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1.0 INTRODUCTION

1.1 Statement of the Problem

In many practical problems it is often necessary to solve the
transport equation with a highly anisotropic scattering cross section.
The multigroup approximation of the transport equation introduces
highly anisotropic group-to-group transfer cross sections in the
scattering source term for the elastic scattering of neutrons [1]
and the Compton scattering of photons [2]. The anisotropy arises as
a result of the limitations on the allowed scattering angles for a
given group-to-group transfer, imposed by the conservation of momentum
and energy constraints [l]. In neutron shielding problems, some
materials such as iron and oxygen exhibit "antiresonancesﬁ or "windows™
in their total cross sections [3,4]. To analyze accurately the angular
transmitted flux or leakage from these shielding materials, a very fine
energy group structure is necessary in the antiresonance region. Such
fine energy group structure invariably iutfoduces a high degree of
anisotropy in the scattering transfer cross sections. Highly anisotropic
scattering cross sections are also encountered in one-speed radiative
transfer problems [5]. In this case, the anisotropy results not from
the calculational procedure, i.e., multigroup approximation, but from
the fact that the scattering itself is highly anisotropic. The forward
scattefing function in this case can become so highly peaked in the for-
ward direction that a several hundred term Legendre function expansion

may be necessary for an adequate representation.



The purpose of this study is to develop techniques to evaluate
the scattering source term in the transport equation involving highly
anisotropic scattering cross sections. Instead of using a traditiomal
truncated Legendre polynomial expansion [6] for the scattering cross
section, which often produces negative fluxes or flux oscillatioms,
several techniques are discussed that are based on the exact kernel
method developed by Odom [7], which uses non-expanded form of the
scattering function.

In Chapter 2, two coordinate transformations of the scattering
source terms in the éransport equation are reviewed. These trans-
formations are chosen to facilitate accurate evaluation of the
scattering source term involving scattering functions with narrow
angular support such as those occur in fine multigroup shielding
calculations. The properties of the transformations as well as their
advantages and disadvantages are discussed.

In Chapter 3, several methods, based om the two coordinate trans-
formations, are ﬁresented for the numerical evaluation of the scattering
source term in the discrete ordinate transport equation. The
accuracy of a low-order polynomial approximation for the angular
flux in the evaluation of the scattering source term is assessed on
a simple test problem. A method is also discussed for the analytical
evaluation of the scattering source term using piecewise polynomial
approximations for the angular flux and cross sectilons.

To understand better the purpose and the method of calculation

given here, it is important to review the previous work which has been



carried out by other authors. This is done in the next section.

1.2 Review of Previous Work

The traditiomal approach to treat the anisotropic scattering
functions (differential cross section in one-speed problems, and
group-to-group cross sections in multigroup problems) in the
scattering source term is to use a global (full-range) Legendre
polynomial expansion [6]. For highly anisotropic scattering functionms,
such a Legendre polynomial expansion requires a very large number of
expansion terms [8]. A high order expansion often renders the solution
df the discrete ordinate transport equation impractical as a result of
excessive computational effort, or if a lower order truncated expansion
is used,-severe oscillations or spurious negative flux values may result.

Attia and Harms [9] have used partial-range Legendre function
expansions to represent the angular dependence of the neutron group
transfer cross sections. It is shown by them that this representation
can avoid negative cross sections, and is superior to global Legendre
function expansion. No prescription, however, is given as to how to
evaluate the scattering source term in the transport equation using
this representation of the cross sections.

Odom and Shultis [1] have developed a method (exact kernel method)
to calculate the elastic group-to-group neutron cross sections with-
out recourse to the traditiomal Legendre polynomial expansions. These
cross sections can be readily used in a discrete ordinate formulation
of the transport equation to obtain accurate numerical results for

those situations in which the group-to-group transfer is highly aniso-



tropic (as in transport problems involving fine group structure with

light element scattering), and which ordinarily require a very high order
Legendre expansions. The method however requires relatively large computer
storage compared to the traditional Legendre expansion method.

In order to obviate the need for large computer storage in the
exact kernel method, Mikols and Shultis [10] have developed a low-order
piecewise linear approximation to the group-to-group elastic
scattering transfer cross sections. It has been shown that the low-
order approximation resembles quite closely the exact transfer distri-
bution while the Legendre expansion technique yields oscillatory and
even negative fluxes.

Ryman [2] has applied the exact kernel method to the solution
of gamma photon transport problems and has obtained accurate solutioms
of problems which are characterized by a highly anisotropic source and
by highly peaked, group-to-group, transfer cross sections which have
narrow ranges of angular support. He also developed a new semi-
analytic technique for computing exact kernel transfer cross sections.
This method allows rapid computations of exact kernel cross sections
with an accuracy satisfactory for most transport calculations. He
has also developed a least squares approximaﬁion to exact kermel cross
sections, which, when used with a standard discrete ordinates code
based on Legendre expansions, gives improved accuracy for the computed
scalar flux densities in highly anisotropic transport problems.

Hong [11] has applied the exact kernel method to the calculation
of the anisotropic group-to-group cross sections for neutron in-

elastic scattering. It was shown that a low-order piecewise linear



approximation for the group transfer cross sections is also a good
approximation when inelastic scattering is present. Hong also developed
a method to evaluate the scattering source term in the transport
equation using piecewise polynomial approximations for angular flux

and the transfer cross sectiomns.

In-depth studies have been made for the accurate angular repre-
sentation of highly anisotropic group-to-group cross sections, but
little work has been done to date on the use of variable transformation
in the scattering source term involving the highly anisotropic cross

sections, which facilitates its accurate evaluation.



2.0 TRANSFORMATION OF VARIABLES IN THE SCATTERING SOURCE
TERM OF THE MULTIGROUP NEUTRON TRANSPORT EQUATION

The scattering source term for transfer from energy group g'
to energy group g in the multigroup neutron transport equation can

be written as [6,12]

Sg.+g(£,a) - Lz' da cg._,,g(ﬁ-&‘) ‘Pg.(g,g), (2.1)

or more explicitly, for slab geometry, as

1 27
Sgr_)_g(sts-d)) = I’il du J'O d¢ Ug._*g(uo) ‘Fg'(x,u »¢0"), (2.2)

where x is the distance into the slab, @ = (p',¢') is the neutron

direction before scattering, Q' = (u',¢') is the neutron direction
after scattering, ?g}(x,ﬂ') is the neutron angular flux in group g'
in direction Q' at point x and cg.+g(gggf) is the macroscopic cross
section for transfer from group g' to group g through a scattering

angle, cos-l(ﬂ{g'). Here 1 is the polar angle, ¢ is the azimuthal

angle and B, = Q+Q' is the cosine of the scattering angle given by

2)1/2 12,1/2

u_o=up' + (1-p (I=p"7) cos{¢'-¢). (2.3)

o

The slab is assumed homogeneous and isotropic so that the cross
sections depend only on the scattering angle.
In fine multigroup neutron transport calculations, the group-

to group cross sections, Ug'+g(“o) often have a narrow angular

support, i.e., o (uo) is non-zero over a small portion of the

g'>g
domain of Hye @S 2 result of the restrictions imposed by the con-



servation of momentum and energy (l). A typical example of the
group-to-group cross sections having narrow angular support is shown
in Fig. 2.1 (7). Such transfer cross sections make the accurate
numerical evaluation of the angular integration in the source term
very difficult. In order to faciliate integration over the angular
support of the cross sections in Eq. (2.2), it is profitable to seek
a transformation of wvariables in the scattering source term such that
L itself is an integration variable. 1In this chapter two trans-
formations of the scattering source term are studied which permit its
accurate evaluationm.

In Section 2.1 the limits of the scattering source integral when
the group-to-group cross sections have narrow angular support are
discussed for .the untransformed case, i.e., when the integration variables
left as u' and ¢'. Section 2.2 is devoted to the study of the trans-
formation of integration variables from (n',¢') to (u',uo). Finally,
in Section 2.3, the transformation of integratiom variables from
(u',9') to (uo,E) where £ is an angle discussed in that section is

studied.

