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CHAPTER I
INTRODUCTION

Management problems commonly arise from operational systems where
men, machines or materials form a queue for some type of servicing. One
of thg principal characteristics of such systems is the uncertainity of
randoénass which is generally associated with arrival flow, service times,
or both. In order to design such a dynamic system, usually referred to
as queueing system, for optimal performance, it is essential to conside;
the effect of any random elements that may be present.

Queueing theory is concerned with the development of mathematical
models to predict the behavior of systems that provides service for
randomly arising demands. It has been applied to various problems.
Queueing theory has formed a prominent place among modern analytical

techniques of operations research, since it has considerable potential

as a means for decision making in industry.

1.1, Bulk Queueing Theory

In a queueing process, customers arrive at the service station. They
form a queue if the service station is busy. After being served, the
customers depart from the service station. Customers may arrive singly
or in batch (bulk). They may also be served in bulk. In case of the
bulk arrival and/or bulk service, such systems are referred to as bulk
queueing processes, For example, several people may go to a restaurant as
a group, and obtain service together. Ancother example is that an elevator

serves a group of people at the same time.



It is obvious that we are considering a more general type of queueiﬁg
system which can yield the single arrival and single server as special
cases. Bulk queueing theory has been often applied to a vafiety of
industrial problems. To specify a queueing process, the distribution
function and arrival pattern must be known. Also the service pattern,
discipline and service time distribution must be described.

This chapter includes the reviewed literature of bulk queueing theory,
Chapter II discusses the basic concepts of gqueueing theory in general. It
covers the basic structure of queueing processes, types of queueing
processes and methods of solutions. Chapter III is devoted to the analysis
of various bulk queueing models. Some of these models are derived mathe-
matically for the transient and steady-state conditioms. Chapter IV

discusses the applications of bulk queueing.

’

1.2. Literature Review

Considerable research has been done on bulk queueing processes. Most
of this work is theoretical. Bulk queueing literature are reviewed below.
Bailey [4] has investigated a simple queueing process in which
customers arrive at random, form a single queue in order of arrival, and
are served in batches. The size of each batch has a fixed maximum. 1In
most of the results obtained the time intervals between successive service
are assumed to be independent)g distribution with an even number of degrees
of freedom. The equilibrium distribution of queue length has been
studied by the imbedded markov chain method: Expressions for the mean
and variance of queue length, and the mean waiting time are given. A

useful inequality for the latter is also available in the special case of



a constant service time. An application has been made to hospital out-
patient departments, with possible extensions to other situations such as
elevators and buses.

Downton [16] has considered a process similar to that of Bailey [4].
In this process, the size of the batch is either a fixed number or equals
the size of the queue, whichever is the smaller. Assuming that the queue
is in equilibrium, the Laplace transform of the waiting time distribution
is derived from the probability generating function of the queue length
distribution. Expressions are obtained for tﬁe mean and variance of the
waiting time. The computations of these quantities when the time inter-
vals between successive epochs of service having independent x2 distribu-
tion with an even number of degrees of freedom, are briefly &iscussed.

A short table of numerical results is given.

Gaver [21] has considered imbedded markov chain analysis of a queueing
process with continuous time. In this analysis, customers arrive in batches
and are served singly. A simple model for instantaneous defection is also
analyzed. Using renewal theory, the properties of queue lengths and waiting
times are discussed for the general process in which idle and busy periods
Trecur.

Miller [44] has considered a problem where customers arrive in groups
and are served in batch. It has been assumed that a service period étarts
only if there is at least one customer waiting in the queue in front of
the server, and that quota does not have to be filled. Two models have
been considered. In model A, all subsequent arrivals have to wait for the
next service period. However, in model B, the addition of any subsequent

arrivals is allowed to the group in service until a fixed quota has been



filled or the service period ends.

Jaiswal [32] has considered Bailey's queueing process [4] and solved
it by a different method. The reason for this investigation has been
two fold: (1) to modify suitably the method used by Gaver [22], Luchak
[41, 42] and others, to fit the bulk service model; and (2) to investi-
gate J method which may be capable of giving a time dependent solution
to remove the drawback of Kendall's method [37, 38] as observed by
Conolly [12]. In two papers [31, 3?], Jaiswal has used a slight modifi-
cation of this method and obtained steady-state probabilities. Further-
more, thé time dependent solution of the same problem has been obtained.
It should be pointed out that in Jaiswal's model [31] a unit is served
immediately if, on arrival, there is no one waiting or being serviced,
while in Bailey's model [4] the unit waits for the next service epoch.

Foster and Nyunt [20] have considered a case in which the units are
serviced in batches of size k exactly by a single server in the order of
their arrival. They have derived the stationary distribution function of
the number of customers in the system just after their departure. In
another paper Foster [18] has assumed that customers arrive in groups of a
constant size but are served singly.

Craven [14] has considered the more general case of the bulk service
queueing process introduced by Bailey [4]. The results are not restricted
to negative exp&nential distributions of service times.

Foster [19] has considered two cases. In case A, arrivals are in
single units and departures in batch. In case B, batch arrivals and

departure in single units. Comparison has been made between the queue



sizes for the folléwing: (1) just before arrivals; (2) just after
departures; and (3) all the time.

Bhat [7] has considered time as a discrete variable and analyzed
the transient behavior of a bulk service queueing system. The number of
customers arriving within a fixed time interval follows a binomial prob-
ability distribution. The service times are assumed to be identically |
distributed and statistically independent. The distributions of the )
busy period and queue length have been obtained.

Arora [3] has analyzed a bulk service queueing system with two service
- stations. The Poisson arrival and exponential-service-time-distributions——-
have been considered. The model has been analyzed for two cases: (1) at
least one service channel is busy, and (2) both service channels are busy.
Various measures of effectiveness such as the mean queue length and the
distribution of the busy period are computed.

Gupta [25] has studied the transient_behavior of a batch arrival
queueing model with poisson distribution. The batches are not necessarily
of equal size. The model has been analyzed for a general class of service
time distributions. Three particular cases of the model have been studied:
(1) exponential service; (2) batches of equal size; and (3) steady-state
solution. Various measures of effectiveness such as the mean service
length and the waiting time distribution are computed.

Neuts [48] has considered a bulk service queueing system. The
customers are sérved in a fixed number, or in any number n where n < m.

The distributioﬁ of the busy period for a queue with poisson input have been
studied. ihe bugy period have been proved to be equal to the time between

successive visits to state zero in an imbedded semi-markov processes,



associated with the queueing process.

Novaes and Frankel [49] have considered a bulk service queueing
system. It has been assumed that the arrivals (cargo) have the same
size from handling viewpoint. Special cases such as reneging, balking
and consequent availability of alternative serviée have been comsidered.
The model have been simulated for a two-part trade route with homogeneous
equipment. This model may be used for the design of short to medium
distance container, roll-on roll-off, or all palletized cargo operations
and the related terminal requirements.

“Roes [53] has considered a queueing system with bulk service and n
servers. The waiting timé distributions for three cases: (1) Service
in order of arrival; (2) service in random order and (3) service in
inverse order have been determined.

Giffin [23] has considered a simplified model for bulk service in a
series of stations where the customers are served by a common fixed
capacity carrier. Service measures are developed and computed by
existing table of the poisson distribution. Example problems are
included.

Soriano [57] has considered a queueing process in which the arrival
of customers is in batch and service is single. He has considered the
general types of batch interarrival time and service time distributions.
Two models are analyzed in the transient and steady-state situations:
(1) a2 random batch sizej and (2) a periodic batch size. Some particular
cases have also been considered. This model has been used to compare

two scheduling systems.



Kashyap [35] has developed a dou£le ended queueing model with bulk
service and limited waiting space. The customers and taxis are considered
at a taxi stand. The customers are served iﬁ bulk, The arrivals of
customers and taxis are taken as general and poisson distributions
respectively. Cases of Erlangian and Poisson arrivals and single seated
taxié.have been discussed as special cases.

IMurari [45] has studied the transient behavior of a first come-first
served with service in batches of variable size, poisson input, and expon-
ential service time distributions.' When the queue length increases to a
fized preassigned positive number, N, a special service channel capable
of serving a group of N units is made available. However, it is cancelled
at the termination of service, if the queue length becomes less than N.

A limited waiting space is also assumed for the queue. Finally, some parti-

cular cases are discussed.



CHAPTER II

BASIC CONCEPTS OF QUEUEING THEORY

This chapter is devoted to discuss the basic structure of queueing
processes, classify, and illustrate their elements. The queueing models
are classified into deterministic and probabilistic models. Methods of
solutions are also included to differentiate between analytical and
simulation procedures. In analytical procedure, the transient and steady-

state solutions are discussed.

2.1. Basic Structure of Queueing Processes®

The basic process assumed by most queueing models is the folléwingi
Units requiring service are generated over time by an input source. These
units enter the queueing system and joiﬁ a queue. At a certain time, a
unit waiting in the queue, is selected for service by some rule referred
to as service discipline. The requiredrservice is then performed for the
unit by the service mechanism, after which the unit leaves the queueing
system as an output. This queueing process and its elements are shown in

Figures 1 and 2, respectively.

ARRIVAL QUEUE SERVICE
SOURCE ARRIVALS —— - - -O—Mecuantsy |- O——* (OUTRUT)

Figure 1. The Basic Queueing Process

*Adopted from Ashour, S., "Introduction to Queueing Theory", Unpublished
Report, Kansas State University, 1967.
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Figure 2. Elements of Queueing Processes
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Therefore, the most important characteristics in queueing theory are:

1. Input: The customers desiring service, arrive from a certain
source at the queueing system. The arrival source, arrival
pattern, arrival distribution and arrival behavior are basic
elements of the input, see Figure 3.

2. Queue: The customers who have to wait for service, form a waiting
line (queue). The elements of the queue are queue size and
waiting time distribution, see Figure 4.

3. Service: The customers who arrive at the system are getting
the service offered. The elements of service are service
discipline, service pattern, service mechanism and service time
distribution, see Figure 5.

4, OQutput: The customer is discharged from the system after being
served. It is obvious that the output distribution may be
studied in the cases where the service stations are on series
or in cyclic queueing systems. In these cases, the output of a

service station is the input of the successive one.

2.2. Types of Queueing Models*

The study of queueing systems requires information about the arrival
rate, service discipline, and service time. There are two types of
queueing models. First is deterministic, when the customers arrive
exactly at known times and receive service of exact known length. In

deterministic models, all interarrivals are known, so the service inter-

*Adopted from Saaty, T.L., "Elements of Queueing Theory," McGraw-Hill

Book Company, Inc. New York, 1961.
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vals too. In practice there is no such regularity in queueing systems.
The other model is that where there are variations in the interarrivals
and/or in the service times. Sometimes more arrivals than the service
facility can immediately accommodate, and a queue of varying length will
form. Sometimes service channels will be idle. Accordingly, the
discharges vary in a random fashion and each measurable quantity assoc—
iate& with the process is considered a stochastic variable, fluctuating
with time.

The random wariables describe_the interarrivals, waiting times and
service times of a customer. With a set of customers, there are a family
of random variables which depend on time. Each random variable may have
a different probability distfibution for each point of time. These
random variables form stochastic processes. A stochastic process may be
defined as a family of random variables that depend on time.

The study of queueing theory is concerned with finding probability
distributions of these random variables whenrenough information is given
gbout them. The main problem is then:

1. to relate the variables correctly in order to describe a queueing

problem,

2. to derive the associated distributions and determine their actual

form by statistical measurement,

3. to uée the distributions for deriving useful measures, and

4. to apply these measures to the improvement of a system

The mathematical model required to analyze such a system is referred

to as a probabilistic queueing model.
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2.3. Solutions of Queueing Models

To obtain a solution to a queueing model, two approaches are usuallg
considered: (1) analytical approach, and (2) simulation approach. In
the former approach, the arrival and service time distributions must be
determined by being approximated to one of the well known probability
distribution functions. From the structure of the system, the state
probabilities are constructed in terms of difference-differential equatioms,
depending on the number of units in the system, n, and time, t. These

erations, when solved, provides a transient solution. However, if

-the queueing system is considered in equilibrium state, the above equatioms,

independent on time, may be solved in the steady-state condition. The
transient condition implies that the probability of finding the system in

any given state will not be the same during the first hour of operation as,
say, the last hour., It should be pointed out that the steady-state coundition
1s that where the probabilities are independent of time but not that the
system becomes deterministiec. The transient solution is important if we are
interested in the effect of sudden changes in system parameters, or such
questions as the distribution of the length of a busy period. In general,
transient solutions are difficult to obtain because it involves a large set of
differential equations. Mostly, steady-state solutions of models have been
derived.

Simulation approach is known as Monte Carlec method which depends on
simulated data concerning arrivals and service times. This approach is
valuable when a-computer is used. Each simﬁlated period of system operation
is developed using a sample set of arrivals drawn from a specified input

and service time distributions. This set of arrivals generates a sample
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waiting time distribution for this period. The degree of variation among
input sample; and the degree of accuracy required in final results deter-
mine how many periods, or how long the period is for which the system
operation must be simulated. The simulation approach is used in preference
to the mathematical apprcach when the queueing sysfem cannot be easily
solved by mathematical means. Furthermore, simulated operating data can

be generated for any variety of arrival and service-time distributions

and queue discipline.
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CHAPTER III

BULK QUEUEING MODELS

The different methods of solutions expressed in chapter

II is a basis of analyzing the queueing models. It is the

purpose of this chapter to analyze various bulk queueing

models,

1.

5.

The following-five models have been analyzed:

Bulk service queueing models with an additional

service station.

Queueing ﬁodel for bulk service at a series of
stations.

Double ended queue with bulk service queueing
model.

Multiphase bulk service queueing model.

Batch arrival queuéing model.

