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INTRODUCTION

Matrix analfsis in structures is convenient since it can be
performed by a computer. To solve a structure with sidesway, first
the degrees of fréedom of%idesway must be determined, then the total
degrees of freedom of the structure must be calculated, that is,
including the degrees of freedom of rotation (1). The displacements
of all joints due to sidesway can be figured out easily by sketching

a joint-displacement diagram (2). An example is shown in Fig. 1.

Fig. 1. Joint-displacement diagram

Since in matrix analysis, the loads are applied on nodes only,
distributed loads cannot be handled directly.

"When distributed loads are involved, the alternative is

to fix the loaded beam and to apply to its two ends the
reverse of the fixed-end moment and shears (Fig. 2). The
final moments and shears in the loaded member must be
obtained by adding the intermal forces of the fixed-end beam
to those resulting from the nodal force analysis (3)."

ZIIIIIE
G D

N
;—;ﬁmﬂ%-,g“ (4 )
= % 7 %

Fig. 2. Convert the distributed loads to nodal loads




After the deformation matrix and applied loads matrix have been
established, the displacements and internal forces at every joint
can be determined.

Solving a multiple sidesway high tower is based on analyzing a
rigid frame. The most important step is to calculate the sidesway
at each joint and establish the deformation matrix. Although the
displacement method is tedious in computation, the basic theory of
this method is simple and can be easily used to solve any complicated

structure, -

(1). Chu-Kia Wang, " Matrix Methods of Structural Analysis ", International
Textbook Company, 1966.

(2). Charles Head Norris and John Benson Wilbur, " Elementary Structural
Analysis ", McGraw-llill, New York, 1960.

(3). Yuan-Yu Hsieh, " Elementary Theory of Structures ", McGraw-Hill,

Kew York, 1970,



Derivations of Formulae

Any complicated structure can be cut into simpler components.
For example, a truss may be considered as composed 6f many two-force
members connected at their ends. A rigid frame may be taken as
composed of a number of three-force members. The behavior of an
individual member, as well as a whole structure, must satisfy the
following conditions:

(1) Equilibrium of forces

(2) Compatibility of displacements

(3) Force-displacement relationships specified by the geometric

and elastic properties of the elements.

Consider the rigid frame shown in Fig. 3-(a) which is composed of
three members subjected to external forces denoted by,Pl, PZ’ P3. We

neglect the effect of shear deformations and denote the nodal displace-

ments due to these loads by Xl, XZ’ X3, respectively.

?, s
I
Fl— o x?f\“- Q <
P&%' : Q ~ G ~
a ¢ l, ke— ,"- ‘_"‘Qk
/ c|/ \t‘i “uf-
!
7
(a) The whole structure ' (b) Member b

Fig, 3, Forcerdisplacement diagram

In Fig. 3-(b) Qi’ Qj are internal end moments, Qk is the internal
axial force and e qj, q, are their corresponding deformations.

Taking clockwise and rightward forces as positive, if



we use a column matrix P, where

Fo %
By

A )
to denote the corresponding nodal displacements, then the external
work done can be expressed as

Wy = @®Ix = ®Te).
Similarly, if we use column matrix Q, where

( a)
Q

[
A
O
B o

v

Q

. */
to denote all the internal end forces of members a, b, ¢ ... etec., and

a column matrix q, where



.

‘ L _
to denote the corresponding internal displacements, then the internal

work done can be expressed as

T T
WI=Q q = q Q

According to the principle of virtual work " If a system in equilibrium

under the action of a set of external forces is given a small virtual
displacement compatible with the constraint imposed on the system, then
the work done by the external forces equals the increase in strain energy

stored in the system (3)." Equating W, and W, ve have

pTlx= qTgq

or
X 1 P= gq * Q.

In the displacement method, several basic matriées should be
established.
(A) Deformation matrix a
The compatibility of dispiacements is that the member deformations
q should be consistently related to the nodal displacement X. Let aij

represent the value of the member deformation q; due to a nodal dis-

placement X

.

The total value of the member deformation caused by all

the nodal displacements can be written as



ql x +312x2+u . ¢ .+alnxn

= ale + a22x2 oo F a?nxh

O 2% Yapk L L. L +a x
m n

where 935 935 « » » » Q  Tepresent the total value of the member
deformations and Xl’ o % 5 w0 w Xh are the nodal displacements,

In matrix form

r . ~ )
ql all a12 a13 » L] L] * L ] L a]_n xl
) ayy 8y9 83 s v e 2y LK

hqm‘ a1 3 Fp3orocovovoe oA X
- -~
where , -
all alz . L L] - a aln
a21 322 [ ] L ] » » azn
as= *

Léml e
is called the deformation matrix,
(B) Diagonal stiffness matrix S
The stiffness coefficient S,. is defined as the force devel'

ij
oped at point i due to a unit displacement at joint j, while all



"other points are fixed, From this definition we can write the stiff-

ness matrix S for an individual member a., Then applying the principle

of superposition, we can determine the diagonal stiffness ﬁatrix S.
Consider a prismatic member with length L, cross-section area

A, moment of inertia I, and modulus of elasticity E in Fig. 4—(al

fe,
v L
(a) Prismatic beam (b) Conjugate beam

Fig. 4, End forces by the conjugate beam method

By definition, the forces caused by a unit rotation 9y at joint i are
(Fig. (b).)

1 1
A S AR KL o
1 1
Q; L ol L
$u,20, (1) - () (5 + (G ) = 0,

Solving the above two equations and substituting qi=1, gives

1 _ AEL

1
Q =0,

Similarly, if a wmit rotation qj occurs at joint j we get

2 2EI
G =1




Qj =1
9 -
) Qk = DI
Next, consider a wnit axial displacement qkfl as shown in Fig. 5.
Q2 Q3

/\1.

4 . 3
L4 E,I constant @-‘j Qk
=1

cross-section A fp—d
—

Fig. 5.- End forces due to a unit axial diéplacement
According to the properties of elastic deformation

3
W aE
Substitute qk=1, which gives
3 AE
Q =1
and
3 3
Qi = Qj = 0‘

The end forces due to unit axlal displacement and end rotations

are shown in Fig, 6.

1_ 4EI 1_ 2EL
3, UL Y= T Q=0
Q=0 E.I.A 3=0 k
G A 3, A2
" " —-Q2=D
2_ 2EI gla SEL k
4= 1 3L

Fig. 6. End forces due to a unit angular displacement



Combining the corresponding end forces in terms of end displacements,

we have _
4F1 2EI
VQEI 4ET

Q=—1 —y *t—g -9yt Oq

G- © qt (O qp+f-q .

In matrix form

e =159 4°
in which
f ~
4FE1 2EI 0
L L
a 2EL 4ET
ST = L T 4]
AE
0 0 —_—
\ L )

is defined as the stiffness matrix for an individual member a.

For the entire assemblage of members a, b, ¢, . .+ +» . etc., we have

Qa. =[Sa] qa
Q® =1s°] ¢
Q¢ =[s"] ¢°

The above equations may be expressed as

Q =[8]) «q
where
oy o N [
Qa sa qa\
b
Qb Sb g_
Q=J' > 5 = . q=<_ g
n * n n
kQJ » \ S/ ? .qJ
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where S is the banded istiffness matrix.
Note that in the rigid frame, since the effect of axial forces is
disregarded,'the stiffness matrix for an individual member can be

expressed as

4ET 2EI
L L
s =
2EI 4ET
¥ 7

-

Using this form can simplify the computation of the structure.
Total stiffness matrix K
The following relationships can be obtained from the previous

discussion:

XTP = q@FQ terereneneeen (a)
g =[alX (iiiivinennn .. (b)
and
Q =0S71Q sierrerneennn. (0
Substituting Eq.(b) in Eq.(c), gives
Q =081 alX civeunnnn ()
From Eq.(b), we obtain
e =(alx) = xTralT.. (o

Substituting Eqs,(d) and (e) in Eq.(a) gives

xTe = xTra1Isialx
from which | 7

P =[alflsilalx.
Let

P o= [ KX veveeeeeeeennsnnnens (F)
where

[K]1=[al[silal

is called the total stiffness matrix.



(D) The displacement matrix X
From part (C)~(f), we get
P = [K] X
k1™

X =K e .

P = (kK]7YK) X

(E) The internal forces matrix Q
From part (C)-(d), we get

Q = [S][a] X .