2.1 Limits of the Scattering Socurce Integral

Let [u ] define the angular support of the group-

o,min’uo,max

to-group cross section, Ug'+g(“o}’ i.e., Gg'+g(“o) has a non-zero

<u, < . Then in order to carry out

value only when I o
3

,min
accurately the integration in Eq. (2.2) using a low order numerical

quadrature, it is necessary to find the limits of the ' and ¢' integral
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1.3534 MeV) transfer.



such that the numerical integration is only over the cross section

o,min’uo,max]'

The desired limits of integration for Eq. (2.2) can be found from

support [u

the “iso-uo" curves in the (y',¢') integration plane as shown in

Figs. 2.2-2.5. These curves are obtained by plotting (¢'-¢) as a
function of u' for fixed Ho and p, using Eq. (2.3). It is noted

from these figures that to find the limits of the ¢'-integral such

that the integration is carried out over the region between two iso—uo
curves, it is generally necessary to break the range of integration
over u' into several sub-ranges, since the limits of integration over
¢' are different in each subrange. For example, it is also noted that
for u, > lul or u_ < -[u[, the iso-u  curves begin from ¢'=¢ or (¢+m) or
(¢+27) and terminate at the same line, whereas for -|u| < T |u|s the
iso-u0 curves begin from ¢'=¢ and terminate at the line ¢'=¢+2n. Thus,
the limits of the ¢'-integral depend on the location of T — and

u relative to + |u|. The proceﬂure to find these limits for the

0,max

case = |y < |u|is considered in detail below.

< uo,min’ uo,max
Other cases can be handled in an analogous manner. A more general dis-
cussion is given in Section 2.1.1 where the azimuthally symmetric

problem is considered.

d p are such that -|u| < u

min "¢ Mo, max » H < |u] .

BUEHoR uo, o,min 0,Mmax

The desired region of integration for such a case is shown in Fig. 2.6.
To find the limits of j' and ¢' integrals which correspond to this
region of integration, it is necessary to break the range of inte-

gration over y' in three parts as follows: [see Fig. 2.6]



.Difference of azimuthal angles, ¢'—¢ (Radian)

Q0

—100 ' . 1-0
Cosine of polar angle, u'
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Difference of azimuthal angles, ¢'~¢ (Radian)
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Fig. 2.4. Iso-uo curves in the (u',$') plane (u=-0.5).
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Fig. 2.5. Iso--u0 curves in the (u',¢') plane (=0.9).
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i) ui < u' 2w, for which ¢ 424, and 2ﬂ—¢;in <4' < ¢+ 27

' ' ' P 1 1 1 N ' —ht
ii) Mo 2¥' S for which ¢max.£-¢ £-¢min and 27 ¢min < ¢' < 2w ¢max

iii) ué < ' f_ui for which ¢;ax < ¢' < ¢+7 and ¢+m < ¢! §_2ﬂ-¢;ax

1 1 1
Here ¢min and ¢ denote the values of ¢' corresponding to uo,min and

) 1 : ]
uo’ 5 respectively for given 1 and nu'. Expressions for ¢min and

¢;ax follow directly from Eq. (2.3) and are given by

T ""l
br4q = &+ cos {(uo,mi

/@D B, (2.4)

and

4 + cos™ T {(u max'“”')/(1‘“2)1/2(1'U'2)1/2}.

¢1;|ax o, (2.5)

The quantities ui, ué, ué and ug are given by the roots of the equatioms

1/2 12

2 1/2
o, min = uu' £ (1-47) (1-') / > (2.6a)
and
- _2.0/2 L. 42,112
Mo max = W' (171 (1-p' 4, (2.6b)
i.e.,
{u)supougong} = ordered {ulujsusud (2.7)
where
- . 21/2 . 2 1/2
H1 ~ Mo, min (1-u™) 1 uo,min) : (2.8)
- 2
o=y = aadM? gl | 12, (2.9)
—_ 2
ay =+ e aal 12, (2.10)
and
s + B2 @ Y2, (2.11)

u4 0,max 0,max
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The scattering source term can therefore be written as

ué ¢$in g+2m
Sg,_,g(x,u,M =I dp' U d¢' o¥ + do’ gw]

"i ¢ 2w-¢£in
Hi ¢éin 2“_¢;ax

f e [ e )
L) ¢éax 2W—¢;in
ui ¢t 2ﬂ-¢éax

+J du' U d¢' o¥ +J' do' c‘{-’]. (2.12)
b Vona o+

For convenience, the subscripts and arguments of ¢ and ¥ in the above

equation have been omitted.

2.1.1 Azimuthally Symmetric Case

For the azimuthally symmetric case, the angular flux distribution
is independent of the azimuthal angle, ¢. This case arises when the
external source incident on the slab is azimuthally symmetric such as
the normally incident source. In this case the scattering source

given by Eq. (2.2) reduces to
+1

27
Sg'+g(x’“) - I

du' "Pgl(xsu') J d¢' Ggi_*g(uo)s (2‘13)

-1 0

where sg,+g(x,u) and ¥ ,(x,y') are the azimuthally averaged values

g
defined by

2m
L
JNCINES - [O a8 5 0, Gound)s (2.14)

and
2m

1
‘ng(x,u') - JO

Equation (2.13) is obtained from Eq. (2.2) by integrating over

du' ?g.(x,u',¢')- (2.15)
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the azimuthal angle and using the fact that the ¢'-integral in
Eq. (2.13) is independent of ¢.

From Eq. (2.3) it is clear that uo is symmetric about ¢'=m., Hence,

Eq. (2.13) becomes

1 i

S g 1y (W) = 2 I+1 u' ¥ Geu) J0d¢' T 1g(Ho) - (2.16)

Thus only half the ¢' integration range need be considered in the
evaluation of the scattering source term when the angular flux is
azimuthally symmetric.
The appropriate limits of the U' and ¢' integrals in Eq. (2.16)
g
when g.+g(u°} has angular support between uo,min and uo,max can be
found from Figs. 2.2-2.6. It is necessary to decompose the domain of
integration into several subdomains as
T 1 1 )
+1 m My ) ) A
J du' J d¢' = [ dp' J d¢' + J dy'! I de'
-1 0 =] ¢' I-l]'_ ¢3

uy b6 Mg ¢g 1 %10
% f dy' I dg' + J du'’ J de' + du' J de' (2.17)
Hy ¢§ u3 b7 u 9q

where ui, i=1,2,...4 are given by Eqs. (2.7)-(2.11), and values of
¢£,i=1,2,...10 are listed in Table 2.1.

Reversing the order of integration in Eq. (2.17) does not result
in any simplication of the scattering source term. Although for the

case -|u| < u < |u|, such a change eliminates the need

o,min’"o,max

for u' break points, the limits of the p'-integral becomes very com-

plicated.
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2.2 Transformation of Integration Variables From (u',¢') to (u',uo)

2.2.1 Transformation Equations

For simplicity, the azimuthally symmetric case is first con-
sidered. In this case, the scattering source term for transfer from

energy group g' to energy group g is given by Eq. (2.16) with

2)1/2 2,1/2

poo=uu' + (1-u (1-u'") cos¢’. (2.18)

(o]
A transformation of the above source integral is sought such
that the integration variables are y' and H,+ Upon changing the

variable integration from ¢' to Mo in Eq. {2.16) one obtains
1
- 1 '
Sg.+g(x,u) 1 du Tg'(x,u ) JD* dp, [J] cg'+g(uo)a (2.19)

where J = a¢'/3po is the Jacobian of transformation, and D* is image
of the limits of the ¢'-integral under the transformation.
To evaluate the Jacobian, one obtains from Eq. (2.18)

1/2 12172

—% e = )

(1-y sing’. (2.20)

The variable ¢' can be eliminated from Eq. (2.20) using Eq. (2.18).

After some algebra one obtains

3Ug 2 2 2 1/2
E;T == 1=y =p'" - b, t 2uu'u0) s
and hence,
J = 3¢73u0 S u2 i u‘z - ui % Zuu'uo)_llz. (2.21)

Thus, with this transformation of the azimuthal angle to the cosine

of the scattering angle, the group-to-group scattering source becomes

rl ! 1 08"’ E(uo)
S s, (x,u) = du' ¥ _,(x,u") J du (2.22)
B -1 8 px  ° (l-uz—u'z-uo+2uu'uo)l/2
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The limits of integration in the uo-integral can be readily found.

One then obtains

f s
41 2 O 1yo(H. )
S 1y, (X,1) = 2[ du' ¥, (x,H) J du B8 O (2.23)
g8 -1 g £ © (l-uz—u'z-u2+2uu'u )1/2 ’
o [}
where
£ uout) =t - D2 @2, (2.24)
and
£, (") =t + @D a2, (2.25)

It is readily verified that the integrand in Eq. (2.23) is unbounded
at the limits of the uo-integral. Despite these singularities, the

uo-integral exists if © |+g(uo) ig a well-behaved function (e.g.

g
bounded), and uz, u‘z # 1. The singularities in the uo-integral can

be removed for numerical evaluation as is shown in Chapter 3.

