cn
o * (2n-1) AC, = A [(n-1)d, + nd] = 0
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Hence,

| . |
%=-@gﬂ&d+;£&yﬂ%fﬁ+8“yﬂ%+Eﬂﬁd----Bdﬂ

where n = EE
At
by T d

3.2 - Finite Difference Representation of Bending Equation
Using the central difference operator with an error of order {Ax)2‘or
(Ay)2 the following derivatives may be expressed in finite difference for

e general point (i,j) as follows (9):

ow _ 1 L
% " 2ox i1,y " Vi1, (3.272)
oW 1, .
ay Ty (Miga m Vi) T o T o s e e s e IR
2, 1
;;5 = ?Z;;; (W1+1,J - Qw4 "i-l,j) """"""" (3.17¢)
2
9°w
2 e (e oy =2, F Wy g ) mmmmmmm - (3.174)
ay2 (Ay)2 _ 1,041 1,] tad=d
O
-;;52 (Ax]l} (wi+2,:l - hwi"‘l,J + 6w]-_’3 - hwi_l,j + wi_z,j) - (3-173)
ahw 1
awt (ay)® (wi,goa = By ge1 + 6vig = g go1 = vy, g-2) - = (3.171)
y y
Bhw 1

= e % o L +
ofon? (o Rlam? L T B, Viel g1 T B gn

oy g =29 g Y Vi) e - B¥ip gt Viag,ge1) (3.178)
Substituting the last three of Eguations 3.17 in Equation 3.12 and

setting Ax = Ay = H we get:
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nwi’J_,..a - h(n*-p)wi”j.,.l + (6m+6n+8p)wj_hj - h(n+p)wi’d_l +
rswi'J_e + mWi.'_z’J - li(m"'p)ifi_'_luj - h(m-l'p)wi_l'hj +

mwi_e,J + 2P(wi+l,j+l + wi"'l,.j“l + Wi_l’J_l + Wi_l’d.'.l) Q== (3-18)

D - D .
- XU - -2 A Jormpr—
vhere m = Hh no=") P=TF DxluDylu

H H
The jeft hand side of Equation 3.18 may be represented by the module
disgram shown in Figure 3.5 for any point (i,j) in the slab,
For & eracked section the values of m, n, and p in Equation 3.18 and
in the module diagram are replaced by m', n', and p', where:

D D

_ Zxer _ _yer L ok, g
m' = Hh wr - Hh p' = Hh DyierPyler

3.3 - Boundary Conditions

Simply Supported Plate

For a plate of size a x b (see Figure 3.6) simply supported aleong all
edges on rigid supports and subjected to uniformly distributed lateral load

there will be no deflections snd no bending moments along the edges.

2

0 W

Hence, for x = 0,a w=0and M, = 0= )
ax
2

. — e n .. QW

for y = 0,b w = 0 and My =0 = ——

332

These can be represented in finite differences for the point (i,j) as

Tollowe:
2 W, - v + W
E—% = 0 = —rlad ;’J 2120 vhen x = 0,a
ax H
o] W - 2w + W,
-1 14 +1
2’% o g s sl 5 J L en ¥y = 0,b
oy H
Therefore, ui+l,j = —wi-l,J when x = 0,8 = = « = & & o - - o - - (3.19a)

Vi g ® Vgl when ¥ = 0,0 = = == = = = ;o = = = - - (3.19b)
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FIG, 3.5 MODULE DIAGRAM OF EQUATION 3.18
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Fixed Edge Plate

For a plate fixed along all edges against rotation and supported on

rigid supports there will be zero deflection and zero slope along the cdges.

‘Hence, for x = 0,a w =0 and %¥-= 0
for y = 0,0b w=0and ¥ =0
. 3y

Expressed in finite differences for the point {i,3):

W - W
CLL A s B9 N £ B - o
g 0 o when x = 0,8

P P L N I !

3; 0= H vhen ¥y = 0,b
Therefore, Vi1, 3 = Wi-1,j vhen x = 0,8 = = = = - - - == - - {3.20a)
Wi g+l T Wi, Jel WRER Y T 0D - = m - = - s = o m = = - (3.20b)

Due to symmetry of loading and support conditions, one quarter of the
plate can be analyéed so as to reduce the number of simultaneocus equations
to be solved. The numbering order of points in the finite difference network
for one quarfef of the'plate used in the analysis is shown in Figure 3.6.
An equation similar to Equation 3.18 should be written for each of the points.
For a general point, TM + J, in the network where 2 < T < N-2 and
3 < J < M-2 the equation is as follows for an uncracked section:
(6m+6n+8p)wi - (km+hp)wi_l - (hm+hp)wI+l = (bnthp)wy . - (Bntbp)wp, g *
mug_p + W¥pyp + R0Vt ry) * 2ROV Y g Ve e ) < @ 7 (3420
vhere I = TM + J.
For the other points in £he network, the equation will be medified due
to the boundary conditions (Equations 3.19 and 3.20) and the symmetry

conditions. For example, for a simply supported plate the equation for the

point M (see Figure 3.6) is as follows:
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(Sm+6n+8p)wy = (bmthp)wy | + miy 5 = (8n+8p )Wy +

2nwy, oy + hpwl‘iﬂ‘d-l Rt R R N N “ == === (3.22)
These equations are solved simultaneously to determine the deflections at
the points.
3.4 - Equations for Bending of Reinforced Concrete Plate Under Eccentric

In~Flane Compressive Loading

Differential Equations for Bending of Plate

Figure 3,7 shows a plate that is subjected to the action of compressive
forces in one coordinate direction. The forces are uniformly distributed
along the edges x = 0 and x = a with an eccentricity, e. Let the magnitude
of the compressive force be N, per unit length of the edge. By analogy
with Equations 2.2 ;nd 3.12, the differential equation of the deflected

surface for an uncracked section is given by Equation 3.23a:

L L L 2
W o'W 3w W
D, ==+ D, ===+ 2\/D_,. D 2oy T e w o o= oo (3.23a)
yu lu“ylu x 2
= axh 3yh- el axga_y-e ax

For & cracked section the eguafion becomes:

D g“_»;ﬂ) i‘fwex/n D ot _ N P (3.23b)
xer Bxh yer ayh xler yler ax23¥2 X ax2 _

where Dy,s Dyys Dyers Dyers Dxius Dylus Dxlers and Dyler are as defined in
Section 3.1.

Expressed in finite differences, for a point (i,J) in the slab,
Eguation 3.23a becomes: _

Ny g4p = W(ntplvy g4y + (6m?6n+8p-253‘fi,,j - b(n+p)vy j-1 +

nW; gop * MWip g - (hm+hp—s)wi+1’J - (hm+hp-s)wi_l'3 tmeg_p gt

2p(¥541, 341*Vi41, 3-1"Vim1, 41411, 5420 = O (3.24)

Ny

where 8 = —
H2
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FIG, 3.7 SIMPLY-SUPPORTED PLATE
SUYBJECTED TO ECCENTRICALLY-APPLIED LOAD
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Boundary Conditions

For a plate simply supported along all edges on rigid supports and
loaded as shown in Figure 3.7, there will be no deflections along the edges.
Also, there will be no bending moments along the edges parallel to the x-axis.
Along the edges parallel to the y-axis the bending will be equal to Nxe per

unit length.

' 32w
Hence, for y = 0,b w=0and M =0="""
Y 3 2
Y
3 I 1
for x = 0,a v = 0 and Mx =Ne-= —Dx ax2

Expressed in finite differences for a point (i,})

2
i ST 3 -
g 0 = 5 (Wi’J_l 2wi’J + wi,J+l) when y = 0,b
oy H
2 D
o"w _ . X ' -
—Dx 2 = Nxe e e 2 (wi—l,.j - 2wi,,j + wi"'l,.j) When X = Ola
ox H .
4 = . 3 b =
For an uncracked section Dx Dxu‘ for a cracked section Lx Dxcr'
Therefore, Wy su1 = =Vj g ) Wheny = Ob = = = = e == m == (3.258)
. H2
Vitl,3 = —(Nxe) B;-— wi-l,J vhen x = 0,8 = = = = = = = (3.25b)

Due to symmetry of loading and support conditions, one quarter of the
plate can be analyzed with the numbering order shown in Figure 3.6. Equation
3.24 is rewritten for each point in the network taking %nto account the
boundary conditions {Equations 3.25) and also the symmetry conditions.

For a general point, TM + J, in the network where 2 < T < N-2 and

3 < J < M-2 the equation is as follows for an uncracked section:



et

(6m+5n+8p-—25)wl - (hm-ﬁhp-s)wl_l - (hmhp—s)w1+l - (lm+hp)wl_M -

(bnthplup,y + wlvp_ptvreo) + nlvpoytveon) +

2p(VI g 1V 1 VIV Ie-1) S0 - - s s s e - - = (3.26)
where I = TM + J,

For points adjacent to the boundary parallel to the y-axis, i.e., tﬁe
points M, 2M, 3M, . . ., (N+1)M (see Figure 3.6), due to the boundary
condition (Equation 3.25b) the right hand side of Equation 3.24 will not be
zero. Thus, there will be a non-homogeneous set of equations to be solved.
For example, the equation for the point ¥ is obtained as follows for an
uncracked section:

(6m+6n+8p~2s8 )Wy - (Umtlp-s)w, , - (8n¥8p)vy,y, + 20W oy +

| | 2

kpigyge g + miyp + ml=wgligerf—) = 0

xu
Simplifying,

(5m+6n+8p—25)WM - (hm+hpms)WM_1 - (8n+8p)wM+M +o2nvy o

Nxe
ApVippp-1 + mVM2 = ;2“ -------------------- (3.27)
; 2
) . H2 Dxu ﬂer Nxe
slnce e = . =
x Dxu Hh Dxu H2

For a cracked section, m, n and p in Equation 3.27 are replaced by

m', n' and p' respectively.

3.5 - Plate With Equal End Moments Applied to "wo Opposite Edges
Consider the plate shown in Figure 3.7 to be bent by moments, Mo,
distributed along the edges x=0 and x=a instead of the compressive load,

N

4+ The deflection of the plate is given by the following homogeneous

equation:
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4 b
3 W 3 9w
D ;;E-+ D h + 22 ¥YD "lu v1u 23 - o P N PR U (3.28)

Lxpressed in finite differences, the equatibn is similar to Equation 3.18
‘except that the right hand side of the equation is equal to zero.

The deflections must éatisfy the following boundary conditions:

32w
9x
32w 3
Fory=0mdy=b,w=omd_§,=0
3y
Therefore,
witJ+l = MY G e mem s e mmr e sm e e (3.29a)
M i |
Witl,j T Wi,3-l " " T T Tt -- s o ssmmsss e (3.29b)
X

For a general point, TM + J, in the network where 2 < T < N~-2 and
3 < J < M-2 the bending equation in finite differences is given by Equation
3.30:
(6mt6n+8p)wy - (hmthp)wy g - (hmebplwpyy = (intbplwgyy = (bntliplip,, +
m(wy_otvpep) + nlvi_gytvreoy) + 2PV g ) Y g L1 Ve ) = 0 - (3.30)
where I = TM + J.
Equaticns for other points in the network are modified due to the boundary
conditions (Equations 3.29) and the symmetry conditions. For the point,
M, in the network, the bending equation is given by Equqtion 3.22 with

M

-—g- substituted for g in the right hend side of the equation.
. ,
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CHAPTER L

SOLUTION PROCEDURE

4,1 - Step-by-Step Solution .

The analysis of the reinforced concrete plate incorporated the cracking
of the concrete. Cracking of the concrete reduces the platé stiffness and
makes the plate deflect more for the same loading. Hence, & step-by-step
solution is adopted.

Initially a unit_load is applied to the plate., TFor the unit load é
finite difference equation of bending is writtén for each point in the finite
difference network using the uncracked stiffness factors, m, n and p. The
simultaneous equations are solved to determine the deflections of the points.
Strains in both coordinate directions are computed for both the top and
bottom fibers of the concrete. The unit load is scaled to a‘value, Q, where
only one point cracks. This is represented by point 1 in Figure b.1. (A
point is assumed to be cracked if the tensile strain at that point in either
coordinate direction exceeds a limiting value for concrete tensile strain, )
The uncracked stiffness factors, m, n and p are then replaced by the cracked
stiffness factors, m', n' and p' in the equation for the point which cracked.
Kew deflections are computed for the same load, Q. Strains are computed
again aﬁd exaﬁined for new cracked points. If any new points cracked, their
stiffness factors are changed to m', n' and p' and the ﬁrocess repeated
until no new points crack for the load, Q. This stage is represented by
the horizontal line 1-2 in Figure k.l.

A load increment, AQ, specified as a fraction of Q, is then applied

and new deflections computed. This is represented by point 3 in Figure L.1.
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The plate is then examined for new cracked points. The stiffness factors
for these new cracked peints are then modified and new deflections computed
for the same loading. This cycle is repeated until no more new points
crack for the same load and equilibrium is attained. Point 4 in Figure 4.1
represents this stage. A new load increment is spplied and the process
repeated.

The loading is inecreased until the compressive strain in the concrete
exceeds & specified limit for concrete. After equilibrium has been attained
for a load increment, the compressive strains in the concrete are examined
to find if the specified amount has been exceeded.

In the analysis when a crack occurs at a point in cne coordinate
direction (as determined by the tensile strain in that direction) the con-
cerete is assumed cracked in the other direction.

The snalysis was performed using a computer program which is described

in the next section.

4.2 - Computer Program

A computer program was written in the Fortran IV Language tc perform
the solution procedure described in the previous section. The program was
written to handle different support conditioﬁs ﬁnd types of loading:
simply supported or fixed edge plate and lateral loading or plate ﬁitﬁ
eccentric in-plane loading or end moments.

Input data include concrete and steel material properties EC, ES,
PR, EPSM, EPCM {see Appendix B for definition of notation), slab thickness
T, reinforcing steel ratio for one layer SRI, warping parameter WP, the size
of squares in the finite difference grid H, and the values of M and N which
specify the number of points being used in the finite difference grid.