11



THEORY OF MATRIX METHOD OF ANALYSTS

A two-story tower frame is shown in Fig. 7. The procedure in solving

this problem is stated in the following steps.

ch—L —y

Fig, 7. A two-story tower frame with sidesway

Step 1. Determine the degrees of freedom
(a) The degrees of freedom in sidesway
The degrees of freedom in sidesway of a rigid frame are
equal to the number of unknown linear displacements. Let
j= number of joints including supports
f= number of fixed supports
h= number of hinged supports
= number of roller.supports
m= number of members
s= degrées bf freedom in sidesway

then

6= 23 - (2f+2h+ v+ m) .,
Two conditions are needed to determine the position of each joint,,

Every fixed or hinged support furnishs two conditions, each roller
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:jprovides one condition. and each connecting member]gives :one
condition. Therefore, the total number of available conditions
is 2f + 2h + r + m, The number of sidesway degrees is the differ-
ence between requifed and avallable conditions,

(b) The degrees of freedom in rotation
At each free joint there is a rotation, therefore, the
degrees of freedom in rotation equal the number of free joints.
Thus for this two-story tower frame, the degrees of freedom in rotation

are 4 and

s=2(6) - [22)+0+0+6]=2

6.

[

The total degrees of freedom are 2 + 4

Steg 2. Determine the deformation matrix a P3’X3

P

PrXol B 5° %5

.. —_———
Dy ) PG'XG

1!

(b) The internal forces and displacements diagram (Q-q)
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1/tan9l
1/tan92

llsinG’A
Y 1/tan91

1/tanb

1 2

L fe—" —

02 9 JL
o

(c) The joint-displacement diagram

Fig. 8. Unit displacements at free joints

The deformation matrix is shown in Table 1. Note that clockwise

and rightward directions are taken as positive.



Step 3.

Table 1. The deformation matrix a
X 3 2 3 4 5 6
q
1
1 0 0 (1] 0 0 1
1
2 1 (4] 0 0 0 I
1 1
3 1 0 0 0 - i I
1 1
IEIf.)}.f)l)---}‘.'}:_.-
1 1l
5 0 o 1 0 - L I
1 1
60001*'£L
1
7 0 4] 0 1l 0 -3
1
8 0 0 0 0 0 -1
1
90100-2-f—0
10 6 0 1 0 = 0
2L
11 1 0 0 0 0 —
2L
12 o 0 o0 1 0 ==
2L

Determine the diaponal stiffness matrix §

For every individual member we have

s

a-b

] =

(

4EI 2EI
1.031L 1.031L

2EI 4LET
1.031L 1.,031L
\ /

[S

b-
‘]

2ET |

4EI
1.031L 1.031L
2EI 4EI
1.031L 1,031L
7

15




(4EI  2EI
L L
[s¢9) =
2ET 4ET
T L ,
4ET 2ET
ol 1.031L 1.031L
[s71=
2FI 4E1
1.031L

1,031L
]

)

' N
{ 4 2E1
te.  |TO3T  Too3IL
[s" 71-=
2E1 4EI
1.031L 1.031L
~ P
4EI  2EI )
- 1.5L 1.5L
[s" 1=
2E1 LEI
1.5L 1.5L
/

Thus, the banded !stiffness matrix § is

Step 4,

K] =

/

[8]= SePf

~

N

Determine the total stiffness matrix K

Use the formula

[K1=[alls1lal

Therefore,

0 0 0 0 0 1

1 1 1 1

0 O0-7-T-1L"1L
J1_1 1 1 1 1
L L L L L L

0 0 o 0
1 A1
Oz °
1 1
L 0 2L

16
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P ~

3,.881.9 0 ©0 O0 ©0 O ©0 ©0 O O O

1,943.88 0 ©0 ©0 ©O0 O O O O 0 O
0 03.819% ©0 0 O O O O ©0 O
0O 01.943,8 0 ©0 O0 0 O O 0 O
o 0 o 03,81.9% 0 0 0 O 0 O
o 0 O 01.943.88 0 0 ©0 O O O
o 0 0 ©O0 O 03819 ©0 0 0 O
o 0 o0 o0 O 01,943.88 0 0 0 O
o 6 o ©o© o6 o0 o0 ©o & 2 0 ©
o o o o O o0 O ©0 2 & o0 O©
o 6 o o0 ©0 ©0 ©0 O0 ©0 02,671,33
o 0 o0 ©O0o 0 O 0 0 0 01,332.67

" ~

1
0 0 0 0 o -
1
1 0 0 0 0 -'I‘:
1 1
1 0 4] 0 -1 I
1 1
0 1 0 0 -1 N
1 1
0 0 1 o -1 :
1 1
0 0 o 1 -1 L
0 0 0 1 o -1
L
1
0 0 ) 0 o -+
0 1 0 0 == 0
L
1
0 0 1 0 5 0
1
1 0 0 0 0 _Z-E
L0 0 0. 1 0 3%)
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Y
-
10.43  1.94 0 1.33 - 2282 2
L L
2.82  5.82
1.9  7.88 2 o - 5
0 2 7.88 1.94 - 2:82 3.8
e L L
K] == 1.33 0 1.9 3.15 - 'r’ii %
_5.82 _2.82 _2.82 _5.82 24.78 _ 23.28
L L L L 2 " 2
2 5.8 5.8 2 23028 48%se
. L L L L L2 LZA

We can see that matrix K is a symmetrical matrix. This can give us a check

on the stiffness matrix K,

. S'teg 5. Determine the applied forces matrix P

The applied forces acting on the structure in Fig. 7. can

be converted as shown in Fig, 9.

pai’

L2

Fig. 9.

Conversion

WL’
v A
2 >
wl
12
wL
7 —e ¥
Pa —
+ Pa'b
2
7

of the applied lcads to nodal loads



From Fig, 9., we can write the external loads matrix, Refer to

Fig. 8.-(a), thus

N
(P - sz _ Pa2b
1 12 LZ
P=_jL_2.
2 12
P.=0
P =g >
P4 =0
_ WL
Py =—3
wL Pa
Py 7t
\ J

Note again that clockwise and rightward directions are taken as

positive,

Step 6. Calculate the displacement matrix X
Use the formula
X =[R]T »

Therefore,

r b
(v ) .sz_ Pa’b
X 12 7
L
2
wL
%, =12
{Falame O >
% 0
wL
X 2
wL Pé
X L , Pa
\_ 6.) . \ 2 L y

-1
We can write a computer program to compute K = and then

get displacements.



Step 7.

Calculate the internal forces matrix Q

Use the formula
Q =[sl]llal]lXkx,
Therefore,
-
Sa—b
b=c

d-e

e~f

e
c-d
Sbr-e
-
1"'-.
-5
1
OP'IT
1 1
L L
1 1
L L
1 1
L L
1 1
L L
1
b=y
1
0 -
1
2L 0
1
2L
1
4 2L
1
0 3¢ _

20



(X1~

r A
wL Pazb
12 12
_wilZ
12
0
< \
0
wL
2
wlL Pa
—= 4+ ==
L 2 L
r0 Pab
_ _ Pa
Q = 2
1
0 _ Pazb
Q, = 2
i
Q- . ¥l
3 12
4 12
0 _
<Q5“ 0
0 _
Q6" 0
L]
d=" o
0
Q8= 0
0
Q9= 0
Q _
Qo= O
0o _
Q11' 0
0
Q,= O
"

The total internal forces matrix Q is

Q

q * Q

21
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APPLICATION OF MATRIX METHOD OF ANALYSIS TO A
MULTIPLE HIGH TOWER FRAME WITH SIDESWAY

Given a four-story tower frame under the loads as shown in Fig. 10.

Find the moments and displacements at each joint.

1 k/ft_ E i%lﬁ%?ﬁll F
i 24— I T
H I I I 20"
= D G
= 29" —
H 1.5 ar 1.51 24"
= 1 k/ft
- c nnun’umn H 4
= lo—— 315 —— L
= 31 112"
H 2 I 32'
E " 1 k/ft I
- S ) R ¥
] 41
H2.b1 5T 36'
HA J _l_ k3

—— 52"

E=30000000 psi

I1=2000 ina

Fig. 10, Four-story tower frame
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Solution:
Step 1. Determine the degrees of freedom
(a) The degrees of freedom in sidesway
8= 2 « (2f+ 2h+ r+m)
=2(10) <[ 2(2)+2(0)+0+12]
= 20 « 16
=4,
(b) The degrees of freedom in rotation
Each free joint has a rotation, therefore, the
degrees of freedom in rotation are 8,
The total degrees of freedom of this four-story tower frame
are
4+ 8 =12

\Sggg ' Determine the defcrmation matrix a

PasXq
Eg +%s
—'—*P W4

j .
j T‘&‘ PgrXg

-

(a) The P-X diagram
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Q7097 Qg5

Q.»4
8’78 P

Q5.9
7 1p’q19 3 Q0930
Q »q : Q !q
0 207°20%Q11 09y,
Q-9 % Q2092
Q.49
4 st’q23 Q Q14’q14
24°%
Q04 Q52935

(b) The Q-q diagram

Fig, 11, Forces and displacements diagram
The applied loads and their corresponding displacements diagram
are shown in Fig, 11,<(a), The internal end moments and their corres-
ponding displacement diagrams are shown in Fig. 11.-(b).
To set up the deformation matrix a, we first consider that a unit
rotation occurs at joint E as showm in Fig. 12. The numbers in the

circle indicate the order of the members.
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Fig. 12, A unit rotation occurs at joint E
( Number in the circle is the order of the members )

When Xp=1, X X R s X R Xy X g X 07 F 112" 0

the deformation matrix is

‘
-

Q0000000000000 O0OHHFOOODOOOO

r
\
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In the same manner, we can obtain the deformation matrix when X2-1, X3-1,

e K12=1. Next, in order to determine the deformation matrix due to a

unit sidesway displacement, we must draw a joint-displacement diagram.

