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CHAPTER 1
INTROLUCTICN

Since the atom is a microscopic quantity, its properties
cannot be determined using macroscopic measuring devices
directly. One way to investigate the atom is to probe it
with a particle that is of the same relative size. In an
atom-icn collision, this particle is a fast moving ionic
projectile, It is incident upon the target atom to be
investigated, usually at some known energy, trajectory
and charge state., As the projectile passes near the atom,
it is deflected from its original path, At the same time
some of the electronic properties of the atom and the ion
may be altered., Studying the results of the collision
reveals information about the structure of the target and
the forces of interaction between the two systems,

The quantity that is measured in an afom—ion collision
is the total cross section. It is proportional to the
probability that if the projectile is in a particular
initial state, its interaction with the target will cause
a transition into a particular final state, Two transitions
of interest are excitation of a projectile electron into a
higher energy level, and ionization of a projectile electron
into the continuum, Extensive work has been done in the
calculation of both excitation and ionization cross sections,
It has been shown that there is another type of transition
that occurs. This is known as electron capture or charge

transfer.



Electron capture is a rearrangement collision in which
one or more electrons initially bound to the target atom
are, upon collision, transferred to the projectile., This
process is believed to be significant in many aspects of
physical research as well as in the study of the structure
of the atom, One such aspect is astrophysics. Since
multiply charged ions are present in the interstellar medium,
along with neutral hydrogen and helium atoms, if charge
capture reactions are rapid at the thermal energies of the
medium, they play an important role in reducing the fractional

abundance of such ions.1

Then charge capture must be included
in calculations of models to be compared with observed
physical conditions of the interstellar medium,

Louisell et, al.2

have applied charge transfer to the
development of an x-ray laser, The process they propose
invloves passing a beam of bare nuclei through a target
and capturing electrons into a particular excited state.
Then population inversion will cause the stimulated emission
of x-rays of a particular wavelength, Sweeping the ions
along a foil at speeds near that of light will cause the
radiation emitted from the first ions to stimulate radiation
from the inverted ions arriving along the foil later. Hence
charge transfer could provide a mechanism for pumping of the
required excited-state population,

The role of charge exchange in nuclear fusion studies
is discussed by Crandall et, al,’ It is significant in such

proﬁerties as charge-state distribution, resistivity and

energy transfer, It is believed that charge transfer
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between multicharged impurities and neutral particles injected
into a plasma may ve instrumental in stopping the injected
beam at the outer edge of the plasma, thus destroying the
needed plasma heating. Klinger et. al.h emphasize the need
for the charge transfer process in the ion source extraction
region of heavy-ion accelerators, This process, in which
atoms are repeatedly stripped of electrons while being
accelerated, has opened new possibilities in the design of
high energy, heavy-ion accelerators.

Since the range of application of multiple charge capture
is so broad, it is important to develop a suitable formalism
for the collision process, Much work has been done in the
calculation of first order single charge capture cross . -
gsections. Since the transition matrix is too complicated
to solve exactly, one must approximate the initial and final
wave functions and the perturbing potential used, Several
attempts have been made to calculate single capture cross
sections that closely agree with those experimentally measured.

OppenheimerS. in 1928, and Brinkman and Kramersé, in
1930, calculated cross sections for a single K-shell electron
of hydrogen captured into the K-shell of a proton, They used
the product of a plane wave and a bound state hydrogen
wave function for their initial and final wave functions,

This is the first Born approximation. They argued that the
internuclear potential should not have an appreciable
effect on the probability of charge capture since its only
effect seems to be a slight deflection of the projectile,

Their total interaction potential, then, is the Coulomb



attraction between the projectile ion and the electron to
be captured, When compared to experiment, their results
seem to bave the right shane, but are toc large by a factor
of four near incident energies of 100 KeV, and even larger
at smaller energies,

Jackson and Schiff’, in 1953, and Bates and Dalgarno,®
in 1952, used the sum of the projectile-electron and the
projectile-target nucleus potentials as the perturbing potential
in their calculations., They argued that since charge capture
is a three body problem involving non-orthogonal initial and
final states, the internuclear term is not negligible,
Combining this with the first Born wave functions, they
obtained cross sections for protons on hydrogen that were
in better agreement with experiment than those of Oppenheimer
and Brinkman and Kramers.

9 is used by Bassel

A distorted wave Born approximation
and Gerjuoylo in an attempt to reconcile the problem of
whether or not to include the internuclear potential. The
result of their use of the total interaction potential
(electron-projectile and nuclear-nuclear interactions) and
the plane wave limit to the distorted wave Born approximation
in the transition matrix turns out to be the same as using
the plane wave Born approximation wave functions combined
with the difference between the instantaneous and average
interaction potentials. This does not depend on the inter-
nuclear term directly. Their total cross sections for .

charge capture of a single electron from the ground state

of the hydrogen atom to the ground state of the incident



proton is in best agreement with experiment of the three
procedures presented,

Bates11

, in 1958, approaches the problem from a different
point of view., He recognizes that the inclusion of the
dubious internuclear potential does in fact improve agreement
with experiment, but explains that the reason for the
jnclusion is unsatisfactory. The internuclear potential
should have little effect on the total cross section especially
for fast moving projectiles, He shows that one needs rather
to be concerned with the problems of the non-orthogonality

of the initial and final states and with the incongruous

fact that the choice of the zero point potential alters the
total cross sections, His final results are very similar

to those of Bassel and Gerjuoy but the physical interpretation
for his calculations is a bdit more palatable,