The first four models are of bulk service type and the

last is of bulk arrival type model. The models are analyzed

under the transient and steady-state conditions, The fourth

model is a simplified model which does not require the

evaluation of roots of the polynomials in the analysis.
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3.1, Bulk Service Queueing Models with an Additional Service
Station

This queueing model which has been developed by Murari
[45] describes a system with a limited queue and one service
station. The customers who arrive singly, are served in bulk.
If the number of customers exceeds the capacity of the service
channel, those remaining will not be turned down; however, spe-
cial service station will be added. Two models are developed:

(1) Model A represents the situation where an ordinary service

channel will remain idle if queue_size is zero and wait for a
customer to arrive.- (2) Model B represents the situation where
the ordinary service channel will serve a batch of zero cus£o~
mers, Both models are analyzed for transient and steady-state
conditions. Two special cases aée also discussed. The first
case is that when the size of the queue approaches infinity
with additional channel if néeded. The other case 1is similar

to the first one but without additional channel,

Model Specification:

Arrival Source t Infinite
Arrival Pattern : Single

Arrival Behavior t Patient
Arrival Distribution : Poisson
Queue Size : Limited

First arrive, first
served

Service Discipline
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Service Pattern Bulk

Service Mechanism

Single Channel, single
phase, with additional

service station

Service time distribution : Exponential

Number of Servers One

Practical Problem: Passengers wait at the bus stand forminé

a queue with a limited size in order to get into the bus. The
bus is considered as a service channel. If the number of
passengers is less than the maximum capacity of the ordinary
bus they ride in, Otherwise, an additional bus will be called.

This situation arises often during rush hours.

Notation: The following is the notation used in this model:
A = Mean arrival rate

u = Mean Service rate of Ordinary Service
Channel (0SC)

v = Mean Service rate of Special Service
Channel (SSC)

N = Number of customers served by Special
Service Channel

M -.Capacity of Ordinary Service Channel

QE(t) = Probability that at time t, there is no
customer in the system, the 0SC is idle,
and the SSC is not added

Q. (t) = Probability that at time t, there is no
B
customer in the system, the 0SC is idle,
and the SSC is added

P E(t) = Probability that at time t, there are n
i customers in the system, the 0SC is busy
and the S5C is not added



20

P (t) = Probability that at time t, there are n

Wk customers in the system, the 0SC is busy
and the SSC is added
Pn(t) = Probability that there are n customers
in the queue at time t
F(a) = Laplace Transform of F(t)
G, (t,x) = Generating Function of P (t)
n,E

GB(t,x) = Generating function of P (t)
n,B

G(t,x) = Generating function of Pn(t)

Analysis: The service facility consists of two service channels,

namely ordinary service channel (0SC) and special service channel
(SSC). The capacity of ordinary service channel j, is deter-
mined at the completion of each service and 1s a random wvariable

with probability P such that

ij=1, pj>0.

If at any instant the queue length is n, n > 0, and the
capacity is j then the 0SC will take in a batch of min [mn,]]
units for service. However, if at any instant the queue length
is n, n > 0, and the capacity is zero, then the 0SC will take
in a batch of zero units for service. We will consider two

models:
1, Model A - If at any instant queue length is zero and

the capacity is j, j > 0, then the 0SC will remain

idle and wait for a customer to arrive.
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2. Model B - The 0SC will take in a batech of zero units

for service.

Assumptions:

1. The SSC serves customers in batches of fixed size
N, N > M, If at the completion of service at the SSC the
queue length is m, n > N, then the SSC will take in a batch
of N units for service. 1If at the completion of service at
the SSC the queue length is ﬁ, n < N, the $SC will stop opera-
ting; and as soon as the queue length increases to N, the
SSC will start operating and take in the batch of N units
for service. GEm AnwE mEEg

2., Let the service times My of the successive batches

at the 0SC are independently, identically distributed with

P(v

i & x) =1-c¢e , k
v

3., If at any time queue length is equal to K, K > N, the
arriving customers will be considered lost, When SSC is not
operating queue length cannot be greater tham N. However, when
the SSC is operating the queue length is allowed to grow to K,

4, The stochastic processes involved namely: dinterarrival
times of customers, service times of batches at the 0SC, and
service tim&s of batches at the SSC, are independent of each

other.
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Solution of Model A

1, Transient Condition: The equations representing this

model under the transient conditions are

1.1, 1In the case where the SSC is not operating

| da (t) M
! B T— + ?\QE(t) = jzl tuPO,E(t) + \JQB(t) (1)
dPo E(1:)
wo pmetSees & () PD.E(t)‘= upOPO’E(t) *
M j
> I up,P (£) + 2Q.(t) + vP (t) (2)
j=1 r=1 3 TE E 0,8
dPrl E(1:)
—gi— + () Pn,E(t) = upoPn’E(t) +
M
jil upJPn+j’E(t) + APn_l’E(t) +
an B(t), 0 <n < N (3)
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In the case where the SSC is operating

dQ. (t) M
5 + (A+v) QB(t) = I ppjfo B(t) (4)
=1 4

dPo B(t)

—de ¥ BFuhe) By g€ = gpoR, €0

M h
s I I up,P (t) + 2Q_(t) +
j=1 r=1 j r,B B

”PN,B(t) +1PN_1'E(t) (5)
dPn B(t)
—at 1 (A+u+v) Pn,B(t) = upo?n’B(t) +
M
jfl uijn+j.B(t) + APnﬁl'B(t) +

an+N,B(t) 5 0 <n <K (6)
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dp, p(t)
4t t (utv) PK’B(t) - upoPK’B(t) +
APp_1,8(8) (7)
;
| Poog(t) =0 n >N (8)
B Pn,B(t) =0 , n > K (9)

Pn(t) = Pn E(t.) + Pn () , n >0 (10)

? ’B

Po(t) = Po E(t) + PO,B(t) + QE(t) + QB(t) (11).

The record time from the instant when the queue length is
equal to zero, the 0SC is idle, and the SSC is not operating

such that initial condition becomes
QE(O) =1 (12)

Multiplying equation (2) by xH, such that
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dp (t)

M 0,E M .
X P + (A+u) x PD’E(t) ux poBo’E(t) +
M ¥ i M M
x z I up,P (t) + xx'Q.(t) + vx'P (t) , (13)
- - j r,E E 0,B
J=1 r=1
M+n
Multiplying equation (3) by x and summing over n, n = 1, 2,
s v ey N"'l’
N-1 dp (t) N-1
I xH+n ——EE%——— + I  (Atu) xM+nPn E(t) =
n=1 n=1 )
N-1 M
M+n (M+n)
o |upax PP _(t) + L up,P (t) +
n=1 [ 0 n,E j=1 j n+j,E
M+n M+n '
AX Pn-l,E(t) + vx Pn,B(t) " (14)

then adding equations (13) and (l4), and using equation (8),

® dp (t) @
r o0 _B.E . 4 (A+u) xH+nP (t) =

n=0 dr n=0 nyE

M+n M
S ux POPn,E(t) + Ax QE(t) +

h v 8

0
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Mooy 3 N1 o |

I x L up,p (¢) + & x up,P ()] +
§=1 r=1 jir,E a=1 j n+j,E
N-1 R-1

T axop L pt) + = va+uPﬁ NOR (15)
n=1 = n=0 !

and

G(t,x) = © x"P_(t) ,
n=0 "

Equation (15) becomes

dGE(t,x)
dt

M

x + xM(l+u)GE(t,x) = ubP xMGE(t,x) +

0

M M+n
AX QE(t) + I upy I x Pn+j’E(t) +
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M j-1 N-1

tor oxMupip. p(6) ¢ E AxTRR L (r) +
=1 r=1 i'r, n=1 B2
N-1

I vx'"T8p g(t) . (16)
n=0 Rs

Where the third term in the R.H.S. of equation (16) is simpli-

fied to
M L M w©
Eowpy I xR p(6) = Iowpy Eox AR oe) -
=1 n=0 g j=1 r=j ’
M © M j-1
X WPy z xM+r-jPr g(t) - I MP z xu+r'jPr glt) =
j:l r=0 ’ j=l r=0 ?
M _ M j-1 -
X upij jGE(t.x) - I Py Ak jPr g(t)
jg]_ ) j=1 r=0 *
the fourth term is simplified to
¥ -1 o Moj-1
b I x uijr,E(t) = I I x tuPr,E(t) -

j=1 r=1 j=1 r=0



M x
- I t
M
x uP t) I
‘ WPy, g(F) =1 °3
|
but
M
I p,=1,
j=0
or
M
L = 1 -
thus
Mo3-1
b I x up,P (t) =
j=1 r=1 3 r.E

uxM(l-po)P0 E(t) 3

j=1 r=0

M
X uijr’E(t)

and let n-1 = n', the fifth term is simplified to

28



]
EoaxTMR () = X xR +1Pn. g(€) =
n=1 n » n'=0 ]
N-1 1
M+1l+4n' M+N

'Z Ax Pn',E(t) - AX PN—l,E(t) =
n'=0

M+1 M+N
Ax GE(t,x) - Ax PN—I,E(t) .

Using the above results, equation (16) becomes

dGE(t,x)
dt

M

x + xM(l+u)GE(t,x) = uxupoGE(t,x) +

M
AxMQ (t) + I up xHﬁjG (t,x) -
E j E
i=1
M j-1 g
Do owpgx R p(e) 4
j=1 r=0 !
M j-1 M M
> P p=x mﬁ?r g(t) = ux"(1-py)Py o (t) +
§=1 r=0 » ’
N-1
M+1 M+N M+n
Ax GE(t,x) - AX PN-l,E(t) + : vx

n=0

P

n,B

(t)

i 29
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which may be again simplified such that

xH Efgé::ii + [xu(1+u—up0) - jgl upjxu_j - AxH+1} GE(t,x) =
kxMQE(t) + ? j;1 upj [xM - xM+r_j} Pr E(t) -
j=1 r=0 ’
ux" (1-pg) B g (£) - lxMHJPN_l’E(t)?ﬂ:
Ngl va+nPn,B(t) . (

Taking laplace transform of both sides,

M
xM{uGE(a,x) - 0] + xH(A+p—Ax) - I
j=0

tuxM-j Gyle,x) =

: M j-1
AxHQE(u) + I I upj[xM - xM+r-j] P E(u) -
j=1 r=0 ’
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M M+N
ux (l_pO)PO,E(G) - AX PN—l,E(a) +

M+n
I vx Pn,B(u) .

and rearranging the terms, we obtain

M = M-j
GE(a,x) (a+r+p-Ax)x - L upjx:wl~;=LCTm S

M N
x [AQE(u) - u(l-po)PO,E(u) - AX PN—l,E(G)] +
M ji-1 N=-1
I L upj[xH—xM+r-j] P E(a) + I va+nPn B(u) 5
j=1 r=0 T n=0 *
Thus, the generating function GE(u,x) is
GE(u,x) =
M N N-1 Mtn
x {XQE(G)—u(l—po)PO.E(u)—lx PN'llE(u)]+nion Pn’B(u)
M M-

(a+1+u~kx)xu— I up,x
j=0 1
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M j-1
M M+r-
I I upj[x Tree b P g(a) :
=1 r=0 " :
M M M- (7
[(u+l+u—lx) X - I up,xXx ]
j=0 3
Multiplying equation (5) by xN,
- N dPD B(t) N
— e =
X oy + (A+p+v)x PO,B(t)
N (&) + 1 3 (t)
x Up,P t) + & I wup.P t) +
0"0,B j=1 r=1 r,B
AQB(t) + “PN,B(t) + APN_l’E(t)} 5 (18)
multiplying equation (6) by xN+n and summing over n, n = 1, 2,
. . oy K"l.
K-1 dp (t) K-1
3 el T e (A+u+v)P (t)| = £ «N° up,P (t) +
dt n,B 0°n,B
n=1 n=1
M
jiluij“+j-B(t) * APn_l'B(c) + uPn+N’B(t) . (19)
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multiplying equation (7) by xN+K,

dp (t)
o BB o G  Y P L GE)
dt K,B

X lupgy 5 (8) + dpy g g(0)] (20)

then adding equations (18), (19), and (20), and using equation

(9) we get,

dp (t) K-1
vt BB T )N

0 de n=0

a,plt)

128

n

N+K
(p+v)x PK,B(t) = I x upOPn,B(t) +

x“q()+lzl g“p (t) +
X t X up t
B j=1 r=1 jr,B

K-1

N
I vPN+n,B(t)x
n=0

oL e (t) +

N-1,E

-l sigm D
I x L upjpn+j’3(t) + APn_l’B(t) +

n=1 i=1

MK (t) (21)

K-1,B



Using the generating fﬁnctions

‘ n
Gy(t,x) n:O xp, g(t)

equation (21) becomes

de_(t,x)
N B ¢ N N+K
x Py + (A+u+v)x GB(t,x) - AX PK,B(t) =
N N O
x upOGB(t,x)'+ AX QB(t) + T L uijr B(t) +
i=1l r=1 *
k-1 '
N+n_. i N
I vx 2Hl‘,3£t)'* X PN—l,E<t) +
n=0
E-1 M - =1
N+n N+n
L E _ t) + = : +
nil j-=1x _uijn+j’B( ‘ =1Pn_1’5(t)x
_R+K )
Ax" "Ry g ,8(8) -

By ﬁsiﬁg the simplified terms of eguz:ion (15) and the taking

the laplgce'ﬁransform; we get

\
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M

{[a+1+u+v—1x]xN - I up xN_j - v} GB(u,x) =
3=0 3
M j-1
Iz opp, (xN-x"TTTdy g afe) -
j=1 r=0 3 T
N-1 n N
nfovx Pn,B(“) + x [AQg(a) - "(1'PO)P0,B(°) cx

AP (@) - axN(x-1)py g(a)] .