The total number of points is given by IA = (N + 1)M. In addition, control
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- data NBC, IPROB, IND (or ECC) are given to specify the support condition and
vype of loading. NBC = ) for a fixed edge plate and equal to zero for a
simply supported plate. IPROB = 1 for eccentric in-plane loading and equal
to zero for both lateral loading end end moments. IND = 1 for lateral loading
and equal to zerc for end moment, If IPROB = 1 the eccentricity of the load,
ECC, is input as data instead of IND. For IPROB = O, IND is input as data.

The following subroutines are useﬁ in the program: MATRIX, ROWMAT,

. GELB and EPSHMAX. The subroutine MATRIX computes matrix A which constitutes
the coefficients of the left hand side of the simultaneous equations
obtained from Equation 3.18 or 3.24, depending on the type of loading.

The appropriate stiffness factors (uncracked or cracked) are used in
computing the coefficients for each point by means of the control code IC(I).
The subroutine MATRIX can work only if the number of points in the finite
difference network is at least five in the direction of the shorter side

of the plate, i.e., N > L,

The subroutine ROWMAT changes matrix A into a vector so that it can be
fed into IBM Library subroutine GELB for the solution of the simultaneous
equations.

After deflections are computed for a load increment, strains (in both
coordinate directions) in both top and bottom fibers of the plate are
computed for each point. EPSMAX determines the points which cracked during
the loud increment by comparing the strains with the spgcified maximum
allowelble tensile strain for concrete EPSM.

Output data after equilibrium is attained for each load increment are:
the number of iterations before equilibrium was attained, the points which
cracked during the load increment, deflections apd strains for.all the
points in the network.

A listing of the computer program is given in Appendix B.
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CHAPTER 5

NUMERICAL RESULTS

S.1 - Sample Calculation of Stiffness Factors and Terms in Matrix A
Given: Reinforced concrete square plate, 8' x &' x 1"
= By = E, = 3.0 x 108 psi, v, = 0.15, A = 0.8
Reinforcement: Two layers in both longitudinal and transverse

directions; steel ratio, hi = 0.01

= 30 x 108 psi, Z; = 0.375"

Stiffness Factors for Case of No Cracking

E 3 6 .3
n3
Dyau = Dyly = °2 T = 3:0x10 X1° _ 5 55754 x 107 Lb-in®
(1-v=) 12(1-.15°)
2 ' 6 4
Dy = Egh I p;Z;° = 30 x 10° x 2 (.375)? (.01) = 8.4375 x 10* 1b-in®

D, =D, =D +D, = 2.5575h x 107 + 8.4375 x 10% = 3.40129 x 10° 1b~in®

Terms in Matrix A

A sample calculation for terms in the Matrix A used in the computer
analysis is shown below. The calculation is made for three points inrthe
finite difference network.

Using a quarter of the plate for the analysis and 25 points in the
finite difference network, matrix A will be a 25 x 25 matrix. The input

date M and N in the computér program (Appendix B) will be 5 and 4 respectively.

H, the size of square in the network = 1 (92") = 9 6"
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For the case of no cracking,

D 5
o= ﬁu - 3-h0l§2hx 107 . 40.04596 1b/in2
H 9.6
Dy 3.40129 x 107 2
=== = 0 = 40,04596 1b/in
H 9.6
_ A T = 0.8 x 2.5575k x 10° = 2k,0894832 1b/in®
p ;?T xlu ylu 9.6% ) .

For point 1 (see Figure 3.6) Equation 3.18 will become:

(m + 6n + 8p)w1 - (6m + 8p)w2 + (2m)w3 - {8n + 8p)wg + (8p)wT +

(20)y = qe====emmc----amemmmma————- (5.1)
Substituting the values of m, n and p computed above into Egquation 5.1 we
get:

673.27 W, - 513.08 Wy * 80.092 g = 513,08 Ve * 192.72 w7 + 80.092 LT

For point 5, using Equation 3.22 (M=5):

3 - (1 =

(5m + 6n + 8p)v, (b + Up)wy + (m)vy = (8n + 8plw ) + (En)W15 +

(kplwg = q
Hence,

Lo, 046 Wy - 256.5h Wy, + 633.22 Vg + 96.358 w9 - 513.08 Vig ¥ 80.092 W5 = 4

General Point, TM + J

Por a network with 25 points, there is only one general point where
T =2 and J = 3. Thus, the general point is 13. For point 13, using
Equation 3.21, ve get:
+ W, - +hp)w, = W,.: = +hp)w, - +hp)w_ , +
(6m+6n+8p) 13 (Lm+hp) 12 (4m+hp) 14 (kn+hp) 8 (in+kp) 18

(m)wll + n(w3+wa3) + ap(w7+w9+w17+w19) + (m)wl5 = q

Substituting in the values of m, n and p, we obtain:
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40.046 wy 48.179 Wy 256,54 vy + L8.179 Wy + 40.0k6 Wiy = 256,54 v, 4
48.179 Vig* Lo.ok8 Vo3 = q
See Appeudix € for the 25 x 25 Matrix output from the computer program.
5.2 - BEffect of Warping Parameter, X, and Steel Ratio, pj, orn Response of
a Laterally Loaded Concrete Plate Using Timoshenko's (2) Solution
The differential equation for the solution of a rectangular reinforced
concrete platelwith lateral loading is given by Equation 3.12 for the case

of no cracking.

n L S .
3w —————— QW d W
D “p+2 /D D ————#D T TE=Qg--=--==-=-- (3.12)
xu axh Auylu ,42..2 yu a3y ’
a - X
b
¥
F‘i-E.I
H g

For & simply supported plate with the coordinate system shown in Figure
5.1, the load, gq, in Eguation 3.12 may be expressed in the form of a double

trigonometric series as follows (2):

g = 16 g .. =& b £ sin E££ sin E%Z - - - .- -- (5.1)

x®  m¢l,3,5 n=1,3,5 @
A solution of Equation 3.12 that satisfies the boundary conditions may be
expressed in the form shown below:

(-] o« - -
W o= I L ar= gin EEE sin n; e A B (5.2)

- - . mn
n=1,3,5 n=1,3,5
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From Equations-3.12, 5.1 and 5.2, we obtain:

- - (5.3)
amn 6 —h _2_ h ------ 5'3
" omm (Bop, + B, T )
— ;ﬂ' xu °b2 Dyiu ylu "E Dyu
Hence,
' mx n
) 16q, = » sin === sin ‘Ez' (5.1)
w = E - I h -2-2 -—h - So

J - .
" m=1,3,5 n=1,3,5 mn (m D + 2n n & W +0_p )
' gt Xu a2p2 *x1u ylu ;H yu
For a square plate of side, a, the maximum deflection, v, .., is at the

point where x = a/2, y = a/2.

16qD w ® sin —%-sin 9%
"max = "6 5;1;3 5 5=1E3 5 - G ' A -
> XY mn(;h-D +2—Tl/xluylu+;h‘Dyu)
Example: -
Reinforced concrete square plate, 8' x 8' x 1"
By = Eyc = Eé = 3.0 x 106 psi, v = 0.15

Reinforcement: Two layers in both longitudinal and transverse

directions. Steel ratio, pji, to vary from 0.005 to 0.4

By = 30 x 10 psi, Zj = 0.375"
E 3 6 3
c_h 3x10 x1 ; 5 . 2
Dy = Dyly = —— 35 = = 2,5575k x 10% 1b-in
T 2 B (1.0,152)22
g 4
Dg = Egh I p;Z;° = 30 x 206 x 2 x (0.375)2
=1 7
= 8.4375 x 100 p, Ib~in®
D =D =D +D_ = 255754 x 105 + 8.4375 x 105 p

For pj = 0,01, X variable

e .. = ? Thuin®
B Dyu 3.40129 x 107 1b-in
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From Equation 5.5 for E=l, n=1

v - 16q,, (8 x 12)h

mex 06 5 (3.40129 x 10%) + 21 (2.55754 x 10%)

1.413532 x 100 a :

6.60258 x 105 + A (5.11508 x 10°)

Table 1 shows the variation of Wm " with A for py = 0.01 as obtained

a,

from Timoshenko's solution (using m = 1,3 and n = 1,3) and from the computer

program for the case of no cracking. These results are plotted in Figure

5-2&.
Trig. Series Finite Difference
IM=6, N=5)
A W ooy /do in>/1D w o /dg in3/1b

0 2.04T 2.043
0.2 1.776 1.772
0.4 1.568 1.566
0.6 1.403 1.h01
0.8 1.269 1.268
1.0 1.159 1.157

Table 1 - Variation of Maximum Deflection of Square Plate
With Werping Paremeter

For A = 1.0, p. variable

D =D __ =01 + D, = 2.55754 x 10° + (8.4375 x 106) Py

yu xu xlu

From Eguation 5.5 for m= 1, n=1

16q, (8 x 12)%

w =
max

¥ [h(2.55754 x 10%) + 2(8.4375 x 105) o, ]

1.413532 x 106 a,
6

1.023016 x 10° + (1.6875 x 107) oy

Table 2 shows the variation of w with steel ratio, pj, for = 1.0

max

as obtained from Timoshenko's solution with m = 1,3 and n = 1,3, Also see

Figure 5.20.



38

Py wmax/qo in3/lb
005 1.246
.01 1.159
.015 1.083
.02 1,016
025 | 0.958
.03 0.905
J035 0.858
.0k 0.825

Table 2 - Variation of Maximum Deflection of Square Plate
With Steel Ratio, py

Bending Moments

For the case of no cracking,

2, 2

0w d W.
ax Yy

Differentiating Equation 5.4 with respect to x and y,

5 [ o -D 2 - P
0w
"‘5'=-_ I _ L Km; sz':'an;f'Csinll-;:;'x
Ix w=%,3,5 n=1,3,5 8
2 L o -2 2 - =
E—g;z - b bX K 2 Z sin m:x_sin any
oy mrl . n=1 +3,5 b
where
16q
l i
K = 60 "II- Ty - _ll- """"""" (5-6)
" mn (5D +%Am+%b
gt XU afb xluTylu
For & square plate with side, &, maximum moment is at the point where
=8 ond v = D,
X = 5 ond y =
L5 5 e ) G+ 0y - (1)
Moax = o ) . & K sig 5 sinz ) (m Dyy) = (5.7

n=1l,3,5 n=1,3,5

For p; = 0.01, A variable

v By ly1g = 0.15 & (2.55754 x 107)

yu

= X (3.83632 x 10%) 1b-in2
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Dy, = 3.40129 x 10% 1b-in?
From Equation 5.6, for m = ), i = 1
16q

)
K = —2 _(96)"
2 2(3.50129 x 10°) + 2x(2,5575h x 10°)

From Equation 5.7,

..,
Moax = 2
(96)

K (3.40129 x 10° + A (3.83632 x 10°)] 1bein

Table 3 shows the variation of the maximum bending moments with the
warping parameter, A. Values obtained from both Timoshenko's solution and

the computer program are'given.

Trig. Series Finite Difference
(M=6, N=3)

A Mmax/qo in® MMax/qo in3
0 TO4, T3 705,17
0.2 620.18 621.75
0.4 555.32 55T.T5
0.6 503.96 506,95
0.8 h62.36 _ 466.2k
1.0 L27.93 432,23

Table 3 - Variation of Maxinum Bending Moments in Square Plate
With Warping Parameter, A.

Tables 1, 2 and 3 show that the results for deflections and bending
moments obtained from the finite difference solution are in agreement with
those obtained using the trigoncmetric series solution. The results show
that for a given load, the maximum deflection increases by 77% and the
maximum bending moment increases by 63% when the warping perameter, A,
decreases from 1 to 0. Also the deflection increases as the steel ratio,

Pis decreases.



5.3 - Response of Simply-Supported Reinforced Concrete Plate With Lateral
Loading Including the Effects of Cracking

The computer program which was developed was used to analyze the simply-
supported reinforced concrete plate whose details were given in the example
in Section 5.2. The effects of cracking were included. A steel ratio of
0.01 was used. |

Thirty-six points were used in the finite‘difference network of one
quarter of the plate (seelFigureSSa). Table 4 shows the maximum deflection
and bending moments for various loads as obtained from the computer progran.
The results shown are for ) = 0.8. rThe table slso indicates the points
which cracked during each load increment. It should be noted that there are
two values of deflection (and bending moment) for the lﬁad of 0,239 lb/in?.
The first value is the deflection just before the first crack and the second
is the deflection after cracking starts.

Figure 5.3b shows plots of load versus maximum deflection for various
values of A, the warping parameter. Figure 5.4 shows plots bf-loﬁd versus
maximum bending moments in the plate. The plots indicate that the load at
which cracking starts in the plate decreases as the warping parameter decreases.
Also the defleﬁtion (and bending moments) for & given load increases as the
warping parsmeter decreases. For the case of no cracking the maximum plate
deflection increased by T7% and-the maximum bending moments increased by
63% when the warping parameter decreased from 1 to 0. For the cracked case
the maximum deflection increased by 18% and the maximum-bending moments
increased by 16% for a given load when the warping parameter decreased from
1 to 0.

Figure 5.5 shows the progression of cracked zones in one quarter of the
plate as the loading increases. The crack progression was similar for all

values of A, The cracking started from the center of the plate and extended
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toward the edges. About half of the plate cracked as soon as cracking set
in. This resull may be due tc the coarseness of the finite difference grid
used in the solution. In the analysis whep a point cracks the stiffness
factors for the cracked section are used in the finite difference equation
(Equation 3.18) for that point in subsequent computations. This means that
the cracking of one point affects other points as can be seen from the

module diagram in Figure 3.5. For a coarse grid the effect is significant.

