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Abstract

The heat equation is considered in the complex system consisting of
many small bodies (particles) embedded in a given material. On the
surfaces of the small bodies a Newton-type boundary condition is imposed.
An equation for the limiting field is derived when the characteristic size
a of the small bodies tends to zero, their total number A(a) tends to
infinity at a suitable rate, and the distance d = d(a) between neighboring
small bodies tends to zero a << d. No periodicity is assumed about the
distribution of the small bodies.
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1 Introduction

Let many small bodies (particles) D,,, 1 < m < M, be distributed in a bounded
domain D C R3, diamD,, = 2a. The small bodies are distributed according to

the law
N(A) = — /AN(ac)dx[l—&-o(l)],a—) 0. (1)

a27n

Here A C D is an arbitrary open subdomain of D, x € (0,1) is a constant,
N(z) > 0 is a continuous function, and A'(A) is the number of the small bodies
D,, in A. The heat equation can be stated as follows:

M
up = V2u+ f(z) in R\ U Dy, =, =0 = 0, (2)
m=1
uy = (puon Sy, 1 <m < M. (3)



M
h(x
Here N is the outer unit normal to S := U S, Cm = @,xm € Dy, 1<
a
m=1

m < M, where h(z) is a continuous function in D.

Denote U :=U(x, \) :/ e Mu(z,t)dt. Then, (2) - (3) imply
0

VU + XU = X" f(x) in Q, (4)
Uy =C(nld on Sy, 1 <m < M. (5)
Let
e=VAz=yl

g(z,y) == g(z,y,\) 9(z,y) f(y)dy = F(x,\).  (6)

T dnlz —y[ A Jas
Look for the solution to (4) - (5) of the form

M
U(x,\) = F(z,\) + Z /s g(z,s)om(s)ds, Uz, \):=U(z):=U, (7)

where 0, are unknown and should be found from the boundary conditions (5).
Equation (4) is satisfied by U of the form (7) for any o,,. To satisfy (5) one has
to solve equation

U, (x)  Apom —

Im Gl — CnTonOm = 0 o0 Sy 1 <m < M. (8)

ON 2
Here
Ue () = Uem () :==U(x) —/ g(z, 8)om(s)ds, (9)
Sm
/
TriOm, z/ 9(8,8)om(8)ds', Ao = 2/ Mam(s')ds’, (10)
Sim Sim 8]\/5

and the known formula for the outer limiting value on S,,, of the normal deriva-
tive of a simple layer potential was used. We now apply the ideas and methods
for solving many-body scattering problems developed in [3] - [4].

Let us call U, ,, the effective (self-consistent) value of U, acting on m-th body. As

a — 0, the dependence on m disappears, since g(x,8)om(s)ds — 0 as a —
S’V?‘L
0. One has
M
U(x,\) = F(x,\) + Z 9(2,20)Qm + T2, T € Dy, (11)
m=1

where Q= [ o (s)ds,

M
j2 = Z/ [g(x,s') - g(m,ajm)]am(s’)ds’, jl = g(x,xm)Qm. (12)
m=1 Sm

ivgE



We prove (in Section 3) that
|| << |J1| as a — 0 (13)

provided that

(11_>H10 @ =0, (14)
where d(a) = d is the minimal distance between neighboring particles. If (13)
holds, then problem (4) - (5) is solved asymptotically by the formula

M
U(x,\) = F(z,\) + Z (2, 2)Qm, a — 0, (15)

m=1

provided that asymptotic formulas for @), as a — 0, are found. To find formulas
for @, let us integrate (8) over Sy, and estimate the order of the terms in the
resulting equation as a — 0. We get

U,
s, ON

= U.dx = O(a®
dsf/D V2U,dz = O(a®) (16)

m

Here we assumed that |V2U.| = O(1),a — 0. This assumption will be justified
in Section 2.

/ AnTn =T g5 — Q1+ o(1)], a = 0. a7
s, 2

This relation is justified in Section 2. Furthermore,
—Cm/ Ueds = —Con|SnlUe (1) = O(a®>™), a — 0, (18)
Sm

where |S,,| = O(a?) is the surface area of S,,. Finally,

G [ s [ atsi om0 =G [ () [ dso(s.s)

m m m m

=QnO0(a*™"), a—0. (19)
Thus, the main term of the asymptotics of @, is
Qm = _Cm|8m|ue(xm)~ (20)
Formulas (20) and (15) yield
M
U(z,\) = Fz, ) — Z 9, T ) G | S| Ue (Xm s A), (21)
m=1
and
M
Z/{e(xnu )\) = F(xnu )\) - Z g(l"m, xm’)gm’ |Sm’ |ue (me A) (22)

m’#m,m’'=1



Denote Ue (X, A) := U, F (@, A) := Frn, 9(Timy Ty ) := gmmy, and write (22)
as a linear algebraic system

U = Fr = ®" > G B Conlhyy, 1< < M, (23)
m’'#m
where hy, = h(Tp ), (G = ha’:g’ s Cm = | Sy a2,
Consider a partition of the bounded domain D, in which the small bodies are
distributed, into a union of P << M small nonintersecting cubes A, 1 <p < P,
of side b >>d, b=0b(a) +0asa— 0. Let z, € A,, |A,| = volume of A,. One
has

M P
0,2_M Z gmm’hmlcm’ m! = GQ—K Z gpp' hp/ Cp/up/ Z 1 —
m’'=1,m’'#m p'=1,p'#p Tyt €A
= Z Gpp' T Uy N (2)| Apr|[1 + 0(1)], @ — 0. (24)
p'#p