N-1,E

Thus, the generating function G4 (a,x) is

GB(u,x) =
Moj-1 _ N-1
) I upj(xN-xN+r j)Pr B(u) - I vann B(a)+leQB(a)
i=1 r=0 ? n=0 * +
w o N-j
{[a+r+p+v-2x]x - I pp,x - v}
j=0 3
N, K
2 [-u(l-py)Py p(a) + APy ; ple) - Ax"(x~1)Py ,(a)] 55y
m 2
{[u+l+u+v--2\x]xN - I up i

j=0 3
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Multiplying equation (10) by x® and then summing over n,

n=1, 2, .. ., K, we get

K K K
n n n
I xP (t) = L xP (t) + T x P {t) . (23)
n=1 R n=1 n,E n=1 n,B

Then adding equation (11) to (23) letting K = =, and then

using equations (8) and (9), we get,

nfox P“.(t) ) nzox Pn-E(t) ¥ nfox Pn,B(t) * QE(t) * QB(t) )

Using the generating functions

G(t,x) = GE(t,x) + GB(t,x) + Qp(t) + QB(t)

Taking laplace transform of both sides,

G(a,x) = GE(a,x) + GB(u,x) + QE(u) + QB(a) " (23)

Taking laplace transforms of equations (1) and (4), and

then using equation (12) we get
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M
(a+21r) Qg(a) - 1 = jfluijo'E(a) + vQB(u) . (24)
and
M
(u+l+U)7QB(u) = jfluijO-B(u) " __(25)

The denominator in equation (17) is a polynomial of M+l

degree which has M+l roots. Since gEngx) is polynomial, these

roots must vanish the numerator in equation (17) giving rise to
a set of M+l equations.

Similarly the N+l roots of the denominator in equation
(22) give rise to a set of N+l equations., Solving these two
set of equations together with equations (24) and (25), we can

determine the following M+N+4 unknowns,

Qg (a)

Qs(a) ]

P _(a), T=0,1, 2, .... M-1,

P (G), r = 0, 1, 2, L Y N"l.



38

Once these variables are determined, G(a,x) is computed.

2, Steady State Condition: The steady state solution can

be obtained by the well known property of the laplace transform.

lim F(t) = 1lim aF(a) ,
t>e a-+0 (26)

if the limit on L.H.S; exists.

Thus 1if

lim P E(t) = P

trw ’ n,EBE °
and
- -]
n
PE(x)_# nio X Pn,E "
we have

limaG_ (a,x) = P_(x) .
il E : E

Applying equation (26) to equations (17), (22), (23), (24), and

(25) we get
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P(x) = Pp(x) + Pp(x) + Q; + Q5

where

M j-1. _ N-1
Po(x) = | T Iowp (M- j)Pr gt I vxRp s €
j=1 r=0 i » n=0 n,

M N M :
x [lQE—U(l-PO)PO’E - AX PH_l’EIA‘| I {x (A"'U_AX) -

M
> upjxn"j} :
j=0
Pa(x) =
M j-1 N-1
N N+r-j n N
) b Z pp,(x -x )P - I vx P +x [AQ.-u(l-p,.)P ]
1 j=1 r=0 j T, n=0 II.,B B 0 O,B .
' N U N-
{[A+p+v-rx]x - I upp.x 1. v}
3=0 3
N K
x {APN-I’E-lx (x-1) PK,BI
M N 4
{[1+u+v-lx}x“ - L pup x -j-v}

j=0
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M

and

. ‘ M
!‘IQB = [ll(’\"'\’)][jilupjpo’nl *

In this case, the unknowns are determined in the same way

as In transient case,

Case 1

Unlimited queue size and additional Service Channel: In

this case the expression for the laplace transform of the pro-
babillity generating function will be obtained by letting K tend
to infinity in equations (17), (22), (23), (24), and (25).

Equation (23) is

G(a,x) = Gg(a,x) + Gy(a,x) + Qgz(a) + Qg (a) .

In this GE(u,x), QE(u), QB(a) are given by equationé £17)

(24), and (25) equations respectively, and GB(u,x) given by
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GB(a,x) =

M j-1 N-1
I = upj(xN—xN+r_j)P (a)- I vann B(a)+szQB(u)
_‘]_=1 r=0 n=0 »

+
{(u+l+u+v-lx)xN -

x"[-u(1-p)Py (@) + Py 1 ()]

M
{(a+l+u+v-lx)xN - I up,xN_j—u}
j=0

(27)

. By applying Rouche's Theorem to the denominator in equation (27)
we can prove that it has N roots inside the unit circlelx! = 1.
Since GB(a,x) is differentiable inside the unit circle these
roots must vanish the numerator in equation (27) giving rise to
a set of N equations. Solving this set of equations together
with equations (24) and (25) we can determine all unknowns in

equation (23).

Case II

Unlimited queue size and no additional service channel:

In this case the result 1is obtained by letting both K and N tends
to infinity in equations (18), (22), (23), (24), and (25).

Equation (23) reduces to
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G(a,x) = GE(u,x) + QE(a) . (26)
where

;GE(a,x) =

Mo3-1 _

R Nt L O Py UM O FITCE IS SN )

j=1 r=0

M
{(u+l+u-lx)xH - I up.xM—j}
. j=0
, ﬁ

Qg(a) = [1/Ce+r) ]Il + I

g Iuijo’E(u)].

The unknowns of the equation can be determined by the help

of Rouche's Theorem.

Solution of Model B

1. Transient Condition: The equations representing the

model, under the transient conditioﬁs, are

1. The case where the SSC is not operating

" dP (t)

——gj%——— + (k+u)P0’E(t) = UPOPO,E(t) +
M '
L L “Pjpr,E(t) + VPO’B(t) 4 (29)

j=1 r=1
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dP_ g (€)
—x —t (A+u)Pn'E(t) - uPOPn'E(t) e
M :
jflupjpn+j,E(t) + APu_l,E(t) %
an,B(t) . 0 <n <N (30)
2. The case where SSC is operating.
dP0 B(1;)
e I =
it + (A+u+v)P0’B(t) UPOPO,B(t) +
M ]
I I P t) + VP (t) + ap (ty , 31
y=1 r=1“pj r,8(t) N,B't) n-1,e¢t) (31)
dp_ g(t)
— =
¥ + (1+u+v)Pn’B(t) upOPn’B(t) +
M
j£1uijn+j'B(t) + APn_l’B(t) +
0 <m <K (32)

VPoaw,p(t) o
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dPK B(t)

e (u+v)PK‘B(!:) = upOPK’B(t) + APK_I’B(t) : (33)
Pn,E(t) =0 n >N (34)
Pn,B(t) =0 , n > K (35)

P (t) = P g(t) + P

' ON n >0 (36)

The above equations can be directly obtained by putting
QE(t) = 0 and QB(t) = 0 in those of model A. The record time
from the instant when the queue length is equal to zero and

the SSC is not operating so that
PO,E(O) = 1. (37)

Multiplying equation (29) by xM,

y 9Pg g(t)

M M
x __E?——_— + (A+p)x PO,E(t) = ux pOPO,E(t) +

M3
L L upijPr

_ . S(8) + vxl'py (o), (38)
j':l r= ’
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multiplying equation (30) by X e and then summing over n, n = 1,

. i 4w, NI,

N-1 dp (t) N-1 N-1
pogth BB s i) e (8) = I xR
dt n,E
n=]1 n=1 n=1
M
upoPn’E(t) + an_l'E(t) e j:luijn+ ’E(t) +

an’B(t)} ; (39)

Taking laplace transform of equations (38) and (39) and then

using equations, (34), (35), and (37), we get

xH[aPO,E(a) - 1] + (A+u)xMP0’E(u) = uprO?O’E(a) o

(40)

N-1
Wap  (a) - 01 + ()
n,E =1

~N-1
I x
n=1

Pn,E(“) =

I x T upgPy g(®) * WP,y g(e) 4
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M

Eluij“+3'E(u) + an'B(u) . (41)

]

and adding equations (40) and (41) we get

N-1 N-1
L axM+nP (a) = xM + I (A+u)xM+nP (a) =
n,E n,E
n=0 n=0 ’
N-1 N-1
M+n M+n
f Lx pOPn’E(a) + I Ax Pn-l E(g) +
n=0 n=1 2
N-1 M j
2 uxH+nPn B(G)\+ I up x L P E(u) +
n=0 ’ j=1 j r=1 T,
N-1 . _
I xP (a)| . (42)
- n+j,E ;

By using the simplified version of equation (15) and then

applying condition

PO,E(O) =1



that is

M M
L x P t) =0
:l=-1pju 0,8

equation (42) becomes

N-1 N-1
3 uxM+nP (a) =~ xM + I (A+u)xM+“P (a) =
n,E nsE
n=0 n=0
N-1 N-1
L po+“P0P g(@) + £ axTHTTe NO
n'=0 i n, n-.:O n,
N-1
AxM+NP (a) + T va+nP {(a) +
N-1,E n,B
n=0
M j-1 M N-1
I I uprj?r E(a) + I I upij+nPu+j E
j=1 r=0 s j=1 n=0 ’

Where the last term in the R.H.S.

is simplified to

(a)

47



M N-1 M N-1

I up I x P (x) = L I up
j=1 J a=0 w8 j=1 n=0 1

M j-1
j T 5 I_ij:i:]ﬁ-kr--;] .
j=1 r=0 '

(a)

o

r,E

Using the generating functions

M M M M -
ox GE(u,x) - x + (A+u)x GE(a,x) = ux poGE(a,x) +

ﬁ+1 M+N
Ax GE(u,x) - Ax PN?I’E(B) +

N-1 M j-1
Ivx"PR () + I E
n=0 Ri j=1 r=0
M e Mooj-1
£ upjx GE(u,x) - I I upjx
j=1 j=1 r=0

or

xH-j+n

H+r—jP
r

Pn,E

M
P % Pr’E(u) +

(a)

’E(u) $

48



M
bX

[(a+k+u-kx)xH - upOxM -
i=

Mo§-1
I I pp
i=1 r=0 3

Thus, the generating function GE

GE(u,x) =

N-1
(a) ]+ Z vx
n=0

X [1 Ax PN 1,E

1 - Ax Py 1’E(u)] +

(xM_xM+r-j)P

M+n

49

-3 -
vpj ] PE(u,x) =

(a) +

r,E(u) *

(a,x) is

M j-1
(a)+ I L up
j=1 r=0

Pn’B (xM- b j)P (a)

i r,E

[(u+k+u—kx)xM -

Multiplying equation (31) by xN,

dP. _(t)
0,B

xN
dt

+ (A+u+v)xNP

0,B

M
z tu

_j]

(43)

(t) =



N

(t) + AP

VPN,B N-

M
L z g t +
j=1 r=1upJPr’B( )

l,E(t) .

'

Taking the laplace transform of both sides,

50

xN[uPo B(u) - 0] + (A+u+v)xFP0 B(u) =

Multiplying equation (30) by x

n=1, 2

K-1
z

N

vPN,B(n) + APN_

s + o« o3 K-1,

xN+n dPn,B(t)

dt

n=]

M
b L pp,P (a) +
y=1 y=1 31 T,B

1,E(°)] .

e and then summing over n,

+ (x+u+v)Pn,B(t) =

(44)
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K-1
N+
I x n[upﬂPn,B(t) +

n=1

l“Pan+j,B(t) + 1

a2

i

AP _; p(E) + an+N’B(t)] >

and taking the laplace transform we get,

- I =
n=1

-1 N+n
aP ’B(u) -0 + (l+u+v)Pn’B(u) =

E-1 N+n H
3 PP (a) + % P +
n=l ¥o'n,B a) j=1"PJ n+j,B(°)

an_l’B(u) + qu+N,B(u)} i (45)

Multiplying equation (33) by xK+N and then taking the laplace

transform,

xK+N[GPK’B(°) - 0] + (u+v)PK’B$u) =

[upgP 5 (o) + APK_I_B(u)]xK*'“ (46)



; A2

Adding equations (44), (45), and (46) and then using equation
(35) and the generating functions and simplified terms of

equation (16) we get,

M

(u+k+u+v-lx)xN - I up N j-v P (a,k) =
=0 13" ®
M j-1
L I upj(xN~3N+r j)Pr gla) -
j=1 r=0_ »
N-1
N K+1 N
b4 [APH_I’E(u) - Ax PK’B(G)] - I vx Pn,B(u) ¢
n=0
Thus, the generating function GB(a,x) is
GB(u,x) =
M j-1 N-1
N__N+r-j _ n _N
jfl r:ﬁupj(x x P g (@) niovx Py ple)-x By, g(®)]
M
{(u+1+u+u—lx)xN - I upJ N_j—u}
J=
lxK+N+lPK B(u)
. . (47)
NS N
{(a+r+u+v-Ax)x - I upj -v}

=
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Multiplying equation (36) by x® and then summing over n, n = 0,

1, 2: e o« oy K,
K n K n K n
I xP (t) = ¥ xP E(t) + I x Pn B(t) .
n=0 O n=0 ® n=0 ’

and using the generating functions and equations (34) and (35)

G(t,x) = GE(t,X) + GB(t,x) 5

Taking the laplace transform of both sides
G(a,x) = GE(a,x) + GB(u,x) . (48)

In equation (48) the values of GE(a,x) and GB(a,x) are given
by equations (46) and (47). The procedure for solving these and

finding roots is the same as that of model A.

2. Steady State Condition: Using the property of laplace

transform given by equation (26) in equations (46), (47), and

(48), we get

P(x) = PE(x) + PB(x)

where
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PE(X) =

M j-1 N-1 ’
M Mtr-j M+n _na N
{JE I up,(x -x )Pr,E+ L ux Pn,B Ax PN-l,E

| a] r=0 3 n=0
' M 5 M- '
{(A+p=-rx)x" - I up,x Iy
j=0 1
and
Po(x) =
M j-1 _ N-1
I I oup, (x"-x"TETdyp = I vx"P B+xN[xPN_1 E—lxK+1PK gll
§=1 r=0 A ExD oul o, s ’
: M
{(l+u+v-lx)xN - I up xN_j—u}
j=0 1

In this solution, the unknowns are determined as in the tran-

sient case.

Case 1:

Unlimited queue size and additional service channel: 1In

this case K will tend to infinity in the previous derivations.

