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CHAPTER 1
INTRODUCTION

Analyses of industrial systems frequently involve optimization of
nonlinear objective functions subject to linear or nonlinear constraints.
One of the powerful techniques developed for solving such optimization
problems is the sequential unconstrained minimization technique (SUMT) .
This method was first proposed by Carroll [1] in 1959. It was further
developed by Fiacco and McCormick [6,7,8,9,10] who provided the theo-
rectical basis for this technique. They extended the method further
to handle general nonlinear nonconvex problems and provided the first
computer program to utilize this technique,

The principle of the sequential unconstrained minimization technique
is to transform a constrained optimization problem into a sequence of
unconstrained optimization problems. The reason for this transformation
is that many of the well known unconstrained optimization techniques
can be used to solve constrained problems without having to develop a
new one to solve such constrained problems.

The SUMT algorithm proposed by Fiacco and McCormick [6,7] uses a
second order gradient method as the unconstrained minimization technique,
This method presents some difficulties particularly when the objective
function and the constraints are highly nonlinear. The problem lies in
the difficulty of correctly taking both the first and second partial
derivatives, Therefore a technique which does not require any derivatives

to be evaluated would overcome these difficulties. Lai [19] developed



one such technique. The unconstrained minimization technique used by
Lai was the Hooke and Jeeves pattern search [15, 16a], This method does
not require any derivatives to be evaluated, and has been demonstrated
that it can solve problems of a practical nature. This method appears
to be faster than the RAC SUMT computer program with regard to computing
time, The disadvantage of this method is that during the process of
minimization, constraints are violated frequently. There is a procedure
included to pull the optiﬁization trajectory towards the feasible region.
However it is not easy to determine whether this pulling back has pro-
ceeded far enough to reach the optimum. The program requires a tolerance
on constraint violation to be supplied. This is also not easy to de-
termine.

In view of the above disadvantages it was considered useful to
determine whether a minimization technique using only the first de-
rivatives could overcome these difficulties. The conjugate gradient
methods were the obvious choice since they possess the property of
quadratic convergence while using only the first derivatives. Another
reason for this choice was that IBM scientific subroutine packages im-
plementing the conjugate gradient methods of Fletcher and Powell [11]
and Fletcher and Reeves [12] were available.

This report presents the results of implementing SUMT by the use
of conjugate gradient techniques of Fletcher and Powell and Fletcher
and Reeves., Extensive use has been made of the various formulations
of P functions suggested by Fiacco and McCormick [9] in this report.
Suggestions are also included to indicate the type of the P function

that is suitable for a particular type of problem., The conjugate



gradient methods are discrete, large step search methods. Therefore the
path of optimization, particularly near a constraint, frequently goes
out of the feasible region. Additional penalties were used to pull

the path of optimization back intoc the feasible region, Details of

this approach are given in chapter 5.

This newly developed approach has been used to solve two dimensional
production and inventory problems with inequality as well as equality
constraints, and the five and ten stage paint factory production and
personnel scheduling prdbleﬁ of.Holt et al; [14], The above problems
have also been solved by Lai [19] and Hsu et al [16]. A comparison of
the computing times required on an IBM 360~50 WATFOR compiler are made.
The new method has also been applied to three of the test problems
suggested by Colville [2],

The experience gained in applying the present approach indicates
that the method is successful in solving problems of a varied nature,
provided that the first partial derivatives of the objective function
and the constraints can be provided. The other conclusions are:

1., There is no generalized P function which can be used for

all problems, Three types of P functions are suggested in
the method, and some experimentation is involved in deter-
mining the appropriate P function,

2, The stopping criterion for the unconstrained minimization

technique (EPS) has to be determined ﬁy trial and error,

though a probable range of wvalues have been suggested,



CHAPTER 2

SEQUENTIAL UNCONSTRAINED MINIMIZATION TECHNIQUE

2.1 INTRODUCTION
The general nonlinear programming problem is to determine =x to
minimize f£(x)

subject to
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The function f, {gi} and {hi} can take any form of nonlinearity.

A number of techniques have been developed to solve the above
problem and the sequential unconstrained minimization technique (SUMT)
is one of the powerful techniques among them, There are three classes
of such sequential techniques [2]:

1. Interior point minimization techniques.

2., Exterior point minimization techniques.

3. Mixed interior-point and exterior-point techniques.

2,2 INTERIOR POINT TECHNIQUES

The interior point technique is applicable when the problem is of

the form:
minimize f(x)

subject to

gi(x)f_()& i=1, 2, ..., m,

where x dis an n-dimensional colummn vector (%, Xps wees Xn) .



superscript T denotes transposition. If the variables are required to
be non-negative, such constraints are included in the gi's.
To solve this problem the following algorithm is used [6,7,8,9,10].

Define the function (called the P function)
P(x, rk) = f(x) + S(rk) - I(x)
which satisfies the following requirements.

1. S(rk) is a scalar valued function of rk such that

(a) 1if ry > r2 > 0, then S(rl) > S(rz) > 0, and

(b) if lim r, = 0, then lim S(r ) = 0,
k
koo koo
2, I(x) is a scalar valued function of gi(x), i=1, ..., m,
such that

(a) I(x) is continuous in the region
R® = {x|gi(x) > 0, £ =3y 4.9 F

(b) if {xk} is an infinite sequence of feasible points
converging to x* (the local optimum) such that at

least omne gi(x) = 0, then

lim I(xk) =
koo

Some examples of the I-function are [9]:

—y s (D 10 = -] In g ()

1 1

(1) I(x) = )
i

3. The functions £(x), gl(x), ++es g (x) are twice continuously

differentiable.



4, The function f(x) is convex,

5, The functions gl(x), Ca gm(x) are concave.

6. For every finite k, [x|f(x).i k; x € R} is a bounded set,
where R = {x|gi(x) >0, 4= Ly vewy mls

7. RY = {x|gi(x) >0,1i=1, 2, ..., m 1is non-empty. This
condition indicates that at least one point must exist within
the interior of the feasible regionm.

8. The function P(x, rk) = f(x) + S(rk) « I(x) is, for each
S(rk) > 0, strictly convex for x ¢ R®. This also indicates
that either f£(x) is strictly convex or one of Bys sees B is

strictly concave,

From practical experience it is found that certain problems can be
solved even when all the above conditions are not satisfied. The four
conditions which must be satisfied to obtain any useful results are
conditions (1), (2), (6) and (7). Conditions (1) and (2) imply that the
sequential minimization of the P function will lead to the minimization
of £(x). Condition (6) eliminates problems having local minima at
infinite points, Condition (7) eliminates problems with equality
constraints.

The characteristics of the P function are:

1. lim S(r) « I(x) = 0

k=

2, lim f[x(rk)] = u¥

oo

3., lim P[x(r,), r,] = u*
Koseo k°?* "k



4, {f[x(rk)]} is a monotonically decreasing sequence.

5. {I(x)} is a monotonically increasing sequence.

The proofs of these characteristics are presented in detail by

Fiacco and McCormick [6,7,8,9].

2,2.1 Intuitive Basis of the P function

The term S(r) - I(x) is a penalty factor included in the P function
along with the objective function. This is added in order to maintain
the trajectory of the optimization path within the feasible region in
the process of minimizing the objective function. This can be ob-
served by the fact that, as the value of x approaches one of the
boundaries, I(x) will approach infinity. Therefore the value of x
will tend to remain in the feasible region.

The basic idea behind this method of formulating a P function is
to transform the original constrained problem into a sequence of un-
constrained minimization problems. This transformation facilitates the
use of many available methods for minimizing an unconstrained function,
without developing a new method to solve constrained problems. Another
advantage of the P function is that it avoids movement along the
boundary of the feasible region if one is met during the process of
minimization. Such a motion is quite complex particularly when the
constraints are nonlinear. The P function combines the objective function
and the constraints in such a manner that it is not necessary to move

along the boundary.



2,2,2 Computational Procedure
The procedure for interior point SUMT is given below [6,7,8,9]:
1. Select initial values for S(ro) arbitrarily or by using the
formula given in reference [7].

2. Select a feasible starting point

(o} (o] Q o
X = (Xl’ x2’ ssey xn)

3. Define the P-function
P(x, r) = f(x) + S(rk) « I(x)

4, Minimize the P function for the current value of T using
any unconstrained minimization technique.

5. Check if a suitable stopping criterion is satisfied.
Otherwise go to step 6.

6, Set k=k+ 1, and r

gl = rk/C, C > 1. Go to step 3.

2,3, EXTERIOR POINT TECHNIQUES

Exterior point techniques are used when the initial starting point is
in the infeasible region, that is, at least one gy < 0, and the optimi-
zation path approaches the solution to the problem from the infeasible
region,

To solve this problem the P function is defined as follows:

[6,7,8,9,10]

P(x, tk) = f(x) + A(tk) e B(x),

The requirements of the P function are



1, A(tk) is a scalar valued function of tk such that

(a) 4if 0 < 1:1 < tz, then 0 < A(tl) < A(tz)

(b) 4if lim tk = o, then lim A(tk) = o

koo ko
2., B(x) is a function of gi(x) such that
(i) B(x) =0, if gi(x) >0, 1=1, s, m

(ii) B(x) > 0, otherwise.

Some examples of the B function are [9]

(1) B =] g0,
i

L -1 eyl :

(ii) B(x)

2

The other requirements are the same as those for the interior point
P function.
The characteristics of the P function are:

1. lim A(tk) « B(x) =0

koo

2, lim f(x(tk)} = u%
koo

3. 1lim P[x(tk), tk] = u*

koo

4, {f[x(tk)]} is a monotonically decreasing sequence

5. {B(x)} is a monotonically decreasing sequence.
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The proofs of these characteristics are presented in detail in Fiacco

and McCormick [6,7,8,9,10].

2,3.1, Intuitive Basis of the P function

The term A(t) - B(x) is a penalty term included in the P function.
If the value of x moves too far away from the feasible region, the
penalty A(t) - B(x) becomes quite large particularly when t. is large.
Therefore, as k-, t, > and the penalty function will force the path

of minimization towards the feasible region.

2,3.2., Computational Procedure
The procedure for exterior point SUMT is as follows [8,9,10]:
1, Select initial values for A(to) arbitrarily or by using
the formula given in reference [7].

3, . xz) arbitrarily,

2, Select a starting point x° = (xi, b4
This need not be in the feasible region.

3. Define the P function

P(x, t) = £(x) + A(t) - B(x).

»

4, Minimize the P function for the current value of tk using
any unconstrained minimization technique,

5. Check if a suitable stopping criterion is satisfied; other-

wise go to step 6.

6, Set k=k+ 1, and A(tk+l) = A(tk) «+ C, C>1, Go to step 3.

2.4, MIXED INTERIOR POINT - EXTERIOR POINT TECHNIQUES
Some problems, for example, those with equality constraints have

no feasible region. Therefore interior point methods cannot be applied



to such problems. Other problems, where strict satisfaction of a portion
of the constraints is required at all times while the remaining need be
satisfied only as the solution is approached, require a different ap-
proach. The mixed interior point - exterior point technique is designed
to handle problems of the above type [9].

The problem can be defined as:

minimize £(x)

subject to

gi(x)io’ i=l, LI Y 'q'g

hj(X) =0, j=2+l, “e sy m,

some of the gi(x) >0,1i=1, ..., q, need to be strictly satisfied at

all times.
To solve this problem the following algorithm is used [8,9,10].

Define the P function as

P(x, 1,, t,) = £(x) + S(rk) » I(x) + A(tk) . B(x)

k
The conditions imposed on the P function are:

Ly S(rk) is a scalar=valued function of T such that

(a) if r, > r,> 0, then S(rl) > S(rz) >0

(b) 4if lim r, = 0, then 1lim S(r,) = O.
k k
ko koo

2. I(x) is a scalar wvalued function of gi(x), i=1, ..., g,

such that

11



The

(a) I(x) is continuous in the region
R°={x|gi(x) > 0, s .

(b) TIf {xk} is an infinite sequence of feasible points con-
verging to x* (the local optimum) such that at least

one gi(x) = 0, then

1im I(xk) = o,

ke
A(tk) is a scalar valued function of tkrsuch that

(a) 41if 0 < tl < t2 then 0 < A(tl) < A(tz)

(b) 4if lim tk = © then lim A(tk) = w,

koo koo
B(x) is a function of gi(x) and hj(x) such that

(i) B(x) = 0, if gi(x) Oy I = atly sewn Bs

aI]_d hj(x) = 0’ j = R-+l, RN m’

(ii) B(x) » 0, otherwise,

other requirements are the same as those for the interior-point

P function.

1,

I
o

lim S(rk) - I(x)

]
o

lim A(tk) « B(x)

k=

lim f(x, T tk) = u¥*

koo

12
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4o lim P(x, T, t) = uk
ke

5. 1F[=, T tk]} is a monotonically decreasing sequence,
6. {I(x)} is a monotonically increasing sequence,

7. {B(x)} is a monotonically decreasing sequence.

The proofs of these characteristics are given in Fiacco and McCormick

[7,8,9,10].

2-4.1-

Computational procedure

The computational procedure for the mixed interior-exterior point

SUMT is given below [6,7,8,9,10].

lo

Select initial values for S(ro) and A(to) arbitrarily or by
using the formula given in reference [7].

o o .
Select a starting point x° = (xg, X Sri xn) arbitrarily,

29

Define the P function

P(x, tk) = f(x) + S(rk) « I(x) + A(tk} - B(x)

l"k,

Minimize the P function for the current value of T and tk
using any unconstrained minimization technique.
Check if a suitable stopping criterion is satisfied.

Otherwise go to step 6.

Set k = k + 1, S(r

k+l) = S(rk)/C, and A(tk+l) = A(tk) + C,

cC > 1, go to step 3.
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2.5 AVAILABLE COMPUTER PROGRAMS

2.5.1, RAC SUMT Computer Program

A computer program entitled "RAC Computer Program Implementing the
Sequential Unconstrained Minimization Technique for Non-linear Pro-
gramming'" is available for solving the mathematical programming problems
discussed., Its SHARE number is 3189 [20]. The program is written in
FORTRAN IV,

The computational procedure used in the computer program is sum—
marized below [6,7,8]:

1, B8Select an initial value of r, arbitrarily or use the formula

0

for selecting e

2. Select a feasible starting point x° = (xi, s winy xﬁ). 1f
the feasible point cannot be easily obtained, select x°

arbitrarily, the computer program will minimize the following

P function and obtain a feasible point.

1
=, rk) = - gs(x) + . tET gt(x)

where g_(x) < 0 and T = {tlgt(xo) > 0}. Note that the con-
straint gs(x) > 0 is violated.
3., Minimize the P function for the current value of T, by using
the second-order gradient method.
4, Verify whether a stopping criterion such as
flx, rk]

—_——— -] <
Glx, r] -
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is satisfied, If it is satisfied, the solution is optimal;
otherwise go to step 5. The dual function, G[x, rk], is
defined as [6]

m

_ _ 1
Glx, 1) = £(x, r) - 1 izl g; (x, 1) °

5, Setk=k+ 1, = rk/C, C > 1. BRepeat the iteration from

T}

step 3.

The procedure described above must satisfy two stopping criteria
before any meaningful optimal solution is obtained, The stopping
eriterion used for terminating the minimization process for P function

in step 3 may be one of the following:

2 =
T 3 P(x,r)
A, {VXP (x,r) | EEIEEL—— | VXP(x,r)| < g!
or
2 -1 P{x,r, .} - P(x,r)
T d P(x,r k-1
SR EE = sl B G 5
i]
or

G |VXP(x,r) | =& .

The second stopping criterion shown in step 4 is used to stop the

search when the overall minimum for the problem is found.

2,5.2, Computer Program using SUMT and Hooke and Jeeves Pattern Search

A computer program which uses the method of SUMT, but does not
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require any derivatives to be calculated, has been prepared by K.C. Lai

[19]. This program makes use of the Hooke and Jeeves pattern search

technique [15, 16a] as the unconstrained minimization technique, This

method has the advantage that no derivatives for the objective function

or the constraints need to be provided. The program is written in

FORTRAN 1V,

The computational procedure for using SUMT with the Hooke and Jeeves

pattern search is as follows [19]:

1.

Select an initial value of rys an initial tolerance limit
. 5 ; o
of violation to the constraints, B, and the initial step-
sizes needed in the search technique, a°.
’ ; ; o_ ,.0 o
Select a feasible starting point x = (xl, veny xn). If a
feasible starting point is not easily available, the computer

program will obtain one by minimizing the following function:

1/2
TGH = | ) gi =) + ] hz (XO)J
teT seR

where
o 0
T ={t[g (x) <0} and R={s|h(x) #0)}
Define the P function

1 -1/2

P(x, rk) = f(x) + r E E;TET + .

] by ()
3

where gi(x)_i 0,1i=1, 2, ..., m, are the inequality con-
straints and hj(x) =0, =1, 2, ..., &, are equality con-

straints.



