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Abstract

Modulus on graphs is a very flexible and useful tool for measuring the richness of families
of objects defined on a graph. It has been shown that the modulus of special families of
objects generalizes classical network theoretic quantities such as shortest path, max flow /min
cut, and effective resistance. When the family of graph objects is finite, the modulus problem
can be viewed as a convex optimization problem where each object in the family induces
an inequality constraint. This implies that calculating the modulus of large families can be
difficult due to the large number of constraints. One focus of this dissertation is to establish
an efficient way of calculating the modulus of fractional edge covers, a very large family,
using the modulus of stars, a much smaller family.

In this dissertation, the main objects of interest are edge covers. An edge cover is a
subset of edges with the property that each node of the graph sees at least one edge in the
cover. The concept of edge covers can be relaxed by defining fractional edge covers, where
edges are assigned weights and a node is said to be ‘covered’ if the weights at each node add
to at least one. Direct calculations of both the edge cover modulus and fractional edge cover
modulus can be expensive as these families tend to be exponentially large. Moreover, the
modulus of these families are related; from the modulus of fractional edge covers we obtain
upper and lower bounds for the modulus of edge covers.

Through the theory of Fulkerson blocking duality, every family of objects has a corre-
sponding dual family whose modulus is closely related to the modulus of the original family.
One of the main results in this dissertation is that the dual family of fractional edge cov-
ers is the family of stars, which greatly reduces the number of constraints for the modulus
problem. This result allows an approximation for the modulus of edge covers using the

modulus of stars. This dissertation studies the relationships of these three families—edge



covers, fractional edge covers, and stars—as well as the computational complexity involved

in calculating the modulus of these families.
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Abstract
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can be viewed as a convex optimization problem where each object in the family induces
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In this dissertation, the main objects of interest are edge covers. An edge cover is a
subset of edges with the property that each node of the graph sees at least one edge in the
cover. The concept of edge covers can be relaxed by defining fractional edge covers, where
edges are assigned weights and a node is said to be ‘covered’ if the weights at each node add
to at least one. Direct calculations of both the edge cover modulus and fractional edge cover
modulus can be expensive as these families tend to be exponentially large. Moreover, the
modulus of these families are related; from the modulus of fractional edge covers we obtain
upper and lower bounds for the modulus of edge covers.

Through the theory of Fulkerson blocking duality, every family of objects has a corre-
sponding dual family whose modulus is closely related to the modulus of the original family.
One of the main results in this dissertation is that the dual family of fractional edge cov-
ers is the family of stars, which greatly reduces the number of constraints for the modulus
problem. This result allows an approximation for the modulus of edge covers using the

modulus of stars. This dissertation studies the relationships of these three families—edge



covers, fractional edge covers, and stars—as well as the computational complexity involved

in calculating the modulus of these families.
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Chapter 1

Introduction

Graph Theory is the study of mathematical structures that model relationships between
objects. In its simplest form, a graph is a collection of nodes or vertices which are connected
by edges. One type of object that can be defined on a graph is called a covering. There are

different types of ‘covers’ that can be defined on the edges of a graph:

1. An edge cover is a subset of edges such that each node in the graph is incident to at

least one edge of the set.

2. A matching is a subset of edges such that each node in the graph is incident to at

most one edge of the set.

3. A perfect matching is a subset of edges such that each node in the graph is incident

to exactly one edge of the set.

In this dissertation, we study edge covers and their relationship to other families of graph
objects. In the literature, edge covers have been studied through the minimum edge cover
problem, which is a very well-known covering problem [15, 18, 27, 36]. Edge covers are

related to other problems studied in the field which include:

e Spanning trees: A spanning tree T' of a graph G is a subgraph that is a tree that

contains all of the vertices of GG. If we consider the edges of a spanning tree, these



edges are in fact an edge cover. Therefore, the family of spanning trees is a subset of

the family of edge covers.

e Graph Coloring: There are many different ways of coloring the edges of a graph. One
such coloring is analogous to the idea of edge covers where every vertex sees each color

at least one time [37].

The idea of a fractional object has been introduced and studied in [12, 17, 22, 28, 29].

Specifically, given a non-negative vector x € R” we define the following:

1. z is a fractional edge cover if z(6(v)) 1= > 5, z(e) = 1, where d(v) is the set of

edges incident to node v (called a star), for every v € V.
2. z is a fractional matching if z(d(v)) < 1, for every v € V.
3. z is a fractional perfect matching if z(5(v)) = 1, for every v € V.

Therefore, a fractional edge cover is a generalization of an edge cover.

One way to study the family of edge covers and the family of fractional edge covers is
through the p-modulus problem. The modulus problem originates in Complex Analysis as a
conformally invariant way of studying families of curves [2]. This problem was translated to
the field of Graph Theory to study families of graph objects [20, 30]. It has been shown that
the modulus of special families of graph objects generalize known graph theoretic quantities
and other concepts. For example, the modulus of all paths connecting two nodes in a graph
is related to shortest path, max flow/min cut, and effective resistance [6, 32], the modulus
of all cycles can be used for clustering and community detection [33], and the modulus of
all spanning trees can be used to describe a hierarchical decomposition of a graph [8, 9, 23].
In general, modulus can be adapted to any family of graph objects and will measure the
richness of that family.

The modulus problem is studied over a family of graph objects, and when that family
is finite the problem can be viewed as a convex optimization problem where each object

induces an inequality constraint. This implies that the larger the family, the more inequality



constraints need to be satisfied. The family of edge covers is combinatorially large, so
calculating the edge cover modulus can be difficult. Through the theory of Fulkerson duality,
it has been shown that every family of objects has a corresponding dual family whose modulus
is closely related to the modulus of the original family [7, 16]. In this dissertation, we prove
that the dual family of fractional edge covers is the family of stars, which greatly reduces
the number of constraints for the p-modulus problem. In this way, we can calculate the
modulus of fractional edge covers using the modulus of stars, and then obtain a bound for
the modulus of edge covers.

A probabilistic interpretation for the p-modulus problem has also proven valuable in
some cases [3, 7, 10]. This interpretation allows us to reinterpret the modulus problem as
an optimization problem related to random objects. Specifically, it was shown that solving
the modulus problem is equivalent to finding a probability mass function (pmf) on the
family of objects that minimizes a function of certain expectations on the edges. We use the
probabilistic interpretation to obtain lower bounds for the modulus of each family of objects

for specific graphs and prove more general results for the modulus of stars.

Organization. The remainder of this document is organized as follows. In Chapter 2, we
introduce the p-modulus problem, as well as the theory of Fulkerson duality, the probabilis-
tic interpretation of modulus, and the definition of equivalent families. In Chapter 3, we
discuss the families of edge covers, fractional edge covers, and stars, and how these families
are related. In Chapter 4, we discuss the modulus of the three families discussed in Chap-
ter 3. Chapter 5 discusses numerical examples for each family and Chapter 6 closes with a
conclusion of this dissertation and ideas for extensions of this work. The contributions in

this document include:
e The definition of equivalent families with respect to modulus in Section 2.3.
e The definition of basic fractional edge covers in Section 3.2.

e A description of the extreme points of the convex hull of the family of fractional edge

covers 1n Section 3.2.



e A proof that the dual family of fractional edge covers is the family of stars in Sec-

tion 3.3.1.

e Bounds on the modulus of edge covers with respect to the modulus of fractional edge

covers in Section 4.2.1. This also includes an improved bound in Theorem 4.7.

e An exploration of the tightness of the bounds for the modulus of edge covers in Sec-

tion 5.3.



Chapter 2

The Modulus Problem

In this chapter, we define the p-modulus problem as it’s been studied previously in [5, 6]. We
also discuss the theory of Fulkerson duality and the probabilistic interpretation of modulus

as described in [3, 7], respectively.

2.1 Definitions and Notation

We consider an undirected, weighted graph G' = (V, E, o) with vertex set V', edge set £, and
a positive vector o € RE that assigns to each edge a positive weight, o(e). In general, we
let n = |V| be the number of nodes and m = |E| be the number of edges in the graph G.
Let T be a family of objects on G. The concept of object is very flexible; in this dissertation
an object will either refer to a subset of edges of a graph (for example, a path), or a vector
in R” that assigns each edge of the graph a value. As stated in the introduction, we are
focused primarily on three specific families: the families of stars, edge covers, and fractional
edge covers. Each of these families will be defined in Chapter 3.
I'xE

Given a family I' we can define it’s nonnegative usage matriz, N' € RL§", where N'(7, €)

indicates the degree to which the object v € I “uses” the edge e € E. When I' consists of



subsets of I, a natural choice for A is the indicator function

1 ifeen,
N(v,e) =1,(e) = (2.1)

0 otherwise.

For the family of fractional edge covers, however, A/ will be allowed to take other real values.
In this paper, we restrict our attention to families that are nontrivial in the sense that each
row of N contains at least one nonzero entry. Note that we refer to N as a matrix, even if
I' is an infinite set.

The usage matrix provides a useful representation of the objects in 7; by associating each
v with the corresponding row vector A/(7,-) in the usage matrix we may view a family of
objects as a subset of the nonnegative vectors Rgo. Given a family of objects I' C Rgo it is

often useful to consider its convex hull, co(I"), as well as its dominant,
Dom(T") = co(I") + RE,,.

A nonnegative vector, p € Rgo, is called a density. Each density induces a measure of
length, called the p-length, on the objects in I'. Given a density p and an object v € I, the
p-length of ~, €,(v), is defined as

L(y) =Y Ny eple) = p",

ecE

where the last equality arises from identifying ~ with its row in the matrix N.
A density p is called admissible for I', or simply admissible, if £,(y) > 1 for every v € I

The set of all admissible densities for a family I' is denoted
Adm(D) :={p € RY;: {,(7) > 1, for all y € T'}.

One lemma that we will use repeatedly is the following.



Lemma 2.1. Suppose I'y and I's are two families of objects satisfying I'y C T'y, then

Proof. This is evident from the definitions. Any density that is admissible for the larger

family, 'y, is necessarily admissible for I';. O]

2.2 The p-Modulus Problem

For 1 < p < 00, the p-energy of a density p is defined as

Yoo(e)ple)?, if1<p<oo,
Epo(p) == F

maxo(e)p(e), if p = oo.

The p-modulus of T' is then defined as

Mod,,(I') := inf &,,(p). (2.2)

peAdm(T)

If the graph is unweighted, we define ¢ = 1 and adopt the simplified notation &,(p) and
Mod,(I").
In the case that I' is finite, modulus can be expressed as a convex optimization problem

of the form

minimize &, ,(p)
subject to p >0 (2.3)

Np=1.

The notation > indicates elementwise comparison and 0 and 1 indicate the appropriately
shaped vectors of all zeros and ones, respectively.
A density p € Adm(I") is said to be extremal or optimal if &,,(p) = Mod,(I'). The

notation p* is commonly used to denote an extremal density. If " is finite, then [6, Theorem



4.1] implies that an extremal density exists and it is unique for 1 < p < oco. A useful property

of modulus comes from Proposition 3.4 in [6], which is a direct consequence of Lemma 2.1.

Proposition 2.2 (Monotonicity). Let I'y and I'y be families of graph objects. If T'y C I'y,
then Mod,, ,(I'1) < Mod,, ,(I'2).

2.3 Equivalent Families

As stated in the previous section, the modulus problem minimizes the p-energy over the
admissible set of a family I'. Note that the admissible set is what changes the value of the
problem. This leads to the natural question of asking if there are multiple families that have
the same admissible set, hence the same modulus? This leads to the definition of equivalent
families given below, which can help simplify the modulus problem, as well as relate the

modulus of one family to the modulus of another.

Definition 2.3. Two families of objects, I' and I", are called equivalent (in the sense of

modulus) if Adm(T") = Adm(I"). We write I' ~ I" to denote that two families are equivalent.

In light of (2.2), this definition implies that Mod, ,(I') = Mod,, ,(I") for any choice of
the parameter p and weights o; equivalent families are indistinguishable in the context of
modulus.

One straightforward example of equivalence comes from the following lemma.
Lemma 2.4. Let I" be a family of objects on G. Then I' ~ Dom(T").

Proof. By definition, I' € Dom(I") so by Lemma 2.1 Adm(Dom(I")) € Adm(I"). Let p €
Adm(T") and let ¥ € Dom(I"). Then there must exist a collection of objects v1,y2, - , v € T,

a choice of weights 1, o, ..., it > 0 summing to one, and a vector £ € Rgo such that

’NY:Z/M%—F@

=1



Since p and & are nonnegative, and since p is admissible for T',

PPy = pp i+ p"E> 1
=1

Thus, p € Adm(Dom(I)). O

For a given family I, consider the set of extreme points ext(Dom(I")). The extreme points
are nonnegative vectors in R” and, therefore, can be viewed as another family of objects.
Lemma 2.4 implies that I' ~ ext(Dom(I")), since both families share the same dominant.

