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Abstract

The Chevalley-Warning Theorem states that a set of polynomials over a finite field with-

out constant terms has a non-trivial common zero if the number of variables exceeds the sum

of the degrees. In this report, we will prove the Chevalley-Warning Theorem along with one

of its generalizations. This will be done by using the Combinatorial Nullstellensatz.
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Chapter 1

Chevalley-Warning Theorem

In 1932 Emil Artin conjectured that finite fields are quasi-algebraically closed, which means

every non-constant homogeneous polynomial with more variables than degree has a non-

trivial zero. Let Fq be the finite field of q elements. Note that if e1, . . . , en is a basis

of a degree-n extension of the finite field Fq, the norm of e1x1 + · · · + enxn is a degree-n

homogeneous polynomial in Fq[x1, . . . , xn] with no non-trivial zeros. Artin intended for his

student Ewald Warning to prove his conjecture, but he revealed his conjecture to Claude

Chevalley, who was able to prove the result in 1935 [4].

Chevalley’s Theorem [3] states that a finite set of polynomials fj (x1, . . . , xn) over a finite

field Fq without constant terms has a non-trivial common zero (a1, . . . , an) ∈ Fn
q if the number

of variables n exceeds the sum of the degrees
∑
j

deg(fj). Note that the set of polynomials

{x1, . . . , xn} ∈ Fq[x1, . . . , xn] only has the trivial common zero. The purpose behind the

theorem was to establish that any such set of polynomials with a trivial solution must have

at least one non-trivial solution. Warning [10] in 1935 was able to expand upon the result

and discovered that the number of solutions must be divisible by the characteristic of Fq.

We first will prove the Chevalley-Warning Theorem for a single polynomial:

Theorem 1.1. Let q be a prime power, and let f (⇀x) ∈ Fq[x1, . . . , xn] be a polynomial

of degree d. Let Nf denote the number of distinct roots of f (⇀x) in Fn
q . If n > d, then
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char (Fq) |Nf .

We will roughly follow the proof of the Chevalley-Warning Theorem from Ireland and

Rosen [7] and Greenburg [5]. First, we must establish an important property.

Lemma 1.2. Let m ≥ 0. Then in the field Fq, we have

∑
x∈Fq

xm =


0, if m = 0,

−1, if (q − 1) |m and m > 0,

0, if (q − 1) ∤ m.

Proof. Trivially, we have that
∑
x∈Fq

x0 = q = 0. Suppose m = (q − 1) k where k ∈ N. Then

by Lagrange’s Theorem, we have

xm = x(q−1)k =


1, if x ̸= 0,

0, if x = 0.

Thus,
∑
x∈Fq

xm = q − 1 = −1 in Fq. Lastly, suppose (q − 1) ∤ m. Then, there is some element

y ∈ Fq\{0} such that ym ̸= 1 in Fq. Let z = xy−1. Thus, by rearranging variables, we have

∑
x∈F×

q

xm =
∑
z∈F×

q

(yz)m

= ym
∑
z∈F×

q

zm

= ym
∑
x∈F×

q

xm.

Thus, (ym − 1)
∑
x∈F×

q

xm = 0. Since ym ̸= 1, necessarily
∑
x∈F×

q

xm = 0 in Fq. Therefore, we have
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shown that

∑
x∈Fq

xm =


0, if m = 0,

−1, if (q − 1) |m and m > 0,

0, if (q − 1) ∤ m.

Now, we shall prove Theorem 1.1.

Proof. Let char(Fq) = p. Notice that in Fq, by Lagrange’s Theorem we have

1− f (⇀x)q−1 =


1, if f (⇀x) = 0,

0, if f (⇀x) ̸= 0.

Thus,

Nf =
∑
⇀x∈Fn

q

(
1− f (⇀x)q−1)

≡ qn −
∑
⇀x∈Fn

q

f (⇀x)q−1

≡ −
∑
⇀x∈Fn

q

f (⇀x)q−1 (mod p).

Then, if
∑
⇀x∈Fn

q

f (⇀x)q−1 ≡ 0 (mod p), we will have that Nf = pm for some m ∈ N ∪ {0}.

Since the degree of the polynomial f (⇀x) is d, then f (⇀x)q−1 is a polynomial of degree

d (q − 1). Thus, we can write f (⇀x) as an Fq-linear combination of monomials xi1
1 · · ·xin

n

where 0 ≤ i1+ · · ·+ in ≤ d (q − 1). Consider such a monomial xi1
1 · · ·xin

n . If ij ≥ q− 1 for all

j ∈ {1, . . . , n}, then we would have i1 + · · · + in ≥ n (q − 1) > d (q − 1), which is a contra-

diction. Therefore, necessarily there exists some ij such that ij < q − 1. For 0 ≤ ij < q − 1,
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by Lemma 1.2, we have
∑
xj∈Fn

q

x
ij
j ≡ 0 (mod p). Then,

∑
⇀x∈Fn

q

xi1
1 · · ·xin

n =
n∏

ℓ=1

∑
xℓ∈Fq

xiℓ
ℓ ≡ 0 (mod p)

since when ℓ = j, the sum is 0. Therefore, since the sum over each such monomial is

congruent to 0 (mod p), we have Nf ≡
∑
⇀x∈Fn

q

f (⇀x)q−1 ≡ 0 (mod p).