Minimize the P-function by the Hooke and Jeeves pattern search

method. Check after every move if the move goes out of the
feasible region, If it does, go to step 5., Otherwise after
the minimum of the P function is obtained go to step 6.
Move back to the near-feasible region and go to step 4. The
near feasible region is that region where all the points

satisfy the condition
B~-TGH > 0

where B 1is the tolerance on constraint violation which is
sequentially reduced after every violation during the
iteration.

Check if the optimum X, obtained in step 4 is feasible. If
feasible, go to step 8. Otherwise go to step 7.

Move the optimum x, into a near feasible region and go to
step 8.

Check whether a stopping criterion defined as

f(x)
||G(X,rk) |-ll < £

is satisfied, If not satisfied go to step 9, If satisfied

the solution is optimal, The dual function G(x, rk) is

given by
m L
1 -1/ 2
G(x,r,) = £(x) - ¥, | —F=+r ; hi(x)
kyope® k40

o
Set k = ktl, r, . = rk/C, &> 1, dk+1 = d /(k+1l) and go to

step 3.



The two stopping criteria used in this method are
(1) Limiting stepsize for the Hooke and Jeeves pattern search,

(ii) Overall stopping criterion defined in step 8.

18
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CHAPTER 3
CONJUGATE GRADIENT METHODS

3.1. INTRODUCTION

Analyses of industrial systems frequently lead to optimization of a
system of equations which are usually nonlinear. Analytical solutions
for these equations are difficult and sometimes extremely cumbersome.
This has led to the development of direct methods of optimization or a
class of techniques known as search techniques. Some of them, like the
Hooke and Jeeves pattern search [15, 16a] and the simplex pattern search
[4,21], are based on an empirical approach., Gradient techniques on the
other hand have a classical origin, and make use of the fact that if iter-
ation is carried out in the direction of the gradient of f(x), the path
taken is that of the maximum rate of increased in f(x) [23]. It is well
known, however, that such a method has a very slow rate of convergence
in the neighborhood of the optimum [23]. Hestenes and Stiefel [13] de-
rived a method to increase the rate of convergence of the gradient method.
This method, called the conjugate g;adient method, makes use of the
cumulated knowledge of the behaviour of the function to derive new direc-
tions of search at the end of each iteration. This technique was further
developed by Davidon [3] and modified by Fletcher, Powell and Reeves
[11,12]., The algorithms of Fletcher and Powell, and Fletcher and Reeves
are presented here. This presentation follows closely that presented by

Hwang, Fan and Pereira [17].



Conjugate gradient methods have the property of quadratic conver-
gence, that is, if a quadratic function of n variables is being opti-

mized, the optimum is reached in not more than n diterations.

3.2, DESCRIPTION OF THE METHOD

Before proceeding to the mechanisms of the method it is necessary
to define conjugate directionms,

"Two directions u and ¥ are said to be conjugate with respect to the
positive definite matrix A if EF Av=20",

The conjugate gradient method is based on the assumption that in the
vicinity of a minimum, a function can be approximated by a positive
definite quadratic form. The following theorem is relevant to the

understanding of all conjugate gradient techniques:

Theorem: If £1s 52, — Er are a set of vectors mutually conjugate with
respect to the positive definite matrix A, then the minimum of the

quadratic form

F=a+£Tx+l/2§_TA_§

(0)

can be found from an arbitrary starting point x by a finite descent
computation in which each of the vectors 51 (i=1, «ve, r) is used as
a descent direction only once. The order in which the_gi are used is
immaterial.

The proof of this theorem is given in [18]. This theorem means
that if an r-dimensional objective function of the quadratic form is

being minimized, the minimum can be located starting from an arbitrary

starting point x by making r successive one-dimensional moves in the

20



r conjugate directions, £y (i =1, .ue., ), and using each direction
only once, If the objective function is not quadratic, the function
is approximately quadratic as the iteration approaches the minimum and
therefore convergence to the solution is guaranteed.

A truncated Taylor's series expansion of the objective function

F(x) about an arbitrary point Xy = (al, 895 eses ar) yields

F(x) = F(x5) + g (x;) (x - x3)

+1/2 (2 - 25" 60y (x - x) &)

where

H]
—~
L
—
1

objective function evaluated at X,

gradient vector evaluated at x

=
M

$~.¢
[}

0

op]
—~
L
—
1l

matrix of second order partial derivatives

(Hessian Matrix) evaluated at Xy

If x, is at x , , the point at which the minimum of the function F is
=0 —min

located, then from equation (1)

F(x) = F(Emin) +1/2 QE - Emin)T Gi(-j—rmzl‘.n

Y -x .) (2)

=—min

as

Therefore from equation (2), the gradient near the optimum can be

approximated as

g® Felx , IE-x ). £3)

21
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3.3 THE METHOD OF FLETCHER AND POWELL [11]
If the matrix G 1in equation (3) is positive definite, then

x-x.)=0CT1x,) gx (4)

—min —min
where Gdl(x ) is the inverse of G(x ) If G—l(x ) is available
—min —min‘ * —min ’

then x . can be computed from equation (4).
—min

The method of Fletcher and Powell uses an indirect method to
evaluate the matrix G—l. Initially any positive definite symmetric
matrix H is selected and this matrix is improved after each iteration
by using the information obtained while proceeding along the G-conjugate
directions.

If the initial matrix selected (Ho) is the identity matrix I, each

(1)

iteration generates a symmetric matrix H , which tends to approach

o,

The algorithm of Fletcher and Powell is summarized below [17]:

(1) Compute Ei = - Hi—l-ﬁi

(2) Compute Ai to minimize

1) 4 A, E.)

qi(l) = Hz i-=1

(3) Set‘_aii+l = Ei + A,
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(4) Compute

T
A\ E, E T
S = . 1 B o
SR O B T o
£ "i-1 &4 Ji Pya1 Xy

(5) Set i = i+l and go to step (1).

In the first step of the iteration, the identity matrix I is usually
selected as the initial H matrix. The value of X in step (2) is obtained
with the help of any one-dimensional search technique, Both the methods
of Fletcher and Powell, and Fletcher and Reeves use a linear search pro-
cedure developed by Davidon [3].

The selection of a suitable stopping criterion is very important,
particularly when the function being minimized is nmot quadratic. If
the square of any gradient, gi, is zero, the iteration should be terminated.
However since this is unlikely to occur in actual practice due to rounding
off errors, the value of gf is compared with some preassigned value (EPS).
A second criterion is to compare the improvement in the function value at
the end of each iteration with a preassigned tolerance. If these criteria
are not satisfied, iteration is continued until a preassigned number

(LIMIT) of iterations is carried out,

3.4 METHOD OF FLETCHER AND REEVES [12]
In this method, successive congugate directions are generated such

that gi+l is a linear combination of ~8541 and 51, Ei, i Ei’ as follows:

€ * AL

i+1 7 B4l T MM
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where

The algorithm of Fletcher and Reeves may be summarized as follows:

(1)

(1) Select an arbitrary starting point x
(2) Compute = VF (x(l)) and set £, = -
pute & X 21 - &

(3) Fori=2, 3, v.u, T+2

(a) Set Eﬁi) = Eﬁi_l) + Ay 1 Eg_1» where

(i-1) %

A S R A By gk

1-1 minimize qi_l(l) = F(x

(b) Compute g, = VFgﬁ(i))

(e) If i = r+t2 go to step 4. Otherwise set

E; By
g, =& t—w—
£ 1811

and return to a).

(1

by

r+2 : .
gﬁ ) and restart the iteratiom,

4, Replace x

)

The one dimensional search to locate the minimum of 9.1 in
step 3(a) and the stopping criteria used are the same as those for the

method of Fletcher and Powell.
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3.5 AVAILABLE COMPUTER PROGRAMS

There are two IBM scientific subroutine packages entitled FMFP and
FMCG available for implementing, respectively, the methods of Fletcher
and Powell and that of Fletcher and Reeves. These are written in
FORTRAN IV. Double precision versions of the same programs entitled
DFMFP and DFMCG are also available. Each of these programs requires an
external subprogram to supply the value of the objective function and
the partial derivatives of the objective function at any given point,
The stopping criteria needed to be supplied are EPS, the tolerance on
function or gradient changes and LIMIT, the maximum number of iterations.
In addition an estimate of the minimum value of the objective function,
EST, should also be supplied, The program gives the value of IER in its
output, which is an index indicating convergencé. IER = 0 means that
convergence is obtained, IER = 1, no convergence is obtained within the
specified number of iterations, IER = -1, there are errors in the cal-
culation of gradients, and IER = 2, the function has no minimum,

Some modifications have been made in this work to these subroutines
so that intermediate results during the process of minimization could be
printed out, The descriptive computational method for the conjugate

gradient technique is presented in Fig. 1.
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CHAPTER 4

IMPLEMENTATION OF SEQUENTIAL UNCONSTRAINED MINIMIZATION TECHNIQUE BY

CONJUGATE GRADIENT METHODS

4,1 INTRODUCTION

Sequential unconstrained minimization technique (SUMT) is a simple
and powerful technique for solving general nonlinear programming
problems. The basic scheme of this technique is to transform a con-
strained optimization problem into a sequence of unconstrained optimi-
zation problems and to solve these with the aid of any one of the
available techniques of unconstrained optimization. The computational
procedure described here uses the conjugate gradient methods of Fletcher

and Powell [11] and Fletcher and Reeves [12],

4,2 COMPUTATIONAL PROCEDURE

The flow-chart for the computational procedure of SUMT with the con-
jugate gradient method is shown in Fig., 2. The procedure is summarized
below:

1., Select a starting point x° = (xi, xg, s eed xg), initial values
of the penalty functions S(ro), stagewise and overall stopping criterion
(EPS, 6), limit on the number of iterations at each stage (LIMIT),
and an estimate of the minimum of the objective function (EST).

2. 1If the initial starting point is infeasible, select a feasible
starting point by minimizing the total weight of violation, TGH. TGH
is defined by [5]:

TGH = | | gi %) + 7 hz (x%)
teT se8

]1/2

27



28

SELECT A
STARTING PCINTSEPS
LIMIT,THETA AND EST

IS

~“STARTING PCIN
FEASIBLE

|ISELECT A FEASIBLE
STARTING PTINT

YES

—i

_ DEFINE THE P FUNCTICN
P = FIX) + S(RIeI(X) + ALT)eBI(X)

‘v
% MINIMIZE THE P FUNCTICN

i USING CNE 2F THE

] CONJUGATE GRADIENT METHCDS

| _ i3
SET K = K+1 THIS THE

S(R. . )=S(R.)/C ZPTIMUM SCLUTIC
ket K & THE

ACT, . ) =AT ) /C PRCBLEM

FIGe2 DESCRIPTIVE FLCOW DIAGRAM CF SUMT WITH CCTNJUGATE
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where T = {t|gt (xo) < 0} and S = {s[hs (xo) # 0}.
3. Define the P function as [8,9,10]
P(x, r, t) = £(x) + S(r) « I(x) + A(t) * B(x)

4, Minimize the P function by using either the method of Fletcher
and Powell or the method of Fletcher and Reeves,
5. Check if a stopping criterion such as

| -l <o

is satisfied. Otherwise go to step 8. The dual function G(x, r, t)

is defined as

G(x,r,t) = f(x) S(r) » I(x) + A(t) * B(x)

6., Set k = k+1, S5(r

k+1) = S(rk)/C, and

C, where C > 1,

Al 1) = Al
and go to step 3.

4,3 PROCEDURE FOR SELECTING A FEASIBLE STARTING FPOINT

The procedure for selecting a feasible starting point when the input
initial point is out of the feasible region bounded by inequality con-
straints, gi(x) >0 for i=1, 2, ..., m, utilizes the conjugate gradient
technique to minimize the weight of violation of constraints.

The procedure is as follows:
1, Start at the input initial point xo, and compute the weight of

violation



1/2
TGH = { ) gi %) + 7} h? (x“)}
teT seS ®

where T {tlgt(xo) <0} and § = {s|hs(xo) 4 0},

2. Minimize TGH using either the method of Fletcher and Powell or the
method of Fletcher and Reeves.,

3. Enter into the SUMT routine.

4.4, PROCEDURE FOR SELECTING AN INITIAL VALUE OF S(ro)
When a suitable initial value of S(ro) is not known, the computer
program calculates an initial value using the following formula,

_ f(xp)
5(ry) = T

(8]
i gi(x )

If the value of S(ro) obtained is less than 1.0, S(ID) is set equal to

1.0 [7].

4,5 PROCEDURE FOR SELECTING S(r), I(x), A(t), AND B(x)

The procedure for selecting the functions S(r), I(x), A(t) and
B(x) depends upon the type of problem. The following suggestions are
offered on the basis of experience gained in solving the seven test
problems detailed in Chapter 5 and the suggestions of Fiacco and

McCormick [9], Lai [19], and Hsu et al. [16].

I, If the problem consists only of inequality constraints the following

penalty functions may be used:

S(r)

I
H

I(x)

[}
e~
09
el L
b
L
-
v}
[
~~
k]
o
v
o
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A(t) CONST

B(x)

1
- Z E;f;; s gj(x) < 0,

The value of CONST as determined below is found to yield best re-

sults. (See Chapter 5 for discussion on the selection of CONST).

CONST = |f(x) | if |£(x)| > 10°
- 10° if [£(x)]| < 10°
_ r—0.5 1f r—0.5 N |f(x)|

The P function, therefore, will be

1 1
P(x,r) = f(x) + rk,Z =7y - CONST ZIETTET
1 1 i
where

gi(X) > 0 and gj(X) < 0,

II. If the problem consists of inequality comstraints only and the
optimization process is initiated at an infeasible starting point and
if the optimization path lies in the infeasible region; the following

penalty functions have been found useful:

S(r)

1
H

I(x)

- Z In g, (x), g;(x) >0

A(t)



B(x) = ) g?(x>, g, () < 0
3

III. If the problem involves equality and inequality comstraints,

the following penalty functions may be used [16]

S(r) = rk
I(x) = § — g.(x) > 0
gi(X) : i
A (t) = CONST
B (x) = - ] —= g, (x) > 0
1 jg.(X) . 2
5|
-0.5
Az(t) =1
Bz(x) = g hz(x), hs(x) #0, s=24+1, ..., m

The P function will be

P(x, rk) = f(x) + T Z E—%ET - CONST Z E_%ET
i Pi i |

=-0.5 2
+ T, g hs(x)

where

32
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where
CONST = |£(x) | if |£(x)| > 10°
- 107 if |£(0)| < 10°
= r;0.5 if r;O.S - |f(X)|

IV, If the problem involves inequality constraints only with non-

negativity constraints on the variables, and the path of optimization
tends to move into the infeasible region, the following I - function
has been found to yield the optimal result, [see discussion on test

problem No, 5].

n
I(x) = - Z In X x; > 0.
i=1

The P function in this case will be

n
1
P(x, rk) = f(x) - Tk izl In x, + 1, Z gj(x)

1
- CONST ) ——
o gS(X)

where

gj(X) >0

and

gs(X) < 0.
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The computer program provides an option NSEL which can be used to

select any one of the P functions listed above,

4,6 INPUT PARAMETERS FOR THE UNCONSTRAINED MINIMIZATION TECHNIQUE
A conjugate gradient method which performs the unconstrained mini-

mization requires the following input parameters:

EST = Estimate of the minimum value of the objective function
EPS = Stopping criteria for minimization
LIMIT = Maximum number of iterations to be carried out in each stage.

The following suggestions may be useful in selecting these parameters:
1. A value of EST which is slightly smaller than the actual minimum
value of the objective function is found to reduce the number
of iterations as well as the computer time in solving problems,

2. The following values of EPS have been found to be useful,

EPS = 0.4, | £(x)| > 10°
- 0.1, 1000 < |£(x)| < 10°
= 0,01, 100 < |£(x)| < 1000
= 9,001, 0 < |f(x)| < 100,

It is interesting to note that the optimum value obtained and the speed
of convergence are entirely dependent upon the value of EPS selected.

If too large a value is selected the method may lead to a false optimum,
If too small a value is selected large amounts of computer time may be
used up in the initial stages of iterationm.

3, A suitable range of values for LIMIT has been found to be

2N < LIMIT < 3N

where N = pnumber of decision variables in the problem.
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4,7 GUIDE FOR USING THE COMPUTER PROGRAM IMPLEMENTING SUMIT BY CONJUGATE
GRADIENTS

The computer program requires two forms of input., The first is
in the form of statements and the second is in the form of data cards.
The objective function, the constraints, and the first partial derivatives
of the objective function and the constraints should be included in the
subroutine INPUT. The computer program is designed for 50 variables
and 20 each of inequality and equality constraints.

The second form of input through data cards are as follows:

DATA CARD NO, 1 - This is used to name the problem being solved.
The name can be 80 celumns long.

DATA CARD NO, 2 - This is used to provide the number of variables
and constraints pertaining to the problem as well as information re-
garding the selection of initial value of S(ro), printing of inter-
mediate results, limit on the number of iterations in each stage, in-
clusion of non-negativity constraints, type of P function being selected
and the method of unconstrained minimization selected,

~ The following suggestions are offered in selecting the above options:
(i) NR is the option used to select S(ro). If the user can

supply an initial value, NR should be zero, If S(ro) is not known
and has to be computed NR should be 1,

(ii) INTER is the option used for printing intermediate results,
1f details of iteration within a stage are needed INTER should be 1.