As an application of this last equivalence, consider the family I, of all walks in G
connecting two distinct vertices s and ¢t and the family I'y; of all simple paths connecting
s and t. Then, since I'y, = ext(Dom(I,)), it follows that I'y, ~ I",. This recovers the
intuitive observation that a density is admissible for the family of st-walks if and only if it

is admissible for the family of st-paths.

2.4 Fulkerson Duality

The theory of Fulkerson duality applied to modulus was developed in [7]. If I is a finite
family, then its admissible set, Adm(I"), has finitely many faces and finitely many extreme
points. Since Adm(I") is a recessive closed convex set, it can be written as the dominant of

its extreme points

Adm(T") = Dom(ext(Adm(T))).

We define
= ext(Adm(T)) = {41,..., 4} CRE,

to be the Fulkerson blocker of I'. These extreme points can be thought of as another family
of graph objects with usage matrix N e RgéE . This construction provides a duality among

families of objects due to the fact that

~

' = ext(Dom(T)) ~ T



The relationship between I' and [ in terms of modulus is given by the following theorem.

Theorem 2.5 (Theorem 4 in [7]). Let G = (V, E) be a graph and let T be a non-trivial finite
family of objects on G with Fulkerson blocker [. Let the exponent 1 < p < oo be given, with
q := p/(p — 1) its Holder conjugate. For any set of weights o € RE,, define the dual set of

weights & as 6(e) = a(e)™», for all e € E. Then,

Mod,, ,(T')/? Mod, 5 ()7 = 1. (2.4)

A

Moreover, the optimal p* € Adm(T') and n* € Adm(I") are unique and are related as

follows:
: o(e)p*(e)™!
== Ve € E. 2.5
The relationship of the modulus of the families when p = 1 and p = oo are described

using the following theorem.

Theorem 2.6 (Theorem 5 in [7]). Under the assumptions of Theorem 2.5,

A

Mod; ,(I') Mod e -1 (') = 1,

where o7 1(e) = o(e) L.

2.5 Probabilistic Interpretation

The optimization problem in (2.3) is a convex problem for which, for 1 < p < oo, the
minimizer is unique. A Lagrangian dual problem was developed in [5] and endowed with a
probabilistic interpretation in [3].

Let P(I") C REO represent the set of probability mass functions (pmfs) on the set I
That is, u € P(I') if and only if p is a nonnegative vector with 71 = 1. For a given p, we
can define a random variable v with distribution given by p where pu(y) = P,(y = 7). For

an edge e € F, the value N (1, e) is a random variable as well and we denote its expectation

10



as E, [N (7,€)]. The probabilistic interpretation is given by the following theorem.

Theorem 2.7 (Theorem 2 in [7]). Let G = (V, E) be a finite graph with edge weights o,
and let T' be a non-trivial finite family of objects on G with usage matriz N'. Then, for any

1 < p < oo, letting g :=p/(p— 1) be the conjugate exponent to p, we have

q

Mod, ,(T') "% = ( min a(e)_p]Eu[N(fy,e)]q> " (2.6)

P(T -
KE ()eeE

Moreover, p € P(L) is optimal for the right-hand side of (2.6) if and only if
E, N (v,e)] = ole)p(e): Ve € E. (2.7)

where p* is the unique extremal density for Mod, ,(I').

As stated in [7], the probabilistic interpretation is particularly informative when p = 2,
o =1, and I is a collection of subsets of edges, so that the usage matrix N is as defined in

(2.1). In this case, the duality relation from Theorem 2.7 can be written as

Mody(I)™! = min E,ly07] (2.8)

where v and 7 are two independent random variables chosen according to the pmf p, and
|y N 7| is their overlap, which is also a random variable. This implies that computing
the 2-modulus is equivalent to finding a pmf p that minimizes the expected overlap of two

independent, identically distributed random objects.
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Chapter 3

Edge Covers, Fractional Edge Covers,

and Stars

In this chapter we discuss the families of edge covers, fractional edge covers and stars. We
study properties of the three families, define the family of basic fractional edge covers, and

state equivalence results to be used in the next chapter.

3.1 Edge Covers

An edge cover of G is a set of edges C' C E such that each vertex in G is incident to at least
one edge in C'. The family of all edge covers is denoted by I'e.. Figure 3.1 shows all the edge
covers for the square graph.

To calculate the modulus of edge covers in Chapter 4, one would first have to find all of
the edge covers of a graph. It has been shown that the problem of counting the total number
of edge covers of a graph is #P-Complete, and generating all possible edge covers of a graph
is an exponential combinatorial problem [25]. Table 3.1 summarizes known results for the
total number of edge covers of various families of graphs.

To calculate the modulus problem, recall that each edge cover induces an inequality

constraint in the optimization problem (2.3). Therefore, calculating the edge cover modulus

12



Figure 3.1: Edge covers of the square graph. Black edges make up the edge cover.

Graph Number of edge covers, || Reference
Path graph, P, F,_4 [11]
Cycle graph, C,, Y orey %(”ﬁk) =L,=F,o—F, | [11, 34]
Complete graph, K, ZZZO(—l)k(Z)Q(an) [34]
Complete Bipartite graph, K, , (D)@ —1)n 34]

Table 3.1: Number of edge covers for different graphs. The n-th Fibonacci number is denoted
as I, and the n-th Lucas number is denoted as L,,.

13



of a graph with a very large family of edge covers is hard and inefficient. Instead of generating
all possible edge covers, we can find an equivalent family (in the sense of Section 2.3) to
simplify the computations. One natural family is that of minimal edge covers. A minimal
edge cover is an edge cover that is not a proper subset of any other edge cover, which implies

that the family of minimal edge covers, 'y, satisfies |Tpee| < |Tecl-
Lemma 3.1. The family of edge covers and the family of minimal edge covers are equivalent.

Proof. Let T’ be the family of edge covers and ', be the family of minimal edge covers.
By definition, I'pec € Tee so by Lemma 2.1, Adm(I'e.) € Adm(I' ). To show the reverse
inclusion, let p € Adm(T o) and let v € T'oe. Note that v = 4/ U % where 7/ € T'ec and

¥ C E. Since 7/ is a minimal edge cover and p is admissible for I'ye., then pfy/ > 1.

Moreover, since p and 4 are both nonnegative vector, we have that p”4 > 0. Then,

ply=p"y+p"7>1

This gives Adm(Tee) € Adm(Tec). O

This equivalence between edge covers and minimal edge covers allows the modulus prob-
lem to be slightly more feasible. Counting the number of minimal edge covers of a particular
graph can still be challenging, but we can obtain a lower bound for the number of minimal
edge covers by counting the number of minimum edge covers. A minimum edge cover is an
edge cover of minimum cardinality, therefore minimum edge covers are also minimal, but
the converse is not always true. For example, for the cycle graph C, on an even number
of nodes there are 2 minimum edge covers, so |I'yec| > 2. When n is odd, the cycle graph
has n minimum edge covers, therefore || > n. Comparing these values to the number of
elements in I’ from Table 3.1, we see a decrease in the number of objects, hence a decrease
in the number of inequality constraints in the optimization problem. On general graphs, this
can still lead to an exponentially large number of elements in the set. For example, when n
is even the complete graph K, has (n — 1)!! minimum edge covers, and when n is odd, there

nll(n—1)

are minimum edge covers (see Appendix A), where n!! = n(n —2)(n —4).... One

14
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Figure 3.2: Some fractional edge covers of the square graph.

way to circumvent this combinatorial complexity is to introduce a relaxed problem. This

can be accomplished using fractional edge covers.

3.2 Fractional Edge Covers

The concept of an edge cover can be generalized as follows (see [31]). To each vertex, v € V,
we associate the star, 6(v) C E, comprised of the set of edges incident to v. Let v € Rgo be

a nonnegative vector on F. If

v(0(v)) = Z v(e)>1 forallveV,
e€d(v)
then ~ is called a fractional edge cover. Each such v can be considered to be an object on

the graph G with corresponding edge usage

N, ) =7(),

yielding the (uncountably infinite) family of fractional edge covers, I'g.. FEach edge cover,
v € I'ee, can be associated with its incidence vector 1., which provides a natural inclusion
[ee C I'gee (the reverse inclusion is only true on the trivial graph). See Figure 3.2 for some
examples of fractional edge covers on the square graph.

Since the family 't is uncountably infinite, the modulus problem (2.3) on this family
cannot be immediately viewed as a standard convex optimization problem. However, it is

possible to find an equivalent finite family. This comes from the observations that [ is

15



convex and recessive, in the sense that 't = Dom(I'g.), which implies that [ge. ~ ext(ec)-
The extreme points of I'g. have a relatively simple structure.
The following definition, lemmas, and proofs where inspired by the work done in [29]

with fractional perfect matchings.
Definition 3.2. A vector v € Rgo is called a basic fractional edge cover if
e 7 is a fractional edge cover taking only values in {0,1/2,1},
e the support, supp v, is a vertex-disjoint union of odd cycles and substars, and
e v(e) = 1/2 if and only if e belongs to an odd cycle in supp .
The family of all basic fractional edge covers is denoted 't

fec*

The remainder of this section is devoted to showing that the extreme points of ['g. are
basic fractional edge covers. The proof depends on what the elements of supp~ look like,

for v € ext(I'te.), and will go as follows:
1. We first show supp~y contains no even cycles (Lemma 3.3).

2. We then show that any connected component of supp v that contains a pendant edge

is a substar (Lemma 3.4).

3. We then show that any connected component of supp v that does not contain a pendant

edge is an odd cycle (Lemma 3.5).

4. Finally, we show that every extreme point of I'y. is a basic fractional edge cover

(Lemma 3.6).

With these results, we show that the family of fractional edge covers and the family of basic
fractional edge covers are equivalent (Theorem 3.7) and we make a note of what happens

when the graph G is bipartite (Corollary 3.8).

Lemma 3.3. If vy € ext(T'g.) then supp~y contains no even cycles.

16



Proof. Suppose, to the contrary, that C' is an even cycle in suppy. Define 7 € R¥ to be
a function that assigns 1 and —1 alternately to the edges of C' (starting from an arbitrary
edge), and that assigns 0 to all other edges of G. Note that, for any number a and any

vertex v,

(v +a7)(6(v)) = ~(0(v)) + a7(é(v)) = 7(6(v)) = 1.

Thus, for sufficiently small |a|, v + a7 is non-negative and, therefore, a fractional edge
cover. This implies that the extreme point + lies in an open line segment in I, which is a

contradiction. O

Lemma 3.4. Let v € ext(T't.). Then, any connected component of supp~y that contains a

pendant edge is a substar.

Proof. Consider a connected component of H := supp<y containing a pendant edge. We
shall show that this component contains no path of length greater than 2, which implies
that the component is a substar. Let e = {u,v} be the pendant edge, with degy(u) = 1.
If degy(v) = 1, then the component consists solely of the edge e and we are done. Now,
suppose degy(v) > 1 and that there is a path of length greater than 2. Starting at node
u, trace a maximum-length path in H. This path, which is assumed to have length at least
3, must either end at another pendant edge in H or cannot be extended further without

creating a cycle. We consider these two possibilities in turn.

(a) Assume the path ends in another pendant edge, denoted {z, y}, with deg,(y) = 1. See
Figure 3.3. Since the path has length at least 3, z # v. Let 7 € RF be a function that
assigns 0 to the two pendant edges, assigns 1 and —1 alternately to the other edges
in the path, and assigns 0 to all other edges in F (see Figure 3.3). Again, if we show
that for sufficiently small |a|, v+ a7 € Tk, we arrive at a contradiction. Consider the
vertex v. The path in H connecting u to y passes from u to v and then on to a third
vertex w (it is possible that w = z). Since v € T'tec, we know that y({u,v}) > 1 and

since {v,w} € supp~y, we know that v({v,w}) > 0. So,

(v +a7)(0(v)) =7(6(v)) + ar(6(v)) = v({u,v}) + y({v,w}) —a =1+ y({v,w}) -«
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Figure 3.3: Values of 7 for pendant edges connected by a path.
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Figure 3.4: Values of 7 for a pendant edge connected to a cycle.

which is greater than or equal to 1 for sufficiently small |«|. The vertex z is similar.

For all other vertices, z, 7(6(z)) = 0, arriving at the contradiction.