The equations for this case will be

G(a,x) = GE(u,x) + GB(a,x) (49)
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where GE(a,x) is the same as given by equation (43) and

M
GB(u,x) (u+A+u+v—Ax)xN - I up xu-j - v| =
g=0 3
Mo§-1 )
L I upj(xN_xN+r j)Pr gla) -
j=1 r=0 »
N-1 n N
nzovx Pn,B(a) + Ax PN-l,E(a) »
or
GB(u,x)
M §-1 ) N-1
z I upj(xN-xN+r j)Pr B(a)- : vann B(a)+lxNPN_1 E(a)}
i=1 r=0 * n=0 ’ ’
M
{(u+l+u+v-lx)xN - I up N
=0
Case 2:

Unlimited queue size and no additional service channel: In

this case in equation (49) GB(u,x) = 0 hence
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G(a,x) = GE(G.X)

where

GE(u,x) =

M-l _
[ z L up (xM—xH+r j)P E(u)-l-x“]
ly=y =0 3 T
M L]
{(u+)«+u—}\x)xM - I up M-y

j=0 3 - —

The unknowns of this case can be determined in the same way as

in model A,
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3.2. Queueing Model for Bulk Service at a Series of Stations

This queueing model which has been developed by Giffin [23]
describes a system where customers are Impatient. The customers who
are not served whenever the service is available are lost. The
arrivals are served in bulk at each of a number of stations placed in
series. The analysis of this model offers rapid calculation for ob-
taining numerical scolutions. Profit is one of the measures which

directly determines the optimal solutionm.

‘Model Specification:

Arrival Source Infinite

Arrival Pattern : Single
Arrival Behavior g Impatient
Arrival Distribution ¢ Poisson
Queue Size : No Queue

First arrive, first served

Service Discipline

Service Pattern : Bulk

Service Mechanism Single channel, single phase
Service Time Distribution : Uniform

One

.y

Number of Servers

TERMINAL LOADED CARRIER

EMPTY CARRIER

ARRIVALS

Figure 6. A Single Loop, Multiple Station System



" ‘Practical Problem: - Goods arrive at any service station, S, and wait

to be transported (served) to the terminal. The empty carrier is

considered as

one way transportation server. It passes through each

station In order to load the goods waiting at each station.

{
{

t =

2
e
]

Hh
e
Can
=]
~
n

) =

Noéation: The following is the notation used in this model:

Interarrival of customers
Mean arrival rate seeking service at station 1
Number of stations to be served -

capacity of each carrier

= Probability at station i of a demand n at time t

Number of units on board as carrier approaches a
station (a random variable)

Number of units lost pér carrier (a random variable)
Number of units equivalent to unused capacity of carrier
ta random variable)

Probability density function for units on board as
carrier approaches station i

Probability density function of units lost per carrier
when carrier passed through s statioms

Probability density function of unused capacity, W when
carrier passed through s stations

Cost per customer hour waiting

Carrier operating cost per hour

Cost of a lost customer

58
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=
n

Route time for every carrier

<
n

Number of carriers in the system

I = Income from each served unit

Analysis: To design such system, the number and size of carriers
needed to run the one-way transit operation prevalent during peak
ﬁours. A carrier leaving station 1 and approaching station 2 will
have on board the number of units served at station 1. The number

of units waiting at station i is Ui which is a function of the arrival

rate for that station and the elapsed time since-the-preceding carrier. -

departed. Consider such a system consisting of two stations only.
The probability density function for units on board as a carrier

approaches station 2 is

0, U<0,UuU>C

f(U)=J p, (U, t), 0O<uc<cC
2 _ 1 1)
X pl(js t)s U=¢C

j=C

To obtain the probability density for units on board along the
route we will have to consider the distribution of a sum of random
variables Ui’ representing units presént for service at each station
thus far serﬁed.

Total units on the board as a carrier approaches the terminal,

Us+1’ may be given as



-
1+U2+. +U , ilUi<C |
Us+1 = (2),:
) s :
c, L U, ,>¢C
=1 1
Unused carrier capacity = C - Us+1' (3)

Since all U,, i =1, 2, . . ., s are independent and havin
i P g

: 8 .
poisson distribution, the summation I Ui alsc has poisson distri-
s i=1
bution with mean I Xit.
- i=1

Under Poisson arrival and constant spacing between carriers, the
distribution functions for a variety of random variables may now be
obtained. Each carrier will arrive at the terminal of an s stop

system having U units on board with probability fs+1(U) given by

[0, U<0,U>¢C
s 7

plu, £ = A0, 0<U=<C
i=1

£,.,0 =9 (4)

S

p[C, t z‘ Ai]’ U=2¢C

- i=1

Since the arrival behavior is of impatient type, some units are
lost to the system whenever an approaching carrier is unable to pro-
viderservice. This occurs everytime the total unit arrivals, during
the passage of a carrier around the loop, exceeds the carrier capacity.

The units lost per carrier, V are therefore distributed by

60



3 0, V<O
: S ,
By W) =¢ 1-P[CHl, t I rqle V=0 (5)
i=1
8
va+C: t L ) Ail’ v>20
- i=1

5
The unused capacity, W, on a carrier is represented by equation (3).

This random variable is distributed by

0, W<O0,W>2¢C
o . _
hs_l_l(W) = P[c,t I Ai], W=0 _ (6)
i=1
s - -
plc-w, t I Ai], 0O<Wc<C
L i=1
Measures of Effectiveness:
1. Mean number of units served per carrier
c-1 s s
E(U) = Z UL (U), = = Up(U, t Z A,)+CP(C, t I A,). (7
p = U=0 =1 1 =1 1
But we know by identity due to Hadley and Whitin
K .
I jp(§, m) =m[l - Pk, m)} ()
j=0

Substituting in equation (7) such that

S S S
E(D) = (£ = Ai) [1-P(C-1,t I Ai)] + CP(C, t Z A.). (9)
i=1 i=1 i=1 *
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On the average, system balance will occur in that units available
for service by each carrier must equal units served plus units turned

away.

2. Mean number of units lost per carrier:

8 -]
E(V) =t E A -EQW =t I Ay -

i=1 i=1
s S 1]

(t = ADIL-PB(C1, t £ A)I+CPEC, ¢t £ A) =
i=1 1=l i=1 o
s - s s

(¢ ZA)P[C-1, £ T A -cPlc, £ I Al (10)
i=1 i=1 i=1

3. Load factor: It may be defined as the ratio of mean number

of units served per carrier and capacity of carrier.

E(load facton = Eégl ,

8 -] s -
E(L.F.) = (¢t L li/C)[l-P(C-l, t B Ai)] +P(C, t I 11). (11)
i=1 i=1 i=1

4. Variance of units served per carrier:

In general,

Var( = B - [E@17,

5
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hence in this case

9 9 C-1 2 s 2 s
EQUS) =L U fs+1(U) = I Up(,t ¥ li) +CP(C, £ Z Aj).
U U=0 i=1 i=1

But by identity due to Hadley and Whitin we know

k
: 3%, m = nll - PG, m] + w2l - Pk - 1, m]. (12)
30

Using this result we obtain

9 s ' 5
E(UT) = (c  AD[1-P(C-1, t & A1+
i=1 i=1
] 2 s 2 8
(¢ I 2)"[1-PEC-2,c I A)I+CPEC, t1I A0,
i=1 i=1 i=1

(13)

Var(u) = EQU2) - [E@W)]>.

Substituting values from equations (13) and (9) we get

; S S
Var(U) = (t I Ai) 1-P(C-1, t I A )+
i=1" i=1 *

s 2 " 8 9 s
(t ¢ Ai) 1-P(C-2,t & _Ai) + CP(C, t Z2A,) -
i=1 L i=1 i=1 *
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1

s 8 s 2.
(t = Ai)[l -P(C-1, t T Ai)] + CP(C, t I )| .

A
i=1 i=1 i=1 1
(14)
5. Variance of Units lost per Carrier:
2 2
Var(V) = E(V") - [E(W)]".
In a way similar to case (4)
s s
e —-VaE(V) = (. T AD[L = 2C) BICs & = A, 4
i=1 _ i=1
s 9 s ]
[t Ai] P[C-1, t I Ai] + CzP(C+l, tZ Ai) -
i=1 i=1 i=1
' 2
s s s
[e = A PlC-1,t £ A1 -CPIC, t I Al (15)
i=1 i=1 i=1

The above equations appear to be complex; however, numerical answers
for any particular system are readily obtainable from tables of poisson
probability density function p(k, m) and cumulative probability P(k, m)

151,

Profit as a measure of the system: There are variable associated costs,

some of which are given such as: (1) with customer - waiting time in

hours; (2) number of customers lost; and (3) carrier operationms.



Gross income is directly proportional to the number of customers

served.

Time between carriers is

' (16)

. (17)

The expected value of the total number of customers presenting themselves

for service at any station i for each carrier is

E (customers) tui ‘

e ' (18)

Since any customer not served by an upcoming carrier is lost, the waiting

cost per carrier at station 1 is

B,
Cl(R/v)z = 4 (19)

and the waiting cost per hour at station 1 is

2“1 v
C, R/v) 3 =l s



or

,,ClRpi
2v

Using the above equations we calculate

1. Expected waiting cost per hour is

s
i €1y
T 2v
or

s

C.R I uyu

1 1=1 i .

2v

2. Expected hourly carrier cost is

sz.

3. Expected hourly lost cu:tomer cost is
(Customers lost (Carrinrs) (Cost per
per carrier per hour’” “customer”’

or

-8
C {E ]Ji P.[C"']-:

R
4 gt ¥

s ) 8
Cv~’ R
sy vgd - SR PIC T

1

ngll .

' 66
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4. Expected hourly income is

(Custcmers served)x(Carriers)x(Income peri
per carrier per hour’ “customer

or

5 R i Cv 5 B
1 I ui[l - P[c-1, eelip pi]J +=F PIC, o E ]
i=1 i=1 i=1
Expected hourly profit is
s ) s s
R
I 5 op - (T+C)|C3 w) Ple-1, ¥ 3wl - EPrlc, ¥ 5 o lf-
i=1 i<l _ i=1 i=1
ClR s
—— I u, -C.v. . (21)
2v 1=1 i 2

Example: A system consists of a number of carriers serving customers
from several stations to the terminal. The capacity of each carrier, C,
is of 10 seats. Time taken by each carrier in one route, R, is one hour.
Income per passenger served, I, is $4.00. The mean number of customers

5
per hour, I ¥ is 60. The different costs associated with the

i=1
system are given below:
Cost per customer hour waiting, Cl, is $5.00
Carrier operating cost per hour, CZ’ is $§20.00

Cost of a lost customer, CB’ is $10.00

The objective is to find the number of carriers such that the profit
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1s maximum.
In order to find the number of carriers, the values of this example
are substituted in equation (21).
60, 150
v

E[P.F.] = 240 - 840 P[9, 9%1 + 140 vel10, 82 -

- 20 v.

For different probabilities obtained from tables [5], the following

values of expected profit appear below:

ra 60 60 '

v R, R, ElRGEGD
3 .9979 .9950 - $290
4 .9626 .9301 - $174
5 .8450 .7576 -$70
6 .6672 5421 -$ 9
7 .4906 .3600 $ 29
8 .3380 .2236 $ 27
9 . 2327 .1404 $ 24
10

.1528 .0839 $13

Upon examining the above table, it appears that the maximum expected
profit is $29. Consequently, the corresponding number of carriers is
seven. Therefore, it is profitable to provide seven carriers to run

the system.



3.3. Double Ended Queue with Bulk Service Queueing Model

This queueing model which has been developed by Kashyap [35] describes
a system with a limited queue which may be formed by arriving customers
. as well as servers. Therefore, such model is referred to as double
ended queue. The arrivals are served in bulk. The distributions of
arriving customers and servers are considered as general and Poissom,
respectively. Erlangian and Poisson distributions for the arrivals of

~ustomers and single seated taxis are considered as particular cases.

Model Specification:

Arrival Source - Infinite

Arrival Pattern : Single

Arrival Behavior : Patient

Arrival Distribution t /General

Queue Size : Limited

Service Discipline : First arrive,-first served
Service Pattern : Bulk

Service Mechanism : Single channel, single phase
Service time distribution General

Number of Servers : One

" "Practical Problem: Passengers wait at the taxi stand in a limited queue

in order to take an available taxi. The taxis are also waiting in a
limited queue. They are considered as servers and serve the customers
in bulk.

Notation: The following is the notation used in this model



M

-A(x)

Pn(x, t)

F(x, y, t)

- _G(ks Y t)i
F(y, t)
G(y, t)

Pn(t)

F(x, y, o)
I'(y, x)
8in

8 (x)

Solution:
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Mean arrival rate

Taxi Queue size

Customer queue size

Probability density function of interarrival distri-
bution

Probability of n customers waiting in the queue, at

time t, and the elapsed time in service is x

generating function of Pn(x, t) whenn, n=-M, . . ., -1
generating function of Pn(x, t) when n, n = 1, 2, , N
generating function of Pn(t) when n, n=-M, . . ., -1

generation function of Pn(t) whenn,n=1, . . ., N
Probability that n customers (or -n taxis for negative n)
are waiting at time t, irrespective of the value of x
Laplace Transform of F(x, y, t)

Incomplete Gamma Function

Kronecker delta

Dirac Delta function

In order to derive the difference-differential equations for this

model, we consider the continuity of the flow during a time interval

[t, t + 4t] which leads to the equations:

P (x+At, t+4At) =P (x, t) {1 - At} {1 - p(x)at) +
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P_n'l'l(x’ t) A(At),

or

Pn(x + At, t + At) = Pn(x, t) 4 {-(x +p(x)) Pn(x, t) +

V_APn+1(x, t)}At
or

Pn(x + At, t + At). - Pn(x, t)

=-0 + n) P_(x, t) + 2P . (x, t),
At

PQ(x +At, t +4t) - P (x+At, £) +P_(x+4At, t) - P_(x, t) .

At

— O () B_(x, ©) + AP (x, ©).

