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Abstract

Fractional Leibniz rules have been extensively studied due to their connections to par-
tial differential equations that model many real-world situations such as shallow water waves
and fluid flow. Broadly speaking, fractional Leibniz rules provide estimates of the size and
smoothness of a product of functions in terms of the size and smoothness of the functions
involved. In this dissertation, we obtain new Leibniz-type rules associated to bilinear pseu-
dodifferential operators in a variety of function spaces that quantify smoothness and size in
appropriate ways. Bilinear pseudodifferential operators combine functions through a symbol
and the Fourier transform. When the symbol is identically equal to one, such operators give
the product of two functions, and therefore, fractional Leibniz rules are particular cases of
the Leibniz-type rules discussed.

The main results of this dissertation concern Leibniz-type rules for operators associated
to two classes of symbols: Coifman-Meyer multipliers and symbols in the bilinear Hormander
classes. Leibniz-type rules for Coifman-Meyer multiplier operators are presented in the set-
ting of Triebel-Lizorkin and Besov spaces based on various quasi-Banach spaces that include
weighted Lebesgue, weighted Lorentz, weighted Morrey, and variable-exponent Lebesgue
spaces. Such results extend and improve previously known fractional Leibniz rules. As
applications, we obtain scattering properties of solutions to certain systems of partial dif-
ferential equations involving fractional powers of the Laplacian. For operators with symbols
in the bilinear Hormander classes, we obtain Leibniz-type rules in the context of Besov and
local Hardy spaces. The tools used in the proofs of the main results include Nikol’skii repre-
sentations of function spaces, pointwise inequalities for maximal functions, and appropriate

spectral decompositions of the symbols of the operators.



Leibniz-type rules in Triebel-Lizorkin and Besov spaces.

by

Alexander Thomson

B.S., Missouri State University, 2013

M.S., Kansas State University, 2015

A DISSERTATION

submitted in partial fulfillment of the
requirements for the degree

DOCTOR OF PHILOSOPHY

Department of Mathematics
College of Arts and Sciences

KANSAS STATE UNIVERSITY
Manhattan, Kansas

2019

Approved by:

Major Professor
Virginia Naibo



Copyright

(©) Alexander Thomson 2019.



Abstract

Fractional Leibniz rules have been extensively studied due to their connections to par-
tial differential equations that model many real-world situations such as shallow water waves
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the product of two functions, and therefore, fractional Leibniz rules are particular cases of
the Leibniz-type rules discussed.
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to two classes of symbols: Coifman-Meyer multipliers and symbols in the bilinear Hormander
classes. Leibniz-type rules for Coifman-Meyer multiplier operators are presented in the set-
ting of Triebel-Lizorkin and Besov spaces based on various quasi-Banach spaces that include
weighted Lebesgue, weighted Lorentz, weighted Morrey, and variable-exponent Lebesgue
spaces. Such results extend and improve previously known fractional Leibniz rules. As
applications, we obtain scattering properties of solutions to certain systems of partial dif-
ferential equations involving fractional powers of the Laplacian. For operators with symbols
in the bilinear Hormander classes, we obtain Leibniz-type rules in the context of Besov and
local Hardy spaces. The tools used in the proofs of the main results include Nikol’skii repre-
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Chapter 1

Introduction to Leibniz-type rules

Fractional Leibniz rules have been extensively studied due to their connections to partial
differential equations that model many real world situations such as shallow water waves
and fluid flow. In this chapter, we introduce the subject of Leibniz-type rules and describe
the main results to be discussed in Chapters 2 and 3 of this dissertation.

First consider the Leibniz rule taught in Calculus courses, which expresses the derivatives
of a product of functions as a linear combination of derivatives of the functions involved;

more specifically, for functions f and ¢ sufficiently smooth, it holds that

*(fo)w) = 3 <g> 0" f(2)Pg(x) = * F()g(x) + f(@)og(x) + -+
B<La

for o, 8 € Nj. In an analogous way, fractional Leibniz rules give estimates of the smoothness
and size of a product of functions in terms of the smoothness and size of the factors. For

instance, for f and ¢ in the Schwartz class S(R"), it holds that

||D5(fg)||Lp < HDSfHLPl HgHLPZ + HfHLﬁl HD59||LP"2 ) (1~0~1)

where 1/p = 1/py + 1/ps = 1/p1 + 1/pa, 1 < p1,po,p1,02 < 0, 1/2 < p < w0, 5 >

n(1/min(p,1) — 1) or s is an even whole number, and L" denotes a Lebesgue space for



0 < r < o0. The homogeneous fractional differentiation operator of order s, D?, is defined as

D*fa) = | lerFieemsas

where f is the Fourier transform of f. For s > 0, the operator D? is naturally understood
as taking s derivatives of its argument. Indeed, in the case s = 2, D?f = _—12A f, where

A=>" i1 m is the Laplacian operator. Furthermore, if s is a positive integer and 1 < p < oo,

1Dl ~ D3 10 F o

|or|=s
where |a] = a; + as + ... + a,, for a = (ag, ag, ..., o) € NI
Another version of (1.0.1) is obtained by using the inhomogeneous sth order fractional

differentiation operator J*:

|G e S 1 Fllpos Nglpre + 15 1o 179 52 (1.0.2)

where p1, pa, P1, P2, and s satisfy the same conditions as for (1.0.1). Similarly to its home-

ogenous counterpart, the operator J® is defined through the Fourier transform as

i@ = [ (g fieenca

and can be interpreted as taking derivatives up to order s of f when s > 0.

The estimates (1.0.1) and (1.0.2) are also known as Kato-Ponce inequalities due to the
foundational work of Kato-Ponce [38], where the estimate (1.0.2) was proved in the case
1 <p=p =p < oand pp = p; = 0, with applications to the Cauchy problem for
Euler and Navier-Stokes equations. This result was extended by Gulisashvili-Kon [30], who
showed (1.0.1) and (1.0.2) for the cases s > 0, 1 < p < o0, and 1 < py,p2,P1,P2 < ©
in connection to smoothing properties of Schrédinger semigroups. Grafakos-Oh [27] and
Muscalu-Schlag [52] established the cases for 1/2 < p < 1; the case p = o0 was completed in
the work of Bourgain-Li [11] and Grafakos-Maldonado-Naibo [25]; finally, the case p; = 1,



1 < py < 0 and % < p < 1 was established by Oh-Wu [58]. Applications of the estimates
(1.0.1) and (1.0.2) to Korteweg-de Vries equations were studied by Christ-Weinstein [14] and
Kenig-Ponce-Vega [39].

We now consider an example of an application of the estimates (1.0.1) and (1.0.2) to
partial differential equations. Using a variety of tools that include the fractional Leibniz rule
(1.0.1), Christ-Weinstein [14] obtained dispersive estimates for solutions to the Korteweg-de
Vries equation

Oru+ Bu+ 0, F(u) =0
u(0,7) = g(),

where F'is some nonlinear function such as F'(u) = |u|®. Such equations can be used to model
shallow water waves. In particular, the following result holds: Consider the Korteweg-de

Vries equation with F(u) = |u|®, s > 4. Then there exists € > 0 such that if g satisfies

llgllzr + llgllw=r <,

then the solution u satisfies

sup(1 + |t[) %3 |u(t, || < . (1.0.3)
teR
In particular, (1.0.3) implies that solutions to the Korteweg-de Vries equation above disperse
to 0 as t — oo. The fractional Leibniz rules (1.0.1) and (1.0.2) can also be used to determine
well posedness of various other partial differential equations.
In the estimates (1.0.1) and (1.0.2), the two functions f and g are related through
pointwise multiplication. In this dissertation, we will consider bilinear estimates in the spirit
of (1.0.1) and (1.0.2) where the two functions are related through a bilinear pseudodifferential

operator. Let o(x,&,n) be a smooth, complex-valued function defined for z,&,n € R™. We



define the bilinear pseudodifferential operator associated to o, T, , by

~

T,(f. 9)(x) = f o, &, m) (O™ € dedy. (1.0.4)

R2n

We call o the symbol of the operator T,; when o is independent of x, ¢ is also referred to as
the multiplier of the bilinear multiplier operator T,. We note that o = 1 gives T,(f, g) = fg.
In Chapters 2 and 3 we will present new results on Leibniz-type rules associated to

bilinear pseudodifferential operators that are of the form

|D*T,(f, Q)HZ S HDsfH)(l H9||Y1 + ”fHX2 HDSQHYQ ) (1.0.5)

1T, (f, 9>Hz S Hjsfuxl H9HY1 + ”fHX2 HJSQHYQ ) (1.0.6)

for a variety of function spaces X, X», Y7, Y5, and Z. In the particular case that o = 1 and
X1, X, Y1, Ys, and Z are appropriate Lebesgue spaces, (1.0.5) and (1.0.6) recover (1.0.1) and
(1.0.2) respectively. The main results presented in Chapter 2 will appear in Naibo-Thomson
[56], while those discussed in Chapter 3 were published in Naibo-Thomson [55].

In Chapter 2, we will discuss Leibniz-type rules (1.0.5) and (1.0.6) in the setting of
Besov and Triebel-Lizorkin spaces based on certain quasi-Banach spaces. Such bilinear
estimates will be proved for bilinear Coifman-Meyer multiplier operators. A particular case
of the results in Chapter 2 is the following fractional Leibniz rule, and its inhomogeneous

counterpart, in the context of Hardy spaces:

1D*F D e S 1Dl o 192 + 15 Vg 1D°9] e (1.0.7)

where 0 < p, p1, p2, p1, P2 < 00 and 1/p = 1/p1 + 1/ps = 1/p1 + 1/po. Recalling that H? = L?
for 1 < p < o0, (1.0.7) extends and improves (1.0.1). Indeed, the inequality (1.0.7) extends
the range of p, p1, p2, P1, P2 by allowing 0 < p,py,pa, P1,P2 < o0, while (1.0.1) requires
1 < p1,pe2, 1, P2 < 0. Additionally, (1.0.7) allows for the H? norm on the left-hand side,

which is larger than the LP norm.



The techniques used in the proofs of the results in Chapter 2 are quite flexible and allow
us to obtain (1.0.5) and (1.0.6) in Triebel-Lizorkin and Besov spaces based on weighted
Lebesque spaces, weighted Lorrentz spaces, weighted Morrey spaces, and variable-exponent
Lebesgue spaces. In particular, the proofs make use of Nikol’skii representations of such
function spaces. These representations have been used in unweighted settings in the work of
Nikol’skii [57], Meyer [46], Bourdad [10], Triebel [65], and Yamazaki [68].

As an application of the results in Chapter 2 we obtain scattering properties for solu-
tions to certain systems of partial differential equations that involve fractional powers of the
Laplacian. Solutions of these systems scatter to functions that can be realized in terms of a
Coifman-Meyer multiplier operator acting on appropriate arguments. As a consequence, the
main results of Chapter 2 can be applied and lead to estimates associated to the long term
behavior of the solutions.

In Chapter 3, we present Leibniz-type rules in Besov and local Hardy spaces for bilinear
pseudodifferential operators associated to symbols in bilinear Hormander classes of critical

order. For such symbols we prove bilinear estimates of the form

17T (£, 0y, S 1 F g, b + [ F s 17y, (1.08)

where BI?’q and hP denote Besov and local Hardy spaces respectively, 0 < p < oo and
0 < p1,p2 < 00 are such that 1/p = 1/p; + 1/p2, 0 < ¢ < 0 and s > n(1/min(p, 1) — 1).

The proofs of the results in Chapter 3 utilize appropriate spectral decompositions of the
symbols, pointwise inequalities in terms of maximal functions, and Nikol’skii representations
for Besov spaces. The techniques used are inspired by bilinear techniques used in Naibo [53]
and techniques for linear operators in Johnsen [37], Marschall [44], and Park [59].

We close this chapter by referencing serveral works in connection with the study of the
bilinear estimates (1.0.5) and (1.0.6). In [12], Brummer-Naibo studied Leibniz-type rules for
bilinear pseudodifferential operators with homogeneous symbols and in function spaces that
admit a molecular decomposition and a ¢-transform characterization in the sense of Frazier-

Jawerth [22; 23]. In the context of Lebesgue spaces and mixed Lebesgue spaces, estimates



of the type (1.0.5) were studied in Hart-Torres-Wu [32] for bilinear multiplier operators with
minimal smoothness assumptions on the multipliers. Related mapping properties for bilinear
pseudodifferential operators with symbols in the bilinear Hérmander classes were studied by
Bényi-Torres [7] and Bényi-Nahmod-Torres [6] in the setting of Sobolev spaces, by Bényi [2]
in the setting of Besov spaces, and by Naibo [53] and Koezuka-Tomita [41] in the context of
Triebel-Lizorkin spaces. Additionally, versions of (1.0.1) and (1.0.2) in weighted Lebesgue
spaces were proved in Cruz-Uribe-Naibo [18], while Brummer-Naibo [13] proved (1.0.5) and

(1.0.6) in weighted Lebesgue spaces for Coifman-Meyer multiplier operators.



Chapter 2

Weighted Leibniz-type rules and

applications to scattering properties

of PDEs

In this chapter, we obtain new Leibniz-type rules of the type (1.0.5) and (1.0.6) for bilin-
ear multiplier operators associated to Coifman-Meyer multipliers in the settings of Triebel-
Lizorkin and Besov spaces based on quasi-Banach spaces. These results extend and improve
the fractional Leibniz rules (1.0.1) and (1.0.2). Additionally, we apply these results to ob-
tain scattering properties of solutions to systems of partial differential equations involving
fractional powers of the Laplacian.

We start with some preliminaries in Section 2.1, where we discuss Coifman-Meyer mul-
tipliers and Besov and Triebel-Lizorkin spaces based on weighted Lebesgue spaces.

In Section 2.2, we state and prove two of the main results of this chapter on Leibniz-type
rules associated to Coifman-Meyer multiplier operators in the setting of Besov and Triebel-
Lizorkin spaces based on weighted Lebesgue spaces. These results are stated as Theorem
2.2.1 and Theorem 2.2.7. We also present several corollaries and connections with related
results in the literature and estimates (1.0.1) and (1.0.2). The method of proof used for
Theorem 2.2.1 and Theorem 2.2.7 can be adapted to obtain (1.0.5) and (1.0.6) for Coifman-



Meyer multiplier operators in the context of Triebel-Lizorkin and Besov spaces based on
other quasi-Banach spaces such as weighted Lorentz, weighted Morrey, and variable-Lebesgue
spaces. These results are discussed in Section 2.3.

Finally, in Section 2.4 we present applications of the results in this chapter to scattering

properties of solutions to partial differential equations.

2.1 Preliminaries

In this section, we set some notation and present definitions and results about weights, the
scales of weighted Triebel-Lizorkin, Besov and Hardy spaces, and Coifman—Meyer multiplier
operators.

The notations S(R™) and S’(R") are used for the Schwartz class of smooth rapidly
decreasing functions defined on R™ and its dual, the class of tempered distributions on R",
respectively. Sp(R™) refers to the closed subspace of functions in S(R™) that have vanishing
moments of all orders; that is, f € So(R") if and only if f € S(R") and {,, 2*f(z)dz = 0
for all a € Nj. Its dual is Sj(R™), which coincides with the class of tempered distributions
modulo polynomials denoted by S’(R™)/P(R"). Throughout, all functions are defined on R™
and therefore we omit R™ in the notation of the function spaces defined below.

The Fourier transform of a tempered distribution f € §'(R™) is denoted by f; in partic-

ular, for f € L', we use the formula
F&) = | fle)e ™ dr VEeR"
Rn

If j € Z and h € S(R"), the operator P} is defined so that ﬁjh\f(f) = ?z(wg)f(g) for
feS@R") and £ e R, If his supported in an annulus centered at the origin we will use the
notation A? rather than Pjh; if b is supported in a ball centered at the origin and E(O) # 0,
S]’-1 will be used instead of P;‘. For y € R™ the translation operator, denoted by 7,, is given
by 7,h(x) = h(z +y) for z € R".

The notation A < B means that A < ¢B, where c is a constant that may depend on



some of the parameters used but not on the functions appearing in the expressions for A

and B.

2.1.1 Coifman-Meyer Multipliers

The symbols used in the main results of this chapter are Coifman-Meyer multipliers. Such

multipliers are defined as follows.