(iii) LIMIT is the maximum permissible number of iterations at
each stage. A suggested range for LIMIT is 2N < LIMIT < 3N, where N

is the number of variables.



(iv) NEGAT is the option used to include non-negativity con-
straints, NEGAT = 1 results in non-negativity constraints being in-
cluded, It is suggested that NEGAT be set to zero unless the value of
x is likely to become negative during the minimization process. .

(v) NSEL is the option used to select the type of P function
to be used, It is suggested that NSEL be set to zero to start with,
If this does not yield the minimum, then NSEL = 1 or 2 can be tried.

When NSEL is set equal to zero, the following P function is used,

¥ 1
P(x, r.) = £(x) + r ——— ~ CONST -
X k sZs 8g (x) tET g, ()

+ r;1/2 Z h?(x)
where
S = {slgs(x) > 0} T= {tlgt(x) < 0}

and hj(x), j=1, ..., m, are equality constraints. This P function
is suitable for problems where a feasible starting point is known,
When a value of NSEL = 1 is used, the following P functiom is
selected.
Pix, rk) = f(x) - T, Z In gs(x) + %— Z gg(x)
seS k teT

where

S = {s[gs(x) > 0} and T = {t|gt(x) < 0}

36



This P function is suitable when the initial starting point is in-
feasible, the path of optimization frequently moves intc the infeasible
region and the variables remain positive throughout,

If NSEL is set equal to 2, the P function used is

i 2
P(x, r,) = £(x) -, ) lmx_ += ) g (x)
k k e 8 Ty ter °©

where
s = {s|x_ >0} and T = {t[g (x) < 0}.

This P function is suitable when the initial starting point is in-
feasible, the path of optimization frequently moves into the infeasible
region and the variables tend to take negative values thus violating
non-negativity constraints,

(vi) METHOD is the option used to select the unconstrained
minimization technique to be used. METHOD = 0 indicates the method of
Fletcher and Reeves and METHOD = 1 the method of Fletcher and Powell,
It is suggested that METHOD be set to zero, so that the method of
Fletcher and Reeves is used first,

DATA CARD NO, 3 - This is used to provide the initial value of
S(ro), ratio and the stopping criteria., If a value of S(ro) is known,
it can be supplied here. Otherwise this may be set to zero and NR set

equal to 1. The ratio for reducing r, at each stage is to be supplied

k
and a suggested value is RATIO = 4, EPS is the siagewise stopping

criteria and a suggested range of values is

37
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EPS = 0.4 if [£(x)| > 10°
= Pl i 7 10° < |£(x)]| < 10°
= 0.01 if 100 < |f(x)| < 10°
= 0,001 if 0 < |£(x)| < 100,

Depending upon the problem, however, other values of EPS may also be
tried. The overall stopping criteria THETA may be set to 10_5. EST

is an estimate of the minimum value of the objective function. An
overestimated value is found useful when the method of Fletcher and
Reeves is used, whereas an underestimated value is useful for the method
of Fletcher and Powell,

DATA CARD NO. 4 - This provides the initial starting value of x.
These are one per card with the variable J being used to identify the
sequence in which they are placed.

A detailed computer program which implements the sequential un-

constrained minimization technique by conjugate gradient methods is

presented in Appendix,



CHAPTER 5

APPLICATIONS

The following test problems were solved by the computer program

using the method of SUMT with conjugate gradients:

l. Two-period production and inventory control problem with two
decision variables and four inequality constraints.

2, Two—-period production and inventory control problem with two
decision variables, four inequality constraints and one
equality constraint,

3. Five-stage production and inventory control problem with 10
decision variables and 10 inequality constraints,

4, Ten-stage production and inventory control problem with 20
decision variables and 20 inequality comnstraints.

5. Test Problem from Shell Development Company with 5 decision
variables and 15 inequality constraints,

6. Test Problem from Proctor and Gamble Company with 5 decision
variables, 6 non-linear constraints and 10 bounds on the
variables.

7. Test Problem from Westinghouse Research Laboratory with 4

decision variables and 8 constraints.

5.1. PROBLEM NO. 1

This is a two-dimensional production scheduling problem with four
inequality constraints [16]. The problem is to minimize the sum of the
production cost and inventory cost subject to the constraints of the

nonnegative inventory and the maximum capacity of the machine which
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produces the required items, The demand of each period is known and
must be satisfied.
The costs for changing the production level and for carrying in-

ventory are given by

C(xi - xi_l)2 = cost due to the change in the production level from
the (i—l)th period to the ith period

and
2 _ +Eh
D(E - Ii) = inventory cost at the i~ period
where C, D, and E are positive constants., x; and Ii are, respectively,

the production level and inventory level at the ith period,

The problem is to find x* = (xi, xa, s x;) which minimizes

v 2 2
£x) = ] [C(x; = x;_1)" + D(E = 1))
i=1
subject to
Ii = Ii—l + X - Qi > 0, i=1, 2, ..., n
and
Oiﬁi“s 1=1; 2, aiss 1

where M is the maximum production capacity and Qi represents the sales
at the ith period. X, and I0 are the production level and inventory
level at the initial period respectively,

For a two period production and inventory system the problem can

be stated as:
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Minimize
F(X) = C(xy - %) + D(E - I,)°
1 1] 1
2 2
+ C(x2 - xl) + D(E - I2)
subject to
gl(x) = Il = IO +x - Ql >0

gz(x) = 12 = Il + X, = ini 0

Il
=
I
"

g3(X)

|
=

|
kel

ga(x) = 0.

| v

The values of the constants C, D, E, M, x., IO’ Ql and Q2 are

Cc=100, D=20, E-=10, M= 30,

10.

£ = 15, I, —1%, 9, =30, Q,

5.1.1 Approach Used
This problem was first approached as an interior point SUMT problem,
The P function was defined as
4 1

P(x, rk) = f(x) + T, izl-gzng

2 2 2 2
lOO(xlﬁlS) + 20(28—xl) + 100(x2—xl) + 20(38—xl-x2)

1 1 1 1

+r [ + + +
k xl—18 xl+x2-28 30—xl 30—x2

4

1
where T, corresponds to S(rk) and iZl gi(x) corresponds to I(x).
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The computer program for SUMI with conjugate gradients was used to
solve the problem. This resulted in one of the constraints, gl(x) being
violated and the solution converged to the unconstrained optimum of
xk* = (xf*, xﬁ) = (17.82, 18,21).

The reason for this violation can be explained as follows:

According to the intuitive concept of the P function, the penalty
term Z ET%;T tends to approach infinity as the constraint is approached
from inside the feasible region., This is considered sufficient to pre-
vent any constraint being violated. However, in actual practice this
is not necessarily true., This is due to the fact that all iterative
methods of unconstrained optimization move towards the optimal solution
in discrete stepsizes. This means that at one stage during the iterative
procedure the point may be inside the feasible region, This may move
into the infeasible region when the next point is obtained using the
calculated stepsize., In this problem, for example, the point before
the constraint was violated was x = (xl, xz) = (18,737, 18.881). The
next point obtained by the method of Fletcher and Reeves was (17.792,
18.175). This resulted in constraint gl(x) being violated., Once the

trajectory moves into the infeasible region, the term T Z-g—%;y ceases
i®i

to be a penalty term and the P function decreases in value as the tra-
jectory moves into the infeasible region. This results in the optimal
trajectory moving towards a point which is the optimum of the uncon-
strained objective function,

Therefore it becomes necessary to impose additional penalty factors
on the P function so that the P function increases in value considerably

whenever a constraint is violated. The following modifications to the



P function, which impose extra penalties for constraint violation, were

tested on this problem:

1 1
1. , - 3 . N —_—
P(x rk) (x) r, Sgs gs(x) T, th gt(x) ]f(x)! (1)

where S = {s|gs(x) >0} and T {t|gt(x) < 0},

1 -1/2 2
=)+ | —t 21 gw (2)

seS “s teT

2. P(x,rk)

where S = {s|gs(x) >0} and T = {t|gt(x) < 0}

Both the above modifications of the P functions did not prevent
the constraints being violated, However, they were able to bring the
trajectory of the optimal path back into the feasible region, The
P function defined by equation (2) required considerably more computer
time and more number of iterations than the P function defined by

equation (1) to converge to the optimum, The P function defined by

equation (1) was suitable as long as the value of T . f(x)| was greater
than 1. If this value became smaller than 1, the penalty imposed by
this term was not adequate and as such the trajectory of optimization

moved out into the infeasible region. Therefore the P function was

further modified as

J —— - CONST

P(x,r,) = f(x) + r
B seS gs(x)

1
K teT gt(x)

where

s = {s|g (x) > 0}, T = {t|g (x) < 0}
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and

CONST = | £(x)| it |f] > 503
= r;0'5 otherwise.

This modification to the P function enabled the program to handle
constraint violations for different wvalues of Tr and to converge to an
optimum solution, With this modification this problem is an example of
the application of the mixed interior point-exterior point SUMT.

The P function that was finally adopted for this problem was

1 i,
P(x,r,) = f(x) + ¥, )} —— - CONST )] —F— (3)
K k ses gs(x) teT gt(x)

where

S = {slgs(x) >0, s =1, 2, 3, 4},

T = {t|g (x) <0, t=1,2, 3,4}
and

CONST = |£(x) | if [£(x)] > r;llz

= r;llz otherwise.

The terms r , Z - , CONST and - z e in the above P function
k gs(x) gt(x)

correspond, respectively, to S(r), I(x), A(t) and B(x) in the mixed

point SUMT algorithm,

44



45

5.1.2. Infeasible Starting Point

The problem was attempted with the P function given by equation (3),
but by starting from an infeasible starting point x° = (xg, xg) = (5, 10).
It can be seen that at this point constraints gl(x) and gz(x) are vio-
lated, Using the method of Fletcher and Powell the optimal solution
x* = (x%, xg) = (18.002, 18.331) was obtained, but the method of Fletcher
and Reeves failed to yield the optimal solution, Therefore, a modified

P function as suggested in reference [9] and shown below was tried:

1 2
P(x,r,) = f(x) - T In g (x) + — g (x) (4)
" k SES 4 " th t
where § = {s]gs(x) > 0}, and T = {t|gt(x) < 0},

With this P function the optimal solution was obtained with a considerably

lesser number of iterations and computing time as shown below.

Computing Time No. of Iteratioms
P function, equation (3) 79.4 sec. 120
P function, equation (4) 60.9 sec. 53

The same P function was tried for this problem with a feasible
starting point of x° = (xi, x;) = (25, 29). However, this resulted in
constraints being violated and the optimum of the unconstrained problem
being reached., Therefore the P function defined by equation (3) should
be considered suitable when the initial starting point is feasible,

If the initial starting point is infeasible, the P function of equation

(4) should be used.
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5.1.3 Results and Discussions

The optimal results obtained by the present approach are presented
in Tables 1, 2, 2A, 3, and 4 . Table 1 presents the optimal results and
the details of convergence towards the optimal result from a feasible
starting point by the method of Fletcher and Powell, Tables 2 and 2A
present the optimal results and details of convergence starting from an
infeasible starting point using the method of Fletcher and Powell and
with the P function defined by equation (3) and equation (4) respectively.
Table 3 presents the optimal results and details of convergence starting
from a feasible starting point and using the method of Fletcher and
Reeves, Table 4 presents the optimal results and details of convergence
when the initial starting point was infeasible using the method of
Fletcher and Reeves,

Four formulations of P functions were tried in solving this problem.
The following P functions were found suitable,

1. When the starting point is feasible,

P(x,r ) = £(x) + 1, st gS%)- — CONST téT g—t%;)-
where
§ = {s|gs(x) > 0}, T = {t|gt(x) < 0}
and
CONST = |£(x) | if  |£(x)] > r;1/2
22 otherwise,
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2, When the starting point is infeasible,

P(x,r, ) = f(x} - = Z In gs(x) + %‘ Z gi(x)

ses k teT
where
S = {s]gs(x) > 0} and T = {t|gt(x) < 0}.
An initial value of r, = 3000, which was found suitable for this problem

0

when it was solved by Hsu, et. al [16], was used. The stopping criteria
used were EPS = (0,1 and THETA = 10-4 while the value of EST used was
2000 for the method of Fletcher and Powell and 3000 for the method of
Fletcher and Reeves.

The computing time required for this problem on an IBM 360-50
WATFOR compiler were (i) 53,1 and 56.5 seconds by the method of Fletcher
and Powell starting from a feasible starting point and an infeasible
starting point respectively, (ii) 59.7 and 52.5 seconds by the method
of Fletcher and Reeves starting from a feasible starting point and an
infeasible starting point respectively. The computing times required
by Lai [19] and Hsu [16] on the same compiler for this problem are 36.0

and 100,8 seconds respectively.

5.2 PROBLEM NO, 2

This problem is the same as Problem No. 1 except that an equality
constraint is added. The new constraint is a requirement that the pro-
duction level in the first period be exactly five units larger than that

in the second period.
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The problem then is:

Minimize
2 2 2
f(x) = lOO(K1 - 15)" + 20(28 - xl) + lOO(x2 - xl)
+ 20(38 - x, - x )2
1 2
subject to
gl(x) =y - 18>0
gz(x) = x; + Xy = 28>0
g3(x) = 30 - Xy >0
ga(x) = 30 - X, > 0
h(x) =x -x%,-5=0

5.2.1., Approach Used

This problem is similar to Problem No, 1 except for an additional
equality constraint. Therefore a P function similar to that of
problem 1 with suitable modifications to handle equality constraints
as suggested in reference [16] was used,

The P function is

1 1
P(x, r, ) = f(x) + ¢ ——— ~ CONST e
k k sés gs(x) teT gt(x)
+ r;1/2 Z h?(x)

j=1
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where S = {slgs(x) > 0}, T = {t]gt(x) < 0} and hl(x) is the

equality constraint and

0.5

CONST = |f(x) | if  |[f®]| > ¢

= r—O'5 otherwise,

The problem was first solved by the method of Fletcher and Reeves
from a starting point of 5? = (xi, xg) = (25, 29). At this point hl(x)
has a value of -9.0. A value of Ty = 3000, EPS = 0,1, EST = 3000 and
overall stopping criterion of 10—5 was used, The optimum value of ob-
jective function f(x) = 6217.4 was obtained which compares well with
the value of f(x) = 6210.0 obtained by Lai [19].

The same problem was then solved using the method of Fletcher and
Powell. The input parameters used were, I, = 3000, EPS = 0.1, EST = 2000
and overall stopping criterion = 10_5. The optimum value obtained was
f(x) = 6217.4.

The problem was next attempted from an infeasible starting point of
E? = (x;, xg) = (5, 10). The violated constraints at this point are
gl(x), gz(X) and hl(x). Two approaches were used to solve this problem.

1. The first approach was to solve this as an exterior point SUMT

problem using the following P function.

1 1 -1/2 .2
P(x,r,) = f(x) + ¥, ) —— - CONST } +r he (%)
k sel gs(x) teT gt(x) k 1
where 5§ = {s|gs(x) > 0}, T = {tlgt(x) < 0} and hl(x) is the

inequality constraint,
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The solution of f(x) = 6217.4 was obtained by the method of Fletcher
and Powell, and that of £(x) = 6217.0 by the method of Fletcher and
Reeves.

2, The second approach attempted was to use the following P function,

which was successfully used in Problem No. 1:

1 2

Plx,r,) = f(x) - ¢ Z In g (x) + — E g-(x)
k . se$s 8 rk teT t

+ r£1/2 hi(x)

where S = {s|gs(x) >0}, T= {t]gt(x) < 0} and hl(x) is the equality
constraint, However, with the above P function the iterations converged
to a false optimum of £(x) = 6428 and x* = (xf; xg) = (19,936, 14,940)
with hl(x) = -0,004,

5.2,2, Results and Discussion

The optimal results obtained by using the new method are presented
in Tables 5, 6, 7 and 8, Tables 5 and 6 represent the optimal results
and details of convergence towards the optimal result using the method
of Fletcher and Powell and starting from a feasible starting point and
an infeasible starting point respectively. Tables 7 and 8 represent
the optimal results and details of convergence using the method of
Fletcher and Reeves and starting from a feasible starting point and an
infeasible starting point respectively,

Two formulations of P functions were examined when solving this
problem, The P function which was successful in yielding the optimum

was
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1 1
P(x, r,) = f(x) + r, ] —F= - CONST )} ——r
k = seS gs(x) teT gt(x)
-1/2 .2
+ 1 hl(x)

where § = {slgs(x) >0}, T= {tlgt(x) < 0} and hl(x) is the inequality
constraint.
The parameters and stopping criterion used for this problem are
Ty = 3000, EST = 2000 for the method of Fletcher and Powell and EST = 3000
for the method of Fletcher and Reeves, EPS = 0.1 and THETA = 10_5.
The optimum value of f£(x) obtained was 6217.0 which compares
favorably with f(x) = 6210.1 obtained by Lai [19], The computing time
required on an IBM 360-50 WATFOR compiler were (i) 101,6 and 104,5
seconds using the method of Fletcher and Powell and initial starting
points of_gp = (25, 29) and 5? = (5, 10) respectively, (ii) 90.0 and

105.8 seconds using the method of Fletcher and Reeves and initial starting

points of (25, 29) and (5, 10) respectively.