Taking limit At -+ 0, we get

.aPn(x, t) aPn(x, t)

= + sx =~ +r) P (x, t) +2P

n+l(x, t)

and

- ” . S
PO (x + At, t + At) = PO (x, t){1 - AAtH1 - p(x)At} + 24t I P

= jCX, £),
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_ . ; s
P (x+At, t +At) - P (x, t) + {A + u(x)} At P (%, t) = AAt L P (%, t),
0 0 0 : =1 j
or
Po(x + At, t + At) - Po(x + At, t) -l_—_Po(x + At, t) - Po(x, t)
At -
s
- + p(x)) Po(x, t) + A I P,(x, t).
' ' 3
j=1
Taking limit At + 0, we get
BPD(x, t) BPo(x, t) s
+ = - +px)) P (x, t) +21 I P, (%, t).
ot ot ‘ 0 g1 i
On the basis of these equations the differential equations are:
9P_(x, t) 9P, (x, t)
3T + e = -n(x) P_M(x, t) + AP_M_I_]_(x, t), (1')
BPn(x, t) BPn(x, t)
T = = -2 + p(x)) Pn(x, t) + lPﬂl(x, t),
M+1<n<-1 (2)
BPO(x, t) BPo(x, t) S
+ = -(A +1(x) PO(X’ £Y + % 3 B (% t)s (3)

Bt . 8 X j___lj
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aPn(x, t) ; aPn(x, t)

-0+ 2()) B_(x, £) + 3P (x, t),

at ox

l<n<N-38 (4)

aPn(x, t) aPn(x, t)

at += X

-2 + u(x)) Pn(x, t),

N-S+tl<n<N (5

These equations are subject to the following boundary conditions:

P_,0, t) =0, (6)

PO, ©) = ST (x, ) uxdn, " aM+1c<a < %1 @)

B0, £) = S0 [Bg 1 (x, ©) + Bylx, £)] u(x)dx, ®
Consider

P_(t) = f: P_(x, t)dx, (9)

F(y, t) = f: F(x, y, t)dx, (10)
and

Gly, t) = I: G(x, y, t)dx. _ (11)

Taking the transformations and then using the generating functionms,
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from equations (1) and (2) becomes

BF(x, y, t) , 3F(x, y, t)

3t 9% + I+ ﬁ(i) - Aly] F(ﬁ, vy, t) =

Ay LB Gx, £) + Ay - 1/7) P, Gx, 0, (12)

and equations (4) and (5) becomes

3G(x, v, t) + 3G (x,
ot 0

o Do+ -ay ] 6, 3, 1) =

S
Ay 1 v, b). (13)

=1~ 3

Similarly, equations (6) and (8) yield

F(Os VE) t) y f: F(Xs b t) }-l(x)dx - PD(O: t)s (14)

and

G0, y, ) =y /7 GGx, y, £) uG)dx + y2) (0, ) +

7 Q) 17 Py, ©) . (15)

Let the system-start with the arrival of a customer that makes the

number of units in the system equal to i, where 0 < 1 < S; then

Pn(x; 0) = 8in 6(x), (16)



therefore,
|
F(x, v, 0) =0, 17
and
i
G(x, y, 0) = y 6(x). (18)

Taking laplace transforms of equations (12) and (13), and then using

equations (17) and (18), we get

_B_FLF%;}’_,_OD_ + [A+a+px) - Ayl Fx, v, d) =

Ay BGe, @) 3T - 1/y) B, @), (19)
and

'—Lw;(xax D4 tatul) - ay) 6, v, o) =

S
_)LY“S z

yij (x, a) + yiﬁ (x). (20)
j=1

Equations (1) through (5) become

9P _ (x, d) -

—Max -+ [a + u(x)] P-..-M(x’ a) = A

Pg 5 0), (21)



BP (x, o)
ox

BPD(x, a)

oX

BPn(x, o)

29X

Equations (6)

+ A +a +].I(X)JP (x, @) = 2AP_, ., a),

ntl

+[A +a +u(x)]P(x o) =2 E Pj(x,a),

ﬁ) + §in & (%),

+ D +a +u] 2 (x, 0) =2 B (x,

1§_n<_N-S

+ A +o +px)] Pn(x,u)=0, N~-S+1l<n<¢N

through (8) become

P_M(O, a) =0

7, (0, 9

PN(O, a) =

F'(D, ¥

o .
=fﬁ Pn_l(x, o p (x)dx, -M1l <n <K-1

I7 IRy 1 Gy ) + Py, )] px)ax,

@) =y /5 FGx, v, o) nGdx - 2400, o),

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)
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6(0, y, ) =y J7 6Cx, ¥s @) p@dx + ¥2, 0, @)
+ yN(l—y) f: PN(x, a) v(x)dﬁ. (30)

Equations (21) to (25) can be solved recursively starting from the last

equition backwards to give Pn(x, @), n=N, N-1, . . . M

On solving equation (25), we have
Pﬁ(k, a) = Pn(D, a) exp[-( + adx —-fzu(u)du],

N-S+1l<n<N (31)
Equation (24) can now be solved to give

Pn(x, a), n=N-§ N-S-1, ..., 1

We observe that N may either be a multiple of S or it will lie between
two consecutive multiples of S:

Let

CS<N< (C+1) s, - (32)
Where C is a positive integer, then

0O<N-C8<8<N- (c-1) 5 < 2s. (33)

From the solutions of the last S equations of (24), it can be shown
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that
S . 7 A
I P,(x, ) = {exp[-O + a) x - /= p(u)dul}
j=1 1 0
(Cc+1) s -1 .
{1+ = L QTX)—:LT P, (0, o)} (34)
r=1 j=(r-1)s+1 ‘F J
and
S j % ]
I yP,(x, a) = {exp[-(0 + a)x - s~ p(u)du]}
=1 0
' (c+1) =S -S\r-1 _
¥+ 1 x (A( —1%! yIP, (0, @)} (35)
r=1 jm=(r-1)S+1 F ]
Solving equation (23) after substituting values from (34), we get
Polx, o) = {exp[-(0 +a)x - f;‘ u(u)dul}
‘ C+l =3 Q )r
{0, @) +rx+ & I -—xl— P,(0, a)}  (36)
r=1 j=(-1)s+1 %' 3
Thus, equation (21) gives
PG, o) = Alexpl-ax ~ %y (yduld (B e (Giayas +
M @) = AMexp[-ax apu u o Ml exp(-Az)dz
M r-1
x (Az)
ri]_ Pr_M(O, a) IO (-1 1 exp(-rz)dz +
(C+1) rS r+M-1
(A
I T Pj (0, a) I:‘ _(r-il?i-—l)' exp(—]\z).dz}. (37)

r=1 j=(r-1)5+1
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Solving equation (19) after substituting values from (36) and (37),
and then simplifying we get F(x, y, a).

In its sclution we have to use Incomplete Gamma function defined

Y(y, x) = I: exp(—z)zyqldz.

On substituting this value of F(x, y, a) in equation (29) and then

as

simplifying we get the value of F(O; y, a).

Now .substituting for Pn(x, @), -M < n < N, in equations (27) and
(28) we get M + N equations in M + N unknowns Pn(O, a); M+ 1<nm < N.
The value of all these unknowns can be determined.

Laplace transform of Probability for empty state at time t is
given by .

By (@) = f: Po(x, a)dx,

where Po(x, a) is given by equation (36).

Case 1:

" 'K-Erlang interarrival of customers:

Alx) = pKkKFI exp(rﬁl)/FK,
IRPRTIN <

A(@) = ph) ,

px) = pa L exp (-ux) /T (K, 1x),
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‘ TR, px)
exp(= Ju(w)du) = =Saas

where T'(K, px) is incomplete Gamma function.

Using the above relations in the previous analysis we find F(0, y, a)
and then substituting its value we find F(x, y, &). Furthermore, we calcu-
late the value of the generating functions (its Laplace Transforms).

By following exactly the above procedure we find G(0, y, a) and then

G(x, y, @). Then, the following can be shown

F(1, o) + G(1, o) + Pg(a) = 1/a

This equation on inversion yields total probability

F(1, t) + G(1, t) + PO(t) =1,

Case 2:

Poisson arrivals of c¢ustomers: Results for this case are deduced

from the above by setting K =1

A(x) = vuexp(-ux),

Ax)

AR
el

1(x) = pexp(-ux)/T (L,ux ),
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But

r(i, ux) = f:x exp(~z)dz = exp(~ux),

u(x)

1]
=
-

exp (-px) .

exp (- fﬁ u(u)du)

Using these relations in previous analysis we find F(0, y, o) and
then substituting its value we find F(x, y, o). After this we calculate
the value of generating functions. Exactly following above procedure
we find G(0, y, o) and then G(x, y, 0).

After making all these calculations we can show that

4

F(1, ©) + €@, ) +Pp(r) = 1.

Case 3:
C+l 5§
Single Seated Taxis: In this case § = 1. Also I z
n r=1 j=(r-1)s+1
will be replaced by Z
j=r=1
Equation {(36) becomes
Polx, o) = exp[-( + a)x = J';( 1 (u)dul
, n r _
: (Ax)
[PO(O, a) + Ax+ I 1 Pj(O, a)l.

j=r=1
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Equation (37) becomes

P_M(x, @) = Aexp[-ox - fﬁ ﬁ(u)du]x[f? (z) z) exp(—lz)dz +

M

X (Az)
ril Pr—M(o’ a) fn a7 exp( -iz)dz +

z P (0, a) fx-r—ﬁTfIy—— exp (-Az)dz].
j=r=1

On solving equation (19) with the help of above two equations we
find F(x, y, @). Similarly we find G(x, y, ®). Finally from these

we determine total probability as in previous cases.
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3.4, Multiphase Bulk Service Queueing Model

This queueing model which has been developed by Jaiswal [31] describes
a system with an unlimited queue and multiphase service. The arrivals
are served in bulk. A general multi phase service station problem is
analyzed. Three particular cases are also discussed. Case 1 is that when
there is one phase service station. Case 2 is that when the service time
distribution is Erlang. Case 3 is that when the units are served singly.

- This model is analyzed for the transient and steady-state conditions.

Model Specifications:

Arrival Source : Infinite S ey
Arrival Pattern ‘ s Single

Arrival Behavior 3 Patient

Arrival Distribution z Poisson

Queue Size : Unlimited

e

Service Discipline First arrive, first served

Service Pattern : Bulk

Service Mechanism g Single channel, multiple phase
Service Time Distribution : Exponential for each phase
Number of Servers : r phases

Practical Problems 1. The passengers who have to take more than one bus

in order to reach their destination, wait on the bus stand forming an
unlimited queue} The buses are considered as service channels. The
passengers change the buses at any station, where the service is in

multiphase.
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2. Races of ball bearings arrive at the service station to be
grinded and finished in batch. They are grinded on grinder 1, first,
and then on grinder 2, second. Finally, the grinded races receive their

finishing process.

Notation: The following notation is used in this model:

A = mean arrival rate
B = mean service rate

s = Batch size

P, = Probability that a batch is in phase j

|
Pn j(t) = Probability that n units afeiwaifiné iigthemﬁﬁéﬁe and service
3
is in phase j at time t
Po(t) = Probability that the system is empty at time t

P a) = Laplace Transform of P e
n,j( ) p s J( )

Qn(x, o)

F(x, y, a)

Generating function of P (o)

n, j

Generating function of Qn(x, a)

Analysis: In order to derive the difference-differential equations for
this model, we consider the continuity of the flow during a time interval

(t, t + At), which leads to the equations:

P_ ,(t+ at) = (1 - xat)(1 - pAt) P

" , j(t) +xae P, (1) +

pAt Pn j+1(t) + uP At P (t)

j nts, 1

or



P (t + At) - P (t)

85

s 3 i 2l o+ ) ENOR, AP, () +
: uPn’ j+1(t) + tu Ptﬂ_s, l(t)
or
d_PEl_;_J_(:)_=_(A+u)P (t) + AP (t) +
dt n, j n-1, j
WP -j+l(t) + e, Pws,“l’(TT,

n>0,1<3j<r

On the basis of this derivation, the difference-differential

equations for other conditions are

dp (t)
n, r _
—ar -G R () +2R , (8) +uR B (0,
n>0

Py, 3 @ 3

ssgpieeam 3 &gy PO’ j(t) + APj Py(t) + tu mil Pm’ 18 +
Po,y41¢E)> lcsi=<r

ary  _(6) s

=t =) 1) Py, L) +up_ I P, 1(8) + AP Po(£),

m=1

(1)

(2)

(3)

(4)



dPo(t)
1. Transient Solution
The Laplace Transform of Pn j(f:) is given by
>
I
|
© -at
P = P t dt
n, j(a) IO n, J( e
Since initially the process starts with no unit in the system,
assume PO(O) = 1. =
The Laplace Transofrms of equations (1) to (5) are
—(a +2+ u) Pn, j(u.) + APn—l, j(a) + an’ j+1(a) + tuPn-i-s, 1(0:) =0,
n>0; 1<j<r (6)
=(a +2+ ) Pn, r(u) + APn—l, r(a) + uPr Pn-l's, 1(0:) =0,
n>0 &)
. s
-.-(u + A+ p) PO, j(ot) + J\Pj Po(a) + ij mil Pm’ l(u) + uPo,j+1(-a) 0
l1<j<r (8)
s
-(@ +2+ p) PO, r(a) + APr Po(a) + uPr X Pm, l(a) =0, (9)

m=1

86
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-(a + 1) Po(a) + uP (@) +1=0. (10)

0, 1

For solving the above equations the following generating functions are used

N e1H
M
Hd
~
[=]
~

Qn(x, a) =

3
.’