For instance, when Xg =1, the joint~displacement diagram is shown in Fig. 13.
F

0
1 5

Fig., 13. The joint-displacement diagram when X9=1.

Therefore, the deformation matrix is

o)

1

1

. L] L) (7] w




The computeddeformation matrix a is shown in Table 2.

-~

]
£~ w w b
Ihl oLd o o o o o o IQF‘ Nhﬂ ¢1H Eqp

o o

0

A

Table 2. The deformation matrix a for multiple high tower frame
e 1 2 3 4 5 6 8 9 10 11 12
1
1 0 0 0 o 0 0 0 0 0 0 - 36
1
2 0 0 0 0 0 0 0 0 1 0~ 36
1 1
3 0 0 0 0 0 0 - 0 - 32 1 0 EV)
1 1
4 0 0 0 0 0 0 0 - 32 0 0 37
1 1
5 0 0 c o 0 - % 0 5 0 0 0
1 1
6 0 0 0 1 0 - 2% 0 2 0 0 0

27



Table 2, ( continued )

28

7 0 0-5 1 o o 0 0 o
8 1 0- 5%— 0 5%- o 0 0 0
§ 0 :fesk D . ! o 0o o0 o0
30 30

0 0 0oz O 5%- o 0 0 ©
11 0 0 0 0 -5 s 0 0 0
12 0 0 0 0 - 5r % 0 0 0
13 0 0 ©0 0 0 sek B B ==
32 32

%4 0 0 0 0 0 -3 0 1 o
15 0 0 0 0 0 0 0 1.z
6 0 0 ©0 0 0 0 0 o0-=
17 1 0 g O 0 o 0o o o
18 0 1 g O 0 o o o0 o
19 0 o0 0 1 TS o 0 0 o0
20 0 0 0 0 e o o0 0 o
22 0 0 0 0 0 7 0 0 o
22 0 0 0 0 0 o= 0 0 0
23 0 0 0 O 0 0 1 0 1=
2 0 0 0 O 0 0o 0 1 53

Step 3. Determine the diagonal stiffness matrix S
For members AB and IJ
4BL Agé?égl) ) 4&32?23;%%&2;(2000) < 1i4k0, gaRreEE
148 2(3gg?gg§%izl§2000) _ 57423, 74 KiPS-EE
114847.482  57423.741

(s2?) = (s -

57423.741 _114847.482



For members BC and HI
4ET _ 4(30000) (2) (2000)
L (32.249) (144)

2EI _ 2(30000) (2) (2000)
L T (32.249) (144)

103362.378 51681.189
51681.189 103362.378

- 103362, 378%1Ps~Et

kips-ft

= 51681.189

For members CD and GH

4EI _ 4(30000)(1.5) (2000) _ kips-£t
L (24.187) (144) = 103361.31

2EI _ 2(30000) (1.5)(2000) _ Kkips—ft
L (24.187) (144) = 51680.655

103361.31 51680.655
[s€9 = 8™ =
51680.655 103361.31

For members DE and FG

LET _ 4(30000) (2000) _ it
I = ~(20.1556) (144) ~ ©52690.005
2EI _ 2(30000) (2000) _ Kips—ft
T = T(20.1556) (L44) ~ 41343.003

dee ' feg 82690.005  41345.003
[s" "1-= ]

[s° ®1 = |41345.003 82690.005

For member EF

4FE1 _ 4(30000) (2000) _ kips-ft
T~ (24) (144) = 69444.44
2ET _ 2(30000) (2000) _ kips-ft
L - (28) (144) 34722.22
69444 .44 34722.22
s =

34722.22  69444.44

For member DG

4EI _ 4(30000) (2000)2_ kips—ft
= 20 (11— = 114942.529
2ET _ 2(30000) (2) (2000) _ c,u51 o6 kiPS—fL

L (29) (144)

29



114942 ,529  57471.264

d-g

s %) =
575671.264 114942 ,529
For member CH
LEI _ 4(30000)(3)(2000) _ kips-ft
. (35) (L44) = 142857.143
2EI _ 2(30000)(3)(2000) _ 5 kips-ft
7 = (35) (L44) = 71428,571
142857.143 71428.571
[s°™M) =
142857.143

71428.571

For member BIL

4ET _ 4(30000) (4)(2000) _ kips—-ft
L (43) (144) = 155038.76
2EI _ 2(30000) (4) (2000) _ kips-ft

. 155038.76 77519.38
[s°%) -
77519.38 155038.76
banded T'stiffness matrix S is

—

The

Sa—b

Sbwc

[s] =




Step 4. Determine the total stiffness matrix K

K3 |

From the equation [K] = [a]T{S][a], we can determine the

total stiffness matrix K. For matrices having large orders, a

computer program can be written to calculate that equation, (see

appendix A) The stiffness matrix K is shown in Table 3.

Table 3. The stiffness matrix K of high tower frame (kips~ft)

row°°1' 1 2 3 4 5 6
1 152134.2 34722.21 -5116.66 41344.91 0 6201.73
2 34722.21 152134.2 -5116.66 0 41344.91 6201.73
3 -5116.66 -5116.66 1262.951 =-6201.73 -6201.73 ~1240.345
&  41344.91 0 -6201.73 300994.5 57471.25 1227.93
5 0 41344.91 ~-6201.73 57471.25 300994,5 1227.93
6  6201.73 6201,73 -1240,345 1227,934 1227.928 2342.657
7 0 0 0 51681.13 0 ~6460.125
8 0 0 0 0 51681.13 -6460.125
9 0 0 0 6460.136 6460.136 ~1076.686
10 0 0 0 0 0 0
11 0 0 0 0 0 0
12 0 0 0 0 0 0
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Table 3. (continued)
] 8 9 10 11 12
1 0 0 0 0 0 0
2 0 0 0 0 0 0
3 0 0 0 0 0 0
4 51681.13 0 6460.136 0 0 0
5 0 51681.13 6460.136 0 0 0
6 ~6460.125 -6460,125 -1076.687 0 0 0
7 349581.6 71428.56 3145.643 51681.13 0 4845.105
8 71428 56 349581.6 3145,643 0 51681.13 4845.105
9 3145.645 3145.643 1704.,192 -4845,105 -4845.105 -605.6379
10 51681.13 0 -4845,105 373247.8 77519.31 1411.912
11 0 51681.13 -4845.105 77519.31 373247.8 1411.912
12 4845.105 4845.105 -605.6379 1411.912 1411.912 1153.054

Step 5. Determine the applied loads matrix P

Under the applied loads, the fixed-end moments and sidesway

forces are computed from the free body diagrams shown in Fig. 14.

(a), (b), (c) and (d).
48
-
H
1
v b

33,33, { u

—

- H

33.33\-"1 3
1

(a) The fourth-story

1

e

«— o . H

J

1

2
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¢y oommrmm 70083
. — A
4 3 I _ 1 HS H,
b v, v, 0 V., +V,
48 ~ | _a)
é / H4 |
«——H -—
% Lo, I
v, +, A,
(b) The third-story
102.08}~\ /\302.083
o LLLITITTIITITTTY - H_-H
6. 33 V U,V v, v, . V VY,
.__...H7 &
8
U : —"g
85.33 L l o
1+V2+V3 1+V2+V3
(c) The second-story
154.0 154.083
aa ~
OITTITTTTTIT7TIT17M
EE A ST T
ViV, ! V4V, +V_+V
108 V4 V& 12 '3 4
x l 0 l
g 10 11—
o 2 —Hy
108 | |
Yyttt (d) The first-story V Y V4T,

Fig. 14, Free body diagrams of the tower frame



From Fig. 14. (a)

M, =0, 24v; - 24(12) =0 |

Vl =12 kips (up)
M, =0, 208, + 2.5(12) + 20(10) =0
Hl = -11,5 kips (left)
20+ H; =Hy
H, =8,5 kips (left)
ZMG =0 , 12(2.5) - 208, =0
BZ =1.5 kips (right)

The diagram of applied forces Pl, PZ’ P3 are shown in Fig. 15.