Definition 2.1.1. Given m € R, a smooth, complex-valued function o = (&, 1), £,n € R”,
is a Coifman-Meyer multiplier of order m if for all multi-indices o, 8 € Nj there exists a

positive constant C, g such that

¢l (Em)| < Cas(l€] + )™ 01D (e, ) e R\ {(0,0)}. (2.1.1)

We say 0 = o(§,n), &,n1 € R", is an inhomogeneous Coifman-Meyer multiplier of order m if

for all multi-indices a, 8 € Njj there exists a positive constant C, g such that
102050 (&M < Cap(1+ [€] + )™~ v(g, ) e R>". (2.1.2)

Bilinear multiplier operators associated to Coifman-Meyer multipliers of order 0 have
been well studied. Such operators are examples of bilinear Calderéon-Zygmund operators. As

a consequence they are bounded in a variety of function spaces; in particular, they satisfy

176CF 9 e < 1 o gl e

where o is a Coifman-Meyer multiplier of order 0, 1/p = 1/p1+1/ps, and 1 < py, ps < 0. The
reader is referred to Coifman-Meyer [15] for various estimates and background information
for Coifman-Meyer multiplier operators, and to David-Journé [19], Grafakos-Torres [29],
and Kenig-Stein [40] for the development of the Calderén-Zygmund theory. Estimates in
weighted Lebesgue spaces for bilinear Calderén-Zygmund operators, and in particular for

Coifman-Meyer multiplier operators of order 0, have been obtained in Grafakos-Torres [28],



Grafakos-Martell [26], and Lerner et al. [43].
We next describe a decomposition of Coifman-Meyer multiplier operators that will be

useful in the proofs of the main results of this chapter. Fix ¥ € S(R") such that

supp(P) € {€eR": L <[] <2} and D W(277¢) = 1 ¥ e R™\{0};

JEZ

define ® € S(R") so that

®(0):=1, O(¢) =) W(27¢) VEeR™\{0}.

j<0

By the notation previously introduced, if a,b € R™, A]T.“\I’ f and S}“cb [ satisfy AJT-“\I’ f& =
T V(277 f(€) = €22 7€ay(277€) f(€) and ST f(€) = 7 ®(277€) F(€) = ¥ E0D(277€) F(€).
By the work of Coifman and Meyer in [15], given N € N such that N > n, it follows that

T, = T} + T?, where, for f € So(R") (f € S(R") if m > 0) and g € S(R"),

1
(1 + laf? + [62)Y

T,(f.9)@) = )

a,beZ™

D1Ci(a,b) (AT f)(2) (SPPg)(x) VrxeR", (2.1.3)

JEZ

the coefficients C;(a, b) satisfy
IC;(a,b)] <2'™ Va,beZ",jeZ, (2.1.4)

with the implicit constant depending on ¢, and an analogous expression holds for 72 with
the roles of f and g interchanged.

If ¢ is an inhomogeneous Coifman—Meyer multiplier of order m, a similar decomposition
to (2.1.3) follows with the summation in j € Ny rather than j € Z, with AZ*¥ replaced by
Sg*® and for f,g e S(R™).

Remark 2.1.2. For the formula (2.1.3) and its corresponding counterpart for 7 to hold, the
condition (2.1.1) on the derivatives of o is only needed for multi-indices o and 3 such that

o + B < 2N

10



2.1.2 The scale of weighted Triebel-Lizorkin and Besov spaces

The Leibniz-type rules obtained in two of the main results of this chapter, Theorem 2.2.1 and
Theorem 2.2.7, hold in the settings of weighted Triebel-Lizorkin and Besov spaces. In this
section, we define these scales of spaces and present some of their properties. In particular,
we state and prove Nikol’skii representations of the spaces, which constitute important tools
for the proofs of Theorems 2.2.1 and 2.2.7.

We start by defining the classes of weights we will be using and present maximal oper-
ators and inequalities.

A weight w defined on R" is a locally integrable function such that 0 < w(x) < oo for
almost every x € R”. Given a weight w and 0 < p < o0 we define the weighted Lebesgue

space LP(w) as the space of all measurable functions f satisfying

o = ([ 17@Putr) <0

In the case that p = o0 we define L*(w) := L*.
The specific classes of weights in the hypotheses of the results of this chapter are Muck-

enhoupt weights, which we next define.

Definition 2.1.3. For 1 < p < o, the Muckenhoupt class A, consists of all weights w on R"

o i ) i o)<

where the supremum is taken over all Euclidean balls B < R" and |B| is the Lebesgue

satisfying

measure of B. For p = oo we define A, := | 4,.
1<p

From this definition, it follows that A, < A, when p < ¢q. Moreover, it can be proved

that if we A,, p > 1, then w e A,_. for some € > 0. For w € A,, we set

Ty = inf{pe (1,0) :we A,}.

The Muckenhoupt classes arise in the study of boundedness properties of the Hardy-

11



Littlewood maximal operator in the setting of weighted Lebesgue spaces, as we next explain.

The Hardy-Littlewood mazimal operator M is defined as

M(f)(x) = sup ﬁ L fW)ldy VeeR" felLl,

Baz

where the supremum is taken over all Euclidean balls B < R™. It turns out that M is

bounded on LP(w) if and only if w € A,. That is, for 1 < p < o0, w e A4, if and only if

Moy S 1oy VF € L2(w).

Given 0 < r < o0 and f € L}, we set M,(f) := (./\/l(|f|r))% By the boundedness
properties for the Hardy-Littlewood maximal operator stated above, it holds that M, is
bounded on LP(w) for 0 < r < p and w € Ay, (le. 0 <r < £). This fact is a particular
case of the following estimate known as the Fefferman-Stein inequality:
IfO<p<o,0<g<o0,0<r<min(p,q)and we A,, (ie. 0 <r < min(p/7y,q)), then

for all sequences {f;};ez of locally integrable functions defined on R", we have

Q=

<Z \Mr(fj)!q) q S (Z !fj\q> ; (2.1.5)

jEZ Lo(w) jeZ Lo (w)
where the implicit constant depends on r, p, ¢, and w and the summation in j should be
replaced by the supremum in j if ¢ = oo.
For more details on the Muckenhoupt classes see Muckenhoupt [51] and Grafakos [24].

Weighted Triebel-Lizorkin and Besov spaces

Let ¢ and ¢ be functions in S(R™) satisfying the following conditions:

- 1
supp(f) = (e B": L < J¢] <2}, (2.1.6)
|1//)\(§)| > ¢ for g < ¢l < g and some ¢ > 0, (2.1.7)

12



supp(p) = {£ e R" : [¢] < 2}, (2.1.8)
|p(&)| > ¢ for |£] < g and some ¢ > 0. (2.1.9)

Definition 2.1.4. (Weighted homogeneous Triebel-Lizorkin and Besov spaces) Let s € R and

0<qg< .

e For 0 < p < oo, the weighted homogeneous Triebel-Lizorkin space Fl‘f’q(w) consists of

all fe S'(R™)/P(R™) such that

If

F"z;",q(w) = (Z(2SJ|A;/)f|)q> < 0,

JEZ
with appropriate changes if ¢ = 0.

e For 0 < p < oo, the weighted homogeneous Besov space B;q(w) consists of all f €

S'(R™)/P(R™) such that

1

q
g <
If] o) ) ,

P
AYf

By ) T (Z@js

JEZ
with appropriate changes if ¢ = 0.

Definition 2.1.5. (Weighted inhomogeneous Triebel-Lizorkin and Besov spaces) Let s € R

and 0 < g < o0.

e For 0 < p < o0, the weighted inhomogeneous Triebel-Lizorkin space F; (w) consists of

all f e S'(R™) such that

1
q
1053wy = 158 Flliouy + (Z(QSJ!A}"fDq) <,
jeN Lr (w)

with appropriate changes if ¢ = 0.
e For 0 < p < o, the weighted inhomogeneous Besov space B, (w) consists of all f e
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S'(R™) such that

1

AY 11 < oo,
o)

J

| f]

By (w) "= 156 fll Loy + (Z@js

jeN
with appropriate changes if ¢ = 0.

The definitions above are independent of the choice of ¢ and 1. Triebel-Lizorkin and
Besov spaces are quasi-Banach spaces and, if p,q > 1, they are Banach spaces. In part,
when w = 1, these spaces were developed to answer the question of how to fill the gaps
between the Sobolev spaces WP and W**? for k e N and 1 < p < o0, with W*? for
k < s <k+1. For the case p = 2, it was found that the spaces B3, naturally filled this gap
to define the Sobolev spaces W*?2. Later, Littlewood-Paley characterizations using a dyadic
decomposition were proven for function spaces such as Lebesgue, Hardy, and Sobolev spaces.
This motivated the creation of a scale of spaces to unify these characterizations and provided
a way to systematically study function spaces. Out of this came the Triebel-Lizorkin spaces
F; , and Besov spaces B, , which correspond to other function spaces for certain values of s,

p, and ¢. For instance, weighted Triebel-Lizorkin satisfy the following equalities which hold

with equivalent norms:

F2y(w) = HP(w) for 0 < p < w0, w € Aqy, (2.1.10)
Eoy(w) = hP(w) for 0 < p < o0, w € Ay, (2.1.11)
Fy(w) = Fly(w) = LP(w) = HP(w) = hP(w) for 1 < p < o, w € A, (2.1.12)
Fiy(w) = W (w) for 1 < p < o0, w € A, (2.1.13)

where H?(w), h?(w), and Wer (w) are, respectively, a weighted Hardy space, a weighted local
Hardy space, and a weighted Sobolev space. Additionally, it holds that F; (w) = B; (w)
for 0 < p < . We next recall the definitions of the previously mentioned function spaces.

Let ¢ € S(R™) be such that {3, ¢(2)dr # 0. Given 0 < p < o0 and w € Ay, the weighted

14



Hardy space HP(w) is defined as

HP(w) = {f € S'R") : | fll oy < 0}

where

)

HfHHP(w) = ()
LP(w

sup 176

the weighted local Hardy spaces h?(w) is defined as
W(w) :={f € S'R") : [ o) < 0}

where

1 lhouy = | suP, () + f]

Lp(w)

For 1 < p < oo and w € Ay, the weighted Sobolev space Wep (w) is the space of all tempered

distributions modulo polynomials such that

[ sy 7= 1D°Fll oy < o°-

For a detailed overview of the development of Besov and Triebel-Lizorkin spaces see

Triebel [65] and Qui [61] for the unweighted and weighted settings respectively. We recall

that these spaces satisfy the following lifting property: for s, p, and ¢ as in Definitions 2.1.4

and 2.1.5 and w € A, we have that

If

F;,q(w) = HDSfHng(w) and Hf

| f]

s = 1D flgg oy and  [f]

ngq(w) ~ ||<]SfHF191q(w) )

B (w) = [ ‘]SfHBg’q(w) .

(2.1.14)

(2.1.15)

We end this section by introducing notation used in the statements of the main results
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in this chapter. For w € A, and 0 < p, ¢ < o denote

)= (g 1) e (o). e

If w =1, in which case 7, = 1, we just write 7,, and 7,, respectively. Note that 7,s(w) =

Tp(w), Tpq(w) = 74, and 7,(w) = 7, for any w € Ag,.

Nikol’skii representations for weighted Triebel-Lizorkin and Besov spaces

An important tool for the proofs of Theorem 2.2.1 and Theorem 2.2.7 is the Nikol’skii
representation for weighted Triebel-Lizorkin and Besov spaces, stated below as Theorem
2.1.6. Such result is a weighted version of [68, Theorem 3.7].

Given 0 < p,q < o0, and a sequence of functions {f;};cz defined on R, the following

notation will be used in this section:

1/q /g
H{fj}jGZHLp(w)(gq) = (Z |fj|q> ) H{fj}jeZng(Lp : (Z ’f]|Lp(w> .

JEZ LP(w) JEZ

Theorem 2.1.6 (Nikol’skii representation). For D > 0, let {u;};ez, = S'(R™) be a sequence

of tempered distributions such that
supp(ii;) = B(0,D27) VjeZ.

If we Ay, then the following holds:

(i) Let 0 <p < o0,0<qg<©ands>T1,,(w). If H{stuj}jeZHLp(w)(gq) < o0, then the series

Djer Uy converges in F (w) (in Sg(R") if ¢ = o0) and

2,4

JEZ

S H{stuj}J‘GZHLp(w)(zq) ’

Fs q(w)

where the implicit constant depends only on n, D, s, p and q. An analogous statement,

16



with j € No, holds true for F; (w) (when q = o, the convergence is in S'(R™)).

(it) Let 0 < p,q < 0 and s > 1,(w). If \|{2J'8uj}jez||£q@p(w)) < w0, then the series 3., u;

converges in B;vq(w) (in SH(R™) if ¢ = o) and

2,

JEZ

< {2 widsez ooy
By q(w)

where the implicit constant depends only on n, D, s, p and q. An analogous statement,
with j € No, holds true for By (w) (when q = oo, the convergence is in S'(R™)).
Before proving Theorem 2.1.6 we state several lemmas that are used in its proof.

Lemma 2.1.7 (Particular case of Corollary 2.11 in [68]). Suppose 0 <r <1, A>0, R>1

~

and d > n/r. If g € S(R™) and f is such that supp(f) < {{ € R : |¢| < AR}, it holds that
¢+ f@)| € RPGTVA™ (1 +]A- )], M, f(z) YaeR",

where the implicit constant is independent of A, R, ¢, and f.

Remark 2.1.8. [68, Corollary 2.11] incorrectly states A~ instead of A™™. Also, it states

A =1, but the result is true for A > 0 as stated in Lemma 2.1.7.

The following lemma is a weighted version of [68, Corollary 2.12 (1)]. We include its

brief proof for completeness.

Lemma 2.1.9. Suppose we Ay, 0 <p< o0, A>0, R>1, andd > b>n/min(1,p/7,). If

~

¢ € S(R™) and f is such that supp(f) = {€ € R" : |{] < AR}, it holds that

16 % oy < BT"AT (L + A1) oo 1] 1o -

where the implicit constant is independent of A, R, ¢ and f.

Proof. Set r :=n/b < min(1,p/7,). The hypothesis d > b means d > n/r and Lemma 2.1.7
yields
6% f(@)] < RPGTVAT™ (14 A+ )] Mo (@) Vo eR™
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Since r < p/Ty, we have [M, f| ) < | fl 15, and therefore

16 % £l oy < R™CTVAT (1 + 1A 1)) 1o 1F oy

observing that 1/r — 1 = (b — n)/n, the desired estimate follows. O
The following lemma is a modified version of [68, Lemma 3.8].

Lemma 2.1.10. Let 7 < 0, A e R, 0 < ¢ < o0, and kg € Z. Then, for any sequence

{d;}jez < [0,0) it holds that

k=ko

0
| Sl | sl
JEZ|| pq

where the implicit constant depends only on ko, 7, A and q.

Proof. Suppose first that 0 < ¢ < 1. Then,

0 0 q %
k:ko jEZ /4 jEZ k:k()

1

1 1
o] q 2] q
< [Z Z 2qu2Aq(]+k)dg+k] _ [ Z 27’qk Z 2)\q(]+k)d;]'+k]

JEZ k=ko k=ko =
o . ‘
:<Z2“>wawau:@mwwwmﬂw
k=ko

where in the last equality we have used that 7 < 0. If 1 < ¢ < o0 we use Holder’s inequality

with ¢ and ¢’ to write

/

Q=

0 o0 o0 Q/q
{ Z 27k2/\(J+k)dJ+k} < Z ( Z 27kq/22Aq(j+k)d?+k) ( Z 2qu//2>
jGZ 09

k:ko jEZ k:ko k:ko

= Croyrg [{2d;} ez, -

The case ¢ = oo is straightforward.
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We now prove Theorem 2.1.6.

Proof of Theorem 2.1.6. We first prove Theorem 2.1.6 for finite families. We will do this
in the homogeneous settings, with the proof in the inhomogeneous settings being similar.
Suppose {u;};ez is such that u; = 0 for all j except those belonging to some finite subset of
Z; this assumption allows us to avoid convergence issues since all the sums considered will
be finite.

For Part (i), let D, w, p, ¢ and s be as in the hypotheses. Fix 0 < r < min(1,p/7,q)
such that s > n(1/r — 1); note that the latter is possible since s > 7, ,(w).

Let ko € Z be such that 2k~ < D < 2% then
supp(iy) < B(0,2°D) c B(0,2%) vieZ.

Define u = ., u¢ and let ¢ be as in the definition of F;q(w) in Section 2.1.2. We have
0

o0
A}pu = ZA?W = Z A;puf = Z A;-puﬁk. (2.1.17)
LeZ l=j5—ko k=—ko

We will use Lemma 2.1.7 with ¢(z) = 27™(2z), f = ujp, A =29 > 0, and R = 2F+hko,
(Notice that supp(u;1x) < B(0,2728k0) and, since k > —ko, we get R > 1.) Fixing d > n/r
and applying Lemma 2.1.7, we get

[Afujn(@)] € 250G (14 (27 )12 (20 |y My (w4 ()

~ 2kn(z=1) <sup(1 + |2jy!)d!w(2jy)!> Mo (ujik) ().

yeR™

Hence,

. 1_9_s s(i
2| Ay ()] < 220 M, (uy ) (),
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and then, recalling (2.1.17),

0
29 A u(x)| < Y 2GRN, (u44) ().
k=—ko

Since 1/r — 1 —s/n < 0, Lemma 2.1.10 yields

27 1AYuller

L) 12" Motsbsea] oy

with an implicit constant independent of {u;}ez. Applying the weighted Fefferman-Stein

inequality to the right-hand side of the last inequality leads to the desired estimate

Hu‘ Es ,(w) S H{stuj}j‘EZHLp(zq) :

For Part (ii), let D, w, p, ¢ and s be as in the hypotheses and ky be as above. Consider
A;-puﬂk in (2.1.17) and apply Lemma 2.1.9 with ¢(z) = 27™(2772), f = ujg, A = 27,
R = 2" d > b and n/min(1,p/7,) < b < n + s; note that such b exists since s > 7,(w).

We get

”Azp“ﬁkH < 2(k+k0)(b—n)2—jn H(l + ’2]' . ’)d2jnw(2—j,)”Lw ||uj+k’||Lp(w) - Qk(b—n) ||uj+k||LP(w) 7

LP(w)
and setting p* := min(p, 1) we obtain

* © * o0
i | Ay Jsp* b P = k(b—n—s)p* osp*(j+k) ||, . ||P*
20 | A S 2 Y A% oy = 2 2 2 .