/ F(x, y, a) = L ynQn(X, o)
n=0

“Multiplying each of equations (6) and (8) by xj and summing over j, j=1,

2, « « .5 r =1, we get

r-1 . r-1 ; ) PL,Q

=(a + A+ p) jil ©p @)+ jil SRR O R jil L R OB
r-1 ;
jil ijijn-I-s, L@ =0, | (11)
-1 -1 r-1 s

-(c+ A +1yp) I ijo j(u) +1 I ijjPo(a) +uZ ijj T Pm 1(&) +
3=l ’ =1 j=1 m=1
-1

ujil xJPD’ 1@ = 0. (12)

Multiplying each of equations (7) and (9) by x* and then adding the results
to equations (11) and (12) respectively. As a result equations (11) and

(12) become
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r j r i r-1 j ;
-(a + X+ T P, + I . '
(o u) o P, J(ﬂ) ) Ax Pn—l, J(u) + 351 Hx Pn, j+1(a) +
r i '
jzl ijx Pn+s, l(a) =0, (13)
and
-r F r r s
-(a+ A+ I xJPO (o) +2 L P,ijD(a) +u z P.xj I P 1(a) +
j=1 s ] j=1 J " §=1 J — m,
r-1 .
B S MI xRy (@) =0, (14)
Jj= !
Let

equations (13) and (14) become

“(e+ A+ WQ (x, a) +2Q _,(x, o) + AP, ,(a) +

-1
jzl ux Pn’ j+1(0) =0, (15)
and
s r-1 i
~(ax + A + u)Qo(u) + AA(x)PO(u) + pA(x) mEle’ l(a) +uj£1x PO, j+1(a) = 0.

(16)
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Multiplying equation (15) by yn, summing over n, n =1, 2, . . .,* and E

then adding equation (16) we get : ;

~@+ A+ W Iy G, a) + = Yy & @) + vA) nflynP“+s'1(a) ¥

r-1 ij L nP . .
T =
e u n=1 ¥E, j+1(°‘) (a0 + 2 + u)QOFx, a) +
. ) s . =1
MAG@R () + pAG) mfl IEMOR ujil ijo’ @ =0,
or
-~ o« —1
~e+A+w) I yQ(x,e)+Ay I yoQ .(x, a) +
n=0 Q“ n-1=0 B
® r~-1 a i
nil * jil g ()
) )
JLA(x)PO(a) + pA(x) [mil Pm,l(a) + nil y“Pn+S,l(a):[+
-1 j }
u El X PO,j+l(a) = 0. (17)

Now, let j+1 = n', the third term of the L.H.S. in equation (17) is

simplified to
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L r_l n o r n n|_1
I w I yxP j_l_l(a) I g I yx P ,n'(a) -
n=1l j=1 ? n= n'=2
; % ; v P MO
n=1 * n'=2 o

H.on -
n-E-l [ =% Qn(x, a) = ynPn’l(a) 1.

Using the above result, equation (17) becomes

-(a+ A+ yu-A9)F(x, v, ¢) + I [x y Qn(x, a) uynPn,l(a)1 +

n=1

n+:

s 1®
M(X)POCG) + pA(x) Lile’l(a)'{‘;—iil v SPn+s,1(a.)i{ +

Y oytxia) -y (@) =0,

-(a+ 2 +u=-2ay - u/x)F(x, y, a) —u I yn'Pn 1(@) + AP () +
n=0 ?

s
1(a) + E P l(a)uA(x) -

n=0- ™ =1 ™

5 YR, q (@) + uAG) z VPoys, 1(® = 0,

or
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—(a+ A+ ypu-2Ay - uxF(, vy, a) -y L= éﬁél- T y'P (a) +
y n=0 Hy &

i
[=+]

_ AA(x)Po(a) + pA(x) I:- ;'% z ynPn,l(u) + nilyn}"n_l_s’l(a) +

n=0

s
21 Pm, 1(c:z) :' = 0. (18)

m=

Multiplying equation (10) by ééél, and then adding the results to equation
(18), we get

-(c+ X2+ u-2y - u/x)F(x, y, @) - u

l -]
_AA(x)Po(a) + pA(x) [} ;g— Eo ynP

> = A(x)
nil ynPn+s, l(u) + mil Pm, 1(&#J'— = (A + u)Po(a) +

MR, 1 A -0, ‘ o

Where the fourth and sixth terms in the L.H.S8. of equation (19) is

simplified to

o - , . s
HA(x) [} ;g nio ynPn,l(a) + I ynPn+s, 1(d) o Pm, 1(q;}l "

_ m=1
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P (a) s-1 n
pA(x) = - 0,17 ” _P =
s P, 1@ = uA(XJ[: e I TR @F @
@ n o o s-1
I s P (@) + T yP (@) + T P (o) +
—r ki n,l e nts,1 =1 M 1

i; Pg 1(c:r.) s-1 n
| P, @)+ — | =uaG) I Q- yy—g) AEONE
Using the above result, equation (19) becomes

=@+ X +py-Ay - u/x)F(x, y, a) - u E - é;xT)JnEO yn}-,1.'1,1(0”') ¥

s-1 n
J\A(x)PO(G) + pA(x) nil Pn,l(a) 1 =~ 3};—5 -

A;—xs) ]}u + A)Po(cx) - l:I =0,

or
1o AG T ) - aearg@) A B P @) |1 |-
H ys | 273 fp,1'0 = AARpla) a2t ¥
n=0 A n=1
Aélsf) 1}, +MPg(a) -1 |-+ +u =y - u/x)F(,y,a).
(20)
Let

1
A +u+a-2Ay)

X _ v -
T or H+Xi+a -2y,
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s
Multiplying equation (20) by E%;S'and substituting the above relation we

get
_i;_ 1] g o (@) = Ay°P, (a) + SEIP (@) | yo-y" (a+\)P (a) =1
A( = Oy 1 @) = Ay Pyla un=1 - )| vy -y - (o ol = 1,

or

/ Gj(Y, a) = nio ynPn, l(a)

s-1
u nzl Pn’lﬂm)[ys—yn] + [Ay°-a-1] Pola) + 1
e = 5 (21)

u[yS/AGK) - 1]

where -

r .
A(x) = z Pxd = & Plu/(u+ A +a-apl.
13 g

By Rouche's theorem, the denominator of equation (21) has s zeros inside

the unit circle, for the functions

£(y) = y°,

and

r
ys - I Pj[u/(u +a+ A - ly)]j
j=1

g(y)

have the same number of zeros inside the unit circle C,

i0
y=e



if (1) £(y) and g(y) are analytic inside C.
(2) f(y) #0onC

3) £ - gy < |[£()] on C.
Let

o =0 + it

where ¢ > 0. Obviously f(y) is analytic inside C and is not zero on C.

Also g(y) has a simple pole at y = B where

B=(Q+u+o0+it)/r.
Since

8] > |x +u + o/r],

that is |g| > 1, g(y) has no singularities inside C.

Now on C,
- ) 45 3
fly) - gly) = ¢ Pj [/ + A2 +0+idit -2re”" ] ,
I=1
and since

A+ 40+ it _712161 >|dp+0g]l-r=p+o
or
io
lu/(A + p+ 0+ 1t - 2e” )| < u/(u + 9)

and is therefore less than one, for o, i. e. Real o > 0.
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Thus on C
|£(y) - ey)] < 1,
and
i'. £ | = 1,
and hence on C,

l£¢7) - e | < |[£E®].

Thus all the conditions of Rouche's theorem are.satisfied for Real a > 0.
and therefore g(y) has s zeros inside the unit circle since f(y) has
S zeros. B

Since A(X), in equation (21), is regular inside and on the unit
circle, G(y, @) will be regular for |y| < 1, if the s unknowns Po(a),
Pl, 1(a), . o ey Ps—l, 1(&) are chosen in such a way that the zeros in
the numerator and denominator in the region coincide. As proved above,
the denominator of equation (21) has s zeros inside the unit circle and
the numerator must vanish at these s zeros, giving rise to s equations
and s unknowns.

To determine G(y, o) uniquely it is necessary to show that these s

equations are linearly independent. To prove this, substitute equation

(21) in equation (20), we get the following after letting x = 1.

P Y, @) = A/AG) - D/ + 2 - ey, o, (22)
n=

where



r
Qn(l, a) = I Pn (a)-

jo1 3

Note that Qn(l, a) is the Laplace transform of the probability that

there are n units in queue at time t. Since G(y, a) is known, Qn(l’ a)
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can be calculated, the inverse transform of which will give the required

time dependent probabilities.

Case 1:

Single Phase Bulk Service

When

A(x) = p/(u+ X +a - Ay)

Equation (21) becomes

G , o) = I yB ()

n=0

s-1

TR Pn 1(u)[ys—yn] + Oy° -a - A)Po(a) +1

n=1 2

and equation (20) becomes

w©

n=0

uly®/A) - 1]

Iy (1, o) = (/A - D/ + 1 - ] Gy, o)

(23)

(24)
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Q (1, @) =2 ().

Case 2:

k-Erlang Service time Distribution

/
In this case

and

P, =0, j#k,

s-1 '
PRI P 1(&)[ys—yn} + P (u)[lys -a-A)+1
n=1 ™’ 0
G(Y, u) = s k L) (25)
uly" (e ¥ o + X = Ay/u) -1])
and equation (20) becomes
; n (1, o) = plu +a + X - Ay/u)k - 116(y, a) 2

n=0

We will first show that the denominator has s simple zeros inside
the unit cirecle if [a| > u (@ - 1),

where

p = Ak/su.

For, the zeros of the denominator will be simple if the equatioms



v =/t a+tr- ly)]k, -

and

sy® L - BRI + o ¥ ) = APTEL,

are not satisfied by any y whose modulus is less than one. Dividing we

get
y = (@ + A + p)s/A(s+k), the only possible repeated zero.
Therefore if l(a + A + u) s/A(s+k)| > 1.
- There will be no multiple zero inside and on the unit circle.
or
[ @+ A+ p)| >—Hs:k) ,
since
[+ x+w|< |a] + A +w),
we have,

Ak
[a| > ulp - 1) where p = on
Hence if o is chosen to satisfy this condition, which is always possible
since we only require that Real a should be greater than zero, the zeros
inside the unit circle are simple.
Now, to evaluate the S unknowns in the enumerator, the s equations are
s-1

(T Pn

s n 8
B 1@y - y) + () Oy -a -2 +1=0,

98
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where y; are the s simple zeros of the denominator which lie inside the
unit circle. With the help of equation (10) the set of equation (27)
can be written as

s-1

L [P

s n s
o 1(0‘)/P0, l(a)](yi -y + /g Po(a)/PD’ l(a) -1=0,

1=1,2,...,8  (28)

and these will be linearly independent if A # 0, where

[ s s 2 s s-1 s
Yp - ¥ YUY, I 1 - v; 0 Wwyg
- s _ s _ 2 g5 _ .51 s
A= 1 Yy=5y Y9 -7, .o Yo = ¥y (W/wy,
s s 2 s-1 s
YS - yS yS - yS * yS - yS (A/u)ys

b= OMED Ty, oLy > L, - ).

Since Y4 # 0 and all the y; are different, A # 0, so that using equation
(10), Po(a), PD, l(u), . e Ps—l, 1(u), and hence G(y, a) is uniquely
determined.

However, even in this case, explicit solution by inverting the

generating function is difficult to obtain, so we restrict ourselves further to
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the simplest case in which the service time distribution is also expon-

ential., In this case,
G(y, a) = cl@)/(y; - y)

where Y3 is the root of modulus greater than one of the equation

kys+l - p+ao+ l)ys +p=0

and c(a) is to be determined.

Case 3:

Single Unit Service:

In this case s = 1, such that

Gy, @) = [Py@) Oy - o = 1)+ 11/uly/B(y) - 11, (29)
P @) =BG - 11/ - W} 66, @, (30)
n= .
where
- i
B(y) = L Pj[u/(u +a+ X =-2Aay)]Y.
=1

From equation (28)

Py(@) = 1/(a + A = Ay,),

!
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where ¥ is the root of

T
y- £ P w/u+a+r-ap1d =o,
j=1

that lies inside the unit circle.

Substituting

x=u/(u+a+X-2y),

we find that : e

Po(a) = xi/(l - xi)

where Xy is the root inside the unit circle of the equation

:
x[c + A2 +pu] -p-Ax T P xj = 0.
=1 3

This result is identical to that obtained by Luchak. Po(t) can be
evaluated by his method. Substituting the value in equation (26), we
directly obtain Qn(l, @), inversion of which gives the probability that
there are n units waiting at time t. Thus in place of mean phase length,
we directly obtain the mean queue length by differentiating (26) and
putting v = 1.

In particular, if the service time distribution is exponential, that

is PJ =1; j=1, and Pj =0, j# 1. We get
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Gly, o) = I y'Q (@, a),
n=0

=[1 - Po(u)(a + A - Ay)]/[lyz - (@ + 2 +uwy +ul,

therefore
i

: Pu(a) =1/(a + 1 - Ayl).

where ¥ is a root of modulus less than unity of the equation

_Ayz - (@+2+p)y+u=0.

Hence

<o

Iy (1, @) = [Uy,@@ + 2 - ayD] I Glyp)T,
n=0 n=0

so that

Q71 @) = /(@ + A - Ay)) y,-

where Yo is the root of modulus greater than unity such that ¥1Y2 = u/A.

After simplifying we get

Q (1, ) = (@-0) o™ = y/K + oy + 0Ty K

m=n+2

where p = A /u, Kl = (¢ + A+ u)2 - 42u.
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Inverting above equation we get

: m
Q1 (6) = expl-O0 + WEILQ - )" & (/WX L (2Vhpt)
m=n+2

™ @y + T L, @, 6D

2. Steady State Solution: The steady state solution can be obtained by the

well known property of Laplace Transform viz.

lim | £(t) = lim o £(a),

if the limit on left exists.

Applying this to equation (21) and (22) we get

s-1 ;
6y) = £ B, ;0% - yOH/IYRG) - 1], (32)
=0 T
Iy () = /KRG - 113Q - N1 6, (33)
n=0
where
X i
RG) = = Plu/(u+ A=Ay,
3=1

To determine the value of constants in equation (32) if Yy i=1, 2, .. .

s - 1 are the roots of



with

here

and

yoI/R(Gy) - 1 =0,

modulus less than one, then

s=-1

I P G5 - yD = o,
q=0 q, 171 i
s-1 ©
I P (s -q) =[s-KQA)]} = P
q=0 P a=0 D¢ 1

= {[s - RA)]/uK(Q)} = Q, ),
’ n=0

I (1) = 1 - P, hence we have
o %W 0

uP = AP

0, 1 0
s-1 s q
f P 10—y =0,
q=0
s-1

;OQ,ﬁs-@=ﬁus—mnwmunu-P8.
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(34)

(35)

(36)
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3.5 Batch Arrival Queueing Model

Most of the queueing systems studied by various authors are of the
type of single arrivals and single service. In practical systems the
arrivals are usually of batch type. The service may be of single or
batch type. There are three different types of arrival batch given below:

;1. Random Size Batch: where the size of the batches is random.