First order calculations have been extended to single
capture involving arbitrary projectile and target charge
states as well as capture into higher energy levels for a
wide variety of incident energies, A summary of these
results for hydrogen targets has been compiled by Tawara
and Russek.12 More general results are reviewed by Betz.13

Only recently has any attempt been made to develop a
formalism to calculate multiple capture cross sections., It
is known that double charge capture is the dominant process
for resonant systems at low energies, In the case of alpha
particles on helium, double capture cross sections are almost
an érder of magnitude larger than single capture cross sections

14

at energies of about 10 KeV, Crandall ef?, al.3 have shown
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that in this energy range, double capture is also the dominant
process for C+a on helium,

Even though multiple charge transfer is accepted as
an important process, and a great deal of experimental data
for multiple capture is available, few theoretical calculations
have been attempted because the interaction is too complicated
to be dealt with using previously developed techniques,
Gerasimenk015 has calculated double capture cross sections
by protons from helium using the first Born approximation,
His results are two orders of magnitude higher than experimental
values, Roy et, al.16 used an impact parameter formalismi?
to calculate the same cross sections. They too get poor

18 investigate

agreement with experiment, Biswas et, al,
an integral approximation to the three state close-coupling
formalism for protons on helium, They get excellent agreement
with experiment for incident energies from 5 KeV to 1 MeV,
This agreement is not well understood, however, since their
method is the wave treatment counterpart to the impact
treatment of Roy et, al. and one would expect similar results,
C. D. Lin19 uses a three state close~coupling formalism
too, and replaces the interelectron Coulomb interaction by
a monopole term with a screening charge, He extends the
calculation to higher charge states, and gets good agreement
with experiment.

It is the purpose of this thesis to present a different
approach to the calculation of multiple charge transfer
créss sections., The independent electron approximation

developed by Mc Guire and Weaver20 for atomic scattering by



heavy particles will be applied to the case of charge
transfer, In this approximation, the full wave function for
the scattering system is expressed as a product of single
electron wave functions, and the cross sections for multiple
electron transfer are expressed as products of single electron
probabilities, This approximation is independent of the
perturbation theory one chooses to use, This means that all
the techniques considered when dealing with single charge
capture are applicable to the problem of multiple charge
transfer in this independent electron approximation.

The Bates-Born approximation is used to calculate
cross sections for single charge capture from the ground
state of helium atoms to the ground state of alpha particles
in the incident energy range of 0 to 1000 KeV, This calculation
is compared to experiment and the discrepancies noted. Then
charge capture cross sections are calculated for the same
gystem, The discrepancies here are compared to those for
single capture in order to test the validity of the

independent electron approximation,



CHAPTER 2
CROSS SEATTIONS

In a scattering experiment, a target is bombarded

by a monoenergetic beam of particles of known incident
flux, A detector with a finite detecting area is placed
at a particular angle with respect to the direction of the
incident beam., It counts the number of particles deflected
into that angle per unit time. This number normalized by
the incident flux, I, is known as the differential cross
section., Symbolically,

do _ dN(0.9)

dfL I

Classically, the particles approach the scattering

center at a distance b from its center, and are scattered
through an angle, 8, The distance, b, is known as the
impact parameter, and 8 is referred to as the scattering
angle, Since the detector has a finite area, particles
scattered into angles from 8 to 8 + 46 will be detected,

The total number of particles counted per second is then,
dN(8,9) = T bdbdé

and the classical differential cross section is

de  bdbdd db
9wt Tga T d {cos 8)

" The particles-of concern here can be thought of quantum



mechanically as waves, In order to define a quantum
mechanical differential cross section, one assumes that the
motion of the particles involved in the scattering process

may be described by the Hamiltonian
H = Ho + Vi,

where Vi is effective over only a finite range., The incident
partical flux may be visualized as the superposition of
plane waves, The scattering center may be regarded as the
source of spherical waves., The simplest expression for the

incident wave is a normalized plane wave

. 3o ¥
\ljin- He "
where Ei is the initial momentum of the system, T is the
position vector of the incident beam, A is the reduced
mass of the initial system, and A is the normalizing amplitude

such that the intensity of the incident beam is

Asymptotically, the final wave function may be expressed as
the superposition of the incident plane wave and some angular
dependent amplitude times a spherical wave,

-
‘k\"l"

*La = Fle;

The intensity of the beam scattered at an angle 8 is
9 riind

2
Ny - | ey |2 ﬁ

t¥ 9)|a‘“ir“ .

Then the number of particles scattered into the detector
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of area, rzdrl is

dN (8,8) = l¥(e)l"-’;‘7*§i .

Hence the quantum mechanical differential cross section is

= |f@ 1%,

and f(6) is known as the scattering amplitude,
If the perturbation, Vi' is effective over only a
finite range, one may assume it is small in comparison with

Ho and may solve the Schrodinger equation for the system

HY - at\ﬂ

ot

using time-dependent perturbation theory.21

The resulting
transition rate from an initial state Yi to a final state

qu is

Wi = j%?; Be k(q? I\A ‘*a>,lﬂ

For a system with final momentum Ef, and final reduced mass

f&f in a volume Lj, the density of final states is

ﬂtkcL’
pr = e 40

The quantity <~+¢ | Vi ‘ "k) will be referred to as the
transition matrix element or transition matrix and will

be denoted by Tif‘ Then

LT LT

Whig = ° ,_‘ a_.hs
Since the transition rate is equivalent to the number of

particles detected per unit time, the differential cross
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section may be expressed as

£

Since the incident flux was shown above to be

R K
I-= /‘TE
the differential cross section may be expressed in terms
of the transition matrix as follows

3T \a
%%L = lf@*- s e (%} (—éﬁ?) | Toe | .