B, P,
~ ' 48
48 §
e 11.5 S PN ___‘?3
35N O

p— 247 —

Fig. 15. The diagram of Pl, PZ’ P3

Therefore,

P = ~( =48 + 33.33) =14.67 kips-ft

Pz - 48 kips-ft

P, =11.5 - 1.5 =10 kips

34
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From Fig. 14. (b)

IHG =0 , 29\1'2 - 29(14.5) =0 ,
V, =14.5 kips (up)
IM, =0, 24, + (12 +14.5)(3) + 24(12) =0 ,
Hh = «15,3125 kips (left)
HG =8,6875 kips (left)
SM, =0, (12 + 14.5)(3) = 248, =0 ,
H5 =3,3125 kips (right)

The diagram of applied forces P4, P5, P6 are shown in Fig, 16.

Py P
fata3 Y
8.5 —u 0~ _1.5 70.083
70,083 ¢/ 2
15,3125/ v 3.3125
48 0

P— 29" —

Fig. 16, The diagram of Pk’ P5, P6

Therefore,

P, = ~( ~70.083 - 33,33 + 48) =55.413 kips~ft

P = ~70.083 kipe-ft

P, =8.5 + 15.3125 + 1.5 - 3.3125 =22 KPS



From Fig. 14, (c)
IM =0, 35V, - 35(17.5) =0 ,

V3=17 .5 kips (up)

EMB =0 , 32H7 + (12 + 14.5 + 17.5)(4) + 32(16) =0 ,
H7 = ~21.5 kips (left)
Hg =32 + H7 s

I:l9 =10.5 kips (left)

z M‘I =0 , 32H8 - (12 + 14.5 + 17.5)(4) =0 ,
HB =5.5 kips (right)

The diagram of applied forces P7, PS’ Pg are shown in Fig. 17.

P

P 8
N ')
8.6875 A& 0~ 3.3125  102.083
102.033’\21?__ - N : N —p,
S Bs5'33 0 5.5

p— 35—

Fig, 17, The diagram of P7, PB’ Pg

Therefore,

P, = ~( -48 - 102.083 + 85.33) =64.753 kips-Le

P, = -102.083 kips—ft

Py =8.6875 + 21.5 + 3.3125 - 5.5 =28 kigs
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From Fig., 1l4. (d)
LM =0, 437, - 43(21.5) =0 ,

V4 =21.5 kips (up)

> MAA=0 . 36H10 + (12 + 14.5 + 17.5 + 21.5)(4.5) + 36(18) =0 ,
HlO = +26,1875 kips (left)
le =36 + Hlﬂ .
le =9 8125 kips (left)
5 MJ =0 , 36H11 ~(12 + 14.5 + 17.5 + 21.5)(4,5) =0 ,
Hll =8.1875 kips (right)

The diagram of applied forces are shown in Fig. 18,

10 i
Y Y
85.33
154,083 10.5 5.5 154,083
083 10.2 0~ Py "
26,1875 108 0/ “B.1875

p—— 43—

Fig, 18. The diagram of PlO’ Pll’ P12

Therefore,

P, = ~( -85.33 - 154.083 + 108) =131,413 *Po7IE

- kips—-ft
Pll = -154.083

P,, =10.5 + 26.1875 + 5.5 - 8.1875 =34 kips
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Therefore, the applied loads matrix P is
[ 14,67 )
-48

10
55.413
~70.083
22
64.753
-102,.083 .
28
131,413

~154.,083

L 34;

Step 6. Calculate the displacement matrix X
We daﬁ obtain- the displacement matrix X by using the formula
X = [K]—1 P. To find the inverse of a large order matrix is laborious,
therefore, a computer program can be written and let the machine
compute the inversion(see appendix A). The inverse of the matrix

K is shown in Table 4%,
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Therefore, the displacement matrix X is

x= K] <

That is,

14.67 E

-48
10
55.413

64.753
~102.083
28
131.413
-154.083

34
- /

8, =0.00313555 rad.
8. =0.00223369 rad.
8. =0.000492024 rad,

6_ =0.000128472 rad.

GF = -0.00127435 rad.

GG = ~0,00164402 rad.

6, = -0.00231274 rad.

8, = -0.00271632 rad.
D =0.182375 ft,

zﬁbﬂ =0, 308560 ft.
=0,319941 ft.

A
ZSEF =0,287427 ft.

( -0.00231274 )
-0.00271632
0.287427
~0.00127435
~0.00164402
0.319941 {
0.000492024
0.000128472
0.308560
0.00313555
0.00223369

0.182375

{clockwise)
(clockwise)
(clockwise)
(clockwise)
{countclockwise)
(countclockwise)
(countclockwise)
(countclockwise)
(rightward)
(rightward)
(rightward)

(rightward)

41



Step 7. Determine the end moments matrix Q
From Step 5., we know that the fixed~end moments due to

the applied loads are

(o, ) (08 ]
Mo 108
- ~85.33
M 85.33
Meep ~48
MFDC 48
Mo 33:33
Moo 33.33
Mgre 0
Meer 0
Mpcn 0

Q, = < :G > = { Z P kips-ft
I
Mprn 0
Mp13 0
Mer1 0
Mo : ~48
Mo | 48
- ~70.083
Moo 70.083
M -102.083
- 102.083
Moy ~154.083
L By | 154.083



We can determine the internal moments by using the formula

Ql = [S][a] X , and the data obtained in Step 2., 3. and 6.
| [ -692.6591 )
-512.6052
~261.8525
-398.4729
~-88.52416
-179.812
0.648193
~42,28417
-90,93994
-46,60546
-236.8105
4 ~145.2062 s Kips~ft
~482.6596
.=373.8598
~616.1818
~744 4475
56.95367
42,94067
234.5761
213,3308
551,7507
525.7827
905.8706

835,9587
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Note that the final end moment is the sum of fixed-end moment QO

and internal moment Ql. Therefore, the final end moments are
( -800,6591 i |
~-404.6052
~347.1823
-313.1428
-136.5241
-131.8120
~32.6818
~8.954178
~90,93994
~46.60546
~236.8105
Q=0 * Q, = 4 ~145,2062 , Kips—ft
~482,6596
~373.8598
-616.1818
744 . 4475
8.953674
90,940670
164.4931
283.4135
449.6677
627.8654

751.7875

[ 990.0415
Table 5., shows a comparison of the results obtained by the displace-

ment method and the slope-deflection method. It can be seen that they



show good agreement,

45
Tablé 5. The comparison of the displacement method and the slope-
deflection method ,
The displacement method The slope-deflection method

BB 0.00313555 0.00309532
BC 0.000492024 0.000468611
GD ~0,00127435 ~-0.0011642
BE -0.00231274 -0.002373
GF -0.00271632 ~0.0027046
BG -0.00164402 -0.00168819
BH 0.000128472 0.000134696
BI 0.00223369 0.00218827
A 0.182375 0.179291
A, 0.30856 0.303584
133 0.319941 0.314566
Zk& 0.287427 0.285519
Myn -800.66 ~788,22

Mpa ~-404.61 ~-394.48

Mo ~-347.18 ~-343,39

HCB -313.14 -308.48

MCD -136.52 ~-130.68

MDC -131.81 ~120

Mo ~-32.68 -37.57

Mop ~-8.95 -7.11

Moo ~-90.94 ~96.38

Mop ~46.61 ~38.20

Men ~236,81 -238.48

MHG -145.,21 -144.27

MHI -482.66 -475.2

MIH -373.86 ~369.07

Mg -616.18 ~-606.65

My ~744 .45 -732.31

Mep 8.95 - 6.74

Mep 90.94 ) 87.6

HDG 164.49 166.63

Mop 283.41 276.68

MCH 449.67 439.2

MHC 627,86 619,47

MBI 751.79 737.86

MIB . 990,04 975.72
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ANALYSIS OF MULTIPLE HIGH TOWER FRAME WITH SIDESWAY
BY THE SLOPE-DEFLECTION METHOD

In order to check the answers obtained by the stiffness method, we also
solve the problem by the slope-deflection method and compare the answers
obtained by these two different methods.

Sign conventions

Moment clockwise is positive.

Rotation clockwise is positive,

Fig. 19. The sidesway diagram of the tower frame.



The stiffness and angle of rotation are shown in Table 6.