2. Periodic Size Batch: where the size of the batches is of a

periodic pattern.

3. Constant Size Batch: where the size of the batches is constant.
Clearly the constant size batch type may be considered as a special case
of that of the random batch size. Soriano [57] has studied the queueing
systems for the general case of arrivals. In the analysis of queueing sys-
tems developed, the general waiting time distributions of any customers in
an arrival batch have been derived under two conditions: (1) transient
condition, (2) steady-state condition. The necessary and sufficient condi-

tions for the convergence to equilibrium have also been investigated.

Model Specification?®

Arrival Source 5 Infinite
Arrival Pattern : Batch
Arrival Behavior : Patient
Arrival Distribution : General
Queue Size § Limited

Service Discipline

First arrive, first served

Service Pattern

Single

Service Mechanism

e

Single channel, Single phase
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Service time Distribution: : General

Number of Servers One

Practical Problem: Patients wait at the hospital forming a queue to see

the doctor. The patients are scheduled in batches. The doctor is consid-

ered as a service channel.

Notation: The following is the notation used in this model:
A = Mean arrival rate
U = Mean service rate
-- p = Load factor
T = Interarrival time between successive arrivals
S = Service period
M = Number of customers in a service group

F_, (x) = Waiting time distribution function of the packet r

b
Wrb = Waiting time of packet r
Ub = Waiting time of batch {(a random variable)
Sri = Service time of the customer i of the batch r

Gs(x) = Service time distribution
Fij(x) = Steady state waiting time distribution function of the

customer j of the batch i of a periodic pattern

kri = Number of customers of the periodic pattern r in the batch i

Assumptions

1. Arrivals of customers are in batch and served in groups.
2. The number of customers in an arrival group is an independent

random variable .
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3. The sizeé of service groups and arrival groups need not necessar-
ily to be the same.

4, Interarrival time and service times are respectively independent
and identically distributed random variables.

5. Each arrival batch of customers is considered as a composite

unit referred to as packet.

Analysis

According to the theorem in Soriano ([57],p. 35) the waiting time

distribution function of the packet r, Frb(x), converges to the distribu-~

tion function, Fb(x) as r tends to infinity. This is true only if the
ratio of the packet mean servige time and mean interarrival time between
successive packets is less than one.

The waiting distribution function of the packet r is nothing but
the cumulative probability up to the w;iting time of the packet r. In

equation form
Frb(x) = P(Wrb 4 =)

In limiting case when r tends to infinity, the distribution function
Fb(x) is given by the area underrprobability curve up to that point. It
is of continuous type so can be summed up and given by

Fb(x) = J Fo(x - ub)dGub(ub)
Sy

In order to derive the steady state waiting time distribution functions

of each individual customer in an arrival batch, let Fl(x), Fz(x), — Fn(x)



108

denote the waiting time distribution of the customer to be serviced
1st, 2nd, . . ., nth, in their arrival batch, respectively. Note that
the individual customers of the packet are considered as independent

entities. Then,

]

F, (x) JF(X- )dG. (u))
1 x 5 b Y% uy b

.U-bs

f
' J F-l(x 2 y)dGS(y)
y<x

F, x)

Fn(x) = J Fn_l(x - y)dGS(y),
y<x

In the periodic size batch type model the packet includes a group of
batches while in the random size batch:type model a packet includes only
one batch. By defining kri as the number of customers in batch i of
periodic pattern r. The packet r consists of a group of batches krl’

k ‘y krn' As in the random size batch type model, the steady-state

2’

waiting time distribution function of the customer j of the batch i, F,, (x)

13
is given ([57], pp. 40-51) such that

F..(x) = lF (x - y)d6_ (y)
11 yix 11 up

Then,

F,G) = | By G - )60

y<x



F13(X) = J Flz(x - y)dGg(y)

y<x

1 1

y<x

:

'Utilizing the above general formulae the waiting time distributions
of the particular queueing systems may be determined.
queueing systems are considered.

1. M/G/1 - Exponential interarrival times with general single

2. D/E/1 - Deterministic arrival and Erlangian service time

distribution.

Case 1: Queueing System M/G/1

[
Fop () = J Fix _1(&x = ¥)d6.(¥)
Two types of

service time distribution.
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Let the arrival batch consists of two customers, service is of single

unit type and the interarrival time between two successive arrival batches,

T is not fixed.

Then

P(si < x) =P(S < x)

G(x)
and
P(T<x)=1-¢e

= M(x)

Assuming that

P = (2/T)E[S] < 1
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From the general formulae,

Fl(x) = J Fz(x - uZ)dGZ(uZ)
‘L'szx
| h. 4 .
/ - J F,(x - u,)d6, (u,) (1)
and - _
' F,(x) = J F) (x = u))dG, (u))
where

o0

G2(u2) = JG(u2 + t)dM(t)
0

-]

= IG(uz + t)re Mat

0

On substituting these values in equation (1) and then after simplifying

we get
F,(x) = IF_,_(Y)J gle) he  (ViTE), dy.
0 0
- lx
= cle
where R
<y =7\J J e_l,(v-Py)Fz(Y)g(V)dvdy
0 0

*
In most general form Fl(x) may be written as
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Fj(x) = F (x), x> 0

= clekx, x<0

For proof and computing procedure for the value of c, which is

1
given:by ¢, = 1- %%—see [57], pp. 53-61.

Case'2: Queueing System D/E/1.

In this model, as in case 1, the arrival batch consists of two
customers and service is of singlerunit t&pe. However, the interarrival
time between two successive arrival batches, T is a fixed number.

Let T = 1,

Then, T T T

p = 2E[8] < 1
and

P(S; <y) =P(S <),

= G(y)-
Then, as before,
. : X i
Fl(X) = JFb (x - ub)dGub (ub) s - @)
0 B
and
T
F,(x) = JFl(x - yde(y). (2)
4}
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Since the service time distribution is of the Erlangian type, let proba-

bility distribution function is given by

un/2yn/2-—1e-uy

gly) = < ; y>0 (3)
G- DI
= 0, , . y<o0
then
E[y] ='§i » (4)

1f we suppose GS (y) is denoted by Gb(y) and then let probability
b ,
distribution function is given by

n_n-1 -uy
g, (y) = E_%E:T§T__ ? ! _ y>0 (5)
=0, s o -y <0
then
Ely] = 3 (6)

Here we note that in order for the steady-state equations to hold it

is necessary and sufficient that p > n, To calculate G_ (y) we proceed

EGub(Y) =PG5, -Tc<y)

P(S, =¥ + 1)

G (y + 1) | 7
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Then equation (1) becomes,

X
B, = [7 G - e, &+ 1, ®
0
or
) X
Fb(x -1) = JFb(x - y)dGb(y). (9)
0

Substituting the value of gb(y) from equation (5) in equation (9).

n
F(x-1) = TE%ITT JFb(x & Y)Yn_lé_uyﬁ§‘ (10)

b
0

To solve equation (10) we can assume function Fb(x) in such a way
so the r.h.s. term may be integrated. Let its solution be of the form,
Zx

Fb(x) =e
where Z is some unknown constant. After substituting and integrating we

will get the r.h.s. in a series form. But as per supposition 1l.h.s.

Z Zx

Fx-1) = e e This will be true only if

n
o i e a1)

(u+2)"
This equation is of nth degree for unknown Z. Root of the above

equation is Z = 0.
Instead of assuming solution in the previous exponential form, if

we assume the solution to be a linear combination of exponential terms,



that is, !
|
n - |
Fb(x) =1+ I c,e i (12)
=1
where
cy = p ZO = 0,

Then the r.h.s. of equation (5) may be simplified into a series which is

equal to the 1l.h.s. only if

N ¢ § ) Ci’

r+1_=0: r=0,1, 2, .. ., n-1 (13)

i=0 (u+Zi)

Relation (13) is a set of n equations for the n unknowns C1s €95

Since
Fl(X) = F &

so the value of Fz(x) can also be determined in a similar way. For its
analysis refer to [57], pp. 66-68. To analyze the equations or to obtain
the roots of equations the complex variable analysis have been used.

The solution is given by

8 - 2ra _ _-b bpcosd
bSine = ° © (14)

This equation (14) can be solved by the help of Newton Raphson

- iterative process. For its analysis refer to [57], pp. 104-110.
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CHAPTER 1V
BULK QUEUEING SYSTEMS

The purpose of this chapter is to present various appli-
cations of bulk queueing problems in industry and hospital,
It includes application to ifon and steel and glass industries,
Furthermore, an elevator problem is included which has been

simulated on IBM 360/50 computer using GPSS IV language,.

4,1, A Queueing System in Iron and Steel IndEEtry

In an integrated iron and gteel plant, the flow of material
among the main parts, namely, blast furnace, steel works, and
rolling mill creates various problems. In such plants, usually,
the pig iron produced in the blast furnace is stored in a large
vessel called mixer. This molten metal is transformed into
steel in the steel works, and then poured in the moulds to form
ingots. These ingots are transported to the soaking pits for
reheating to the rolling temperature, The volume of the soaking
pits depends on the number of the ingots and the time of their
arrivals. In case when the soaking pits are not free, the ingots
often must wait for soaking. This results into their cooling
off and it takes longer time to reheat them and make a line of
walting ingots.

This system can be reviewed as a queuelng process where
the arrival of ingots (customers) at soaking pits from the

steel work is in batches., The number of waiting ingots in the



116

queue fluctuates according to the number of arrivals and the
number of idle soaking pits (service stations)., In this case
the problem is how to schedule and control the material flow
from steel work to the soaking pit. 1In the soaking pit, the
ingots are served simultaneously. Therefore, the soaking pits
canfbe divided into a number of service stations, each of which
serves one ingot only. These service stations can be considered
as a multichannel type.

Iﬁ terms of queueing theory, this problem falls in the
batch arrival multichannel single phase type queueing problem,
The formulation of this type is given below:

The following are the assumptiéns made in formulafing the
above queueing system

(1) Each arrival consists of a group containing j number
of ingots. The batches may not necessarily be of equal size,
The interarrival times are independently distributed. The
arrival at the service station i1s according to a poisson dis-
tribution with mean 1.

(2) All the ingots are served by a number, s, of service
stations installed on parallel,

(3) The service time of the ingots in the soaking pits
is a random variable, independently distributed.

(4) The interarrival and service times are statistically

independent,
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The groups receive service in order of their arrival,

The order of customers in a particular group is immaterial.

The following is the analysis of the problem on the basis

of the above assumptions,.

The following notations are used

A

Mean arrival rate
Mean service rate at each station
Total number of service stations

Probability that an arriving batch of ingots
consists of j units __

Probability that there are n units in the
system at time t

Probability that there are zero units in the
system at time t

The probability that there will be m, n > 0, units in the

system at time (t + At) may be expressed as the sum of four

independent compound probabiiities

1.

The product of probabilities that

1.1-

1.2,

1.3.

There are n units in the system at time t Pn(t)

There are no arrivals during the At
interval [1-2at]

There are no units served during the
At interval [l-nuAt]

The product of probabilities that

There are n+l units in the system at time t Pn+1(t)
There are no arrivals during the At
interval [1-24¢t]

There is one unit served during the
At interval {n+l)uat



118

3., The product of probabilities that

3.1, There are n-j, units in the system at

time t Pn—j(t)
3.2. There are j arrivals during the At
interval PjAAt

3.3, There are no units served during the
At interval [1-npat]

4, The product of probabilities that

4,1, There are n units in the system at
time t Pn(t)

4,2, There are k arrivals during the At
interval AAt

4,3, There are k units served during the
At interval kpat

The four probabilities may be transformed as follows:

Pn(t)[l—A(At)][l—nu(At)] = [1-a(at) - nu(At)]Pn(t) + 0(aAt)

Pn+1(t)-(n+1)uAt(1—1At) = (n+1)uPn+1(t) At + 0(aAt)
n n
jian_j(t)PjAAt(l-nuAt) = j:lkPan_j(t) At + 0(At)

Pn(t}(kat)(kuat) = 0(At)

By adding these probabilities, we obtain the probability

of n units in the system at time (t + At).
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Pn(t + At) = [1l-2At - nuAt]Pn(t) + (u+1)uPn+1(t)At +

n
0(at) + jEIAPan_j(t)At

Pn(t + At) - Pn(t)

rey = —(l+nu)Pn(t) + (n+l)uPn+1(t) +
n
i s L " lgufe
dPn(t)
B ~(A+nu)Pn(t) + (n+1)uPn+l(t) +
n
jilxpjpn_j(t) & 1 <n <s (1)

When n > s in the above equation (1) n and n+l will be re-

placed by s, then equation become

dPn(t} n
e w0 ={M4E0)P, () +* ljflPJP“"j(t) +

suPn+1(t) 3 n > s (2)
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|
'1!
In case when n = 0 i,e, zero units in the system at tiPe
t + At, the probability may be expressed as:
1., The product of probabilities that

1,1, There are zero units in the system at _
time t P (t)

1.2, There are no arrivals during the At
interval [1-)at]

2., The product of probabilities that
2.1, There is one unit in the system at time t Pl(t)

2,2, There are no arrivals during the At
interval [1-xAt]

——— 2,3, There 1s one unit served during the At
interval _ pAt

Upon adding these two independent probabilities, we obtain

the probability of zero units in the system at time t + At.

PO(t+At) = Po(t)[l—AAt] + Pl(t)uAt[l-AAt]

?0(t+At) - PD(t)
At

= -lPo(t) + uPl(t}

dPO(t)

73 = -APO(t) + upl(t) (3)

Equations (1), (2) and (3) represent the queueing system

mentioned above, In the steady-state condition, equations (1),
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(2) and (3) become

. n .
..(1+nu)P_n + (n+1)uPn+1 + jilkPan_j =0, 1<n <s=s (4)
n
_(A+su)Pn + suPn+1 + jEIAPan_j =0 , n > s - (5)

-AP. + uP, = 0 (6)

Equations (4), (5) and (6) may be solved to obtain the
values of the various probabilities, and then the measures of

effectiveness can be computed.