——ko ——ko

Hence, applying Lemma 2.1.10, it follows that

[o¢) p¥*
—n—s)p* gsp*(j * js
HU‘Bqu(w) S { Z ke Jproet (k) ||uj+k||ip(w)} < H{Qj uj}jGZng(Lp(w))7

k=—ko JEZL || pg/p+

as desired.
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We next show the theorem for families that are not necessarily finite. We work in the
setting of homogeneous Triebel-Lizorkin spaces; an analogous reasoning applies to the other
contexts. Let {u;};ez, w, p, ¢, and s be as in the hypotheses. Define Uy := Z;L—N u;; since
the theorem is true for finite families and, for M < N, {u;}r41<|jj<n satisfies the hypotheses

of the theorem, we have

|Un — U]

Ey 4(w) S H{2j5uj}M+1<\j\<NHLp(w)(Zq), (2.1.18)

where the implicit constant is independent of A/, N and the family {u;}ecz.

If0 <q < o, as M,N — o0, the right-hand side of (2.1.18) tends to zero by the
assumption [[{27°u;} ez tr(wyey < % and the dominated convergence theorem; therefore,
since F;q(w) is complete, > ., u; converges in sz’q(w). The same reasoning used to obtain
(2.1.18) gives that

|Un|

Fgow) S {270 - Naien | oy ey

where the implicit constant is independent of N and the family {u;};ez. It then follows that

2,

JEZ

< 427w} sez ] o gy -
Fp q(w)
with the implicit constant independent of the family {u;};ez.

If ¢ = o0, we use that {20574, },-0 and {206+9)74;} ;o belong to (*(LP(w)) for any & > 0
and apply Theorem 2.1.6 under the case of finite ¢ to conclude that Z;.V:O u; and Z]_:l_ N Uj
converge in B;f(w) and B;jg(w), respectively (choosing € > 0 so that s —e > 7, ,(w) >
7,(w)). Therefore, Uy convergence in S|(R™). Moreover, by Theorem 2.1.6 applied to the

finite sequence {u;}_n<;j<n, we have that Uy € Flioo(w) and

|Un|

F ) S H{2j8“j}—N<J<NHLp(w)(eoo) S H{2j8“j}j€ZHLp(w)(ew)’

with the implicit constant independent of N and {u;}ez. Since Fpsvoo(w) has the Fatou prop-
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erty (see Section 2.3.4), we conclude that limy_o Un = .5 u; belongs to Fpsﬁoo(w) and

2.

JEZ

< H{2jsuj}j€ZHLP(w)(€°o) ‘
F;,oo(w)

2.2 Leibniz-type rules in weighted Triebel-Lizorkin and

Besov spaces

2.2.1 Homogeneous Leibniz-type rules

In this section, we present one of the main results in this chapter (Theorem 2.2.1) about
Leibniz-type rules associated to Coifman-Meyer multipliers in the setting of weighted homo-
geneous Besov and Triebel Lizorkin spaces. We infer corollaries that include extensions and
improvements of the fractional Leibniz rules (1.0.1) and we compare the new results to those
in the literature.

We remind the reader that the notation 7, ,(w) and 7,(w) for w € A, is defined in

Section 2.1.2 (see 2.1.16); we recall that 7,5(w) = 7,(w) and we write 7,, and 7, if w = 1.

Theorem 2.2.1. For m € R, let 0(&,n), £&,n € R", be a Coifman-Meyer multiplier of order
m. Consider 0 < p,p1,p2 < 00 such that 1/p = 1/p1 + 1/ps and 0 < q < o0; let wy,wy € Ay

and set w = w{’/’”wi;’/”. If0 < p,p1,p2 < 0 and s > 7, ,(w), it holds that

HTa(f> g)HFg,q(w) $ Hf|

F;er(wg) Vf, g€ 80<Rn) (2219)

2,9

Ezpron) 191 ae2 o) 1 T gy 191

If 0 < p,p1,p2 < 0 and s > 1,(w), it holds that

1T5(f, 9)]

Berm(wQ) Vf, g € SO(RN)7 (2220)

p2,9

B (wy) Hg||HP2(w2) + ”fHHm (w1) Hgl

P1.49

5y < 1F

where the Hardy spaces HP* (wy) and HP?(ws) must be replaced by L* if p1 = 00 or py = 0,
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respectively.
If wy = wy then different pairs of pi,ps can be used on the right-hand sides of (2.2.19)

and (2.2.20); moreover, if w € Ay, then

”TU(f7 g)

i) S W lgsemy 190w + 110 M9l ggmewy Vo9 € So(R™), (2.2.21)

where 0 < p <00, 0 < g < and s > 7, ,(w).

We note that if m > 0 then the above estimates hold for any f,g € S(R™) when
S(R™) is a subspace of the function spaces on the right-hand side. This is the case when
1 <pi,pa <0, wy €A, and wy € A, in (2.2.19) and (2.2.20) and w € A, for (2.2.21).

By the lifting properties for weighted homogeneous Besov and Triebel-Lizorkin spaces
(2.1.14) and (2.1.15), the estimates (2.2.19), (2.2.20), and (2.2.21) can be respectively written

as

|D*T5(f, g)“F}g{q(w) S ||DSfHF;;’q(w1) HQHsz(wQ) + HfHHm(wl) ||D59|‘F1;r2z’q(w2) ) (2.2.22)
ID°To(£.9) gy S 10" F gy o 193y + 1 sy 10 e (22:23)
IDTo (£ )iy < 1D F gy oy 9 + 15 e D% - (2:2.24)

We next give particular cases of (2.2.22), (2.2.23), and (2.2.24) including extensions and
improvements of the fractional Leibniz rules (1.0.1).
The relation (2.1.10) between weighted Triebel-Lizorkin spaces and weighted Hardy

spaces imply the following result for Coifman-Meyer multipliers of order 0.

Corollary 2.2.2. Let 0(§,n), £&,n € R™, be a Coifman-Meyer multiplier of order 0. Consider
0 < p,p1,p2 < 0 such that 1/p = 1/p; + 1/py; let wy,wy € Ay and set w = WP If

s > 1,(w), it holds that

1D (To(f, 9D i1y = 1D F iz gy 19 0 ) + 1 Lo oy 12792 gy V5 9 € So(R™).
(2.2.25)
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If wy = wy then different pairs of pi,pe can be used on the right-hand side of (2.2.25);

moreover, if w € Ay, then

1D°(To (f ) o) = 1D Fluy 191 2o + 12 [ D°9ll oy Y59 € So(R™), - (2.2.26)

where 0 < p < o0 and s > T,(w).

Taking 0 = 1 in Corollary 2.2.2, we obtain weighted fractional Leibniz rules for the

product of two functions:

Corollary 2.2.3. Consider 0 < p,p1,p2 < o such that 1/p = 1/p1 + 1/ps; let wi,wy € Ay

and set w = WP Wl If s > 1,(w), it holds that

1D D oy = 1D F L zor o) 190172 (wa) + 15 Vi1 (000) 1D0°GN 102 gy V5 9 € So(R™).
(2.2.27)

If wy = wy then different pairs of pi,ps can be used on the right-hand side of (2.2.27);

moreover, if w € Ay, then

HDS(JCQ)HHp(w) S ”DSf”HP(w) l9lree + f] e HDngHP(w) V[, g€ So(R"),

where 0 < p < 0 and s > T,(w).

In particular, the case w; = we = 1 in Corollary 2.2.3 leads to the estimates

1D*U D e < 1D o |90 ezwa + 1 o 10791 1o (2.2.28)

for 0 < p,p1,p2,P1,P2 < ©, 1/p = 1/p1 + 1/pa = 1/P1 + 1/p2, and s > n(1/min(p, 1) — 1).
The estimates (2.2.28) improve and extend (1.0.1). Indeed, the inequality (2.2.28) extends
the range of p, p1, p1, pa, and Py by allowing 0 < p, p1, p1, P2, P2 < 0 while (1.0.1) requires
1 < p1,po, P1, P2 < 00. Additionally, (2.2.28) allows for the H? norm on the left-hand side,
which is larger than the LP norm.

More generally, Theorem 2.2.1 implies the following weighted fractional Leibniz rules
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for the product of two functions.

Corollary 2.2.4. Consider 0 < p,p1,p2 < 00 such that 1/p = 1/p; + 1/ps and 0 < q < o0;

let wy, ws € Ay and set w = wP WP, If 0 < p,p1, ps < 0 and s > Tpq(w), it holds that

HDS(fg)Hng(w) S ||D5f||}.7'1917q(w1) ||9Hsz(w2) + [l e (w1) HDSQHFZQM(W) Vf g€ So(R").
(2.2.29)
If 0 < p,p1,p2 < 0 and s > 1,(w), it holds that

||Ds(f9)||327q(w) S ||Dsf|‘3g17q(w1) ||9Hsz(w2) + ”fHHPl(wl) HDSQHBgQ’q(w) Vf.g€S(R"),
(2.2.30)
where the Hardy spaces HP* (wy) and HP?(ws) must be replaced by L* if p1 = o0 or py = 0,
respectively.
If wy = wy then different pairs of p1,ps can be used on the right-hand sides of (2.2.29)

and (2.2.30); moreover, if w € Ay, then

1D°(F D kg wy 1D Fllizg oy 9o + 1 Lo 1079l 0y VFr9 € So(R?), (2:2.31)

where 0 <p <00, 0 < g <0 and s > 7, ,(w).

We close this section by comparing Corollaries 2.2.2 and 2.2.3 with other related results
in the literature.

Using different methods, the following result was proven in Brummer-Naibo [13, Theo-
rem 1.1]:

If o is a Coifman-Meyer multiplier of order 0, 1 < pi,ps < O, % <p< o, l/p =
1/p1+1/p2, wi € Ay, wa € Ay, w = w’f/plwg/m and s > T1,, then for all f,g € S(R™) it holds

that

1D*(To (s 9D Loy S 1D Fllzor oy 190202 ) + 1| zor oy 19790 1o sy - (2.2.32)

Moreover, if wi = wy then different pairs of pi,ps can be used on the right-hand side of
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(2.2.32).

Corollary 2.2.2 and this result compare as follows:

e The estimate (2.2.25) allows for 0 < p,p1,p2 < 0, wy,ws € Ay, and HP(w) on the
left-hand side if s > 7,(w). On the other hand, (2.2.32) requires 1 < p;,p; < o,
wy € A,, wy € Ap,, and the smaller LP(w) norm on the left-hand side when s > 7,.
Therefore, (2.2.25) is less restrictive than (2.2.32) in terms of the indices p, p;, and
p2 and the classes that the weights w; and ws belong to. However, since 7, < 7,(w),

(2.2.25) is more restrictive than (2.2.32) in terms of the range of the regularity s.

o Let 1/2 <p <, 1<py,py<o0suchthat 1/p=1/p; + 1/ps, wy € A, and ws € A,,.
If s > 7,(w) then (2.2.25) holds and implies (2.2.32); however, if 7, < 7,(w) then
(2.2.32) holds also for 7, < s < 7,(w) while (2.2.25) may not be true for such range
of s. We next give examples of w; and ws such that the corresponding weight w
satisfies 7, < T,(w). Let 1 < p; < pp < 00 and wy(z) = we(zr) = w(zr) = |z|* with
n(r—1) <a<n(p; —1) for some 1 <r <p;. Then we A, < A,,, and w ¢ A,. This

implies that 1 < 7, which leads to 7, < 7,(w) if p < 7.

e The estimate (2.2.32) implies (2.2.26) for 1 < p < w0, w e A,, and s > 7, and gives the

endpoint estimate

| D*(To(f, g))HLP(w) < D f e ||gHLP(w) + HfHLP(w) |1D°gll ee -

However, (2.2.26) allows 0 < p < 00 and w € Ay if s > 7,(w).

Corollary 2.2.3 complements some of the estimates obtained through different methods
in [18, Theorem 1.1] in the same manner Corollary 2.2.2 complements [13, Theorem 1.1] as
explained above; as in that case, Corollary 2.2.3 and [18, Theorem 1.1] have some estimates

in common but each of them gives a different set of results.
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2.2.2 Proofs of the homogeneous Leibniz-type rules

In this section we prove Theorem 2.2.1. The following lemma will be useful in its proof.

Lemma 2.2.5. Let ¢y, ¢o € S(R™) be such that (bAl and ¢AQ have compact supports and qglgbAg =
$1. If0 <7 <1 and e > 0, it holds that

Pjramf(m)‘ < (L+|a])* " M (PP f)(z) VYa,aeR"jeZ, fe SR

Proof. This estimate is a consequence of Lemma 2.1.7. In view of the supports of gz/ﬁ\l and

¢ we have PjT“d’lf = PjT“‘z”Pfo for j € Z and f € S(R"). Applying Lemma 2.1.7 with

d(z) = 21,01 (2'x), A =27, R > 1 such that supp(qgg) c{¢eR":|{|<R}andd =e+n/r,

we get

PP f(@)] £ RGTD27 (14 (2052700 (20| Mo(P ) ()

~ @+ 2 i (20 e M(PP2f) () Vz,0€R™,jEZ, f e SR,

Since ¢, € S(R™),

. . (1+ |a|)=t+ .
TaP1(2 )| = r+a)| S ———~—= Vr,0eR,jeZ.
|Tap1(27)| = |1 ( )| 01 2z J
Combining these two estimates completes the proof. O

We now prove Theorem 2.2.1.

Proof of Theorem 2.2.1. Consider ®, ¥, T}, T2, {C;(a,b)}jecz.apezn as in Section 2.1.1. Let
m, o, p, p1, P2, q, S, wy, we and w be as in the hypotheses. For ease of notation, p; and p,
will be assumed to be finite; the same proof applies for (2.2.20) if that is not the case, and
for (2.2.21).

We next prove (2.2.19) and (2.2.20). Here we will only work with T} as the estimate
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for T? is shown through symmetry. Hence we will prove that

|7, (f.9)

p g0 S 10317 1909y -

Moreover, since | f; Hmm P q V< Hmm pq Y and similarly for Bs (w), it suffices to prove
that, given ¢ > 0 there exist 0 < rq,ry < 1 such that for all g € S(R") and f € So(R")
(f € S(R™) N F3 (w) or fe SR n B (w) if m > 0), it holds that

S (L+ )™ (14 B 72 | /]

|7**(f,9)]

|7, 9)]

Fgf,q(w) F§+m wl HgHHp2 w2) 9 (2233)

< (L+Ja)™ (1 + BT | f| (2.2.34)

B;,q(w) B;Tan wl HgHHPZ w2) Y

where

T*(f,9) == >, Ci(a,b) (ATY f) (SP*g)

JEZ
and the implicit constants are independent of a and b. We will assume ¢ finite; obvious
changes apply if that is not the case.

In view of the supports of ¥ and ® we have that
supp(F[C;(a, b) (AT ) (S]%9)]) c {€ e R™: €] £ 27} VjeZ, abeZ"

For (2.2.33), Theorem 2.1.6 (i), the bound (2.1.4) for C;(a,b), and Holder’s inequality
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imply

o . Ta T P
[T (£ )y quy < [ {29Cs(a,b) (AT £) (S779) ez e
1
q
< (2 2| (AT f) () <S}bq’9>|Q>
JEZL L (w)
1
q
< Jsup [(S77g)| | 20 |(AF f)
JEL jez
LP(w)
1
< (2 (st mai| ATe¥ f|q> sup |57l
= 1 () JEZ LP2 (w2)

Consider ¢, 9 € S(R™) as in Section 2.1.2 such that = 1 on supp((%) and ¢ = 1 on supp(\ff).
Let 0 < r; < min(1,p1/7w,,q); by Lemma 2.2.5 and the weighted Fefferman-Stein inequality
(2.1.5) we have that

1

(2 2<s+m>qf|m;“’f>|q) S (L+Ja)™ (Z 2“*“‘”|Mn<A?’f>|q)
JEZ L1 (w) Jjez LP1 (w1)

1

< (1+a))™ (2 2<s+m>qj|A;f’fyq)

JEL

LP1 (wl)

~ (1 Ja)™ | f

Fpg™ (wr)

where the implicit constants are independent of a and f. Next, let 0 < ro < min(1, pa/Ty,);
by Lemma 2.2.5 and the boundedness properties of the Hardy-Littlewood maximal operator

on weighted Lebesgue spaces we have that

< (1+ o)t

LP2 (wg)

sup [S]*%g] M., (sup|S7g))
JEZ JEZL

LPr2 (’LUQ)

< (1+ b7 |sup[SZg]

JEZ

LP2 (w2)

~(1+ |b|)€+6 ”gHHz’z(wQ) )
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where the implicit constants are independent of b and ¢. Putting all together we obtain
(2.2.33).
For (2.2.34), Theorem 2.1.6 (ii), the bound (2.1.4) for C;(a,b), and Hélder’s inequality

give

a,b sj Ta¥ e
ITF )5,y < | 29Cs(a,8) (AT ) (S7"g) e .
1
q
< (s+m)qj Ta ¥ P Hq
< Zz (AFTf)(S779) o)
JEZL
1
q
< Zg(s+m)qj H(A;a\llf)H‘ipl(wl)) Sup’S]:bq)g|
= keZ LP2 (wg)

< (L [al)™ 7 (1 + (b)) | /]

Bt e 190 ar2 o)

where in the last inequality we have used Lemma 2.2.5 and the boundedness properties of
M with 0 < r; < min(1,p;/7,) for j =1,2.