Assume instead that the path ends in a cycle. See Figure 3.4. That is, one can trace a
path in H starting from u, passing through v, and continuing until the path eventually
circles back to repeat a vertex w. (It is possible that w = v.) From Lemma 3.3, the
cycle through w must be odd. Let 7 € R¥ be a function, shown in Figure 3.4, that
assigns 0 to the pendant edge, assigns +1/2 alternately on the odd cycle with the two
edges through w sharing the same value, and assigns 0 to all other edge in E. If w # v,
then 7 should alternately assign +1 to the edges connecting v and w in such a way

that 7(6(w)) = 0. (The value of 7 is set to zero on all other edges.)

It can be seen that this once again leads to a contradiction of the assumption that
7 is an extreme point. The function 7 sums to zero on all stars other than 6(v) and

v(6(v)) > 1, which makes v+ a7 € I't. for sufficiently small |a.

]

Lemma 3.5. Let v € ext(I'ge). Then, any connected component of supp~y that does not

contain a pendant edge is an odd cycle.

Proof. Let H' be a connected component of H := supp~ that does not contain a pendant

edge. The H' must contain at least one cycle, C. By Lemma 3.3, any such cycle must be odd.

As before, we proceed by contradiction. Suppose that H' \ C' # (). Then H' must contain a
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Figure 3.5: A path that returns to an odd cycle C' and creates an even cycle, i.e. the
“snowman” graph. Orange edges make up the even cycle.

I al T % -~ L.
f _% % ? 2 Z‘ 1 1’— i 2
i - 1-o—1—o 4 -1 I ﬁx? I

7%‘—5" ¥~_%‘.'% &—; ;—‘7 §¥~,; %)

- o
(a) (b)

Figure 3.6: Values of 7 for two connected cycles.

vertex v such that degy(v) > 3. That is, there must be an edge of H that is incident to v
but does not lie in the cycle C'. Consider extending this edge to a maximum-length path in
H. Since the component is assumed to contain no pendant edges, this path must eventually
create a cycle. There are a few cases to consider.

One possibility is that the path leaving v returns to a different vertex w in C', producing
a “snowman” as shown in Figure 3.5. The vertices v and w are connected by two paths in
C, and since C' is an odd cycle, one of these paths has an even number of edges while the
other has an odd number. Removing the path with even length results in an even cycle,
which contradicts Lemma 3.3.

So, the path leaving C' from v does not return to any other vertex of C' (and does not
end in a pendant edge). Thus, H must contain a graph K with 2 (necessarily odd) cycles
connected by a path (possibly of length 0) as in Figure 3.6. Let 7 € RE be a function that
assigns 0 to edges not in K, +1 alternately on the path connecting the two cycles of K, and
+1/2 alternately around the cycles of K so that 7 sums to zero on all stars of G. (See Figure
3.6a and Figure 3.6b for examples.) This again yields a contradiction, since 7 + a1 € T

for sufficiently small |a].
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Lemma 3.6. Every extreme point in ext(I'w.) is a basic fractional edge cover.

Proof. Lemmas 3.4 and 3.5 show that each connected component of H := supp 7 is either a
substar or an odd cycle in G. To complete the proof, we must show that v only takes values
in {0,1/2,1}, with the value 1/2 occurring exactly on the odd cycles of H.

First, consider a substar component, S, of H. All edges in this case are pendant edges
and, therefore, v must be at least 1 on each edge. On the other hand, suppose y(e’) > 1 for
some € € S, and define

1 ife=¢,
v(e) otherwise.

Then 4 € T’ and ¥ < 7. Since 'y, is recessive, this implies that ~ lies on the relative
interior of a ray in ['t. emanating from 4 and, therefore, that v cannot be an extreme point.

Next, consider an odd cycle C' which is a component of H. We wish to show that
v(e) = 1/2 on all edges of C. We begin by observing that v(d(v)) = 1 for every vertex v
in the cycle. Suppose to the contrary that v(d(v)) > 1 for some vertex v, and consider the
vector 7 € R¥, supported on C, alternately taking the values +1 around the cycle in such
a way that +1 is assigned to both edges incident on v. Then, v 4+ at € 'y, for sufficiently
small ||, contradicting the extremality of ~.

Next, we argue that if v(d(v)) = 1 for all v € C then y(e) = 1/2 for all edges in C. To
see this, define

1/2 ifeeC,
v(e) otherwise.

Then, 4 € 't and ¥(0(v)) = 1 for every vertex v € C. Define 7 := v —4. Then suppr C C
and 7(d(v)) = 0 for every v € C. Choose an adjacent pair of edges e;,eas € C. Then
T(e2) = —7(ey). Continuing around the cycle we find that the next edge, es, must satisfy
T(e3) = —7(eg) = 7(e1) and so on. Since the cycle is odd, the last edge we cross, e,, that

completes the cycle must have 7(e,.) = 7(e;). But, since 7 must sum to zero on the star

20



OAO O/I\O OAI
<G> <> <7
' ' '

A

1
2

0/!\0 0 g/!\o
<t> <> <12
e N

1
W

Figure 3.7: Extreme points of 't (up to rotation and reflection) for G = Ws. There are 25
extreme points in total.

including these two edges, 7(e,) = 7(e;) = 0, implying that 7 = 0. Thus, v = 7, implying
that vy(e) = 1/2 on all edges e € C. O

Theorem 3.7. The families I't. and I't; are equivalent; I'ge >~ T'e;.

Proof. Lemma 3.6 implies that ext(I'tec) C I'z € I'fee, which shows that
Adm(Tgee) € Adm(I'g;) € Adm(ext(Iee)) = Adm(Tee)-

]

Figures 3.7 and 3.8 demonstrate the implication of Theorem 3.7. These figures show
all extreme points (up to rotation and reflection) of I'g. for the wheel graphs Wy and Wy
respectively. Note that (as guaranteed by the theorem) all are basic fractional edge covers.
Any density that is admissible for one of these sets is admissible for all fractional edge covers

on the corresponding graph.
Corollary 3.8. If G is a bipartite graph, then It =~ [ec.

Proof. Since T'e. C T'gee, by Lemma 2.1, Adm(I're.) € Adm(T.). To show the reverse inclu-
sion, recall that 't =~ ['r, so we prove the result using I'r. Let p € Adm(le.) and v € '

Since a bipartite graph has no odd cycles, Definition 3.2 shows that v is a 0/1-vector sup-

ported on a disjoint union of substars. Since v is a fractional edge cover, it must sum to 1
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Figure 3.8: Extreme points of 't (up to rotation and reflection) for G = Ws. There are 36
extreme points in total.

on every star, implying that v is the incidence vector of an edge cover. Therefore, since p is
admissible for edge covers,

ply =1,
implying that p € Adm(I'g;). This shows that Adm(Te.) € Adm(I'g;) = Adm(Tsec). O

With these results, we've made a connection between four families of objects: T'ee, [fec,

e, and ext(['g.). In the next section, we define the family of stars and show that this

fec»

family is also related to I'g., hence it is related to all other families studied in this chapter.

3.3 Stars

As defined at the beginning of Section 3.2, the star centered at node v, denoted §(v), is the
set of edges incident to v. Figure 3.9 shows the four stars of the square graph. These objects
are relatively simple and can be useful when studying the modulus of other families of graph
objects. This is because a connected graph will always have |V| stars, and each star is made
up of the edges connected to a node. Note that stars appear naturally in the definition of an
edge cover (and similarly in the definition of a fractional edge cover as seen in Section 3.2).
Specifically, we can restate the definition of an edge cover using stars as follows: C' C F is
an edge cover if and only if |[C' N d(v)| > 1 for every v € V. Therefore, there is a natural

connection between these families.
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Figure 3.9: Stars of the square graph. Black edges make up the stars.

3.3.1 Dual Family of Fractional Edge Covers

Recall from Section 2.4 that if the family I' is finite, then there is a dual family I whose
modulus is related to the original family.

The relationship between dual families of objects has several useful implications. Most
important in the present setting is the fact that upper bounds on the modulus of the dual
family provide lower bounds for the original (primal) family. In particular, the following
lemma shows that the family of stars can be used to provide lower bounds for the modulus

of fractional edge covers.

Lemma 3.9. The families of stars and fractional edge covers on G are dual in the sense
that

Fstar = I‘fec .

Proof. Consider a vector v € Rgo. Then, v € I, if and only if

Z v(e) > 1 for every v in V,
e€é(v)

which is equivalent to saying that v € Adm(Tg,,). By Lemma 2.4, then,

A

Ltar = eXt(Adm<Fstar)) = Adm(rstar> = Dfec.
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3.4 Summary of Families and Their Relationships

As a summary of this chapter, in this section we restate the definitions of the objects of

interest in this dissertation, as well as their relationships. Table 3.2 summarizes the notation

used.
[ec The family of all edge covers
IMec The family of all minimal edge covers
e The family of all fractional edge covers
I'tc | The family of all basic fractional edge covers
| R, The family of all stars
r The dual family of "
ext(T") The set of extreme points of T’

Table 3.2: Notation for each family of objects.

3.4.1 Summary of definitions

edge cover: A set C' C F such that each vertex in G is incident to at least one edge in C'.
minimal edge cover: An edge cover that is not a proper subset of any other edge cover.
star: A set, 0(v) C FE, of all edges incident upon a given vertex v.

fractional edge cover: A vector v € Rgo such that

v(d(v)) :== Z v(e) >1 forallveV.
e€d(v)

basic fractional edge cover: A fractional edge cover with the following properties.

e 7 takes values only in {0,1/2,1}.
e The support, supp, is a vertex-disjoint union of odd cycles and substars.

e y(e) = 1/2 if and only if e belongs to an odd cycle in supp .
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3.4.2 Summary of relationships

Set inclusions. Any set £’ C F can be represented by its 0/1 incidence vector

1 ifeeF,
]1E/(€) =

0 otherwise.

With this representation, the families are viewed as subsets of R and are related as follows
L Frnec g 1—\ec g Ffec~
L Frnec g e g Ffet:-

fec

® ext(FfeC) g T

fec:

Equivalences. The equivalence results from this chapter can be summarized as follows:
o ['o. 2T ec.
o I'ree > I'ee
° fstar ~ fec-

e If (7 is bipartite, then I'ge ~ Iec.

In the next chapter, we show how to use these results to calculate the modulus of each family.
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Chapter 4

Modulus of Edge Covers, Fractional

Edge Covers, and Stars

In this chapter we focus on studying the modulus of the families of edge covers, fractional
edge covers, and stars. For simplicity, in all examples presented we assume the graphs are
unweighted.

Recall from Chapter 2 that to calculate the modulus of a family I', we have to generate
all of the objects in that family and find a density p that is admissible. The approach in each
case is similar, we first establish an upper bound on the modulus by finding an admissible
density. In some cases, a lower bound is established using the probabilistic interpretation
of modulus, and in other cases we use duality results, thus establishing the value of the

modulus.

4.1 Modulus of Edge Covers

Recall that an edge cover is a subset of edges such that each node in the graph sees at least
one edge in the cover. This implies that for a graph with n nodes, where n is even, an edge
cover will have at least 7 edges. In the case when n is odd, an edge cover will have at least
n+1

#= edges. This is because we can think of covering n — 3 nodes using disjoint edges and
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(a) The Star Graph, Sg. (b) The Cycle Graph, Cs. (¢) The Complete Graph, K.

Figure 4.1: A standard set of graphs for modulus examples.

the remaining 3 nodes can be covered with 2 edges. Therefore, every edge cover will have
at least [%] edges. The following lemma gives an upper bound for the edge cover modulus

using this fact.
Lemma 4.1. If p = [%]7", then p € Adm(Te.) and Mod,(T'ec) < m[%]77.

Proof. Let p = [%1_1. This density is admissible since every edge cover will have at least

[5] edges, then for v € [

=[5 bzt

Then,

Moy (1) < oty = ([5] ) = i

ecE

]

To get a better understanding of the modulus of edge covers, we start by calculating the

p-modulus of some common graphs shown in Figure 4.1.

Ezample 4.1 (Star graph). Let G = S,, be the unweighted star graph with |V| =n > 3 and
|E| = n — 1. Note that all edges of S,, are pendant edges—they are incident to at least one
vertex of degree one (see Figure 4.1a). It follows that there is a single edge cover: I'e. = {E}.
The symmetries of the graph and the uniqueness of the extremal density suggest that we
restrict our search to constant densities. Since the single edge cover has n — 1 edges, the

density pg = ﬁ is admissible. This provides an upper bound on modulus:

Mody(Tee) < Exlp) = 3 pole)” = (n—1) - ——— = ——

— (n—1» (n—1)p- 1
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To obtain the lower bound we use the probabilistic interpretation and Theorem 2.7. Since
[ec only has one object, E, we can define p(F) = 1. This implies that the expected edge
usage is given by

E.N(y,e)] = 1.