4,2, A Queueing System in Glass Industry

In glass industry, different articles are produced from
silica sand., The articles, after being cast, are cooled
slowly to the room temperature so that it may not break due to
sudden change of the temperature. This cooling operation is
processed in the seasoning room. The volume of the seasoning
rooms depends on the number of articles and the time of their
arrivals.

This syétem can be reviewed as a queueing process where
the arrival of ;rticles (customers) at the seasoning rooms

(service stations) is in batch, however the articles enter
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the seasoning room singly. The seasoning room is divided into
a number of rooms on the basis of the temperature, They move
from one room to the other which has lower temperﬁture. The
seasoning room can be considered as a multiphase single channel
type service station., Each article passes through all the
service stations in general. There might be cases when the
article may not pass through all the service stations but might
be taken out early. However, here we will consider the general

case, The size of the seasoning rooms shall be such that the

articles waiting outside are minimum in number(™ In terms of
queueing theory, this type of problem falls in the batch arrival
single channel multiphase queueing system., The formulation of
this problem is given below!

The following are the assumptions made in formulating the
above queuelng system

(1) Each arrival consists of a group containing j number
of articles. The batch may not necessarily of equal size. The
arrival at a service station is according to a poisson distri-
bution, The interarrival times are independently distributed.

(2) The seasoning room has been assumed equivalent to a
single channel multiphase type service station

{3) The service time of the articles in the seasoning
room 1is a raﬁdom variable, independently distributed,

(4) The interarrival and service times are statistically

independent,
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(5) The groups receive service in order of their arrival.
The order of customers in a particular group i1s immaterial,

The following is the analysis of the problem on the badis

of the above assumptions, The following notations are used.

A = Mean arrival rate

M = Mean service rate

5 = Total number of service phases

PJ = Probability that an arriving batch of

products 1s of j units

F. k(t) = Probability that there are n units in the
system and service is in k th phase at time t

Po(t) = Probability that there are no units in the
system at time t
Qj = Probability the unit requires service

in j phases ’ l <j<r

The probability that there will be n, n > 0O, units in the
system at time (t + At) may be expressed as the sum of five
independent compound probabilities:

1. The product of probabilities that

1.1, There are n units in the system and the
service is in kth phase at time t Pn k(t)
»
1.2, There are no arrivals during the At
interval [1-24t]

1.3, There are no units servedrduring the
At interval [1-uAt]

2, The product of probabilities that

2,1, There are n+l units in the system at

time t P (t)

n+l,k
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2.2, There are no arrivals during the At
interval [1-2At]

2.3, There 1s one unit served during the
At interval QkuAt

The product of probabilities that

3.1. There are n-j units in the system at

time t Pn-j,k(t)
3.2, There are j arrivals during the At
interval PJAAt

3.3, There are no units served during the
At interval [1-pAt]

The product of probabilities that

4.1, There are n units in the system and
service is in (k+1l)th phase at time t Pn k+l(t)
E ?

4,2, There are no arrivals during the At
interval [1-2at]

4,3. There is one phase service during the
At interval uat

The product of probabilities that

5.1. There are zeroc units in the system at

5.2, There are n arrivals during the At
interval QkPnkdt

5.3. There are no units served during the
At interval [1-uat]

The five probabilities may be transformed as follows:

Pn’k(t)[l-xﬂt]{l—ubt] = [1l-2At - uAt]Pn’k(t) + 0(At)

P ‘(t)[l—AAt]QkuAt = Qkugn+l’k(c)At + 0(At)

n+l,k
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n n

jzan_j’k(t)PjAAt[l-uAt] = j:1lePn_j'k(t)At + 0(At)
Pn,k+1(t)[1-lﬁt]uﬁt = uPn’k+1(t)At + 0(At)

Po(t)QkPnlAt[l-uﬁt] = AQkPnPo(t)At + 0(at)

By adding these probabilities, we obtain the probability
of n units in the system and service in kth phase at time

(t + At).

Pn,k(t+At) = [l—lAt—uAt]Pn,k(t) + QkuPn+1’k(t)At +

n
I AP

j=1

(t)At + uP (t)at +

5%n-1,k n,k+1

AQkPnPO(t)At + 0(at)

Pn’k(t+At) - Pn
At

,k(t)
= -(l+u)Pn’k(t) + “QkPn+1,k(t) *
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n
jfllePn_j'k(t) + upn,k+l(t) + lePnPo(t)

dPn k(t)
——ae - QR () FouqP L, (8 4
&
j:l;yjpn_j’k(t) P (6) 4 AQB P (E),

- ' n>1 7)

In case when zero units in the system at time t + At, the
probability may be expressed as:
1. The product of probabilities that

1.1, There are zero units in the system at
time t : _ P0(t)

1.2. There are no arrivals during the At
interval [1-2at]

2, The product of probabilities that

2.1. There is one unit in the system at
time t P, ,(t)

2.2. There are no arrivals dufing the At
interval [1-aat]

2.3, There is one unit served during the
At interval At

Upon adding these two independent probabilities we obtain

the probability of zero units in the system at time t + At
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Po(t+At) = Po(t)[l—xAt] + P (t) [1-pAt]uat

1,1

Po(t+At) - Po(t)
At

= -APO(t) + “Pl,l(t)

dPO(t)

gt = TABo(e) + Py (€) (8)

Equations (7) and (8) represent the queueing system men-
tioned above. In the steady-state condition, equations (7)
and (8) become

n

SOFWP, Py t jﬁllijn-j,k T Paker T

AQP Py =0 , n (9)

[v
pot

-AP_ + pP., =0 (10)

Equations (9) and (10) may be solved to obtain the values
of the various probabilities, and then the measures of effec-

tiveness can be computed.
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4.3. A Queueing System in Hospital

In hospitals, a scheduling problem, particularly the
appointment system for the outpatients of a hospital can be
‘reviewed as a queueing system. Appointment systems can be
classified into four general types. |

(1) Pure block appointment systems

(2) Individual appointment systems

(3) Mixed block-individual appointment systems

(4) Other appointment systems.

Arbléck appointment system arraﬁges for an initial group
of patients to arrive at the clinic at the beginning of the
clinic session. The rest of the patients, scheduled to be
treated during the same clinic session, are arranged to arrive
at the clinic at equally spaced intervals. In individual
appointment systems patients are given appointﬁents on an
individual basis. The appointments are equally spaced in time
and the interval between successive appointments known as the
appointment interval, is equal to the mean consultation time,

Here two different appointment systems are considered:

System I - 1Individual appointment system

~System II - Two at a time appointment system

The purpose of this application is to compare corresponding
. steady-state waiting time distribution functions of the out-
patients under above two different arrival patterns. For these
two systems Soriano [57] has investigated under different load

factors, p given below:
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p = 0.5 0.6 0,7 0.8 0,8 0.9 0.95 0,99

On the basis of batch arrival queueing model discussed in
Chapter III the waiting time distributions for systems I and

II are discussed.

Assumptions:

1, Patients arrive on time

2. Medical consultation times of various outpatient = _
clinics were distributed according to gamma distribution.,

3. Appointment time will be used as the unit in the

scale.
Using equation (12) in section 3.5, the waiting time

distribution for system I is writtem such that

4
F(x) =1+ I c, e j

where the value of ¢, and z, are calculated from

b 3

w2y 77

e
(u/72 + 2']4
]
and
4 l e
g 1 }=0, k=1,2,3, 4

v]k

j=0 [u/2 + zj
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where

and

Similarly, for system II, the waiting time distributions

~of the 1st and 2nd patients in a batch, Fl(x), Fz(x), respec-

tively are given by

8 zjx
Fl(x) =1+ I cje .
j=1
and
4 X
. 3 -y
Fz(x) = ;—,—I F,(x-y)y~e Ydy .

where the value of ¢, and z, are calculated from

‘3 3
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and

8 c
T {“—_1__E} =0 , K=1,2, . + « 8
j=0 [u+zj]

where ¢ = 1 and z_ = 0,
i o o

E

| For the analysis of the above, refer to [57], p. 104.
Soriano [57] has tabulated and plotted the values of F(x),
Fl(x), and Fz(x) in Tables 5-12 and Figures 2-9 for the dif-
ferent load factors, respectively. For example, the table
showinéuthe values of F(x), Fl(z) and Fz(x) for load factor,
p = 0,70 1is given in Table 4.1.

Table 4.1.
Walting Time Distributions for the p = 0,70 Case

b 4 Fl(x) Fz(x) F(x)
0.0 0.852 0.0 0,742
0.1 0.909 0,042 0.848
0.2 0.946 0.187 0.913
0.3 0.968 0.407 0.951
0.4 0,982 0.618 0.973
0.5 0.990 0.775 0,985
0.6 0.994 0.876 0.992
0.7 0.997 0,929 1,000

0.8 0.998 0.962
0.9 0.999 0.980
1.0 1.000 0.991
1.5 1,000

Generally speaking, there are not so much difference between the
values of the waiting time distribution functions F(x) and Fl(x).

F(x) remains always between Fl(x) and Fz(x) as it must from the
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theoretical point of view, As the load factor, , is increased
the difference among F(x), Fl(x), and Fz(x) decreases. Waiting
times of the corresponding cases increase as the load factor

increases. For more details refer to [57], pp. 81-94,.

4.4. A Queueing System for an Elevator

!
| The purpose of elevator is to transport goods or customers

frém one level to other level, There are some restrictions

due to the capacity of elevator, Also sometimes there may

not be any customers or goods for transporting., In this case

owner would like to select a way so that the cost incurred is

minimum. Also the space allotted for waiting goods or customers

on each level is optimum.

-In this case we see that service is in bulk. Service time
from one level to other level is constant. Arrival of the goods
or customers may be of single or batch type but in general it 1is
of single type. Thig problem can be analyzed by the help of
queueing. |

This can also be simulated to give the optimum number of
goods which shall be transported from one level to other level.
For example, manufacturer uses a freight elevator to transport
certain parts from the first to the second floor and different
parts from the second to the first floor. The arrival time
digtribution for the parts destained for the second floor
is exponential with a mean of 2.8 minutes. The arrival time
distribution for the parts destained for the first floor is

exponential with a mean of 3.3 minutes,
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The cost ;ssociated with waiting parts is $2.00 per hour
per part for those to be transferred from the first to the
second floor and $2.25 per hour per part for those to be trans-
ferred from the second to the first floor.
Elevator capacity is 12 parts which are loaded on the
first floor and 8 parts which are loaded on the second floor.
Elevator cost $0.25 to run one way.
Service time = one minute for a trip.
In this example we would like to determine the optimal
number of parts to load on each floor-before -transporting-them— — —

to other floor so that cost is minimum,

This éxample is simulated on 360/50 computer using GPSS 1V
language.,

Upon examining the table 4.2., it appears that the minimum
transportation cost is $95.05. Consequently, the corresponding
number of parts loaded on the first and the second floors are 2,

2 respectively,



Table 4.2.

Cost Incurred for Various Combinations
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S. No. Parts Loaded on Parts Loaded on Cost in §
First Floor Second Floor

1 1 1 111.40
2 1 2 104,80
3 1 3 116.80
4 1 4 164,20
5 1 5 242,80
6 2 1 101.40
7 2 2 95,05
8 2 3 114,90
9 2 4 144,80
-0 2 7 127.00
11 = 2 8 460,40
12 3 1 118,60
13 '3 2 101,50
14 3 3 95.80
15 3 4 145,90
16 3 8 458.60
17 4 2 102.70
18 4 3 134,90
19 4 4 186.90
20 5 4 134.90
21 5 5 152,40
22 5 6 309.60
23 5 7 119.80
24 5 ) 452,60
25 6 5 148.00
26 6 6 273,40
27 6 7 113.60
28 6 8 449,70
29 7 6 273.40
30 7 7 117,70
31 8 2 438,60
32 8 6 443,80
33 9 5 892,20
34 8 7 148.70
35 10 7 284,00
36 11 7 586,50
37 12 8 984,20
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APPENDIX A
COMPUTER PROGRAM

This appendix includes the computer program of an elevator process
presented in subsection 4.4, as a queueing system. The computer program has

been written on IBM 360/50 computer using GPSS IV language.
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2 STORAGE 8
1 GENERATE 3 FN1
2 . KARK 1
3 CUEUE 1 1
4 GATE L= 1
5 ENTER 1 1
6 TEST GE St X1 9
7 TEST NE St o1 10
8 TEST N 51 K12 19
9 TERNMINATE
10 LeGIcT 1
11 CEPART 1 S1
12 TABULATE 1
SAVEVALUEZ 3 -IMITIALIZED TO I[NCLUD
13 SAVEVALUT 3+ Vi
14 ADVANCE 1
15 LEAVE 1 S1
16 LoGict 2
17 - TERMINATE
18 GENERATE 4 FAN1
19 MARK 2 _
20 CUEUE 2 1
2L GATE LS 2
22 ENTER 2 1
23 TEST GE S2 X2 25
24 TEST NE S2 02 27
25 TEST NF S2 Ke 27
26 TERNMINATE
27 LCGICT 2
28 CEPART 2 s2
29 TABULATE 2
30 SAVEVALUE 4t v2
31 SAVEVALUE 5 V3
32 CADVANCE 1
33 LEAVE 2 52
34 LCGICT 1
35 TERMINATE 1
START " 2C6

-

SN
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This report is concerﬁéé with the bulk queueing models and their
applications. The basic concepts of queueing theory are discussed. The
structure of the queueing processes is presented. Various bulk queueing
models are analyzed. Four models are of bulk service type, and one is
of bulk arrival type. The models are analyzed under transient and steady-
state conditions. Several applications to bulk queueing theory such as -
systems in iron and steel industry, glass industry, and hospitals are
discussed. An elevator process is analyzed as a queueing system and then

simulated on IBM 360/50 computer using GPSS IV language.