It is clear from the proof above that if w; = w,, then different pairs of py, po related to
p through the Hélder condition can be used on the right-hand sides of (2.2.19) and (2.2.20);

in such case w = w; = ws. O

Remark 2.2.6. For convergence purposes, the relations between N in (2.1.3) and the powers
e+ n/ry and € + n/ry in (2.2.33) and (2.2.34) must be such that (N —e —n/ry)r* > n and
(N —e—n/ry) r* > n, where r* = min(p, ¢, 1). Moreover, r; and r, were selected so that 0 <
r; < min(1, p;/7y;,q) in the context of Triebel-Lizorkin spaces and 0 < r; < min(1,p;/7y,)
in the context of Besov spaces. Therefore, if N > n(1/r* + 1/min(1, p1/Tw,, P2/Tws, q))
in the Triebel-Lizorkin setting and N > n(1/r* + 1/min(1, p1/Tw,, P2/Tw,)) in the Besov
setting, €, r; and ro can be chosen so that all the conditions above are satisfied. In view
of this and Remark 2.1.2, the multiplier ¢ in Theorem 2.2.1 needs only satisfy (2.1.1) for
la+ B < 2([n(1/r* + 1/min(1, p1/Tw,, P2/Tw,, q))] + 1) in the Triebel-Lizorkin case and
la+ 8] < 2([n(1/r* + 1/ min(1, p1/Tw,, P2/Tw,))] + 1) in the Besov case.
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2.2.3 Inhomogeneous Leibniz-type rules

In this section, we obtain Leibniz-type rules for Coifman-Meyer multiplier operators associ-
ated to inhomogeneous symbols, which lead to extensions and improvements of the fractional
Leibniz rule (1.0.2). Our main result is a counterpart in the inhomogeneous setting to The-

orem 2.2.1, which we next state.

Theorem 2.2.7. For m € R, let 0(§,n), &,n1 € R™, be an inhomogeneous Coifman-Meyer
multiplier of order m. Consider 0 < p,p1,ps <  such that 1/p = 1/p1+1/py and 0 < q <

p/p1

let wy,wy € Ay and set w = wy wg/pz. If 0 < p,p1,p2 < 0 and s > 7, ,(w), it holds that

1T5(f,9)

Fs ) S 1l ggem ) 19002 o) + 1 lnws oy 190 By V59 € SR, (2.2.35)

P2,9

If 0 < p,p1,p2 < 0 and s > 7,(w), it holds that

1T6(F, D) gs ) = 1F1l5;

P

) 190m02 o) + 1 lnws oy 190 B35 0y V59 € S(RY), (2:2.36)

P2,9

where the local Hardy spaces hP*(wy) and hP?(ws) must be replaced by L* if p1 = oo or
P2 = 00, respectively.

If wy = wy then different pairs of p1,ps can be used on the right-hand sides of (2.2.35)
and (2.2.36); moreover, if w € Ay, then

1T5(f. 9)

peinuy |9l + 17l 9l pimey Vg€ S®Y),  (2:237)

FS o (w) < Hf

where 0 <p <00, 0 < g <0 and s > 7, ,(w).

By the lifting properties for weighted inhomogeneous Besov and Triebel-Lizorkin spaces
(2.1.14) and (2.1.15), the estimates (2.2.35), (2.2.36), and (2.2.37) can be written respectively

as

|5 (f, g)”FO HJSfHFIgV{,q(wQ HthPQ(wz) + ”thPI(wl) HJSQHFgg’q(wz) ) (2.2.38)

17T (Fs ) sg ) = 1 F g uny 192 gy 1 U oy [ g ) (2.2.39)
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1P To (£, Dllrg. ) S 17° i 19l + 1

TG - (2.2.40)

The proof of Theorem 2.2.7 follows along the same lines as the proof of Theorem 2.2.1.
Theorem 2.2.7 implies versions in the inhomogeneous settings of the corollaries presented in
Section 2.2.1. As an example we state the inhomogeneous counterpart to Corolarry 2.2.2

and obtain an improvement of the fractional Leibniz rule (1.0.2).

Corollary 2.2.8. Let o(&,n), £,mn € R™, be an inhomogeneous Coifman-Meyer multiplier of
order 0. Consider 0 < p,p1,p2 < 00 such that 1/p = 1/py + 1/pa; let wy,wy € Ay and set

w=wP WP If s > 7,(w), it holds that

17T (s ) ey S 17 Flluor uory 1900e ) + 1 Dnwr i) 179 gy V5 9 € S(RT).
(2.2.41)
If wy = wy then different pairs of pi,ps can be used on the right-hand side of (2.2.41);

moreover, if w € Ay, then

|7 (To (Fs Oy S 1 Fliwguy 190 oo + 15 oo 1779l oy Vo9 € S®RY), — (2.2.42)

where 0 < p < o0 and s > T,(w).

Corollary 2.2.8 applied to the case o = 1 gives in particular

17D oy = 1T F o ) 190072 gy + 1 lnos oy 179 nme ) 59 € S(R?), - (2.2.43)

which supplements some of the estimates obtained in [18, Theorem 1.1] for J*°. The case
w; = wy = 1 of (2.2.43) was obtained in [41] and is an extension and an improvement of
(1.0.2); indeed, (2.2.43) allows for 0 < p,p;,ps < 0 and, when 1 < p;,py < 00, it improves
(1.0.2) by allowing the larger quantity |J°(fg)||,, on the left-hand side.

Remark 2.2.9. An analogous observation to Remark 2.2.6 follows for the multiplier ¢ in

Theorem 2.2.7 in relation to the condition (2.1.2).
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2.3 Leibniz-type rules in other functions spaces

The method used to prove Theorems 2.2.1 and 2.2.7 is quite versatile and can be applied to
Triebel-Lizorkin and Besov spaces that are based in other quasi-Banach spaces.
The main features of weighted Triebel-Lizorkin and Besov spaces used in the proofs of

Theorems 2.2.1 and 2.2.7 are the following:

(i) there exists r > 0 such that |f + ¢

Fs ) T 9] Fi o w) similarly for the

v < ]
weighted inhomogeneous Besov spaces and the weighted homogeneous Triebel-Lizorkin

and Besov spaces;
(ii) Holder’s inequality in weighted Lebesgue spaces;

(iii) the boundedness properties in weighted Lebesgue spaces of the Hardy-Littlewood max-
imal operator (for the Besov space setting) and the weighted Fefferman—Stein inequality

(for the Triebel-Lizorkin space setting);
(iv) Nikol’skii representations for weighted Triebel-Lizorkin and Besov spaces (Theorem 2.1.6).

In the following subsections we consider quasi-Banach spaces X such that properties
(i)—(iv) hold for the homogeneous and inhomogeneous X-based Triebel-Lizorkin and Besov
spaces. We show that corresponding versions of Theorems 2.2.1 and 2.2.7 hold in Triebel-
Lizorkin and Besov spaces based on these spaces. The homogeneous x-based Triebel-Lizorkin
and Besov spaces, denoted by F ¥, and B}jq respectively, are defined analogously to the
weighted homogeneous Triebel-Lizorkin and Besov spaces with the quasi-norm || - || e (w)

replaced with the quasi-norm || - [|x. The inhomogeneous spaces are defined similarly.

2.3.1 Leibniz-type rules in the settings of Lorentz-based Triebel—
Lizorkin and Besov spaces.

Given 0 < p<wand 0 <t < worp=1t= o, and an A, weight w defined on R",

we denote by LP*(w) the weighted Lorentz space consisting of complex-valued, measurable
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functions f defined on R"™ such that

1flzet ) = (

where f(7) = inf{\A = 0: ws(\) < 7} with wg(A\) = w({zx € R™ : |f(z)| > A}); the obvious
changes apply if t = co. It follows that LPP(w) = LP(w) for 0 < p < co. We refer the reader
to Hunt [35] for more details about Lorentz spaces.

The corresponding weighted inhomogeneous Triebel-Lizorkin and Besov spaces are de-
noted by F;, ,, (w) and Bf, ) (w), respectively. These spaces contain S(R"), are independent
of the choice of ¢ and ¢ from Section 2.1.2; are quasi-Banach spaces and have appeared in
a variety of settings (see Seeger—Trebels [64] and references therein). The space hP'(w) is
defined in the same way as h”(w) with the quasi-norm in LP(w) replaced by the quasi-norm
in L7 (w).

We next consider the corresponding properties (i)-(iv) in this context. Regarding prop-
erty (i), given 0 < p < 0, 0 < t,q < o and s € R, it follows that there exist » > 0 and a
quasi-norm ||| - ||| st (w)(es) comparable to || - | ot (w)(eay such that [[| - [[|7.¢(,) ) is subadditive;
this is an adequate substitute for property (i). The quasi-norm ||| - ||[1rt(w)s) is defined
analogously to || - || r.t(u)(ee) by replacing | - | zr. () With a comparable quasi-norm ||| - ||| Lr.t()
for which |[| - [|[7,.(,, is subadditive (see [35, p. 258, (2.2)]). As for property (ii), weighted
Lorentz spaces satisfy a Holder-type inequality (see [35, Thm 4.5]): Given a weight w in
R™ and indices 0 < p,p1,p2 < o0 and 0 < ¢,11,t3 < oo such that 1/p = 1/p; + 1/ps and
1/t = 1/t; + 1/t5, it holds that

19y < 1 oor s o 190 o -

where the implicit constant is independent of f and g (p; = t; = o0, which gives p = py
and ty = t, is also allowed). The following boundedness properties of the Hardy-Littlewood

maximal operator in weighted Lorentz spaces (property (iii)) hold true: If 0 < p < oo,
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0<t,qg<o, 0<r<min(p/ry,,q) and 0 < r < ¢, it holds that

(Z!Mr(fmq)q < <Z\fj|">q V(e € LM ()(E0); (2.3.44)

= jeN
I€ Pt (w) JENo Lpot (w)

in particular, if 0 < r < p/7, and 0 < r < ¢, it holds that

IMe(D oty S 1 oey VI € L7 (w).

Whenr =1, 1 <p< o, 1 <t< wand 1 < q < oo, the vector-valued inequality above
follows from extrapolation and the weighted Fefferman—Stein inequality in weighted Lebesgue

spaces (see [17, Theorem 4.10 and comments on p. 70] for the extrapolation theorem).

The rest of the cases follow from the latter and the fact that ||f[*] e = [ £zt for

any 0 < s < o0. Regarding property (iv), the Nikol’skii representation for F}? ., (w) and

(p:t),a

B?pyt) g

s > (1/min(p/7w,t,¢,1) — 1) and F (w) replaced with I,y (w) in the Triebel-Lizorkin

q

(w) with w € Ay, can be stated as in Theorem 2.1.6 with 0 < p < 00, 0 < t,q < 0;

setting; s > 7,,(w) and B,  (w) replaced with B¢, ) (w) in the Besov setting. In the context
of F(,, ,(w), the convergence of the series holds in S'(R") if ¢ = o0 or ¢ = o0 and in
FE, 1) (W) otherwise; in the setting of B, ) (w), the convergence of the series holds in S'(R")
if ¢ = o0 and in Bfm)’q(w) otherwise. The proofs follow parallel steps to those in the proof
of Theorem 2.1.6 (see also Section 2.3.4).

As an exemplary result, we next present an analogue to Theorem 2.2.7 in the context

of the spaces F{; ) (w). For w € Ag, set 74 4(w) := n(1/min(p/7w,t, ¢, 1) — 1).

Theorem 2.3.1. For m € R, let 0(&,n), {,n € R™, be an inhomogeneous Coifman-Meyer
multiplier of order m. If w € Ay, 0 < p,p1,p2 < 0 and 0 < t,t1,to < 0 are such that

1/p=1/p1+1/py and 1/t = 1/t1 + 1/t2, 0 < g < 0 and s > 7, ,(w), it holds that

T15(f,9)| s S
7. (5.9, |y S I

F(S;lir;l)’q(w) ”thpz,tz(w) + HthPLH(w) Hg‘ Vf,g S S(R )

s+m
F(P2vf2),q(w)
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Different pairs of p1,ps and ti,ty can be used on the right-hand side of the inequality above.

Moreover, if we Ay, 0 <p <0, 0<t,qg<w and s> T, ,(w), it holds that

“To’(f’ g)HF(Sp,t),q(w) $ Hf| Fsprrm’q(w) Vf, g S S(Rn)

ey 190 + 1 e gl

) = HJSfHF(o @) holds true for s e R, 0 < p < o0 and
P,t),q

0 < t,q < oo; this is implied by the Fefferman—Stein inequality (2.3.44) through a proof

analogous to that of the lifting property of the standard Triebel-Lizorkin spaces I} . Then,

under the assumptions of Theorem 2.3.1 we obtain, in particular,

1Pz w <17 e 9l + 1 s 1700 mn

(p1,t1),9 P2,t2)

172G DNk wy SN Flrp 1920 + 1l 1 °9 R0 -

These last two estimates supplement the results in [18, Theorem 6.1], where related Leibniz-

type rules in Lorentz spaces were obtained.

2.3.2 Leibniz-type rules in the settings of Morrey-based Triebel—
Lizorkin and Besov spaces.

Given 0 < p <t < o0 and w € Ay, we denote by M, t( ) the weighted Morrey space consisting
of functions f € L{ (R™) such that

-
'@\H

1
lagr = s (B ([ 1@ wt)de)” <,

BcR»
where the supremum is taken over all Euclidean balls B contained in R"; it easily follows
that MP(w) = LP(w). We refer the reader to the work Rosenthal-Schmeisser [63] and the
references it contains for more details about weighted Morrey spaces. The corresponding
weighted inhomogeneous Triebel-Lizorkin spaces and inhomogeneous Besov spaces are de-

noted by Fp, , (w) and By, (w), respectively. These Morrey-based Triebel-Lizorkin and
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Besov spaces are independent of the choice of ¢ and v given in Section 2.1.2 and are quasi-
Banach spaces that contain S(R™) (see the works Kozono—Yamazaki [42], Mazzucato [45],
Izuki et al. [36] and the references they cotain). The corresponding local Hardy spaces are
denoted by hf(w).

Property (i) for F; , (w) and B}, (w) is easily verified with r = min(p, g, 1) using
that |Hf‘s”MIt,(w) = HfH}gw;;'(w) for 0 < s < oo. Regarding property (ii), we have that if 0 <
p<t<ow 0<p <t; <owand0 < py <ty < oo are such that 1/p = 1/p; + 1/ps and
1/t = 1/t; + 1/t5, then

170ty < 1 Dty 19 a2 :

also, if 0 < p <t < 00, 0 < py,ps < 0 are such that 1/p = 1/p; + 1/py and w = w’f/plwg/m

for weights w; and ws, then

1791wy S NFI ae gl pe

pr (w1 Mp, (w2

Both inequalities are straightforward consequences of Holder’s inequality for weighted Lebesgue
spaces. As for property (iii), it holds that if 0 < p <t < 0,0 < g < wand 0 < r <

min(p/7y, q), then

Q=

(Z |Mr(fj)|q> < (Z |qu) f‘ V{f;}jeno € My (w)(£7); (2.3.45)

JEZ J€Np
M (w) M (w)

in particular, if 0 < p <t < o and 0 < r < p/7,, it holds that

HMr(f)”M;,(w) S HfHM;,(w) Vfe M;(w).

When r = 1,1 <p <t <owandl < g < o, the vector-valued inequality follows from
extrapolation and the weighted Fefferman—Stein inequality for weighted Lebesgue spaces
(see [63, Theorem 5.3] for the corresponding extrapolation theorem). The rest of the cases

follow from the latter and the fact that H|f’SHMt(w) = ||fH?\/15t(w) for any 0 < s < 0. The
P sp

37



Nikol'skil representation for F}; , (w) and B}, (w) with w € Ay (property (iv)) has an
analogous statement to that of Theorem 2.1.6 with parameters 0 < p <t < o0, 0 < g <

and LP(w) replaced by M](w). In the setting of Fp, 1.4(w), the convergence of the series is in
S'(R™) for any choice of parameters; in the case of Bp . q(w), the convergence of the series
holds in §'(R") if ¢ = o0 and in B, ; ,(w) otherwise. A similar proof to that of Theorem 2.1.6
applies (see also Section 2.3.4).

Finally, we next present a counterpart of Theorem 2.2.7 in the context of F}; q(w).

Theorem 2.3.2. For m € R, let 0(&,n), {,n € R™, be an inhomogeneous Coifman-Meyer

multiplier of order m.

(i) Ifwe Ay, 0 < p<t <o, 0<p <t <oand 0 < py <ty < 0 are such that

I/p=1/p1+1/ps and 1/t = 1/t1 + 1/t5, 0 < ¢ < 0 and s > 7, ,(w), it holds that

700l < Wl I+ Uy o oy V0 € SCRY)
Different pairs of p1,p2 and ty,ty can be used on the right-hand side of the inequality

above. Moreover, if we Ay, 0 <p<t<w, 0<q<ow0 and s> 7,,(w), it holds that

< S+m S+m n .
-9 o < I o lalle + 1l laliein oy VFig e SERY)
(i1) If wi,wy € Ap, w := wf/pl p/p2 0<p<t<ow 0<p,p < 0 are such that

1/p=1/p1 + 1/py and s > 1, ,(w), it holds that

175(f 9 e

< |

b o 190030y I gty W9mssn  (y VF g € SRY).