In order. to simplify the coefficient of the differential
scattering cross section, atomic units will be adopted
here and will be used throughout the rest of the paper
unless otherwise specified, In atomic units, e, the charge
on the electron, is taken to be one unit of charge. The
mass of the electron, Mg is one unit of mass. Plancks
constant divided by 27 , H, is one unit of energy times
time, In this system, the differential cross section is

£ - e ()

v

a

Toe|

A total cross section may be obtained by integration
of the differential cross section over all possible scattering
angles,
am |
de- do
re [ 5E dn e ([ 95 dewserds.
) da JJda

Classically, the total cross section is

r: am §Plo)bdb
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where P(b) is the probability that a particle incident
at an impact parameter b will be scattered into an angle
&y

For transition matrix elements independent of the

azimuthal angle §,

- - %(T“S—U]T; (8)] " (cos 0) in weits of aq,

Two other common forms in which the total scattering cross

section is given are

0= %’( 1).5. IT-JG (9}|a4(c059) n units of ‘N’a}

and
€= (3-7‘?7351 lo'“)'%,'".L( ) S‘TF (9]1 4 cusB\ n umts of it .

It has proved usei‘ulzz’23 to obtain an expression for
total cross sections that depends quantum mechanically
on impact parameter rather than scattering angle. This
is accomplished by expanding the transition matrix in

partial waves, That is,

Tie () = ( e )1 i(un)alﬂ(mse).

ﬂﬁ‘kki =0
Then
"ar o0
0= %k 21 (ag+1) la,_|a.,

fz20
where a, ig the 1th probability amplitude and P, (cos 8)
ig the 1th order lLegendre polynomial, Multiplying both
sides of the above expression for Tis by Pll(COS 8) and

integrating over all angles, one finds that
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0o = (ﬂ%ﬁ)&j Tas (8) P, (cos0) d (cos ®).

o

For heavy projectiles, large values of 1 dominate,
and the only non-zero probability amplitudes are those for
1 on the order of ki times b, Also for large 1, PI(cos e)
may be approximated as the zeroth order Bessel function

with argument 1 times 6, Then P(b) becomes

Plb) = lau|?- Lﬁ%x—k" l_S:‘E; (8) To (kibd) d (cos ©) IQ .

One may now compute cross sections by integration over

impact parameter or scattering angle provided the transition

matrix element can be evaluated for the system of interest.
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CHAPTER 3
APPROXIMATIONS

3.1 The Independent Electron Approximation.

20 to be

In the independent electron approximation
described below, the target atom is treated as a collection
of electrons which independently interact with the projectile,
During the time of collision, the interaction between the
projectile and a given electron neither affects nor depends
on the other target electrons. The non-participating electronic
wave functions are not used in the calculation., One approach
to multi-electron transitions is to calculate single
transition probabilities then to use the product of these
single probabilities to calculate multiple transition
probabilities.

Consider a particle of charge 21. incident on a target

with 22 electrons, The wave function for the full system,
\Y-b-o-r > . . v
(R,rl.rz....rzz), is a solution of the Schrodinger equation

NEEF 24

Here, R is the projectile position vector and T4s Tpseesly
2

are the target electron coordinates, The full Hamiltonian is
*

2 'y
Mega + K “iﬁ*§{%‘%+zlﬁl-ﬁl}

3

2 .
. KE+Vt+§V&-§+HT‘
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-
where KE 5%57 , is the initial kinetic energy of the systen,

<
1}

& 1??‘ » is the Coulomb attraction between the

projectile and the target nucleus,

Vij T:EQ:T. is the Coulomb repulsion between the
-v.
J

)

projectile and the target electrons,

[ a
and ]-[T = i {—P—'I- ga'-l- -I-_-—Y;-\} » 1s the Hamiltonian

3=\ 1 &>
of the unperturbed
target atom,

The perturbing potential, then, is

z za i. ?.. i
V., = . =V » v te
: R i |R- ;!1[ .~

In order that the electrons be uncorrelated, the full
wave function must reduce to a product wave function. This
is done by making two assumptions, First assume that the
total asymptotic wave functions, initially and finally,

are product wave functions, That is

Y. (R2, %, F;J -4 R W 4’ (r)
(R ) -t R) T & ().

For this to be true, correlations in the target wave function

and

are ignored, This corresponds to the replacenent of the term

2
1§r—?~T by an effective potential Efv (r ), so that HT
7k SRl

is the sum of single electron terms,
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The second approximation is that —3-&1— commutes with
all other terms in the full Hamiltonian, H. This treats the
prcjectile motion classically., It also guarantees that Ti
evolves as a product wave function because the evolution
oper'al.'l:or,_ﬂ,(‘!:i,‘c:z).zl’L factors into a product of single
particle terms, For example, in the Heisenberg picture,

with T the time ordering operator,

Nt ta)= Tewp {- H(ﬂc\’c}
= Texp {" 5 (3#' *Ve (R)*'i(\le_ﬁ HJT“J’C}
-’Te%P{ Jh e
= Np (t,,ta) ;n: ﬂ_"(t..,ta.).