Using (2.6),

MOdP(FeC)_% < E.N(y. €)' =n—1

(S

Mod, (o) > (n — 1)~

s}

1
(n—1)p1

Q3

where the last equality comes from the fact that § = p— 1. Thus we have that Mod,(T'e.) =

m, po is the extremal density, and p is an optimal pmf.

Ezample 4.2 (Cycle graph). Let G = C,, be the unweighted cycle graph with |V| = n and
|E| = n. Again, symmetry suggests that the extremal density is constant. To calculate the

edge cover modulus, we need to consider the cases when n is even and odd.

(a) Let n be even. Lemma 4.1 gives an upper bound for modulus with p = %:

3

op
Mod,(Te.) < =

p np—1"

—
|3
J}

To obtain the lower bound we use the probabilistic interpretation and Theorem 2.7 as

in the previous example. We first note that there are 2 edge covers of C),, that have

edges (the 2 perfect matchings of the graph). We define pu(y) = 4 for each

n
2

exactly
of the 2 objects v with § edges and every other object v in I'c. is assigned p(y') = 0.
This implies that the expected edge usage is

B (6] = 5

28



Using (2.6),

_4 n
Mod,(Tec) ? < ZEM[N(17 e)]! = 2
eck
n\ & 2P
> () 2

Thus we have that Mod,(I'e.) = %, p is the extremal density, and p is an optimal

pmf.
. . . _ 2 .
(b) Let n be odd. Lemma 4.1 again gives an upper bound for modulus with p = -=5:
m 2Pn
Mod, (I'e.) < = .
M) < 1 = iy
To obtain the lower bound, first note that there are n edge covers that have ”T“ edges

covers like in Figure 4.2 which are the minimum edge covers). Define =1 for
( g g nw(vy) = -

n+1

>~ edges and every other object 7" € I is assigned

each of the n objects v with
wu(~") = 0. This implies that

n+1 1 n+1
E, [N = C— =
;U'[ (17 6)] 2 n m
since every edge appears in 4+ of the minimum edge covers. Using (2.6),

q

Mod,(Tec) » <3 B[N (3, )] = (H 1)‘1

2n

Mod,(I) > (D7) 72
pRreel =\ 2ane-1 (n+1)P

where the last equality comes from the fact that p = ¢/(¢ — 1). Thus we have that

Mod,(Tec) = (n%i—’f)p, p is the extremal density, and pu is an optimal pmf.

Ezample 4.3 (Complete graph). Let G = K, be the unweighted complete graph with |V | =n

and |E| = "(”271). To calculate the modulus of edge covers, we again consider the cases when

n is even and odd.
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Figure 4.2: A minimum edge cover for an odd cycle C'. All other minimum edge covers are
obtained by rotating this picture.

(a) If n is even, then all minimum edge covers have § edges. Lemma 4.1 gives an upper

bound for modulus with p = %:

Mod,(Tee) € === =
! (517 2

n

m  nln—1) (2)P -1

np—1

To obtain the lower bound, recall that K, has (n — 1)!! minimum edge covers, each

with § edges. Define u(y) = ﬁ for each of the minimum edge covers and every

other object 7/ € T is assigned p(7') = 0. This implies that

1 1
= S on—=1DI n-—1

since every edge appears in (n — 3)!! of the minimum edge covers. Using (2.6),

Mod,(Tee) 7 < > EN(v.e)! = n(n2— 1) (ni 1)

n Tl — 1)
MOdp(FeC) Z (W) == T

Thus we have that Mod,(T'e.) = 2 (1) p is the extremal density, and p is an optimal

np—1 ’

pmf.

(b) If n is odd, then all minimum edge covers have ”TH edges. Lemma 4.1 gives an upper
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2 .
n+1"

m  n(n—1) 2 \" 2"'n(n—1)
Mod,(T") < B .(n+1) BT

bound for modulus with p =

nll(n—1)

To obtain the lower bound, recall that K, has =3

minimum edge covers when n is

odd, each with ”T“ edges. Define u(vy) = W for each of the minimum edge covers

and every other object 7/ € I is assigned p(v') = 0. This implies that
(n—2!(n+1) 2 n+1

E N (v,e)] = 9 ' n!l(n —1) - n(n —1)

(n—2)!1(n+1)

Since every edge appears 1n 3

of the minimum edge covers. Using (2.6),

Mod,(Tee) > < Y B,V _ ”(nQ— D (né”‘ntll))q

(n+1)9 K _ 277 In(n—1)
Hoblle) = (znq =1 ) D

Thus we have that Mod,(I'ec) = %, p is the extremal density, and p is an

optimal pmf.

4.2 Modulus of Fractional Edge Covers

We now revisit the graphs we studied in the previous section and calculate the unweighted

p-modulus of fractional edge covers. By Theorem 3.7, we have that I't,. >~ I'r—. Therefore,

fec*

calculating Mod,,(I'tec) is equivalent to calculating Mod,(I'g;).

Ezample 4.4 (Star graph). Let G = S, be the star graph. Note that S, is a bipartite graph,
so by Corollary 3.8, I'ec >~ I'tec and

Mody(Tee) = Mody(Tec) = oy,
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Ezample 4.5 (Cycle graph). Let G = C,, be the cycle graph. To calculate the fractional edge

cover modulus, we again consider the cases when n is even and odd.

(a) If n is even, then the graph is bipartite. Again, by Corollary 3.8, I'e. ~ 't and

op

np—1’

Mod, (Tee) = Mod, (o) =

(b) If nis odd, then 'tz is the union of all the minimal edge covers and the constant vector

fec
v = 1/2. Let py = % To verify that this density is admissible, we first note that a
n+1
T2

minimal edge cover will have at least edges. Then, for a minimal edge cover v/,

2 2 n+1 2 n+1
Lo (V) = ZE = |7/|5 2 ==L
ec’

It remains to show that this density is admissible for the object v = 1/2:

1 2 n 2
gpo(’Y):PoT’Y:§ZE:§'ﬁ:1-

eeE

Thus, pg is admissible for this family and

2\"? 2P
Mod,(I'tec) < Ep(po) Zpo Y=n- (—> = —.

eck
The corresponding lower bound is established in Example 4.8 of Section 4.3.

Ezample 4.6 (Complete graph). Let G = K,, be the complete graph. In this example, the
number of basic fractional edge covers grows quickly with n, and is difficult to visualize.

Nevertheless, we can show that pg = % is the extremal density and that the modulus is

2P~ 1(n —1)
np—1

MOdp(Ffec) =

This is proved in Example 4.9 in Section 4.3.

Note that when calculating Mod,,(I't.) for the cycle graph and the complete graph, the
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value of the modulus is the same for even or odd n. That is, modulus does not differentiate

between the 2 cases like the modulus of edge cover does.

4.2.1 Bounds on the Modulus of Edge Covers

The examples discussed in the previous two sections show that the modulus of edge covers
and the modulus of fractional edge covers seem to be closely related. The following theorem

states a relationship between the modulus of both families.

Theorem 4.2. For all p € [1,00)

3

P
(Z) Mod, ¢ (I'tec) < Mod,, »(Tec) < Mod,, 5 (I'tec)-

If G is bipartite then Mod,, ,(T'ec) = Mod, 5 (I'tec)-

The second inequality in these bounds follows from the inclusion I'ee C I'g.. The other
bound follows from a more careful look at cycles. First, we establish an upper bound on the

number of edges in a minimal edge cover for a cycle.

Lemma 4.3. Let C be a cycle with length |C| = k and let vy be a minimal edge cover of C.

2k
Then |y| < %

Proof. Each vertex of C' has degree 1 or 2 in . Let k; be the number of vertices with degree
1 and ky = k — k1 be the vertices with degree 2. Since 7 is minimal, each degree-2 vertex is
connected in 7 to two degree-1 neighbors. (An edge connecting two degree-2 vertices could
be removed from v leaving an edge cover and violating the minimality of +.) This implies

that ko < g The handshaking lemma then implies that

ki 42k kAt ke

il 5 =%

2k
< —.
-3

]

Figure 4.3 shows examples of the largest minimal edge covers for different odd cycles. In

each case we see the result from Lemma 4.3.
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Tate
— NS /

k=9, =6 (b) k=11, ]| =7 () k=13, |y = 8

Figure 4.3: Maximal minimal edge cover ~ for cycles of length k.

Lemma 4.4. Let C C E be a cycle, let T'e.(C) be the set of edge covers for C, and let

p € RE,. Then
3 .
—g ple) > — min £,(v)

Elec(C
ecC 'y ©

Proof. Let C be a cycle with length |C| = k. Since p is non-negative, the minimum value
on the right must be attained by a minimal edge cover. Let o' = argmin, (¢ ¢,(7), and
assume 7' is minimal. By Lemma 4.3, |7/| < % By considering all rotations of the cycle, we
obtain a set of k rotations of 7/, which we may enumerate {v;,74,...,7.}. Moreover, each

edge of C' lies in exactly |7/| of these minimal edge covers, which implies that

k
3 3, . 1
2N = 2 < o1
4k;7 w5

From this, it follows that

1 1 ,._ 3 3
— = — > —_— > > — .
5 ) " ple) ST > Lp() > 1 erglelcr(lc)ﬁp(v)

ecC i=1

4
Lemma 4.5. Let p € Adm(T..), then 3P € Adm(T').

Proof. Let p € Adm(T.) and let v € T'gz. From Definition 3.2, we know that the support of

fec*

7 is a vertex-disjoint union of substars, . = {S1,..., S}, and odd cycles, € = {C},...,C,}.

Moreover, 7 takes the value 1 on each substar edge and 1/2 on each cycle edge. From ~, we
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construct an edge cover, ¥ € ['s. as follows.

For edges e ¢ supp~y, we set (e) = 0. Similarly, we set Y(e) = v(e) = 1 for each edge
e e U§:1 S;. The remaining edges lie on the disjoint union of the odd cycles in ¥’. On each
of these odd cycles, we choose 4 to be the (incidence vector of the) minimal edge cover that
has the smallest p-length. By construction, 7 is an edge cover for GG. By admissibility, then,
it follows that

1< 6,() = 30 de@ne) + 30 3 o) (1)

Ce® ecC Ses eeS

Now consider the p-length of the basic fractional edge cover v,
1
L) = 3 ol + 3 Y nle) (42
CE% ecC Se eeS

By the construction of 4, Lemma 4.4 implies that for every C' € €,

1 3 -

S OEES SEIONC! (13)

ecC ecC

Combining (4.1)—(4.3) shows that

ORI CED S WO

Ce€ ecC Se eeS

> 32 e + X0 S ole)

Ce€¢ eeC Ses eeS

>3 (Z RICLOEDS Zp<e>>

Ce¥ ecC Ses eeS

Since v € 'y was arbitrary, it follows that 3p € Adm(I'g).

fec

]

Proof of Theorem 4.2. If G is bipartite, then the result follows from Corollary 3.8. Other-
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wise, as stated earlier, the second inequality follows from the inclusion I'. C I'tee. The first
inequality is a consequence of Lemma 4.5. To see this, let p* be an extremal density for

Mod,+(Fec). By Lemma 4.5, p = 3p* € Adm(I';) = Adm(Tg). Thus, we have

A4\? 4\?
MOdp,U(Ffec) = MOdp,U(FE) S gp,a(ﬂ) - <§> gp,o(p*) = (g) MOdp,cr(Fec)-

]

Remark 4.1. A similar theorem is true for the case p = co. Using the same proof technique,
one finds that

3
Z MOdoo,o(Ffec) S MOdoo,cr(Fec) S MOdoo,a(Ffec)'

Constant extremal densities. In the case when the extremal density is constant, the

lower bound can be further generalized using the following lemma.

Lemma 4.6. Let p € Adm([.) be constant. If the graph, G, contains no odd cycles shorter
1
p < Adm(FQ)

than k = 20 + 1, then i

Proof. Let p € Adm([,.), where p = w is constant, and let 7 € I'y;. As stated in the
proof of Lemma 4.5, we know that the support of 7 is a vertex-disjoint union of substars,
S = {S51,...,5}, and odd cycles, € = {C},...,C,.} where ~ takes the value 1 on each
substar edge and 1/2 on each cycle edge. From 7, we construct an edge cover, 4 € T'e. as
before.