Maximum Maxximum
Load Deflection Moments ‘
1b/ine ins, 1b-in/in Points Cracked By Load Increment
0.239 .303 111.25 (No cracking)
0.239 954 135.78 1, 2, 7, 8 3, 4, 9, 13, 14, 15,
19, 5, 10, 11, 16, 20, 21, 22,
- 25, 26, 17, 23, 27, 28
10263 1.134 159.28 . 65 18, 294 31, 32; 18; 33
0.286 %.237 173.77 — -
0.334 1,468 205.69 24, 3k
0.382 - 1.617 235.10 | 00000 e e -
0.430 1.907 267.12 30, 35
0.477 2.119 596,76 | 00 L mmm w

Table 4 - Maximum Deflection and Bending Moments for A = 0.8

5.4 - Pixed-Edge Reinforced Concrete Plate Subjected to Lateral Loading
Vanderbilt, Sozen and Siess (6) developed an approximate method to

predict deflections of floor slab systems with or without beams on the

basis of finite difference solution and test data from five multiple-panel

structures. They obtained the following coefficients for mid-panel deflection

of a panel supported on beams and surrounded on all sides by other panels:
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Coefficient {uncracked slab) = 0.001L46

Coefficient (cracked slab) 0,00906

The deflection is given by:

L
W= 3%— vhere L = long span, D is the flexural rigidity of uncracked

3
Ech

slab and is given by D = >
12(1-v")

Example

Reinforced concrete slab, 60" x 60" x 1.5", E, = 3x10

6 psi,

E, = 30 x 106 psi, steel ratio=pi = .01, €'y = 0.133 x 1073 where e'y is
the limiting tensile strain in concrete, v, = 0.15.
Using the method of Vanderbilt, Sozen and Siess:
E h3

c
(l-v2

= 8.6317 x 10° 1b/in
)12

D=

%i = 15,0144 in3/1b
For q = l‘lb/in2

mid-panel deflection (uncracked slab) = 15.01kk4 x 0.001L6 = 0.0219"
For g = 8.546 1b/in®

mid-panel deflection (cracked slab) = 0.00906 x 8.546 x 15.01kb

= 1.162" '

The method of solution presented in this paper was used to solve the
same problem assuming the edges of the panel are fixed against rotation. The
follovwing results were obtained:

For g = 1 1b/in®

mid-panel deflection (uncracked slab) = 0.0153"

For g = 8.546 1b/in

mid-panel deflection (cracked slab) = 0.3k9"
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Vanderbilt, Sozen and Siess ignored the effect of reinforcement in the
calculation of the flexural rigidity, D. 1If this effect is taken into
account the deflection for the uncracked slab obtained from their solution
is 0.0155" for g = 1 1b/in°. This agrees well with the result obtained from
the solution presented in this paper. However, the mid-panel deflection of
the cracked slab for g = 8.546 1b/in® if fhe reinforcement effect is taken
into account is 0.826" which is about twice thé value obtained with the
solution presented in this paper. Vanderbilt, Sozen and Siess allowed some
rotation of the edges of the panels. Also, they obtained the deflection
coefficient for the cracked slab by mpltiplying the deflection coefficient
of the uncracked slab by the ratic of the moment of inertia for the uncracked
section to the average of the negative and positive moments of inertia fof

the fully cracked section.

5.5 - Response of Plate With Eecentric Compressife In-Plane Loading

Aluminum Plate (Elastic)

To test the accuracy of the method of solution used for a plate with
in-plane compressive loading, the finite difference solution was used to
analyze the aluminum plates with the following data used by
Athavitchijanyaraks (8):

Plate.l: AMuminum Plate 8" x 8" x 1/8"

Plate 2: Aluminum Plate 16" x 8" x 1/8"

E = 10.5 x 106 psi, v = 1/3, Eccentricity of loading = 1/2"

Deflection profiles for the two plates as obtained from the finite
difference solution were compared with the results of Athavitchijanyaraks.
The curvature of the plate deflection is single-valued for Plate 1 and
triple~valued for Plate 2. The results from the solution used in this

study agreed well with those obtained by Athavichitjanyaraks, These

are shown in Figure 5,6.
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Reinforced Concrete Plate

Two reinforced concreté r.ates were analyzed using the finite differecnce
solution for their response under eccentric compressive loading. The data
for the p@gtes are given below:

Plate 3: 8' x 8' x 1"

Plate b: 16; x 8' x 1"

Eccentricity of loading = 0,5", v = 0.15

By = Ege = Eo = 3.0 x 100 psi

Reinforcement: Two layers in both longitudinal and transverse directions

Steel ratio, py = 0.01

E, = 30 x 100 psi, Z; = 0.375"

The plates were loaded as shown in Figure 3.T. Plate 3 was analyzed
using thirty-six points in the finite difference network for one guarter
of the plate. For plate L, fifty points were used. The load-deflection
curves for plates 3 and U for the case of no cracking are shown in Figures
5,7 and 5.8 respectively. They show that the deflection of the plate is
not directly proportional to the loading. For a given load, the deflection
of the plate increases as the warping parameter decreases. Figure 5.9
shows the load-deflection curves for Plate 4 for both cases when the plate |
is uncracked and when cracked. The deflection increased considerably when
cracking started,

The deflection profile for Plate 3 was different from that of Plate L,
In the x-direction, Plate 3 deflected into a single-~valued curvature while
the curvature of Plate L was triple-valued. These are shown in Figure 5.10.
In the y-direction both plates deflected into a single-valued curvature.

For Plate 4, the deflection of the middle part of the plate reversed direc-

tion when cracking started and the loading increased. This is shown in

Figure 5.11.
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CHAPTER 6

CONCLUSIONS

On the basis of the numerical results obtained from this study, the
following conclusions can be drawn, '

The average slope of the load versus maximum plate deflection plot is
lower for tﬁe cracked plate than for the uncracked plate. The same can be
said of the plot of load versus maximum moments. Thus, the cracking of the .
concrete has an effect on the plate behavior and should be taken into account
in the analysis of reinforced concrete plates;

The maximum plate deflection and bending moments for a given load on.
the uncracked plate change considerably when the warping paraﬁeter, A, changes
from 1 to 0. The corresponding percent changes for the cracked plate are
less than those for the uncracked plate. Hence, the plate torsional stiffness ‘
of the plate affects the response of the reinforced concrete plate. However,
the response of the cracked plate is less sensitive to the plate torsional
stiffness than the response of the uncracked plate.

The behavior of a simply-supported plate subjected to an eccentrie in-
plane compressive load is dependent on the length-width ratic of the plate.
For a square plate the plate bends into a single curvature with maximum
plate deflection at the center of the plate while for a plate with a length-~
width ratio of two the curvature of the deflected plate is tri-valued and
the maximum deflection is near the shorter edge of the plate. The load-
deflection relationship for the plate with eccentric in-plane loading is
not linear. This behavior, which was obseryed for elastic, isotropic

plates (8) is apparently not affected by cracking.
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The finite difference analysis can adequately predict the crack propa-

gation of the reinforced concrete plate subjected to load. -
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NOTATION
a plate length
Ag area of tensicn reiﬁforcement per unit length
AB' area of compression reinforcement per unit length
b plate width
33 ~ distance from ith layer of reinforcement to neutral axis of
cracked section
Cn depth from compression face to neutral axis of cracked section
d depth from compression face to bottom layer of reinforcement
ds depth from compression face to top layer of reinforcement
D flexural rigidity of plate
Dx' Dy stiffness factors in x and y coordinate directions
Dxu’ Dyu stiffness factors for uncracked section
Dycr» Dycr stiffness factors for cracked section
e eccentricity of in-plane load
Ec modulus of elasticity for concfete
Es modulus of elasticity for steel
Exc’ Eyc modulus of elasticity for concrete in x and ¥ coordinate directions
f’c cylinder strength of concrete
h plate thickness
H size of sguare in finite difference grid
Ho warping stiffness
I peint in finite difference grid
Ix’ Iy transformed moments of inertia in x and y directions respectively
M moment per unit length
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numbers used to specify the number of points in the finite
difference grid

bending and twisting moments per unit distance in plate
modular ratio

normal and shearing forces per unit distance in the plane of
plate _ .

steel ratio per layer

transverse load per unit Area

shear forces per unit distance in plate or shell

deflection normal to plate

dépth from ith steel layer to neutral axis of uncracked section
warping parameter

Poisscﬁ's ratio for concrete

unit normal strains in x and y directions
unit strains in ith layer of reinforcement in x and y directions
unit strains in concrete in x and y directions
unit shearing strain
unit

normal stresses in x and y directions

unit shearing stress on plane perpendicular to x-axis and
parallel to y-axis

unit stresses in i®P layer of reinforcement in x and y directions
unit stresses in concrete in x and y directions

steel ratio
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DIMENSION A(50490)+B(50)+5(2500)4FEPSB(S50 ), EPST(50), IC{50),IP(50Q),
LPSTY(S50) EPSBY(50)+ICR{50)+IR{50)
REAL PR!T!H'SR[PSRZ?ZIU:Z?UIHP!D!D INRlESQEC!DQ’Q’EPSM!EPCM'TEMP'
L1C 4 22CNX ECC |
INTEGER M;Ne ICOUNT s JCUUNT yKCOUNT ¢ JIJyNBC o LCOUNT o IPROB, IND, NNN
95 FORMAT(YO%y5TXe "W-DEFLEC TIONS FOR Q='4C1l1.5)
102 FORMAT(10{2X.E10.4))
1207 FORMAT(IHO:20X'ERRDOR IN DATA OR MATRIX IS SINGULAR')
1208 FORMAT{1HO: 20X, *WARNING-POSSIBLE LOSS OF SIGNIFICANCE INDICATED')
' READIS5.%) NBC
5 FDRMATI{IZ2) '
READ( 5,900 MyNyESyEC 4PRyCPSML,EPCM
90 FORMAT(Z214:2E1l3.6,F6.2:2E10.3)
9] REAN(5:96)1 TyeHeDyD24Z1U»22U,S5R1
96 FORMATLTFLO.4)
(C e e e e e e ol e e e e oot e ol oo e o ok o e R o e e e e R R R R R R R R Rk R &
C NBC=0 MEANS FIXED EDGES
C NBC=1 MEANS SIMPLY SUPPORVED EDGES
C IPROB=0 MEANS LATERAL LOAOQING OR END VJMENTS
o IPRGB=1 MEANS IN-~PLANE LOADING
C IND=0 MEANS PLATE IS LOADED BY END MOMENTS
C IND=1 MEANS LATERAL LODADING
C NX IS THE IN-PLANE COMPRESSIVE LOAD PER UMIT LENGTH
C ECC IS THE ECCENTRICIYY OF THE IN-PLANE LOAD
C e e oot e e e ok ofe ode e e i de ol e e i ofe e ofe e e oo ok ok e e e ok e e ol e ol o oo e e o ol ke st e e ol ok e ol o ol o ol s ol e o e e ofe oo
READ{5,5) IPROB '
Chbdokbe e deofeodede el dofedoderfdokbfr S hddohfhdifofdlotfdedfdofehfhbeolde ek ekddd
C IF PLATE IS LOADED LATERALLY COR BY END MOMENTS,
C INPUT DATA IS VALUE OF IND
C ‘IF PLATE IS LCADED IN ITS PLANEy INPUT DATA IS VALUE OF ECZEHWHTRICIY
Cobkitefikdebfokioddod ok ke d dofose e ook e e oo fede ool e el e de e e e e e o e e sle e e e e e oo e o
[IF(IPROBY 1401,1401,76
1401 READ(S,5]) IND
GO 10 1
76 READ(5,1315) ECC
1315 FORMAT(F6.2)
1 READ(5,2 ,END=999)}) WP
2 FORMATIFG6.2)
C 3 dde sl o 330 ofe 5 ok e e o o o e ol ok o e eafe e 46 e o o o o ol ok sl e e ofe o ofe e e ok e ot e e ok ol ale ok ol o ok ol ok e ol o e s el e e e R o ok o g ok

C DEFINITION OF NOTATIONS _
% de e foe o e deofe Aol o s e o sfefeofe o e o o s o ok o 3k ook o e e 0 e e ok e ool sl e ool o e o e e e e e e ke e e e e e i ok
WRITE(6:E5)
85 FORMAT (55X, *NOTATIONS?)
WRITE (6sR6)

B6 FORMAT{P0' 83X +"MyN+GIVE THF NUMBER OF SQUARES IN THE EINITE
IDIFFERENCE GRID'43X, 'ES=MODULUS OF ELASTICITY OF STEEL',/.4X,'EC=
ZMODULUS OF ELASTICITY DOF CONCRETE';3Xy "WP=WARPING PARAMETER" 43X,
BR=POISSONS RATIOUY 43X, *EPSM=MAX. TENSTLE STRAIN IN CONCRETE'y/,"
4GEPCM=MAX. ALLOWABLE COMPRESSIVE STRAIN IN CONCRETE')}

HRITE(6:87) N

87 FORMAT(*0'¢4X,"T=PLATE THICKNESS',3X,"H=SI1ZE DF FINITE DIFFEENCE
1SQUARE® ¢ 3X,'O=DEPTH OUF LOWFR STEFL LAYER FROM COMPRESSION FACEY,/
14X, 'O2=DEPTH OF UPPER STFEL LAYER FROM COMPRESSION FACE',3X,'SRl=
2STEEL RATIO, AS/T',3X.'SR2=STEEL RATID, AS/D')

WRITE(6,88)

88 FORMAT({*0'y4Xe'2Z1U+Z2U=DEPTHS OF UPPER AND LOWER STEEL LAYERS
1RESPECTIVELY FRDOM NFUTRAL AXIS OF UNCRACKED SEZTION® 4/ ,4%Xe%Z1C .22
2=DEPTHS OF UPPER AND LOWER STEEL LAYERS RESPECTIVELY FRUYM NEUTRAL
3AXTS OF CRACKED SECTYION') '

IF{NBC) 65608
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DIMENSION A[S0450)B(50),5(2500),FEPSB{50),EPST(50), IC{50), IPLS0),i
LPSTY(50) EPSBY(50) «ICR(50),IR(50) _
REAL PRy ToHy SREpSR24 21Uy 22U il yDsD2yNRYyESHEC+DQyQ,EPSM,EPCM,TEMP,
L1C+22C e NXECC ‘
INTEGER M,NnICUUNT.JCUUMT,KCUUNF.JJfNBC.LCOUNT.IPROB,IND,NNN
G5 FORMAT(YO*'eS5TXe *W-DEFLECTIONS FOR Q="4E11.5)
102 FORMAT(101{2X:€E10.4)}
1207 FORMAT(LHO:20X'ERROR IN DATA OR MATRIX IS SINGULAR*)
1208 FORMAT(IHO:20Xs "WARNING-POSSIBLE LOSS OF SIGNIFICANCE JINDICATED®Y)
"~ READI(5,5) NBC
S FORMAT(12)
READ(%,90) MyN,ESyECsPRyEPSM,EPCM
90 FORMAT(Z214.2E13.6,Fb.2:2E10.3)
91 READ(S5,96) TyHyDy D24+ 21U 22U+5R1
96 FORMAT{7F10.4)
(e okt ok e e o e e e B B R o e R R B R R o ok B
NBC=0 MEAMNS FIXED EDGES
NBC=1 MEANS SIMPLY SUPPORTED EDGES
IPROB=0 MEANS LAVERAL LOADING CR END NdMENTS
IPRGB=1 MEANS IN-PLANE LOADING
IND=0 MEANS PLATE IS LOADED BY END MOMENTS
IND=)1 MEAMS LATERAL LOADING
NX IS THE IN~PLANE COMPRESSIVE LOAD PER UNIT LENGTH
ECC IS THE ECCENTRICIYY OF THE IN-PLANE LOAD
C ok d e ok e e o A e o o Ao e o o ko e ke o e ol R e R ek ek ok ek Rk Ak R R o ek e e