@) _HJfHFo w),validforseR,O<p<t<

oo and 0 < ¢ < o0, and under the assumptlons of Theorem 2.3.2 we obtain, in particular,
”J (fg)HF[';,t]!q(w) < HJ f|‘F&1,t11,q(w) HQHh;?Q(w) + Hthfﬂll(w) HJ g|‘F&2,t2],q(w) ) (2-3-46)
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s < s S .
|J (fg)HF&’t]yq(w) < |7 fHF[%’t]yq(w) 19l e + [ f1z 17 g”F[(;,t]’q(w) ’

Gy oy S 1l 190ty + U gyt 1% s

,p1t/p], ,pgt/p],q(wQ) '

We refer the reader to [18, Theorem 6.3] for unweighted estimates in Morrey spaces in the

spirit of (2.3.46).

2.3.3 Leibniz-type rules in the settings of variable-exponent Triebel—
Lizorkin and Besov spaces.

Let Py be the collection of measurable functions p(-) : R" — (0, c0) such that

p—:=essinfp(x) >0 and p, :=esssupp(x) < 0.
reR™ reR"

For p(-) € Py, the variable-exponent Lebesgue space LP() consists of all measurable functions

f such that
p(x)
1 £l oy = inf{/\>0:J d:c<1} < o

such quasi-norm turns LP() into a quasi-Banach space (Banach space if p_ > 1). We note

f (=)

A

that if p(-) = p is constant then LP¢) ~ L with equality of norms and that

1A o = 1 Npwr V8> 0. (2.3.47)

We refer the reader to the books Cruz-Uribe-Fiorenza [16] and Diening et al. [20] for more
information about variable-exponent Lebesgue spaces.

Let B be the family of all p(-) € Py such that M, the Hardy-Littlewood maximal
operator, is bounded from LP") to LP1). A necessary condition for p(-) € Bis p_ > 1; sufficient
conditions for p(-) € B include log-Holder continuity assumptions. Property (2.3.47) and

Jensen’s inequality imply that if p(-) € Py and 0 < 79 < 0 is such that p(-)/7 € B then
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p(+)/T € B for 0 < 7 < 19. We then define

Tp() = sup{7 > 0: ) e B}, p() e P,

T

where Pg denotes the class of variable exponents in Py such that p(-)/7y € B for some 7y > 0.
Note that 7,) < p_.

Given s € R, 0 < ¢ < o and p(-) € Py, the corresponding inhomogeneous Triebel-
Lizorkin and Besov spaces are denoted by Fp(_)’ , and B;(.)y .+ respectively. If p(-) € Pg, these
spaces are independent of the functions ¢ and ¢ given in Section 2.1.2 (see Xu [67]), contain
S(R™) and are quasi-Banach spaces. If p(-) € B and s > 0, E o coincides with the variable-
exponent Sobolev space W*P() (see Gurka et al. [31] and Xu [66]). More general versions of
variable-exponent Triebel-Lizorkin and Besov spaces, where s and ¢ are also allowed to be
functions, were introduced in Diening at al. [21] and Almeida—Hé&st6 [1], respectively. The
local Hardy space with variable exponent p(-) € Py, denoted hP(), is defined analogously to
hP(w) with the quasi-norm in LP(w) replaced by the quasi-norm in LP().

We next consider properties (i)-(iv) in the variable-exponent setting. Given p(-) € Py,

and B, with r = min(p_, g, 1) follows right

0 < ¢ < and s € R, property (i) for F,

away using (2.3.47). Property (ii) is given by the following version of Hélder’s inequality

in the context of variable-exponent Lebesgue spaces: If p;(-), pa(-), p(+) € Py are such that

1/p() = 1/p1(-) + 1/p2(-) then
1£9lloer < I flpmollglime Ve LD, ge L0,

For a proof with exponents in Py such that p_ > 1 see, for instance, [16, Corollary 2.28]; the
general case with exponents in Py follows from the latter and (2.3.47). Regarding property
(iii) for variable-exponent Lebesgue spaces, the following version of the Fefferman-Stein

inequality follows from [16, Section 5.6.8] and (2.3.47): If p(-) € P;, 0 < ¢ < oo and
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0 < r < min(7,.),q) then

1

(Z ’Mr(fj)\q> ‘1 < (Z \fj\q> V{f;}iem € LPO(£9);

€L () 7€No Lp()

S

in particular, if 0 < r < 7, it holds that

IMe ()l oy < I fllpper Vf € LPO.

Finally, the following version of the Nikol’skii representation for sz(~) , and B;(% . (property

(iv)), can be proved along the lines of the proof of Theorem 2.1.6 (see also Section 2.3.4):

Theorem 2.3.3. For D > 0, let {u;}jez, = S'(R™) be a sequence of tempered distribu-
tions such that supp(d;) < B(0,D27) for all j € Z. Let p(-) € P§, 0 < ¢ < o and
s > n(1/min(7,.),q,1) = 1). If H{stu]'}jEZ”Lpt)(éq) < o, then the series D ., u; converges in

2, U

J€No

< H {2jSUj}j€NO HLP(')(ZQ) ’
sz('),q

where the implicit constant depends only on n, D, s, p(-) and q. An analogous statement

holds true for By,  with s > n(1/min(7,),1) — 1)

We next state a version of Theorem 2.2.7 for variable-exponent Triebel-Lizorkin spaces

as a model result.

Theorem 2.3.4. For m € R, let 0(§,n), &,n1 € R™, be an inhomogeneous Coifman-Meyer
multiplier of order m. If p(-),p1(+),p2(-) € P§ are such that 1/p(-) = 1/pi(-) + 1/pa(-), 0 <
q <0 and s > n(1l/min(7,.y,q,1) — 1), it holds that

\T5(f,9)

Fs S ||fHFS+m Hthp2(~) + Hthm(-) H9||Fs+m Vf7g € S(Rn)-
p(-).q p1(+)q p2(-),q
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Moreover, if p(-) € P§, 0 < g < 0 and s > n(1/min(7,),q, 1) — 1), it holds that

HTCT(f7 g)|

ro o S lpsrn (9l + 1 |9l posm ¥ f, g € SRY).
p().q p(-),q p().q

The lifting property || f| L ||JsfHFI?(A) ] holds true for s € R, p(+) € P and 0 < ¢ < o0;

then, under the assumptions of Theorem 2.3.4 we obtain, in particular,
(AR OD1 XU (VA P 171 ORI PRSTOR DA ] I
p(),q p1(-):q p2(),q

H‘]S(fg)”Fg(.)ﬂ < HJSfHFS(_%q HgHLoo + ”fHLoc HJSQHFI?(')%I .

These last two estimates extend some of the inequalities in [18, Theorem 1.2], where Leibniz-
type rules for the product of two functions were proved in variable-exponent Lebesgue spaces

through the use of extrapolation techniques.

2.3.4 Nikol’skii representations of Triebel-Lizorkin and Besov spaces

In this section, we remark on the proofs of Theorem 2.1.6 and the corresponding versions
in the settings of weighted Lorentz spaces, weighted Morrey spaces, and variable-exponent
Lebesgue spaces.

Regarding the proof of Part (i) of Theorem 2.1.6 (for instance, in the inhomogeneous

case) the fact that H{Z‘jsu‘j}M+1<‘j‘<NHLp( converges to zero, as M, N — o0, when ¢ is

w)(£9)

finite, allows to conclude that ). u; converges in F; (w) through the use of (2.1.18).

7€No
Under the hypothesis of Part (i) for X = LPf(w) with 0 < p,t < 0 or X = LP0) with
p(+) € Py and ¢ finite, it holds that

H{stuj}M+1<|j|<NHX(£q) — (0 as M, N — 0, (2348)

3 S
therefore, > . u; converges in F|

(p,t),q(w) and FJ ), respectively.

7€No

In the case of Lorentz spaces, the fact (2.3.48) is a consequence of the following domi-
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nated convergence type theorem:
Suppose f, — f in measure with respect to a weight w and |f,(z)| < |g(z)| a.e. for some
g€ LPY(w), 0 < p,t <oo. Then nlgglo Ifo = Fllpoieqy =0

In the setting of variable-exponent Lebesgue spaces, (2.3.48) is a consequence of the
following dominated convergence type theorem:
Suppose f, — [ pointwise a.e. and |f,(x)| < |g(x)| a.e. for some g€ LPO), p(-) € Py. Then
f, — f in LPO).

For the indices for which (2.3.48) does not necessarily hold under the corresponding
assumptions in Part (i) (£ = 0 or ¢ = o0 when X = [P (w), 0 <p<t<owand 0 <¢g< w0

when X = M!(w), ¢ = o0 when X = LP)), the convergence of ¥, . u; holds in &’'(R") rather

jENo

than in Fj; ) (w), Fp;

ipi.q(W) or Fyy . respectively. Regarding Part (ii), the counterpart of

(2.3.48) is

H{2jsuj}M+1<|j|<NHZq(X) —0 as M,N — o,

which is always true under the corresponding assumptions of Part (ii) as long as ¢ is finite,

in which case the convergence of ] u; holds in the corresponding X'-based Besov space.

j€No
If ¢ = o0, the convergence is in S’(R") rather than in the X'-based Besov space.

The last part of the proof of Theorem 2.1.6 uses the Fatou property of Triebel-Lizorkin
and Besov spaces. Let A be a quasi-Banach space such that S(R") — A — S'(R") (or
So(R™) < A — S| (R™)). The space A is said to have the Fatou property if for every sequence
{fj}jen © A that converges in S'(R") (Sj(R™), respectively), as j — o0, and that satisfies
liminf; . | f;| , < o0, it follows that lim;_. f; € A and [limj_, fjl| , < liminf; . | f;]
where the implicit constant is independent of {f;}en.

It can be shown, using standard proofs, that Triebel-Lizorkin and Besov spaces based
on a quasi-Banach space X" of measurable functions (i.e. F% ,, By, and their homogeneous
counterparts) posses the Fatou property for any s € R and 0 < ¢ < oo if X satisfies the
following properties: (1) if f,g € X and |f| < |g| pointwise a.e., then |f]y < [g]+; (2)
if {fj}jen © & and f; > 0 poinwise a.e., then |liminf; . f;|, < liminf; | f;|, . Given

a weight w, properties (1) and (2) are easily verified for LP(w) if 0 < p < oo, LPf(w) if
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0<p<mw0<t<o M(w)if 0 <p <t < o; they also hold for LPO) if p() € Py, as
shown in [16, Theorem 2.61]. As a consequence, all the Triebel-Lizorkin and Besov spaces

considered in the statements of the theorems in Sections 2.2 and 2.3 have the Fatou-Property.

2.4 Applications to scattering properties of PDEs

In this section, we discuss applications of Theorem 2.2.1, Theorem 2.2.7, and their coun-
terparts in Section 2.3 to systems of partial differential equations involving powers of the

Laplacian. The systems of partial differential equations that we study are of the form

diu =vw, G+ a(D)v =0, dw+b(D)w =0,

u(07x> =0, U<07x> = f(&?), w(O,x) = g(SU),

(2.4.49)

where u = wu(t,z), v = v(t,z), and w = w(t,z), t > 0 and x € R". Here the operators

a(D) and b(D) are linear Fourier multiplier operators associated to the symbols a(§) and

A~ L —

b(€) respectively; that is, a(D)f(€) = a(€)f(€) and b(D)f(€) = b(&) F(£).

Without taking issues of convergence into account, we get that

~

ot z) = f ¢~10(6) F(e)e2mint e, (2.4.50)

Indeed, using the system (2.4.49) we obtain

o(z) + a(D)v(zx) = Jn(atv(t’ NE) + al€)u(t, ) (€))eXEwdg

=0,

where the Fourier transforms 6;(?) and m are taken with respect to the variable z; so
we must have ﬁm)(ﬁ) + a(f)v/(t,\)(f) = 0. By interchanging the Fourier transform with
the derivative with respect to t we get m(é) = e 1O F(€) for some function F. Setting

A~

t = 0 and using the system (2.4.49) it follows that F'(§) = f(&); by inverting the Fourier
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transform we obtain (2.4.50). A similar calculation shows that

wlta) = | e MGy

These expressions for v and w yield that

u(t,x) = J:v(s,w)w(sal’) ds = JR% (

Setting A\(&,n) = a(§) + b(n) and assuming that A never vanishes, the solution u(t,z) can

t
f o 5(al€) +5(m) ds) FE)5(n) =€) de dn.
0

then be written as the action on f and g of the bilinear multiplier with symbol %,
that is,
u(t,x) =T (f,9)(x). (2.4.51)

A

Following Bernicot—Germain [9, Section 9.4], suppose there exists uq, € S'(R™) such that

1tlim u(t,”) = uyp in S'(R"); (2.4.52)
—00
then, given a function space X, we say that the solution u of (2.4.49) scatters in the function
space X if u, € X.

As an application of Theorems 2.2.1 and 2.2.7 we obtain the following scattering prop-
erties for solutions to systems of the type (2.4.49) involving powers of the Laplacian.

For 0 < p1,p2,p, g < o0 and wq, ws € Ay, set

7;1;1111,;;],2;;2 = 2([”(1/ Il’liIl(p, g, 1) + 1/ min(lvpl/TwUPQ/Twm Q))] + 1)a

Yoot = 2([n(1/min(p, ¢, 1) + 1/ min(1, p1 /Ty, P2/Tu,))] + 1)

For 6 > 0 define S5 = {(&,n) e R*" : |n| < 671 [¢] and |€] <671 |n|}.

Theorem 2.4.1. Consider 0 < p,p1,ps < 00 such that 1/p = 1/py + 1/ps and 0 < q¢ < o0

_ ..p/p1, /D2 . L . wi,wa,tl
let wi,we € Ay and set w = wywy' . Fiz v > 0; if v is even, or y = vt in the

setting of Triebel-Lizorkin spaces, or v = v21¥2b in the setting of Besov spaces, assume

P1,P2,P,q
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~

[, 9 € So(R™); otherwise, assume that f,g € So(R™) are such that f(£)g(n) is supported in Ss

for some 0 < § « 1. Consider the system

ou =vw, O+ Dw=0, dw+ D'w =0,

u(0,2) =0, v(0,z) = f(z), w(0,z)=g(x).

(2.4.53)

If 0 < p,p1,p2 < @0 and s > 7,,(w), the solution uw of (2.4.53) scatters in F;q(w) to a

function us that satisfies the following estimates:

ey uy S 1553y 19 vy + sy 1905y (2.4.54)

p1.9

where the implicit constant is independent of f and g. If 0 < p,p1,p2 < 0 and s > 7,(w),
the solution u of (2.4.53) scatters in B;q(w) to a function ue that satisfies the following

estimates

el 5y oy < 1300 1902y + 1 z0n oy 190 570 (2.4.55)

P1.9

where the Hardy spaces HP'(wy) and HP?(wy) must be replaced by L if p; = o0 or py = o0,
respectively, and the implicit constant is independent of f and g. If wy = wo then different
pairs of pi,ps can be used on the right-hand sides of (2.4.54) and (2.4.55); moreover, if

w € Ay, then

oo s (w) S HfHF;;”(w) lgll e + 1f] oo HQHF;QV(w) ,

where 0 < p < 00, 0 < ¢ < ©, s> T7,,(w), and the implicit constant is independent of f and

g.
For § > 0 define S5 = {(€.n) € B2 : [g < 671+ [¢[)% and [¢] < 571+ |f")3}.

Theorem 2.4.2. Consider 0 < p,p1,ps < 0 such that 1/p = 1/py + 1/p2 and 0 < q < o0

wf/plwg/m. Fiz v > 0; if v is even, or v = ~@uw2t 4n the

let wi,wy € Ay and set w = P

w1,w2,b

setting of Triebel-Lizorkin spaces, or y = v, 102"

in the setting of Besov spaces, assume

f,9 € S(R"); otherwise, assume that f,g e S(R™) are such that ]?(5)@(77) is supported in S
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for some 0 < § « 1. Consider the system

ou=vw, ov+Jv=0, dw+ Jw=0,

uw(0,z) =0, v(0,z) = f(x), w(0,z)=g(x).

(2.4.56)

If 0 < p,p1,p2 < © and s > 7p4(w), the solution u of (2.4.56) scatters in F; (w) to a

function us that satisfies the follounng estimates:

o F570 (wy) Hthpz(wQ) + Hthm(wl) ||9HFS*W(U,2) , (2.4.57)

F q(w) S Hf P14 p2,q

where the implicit constant is independent of f and g. If 0 < p,p1,p2 < 0 and s > T,(w),
the solution u of (2.4.56) scatters in B, (w) to a function uy that satisfies the following

estimates

oLy y S 1m0 190y 1 s oy 190 357 (2.4.58)

where the Hardy spaces h**(wy) and hP*(wq) must be replaced by L* if py = o0 or py = o0,
respectively, and the implicit constant is independent of f and g. If wy = wo then different
pairs of pi,ps can be used on the right-hand sides of (2.4.57) and (2.4.58); moreover, if

w € Ay, then

HUOOHF;,q(w) <|f F g™ (w) l9l e + 11 g

Fpg (w)

where 0 < p < 00, 0 < g <, s> 7,,(w), and the implicit constant is independent of f and

g.