5.3 PROBLEM NO, 3 AND 4

This problem is the well-known multi-stage personnel and production
scheduling problem of Holt, Modigliani, Muth and Simon [14]. The problem
is to find the optimal production level and work force level which min-
imize the overall operation cost in a paint factory. The subcosts which
make up the overall operation cost are (i) the cost of pay-roll, (ii)
the cost of hiring and laying off, (iii) the cost of overtime and (iv)
the inventory cost. The schematic diagram of the system is shown in

Fig. 3. The problem is to minimize the sum of all four different costs
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over a planning period subject to the constraints of the non-negative
inventory and non-negative overtime cost, The demand for each period

is known and must be satisfied.

Let
n = a month in the planning horizon
N = duration, in months

‘ : th
Pn = production rate in the n  month

‘ th

Wn = work force level in the n~ month

: th
Qn = demand in the n~  month

¢ th

In = inventory level at the end of the n~ month

The inventory level at the end of each month is represented by the
recursive relationship among current demand, current production and in-

ventory level of the preceding month.

I =I _,+P -Q, n=1, 2, ..., N.

The model considers the following monthly operation costs
1. Regular payroll cost = 340.0 Wn

- _ 2
2, Hiring and lay off cost = 64.3 (Wn - Wn_l)

3. Overtime cost = 0,2 (P_ - 5,67 W )2 + 51,2 P - 281.0W
n n n n

4, Inventory cost = 0,0825 (In - 320.0)2
The system can then be represented by the following model.

Minimize

£(P1s Py caes Bd Wep Wy weay W) = y s

3
1 N sed n

62
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subject to

I "_—In +Pn_Qn>0, n=l,2, .-o,N—l

—
1]
-
+
o

and

2
0.2 (Pn - 5.67 Wn) + 51,2 Pn - 281.0 Wn.i 0, n=1, 2, ..., N

where

2

S = [340.0 W 1+ [64.3 (W -W_.)7]

n-1
+ [0.2 (P - 5.67 W )2 + 51,2 P - 281.0 W ]
n n b n

2

+ [0.0825 (In - 320.0)7]

The reason for considering the non-negative overtime cost is due to

the characteristics of its mathematical formula:

overtime cost = 0.2 (P - 5,67 W )2 + 51,2 P - 281,0W
n n n n

The equation is in quadratic form and can have negative cost contours,
as shown in Fig. 4 [16]. Taubert [22] found that minimizing total costs
over the planning period by selecting a certain Wn and Pn combination
contributed a negative overtime cost to the objective function. Since
such a ﬁegative cost is illogical in the context of the paint factory
problem, the constraint of non-negative overtime cost should be imposed.

Problem No. 3 considers five-monts of the above problem. The

numerical data that were used are as follows:
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Demand: Q, = 430
Q, = 447
Q3 = 440
Q, = 316
Qg = 397
Initial inventory, I0 = 263

Inventory for last month, If = 263

Initial work force level, WO = 81

The starting point was chosen arbitrarily at

8]
] 10 W13 Bos Wyi Py, W3 Py Wys Pg, Wy

o .0 L0 O 0 0, 0 O 0 .0
(P ]

[500, 90; 500, 90; 500, 90; 500, 90; 500, 90]

5.3.1 Approach used

An attempt was made to solve this problem by using an interior-point

SUMT P function defined by

P{x, 1,) = £(x) + ¢
k kgm &)

and using the method of Fletcher and Reeves, This, however, resulted in
the trajectory of optimization moving out of the feasible region., The
reasons for this are explained in Problem No, 1, Therefore the following
P function which was adequate in solving test Problem No. 1 was next

tried:
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1 1
P(x, r,) = f(x) + r, ) —F— - CONST ) —F—
k k seS§ gs(x) teT gt(X)

where
S = {s|gs(x) > 0}, T = {t|gt(x) < 0}
and
g -0.5
CONST = |£(x) | if |[£(x)] > ¢
< ¢ 09 otherwise
An initial value of r, = 3000, which has earlier been used by Hsu

0

et al, [16] to solve this problem was used, The overall stopping
criteria used was 10_5. A value for the stagewise stopping criterion
EPS was not immediately apparent. Since the order of magnitude of the
minimum of the objective function was forty times that of the minimum of
test Problem No. 1 a value of EPS = 5,0 was first tried. This resulted
in the iterations terminating at a false optimum as shown in table 10A.
The optimum value of f(x) = 138,291 obtained was quite different from the
optimum f(x) = 129,096 obtained by Hsu et al, Next a value of EPS = 1.0
was tried and again the optimum value obtained was f(x) = 138,291,
Finally a value of EPS = (0,1, yielded the optimum value of f(x) = 129,137,
which compares favourably with the solution obtained by Hsu [16]. A
value of EST = 200,000, which is an estimate of the minimum value of the
objective function was used throughout.

While this program was being solved a run was made in which the
overall stopping criterion was accidentally made equal to 0.0. This

resulted in the problem being executed for 10 minutes which was the



maximum time specified for this run. This, however, produced a new
congstrained optimum value of f(x) = 127,551. Compared to the earlier
optimum value of f(x) = 129, 137, this required 94 more iterationms.
The actual value of the stopping criteria at this point was 10_24.
The problem was then attempted using the method of Fletcher and
Powell and values of EPS = 0,1, and EST = 200,000, This resulted in
the trajectory of optimization going out of the feasible region. An
analysis of the IBM subroutine FMFP (which was used in the computer

program) indicated that better results would be obtained if a value

of EST which is less than the actual minimum of the objective function

]

were used. Therefore a value of EST = 100,000 was tried next, This

resulted in an optimum value of f(x) 129,546 which is about 0,4 percent
away from the optimal solution presented by Hsu. The method of Fletcher

and Powell was found to be quite semsitive to changes in EST.

5,3.2 Results and Discussion

The optimal results obtained by the present approach are presented
in Tables 9, 10 and 10A,

Table 9 represents the optimal result and details of convergence
using the method of Fletcher and Powell., Tables 10 and 10A represent
the optimal result and rate of convergence using the method of Fletcher
and Powell and with values of EPS = 0,1 and 5.0 respectively.

Two formulations of P functions were tested on this problem and
the P function which was successful in yielding the optimal result was

1 1
P(x, r,) = f(x) + ¢ z ———— — CONST —_—
" k seS gs(x) teT gt(x)

67
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where

S = {s|gs(x) > 0} and T =-&|gt(x) < 0},

The problem was attempted with different values of EPS. Table 10A
indicates that the false optimum was cbtained with EPS = 5.0. A value
of EPS = 0.1 was finally found suitable. An overall stopping criteria
of THETA = 10-5 was used., The parameters used were Iy, = 3000 and EST =
100,000 for the method of Fletcher and Powell and EST = 200,000 for the
method of Fletcher and Reeves.

The method of Fletcher and Reeves yielded a new optimum of f(x) =
127,551 compared to f(x) = 129,096 obtained by Hsu [16], whereas the
method of Fletcher and Powell yielded f£(x) = 129,546,

The computing time required on an IBM 360-50 WATFOR compiler for
this problem were 154.7 and 227.8 seconds using the methods of Fletcher
and Powell and Fletcher and Reeves respectively., The times used by

Hsu [16] on the same compiler was 208.8 seconds.

5.3.3. Test Problem No. 4

Problem No, 4 considers ten stages of the multistage personnel and
production scheduling problem, The numerical data that were used are
as follows:

Demand

430 = 375

L
'_l
Il
2
h
|

Q, = 447 Q= 292

458

QO
w
|

= 440 Qg
Q, =316 Qg = 400

397 = 350

L
(9, ]
]
L
i



Initial inventory, IO = 263,
Inventory for last month, If = 263,
Initial work force level, W, = 81,

0

The starting point chosen is

0. (o] 0_ [»] O. o) O. o] O_
Wik By, Wos By, Wos By, Wog B, Wi

WO . o

75 Pgs Wos Bg, Wos PYo, Wio)

W9’ 10> "10

[500, 90; 500, 90; 500, 90; 500, 90; 500, 90;

500, 90; 500, 90; 500, 90; 500, 90; 500, 90]

The problem can be stated as

Minimize
10
(P15 Py wues Pyos Wys Wy weny W) = [ 5
n=1
subject to
gn(x) = In = In—l + Pn - inz o, n=1, 2, ..., 9

glo(x) = I9 + P10 - QlO-Z 263

and

2
= o + - L] W
g( 10)(}() 0.2 (Pn 5.67 Wn) 51.2 Pn 281.0 = B 0,

n=1, 2, «o., 10

where .

72



73

2

Sn = [340.0 Wn] + [64.3 (Wn - Wn—l) + 51,2 Pn - 281.0 Wn]

+ [0.0825 (In - 320)2]

5.3.4. Approach used
The approach used for solving this problem is similar to that used

for test Problem No. 3. The P function for this problem was formulated

as.:
P(x,r,) = £(x) =1, SES ﬁg)— - CONST L E;%?E)“
where
S = {slgs(x) > 0}, T = {t|gt(x) < 0}
CONST = |f(x)]| if [f(x)] > r;O'S
= r;O'S otherwise.

An initial value of Ty = 3000 was used., The problem was first at-
tempted using the method of Fletcher and Reeves with EPS = 0,1, EST =
200,000 and overall stopping criteria of 10_5. However the method
failed to converge to a solution even after 15 minutes of computer time,
Then the trials were repeated with values of EPS equal to 0.2, 0.4, and
1.0. The optimal solution of f(x) = 244,869 was obtained with EPS = 0.4,
A value of EPS = 0.2 resulted in failure to converge to a solution after
15 minutes of computer time, whereas a value of EPS = 1.0 resulted in

iteration terminating at a false optimum of f(x) = 265,150.



Using the same P function as above, the problem was then attempted

74

by the method of Fletcher and Powell., Values of EPS = 0.4, EST = 200,000

and L 3000 were used, The method failed to converge to a solution
even after 25 minutes of computer time was used. In an effort to
determine the cause for this failure the following alternatives were
tried,.

(i) use of values of EPS = 0.1, 1.0 and 5.0, (ii) use of EST =
244,869, the minimum found by the method of Fletcher and Reeves, (iii)
use of a value of LIMIT = 100 as compared to 80 used earlier,

However even after all these trials the method failed to converge to a

solution,

5.3.5 Results and Discussion

The optimal result obtained by using the method of Fletcher and
Reeves and the details of convergence are summarized in Table 11,

The following P function was tried and found successful for this

problem:

P(x, 1) = £(x) + 1, sZs Ej;)— - CONST téT Et%—x)-
where
S = {slgs(x) > 0}, T = {t!gt(x) < 0}
and
CONST = |£(x)| if £ > r;°'5
= r_o'5 otherwise,
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The parameters used for this problem were r, = 3000, EST = 200,000,

0
EPS = 0,1 and THETA = 10_5. The method of Fletcher and Reeves yielded
an optimal value of £(x) = 244,699 while the method of Fletcher and

Powell failed to comnverge to a solution, The computing time used on an

IBM 360-50 WATFOR compiler was 480.0 seconds compared to 480.0 and 900.7

used by Lai [19] and Hsu [16].

5.4 PROBLEMS 5, 6 AND 7
Colville [2] made a comparative study of nonlinear programming codes
to test the relative efficiency of various available minimization tech-
niques, For comparison he selected seven test problems., These problems
were solved by several investigators using various nonlinear programming
techniques. Since each investigator solved the problems on a computer
available to him and since the computing capability of each installation
was different, a scheme which would standardize the computing times for
solving each problem was evolved, This consisted of determining the
time required for inverting a given matrix by using a standard computer
program, Then the time taken for solving each problem was divided by
this time to obtain the standard time, The standard time required for
each technique was used as the measure of efficiency of the technique,
Three of the test problems suggested by Colville were solved by
the present method and are presented here, The computing time required
for these problems are given in terms of time taken on a IEM 360-50 WATFOR
compiler., The standard time suggested by Colville could not be obtained

as the standard matrix inversion computer program was not available.
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5.4.1 Test Problem No. 5

This is a problem from the Shell Development Company. The objective
function is cubic and has 5 independent variables. There are ten linear
constraints and the variables are required to be non-negative. The

problem is stated as follows:

Minimize
eynye 1 o
f(x) = ] e, x, + c,. X, x, + d, x.
j=1 13 421 4m1 ij "1 7] j=1 4 3
subject to
5
gi(x) = .z a;5 ¥y 2 by i=1, 2, ..., 10
j=1
and
gj(x) = xj 3_ 0’ j = 1, 2, “aaey 5-

The values of the constants used are

1. 'a' - values a
i3
. 1 2 3 4 5
1 -16 2 0 1 0
2 0 -2 0 0.5
3 -3.5 0 2 0 0
4 0 -2 0 -4 -1
5 0 -9 -2 1 -2.8
6 0 ~4 0 0
7 -1 -1 -1 -1 -1
8 -1 -2 -3 -2 -1
9 2 3
10 1 1 1
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2. 'b'-values
b,
1
i+ 1 2 3 4 5 6 7 8 9 10
=40 -2 -0.25 =4 -4 -1 -40 -60 5 1
3. 'e'-values
c..
11
3 g 2 3 4 5
1
1 30 =20 =10 32 =10
2 =20 39 - 6 =31 32
3 =10 - 6 10 - 6 -10
4 32 =31 - 6 39 =20
5 =10 32 =10 =20 30
4, 'd'-values
d,
L
i 1 2 3 4
4 8 10 6
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5. 'e'-=values

e,
. |
i 1 2 3 4 5
-15 -7 -36 -18 13

The feasible starting point chosen was

o

_ o 0o _0o _o
X = [xl, Xy X35 X

4 XS]'

[0, O, O, O, 1]

The initial value of r, was chosen by using the formula

£(x°)

p——

ig,(x")

Since this yielded a value of r, < 1.0, a value of r, = 1.0 was selected

0 0

[7].
5.4.1.1., Approach Used.

This problem was first attempted using the following P function

which was adequate in solving Problems 1, 3 and 4.

1 1
P(x, r,) = £f(x) + r Z ——— — CONST Z —_—
L E seS gs(x) teT gt(x)

where
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5 = {s]g () > 0} T = {t|g (x) < 0}
and
CONST = |f(x) | if £ > 05
= I‘O'S otherwise,

The value of ry = 1.0, EPS = 0.0l and EST = -100 were used. The
value of EPS and EST were selected based upon the order of the minimum
value of the objective function of -32,34., The method, however, failed
to converge to an optimal solution. The solution obtained was f(x) =
-17.13. The problem was also solved with EPS = 0,001 without any

further improvement in the minimum,

The following P function suggested in reference [9] was next tried,

1 2
P(x, ) = £(x) - r In g (x) +=— g, (x)
k k sgs 8 " th E

where
S = {s|gs(x) > 0} and T = {t|gt(x) < 0}.

With this P function, the optimization path moved into the infeasible
region and as such the optimal solution was not reached. The P function

was again modified as follows:

1 2
P(x, r,) = f(x) - r, ) lox += )] gi(x)
k k seS s rk teT E

where
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S = {s|xs > 0}, and T = {tfgt(x) < 0},

This P function is different from the one suggested in reference [9]
in that that it does not include the constraints which are satisfied.
The problem was solved with EPS = 0,01, and EST = -100. The optimal
value of f(x) = -32.3 compared well with the value of f(x) = =32,34

shown by Colville,

5.4.1.2 Results and Discussion

The optimal results obtained by the new method are presented in
Tables 12 and 13. Table 12 presents the optimal solution and details
of convergence using the method of Fletcher and Powell, Table 13
presents the optimal solution and details of convergence using the
method of Fletcher and Reeves,

Three P functions were tried while solving the problem and the

P function that was finally used was

1 2
P(x, r,) = f(x) - ¢ Z In x + — Z g (x)
k k seS s rk teT t

where
S = {slxs > 0} and T = {tlgt(x) € Uk,

The parameters used were = 1.0, EST = -100, EPS = 0.01 and
THETA = 10_5. The optimum f(x) = -32.3 compares favorably with
f(x) = -32.34 shown by Colville,

The computing time on an IBM 360-50 WATFOR compiler for this
problem was 351,0 and 294.9 seconds using the methods of Fletcher and

Powell and Fletcher and Reeves respectively,
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5.4.2 Test problem No. 6

This is a problem contributed by W. C. Mylander of Research Analysis
Corporation and is a process design problem from Proctor and Gamble
Company. The objective function is quadratic and has 5 independent
variables. There are six quadratic constraints and ten bounds on the
variables. The problem is stated as follows:

Minimize

£(x) = 5.3578547 xg +0,8356891 x, %,

+ 37,263239 X - 40792,141

subject to

gl(x) = 85,33407 + 0.0056858 X Xg

+ 0.0006262 x.,x, - 0,0022053 XX

1% 25

5

gy(x) =92 = gi(x) > 0

83(X) = 80.51249 + 0,0071317 x,x. + 0,0029955 X X

2% -90>0

2
34(3‘) = 110 - g3(x) >0

gs(x) = 9,.300961 + 0.0047026 X3Xg

+ 0.0012547 X% + 0.0019085 x.,x, - 20 > 0O

3 374 -

gg(x) = 25 - g(x) > 0

g7(x) -y = 78>0



gs(x) = 102 - X >0

gg(x)

1
=
un

1
[l

810(¥) =
gll(x) = Xg - 27 >0

glz(x) = 45 - X3 > 0

ng(x) =%, = 27 > 0

glA(x) = 45 - ®, 2 0

ng(x) = X5 - 27 > 0

glﬁ(x) = 45 - Xg >0
The feasible starting point suggested by Colville is

(8] [ &) 8] Q o KD]
1% Foa Bge Hps Fp

b
[

[78.62, 33.44, 31,07, 44,10, 35,22}

5.4,2.1 Approach Used
The initial value of Ty was chosen by the computer program, The

P function for this problem was defined as

1 2
P(x, r,) = £(x) - r, J] Ing(x) +=— ] g (x
k % se$ 2 X teT g

where



S = {slgs(x) > 0} and T = {tlgt(x) < 0}

The stopping criterion used were EPS = 0,1, EST = -30,000 and the
overall stopping criterion of 10_5. The optimal value of f(x) = - 30,663
compares favorably with the value of f(x) = -30665,5 given by Colville,
The success of the above formulation of the P function for this problem
and the failure of the same for problem 5 suggests that this P function

is suitable where the wvalues of the x, are not likely to become negative.