2.2.2 Transformation Mappings

The mappings of the boundary of the (u',¢') plane onto the
(u',uo) plane, as shown in Figs. 2.7a-2.7c, are next examined.

These mappings are obtained using Eq. (2.18). It is clear from
these figures that a one-to-one correspondence exists for all points
except for u,u' = 1.

In Figs. 2.8a and 2.8b, the inverse Jacobian (see Eq. 2.21) has
been plotted as a function of Uy f1 £ By g_fz, for various values
of y and y'. Here fl and f2 denote the lower and the upper limits
of the uo—integral in Eq. (2.23), and are given by Eqs. (2.24) and
(2.25), respectively. From these figures, the following trends about

the limits of integration in the uoﬂintegral are observed.
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For p = p', the upper limit of integration is equal to unity for
all u', and the lower limit of integration monotonically shifts from
-1 to +1 as u' varies from 0 to 1. For # # u', both the upper and
the lower limits monotonically shifts from -1 and +1 as u' varies
from 0 to 1 and collapses at uo = y, The common feature is that as
u' - 1, the domain of integration shrinks to zero. The same is
true for p' > -1l or u » £ 1,

2.2,3 Limits of the Scattering Source Integral When the Group-
to-Group Cross Sections Have Marrow Angular Support

When the group—-to-group cross section, Gg'+g(uo) has a narrow

angular support between Mo min and L —_— the form of the group-
? 3

to-group scattering source term is given by

+1
- 1 1
Sg-+g(xsu} = 2 J_]_ dy \th(xﬂl’) Ag|_>g(u,u ): (2.26)
where
8 C_1 (]-l )
A, Guu") = dy S , a<B (2.27)
g'>g ° (1- 2 42_ 25 1/2
a H U o HO uu HO
0 a>B
o = max {fl(l-l:u'),lio’min}, (2'23)
and
= 4 1
g = min {£,(un ),_uo’max}- (2.29)
It may be noted that o is greater than g only if fl(u,u')
s -

> d . = O
Hy maxy OF Mo uin ACHY ). TFor both of these cases Oty .

and hence Ag,+g(u,u‘) also vanishes, as seen from Eq. (2.27).
Since Ag.+g(u,u'} vanishes for some values of yu' in Eq. (2.27),

p'-subranges are sought such that A (usu') is non-zero over these

g'rg
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sub-ranges. These subranges may be found the the uo-u' diagram zs

shown in Fig. 2.9. The uo-u' diagram is obtained by plotting H, as
a function of u' for fixed u and ¢' = 0 or m, using Eq. 2.18. From
Fig. 2.9 it is eclear that if the cross section cg,+g(u°) has support

over the whole range of My the scattering source term is given by

£
1 2 Zgl
S_ o, (%,1) =2 du' ¥ _,(x,u") du D ' )
g 8 -1 g £ o
1
where
D= (1_u2-u'2-u§+2uu'u°)1/2. ‘ (2.31)

If, on the other hand, the cross section has angular support
between uo,min and Ho’- s the deomain of integration is as shown in
Fig. 2.9. In order to carry out integration over this domain, it

is necessary to break the range of ' in three parts as follows:

i) u]‘_ Sk ui for which Pomidn bR PR
11) yy <’ gugy forwhich y 00 2 0 2 Uy max
iii) ué <u' < ua for which fl 2w, 2 B i

where ui, ué, ué and ui are same as those defined in Section 2.1, and
are given by Egs. (2.7-2.11). The scattering source term, is, there-

fore given by

T r
Ho r,f2 . Ha B o i .
Sg.+g(x,u) =2 U 'du' tyJ du_ 5—+J ' du'y J du o
p "o, min Ha Ho,min
M4
U
+ j du' ¥ [ Gylmax du, %] (2.32)
ul £
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For convenience, the subscripts and arguments of ¥ and o in the above
equation have been omitted.

An alternative approach for the evaluation of the group-to-group
scattering source term is to reverse the order of integration in

Eq. (2.30). From Fig. 2,10 it is seen that

Yo ,max ) ' ?E.(x,u')
Sg’—*g(x’u) N Lo’mizuo c’g“'g(”n) J‘fl du (l-uz-u'2u§+2uu’uo)l/2 s Gua)
where
E (uony) = wny - =DM a2, (2.34)
and
) = w + @D @bz, (2.35)

It is interesting to note that reversing the order of integration
in Eq. (2.30) simplifies the form of the group-to-group scattering
source term since it is no longer necessary to split the range of
integration of the outer integral into several subranges and find the
limits of the inner integral for each of these subranges which is quite
cumbersome.

2.2.4 Azimuthally Dependent Case

The azimuthally-dependent case will now be considered. In this

case, the scattering source term is given by

+1 2
a— 1 1 t 1
Sg1+g(xsu ’¢) = J_l d]-l IO d¢ gg t+g (MO) ]Pg! (K,H »$ ) > (2036)

where

1/2 v2,1/2

M, = upu' + (l-uz) 1-u'") cos(d'-9). (2.37)
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Upon changing of variable of integration from ¢' to u' in Eq. (2.36)

one obtains

I+l
ng+g(st:¢) = i

1

where

ey = + D2

e, = wu' + (l—u?')l/2

and

f*(u',uo.u,¢) = ¢ + cos™t {(uo—uu')/(l—u

(1l-u

(1-u

2

{2

€2 qg
1
du Ic duo

)
)

l_),_g

(Uo) ?gr[x,u',f*(u',uo,u,di)]

1/2

1/2

2 42 2 _
(1=p"=n""-u_+2uu uo)

cos(21-¢),

coséd,

2)1/2(1_u,2)

/2

1/2}

s (2.38)

(2.39)

(2.40)

(2.41)

Clearly, the form of the scattering source term becomes very complicated,

and it appears that the change of variable of integration from ¢' to B

is not useful for the azimuthally dependent case.

2.3 Transformation of Integration Variables From (u',¢') to (uo,E)

2.3.1 Transformation Equations

A transformation of the scattering source integral of Eq. (2.2) is

sought such that the integration variables are By and £ where £ is the

angle of revolution about the 2 direction as shown in Fig. 2.11.

This

transformation was first suggested, although not fully developed, by

Odom [7].

In Fig. 2.11, él’ ]

2

and &

3

direction of x, vy and z axis, respectively.

represent unit vectors in the

To find u' as a function of M, and £, consider the orientation

of the coordinate system as shown in Fig. 2.12.

axes of this figure,

In terms of the coordinate
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Fig. 2.12.

Reorientation of coordinate system.
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" 1/2 % 2.1/2 .
&, = + (1-u ) cosi &) + (1-=-u7) / eé P
and
I = 1/2 -ﬁ' AT
Q uo + (1-u ) & +0 &;-
Therefore,
' = él-gf KU + (1-p )1/2 (1- 5)1/2 cosk. (2.42)

To find ¢' as a function of v and £, consider the orientation
of the coordinate system as shown in Fig. 2.13. From this figure
it is seen that (with r and t defined in the figure),

/2

2,1/2

- HY2 sin(s'-9) = ¢ = @)Y sin(-0),
or

- HY2 ginger-9) = @ —u 201/2 gyne, (2.43)
Also,

(1-u' 2 1/2 cos(9p'=9) =t = My sin® + (1-u )1/2

cos(m-%) cosé,

or,

-2 cos(ar-8) = u, @uH? - w@DH? coss. (2.40)

From Eqs. (2.43) and (2.44) one then obtains

+ tan”! ()" sing ] (2.45)
' = ¢ + tan . .
(l"u )1/2 (1—u§)1/2 cosg J

Equations (2.42) and (2.45) define the transformation equations. The
derivation of the transformation equations given above is based om the

work of Ryman {13].
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Applying these transformations, and using the standard formula
for the change of variables in a double integral [14], the scattering

source term can be written as

rl 27
- ' ' ' !
Sg.+g(x,u,¢) du J dé Gg.+g(u ) ?g.(x,u »$")

-1 0 %
1 2m '
- Jfl du_ Gg,+g(u°) Jo ag || wg,(x,gl,gz). (2.46)

where J is the Jacobian of transformation, and is given by

' du’
Bu, 9k qu' 3¢' du' 3¢’
J= = 3u_3g  3E odu_’ (2.47)
3" 39" o :
du  9g
o
and
g (8 = + D2 @2 cost, (2.48)
-1 (1"“3)1/2 cosg
g,(u,d,u »€) = ¢ + tan . (2.49)
2 ° uo(l—uz)llz—u(l—ui 12 ost

In order to find the Jacobian it is necessary to evaluate the
partial derivatives in Eq. (2.47).