Table 6. The stiffness and angle of rotation

Member Stiffness (kips-ft) angle of rotation
30000(2.5) (2000) _ A
B, mr  29000(2)(2000) _,54.0 594 24
’ 32.249(144) ' 32
30000(1.5) (2000) _ 4, -5,
CD, GH 53 7187(144) 2380207 3%
AN
30000(2000) b, -5
DE, FG 55 1556(144) ~20072-501 20
A
30000(2000)  _ 4
EF 24 (144) =17361.111 96
G 30000(2) (2000) _,e235 ¢35 _ Sy
T 29(144) ) 116
30000(3) (2000) _ 2
30000(4) (2000) _ B!
BI 43(144) =38759.69 172
The fixed-end moments are
HBA - ”th -108 kips-ft
o - kips-ft
MBC = MCB 85.33
- _,o kips-ft
Mye = Mep =48
_ o kips-ft
MED = —MDE =33.33
_ _;p kips-ft
Mpp = Mep =48
o _ kips-ft
HGD = MDG =70.083
Mo, = Mg =102.083 kdpe-Lt
- - kips-ft
MIB = MBI 154.083

47



Therefore, the slope—deflection equations are

Mn

Mpa
Mpc

HCB

HCD

e
e
¥ED
MEg

Mer

MGH

Mic
M

My

Mg

MJI

Mep
Mg
Mpe

HGD

MCH

Yic
Mp1
Mg

=2(28711.871)[0B

=2(28711,871) [26; -3
=2(25840,594) (26,
=2(25840.594) 28,
=2(25840.327) [26,
=2(25840.327) [26,,
=2(20672.501) [26,,
=2(20672.501) [26,
=2(20672.501) [28,
=2(20672.501) [28,,
=2(25840.327) [26,
=2(25840.327) [26,;
=2(25840.594) [26,

=2(25840.594)[28I

=2(28711.871)[28

=2(28711.871)[9

=2(17361.111)[26E
=2(17361.1ll)[29F
=2(28735.632)[26D
=2(28735.632)[28G
=2(35714.286)[26C
=2(35714.286)[29H
=2(38759.69)[ZGB + BI w A = o

=2(38759.69) [26I + BB -3( -

A1
- 3(—=)] -108
de
—)1 +108
A A
+ 0, 232 1y] ~85.33
A
+ 0, -3 43232 )] +85.33
+ 8, —3of§%ﬁi;fa] -48
+ 8, —3cf§%ﬁ;-3%1 +48
+ 0, 3(—%—*——3:i ] -33.33
+0 -3 ZS& A3)] +33.33
zx
+ 84 —B(Al' ""Aj
NN 0y
+ By 3(233 —222
+ Bg, = z3524£k
+ 0, —36———§§;—;0]
52
+ 0 -3(—2D)]
~3(e)]
(AXl ey ]
36 A,
+ GF -3( - ;gE—Q] 48
+0; -3( - :gg—a] +48
+ BG -3( ~ E'é—)] ~70.083
3
+ 8, ~3( - 73] +70.083
+ e, -3( - ;§%—a1 ~102.083
+ 8, -3( - 13%‘3] +102.083
A
kﬂz Y] -154.083
—5)] +154.083

48
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From joint condictions, we get

M, =0, 373248.628, + 51681.1886, + 77519.380, + 1411.882&1
- 4345.11]&2 = 131,413 =0 +evevesseasnssss (1)

2M =0, 51681, 1889 + 349580, 8288 + 51680, 6549 + 71428.5726

+ 4845, 111A + 3145, 583& - 6460. oszA - 64.753 =0
LU B B B B A BB BB I O (2)

H

T My =0,  51680.6546, + 300993.848 + 41345.0028; + 57471.2646
+ 6460, oszA + 1227. 994% - 6201. 75& - 55.413 =0
s s BB Ut ESENY FEE (3)
M, =0, 41345.0028 ) + 152134,4480, + 34722.2220, + 6201. 75‘5
“"'5116 68& -14 67 0 RN A A I I (4)

SM, =0,  34722.2220 + 152134,4480, + 41345.0026 + 6201, 75A
-5116. 681A+4s =0 R

ZHG =0 , 57471,2640_ + 41345, 0029 + 300993, 848 + 51680, 6546

+ 6460, oszz?-‘s + 1227. 99:& 6201. 75A + 70.083 =0
sauesBEPse TR EeN (6)

S M, =0,  71428.5720, + 51680.6546  + 349580.8280, +
51681.1886, + 4845.11161 % 3145.583% =
6460.032A 4 102.083 =0 cienreneenenes ()

:MI =0 , 77519, 389 + 51681. 1889 + 373248, 629 - 3373. 431&'
"48!'5 l].lA"‘lsll 083—0 S o e B U & EAE A 4B (8)

Now we have to find out the shear equations,:

( O
v MEF 1»__ 24,_4}{“3 .
w1 v, v, 2 Yre
~ | ™
20" g \
L H _H H
— D —H, D -
E AN IR | %
Y v, Y A
(a) : (b)

Fig. 20, The free body diagram of the fourth-story
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From Fig. 20, (b)

Moo + Mo+ 24V) - 24(12) =0,

288 - ~
_ Mep ~ Mep
1 24 :
0~ Hoy = P
V, = 24 - T .

E:Mﬁ =0 , MDE + MED + 2.5Vl - 20Q10) « ZOHD =0 ,

M+ Mo+ 2.5V, - 200
Hy, = 20
S M =0, My + My - 2.5V, - 200, =0 ,

MFG + MGF - 2.5V2

He = 20 '

From Fig. 20. (a)

+ + + M 288 - =
):Fx 0, Mpg ME];O Mrg GF , (%)( ;:EF M'J?E)
288 - -

—(%)(24— ZEF 1~LFE)+10=0

Therefore,

6201.756, + 5118.426, + 5118.420 + 6201,758 + 1240.35&3
-1262.92%;+10 =0 I

3 v
' +V, 4
Mpe { ll Men rzwa
o ' \,___
" =g :HH ' ¢ e —*8
M ./
I LI e ]
_ : V.4V
v+, v, VY, 2V

(a) ' (b)

Fig, 21, The free body diagram of the third-story



From Fig, 21. (b)

Mpo + Mg + 29V, - 29(14.5) =0 ,

420.5 - HDG - HGD

¥y = 29 ’

420.5 - - M
g Mg Mgy
4 29

51

z MD =0 , HCD + HDC + 3L Vl + V3 ) ~24(12) <= 24Hc =0 ,

MCD + MbC + 3¢ Vi + V3 ) - 288

HC = 24 L]
TM, =0 , Mg +M ~3(V,+V, )24 =0 ,
Mo+ My = 3(V, + 7, )
By = %% ' '
From Fig. 21, (a) :
SE =0 32+HCD+MDC+HGH+"HG+(l)(zss‘"-MEF“”FE.I_
X = 24 8 24
A20.5 - Mye — Yoy 1 288 - Mpp - Mpp
29 ) = (-é')( 5 - 24 -
420.5 - - M
"5 ~ ey _,
29
Therefore,
6460,0820 , + 4977.7326 ) ~ 1085.076; - 1085.076  + 4977.7326; +

64600826, + 1076.68% - 1102.307"—\?3 - 22.51% +32 20 vuuennn..(10)

TE
5 VR L
] M l 5
2 CB
76" |
5 _
: 4 —p
JL 5 -w-HE I o/
—':"HI Mee 1'
“’f'cj I (a) I H JH Y
V.4V, +V
: . 2 4 6
VY,

Fig. 22 The free body diagram of

MCH( IO )MHC

ET

Vv vV +V +V

6

g |

Ty

-—

—_—

My~ ]

(b)

the second story

V. +V +V

2

A

4 °6

H

I

6
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From Fig, 22, (b)

’MCH + M. + 35V, - 35(17.5) =0 ,

5
v - 612.5 -M.. -M..
5 .35 )
A 612.5 -M.. M, .
6 35 ’
Mo =0 , My Mo+ 4(V, + Vg + Vo) - 32(16) -32H; =0 ,

Moo F B 4(\;'1 +V, v5) = 512
B 32 !
M, =0 |, Mg + Mgy - M‘w2 + v& +v6) 3211I =0 ,

=HIH+MHI—4(V2+V4+V6)
1 32 ’

H

|

H

From Fig. 22. (a)

Mac P Mg * Mg Y Myp . 1 m2Mpp ~ Mg

FX =0 3 60 + 32 + (E)( 24 ) +
-2 - 2M -2M - 2
1., Mg Mgy, 1 cn ~ Muc,

Therefore, we obtain
4845.llleB + 3314.4999C - 1468.3269D —1085.699E - 1085.699F -

1468.3269G —3314.4999H + 4845.1118I + 605.63911 - 627.505A2 =

25.626A3 —22.61A4- + 60 =0 RN ¢ &

Tr' =

H “131(“.”.1,,,,[,{“3)"[3

= 43

= v, Vg

8 vl+ir SVt VRV Y Y

n Mor ~ |
112° 8 +~— Mg 7K

- Hy y H,

= M % JI
| B _n ~ I s o
w | l,'_' T vy, VRV, VT

VY VYAV

(a) (b)