READ{5,5) IPROB
Cbdd b ediokp ki krdddokfedb dddefdbfdeffdedotfedr ek ofdotede ok bbb ed &
C IF PLATE IS LOADED LATERALLY QR BY CEND MOMENTS,
C INPUT DATA IS VALUE OF IAND
C "IF PLAYE [S LCADED IN ITS PLANE, INPUT DATA IS VALUE OF ECIENTRICITY
C##**######***####**#########*#$###$*#*$*#***#*#*##*#**#***#***#***#*##l
IF(IPROB) 1401,1401,76
1401 READ(S,5) IND
G0 70 1
76 READ(5,1315) ECC
1315 FORMAT(F6.2)
1 READ‘S;ZtEND=9991 WP
2 FORMAT(FG.2)
C % e e & ofofe 3ok ofe e ofe ol o e e e o e ofeam e e e o e 3l el it ode oo e o e ok o e o e e o ook ek e o e sl el e e ool e e e e o o ok ol ok

C DEFINITYION OF NOTATIDNS
C % et oo Sk e e ol ol ke 3 defedofol ok ol o g e ook o sk ook ek ool e ok ook o el e e ok ook ook ook
WRITE{6:85)
89 FORMATI(S5Xs '*NOTATIDNS®)
WRITE(686)

86 FORMATI® 0! ,8X+"MyNsGIVE THF NUMBER OF SQUARES IN THE FINITE
LDIFFERENCE GRID',3X, 'ES=MODULUS OF ELASTICITY OF STEEL'4/ 44X, 'EC=
ZMODULUS OF ELASTICITY OF CONGRETE'¢3X, 'WP=WARPING PARAMETER',3X,"*|
IR=POTSSONS RATIUY 43X, EPSM=MAX. TENSILE STRAIN IN CONCRETE Y4/,
4EPCM=MAX. ALLOWABLE COMPRESSIVE STRAIN IN CONCRETE")

WRITE(6487) v

87 FORMAT('O"¢4Xs"'T=PLATE THICKNESS',3X,'H=SIZE OF FINITE DIFFERENCE
1SQUARE® ¢ 3X,"D=DEPTH UF LOWER STEFL LAYER FROM COMPRESSION FACE',/.
14X, 'D2=DEPTH OF UPPER STFEL LAYER FROM COMPRESSION FACE',3X,'SRl=
P2STEEL RATIO, AS/T',3X,.?SR2=STEEL RATIO, AS/D')

WREITE(6,88)

88 FORMATI'0"4Xe"21UZ2U=DEPTHS OF UPPER AND LOUWER STEEL LAYERS
IRESPECTIVELY FROM NFUTRAL AXIS OF UNCRACKED SCCTION' »/s4Xe*Z1C 221
2=DEPTHS OF UPPER AND LOWER STEEL LAYERS RESPECTIVELY FRUM NEUTRAL
IAXTS OF CRACKED SECTIONY) '

IF{NBC) 60608

o000 ®™



6
1

8
9

1300

1301
1307
1304

1308
1410

1302
1303
1305

89

91

3

93

WRITE(6,T7) R
FORMAT(?0%,50X,* SUPPORT CONDITIQN~FIXED EDGES?Y) .
G0 70 1300

WRITE(6,9)

FORMAT(*0",50X,* SUPPORT COUNDTI ION-SIMPLY SUPPORTED')
IF(IPRNB) 1301,1301,1302

IFLIND) 1307,1307,1308

WRITE(641304)

FORMAT{*0",50X," LOADING~-~END NOMENTSYY

GO YD 1305

HRITE(64,1410)

FORMATI®*OQ',50X," LATERAL LOADING')

GD TO 1305 '

WRITE(G6,L1303)
FORMAT(v0Y 450X+ TN~PLANE CCMPRESSIVE LOADING' )

WRITE(&, 89) .

FORMAT (' 0%, 57Xy *DATAY)

WRITE(6:9T) MyNyES,FCyPR+WPEPSM, EPCM
FORMATI®O" g 3Xp"M=t 143X NS 314 3K, "ES=0,E13.643X,"EC=",EL3.6,3X%,
LOPR="3F 6,29 3%y "WP=1 Fhe 293Xy YEPSM=Y4E10433X "EPCM=" ,E10.3)

WRITE (643)

FORMAT(® 4%, 71Xs* . __ ')

WRITE(6493) T3H,D,02,21U+22UySR1

FORMAT{3X s 'T="4F10a%y3Xy "H= "y F10a 493Xy 'D=1,F10a443X,'D2=%3F1 0044/
13X ' 21U="3F10a4 33X ' 22U="4F1l0.4y3Xy*'SR1=1,F10.4%}

1COUNT=0

JCOUNT=0

KCOUNT=D

JJ=0

LCOUNT=0

NNN=0

C*#*&*##*Lt*#**#*#**#**##****#4~###**#*##*#**#*#**#***#*###*##*#* el dodedk ey

C

COMPUTE MATERIAL STIFFNESS FACTORS

€ okt et ok e ook ol e e e oo R e B ol o ol e oot e R e e e ot e o T e e e et el e R e e ok ok e ok

NR=ES/EC
DXIU={EC*T*%3)/(12.%(1l.~PR¥*%2})
DYLU=({EC®T#%3) /(125 (Lle~PR*%2))
DSU=ES*T*((SRI*Z1U*%2)+( SR1*Z2U%*%2})
DXU=DX1Uu+DSU
DYU=DYLlU+DSU
DXYU=(WP#(1.-PR}/2.)%SQRT{OXIUXDYLU) -
DLU=WP%PRESQRT (DX1U*0DYLU)
SR2=8R1*T/D
CM==2 .2 (2. ¥NR-1 o ) *SR2Z%D+SQRT( 4% (2, ¥NR~1 o ) %% 2 ¥ SR2EX2%D**2 +B o & ( ( NR-

11 YX¥D2+NR*D I %SR2%D)

CN=CF/2a
DXIC={EC*CN&%*3) /(3. %{1-PR*x2)})
DYLC={ECHCN**3) /(3. %[]1-PR*%2))
Z1C=D-CN

Z2C=CN-D2

DSC=ES*TH{[SRI*ZIC*%2)+( SR1%72C**2))
DXC=DX:C+DSC

DYL=DY1C+DSC
Dil=WP*PR&SQRTIDXLIC*DYLC)

DXYC= (WP#{1.~PR}Y/2.,)%SQRT{OX1IC+DYLC)
BMU=DXU/ H¥ &4

BNU=DYU/H%%4

BPU={WP/H%%4) *SQRT(DX1U*DYLU}
BMC=DXC/ H¥*x4

ENC=DYC/H*&4



oz

BPC=(WP /Hx%4 ) *SQRTI(DX1IC*DYIC)
Cttt#####*#t**##t#####*#####t#t####¢##*##***########¢*#t##*#####t####*&#

Cc USE UNCRACKED STIFFRNESS FACRORS IN COMPUTING MATRIX COEFFIZIENTS
(C % o e e e o e o sl o 6% ko ot o e oo oot e o ol o sk o e e o i o ode e s ok o ok ol e ok o e e e o e e e
BMI=8MU
BNI=BNU
BPI=BpPU

WRITE(Ge 79} DXUsDLIU,DXZ,D1C4CN
T9 FORMAT{LOX: "DXU= "4 EL13a604Xs 'DIU="4FLl3.6¢/+ 10X 'DXC=24E13.644X,4'D1C
1=* eC1l3:634Xe"CN="3.EL13.6)
e o o o e e o ot A e ok e o o o o e B g e o Stk ok ok o dee B o ok ok e o sk e e o kot o e et e ok ok

C TA IS NUMBER OF PDINTS IN FINITE DIFFERENCE MESH
c ICI{YY DETERMINES WHETHER POINT IS CRACKED 0OR NOT
C Gkl ol gtk ok ok e e ook e e d e Gk e ook ok e oo oo o X e ke ok ot e e ke ek e e e o e o e o ol o e
[A=N*M+M
DO 195 I=1.1A
19 IC(1)~=1

DD 150 I=1,1IA
DO 150 J=1, IA
All,Ji=0.
150 CONTINUE
NX=3,
IF{iPROB.NE.L1)} GO YO 603
WRETE{6,1380) ECC
1380 FORMATI'0'y50%s "ECCENTRICITY OF LCADING=',F6.2)
603 BR=NX/{HE®2)
CALL MATRIX{A:MyNyBMIyBNI,BPI,BMU,BNJ,BPU+BC,y IC4NBC, IPRDB)
IF{NNN.EQ.Ll) GO TO 1309
WRITYE(64100)
1060 FORMAT (50X, *MATRIX A')
WRITE{6,101) ((A(I,Jd),J=1,1A),1=1,1A)
101 FORMAT{9(2XeE12.5))
MUD=2 %M
MLD=XUD
MM=ME{N+])
EPS=1.E-65
13C9 CALL ROWMAT (AsSeMMsMUDsMLD)
D0 1310 I=1,1A
1310 B{1)=0.
IF{IPROB) 1323,1323,1320
132C DO 1311 I=M,1A.,M
1311 B(EI=NX*ECC/(H*%2)
Q=NX
GO TO 1326
1323 IF{IND) 1321,1321,1324
1321 0D 1322 I=M, 1AM
1322 B{l})=1.
Q=2ia
GO TO 1326
1324 DD 1325 [=1.1A
1325 Btl)=1.

Q=l.
e e o e s 2o o ot e o 40 S A 4 R0k s ool e o ok o e e o e e skt e e oo e e e o ke ol e e e o o g e e o
C COMPUTAT ION OF DEFLECTIONS

Colobbdo e ol b 8 B3 R AR SRR 3 R SR R SR SR o S R A R R G K e
1326 CALL GELBI(BeSeMMylMUDMLD, EPQ KS}
IFIKS) 1203,1204,1205
1203 WRITE(6:1207)
GO Y0 1600
1205 WRITEL G, 1208)



1204 WRITE(6,95) Q
WRITE(6,477)
77 FORMAT{ *#%,5TXy " __ ____.__ — U, .+ |
HRITE(6,102) (B{I)y1l=1s1A) Lo
105 DO 106 I=1,1A :
106 IC(11}=0
NNN=1
L L e s e T T RS2 ]
C COMPUTATION OF STRAINS
C EPSB IS STRAIN IN BOTTOM FIBER IN X-DIRECTION
C EPST IS STRAIN IN TOP FIBER IN X-DIRECTION
c EPSBY IS STRAIN IN BOTTOM FIBER IN Y-DIRECTION
C
C

EPSTY 1S STRAIN IN YOP FIBER I[N Y-DIRECTION
#*#######F##*$**#**##*##*########*#####*#*######*#**##t#####*#*##t####*
NV =N&NMe]
NC Ot =M—1
NROW=N+1
NU= (M=1)*M+M
NZ=M+1
NY=NEME]
500 DO 107 I=1,NV,M
e o e o s e o e ot e e ook ool e el sleole ol e e o ek el e e oo oo e ke e e e el e ek Rk Rk e ek b kel kb
C IF POINT IS ALREADY CRACKED ONLY COMPRESSIVE STRAIN 1S CIOMPUTED
C**##*#*t**v***###*****#v******##*##***#**#***###*##i*#******m***##*****
IFTICIIN-L) 40,4141
40 EPSB{T)==T/ (2 %H*¥2 )% (2. %B(1+1)-2.%B([))
EPST(1}=-EPSBI(I)
GO TO 107
4] IF(EPST(IV-EPSBILE))} 42,442,423
42 EPST!TY=CN/{H*%2)&{2,.%B(T+1)-2.%8(1))
Gh ¥O 107
43 EPSBUI)=—CN/ {HEX23%(2.%B(I+1)=-2.%8(1))
107 CONTINUE ‘
0D 108 I=M,IAM
IF(IC(I)-1) 35436¢36
35 EPSBII)=~T/ (2 %H&X2 ) &(B(I~1)=2.%B(1))
EPST(I)=-EPSBI(I)
GO TO 108
36 IF{EPST(1)—EPSB(I)) 37,37,38
37 EPSTUTI=CN/(H%%x2) & (B{I-1)-2.%B(1})
GO TO 108
38 EPSBII)I=—CN/{ HX%2 )% (B(I-1)=2.%B(T1})
108 CONTINUE
DD 109 JK=1.N20OW
ISTART=JK+1 ¢{ JK-1 ) *NCOL
LEND=JK% M~]
DO 110 1=ISTART,IEND
IFLICCEY~1) 30e31, 31
30 EPSBIIV =T/ {2 o ¥H®R2 )% (B{T+1)-2.%B(1)4+P(I-1))
EPST{I)=—-EPSB (I}
GO 10 110
31 IF(EPSTC(II-EPSB(I)) 32,32,33
32 EPSTUEY=CNZ {H*#21%{B{I+1)=-2.¢B(1)4B(I~1))
GO TO 110
33 EPSO{T)=~CN/(H*%2)%(B(1+1)-2.%B(I)+BlI-1))
110 CONTINUE
1C9 CONTINUE
B0 300 I=sl.M
JIF(IC{E)-1) 301,302,302 '
301 EPSBY LI a~T/ {2 ¥H®42 )5 (2 JEB(1+M) =2, %B( 1))