From Eq. (2.42) one obtains

%ﬁl - u-uo(l-U§)_l]2 (1—112)1/2 cos&, (2.50)
o
and
2o a2 @M gin, (2.51)

Also, from Egqs. (2.43) and (2.44), after some algebra, one finds

(see Appendix A)



35

h

59" _
5%— = %I {- v, (1= ) -1/2 sinf + E% [u-uoil—ui) e (1-u )1/2 cosEll,
[n]
(2.52)
and
3" 1
3%- = %I- {a u 2y1/2 ge - Ei-(1-u2)l’2 (1-u§)1/2 sing},  (2.53)
where
hl = 110(1-112)1/:a = u(l-ug)l/2 cosE, (2.54)
by = @Y stng ) + @D @) costy, (2.55)
and
h = (1—u§)1/2 sin’g + (1—u2)p§ - 2 (1-u2y1/2
(1-u§)1/2 cosg + uz(l—uz) —— (2.56)

Upon substituting Eqs. (2.50)-(2.53) in Eq. (2.47), and after

some algebra, one obtains (See Appendix A)
J=-1. (2.57)

Using Eq. (2.537) in Eq. (2.46) one finally obtains
1 27
,+g(x,u,¢) = Jtl dp o ,+g(u ) J dg ¥ . (%,818,) (2.58)
where g1 and g, are given by Eq. (2.48) and Eq. (2.49), respectively.
For the azimuthally symmetric problem the flux is independent of
the azimuthal angle, ¢. In this case, the scattering source takes the

simpler form

1 27
Sg'+g(x’“) = fjl du_ o (p.) J dg wg.(x,gl). (2.59)

o g'agto

Using the fact that cosf = cos(2m-£), 0 < £ < 7, Eq. (2.59) becomes



: 1 T
S g 1.ng (XsH) = 2 [l auy 0 gr, () IO aE ¥y [x,8) (wn s )], (2.60)

2.3.2 Transformation Mappings

The mappings of the boundary of the (1',$') onto the (uo,E) plane,

as shown in Figs. 2.14(a)~2.14(c), are next examined. These mappings

are obtained using Eqs. (2.42)-(2.45). It is necessary to consider
three separate cases: (i) uz#l, (ii) u= =1, and (iii) wu= +1. It is

seen that for all cases the boundaries of the (u',$') plane maps

onto the boundaries of the (UO,E) plane. It is also seen that although

one-to-one correspondence exists for u= + 1, the mapping is undefined

for uz#l when uo= + 1 and + u.

To find the limits of the £-integral, for the case when Gg'+g
has a narrow angular support over the interval uo: [uo,min’ uo,max

the iso—uo curves in the (u',¢') integration plane for fixed u

and the images of these curves in the-(uo,E) integration plane are

(v)

plotted in Fig. 2.15. It is clear from these figures that the limits

of the Z-integral are 0 and 7 (except when B, * + u and B, T + 1 in

which cases they are indeterminate).

2.3.3 Limits of the Scattering Source Integral When the Group
to-Group Cross Sections Have Narrow Angular Support

From the transformation mapping given in the previous section,
it is clear that the scattering source integral, when the group-to-

group cross section, Ug'+g(uo) has a narrow sngular support over Myt

u 1, is given by

[uo,min’ 0,max
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Mo, max T
Sg._,g(x,u) - 2 Iu : du °g'+g(“o) Io dg ‘i’g.
o,min
[z, un, + Qw22 @DH? cost. (2.61)

Thus it is seen that the limits of integration in-the (uo,E) plane

are much simpler than those in the (u',$') plane, since it is no longer
necessary to split the range of integration in the outer integral and
find the limits of the inner integral for each of these subranges

which is quite cumbersome. However, as will be seen in the next
chapter, the use of the scattering source term in the above form re-
quires flux interpolation in the iterative solution of the neutron

transport equation by the method of discrete ordinates.
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3.0 METHODS OF EVALUATION OF THE SCATTERING SOURCE TERM IN THE
DISCRETE ORDINATE TRANSPORT EQUATION

The multigroup form of the discrete ordinate transport equation
in slab gecmetry (azimuthally symmetric case) can be written as
[12,15]

BY_(x,u,)

b —E——BX +o ¥ (xuy) = E' Sgrag () (3.1
where ui is the direction cosine in the i-th discrete direction,
Tg(x,ui) is the angular flux for group g at spatial point x and in

direction with directed cosine u

T Ug is the total cross section for

group g, and Sg, (x,ui) is the scattering source from group g' to

g

group g at x and in direction u Specific forms of Sg' g(x,u) in-

i® >
volving highly anisotropic group-to-group cross sections have been
discussed in the last chapter.

Equation (3.1) can be solved by using standard discrete
ordinate techniques, i.e., by discretizing the spatial variable, re-
placing the spatial derivative operator by its finite difference
representation, evaluating Sg,+g(x,ui) by numerical quadrature and
solving the resulting equations by iteration [12]. For an accurate
solution of the discrete ordinate equations with highly anisotropic
scattering, the traditional truncated Legendre function expansion
method is not useful. 1In this chapter various methods to evaluate

the scattering source term accurately are discussed. First, however,

the traditional Legendre function expansion method is reviewed.
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3.1 Legendre Function Expansion Method for Treating Scattering
Source Term with Highly Anisotropic Cross Sectioms

The scattering source term in the multigroup neutron transport
equation can be written as
1 2n
Sg._,g(x,u) = Kl du’ ‘Fg.(x.u') Io d¢' cg.+g(uo)- (3.2)

The group-to-group cross sections are commonly approximated by the

following N+1 term Legendre polynomial expansion:

. 2o+l
Oy tg (M) = ZO

g'*g
co Pn(uo), (3.3)
1
where Cg i are the expansion coefficients, and Pn are the Legendre
function of the first kind [16]. Using the addition theorem [16], the

expansion in Eq. (3.3) can be re-expressed as

N

Ogragliy) = T L (2mtD) ¢E 7B [2 (1) (1) +
n=0
n
z 7 %ﬁ;ﬁ%T'P (w) Pz(u') cosm($-9')1, (3.4)
m=1

where PE are the associated Legendre functions of the first kind [16].
Insertion of Eg. (3.4) in Eq. (3.2) and integration over the azimuthal
angle ¢ yields

N

|+g(x31-1) % -z-

i 1
g g ' 1 '
L (2n+l) C Pn(u) [_1 du Pn(u ) Wg.(x,u Y. (3.5)

With the introduction of numerical quadratures for the integratiom

over u', the scattering source in the discrete direction u; can

be approximated by
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N

Gong) =3 L (2m) cE7B e () g 0By iy) ¥ Guy)s (3.6)

[

Sg'g
where mj are the quadrature weights for integration over u'. This
form of the scattering source term is widely used in discrete ordinate
codes based on the Legendre expansion method [17,18].

If the group-to-group cross sections 0g'+g(uo) are highly peaked
and have a narrow angular support as is the case in fine multigroup
neutron and photon shielding calculations, the truncated Legendre
function expansion using a reasonable number of terms (< 8) may intro-
duce severe distortions in the cross sections which in turn produce
negative or oscillatory angular fluxes. A high order expansion
which would mitigate these effects is generally found to be practically
infeasible for multigroup discrete ordinate calculations as a result

of excessive computational effort.

3.2 Evaluation of the Scattering Source Integral with (uo,g) as

Integration Variables

For simplicity the azimuthally symmetric case is first con-
gsidered. In this case, as noted in Chapter 2, the scattering source

term is given by
2w
du o(u ) [ dg ¥[x,uu +(1-u2)lﬁ (l—uz)gcosi].
o " Jp o o
uo,min (3:7)

uo,max
S(x,u) = J

Here for ease of writing the energy group subscripts have been

suppressed.
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In the standard iterative solution of the discrete ordinate
equation, the flux is assumed known at each iteration (from the
previous iteration) in the discrete directioms, uj, j=1,2,...N. There-
fore, in order to evaluate the scattering source term from the
above expression, it is necessary to obtain ?[x,uuo+(l—u2)%(1-ug)%cosa]
from T(x,uj), j=1,2,...N using some interpolation scheme.