Fig. 23. The free body diagram of the first story
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From Fig, 23, (b)

p + Mg + 43V, - 43(21.5) =0,

924.5 ~ MBI - HIB
%= 43
924.5 - -
Vv, = 43 - e I
8 43
EMB=0, MAB+MBA+4.5(V1+V3+V5+V7)--36(18)—36HA=0
H=MAB+MBA+4.S(VI+V3+V5+V7)—648
A 36 )
zMI=0, H1J+MJI"4‘5(V2+VA+V6+V3"36HJ=0 g
. M M - A5 V4V, + Vo + V)
J 36 ’ '
From Fig. 23. (a)
Moo + By & My 4 M~ My
_ AB A J_ II 1 F 1,
YF =0, 94+ 3% + )( 1A ) + (P
-2 ~ 2M B2 v 2M ~2Mp o - M
L, | CH & b I " “UIB, _
( 29 ) (P ( 35 ) +(F)( 23 ) =0 ,

Therefore, we obtain

3433. ZBBB - 1530. 6128 1795 9779 ~ 1085.076_ -1085. 079
1795. 97?9 - 1530, 6129 + 3433. 239 ~ 547, 4222& - 21, 86655

30. 963f¥ - 22.6064) + 94 =0 ..............................(12)

Solve the above twelve simultaneous equations, we get

0.00309532 rad.
0:000468611 rad.
=-0.0011642 rad.
=-0.002373 rad.
=-0.0027046 rad.
=-0,00168819 rad.
0.000134696 rad.
0.00218827 rad.

]

=0.179291 f¢t.
=0.303584 ft.

=0.314566 ft.

D UP> hF>FF> ® O D @ O D D @
o H O o oM g 0 W

=0.285519 ft.



and

~788,22
~394,48
-343.39
~308.48
-130.68
~120.0
~37.57
~7.11
~96,38
-38.,2
~238,48
-144.27
~475.2
~369.07
~606,65
-732.31
6.74
87.60
166.63
276.68
439.2
619.47
737.86

975.72

kips-ft
kips—-ft
kips-ft
kips~-ft
kips~ft
kips-ft
kips-ft
kips-ft
kips-ft
kips—-£ft
kips-ft
kips-ft
kips~ft
kips-ft
kips~ft
kips-ft
kips-£ft
kips-ft
kips-ft
kips-ft
kips-ft
kips-ft
kips-ft

kips-ft
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CONCLUSIONS

The matrix method of structural analysis, In general, is a very
powerful and convenient method which is applicable to almost all types
of structural frameworks, The basic procedures of this method are:

(1) Select nodal displacement as basic umknowns

(2) Establish the displacement transformation matrix

(3) Evaluate the diagonal stiffness matrix

(4) Obtain the total stiffness matrix

(5) Express the nodal forces in terms of the nodal displacements

The advantages of the displacement method are: (1) It enables the
use of the same procedures for analyzing statically determinate structures
and statically indeterminate structures; and (2)It is easy to construct
the displacement deformation matrix,

The comparison of the results of the matrix method and slope-
deflection method indicates that the results which are obtained by these
two methods are identical, as shown in Table 5. It is much easier to
solve the problem by using the displacement method than the slope-

deflection method, especially using the computer to solve the problem.
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NOTATIONS

applied joint force.

nodal displacement,

internal joint force.

internal displacement,

transpose of the matrix P,

deformation matrix.

diagonal stiffness matrix,

Young's modulus,

moment of inertia.

length of the span.

cross-section of a member,

total stiffness matrix.

transpose of matrix a,

uniform load. |

inverse of the matrix K.

internal forces due to the applied loads.
fixed-end moments due to the applied loads.
total internal forees.

stiffness matrix of member AB,

internal vertical forces due to the loads,
internal horizontal forces due to the loads.
angular displacement.

horizontal displacement of a member,

end moment.

The forces caused by angular displacement occurs at

member.

The total forces caused by joint displacement.

57

joint 1.

The forces caused by angilar displacement occurs at joint j.

The forces caused by a unit horizontal displacement of the
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APPENDIX A

COMPUTER PROGRAM AND SOLUTION OF MULTIPLE HIGH

TOWER FRAME WITH SIDESWAY USING MATRIX METHOD
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APPENDIX B

GIVEN COMPUTER PROGRAM AND SOLUTION OF

MULTIPLE HIGH TOWER FRAME WITH STDESWAY

USING MATRIX METHOD
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MATPTIX SOLUTINN 0T STRUCTHRAL PPAALFHS JUNF 1974
CODTRANM 4 NISAL ACEMENT MPTIHIND POSE I2AULH V H
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FAPMAT(D2H /7)

FONTMAT(//14Y, " MFEMAREDR FOPCES 0OR MOMFMTS ',
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NIMENSTNE PEA(2E .36 yS1{ 20, 1) ,ATK( 26, 36)

PFAN{G, 1 JENI=TQ)[MA, THA,TMP
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n.n 0.9 Ce 0 0.0
(e ) I I 312699,07009 £1345.0207)
n.n 0.9 0.7 O0.N
0N Jald 0.0 .0
N.n De? e VN
D0 ) CeN 0.9
0.0 Je) 0.0 Ca)
n,N 0.2 41345,000)) RZASI.NDIDD
0.2 3 P C.Q Je )
0.0 .0 B9 0 PR
N.D DN 0,9 ), 1)
Da2 Ned Va0 .0
J0.0 D0 .0 (3 |
0.0 0.7 2.0 .0
Q@25040,0000) 41245,000900 0.0 0.0
N,0N N1 Je.N 0.7
N.N 0.1 C.0 Q.9
0.0 NN 0.0 N.0
0.7 De) 0.0 Q.0
0.N Q.0 0.0 70
PL45,0000D [PECI NN 0.0 Nen
NN e ) 2.0 Q0.9
Gel N} J.9 0.0
A Ne9 NN NeN
NeD 2.0 D9 N.N
2.0 0.0 N.N 0.9
L0 0.0 1072 1::1 250090 Gl63N. 652324
.0 0.0 a0 Ja. 0
t.N N9 ﬂ.ﬂ N
G.N (9P | c.Q Jed
0.0 () | nN.0 0.
n,n n.n a0 De)
0,0 e 51A3C.£5734 1033A1.2507)7
.0 Da7 d.N Jah
c.0 N.0N Q.9 0.0
0.0 0.0 Je 1) NeN
n,on I } NN D1
C.N 00 Ce 0 Da?)
N.0 Nad ' Ja0 0.0
1103362.,727500 51A431.1375% Q0«9 DeD
He? NeD 0.0 0.7
0.0 (S | Nl Je9)
0.0 N.0 N.0 0.7
NN 0.7 0.0 C.D
n,n NN Ne? Ve
51681, 1R0750 Y3742, 75049) Je 8} .0
N0 : 0.9 0.0 2.0
N, M1 Nel 0.0
0,N e (e Ne Y
0.0 0.0 0.9 0.2
0.N NN NN 7.7
NeD Ve 114%7.43750) T423. 72328
0.0 NN 0.9 o I
0.0 .2 0+0C Ne
Ne (VI 0.0 0.0
N.0 0.0 NN Je}



Ja9 0.9 0.0

N.N
0.1 0.1 5742%.73228 114847.43759
.0 0.9 C.0 (VP4 )
0.1 N0 0.0 NN
D0 0,1 .0 DN
0.0 0.0 C.0 0.0
CeN NN N0 NN
n,n Q.9 JdeN Vel
HMG4 . 42750 24722.,21975 a0 Qa0
0,0 D0 Ne? DJeD
0.0 Q.0 C.0 Ned
V.0 D.0 0.0 e
0,0 0.1 De) V.0
ND.0 0.1 0.1 J.
TRT22.,71975 GCHLH A42THY) Na 0.7
G.0 N.0 0.0 JeD
0.0 0.0 J.0 N0
n.0 0.0 0.0 0.0
0.9 0.0 C.0 0.0
0.0 2.9 0.9 0.2
Ne N )45 114%42,50099 57471.26172
c.n 0.7 N.0 0.0
NN 0.0 N.0 N0
n,n 0.n N.0 2.0
C.0 0.0 C.D Je
U.n :"],!1 qlq ')Cr‘
0.N 0.7 57471.26172 1145%2.53000
0.0 0.0 0.0 D)
B.N S N.9 Te9
N.0 0.2 0.0 Je0
2.9 0. . I
0.0 J.D 0.9 N.
Q.0 3.0 0.9 0.0
142357.,12509) 7142%,56250 TeD 0«7
U 0.0 C.0 S
0.0 Oe 0.0 0.9
0.0 e D.0 e N
G.) 0.7 2.0 Je 0
Ded) D0 Ne9 1.1
TL42R,5A250D  142A857,1259) G." 2.0
D0 0.0 0.3 0.1
0.7 7.9 1.0 7.0
0.9 D7 Q.0 Ve
0.0 0.9 0.0 Je0
0.0 JeM a0 7.1
0.9 Ne7 15)038.7 cn TI516.27520
0.0 0.7 N.7 Te
NN 0.0 C."N 0.2
0. JeN J.0 Ja
0.0 D.,N .0 De
0.9 0. C.90 Ned
Ja) Na0 77513.37500  15%0728,7590

TRANSPCSFD A MATRIX = 3 MAT®IX

n,n N.9 C.N N0



Ne0
-0.02177R
0.0

oo C
. e

CcCC o

[ il
*® o =

2 C

NaN
-D.N2TTR

)

~

0.0

a0

D

0.7

0.0

0.9

NeN Ne9

0.0

n,n
..n.ﬂ?,]_?".