EPSTY(1)==EPSBY({] _

GO TO 300

67

302 EPSTY (1) =CN/ (H&&2 )% (2 4B {[+M)-2.%B([))

300 CONTINUE
DD 30% l=NY,[A

IFCEC(II~1) 306,307,307
306 EPSBY(T)=-T/{2.%H&%x2) %k (B([-M)-2.%B(]))

EPSTY(I)=-EPSBY(
GO TO 305

1)

307 EPSTY(I)=CN/ (H¥*2)&(B{I-M)~2.%B(1))

305 CONTINUE
D0 310 I=NZsNU

IF(TIC{I)-1) 311,

3124312

311 EPSBY(I)==T/ (2. #H&€2 )& (B (I~F)=2,¥B (T} +B(1+M))
EPSTY(!)"-EPSBY([)

GO TO 310

312 EPSTY(I)=CN/(H*#2 )« (B([-M)-2.%¥B([)+B{[+M))

310 CONTINUE

(e e e e e s e o g o ool i i ook e ook st e o oo o o e oo ok ok 0t e ol e ook o e oo ok ok o e e e ke Ok e ke e
C SUBRDUTINE EPSMAX DETERMINES CRACKED POINTS
Colodededede b e dstr e o ok e e oot e ke @ o ol o e e e e o e oo o e ol e e ool ok ool oot o o ok e e e e ke o
161 CALL EPSMAXIIAIC EPSTEPSBsTENPICOUNTEPSMEPSBYLEPSTY»IR)
IF(ICOUNT~1) 160,770,470
160 IFIIPROB) 162,162,163

162 DD 170 I=1¢IA

B{I)=B(II*EPSH/TEMP
EPSTUI)=EPST{I)*EPSM/TEMP

EPSBIT}=-EPSTI(I;

EPSTYY(I)=EPSTY{l}*EPSM/TEMP
170 EPSBY(I)==EPSTY(I)

QG=Q*EFSM/TL MP
GO TO 165
163 QN=Q*EPSM/TEMP

WRITE(6,%99) TEMP,QN
599 FORMATI{* 0" ¢ 30X, TEMP=*3E1145,10X ' ON="4E1l4%)

TRY=ABS{QN-Q)/Q

IFF{TRY~-.001) 600,600,601

601 DO 402 I=1,1A
602 ICiI)=1
NX =N
GO 10 603
600 Q=GN
165 WRITF {6y 80) Q
DQ=0Q/10.

80 FORMATIA5K,* W=DEFLECTIONS JUST BEFORE FIRST CRACK, N="yEll.4)

WRITE(6e 78)

78 FORMAT(®+',45X,"

1 ‘)

e e S W e S S U M e i S S i S S Ty v S ey W B W S AN P o e vk e i S e SO O S T e S S LS S Y e £

WRITE(6,75) {(BlI} l=1,1A)
75 FORMAT{10(2XsELC.4)}

200 WRITE{6421D)
210 FORMAT{Y 0" +57X,’
WRITE{GLy 215)

STRAINS IN TOP FIBERS')

215 FORMAT (97X "X~DIRECTION®)
WRITE(6H,220) (EPST{I),I=1Ly1A) .

220 FDRMAT(9(2X,E1l1.

WRITE(6+225)

4)1

225 FORMATISTX,*Y-DIRECTION® )
WRITE{54220) (EPSTY(TI},1=140RM)

WRITE{6s.230)



68

230 FORMAT(*O'o57TX+*STRAINS N BOVYIOM FIBERS')
WRITE(6,215)
WRITE(6y 220) (EPSB(I),I=1,1A)
WRITE(64225)
WRITE(6,220) (EPSBY(I1},I=1,1A)

ICOUNT=1
o P R e P R e T T T P e T e e e T T R 1 '3
c USE CRACKED STIFFNESS FACTCRS IN COMPUT ING MATRIX COEFFIZIENTS
C KCOUNT COUNTS NUMBER OF NEW CRACKFD POINTS
(C 2 o e st o ol e kol e e o ofe oo o o ol s ol o e o ok o e B el ke e o ook o e o e e el e s ol e e e ek e e e o e
: BMI=BML '
BNI=BNC
BPI=BPC

70 KCOUNT=0
T1 DO 65 1=l4IA
IFIICTITII=1} 65460465
60 JJ=JJ+l
IP{Jd)=I
ICR{UJIY=TIR{IL)
KCOUNT=KCOUNT+1
&5 CONT INUE
IF(KCOUNT-1) 5545D,:50
(G e e b e e e o e o o oo e g el el e B e e g e e ek ok ok i e oo de o o ol ol ok ofe ol o ol ol e o g o e e ool o ol o e ol ok e oo o e e e
C JCDUNT COUNTS NUMBER DOF CYCLES 0OF COMPUTATION FOR EACH LOAD
C INCREMENT BEFORE EQUILIBRIUM IS REACHED
Cokdedodndedede Jode e oo ol e e e sle el e de e 3 oe e e ale e oo o e i ot o ofe ol e o o ofe ol ofe el e o e ke oo el e ot ol e e e e e ol ol e e ol e e
50 JCOUNT=JCOUNT+1 )
: WRITE(G6,138L) Q
1381 FORMATI('O!' ,S5TX:"DEFLECTIONS Q='4Ell.5)
WRITE(6,75) {(B{I1),I=1,1IA)
DO 48 1=1,I1A
48 B(I)=0.
IF{IPROB) 1327,1327,1328
1328 NX=Q '
BO=NX/(H*%2)
DO 1329 I=M,[A,M
1329 B{T)=NX=ECL/(H%%2]}
GO TO 1334
1327 IFLIND) 1330.1330,1332
1330 DO 1331 I=Mp1A,M
1231 B(I)=Q
GO TO 133+«
1332 DO 1333 1=1,.1A
1333 B(1)=Q
1334 CALL MATRIX(AyMeN;BMIBNIBPL+BMUBNUysBPU,BQ,IC+NBC,IPRCB)
CALL ROWMAT {AsSs MM, MUDMLD)
CALL GELBIB ¢S ¢MMaL e MUDyMLD{ EPS4KS)
IF(KS) 1210,116,1213
1210 WRITE(6,120T71)
GO 7O 1000
1213 WRITE(H,1208)
116 DO 117 I=1.1A
IFIIC(I).NE.L) GO TO 117
IC(1)=2
117 CONTINUE
GO TO S00
Clfepfoxk ik 3 e e e e e ok oo e e e oo e ek e e o ook ek e ek ek ook e e e ke ek fe e e ek e fe e

c QUTPUT DATA
(G a0 oo e e oot e o o o s e oK o e ook e oot e o e oot e o e ol e ol ool o el ol ok Rl ol e e R ok Bk ek

55 WRITE(6,54) JCOUNT



54
53
52

1342

140

141

120

e Nele

250
251
159
121

69

FORMAT('0'+50X,* NUMBER OF CHiCLES BEFORE EQUILIBRIUM=',14)
HRITE(6,53) :
FORMAT('0* 450X, 'POINTS CRACKED BY LOAD INCREMENT?')
WRITE(6,52) {(IP(K),K=1,4J)

FORMAT(*0'518(3X,04))

WRITE(6,1342)

FORMATLY 0"y 44X, ' CRACK DIRECTICNS ===~ X=DIRN(1) Y-DIIN(2)*)
WRITE(6452) (ICR(K) yK=14JJ)

WRITE(6y 140) Q

FORMAT (10" 4STXy"H=DEFLECTIONS(2), A='4EL1ll.4)
WRITE(6,47T)

WRITE(6y141) (BU1)yI=1,s1A)

FORMAT{10(2X,ELO %))

WRITE(65210)

WRITE(6+215)

NRITE(69220) (EPST(I)yI=1,1A)

WRITE(6,225) ' '

WRITE(6,220) (EPSTY{I):1=1,1A)

HRITE(65.230)

WRITE({6,42151)

HRITE(64220) (EPSBlI).1I=1,1A)

WRITVE(642251

HRITE(64220) (EPSBY(I)yI=1,1A)

JCOUNT=0

DO 120 K=1,JJ

ICR{K}=0

IPIKY=0

JJ=0

DETERMINE [F ALLOWABLE COMPRESSIVE STRAIN HAS BEEN EXCEEDED

DO 121 I=L,1A
IF{EPST(IN-EPSB(I}) 250,25C:251
IF(EPST(I)--EPCM) 137,135,159
IF{EPSB(I)-EPCM) 252,253,159
IF(EPSTY(I)-EPCM) 151,152,121
CONT INUE

CRxkdgriwbikkbkakdkrhbdokdrk bk kbbb dofkfokiokfdeh bk kkbd bbb odddridk

C
(¥

INCREASE LOAD
DDQ.DQ GIVE LOAD INCREMENT VALUES

C % e o e 2e e de e oo s e ok o oo ol e o ok o X ek oo ek ol ke el ok el ok ok bk ek Rk ke

401

402
403

1336
1337

1338

1335

LCOUNT=LCOUNT+1

QDLD=Q

IF(LCOUNT=2) 40144014402

DDQ=DQ

GO TO 403

0DQ=2.%DQ

Q=Q+DCQ

IF (IPROB) 1335,1335,1336

DO 1337 I=1,14 ‘

B(1)=0.

NX=0

BQ=NX/{H¥#2)

DO 1338 I=M,1A,M

B(I)=NX*ECC/ (H%%2) A
CALL MATRIX {AeMyNyBMI¢BNT,BP [, BMUyBMJ,BPU,BQ, [5,NBC,y IPROB)
CALL ROWHAT(A,Se MM, MUD,MLD) o

CALL GELB(BySeMMy 1y MUDsMLD 4P S4KS)

GO 10 1215

BO 125 I=1,1A



B{1)=B(I)%Q/QOLD £
EPST(II=EPST(I}*Q/Q0LD .
EPSB(I)=EPSB(I}*Q/QQOLD
EPSTY{I})=EPSTY(I[}*Q/QCLD
EPSBY(I)=EPSBY(i)*Q/Q0LD

125 CONTINUE

1215 WRITE(6,:126) Q

126 FORMATI*O*y5TXy *W~DEFLEC TIONS(Y} O='4Ell.4)
WRITE(6,T7)
WRITE(G:L27) (B{I)sI=1,1A)

127 FORMAT(1O0(Z2XeELOD.4))
IF(IPROB)} 1339,1339,1340

1339 GO 10 161

I340 GO TO 5900

135 WRITE(G6y136) |

136 FORMAT (0" ,5T7X¢YEPST("y13,v) LQUAL T3 EPCM')
GO TO 1000

137 WRITE(6,138) 1

138 FORMAT({*O'sS5TXy "EPST(*413,"'} GREATER THAN EFCMt)
GO 70D 1000

253 WRITE(6:255) I

295 FORMAT{®0*sSTXs"EPSB{ vy 13,7} EQUAL T EPCMY}
GO 70 1060

252 WRITE({6,25%) 1

254 FORMAT( 0y 57X *EPSB{",I3,') GREATER THAN EPCMY)
GO TO 1000

151 WRETE(6+155) |

155 FORMAT(YO!'ySTXy'EPSTY(*4134%) GREATER THAN EPCHM?®
GO Y0 1000

152 WRITE{(64156) I .

156 FORMATI9QY 4 STX,EPSTY('s13,4%) EQUAL TD EPCM')
Chokksipdrdhhkhhkkdh ke ddrighfd ki SRR R R R R R R R R R A
C READ ANOTHER VALUE DOF WARPING PARAMETER !
C % e e o o e o o e e tede o e e ok ok ok o ok ook o o e ek ok oo oo ot o ok ool o e ol ol o o o e e ok e ok o o o e ol e ook s

1000 60 10 1

399 STOP

END



n

C SUBROUTINE FOR CCMPLTING MATRIX A
(C e sfeac ofe ko) e o e v ofe e o e e e o ok o o ool e ol ot e ofe e e e ol ok ke 3o ok e ol e ofr X ok ke ol e sfe s ofe ol o o o ok o oo ok ofe o ool ot o ol o o
SUBROUTINE MATRIX{A VM N,BMI (BNI,BPI[ ,BMU,BNU,BPU,BQ,IC,NBC,I1PRORB)
CIMENSICN A(S50,50}1,1C(50)
REAL BM,BNyBP,BMI.BENI,EPI,.EMUsBANU4,BPU,BQ
INTEGER MyN,NBC,IPPGE '
L=NkM¢M
BM=pMI
B8N=8BNI
BP=BPI _

10 I=1 -
IF{IPROB.NELO} GO TO 12
IF(IC(I)-1) 20415,20

12 IFLICITI)=-1} l4ell,11

14 BM=BMU
Bh=BNU
BP=RPU

Ll 200,106 .%BM36 . ¥ENHB JABP=2%BQ
AMI 2V =—(8.%BMN¥B . xBPY+2,%BQ
BM=BM]

BN=BNT
gp=BPI
GO ™ 13

15 ﬂ( I! [ )=6.*BM"6‘*BN+8.*BP
A{1,2)==({B8,%BM+B,%BP)