Upon using interpolation one may write

N
"P(x’ﬁ) = Z ¥ (x,u,) gj(ﬁ)9 (3.8)
=1
where
A= F (l-uz)Li (l-ui)% cosf, and
2.({i) are the interpolating functions. Various forms for Ej(ﬁ)

3

will be considered in this work. But first it is noted that sub-
stituting Eq. (3.8) into Eq. (3.7), the scattering source term can

be written in the standard discrete ordinates form as

N
S(x,p) = § ¥(x,u.) D.(n), (3.9)
j=1 3" 3
where Mo max
2 2
Dj(u) = J du c(uo) Jo dg 2j(ﬁ). (3.10)
uo,min

The choice of the interpolating functions depends on the degree
of accuracy and smoothness of the solution desired. Specific forms
of £j(ﬁ) and the evaluation of Dj(u) using these forms will now be

considered.
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3.2.1 Global Lagrange Interpolation

For global Lagrange interpolation, the j-th interpolations poly-

nomial, Ej(ﬁ), is given by

N H-u
_ k
L,(H) = ’ (3.11)
1 k=1 "Mk
k#]

where {uk}, k=1,2,...N are the direction cosines used in the discrete
ordinate method. The integration over df in Eq. (3.10) can be carried
out analytically using the power series representation for Ej(ﬁ) and

the binomial theorem. The result is

N [k/2]
D,(u) =7 } f ¢ 4, giizlg!! w52 s

—~ 9 (3.12)
] k=0 gm0 £ 2 i1y, K
where u
‘r o,max
k-2 24
Cip = Ju du o) U (1=u ) (3.13)
o,min

(22=1)11 = 1,3.5¢000000e(20-1),
[k/2] = largest integer not exceeding k/2,
and Céj) are the power series expansion coefficients for the Lagrangian
interpolation formula given by Eq. (3.11) [19].
It may be noted that if c(uo) has a simple analytical form (e.g.,

piecewise polynomial), %)y, can also be evaluated analytically from

Eq. (3.13).

3.2.2 Piecewise Lagrange Interpolation

For plecewise linear lLagrange interpolationm, lj(ﬁ) is a "hat

function" given by
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0 ’ i _<_uj_1
G=u, M (u=u, ) s U, . <fi<q
. j-1 -1 -1 —-"=";
zj(”) BT -ﬁ)/(u‘1 iu.) uJ <fizu (3.14)
Ui+l j+1 73 : j—" ="+
0 » B2 Mgy

In this case, Dj(u) cannot be easily evaluated analytically even

if c(uo) is a simple function of Mo and recourse-must be made to numerical
integration. It should be noted that if the flux distribution is not
smooth, a plecewise Lagrange polynomial approximation is generally

more accurate than the global Lagrange polynomial approximatiom.

3.2.3 Spline Interpolation

The spline approximations, in addition to having more smoothness,
is also more accurate than the piecewise Lagrange polynomial approxi-
mations. The procedure to evaluate the scattering source term in
this case is outlined below.

If a spline polynomial approximation is used to represent the flux,
then

. N
¥(x,f) = ¥(x,f) = ) C,(x) &. (i), {3.15)
o1 3 3
]
where the 1j is the j-th spline function, and Cj(x), which are implicit
functions of the flux in the discrete directions, are obtained by

solving the interpolatory comnstraint equationms,

¥ (x,1y) = ¥(x,u,), i=1,2,...N (3.16)
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It is easily shown that the Cj(x) satisfy the following matrix

equation:

|52

€c=38,

where the matrix ; and the vectors B and C are given by

-~

Aij = Zj(ui), i=1,2,...N

j=1,2,...N
Bi - ‘P(X,Ui), i=1,2,-ooN,
Ci = Ci(x) , 1=1,2,...N.

As an example, consider the case of cubic splines.

case,
(g7
B3430% (uowy_ ) +3nCun, ) 2-30u-ny )7,
2 ) = 1—115 1 h3+3h2(ui+l-u)+3h(ui+1—u)2-3(ui+l- )3,
(”i+2'“)3’
0 s

where h = Wy=Hy g2 and élis given by [20]
1 , i=j-1 or j+l
Ay =4 o 19 .

0 , otherwise

(3.17)

(3.18)

(3.19)

(3.20)

In this

<y<
LE Tl W

otherwise

(3.22)

Since the matrix é is diagonally dominant, it follows from Gershgorin's

theorem [21] that é_is non-singular. Hence, the system of equations
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(3.17) has a unique solution, namely

c=4ats, (3.23)

or

v
c; = 1}2 A7) g You). (3.24)

Upon using Eq. (3.15) in Eq. (3.7) one obtainms

N
S(x,u) = ) C,(x) D,(H), (3.25)
i=1 J J
where
uo,max 2m 3
Dj(“) = Iu duo U(Uo) JD d& Ej(u), (3.26)
o,min

% b

i o=+ a-uH? (1-u2)* cost, (3.27)

and Cj(x) is given by Eq. (3.24).

As in the case of plecewise Lagrange interpolation, the Dj(u)
functions must be evaluated numerically.

Next the evaluation of the scattering source term for the azimuthally

dependent case will be considered. In this case, the scattering

source term is given by

“o,max 27
S(x:ps¢) = [ duo U(UO) J dg ¥(x,a,8), (3.28)
uo,min 0
where
a= g+ 1D 1-uD)* cost, (3.29)

(1-u%)*

sing
o + 1:::1:1_1 [ 3 - 1
B, (1-u)7? —u(l—uo)”icosEJ

. (3.30)

w
]
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Using two-way global Lagrange interpolation formula to express
¥Y(x,0,8) in terms of W(x,uj,¢k), the flux in the discrete directions,

ui(i=1,2,...N) and ¢, (j=1,2,...M), one obtains

|
N M
Y(x,a,8) = 2. L
(x,%,8) izljél RORHORICHHUNE (3.31)
where
N a—uk
2. (a) = T X 3.32
i k=1 "1 7Pk (3%
k#i
M B'¢k
L.(R) = T — (3.33)
3 el ¥9%
k#]

Substitution of Eq. (3.31) to Eq. (3.28) gives

N M
S(x,4,4) = 121 jzlw(x,ni,qaj) D, (W) (3.34)
where
0,max 2m
Dij(u) = fu duo U(UO) [0 d& 2i(a) Rj(B). (3.35)
o,min

Again, Dij(u) cannot be easily evaluated analytically and recourse must
be made to numerical integration.

Fvaluation of the scattering source term for the azimuthally de-
pendent case using piecewise Lagrange interpolating polynomials and
the spline functions, are very complicated, and will not be pursued in

this work.
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3.3 Evaluation of the Scattering Source Intergral with (u',uo) as
Integration Variables

3.3.1 Numerical Evaluation of the Scattering Source Term: Removal
of Singularity

In Section 2.2.3 of Chapter 2, it was shown that when the group-

to-group cross section, cg,+g(u0) has a narrow angular support over

s U ], the scattering source term is given by

Hoo 1.@es [uo,min 0,max

1

]
Ho Ha
S(x,u) = 2 J du' ‘P(x,u')Al(u,u') +J du’ ¥(x,u')A, (u,u")
] v
By ¥y
1
M4 :
+ J du' W(K,p') AB(H:U') ’ (3.36)
]-1'
3
where
£2 c(uo) ¢ ;
A, (u,u') = L du 3 3.37
l 0 g 2* l2_ 2‘+ 1 ;ﬁ
s i (1-p"=u""=p _+2uu uo)
Ho,max c(uo) 5,583
A (u,u') = J du s .
2 ' 0 3 2_ |2_ 2 t ;E
Yo, min (1-p"=u u0+2uu uo)
"o, max olu,) N
A (u,u') = J du T .
3 o _ 2_ |2_ 2 1 %
fl (1-u"-u u°+2uu uo)
£, = uu'-(l—uz);5 (1-u'2)l5,
1
£, = w' + (1D @arhH? (3.41)

and ui, Ué' ué and ui are given by Eqs. (2.7)-(2.11). Again for ease

of notation, the energy group subscripts have been omitted. It should
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Be noted that the integrands in Egqs. (3.37) and (3.39) are singular

at uo=f2 and u0=fl, respectively. To evaluate Al and A3 using numerical
quadrature, it is first necessary to remove these singularities. This
may be accomplished in the following manner.