Ew +v..\4t} ¥ Top 4§ Ve dt)
This is due to the fact that exp(A+B+C+..,) = eAeBec...
if and only if the commutation relations, [ i (B,C].
[A,C] etc, are zero,
The probability amplitude, ﬁ.if. corresponds to the
projection of the vector ﬂ.(-',“)ﬂ’;) representing the full
state evolved from Hﬂ? , onto a particular final state

<T;l. This becomes a product of single electron probability

if
J [ ]
provided ﬂf and Yi are orthogonal, That is

A (%(ﬁ)ﬁcb(r)lﬂ( JOIR A R)’Tf'(b wﬂ)
AR E RV <¢j(vp\n;, 4 (%)

za. 33
Jﬁ

amplitudes, a in the independent electron approximation

JS‘

J..O
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where j = 0 corresponds to the internuclear term,
If one isolates a particular transition, s, and sums

over other electron activity;, the total cross section is
o i§ 2 2 ie 1 g
e -anfloll*  Tlaf*bdb
2‘ J%s
W
*am { las [* bdb,

since Z;jaéflz = 1, according to conservation of electron

probability,
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3.2 The Bates-Born Approximation.

The next step in the calculation of multi-electron
capture cross sections is to find an approrriate method
for calculating single electron probability amplitudes,
If one were to follow the accepted procedure for calculating
the transition matrix in the wave picture and the first Born
approximation, when dealing with ionization or excitation,
one would choose the initial wave function to be the product
of the unperturbed bound state wave function of the target
and a plane wave dependent on the initial relative momentum
of the system and its corresponding relative position vector.

That is
Ti = q)"t-‘ae) eﬂ-‘.'Ra ]

Similarly one would choose the fianl wave function of the
system to be the asymptotic final wave function which is the
product of the final bound state wave function and a plane
‘wave dependent upon the final relative momentum and its

corresponding relative position vector, Hence
i -
- %&;'R#
\¥%= ¢¥(ﬂ;}e .

In both \Pi and Tf. the translational motion of the
electron is neglected because it is attached to a moving
nucleus, These wave functions along with Vi. when inserted
into the transition matrix, should lead to cross sections
for single electron capture,

11

" Bates” = points out, however, that if one were to add

to V.

g0 any constant function of R, the transition matrix,
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hence the cross section, would be altered. This is not
acceptable since the choice of the zero point potential should
not affect the outcome of the calculation, This ambiguity
arises because, using the above method, one has ignored the
fact that in charge capture, ‘#1 and ‘l’f are not orthogonal,
This non-orthogonality would alsoc rule out the application
of this independent electron approximation to charge transfer,

Bates accounts for the non-orthogonality of the initial
and final states by expressing his full wave function as
the sum of Ti’ Tf and a term, T, orthogonal to both 4’1
and ¢f. This is equivalent to a Gram-Schmidt orthogonal-
ization of the initial state vector (Tj_‘ to the final state

vector ‘\Pf> at each internuclear separation R. That is

180 -lo%)- SRR

Implicit in this expression for |O‘P f> is the neglection
of all terms not involving the initial and final bound states,
Backcoupling is neglected, This assumes that the amplitude
of the scattered wave is much much smaller than the ampli-
tude of the initial wave, Bates also assumes that for
aufficiently high velocities the perturbation of the atomic
eigen-energies, 5 s 1s small,

Having made these assumptions, \':Pf> is replaced in

the transition matrix by ]Oq’f). and one obtains the

§¢>’

result

Vi= U
Tee (& 1550

where



20
Us = (& Lvs] &7

is the average interaction potential, and

\S\a * \(‘Esl‘faﬂa’.

Since \S\2¢<1 for high velocitiesz5, it will be neglected
in this calculation., The transition matrix that will be

evaluated is

T {Te L Vi- WL T ).

This approximation will be referred to as the Bates-
Born version of first order perturbation theory. It is
equivalent to the expression used by Bassel and Gerjuoylo
in their plane wave limit to the distorted wave Born approx-
imation. Note that since the effective perturbing potential
is now the difference between the instantaneous and average
interaction potentials, there is no longer any dependence

of the transition matrix on the choice of the zero point

potential,
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3.3 Application to Multiple Electron Capture,
Combining the Bates-Born approximation with the

independent electron apnroximation, one may now deal

with the problem of multiple charge capture. Without them
the initial and final asymptotic wave functions are not
orthogonal and the evolution of the initial system does not
remain an uncorrelated product of single electron wave

functions. Since one expresses l‘f’&) as |O‘P¢), such that
(BIOB) * 8,

all assumptions made in Section 3.1 are true and the
probability amplitude does reduce to the product of single

electron probability amplitudes,

WA o it
J L)

j': [}

Since Pj(b§ = \a%flz. the probability for charge capture of
the jth electron is Pj(b), and the probability of not
capturing the kth electron is 1 - Pk(b). The cross section

for capture of the sth electron is
7 7
¢ =2n)p () (1-P,(b))bab.
o S 1% J

As an example, let P1 = P2 = P be the probability
of the capture of a single electron from a helium atom.

Ther the single capture cross section is

o
0y 2ﬂJ{Pl(b)(1-P2(b))+P2(b)(1-P1(b))]’bd‘o

Q“IP(b)(i-P(b))bdb.



The cross section for double capture from helium is
o0
0'2 = 2w£P1(b)P2(b)bdb

o9
= 2§ P2(b)bav,
Q

22
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CHAPTER 4
CALCULATION OF SINGLE TRANSITION PROBABILITIES

In order to calculate multiple charge capture c¢ross
sections, from the ground state of the target into the
ground state of the projectile in the Bates-Born and
independent electron approximations, one needs to evaluate
the transition matrix for single charge capture. This was

shown in Section 3.2 to be
T = <§'$1Vi'u'1"{)i>.