13 IF{ICtLI}.NE-.L) GO 70O 2C
A{1,3)=2.%8BM
AMIyMt1)==(8.*%BN+8.%EP}
A(la2%M4])=2.%BN
A(TM42)=8,.%BP

20 1=2
IF{tIPROB.NELO) GO TO 22
IFLICOTI)-1} 30,425,30

22 IFLIC(I)-1) 24,21,21

24 BM=BMUY
BN=BNU
BP=BPU

21 A I41)=T . 2BM+6,kBN+8 XAP~2 %8Q
Al v1)=={4.%BM+4,%BP) +BQ
APlIy3)=—[4.%BM+4,*BP } +BQ
BM=BM]

BR=BNI]
BEP=RP]
Co 7O 23

25 AlT41) =T ¥BMES HEN+BXEBP
Aol b==(4.%BM 24 %BP)
P{143)=~ {4 . %BM+4 %BP)

23 IF{ICII)NEsL1)} GO TO 30
ﬂ[)r‘?'-‘-‘ﬂ”

A( I QM*‘I }24.*Bp

Al yM+2)=—(B.*¥BN+8,%BP)
AT M43 )=4.%BP

ALY 2%N+2)=2,%8BN

30 LL=M=2
£0 101 I=3,LL
IF{IPRCB.NE.O} GC TD 32
I#FOICII-1) 101,35,1C1

32 IF(IC(IY-1) 34,31,31

34 BM=BMU
Eih=0NU



72

EP=BPU
3L AMIs[)=6.%¥BM+6,*BN#+B . *BP—~2,.%BQ
MIsl~1)==(4.%BME4 XBP) +BQ
AMII+l)==14.%BMe4 ., %BP)+BQ
BN=8MI :
BA=BANI
AP=BP 1
GO 1O 133
35 AlL1)=0%BM+6,*BN+B %BP
AlIel=1)=~{4 . %¥BM+4,.%BP)
AT I+1)==(4.%BM+4 %BP)
33 IF(IC{I).NEal) GO TO 101
LLA=T +M
LLB=]¢2%M
ﬂ(lq[-2)=EN
Fl1,1%2)1=8M
AT LLA)=—(B.53N+8.%RP)
AlT.LLB)=2.%BN
AlI,LLA-1)=4.%BP
MY LLAHL)=4,.%BP
101 CCONTINUE
40 [=M-1
IF{IPRCB.NE.0Q)} GC YO 42
TFLICII)}=-1) 504+45,50
42 TF{IC(I)-1) 44441,41
44 BM=BML
BN=BNU
BP=RPU
41 M I3I)=6.%BME6.¥BA+8.%BP=-2.%BQ
' Al oMY= kBM+4 ,XBP)+BQ
AT oM=2)=—={4 . %BM+4 . %8P ) +BQ
EM=8MI
BN=BNI
BP=BPI
CO TO 43
45 AI¢1)=6*¥BM+6.,*BN+8*BP
AL gM)=={4,%BH+4 XBP)
ALT M=2)=={4 %BM+4,.%8P)
£3 IF{IC(I}.NEL1) GC TO 50
A{I,M=2)=0BM )
AlI142%M—1)=—{8.%BN+8 %8P )
A(T3%NM=] §=2,%BN
Al Lq,2%NM-21=4,%BP
E{1 42%M}=4,.%BP
50 I=W
IF{1PROB.NEL.O) GG TO 52
IFLICII)-1) 6G+55,60
52 IFLIC(I)=-1) B54¢451,51
5S4 EM=BMU
BEN=BNU
BR=8BP
51 AlI:1)=5.%BM+6.X¥BN+8.%DBP-2.%BQ
AT ML) =-(4.xBN+4 . XEP)+RQ
- BM=BMI
EN=BNI
FP=RP1I
GO Y€ &3 ‘
€ 3 st o oot ook R ok e o b ok s ook ok o o ok sl b o e ok sl o de o ol ol o ksl e e s e kool e ol e o btk Rk ok ok ok o
C NBC=0 MFANS FIXED FDCES
C NBC=1 MEANS SIMFLY SLPPORTED EDGES



73

C*****#*#***************#**#*********************#*******************#

55 IF{NBC) 56,456,457

56 2l 1=T«*BMt6,%0N+8,*BP
GCC TO 58

57 A{1:])=5.4BM+6,%BN+B8.*AP

54 ﬁ{[yM‘1}=“(4o*BH+4-*BP,

53 IF(IC(IYNELL) GC TO 60
AlIM=-2)=BM
Al1,2%V)=~{B.*BN+8 . %BP)
A(L43%M])=2,%BN
A(I,2%M-1)=4,.%BP

60 1=M+]

IF(IPRUBLNELO) GC TO 62
IF{IC(I)-1) 70,65,70

62 IF(IC(I)=1) 64,061,061

64 BM=BMU
EN=BNU
BP=RPU

61 A{[fl}=60#BM+7-*BN+8.*BP'2.*BQ
AMIeMt2)=—{8,%BM+8.%BP) +2.%BQ
BM=BM]

BN=BNI
BP=BP1
GO TC 63

65 A I,1)=6.2BM+T.%BN+8,%BP
AT yMe2)=—({B.%BM+B %8P}

€3 IF(IC(I}«NE.1) GC TO 70
AlI,M+3)=2 %EBM
AlIsLi=—{4.%BN+4 *BP)

A(I 42%M+ 1) =—{ 4. *BN+4.%8BP)
Al fqa3%M+] )=8BN

A I:2)=4.%RP
AlL,2%M+2)=4,.%BP

70 I=N+2
IF(IPRCB.NE.O) GO TO 72
IF{IC{I}-1} 80,75,80

T2 IFLIC{TI)=1) T4,71,71

74 BM=BNU
BN=RBNU
gp=BpPUY

71 AL, )=To*¥BM+T *AN+8 ,XBP-2,%B(Q
AT Meli=~(4.,%BM+4 *BP ) +8Q
ACT M43 )=={4 . ¥BM+4 ¥BP | +BQ
BM=RM]

Bh=RNT
BP=RF1
GO 10 13 '

75 A(T,1)1=7-%BM+T7.%BN+B (*BP
ﬁ‘I|M+1}ﬂ*lﬂo*BN+4o#Epl
AT M+ ) == (4 %BM+4 . %RBP)

73 IF(IC{1).NE.1} GO TO 80
ALLy V44 )=BM
Al 32)=={4.%BN+4.%BP)
ALT y2%N42 )=-{4%BN+4  %BP )
AUTL g 3%M+2])=8N
AlT,1)=2.%BP
Al T1,301=2.%8P
A{T,2%M+1)=2.%BP
A T2%MN+3)=2,30P

g L M=M+3



LN=2%M~2
CO 102 I=LM,LN
IF(IPROB.NF.0O} GC TO 82
IFCIC(T)=-1) 102,85,102
B2 TFLIC{I)-1) 84,81481
84 BM=BMU -
EN=ENU
BP=RPU

Bl A{I1)=6.*%BM+T.¥BR+B8.%BP-2.%BQ"
A{I41-1)=-{4.%BM+4,%PP ) +BQ
A(l9I+1,=—l4.*BM+‘V¢*Epl*PQ ‘
BM=BM |
EN=BNI
BP=BPI
€O TO £3 :

B85 A(I,41 =6 %BM+T %BN+8 XBP
AlTI-1)==(4. %ML *EP)
A(I’ [+1,=_{4¢*BM"‘4G*BP‘

83 IF({ICt{I).NELL) GC TO 102
LLA=T ¢+M
LLB=1+2%M
LLC=]I-V
AlI,1+42)=8BM
2(I,1-2)=BWN
AlT LLA)=-(4*BN#4%EP)
AlT4LLC)=-(4.%BN+4.%BP)
A(L,LLB)=BN
AlT4LLA-1)=2.%BP
A{IyLLA#+L)}=2,.%BP
ALT,LLC~1)=2.%BP
A{TLLC+1}=2.%BP

102 CCNTINUE

Q9D MN=24N+]
AN={N=2)%M+]
CO 103 I=MM,NN,M
IF{IPRCB.NE.Q) GC TO 92
IFIIC{I}-1) 103,%5,1C3

g2 IFTIC{II-1) 94,91,91

94 BM=BMY
BN=BNU -
BP=BPU

91 A{I+I)=6.%BM+6 . %AN+B.*0P-2.%B0Q
B{Iy 1+l =—(8.%BM+B,.*BP } +2.%BQ
BM=BM]

BN=BNI
EP=RP{
cO TC S3

G5 AlI,41)=6.%BM+O *BN+B.*BP
AlYIzI+1)==(8.%BM+8,%BP)

93 IF(IC(I).NE«l) GC YO 103
LLA=I+¥
LLB=1+2%V
LLC=I~M
LLD=1-2%M
ALIoLLCY=={4%BN+4XBP)

ALT LLAY==(4.%BN+4.%8P)
A{1,LLD}=BN

A(TsLLR}=EN
All,1+2)=2.%BM
AlT.LLC+1)=4.%AP



103
270

212
274

271

275

213

120

122
124

121

125
126
127
128
123

130

132
134

AT LLA%Y ) =4 %8P

CONTINUF

I=2%M~]

IF{IPRCB.NF.0) GO TO 272
IFCIC(I)-1) 1204275,12¢C
IFCICII)-1) 274,271,271
BM=BMU

Eh=BNU

EP=BPU
AlIg1)=6.%BM+T7,*BN+8 . *BP=-2,%BQ
AlT1,2%M) =14 . %BM+4 . %BP)+BQ
A{I 42%¥M=2)==(4 %BM+4 . %BP)+BQ
BM=BMI

BN=8NI

BP=BPI]

CO Y0 213 i
A{I,1)=6.%BM+T . %xAN+8 *BP
AlT 2%V )==(4 . %BM+4 %PP)
Al 2%M=2)=—{4 *BM+4 ,*BP)
IF{IC{I).NELLY GO TO 120
All2%M-3)=8M
AlT33%M=1)=—{4.%BN+4 . %BP)
Al yM=1)=={4,%BN+4  *BP)
Al Iy 4%M=13=BN

i\( I'H'—Z }=2 . ¥BP
AlI,M})=2,%BP
All,32M)=2.%BP
A{T,3%NM=-2)=2,.%BP

[=2%M

IF(IPRCB.NEL.O) GC TO 122
IFLIC{I)=-1} 130,125,130
IF(IC(I)-1) 124,121,121
BV=RMU ‘

BN=BNU

BP=BPU
Al1:1)1=5.%BNM+T ,*kBN+8 ., %AP-2,%BQ
AT ,2%M=1)=—{ 4, %BM+4 . %BP}+BQ
BM=BMI

BN=BNI

BpP=8BP{

GO TO 123

IFENBCY 1264126,127

AlL 1 )=T7 ., ¥BMeT *BN+8,%BP
GO TC 128

A{T 41 )=5.%BNM+T . ¥BN+8 %8P
Al Tg2%M=1)=—(4%, %BM+4 . %BP )
IFLICII)NELL} GC TO 130
All,2%¥M-2)=8BM
AlTeMI=—(4.%BN+4 . %BP )

Al 143V )==-(4 FBN+4 ,*BP)
AlT,4%¥)=BN

ALI yM=1)=2.%BP
A{],3%N~-]}=2.%BP

JN=2%M42

JM=(N=-21%N+2 .

CO 104 I=JN.:JM,¥
IFIIPROB.NEL.O) GO TO 122
IF(ICUTIN-1) 104+135,104
IFLICITI)-1) 134,131,131
EM=8MU

75



BN=BNU
EP=BPU

131 ACL, T )=T.4BM46*BN4B L *BP-2,%BQ
AlLlel41)=—(4 . %BM+4 %3P ) +8Q
EM=8BM]
BN=BNI
EP=RP[
cO 70 133

135 A(Esl }=T*BM+6,¥BN+8 . *BP
AlT,1-1)==(4.*BM+4 %8P )
A{LI#l)=-{4.%BN+4& . *BP)

133 JF{IC{I).NE.1} GO 7O 1C4
LLA=I+M
LLB=I+2%M
LLC=1~-M
LLD=1-2%M
A{L LLC) =—{ 4 %BN+4 . *BP}
ACT LLAY=—{4.%BN+4 ,%BP }
A(I,LLC)=BN
A{T,LLB)=BN
AlT,T+42)=08M
A{I4LLC-1)=2.%BP
A{T,LLC+1)=2.*BP
E{TLLA-1)=2,.%BP
AlT,LLA+1)=2,.%8P

104 CONTINUE

140 NJ=3%N-]
MI={N=1)*%M-1]
CO 105 I=NJyMJI4M
IF(IPRCB.ANELQO) GO TO 142
IF(IC{I)-1) 105,145,105

142 IF(IC(I)-1) 1444141, 141

144 BM=BNU .
EN=8NU
BP=BPU

141 A(I 21 )=6*BMeH*¥BN+#B*BP-2,.%BQ -
&(I’I"l]:"“((\‘.*BM"’“.*Hp)"BQ
AT 1-1)==(4.,*BM+4.*BP)+RQ
BM=8MI]
BN=BN1T
8P =gP1
GO T4O 143

145 ﬂ{['l)zﬁc”BH"'E)c*BN"'Bl*Bp
AUT,1+l)=—(4.%BM+4 %RP}
AT I=1)==(4,*¥BM+4 . *BP)

143 IF[ICtI)NEL.L)Y GO TO 105
LLA=]+V¥
LLB=I+2%M
LLC=1~W
LLN=[-2%M
A{I,1-2)=8BM
AT LLC ==(4.%BN#4 ¥BP)
ALTLLA)==(4*BN+4*BP)
A(I+LLC}=8BN
AlT,LLE}=BN
AC1,LLC~11=2.%BP
AlT,LLC#1)=2.%PP
AT LLA-1)=2 %8P
A{I,LLA+L)=2.%BP



105 CCNTINUE
150 AK=3%¥
FK=(N-1)%M
CO 106 I=AK MK4M
IF(IPROB.NE.O} GC TO 152
TFLIC(I)-1) 1064155,106
152 IF(IC{I)}=-1) 154,151,151
154 EM=BEMU
EN=BNU
BP=BPU
150 A(I,1)1=5.%BM+b6*BN+8*%AP=2,%B0
Al 1-L)=={4.%BV+4 ,%PP) +BQ
BM=BM]
BN=BNI
ep=gpl
GC TC 153
155 TF(NBC) 15641564157
156 A(T41 =T *¥RM+6 . HBN+B *BP
GO TO 158
157 A(1,1)=5.%BM+6.,%BN+8 ,*BP
158 A{I,1-1)=—{4.%BM+4 ,*BP)
153 IF(ICI{I)«NES1) GC TO 1C6
LLA=1+M '
LLB=]+2%M
LLC=1-M
LLC=T-2%M
A(I,I-2)=BM
AtI!LLClz-IQo*BN““Io#BPJ
AlT,LLC)=BN
AlT LLA)=—(4.%BN+4,%*BP)
£{I,LLE}=BN
A{I,LLC-1)=2.%EP
AlT,LLA-1)=2.%RP
106 CONTINUE
160 K=h-2
CO 107 IT=24K
KK=1T*NM+3
KM={IT+])*M=-2
CO 108 I=KK,KM
IF{IPRCB.NE.Q}) CGC TC 162
IF(IC{I)-1) 108,165,108
162 IFCIC{TIY-1) 1644161,161
164 BM=BMU
EN=BNU
eP=BPU
161 AlI4] )=6*BMt6*BN+B.*BP—-2.%*BQ
AllsI-1)=~[4.%BM+4&XRP}4BQ
ALT I+1)=—(4 . XBM+4 % EP)+BQ
BM=BMI .
BN=BNI
BP=RP1
GO T 163
165 AlI41)=6.4BM+6*BN+B (*BP
A{T I-1)=={4%BM+4 XEP)
AlT 1 +1)==(4.%BMeL %BP) .
163 IF(IC({I).NE.1) GO TO 108
LLA=T ¢V
ALB=T+2%M
tLC=I-¥
LLO=]~2%M