Consider first Eq. (3.37). Factorizing the denominator of the

integrand, this equation can be written

A, (u,u") = J o du ") T s (3.42)
I W st ° (a+b-u°)%(a—b+uo)4
where
s & {1y -ty (3.43)
and
b= uu', (3.44)

Equation (3.42) can be written in a more convenient form using partial

fractions. One then obtains y
b+a o(u ) (atb-u_)
(n,u') = = du —=2 2

A (u, 2a o %

-b+
uo,min (=B uc)

+ = ; * . (3.45)

1 Jb+a o U(uo)(a-‘t:vﬂlo);é
2a (a+b—u°)

Llo,min
It may be noted that the first integral in Eq. (3.45) does not have

any singularity, whereas the second integral has singularity at

u =b+a. To remove this singularity, the second integral is rewritten
o

as
b+a b+a b
l'._ dp F (“,U':U ) +LJ du Mugilg i (3-46)
2a o 1 o] 2a i o (a+b-1 )
¥o,min o,min o
where

(3.47)

(a-b+uo)% g U(b+a)(2a;ﬁ}

F,(u,u",u ) = {GCU )
T © © (a+b~u°)lﬁ (a+b-uo)li
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The quantity Fl(u,u',uo) is finite, namely zero, at u0=b+a. Thus, the
singularity is removed, since the second integral in expression (3.46)

can be analytically evaluated to give the result

bt+a
9Gta) [T gy (arbou) e B a(ora) (atbmuy 0 (3.48)
1/2 o o a o,min
{2a) uc,min
Thus,
1 b+a c(uo}(aﬂn-uo)li 1 b+a
Al = -2-:; dllo (a_b-l-u );i + Eg J duo Fl(Us]-l 9110)
Llo,min o uo,min
233 - Y
+ ) g(b+a) (atb ”o,min) . (3.49)
Similarly,
g Yo ,max c(uo)(a—b'!'uo)li
AL(usn') = 57 J du +
3 2a (o] L
b-a (a+b—uo)ﬁ
(uo max
L ' 23l o (h-a) (a— !
2 J, . du Fz(u,u ,uo) + (a) g(b-a)(a H“o,max)'i' (3.50)

Free from singularities, Al, A2 and A3 can now be evaluated
accurately using any standard numerical quadrature formula. Finally,
the integration over u' in Eq. (3.36) can be carried out using
numerical quadrature.

3.3.2 Evaluation of the Scattering Source Integral Using

Piecewise Polynomial Approximations for the Angular
Flux and Group-to-Group Cross Sections

A method for the evaluation of the scattering source integral
using piecewise polynomial approximations for the angular flux and
group-to-group cross sections is described in this section. In this

method integration over both the angular variables in the scattering
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source integral is carried out analytically thereby eliminating the
need for numerical quadrature which may be very time consuming.

It should be noted that group-to-group cross sections for
scattering of neutrons can often be represented with a good approxi-
mation by low order piecewise polynomials [10] as shown in Fig. 3.1.

The break_points uo,l’ ”o,z’ uo,3 and uo,4 in Fig. 3.1 are given by [2]

E_ o1,

u =y . = max[-1, S(Eg+1, 5

0,1 o,min

1»10’2 = min [S(Eg+1’ Egr+1), S(Eg’Eg')]’

M max [S(E, ;5B 0y)s S(ELE D], (3.51)

0,3 g+l’ g

and

U =1 = min[+1, S(Eg,E

0,4 0,max g'+l)]’

where for elastic scattering
o o (AtL) (B )1/2 _ (a1 __E_:LJI/Z
S(E,E") [ 2 ][E,] 7| |E ’ (3.52)

Here E' is the initial energy, E is the final energy, and A is the
atomic mass of the scattering nucleus. In Eq. (3.51), Eg' and Eg'+l
are the upper and the lower energy limits of group g' respectively.

Similarly, Eg and E are the upper and the lower energy limits of

g+l
group g respectively.
Hong [11] has shown that low order piecewise polynomial approxi-

mations for the group transfer cross sections are also good when both

elastic and inelastic scattering are present. In this case,

o | E y1/2 (E'\1/2 &
S(E,E') = = [(at1) (B2 - (a1 _.} -__9___} !
2 { [E ] e eeyt/2)’ .55

where Q is the "Q-value" of the inelastic scattering process.
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Consider now the evaluation of the scattering source integral
given by Eq. (3.36). Let Sn(x,u) denote the component of the
scattering source integral due to the n~th segment of Ug,+g(uo).
Then, the scattering source integral can be written as

3
SGxa) = ] S (xm), (3.54)
. n=1
where i
Ha
S, (x5u) = ZIJ ' dp' ¥(x,u'") A; (u,u') +
i |

' ]

u u
3 A
J dp' ¥v(x,u") Ag(u.u') + I du' ¥(x,u") Ag(u,u'). (3.55)

¥ L
with “2 £ U3
0 2 U(uo)
Al(i-hl-l‘) - J dl-lo 2 ,2 2 \ 1 ’ (3.56)
L. (L=p™=u" "= +2uu ' )
N Mo, mHl o(u)
Az(lhll') = duo 2 2 2 , i (3.57)
"Wo,n (L=p"=n " " o 2un T )
o ruo,n+1 c(uo)
A3(IJ su') = duo ) 2 " 1 (3.58)
g (1=p"=u""=u _F2uu M)

The integration limits {ui, ué, ué, uz} are the ordered values of

{51, e a;, u,} where

R R L L le BT (3.59
E; =W, o " (1-u2)%(1-u§,n+1)%, (3.60)

by =g o+ aad)ia-l %, (3.61)

54
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e 2 Y
" uuo,n+l + 14 a uo,n+l) ? (3.62)
and f1 and f2 are given by Egs. (3.40) and (3.41), respectively.
Let '
=1 K2 n
Sn(x.u) =2 f' du' ¥(x,u") Al(u,u'), (3.63)
Hy
1
=2 '3 n
5, (x:1) = 2 j du' ¥(x,u') A, (u,u"), (3.64)
and '
"y
Sg(x:U) = 2 J ' du' ¥(x,u') Ag(u,u')- (3.65)

Then one has for the n segment of Ug,+g(uo)

3
Sy = [ Sk x ) - (3.66)

Consider now the evaluation of gi, i=1l,...3 using piecewise poly-
nomial approximations for ¢ and ¥. First, it is necessary to
evaluate A?(u,u')s i=1l,...3. The piecewise polynomial approximation
(of degree L) for the transfer cross section in the n-th Hoon domain

can be written as

L n £
ZCQ ]—lo s uoniu
c(uo) = {4=0 ’

0 3 otherwise

<

o uo,n+1

(3.67)

where the Cz are interpolatory coefficients determined by fitting
Eq. (3.67) to the group transfer cross section c(uo) (group sub-

scripts have been dropped for simplicity of notation) at (L+1) uo-values

between Ho,n and Moo+l
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Upon substituting Eq. (3.67) in Eq. (3.56) one obtains

n L n f2 ui -
Al(u,u") = § C du 5 (3.68)
1 [P o 2 ,2 2 .
£=0 Moo n (1-p"-p -u°+2uu uo)
]

2'

I, (u,u'u) = J
. © (l-uz—u'z—u'§+2uu'uo)%

L-1
u
- - (1-u2-u'2-uc2,'+2““'“o)15 + ig&Ill MRTT, gy (euthuy)
2 2
2-1) (1-u"=y'
_-1)¢ zu p') I, (ou'ny)s 222,3,...L (3.69)
where
I (uop'on) = T - cos [ (u -uu')/(l—uz)%(l-u'z)%], (3.70)
[s] Q 2 o
and
I Gueu'su ) =we' I - (1-u2-u'2'“o + 2“”'“0)5' 3.71)

Substituting Eq. (3.69) in Eq. (3.68) one obtains a closed formula

for Ag(u,u') for any value of L. Thus,

f

L 2
AT = FCp TGl (3.72)
=0 o,n
Similarly "
0 L a o,ntl
Ay’ = ] Cp T sntu) : (3.73)
=0 u
o,n
and u
A3G,u") = ] Gy ToGuon'su) : (3.74)
=0 £

As an example, consider the case of piecewise linear approximation
for the group-to-group cross section. For 1=1, Eq. (3.68) can be

written as
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n 1y = {D n
Al(u,u ) {co I+ ¢ 11} . (3.75)

0,0

Upon using Eq. (3.70) and (3.71) in Eq. (3.75) one obtains

n ] - n n 1 1 n !