For edges e ¢ suppy, we set Y(e) = 0. Similarly, we set §(e) = y(e) = 1 for each edge
e e U:i:l S;. The remaining edges lie on the disjoint union of the odd cycles in ¥. On each of
these odd cycles, we choose 4 to be the (incidence vector of the) minimal edge cover that has

the smallest p-length. Since p is constant, this will be attained by a minimum edge cover of

|C+1

the cycle, which has =5— edges. By construction, 7 is an edge cover for GG. By admissibility,

it follows that

1<05)= 3 Y5000 + 3 p0) = Sl L Sus

Ce€ ecC Ses eeS ces Se
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Now consider the p-length of the basic fractional edge cover 7,

=y Z%p(e) +3 ) ple) =) %’|O| + ) wlS). (4.5)

Ce% ecC Ses eeS cev Ses

Using the fact that the smallest odd cycle in the graph is of length & implies that for every
Cevw,

] k
C1 = (161 + Dy = €1+ 1 (4.)
Combining (4.4)—(4.6) shows that
w
G =Y S0+ Y wls
Ce? Ses
k
> (|IC —_—
Z (IC1+ D + > wls]
Ce‘é’ Ses
k
> _
2 (Z (IC] +1 +Zw\sy>
ce? Ses
k
— " 45
k
> —
T k+1
Since v € I'y; was arbitrary, it follows that k+1p € Adm(I'yy). m

Theorem 4.7. Let k be the length of the shortest odd cycle in G. For all p € [1,00) where

the extremal density, p*, for Mod, ,(I'ec) is constant, then
k p
(—) Mod, »(Ttec) < Mod,, 5(Tec) < Mody o (Ttec)-

kE+1

Proof. By Lemma 4.6, p = ¥ p* € Adm(I'g;) = Adm(T'ge). Thus, we have

E+1\" . E+1\"
MOdp,U(FfeC) < €P7G(p) = (T) gp,a(p ) = (T) MOdpJ(Fec)-
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Remark 4.2. A similar theorem is true for the case p = co. Using the same proof technique,

one finds that when the extremal density p* € Adm(T's.) is constant, then

k
k'—H MOdoo,0'<Ffec) S MOdoo,0'<Fec) S MOdoo,o(Ffec)-

4.3 Modulus of Stars

Lemma 3.9 implies that the duality theorems (Theorems 2.5 and 2.6) hold with T" = T'yar
and [ = ['tec. This means that the modulus and extremal densities for fractional edge covers

can be understood through the modulus of stars. Specifically, we have that
MOdp,o(Fstar)l/p MOdq,&(Ffec>1/q =1. (47)

where ¢ = p/(p — 1) and &(e) = o(e)"». If p = 2, then the moduli are reciprocals of each
other
MOdQ,U(Fstar> MOdQ,U—l (Ffec) =1

Calculating the star modulus turns out to be computationally simpler than calculating
the modulus of fractional edge covers based on the number of constraints in the minimization
problem. Specifically, the number of stars in a graph is equal to the number of vertices |V,
whereas the family of basic fractional edge covers in a graph is at least as big as the family
of minimal edge covers. In this section, we prove simple results for the modulus of stars, as
well as studying examples of well-known graphs.

The following lemma states a basic estimate for the star modulus by restating a result

from [6], along with a lower bound.
Lemma 4.8. Let G = (V, E,0) be a finite graph and let T be the family of all stars in G.

Let §(G) := min,ey deg(v), then

0‘ .
o< M N <
5(G)p — OdPJ( ) —
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where 0y, = mino(e) and o(E) = > o(e).

eelr ecE
Proof. Define py = ﬁ, then pg is admissible since for every v € V
deg(v)
lo(5(0)) = Y pole) = > 1,
e€d(v) 5(G)

where the last inequality is true since every star will have at least (G) edges in it. So,

Mod,,+(I') < &p0(p0) = Z a(e)po(e)’ =

eeE

Let vy € V' be the node with smallest degree (deg(vy) = 0(G)) and let p € Adm(I"). Then,

1< 6,(0w)) = Y ple) <maxp(e) » 1 =maxp(e)d(G)
e€d(vo) e€6(vo)

This implies that there exists an edge eq such that p(eq) > 5¢y and

Erolp) = D_o(e)ple)” 2 aleo)plen)’ = Fray = 5

ecE

Taking the infimum over all p € Adm(I") we get the result

O

Ezample 4.7 (Star graph). Let G = S, be the star graph. The density py = 1 is admissible

for I'gtar. S0,

Mod,(Tsar) < Ep(p0) = 3 po(e)? = (n—1)- 1P =n — 1.

ecE
The lower bound can be shown in multiple ways. We could use the probabilistic interpre-
tation and a choice of i as shown in previous examples, but we can also use duality results

about the modulus of fractional edge covers and stars. Specifically, Example 4.4, shows that
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Mod,(T'se.) for this graph is —~-—. Theorem 2.5 says that Modp(Fstar)l/p Mod, (Dgee) V7 = 1,

(n—1)a—1-

hence showing that Mod,(I'star) = n — 1.

Lemma 4.9. Let G be an unweighted d-regular graph and let T' be the family of all stars in

G. Then, for 1 < p < oo, the density p = é is extremal and Mod,(I') = .

The proof of Lemma 4.9 is given in Section 4.3.1 once the probabilistic interpretation of

the star modulus has been developed.

Ezample 4.8 (Cycle graph). Let G = C,, be the cycle graph. Since G is a 2-regular graph,

by Lemma 4.9, p = % is extremal and

n
MOdp(Fstar) = % .

Ezample 4.9 (Complete graph). Let G = K,, be the complete graph. Since G is a (n — 1)-

regular graph, by Lemma 4.9, p = —= is extremal and

_ 2 _
Mod, (Tser) = (n—1pr  2(n— 1)1

By duality, Examples 4.8 and 4.9 complete Examples 4.5 and 4.6.

Remark 4.3. Since I'yar and ' are dual families, Lemma 4.9 gives a result about the
modulus of fractional edge covers for d-regular graphs. More specifically, using equation (4.7)

we get that for a d-regular graph,

2\""
MOdp(FfeC> =d (ﬁ)
and the extremal density is given by p* = % Note that this recovers the values for the

extremal densities and the p-modulus of I'g. for the cycle graph and complete graph in

Section 4.2

40



4.3.1 Probabilistic Interpretation of Mod,, ;(Istar)

In Section 2.5 we reviewed the probabilistic interpretation of modulus. The expectations that
appear in this section have special forms in the case of Iy,,. In particular, if e = {z,y} € F,

then
E N (v, e)] = u(d(x)) + u(d(y)). (4.8)

Moreover, the expected overlap can be written as

Euyny| = D 16()nd()u(5(0))p(S(v) = Y deg(v)u(8(v))*+D > u(6(v))p(5(")),
v’ eV veV veV v/~

(4.9)

which expresses the expected overlap as the sum of two terms. In the second term, the

notation v’ ~ v in the inner summation indicates that the sum is taken over all neighbors v’

of v. Since the expected overlap is being minimized, the first term suggests that stars with

more edges, will be assigned smaller ;1 values than stars with a smaller number of edges.

The second term acts to minimize the probabilities of neighboring vertices.

In the case of ['y.,, selecting the uniform pmf yields a simple lower bound on the modulus.

Lemma 4.10. Let I' =T, and 1 < p < 0o. Then,

_D

Mod,, ,(T) > (%)p <Z a(e)—2> ' .

ecE

In particular, if c =1, then

Mod,,(T') > (%) . (4.10)

Proof. Define p to be the uniform pmf on I'. That is, u(d(v)) = ﬁ for every v € V. Then,

the expected edge usage for every edge e is

E,[N(7,e)] = %
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Substituting this into equation (2.6) we get

2 _g '
i (B
2\ _a)
Mod, ,(I') > <|V|) (; o(e) p>

which gives an upper bound to the modulus. Letting 0 = 1 yields the result from equa-

tion (4.10). O]
This allows us to prove Lemma 4.9.

Proof of Lemma 4.9. Lemma 4.8 provides an upper bound. The lower bound follows from

Lemma 4.10. Since G is assumed to be d-regular, |V| = 2|E|/d. Substituting into (4.10)

1\ P
B E|

yields the bound

]

The following examples show optimal pmf’s for several types of graphs. These examples

highlight the balance of terms in (4.9).

Ezample 4.10 (Star graph). Let G = S,, be the star graph and define y = 0 on the center
star and p = ﬁ on the remaining n — 1 stars. Then pu € P([gar). Moreover, for any edge

e € I, the expected edge usage is

since each edge sees exactly one of the stars of degree one.
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Using (2.6), we obtain

Mody(Puar) > < (nL)q ==l <ni1)q “

ecE
P
q

1 B )
MOdp(Fstar) > (W) = (n — 1)‘1(‘1_1) =n—1.

From Example 4.7 we know that Mod,(I'star) =7 — 1, so p is an optimal pmf.

Ezample 4.11 (Cycle graph). Let G = C,, be the cycle graph. By choosing the uniform pmf

as in the proof of Lemma 4.10, we obtain the lower bound

Vi \"_  n? n
Mod, (Tsiar) 2 <2|E|1/q ~oppp/a T 2

where the last equality is from the fact that p/¢ = p — 1. From Example 4.8 we know that

Mod,(I'star) = 55, 0 p is an optimal pmf.

2p)

Ezample 4.12 (Complete graph). Let G = K, be the complete graph. As in the previous

example, the uniform pmf yields a lower bound,

V| )p_ n® 2r/a n

2|E|1a N

MOdp(Fstar> > ( o 2_p ' [n(n — 1)]P/q N 2<n — 1)17—17

which coincides with the modulus as computed in Example 4.9, showing that the uniform

pmf is optimal.

4.3.2 More Examples

In the following examples we compute Mody(I'sar) on two unweighted, undirected graphs:

the path graph and the wheel graph.

Ezample 4.13 (Path graphs). Let G = P, be the unweighted path graph with |V| =n > 3
and |E| =n — 1.
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(d) Ps (e) P;
(f) P

Figure 4.4: The extremal density py for path graphs when p = 2.

a) For n = 3, the density pg = 1 is admissible for [y, (see Figure 4.4a). So,

For the lower bound, define 11(6(v)) = 1 on the two nodes with degree 1 and p(6(u)) = 0
on the node with degree 2. Using (2.8) and (4.9) we get

1

2
M0d2<rstar)_1 < 2 (5) = 3

Thus we have that Mods(Tyiar) = 2, po is the extremal density, and p is an optimal

pmf.

b) For n = 4, define p, as

1 if e is a pendant edge,
pole) =
0 otherwise

(see Figure 4.4b). There are two types of stars for this path graph. Specifically, the
star centered at the node with degree 1 and the star whose node is adjacent to both
pendant edges (see Figure 4.4b). For both of these stars, this density is admissible.
So,

Mods(Tstar) < 2.

For the lower bound, similar to the n = 3 case, define p(6(v)) = % on the nodes with
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degree 1 and p(d(u)) = 0 for the nodes with degree 2. By (2.8) and (4.9),
1\* 1
Mody(Fgar) ' <2( =) = 5.
0da(Titar) ™ < (2) 2

Thus we have that Mody(Tsar) = 2, po is the extremal density, and p is an optimal

pmf.

c) For n > 5 and n odd, define p, as

1 if e is a pendant edge,
pole) =
otherwise.

N [—=

(See Figures 4.4c and 4.4e.) To verify this density is admissible for Iy,;, we consider

the three different types of stars:

(i) Let v be a node with deg(v) = 1. The edge incident to v is a pendant edge and

(o) = 3 pofe) = 1.

e€d(v)

(ii) Let u be a node with deg(u) = 2 and w is incident to the pendant edge. Then

lo(0() = 3 mle) =147 > 1

e€d(u)

(iii) Let w be a node with deg(u) = 2 and w is not incident to the pendant edge. Then

1
lu(6w) = 3 pole) =25 =1.
e€d(w)
Thus, pg is admissible for Iy, so
2 1\° n+5
M0d2(rstar) S 52(p0) =2-1 + (n — 3) . 5 = 1 .
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n+s n+5 n+5 nts

° ® ® ° ® ® ° 3 °
_4 0
Figure 4.5: The values of u for a path graph with n > 5 and odd.

For the lower bound define y = ni% on the stars with degree 1. On the stars with

degree 2, assign p to be 0 and n%g) alternately. There will be ”T_l stars assigned a value
of 0 and ”7_3 stars assigned a value of ni% (see Figure 4.5). This is a pmf on the stars

since
4 n—3 2 8+n—3
5 =92. . = =1
ZM( ) n+5+ 2 n+5 n+5

veV

Since no two stars with positive probability share an edge, (2.8) and (4.9) show that

2 p-3 2 \? 4n+20 4
2 n+5 (n+5)2 n+b

Mody(Tar) L < 2
02( t) - <n—|—5

Thus we have that Mods(Tgiar) = %57 po is the extremal density and g is an optimal
pmf.