Proof of Theorem 2.4.1. We have a(§) = |£|” and b(n) = |n|” ; therefore, A(&,n) = [£]" +|n|” .
Note that all corresponding integrals for v(¢, z), w(t, x) and wu(t, z) are absolutely convergent
for t > 0, z € R” and f,g € S(R™). If we further assume that f, g € Sp(R™), the Dominated

Convergence Theorem implies that u(t, ) — uy both pointwise and in S'(R™), where

o) = | (al6) + b)) T ) d dy = Tos (£

47



If v is an even positive integer then A\~! satisfies the estimates (2.1.1) with m = — for
all a, 8 € Nj. Then, all estimates from Theorem 2.2.1 hold for 7\-1 and therefore the desired
estimates follow for u.,, with constants independent of f, g € Sp(R").

Let p1, p2, p, q, w1, ws be as in the hypotheses. If v > 0 and + is not an even integer, then
A1 satisfies the estimates (2.1.1) with m = —v as long as a, 8 € NZ are such that |a| < v and
|B] < 7; in particular, \! satisfies (2.1.1) with m = — for «, 8 € NI such that |a + ] < 7.
In view of the Remark 2.2.6, all estimates from Theorem 2.2.1 hold for T)-1 if y > y¥1w2 i

,ypl P2,P,q

the context of Triebel-Lizorkin spaces and if v > ’y;”l{g;?éf’q in the context of Besov spaces; as a

consequence, the desired estimates follow for u,, with constants independent of f, g € So(R")
for such values of 7.

On the other hand, if 0 < v < 7;‘;1,;‘2)3;?3 in the Triebel-Lizorkin space setting or 0 < v <

”y;”llg;’i;bq in the Besov space setting, and + is not an even positive integer, consider h € S(R*")

~

such that supp(h) < Ss» and h = 1 on S;. Then, for f,g € So(R™) such that f(£)g(n) is

~
~

supported in S we have h(&,n)f(€)g(n) = f(f)ﬁ(n), therefore, T\-1(f,g) = Ta(f,g), where
A&, n) =h(&n)/(|€]"+ In|"). The multiplier A verifies (2.1.1) with m = —~ for all o, 8 € N
(with constants that depend on d). Then all estimates from Theorem 2.2.1 hold for T and
therefore the desired estimates follow for u, with constants dependent on ¢ and independent

~

of f, g€ So(R™) such that f(£)g(n) is supported in Ss. O

Proof of Theorem 2.4.2. We proceed as in the proof of Theorem 2.4.1 with A(&,n) = (1 +
€122 4+ (1 + |n*)*? and an application of Theorem 2.2.7. O

48



Chapter 3

Bilinear Hormander Classes and

Leibniz-type rules

3.1 Introduction and main results

In this chapter, we obtain Leibniz-type rules for bilinear pseudodifferential operators asso-
ciated to symbols in the bilinear Hormander classes of critical order in the setting of Besov
and local Hardy spaces.

In this section, we present the bilinear Hormander classes and state the main results
of this chapter. The notation used corresponds with that introduced in Chapter 2. In
particular, LP, Bj ~and h” denote the unweighted Lebesgue, Besov and local Hardy spaces
on R™, respectively. We recall that 7, = n(1/min(p, 1) — 1) for 0 < p < .

Given 0 < § < p < 1 and m € R, a complex-valued function o = o(z,&,7n), z,£,n1 € R",
belongs to the bilinear Hérmander class BST if for any multiindices «, 8,y € Nj there exists

a positive constant C, 3, such that
2000070 (2,E,m)] < Capn (L + [€] + )™ 10340y ¢y e R™. (3.11)

Then for o € BS};, the bilinear pseudodifferential operator 7, associated to o is defined as
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in (1.0.4).

Bilinear pseudodifferential operators with symbols in the bilinear Hormander classes
have been extensively studied; see Bényi-Bernicot-Maldonado-Naibo-Torres [3], Bényi-Chaffee-
Naibo [4], Bényi-Maldonado-Naibo-Torres [5], Bényi-Torres [7; 8], Brummer-Naibo [12],
Herbert-Naibo [33; 34], Koezuka-Tomita [41], Michalowski-Rule-Staubach [47], Miyachi-
Tomita [48-50], Naibo [53; 54], Rodriguez-Lépez-Staubach [62], and the references therein.

One fundamental aspect of the study of symbols in the bilinear Hormander classes is the
symbolic calculus for the transposes of operators associated to them. This was established
in the works Bényi-Torres [7] and Bényi-Maldonado-Naibo-Torres [5]. Another important
aspect of the study of these symbols is the boundedness properties of the corresponding
pseudodifferential operators in a variety of function spaces. Operators associated to symbols
in BS&;, 0 < 6 < 1, can be realized as Calderén-Zygmund operators. As a consequence,
such operators are bounded from LP* x LP2 to LP for 1 < p;,ps < 0 and 1/2 < p < @©
related through 1/p = 1/p; + 1/ps. These operators also satisfy the endpoint mappings
L® x L® — BMO and L' x L' — LY?>* where BMO is the space of functions with
bounded mean oscilation. Operators with symbols in the class BSR1 may fail to be bounded
in Lebesgue spaces and are better understood in other settings. In Bényi et al. [6; 7],
estimates in Sobolev spaces were obtained for such operators; for results in the settings of
Besov and Triebel-Lizorkin spaces see Bényi [2], Brummer—Naibo [12], Koezuka—Tomita [41]
and Naibo [53]. For 0 < p < 1, unless m is sufficiently negative, the class BS}; falls outside
the bilinear Calderén-Zygmund theory.

Given 0 < d < p < 1and 0 < py,pa,p < 0 related by 1/p = 1/p; + 1/po, define

m(p,p1,p2) = —n(l — p)max(1/2, 1/p1,1/p2, 1 = 1/p,1/p — 1/2).

Bényi et al. [3] proved that if 1 < p1,ps,p < 00, m < m(p,p1,p2) and o € BS); then T,
is bounded from LP* x LP? to L”. On the other hand, Miyachi-Tomita [48] proved that if
m > m(p,p1,p2), With 0 < py, pa, p < 00, there are symbols in BS)" for which the associated

bilinear pseudodifferential operators are not bounded from HP* x HP?> to LP (recall that
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H" = L"if 1 < r < o); in the case that p = oo, L? should be replaced by BMO. As

PP1P2) io yeferred to as a critical class and

a consequence of these results, the class BSZ(;(
m(p, p1,p2) is called a critical order.
We now turn our attention to the critical classes. Miyachi-Tomita [48] showed that the

(0,p1,p2)

symbols in BS&LO with 0 < py, pe, p < 00 give rise to operators that are bounded from
hPt x hP2 to h? (recall that h" = L" if 1 < r < ), where h" should be replaced with bmo
if r = c0. In the case that p; = py = o0, Naibo [54] proved that if o is in the critical class
BS p’oooo with 0 < 0 < p < 1/2, then T}, is bounded from L* x L* to BMO. The theory
of boundedness properties in the setting of Lebesgue and Hardy spaces for operators with
symbols in the critical classes was completed in Miyachi-Tomita [49; 50]: operators with
symbols of critical order m(p, p1,p2), with 0 < §d < p <1 and 0 < py, pa, p < o0, are bounded
from HP' x HP? to LP, where L” should be replaced by BMO if p = o0.

In this chapter, we prove Leibniz-type rules in the setting of Besov and local Hardy

spaces for bilinear pseudodifferential operators associated to symbols in the critical classes

BSZ%(’J P172) The main result of this chapter is the following theorem.

Theorem 3.1.1. Let 0 < p < o0 and 0 < p1,ps < © be such that 1/p = 1/py + 1/pa,
0<g<ow, 0<d<p<landoe BSZ(S(p’pl’pQ). If s > 1, then it holds that

T, (F.9) 5y, <

Vf, g e S(RM), (3.1.2)

g, 90 + 17

where hP' and hP?> must be replaced by L* if py = o0 or py = o0, respectively. Moreover,
if there exits € > 0 such that the Fourier transform of o(-,&,n) is supported outside the set
{CeR™: || <e(|g + D)} for all &,m € R™ such that 1/32€] < |n| < 32[¢|, then (3.1.2)
holds for any s € R.

Results related to estimate (3.1.2) were proved for the class BSY, in Bényi [2], Koezuka-
Tomita [41], and Naibo [53]. Concerning bilinear pseudodifferential operators with symbols
belonging to the subcritical classes BS's with m < m(p,p1,p2) and 1 < py,pe, p < 0 and to

m(0,p1,p2)

the critical classes BS; with 1 < py, pa, p < 00, estimate (3.1.2) was shown in Naibo
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[53, Theorem 1.3] for s > 7,. Theorem 3.1.1 extends this result to the critical classes and
allows for the regularity s to be in the wider range (0, 00) under certain assumptions on o.

The proof of Theorem 3.1.1 uses the fact that operators with symbols in BS(T O(O’p 1:p2)
that are localized at certain dyadic frequencies are bounded in the setting of local Hardy
spaces; no other boundedness properties of operators with symbols in the bilinear Hormander
classes are required in the proof. The tools employed are inspired by bilinear techniques in
Naibo [53] and linear ones in Johnsen [37], Marschall [44], and Park [59].

As a consequence of Theorem 3.1.1, we obtain Leibniz-type rules for bilinear pseudod-

ifferential operators associated to symbols in a general class BST

Corollary 3.1.2. Let 0 < p < o0 and 0 < py,p2 < o be such that 1/p = 1/p1 + 1/pa,
0<g<o,0<di<p<l,meR andoe BS]; set m =m —m(p,p1,p2). If s > 7, then it

holds that

175(f, 9)|

B} 4 S Hf”Bsm ”th?2 + Hf“hm lg|

p1.9

pan Vf,ge SR"), (3.1.3)

where hP* and hP* must be replaced by L™ if py = o0 or py = o0, respectively. Moreover,
if there exits € > 0 such that the Fourier transform of o(-,&,n) is supported outside the set
{CeR™:[C] <ce(|&] + nD)} for all &,n € R™ such that 1/32|¢] < |n| < 32|, then (3.1.3)
holds for any s € R.

Remark 3.1.3. If 0 < 0 < p < 1, m < m(p,p1,p2) and o € BS) then T, is a smoothing
operator since, in such case, s + m < s for s, m as in the statement of Corollary 3.1.2.

Remark 3.1.4. 1t will be clear from the proofs that different pairs of pi, ps, related to p
through the Holder condition, can be used in each of the terms on the right-hand sides of

the estimates in Theorem 3.1.1 and Corollary 3.1.2.

Remark 3.1.5. By the lifting propterty of Besov spaces (2.1.15), the estimates (3.1.2) and

(3.1.3) can be written as

17T, 0) g, < 1 F gy b + [ F s 170y -
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The organization of the rest of this chapter is as follows. In Section 3.2, we prove a
maximal inequality for bilinear pseudodifferential operators that will be useful in the proof of
Theorem 3.1.1. In Section 3.3, we introduce a decomposition for 7, with o € BS}; and prove
boundedness properties for the corresponding pieces. Finally, in Section 3.4, we combine the
results from Sections 3.2 and 3.3 to conclude the proofs of Theorem 3.1.1 and Corollary

3.1.2.

3.2 A maximal inequality for bilinear pseudodifferne-

tial operators

In this section, we prove the following maximal inequality for bilinear pseudodifferential
operators, which will be usefull in the proof of Theorem 3.1.1. We recall that M, f =

(M(|f \7”))1/ ", where M is the Hardy-Littlewood maximal operator; for functions f and g we
set f®@g(z,y) = f(x)g(y).

Lemma 3.2.1. Consider f,g € S(R") and let ¢ = o(x,&,n) be a symbol in C*(R*") such

that for some polynomial P(&,n),
o(z,&n) < P(§n) Vz,&neR™
Suppose there exists ko € 7 such that
supp(o(z,-,-)) < {(&,m) e R : [¢] + || < 2™} Ve eR"

and

supp(f), supp(g)  {€ e R™ : |¢| < 2%},

If0 <r <1 and HO-(I',2]€0+1‘,2k0+1')"WlQn/rJ+1,l(R2n) M. (f ® g)(x,y) is locally integrable in
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R2", it holds that

To(£.9)(@)] < o, 2071 2 [ M@ Mo (g) (@) Vo e R, (3:24)

where the implicit constant is independent of o, f, g and ky.

Lemma 3.2.1 will be a consequence of the following result from Marschall [44, p.118,

Proposition 5(a)] and Johnsen [37, p.275, Proposition 4.1]:

Lemma 3.2.A. Consider F € S(RY) and let ¥ = X(X,¢) be a symbol in C*(RY x RY)

such that for some polynomial P((),
B(X, Q) < P(¢) VX, (eRY.
Suppose there exists kg € 7 such that
supp(S(X,-)) c {Ce RV : ¢ < 2"} VX e RY and supp(F) < {¢ e RN 1 |¢| < 2%},

If0 <r <1 and|2(X, 2k M, (F)(X) is locally integrable in RY | it holds that

) leN/rJH,I(RN)

To(F)(X)] £ [SX2) |y oy Me(F)(X) Y € RY, (3.2.5)

(RN)

where the implicit constant is independent of X, F and k.

Proof of Lemma 3.2.1. We have that

A~

T,(f. 9)(x) = j o &, m) (a2 € dg dy

R2n

can be regarded as the restriction to the diagonal in R?" of the linear pseudodifferential

operator

To(F)(X) = f (X, O F ()< d¢

R2n
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after setting ¢ = (£,7) and defining, for X = (z,y) € R*",

(X, Q) i=0(x,§mn) and F(X):=(f®9)(X) = f(z)g(y).

Note that (X, () is in C°(R?*" x R?"), has polynomial growth in ¢ uniformly in X, and is
supported in {¢ € R?" ; |¢| < 2%} for each X € R?™; moreover F(¢) = f(£)§(n) is supported
in {¢ € R¥™ : |¢| < 2kT1}. Then, (3.2.4) follows after applying Lemma 3.2.A and (3.2.5) to
Ts(F') and noticing that

M, (F)(x, ) $ Mo (f)(2)M:(g)(x) Vo e R"

O

Remark 3.2.2. We note that Ha(m, Qko+1. 2k0+1')HWlQn/rJ+1,1(R2n) M, (f ® g)(z,y) is locally in-
tegrable in R*" when |o(z, 2k0+1-,2k°+1-)HW[Z,L/TJH,I(RM) is a bounded function of x since

M.(f ® g)(x,y) is locally integrable in R?".

3.3 Decomposition of the operator 7, and main esti-

mates

In the proofs that follow in this chapter we implicitly assume that the symbol o in the
statements of Theorem 3.1.1 and Corollary 3.1.2 has compact support in R*" and prove
estimates for such symbols with constants independent of its support. The following limiting
argument then allows us to prove these results for symbols in the bilinear Hormander classes
without compact support. For 0 <d,p <1, meR, 0 € BS); and 0 <e <1 let o (x,&,n) =
U(ex,e€, en)o(z,&,n) for a smooth function ¥ of compact support such that ¥(0,0,0) = 1.
It follows that o. € BS)’; with constants independent of e and that, as ¢ — 0, T5,.(f, 9)
converges to T,(f, g) in S'(R") for f, g € S(R™). Indeed, by the product rule, the facts that

%)



ceB and 0 < ¢ < 1, and the properties of ¥, we have

pé’

0¢000e(x,&,n)| < Z e'ao‘+lﬁo‘|agoagoxy(ex,eg,5n)ag*aoag—600<x,g,n)|

ao<o,fo<p

S D, (L[l fylyrrtiemeol=rs=l

ao<o,fo<p

= (L€ + ™A ST (L ] [y

ao<a,fo<p

< (14 g]+ [yt

for (z,£,n) € supp(¥) and with the implicit constants depending only on «, 8, and V.
Additionally, by the dominated convergence theorem and using that ¥(0,0,0) = 1 we get
that T,_(f,g) — T,(f,g) in S'(R™) as ¢ — 0. Finally by the Fatou property of Besov spaces
the estimates for 7, follow from the estimates for 7, which are uniform in ¢.

We now present the decomposition of T, that will be used in the proof of Theorem
3.1.1. Let ¢,p9 € S(R™) be such that ¢ and @y satisfy (2.1.6)-(2.1.7) and (2.1.8)-(2.1.9)
respectively, and assume Y, @ = 1, where @, (§) = ©(27%¢) for £ e R" and k € N.