Al(u:u ) {CD + Cluu } Fl(Usu :uo’n) + Cl Fz(usu ’uo,n)’ (3.76)
where

] -1 ] 2 '2

Fl(u,u ,uo) = cos [(uo- /(=" @=u'7) 1, (3.77)

and
2
Fy(uou'sn ) = (1—u2-u'2-u°+2uu'uo) . (3.78)

Similarly,

n Yy = n n ¢ ' - '
A (uyu') = {C + Cquu HF; (u, ’uo,n+l) Fy(u,u ,uo’n)}

+C] (FyGuutaug ) = Fylu'sug 1)) (3.79)

o,n+
and
n 1 - n n ] - ] - n L 4
A3(u,u ) {Co + Cyuu Hr Fl(u,u .uo,n+1l} C; Fz(u,u ,uo,n+1)

(3.80)

Once A? (u,u"), i=1,...3 are evaluated, Ei(x,u), j=1l,...3 given
by Eqs. (3.63)-(3.65) can be evaluated by performing integration over
u' analytically using piecewise polynomial approximations for the angular
flux. Piecewise Lagrange M-th degree polynomials that fit wj(ui} (where
wj(ui) is the angular flux at direction pi in the j-th angular interval

piece with i=0,1,2,...M) can be expressed as

M ; :
I xy') = i§0L§<u') W), 3m1,2,. 58 (3.81)
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where
M ul’_u'j
Li(u') = I[ j_ulj . i=0,l,lI.Ml (3'82)
m=0 u'i-u'm

Here N is the number of discrete directions. Upon substituting

Eqs. (3.81) and (3.72) in Eq. (3.63) one obtains

M L

= t P i 2 1
S-(x,1) =2} f aw' Yl W el {1, ,uLE)
n i3 120 i i =0 £ L 2

—Iﬁ(u,u',uo n)}, (3.83)

s
where IE(u’ul’uo) is given by Egs. (3.69)-(3.71), and Wi(x) = Wj(u{,x).
The quantity Ei(x,u) can be evaluated using numerical quadrature for
any value of L. However, if the u' integral in Eq. (3.83) is to be
evaluated analytically, explicit functional form of the integrand must
be known. Consideration will, therefore, be given to a specific

case, for example, the piecewise linear approximation for G(uo). For
L=1 we have [using Eqs. (3.70) and (3.71) in Eq. (3.83)]

Mo,
S1(x,0) = 2 § fj du’ iEOLi(u') W (S + )

' n '
X Fl(u:u ’uo,n) + Cl Fz(uru ’uo’n)]‘ (3'84)

To perform the integration over ;' in the above equation analyti-

cally, it is necessary to evaluate integrals of the following forms:

2}

FT(x) = Jxm cos-l {——E:EE—} dx, m=0,1,...MF1 {3.85)
(1-x")

and

1
Fo(x) = Jx‘“ (atbxtex?)? dx, m=0,1,...M (3.86)
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The method of integration by parts can be used to evaluate FT(X).

One obtains,

after much algebra

FO(x) - x ug () + a1 u,(x) + GG +u @,  (3.87)
where
1 a-bx
u, (x) = [ ] ’
* (1-x )li
) = g 1{ -(b +1)x+ab] ,
(1-a24p2)
2 -1 2
1 a+b -1(=(at+b) “(x+1) ““+ab+b +1]
u,(x) = 5 sin [ "
3 2 Tatb] (1-aZ+p ) )
and
1l a-b (a—b) (x=1)" +ab—b -l
o =yt ]
4 2 |a-b (1-a +b2)%
Fi(x) = %‘[x2 ul(x) + a {-(az-l) + 2abx - (b2+1)x2}Lﬁ
2071 + (M) b EHD T vy () uy () + u, 0], (3.88)
Integral Fg is tabulated [22] and may be evaluated as
0 ( _ Qcxth)VR A [ dx
F,(x) = , /R dx = e + e J L (3.89)
o o /E dx = 2372 _ 2cxtb)b ok _bA Id_x »  (3.90)
200 7 R ST T g 162 ) /&
where
R = a&bx&txz,
A= 4ac—b2
and
J -‘-lé - -—_—]_'_ in_l(g_%:ﬁ;] for c<0, A<O.
R V-c V-4
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Upon evaluation of the u'-integral of Eq. (3.84) one obtains

=1
S (x,u) = E Gror () ¥ (), m'=t+(3-1)MHl (3.91)
where G1 () is a function of Fm(u) and Fm(u).
nm 1 2
Proceeding in the same mammer, gi(x,u) and gi(x,u) given by
Eqs. (3.64) and (3.65) can be written as

i M
S2Gem) = 2 ] Ij w I tdan Weo ek
] 1=

n
{Fl(”’“"“o,n+1) ~ Fl(usu',uo,n)} + ¢ {Fz(usu',uo’n) =

Pk, = 1, 62 G ¥, ), (3.92)
and

M
§2(x,u) =2 g Jj du' iEOLi(u') ?i(x) [{cg + C?uu'}{w—

Fl(u,u',u )} - C;‘ Fz(”’“"“o,m-l)} = E' Gfm.(u) ¥ (%) (3.93)

o,ortl

With these results, the inscattering source term at M=y can finally be

written as

3 N
S(x,um) - nZl-sn(x,um) = mz=1 Gm'm ?m,(x) (3.94)
where
;g e
G = G (n). {3.95)
m' 0y e DM

It may be noted that this final form of the scattering source
term is of the same form as that in the exact kernel method. Hence
any discrete ordinate code using the exact kernel method can also

be used with the above method.
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Hong [11l] has also derived the above result. He worked in the
(n',9') integration plane while in this study it is found more con-
venient to work in the (u',uo) integration plane.

The above method has the advantage that it is not necessary to
use the directions prescribed by the quadrature scheme - any discrete
directions may be used. Also, by eliminating the need for numerical
quadrature the computational efforts can be greatly reduced.

The limiting case of isotropic scattering will now be considered.

In this case the scattering source is given by
£

(4] +1 2 du
S(x,l) = — J du' ¥(x,u") I 2 L (3.96)

i £ (1-1-12-11‘2-1124-21111'110)

where Us = AWU(UO) is the total scattering cross section, and, f

1

and f, are given by Eqs. (3.40) and (3.41) respectively. Performing

2

the integration over duo one obtains,

g +1
S(x,u) = E’iJ du' ¥(x,u'"). . (3.97)
<1

For piecewise linear approximation for the angular flux one

can write
N
¥(x,u") = § ¥v(x,u.) 2, (3.98)
=1
where
0 ’ v Uj_l
. ( ) - J(u—Uj_l)/(Uj'pj_l)l ]Jj_l < u = }Jj
1% (3.99)
(“j+1-“)/(”j+1'“j)’ My S S Mgy

[0 , 2



Substitution of Eq. (3.98) in Eq. (3.97) gives

N
S(x,u) = ) ¥(x,u0) Dy, (3.100)
j=1
where
cs +1
Dj(u) =5 [_1 du Ej(u Y. {3.101)

Using Eq. (3.99) in Eq. (3.101), the integration over n' can be
readily performed. The result is (for uniform angular mesh spacing)
0.25 o h, j=1 or N
I los o m,  3%2,3,...8-1. (3.102)

where h is the uniform angulér mesh spacing.
With a cubic spline approximation for the angular flux, the
scattering source can be written

N
S(x,u) = X

C.(x) D.(w), (3.103)
j=1 3 h

where Cj(x) is given by Eq. (3.24), and Dj(u) is given by

62

Hi+2

c 1
D.(w) = EE J+ dp' 2.(u"), (3.104)
3 -1 3
with

[ ( S )3 u < u <y
H7Hy-2 i j-2 =% =¥
34302 (uop, )+3hCumn, ) 23Cumu, )y Mg S H <

" *H -1 I
2.(p) = ==9% 3.2 _ _ 82 _33
3 03 h™+3h (“j+1 u)+3h(uj+1 u) 3(“j+1 TH RN By S 2 Wy

( - )3 < <
!.!j+2 H ] Iij+l = =

| O § Otherwise

(3.105)
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Substituting Eq. (3.105) in Eq. (3.104), the integration over u' can

be analytically performed. The result is

1.5 LA h . Jj=1l or N
Dj = 42,875 o h ’ j=2 or N-1. (3.106)
3 cs h 5 Otherwise

3.4 Numerical Results for Isotropic Scattering

A detailed numerical investigation of the various methods of
evaluating the scattering source integral involving anisotropic
group-to-group cross sections presented in this chapter is quite in-
volved, and is suggested for further study along these lines. 1In this
section, some numerical results are presented for the simple case of
isotropic scattering. In particular, the accuracy of the low-order
piecewise polynomial approximations for the angular flux in the evaluation
of the scattering source is examined.