For n > 6 and even, define py to be 1 on the pendant edges, and alternating between

the values p; and py on the remaining edges, where

_n—4 _n—2
“om—6 T om—¢

P1

(See Figures 4.4d and 4.4f.) To verify this density is admissible for Iy,,;, we consider

the three different types of stars:

(i) Let v be a node with deg(v) = 1. The edge incident to v is a pendant edge and

(30 = 3 pole) = 1.

e€d(v)

46



(ii) Let u be a node with deg(u) = 2 and w is incident to the pendant edge. Then

Cop(0(w)) = Z po(e) =1+ p1 =1+ 27;_—46

e€d(u)

> 1.

(iii) Let w be a node with deg(w) = 2 and w is not incident to the pendant edge.

Then

n—4 n—2

Cpo(0(w)) = Z po(e) = p1+p2 = ST + o6 1.
e€d(w)

Thus, pgy is admissible for I'y,, so

—4\? n n—2\> n?+2n—16
Moda(Tgar) < 2 - 12 <9—1> " (-—2) St IR G
ody(Tar) < 2- 17+ {3 m—6) T\3 o — 6 2 (2n — 6)

To obtain a lower bound, first enumerate the first half of the vertices vy, v, ..., vk,

where k = 5. For the stars centered at v;, 1 <@ < k, define u as follows:

(

2(2n—6) .
wZramae L= 1

0, i=2
1(0(vy)) =

2n—2(i41 . .
2l 2<i<kiodd

2(i—2)
L n24+2n—16"

2 <i<k6even

Once the first £ stars have been assigned a p value, assign the values of u to the
following k vertices by mirroring the values: p(§(vpy1-:)) = u(0(v;)) fori =1,2,... k.
See Figure 4.6. A straightforward (but long) calculation shows that the corresponding
lower bound on modulus agrees with the upper bound above. See Appendix B for the

details of this calculation.

Ezample 4.14 (Wheel graphs). Let G = W, be the wheel graph with |V| = n > 4 and

|E| = 2(n — 1). Specifically, G has a special center node v € V with deg(v) = n — 1, and

every other node u # v has deg(u) = 3.
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Figure 4.6: Values of p for different path graphs for n > 6 and even.

a) For n € {4,5}, define py as

Ll, if e is incident to v
-
pole) =

n—2 :
S 1) otherwise.

(See Figure 4.7.) To verify this density is admissible for s, we consider the two

different types of stars:

(i) Let v be the center node, then

Gu60) = Y pole) = (1) 1 =1
e€d(v)
(ii) Let u be a node with deg(u) = 3. Then
Gu0) = 3 mle) = g 42 g = gL

e€d(u)

Thus, pg is admissible for ['y.,, so

Mody(Tstar) < (n— 1) (ni1)2+ (n—1) (2:”___2102 _ %_

To obtain a lower bound, define u(é(v)) = LH?;—fz)Q and define p(d(u)) = ﬁ for
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u # v. To verify that pu € P(Tgar) we sum p over all stars:

6—n n—2 n? —4n +8
Zu(5(v))=m+(”_1)'4+(n—2)2 T4+ (n—-22

veV

1.

Using (4.8) and Theorem 2.7,

Mod, () ™ < (%)2 5 =) (#_—22)2)2

2200 (5 ) (w2
A -1 —4n+8)  4(n—1)

(4+(n—-2)22 4+ (n—2)?

Thus we have that Mods(I'star) = 4?:((:__12))2, po is the extremal density and p is an

optimal pmf.

b) For n > 6, define py as

, if e is incident to v

(S

po(e) =
otherwise.

b

[\

To verify this density is admissible for I'y.,, we consider the two different types of stars

(i) Let v be the center node, then

B0 = Y mle) = (=1 =2 >

e€d(v)
(ii) Let u be a node with deg(u) = 3. Then

0 = 3 mle) =z 422 =1
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Figure 4.7: The extremal density py for wheel graphs when p = 2.

Thus, pg is admissible for [y, so

Moda(Tar) < (1 — 1) (%)2 +(n—1) (2)2 = L

To obtain a lower bound, define u(6(v)) = 0 and u(6(u)) = — for u # v. We see that
i € P(Tgar) since

> ulb(w) = (n—1)-

veV

Using (4.8) and Theorem 2.7,

Mody(Tgpar) ™! < 3(n — 1) (ni1)2+2(n— 1) (ni 1)2 = nil.

Thus we have that Mody(I'star) = ”T_l, po is the extremal density, and p is an optimal

pmf.

The two examples calculated in this section highlight the complexity of calculating the
star modulus, as well as the values of the extremal densities, p*, and the optimal pmfs, p*.
From the path graph we see that non-pendant edges alternate values of p* and the p*—length
of these stars that don’t contain any pendant edges is exactly 1. We also see that an optimal
pmf will assign the heaviest star (star with 2 edges where one edge is the pendant edge) a
value of 0. This agrees with the observations made in Section 4.3.1 about equation (4.9) and
how heavier stars will be assigned smaller p* values. From the wheel graph, we again make
the same observation that the star centered in the center node with degree n — 1 is assigned

a smaller p* value and when n > 6, it is assigned a value of 0. In terms of the extremal
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density, we see that as n becomes larger, the values of p* stabilize and become % for edges
incident to the center, and % for the others. Even though the center star becomes larger as
n gets bigger, these values of the extremal density and optimal pmf indicate that modulus
seems to ignore the center star.

Using the results found in these examples and equation (4.7) we can find the value of the

2-modulus of fractional edge covers. Specifically, we obtain the following results.

Path graphs. Since the path graph is bipartite, by Corollary 3.8, I'ee ~ 't and the
modulus of the two families are equal to each other. Moreover, we know Mods(T'fe.) =
Mody(Tstar) ™!, therefore we know the exact value of Mody(T'.). From Example 4.13 we have
that:

a) For n € {3,4},

1
MOdQ(FfGC> = MOdQ(FeC) = 5

b) For n > 5 and n odd,

4
Mody(I'tec) = Moda(Tee) = ——.
0dy(I'tec) 0da(Iee) nt5
c) For n > 6 and n even,
2(2n — 6)
Mods(I'tec) = Modg(lec) = ——7——.
0dy(Tree) = Modz(T'ee) = 2= 50— 75

Wheel graphs. Since wheel graphs are not bipartite, we are not able to obtain the ex-
act value of the edge cover modulus. Instead, we use the bounds from Theorem 4.2 and

approximate the value of Mody(I'e.). From Example 4.14 we have that:

a) For n € {4,5}, Mody(Iee) = —=1_ and

T 4+(n—2)%>
9(n —1) 4(n—1)
T+ (n=2)7) S Modelee) < 70 —555
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b) For n > 6, Mods([sec) = =25, and

45 D
————— < Mody(Tee) < —.
16(n —1) n—1

In Section 5.3 we verify these bounds by numerically calculating the edge cover modulus

of the wheel graph.
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Chapter 5

Numerical Examples

For an unweighted graph, GG, we can use the results from Lemma 3.9 and Theorem 2.5 to

restate the upper and lower bounds relating Mod,(Ie.), Mod,(I'te.) and Mod,(Tstar) as
3\” -1 p/q
2 < Mod,(Tec) Mod, (T'ee) ™ = Mod,(Fec) Mod, (Fggar)?/9 < 1. (5.1)
In the case when p = 2 and o = 1, we have
3\? .
Z_L S MOdQ(FeC) MOdQ(FfeC) = MOdQ(FeC> MOdQ(Fstar> S 1, (52)

(If G is bipartite, then I'tee >~ T'ec, so the moduli of the two families are equal.) In this
chapter we present the methods used to numerically calculate the modulus of the different
families, as well as multiple examples that explore the tightness of the bounds in (5.1) on

nonbipartite graphs.

5.1 Numerical Methods

One natural way to solve the modulus problem numerically is to apply a convex optimization
solver to (2.3). For sufficiently small families, T', it is not difficult to form the full usage matrix

N € RM™F. For example, the usage matrix for [y, is a |V] x |E/| matrix.
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For larger families (e.g., I'ec and I'yy), it is often not feasible even to enumerate all
constraints. A possible option for such cases is the basic algorithm described in [6]. This
algorithm proceeds by maintaining a relatively small set of active constraints, thus eliminat-
ing the need to fully construct A. Instead, the algorithm iteratively improves an estimate
of the optimal density. In each round of the iteration, the algorithm requires a subroutine

shortest(p), that produces a p-shortest object in I', that is

v = shortest(p) = V', {,(v) < £,(').

As long as an efficient implementation of shortest exists for I', the basic algorithm can
be used to numerically approximate modulus. For example, Dijkstra’s algorithm can be used
to compute the modulus of st-paths, and Kruskal’s algorithm can be used to compute the

modulus of spanning trees. This method can also be applied to the families in the present

paper.

Stars. For [y, it is possible to fully compute A (there is one row per vertex). There is
also an efficient shortest method; one simply loops over all vertices to find the one with

minimum p-degree.

Edge covers. For the family of edge covers, there is a minimum weight edge cover (MWEC)
algorithm given by Schrijver in [31]. This algorithm reduces the minimum weight edge cover
problem to the minimum weight perfect matching (MWPM) problem, for which there are
several polynomial-time algorithms [14, 24, 26]. The description of Shrijver’s algorithm is
given below.

Let G = (V,E,0) be a graph without isolated vertices and o : E — Q" be the edge
weights. Let G’ = (V', E', ) be the graph obtained by adding a disjoint copy G = (V, E, &)
of G and for each vertex v € V adding an edge {v, 0} connecting v with its copy 0. The new

edge weights o’ will be assigned as follows:
1. For each e € E and its corresponding copy é € E assign o’(e) := o’(é) := o (e).
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2. For each new edge {v,0} € E’ assign ¢'({v,0}) := 2m(v), where m(v) is the minimum

weight of the edges of G incident to v.

Using the blossom algorithm (or the Micali and Vazirani method) we can find a minimum
weight perfect matching M in G’. This then yields a minimum weight edge cover F in G
as follows: replace any edge {v,0} in M by an edge e, of minimum weight of G incident
with v, and delete all edges in M N E’. Then Y po(e) = +>..,,0'(e). To ensure that
F' is a minimum weight edge cover, notice that any edge cover F’ of G gives by a reverse

construction a perfect matching M’ in G’ with ¢'(M’) < 20(F), where 0(X) =) .y o(z).

Fractional edge covers. At the time of the publication of this dissertation, we are not
aware of an efficient method for computing the minimum weight fractional edge cover. (Con-
sidering the method described above for the MWEC problem, it is possible that an analogous
reduction to the minimum weight fractional perfect matching problem exists.) Fortunately, it
is possible to compute the modulus of this family anyway, using Theorem 2.5 and Lemma 3.9.
This allows us to repurpose the star modulus code to compute the modulus of fractional edge

covers.

5.2 Implementation Details

For the computations presented in this paper, we used the Python implementation of the
basic algorithm found in [4]. The graphs are represented using NetworkX [19], NumPy [21],
and SciPy [35], and the convex optimization problem is solved numerically using CVXPY [1,
13,

When calculating the modulus of stars, it is efficient to compute the full usage matrix
N using the NetworkX built-in function incidence matrix. Since the family of edge covers
tends to be large, it is not feasible to generate N. Instead, we use the basic algorithm and
implement the shortest subroutine with Schrijver’s MWEC algorithm, using the NetworkX
function min weight matching to solve the MWPM problem. It is also generally infeasible

to generate the full usage matrix for fractional edge covers. For fractional edge covers, we
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calculate the modulus by using the results from Section 2.4 and the code that computes

modulus of stars.

5.3 Examples

The following section goes over the details of calculating the modulus of the three families
of interest in this dissertation and studies the comparison of the edge cover modulus and the

fractional edge cover modulus.

5.3.1 Cycle Graphs

The modulus values for C,, were found in Examples 4.2, 4.5, and 4.8. Summarizing these

examples, we found that

2 if n is even,
n

4
Mody(Tee) = and  Mody(Ttee) = ~= Mody(Tgtar) "

(ni—’i)z if n is odd,

In the case of edge covers, the value of the modulus splits into two cases depending on
whether n is even or odd. Note that since these graphs are symmetric, the optimal density
is constant and the difference between these two cases is due to the structure of the graph
objects. Specifically, we look at the minimum edge covers of C,. Recall that these are the
edge covers that use the least number of edges to cover the graph. When n is even, the
minimum edge covers are also perfect matchings, therefore every node is covered by exactly
one edge. When n is odd, a minimum edge cover will have one node covered by two edges,
and the rest covered by exactly one edge (as seen in Figure 4.2). Therefore, there will always
be a “heavier” node in the edge cover.