Before this can be solved, the system must be defined
and some relationships developed. Assume the incident
projectile has mass Ml' charge Z1 and incident velocity'?i.
The target has mass Mz;and effective charge ZZ' The
electron is initially bound to the target and has mass 1
and charge 1 in accordance with atomic units.

The initial reduced mass of the system is Ai and the

final reduced mass of the system is /4f where

M, (M, +1) M (M, +1)
_ A% aid _ T2\
/“i - M1+M2+I ﬂf - M1+M2+i ‘

The reduced mass of the target initially is a. The final

reduced mass of the projectile is b, where

M1 Mz
a= —EE;T and b = —EE;T .

The coordinate system chosen to describe the interaction is
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shown in Figure 1, Here R is the vector Trom the projectile
to the target nucleus, The coordinates from the projectile
to the electron and from the target to the electron are
?ie and ?ée respectively. The coordinate from the center
of mass of the initial target atom to the projectile is

ﬁ. and the coordinate from the center of mass of the final

ll
projectile atom to the target nucleus is ﬁf. Then

o - - -q - - —-— -__.
Ri — brze rie and Rf = ar1e r29.

The initial relative momentum of the system islgi.

b

but v = v, since initially the

- -
ky = HMiVrelative’ relative
target nucleus is assumed stationary, The final relative
momentum of the stsrem is E}. Let the initial and final
binding energies of the system be BE; amd BE, respectively.

Then since the energy of the system must be conserved,

ke = {/'(f[ki/ﬂi + 2(BEg - BEi)‘]} W2,

The center of mass scattering angle, 6, defined as the
angle between the initial and final center of mass momenta,
is the same angle as that between the initial and final

relative momenta, hence, one may define 8 as

Kok
& = cos '1{———1]; kf].
1

A normalized hydrogenic wave function for an atom of
charge Z and electron positioned a distance r from the

nucleus is

1/2
u(r) = [%;} e~2T .
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PROJECTILE

F—

TARGET
ELECTRON

FIGURE 1,

The coordinates for charge capture,

I is the center of mass qf the target and electron.

F is the center of mass of the projectile and electron.
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The initial wave function of the system is then

ik R 2 3112 i%.R. -zr
- i™i 2 1“3 2" 2e
?i = @ u(rze) {—T\‘ } 2 e

The final wave function is

-iE R 2, 3|V/2 R R, -2,r
?f=e £ fu(rle) ={—,}f—] g T Ty b A8

The difference between the instantaneous and average

potentials in terms of the system defined above is

g ~ U=V - Sdrze u(rye) Vi ulry,) .

This has been evaluated in Appendix 1, To order of Mz'l,

the resulting potential is

s

Then - -
- - * ik Ry ik, Ry
Tif=5dr135dr2e u(ry,) e (vy - U;) e u (ry,)
- - - - -y -
% - * -i(k,-ako)*'Tr 1(bk,=ks) T,
= Sdriejere u(rie)e L 19(V1-U-i)u(r2e)e Lf ?-
- - -+ - - e - h
Let A = 3 akf and B = bki - kf . Then
.3 33
- - % - 'rle 1 'rze
Tse = Sdriegere u (rle) e (Vi-Ui) u(rze) e .

IBK + IJS + IEG.
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IBK is the transition matrix used by Brinkman and Kramers

in their single capture cross section calculation,

ikeT iBer

= (» i T1e 1 "T2e

IBK = -Zijdrlegdrze u (rie) e -;i-e- u(rze} e )
6,23,26

This has been evaluated by many authors and is

found to be

IBK = -3211'(2122)5/2 (2,2 + 4% (222 + g2y~

]

where Aa = IIIZ and 52 = |§|2 . Jackson and Schiff use
the sum of IBK and IJS in their transition matrix, where

-ikeT iBe 7
15s = z,0af, (a¥, uiirg) e % ou(r,)e 20,
The transition matrix used in the approximﬁtion of Bassel
and Gerjuoy is the sum of IBK, IJS and IBG, where

- -
'A'rie[l

- -
gt Z,1 e u(rze)e .

- -+ %
IBG and IJS will be evaluated in Appendix 2, Due to the
complexity of their results, they will not be repeated
in the text of this thesis,
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CHAPTER 5
RESTULTS

Since the calculation of double electron capture
cross sections, in the independent electron approximation
used, is explicitly dependent on the scattering amplitudes
used when calculating single capture cross sections, it is
imperative that one verify that these amplitudes are correct.
Hence, the first calculation made was an attempt to reproduce
the differential cross sections computed by Bassel and Gerjuoy
for single capture from hydrogen into protons incident
at an energy of 25 KeV, Agreement would guarantee the correct
expressions for IBK, IJS and IBG, except for the charge
dependence, One could then assume the algebra that is
included in Appendix 2 but omitted from the Bassel and Gerjuoy
paper is accurate, The computer program used in the calc-
ulation is presented in Appendix 4. The comparison to the
results of Bassel and Gerjuoy is shown in Figure 2,

Unfortunately, the comparison was not successful, The
differential cross sections for the Jackson and Schiff
approximation is identical to present results, The Bassel
and Gerjuoy curve, however, differs appreciably as A increases,
The algebra has been rechecked a number of times, and the
computer program has been carefully reexamined, The final
conclugion reached is that the results presented by Bassel
and’Gerjuoy differ from present results,