The one-speed slab albedo problem having the following parameters
was solved using the discrete ordinate method [12,7]. Slab thickness =1
mean free path, mean number of secondary neutrons per collision, c¢ = 0.95,
unit current source incident on the left hand face of the slab, and iso-
tropic scattering. The scattering source was analytically evaluated
using piecewise linear and cubic spline approximations for the angular
flux [see Egs. (3.98)-(3.106)]. Values of the transmitted and reflected
angular fluxes obtained using the above approximations as well as the
exact results are listed in Table (3.1). The exact results were ob-
tained from the tabulated (exact) values of Chandrasekhar X and Y

functions [23,24] which are defined by
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X{u) = 1.0 + p ¥(0,-un)

and 1>0.

Y(u) = u ¥(1,u)

From the numerical results it is seen that there is good agree-
ment between the computed and the exact values of the angular fluxes
for both pilecewise linear and cubic spline approximations. It is also
not suprising to find that the cubic spline approximation is more

accurate than the piecewise linear approximation.



65

Table 3.1, Comparison of angular fluxes calculated using piecewise
linear (P.L.A.) and cubic spline (C.S.A.) approximations
with the exact result (spatial mesh = 0.05 mean free
path).

Transmitted Angular Flux

Y(1,u)
B P.L.A. C.S.A, Exact
0.2 0.5809 0.5930 0.5640
0.6 0.9264 0.9483 0.9333
1.0 0.8850 0.9019 0.8913
Reflected Angular Flux
¥(0,u)
B PIL.A. * C.S.A. Exact
-0.2 1.3758 1.4610 1.4740
-0.6 0.8995 0.9245 0.9283

-1.0 0.6549 0.6691 0.6717
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4.0 CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY

In this work we have studied various transformations of the
scattering source term in the discrete ordinate transport equation
which facilitate accurate evaluation of the scattering source term
containing highly anisotropic cross sections, such as those occur in
fine multi-group shielding calculations. Of the two wvariable trans-
formations discussed, i.e., (uo,E) and (u',us) (see Chapter 2), the
latter appears to be more promising, since it is not necessary to use
interpolation in flux values in the iterative evaluation of the
scattering source term in the solution of discrete ordinate transport
equation.

In chapter 3, methods for the numerical evaluation of the
scattering source term in the discrete ordinate transport equation are
discussed for both the above transformations. For a typical slab
albedo problem, it is found that low-order piecewise linear approxi-
mation and cubic spline approximation for the angular flux are quite
satisfactory.' Also, as might be expected, the cubic spline approxi-
mation is found to yield more accurate values of the angular flux
than the piecewise linear approximation.

A method is also discussed for the analytical evaluation of the
scattering source term using piecewise polynomial approximations for the
angular flux and cross sections. This method has the advantage that
it is not necessary to use the discrete directions prescribed by the
quadrature scheme - any discrete directions may be used. Also, by

eliminating the need for numerical quadrature, the computational efforts
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can be greatly reduced. Further work along these lines should include
development of methods of evaluation of the scattering source term

using spline functions for the flux and cross sectiomns. Further work
is also desirable to investigate numerically the accuracy of low-order
plecewise polynomial approximations for the angular flux and the group

transfer cross sections in the solution of fast neutron shielding problems.
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APPENDIX A
Evaluation of the Jacobian for Change of Variables from
(u',9') to (uo,E) in the Scattering Source Integral
The Jacobian for the change of variables from (u',¢') to (uo,g)
in the scattering source integral was discussed in Section 2.3. 1In
this appendix, the detailed evaluation of the Jacobian is given.

The Jacobian of transformation is defined by

du'! gu'
3uo 3
] 1 1 ]
. Jutaer ot e a1
3¢’ 3¢’ Mo o
auo 9k

From section 2.3 the transformation equations, given by Eqs. (2.42)-

(2.44), are rewritten as

u' o=+ (l—uz)l/2 (l-ug)lfz cosg, (A.2)
1 HY? sin(e-4n) = -’ 2 Gine, (4.3)
and
10D cosp-o) = u a-uDHM? - u@ad cost. @b

In order to find the Jacobian it is necessary to evaluate the partial

derivatives in Eq. (A.1l). From Eq. (A.2) one obtains

' —
%E_ - - uou-ug) V2 g 212 oge, (A.5)
[o]
and
1
:E = - a-Hl/? (1—u§)1/2 sing. (A.6)
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From Eq. (A.3) one finds

2,173

12172

(1-n cos(6'-4) 5o - 1" 1-u' HM? sin(p'-0) L
o e

-1/2

2
= uo(l—uo) sink. (A.7)

Substituting the values of sin(¢'-¢) and cos(¢'-¢) from Eqs. (A.3)

and (A.4) in Eq. (A.7) one obtains

1
{uo(l-uz)u2 . (1-u§ /2 s} %%; w (1-113;)1"2 tgt .
- ' —
a2y e L uo(l-ui) 2 ine. (A.8)

Buo

]
Eliminating u' and %ﬁ—-from Eq. (A.8), using Egs. (A.2) and (A.5),
v O
and solving for o yvields

ou
o)
h
'gi =& (- (l--uz)—ll2 sing + 2 [u=u (l-uz)—llz(l—u2)1/2c0351} s
H hl o o h3 o] o
° (A.9)
where
by =y QDY -2 cos, (4.10)
hy = (14> 12 six fun_ + 1452 @22 cogey, (A.11)
and
by = Q2% st’t + atil - 2 (102172
(1-112)1’,2 cost + uz(l-ui) coszi. (A.12)
Similiarly,
3¢’ _ 1 2.1/2 B
3E hl {(l-uo) / cosf - Ei-(l—uz)llz (l—ug)llz sing. (A.13)
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Substituting the values of the partial derivatives in Eq. (A.l) from

Eqs. (A.5), (A.6), (A.12) and (A.13) one obtains

1/2

J = %I {u-uo(l-u:)_llz (l—U2)1/2 cosi}{(l—ui) cosE
h
_ E& (1_u2)1/2 (1-U§)1/2 sinE} + %_ (1_u2)1/2 (1—U§)1/2 gink
3 1
h
: 2,~-1/2 2 -
{=u, (I-u) / sing +§ [u-uo(l-ui) 172 (1-u?)1/2 cos&ll,
or
2 %
h,J = (l-ui)ll cosg {U'uo(l-ui) L2 (11-1.12)}'/2 cosE}
_ uo(l_uz)llzsinzg
- u(l-ui)lfz cosE = uo(l-uz)llz : (A.14)
Using Eq. (A.10) in Eq. (A.14) gives
hl J = - h1
(A.15)

Thus, J = =1.
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ABSTRACT

Various transformations of the scattering source term in the
discrete ordinate transport equation have been studied, which facilitate
accurate evaluation of the scattering source term containing highly
anisotropic cross sections such as those occur in fine multigroup
shielding calculations. Of the two variable transformations discussed,
i.e., (uD,E) and (u‘,uo), the latter appears to be more promising,
since it is not necessary to use flux interpolation in the iterative
evaluation of the scattering source term in the solution of the discrete
ordinate tramsport equatiom.

Methods for the numerical evaluation of the scattering source term
in the discrete ordinate transport equation are discussed for both the
above transformations. For a typical slab albedo problem, it is found
that low-order piecewise linear approximation and cubic spline approxi-
mation for the angular flux are quite satisfactory. Also, as might
be expected, the cubic spline approximation is found to yield more
accurate values of the angular flux than the piecewise linear approxi-
mation.

A method is also discussed for the analytical evaluation of the
scattering source term using piecewise polynomial approximations for
the angular flux and cross sections. This method has the advantage
that it is not necessary to use the discrete directions prescribed by
the quadrature scheme - any discrete directions may be used. Also, by
eliminating the need for numerical quadrature, the computational

efforts can be greatly reduced.