LetmeR,0 <6 < p < 1and o € BS);. Denote by ¢ the Fourier transform of o(z, £, )
with respect to z, that is, 61({, &, n) = 0(-, f, n)(¢). We perform a spectral decomposition of
T5(f,g) with f,g € S(R™) :

Ta(f7 9) (37) = J . J(x, &, n)f(g):q\(n)e%ix(&n) d¢ dn
- 3 [ (Lo ccneac) ammitonme
j,keN " n

-2 (f 5(C.E G ) eu(©s MO de
j,k LNy YR "

- Z Jkl’ )7

J,k,£eNg
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where for j, k, /¢ € Ny we define

Tjge(,§,m) 1= @k(f)%‘(ﬁ)f 0o(O)Y(C, &, n)eX™ =< 4.

n

Using this decomposition we define the following symbols:

o (—4 k 0 k+3 o k k—
1. 2. ) 3. _ )
o = ]k@; o = U],k‘,f; o = jJi‘,éa
(=4 k=0 5=0 k=0 j=0 ¢=max(0,k—3) k=4 j=0 ¢=0
oo £—4j—1 0 J— 7+3 o j—1j-5
4 . 5 ._
D WIH A ZZ 2 ik O ZZZW=
4=57j=1k=0 Jj=1k=0¢=max(0,j—4) j=5 k=0 £=0

so that 0 = o' + 02 + 03 + o + 0% + 5. Notice that since j < k in oy, 09, and o3, they
are supported on the set {(z,&,n) € R3 : |n| < 4]¢|}. On the other hand o4, o5, and o
are supported on {(z,&,n) € R3" : || < 2|n|}. By taking the Fourier transform with respect
to  we have that o ( &,n) is supported on {¢ € R" : [¢] < [(]}, 02(-,5,77) is supported
on {¢ € R" : [¢] ~ [{[}, and 03( €,n) is supported on {¢ € R™ : |¢| < |£]}. The supports
of 04( &n), o (-,5,7]), and 06(/-,37]) are contained in similar sets with |£| replaced by |n].
The proof of Theorem 3.1.1 will follow from obtaining bounds for T,;, j = 1,2,3,4,5,6. We
will show boundedness properties for T, T,2, and T, s; by symmetry, analogous results are
obtained for T4, T,5, and T s.

We note that BS)s < BS)", for m € R and 0 < 0 < p < 1. With this in mind we will

assume that p = ¢ in the proofs.

3.3.1 Estimates for 7.

In this section, we prove the estimates for the operator T,1. For {¢x}ren, as in Section 3.3,

we set

k
:Z 27k¢) VEeR™ ke N,

and consider @, @y € S(R") with 5 and g?o satisfying conditions (2.1.6) - (2.1.7) and (2.1.8) -
(2.1.9), respectively, and such that Gy = o and Gy = . We then define @, (&) = H(275¢)
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for £ e R and k € N and ka(ﬁ) = $o(27%¢) for £ e R™ and k € Ny. It holds that Zrpr = oy
and ®, @), = ¥y, for all k € Ny,

The precise bounds for 7,1 are stated in the following lemma.

Lemma 3.3.1. Let me R, 0<d<p<1landoe BS); If0<p,p1,ps < 0 are such that
1/p=1/p1+1/ps, 0 < q,G < 0, 51,82 € R, it holds that

175:(f; 9)|5

o S | fls

Pq

2 gl YS9 € SRY), (3.3.6)

1

where o' is as in Section 3.3 and hP*> must be replaced by L™ if py = c0.

We note that in Lemma 3.3.1 there is no restriction on the order m of the symbol and
the regularity indices, s; and sy, can be different. In the case that s = s; = s5 Lemma 3.3.1

implies the following estimate that is needed for the proof of Theorem 3.1.1:

| T (f, 9)ll

By 4 Hthp2 Vf,g€ S(Rn)v

forseRand o e BSZ(;(p’pl’pQ).

Proof. Let m, p, p, p1, p2, ¢, q, 81, S2, 0, o, f, and g be as in the statement of the lemma.

For ¢ € Ny set
-4 k

LEDIPILTT

k=0 35=0

a0
so that To1(f,9) = X T,1(f, g). Recalling the definition of @ and o;, we have
i=4

A~

JRMZW )27 (G & m) FG(m)e’™ ) dC de dn,

and changing variables, we get

T - | (f X (OBl — &~ )" (w — &~ 0, £ ) FE)3n) de dn> e g,

k=0
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This yields

T(F0)w) = | Y @) Bneno — €~ 5w — ¢ . F(€)3n) de
R2" k—o

where the integral effectively takes place when 27! < |w — & — 5| < 2! (keep in mind
that ¢ > 4) as well as |¢] < 22 and |n| < 2°73. Consequently, T(,%/(Fg) is supported in

Q0
{weR": 272 < |w| < 22}, Then, the fact that T,:(f,g) = Y| T51(f, g) and Theorem 2.1.6
=4

with w =1 give
1
q

- q
B, S (Z 2017 | T (f, g)HLP> : (3.3.7)

(=4

1T5:(f, 9)

Recalling the definitions of ¢, and &)k, we have

{—4

Ta(f9)(@) = Y T (ALF, SP9)(w),
k=0
where, to simplify notation, we set AO‘E = Sé? ¢ and for each k between 0 and ¢ — 4, we set

o) = ([ o08 G&mem<ac ) on(©ato)

Since o}, satisfies

loek(@, &m| < L+ €[+ )™ Vo, & neR™,

o} (x,-,-) is supported on {(£,n) € R*" : [¢] + || < 2¥"2} for all z € R" and AYf and Sg’g
are Schwartz functions with Fourier transforms supported in {£ € R™ : |¢| < 281}, we can

apply the bilinear inequality (3.2.4) with 0 <7 < 1 to get

T,1 (A7f.S5P9)(@) (3.3.8)

§ Hal},k(:a 2k+3'7 2k+3.)HW[2n/TJ+I,I(R2n) MT(Aff) (x)Mr(Slccbg) (.CE) VLC € Rn

(See Remark 3.2.2 along with (3.3.9) below.)
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We next estimate o7, (x, 25+3., 2643, For ease of notation we just work

Wl2n/rl+1,1(R2n) *
with 2% instead of 253, Notice that

oy (2, 26, 2"0) = (€)0ln) f Sy)o(x —y, 25, 2n) dy ke N,

n

with a similar expression for 0}70 obtained by replacing ¢ with ¢q in the formula above. For

¢ > 4 the function g, has vanishing moments of every order; if N € N, we can then write

Lik(&m) = J Gu(y)o(z —y,2°¢,2"n) dy = 2”£J (2y)o(x —y,27¢, 2%n) dy

n

~ ]' [apale?
=2"ff B2y) | ow—y,25¢,2%) — > =(—y)*aa(x, 27, 2%) | dy
n =N ol
nt ~ ol N @ ! N—1na k k
=2 f 22) 3, (=) J(l—t) 0oz — ty, 2%, 2%n) dy.
n . 0

la[=N

Given multiindices 3,7 € N and using that o € BS)", it follows that

10200 Te(€,m)]

~ N @ ! —1 1«
= 2MIP+D J F2) 3, (=) J (1—t)Vroro oo (w — ty, 2°¢, 2n) dt dy

n

< 2L 2R (2o [ ) o) dy
Rn

< 2—N€2k(|5+vl)(1 + |12k¢| + |2kn|)m+pN—pIB+vl'
Then, for (£, 7) in the support of o, (x, 2", 2%-) we get

|a§ﬁa;7q€,k(f; n)| < 9—NLok(1—p)|B+7[ok(m+pN)

Given 0 < r < 1, taking derivatives up to order [2n/r| + 1 in (§,9) of oy, (z,2%¢, 2%n) =
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‘P(é)@o(nﬂm (&,m), we obtain

o, 25, 25) s gy 5 27V 2E A B Dm0, (3.3.9)

From (3.3.8), it then follows that for all x € R", we have
Ty (AL, 5K g) ()] < 27 VMU @D meoN A (A £) () M. (S 9) ().

Define p := min(1, p). For the sake of notation, we will next Work with ¢ finite; the case
q = o can be treated analogously. Recalling that T,1(f,g) = Z UM(A“’f, S,‘fg) (3.3.7)

and the last estimate give

[T (

H ) E (3.3.10)

1
ﬁ q
Lp

< <2 9lsiq ||\

ik

l—4 v X
Z2eslq (ZQ Nitokpl(1=p)(12n/rl+1)+m+oNT | Ag (AP F) M, (52 g)
(=4 k=0

Next, let us see that, for N > s; and 0 < € < N — sq, it holds that

M (AL )M, (ST g)

(-4
Z 2€s1q (Z 9 Np€2kp[(1 p)(|12n/r|+1)+m+pN]
(=4 k=0

' )ﬁ (3.3.11)

o0 q
< Z 2kq[(1fp)([Zn/rJ+17N)+m+sl +e]

k=0

M, (AL )M, (SEg)

p
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Indeed, if 0 < ¢ < p, we have

=4 k=0 Lr
(-4

g-(N=s)at 3 gbal(=p)(2n/rl+1) o]
k=0

e}
( Y 2—(N—s1>qe> okal(1=p)(12n/r|+1)+m-+pN]

{=k+4

q

N
[

M, (AL )M, SPg)

14

Il
W~

Lp

I
M8

k=0

q

< N gkal(1=p)(120/r]+1)+m-+pN]g—kq(N—s1)

M8

M, (AL )M, (S2g)

Y

k

Il
=}

Lr

W

0 l—4 - < D
Z olsiq (Z 9—Nplokp[(1=p)(|2n/r|+1)+m+pN] MT(Aff)MT(S,fg) )

M, (AL )M, (SEg)

and (3.3.11) follows for any € > 0. Now, if p < g < o0 and 0 <& < N — sy, we have

0 {—4 < < p %
IERE (Z oMokl 1=p)(2n/rl+ ) +moNY | Ag (AF F) M, (ST g) )

=4 k=0

Lp
e {—4 - X p
< Z 27(N73175)q£ (Z 275ﬁk2kﬁ[(17p)([2n/rj+1)+m+pN] Mr(Aff)Mr(S;?g)
=4 k=0
0 —4 o ~ q
< Z 9—(N=s1-€)ql Z okal(1=p)([2n/r]+1)+m+pN] MT(Aff)MT(SEg)
{=4 k=0 Lp
o0 o0 ~ X
— Z ( Z 2—(N—S1—6)q€) okal(1=p)([2n/r]+1)+m+pN] MT(Aff)MT(S;?g)
k=0 \l=k+4
% - < |4
< Z 9~ (N—=s1—e)kqkq[(1—p)(|2n/r]+1)+m+pN] MT(Aff)MT(S]?g)
k=0 Lr

and (3.3.11) follows.
Using (3.3.11), the fact that

’SEQ(@‘ < sup [tPFHBo)(t ) # g()] =: g* () Vk e Ny, zeR”,

0<t<1
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and using the fact that M, is bounded from L? to L for 0 < r < min(1l,p), we can now

continue with the inequality (3.3.10) to get

1762 (f, 9)]

Bply
_ 1
S okal(1-p)([20/r] +1-N) ] salr |
< kq[(1—p)([2n/r|+1-N)+m+s1+e @ *
% M| M) 1
| k=0
_ 1
o0 < q q
k — n/r — m+s
=S ;2 al(1=p)(|2n/r|+1=N)+m+s1+e] Aff‘L”l] 1% o

< HfHBZ()lqup)([2n/TJ+17N)+m+sl+6 Hthpz )

where, if p; = 0, |g|,». should be replaced with |g|;. . Since p < 1, we can choose N large
enough so that

(1—=p)([2n/r] +1—=N)+m+ s1 +& < 9,

and obtain | f| a-oaza/re1i-memisive < [|fllge2  (by the embedding properties of Besov
p1,9 P1-9

spaces). The proof of Lemma 3.3.1 is then complete.

]

3.3.2 Estimates for T,

In this section, we prove the bounds for 7,2, which are stated in the following lemma.

Lemma 3.3.2. LetmeR, 0<d<p<1,andoe BSs. If0<p <o and0 < py,ps < 0

are such that 1/p = 1/p1 + 1/p2, 0 < q,q < 00, and s1, 2 € R, it holds that

1T52(f, 9)]

g, < 1 fls2, 9l Vf, g€ SR, (3.3.13)

2

where 0 is as in Section 3.3 and hP*> must be replaced by L™ if py = c0.

Like with Lemma 3.3.1, there is no restriction on the order m of the symbol and the

regularity indices can be different on the left and right hand side of (3.3.13). In particular,
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Lemma 3.3.2 implies the estimate

|T52(f, 9)l

B3, < Hf| B, 4 Hthp2 Vf,ge S(R”)7

with all parameters as in Lemma 3.3.2 and s € R.
The following two lemmas, whose proofs are presented at the end of this section, will

be useful in the proof of Lemma 3.3.2.

Lemma 3.3.3. Let Ky, k € Ny, be as in the proof of Lemma 3.3.2. If J, N € N, it holds that

27Jk

IKr(z,y,2)| < Vo,y,ze R" k = 4. (3.3.14)

(1 + [z =y + o —2))¥

Lemma 3.3.4. Given M >0 and N > M + n it holds that

1+ 2%z —y)M

J ( 2 y|2v dy < 2"M (1 + |x —w|)™ Vo,weR" ke Ny.
no (L4 [w—yl)

Proof of Lemma 3.3.2. Let p1, p2, p, q, q, S1, S2, m, p and o be as in the hypotheses of the

lemma and consider ¢y, @, @ and &Dk as in Section 3.3.1. We assume ¢ < o0; the proof for

the case ¢ = o is analogous.

Recall that

o9) k+3 k
2
oSN S
k=0 ¢=max(0,k—3) =0
and write 02 = 02! + 0%2, where
43 k o k+3 k

3 k
2,1 _ 2,2 _
D IDINITVEET D Y Y W
k=0¢ 0

k=4 ¢=k—3 j=0

0j=

Notice that the symbol o>! is supported on {(z,&,n) € R3 : €] < 2* and |n| < 2%} and
belongs to any Hérmander class; in particular o*' € BSg| O(O’I’ 1P2) and by Miyachi-Tomita 48,
Theorem 1.1], T,2.1 is bounded from h?* x h¥2 to h? (with hP* and hP? replaced by L* if p; = «©

or ps = ). Moreover, the Fourier transform of T,2.1(f, g) is supported on {¢ € R" : || < 25}.
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Let h € S(R™) be compactly supported and identically one on {¢ € R" : [£] < 2*}. We then

1
q q
Lp

Ty (S5 £.9)|

<|sis] ) lslwn < 15

obtain

1 T521(f, 9)] ALT,21(f,9)

8

k

R 9s1kq
s = | 2
k=0

< T (£l = |

hP

B2, 190l r2
with AP' or hP? replaced by L® if p; = o0 or py = o0, respectively.
We next analyze the operator with symbol o%?2; for k > 4 set
k+3  k

22k . _
SN IL T

0=k—3 j=0

[0 0]
so that 02?2 = . 022 Let K} denote the bilinear kernel of T}, that is,
k=4

g 2) = [ 0P )P dg iy
R2n

Note that

AP 0s(f, 9)(2)] < j B0 — w)||Ku(w, v, )| AL F@)15T (=) duw dy dz.

R3n

Given 0 <r < 1, let M € N be such that M > n/r, then

A F(y)]
(1+ 25z — y|)M

AT F(y)] = (1+ 28z — y )V

A f(y)]
< (1+ 2k — M oy | k
(2w =)™ sup ok — gy

< (14282 — )" M (A f)(2) Yo,y e R ke Ny,

where for the last inequality we used Peetre’s maximal inequality (see Peetre [60] or Triebel [65,
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p.16, Theorem 1.3.1]). Similarly, and recalling (3.3.12),
[SEg(=) < (1+ 252 = 2)M M, (ST g) (@) < (1 + 2|z — =) M, (g%) ()

for all z,z € R, k € Ny. Given J, N € N with N > 2(M + n), we use the estimates above,

the fact that p € S(R") and Lemmas 3.3.3 and 3.3.4 to obtain

AP Tk (f, 9) ()] < 27" ML (AL F) ()M, (g%) ()

y J gl (1 + 28z — y)M (1 + 2%z — 2|)M
gen (1+2¢|2 —w))N (1 + |w—y[)N2(1 + |w — 2|)N/2

dw dy dz

< 27 FMA(AL ) (2)M, (g°) ()

XJ 22 (1+] N*Mdw VYreR"k,veNyk=4
r —w w X 1% = .
re (1 +2¢]x — w|)V T 0

Since

21/n22kM ot e
fRn<1+2v|x—w|>N(”'x‘w'> dw < 2V Vo e R kv e N,

we then get

IAPT oo (£, 9) ()] < 27F UMM, (AT F) (@) M, (¢°)(z) Vo e R, k,v e Ny, k > 4.
(3.3.15)

Using that the Fourier transform of T,22x(f, g) is supported in {¢ € R™ : |¢| < 2¥*®}, choosing

66



e > max(0, s;) and applying (3.3.15), we have

0 5 0 4 %
||7"02v2 (f7 g)| Byl - (Z 27 Af (Z TGQ’Zk (f’ g)> >
v=0 k=4 Lp
q 1
0 © _ !
< Z 9vs1q Z {Angz,z,k (f, g)‘
v=0 k=max(4,v—5) p
q
0 X
< Z osiq Z Q—k(J—zM)MT(Aff)MT(g*)
=0 k=max(4,v—5) Lp
q 1
e} 00 N !
< Z 21/(81—5)(1 Z Q—k(J—2M_5)MT(Aff>MT(g*>
v=0 k=max(4,v—5) p
© X
S 2 K(I=2M=2) Af (AT )
k=0 Lp
1
Pl

0¢]
< Z 27k(J72M78)ﬁ1
(k—O

MAAff))il) Mo (01

where p; = min(1, p;). Using that

'GZ‘H

M.(AF )

0 0 %
—k(J—2M—¢e)p1 k(J—2M— 25)q <,0
(/;)2 (Z_: MAALD) LPI) ’

LP1 >

along with the boundedness properties of M, with 0 < r < min(1, p;, p2), we obtain

5 $< (A“"f)H“) M5
k=0

(_ R NGl 1>q\g*nm

S I F g2 gl < 171

9—k(J—2M~2¢)q

M8

”7—1712 (fa g)|

Mss

52 HgH P2 5
BP1»¢? h

provided that we take J large enough so that —J + 2M + 2¢ < sy and where h”? should be
replaced by L® if p, = o0. O
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Proof of Lemma 3.3.3. Let k € N such that k£ > 4 and consider J and N as in the hypotheses.