We can expand upon this result to handle systems of polynomials.

Theorem 1.3. Let q be a prime power. Let g1 (⇀x) , . . . , gm (⇀x) ∈ Fq[x1, . . . , xn] be polynomials

with deg (gi) = di for 1 ≤ i ≤ m, and let N⇀g denote the number of distinct common zeros for

the system of polynomials g1, . . . , gm. Assume that n >
m∑
i=1

di. Then, char (Fq) |N⇀g.

Proof. Let char(Fq) = p. Notice that in Fq, by Lagrange’s Theorem we have for 1 ≤ j ≤ m

that

1− gj (⇀x)
q−1 =


1, if gj (⇀x) = 0,

0, if gj (⇀x) ̸= 0.

Then,

h (⇀x) :=
m∏
j=1

(
1− gj (⇀x)

q−1) =

1, when all gj (⇀x) = 0

0, if any gj (⇀x) ̸= 0.

Thus, in Fq,

N⇀g =
∑
⇀x∈Fn

q

h (⇀x).

Since h (⇀x) is a polynomial of degree (q − 1)
m∑
j=1

dj, we can write h (⇀x) as an Fq-linear com-
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bination of monomials xi1
1 · · ·xim

m , where 0 ≤ i1 + · · · + in ≤ (q − 1)
m∑
j=1

dj. Suppose that

xi1
1 · · ·xin

n is such a monomial. If ij ≥ q − 1 for all 0 ≤ j ≤ n, then we would have

i1 + · · · + in ≥ n (q − 1) > (q − 1)
m∑
j=1

dj, which is a contradiction. Therefore, necessarily

there exists some ij such that ij < q − 1. By Lemma 1.2, we have

∑
⇀x∈Fn

q

xi1
1 · · ·xin

n =
n∏

ℓ=1

∑
xℓ∈Fq

xiℓ
ℓ = 0

in Fq. Thus, N⇀g ≡ 0 (mod p).
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Chapter 2

Combinatorial Nullstellensatz

Many mathematicians continued to improve upon the Chevalley-Warning Theorem over time.

We will discuss one of these generalizations in the next section, but first it is important to

lay a foundation for how this expansion was proved.

The original Nullstellensatz Theorem was first proved in 1893 by David Hilbert [6].

Theorem 2.1. Let k be a field. Let I be an ideal in the polynomial ring k[x1, . . . , xn] such

that the algebraic set V (I) consists of all n-tuples ⇀x = (x1, . . . , xn) such that f (⇀x) = 0 for

all f ∈ I. If p is some polynomial in k[x1, . . . , xn] that vanishes on V (I), i.e., p (⇀x) = 0 for

all ⇀x ∈ V (I), then there exists r ∈ N such that pr ∈ I.

His result was expanded upon by several mathematicians; notably, Noga Alon [1] in

1999 proved two variations. The first version of the Combinatorial Nullstellensatz states the

following:

Theorem 2.2. Let k be a field and g (⇀x) ∈ k[x0, . . . , xn]. Let S1, . . . , Sn be non-empty subsets

of k and fi (xi) =
∏
s∈Si

(xi − s) for 1 ≤ i ≤ n. If g (s1, . . . , sn) = 0 for all (s1, . . . , sn) ∈ S1 ×

· · ·×Sn, then for 1 ≤ i ≤ n there exists hi (⇀x) ∈ k[x1, . . . , xn] with deg(hi) ≤ deg(g)− deg(fi)

and

g (⇀x) = h1 (⇀x) f (⇀x) + · · ·+ hn (⇀x) fn (⇀x) .
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The second version of the Combinatorial Nullstellensatz by Alon, stated below, has more

direct applications to the Chevalley-Warning Theorem. In fact, Alon’s paper used it to

provide a new proof of Theorem 1.3. We will roughly follow the proof by Tao [9].

Theorem 2.3. Let K be a field, d1, . . . , dn be nonnegative integers, and p (⇀x) ∈ K[x1, . . . , xn]

be a polynomial of degree d1 + . . .+ dn with a nonzero coefficient on xd1
1 · · · xdn

n . Then, p (⇀x)

cannot vanish on a set E1 × · · · × En ⊆ Kn with |Ei| > di for all i ∈ {1, . . . , n}.

Proof. For 1 ≤ i ≤ n, since |Ei| > di, we can assume that |Ei| = di + 1. Consider a set

E = {e1, . . . , ed+1} ⊆ K, where |E| = d+ 1. Consider the matrix



ed1 · · · edd+1

ed−1
1 · · · ed−1

d+1

...
. . .

...

e1 · · · ed+1

1 · · · 1


.

Because a nonzero polynomial over a field cannot have more roots than its degree, there

cannot exist a nonzero polynomial adx
d + ad−1x

d−1 + . . . + a0 that is in K[x] with zeros

e1, . . . , ed+1. Thus, there cannot exist a nonzero vector

(
ad · · · a0

)
∈ Kd+1 with

(
ad · · · a0

)


ed1 · · · edd+1

ed−1
1 · · · ed−1

d+1

...
. . .