108
107
170

172

174

171

175

173

1C9
180

182
184

181

ALIZLLC)=—1{4 . %BN+4,%PP)
A‘l'LLA)g-{‘(fh*Bh+4-*EP}
AlT,1-2)=8BM

F{I,T42)=EM

A(T,LLO)=8BN

AlTI,.LLB)=BN

A[IQLLC"l ):ZQ*BP
ALTLLC+L)=72 %BP
A(T,LLA~1)=2,%RP
A(T,LLA®L }=2 . %BP
CCNTINUE

CONTINUE

MNA={N-]}%N+3

NB =N&M=-2

£Q 109 [=NA,NB
IF{IPRCB.NE.D} GO Y0 172
IF(ICLTI)-1) 109,175,1C9
IF(IC(IN-1) 174,171,171
BM=aMY

AN=BNU

BP=RPU
A(1,1)=0.%BM+6, *¥BN+B %PP=-2,.%BQ
AlIyI=1)=—{4.%8M+4 *BP}+RQ
AT I4L)==(4 +*EBNM+4 . %BP} +BQ
BM=8M]

EN=8N1I

ep=8pP1

G0 TC 173

AT 1}=6.%BM+6 . *BN+8*BP
AMIyI-1)=-(4.%BNt4& %PP)
At Ip{+1}=-!q-*BM+4.*BP}
IF{TIC(I).NE.1} CO TO 1C9
LLA=I+M

LLl=i~M

LLD=1-2%M

A(I,I-2)=8BM

AlI,1+2)=BM
AMIZLLC)=~{4%BhN+4,%BP)
Al LLA) == (4. %BN+&,%8P)
AlI,LLD)=BN
A{T14LLC-1)=2.%BP
A{T,LLC#1)=2.%BP
AlT4LLA~1)}=2,%BP
A{ToLLA+L }=2 . *BP
CONTINLUE

NC=N*M+3

ND={N+) }¥p=2

{0 110 I=NC,ND
IF{LIPROB.NEL.OY GC T 182
IF(IC(TI-1) 110,185,110
IF(IC{I)-1) 184,181,181
BM=RMU

BN=BNU

gEp=gpey

AlI,1)=6.3BN+5 %8N8 ¥PP~2,%BQ,

ALT, I=1)=={4 %BM+4  %BP) ¢BQ
AlLI,I#Ll)==14.%BM44.%BP ) +B0Q
BM=RMI -

BN=8N1

BP=BP I

78



185
186

187
188

183

110
190

1582
194

191

195

193

260

202
204

201

205

203

GO YO 183

IF{NBC) 186,186,187

AT [ )1=6.%BNM+T *BEN+8 *0P
GO 7O 188
BlT,T)1=6.%BM+5,%BN+8 *RP
AlTI=1 )=~ (4% BME4 XBP)
AlLT4#1)=={4.%BN+4.*BP}
IF{ICII)«NE.Ll) GC TO 110
LLC=1~-¥

LLD=1-2%M

AlI,1-2)=8M

A(I,I+2)=8M

A( I!LLC]=—[40*BN+4-*Bp}
A(I,LLC)=8BN
AlTL+LLC~L)=2%RP

A{T LLC+L)=2.%BP
CCATINUE

[={N-1)%¥M+]
IF{IPROB.NE.O) GO TO 192
IFIIC(I}=-1) 200,195,200
IF{IC{I)-1) 194,161,191
gM=BMU

BN=BNU

BP=BPU

B{Tlya 1 1=6 o ¥BM4H *BN+8 ¥BP-2,%BQ
AT +I+#1}=-{B.,%BVeB.XBP)+2,.,%BQ
BM=BM{

BN=BNT

BP=0pP [

GO 10 193
AlIyT¥=64%BM46 ABN+B . %BP
A( I 'I+1,=_(81*8M+80*Ep)
IF{IC(I)NE.1) GO TD 2CQ
LLA=T+V :
LLC=I=~V

LLD=1-2%M

AlT,1+2)=2,%BM
AUTWLLA)=—(4.%BN+4 . %0P)
A{T,LLC)==(4.%BN+4,*BP}
AT LLC#+] V=4 .%BP

AlI LLA+]1)=4,.%BP
ALT,LLC)=BN

I=(N-1)*%M+2
IFIIPROB.NELO) GC TD 202
IFLIC{TI=-1) 210,205,210
IF{IC{I)-1) 204,201,201
AM=BMU

Bh=RNU

BP=RPY

A{ D41 }=T7.%BM+6 . %BN+B*BP-2,%BQ
AT, T+#1)=—(4.%BMe4 XBP)+BQ
AlT I -1i=—{4.%¥BM+4,%EP}+BQ
BM=PBM1

Bh=BNI

BP=DPI

GO 10 2C3

Al T 0 )=TXBNMEO HEN48 *BP
AlTT+1t==(h.%EMFa%EP)
ATy I=1)=—[4%CMe4 %ED )
IFLIC(I)ANELL) CGC TO 210

79



210

212
L4

211

215

213

220

222
224

221

225
226

227
228
223

80

LLA=L+M

LLC=1-¥

LLD=[-2%M

ﬁ([|l*2)=EM

A(T] JLLC) ==(4%BNG ¥BP}
Al IsLLA)==(4.%BN+4 . %EP)
AlT,LLEC)Y=RN
AlILLA-1)=2.%BP

AT, LLA+]L)=2.%BP

AT LLC-1)=2.*BP
A{I,.LLC+1)=2.%BP
[=(N-L)*M+M=1
IF{IPRCB.NELD)} GC TO 212
IF{IC{I)~-1) 220,215,22C
[FLIC(I)-1) 214,211,211
BM=BMY

EN=BNU

gP=RPU
AlT21)=6.%RM+6*¥BN#8 *RP-2,%BQ
AlIsT4l)=={4.%¥BM+4.%8BP)+BQ
AlIyI=1)=={4.%BMt4 %RP)+RQ
BM=BMI]

BEN=BNI

BP=BP1

GO TC 213
AlIy1)=6.%BM+5 BN +8  *BP
AlIo1%]1)=-(4.%BM+4 *RP)
AlT4I-1)==14.%BM+4 ,*BP)
IFLICII).NEL1) GO TGO 220
LLA=T +M -

LLC=T=-M

LLD=1=-2%M

AlY,1=-2)=8M
AlIJLLA)==[4.%BN+4,.%BP)
BLI LLC)=-{4.%BN+4.%8P)
A(L,LLD}=BN

AlT LLC~-1)=2.%BP
AlILLC+L }=2,%BP
A{I4sLLA-11=2.%BP
AlTsLLA+L}=2,.%8P

[=N%M+]

IF{IPRCB.NE.CQ) GO YO 222
IFLIC{I)=1) 230,2254230C
[FLIC{IN-L) 2244221,221
EM=8MU

BN=BNU

BP=BPL

Al TsL =6 ¥BMES *¥BN+B ¥BP=-2.%BQ
AlT I 41)==-{B.%BM4+8 ., *BP )} +2.%B0Q
BV=BM] '
BN=BNI

BP=BP I

GO 70 223

IFINBC)Y 226,226,227

Al 1 )=0.%¥BMET . xBN+8 (*BP
GC YO 228

AlLy P )1=6.28M+5 ¥AMN+8 . %8P
A{T,1#1)==(R., % BM+B %EP)
FF(IC(I)NEL)Y GO TO 230
LLC=][-WM



LLD=1-2%M
All,142)=2.%BM
A(ItLLC}'—"-("o*BN"“-*Epl
A{I,LLDI=BN
A{T,LLC+]1 )=4.%BP
230 I=NxM+M
IF(IPRCB.NE.O) GO T0O 232
IF(IC(T)=-1) 240,235,240
232 IF(ICIIN-1) 234,231,231
234 BM=BMU
BN=BNU
BP=BPU
231 ALI, 1 1=5%BM+5 J*BN+8.%BP—-2.%B8Q
Ally[-1)==~{4.%BNM+4 ,¥BP}+BQ
BM=BMI
EN=8NI
gP=BPI1
GO 70 233
235 IF{(NBC) 236.,23€,237
236 A{I+1)=T.*BM+T7,%BN+8 ,*BP
GO TO 238
237 AM1,1)=5.%BM+5.*%¥BN+8 ,*BP
238 AlI4+I-1)=-(4.%BNM+4,.%EP}
233 IFLICIT).NE.1} GO TO 240
LLC=I~M
LLD=1~-2%*M
A(I!I-2}=EM
AT LLC)=-{4.%BN+4,*BP)
A(I,LLD}=BN
A{T,LLC-1)=2.%BP
240 I=(N-1)%M+M
IF{IPRCB.NE.O) GO TO 242
IFLICUT)-1) 250,245,250
242 IFLIC(I)-1) 264,241,241
244 BM=BMU
BN=BNU
BP=BPU
241 MI,1)=5.%BM4+6  #BN+8 . *BP—~2,.%BQ
AlToI-1l)=—(4%EM+4 . %EBP)+BQ
BM=BMI
BN=BNI
BP=BPI
GO 10O 243
245 IF(NBC) 246:,246,241
246 AUI qU)=T.*BM+E L% BNH8 . *BP
GO TO 248
247 A{I,1)=5.%BM+H ¥BN+8 *BP
248 A1 4I1-1)==(4.%BM+4 %PP)
243 IFLIC(I)=NE.1) GO TO 250
LLA=1+VN
LLC=1=M
LLD=1~-2%M
A(l41-2)=R¥
AlIsLLAY=={4.*BN+4,.%BP)
AT LLCY=—~(4*¥BN+4%RBP)
A{T,LLD)=8BN
A{T,LLC-1)=2.%BP
ALTLLA-1)=2.%8P
250 I=NxMe2
IF{ [PROB.NE.O) GO TN 252



IFCIC(IN=-1) 26042554260
252 TFLICIT)=-1) 25442514251
254 EBM=BMU

RN=BNU

BP=RPU

251 Al 1 )=T.%BM+5 ,%BN+8 2RP~2, %BQ .
AlTs1-1)=-{4.%BM+4 . %PP)+BQ
2 I' [+1 ’='*[4i*BM+4.*BDi+BQ
BN=BM]
BN=BNI
BP=8BPI
€O 7a 253

255 IF{NBC} 256,256,257

256 AL1,1)=T.*RM47 ,«BN¢8.%BP
GO TO 258

297 A{T,1)=T7T.%BM+5 ,%BN+8 . %BP

258 M IyI-1)=~{4 . %BM+4 . %0P)
ALl T+1)=—(4.%BMe4 %EP)

253 IF[IC(I).NE.1} GG 7O 260
LLC=1-¥
LLD=I-2%V
A(1,142)=BM
AT LLCI=-({4.%BN+4 *BP)
ALT,LLE)=BN |
A{IyLLC-1)=2.%*8P
ALY LLC+) )=2  *BP

260 I=N%*M+M-~]
IF(IPRCB.NELO) GC TO 262
IF(IC{I)=1) 300+2654300

262 IFLIC(I)-1) 264,261,261

2&4 BM=BMU
BN=BNU
EP=BPU

261 AUl 4T 1=06.%ANMe5 . %BN+B *BP=2,%BQ
AlT I-1)=—{4.%BNM+4 . xBP }+BQ
A{I .1+l =~(4.%BM+4.%BP}+BQ
BEM=BM]
BN=BNI
EP=BP{
CO TQ 2¢3

265 IF{NBC) 266,266,267

266 All3 1 1=6%BMET  %EN+8 *BP
GC 70 2068

267 AlI411=6.%3Me5 %BN+8,*BP

268 Al I-1i=={4.,%8M44 . %BP)
Al I41l)=={4,%BVN+4 XkPP)

263 IF{IC(I).NE«1) GO TO 3€O
LLC=[-¥
LLD=1-2aM
AlI,I-2i=8M
ACT yLLC) =~ (4 . RN+4 . %EBP)
A(T,LLC)=BN
2l ‘1 LLC"‘I. ‘=2 « ¥BP
A(T,LLC#L)=2.%RP

300 RETURN .
ENC

C SUBROUTINE FCR TRANSFORMING MAYRIX A INTO A VECTOR
€ % 9 o abe o ode ok afe e e e ol o Sl o o 3 o e o ot o ol ko o e ak o e e e S o o ade ol ade e o e e e ek e oo ot o e ol o ol ol o o o o e e e e e ok

SUBPOLTINE ROWMAT (XK, AgM MUD,FLO}
DIMENSICN XK{50,50) yA{2500)