The modulus of fractional edge covers does not have this same dependence on the evenness
or oddness of n; there is a single formula for all cases. This suggests that, when n is odd,

the fractional edge covers using odd cycles become important. For this class of graphs, we
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Figure 5.1: The value of Mody(Te.) Mody(Tg.) ™! as a function of n for the cycle graph. The
orange and blue lines represent the upper and lower bounds in equation (5.2) and the green
line represents the lower bound from Theorem 4.7.

have

1 if n is even,

Mods(Tec) Mody(Iee) ™! =

ﬁ if n is odd.
Since the graph is bipartite when n is even, then I'. >~ I't.. and we see that the modulus of
the two families are equal to each other. In the case when n is odd, we can obtain an upper

and lower bound using Theorem 4.7 since the extremal density for the edge cover modulus is

constant. This implies that the ratio of edge cover modulus to fractional edge cover modulus

k

k_+1)2 where k is the length of the shortest odd cycle. For cycle

is bounded from below by (

n

n_—i-l)2 which is exactly the value of

graphs, k = n, therefore the modulus is bounded by (
the product of the moduli. This shows an example of a graph where the lower bound in
Corollary 4.7 is sharp. The ratio approaches 1 in the limit as n — oo.

Numerical computations of the edge cover modulus for both even and odd values of n

verify that the lower bound is met when n is odd, and the upper bound is met when n is

even. See Figure 5.1.
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5.3.2 Complete Graphs

The modulus values for K, were found in Examples 4.3, 4.6, and 4.9. The values obtained

were
—2(”7:1) if n is even, 2n — 1)
Mody(Tee) = and  Mody(Tgee) = —— = Moda(Dytar)
n
2{:8:1_);) if n is odd,

For the complete graph, we see a similar behavior as discussed in the cycle graph example
above. There is a difference in the edge cover modulus when n is even or odd, this is again
due to the difference in minimum edge covers. The modulus of fractional edge covers does
not have this same dependence on the evenness or oddness of n and there is a single formula

for all cases. For this class of graphs, we again have

1 if n is even,

MOdQ(FeC) MOdg(FfeC)_l =
if n is odd.

n?

(n+1)?
Equation (5.1) shows that the ratio of edge cover modulus to fractional edge cover modulus
is bounded below by 1%. The actual ratio approaches 1 in the limit as n — oo, showing
that the lower bound is not tight. Even though the extremal density for the edge cover
modulus is constant, every complete graph contains a triangle. Therefore, the lower bound
from Theorem 4.7 gives the same lower bound as equation (5.1). The value of the edge cover
modulus and fractional edge cover modulus were numerically calculated for n ranging from

3 to 50 and plotted in Figure 5.2.
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Figure 5.2: The value of Mody(Te.) Mods(T'see) ™" as a function of n for the complete graph.
The lines represent the upper and lower bounds in equation (5.2).

5.3.3 Wheel Graphs

In Section 4.3.2 we calculated Mody(Tyay) for the wheel graph and stated the upper and
lower bounds for Mods (I ). Specifically, we found that when n € {4, 5},

9(n—1)
4(4+ (n—2)?%)

4(n—1)
< MOdZ(FeC) < m

We verify the value of the edge cover modulus by using the numerical method described in

Section 5.1. From this we got that

1.5 ifn=4
MOdQ(FeC) =

0.889 ifn=>5.

In the case when n = 4, the upper bound is % = 1.5 and the lower bound is % ~ (0.844.

The value of the modulus is equal to the upper bound, therefore that bound is sharp. When
n = 5, the upper bound is % ~ 1.231 and the lower bound is 1% ~ 0.692. The value of the

modulus is between the bounds, and it is closer to the lower bound.
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Figure 5.3: The value of Mody(T'e.) as a function of n for the wheel graph.

For n > 6, we found that

15 5
< Mody(Te) <
60— 1) = Modalee) <

n—1

Figure 5.3 shows the value of the edge cover modulus compared to these bounds. We note
that for all n except 7, the value of the modulus agrees with the upper bound. From these
computations we can inspect the value of the extremal density p* for each n. We note that
in general, there will be 2 distinct values of p*: one value for the edges incident to the center
node and one value for the rest of the edges. When n = 7, the value of the extremal density
is equal to }L for every edge, which may indicate why the value of the modulus for n = 7

does not lie on the curve corresponding to the upper bound.

5.3.4 Barbell Graphs

In the case of the n-barbell graphs (two disjoint copies of K,, connected by a single edge),
we see a similar behavior to the cycle and complete graph examples discussed above. Using
the modulus code described in Section 5.1, we compute Mods(I'e.) and Mody(I's) on the
n-barbell graph for n ranging from 3 to 30. The ratio of these two moduli is plotted in

Figure 5.4. As in the cycle graph and complete graph example, we observe two types of
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Figure 5.4: The value of Mody(Te.) Mody(T.) ™! as a function of n for the n-barbell graph.
The lines represent the upper and lower bounds in equation (5.2).

behavior depending on the parity of n. In both cases, it appears that the ratio of moduli
approaches 1 as n — oo. However, the convergence is much faster for even n than for odd.
Again, this suggests that the odd cycles play an important role in Mods(I'te.) for odd n.

The difference can be further understood by considering the family of minimum edge
covers on the n-barbell. When n is even, no minimum edge cover uses the “bridge” of the
n-barbell; these edge covers are built independently from edge covers of the two copies of
K,. From the perspective of the probabilistic interpretation, it appears that the optimal
pmfs avoid using the bridge.

When n is odd, however, all minimum edge covers use the bridge. If the optimal pmfs were
to concentrate only on minimum edge covers, then the bridge would be “overloaded.” For
these graphs, the optimal pmfs appear to balance betwen minimum edge covers and slightly
larger edge covers that avoid the bridge. Choosing the smaller edge covers is beneficial since
it tends to reduce the overlap with other edge covers; however, since these edge covers share
a common edge (the bridge) it is also beneficial to choose the larger edge covers at times.
An optimal pmf will balance these two competing preferences.

This can be seen in Figure 5.5. When n is odd, the bridge is more likely to appear than

any other edge in a random edge cover chosen by an optimal pmf (Figure 5.5 top left). On
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the other hand, when n is even, the optimal edge usage probability of the bridge is zero
(Figure 5.5 top right). For fractional edge covers, the bridge always has the lowest edge
usage probability, followed by adjacent edges, and then all other edges.

Figure 5.6 compares the optimal expected edge usage, E, [N (y,b)] = %ﬁ()r)’ of the

bridge, b, for both the edge cover and fractional edge cover modulus. While the expected

usage for the fractional edge cover modulus follows a single smooth curve

2n +2
- n?—n+4’

the expected edge usage for edge cover modulus oscillates between two behaviors:

0 if n is even,

n2n:n24 if n is odd.

(There is a special case for n = 3.)

From this example, we see that fractional edge cover modulus approximates edge cover
modulus for large n. Again, the lower bound in (5.1) is overly pessimistic. However, for
smaller n, the additional flexibility in I'¢. arising from the ability to use odd cycles, fails to

capture the parity-dependence of the edge cover modulus.

The n = 3 case. The 3-barbell graph can be seen in Figure 5.7, which also shows the
values of E,+[N(v,e)] on the edges. This case is studied separately because the expected
edge usage of the bridge does not follow the same curve as the case when n > 3. In terms of
the edge cover modulus, we see that E,-[N(v,b)] = 0.57, whereas for fractional edge covers,
E,-[N(v,b)] = 0.2. This implies that it is more likely to choose the bridge when building
an edge cover, than it is when building a fractional edge cover. Note that for this graph,
a minimum edge cover uses the bridge. In contrast, when building a basic fractional edge
cover, it is more likely to choose the edges in the triangles to make up a 3-cycle, than it is

to choose the bridge.
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Lighter colors represent smaller values.
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Figure 5.6: The graph above shows the value of E,[N(v,b)] in the y-axis and the value n on
the x-axis, where b is the bridge connecting the two copies of K,, in the n-barbell graph.
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Figure 5.7: Modulus of the 3-barbell graph. Values of the edges correspond to the
expected edge usage, E, [N (y,e)] = p*(e)/Mody(I'). The product of the moduli is
Mods (Tec) Mods(T'iee) ™ = 0.8162.

5.3.5 Small Graphs

In this section we discuss the modulus and extremal densities for some small, well-known
graphs. The modulus of each graph is calculated using the implementation details discussed
above. In each case, the graphs are unweighted and we use p = 2. We write p., pf.., and
Pk to denote the extremal density for edge cover modulus, fractional edge cover modulus,

and star modulus, respectively.

House graph. We start by comparing three variations of the house graph. Specifically,
we look at the house graph, the slashed house, and the house X-graph (see Figures 5.8, 5.9
and 5.10). In this case, we can discuss what happens to the modulus of each family when
we add one more edge. The lower bound in equation (5.2) is % = 0.5625. As expected,
we can see that the value of Mody(I'e.) and Mods(I'g.) both increase when we add an edge.
For the house graph shown in Figure 5.8, we see that the p}. assigns the same value to each
edge, but p;,. makes a distinction between the types of edges. The product of the moduli is
equal to 0.792, compared to the bounds from equation (5.2), this value is slightly closer to
the upper bound than the lower bound.

Adding the slashed edge to the house, we see in Figure 5.9 that p’. now makes the

distinction between the ‘roof’ of the house and the lower left corner of the house with value

0.375, and the inside triangle with value 0.25. Compared to p;.., this assigns different values
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Figure 5.9: Modulus of the slashed house graph. Values of the edges correspond to the
extremal density p* for each family. The product of the moduli is Mody(Te.) Mody(T'gee) ™ =
0.857.

to edges in different sections of the house. The product of the moduli is equal to 0.857 and
we see that this value is now closer to the upper bound than in the case of the house graph.

Adding one more edge to create the house X-graph, we see in Figure 5.10 that p?, again
assigns the same value to the roof edges of 0.429, and every other edge has the value 0.286.
An interesting thing happens for the fractional edge cover modulus as now pj,. assigns a value
of 0 to an edge. This implies that this edge is never used when creating a basic fractional
edge cover. The product of the moduli is 0.857, which is equal to the value obtained for the

slashed house. In this case, adding this extra edge does not change the ratio of the modulus.
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Figure 5.10: Modulus of the house X-graph. Values of the edges correspond to the extremal
density p* for each family. The product of the moduli is Mods(Te.) Mody(T'te.) ™! = 0.857.

Paw graph. The paw graph is made up of a triangle with a pendant edge attached to
the triangle. Figure 5.11 shows the values of the extremal densities and the modulus of
each family for this graph. An interesting observation is that the value of the edge cover
modulus is equal to the fractional edge cover modulus and the extremal densities are also
the same. This is especially interesting since this graph is not bipartite, but it shows the
same properties that a bipartite graph shows; that is, ['ec >~ ['t.c. This can be attributed to
the fact that the paw graph is almost bipartite. A graph is said to be (edge) almost bipartite

if it has only one odd cycle.

Petersen graph. Recall that the petersen graph is the 3-regular graph with 10 nodes
and 15 edges shown in Figure 5.12. Note that for each modulus, p* is constant, and again
we see that Moda(Ie.) = Mods(T'ee) and pf. = pf.. This recovers the result shown in
Lemma 4.9 and in Remark 4.3 about the modulus of regular graphs. We also note that the
modulus values are equal to the modulus values of the paw graph, even though these are very
different graphs. Since the extremal densities are constant the edge cover modulus can be
approximated using Theorem 4.7, which implies that the product of the modulus is bounded
below by (,C +1) where k is the length of the shortest odd cycle. For this graph, note that
k =5, then the lower bound improves slightly to be (%)2 ~ 0.694. From our calculations we

see that product of the moduli is equal to 1, showing again that the upper bound is tight.
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Figure 5.11: Modulus of the paw graph. Values of the edges correspond to the extremal
density p* for each family. The product of the moduli is Mods(Te.) Mody(T'ge.) ™! = 1.0.
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Figure 5.12: Modulus of the petersen graph. Values of the edges correspond to the extremal
density p* for each family. The product of the moduli is Mody(Te.) Mody(T'ge.) ™! = 1.0.
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(a) Moda(Tec) = Moda(T'ec) = Moda(T'star) = 1

Figure 5.13: Modulus of the diamond graph. Values on the edges correspond to the extremal
density p* for each family.