5.4.2,2 Results and Discussions

The optimal results obtained by using the new method are presented
in Tables 14 and 15, Table 14 presents the details of convergence and
the optimal result using the method of Fletcher and Powell. Table 15
represents the details of convergence and the optimal result using the
method of Fletcher and Reeves,

The following P function was tried and was successful in solving

the problem,

1 2
P(x, r,) = f(x) - r In g (x) & == g, (x)
R k sgs . T tzT k

where
S = {slgs(x) > 0} and e = {t]gt(x) < 0}.

The parameters used were r, = 1.0, EST = -30000, EPS = 0.1 and

0
THETA = 10_5. The optimum value of f£(x) obtained was -30,663 which

compares favorably with f(x) = -30665,5 given by Colville,
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The computing time required to solve this problem on an IBM 360-50
WATFOR compiler was 600,0 and 525,8 seconds using the method of Fletcher

and Powell and Fletcher and Reeves respectively.

5.4.3 Test Problem No., 7

This is a test program from Westinghouse Research Laboratory. The
objective function has four independent variables and there are 4 bounds
on the variables,

The problem can be stated as:

Minimize

2.2

£(x) = 100 (x, - x]) 22

+ (1 - xl)2 + 90 (x4 - x3)
2 2 2
+ (1 - x3) + 10,1 {(xz—l) + (x4 - 1)7}

+ 19.8 (x2 -1 (x4 -1

subject to

gl(x) =x.+ 10 > 0

89
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The feasible starting point suggested by Colville is

- = [XD o (e} 0]
1* %0 %30 %y

["3: _l! "39 —l].

5.4,3.1. Approach Used

The initial value of r, was selected by the computer program and

B, = 22,750, Since the value of f(x) at the starting peoint is 19,192,
a value of EPS = 0,1 was selected. An overall stopping criterion of

10_5 and EST = 0.0 were used.
The mixed-point SUMT P function was first attempted. The P function

is

1 -0.5 2
P(x, r,) = £(x) + 1, | —r~+71, "~ | g.(x)
k % SES gs(x) k teT t

where S5 = {s|g_(x) > 0} and T = {t[g (x) < 0},

This P function proved to be adequate and the optimal value of
f(x) = 0.3 x 10-5 was obtained by both the methods of Fletcher and

Powell, and Fletcher and Reeves.

5.4.3.2 Results and Discussion

The optimal results obtained by using the new method are presented
in Tables 16 and 17, Table 16 represents the optimal result and the
details of convergence using the method of Fletcher and Powell, Table
17 shows the optimal result and the details of convergence using the

method of Fletcher and Reeves.
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The following P function was first tried and yielded the optimal

value

8 1
P(x, rk) = f(x) + . E )

The parameters used were r, = 22750, EST = 0,0, EPS = 0.1 and

0
THETA = 10-5. The optimal value obtained was f(x) = 0.3 x 10—5 which
compares well with f£(x) = 0,0 given by Colville. The computing time
taken on an IBM 360-50 WATFOR compiler were 197.,0 and 101,0 seconds

using the methods of Fletcher and Powell and Fletcher and Reeves re-

spectively,

5.5 CONCLUSIONS

From the results presented in this chapter the following con—
clusions can be drawn:

1, There is no general formulation of a P function which is
suitable for all problems. The different types of P functions as
suggested by Fiacco and McCormick [9] were tried while solving the
test problems and the following approach has been found satisfactory,

(i) If a problem involves equality and inequality constraints
and a feasible starting point is known, the following P function should

be used,

P(x, 1) = £(x) + 1, ] E%_X) - CONST

1
seS °s teT gt(x)

-0.5¢ .2
+Ey Zhj(x)

where
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S = {s|gs(x) > 0} T = {t|gt(x) < 0}

and h,(x) are the inequality constraints.

J
(ii) If the problem involves inequality constraints only and the
starting point is infeasible, or the path of optimization lies in the

infeasible region, the following P function should be used,

1 2
P(x, r,) = £(x) = r, ] Ilng(x) +=— } g (x)
k k seS s rk teT £

where
s = {s|g (x) > 0} and T = {t|g (x) < 0}

(iii) If a problem involves inequality constraints only with
non-negativity constraints on the variables and the variables tend to
have negative values during the process of optimization, the following

P function should be used,

1
P(x, r,) = f(x) - ¢ z In x - CONST E —_—
e 5 se§ s teT gt(x)
where
S = {s|xs > 0} and T = {t|gt(x) < 0}

2, The optimal results obtained are entirely dependent upon the
value of the stagewise stopping criterion (EPS) used. This value changes
in proportion to the absolute value of the objective function at the
beginning of the iterative search as well as the minimum value. Dif-
ferent values of EPS were tried for each problem before deciding upon
a suitable value for the problem. Based on this experience the following

values of EPS are suggested.



EPS = 0.4 if |f(x)] > 10°
= 5 X if 10° < |£(x)]| < 10°
= i, 0 if 100 < [f(x)] < 10°
= 0,001 if 0 < |£(x)| < 100

However depending upon the problem being solved some experimentation
is needed to determine the value of EPS suitable toc the problem,

3. The procedure used for selecting the initial value of S(ro)
is based on the principle that the penalty and the objective function
be of the same order at the starting point. This procedure works well
with the test problems solved and seems to be adequate.

4, The new approach appears to be able to handle various problems
where the functions and the constraints are differentiable.

5. The new approach required more computing time than the methods
of Lai and RAC program. The optimal solution obtained by the new method
was close to the ones obtained by Lai and Hsu. The difference in the
solution was larger as the size of the problem became larger. For
example in the two dimensional test problem, the solutions obtained
were the same, whereas in the 20 dimensional test problem the difference
was 0.2 percent. This difference can be reduced if a value of EPS which
is correctly suited is determined and used,

6. The method of Fletcher and Reeves appeared to be better than
the method of Fletcher and Powell both in the quality of the solution
and the computing time required to solve a problem., This was more

noticeable when the size of the problem became larger.
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5.6 SUGGESTIONS FOR FUTURE WORK IN THIS FIELD,

The method of SUMT with conjugate gradients provides a useful technique
for problems with differentialbe objective function and constraints,
However additional experimentation is needed to determine the following:

1. The suitable types of P functions for different kinds of
practical problems, The 7 test problems suggested by Colville [2] may
be used for this purpose.

2, Suitable values of EPS and EST to yield the optimum a given
problem with minimum computing time. This is necessary since the optimum
value obtained and the computing time required are dependent upon these
values,

3. Powell's method of conjugate gradients, which does not need any

derivatives, may be tried as one of the minimization techniques.
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APPENDIX

COMPUTER PROGRAM FOR IMPLEMENTING SUMT BY CONJUGATE

GRADIENT TECHNIQUES

The computational procedure is presented in the flow charts shown
in Figs. A-1 through A-4; the FORTRAN program symbols, their explanation
and the corresponding mathematical notations are summarized in Table 18.

The computer program listing follows this table.



102

SELECT A
STARTING PCINTJEPS
LIMIT,THETA AND EST]

AIN 29

SUBRCUTINE WEIGH

IS AIN 73 MAIN 74 = MAIN 82
STARTING PCINT SELECT A FEASIBL
FEASIBLE

TARTING PTINT

DEFINE THE P FUNCTICN
P = F(X) + StRI«I{X) + A(T)aB(X)

SUBRCUTINES fNPUT AND VALUE

! SUBRCUTINES FMFP AND FMCG
MINIMIZE THE P FUNCTICN

l ~ USING ONE oF THE I

CCNJUGATE GRADIENT METHCDS |

MAIN {98 - MAIN 101
SET K = K+l

SIRK+1I=S{RKIIC

SPTIMUM SCLUTIC
TC THE
PRCBLEM

AT ) =ALT 1 /C

FIGeA~1 DESCRIPTIVE FLOW DIAGRAM CF SUMT WITH CONJUGATE

GRADIENT TECHNIQUES
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‘ENTER}

q MAIN 73
START AT INPUT INFEASIGBLE
STARTING PTINT

¥ SUBRCSUTINE WEIGH
COMPUTE WEIGHT CF VICLATICN
FCR ALL G{X)€0 AND HiX)#0

JL SUBRTUTINE FMFP.F#CG
MINIMIZE WEIGHT CZF VICLATICN
USING METHZD CF FLETCHER AND
PCWELL CR FLETCHER AND REEVES

SELECT ThIS AS INPUT
STARTING PCTINT

FIGse A=2 LESCRIPTIVL FLCw wIAGRAM FCR SELECTIMNG A FEASIGLE
STARTING PIINT (SUoRCUTINE wEIGH)
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( ENTER)
—
SUBRCUTINE VALUE
E“““EEnﬁUTE VALUES CF
FUNCTICN AND GRADIENTS

¥
SEARCH F2R MINIMUM ALCNG
DIRECTICN CF STEEPEST DESCENT

SEARCH FCR MINIMUM ALZNG
N CONJUGATE DIRECTISNS USING
METHCD COF FLETCHER AND POWELL
CR_FLETCHER AND REEVES

— ; .
CCMPUTE VALUES CF
P _FUNCTICN AND GRADIENTS

<

; L =
"CCMPUTE DIFFERENCE BETWEEN
NEW AND CLD ARGUMENT VECTSRS|

HAS
UNCTICN VALU
DECREASED

ENGTH CF
DIFFERENCE VECTCR
GREATER THAN
EPS

GREATER
HAN EPS

es |
SAVE VALUE lfq’ffﬁET;F\\\\?r\\‘
|cF GRADIENT , ~TTERATICNS LES NC
THAN LIMIT >
ES

L
-

FIGeA=3 DESCRIPTIVE FLTW DIAGRAM TF COUNJUGATE GRADIENT
METHCDS« (SUBRCUTINES FMFP AND FMCG)



SLoRCUTINME INPUT

o™i ET:
~w AL O

AN Tre IR

VALLES TF

FEX)sCONSTRAINTS
DERIVATIVES

|
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"
VALY T 51
S L = YIS P{X)Y=F({X)+R¥510CGY (I/GéX))—C”WST*"IﬂVitlfﬁéX))
L [ r- AR S
LMHERE ng)>. AND héX]<P
Vol el 186
e YES (JP{X)=r (X )=r=51CVA (LI %!X))
+(1/R-*¢1GFH(GéX)*GJX}
FHERE :yx1>4 AME GéX](C
veludl 167
MEE =5 YES JP({X)=F({X])~= RESTEVATLEE &)
+{1/Ra®2ILFALG (Xl* {k]‘
wRERE X§)-_ AND t[X](u
CALCULATE LDERIVATIVES
oF P FUNCTICH
ECUALITY NG
J‘:TV
Y &
N
PUX )= (X )4+R#% (=081 2SIGVAIFHE(X)®FHI X))
Floe &=4 CZECRIPTIVE FLZW ClsacRANM CF SUSRZUTIMNo VLLUE
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Table 18 Program Symbols and Explanation

Program Mathematical
Symbols Explanation Symbol
A(D Indices to determine which of the in-
B(I) equality constraints are violated
CONST Weighting factor for violated constraints
DG(I,J) Partial derivative of inequality constraint agj(x)
gj(x) with respect to variable x5 9%,
y 4 : : y " 3h. (x)
DH(I,J) Partial derivative of inequality constraint j
hj(x) with respect to variable X5 Bxi
EPS Stagewise stopping criterion £
EST Estimate of the minimum value of the objective
function
F Objective function f(x)
FG(I) Inequality constraint i gi(x)
FH({J) Equality constraint j hj(x)
GRAD(I) Partial derivative of the objective function S f
with respect to variable x, —_—
i Bxi
INTER Option for printing intermediate results
KOUNT Number of iterations in each stage
LOST Index to determine whether any constraint is violated
LIMIT Limit for number of iterations in each stage
METHOD Option for selecting the unconstrained minimization
method
MG Number of inequality constraints
MH Number of equality constraints
N Number of decision variables n
NEGAT Option for including non-negativity constraints
NR Option for selecting initial value of Ty



Table 18 Program Symbols and Explanation (continued)
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Program Mathematical
Symbols Explanation Symbol
NSEL Option for selecting the type of P
function
NSTAGE Number of stages
P P function P(x)
PENAT Sum of the penalty functions } 1
; 8;(X)
R Penalty coefficient r
RATIO Ratio for decreasing r, at each stage C
2 2 1¢2
TGH Weight of violation at infeasible starting (ng + Zhs)
point k s
THETA Overall stopping criterion
X Decision variable X
YSTOP Calculated value of overall stopping

criterion
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$JC8 5 SYG RUN=CHECK +KP=29,TIME=2,PAGES=1C0
CCFFCA JCATAZ XUSC)FGI(501,FH{50),A(50),B150)
CCMMEM JCERIV/ DGI20,2C)4CFI(Z0,201}
CCMPCN /PARAM/S RyNsPGoMHLOSTKOUNT INTER,NEGATyNFUNCT ,NSEL
DIMENSICN AGI50),AH(5CC),GRAE(50),PROB(25)
EXTERAAL WEIGH
EXTERARL VALUE

THIS IS A PRCGRAM FOR CPTIMIZATIDN BY THE METHOD OF SEGUENTIAL
LNCONSTRAINED MINIMIZATICN TECHNIQUE (SUMTI.IT USES THE PENALTY
FUNCTICM "APPROACH OF SUMT,COMBINED WITH THE UNCONSTRAINED
MINIMIZATICN TECHNIQUES OF FLETCHER & POWELL AND FLETLCHER & REEVES,
THIS PRCERAM IS DESIGNED TO KANDLE S0 VARIABLES ANLC 20 EACH OF
ECUALITY CONSTRAINTS ANC INECUALITY CCNSTRAINTS

IF A LARGER PROBLEM IS TC BE SCLVED THE COFMON AREA DENCTED BY
"CATA'KEELCS 70 BE CORRESPONCINGLY CHAMNGED

*3% DATA TO BE FURNISHED BY THE USER #*33

= NUMBER OF CECISION VARIABLES
= NUMPER CF INECUALITY CCNSTRAINTS
= NUMBER OF EGQUALITY CCNSTRAINTS
= DECISION VARIABLE
= OBJECTIVE FUNCTICN
RAD{T) = DERIVATIVE CF THE CBJECTIVE FUNCTICN WITH RESPECT TO
VARIABLE *I°
= INECUALITY CCASTRAINT *1%,0F THE FORM FG{13}>0
“FHOI) =  EGUALITY CCASTRAINT *I%,CF THE FCRM FH{I) = O
) = PERIVATIVE GF INEGUALITY CCNSTRAINT 'J* WITH RESPECT Ta
_ VARIABLE *]°*
DH(1,J) = DERIVATIVE CF ECUALITY CONSTRAINT *J" WITH RESPECT TO
VARTABLE V[? :
R = PENBLTY CC-EFFICIENTS
RATIO = RATIC FOR CECREASING *R' AT EACH STAGE
THETA = CVERALL STCFPING CRITERION
EPS = STAGE STOPPING CRITERION
EST = INITIAL ESTIMATE CF OBJECTIVE FUNCTION
LIMIT = LIMIT FOR NUMBER CF ITERATICNS IN EACH STAGE