CO 201 I=1,2500
201 A{l)=0.
KL=1+MLD
KU=M=MUD
COS5C0 I=14M
IF(I-2)501,502,502
501 LL=]
LAL=1
Lu=1+~Mul
LAU=LUY
GG TO 550
502 (F{MLD}S503,503,%04
s % ool o w3 e o ook ok o o 3 s e 3 ok ok 3 e s ok e ol ook ok 3 ke o s abe ol e e i ol ke e o ok ke o o e o s ol ok o o e o o deole ook Tk K ok ok
L UPPER TRIAMGULAR QR CTAGCNAL MATRIX
(€, 7 o e ke i s e e e 7 3 e 3K ade o ok ok e o e o e 3k ol e o e e ot el ate ok o ot ke e kel ok o ok o e o ol ook s ool ke e sl ekl e ol e ook ok ook
503 IF(I-KUJI505,+505,506
505 LL=1I
tu=T1+VUD
LAU=LAU+MUD +]
GC TO 550
506 LL=]
LuU=M
LAU=LAU+T +M=]
G0 TN 8540
504 IF(I-KU)Y5CT,50T7,508
507 IF{I-KLI5C9,+5104510
S10 Li=I-MLD
Lu={+MUD
LAU=LAL+ L+ FLD+MUC
GC 1O 550
508 LL=]-MLD
LU=M
LAU=LAU+14M=]+MLC
GO 70 550
509 LL=1
LU=1+MUD
LAU=LAU+T+MUD
550 LBA=LL-1
L0551 LA=LAL,LAU
1B=LB+1
551 A{LA)=XK{TI,LB)
500 LAL=LAU+L
RETURN
END
C SUBRQUTINFE FOR DETERMINING POINTS WHICH HAVE CRACKED
(€, 3% 3k o s oot e o o o s s v o sl ool ok o o ol e ot ot st o e ofe ol sl e o ofe i ofe o sk ok o ol e e o o ke ook e e el ok ok e kol R ok
SUBROUTINE EPSMAX(IAsIC EPST EPSBy TEMP, ICCUNT ¢EPSM,EPSBYEPSTY, IR
DIMENSION IC(5C)EPSTIS50),EPSB(50),TEMP2{50) EPSRY(50),EPSTY(50),
1PSTM(A50) ,EPSEMIS0) . IR(50)
INTEGER TCOUNT
REAL TEMP,TEMP1
TOL=1 .E~8
TEMP=Q.
E0 25 I=1,1A
IFCICL{T)-2) 5,435,435
5 IF(EPST(I)-EPSTYILD) 31,30,30
30 EPSTMII)=EPSTILL)
GO T4 2z
11 EPSTHALII=EPSTYILI)
32 IFICPSR{LI-EPSBYLIY}) 34,323,333
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33 EPSAMILE)=EPSBIT) e
G0 10 35 ' '
34 FPSBMILT)=EPSBY(T1)
35 CONTINUE
IFIICCLAT.FGel)} GO TC 122 ,
€ % o o e e s ok oo o ok e el o oo e o o e o o ol 9 o oo ok o e o o ot e ol ok ook e e ok o ke ot ok ok ke oo o e ok o e o ok o sk e ol e ke e e

c CETERMINE POINT WITH MAXIMUM TENSILE STRAIN
(€ 0 oo o o ofe o i e o o ootk ok o o o o ol ok 0ok o e o e ol ool ok o ok ok o oK ok ok ook ok ok o ol B o kol ok sk R
CO 20 I=1,1IA
20 TEMP2(I)=C.
CO 10C I=1,IA
IF(IC(I)=2) 1,1CC, 100
IF(EPSTMLI)) 243,3
IF(EPSBM{I)) 10C,8,8
IF(EPSEM(I)) 74646
IF(EPSBM(I)-EPSTMII)) 7,7,8
TEMPL=EPSTM(IT)
IF(EPST{I)-EPSTY(I1}) 145,145,146
145 IR(I}=1
GO 70 9
146 IR(T)=2
GO 7O 9
8 TEMPL=EPSEM{I)
IF(EPSBII)-EPSBY(I)) 147,147,148
147 IR(I)=1
GC 70 §
148 IR(!}=2
9 TEMP2{I)=TEMP]
IF(TEMPL-TEMP} 100,10,10
10 TEMP=TEMP]
100 CONTIANUE
CO 120 I=1,T1A
TEMP3=ABS{TEMP2(I)-TEMP)
IF(TEMP3-TCL) lzls121,120
121 IC(I)=1
120 CONTINUE
GC 1O 135
(e e o e ok o o o ol o ol o o o sl e o o oo e ok o o e e ook o s ke ol sl sk o e sl o sk ok o o oo ook K ok o kol R ok R Rk

C CETERMINE PCINTS WHICH HAVE CRACKED
(o et s e ot o stk o oo o ke o o e st o oo ot ot oK o ko ook ok ok s e ale ol o O o ok o sl ok o ok e ok e s
122 CO 123 I=1,1A
IFIIC(I)~-2) 124,123,123
124 YF{CPSTMILY) 1254126,126
125 IF{EPSEM({I)) 123,131,131
126 IF(EPSEBM(1}}) 128,127,127
127 IF(EPSBMLLY-EPSTMITI)) 128,128,131
128 TEMPL=EPSTM{T]
IF(EPST{I}-FPSTY{I)}) 140,140,141
(€8 o o s oo ok e o o o 3ok R e oo ok R o 8 e ok ok ook otk o 3 e ok o ook i ok oo sl ok ok o ok sk o o ok s ko ok ek ok
C VALUE CF IR{I} INCICATES THE CDIRECTION IN WHICH
C CRACK CCCULRED AT PCINT 1
(€ % o oot o ke oo ok w3 e o o skl ook oo o ko sk ok o o ok o ok ol o e s o kol e AR o ok e ok b ok ok s oKl ok ok
140 IR(TI)=1
GO YO 129
141 IR{I)=2 .
GC TO 129
131 YEMPL=EPSEMIT)
IF(EDSE{II-EPSBY{(T)) 142,142,143
142 IR{1)=1 :
GO 70 129

~ T W P



143 IR(T)}=2
129 IF{YEMPL-EPSM)
130 IC{1}=1
123 CONTINUE
135 RETURN
END

123,130,130
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APPENDIX C

Computer Output of 25 x 25 Matrix
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SUPPCORT CONDITICN-SIMPLY SUFPORTED

LATERAL LOACING

CATA
M= 5 N= 4 ES= 0,3C00COF 08 EC= 0.300000E 07 PR= 0.15
WP= 0.80 EPSM= 0.150€-02  EPCN=-0,6(CE-03
T= 1.0000 H= 9.6C00 = 0.8750  D2= 0.1250
Z1Uu=  0.3750  Z2U= 0.3750  SR1= 0.0100
DXU= 0.340129E 05 DLU= 0.30690SE 05
DXC= 0.135822E 06 C1C= (. 309B11E 04 CN= 0.293322E 00
MATRIX A
0.67327€ 03 -0.513C8E 03  0.8CCS2E 02 0.0 0.0
-0.51308F 03 0.19272E 03 0.0 0.0 0.0
0. 8CC92F 02 0.0 040 0.0 0.0
0.0 0.0 0.C 0.0 0.0
0.0 0.0 0.0 C.C 0.0
~T.25654E C3  0.71331E 03 <-0.25654E 03  0.40046E 02 0.0
6.96358E 02 =-0.513C8FE 03  0.S€3%8E 02  0.C 0.0
0.0 0.80092E 02 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0
0. 4004GE D2 -0.25654F C3  0.67327E 03 -0.25654E 03  0.4CC46E 02
0.0 0.96358E 02 =-0.5L3C8E 03  C.S$6358E 02 0.0
0.0 0.0 0.80092E 02 0.0 0.0
0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.6 0.0 0.0 <
0.0 0.40046E 02 <-0.25654E 03  0.67327E 03 ° ~0.25654E 03
0.0 0.0 0.56358E 02 =-0.51308E 03  0.96358E 02
0.9 0.0 0.0 0.80092E 02 0.0
0.0 0.0 0.0 040 0.0
0.0 0.0 0.¢ 0.0 0.0
0.0 0.0 0.40046E 02 ~0.25654F 03  0.63322E 03
0.0 0.0 0.0 0.56358E 02 -0.51308E 03
0.0 0.0 040 0.C 0.80092E 02
0.0 0.0 0.0 0.0 0.0
00 0.0 0.0 0.0 0.0
~0.25654E 03  0.56358E 02 0.0 C.0 0.0
0.71331E 03 =-0.513C8F 03  0.8CCY2E 02 0.0 0.0
~0425654E 03  0.96358E 02 0.0 Ce C 0.0
0.40046E 02 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0. 0.0
0.48L79E 02 =-0.25654F 03  0.48119E 02  0.C 0.0
~0.25654F 03  0.75336F 03 <-0.25654E 03  0.40046E 02 0.0
0.48L79E 02 =-0.25654E 03  0.48179E 02  C.C 0.0
0.0 0.40046E 02 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0
0.0 0.48179F 02 -0.25654F 03 0.48179E 02 0.0
0.40046E 02 -0.25654E 03  0.71331E 03 -0.25654E 03  0.40046E 02
0.0 0.4B17SE 02 -0.25654F 03  0.48179E 02 0.0
0.0 0.0 0.40C46E 02 0.0 0.0
0. 0 0.0 0.0 0.0 0.0
0.0 0.0 0.4E179E 02 —0.25654E 03  0.48l7GE 02
0.0 0.40046E 02 =-0.25654E 03 0.71331E 03 -0.25654E 03
0.0 0.0 0.48179E 02 =0.25654F 03  0.48179E 02



0.0 0.0 0.0 0.40046E 02 0.0
0,0 0.0 0.0 . 0.0
0.0 0.0 0.0 0.48179E 02 —~0.25654E 03
0.0 0.0 0.40046F 02 -0.25654F 03 C.67327E 03
0.0 0.0 0.0 0.48179E 02 -0.,25654F 032
0.0 0.0 0.0 0.C 0.4C04¢F 02
.0 0.0 0.C 0.0 0.0
0.40046E 02 0.0 0.C 0.0 g.0
-0.25654E 03 0.96358F 02 0.0 0.0 0.0C
0. 67327E 03 -—-0C.513C8E 03 0.8CCS2E 02 0.0 0.0
0. 40046E 02 0.0 0.0 0.0 0.0
.0 0.40046E C2 0.C .0 0.0
0.48L79E 02 -0.25654E (3 0.48179E 02 0.0 0.0
-0.25€54E 03 0.71331FE C3 -0.25654E 03 0.40046E 02 0.0
0.48179E 02 -—-0.25€54E Q3 0.48179E 02 . C 0.0
0.0 0.40046FE 02 0.0 0.0 0.0
0.0 0.0 0.40046E 02 0.0 0.0
0.0 0.48179E 02 ~0.25€E4E C3 0.48179E 02 0.0
0.40045E 02 -0.25654E 03 0.67327E 03 -0.,25654E 03 0.40046E 02
0.0 O.QEI?QE GZ —0325654E 03 0448179E 02 0-0
0.0 0.0 0.40046E 02 0.0 0.0
0.0 0.0 0.0 0.4N04EE 02 0.0
0.0 0.0 0.48176E 02 ~-0.25€54E C3 0.48179E 02
0.0 0.40046F 02 -0.25654E 03 0.67327E 03 =~0.25654E (03
0.0 0.0 0.4B179E 02 -0.25554€ 03 0.48179E 02
0.0 0.0 0.0 C.40046E 02 C.0
0.0 0.0 0.0 0.0 0.40046F 02
0.0 0.0 0.0 0.4817GE 02 -0.25654E 03
0.0 0.0 0.,40046E 02 —0.25€54E 03 0.63322E 03
0.0 0.0 0.0 C.C C.40046E 02
6.0 0.0 0.0 0.0 0.0
0. 40046E 02 0.0 .0 0.0 0.0
~0.25654E 03 0.96358E 02 G.C 0.0 0.0
0.67327€ 03 -0.513C8BE 03 0.8CCS2E 02 0.0 0.0
-0 25€654F 03 0.96358E Q2 0.0 : 0.0 0.0
0.0 0.0 0.0 0.0 0.0
0.C 0.40046E 02 0.0 0.0 0.0
0.48179E 02 —0.25654E 03 0.4E179E 02 C.C 0.0
—-0.25654E 03 0.71331E 03 -0.256%54E 03 0.4CC46E 02 0.0
0. 48179E 02 -0.25€654E 03 0.4817SE 02 0.0 0.0
0.0 0.0 0.0 - 0.0 - 0.0
0.0 0.0 0.40046E 02 0.0 0.0
0.0 0.48B179F 02 ~0.25€54E 03 0.48179E 02 0.0
0. 40046F 02 -0.25654E 03 0.67327E 03 -0.25654E 03 0.4C046E 02
0.0 0.48179E 02 -0.25654E Q03 0.48179E 02 0.0
0.0 0«0 0.0 G.C 0.0
0.0 0.0 0.0 0.40046E 02 0.0
0.0 0.0 0.48179E 02 -0.25654E 03 0.48179E 02
0.0 0.40046E 02 -0.25654E 03 0.67327E 03 -0.25654E C3
0.0 0.0 D.4BLT9E 02 =-0.25654F 03 0.48179E 02
0.0 0.0 0.0 0. C 0.0
0.0 0.0 0.0 0.0 0.4004¢E 02
0.C 0.0 0.0  0.48179E 02 -0.25654F 03
0.0 0.0 0.40046E 02 -0.25654E 03 0.63322E 03
0.0 0.0 0.0 0.48179F 02 -0.25654E 03
0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0
0. 40046E 02 0.0 0.0 0.0 0.0
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ABSTRACT

The behavior of reinforced concrete plates is characterized by the
progressive cracking of the concrete under increasing load. These cracks
cause a redistribution of stresses in the concrete. In addition, the plate
bends into.a warped surféce. This warping of the plate is dependent on the
plate torsional stiffhess which has been difficult to evaluate for reinforced
concrete plates,

This paper presents an analytical approach using the method of finite
differences to predict the effects of cracking and plate torsiconal stiffness
on the response of reinforced concrete plates subjected to normal loads and
to eccentrically applied in-plane compressive loads. A computer program
was developed to perform the analysis. Lﬁterally loaded, rectangular,
reinforced concrete plates with simple supports along all edges and also a
plate with fixed-edge supports were examined. The torsional stiffness was
varied by means of the warping parameter, A, whose value varied from 1 to
0. Also simply-supported rectangular plates under eccentric in-plane
compressive loads ﬁere éxamined. Two plate length-width ratios were con-
sldered.

In general for all the types of loading that were considered, the
load-maximum deflection curve and the load maximum moments curves had lower
slopes for the cracked plate compared to those for the uncracked plate. This
shows that the cracking of the concrete affects the plate response.

For a given load the maximum plate deflection for a simply-supported
square plate under lateral load changed by about 754 for A ranging from 1

to 0 for the case of no cracking. For the cracked case the corresponding



change vas 18%. The maximum moment changed by 63% for the uncracked case
and by 16% for the cracked case, Similar results were obtained for the
plate under eccentric in-plane compressive load. The results indicate
that the plate torsional stiffness has a significant effect on the plate

response but that the effect is less pronounced for the cracked plate,