Notice that

Ki(z,y,z) = f (&) Pr(n) V(o (w, &, m)e? )< 2mitem) e2min(=2) gy d¢ d d,

Réln
k k+3
where @, = > ¢, is as in Section 3.3.1, Wy, is defined as ¥, = >, ¢y and the integral
Jj=0 t=k—3

effectively takes place where 2871 < [¢] < 281 || < 28! and 2% < |¢| < 284 Given

M e N, 2M > n, integration by parts in the w-variable gives

1

—2miw-¢ _
fng(wfﬂ?)e dw = (27TZ|<D2M

f AMo(w, €,n)e” 2™ dw. (3.3.16)
R

Integration by parts in the (-variable yields

J \Ifk(C> 2mila—w)-C ¢ = 22Mkf ([—AC)M ( \Ijk(C) ) e2mi(z—w)-¢ _ ac. (3317>
R n

o g R 12=k¢)*M ) (1 4 4m% |z — wl?)

Assume first that |z — y|, |z — 2| < 1. Then, using that 1 + [£] + |n| ~ |€] ~ [¢] ~ 2F,
that o € BSY

PP

(3.3.16) and (3.3.17) we obtain
K (, y, )| < 27 2Mko(m+20MDkg3kn _ gk[3n+m—2(1-p)M]
Then (3.3.14) follows by taking M large enough so that
3n+m—2(1—p)M < —J, (3.3.18)

which can be done because p < 1.
Next, assume that |x —y| > 1 and |z —y| = | — 2z|. Let jo € {1,...,n} be such that

\z50 — Yj] ~ |z —y|. After performing (3.3.16) and (3.3.17), integration by parts in the
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&j,-variable implies

N—N
f POAY o (w, & m)eTEY) de = % f O (@AY o(w, &, m))e?™ ) d,

(xjo — Yo

and since 1 + [¢] + [n] ~ [¢| ~ 2" and 0 € BS]",

0] (@r(€) Ao (w, & m))| < 2Hm M=),

Consequently, it holds that

Qk(me(lfp)prN)23kn 2k(3n+m72(17p)prN)

Ki(z,y,2)| < ~ .
K@,y 2) F— T+ =g le=a)"

The case |z — z| > 1 and |z — z| = |x — y| follows similarly integrating by parts with respect
to n and using that 1 + [£] + |n] ~ |£] ~ 2% again. The proof of the lemma is complete by
taking M such that 3n + m — 2(1 — p)M — pN < —J which is already guaranteed by the
choice (3.3.18). O

Proof of Lemma 3.3.4. Fix w,z € R", ke Ny, M >0 and N > M + n. We split R" into the
regions Ry := {y e R" : |z —y| < 27%} and Ry := {y e R" : |z — y| > 27%}. Notice that we
have 1 + 2¥|z —y| ~ 1 on Ry and 1 + 2F|z — y| ~ 2¥|z — y| on R,. Then we divide Ry into

Rop:={yeRy:|lw—y| <1} and Rep:={ye Ry:|w—y|>1},

so that we have 1 + |[w —y| ~ 1 on Ry; and 1 + |w —y| ~ |[w —y| on Rys. In turn, we split

R 5 into the regions

Ros1:={yeRys:|r—y|=2lz—w|} and Rysp:={ye Ros: |z —y| <2z —wl|}.

We then have R" = Rl U RQJ U R27271 U R27272.
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Using that N > n, it follows that

1 2k _ M
f (1+ 2% ylgV dy~J dy .
R (14 w—yl) R (14w —yl)

If |x —w| > 2, on Ry we have |z —w| > 2 > 2w —y|, which makes for |z —y| ~ |z —w],

and then

f (1 + 2%z — gy )M
Ra 1

dy ~ J 2FM g — M dy ~ J M —wM dy < 2"M (1 + |2 —w)M,
(1 + "LU - y|>N Ra Ro 1

where for the last inequality we used that Rs; < B(w,1) and that 1 + |z — w| ~ |z — w|
because |z —w| > 2. If |t —w| < 2, 0on Ryy we have [z —y| < |z —w|+|w—y|]<2+1=3

and then (since k > 0)

14 2%z — y|)M d
Roy (L4 w—=yl) oy (L |w—yl)

On Rys; we have |z — y| = 2|z — w|, which implies |z — y| ~ |w — y|, and then

f (1+ 2k’33 - ?JDM dy ~ 2kMJ lw — y’M dy < oM
R272’1 (1 + |w - y|)N R272,1 |w - y|N

since N > M + n.

Finally, on Ry 22 we have |z — y| < 2|z — w| and then

1+2kl’—yM QkMI—yM
[, f g,
R2.2.2 (1 + ’w - y|) R 2.2 "LU - y’

$2kM|x—w|Mf LNSQI“MM—MM.
R2 2.2 |w - y‘
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3.3.3 Estimates for 7

In this section, we prove the bounds for T,s. Let m, pi, p2, p, q, p and 6 be as in the

hypotheses of Theorem 3.1.1 and o € BS™PPP2) e decompose o2, defined in Section 3.3,

P06

3

as 0° = o> + 032 where

0 k—4k-4

31 ._ 3,2 . _
o = Z Z Z Ojke and o7 =

k=4 j=0 £=0

It can be shown that o>, 032 € BSZ(;(p’pl’pQ) and satisfy

supp(0™?) < {(z,&,n) e R*" :

L —

supp(o®7(-,&,n)) = {Ce R" 1 |(| <

Inl < Al¢l},

HI

In the case j = 1 we have that A = 1/4 and if j = 2 then A = 4. The following lemma

implies that for s € R,

|To31(f, 9)]

sg. S 1flsy 19l

and that for s > 7,

|To32(f, 9)]

sg. S 1flsy 19ln

Lemma 3.3.5. Let 0 < p < o0 and 0 < pi,py <

0<g<wand0<d<p<1. Consideroce BS™Pprp)

0,0
A it satisfies

supp(0) < {(z,&,m) e R : |n| < A [¢]},

supp(o (&) c {CeR™: [¢| < A |¢]} V&, neR™,
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Vf, g€ S(RY, (3.3.19)

Vf,ge S(R™).

(3.3.20)

w be such that 1/p = 1/p; + 1/pa,

such that for some positive constant

(3.3.21)

(3.3.22)



If0 < A< 1/2 and s € R it holds that

1T5(f, 9)|

Bs, < Hf| B, 4 ||9th2 Vf,g = S(Rn)7

where hP2 must be replaced by L™ if py = o0; if A > %, the inequality above holds for s > ,.

Before proving Lemma 3.3.5 we state and prove the following lemma which is useful in

its proof.

Lemma 3.3.6. Let 0 < p < 0 and 0 < py,p2 < o be such that 1/p = 1/py + 1/ps and

P5P1,p2

0 <6 <p<1; assume {0} }ren, iS a Sequence in BSZZ(;( ) with constants uniform in k

and satisfies

supp(ox) < {(z,&,n) e R« [¢] + [n| ~ 2},

with constants uniform in k, where |£| + |n| ~ 2F must be replaced by €] +|n] < 1 if k = 0.
Then

| T (s D o < [ flpen I9llpre V9 € S(R), k € N,
where the local Hardy spaces hP* and hP* must be replaced by L™ if p; = o0 or py = 0.

Proof. Let p, p1, p2, p, 0k, f and g be as in the hypotheses of the lemma.
Define
Si(w,&,m) = 0 (27", 205, 2%n);

it easily follows that
T, (f.9)(x) = Ts, (fe, 9c) (27x), (3.3.23)

where fi(z) = f(277%2) and gp(x) = g(27°*x).
We next check that ¥, € Bsg?éo’pl’m) with constants uniform in k. Note that || + |n| ~

20=P)k for (z,€,m) € supp(Xy) and k € N, and [¢]+|n| < 1 for (z,&,7m) € supp(Xo). Using that
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o € BSIPP1P2) with constants uniform in k and assuming (z, €, ) € supp(Sg), we have

’agagagzk(x’&n” < (1 + ’2/)165‘ + ‘2pk77’)m(p,m,pz)+p\a|*p|5+wlprk(lalf\ﬂﬂ\)

< ok(m(pp1 p2)+plal—plB+1)g=pk(lal~I8+1) — 9k(1—p)m(0p1.p2)

~ (L [¢] + o

For the sake of notation assume p; and py are finite; the argument below works as well
replacing h?* or h??> with L* if py = o or ps = o0, respectively. By Miyachi-Tomita [48,

Theorem 1.1], we have

175, (f; Dl = 1Flwr 19l Y € No.

Since Ty, (f7 g) € S(Rn> for f,g € S(Rn>> then HTEk (f? g)HLP S HTZ}k (f7 g)”hp ; therefore

175, (F; Do < [ o [9llpse ¥E € No.

Recalling (3.3.23), applying the estimate above and the fact that |F()\-)],, < A7 |F|,, for

0 < A <1, we then obtain

n

—okn — ok
HTO'k(f’g)HLP =27 ”TEk(fk;gk)HLp <2 P kaHhPl Hngth

n n

_ ok ~pk k
< 270200 || Fllmn 2772 N gllwe = 1F s l9llse VE € No,

[]

Proof of Lemma 3.3.5. Let p, p1, p2, q, s, p, 0, f and g be as in the hypotheses of the lemma.
For the sake of notation, assume p; and p, are finite; the argument given below works as
well with AP or hP? replaced with L® if p; = o0 or py = o0, respectively.

For k € Ny, define ox(z,&,n) = o(x,&,n)er(§), where ¢y, is as in Section 3.3; then

73



T, = Yo Ty, Since {0} }ken, satisfies the hypotheses of Lemma 3.3.6, we have

176, (£, Do < 1o [9lwe VE € No. (3.3.24)

The conditions on the supports of ¢ and &' imply that

—_—

supp(T5,(f.9)) © {CeR": |¢| 2"} if A= ],

supp(Th, (fr9)  {CeR™: ||~ 2"} if0< A<l

with constants independent of k, f and ¢ (in the second inclusion |[¢| ~ 2F must be replaced

with [(] £ 1if £ = 0). Indeed,

T (0o = [ ( [ oo e mft@amen=ien ag dn) 2rie gy

- f F€amat ¢~ €~ &) dean

L —

If ¢ € supp(75,,(f,9)), in view of (3.3.21), (3.3.22) and the definition of oy, there exist
€1 € R" such that 21 < |¢| < 21 (€] < 2if k = 0), || < AJ¢] and ¢ — € — 5] < AJ¢].
This leads to

CI<IC—&—nl+[¢]+nl < 2A+1)]¢] <2 ¥k e N
and

Kl =€l =l =1¢—€=nl = (1-24)¢| > (1-24)2"" VkeN,0<A<j.

Applying Theorem 2.1.6 with w = 1, recalling the definition of @, given at the beginning of
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Section 3.3.1 and using (3.3.24), we obtain

1
q q

175(7,

(izksqufgn ) (i 2 |1, (80 f.9)| )

1
q
(Z 2ked ) Gl ea ~
k=

where in the last equivalence we have used that the Besov norm can be defined using the

8

B3, Hg”hPQ )

corresponding local Hardy space rather than the corresponding Lebesgue space. O

3.4 Conclusion of the proofs of the main results

In this section, we use Lemmas 3.3.1, 3.3.2, and 3.3.5 to prove Theorem 3.1.1. We then prove
Corollary 3.1.2.

Proof of Theorem 3.1.1. If s > 7, then (3.1.2) is a direct consequence of Lemma 3.3.1,
Lemma 3.3.2, the estimates (3.3.19) and (3.3.20) that follow from Lemma 3.3.5 and corre-
sponding versions of those results for o, o® and of.

We next check that (3.1.2) holds for any s € R if the support of the Fourier transform
of o(-,&,m) is contained outside the set {¢ € R" : |¢| < e(|¢| + |n|)} for all £, € R™ such
that 1/32 €| < |n| < 32[¢] and for some fixed ¢ > 0 independent of £ and 7. We first recall
that the boundedness properties of the operators T,1, T2 and T 31 (and the corresponding
operators T,4, T,s and T,e,1) proved in Sections 3.3.1, 3.3.2 and 3.3.3 hold for any s € R; on
the other hand, the boundedness properties for the operator T,s2 (and the corresponding
operator Tye.2) proved in Section 3.3.3 hold under the condition s > 7,. Therefore, the desired
result will follow from further analyzing 032 and %2

Let M e N be such that M > 4 and 22~ < ¢; consider the following decomposition of
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3,2 .

M-1 k k-4 ok k—4 o k k-
32 _
DN NDIAED DY R NI ITY
k=4 j=k—3 £=0 k=M j=k—3 b=k—M+1 k=M j=k—3 £=0

g2 g o322 ;323

The operator 7,321 can be treated as T,2,1 and the operator 1322 can be treated in the same
way as T,22. Therefore 1,321 and T,s22 satisfy the same estimates as T,2. The support of
03723‘(75,7]) is contained in {¢ € R" : |¢] < 227 M|¢|} = {C e R™ : |¢| < ¢|¢|} and the support
of 0®%3 is contained in {(z,&,n) € R¥ : &[] < |n| < 4[¢|}. Therefore, T,s25 satisfies the
same estimates as T,s.2 for s > 7,,.

A similar reasoning applies to 0%* = 37 . Zi;;g 2 0 re In this case, the corre-

6,22 satisfy the estimates for any s € R while

sponding operators with symbols ¢%%! and o
the operator with symbol ¢%%? satisfies the estimates for s > 7,. The support of the Fourier
transform of 0%23(-, £, n) is contained in {¢ € R" : |¢|] < ¢|n|} and the support of o3 is
contained in {(z,&,n) e R3" : 1/2|¢] < |n| < 32¢]}.

With the work above and the formulas for the symbols 0323 and ¢%%3 in terms of o

we have that %3 and ¢%23

are zero if the support of the Fourier transform of o(-,&,n) is
contained outside the set {¢ € R™ : [¢| < (|¢| + |n|)} for all &, n € R™ such that 1/32¢] <

In| < 32|¢|. Therefore the desired result follows. O

Before proving Corollary 3.1.2, we set some notation. Let © € S(R™) be such that
O(€) = 1 for [¢] < 8 and O(€) = 0 for [¢] = 16; define x(&,7) = © (W) Tt follows
that x(§,m7) = 1 for |n| < 4 or |n| < 4[£| and that the support of y is contained in the set
where || < 164/2 or || < 32[¢|. By recalling the supports of 07, j = 1,2, ..., 6 from Section

3.3 this implies that

o’ (x,&,m)x(&n) =o' (x,&n) for j =1,2,3,

o’ (z,&,m)x(n, &) = o’ (x,&n) for j = 4,5,6.
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Furthermore, it can be shown that given any pair of multiindices 3,y € Ny, there exists Cs
such that
e < Con 0+l + I P ve e R

Therefore o(z,&,1)x(&,n) and o(x,&,n)x(n, ) belong to the same Hormander class as o.

Proof of Corollary 3.1.2. Let p, p1, p2, q, s, p, m and m be as in the hypotheses and consider
o€ BS),. Let o/, j=1,---,6, be as in Section 3.3 and y as described above.

It easily follows that

T, (f,9)(x) =Ts1(J™ f,9)(x) + T2 (J™ f, g) () + Tss(f, J™g) ()

+ Tsa(f, T g)(x) + T (f, T g) (2) + T (f, ™ g) (@),

where X7 (z, €, 1) := o/ (z,&,n)(1 + [€]))™/2 for j = 1,2,3 and Y9 (x,£,n) := o/ (x,&,7)(1 +
In|*)~™?2 for j = 4,5,6.

Note that X!, ¥2 and 32 are precisely the first three symbols that are obtained through
the decomposition described in Section 3.3 corresponding to the symbol X423(z, & n) =
o(x, &,0)x (& n)(1+[€]*)~™2; likewise, 24, ¥% and X6 are exactly the last three symbols that
are obtained through the decomposition described in Section 3.3 corresponding to the symbol
456(x, €, m) = o(z, &, n)x(n,€)(1 + |n|*)~™2. Since m = m — m(p, p1,p2) and o € BST',
it follows that $23 and $456 belong to BSy*"**). Then Lemma 3.3.1, Lemma 3.3.2 and

the results from Section 3.3.3, along with their corresponding symmetric versions, can be

applied to X!, 2, ¥3 and ¥4, %, 35, respectively, to obtain that

175(f, 9)l

< m
i

BZl’q Hg”hpz + ”f”hpl ||ng‘ Vf,g € S(Rn)’

s
BP2 »q

where AP' and hP? should be replaced with L® if p; = o or py = o0, respectively. The

corollary then follows from the above estimate and the lifting property for Besov spaces. [
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