Diamond graph. The diamond graph shown in Figure 5.13 is of particular interest be-
cause it is the one example shown in this dissertation where Mody(I'e.) = Mody(Tgee) =
Mods(Tstar) = 1. This also implies that pf, = pf. = pl..- We also see the behavior of the
extremal density assigning a value of 0. Again this means that the objects in a family do

not make use of the diagonal edge.

5.3.6 Random Graphs

Erdé6s-Rényi graphs. Using the implementation details highighted at the beginning of
this chapter, we calculated the modulus of edge covers and the modulus of stars for random
graphs. Specifically, we used the NetworkX function gnp_random graph to generate Erdds-
Rényi (ER) graphs with n € {49, 50,99, 100, 149,150} and p = 2In(n)/n. For each n, there
were 10 graphs randomly generated using fixed seeds. This choice of p has been shown to
guarantee (as n — o) that the graph is connected. We generate graphs for even and odd n
and we compare the values of the product Mods(Tec) Mody(Tstar) = Moda(Tee) Moda (T'gee)
for these graphs. As seen in Figure 5.14, there is a slight difference between even and odd
values of n: for even n, the values seem to be 1 and for odd n, the values are still close to 1,
but vary slightly. As n gets larger in the odd case, the value seems to be approaching 1.

From Theorem 4.2, we know that if a graph is bipartite, then I's. ~ I't. and the value

68



1.000 A S

0]
@]
1

0.999 4

0.998 -

0.997 4 l

0.996 -

0.995 4

MOdZ(rec)MOdZ(rstar)

0.994 -

0.993 4

49 50 99 100 149 150
n

Figure 5.14: Boxplots of the values of Mody(T'e.) Moda(Tstar) = Mody(Tee) Mody(T'gee) ™ for
Erdés-Rényi graphs where n is the number of nodes.

of the modulus of the 2 families are equal. For the case of the ER graphs generated, they
are not bipartite and the shortest odd cycle for each value of n is a triangle. The fact that
the value of Mody(Te.) Mody(T'ee) ™! goes to 1 as n gets larger seems to indicate that, even
though the graphs are not bipartite, the value of the modulus of edge covers and fractional
edge covers are equal to each other. This implies that fractional edge covers that contain

odd cycles don’t make a significant difference for Modg(I'tec ).

Barabasi-Albert graphs. The Barabasi-Albert model uses a preferential attachment
model to sequentially add nodes and edges to a graph. Two parameters n and m, m < n,
are specified for this model. At each step, a new node is added and m existing nodes are
chosen (with a probability proportional to the number of edges that already exist in the
graph) and connect them to the new node. This is repeated until the graph has n nodes.
For this implementation, we use the NetworkX function barabasi_albert_graph to generate
Barabasi-Albert random graphs for n € {9,10} and 10 graphs are randomly generated for
each m € {1,2,3,4,5} (this gives a total of 100 graphs generated).

When m = 1, note that the graph generated is in fact a tree. Therefore, this graph is
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bipartite and T =~ I'ge. and the product of their moduli is exactly 1. For m € {2,3,4,5},
the graphs generated are no longer bipartite, but we again see a distinct behavior between
even and odd n, as well as differences in the values for different m. When n is even (n = 10),
we see that the product of the moduli tends to 1 as m becomes larger. For the cases when
m = 2 and m = 3, we see that there are some outliers, but again these values are very close

to 1. When n is odd (n = 9), we see a different behavior:

1. for m =1, the product of the moduli is exaclty 1.

2. for m = 2, the product of the moduli is close to 1, but there are two outliers where the

product is 0.977 and 0.912.

3. for m = 3, the product of the moduli is again close to 1, but the values are a bit more

spread out. There is one outlier where the product is 0.904.

4. for m = 4, the product of the moduli is close to 1, but there is one outlier where the

poduct is 0.974.

5. for m = 5, the product of the moduli is close to 1.

Similarly to what we discussed for the ER graphs, even though the Barabasi-Albert
graphs are not bipartite (for m # 1), the values of the modulus of edge covers and fractional
edge covers seem to be equal or very close to each other. This again indicates that fractional

edge covers that contain odd cycles with weights 1/2 are not that important.

Regular graphs. Recall that a graph with n nodes is called d-regular if deg(v) = d for
every v € V and nd is even. Using the NetworkX function random regular_graph, we
generated random regular graphs by fixing a seed and calculating the 2-modulus of edge
covers and the 2-modulus of stars as described above. There is a slight difference in the
behavior of the moduli depending on the parity of n. Figure 5.16 shows the values of
Mods(Tee), Moda(Tstar), and their product for different values of n and d. The upper and

lower bounds shown in equation (5.2) are plotted in red. Specifically, Figures 5.16a and 5.16¢
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show the values when n is odd and Figures 5.16b and 5.16d show the values when n is even.
In the case when n is even, we see that the product of the moduli reaches the upper bound,
whereas when n is odd, the product is distinctly < 1.

From Section 4.3, we know the exact value of the modulus of stars and the modulus of
fractional edge covers. Specifically, from Remark 4.3, we have that Mody(I'ge.) = %d, which

implies that
n

9
— <M Tee) -
Od2< ec) 2d

<1
16 — -

It is interesting to note that even though the product of the moduli depends on n and d,
the values obtained numerically in Figure 5.16 show that the product does not depend on d,

but it does depend on n.
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Chapter 6

Conclusion

As mentioned in the introduction, one of the main motivations for studying the modulus
of edge covers is to develop a deeper understanding of what properties of the underlying
graph structure this modulus can expose. In this dissertation, we have laid the theoretical
groundwork for the study of edge cover modulus. Moreover, by connecting it to the modulus
of fractional edge covers and, ultimately, to that of stars, we have made it computationally
feasible to approximate edge cover modulus on large graphs. A recurring theme in this
dissertation is that the edge cover modulus appears to be more sensitive to certain structural
properties of the graph, such as the parity of n, than the fractional edge cover modulus. We
see this in symmetric graphs, like the cycle graph, complete graph, and n-barbell graphs,
but we believe this idea could be generalized to more complicated graphs that are not
necessarilly symmetric. Specifically, the modulus of edge covers might differ based on the
structural properties of a certain subgraph of the graph, whereas the modulus of fractional
edge covers would not. In addition to deepening the connection between edge cover modulus
and graph structure, there are several other interesting research directions open to pursuit.

One path involves further developing the relationship between the moduli of edge covers
and fractional edge covers. For bipartite graphs, these two families are equivalent (in the
sense of modulus), which gives a starting point. Moreover, we see that in the case when

the extremal density for the edge cover modulus is constant, the bounds established in
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Theorem 4.7 depend on the length of the shortest odd cycle. This implies that in these
cases of constant extremal densities, if a graph has very long odd cycles (a sort of “nearly-
bipartite” property), then the fractional edge cover modulus is a good approximation for the
edge cover modulus.

The examples shown in Section 5.3 highlight different properties of the edge cover mod-
ulus, as well as the fractional edge cover modulus and how the two quantities differ from
each other. The results show that for some non-bipartite graphs, the 2-modulus of the
two families are equal (or almost equal) to each other. We see this in Erdés-Rényi graphs,
Barabasi-Albert graphs for larger values of m, as well as in smaller graphs like the paw
graph, the petersen graph, and the diamond graph. Moreover, in randomly generated regu-
lar graphs we see that when the number of nodes is even, the 2-modulus of edge covers and
fractional edge covers are equal to each other, but when the number of nodes is odd, the
2-modulus differ.

Another question that arises naturally is that of the dual family to I'e.. As shown in
this paper, Dee ~ [star, which leads to a computationally efficient method for computing the
modulus of I'g.. Even though there is an algorithm we can use to numerically approximate
the edge cover modulus, computing it tends to be slower because of the need to repeatedly
construct minimum edge covers as part of the basic algorithm. The edge covers may have a
simpler dual family that could similarly aid in efficiently computing edge cover modulus.

Finally, we hope that a better understanding of the properties of the edge cover modulus
will lead to similar insights into the modulus of related (and more complex) families, partic-
ularly the families of maximal matchings and perfect matchings. Both of these families have
related relaxed (fractional) families that may be useful in their study just as the fractional

edge covers can be used to understand edge covers.
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Appendix A

The Number of Minimum Edge

Covers of K,

In Chapter 3 we discussed edge covers and minimal edge covers. The following lemma counts
the number of minimum edge covers in the complete graph K, which is a lower bound for

the number of minimal edge covers of the complete graph.
Lemma A.1. Let G = K,, be the complete graph on n nodes. Then,

e if n is even, the number of minimum edge covers is (n — 1), and

e . - nl(n—1
e if n is odd, the number of minimum edge covers is %

Proof. If n is even, note that a minimum edge cover will have 7 edges. To count the number

of minimum edge covers, we can use the formula for partitioning a set of n elements into

n!

gl In this case, Ny = Ng =

r unordered partitions of size ny,ng,...,n, given by :
.=n, =2 and r = 3, so the number of minimum edge covers is
n! n!

@yFzl - @-mn (n— D).

n+1

5~ edges. Specifically, 3

In the case when n is odd, a minimum edge cover will have

nodes will be covered by 2 edges and the remaining n — 3 nodes (an even number of nodes)
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are covered with disjoint edges. To count the number of minimum edge covers, consider
choosing the 3 nodes and covering them with 2 edges. This can be done in (g) -3 = z(nn——':a)v
ways. From the previous case, the remaining n — 3 nodes will have a total of (n — 4)!!

minimum edge covers. The total becomes

nl n— ) = nll(n —1)
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Appendix B

Verifying u* for Certain Path Graphs

In Chapter 4 we went over multiple examples to show the values of the modulus of the three
families of interest. In Section 4.3.2, Example 4.13 goes over the modulus of stars for the
path graph. We include the details omitted for case (d) when n > 6 and even. Specifically,
we show that p € P(Tyar) and establish the lower bound for Mody(T'gr). Recall that we

define p as

2(2n—6) .
w1

0, 1 =2
p(5(00)) =

2n—2(i41 . .
22l 2<i<k,iodd

2(i—2)
L n24+2n—16"

2 <1<k, even.

Once the first k stars have been assigned a u value, assign the values of p to the following k
vertices by mirroring the values: p(§(vpy1-:)) = p(0(v;)) fori =1,2,... k. (See Figure 4.6.)

To check that p € P(I'sar) we consider 2 cases of n:

o If n = 4j, with j > 2

n—4 n—4
2(2n — 6) Lo —22r+2) . =2(2(0+1)—2)
1) =2 —- 42 2
UGZV“( (v)) W +on—16 | Zl 2 ton—16 ; n2 1 2n — 16
8n — 24 o 2n —4r — 4 o 41
—_ " 49 ST T 49 =
n2—|—2n—16+ ;n2+2n—16+ ;n2+2n—16
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n—4 n—4

Sn — 24 n—4 o — 4 - 4y i 41
. ) ) e —
+ 72;712—1—271—16+ ;n2+2n—16

T 21 on—16 2 n2+2n—16
8 —244(n—4)(n—2)

n?+2n — 16
_8n—24+n2—6n—|—8_1
n n?+2n — 16 o

o If n =45+ 2 with j > 1 we have that

n—2 n—6
2(2n — 6) ~2n—2(2j+2)  ,~2020+1)-2)
S() =2 "2 49 2
ZM (v)) n2—|—2n—16+ ;n2—|—2n—16 * ;n2+2n—16
n—2

veV

4

8n — 24 n—2 o — 4 -
= . -9 T - -
n2+2n—16+ 2 n2+2n-—16 Zn2+2n—16 z:: +2n—16

_ 8n—24+ (n—2)? 8(252)
 n2+2n—16 n2 +2n — 16
n? +4n — 20 2n — 4

n2+2n—16 n2+2n—16

We now label the edges as ey, es,...,¢e,_1 where e; and e,,_; are the pendant edges, and

we find that the expected edge usage is given by:

.
2(2n—6) _
oG S=1lorn—1
]EM[N(17 es)] = %, 5 even
2n—4
Treno1g)  else.
\

Using (2.6), we have

B 22n—6) \°> n—4 m—4 \° n—2 om—8 1\’
Mody (Pgtar) ™! < 2
0dy(T'sar) ™ < (n2+2n—16> L (n2+2n—16> T\ =16

8(2n — 6)? +2(n — 4)(n — 2)* + 2(n — 2)(n — 4)*
(n? +2n — 16)?

 4n® — 4n? — 88n + 192

 (n?242n—16)2
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_ (4n —12)(n* 4 2n — 16)
B (n?+2n — 16)?

_ 4n—12

- n24+2n— 16

From this, we obtain Mods(Istar) > %, which coincides with the upper bound

found in Example 4.13 (d).
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