*+%% CPTIONS TO BE PRCOVIDED BY THE USER #%¥3%

KR = CPTIGN FDR SELECTING *R®

Oy "R" VALUE SUPPLIED B8Y USER

le "R® VALLUE VO BE COMPUYECL

R CPTICN FOR PRINTING INTERMECIATE STAGE-WISE RESULTS
C,00 NOT PRINT INTERMECIATE VALUES

1,PRINT INTERMECIATE VALUES

INTE

KEGAT CPTICN FOR NCA-NEGATIVITY CONSTRAINTS
C.00 NOT INCLUDE NEN-NEGATIVITY CCNSTRAINTS
1, INCLUGE THESE CONSTRAINTS
METHOC CPTICN FOR SELECTING THE UNCCNSTRAINED MINIMIZATION TECHNIQUE

no#

C,METHOD CF FLETCHER AND REEVES
1,METHDD QF FLETCHER AND POWMELL
NSEL = CPTION FOR SELECTING THE TYPE OF "P' FUNCTICN
=Cy PIX} = FIX) + R¥{SIGMA(L/FGLIN])
=1y PIX} = FUX) — RESIGPMA{ALOG(FG(I)) + {(L/RI*SIGMALIFGLI)*%2)
WHERE FG{1I). >0 AND FG{J) [S LESS THAN O
= 24P{X) = F(X) — RISICMALALOGIX(I}) + (1/R)*SIGMAIFGLI)**2)
WHERE X{I; >0 AND FG{J) IS LESS THAM O
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*%% OTHER VARTABLES USEC IN THIS PRCGRAM #39

KOUNT = NUMBER OF ITERATIONS IN EACH STAGE
NSTAGE = NUMBER OF STAGES

P = "P'" FUNCTION

¥YSTCP = CALCULATED OVERALL STCFPING CRITERICN

1CCO FCRMAT (161I5)

1CCl FCRMAT (5E15.4)

1CC2 FORMAT (I5,E15.4) '

1CC3 FCRMAT (///7+7TXs" NUMBER CF VARIABLES = *',I5//7X," NUMBER GF INEQU
LALITY CONSTRAINTS = *,[5//7TK,% NUNBER CF EGQUALITY CONSTRAINIS = ¢,
FA ST NOT INCLUDING NON-NEGATIVITIES ')

1CC4 FCRFAT (TXs' FIX) = "3ELl4.64"3P(X} = ',El4.6&,",R = 1,E14.6,'4,RATIO
1 = "4F2.14?»THETA = "3E1l4.64"3EPS = "4El4.6//TX," LIMIT = 1,14,%,
2 EST = *,El4.6)

1005 FCRMAT {/721CXs® X('3[3,%} = "4El4.6)

1C0& FCRMAT 1/7,1CX," CONSTRAINTS */7(4X 51 'FG("3[3,4%) = *"yE13.6,2X2})

1CQ7 FORFAT [/41CXe" FH('313,%) = ",El4.6)

1€08 FCRMAT {//47Xys® SELECTELC FEASIBLE STARTING POINT '}

ICC9 FORMATY (/77X s' STAGE MUMBER = ",I5,%,F{X) = *,El4.56,,P{X) = %,E1
l4.64%R = *,E14.6//7X," ITERATIONS INK THIS STAGE = ',1I5,%,YSTOP =
2',E14,.E)

1C1C FCRMAT (/7/+7TXs* THE ABOVE RESULTS ARE THE FINAL OPTIMLMY)

1C20 FORMAT (3X,100(1E¥*))

- 1021 FCRMAT ("1",10X," #** INITIAL VALUES #*¥* *)

[aNalesNal

(2 XaXnl

(N alal

oo

1022 FCRMAT (204A4)
1623 FCRPAT 1///1,20%,20A4)
1024 FCR¥AT /71777, TX," %282 SEQLENTIAL UNCONSTRAINEC MINIMIZATION TEC
- IKNEICUE wi¥H CCNJUGATE GRADIEATS #*%#3%1)
1025 FCRFAT {10X,® =#% NUMBER CF FUNCTICM EVALUATIONS = %,14%)}
1C2& FORMAT {//,20%,* FPETHCL CF FLETCHER ANL REEVES ')
1027 FORMAT {//+20X," METHOD OF FLETCHER AND PCWELL ')
PRINT 1024

INPUT CATA CARD NUMBER 1 - PROBLEM NAME.USE CCLUMN 1 - BO0.THE NAME
CAN BE AMNY ALPHA-NUMERIC CR SPECIAL CrARACTER B8C COLUMNS LONG

READ 1C22,{PROB{I},1 = 1,20)
PRINT 1023,1PROB(I},I = 1,201

INPUT DATA CARD NLUFMBER 2 - PARANETERS

REAT {1,10CC) NsMGyFH,NR, INTER,LIMIT,NEGAT,NSEL,METHOD
1F (FETHOD) 130,131,130

131 PRINT 1C26
GC TC 132

130 PRIAT 1027

132 CONTIME

INPUT CATA CARD NUMBER 3 - INITIAL VALUE OF R,RATIQ,STOPPING CRITERIA

READ{1,1CC1) R,RATIC,EPS,THETA,EST
WRITE {3,10C3) NyMG+MH

INPLT CATA CARC NUMBER & - INITIAL GUESS OF THE Xil}*S
REACI(1,5,1202) (J.X{1)s1 = 1,N)}

PENAT = 0.0
LOST = 0
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INCLUCE ACN-NEGATIVITIES IF NEEDED

Nl = PG + 1
N2 = PE * N
IF (NEGAT) 4,45.4%
4 DO € I = N1,yN2
J =1- MG
FGLII = %1J)
6 CCNTIMLE
MG = PC + N
5 CONTIMLE
oC 3 J =
AlJ) = C.
Bla) = 1
EC 31 =

OH{T )
CONTIMLE
CaLL INPUT (F,GRAD)

W

CALCULATE *R*' IF NECESSARY

IF {XR) 15,20,15
15 DO IC I = 1.,FG
IF {FC{I).LY.0,0CC1l) GO TC 1C
PENAT = PENAT + (1,0/FG{I))
1C CONTINMLE
R = F/PENAT
R = ABSI(R)
IF (R,LV7.1.0} R = 1.0
20 WRITE (3,1021)
CALL VALUE (F,P,GRAC}

WRITE {3,1004) FePoR¢RATIC,THETALEPS,LIMIT,EST

WRITE (3,1CC5) (I.X{(I)s1I = 1,N}
WRITE (3,1CC6) (I,FG(I),1 = 1,MG)
IF {MF) 1,2,1
L WRITE 13,1C07) (1,FHII),I = 1,MH)
Z NSTAGE = 1

IF YTHE FROBLEM IS TO BE SOLVED FROM AN INFEASIBLE STARTING POINT
WITHOLT GCING INTG A FEASIBLE FOINT RCUTINE.REMOVE THE

COLUMN 1 OF THE FCLLOWING CARD
LOST = ©
IF {LCET.NE.2) GC TC 50
IF (METHOD.EQ.1) GO TC 7O
CALL FNCG {WETIGH,FoAG+ESTLEPSHLIMIT,[ER,AH)
GC 1C 71
70 CALL FMFP (WEIGHsF+AGESTEPS4LIVIT,1ER)AH)
T1 CALL VALUE (F,P,GRAC)
WAITE (3,10081)
WRITE (3,1004) F,P.R,RATIC,TFETALEPS
WRITE (3,1CC5) (I,X{1),I = L4N)
WREITE {3,1C0C6) {1.FG(I)+1 = 1,MG)
50 IF (METHCD.ECQ.1) GO TC 72
CALL FMCG [VALUE+F3AG,EST,EPS,LIMIT,IER.AR)
Ga 71C 13
72 CALL FMFP (VALUE.FoAG,ESTLEPSHLIMITSIER,AK]}
73 CALL VALUE {F,P,GRAD}

CALCULATE STOPPING CRITERION

'‘CT FROM
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YSTCP = ABS{F/(2.0%F - P))
YSTCP = ABS(YSTOP - 1.C)
PRIANT 1C20

WRITE (3,1009) NSTAGE +F+P4R,KOUNT,YSTCP
PRINT 1C25,NFUNCT
WRITE (3,1CCS) (I4X{I)s1 = 14N}
WRITE (3,1C0C6) (I.FG{I)sI = 1,4MG)
IF (MF) 60,61,60
€0 WRITE (3,1CC7) (IsFH{I)y1I = 1,MH)

CHECK IF MINIMUM IS REACHED

61 IF (YSTCP - THETA) 110,110,1C0
1CC R = R/RATIC i

NSTAGE = NSTAGE + 1

PRINT 1020

REPEAT STAGE-WISE SEARCH

GC TC 5¢

11C WRITE (3,1010}
STOP
END

111
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SLBRCLTEINE INPUT (F,GRAD)

CCMMCN JDATAZ X(50),FCI5Q0),FF{50),A{5C),B(5C}

CCMMCN /DERIV/ DGI(2C,2C),CHL1Z20,20)

COMMON FPARAN/S RyN,FG,MH,LOSTKOUNT ; INTER)NEGAT » NFUNCT,NSEL
DIMENSION GRADIL)

THIS IS A USER SUPPLIEC SUBROUTINE.THIS SUBRCGUTINE COMPUTES THE
CBJECTIVE FUNCTION,THE CONSTRAINTS ANC THE DERIVATIVES CF TRESE
FUNCTICAS.THE FUNCTEICNS PUST BE OF THE FORMN 3

F = OBJECTIVE FUNCTION EXFRESSEC AS A FUNCTION GF *X*',.

FG{L} = INEQUALITY CONSTRAINT CF ThE FOR¥ FG{1}>0.C

FF{I) = EQUALITY CONSTRAINT CF THE FORFM FH{I)=0.GC

GRAC(I) = DERIVATIVE OF THE OBJECTIVE FUNCTION WITH RESPECY TO

VARTABLE X{I)

CG{I,J} = CERIVATIVE OF INEQUALITY CONSTRAINT *J' WITH

RESFECT TC VARIABLE X(I}

Chil,d) = CERIVATIVE OF ECUALITY CCNSTRAINT *J* WITH RESPECT

TC vARTABLE X(1)

DC 1 I = 1,MG

1 FGII) = 0.0
Nl = MC ¢ 1 - N
IF (NEGATH 4:5:4%

4 CC € I = Nl.MG
4=1- % +N
FGII) = X{J}

€ CONTIALE

5 CONTIMLE

INTROCLCE THE REQUIRELC CARCS BETWEEN THE CARDS MARKED ##2,

FEOR R E4RARL IR I ARSI AIISIRINEINRIA IR BAIFSEF AN RIS RN TR AEEIIATS D
ThE FCLLCWING IS AN EXAMPLE OF THE INPUT CATA FOR TEST PROBLEM NO.2

DG{l+1) = 1.0

CGi{ly2?) = 10

CGl14+3) = -1.0

0GI1.5) = 1.0

0G(2,2) = 1.0

LG(2.4) = ~1.0

CGlZq.&) = 1.0

EF{l:1} = 1.0

m—l?,ll — - 1.0

FEIL1Y = XI1) - X{2) - 5.0
FGI1) = %X{1) - 18,0

FGL2) = X{1) + X{2) - 28.0
FGL3) = 30.0 - X(1)

FGl4) = 30.0 - X(2} >

F = 1C0.0#{X(1) - 15.00%%2 ¢ 2C.C#({28.0 — X{1}}#*2 + 100.,0#%(X{(2}
I =X{1))#%2 + 20.0%(38.C — X(1) - Xt2))3%2
GRAC {1) = 200.0%{ X{1l) - 15.0 ) - 40.0%| 28.0 = x{1)) - 200Q.0% |{
IX(2) - XMt1)) - 40.C*(38.0 - x(1}) - x{2)}
GRAC{2}) = 2C0.0%1 X{2) -~ X{1)) - 4C.C*( 38.C - X{l) - Xx{2))

¥R ALt A NI R PRAEE R RS T FIE SN AR AN AR AR NEFRT TR IASIFRNRRRFIERTY

RETURAM
END

1z
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172
113
174
115
11¢
177
1178
1176
1EC
1€1
1&2
1€3
1&4
1€5
1€¢
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12

15
31

€C

51

se
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THIS SUERGUTINE CALCULATES THE *P*
TrE

SLBRCLTINE VALUE (F,P,GRAD)

CCMMCAN /DATAY XISC)4FGLSQ),FF(S501,A(50),B(5G)

CCrMEN /NERIV/ DGL20,2C)4CK(20,2C)

CCMPEN FPARAM/ Rohy MG oMb LOSToKOUNT L INTER,NEGAT ,NFUNCT  NSEL

CIMENSTON GRADIS5C),SAVEILSC)
CALL INPUT (F.GRAD}

LGST = ¢

CCNST = ABS({F)

IF (CCAST.LT.1.0E03}F CCNST = 1.0€03
PENA = 1.0/(R¥*¥0,5]

IF (PEMNA.GT.CONST) CONST = PENA

OC 3C [ = l+¥G

SAVE(I) = FGI(I)

IF {NSEL) 6C,T70,6€0

CC 1 I = 14MG

THIS *PY FUNCTICN 15 USED WHEN NSEL=0

P(X) = FIX) + R*(SIGMAIL/FG{I)))

AlI) = C.0

BII) = 1.0

IF {FC{1}} 3.2,1
Alt) = 1.0

gt{I) = 0.0

FGL{I) = =FGUIY/CONST
LCSY = 2

GO TC 1t

FGI{I) = 2,1E~4B
CONTIALE

P=F

IF {ME) 10,11,10

DC 12 1 = 14¥G

P =P ¢+ R/IFGID}

CONTIMLE

CC 15 I = 1,N

DC 15 J = 1:+MG

IF (FE(J}.EQ.0.0) GC TC 15
GRAC{I) = GRAD{I) - R#0G{I,J)/{FGLJI*FG(J)]}
CCNTIME

BC 31 I = 14¥G

FGLI) = SAVE(I)

GC 7€ 11 ’
EC SC 1T = 1.HG

Bil} = C.0

IF (FCGLI)) 51450,50

LCST = 2 :

B{I) = 1.0

CONTIAMLE

P =F

BC 4aC I = 1.VME

P =P + BITI*FG(I)*FGII) /R
CONTIALE

GC TC (71.721.NSEL

c THIS *P* FUNCTICN 1S USED WHEN NSEL=1l

FUNCTION AKD THE DERIVATIVES OF
"PY FUNCTICN USING THE DATA SUPPLIEC BY ThE USER IN THE
SUBROUTIMNE *INPUT'.
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PUX) = FIX) - R#SIGMA(ALOGIFGII)) + (1/R)I#SIGMA(FG{J)**2)
WHERE FGII) >0 AND FG(J) IS LESS THAN O

CC 41 1 = 1,MG

IF (FCG{I).LE.D.0) GO TO 4l

P = P - R¥ALCGIFG(I]))

CONTINLE

CO 42 1 = 14N

CC 42 J = 1.MG

IF {(FG(J).LE.C.0) GC TC 42

GRAC(I) = GRACI!) - R*DGLI,J)/(FG(J))
CONTIALE

GC TC 13

THIS "P* FUNCTION IS ULSED WHEN NSEL=2

12

44

PIX) = F(X) - R*SICMA(ALOGIX(I)} + (1/RI*SIGMA(FGIJ)**2)
WHERE X(I) >0 AND FG(J) IS LESS THAN O

OC 44 1 = 1,N

[F (X{I).LE.D.0) GO TQ 44
P = P - R¥ALOGIXII))
CONTIALE

CC 45 [ = 14N

IF (X{I}.LE.C.0) GO TC 45
GRAC{I} = GRADIIY - R/X(1})

CCNTIALE

CC 43 1 = 14N

DO 43 J = 14V6

GRACI(1) = GRADLI) + B{J)*2.0*DG(I,J)*FGLJ) /R
CONTIALE

1F (MF) 20,21,20

0C 22 1 = 1.MH

P =P # REX(-0.5)1%FR{I)*FHII)
CCNTINMLE
0g 25 1
CC 25 J
GRACI(I)
CONTIMLE
RETURM
END

+N
+MH
RAD{I) + 2.0%IR**(-0.5))*FH{JI*CH(I,J)