E

0.0317

1.00700

NeN

1.0007)

0.0

c.n
-0.0?12%

0.

Q0.93125

*

OQ"}

O.N

ia 0

—-N.04147 1.0373)

0.7
N

G467

e L

1.1

0.0

70

0.0

[ &)

'0-')’#‘("?

Qa0 0.9

-0.0599)

DaN

0.241467

1.70000

D9

0.0
-0.,05020

O-D‘:‘?'T']

D0

Oa"J

(]
()

D7

N9

Co D

0.905%22Q

IR0

0.0

o

(&}

cr

(o

-0.0%072)

1.7000N

De0
-C.CH5CID

I

J«J5
-)1’,
T

oo
oC o

3]
0.7
DeN

7.259109

VPR
Qe9

JeD

1.00°70
0.00167

o

~DM% 167

1.3 )9

Ned

D67

nlal

Ne?)

0.,0414A7
0.0

J.3

17939777
D.023125

"

NeN
Je N
0.0

e
-0,03125

(9]

n,n

ng
-0.N2125

0.07125

N7

1.00030

0.0

0.7

.
—-J-J’)?’S

9.0

l .1’)0(‘93

e
T @

ol o

Ise
M~
~
[ o)

CoT o

. & »
o e Bl e}
!

o
~1
o
5] il )
" &
[ 2l il e
Lo <
. * @
oo O
[
<
<
c
Lot B
s 8 0
OO e

il el
* & 9
ocCo
~
&+
=
—
v ) sl o)
" & o
ocC O
]
-
-
L
Lol s o
. " @
Lo B, ot
a o
cCcC

1.9

Q.0

N.N

Q.

QN

1. 30000

e |
0.0

0.0

O.N

N WVAL2

Da7
0.9

0.0

0.0

0.0
0.1

0.0

DN

2.0
J.0

0,0%2

0.0

1.717)00

Uet)
0.0

0.9

N1



QD
NL,UNT14
C.N

MATR X

(4
.0
0.9
0.0
CeD)
CeN
.00
NaN
-4845,10633
Q.0
n.r)
-4345,1083%°
noq
NN
59

640D E A

o
o e

o.
5440 ,52275
41345.00000
OQe0
C.0
2530, 00700
Nai
nN,a
n.n
413245, 0000
0.33
DN
AIHLON, 1Y)
r.Nn
C.0
103341, 25200
A40H0, 53178
C.0
B51430,657 %%
ARAED L5792 TH
NN
0. N
4345 ,19071R8
n.n
n.0
-4945,10233
N7
Q.0
0.0

MULTIPLY —= AT X K

0.0

L3 I
57423%,738219

0.0

0.1
11a4F847,43750

Je

G.O
103252,273900

1.0

O.ﬁ
5167%21.17759)

Ja)
—-£A450,50375

et

Q.7
—HLEHN,553T5H

D)

7.7
A2 T74219

a0

D47
£231 ., 7421

0.7
A267C,377))
LHE2D1.T74719

0.0
41245,0)1000)
£211.73°%19

TN

0.0
=64A60D,573375

0.7

0.7
—AH6EN.HI3TS

0.0

Q
.

L]

s
20 0 w2

.« .
]

DO0OO0OLOo0OISW
.
<

.
-

] & & a

169 /1759

(o]

fol o Bl o o I« Je e B o)
L]
D00 2902

-
-~
e

17236.2.375232

0.2

N.9
1372361.723)90)

0.0

L3
51/3C.£5234%

.0
-5701.74217

0.0

0.0
—-A201.742195

Jen

6|
-65231.74219

0.0

0.0
-5201.74219

.7

Qe

D.0

0.0

Ca 0

N7

0,0

Q.0

N7

0.0
51591.127%D

0.0

Q.0
193362,.7275))

0.1

Ne )

V1434 7.43759

0.0
J.0
0.7
1.730029
49
03D
0.0
0.71591
e 0
T}
N.0)513]

O.0
D9
=4 735, 69141
N,N
0.7
=4735.691%1
3.0
9
£345,10913108
3.7
e
4745, 107210
51530.4527%4
Qe
0.0
193151,25009
0.9
DT
224 93.,7034390
Dimitd
Va7
41 345.223C00
2.0
JeN
Da 0
q.O
0.9
Daf
T
Ce?

d.0
51232.597274
4 [

V.0
1932351 .?5570
0.0
)

13275237500

4145,1993248
)
51531. 1375
4345,19220
Je?
BRATNS
=L 7945 ,407141

81



N.9

e

C.N
E 4N 44 5THY)

|').r1

Da9
24T22 621115

0.'1

Va7

n,n
S1471,26172

(.0

NgN
114942 ,507N00

0-0

C.N

0.0
1523Nn,611R?

n,n

G0
1520 ,A11 8D

.9

0.0

c."

C.N

C.!"

n,n

0.}
.10
I
2472221875
J.0
0.1
€444 ,532700
0st)
.0
0.0
1496£,.3?2500
O.n
0,1
143££,2259D
a.N
N,0
0.7
n.,n
O.N
a0
B i)
D7)

0.0
155020, 75000
0,7
N
77519,375n]

MAT2TX MULTIPIY == ATH X A

1672124, 47750
Oa
ZHTII2LNTS
4134500000
=DV A 60T T
=4201,742109
e
41245, 020099
57471.75172
R0 BT TS
0.0
200002 75000
546095775
A2 L TR 1T
1327, 4741°2
-1N76.801 54
a0}

n.n
A4F LU 1S
Dal
GiAa0, ¢ 3224
A6, 09510
Nai)
HA6HD, TS
1704,.300724
0.7
0,0

24722 .21275
£201,74713

0.7
=Y11A A,7GT
=124, 756

D.71

N

1272747034

.9
417245,1103)9

1227T.472%24

Da7

623174210
22424870010

. )

0.7
=460 55775
51631.1375%

14N
—06400,592T5

De )

Ne?
-1076,85154
-4845,10921

Ne?

0.7

Ce0
J.0
57423, 72824

1845.37227

3.7

N, 0
1085,1n7227

0.0

L

Q.0

Ja

Na. D

DN

CeN

N4

Ve )
1472857.125%)9)

0.7

155738, 75990

—~N116H.56707
1.0
0‘3
—E11h. 0BT
n

.
n
s

5

L]

1 2& %3113

2

-

o
~5701.74719
51 6AC. A5 34

.1
6231, 74219
0.0
0.0
—1740.34756
640, 579175
g."’

D)

LGN T30 D

C.9

3,0
71423,5025)
51621,1374)

YeD
46, 05741
—H 4%, 105140

053
51431.1275)

= ot DG

s o 8

!
Fal
-
o
()
W DO D0 NID

L 2 ]
£
s
-
—

20 DD Q S ID

~—
-
L]

11494%42,50000

oo
L] L ]

BT4T1.25072
Def)
0.0
Je 1
T1429,856250
0N
JaD
142357,124900

)

113450719070

n‘q

Ce?)