Luckily, the discrepancies in the angular distributions

do not affect the total cross sections appreciably, This



FIGURE 2
Differential electron capture cross sections

for protons on hydrogen at 25 KeV,

, present and Bassel and Gerjuoy calculations
in the Jackson and Schiff approximation.
——me—m———— » bresent calculation in the Bassel and |
Gerjuoy approximation,
=+=e=s=e=, Baggel and Gerjuoy calculation in the

Bagsel and Gerjuoy approximation,
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is due to the fact that the error occurs after the differential
cross section has fallen off more than two orders of magnitude,
This causes error of less than one per cent in their teotal
cross section calculation, This can be seen in Figure 3.
Here the total cross sections for 25 KeV protons incident
on hydrogen are presented for the Brinkman and Kramers,
the Jackson and Schiff and the Bassel and Gerjuoy approx-
imations as calculated by both the author and by Bassel and
Gerjuoy. Only three curves are shown because these resultis
are identical to one another,

After a careful check of the charge dependence of the
transition matrix, single charge capture cross sections were
computed for the capture of electrons from the ground state
of helium to the ground state of alpha particles, This
calculation was made for incident energies from 0 to 1,000
KeV, The masses used are M1 = Mz = 7344,0, which is four
times the mass of a proton in atomic units, The charge on the
projectile is 2y = 2,0, The effective charge on the target
due to screening of the nucleus by the electrons present is
Z, = 1,618, The initial and final binding energies used
are the ionization energies for a helium atom, 24,587, and for
He*. 54,4, respectively.

These resulting cross sections are presented in Figure
L where they are compared to the experimental results compiled
by Barnett et. al.iu for capture to all energy levels, At
high velocities, when the projectile electron velocity is
mucﬁ greater than the velocity of the orbiting electron, the

3

capture cross sections are inversely proportional to n



FIGURE 3
Total single capture cross sections

for protons on hydrogen,

, Brinkman and Kramers approximation,
cememae-=, Jackson and Schiff approximation.

ey=t=t=s=, Bagsel and Gerjuoy approximation.
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FIGURE &4
Total single electron capture cross sections

from helium atoms by alpha particle projectiles,

» Experimental data of Barnett et, al,

» Theoretical results from present calculation,
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where n is the principle quantum number.26 Then one expects
that twenty per cent of the experimental result is due to
capture in*s higher energy levels, Multirlying the present
result by 1.2 would result in excellent agreement with
experiment for higher energies,

For smaller incident energies the comparison becomes
less and less agreeable, This is expected for any number of
reasons, First the percentage of higher level transitions
increases.27 The significance of the omitted backcoupling
and lSIz term becomes larger and larger as the energy decreases,
Finally, there is persuasive evidence that the second order
Born calculation becomes appreciable and may even dominate
as the energy becomes small.za'29
The computer program used to compute both the single
and double capture cross sections is presented in Appendix 3,
The square of the probability amplitude for single capture
is the basis for double capture in accordance with the
independent elec*ron approximation. The results of this
calculation, in which the same parameters were used, is
shown in Figure 5. The experimental data to which it is

compared is also a composit by Barnett et, al.Iu

A comparison
shows the theoretical calculation falls farther below the

data than for the case of single capture., This is expected
since the percentage of higher level transitions is twice as
large for this case, That is only 60% of the total transitions
are'attributed to 1s to 1s capture, Also some disagreement

may be due to the use of the single capture binding energy,

This corresponds to the assumption that the collision process



FIGURE 5
Total double electron capture cross sections

from helium atoms by alpha particle projectiles,

, Experimental data of Barnett et, al.

, Theoretical results from present calculation,

37



DOUBLE CAPTURE CROSS SECTIONS IN CIM?2

38

. i | | I T
10 |- =3
- He + He—=He’ 1
k. -
|._
I O“l?_
s
IO-IB .
| | ] | |

| | [ |
400 600 800 1000

2C[)O
ENERGY (KeV)



39
occurs too quickly to allow the target atom to readjust

after the first electron has been captured.

Then the agreement with experiment achieved for the
double charge capture process does follow the same pattern
as that for single capture, It is good at high energies
and falls farther below the data as the energy decreases,
One may then conclude that the independent eleciron approx-
imation used is a valid one,

Several calculations have been made for K-shell to
K-ghell capture for this system using the close-coupling
technique., The results of one approximation using three

19 are compared to the

state, two center atomic expansion
present results in Figure 6, Here it can be seen that

agreement with experiment is comparable or even better than

the close-coupling calculation at energies above 600 KeV,

but worse for low energies, This is attributed to an inadequacy
in the single capture calculation rather than the breakdown

of the independent electron approximation.



- g =g -.-'

FIGURE 6
Total double electron capture cross sections

from helium atoms by alpha particles.

Experimental data of Barnett et. al.
Theoretical results from present calculation,

Theoretical results from Lin,
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CHAPTER 6
CONCLUSTION

The independent electron approximation of McGuire
and Weaver has been tested for double charge capture from
the ground state of a helium atom intoc the ground state of
an alpha particle of high incident energy. The difference
between the instantaneous and the average interaction
potential was used as the perturbing potential as in the
approximation of Bates, The wave functions used were those
dictated by the first Born approximation.