-

1
1
G
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219 SUBRCLTINE WEIGH (P,TGH,GRAD)
2zC COMMCN /DATA/ X(50)4FGUS0)+FF{50)4A(5C),BI(5C)
2¢1 CCMMCN /CERIV/ DGL20,2C),CFH120,20)
2c2 COMMCN /PARAM/ RoyNyMGoMH,LOSToKOUNT s INTER,NEGAT » NFUNCToNSEL
2e3 CIMENSION GRAD{SC}
224 CIMEANSIGN SUM({50),S5UMI50)
c THIS SLBRCUTINE IS USEC WHREN THE INITIAL GUESS OF TEE XI{I}'S ARE
c IN THE INFEASIBLE REGICN.IT SELECTS THCSE VALUES OF X{1} THAT
c MINIMIZE :
c TG = (FGII)##%2 + FH(I)**2)#%0.5
C WHERE =
c FCEI) IS LESS THAN ZERC,AAND
c FF{I) NOT EQUAL TC ZERO.
c
225 P = C.C
226 TCGH = C.0
227 CC 1CC I = 1,N
2:z8 SLMII) = 0.0
2¢9 SSu¥(I}) = C.0
22¢C 1CO CCNTIMLE
211 CALL INPUT (F,GRAD)
232 IF {(FE) 1421
223 1 CC 1C I = 1,4M6G
224 ALY = 0.0
235 IF (FCLI)) 5,104,190
226 5 TGH = TGH + FG {I)*FG(I)
2217 A1) = 1.0
228 10 CCNTIMLE
229 2 IF (FF) 15,20,15
24C 15 DC 25 1 = 14¥H
241 IF (FF{I}) 21,25,21
242 21 TGH = TGH + FHUI)*FH(I}
243 25 CONTIAMLE
244 20 TGH = TGH*#((0.5)
245 ODC SC I = 14N
246 IF{Mr) 7C,80,70
2417 70 CG 3C J = 1yVMF
2482 30 SLMII) = SUNM(I) + 2.0#FHIJI*CH(I,J)
249 80 B0 4C K = 14MG
25C 40 SSUNMIIY = SSUM(I) + 2.,0*FGIK)*DG(I.K}*A(K)
2¢1 SO0 CCNTIMLE
2582 CC €C T = 1.N
ét3 IF(TCR) 61,62,61 -
254 61 GRACD(I) = C.5%(TGH**({-0.5))*{SUM(I) + SSUMI(]))
2EE GC TC €0
256 &2 GRAC({I) = 0.0
251 €0 CCNTIMLE
T2E8 DC 26 T = 1,4VMG
25§ A{I) = 0.0
2¢0 26 CONTINLE
2¢1 RETLRM

2€2 END
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SUBRCLTIME FMCGIVALUE FsGoEST+EPS.LIMIT,[ER,H}

CCMPON JOATAZ X (S50),FGI50)F+{50),A1501,8{5C)

COPMIN JPARAP/ RoNyMGyPHoLCGSToKCUNT L INTER ,NEGAT 4 NFUNCT,NSEL
CIMENSIUN GI50),HIL)

FMCG

$9e B S rENeEsIEE RSN tssEIRteNINNNanNETINONS SeessuTnenncnsansnannnrasFMLG

. FMCG

SUBROUTINE FMCG FMCG

FMCG

PLRFGSE FMCG

TC FINC A LCCAL MINIMUM OF A FUNCTION OF SEVERAL VARIABLES FMCG

BY THE METHCLC CF CCNJUCATE GRACIENTS FMCG

FMCG

LSBCE FMCG
CALL FPCGIFUNCT oNaXpFrCoESTHEPSLIMITIERsH)

FMCG

CESCRIPTION OF PARAVETERS FMCG

FUNCT ~ USER—WRITTEN SUBROUTINE CCNCERNING THE FUNCTION TO FMCG

8E MIMIPIZEC. 1T PUST BE CF THE FORM FMCG

SLBROUTINE FLACTIN,ARG,VAL,GRAC) FECG

ANC MULST SERVE THE FELLCWING PLRPCSE FMCG

FCR EACH N-CIFENSIChAL ARGUMENT VECTOR ARG, FMCG

FLKCTICN VALUE AND GRACIEAT VECTOR MUST BE COMPUTECFMCG

ANC, CN RETURM, STOREC IN VAL AND GRAC RESPECTIVELYFMCLG

A - NLMBER CF VARIABLES FXCG

X - VECTCR CF CIMENSICA N COCNTAIKING THE INITIAL FMCG

ARGUMENT WHERE THE ITERATICA STARTS, Ch RETURN, FMCG

X FGLCS THFE ARGUPENT CCRRESPCHDING TO THE FMLCG

CCHMPUTEC MPINIMUM FUMCTION WALUE FMLG

F - SEINGLE YARIABLE CCMNTAINING TWE MINIMUM FUNCTION FECG

VALUE N RETURN, laEe F=Fi{X). FECG

G -~ VECTCR CF CIMENSICN M CCNTAIKNING THE GRADIENT FMEG

VECTOR CLRRESFCNDING TC THE FINIMUY Ch RETURN, FHLG

I+ G=CiX)a FECG

EST - IS AN ESTIMATE OF THE MINIMUM FUNCTION VALUE. FMCG

EPS - TESTVALUE REPRESENTING THE EXPECTEC ABSGLUTE ERROR.FFMCG

A REASCNABLE CHOICE IS 10%#{-€)s 1.E. FMCG

SCMEWHAT GREATER THAN 1C##(-C),y WHERE C IS THE FMCG

NLFBER CF SIGMIFICANT CIGITS IN FLOATING POINT FMCG

REPRESENTATICM. - FMCG

LIMIT = maxXIiMul NUMBER OF ITERATIINS. F¥CE

1ER - ERRCR PLRANMETER FMCG

IER = C MEANS CONVERCENCE wAS CBTAINED FMLG

TER = } MEANS NO CCAVERGENCE IN LI¥IT ITERATIONS FHCG

IER =-1 MEANS ERRCRS [N GRACIENT CALCULATIOCN FMCG

fER = 2 MEANS LINEAR SEARCH TECHNLICUE INDICATES FMCG

IT 1S LIKELY THAT THERE EXISTS NO FINIFUM. F¥LG

+ - WCRKING STCRAGE OF CIMENSIDN 2#*N. FMCG

FMCG

REFARKS . > FFPCG

1} TPE SUBROUTINE NAME REPLACING THE DUMMY ARGUMENT FUNCT FMCG

MLST BE CECLAREC A% EXTERMAL IN THE CALLING PROGRAM, FMLCG

I1) 1ER IS SET TC 2 IF o STEPFIAG CN CANE CF THE COMPUTED FFCG

CIRECTICNS, THE FURCTIGN mILL NEVER INCREASE WITHIN FMLCG

A TOLERABLE RANGE [F ARGUMENT. FHMCG

TER = 2 MAY OCCLR ALSO IF THE INTERVAL WHERE F FMCG

IMNCREASES [5 SMALL ANE THE INITIAL ARGUFENT HWAS FMCG

RELATIVELY FAR AWAY FRCM THE MINIMUM SUCH TEAT ThE FMCG

FINIMUM WAS CVERLEZPED., TKHIS IS5 CLE TC THE SEARCE FMCG

TECHNICUE mHICH DULBLES THFE STEPSIZE UNTIL A POINT FMCG

10
20
30
40
50
60
70
a9
90
1cQ

120
130
140
150
160
170
180
190
200
210
220
230
24Q
250
260
270
280
230
3co
310
320
330
340
350
360
370
380
330
4C0
4140
420
43¢
440
450
460
470
LY:14]
490
500
510
520
530
54Q
550
560
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1S FOULANC WHERE THE FUNCTICN INCREASES. FMCG
. FECG
SUEBRCUTIKES ANC FUNCTIGN SUBPRGGRAMS RECLIRED FMCG
FUNCT FMCG
FMCG
THE METHOD 1S DESCRIBEC IN TRE FCLLCWING ARTICLE FMCG
¥ETHCD FMCG
R.FLETCHER AMC C.M.REEYES, FUNCTIC MINIMIZATICN BY FMCG
CONJUGATE GRACIENTS, FNCG
CCNPLTER JCURNAL VOL.7» [55.2, 196 , PP.14S5-154, FMCG
FMCG
[ AR R R R E R R R R R R R R AN R R R R RN AR RS AR R RN Y ) l...l.l....ll'..lll."llIFMCG
FMLG

NFUNCT = O

IF {INTER) 4C1,4C0,401
WRITE (3.1CCQ)

CALL VALUE {P4F,G)
NFUNCT = NFULNCT + ]

510
580
590
6C0
616
&30
620
540
650
66Q
670
680
690

FRLG 740

FNLG 75G

CCMFUTE FUNCTICN YALUE ANL GRACIENT VECTCR FOR [INITIAL ARGUMENTFMLG 760
FMLG 780

RESET ITERATIOM COUNTER FMCG 790
KCUhY = © FMCG 8C0Q
IER = C FMCT 81Q
Ni=h+] FHCG 820
FMCG 830

START I[TERATION CYCLE FCR EVERY A+l ITERATIONS FMCG 840

CC 43 II=1,N1 FMCG B50
FMCG 860

STEF ITERATION COUNTER ANLC SAVE FUNCTICN VALUE FMCG BTO

KCUNT=KGUNT+1 FMCG 8BO

LLCF = F FMCG 890
FMCG 9C0

CCFMPUTE SCLARE OF GRADIENT ANE TERMINATE IF ZEROQ FMCG 910

GNRPF=C, FR{G 920

CC 2 J=14N FMLG 930
GNRM=CARM+G{JI*G(J]) FMCG 940
IFICNRF 1 4B 4 46,3 FHCG 950
FMCG 960

EACr TIFME THE ITERATICN LCOP IS EXECUTED , THE FIRST STEP wiILL FMCG 970

BE IN DIRECTICN CF STEEPEST CESCENT . FMCG 980
IFIII~1)444,6 FMCG 990

CC 5 J=1.N FRCGLLGA

HiJ)==CG(J) FMLGLORO

GC TC € FMCG1G20

FMCG1230

FLRTHER CIRECTICN VECTCRS H WILL BE ChCOSEN CCRRESPONDING FMCG1G40

TC THE CCNJUGATE GRADIENT METHCC - FMCGLCS0

ANMACA = GNRM/JOLCG - FMCGL360

EC 7 J=14N FMCGLCTO
HiJ)=2¥BOA*HIJ}-G{ ) FMCGLC80

. FMCG1690

CCMFLTE TESTVALUE FCR CIRECTICNAL VECTOR AND CIRECTIONAL FMCGLIGO

CERIVATIVE FMCGl110

Cy=C. ’ F®CGLl12G
HANRW=C, FMCG1130
CC 6§ J=l.N FMCT1l4
K=J+N FMCGLLISO0
FMCT116
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264
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22
3C4
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ICE

3(S
21C
211

312
213
214
315

317
ER Y-
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[aNaNal

[aEale]
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1C

i1
1z
i3

14

15

l&

17

12

13

SAVE ARGUMENT VECTCR
HIK)I=X{J)
HNR¥=FNRM+ABSIHIJ})
CY=CY*F{J)12G1J)

CHECK WHETRER FUNCTION wILL CECREASE STEPPING ALCNG'H® AND

SKIF LTNEAR SEARCH REUTINE IF NCT
IFICY)IC, 42,542

COMPLTE SCALE FACTOR USED IN LINEAR SEARCH
SNRF¥=1,/HNRM

SEARCH FMIMIMUM ALCNG DIRECTION F

SEARCH ALCNG & FCR PUSITIVE DIRECTICNAL
FY=F .

ALFA=2.#{EST-F}/CY

ANBCA=SNRM

LSE ESTIMATE FCR STEPSIZE ONLY IF IT IS
SMRM., CTHERWISE TAKE SAKRM AS STEFSIZE
IFLALFAIL3,13,11
IFIALFE-AMBLCA}IL12,13,13
AMBCA=ALFA
ALFa=C.

SAVE FUNCTION AMC CERIVATIVE VALLES FC
FX=FY ;
Cx=CY

STEF ARGUMENT ALCNG H
CC 15 I=14N
X{1}=x{]1}+AMBCA®H(])

CCFFUTE FUNCTION VALUE ANC GRACIEMT FCR
CALL WALUE (P4F,C}
NFURCT = NFUNCT ¢ 1
FY=F

SUBROUTINE

BERIVATIVE

POSITIVE AND LESS THAN

CLC ARGUMENT

NEW ARGUMENT

CCPFUTE CIRECTICMAL CERIVATIVE CY FOR NEw ARGUMENT. TERMINATE
SEARCF, IF DY PCSITIVE. IF CY 1S ZERO THE MINIFUM 1S FOUND

C¥=C.

CC 1€ I=1,.N
CY=CY+CUII*F(]1}
IF(CY)1T7,38,20

TERMINATE SEARCH ALSGC IF THE FUNCTICN VALUE INCICATES ThAT

A MINIMULM FHAS BEEN PASSED
IFIFY-FX)18,2C,2C

> -

REPEAT SEARCH ANC CCuUBLE STEPSIZE FCR FURTHER SEARCHES

AMBCA=AFBLA®ALFA
ALFA=AMRTA

TERMINATE IF THRE CHANGE Ih ARGUFMENT GETS VERY LARGE

[F{FrNRF*A¥BOA-1.ELCIL14, 14419

LINEAR SEARCH TECHAIGQUE INCICATES THAT NC MINIMUF EXISTS

1ER=2

FHCGLLTG
F¥CCllo

FMCG1190
FMCGL20C
FMCGL1210
FHCG1220
FMCGL234G
FMCG1240
FMCG125C
FMCG126G
FMLG12T0
FNCG1280
FECG1290
FMCG1300
FMCG1310
FMCEL320
FNCGL330
FNCC1340
F®CG1350
FMCE1340
FuCG13T0
F¥CGL360
FMCG1390
FHCGL40G
FECGL410
FrCG1420
FMCGl4e3C
FYCGL440
FECGL45C
FHCGL46C
FMCGi4e70
FPCGL484
FRCG1490
F*CGL560
FMCG1510

FFCG153G
FFCGL54C
FMCGLSSC
FMCGL56G
FFCG1570
FNCT7158C
FFCGL59C
FHYCGL600
FFCGL610
F&43 16&

FMCGle3c
FrMCG1640
FMCG165C
FHCGLE60
FMCGLETO
FMCGLESC
FHCG1E90
FMCG1700
FMCGLTLG
FHCG1T2C
FHCGLT730
FMLCGLTO
FECGLT4L
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34C
1Ly

342
L2
244
345
34¢
347
348
349
3EC
3c1

382
3€2
384
385

3ce
287
%8
3s9
3¢C

alalaNaEalel

[aNaNaleNelelyl

[aRal

1cC

2C
£l
22

23

24

25
2¢€

27

27C

211
212

28

29

3¢

32

RESTCRE OLC ¥ALUES CF FUNCTICH ANT ARGUPENTS
F=OLCF
DC 1CC J=1,N
GlJI=r1J)
K=N¢+J
X(J)=F1K)
PRIMT 1CCH.TER
RETURA
ENE CF SEARCH LCEP

INTERPCLATE CUBICALLY IN THE INTERvVAL CEFINED BY THE SEARCH
ABCVE ANC COMPUTE THE ARGLMENT X FOR whICH THE INTERPOLATION
PCLYNCMIAL IS FIAINIZEC

T = C.C

IF 1ANECA) 22,38,22
Z=3.%¥(FX-FY)/AMBCA+CX+CY

ALFA = APAXL(A3S(Z).ABSICX),2BSICY))
DALFA=I/ALFA
CALFA=CALFA*CALFA-CX/ALFASCYZALFA
IFICALFAY23,27,27

RESTGRE CLD VALLES CF FUNCTION ARC ARGUFMENTS
CC 24 J=14N
K=N+J
Xl3y=F 1KY
CALL VALUE (P,+F,G)
KFUNCT = NFUNCT + |

TEST FOR REPEATEC FAILLRE OF ITERATION
IFLIERIST 426,47
[ER=-1
GCTC 1
W=ALFASSCRTIDALFA)
ALFA=LY-DXthth
IF (ALFA) 270,271,210
ALFA=(CY-Z+W)/ALFA
GC TC 272
ALFA={Z+NY=-u}/(Z+DX+2+0Y)
ALFA=ALFA*AMECA
DC 2ZE 1I=1,N
X(ir=X{0)«1T-ALFA)*KL{I]

TERFINATE, IF ThE VALUE COF THE ACTUAL FUNCTION AT X IS LESS

FPCGLT42
FCG1l743
FMCGLT44
FMCGLT45
F¥CGCl748
FMCGLT4T

FECG1750
FrLGLT760
FFCG1TTA
FHLCGLTE0
F¥CGl79G
FH{G1800
FECGIBIC
F4CG1820
FrCG1830
FreCGla40

FeCG1860
FECGLBTG
FeCGLlBEC
FrCG1lB9¢
FrCGI90C
F¥CG191C
FMCEE92C
FrFCGLI30

FMCELI5C
FrLGLI6C
FFCGE9TC
FNCGL98C
FrCGL99L
FLG2000
FHCG2010
FMCG201L1
FHCG2012
FHLG20212
FECG2014
F¥LG2015
E¥LG202¢C
FrLG2030
FrCG2D40
FMLG2050

THAN THE FUNCTICh VALUES AT THE INTERVAL EANCS. GTHERWISE RECUCEF¥CG2ub0

TFE INTERVAL BY CHCOSING CNE ENC-PGINT ECQUAL FC X AND REPEAT
THE INTERPCLATICNs WHICH ENC—-PCINT IS CHOOSEN DEPENDS ON THE
VALLE CF THE FUNCTIGN AND ITS GRACILENT AT X

CALL VALUE (P,;F,G) »
HFEUNCT = NFUNCT + )

IF(F-FX}29429,30

LFLF-FY}38,38,30

CCMFUTE CIRECTIGNAL ODERIVATIVE
DALFA=C.
CC 31 I=1,N
CALFA=CALFA+GII)oRII)
IF{CALFA}?32,35,35
IFIF-FX134,33,15

FrCG20TD
F¥CG23580
FrPCG2090
FRCGZ21GO

FMCGZI2C

FMCG2LAC
FMCG2140
Fr¥L{G215C
FrCG21l6C
FHCG217C
FrCG21d6
FrCG2190
FreCG2200
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213
374

275
3ie
2117
318
379
3g(
3E1
g2
3182
g4
3ES
age
T
ER ]

1ES
340
151
152
%3

Tab G Lak 1w
LR BT,
= AN

ags
4CC

acl
a2
4(?
)

(gEaKa

[a¥n]

[akalal

alal o NNy

[ala]

13
14

35
3¢
a7

33
39

4C

3ice

3c2
IC3
1€CC
cc1

1tCe
1€C3
18Ca
1€cs
1CCe

3C1
41
42
43

44

45
5C
51

IFICX-CALFA)34,38,34
FX=F

DX=CALFA

T=ALFa

AVMBCA=ALFA

GC 1T 21

SEF(FY=F ) 37436437

IF(CY-CALFA)37,38,37
FY=F

CY=CALFA
AVMBLCA=AMBDA-ALFA

GC TC 20

TERMINATE, IF FUNCTICN HAS NCT DECREASED DURING LAST ITERATIDN
CTHERWISE SAVE GRACIEMNT NCRK

IFICLLF-F+EPS) 19,25,39

CLOG=CARM

COMPLTE DIFFERENCE CF NEW ANL CLC ARGUMENT VECTOR.
T=G.