Ce

n.N

‘\’.’-ﬁ‘
—E£ 2N 74

T

}e?
2103972, 70D

Y0

NaD
CTAT71.261707
N163)05523%

O.N
1227.4T790)0
=30 TS

N
B1AY0.6020
1420 5,250
H 345,100

My A
3405000, 75000
AP4A5, 10770
ELGDGROTTS
3146174
—H0%. 613067

Na'D

0.0

82



-4¥5,1na74g
.9
0.0
-4945.109343
.2
(0.0
-5”5.‘3%“7

[NVERTEFD MATRIX
0.00001)
n,NNNIH

-(0,20073
~0.700 )0
-N, 0nnan
=-3.09103
-0.02001
C.NNNn1
QL.02726
-, 0100
-0.90000
-0,00003
0. 030D
0.023070
—-0,370N73
~0.00704%
—0,.30001
Cc.0N07213
-3,.700010
3.02090
0, 00309
—-0.02390
._.’\__ {}{)"& "}{')
C.0n0009
-, 0NNO7
=0,.910973
0.204273
-0, 3C700
-0, 000
C.0N004
-0, 0on
-0,030N00
. 0N004
el P R LA b
-0.7390N0]
C.20710

MATATX MULTIPLY

TPA24R 54250
r}.l‘]
0.0
77519,37500
0.1
Q.0
1411,51196

T75109,3750)
c.0
De10
ATI43,567510
0.9
40%5.10931
1411,5%903

-= ATKA TO ATKAI

=-G.0000D
-0.390%4
= 0. JN0N9)
D.00001
=D U007
=-0.00020
-0.09001
Q.NN43%¢
0.00033
0,2790nN0
-J.33001
-3.02C20
=-0.7300N
-0.09701
=0,.7733717
-0,009714
J.0387
N.17993
=2.9213779)
0.,03202
-0403700
-0.CH00N
D,00702
Ne NOANND
-0..000032
0.7713389
D.GN NG
-0.0GU20
N.NNN32
0.00000
=-0.027307
quﬁﬂQ3
=2:0J309
0.0 2
J.0N17R
0.00C07

-= K X A

G.n

a9

3.0

n.n
2AT22,71275

.0

a0}

D.0
$1345, 000710

=0, 09N00)
~C.CHIND
~-17,00701
=iy YT
~0.00000
N.0051%
C. 05002
0.009202
0. 20001
~0.CIN))
-3.0309)
3.02101
J. 000 1)
~0.0007)
0. 00436
Jd. 3032
D002
C. 01207
C.NNIND
2. 0IDN0D
J. 060002
-0,79990
-3, 02090
V033725
C.GAaNON
Co "ILD4%
N.,H11772
-0, 000720
-3, G200
0,007
C. 0200
C. 200000
003314?
-C. GJGAL
0. 030072

Ce
41345, 00000
4.0

-

]

f

'

oo

-
-

-
L]

o TN IEE I TR I

-~

o=
.

1411.51001
Q.0
51681,1%75D0
1411.51001
e N
4345,19923
1153,1457%

=030
=000
=0,90:302
J2711
it P8 N TR RO B
-0
0. 33971
Ca 02
N,00147
(E P 1s TALA Ry
N N3N
=3.971001
-0, NONNH
=0.N01%2]
=-0.302071
C.20027
ND.IN177
-4 1IN
=0.00730
-0,003021
0, 03U
020000
=R DARE
-GC.00)2”
D.0ONNNAN
0703210
=.anan
D ANCIAN
)32
=e I ON
-0, 30N
Je IO 2
=3.70701
=0,00001
N.N02772

Ne
R2650 TN
.

LS Y e RS G |

<
[ ]

Jn T I RN

r
L]

83



0.0
A2, 21075
DN
0.0
|
-A2)1.,7421°
n,0n
1388, 171277
0.0
n,n
S1HT0. 0714
0.0
O.

A1345.90000

Q.0

NN

N9

(I
=460 ,59278
a201.792173

D.7

2

220
L]

N
s o (e

172241, 250000

*

—
-

N ]

3
wt
N
1
]
Q

2PN C -
L]
2~ 0 O

T
»
-~

N Do
.
-

172342,77540
0.9

Tia?2 R, 0546280
QN

486D ,HRETH
C.N

-3A345,1097 5
.0

1530,671232

5.74""’. - 730 20
N.N

E1681419750
e
n.n
=4735.671 41
G.0
0.0

0-"-‘
65944,47750

JaN

O.0

0.0
-6201.74%219

N1
1035.,07727

(DI

0.9
107361,.2500)

De"

0.7

04

0.0

0.0

0.0
A2693.071700

Oed

0.M

0.0

00
—0H4HN,50727T5
6211,.747219

0.9

0.0

U.")

N0
JebH 234

.(]

N.)

N9
T1428,.56725D

D.N

Na?)
SIAarl,.137%)

0.0
142257.12539

Jal}
6460,597275

NN
-4N45,10518

NN
1930.6119°2
114847,4275C

0.1

5168

2> I

s & s
SO LI oL D

102542,27500

2ocvVOCc oS CDoODOoQ
L]

. e
=2

=47, 69141
0.0
Q.0

G.0

N."7

00

0.0
"""!?Jlo 7"7‘ 9

Ja

NN

Ce?

NN

O
R26T0e 022D

Te?)

g.n
114942 .5223)
0D
Cal)

.0
102361.259))
De0)
RT74T1.2A172
{}'G
0.0
6H201.74219
-646C.59275
a0
1484,3257390
Ja)
516R1.13759
O
& 4
Ja N
Gal
Va0
C.9
Jad
D16RT.6523%4%
Ce D
0.1
0.0
-4845,17313
Y a’)
H4K0.,52375
Da0
Q.9
C.f]
103362,.,27500
7.7
Je 0
Ne?

{)I’)

15503 8.7509)

Na0

Q.7

Jas2
114847.4279)

C.0
TTH19.375))
AARG ., 17740

Ja )

.0

0.9

A

a0

N9
-6231. 74212

S

')lq

O |

e

D)
41345, 0000

Nei)

000
57471,.,2517"
DN
0.0
J.D
51630,65734
D)
114942 ,570900

Ga?

N.9
6201.74210
—£ 53560457775

Ne9
1l48A.3724H%9

J.0
1M2262.2750)
Da

S o
« 9 o
i

L]
SOMOW O D

-
N
—

Wi
[
-~

1727345

i
I
s ]
-

Qaln

S
v

. o
) TN I e |

2715

DO~ 0D

51613 TRy

o F P g T T L RS S RO

V.0
T7512.375.0
0.9
.‘).;')

N7
R7423,723719
d.0
155)32,75007

4345.,10234
0.0
n.j

84



4345.,100R
N.N
0.N

4845.1 1938
0.7
0.

-4785.69141
N9
13672,.09204

MAT2TX MULTIPLY —= ATKAL-* PP FDR LOADING

-0.,.0072] -).,0A272 N.78751
'('-""lf)'ﬁ Q."_':'f)f)? C.nf}')’f;
B DOREL 0.0)314 0.01273

VALIFS NF RR ENS L CANDTINS NI, 1

14457000 -4P.,0109N 1L0.C0N0DY

-70.9282¢9 2200000 64.75299

2R,00090 131.%17299 -154.03299
MEM3re FORCES R MOMENTS FOP LOCATING NG,

=203, 7172113 =4D4.K2174 -247,22227

-126.,60425 -131.,01577 -32.72061
-49n.09°7% —4F J6ASTT -236,61479
-L02,7900 -372.c195] ~A16.17775

9. 11540 91.97105 164443971

44C, 30079 €23,08739 751. %4507

=4T735.69141
0.0
1352,09204

NO, 1

-D.00127
0.102113
C.1823%

5%.41207
-132.0%9773%
34.09%0480

~212, 2”174
-o,n1270
-145,23517
744,591 4%
231,55913
930412922



MATRIX ANALYSIS OF MULTIPLE HIGH TOWER FRAME WITH SIDESWAY

by

YUNG-TSENG CHUNG

Diploma, Taipei Institute of Technology, 1972

AN ABSTRACT OF A MASTER'S REPORT

submitted in partial fulfillment of the

requirements for the dégree

MASTER OF SCIENCE

Department of Civil Engineering

KANSAS STATE UNIVERSITY
Manhattan, Kansas

1976



ABSTRACT

The purpose of this report is to show how to solve a multiple high
tower sidesway frame with different cross sections using the matrix method
of analysis. This method is based on the following assumptions: (1) Struc-
tures, such as beams, trusses and rigid frames, are defined as assemblages
of structural elements joined together at a finite number of discrete
points; called nodes, and loaded only at these points; (2) In analyzing
rigid frames the effect of the change in the length of any member on the
joint displacement, due to the presence of an internal axial force in it,
is negligible.

In a rigid frame with n degrees of freedom in sidesway, n displacements
at n joints need to be assumed and the displacements of all joints may
then be determined in terms of these n unknown displacements. This may be
conveniently done by making a sketch of the joint-displacement diagram,

The advantages of the displacement method are that it permits the
use of the same procedures for analyzing statically determinate structures
and statically indeterminate structures and it is much easier to form the
displacement-transformation matrix of the structure by the direct stiffness
method for complicated structures. The high tower frame is first solved
by the matrix method, then checked by the slope-deflection method. Also
the solution is worked out with the help of a computer program which was
written as a part of this report to check the results, This computer
program is shown in Appendik A, Finally, the solution obtained by this
computer progran agreed-with the results computed by the slope-deflection -
method, the matrix method and another computer program (Appendix B)
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