The resulting cross sections for double capture were
compared to erperimental results and the discrepancies were
noted, These differences turned out to follow the same
trend as the comparison made for single capture., This led
to the conclusion that the discrepancies were due to the
weaknesses in the probability amplitude computed., Then the
independent electron approximation has passed the test and
has been deemed a worthwhile approximation to use when
dealing with the complicated reaction of multiple charge
transfer, _

Since it has proven to be worthwhile, a thorough
investigation into the limitations of the approximation
would be advantageous. For example, the comutator terms
that were neglected could be evaluated to see if they are

truly as small as rough estimates indicate, The choice of
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the effective inter-electron interaction potential could
be investigated to see if there is a better way of expres-
sing it than the one used,

The applications of the approximation are numerous,
Cross sections for higher target and projectile charge states
are a minor perturbation of the calculation already done,
Capture of more than two electrons is obtainable, Capture
into higher energy levels could be computed as well for
multiple charge transfer, Computations could be made com-
bining multiple charge capture and multiple ionization cross
sections. The second Born terms could be computed for
multiple charge transfer as well,

These calculations among others are now conceivable
in a simple way since this independent electron approximation
has been shown to give results that are in reasonable agreement
with experiment and with theoretical results that are much

more complicated to compute,
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APPENDIX 1
THE DIFFERENCE BETWEEN THE INSTANTANEOUS AND AVERAGE POTENTIALS

In order to arrive at the form of the Bates potential
used in this calculation, the exact form of the interaction
potential is evaluated here., The result is then approximated
to order Mz'i, where M2 ig the target mass, in order that
its use may be facilitated.

= 1
i R

T1e

Uy =<u(rze) l vy | u(r28)>

A

Z Z,2
=<u(r28) - -1-_-;-1- u(r23)>+ <u(rze) -1—R—2- u(r26)>
e

1/2
| _ z,” “Zr3,
u(rze) = ";ﬁ— e .

Generally, using a standard expansion in terms of Spherical

Harmonics, Y, (8,4),

1
#-1. | Lx =& * 6,4
|¥-8] 7" = ) o r>1+1 Y@ )Y (0,8,

lr,'ﬂ
where r; is” the lesser of r and R and

ry is the greater of r and R,

Since only 1s to 1s transitions are of concern, 1

m= 0, and YOO(B,M = 1/[Lx,
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|28 = %"1- (8, 4)Y,0(8,8) = 1

K

Then specifically, l'r"':lel"“L = l'ﬁl - bi-'zel"I = I/r, where

b= ME/(M‘.2 + 1) and r, is the greater of R and bry,. Then
ax v o

2 3
r pA =2Z.T
Uyq = <24 jjj Ty ( ,",) e dr, d(cos 8)d}
oD

2
r -2Z,r
o

>
where r = Ri if brze< Ri
or ry = brze if br2e> Ri.

Let Zzzrze = X, Then

X dx
r T o LY dr 2 e——
2e 2 5 2e 22
bx bx bX
and x)—Ri iszE<Rl or x,—ﬁzif EZ-E>R1 .

= -Zl{ H’; -e * 5 T ﬁ: .

Similarly lﬁ\'l = lﬁ’l + g;Zel-I = 1/r> where g = 1/(1*,12 + 1)

and r, 1is the greater of R and grpge
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dr, d(cos 6)d¢

Then w1 © 3
- r2e ZZ 7222r2e
i2 N i

|
N
N
OL_.——-—-‘
;\_’-\

2

4-5 Toe =2Z5Tp, |

47,2, ) 2= dry,
(=]

This is the same integral as evaluated in Ui1 except for

the constant -Zz, and now

R = Ri if grog ¢ Ri or I, = gry, iz 8T, Ri .

)

So that with b replaced by g,

_ 1 '(232Ri)/g 1

i

o
UQ'NN

Then the average interaction potential is

U; = Usq * Uso

1

2 1 -222Ri(M2+1)/M2 1_+22(M2+1)
"4\ R, " © Ry T M, JI°

1 1

Now, since M, » 1, the exponential, exp[-ZZ(M2+1)Ri is very
small and the term containing it may be neglected altogether
from the expression for U;. To order of Mz'l. the quantity
(M2+1)/M2 is approximately equal to one. For large M,,

Ri is approximately equal to R, With these three approximates
all on the order of Mz'1 included, the expression for U; becomes
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QU g ~“F Tl [R"’Zz]-

Then the instantaneous minus the average potential is

This is indeed the potential given as the Bates potential

in Chapter 3.
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APPENDIX 2
CALCULATION OF THE PIECES OF THE TRANSITION
MATRIX CALLED IJS AND IBG

In this appendix the integral forms of IJS and IEBG
will be reduced to closed form expressions., In their

integral form they are

ideT iBeT
g - * -1 .r‘]_ tiB+r
IJS = led;lejdrze u (rie) e e % u(rze) e 2e

and

- =
_ > (> tal1,, \ ~<ZgR e
IBG = -ZlSdrieSArZEu(rie)e (ﬁ+zé)e u(rZE)e .

Note that

-2Z R -2Z R
1 2" 3 \12 2
(E*Zz)e = (1'22 5(‘22‘27)33
Let 222 = y. Then

AT {Ber
_ A\l {» ¥ “lA*T1e 1 _-yR *T2e
IBG = -21(1-22ay drle drze u(rle)e g e u(rZE)e

and IJS is a special case of IBG, That is
= lim _
IJS = y+0 IBG .

Hence evaluation of the integral

- - *
I =‘Sdriggér2e u (rle) e

gives both closed form expressions sought.