CC 4C J=14N

K=J*h

FIK)=X{J)-F(K)

T=T+ABSIHIK})

IF (INTER) 300,301,300C

WREITE 13,10C1) KCUNT$P,F

WRETE (3,1CC2) (I4X(I).1 = 1,N)

WRITE (3,1CC3) (I4FGIL1.1 = 1,MG)

IF (FF) 3CZ2+3C3,302

wRITE (3,1CC4} ([+FEILl,I = 1,8H)

WRITE (3,1CC5) (I,G{Il,I = LN}

FLAMAT (//7.TX,*% #%& INTERMECIATE RESULYS %23 ¢ )
FCRMAT (/,TX,7 ITERATICN NUMBER = ",19," FiX) = ' ;EL5.6,* PIXI

1':E14.£7

FLRMAT (L1CK," X(",13,%) = *,E14%.56])

FCRMAT {/,10X," CONSTRAINTS */{4X,S5("FG{*413,") = *;E13.6,2X))])
FCRMAT {10Xs* FH{*413,") = "4EL14.6)

FLCRAMAT (/,1CX," GRACIENTS */(&4X,S1"X("403,%') = ",E13.6,2X))}
FCRMAT (TX,"#25%3 THE VALUE CF IER IS *,I4)

TEST LENGTE CF CIFFERENCE VECTOR 1F AT LEAST N+l ITERATIONS
HAVE BEEN EXECUTEC. TERMINATE. IF LENGTE [S LESS THAN EPS
I[F (KCLNT-NL)} 42,41,41
IF (T-EP5) 45,45,42
IF (KCLNT-LIMIT) 43,44,%%
IER=C

ENC OF ITERATION CYCLE

START MEXT ITERATVICN CYCLE s
GC TC 1

AC CONVERGENCE AFTER LINIT [TERATICAS
TER=1
IF (CARM=-EPS)GE 446,47

TEST FOR SUFFICTENTILY SMALL GRACIENY
IF {(GARP ~ EPS}.LE.C:)} GO TC 46
IF {IER.NE.O} GC TC 47
1ER = - 1
GC 1C 1

FMCG2210
FMCG222C
FHCG2230
FHCG2240
FHLG2250
FMCG2280
F¥CG22T740
FHCG2280
FHCG2290
FFCG2300
F#CG231G
FMCG232C
FHCG2330C
FrCG2340C
FHCG235C
FHECT2360
FMCG2370
FMCG238C
FMCG2390
FrCC2400
FFLG2510
FHCCZ420
FMLG2530
FHCGZ244C0

FRLG2450
FMCG2460
FRCG24TQ

FELCG249C
FMCGE526
FMLG2530
FMLGZ540
FMCGZ55C
FECGZS60
FFCGZ570
FMCG2580
FMCGZ590
FRCG26CO
FMCGZO1Q
FMCGZ620
FMCG2630
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4t [ER=C

47 PRINT 1(0&,1ER
RETLRA
EAD

FMCG2650

FMCG267C
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SUBRCLYINE FNFPAVALUEF ¢G1ESTLEPS,LIMIT,1ER,H)

CCFFIN /CATA/ XI{50),FGI50).FF(50),A150),8{5C}

CCFFLA IPARAMS RyNyMGoyMHLLCST o XCUNT  INTER NEGAT ¢ NFUNCT ,NSEL
CIMEMSICN GI50).HIL)

FHFP

SrsETssETEsrEss s T et TR aStasseRRsssstcsTRRsSRLIRPASOrdnnnnsesenasFMFP

SUBRCGUTINE FMFP

PURFOSE
TC FINEC A LOCAL MINIMUF OF A FUNCTION OF SEVERAL VARIABLES
BY THE METHCOD CF FLETCHER ANC POWELL

USACE
CALL FMFPIFUNCT yN3XeFsCoESToEPS,LIMIT,IER,H)

CESCRIPTICN OF PARAMETERS
FUNCT ~ USER-WRITTEN SUBROUTINE CONCERNING THE FUNCTIGN TO
BE VINIMIZEC. IT MUST BE GF THE FCRN
SUBRCUTINE FUNCTIN,ARG,YAL,GRAL)
ANLC MUST SERVE THE FCLLOWING PURPCSE
FCR EACH N-CIFENSICNAL ARGLUMENT VECTOR ARG,

FMFP
FNFP
FHEP
FMFP
FHFP
FFFP
FrEP
FMFP
FHFP
FHMFP
FMFP
FMFP
FMEP
FHFP
FNEP
FPFP

FUNCTICN VALUE ANC GRACIEANT VECTOR MUST BE COMPUTECFMFP
ANCs CN RETLRM, STOREC IN VAL AND GRAD RESPECTIVELYFMFP

8 - NUMBER CF VARILABLES

x — VECTCR CF CIMENSIChA N CCNTAINING THE INITIAL
ARGUMENT WHERE THE ITERATICA STARTS. Gh RETURN,
X HCLECS THE ARGUNENT CCRRESPCNDING TO THE
CCFPLTEL MINIFUP FURCTICN YALUE

F - SINGLE VARIAELE CCNTAINING THE MINIMUM FUNCTIGN
VALUE CH RETUAN, [.E. F=FIX].
& - VECTCR CF CIPENSICN N CONTATKING THE GRADIENT

VECTCR CCRRESFCNDIANG TC THE PINIMUM CK RETURN,
[.E. G=GIX).
EST — IS AN ESTIMATE OF THE ¥INIPUM FUNCTICN VALUE,

EPS - YESYVALLE REPRESENTING THE EXPECTEC ABSULUTE ERROR.

A REASCNABLE CHOICE IS 1C*#{-£&), L.E.
SCMEWFAT GREATER THAM 1C**(-C), WHERE C IS THE
NLFBER CF SIGMIFICANT CIGITS IN FLOATING POINT
REPRESENTATICK.

LIMIT - MaAXIMUM NUMBER OF ITERATICNS.

LER - EARCR PARAFETER

IER = C MEAKS CONVERGENCE wAS OBTAINED
IER = | MEANS NO CCNVERGENCE IN LIMIT ITERATIONS
1ER =-1 WEANS ERRCRS IN GRADLENT CALCULATICN
TER = 2 FEANS LINEAR SEARCF TECHNICUE INDICATES
IT IS LIKELY THAT THERE EXISTS NO MINIFUM.
[ 4 - WCRKIKG STCRAGE OF CIMENSION N#{N+7)/2Z.
REFERKS *

I) THE SUBRCUTIME NAME REPLACING TFE DUMMY ARGLMENT FUNCT
FLST BE CECLAREE ASf EXTERMAL IN T+E CALLING PROGRAM,
11y IER IS SET TC 2 IF , STEPFING IN CNE CF THE CONMPLTEQ
CIRECTICNS, TRE FLACTIChM miILL NEVER INCREASE WITH[NM
A TCLERABLE RANGE CF ARGUMENT.
IER = 2 FAY CCCUR ELSC IF ThE INTERVAL WHERE F
INCREASES [§ SMALL AND THE INITIAL ARGUPENT wAS.
RELATIVELY FAR AWAY FRCOM THE MINIMUFM SUCH THAT THE
FINIMLE WAS CVERLEZPEC. T+IS 15 CLE TO THE SEARCH
TECHNICLE WrICH CUCLBLES THE STEPSIZE UNTIL A POINT

FMFP
FMEP
FHFP
FrEP
FRFP
E¥FP
FFEP
FHFP
FrEp
EVEP
FHFP
EMEP
FrEP
FMFF
FMFP
FFFP
FMFP
FHEP
FMFP
FMFP
FNFP
FMFP
FrEP
FMFP
FVFP
FVFP
FHEP
FMEP
FrEp
FrEP
FREP
FMFP
FNEP
FMFP
FNFP
FMFP

10

20

30

4G

50

&0

70

80

90
10¢C
11¢
12¢
130
140
150
160
17¢
180
190
200
210
220
23C
240
250
260G
276
28C
296
3C0
310
320
330
34C
350
360
37¢C
38C
39C
400
410
&2C
430
44C
450
460
&3¢
480G
499
500
Sle
520
530
540
556G
560
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413
414
415
418
417

4138
4LC
441
462
443
aes
448
deg
441
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IS FOUKGC WHERE THE FUNCTICN INCREASES. FMFP 570
FMFP 580
SLEROUTINES AND FUMCTICN SUBPRCGRAMS RECUIRED FMFP 590
FUNCT FMFP 604
FMFP 5610
FETHOD FMFP 620
THE METHOD 1S CESCRIBELC IM THE FCLLCWING ARTICLE FMFP 630
R. FLETCHER AND M.J.D. POWELL, A RAPIC DESCENT METHCC FOR FEFP 640
FINIMIZATICN, FMFP &S50
CCMPLYER JCLRNKAL VOL.&y 1S5S, 2y 1963, PP.163-168. FMFP 8560
FMFP &70
.l.'...l.l'.'.l.llll.l....'l..llI-ll.........l.I.II..Q.-‘I‘I.‘I.‘.F#FP bao
FMFP £90C
FMFP 710
CIFENSIONED DUFMY VARIABLES FMFP 720
FMFP T40
CCFMFUTE FUNCTICN VALUE ANC GRACIENT VECTCR FOR INITIAL ARGUMENTFMFP 750
NFUNCT = 0
(INTER) 4C1,4CC,4C1
4C1 WRITE (3,1C00)
400 CALL VALUE (P4F,G)
NFUNCT = NFUNCT + 1
FMFP 170
RESET ITERATICAN CCUNKTER AMRC GEMNERATE ICENTITY MATRIX FMFP 780
1ER=C h FMFP 190
KEuhT=C( FMFP EQQ
NZ=A+h F¥FP E10
N3I=AZ4A FMFP E20
N3l=h3+1} FRFP B30
.1 K=K31l FMEFP E4Q
CLC & J=1,N FHFP 830
FIKI=1. FMFP BH0
NJ=h-g FMFP ETO
IFINJ)S 5,2 FMFP 8BO
2 2 L=1¢NJ ) FMFP EBS0
KL=K+L FNFP SCC
3 HikLI=(. FMFP 910
& K=xltl FMFP 3240
FRFP 330
START ITERATICM LCCP FRFP 940
5 KCUNT=KDOUNT +1 FMFP 950
FMFP 360
SAVE FUNCTION VALUE, ARGUMENT VECTCR AND GRADIENT VECTOR FMFP 970
OLCF=F FMFP 930
BC 5 J=1,.N FHMFP 390
K=htd FMFP1CO0
RUIKI=GI{J)} FMFPICLG
K=K+h FMFPL020
RikK)=X{J) FMFP1030
+ FMFPIC40
CETERMINE DIRECTION VECTOR H FMFPLO50
PEREY & | FMFPLOBO
T2 FMFPL0T0
OC & L=1,N FMFPLGAO
T=T-GILI*HIK] FHFPLICI0
TFIL=J)b T, T FMFPL1LO
6 K=K+N—-L FHFP1llC
GC TC E FF¢FPLL20
T K=K+l FHFPL1130
& CONTINLE FHFP1140
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448

445
45C
aty

5%
4¢€1
4e4
49‘
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4E¢

458
456
HED

4E4

45
LiEg

4E7
4EE

4€5
43¢
4171

472
413
474
418
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(s e Nals]

9

1

i1

12

13
14
i5

16

17

1y

19

H{J)=T

CHECK WHETHER FUNCTION wWILL ODECREASE STEPPING ALONG H,.
CY=C.
HNRM=( o
GhRM=C

CALCULATE CIRECTICMAL CERIVATIVE AND TESTVALUES FOR DIRECTION
VECICR F AND GRACIENT VECIGR G.

L 1€ J=1,N

FARR=FARMEABSIHIJ))

Ghei=ChREM+ABSIGII))

Ch=CYy+t 1 2)5GLY)

REFEAT SEARCF I[N CIRECTIOM OF STEEPEST CESCENT IF DIRECTIONAL
CERIVATIVE APPEARS TC BE FOSITIVE GR ZERC.
TF{CY111451.51

REFEAT SEARCH IN CIRECTIGM OF STEEPEST CESCENT IF CIRECTION
VECTOR H IS SMALL CCMPAREL TO GRAGCIENT VECTCR G.
[F(FARF/GNRF-EPS)I51451,12

SEARCH MINIMUM ALCANG DIRECTION K

SEARCH ALCNG k FCR PCSITIVE DIRECTICNAL CERIVATIVE
Fy=F
ALFA=2.%lEST-F}/CY
ApETA=].

LSE ESTIFMATE FCR STEPSIZE CNLY IF IT IS POSITIVE AND LESS THAN
1« CTHERWISE TAKE 1. AS STEPSIZE

TFIALEAILIS,15,13

IF(LLFe-AMBTA}L 4,154,158

ApaCA=ALFA

ALFA=C,

SAVE FUNCTION ANC CERIVATIVE VALLES FCR CLC ARGUMENT
FX=FY
ox=CY

STEF ARGUMENT ALONG k
DC 17 1=1.N
X{t)=x{I)+APBDASHIIL)

CCMFUTE FUNCTICN VALUE ANL GRACIENT FCR NEW ARGUMENT
CALL VALLUE (P,F,G)
NFUNCT = NFUNCT # §
Fy=F N
CCH#PUTE OTRECTICKAL CERIVATIVE CY FOR NEW ARGUMENT. TERMINATE
SEARCH, IF DY IS5 PCSITIVEs IF CY [S ZERQ ThHE MINIMUM IS FOUND
Cy=C.
BC 18 I=1.N
CY=CY+C(T1*H(1)
IFICY)19,36,.22

TERMINATE SEARCH ALSC IF VHE FUACTICN vALUE IKDICATES THAT
4 FINIMUKF HAS BEEN PASSEL
IFIFY-FX120422,22

FMFP115Q
FMFPLLAD
FHFPLL1TO
FNFPLLSO
FMFP1190
FMFP1200
FMFPL210
FMFRL220
FMFP1230
FMFP1240
FMFP1250
FHEPLl260
FEFPL270
FMFPL2BO
F¥FPL1290
FMFP1300
FMFP1310
FMFPL320
FMFP1330
FUFRI340
FMFP135C
FMFP13680
FMFP1370
FMFPL13BQ
FMFF139Q
FMFP1400
F¥FPl=10
FMFP1%20
FMFP1430
FMFPL340
FMFPla5Q
FMFP1%6Q
FEFP1%70
FMFP148C
FMFP1490
FMFP1590
FMFPL310
FMFPLS20
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ABSTRACT

The purpose of this report is to present the implementation of
sequential unconstrained minimization technique (SUMT) by the method of
conjugate gradients, The need for developing this approach arose due to
the difficulties in the existing computer programs implementing SUMT,
The RAC computer program requires the user to provide the first and
second derivatives of the objective function and constraints functions.
This is difficult when both are highly nonlinear. In the computer pro-
gram of Lai which uses Hooke and Jeeves pattern search technique, the
path of optimization frequently moves into the infeasible region and
therefore a tolerance on constraint violation needs to be specified.
This is not easy to determine.

This report contains the computer program to implement SUMT using
conjugate gradient methods of Fletcher and Powell and Fletcher and
Reeves, These methods possess the property of quadratic convergence.
The computer program has been used for solving seven test problems,

It was noticed that there was no single unconstrained minimization
function, P-function, which was suitable for all types of problems.

Six different kinds of P-functions as suggested by Fiacco and McCormick
were tried, Three types of P-functions were found suitable for the
test problems and have been included in the computer program, The
optimal results obtained were found to be dependant on the stagewise
stopping criterion and a suitable range of values have been suggested,

The following conclusions are drawn:



1. The new approach is capable of handling a variety of problems
provided the objective function and the constraints are differentiable,
2, There is no single P function suitable for all problems,

3. The optimal solution is dependant on the stagewise stopping

criterion,