Thus, (23) yields

P
Uy = Fp — Z 9o h o NpUpr | Ay |, 1 <p< P (25)
p'#p,p'=1

We have assumed that
By = hy (1 +0(1)], ¢y = ¢ [1 + 0(1)],Up = Uy [1+0(1)], a =0,  (26)
for x,,,» € Ap/. This assumption is justified if the functions h(z),U(x, A), c(z) =

|Sm/|
a? '’

lim
T, €EAz,a—0
continuous by the assumption. The continuity of the U(x, \) is proved in Section
3, and the continuity of ¢(x) is assumed. If all the small bodies are identical,
then ¢(z) = ¢ = const.
The sum in the right-hand side of (25) is the Riemannian sum for the integral

and N(z) are continuous. The function h(x) and N(x) are

P

limg—so Z Gpp P e N (@ ) Uy = /Dg(.’);‘,y)h(y)C(y)N(y)U(y, Ndy (27)
p'=1,p'#p

Therefore, linear algebraic system (25) is a collocation method for solving inte-
gral equation

Uz, \) = F(z,\) *Lg(z,y)h(y)C(y)N(y)U(y,A)dy- (28)

Convergence of this method for solving equations with weakly singular kernels
is proved in [5].



Applying the operator —V?2 + X and then taking the inverse Laplace transform
of (28) yields

wr = Du+ f(x) — g(@)u, qlx) = h(z)e(@) N (). (29)

One concludes that the limiting equation for the temperature contains the term
g(z)u. Thus, the embedding of many small particles creates a distribution of
source and sink terms in the medium, the distribution of which is described by
the term ¢(x)u.

If one solves equation (28) for U(x, A), or linear algebraic system (25) for U,(A),
then one can Laplace-invert U (z, A) for U(x,t). Numerical methods for Laplace
inversion from the real axis are discussed in [6] - [7].

If one is interested only in the average temperature, one can use the relation

1T .
Th_rgtl>o T/o u(z, t)dt = )1\13% M (z, A) = (). (30)

Relation (30) is proved in Section 3, which holds if the limit on one of its sides
exists. The limit on the right-hand side of (30) can be calculated by the formula

1
vw) = T+ 8) "0 o= [ sy (31)
Here, B is the operator By := / Mdy, q(x) := h(x)e(x)N(x). From the

physical point of view the function h(x) is non-positive because the flux —Vu
of the heat flow is proportional to the temperature u and is directed along the
outer normal N: —uy = hju, where hy = —h > 0. Thus, ¢ < 0. It is proved in
[8] - [9] that zero is not an eigenvalue of the operator —V? + ¢(z) provided that

qg(z) >0and g = O(W) as || — oo, € > 0. In our case, g(x) = 0 outside D,
x €

so the operator (I + B)~! exists and is bounded in C(D). Let us formulate our
basic result.

Theorem 1. Assume (1), (14), and h < 0. Then, there exists the limit
U(z, N) of Ue(x, A) as a — 0, U(x, \) solves equation (28), and there exists the
limit (30), where ¥(x) is given by formula (31).

2 Proofs

Lemma 1. Assume (14). Then relation (13) holds.
Proof. One has

Qmeﬁ“'") < ¢ 1@nl

4dr|r — Ty

7\/X|I7mm|
Tom = / ¢ " max <\[\a, a) lom (s))|ds’ < O(|Qm|a)’
Sm

Am|x — x| |z — 2| |z — Zm |?

(33)

jl,m = |g(‘raxm)Q| = O<



—1
~Va—emly < _°c

T | — x|
used. The |Q,,| # 0. In fact, o, keeps sign on S,,, as follows from equation (8)

as a — 0.
a a
<of- .
x—me“O<d)<<1 (34)

It follows from (32) - (33) that
From (34) by the arguments similar to the given in [10] one obtains (13). O

where |z — z,,,| > 2, and the inequality I}\l&(}){(\[\e was

j2m
jlm’<0(

Let us justify relation (17). As a — 0, one has

9 e~ VAls=sl o 1 0 e VAs=s'l _1
ON, 47|s —s'| ~ ON, 4rm|s — §| * ONg  Adw|s — ¢

It is known (see [3]) that

0 1
ds/ S — N ds’:—/ om(s)ds' = —Qpn. 36
Lot [ o e [ onis =~ 30)

On the other hand, as a — 0, one has

J e—VAls—s'| _ J
‘/ S/ 47r\sfs’\ Im(s)ds’

The relations (36) and (37) justify (17).

1— e—ﬁ\s—s’l
< |Qm|/ dsﬂ = 0(Qm).
(37)

Proof of (30). Denote

Then 7(\) = / Mdo by the properties of the Laplace transform. Assume
A g

that the limit v(00) := v exists:

tlggo V(t) = Voo- (38)
Then,
Voo = lim A e Muy(t)dt = lim Ao(N).
A—0 0 A—0
Indeed A e Mdt =1, so lim )\/ e M(v(t) — voo)dt = 0, and (38) is veri-
0 A—0 0

fied. One has

lim Ao(A) = Tim [ 2(o)do = lim Aa(A) (39)

A—)OU _A—>O>\ Jua U_A—>Ou '



Let us check this:

oo o0

)1\11)1%) A ;u(cr)da = )1\1{)1%) o ot(o)do = (PE%) ou(o), (40)
. <A
where we have used the relation —2d0 =1.
A g

Alternatively, let c~1 = ~. Then,

[ o= [t [t o

If A = 0, then w = A™! — oo, and if ¢ := v~ 1i(y~1), then

lim —/ Ydy = (oo hm vy ra(y™h) = lim ou(o). (42)

w—00 (W o—0

O

Methods of our proof of Theorem 1 are quite different from the proof of
homogenization theory results in [1] and [2].
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