-

- = .-

R e~ YR u(r,,) e

' The Fourier transform of e~YR /m 1570
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-yR “ - > x
F(-eR )= 21:25% (p? + y2)~1 o1P°R

1 + 2 2,=1
= dp ( &
E::fj p (p y°) e

i§'§2e 'iﬁ';Ie
e

-+ -t

5 - - ol
since R = r2e rie' Then

-1(%+%)- 7,

- - -
= 1 \a3p2yD)- N\, & e|.= 1(B+p)er,,
I= Z“ZSdp(p +y°) jdrieu(rie)e JerEu(rZe)e

The Fourier transform of the wave function u(r) is
- =
¢O(ﬁ) = jelK'r u(r)dr,
For a ground state hydrogenic bound state wave function of

charge 2,7

3o (K) = 8wl/255/2 {22 + ) -2,
so that

1 wi 2. Dol ¥ + - e d
I = ;ngp(p +y“)™" §, (A+p) ¢, (B+p)

= 2 (2122)5/25d'5(p2+y2) '1[212+(A+p)2] ‘2[222+(B+p) 2]"2.

Let a = Zl. b = 22 and recall y = 222. Then

1= (22,052 5%;%Sd'fa’{(pz-ryz)[a2+u+p)2][b2+<3+p)2]}'1.

The integral

1/ = Jdﬁ {(p2+y2) [a2+(A+p)2] [b2+(B+p)2-]} =1

has been evaluated by Lew1531 to be

P a2 oy =1/2 + (§2-4%)172
I =190 (F oY) 1n f%:—%€5:15%37§ .



where
¢ = [(a-2)% + (2#0)2] [ ()% + ][ ()% + 82]
and
B = y[(a-3)% + (a+0)2] + v(APraPsy?) + a(3BpPey?),
For the calculation of interest, «¥ is greater tha.nF 50
that

et

i 2,1/2
' = imlaept) V2 Lrgiog)
1 - F(d?- P )

Let x = % ¥ - |a2)1/2 .

Using the identitie532

tanh'i(ix) = -itan'l(x)
and
tanh™1(ix) = % 1n.{1ti:} '
1n {%§%§}= -Zitan'i(x) .
Then 1 i 2
I’ = —331(— (-2itan”"(x))

2
gﬂ%— tan'l(x)

2,1/2
il (“_Fz)-uz tm-i{w-ﬁ ) } ,

i
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» 32 382
and bp = 25:1*'33‘%*32%1"3&“-
2
Note that ;3-"54- ;ﬁ;&- = i%g—a :‘_755%-7&— .(b“’t l )

so that bp = op, and
= 16m(z,2, y5/2 1 { (g%) (ep) + ( )ap) + g%g%(gp)
%{. % (pp) + (%%% + %5% g&) (op)}.

Here the calculations of TJS and IBG must part company,
since the definitions of «¥ and P are different in the two
cases, The term IJS will be completed first, Tt has the
same form as I above except that the expressions for a% and

@ are in the limit where y = 0, That is
[(A-»ﬁ)z + (a+b)2] [A +a ][B2+b2] and

P'-b(ﬁ. 2) + a(3%p?) |,

!

Y

The partial derivatives of these with respect to a and b

needed for the equation for I are:

M'g 2a[(K-§)2 + (a+b) ][B +b2] +* 2(a+b)[A ][Bzﬂnz]

ga

-a;'—:'= ZbL(A-B)Z + (a+b)2][A +a2] + 2(a+b)[A2+a2][132+b2]

4
%§5=2ab+32+b2

‘ 2 . 2
-g%r-zaba-a +a

(§%']-— 2(a+b)

(N;) L4ad A-§)2+(a+b) ]+&b(a+b) [A +a] +ﬂa(a+b)[32+b2]

B
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Also for the term IJS, with

/

2 dxl_ Pna amd Z' —— (tt'ta.lpa)')
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] I
ap’ —Eads't' - "a‘it" CEAR

Then with the quantities defined as above,
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AW (o) ¢ A A ()
L 38) .~ 28 3 (o) I

The expression for IBG is a great deal more complicated

due to the presence of the partial with respect to y.
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+ 808 (er ) ¢ BT (o0) H[3E ) (38 8] (o)
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APPENDIX 3

A computer program that calculates single and double charge
capture cross sections from the ground state of a target

atom into the ground state of a projectile., These are given
02, waoz and cm2

Brinkman and Kramers, Jackson and Schiff, and Bassel and

in units of a , in the approximations of

Ger juoy.
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APPENDIX 4

This computer program computes single charge capture

differential cross sections in 'n'aoz

for the approximations
of Brinkman and Kramers, Jackson and Schiff, and Bassel

and Gerjuoy.
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Cross sections are calculated in the independent electron
approximation using the Bates-Born approximation., Based on
the independent electron apprdximation, where electrons in a
multi-electron atom are uncorrelated, the probability for
capture of two electrons is the product of the probabilities
of capture of two single electrons, Probability amplitudes
for single electron capture are computed using the difference
between the instantaneous and average interaction potentials,
This choice has been made because it eliminates the dependence
of the probability amplitude on the choice of the zero point
potential and it effectively orthogonalizes the initial and
final wave functions used in the transition matrix,

Agreement with the literature is obtained for capture
of a single electron for protons incident on hydrogen. The
technique is then used to calculate single and double charge
capture cross sections from the K-shell of helium atoms to the
K-shell of alpha particles for incident energies of 0 %o
1,000 KeV, These results are compared to experiment and

previous calculations and reasonable agreement is obtained,