...

e1 · · · ed+1

1 · · · 1


= ⇀0.

Therefore, the rows are linearly independent in this (d+ 1)× (d+ 1) matrix. Since combina-

tions of these linearly independent columns can form any vector, we can find f (e1) , . . . , f (ed+1) ∈
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K that solves the system



ed1 · · · edd+1

ed−1
1 · · · ed−1

d+1

...
. . .

...

e1 · · · ed+1

1 · · · 1





f (e1)

f (e2)

...

f (ed)

f (ed+1)


=



1

0

...

0

0


.

Thus, for 1 ≤ i ≤ n, we can find fi : Ei → K with

∑
xi∈Ei

fi (xi)x
w
i =


1, if w = di,

0, if 0 ≤ w < di,

where |Ei| = di + 1. Also,

∑
⇀x∈E1×···×En

f1 (x1) · · · fn (xn)x
w1
1 · · ·xwn

n =
n∏

i=1

∑
xi∈Ei

fi (xi)x
wi
i

=


1, when all wi = di,

0, if any 0 ≤ wi < di.

Recall that the degree of p (⇀x) is d1 + · · · + dn. Then, let p (⇀x) =
∑
⇀w

a⇀wx
w1 · · · xwn

n with

ad1,...,dn ̸= 0, and note that for any other nonzero coefficient a⇀w, we must have wℓ < dℓ for
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some 1 ≤ ℓ ≤ n. Then,

∑
⇀x∈E1×···×En

f1 (x1) · · · fn (xn) p (⇀x) =
∑

⇀x∈E1×···×En

f1 (x1) · · · fn (xn)
∑
⇀w

a⇀wx
w1
1 · · ·xwn

n

=
∑
⇀w

a⇀w

∑
⇀x∈E1×···×En

f1 (x1) · · · fn (xn)x
w1
1 · · ·xwn

n

= ad1,...,dn

̸= 0.

Hence, p (⇀x) does not vanish on E1 × · · · × En.
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Chapter 3

Brink-Schauz Theorem

Using the Combinatorial Nullstellensatz, Schauz [8] in 2008 and Brink [2] in 2011 were able

to prove the following generalization of the Chevalley-Warning Theorem.

Theorem 3.1. Consider the polynomials f1 (x1, . . . , xn) , . . . , fr (x1, . . . , xn) over the finite

field Fq. Let A1, . . . , An be non-empty subsets of Fq such that

n∑
i=1

(|Ai| − 1) >
r∑

j=1

deg (fj) (q − 1) .

Then the solution set

V = {⇀a ∈
n∏

i=1

Ai | fj (⇀a) = 0 for 1 ≤ j ≤ r}

with the variables restricted to the sets Ai is not a singleton.

Here, we will follow the proof provided by Brink [2].

Proof. We will prove this theorem by contradiction. Assume V = {⇀a} with ⇀a = (a1, . . . , an).

Also, let P (⇀x) be defined as P (⇀x) =
r∏

j=1

(
1− fj (⇀x)

q−1). Notice for ⇀x = ⇀a, we have fj (⇀x) = 0

for 1 ≤ j ≤ r, and thus P (⇀x) = 1. However, for all ⇀x ∈
n∏

i=1

Ai\{⇀a}, we have for some
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1 ≤ j ≤ r that fj (⇀x) ̸= 0, so fj (⇀x)
q−1 = 1 by Lagrange’s Theorem, making P (⇀x) = 0.

Therefore, we have

P (⇀x) =


1, for ⇀x = ⇀a,

0, for ⇀x ∈
∏n

i=1Ai\{⇀a}.

Next, let Q (⇀x) be defined as Q (⇀x) =
n∏

i=1

∏
b∈Ai\{ai}

(xi − b). For 1 ≤ i ≤ n, ai − b ̸= 0 for

b ∈ Ai\{ai}, and thus we have Q (⇀a) = δ, where δ is some nonzero value in Fq. However, for

all ⇀x ∈
∏n

i=1Ai\{⇀a}, we will necessarily have that xj ∈ Aj\{aj} for some 1 ≤ j ≤ n, making

Q (⇀x) = 0. Therefore,

Q (⇀x) =


δ, if ⇀x = ⇀a,

0, if ⇀x ∈
n∏

i=1

Ai\{⇀a}.

Notice that Q (⇀x)− δP (⇀x) = 0 for all ⇀x ∈
n∏

i=1

Ai. However, because

n∑
i=1

(|Ai| − 1) >
r∑

j=1

deg(fj) (q − 1) ,

the monomial of maximal degree in Q (⇀x) − δP (⇀x) is x
|A1|−1
1 · · ·x|An|−1

n . This contradicts

Theorem 2.3 since Q (⇀x)− δP (⇀x) vanishes on
n∏

i=1

Ai. Thus, the solution set V with variables

restricted to the sets Ai is not a singleton.

11



Bibliography

[1] Noga Alon. Combinatorial Nullstellensatz. volume 8, pages 7–29. 1999. Recent trends

in combinatorics (Mátraháza, 1995).
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